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SINGULARITIES AND LIOUVILLE THEOREMS FOR SOME
SPECIAL CONFORMAL HESSIAN EQUATIONS

QIANZHONG OU

We develop some new techniques to get an integral estimate for some special
conformal Hessian equations, and hence the classification of their singular-
ities. This complete results of Gonzalez. By this method we were able to
deduce the Liouville theorem for these special conformal Hessian equations,
which were understood by Yanyan Li via the method of moving planes.

1. Introduction
Consider the conformal k-Hessian equation
(1-1) ok (A®) =u” in Q,

where €2 is the whole space R" or the punctured unit ball B \ {0} C R" and g =
u=2dx* u > 0, is a locally conformally flat metric. The matrix A8 is given by
A% = g~ A% where A¢ is the (0, 2) Schouten tensor

1 /.. R
n—z(R‘C” _2(n—1)g”)’

where Ric and R denote the Ricci tensor and the scalar curvature of g, respectively.
In this metric, the (1, 1) Schouten tensor becomes

e
Al =

(1-2) A = u(D*u) — | Dul*I.

These o} are k-Hessians of A8. More precisely, they are defined as the k-th
elementary symmetric polynomial functions of the eigenvalues A, ..., A, of the
symmetric matrix A$:

oR(AB) == Y hi

1<ii<--<ix<n
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According to Caffarelli, Nirenberg, and Spruck [Caffarelli et al. 1985], we say u
is k-admissible with respect to oy (A%) if u € T'*, where T'* is defined by

I ={ueC*Q):0,(A%) >0,s=1,2, ...,k

Equation (1-1) is raised in conformal geometry and has been studied extensively.
For the critical case « = 0 of (1-1), the isolated singularities at the origin were
completely understood by Caffarelli, Gidas, and Spruck for k = 1 [Caffarelli et al.
1989] and by Han, Li, and Teixeira for k > 1 [Han et al. 2010], where they employed
the method of moving planes; while for the subcritical case « € (0, k), the isolated
singularities were classified by Gidas and Spruck for k =1 [1981] and by Gonzilez
for 1 <k < (n—1)/2[2006a]. The local behavior of singularities of the conformal
Hessian problems was also studied by Chang, Gursky, and Yang [Chang et al.
2003], Gonzalez [2006b], and Gursky and Viacolvsky [2006].

In this paper, we bring the results of [Gonzalez 2006a] to completion. The main
arguments in [Gidas and Spruck 1981] and [Gonzélez 2006a] are some techniques
of integration by parts which were due originally to Obata [1962]. Compared with
the semilinear case k = 1, for k > 1, the problems are fully nonlinear and more
complicated. The “almost” divergent structure for o} (A8) explored by Gonzélez
[2005] allows one to carry out integration by parts for the fully nonlinear cases.
We develop the arguments in [Gidas and Spruck 1981] and [Gonzéilez 2006a] to
deal with the special case n = 2k 4+ 1. Note that the special case k = 1, n = 3 was
treated separately in [Gidas and Spruck 1981]. Of course, our main idea is to use
the “almost” divergent structure for oy (A%).

Our main result reads as follows.

Theorem 1.1. Let @ € (0, k), n =2k 4+ 1 and u > 0 be a k-admissible solution of
(1-3) 0 (A8) =u* in B\ {0}
withu™" € C3(B \ {0}). Then there exists a constant C such that

L. C ,
_W near x = V.

Furthermore, if u—" is not bounded near the origin, we also get

1o 1/C —0
u = W near x = V.
Gonzélez [2006a] proved the above results for n > 2k + 1. The main ingredient
in Gonzdlez’s proof is the following integral estimate.
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Proposition 1.2. Let o € (0, k), n > 2k + 1 and u > 0 be a k-admissible solution
of (1-3). Let r > 0 small and M > 0 be such that

{r <|x| <Mr}cC B\{0}.
Then

(1-4) / (D=8 1. - Crn—(é—ot(k—i-l)/k)/(l—a/2k)’
r<|x|<Mr

where the constant § < n + 1 is close enough to n + 1 and C > 0 depends on M
and & but noton r.

