APPLICATIONS OF THE DEFORMATION FORMULA
OF HOLOMORPHIC ONE-FORMS

QUANTING ZHAO AND SHENG RAO

Volume 266 No. 1 November 2013



PACIFIC JOURNAL OF MATHEMATICS
Vol. 266, No. 1, 2013

dx.doi.org/10.2140/pjm.2013.266.221

APPLICATIONS OF THE DEFORMATION FORMULA
OF HOLOMORPHIC ONE-FORMS

QUANTING ZHAO AND SHENG RAO

This paper studies some geometric aspects of moduli of curves .ilz, using as
a tool the deformation formula of holomorphic one-forms. Quasi-isometry
guarantees the L? convergence of deformation of holomorphic one-forms,
which is a kind of global result. After giving the period map a full expansion,
we can also write out the Siegel metric, curvature and second fundamental
form of a nonhyperelliptic locus of Jil; in a quite detailed manner, while gain-
ing some understanding of a totally geodesic manifold in a nonhyperelliptic
locus.

1. Introduction

This paper is a complement to our joint paper [Liu et al. 2012b] with Kefeng Liu,
and explores more applications of the deformation formula of holomorphic one-
forms to some problems related to moduli spaces of Riemann surfaces, including
the full expansion of the period map, the Siegel metric and its curvature formulae,
the second fundamental form of Torelli space’s nonhyperelliptic locus, and also a
global result about the deformation of holomorphic one-forms.

We start with the Kuranishi coordinate of the Teichmiiller space I of Riemann
surfaces of genus g and the deformation formula of holomorphic one-forms 6(¢),
whose construction is contained in Section 2. The key points of the deformation
formula lie in Theorem 2.1. To be more precise, on the Kuranishi family @ : £ — A
with a Riemann surface @ ~!(0) = X as its central fiber and a global holomor-
phic one-form of the central fiber 6 € H(Xo, Q ;0), the deformation formula of
holomorphic one-forms emerges as

n
(1-1) 0(1) =6+ Z t' <Z H(Mjﬂ](il,...,i_,—l,...,i,,))),
j=1

[11=1
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such that 6(1) € HO(X,, Q) ), where

n
pu(t) = Ztiﬂi
i=1

is the integrable Beltrami differential of the Kuranishi family and H is the harmonic
projector in Hodge decomposition with respect to the Poincaré metric on Xg.
Moreover, G denotes the associated Green operator, and 7; is given by

{m = —Gd*d(u; 0),
Nitoi) = —G0* 9 (D) kMG, =1, ) -

8
a=1

We identify n; with neo,....1,,,....0) here. Apply (1-1) to the canonical basis {9;‘
of H(X,, i(,,) with respect to the symplectic basis

{Ay» By}f::l

for the Kuranishi coordinate A, ¢, yielding

0%(1) = 0%+ 1 (H(pi 262) + df)

i=1

We then define A(¢) by

n
S (W8 r.a)) = AR

I=1 =1

Let o), ), be the A, B period matrices of {9§}§:1 and M, =Im(x,). The period
map
IM:JT, — H,,

where 9, is the classifying space of Hodge structures of weight one, can be written
out on the Kuranishi coordinate as

(1-2) (1) = (m, + 7, A )AL, + A)H ™

H. Rauch [1959] and A. Mayer [1969] have expanded the period map only up to
the first order, while Fangliang Yin’s expansion formula [2010] via computing high
derivatives of the period map is not explicit for orders larger than two, since it is
difficult to write all the derivatives out. In a different manner, by solving a recursive
relation, we can get an explicit formula for every order part of the expansion:
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Theorem 1.1 (Theorem 2.5). The period map
M:J, — %,

has the following full expansion on the Kuranishi coordinate A ¢:

Hep (1) = Tap(0) +/

0% AH(p(1)26°) +/ 6% A H(u(t)mfl)
Xo

Xo

—i/ Q‘XAH(;L(I)JQS)M‘W/ 07 AH(u(t)-6F)
2%, X,

0

+> D {(—1)1—1A09“A H(w(0)ang, )

k>3 m;>0,1<i<l
my+---+my=k

i
x EMW/X 0% AH(() 0, ) -
0

i
« EM012130t212/X Ox21-2 A H(M(Z)anﬂ,mlfl) }’
0

where 1’ is the N-th order part of the expansion of 17’ in the deformation formula
of 0% by Theorem 2.1, M®P is the inverse matrix of M, =Im(w,), andi=/—1.

Geometric information on the period map is contained in the homogeneous parts
in this theorem, whose meaning will become apparent in the following sections.

In Section 3, by a quasi-isometry result in [Liu et al. 2012a] for the operator
390G o d, we obtain a global result for the deformation of holomorphic one-forms.

Proposition 1.2. The (1, 0)-form n(t) on X, constructed in Theorem 2.1 converges
in L2-norm as long as |t| < 1, and so does 0(t) constructed in Theorem 2.1.

In Section 4, the deformation formula of holomorphic one-forms provides us
with an effective way to write out the Siegel metric and its curvature explicitly
according to the expansion degree of . To maintain that the formula is integral and
clean, we need Definition 4.1 of symmetric derivatives. Also the normal coordinate
(4-5) is used in our calculation.

Theorem 1.3. The Siegel metric ws(t) on the nonhyperelliptic locus of the Torelli
space Jorg can be written as

ienl - _
(1) = 5 ; 90 w(AMAD)

i 1 .
=5 > > 7tr(SiJr(Aml(t)Amz(t)...Amz,(t)))dt,- Adij,
k>0 m;>0,1<i<2]
mi~+--+moy=k+2
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and its curvature R;5,7 is given by

1
ljkl Z Z 7 tr(Si]Skl_(Aml (t)Amz (t) cee Amy (t)))

N>0 m;>0,1<i<2]
m1+--~+m2/=N+4

l
l 1
+2. 2 > EO']-
5
N>0N;>0,1<i<3 = m;>0,1<i<I i=1""
ZL]N,:N my~+-+m;=N|

X Z tI'( q”( mll(t) “Alesl(t)))

mi,>0,1<n<2s;
2s1
Zn:l mln:ml+2

X Z tr( 1112( ma) (... AmZ?Sz (t))) o

mo,>0,1<n<2s,
259
o2 may=ma+2

< Y (S5 (Amy () Ay, (z)))}

mp,>0,1<n<2s;
2s,
Znil m])l=ml+2

1 .
x Z 7 tr(Si Seg (Am, (1) . .. Ay, (1))

- m;>0,1<i<2l =
le 1 mi=No+3

X > 7 uf(sisp,—(Am1 (t) ... Ay (1))

- m;>0,1<i<2l -
2 mi=N3+3

where we need the convention that the first square bracket in the second summand
equals 84, if Ny =0

The bound H(v) < —2/g for the holomorphic sectional curvature H(v) along the
direction v = 21353 ailu; € [H]g’l(Xp, Tx,) of Rijkz' is also discussed in this section.
Section 5 is motivated by Oort’s conjecture and Moonen’s result as follows.

Conjecture 1.4 [Oort 1997]. Let §,, : g = }(JI/L ) C g be the Zariski closure of the
(open) Torelli locus $4 := $(Mg). For g > 4, determlne all special subvarieties (or
varieties of Hodge type) of positive dimension in s, that are contained in j_g and
meet $4. Conjecturally, there are no such subvarieties when g is sufficiently large.

As a complex orbifold, #¢(C) is a quotient of the Siegel space, which is an
irreducible homogeneous symmetric space under the group Sp(g, R), and special
subvarieties can be considered as images of orbits of an algebraic subgroup. Here
we refer the readers to the remarkable survey [Moonen and Oort 2013, Section 3.6]
for the three equivalent definitions of special subvarieties and other preliminaries.



