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RATE OF ATTRACTION FOR A SEMILINEAR WAVE
EQUATION WITH VARIABLE COEFFICIENTS
AND CRITICAL NONLINEARITIES

FAGNER DIAS ARARUNA AND FLANK DAVID MORAIS BEZERRA

We study the rate of convergence of global attractors and eigenvalues of the
family of dissipative semilinear wave equations with variable coefficients
Uy + Acu + Alu, = f(u), where A, is the elliptic operator —div(a.(x)V)
with € € [0, 1] and sufficiently smooth coefficients a., and where § € (1,1)
and the nonlinearity f is a continuously differentiable function satisfying
suitable growth conditions. We show that the rate of convergence, as e - 0F,
of the global attractors of these problems, as well as of their eigenvalues, is
proportional to the distance of the coefficients ||ac — ayll L~ (g)-

1. Introduction and main result

In many theoretical and applied problems, it is important to understand what happens
when the solutions varies parameters in the model, and wave equations with variable
coefficients arise naturally in mathematical modeling of inhomogeneous media
(for example, functionally graded materials or materials with damage induced
inhomogeneity) in solid mechanics, electromagnetism, fluid flows through porous
media (for example, modeling traveling waves in a inhomogeneous gas; see [Egorov
and Shubin 1988; Suggs 2009]), and other areas of physics and engineering.

Nonlinear wave equations arise in quantum mechanics, whereas variants of the
form

M[[ —_ diV(aVu) +g(u, M[) = O

appear in the study of vibrating systems with or without damping, and with or
without forcing terms.
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In this work, € € [0, 1], and we consider the following problem associated with
a semilinear dissipative wave equation with variable coefficients:

U+ Aeu + Aluy = f(u), t>0, xeQ,
(1-1) u(O,x):uo(x), ut(ov X)=U()(x), X EQ,
u(t,x) =0, t>0, x €092,
where @ c RN, N > 3, is a bounded domain with boundary 02 sufficiently regular,
A¢ = —div(ac(x)V), and ac is a real function defined in €2 satisfying
(1-2) 0<my<acx) <My forall x € Q.

Moreover, the functions a, € L*°(£2) converge uniformly to ag € L>(£2), as € — 0.
Also, we will assume that a, is smooth for all € € [0, 1]. For the system (1-1), let
us consider § € (%, 1).

The operators AS := (A7?)~! denote the fractional power operators associated
with Ac. Provided that A, with domain D(A¢) = H*(Q) N Hy () is a sectorial
operator with Reo (A¢) > 0, for any « € (0, 1), it follows by Theorem 1.4.2 in
[Henry 1981] that

sin T

(1-3) AZY = f AT 4+ A dh.
T 0

On the nonlinearity f : R — R, which is continuously differentiable and bounded,
we will give conditions under which the problem (1-7) is globally well posed in
HO1 () x L*(2) and it has global attractors, in the terminology of [Hale 1988]
(following closely Theorem 1.1 and Theorem 1.2 in [Carvalho and Cholewa 2002a];
see also [Carvalho and Cholewa 2002b]): if p < (N 4 2)/(N — 2), there exists a
constant C > 0, independent of ¢, such that

-4 [ f(s1) — f(s2)| < Clsp —s2/(|s1 |'0_1 + |SZ|/J—1 1)
and
(1-5) timsup 2 < o1,

|s| =400 S

with g 1 being the first eigenvalue of the Ag in €.

In the rest of this paper, we will use C to denote a generic positive constant
which may change from line to line (unless otherwise stated).

Since the wave equation does not have dissipative character, we have added a
“damping” characterized by the term A%u¢ with § € (%, 1). This additional term
turns problem (1-1) into a sectorial structure (see [Chen and Triggiani 1989]),
however, this gives us an extra difficulty, because it is necessary to perform an
analysis of the rate of convergence of fractional derivatives. Although the sectorial
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structure for (1-1) is preserved when the dissipative term presents the optimal power
8= % (see [Chen and Triggiani 1989]), the convergence (with rate) of attractors is
an open problem for this case.

Related to this issue, in [Arrieta et al. 2013] the authors proved that the difference
lae —aoll L= () can be used to show the rate of convergence of attractors in the con-
text of the heat equation. Nonlinear absorption problems with variable coefficients
have been considered by many authors; see [Wu and Li 2011; Suggs 2009] and
the references therein. For damped wave equations, several authors have studied
existence of global attractors; see [Babin and Vishik 1989; Bruschi et al. 2006;
Carvalho and Cholewa 2002a; 2002b; Cholewa and Dlotko 2006; Hale 1988; Webb
1980] and the references therein. We can still cite [Bruschi et al. 2006], where the
convergence of attractors was shown, but without explicit rate.