So, to prove Theorem 1.1, we need a similar integral estimate as (1-4). In fact,
in this paper, we prove the integral estimate as follows.

Proposition 1.3. Let a € (0, k), n =2k + 1, and u > 0 be a k-admissible solution
of (1-3). Let r > 0 small and M > 0 be such that

{r <|x| <Mr}cC B\{0}.
Then

(1_5) f u()l(k-‘rl)/k—l’l—ldx < E’
r<|x|<Mr r

where the constant C > 0 depends on M but not on r.

By this estimate, the rest of the proof of Theorem 1.1 can be done as in [Gonzélez
2006a], and we omit it in this paper.

Meanwhile, by the method shown in this paper, we are able to get the entire
Liouville theorem for this special case of conformal Hessian equations. Precisely,
we have the following.

Theorem 1.4. For a € [0, +00) and n = 2k + 1, consider the problem
(1-6) or(A®) =u® inR".
(1) If @ > 0, (1-6) has no positive k-admissible solution.
(11) If « =0, any positive k-admissible solution of (1-6) must be a quadratic poly-
nomial
(1-7) u =a+b|x — xo|?
for some fixed xg € R" and positive constants a, b.

Li and Li [2005] classified all the solutions of (1-6) for o € [0, +00) via the
method of moving planes. But our proof of Theorem 1.4 is quite different from
that in [Li and Li 2005], and similar to that in [Chang et al. 2003], where they
treated the case k = 2.
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The paper is organized as follows. In Section 2, we collect some known alge-
braic properties of o;. In Section 3, we deduce some preparation decomposition
results. The proofs of Proposition 1.3 and Theorem 1.4 are given in Section 4.

2. Algebraic properties of o

Throughout the paper the summation convention for repeated indices is used.

For a general n x n symmetric matrix A, consider its eigenvalues A1, ..., A, and
the elementary symmetric polynomial functions
(2-1) ok= > Ak
1<ij<--<ix<n
For k=1, ..., n, denote the Newton tensor by
(2-2) Tk =0l —0p_ 1A+ -+ (=DA =, T = TF A,

and the traceless Newton tensor by

(2-3) L= ol — Tk,

n

Here we take op = 1 and Tl? = Jjj.
Propositions 2.1 and 2.2 are well known (see [Gonzdlez 2006a] and references
therein) and we omit their proofs.

Proposition 2.1. For A and T* and L* as above and with the constant C > 0
depending only on n and s, the following hold:

(@) (n —k)oy = trace(T%).
(b) (k+ 1)oy41 = trace(AT*).

(c) If o1, ...,01 > 0, then T is positive definite for s = 1, ...,k — 1, and hence
| 7i;* 1< Co.

d) Ifoyr,...,0p >0,thenoy, < C(o1)’ fors=1, ...,k

(e) Ifor,...,01 >0, then L,-stijl >0fors=1,...,k with equality if and only
if L' =0.

Proposition 2.2. For A = A8, the Schouten tensor as in (1-2), and T* and L¥
defined as in (2-2) and (2-3), we have the following divergence formulas:

@ ViT;* =0,

(b) 3;T;;* = —(n — kyoruu™" +nT;fuu ",
n—k+1

(©) ko = ud; (u; Tij* ") = nTif* uju j + o—1|Dul?,

(d) ale‘jk = nn;kaidk +I’LL,'jiju_1,
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where ng is the j-th covariant derivative with respect to the metric g = u™> dx?
and 0; = 0/0x; is the usual derivative.

3. Some decomposition results
Let u > 0 be in T'*. In the rest of the paper, we write o, (A8) simply as oy.
Let 1 be a smooth cut-off function supported in the ball By, satisfying

1
ID"n| <

Pk

We use <, «, etc. to drop some positive constants independent of r and u, and

~

D™ means the usual m-th order multiple derivative.