APPLICATIONS OF THE DEFORMATION FORMULA OF HOLOMORPHIC ONE-FORMS 225

Fortunately, we have an important result by B. Moonen [1995]: Let V C s, be
an algebraic subvariety. Then V is a special subvariety if and only if it is totally
geodesic with respect to the Siegel metric and it contains at least one special point.
From [Oort 2003], we know that a special point in {, corresponds to a moduli point
of principally polarized abelian variety (A, A) with A admitting sufficiently many
complex multiplications. The notion of sufficiently many complex multiplications
of an abelian variety A has an equivalent expression: there is a commutative
semisimple subalgebra E C EndO(A) :=End(A) ®7z Q with dimg E = 2g. Perhaps
we need a more geometric description of special points for deeper investigation.

Therefore, it is important to understand the second fundamental form of the
Torelli locus and totally geodesic subvarieties, which is also proposed by B. Farb
[2006], R. Hain [1999] and D. Toledo [1987]. By our deformation method, we can
get the second fundamental form of a nonhyperelliptic locus and some understanding
of a totally geodesic manifold in a nonhyperelliptic locus. The full formula for
the second fundamental form is included in the Appendix, since it is long and
complicated.

Proposition 1.5. The second fundamental form of a nonhyperelliptic locus at the

central point is L
2ia1(0) = tr(Ai A jo),

where A;; is defined in our discussion of the homogeneous part of A(t) after
Definition 2.2.

As a direct corollary, the holomorphic sectional curvature along a totally geodesic
submanifold in a nonhyperelliptic locus of J is bounded from below. Moreover,
we obtain the relationship between the total geodesicness and local symmetry, that
is, a totally geodesic manifold in the nonhyperelliptic locus of J, must be locally
symmetric.

2. Full expansion of the period map

Kuranishi coordinates and small deformation of holomorphic one-forms. Fix a
compact topological surface ¥ of genus g with g > 2. The pair (C, [ f]) is a Riemann
surface C with the Teichmiiller structure [ ], where f is an orientation-preserving
homeomorphism from C to X and [f] denotes the isotopic class represented
by f. An isomorphism between two Riemann surfaces with the Teichmiiller
structures (C, [ f]) and (C’, [ f']) is a biholomorphic map ¢ from C to C’ such that
[f1=1[f'¢]. The equivalence classes of all compact Riemann surfaces of genus
g with this Teichmiiller structure, modulo the isomorphism equivalences, actually
constitute 7 ,. Thus an isomorphism class of [C, [ f]] is a point in T .

From the construction of the Hilbert scheme, the existence of the Kuranishi family
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of Riemann surfaces follows. To be more precise, for every Riemann surface C,
there exists a holomorphic deformation (z, ¢)

w:X— B, ¢:C3>Xb0

of C parametrized by a pointed base (B, by) and a complex manifold with dim¢ B =
3g — 3; this deformation is universal at by and actually universal at every point b
of B. The pair (w, ¢) is called the Kuranishi family of C. For any other deformation

(L, ¥) ~
1% - B, Y:C=>X,
0

of C, there exists a unique map (¢, ®) in a small neighborhood of b, such that the

diagram
g —2

| Lw

/ / ¢
(B ) b()) - (B’ bO)

commutes, where ¢! ® by ¥ =1c and &' is isomorphic to the pullback family ®*%
on the small neighborhood of b,. Accordingly, we also have a family of Riemann
surfaces with the Teichmiiller structure (Xp, [ f3]), that is, @ : & — B, together
with the local topological trivialization

F*: %y, > Z x Uy,

where | J, U, is an open covering of B such that [FY]=1[fp] with b € Uy. For any
Riemann surface with the Teichmiiller structure (C, [ f]), the Kuranishi family also
exists and satisfies exactly analogous universal properties to the one without this
Teichmiiller structure. Possibly after shrinking B, we can describe the Kuranishi
family of (C, [f]) as a triple (@, ¢, F) given by

w: ¥ —> B, <p:C3>Cb0, F:%¥— X xB,

where F is a topological trivialization such that Fp,¢ = f.
A Kuranishi coordinate chart of J is given by

(Bvbo)%géﬁ t_>[Xt9[Fl‘]]7

where the triple (@, ¢, F) is the Kuranishi family of (C, [ f]). By Ehresmann’s
classical theorem, there is a natural diffeomorphism ¥ : X,y x B — &; all the fibers

ofw:%¥— B
Y x B

d

X

XbOXB
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share the same differential structure as X,,. From this point of view, for every
b € B, the map F;,\Ilb_1 can be deformed to Fbo\lll;l, that is,

[FW, 1= [Fp 0, ' 1.

Letw: H| (X, Z) x H (2, Z) — Z be the intersection pairing on X. The symplectic
basis of H;(X, Z) on (X, w) gives, from the map W F~1 one such basis on Xbys
which is enjoyed by the whole Kuranishi family & over the Kuranishi coordinate
chart B. Later on we will write (B, bg) as A, ¢, where p denotes the point [C, [ f]]
inJg,and A, ={reC"||t] <e, t(p) =0} withn=3g—3.

Let A, ¢ be the Kuranishi coordinate centered at p € J, above. Denote the
corresponding Kuranishi family on A, . by @ : X — A, . with the central fiber
@ 1(0)=X,. Let

0 e H (X, Q;p)

be a global holomorphic one-form on X ,. We will construct 6(r) € H 09X, Q ;t),
a holomorphic deformation of 6 with ¢ small.

Denote the well known Poincaré metric on X, by w,. Fix {u;}_; as a basis of
harmonic T)((lp’o)—valued (0,1) forms, written as [H]g’l(X P T)((lp’o)), on (X,,w,). And
() = Z?:l tii; is the integrable Beltrami differential of the Kuranishi family
o X —> Ape.

Theorem 2.1 [Liu et al. 2012b, Theorem 2.1 and Corollary 2.2]. Given 6 €
HO(X,,, Q%(,,)’ there exists a unique (1, 0)-form n(t) on X, that is holomorphic in
t for sufficiently small t, satisfying

(1) H(n(z)) =0, where H is the harmonic projection on (X ,, wp,), and
(2) 0(t) = (L4 p@®)-n@t) € H'(X;, Qk,),

and 0(t) is the desired deformation of 0, given by

00 =0+ t; (H(ui0)+df;)

i=1

..........

Based on this, an explicit formula of the period map and variation of Hodge
structures on Kuranishi coordinates are discussed below. Denote the canonical basis
of H(X,, Q&p) by {0%}5_, with respect to the symplectic basis {A,, B},}f;:1
for the Kuranishi coordinate A, .. Let o), m, be the A, B period matrices of
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{Qg}izl and M, =Im(m,). Applying the deformation formula above, we get the
holomorphic one-forms 67 (¢) on X, starting at 67, given by

@-1) 050 =02+ Y ti(H(wi0%) +dff)
i=1

Definition 2.2 (A(¢) and E(¢)). A(¢) is a g x g matrix, while E(¢) is a g x 1 vector
defined by

Z tl Z H(MjJn(zil ,,,,, ij—1,~~~,l'n)) = A(t)%élfj’

> f’(Z df;f(il,...,i_/—l,...,i,l)) = E“(1).

[11>1 Jj=1
We write the homogeneous part of order N of A(t) as An(¢). Then

Av) = ) 1'Ay

|[|=N

i) =An% éﬁ. In particular, H(u; 105) = A;.% éﬁ.
Detailed discussion of homogeneous parts of A(¢) is given as follows, and will
be useful in the computation.

n
where ', H(“J'J’?((Xil ..... ij—1,..,

(1) The first two homogeneous parts A (¢) and A, (f):
H(wi03) = A;.§ 05 for |I| =1,

{H(Mim‘}‘)-l-ﬂ'ﬂ(ﬂjm?)=A(o,...,o,1i_m,0,...,0,1j,h,o ..... 0.0 for [I|=2,i# ],

H(wi i) = A,...0.2,4,.0....00 % or for |I|=2,i=]j.
Set
A0,..0,1;,4,0,...,0,1,.0,..,0)  fori < j,
Ajj = 12A0....0.2,4.0....0) fori = j,
Aji fori > j.

Then it is easy to check that

n
a 0d
I
Do utiAiy =23 1A and oA = Ay
i,j=1 |711=2

(2) The general homogeneous part Ay (¢):
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Define A;, symmetric in all its subscripts, such that

----- ins

Z Ly .. ‘tiNAil ,,,,, in = N!AN(2).

. | .
jl!jz!...j !All ----- lN_N'A(.]] J25e00s _]n)
if k appears ji times in iy, ...,iy. Here Y ;_, jx = N since we are considering
the homogeneous N-part. Also it is easy to check that
9 9 Ay@)=A
ot, oLy, NI Bty
Set
1 1
6,() 6,
O,() = : and O, =1 :
05 (1) o5
Thus using A(¢) and E(t), we rewrite (2-1) as
O
(2-2) O, =, A®)) 6 + E(1).
p

Since a holomorphic one-form on a Riemann surface is uniquely determined by its
integration on A cycles, it is clear that {9;’,‘ (t)}iz | being a frame of H 0x,, Q}f,)
on X, is equivalent to nondegeneracy of the A period matrix o,g(¢) on X, i.e.,

(2-3) det(oup(1)) = det(f 95(1‘)) #0 < det(l, + AN £0,
A

o

where A(7)7 is the transpose of A(f). And when {9;‘ (t)}iz | becomes a frame, we
have the Hodge—Riemann bilinear relations on X,

_ 1 « B
O_E/X,G”(I)Ae”(t)’

i 58
0 < §/x 0%(t) NOE (D),

which, together with (2-2), implies that

i

0= zf)( (9; —{—A(t);‘féy +EO‘(;)) A (9£+A(f)f§)”+Eﬂ(t)),

0< %/X (0% + A)20F + E*(1)) A (65 +Mf¢9; +EP(r)).

P
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Thus, by type consideration and Stokes’s theorem, we have

{o = Mp.ay Ay — Mp,py A,
0 < Mp,ap =M,y ADZAQD, .

The matrix forms of these are given by

— T
o) {A(r)M = (AOM,)T,

M, — A()M,AG) > 0.

As our deformation formula is local, {9;‘ (t)}iz | is always a frame, as r € A, . with
€ sufficiently small. Therefore, (2-3) and (2-4) hold.

On our Kuranishi coordinate A, ¢, the period map IT: J, — 9, can be written
out quite explicitly:

s M= [ oo = [ awrop+ a0 8
= T pray 0 ()P + 7,05 AW S0 (1)7P,

where o (1)®? is the inverse matrix of o (t)qp. Here o (t)qp is given by
(2-6) Oup (1) = / 05(1) = (I + A1) ).
Aqy
By (2-6), we formulate (2-5) into the matrix type to get
(2-7) (1) = (mp, + 7, A0 )AL, + A

Full expansion of the period map. We are going to give (2-7) a full expansion,
writing out every order part explicitly.

Lemma 2.3 [Farkas and Kra 1992, Proposition I11.2.3]. If ¢ and { are two d-closed
one-forms on a Riemann surface X, then

L¢Aw=;(ﬁy¢ﬁyw—ﬁy¢ﬁyw),

where {A,, By}f/: | is the symplectic basis of X.

Lemma 2.4. We hve

/ H(u6?) = = M* / N
Ay 2 X

where {19‘)‘}521 is the canonical basis of holomorphic one-forms on X and M*P is
the inverse matrix of Mg = Im(myp).
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s =
Proof. Set H(u_6%) = ¢t.,07 - Then

/ H(ux6) = cf .

o

while Lemma 2.3 implies that
i/ 0” AH(utP) =icl / 0“NGY =2cf  May.
Xo I X ’

Finally we have the equality above. O

Theorem 2.5. The period map I1:J , — 3, has the full expansion on the Kuranishi
coordinate A, .

Mep(t) = naﬂ(0)+/x %A H(M(z)Jeﬁ)Jer %A [H](M(t)mfl)

— i/ 0% A H(M(t)Je“)M‘W/ 07 AH(u(t)6F)
2 Xo Xo

+y 3 {(—1)1‘1/)(09% H(w (@), 1)

k>3 m;>0,1<i<l
my+---+my=k

i
x EM“”’Qfx 0“2 A (1 (8) 1%, _1) -
0

i
% EMazlzdyz/}'( Ox21-2 A H(M(t)—‘nfml—l) }’
0

where 17\, is the N-th order part of the expansion of n;' from the deformation
formula of 6% by Theorem 2.1 and M®® is the inverse matrix of M p=Im(m)).

Proof. Write out A, B periods of X; as 044(t), mep(t), respectively. Then

Oap (1) :/A 0% (1) :/A (9/3 + Z ! (Z l]-[l(,ujm’&,_qij_1 ..... in)))>’

[1]>1 Jj=1
n

JTaﬂ(t) :/B 95(1‘) —] L (9‘3 + Z z‘l (Z H(Mj—ml(gil,“.,ij—l ’’’’’ i,))))'
g g =t Nj=t

Those expansion coefficients are

=1
(2'8) jn
_ B
TTap,1 —/B [H](/’Lj—'n(i],...,ij—l ,,,,, i,,))'
ocj_l

Thus the period map can be computed as



232 QUANTING ZHAO AND SHENG RAO

(2-9) Myp(t) = / of = / o (1)0) = 7P (t)1y, (1),
B, B,

where 67 (¢) is the canonical basis of holomorphic one-forms on X, and o#%(¢) is
the inverse matrix of o4g (7).

Now we only focus on the expansion of o7 (¢), since the expansion of Tap (1) is
already obtained. Set

0P (1) = 8up + Z lla;xﬁ;
=1
then

80{}/ = Uaﬂ(ﬂaﬂy(t) = <8aﬂ + Z tlaaﬂ,l) <8;3y + Z IIO.;BV)
[11=1 []1=1

= oy + ZIGWJ + tla;w + t1+10a,3,1b’3y

ay _
Oy, Ol T O 1. 0) = 0,
(2_10) i-th
o +o + Oup10h = 0
K ay, K ap 1%y =Y.
[1=1,17]>1
I1+J=K

Define the homogeneous parts of oup(t), mes(t) and o®f(t) as

@11 apli =Y tXoupk. (Taplii= D t5Tap k. (@ Pi=)  tXoil
IK|=k IK|=k IK|=k

Using these definitions, we rewrite (2-10) to obtain the recursive relation

(Oay)1 +(©@*)1 =0,
(Oay)k + ()i + Z (0ap)i(a?); =0.

i>1,j>1
it+j=k

(2-12)

From (2-9) and (2-11), we get
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Map (1) = 07 (1) 700y (1) = ( v+ Y to Vﬂ) (nay(m + ) r’nay,,)

=1 =1

n
= 70p(0) + Z ti (Tay (0)0(}6?”4'%’_”,0) FTaf, 0,01 )
i=1

+ > zK{na,g,KJrnay(O)a,?ﬁ > nay,,a}ﬂ}

|K|=2 [11=1,1J]=1
I+J=K

= op(0) + 770y (0) (07P)1 + (ap)

+> :{<na,s>k+nay<0><ayﬂ)k+ > (nay),-(oyﬁ»}.
k>2 i>1,j>1
i+j=k

After observing the formula above, we need to use the recursion relation (2-12) to
get the full expansion of ®#(¢).