Let 8, 6 be constants which will be chosen later. For s =1, ..., k, set
n+38)k+ 2k +6)s
bs=—( )s'ZE ) n+é6+1)---(n+6+s—1)
and

Bw=/okﬂDmbfﬁdL
MS =/]’}jk—suiuj|Du|2(S—l)M3n0 dx,

Throughout the paper, for convenience, we drop the domain in integrations; one
can assume that all integrations are over a suitable domain such as supp n without
confusion.

For computational convenience, we give the following recursion formula.

Lemma3.1. Fors=1,...,k—1,

G-1) mM M +k—|—s B n—k+s+1 Bowit £
-1) my =my —m —_ Ce 1,
sivlg s+1Mg+1 2 sDs 2(n+8+s—|—1) s+1Ds+1 s+1Ls5+1
where
2i(n+38+1i)
m; = i
(n+38)k+ 2k +6)i
and
m;
ci=0———
n+68+i
fori=1,... k.

Proof. Using the above notation, by (2-2), Proposition 2.2(c), and integration by
parts, we get
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/Ejk Su uleu|2(S l) 67’ d.x

= my /(O‘k s0ij — lk = l(uulj—%|Du|231j))uiuj|Du|2(s D 877 dx

m e
=msBs+7Ms+1—2—; w; Ty =710 (| Du > )u® T dx

m m
=my B, + 7“Mm + 2—; / O (i T/* 1 Du|* w1’ dx

myg myg
+ _(8 + 1)A/Is+1 + Q_ES-H
2s 2s

s mg k—s—1
:msBs—i-?MH]+X/[(k—s)ak_s+nT,-j uillj

St e Dup? ]|Du|2s " dx
mg mg
+ =0+ I)MS+1 + 9_E5+1
2s 2s
k+s n—k+s+1
= M By — —m——— B E;rp. O
=mgy1 Mg+ 29 —Q_ MsDys 2n+0+s+ l)ms-i-l s+1 1 Cs+1Ls+1
Now we have the decomposition for the integral for oy.
Proposition 3.2.
k k
(3-3) / kow'n” dx = " bsBi+ Y ciE;
s=1 s=1

Proof. By Proposition 2.2(c) and integration by parts we get
(3-4) / kowu’n® dx

= /[uaj(u,-T,-jkl) —nT,-jkflu,-uj + #Gk_llDulz]usne dx

n—k+1
:—/ak_1|Du|2u5n9dx—n/Ejk_luiuju5n9 dx

2
_\/‘]"ijk_luiaj(u8+l Q)dx

—k+1
:%fak_ﬂDulzu’snedx—@/Tuk Y nju6+1n9_ldx
(n+8+l)fT,,k 1uu u‘sn dx

n—k+1

= TBI +CE1+miM,.

Using the recursion formula (3-1) in (3-4) step by step, we deduce (3-3). (]
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For the traceless Newton tensor L¥, we also have the following decomposition.

Proposition 3.3.

(3—5) fLijkLij1M8n9 dx

:—n;k/ai(ak)uiuaﬂnedx—(n+1+5)/L,~jkuiuju6179dx
+— k[ a2 ds - —E [ ae 2 dx
n(n+2495) n(n+2494)

n—k+1
n+2+46

k=1 0ij ()79)|Du|2u‘3Jr2 dx—+ /okluiujaij (n@)u‘SJrz dx

1
C2(n+2+49) /T”

_ n+3+4 k=1 o o O\ 842 5
n+2+5/Tzl ”l”]au(n )u dx

n+2+5/Tilklujaijl(ne)u5+3dx-

Proof. By Proposition 2.2(d) and integration by parts we get

(3-6) /L,-J-"L,-jluﬁne dx

=/L,-jku,-.,-u8+lr)0dx

= —/Bj(Lijk)uiqunedx — (8+1)/L,~jku,~uju8n9dx —/Lijkuiaj(ne)u“ldx
:—/[n;kai(ak)+nLijkuju_1]uiu‘S+ln9dx

—(8+1)/L,~jku,~uju8n9dx—/Lijkuiaj(ne)u“]dx

-k
= fai(ak)u,-u‘sﬂngdx—(n—i-é—i-1)/L,-jku,-uju5n0dx
n

—/Lijkuiaj(ng)u“ldx.
For the last term in (3-6), integrating once again, we have
(3-7) —/L,-J-kuiaj(ne)uaJrldx