Claim. o*#(t) has the expansion

P (1) = 8ap — f H(u(1)16%)
AOt

+> ) {(—D’f H(w (@), - 1)/ H () ami5,, 1) -

k>2 m;>0,1<i<n 1

my+--+mp=k
<[ Bosi ) [ sEosd, )|
A «

-2 1-1

Proof. Use an induction argument: For k = 1, according to (2-12), the first-order
part of o®(¢) is given by

(0*P)1 = —(0up)1 = — f H(u(t).67).

Aa

Assume that the homogeneous parts with orders less than or equal to k — 1 are given
by the formula in the claim. Then the k-th term is

(@ Pl = —(owpi — Z (Oay)i (07,

:_/ H(e@) o’ ) - Z/ (w@om); )
TE
xi ; 1( 1)’f H (e () ami 1) - fA H(W)Jﬂfm,-l)}

m1+ +m=j
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=—/A B+ Y (_l)leA (@)

ik,m;>0,1<j<I «
i+my+-+m=k

< [ Wy, ) [ o, )

i’ Aoy
= [ Bl ) Y e [ aEou, )
Aa my#k,m;>0,2<i<l Ay
my+--tm =k

X/A H(e @ mgs,, 1) - / H(()n’,, )
= > (—1)’/ H (), )

m;>0,1<i<l @
mi+--+m=k
Xf ICORAEVE / ()37, 1)-
A“l A"‘l—l
Thus our claim has been proved. O

Let us proceed to the expansion of ITg(¢). Use the claim and the expansion
formula of I, (¢) above to get

Haﬁ(t)
— M (0) + 70y ()0 7)1 + / H((1) 6)
B,
+Z{f (u@)onf )+ Tay O @+ > / (o), I)W%}
k>2 i>1,j>1

i+j=k

= T,p(0) — Ty (0) f H((1)267) + /B H(u(1)16%)

+Z{/ M(I)ank 1) - 710,),(0)/ “(t)—'ntk )

k>2

= 3 O [ oo 3 ot e
i>1,j>1 i>1,j>1
i+j=k i+j=k

_ naﬁ(0)+/ 0°A H(u(t) 10)
Xo

+Z{/ O AH(p) o’ )+ Y /Q“AH GRS [Cad ﬁ)j}

k>2 i>1,j>1

i+j=k
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= Tup(0) + / 6% H(u () 167)

Xo
+Z{f 9“/\[H] u(t)_mtk 1 Z /G“AIH] w(t)my; ])
k>2 i>1,j>1
i+j=k
x[ Yo / (i) m™, ) - / H(wmfm,_l)“
m;>0,1<i<l 4 Ay
mi+-+mp=j

= [up(0) + / 0°AH(p(1)-6F)
Xo

+Z{/ AR’ )+ D (—l)lf O NH(w(t)m] ;)

k>2 i#k,m;>0,1<j<I Xo
i+my+-+m=k

< [ G, )
Ay A

= Tup5(0) + / 69N H(u () 267)

Xo

+> ) {(—1)’—1/XOG“AH(M@)M;{;"]_I)X

k>2 m;>0,1<i<I
my+--+m=k

i i
EMO“OQ/ QQZAH(IL(I)JH?LZ—]) ... 51‘/10621—30121—2‘/ g2~ 2/\|]-|](,L,L(I)Jnt my— 1)}
X X

0 0

H(wmf’,m,_l)}

-1

and this concludes the proof of Theorem 2.5. ([l

Corollary 2.6. For every N > 0,

/ 0 AH(1e(t)-n’ )
Xo

is a symmetric matrix of («, B).

Proof. We again use an induction argument.

When N =0, f Xo 0% A H(u(r)26P) is the homogeneous part of first order of
[Tep(2). It is easy to see that I1y4(¢) is a symmetric matrix of («, ), and thus the
homogeneous part of every order of its expansion will be symmetric in (o, 8), and
in particular the first order.

Assume that on 0N [I-I](M(t)_mfN), with N <k —1, is symmetric in (¢, ). Now
we come to the case N = k. By Theorem 2.5, the (k + 1)-th homogeneous part of
the expansion of Igg is
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/ CAH(Om )+ Y (=D / 6° A H(u(0) 1)), _)
Xo Xo

m; <k
my+my+--+my=k+1

< lMaIOQ/ 0% ANH(p(t)om5, 1) -
2 Xo o

1
X 5A/[Olzz—_zt)lz/—z/ Q22 A H(M(t)—mfm/_l)
Xo

and is thus symmetric in («, 8). By use of the induction assumption and the
symmetric matrix M*#, the second summand of the above formula is symmetric in
(or, B). Thus [y 6% AH(u(r)on),) is symmetric in (e, B). O

Remark 2.7. Itis easy to see that § [y 69AH(i(t)) y) = May Ay41(1)5. Thus

MAI(,Jrl (#) is a symmetric matrix for N > 0.

3. A global result on deformation of holomorphic one-forms

This section will present a global convergence of the deformation of holomorphic
one-forms in L? norm as a result of the following quasi-isometry for the operator
3 0God.

Proposition 3.1 [Liu et al. 2012a, Theorem 2.2.(3)]. Let TP 1 =93TP~ 19 AP4(M)
on a compact Kdhler manifold M. Then we have the inequality

(3-1) |07 0GodTr~1| L < I TP~ 2.
Furthermore, ipr_l’q is 0*-exact, then the equality in (3-1) holds, i.e.,
|8"0GodTr 14|, = TP~ 2.

This proposition was originally proved by step-by-step spectral decompositions
in the preliminary version of [Liu et al. 2012a]. It is motivated by an attempt to
prove the global Torelli theorem for the Teichmiiller space of CY manifolds and
inspired by the integral operators P and 7T defined by

1 1 1
Ph(;):——//h(z)(———) dxdy, forfunctionshe L?, p>2,
b1 z2—¢ z

C
1 h
Th(z) = lim —— © ey, for functions h € C2.

=0 7w J) (2—1)? 0

lz—¢[>¢

These integral operators satisty (Ph); = h, (Ph), = Th, and the (quasi-)isometry
relations

IThll 2= hllL2, IThlLr < Cpllhllpr, forany p > 1, with C, — 1 for p — 2,
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which all appear in the classical Teichmiiller theory for Riemann surfaces; see
[Ahlfors 1966], whose main result is the proof of the existence of a solution of the
Beltrami differential equation in C

0 _ __ 0 _
—w(t;2,2) =Tt (2, 2) —w(T; 2, 2),
07 0z

where w (z, 7) is a Beltrami differential with ||u (z, )|, < ¢ < 1. The solution of
the Beltrami differential equation is based on an iteration method due to Bojarski
[1955], while it was Morrey [1938] who first proved the existence of the solution of
the Beltrami equation. One of the main ingredients in the proof of the convergence
of the Bojarski iteration method is the L?-isometry of the inverse 3! of the 9
operator in one complex variable. Kuranishi generalized the iteration method of
Bojarski and constructed the Kuranishi map « : H*!(X, T;*O) — H%2(X, T;O), the
most basic technical tool in various aspects of deformation theory.
Fix a basis {u;}7_, of harmonic T)EL’O) -valued (0,1) forms with

n
D il <1,
i=1

and let u(t) = Zf: | tip; be the integrable Beltrami differential of the Kuranishi
family @ : ¥ — A, 1.

Theorem 3.2. The (1, 0) form n(t) on X, constructed in Theorem 2.1 converges in
L?-norm as long as |t| < 1.

Proof. Recall that

n
N0 =0+ tmi+ Yy t'n
i=1

. [1]>2
is constructed as

32) [ni = —G3*d (i 0),

Here we identify n; with n¢,...1, ,.....0)- Now let us discuss the global convergence
in L%-norm of the power series. By the quasi-isometry result in Proposition 3.1,
together with (3-2) and the assumption Z;’:] leillLe < 1, we have

> il < (gj ||ul-||po)( ; ||m||Lz>.

\|=i

Also when |I| =1, it is clear that

n n
D mille < (Z ||m||Loo)||e||Lz <161 2.
i=1 i=1
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By induction, this yields that for every k > 1,
D il < 1012,
1=k

which implies the estimates of 7(¢)

In@ N2 < 1012+ 1002 Y 111, 0
=1

Corollary 3.3. The function 0(t) constructed in Theorem 2.1 converges in L*-norm
for|t] < 1.

Proof. This follows directly from Theorem 3.2. ([

4. The Siegel metric and its curvature

Let us recall the local and global Torelli theorems of the moduli spaces of compact
Riemann surfaces with genus g. Denote the Teichmiiller space of the compact
Riemann surface of genus g by 7, and the generalized Siegel upper half-plane
by %, which is {Z € M(g,C) | Z = Z',Im Z > 0}, an irreducible noncompact
symmetric space, giving s, a locally symmetric structure. Then

I (n) := Kemel(Ty % Sp(g, Z) > Sp(g, Z/nZ))

forn >2and T, := Kernel(Fg 4 Sp(g, Z)), where I, is the mapping class group
of the compact Riemann surface of genus g. Also, the moduli space Jl/ti,") of the
compact Riemann surface of genus g with a fixed n-level structure is defined as the
quotient of T, by I'g(n). We will fix n > 3 from now on. Meanwhile, the Torelli
space Jory is the quotient of T, by T, called the Torelli group. Then we have the

Commutati ve diagram
\
5,101'

o
Jor, —— ¥,

}(H) l

— sy’

, |

My —— A,

Tg

My

$ is always injective for g > 2. $'" is an open embedding for g = 2, while $°" and
$™ are 2 : 1 branched coverings onto its image ramified over hyperelliptic locus
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for g > 3. In other words, $'": T,/ Tg — 9, is an embedding where fg is defined
as pfl((—lzg)) and (—I,) is a subgroup of Sp(g, Z) generated by —I»,. We shift
to the local point of view. IT is everywhere an immersion for g = 2, but for the
case g > 3, the tangent map of IT is injective on the nonhyperelliptic locus and
vanishes on the normal directions of the hyperelliptic locus #€J ;. When restricted
to #E€J,, I1 is an immersion. According to [Liu et al. 2012b], the tangent map
of $7 1 T,/ fg — €, at the hyperelliptic locus from the Zariski tangent space of
Te/ fg to the tangent space of ¥, is injective.

Denote the Hodge bundle on .l and s, by €; its fiber at a point is the vector
space of holomorphic one-forms on [X], a representative of the complex structure
given by that point. There are three canonical metrics on ¥, and #,, namely
the Hodge metric, the Bergman metric and the Siegel metric. Hard Lefschetz
decomposition and Hodge polarization give us a hermitian metric on €,, denoted
by (,). From the natural isomorphism Q! = Sz%g, where S is the symmetric
operator, it induces a hermitian metric on T( 9 denoted by @j,. The Bergman
metric is defined by the Bergman kernel g

— 1, +iZ\' (1,+iZ
= —logdet(l, — WiW) = —logdet| 1, — [ =£ g ,
p= —togdet, W) = g (1~ (7 ) (1577

where W € {A|A € M(g,C), A" = A, 1, — A’A > 0}, which is the bounded
domain, and Z is the coordinate of the Siegel upper half-plane

{Z|ZeM(,0),Z=27"Im(Z) > 0}.

Here M(g, C) denotes the group of complex g x g matrices. Thus v, = %85 p.
Finally, the Siegel metric @; is defined by mc1(¥€,, (,)). Pulled back by the period
map, Siegel metrics, denoted by wy, also exist on T, T, and M.

These three metrics are Kdhler metrics and also invariant metrics on the irre-
ducible homogeneous and symmetric space ¥,. It is clear that they are different by
a constant multiple, while by [Yin 2010, Theorem 3.1 of Chapter 4], we know they
are actually the same on .

Definition 4.1 (symmetric derivatives S;, S, S;7, 5,757 and S’ S,7). We give some
examples to explain the use of these symbols. Here we use the notatlon A= AQ),

and similarly for B(¢), C(¢) and D(z).
(1) First derivative: S;, S]T and Si]r.

——— 0A —  — ~0C — = = 0B _— — oD
Si(ABCD):= —BCD+AB—D, S:(ABCD):=A—CD+ABC—,
ot; 0t; J 3l‘j 3tj
g 0A 0B — 0A aD dB 9C — _9C aD
S;:(ABCD):= — —CD+ —BC—+A— —D+AB— —,
/ at; dt; at; t; atj ot o ot
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where A, B, C, D € M(n, C) are all holomorphic in ¢. Indices without a bar mean
taking derivatives through all holomorphic matrices, and indices with a bar do so
through all antiholomorphic matrices.

(2) Second derivative: S;;S;; and Sl,’J-,S]/d-.

Si]‘-Skl‘(AECE)
92A 92B __ 9A 3°B 9C — 9A 3°B 9C — 2B 9*C —
= D+ — —D+— —D D
dt; 0t 3l‘j3tl ot atjatl oty oty atjal‘l at; atjatl 0t; 0t
92A 8_BC8_D dAIBICID 0AIBICID 9B 3*C oD
0t; 01y, atj oY dt; 8l‘j oty oYy oty atj at; 8tj dt; 0t 0t
92A ﬁcﬁ dADBICID JAIBICID Aﬁ 92C 9D
dt; 0ty 01 atj d0t; 9ty Oty al‘j dty 0t 0t; 3l‘j dt; 0t; 0ty 3l‘j
N 92A — 9?D +8A§8C 92D  9A —9C 3?D _ 3%C 9D
0t; 01y, al‘jal‘l dat; Oty 3l‘j8t[ oty 0t 3l‘jal‘[ dt; 0ty 8l‘j8t1’
/ / D n
S;:8,;(ABCD)
__0A9JBOCID JADBICID A 0AIBOCID (A0BICID

T91; 3t O 9 At Ot; O A At Ay Oty dt; Aty Ay Aty At

: . bl 0
The difference between these two symbols lies in that a5 and — can’t operate on
a matrix simultaneously in Slij]’d-. ! k

Theorem 4.2. The Siegel metric wy(t) on the nonhyperelliptic locus of T, can be
written as

R e e
ws(t) = 5 2:; ;aatr(A(t)A(t)) .

Proof. From the definition of the Siegel metric and the fact that holomorphic
one-forms on the Riemann surface and its Jacobian torus can be identified, we
will write it out explicitly using the Kuranishi coordinate A,  on Jg with g >3
and the deformation formula for holomorphic one-forms, where p lies in the
nonhyperelliptic locus.