=/a,-(Lij")aj(n%u““dx+/Lijkaij(n9)u5+2dx+(5+1)/L,~j"aj(n9)u,~u5+1dx

:/[”;ka,- (ak)+nLijkuju_1]8i(n6)u5+2dx

+/L,-‘,-k8,-j(n9)u8+2dx+(8+ 1)/L,-jk8‘,~(176)u,-u8+ldx

n—k

= faiwk)a,-(n%u“zdw /Li/‘a,-jm%u“”dx
n
+(n+8—|—1)/L,-jk3j(n6)u,-u8+ldx.
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Transposition of the term implies

(3-8) — / Li*u;a;(n”yu ™ dx
n—k

T n(n+2+95)

For the last term in (3-8), we have

1
0; (0%) 0; (776)146+2 dx + m / Lijkaij (779)”5+2 dx.

(3-9) /Lij"aij(n@)u5+2dx
~ f (7 Ay — Eonsiy oy w2 e
= / Ty* ! uwg; — 51 Dul?817)0;;(n”)u’+* dx — S / ox A" )u’*? dx
:_S/O—kA(ne)qux—%fTijk—laij(n")|Du|2u3+2dx
+/ T; kilusz?,-j(nQ)u‘S+3 dx.
For the last term in (3-9), by Proposition 2.2(b), we compute
10 [ T g
=- f 0y (Tt~ yu 0y (0 yu 2 dlx — f T~ w81 (n”)u* dx
—(6+3) / T  ujuy i (n® u** dx
=— f[—(n — k+ Dog—yuiu™ +n T ugu™ u 0, (n")u T dx
— / Ty u 00 (" )u’ > dx — (54 3) / Ti* iy 035 (n” ) u’ T dx
=m—-k+1) / o—1uiu ;3 (n"u’? dx — f T80 u’ 3 dx
—(n+5+3) f Y}Zk_lujulaij(ng)u5+2 dx.
Inserting this into (3-9), we get
(3-11) fLij"aij(n")u“+2dx
:—S/akA(ne)u‘szx—%/Y}jk_]aij(ne)lDulzu‘szx
+(n—k+1) / ox—1uiujd; (" utt? dx

—(n+3+8)/Tu"1ujulaij(n9)u5+2dx—/7}"lu,-ai,-,(nf’)u5+3dx.
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Substituting this into (3-8) and then (3-6), we get (3-5) as desired. O
To end this section, we give the estimate on the “error” terms “E;” in (3-3).

Lemma 3.4.

k
1
3-12 E|<e) B +—fu“+2" =2k dx.
( ) | S| ~ m r2k 77

m=s

Proof. First, by |Dn| < 1/r and Proposition 2.1(c), we have
1 ,
|E| < —faks|Du|2“—‘u5“n9‘1 dx.
r

Using Young’s inequality with exponent pair (25/(2s — 1), 2s) and & > 0 small,
the last inequality turns into

C
(3-13) |Es| < S/Uk—sIDu|2m5,79 dx + %/O—k_suﬁ-i-lvn@—lv dx.
2
For the last term of (3-13), by Proposition 2.2(c), we deduce
C
(3-14) % / o _su® T dx
’

1 e e

n n—k—21-s+ 1 Ot 1| Du |2]u3+2sne—2s dx

1 1
- 2. 64+2s 60—2s k—s—1 8+2s,0—2s
= — Ok—s—1|Dul|“u n dx — 5 T;; ujlju n dx
r* r*

1

k—s—1 §+2s+1_ _60—2s—1
_E/Tij u;jnju n dx

1 _ o5
< Gk_x_1|Du|2u‘S+2S176 2s dx + O_k_s_llDu|u8+2s+lné 2s ldx

~ r2s r2s+1
C(e) _
Se/ok_x_llDu|2(s+l)u8ne dx + o) /ak_s_lu5+2(s+l)n9 2(S+1)dx,

where we have used Young’s inequality in the last step in (3-13).
Substituting (3-14) into (3-13) step by step shows (3-12). [l