4-1) ws(t) =mc1(Eq, ()

= —laélogdetl/
2 2 Jx,

0% (1) AOP(1)

i - i _ -
:—EaatrlogE/X (9;‘+A(t)g9;+E“(r))A(95+A(t)§9;§+Eﬂ(t))

4

——iaétrlo (M — A ADM )
=73 E\Mp.ap v s Mp.sy
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= —%85 trlog Mp,an(5nﬁ - MZUA(I);A(I)aﬂMp,BV)

— _%35 trlog(8up — M“UA(I)UA(I)(?MP,SV)'

We remark here that the 5 f X, 0%() N 0B (1) () are positive hermitian matrices for ¢
small, and thus dlagonahzable matrlces Thus it makes sense for the operator trlog.
Formulate all these into the matrix type to get

LY -l An
ws(t) = —500tr og(I — M, A(M,A() ).
From the Hodge—Riemann bilinear relation A(t)M, = M pA(t)T, it follows that
_ —T —T
M AOM,AQ@) =AW TA®) .
Then the Siegel metric ws(¢) is given by

42) w50 = —%aé irlog( 1 — AW AD)' ) = L33t %(A(t)TmT)"

2
1 i%aatr(A(t) A0)' =2

n=1 n=1

o tr(A(HAM)".

l\.)l'-"
S| =

Z tr(AiA_j)dti/\dl_j. O

i,j=1

Restricted to the origin, the Siegel metric is w;(0) =

N =

To compute the curvature of the Siegel metric, we rewrite (3-2) according to the
degree of ¢:

i - 1

4-3) wt) = Eaa § : § 7tr(Am](t)A,m(t)...Amz,(t))
k>2 m;>0,1<i<2l
my~+---+my=k

. X _
:%Z > 7S (An AR @) .. Ay (0))dt; Adi

k>2 m;>0,1<i<2l
my+-my =k

i 1 )
- EZ Z Ttr(sif(A'm(t)Amz(t)---Amz/(l)))dti /\dtj.
k>0 m;>0,1<i<2l
my+---+my=k+2

From (4-3), we know that, if we set w, () = %a)i]vdt,- A dt_j, then

1
(4-4) w;=)_ > 7tr(sl.;(Aml(z)Amz(z)...A,,,z,(z))),

k>0 m;>0,1<i<2]
my+---+my=k+2

with @;7(0) = tr(A; Aj).
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We need an auxiliary combinatorial lemma before getting to the curvature formula.
Lemma 4.3. The function h;;(t) has the expansion
8ij + (hij)1 + (hij)a+---,
where (h;j), is the n-th order part of the expansion; then h'i (t) can be expanded as
W@y =8;— i +Y_ > (=D Cii)my Bisiymy - - iy -

k>2 m;>0,1<i<l
my+---+m;=k

Proof. Directly check that A;; (t)h'*(t) = 8, which is equivalent to

Sir = [a,-,- + (hip)1 + Z(hi,o,,}

p=2

x [5,,{ — i +Y_ D> =D Rji)m Gigiy)m, - - <h,-,1k>m,].
p>2 m;>0,1<i<l
mi+-+m=p

It is quite easy to see that the zeroth- and first-order parts of both sides coincide.
Thus this reduces to checking that for p > 2,

0= (hit)p — (hij)p—1(hji)r +- -
+ it Y D R m i)y - i )y

m;>0,1<i<I
my+--+m=p—1

+ Y D ii)my iy - - iy,

m;>0,1<i<l
mi+---+mi=p

The right-hand side can be written as

p
S YT R i)y - i m
i=1 m1=i,l’l’lj>0,2§j§l
mi+--+m=p

+ Y D Riidm Bigi)my - - Crir Oy

m;>0,1<i<l
my+--+m=p

= > DT i) m Baimy - - i iOm,

m;>0,1<i<l
my+---+mj=p

+ D D iy Cisiy)my - - iy iy

m;>0,1<i<l
mi+--+m=p

Now clearly this is zero. Our lemma is proved. U
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Choose a normal coordinate around p such that a),-j-(O) = dij, (aa),.; /0t)(0) =
(aa)ij/atk)(O) =0, and (Bwij/atkatl)(O) = (aw,.]/azkatl)(O) = 0, still denoted by
A, .. According to the convention of Ay (#) we make after the definition of A(z)
and E(t), this is equivalent to saying

tr(A;Aj) = §;;,
(4-5) tr(A;Aj) = tr(AigAj) =0
tr(AigAj) = tr(A;Aji) =0

From Lemma 4.3, we get

@6 ol=5;+Y. Y (- 1)11_[—

k>1 m;>0,1<i<l
mi+---+my=k

(X w0 )

mi,>0,1<n<2s;

2s
Zn:ll ml"=ml+2

x( > tr(Siliz(AmZI(t)...Ammz(t))))

mp,>0,1<n<2s,
2s
Zn 21 mop=my+2

X oo X < Z tr(Sil_lj(Am” (t) ce. AleA'[ (t)))> .

m,>0,1<n<2s;
25
Doy Mup=m+2

Theorem 4.4. The curvature R;5;; of the Siegel metric ws(t) is given by

1
R;5ip = Z Z 7 (8787 (Am, () Ay (1) ... Ay (D))

N>0 m;>0,1<i<2]
my+---+my=N+4

!
! 1
+X. D . =
s:
N>0 N;>0,1<i<3 & m;>0,1<i<] i=1""
Z?=|Ni=N mi+---+m;=Ni

X Z tr( qzl( mll(t)"‘AmIZA‘l(t)))

mi,>0,1<n<2s;
251
D osy Mig=m1+2

X Z tr(Silg(AmZI ... AmZZSz (t))) T

mo, >0,
2s
Z,, 21 m2n—m2+2

< Y (S p(Amy () - Ay, (r)))}

my, >0,

251
Zn 1 min —m1+2
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_ . .
X _ m;) 7 tr(Si Skg (Am, (@) . .. Ay, (t)))_
S mi=N+3
_ . )
X Z 7 tr(SfSpl_(Aml (t) s Amzl (t))) s
- m; >0, J
Y mi=N3+3

where we need the convention that the first square bracket in the second summand
will be 84, as Ny = 0.

Proof. Just use the well known curvature formula

2 _ B -
R.-7=— 9 wkl C()qp_awkq awpl
UKL dt01; a1, dt;

By use of (4-4), we have

0%wyg 1
=y Y 7 0SS (Am (O Am, (1) - Ay (D))

8t,-8t_j .
n>0 m;>0,1<i<2]
mi+-+my=n+4

g 1
a)quz Z 7tr(s,-s,“-,(A,m(r)A,,,z(t)...Amz,(t))),

ot; .
n>0 m;>0,1<i<2l
my+--+my=n+3

dw 1
;jlzz > 7 (858, (Am (O AR, () - Ay ).

n>0 m;>0,1<i<2l
my+--+my=n+3

From this we get the formula (4-6) of '/, Thus the theorem follows easily. [

Also the curvature of the Siegel metric at the point p can be easily gotten from
the curvature formula together with (4-5):

4-7) Ri57(0) = — tr(8;58,7(A2(1) A2 (1)) — 5 tr(S;78,7(A1 (D AL (DAL (DAL (D))
+tr(Si Sk (A2() A1 (D)) (858 ,7(A1 (1) A2 (1)) )
=—tr(AjxAj) —tr(A; AjArA))
—tr(A;AjAkA)) + (A A ) tr(A A )
= — (A Aj) — tr(A; A A A)) — tr(A; A ARA ).

3g—3
The holomorphic sectional curvature along the directionv=>_ a;u; € IH]g’ ! (Xp,Tx,)
is given by i=1
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Z?‘i k3l | aiajaraR;57(0)
(LE 2 ago;0)
_ —2u((a A (aj A (a Ay (aAp) — tr((aiacAi) (ajar A jr)
B (aiaj (A A )
tr((a; Ai)(a;A; )(akAk)(alAl))
(tr((ai A)(a;A ;)

(4 8) H( )_va}vf} .
] YT TR T

Set Z3g1 3 a;A; = E and normalize M, to il,. Then A(z) is symmetric and A;
are all symmetric for 1 <i < g. By the mean value inequality,

((EEEE) _ 1
(4-9) Iz ———>-
(tr(EE))2 g

for the symmetric matrix E. The proof of Proposition 5.4 contains further details.
Thus we have )
Hw) < —-.
8

5. The second fundamental form of a nonhyperelliptic locus and the totally
geodesic submanifold

Now we are ready to compute the second fundamental form of $ : M, — o, always
fixing the Siegel metric @, on s,. Lift to $'°": T, — ¥,, with Slegel metric @
on #,. The local Torelli theorem assures the exact sequence

0 T s gor g0 %y

when restricted to a nonhyperelliptic locus of 7, and when N is the normal bundle.
Also we have the natural connection $*°*V on jt"r*T;ﬁL’O), where the Chern con-
nection V is determined by @, on 9. Following the argument of [Colombo and
Frediani 2010, pp. 6-7], the second fundamental form o is defined by

o(s) =m(Vs),s € AT 7).