4. Proofs of Proposition 1.3 and Theorem 1.4

For n = 2k + 1, if we choose 6 = —2k = 1 —n, (3-12) implies

k
(4-1) |Es| <& Butr.

m=s
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Moreover, by this choice of § we see that by < 0(s =1, 2, ..., k). Hence if we
take ¢ small enough, combining (3-3) with (4-1), we have

(4-2) /o*kul - 9dx+ZB <r.

s=1

On the other hand, if we choose § = —n — 1 in (3-5) , then

(4-3) /L,-J-kL,-jlu_"_lnedx

n—k
=— /3i (o uju"n dx+
n

—k k
fa (01)3; (Hu'~ ”dx——/o*kA(n Yu' 7" dx
—%/Tl-jklaij(n€)|Du|2ul"dx-{—(n—k—l—l)/a"lu,-uja,-j(ng)ulndx
—2/T ulu 9ij(n Nul =" dx — /llk lujaijl(ne)MZ_”dx.
By (1-1) and |[D™n| < 1/r™ we deduce

(4-4) /Lij ,Jlu—” In? dx

—k
Zyon= 117 dx—l— a@/uiniu“"neldx
_|_ 2/ 0{+1 —n 9 2dx+_/Uk_1|DM|2ul_nn9_2dx
-

1
+ 3 / Ok—1|Dulu® "y 3 dx.

Using Young’s inequality, by (4-4), we can get
(4-5) fL,, Lij'u="'n" dx
< n— k 2 a—n—1_0 1 at+l-n_0-2
8— |Du|“u n dx+r—2 u N dx

1
+r—2fak_1|Du|2u1_”n9_2dx+r—4/Gk_1u3_"n6_4dx.

For the last term of (4-5), using (3-14) (with § = 1 — n) step by step, we have

1
(4-6) —= /O’k 3T dx < = [ZB +— | W= n+2kn9—2—2kdxi|
r

1 1
s=2
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Taking e small, inserting (4-6) into (4-5), and combining with (4-2) (replacing
6 with 6 —2), we get

(4-7) /L,-,-kLl-j u ! 9dx+a/|Du|2 o=n=lp® dx

k
1 1
< a+1l—n 9—2d B - <
er[/u 77 X+Z S}-’_r ~

s=1

N | =

Now, from (4-7), we can prove Theorem 1.4 and Proposition 1.3.

Proof of Theorem 1.4. Letn=11in B,,0 < n < 1 in By, \ B,. Taking r — 400 in
(4-7), we can get

(4-8) /LijkLijlu_”_ldx+0(/ |Du?u®"""dx <0.
RVL n

By Proposition 2.1(e), if « > 0, (4-8) shows u# must be a positive constant solu-
tion of (1-6), which is impossible; if « = 0, (4-8) shows L' = 0 and hence u must
be the quadratic polynomial as in (1-7). U

Proof of Proposition 1.3. Letn=1forr <|x| <Mrand n=0for0 < |x| <r/2,
2Mr < |x|. By (1-3) and Proposition 2.1(d) we have

(4_9) / a/k+a—n—1 de_/(o,k)l/k a—n—1 de</o_1ua—n—lnedx

=——v/|Du|2 a—n=1p0 dx+/Auu“"n9dx.

For the last term in (4-9), integrating by parts and using Young’s inequality, we
deduce

(4-10) | Auu®"ndx = (n— oz)/lDul2 amn= lnedx—efumiuo‘_"ne_ldx
1
<(n-— oz+e2)/|Du|2 a=n—1,0 dx+—2/u“_"+ln9_2dx.
r
Inserting this into (4-9) and combining with (4-7)and (4-2), we have

(4_11) / ((k+1)/k)a—n—1 de

1 1
N ——Ol+€ /lDu|2an 177 dx+_2/ua_n+l779_2dx§_
r r
This implies (1-5) and hence the proof of Proposition 1.3 is completed. ([l
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