From the Gauss equation, it follows that
0 0 a 0
R . b . _’ .
oty oY 0t; al‘j
~( 0 d a 0 a a a 0
= R . |+ PRV - o\ — )0\ — PUBERP U B
oty ot 0t; 3tj oty af ot; atj

where R is the curvature operator of the Siegel metric on J, while R is the one
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on J,. Set
5 0 0 Jd 0
sr=|o|l—),0 — —, — ).
ijki Aty a 1 ot;
Thus
(5-1 Rz = Rijui — Zijud-

Thus we focus on the Siegel metric @ and its curvature, and use the bounded
domain B, to simplify the computation.

Siegel geometry on B.

Theorem 5.1. The Siegel metric s on B has the full expansion formula

i 1 — _
~ _ _ +1
By =5 N e (Seep 75 (WW)' 1 )d Wog AdWys.
n>0a<p y<s
Proof. Because the Siegel metric equals the Bergman metric, we use the Bergman
kernel
&, = —%aélog det(l, — WW) = —%aé trlog(l, — WW)

i 21 i 21
= 5aa(z - tr(WW)"> = 533(2 - tr(WW)”).
n=1 n=1
Now @, can be written as
i I o -
By= > 3N o (S5 (WW)' 1 )d W AdWys,
n>0a<py=<é

where S(aﬂ)w) indicates taking derivatives along 9/0W,g and 9/0W, s with a <
B,y < & according to Definition 4.1. Since W is symmetric, 9/0 W,z takes the
derivative with respect to W,g and Wg,. O

Similarly, if we write @y = Zafﬁ Zygs %Fowﬁ)deaﬂ ANdW,s, it is easy to

see that | fora—y=p=8,

5(aﬁ)w(0) =412 fora= Y 75 ,3 =4,
0 otherwise,
and
i 1
P L
2 n+1

n>0

~ o o T\ n+1
(5-2) O () 73) = SapznWW)"™).

In the following computation, the matrix D is defined as

1 for o = B,

Dap = {ﬁ for o # B.
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Lemma 5.2. We have

o
=07, D7, Oapyrs) (0)

1 W
2. 2 ! )lpz D2, (ml—l-ltr(s(aﬂ)(mﬁl)(ww) lH))

k>1 m;>0,1<i<l

> (rs) _

m+--+mj=k
1 — 1 _
[ _ +1 7 +1
) <m2+1 (S 1y (W W)™ )> . (m;+1 (S, s (W)™ ))’
where a1, By, ..., o1, Bi—1 are free indices from 1 to g. (Here («; ;) means taking

the derivative just with respect to Wy, g,; this convention will remain in force later.)

Proof. We use another coordinate Y, := Dqyg Xa,g on R, to rewrite wy. It is easy
to check that @, = 5 ) Z Q(aﬁ)(yS) dYug /\deg, where

a<By

~ 1 1

(5-3) apo9 = D, D, T

an(i ﬁ(a ﬂ)(yT)('O) = 84y 855 (Kronecker symbol). Now an application of Lemma 4.3
to Q55 Yields

ﬁm(ﬂ):ﬁ(aﬂ)W(OHZ ) D DT B G Vi (s

k>1 m;>0,1<i<n a1<p; a-1<B-1
mi+--+mj=k ~
(L1175
From (5-3) and the equality QEAS) = Dyg Dy(@@(y‘”, we get the result. [
Theorem 5.3. The curvature R pyo)cnyor) i given by

~

1 —\ N2
Repamenen == D vis — "SwpinScnoa(WW)" )
N>0

+Z Z |: Z = 1)l< : (S()»M)(alﬂl)(WW)ml+l))

N>0 N;>0,N,>0,N3>0 m;>0,1<i<I
Z?:I N;=N+1 mi+---+m;=N

1 — 1 _
* (m2+1 (S, g1y (W W™ )> . (m1+1 (S, 151y (W™ )ﬂ

tr(S(o,,g) S(CU)W(W W)N2+1)

x (WW)Nth),

(8558w

Nr+1 N3+1

where ay, B1, ..., 01, Bi—1, A, L, @, Y are free indices from 1 to g. (We use the
convention that the quantity in square brackets equals 8,46,y if N1 =0.)
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Proof. We resort to the curvature formula again:

5 3By LYY e 0D 770 3w<¢w>(ar)
(0113)(75)(4“77)(UT) 8WaﬂaWy§ o] aWO{ﬂ awys
Also from (5-2), we have
2~
O Onon _ 1
axaﬂaxy,; =0 k+2

0w, , 1
€nGm
= tr(Stp) S(e i (W W),

k+2
(SupizaSenen(WW) ),

0Xup e k41
0D, , 1
() (oT) k+1
— = tr(S—S wWw
9X,, ]; 1 "S55 enan(W W),
From this and Lemma 5.2, the result follows. O

Based on Theorem 5.3, the holomorphic sectional curvature H(V') of @, along
the direction V = Zaf g Vapd/dWyp at the zero matrix of 9B, can be easily gotten:

Yazp Lyzd Ly Lo=r Vap Vs Ven VorR s 51 iaey ©)
(Cacp Xz Bapyn O Vs Vo)
Za,ﬁ Zy,a Z;,n Za,r Vaﬂv_ﬂvénwtﬁ(aﬂ)@T)(;n)(af)(0)
(Za,ﬂ Zy,S VaﬁV_MA(aﬁ)W)z
_2Za,5,y,a Vaﬁmvyém'
(Za,ﬁ Vaﬂv_ws)z

In the second equality, Vg has a symmetric extension to the whole matrix, and
there («B) in Ropooenon stands for the derivative with respect to Wg, not to
both Wyg and Wg,.

By the mean value inequality,

Za,ﬂ,y,a Vaﬂmvyém <1
—\2
(X VapVap)

(5-4)  HV)=

=

oQ | =

Thus
2
—2<H({V)<——.
8

Yin [2010, Corollaries 1.1 and 1.2 of Chapter 4] has reproved the classical fact that
H(V) = —2 if and only if V is a symmetric matrix of rank 1.
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Proposition 5.4. IfH(V) = —2/g,then V =kUUT withk > 0 and U € M(g, C)
unitary.

Proof. H(V) = —2/g forces the following inequalities to become equalities:
- T -2
Za,ﬁ,y,& Vaﬂ Vﬁ}/ V)/5 Vga _ Za,y \Zﬁ Vaﬁ VV.B |
—\2 - 2
(Xap Verp Veup) (Xap Vapl?)

Ty | Vs Vs Ty | S Ve Vg
- (X Vapl?)’

_ Tl Wasl[ _ (1/9)(Zas 1 Vepl?)’

T (CaplVesl?) T (ZaplVes?)’

This is equivalent to Y Vg Vyp =0and Y5 [Vapl> = Y4 |Vyp|* for any o # y.
Up to a constant multiple that is a real number bigger than zero, Vg is symmetric
and unitary. Here is a result from [Mok 1989, p. 70]: If V € M(g, C) is complex
symmetric, V can be written as

which is equivalent to )»1-2 =1,s0 A =1. Thus V =kUUT with k > 0 and U
unitary. O

Yin [2010, Lemma 1.2 and Remark 1.6 of Chapter 4] showed that R is very
strongly seminegative in the sense of Siu, but not very strongly negative.

Remark 5.5. In the literature one sees H(V) € [—1, —1/g], since the Bergmann

kernel used is p = —2log det(1, — WW).

The second fundamental form and the totally geodesic submanifold. Recall that

ptor

gorg E— %g e — %g'
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The period map $'" is given by, from (2-7),

) ) 1, —AWT
O = (i1, —iAO NI, + AT =i,
F7@) = (1lg —1A@) )(Ag + A1) 1]lg+A(t)T
where we normalize the target point to il,. The transformation from €, to B, is
given by
1, +iZ
1, —iZ

Hence W = A(1)T = A(t), where A(t) is symmetric.
Together with Theorem 5.3, we have

~ ~ OWup OW,5 0W,, dWst
(5-5) RiJTkl_ = Z Z Z Z R(aﬁ)(VT)(M)ﬁ at; 3tj e oy

as<fy<di{<no=rt

D3 D) D) DL I LS
B @M gy _
aB y,d ¢n o1 ot 3tj oty ay

=— Z s WSS W)

l

XY | X e
N=>0 Ny ZO,N2>0,N3>O mi>0,1§i§l
33 Ni=N+1  mitetm=N

1 JE—
S +1

X(M”(wamm)(www ))

1 JE—

S +1

* (m (S 1y (W W)™ )) o

1 JE—

— ___ +1

8 <mz +1 (S, @i W W)™ ))]

1 U Nr+1
X|:N2+ (S} S,y (WW)HM )

1 r Q! w\NV3+1

In the second equality, we also need a symmetric extension of the indices, as in (5-4).
In the third equality, S; means taking the derivative along 9/9¢;, since W = A(¢)
can be seen as a matrix with variable ¢; and d/0t; and 9/d1; still run through all
W’s but can’t operate simultaneously on a single W, according to Definition 4.1.
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Since the calculation is a little bit complicated, we will present a more detailed
formula in the Appendix. Also, the second fundamental form of $'', restricted to a
nonhyperelliptic locus, can be computed out. However, it is difficult to understand
the vanishing of the second fundamental form entirely. Partial results are given as
follows.

Proposition 5.6. The second fundamental form of the nonhyperelliptic locus at the

central point is L
%540(0) = tr(Ag A ).

Proof. From (5-5), we easily have R;5,7(0) = —3 (878, (A1 (DAL)AL (D AL(1))).
Also, Theorem 4.4 tells us

R;547(0) = — (88,7 (A2(1) A2(1))) — 5 tr(8;; 8,7 (A1 (D A1 (1) A1 () A1 (1))
+ [tr(Si Sk (A2 (1) A1 (1)) ][tr(S7S 7 (A1 (1) A2 (1)) ].

Hence ¥,77(0) = tr(AixAj;) — tr(AixA,) tr(A,Aj). By the use of (4-5), this
proposition follows easily. O

Corollary 5.7. Holomorphic sectional curvature along a totally geodesic submani-
fold M in a nonhyperelliptic locus of T, is bounded from below.

This shows indicates that a totally geodesic submanifold can’t be arbitrarily
negatively curved.

Proof. Proposition 5.6 tells us that A;; = 0 on the totally geodesic manifold M.
From (4-7) and (4-8), the holomorphic sectional curvature H(v) becomes

tr((a; Ai)(a; Aj)(ax Ax) (a1 A)))
(tr((a; A (a; A7)

H(v) = —2

By (4-9),
H(v) > —2. O

Proposition 5.8. The totally geodesic manifold M in the nonhyperelliptic locus of
g must be locally symmetric.

Proof. We just need to check that VR =0 on M. We use the well known formulas

9 q
VR = —Rii = TR

—T9 R
31, Pk

qjki ijgl>

ViR = — R —TT R~ TR -
PRkl = @ ijkl — % pjrigkl Tt pltNijkg-

The normal coordinate gives us Fl’.‘j (0) =0, and thus both VR, ]-kl-(O) and V;R; ki )

concern the first derivative of Rijki- By Proposition 5.6, A;; =0, i.e., Ax(t) =0,

follows from the fact that the manifold M is totally geodesic. Also, Theorem 4.4
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implies that

RE); = —t(8;S7(A2(0A3(0) + A3(D A2 (1))

(s;
— (S8, (A2 (AT AL ATD) + AL () A2 AL (DAL (D))
+(SiSe; (A1 O AT DAL O AL D) + A A D)) tr(S:S,7(A1 (1) A2 (D))
+tr(
(

(i Sk (A2 () A1(1) (88,7 (5A1 (D AL AL (D) AL (1) + A1 (1) A3 (1))
—tr qp(AzmAl(t)+A1(r)Az(t>))
tr(S; g (A2(1) A1 (1)) (858 ,7(A1 (1) A2 (D))

Every summand above has an A,(¢) term. So R(-) -=0, and thus V,R;~ ki 7(0) =

Appendix

We give here the full formula for the second fundamental form. Let Eg be defined by
(Eg)y(; = 84,85 (Kronecker delta). The following example will serve to illustrate
the meaning of the symbol P (permutation summation):
P(ABCDEFGH)

= ABCDEFGH +CBADEFGH+ EBCDAFGH +GBCDEFAH,
where A to H are all complex matrices. The matrices with bars are stationary, and
those with bars travel through those without bars.

Replace W by A(¢) in (5-5) and rearrange that formula according to degrees in ¢
to get

] k= Z Z 1 tr(S/j Slld (Aml () - Amy (t)))

N>0m;>0,1<i<2l,1>2
m1+--~+m21=N+4

1

x| X e
N1>0,N,>0,N3>0 m;>0,1<i<l
ZL] N;=N mi+--+m=Ni

X Z tr(P(El);Amll (t) o Alesl (t)E_gll))
mi, >0,
o mn=m,

X Z (P(EO[I Ay (1) ... Amzzsz (t)E_gzz)) T

mo, >0,

252
Dol mag=m;

x> w(P(ES Ay () .Amml(t)E_i))}

my, >0,

25
Zn 1 Min=n
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x| D0 w(SiS(An () -+ Apy (DE))

- m;>0, -
T2 =Ny 42

X Z tI‘(S/S (E¢ A, (@) .. m21+1 (t))) :

- m; >0, -
Zﬂﬁlm, N3+2

By convention, the term in the first square brackets has the value 6,46,y if N; =0.

Theorem A.9. The second fundamental form ¥;5:; of the nonhyperelliptic locus is

Xiikd
1
— Z 7( Z (87 Sx7(Am, () Ay (1) - .. Ay (1))
N>0 m;>0,1<i<2l
leil m;=N+4

_ Z tr(Sl_’j-_S/’d—(Aml (t)...An, (t))))

m;>0,1>2
YA mi=N+4

Y Y [ X e

N>0 Ny>0,N,>0,N3>0 = m;>0,1<i<l
S

X Z tr(P(E;)lAmu(t) te Amml (t)E_gll))

mi,>0,

2s1
Zn:l Min=mi

% Z (P(E””Am21 ). Ay, (t)E_Zf)) o

mo, >0
259
D opl) Mg =nty

<X P A An, )]

my, >0

2s1
Zn:l Mip=mi

x| D0 u(SiSi(An @) Auyy (DET))

- m; >0 -
Zthlml No42

X Z (S S (E¢ Aml<t) m21+l(t)))

- m; >0, -

S =N 42

> > [z ol
N>0 N;>0,1<i<3 = m;>0,1<i<l i=1
S NN b=
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X Z tr( ql1( m“(t) ml2v1 (t)))

mi,>0,1<n<2s;
2s1
Zn:l mln:ml+2

X Z tr(Siu'z( may (). m22Y2 (t)))

mp,>0,1<n<2s,
2s
anzl map=my+2

<o D (S @), ) |

mp,>0,1<n<2s;
2s;
Doy Mip=n+2

1 _
x > 7 U(8:8k (Am, () - Ay ()

- m;>0,1<i<2] -
2121:1 mi=N>+3

1 _
x > TU(S58,(Am (©) . Ay ) |-

- m;>0,1<i<2] -
212[:1 m;=N3+3

Proof. This follows from Theorem 4.4, the formula for ﬁi K above and (5-1). U
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