In this work, we will investigate the relationship between the convergence of
functions a. € L*°(£2), which converge uniformly to ag € L*°(R2), as ¢ — 0T, and
the proximity between the perturbed and limit attractors, as well as the convergence
of the eigenvalues of the operators associated with the problems in (1-1). The
difference ||ac — ap|| L~ (q) Will be our measure.

To better explain the results in the paper, we introduce some terminology. Let
us consider the Hilbert spaces ¥ = Y% := L*(Q), Y'/?:= HJ(Q), Y :== D(A.) :=
{u e HO1 () : Acu € L*()} and the Hilbert energy space X = X0=yV2xy
equipped with the inner product

<m [sz ‘:/Q“e(x)V¢V<5dx+/ng¢dx.

We define the operator A¢ : D(A¢) C X — X by
afy]=la wllel=laarfsro]
‘Lo Ae ALy AN P+ )

D(A,) = {[Z] e YD Y12 A0 4 e Y‘S} _. x!.

and

with Y? denoting the domain of the fractional power operators associated with
A, that is, Y? := D(Ag). Let us consider Y? endowed with the graph norm
llx|lys = [[ASx||y. Notice that

(1-6) Ae[ﬁ]z[Ae¢_—{—¢A§<p]’ [z]eylxys’

where Y! x Y? is a dense subset of D(A,).
Notice that the operator A, with domain ¥! x ¥? is not a closed operator, unless
8= %; see [Chen and Triggiani 1989].
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Problem (1-1) can be written as

{wt—i-Aew:F(w), t>0,

(-7 w(0) =wy € X

with w = [ u,]7 and the nonlinear map F : X — Y x Y defined by

F[fﬂ = f%» J

where f¢: H} () — H~/?(Q) is the Nemytskif operator associated with f.

We will show that these equations define on the space X a nonlinear semigroup
{Tc(¢) : t >0} having global attractors s, € € [0, 1], and that the rate of convergence
of the attractors in the sense of the symmetric Hausdorff distance is given by the
order of [|ac — oo q, With 6 € (0, 3).

It is worth noting that the dependence of regular attractors on parameters is a very
well-studied and well-understood topic nowadays, especially for the case when the
perturbation is also regular (like in our case). Basically, all the necessary technique
to handle such perturbations can be found already in the monograph of Babin and
Vishik [1989]. However, the problem considered has some interesting peculiarities
in a sense unusual for the attractor theory, namely, the presence of the fractional
powers of the elliptic operator A as well as the necessity to control the dependence
of these powers on the parameter €.

The main purpose of this paper is to give a proof of the following result.

Theorem 1.1. Let {T,(t) : t > 0} be the gradient nonlinear semigroup associated
with (1-7) and let A in X be its global attractor, € € [0, 1]. Then there are constants
C>0andgp € (O, %), independent of €, such that

dist(Ae, *ﬂO) + dist(sAo, *ﬂe) < C||a€ - aOHi)oc(Q)y
where
dist(A, B) :=sup inf |[x —y|lx, A,BCX
xcA YEB

is the Hausdorff semidistance between A and B in X.

We observe that the Hausdorff semidistance between A and B, dist(A, B), ex-
amines how the set A is contained in the set B. For example, if dist(A, B) =0 then
A is contained in the closure of the set B.

The rest of this paper is organized as follows. In Section 2 we show that the
linear semigroups of contractions associated to the problems (1-7) are analytic and
compact, and that their nonlinear semigroups have global attractors s, in X. In
Section 3 we see that the distance between the semigroups are proportional to a
power of the distance between coefficients a. € L°°(£2). We study the convergence
of the operators A;l to Ay ! We also make a spectral analysis and we prove that the
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convergence of the eigenvalues of the operators associated to (1-7) is proportional
to measure ||a. — apllz=(q). In Section 4 we analyze the convergence of equilibria.
In Section 5 we study some important properties of the Nemytskii operators F'. We
also study the convergence of the operators A, — F'(w,), as w, converges to wy
in X. In Section 6 we analyze the rate of convergence of equilibria. In Section 7
we study the rate of convergence and attraction of local unstable manifolds of an
equilibrium. Finally, in Section 8 we prove the main result of this paper.

2. Functional setting and background results

Our main goal in this section is to prove the well-posedness of problem (1-7)
in X and to ensure that the nonlinear semigroup generated by (1-7) has global
attractor with uniform bounds in X. Our approach is inspired by a similar idea
from [Carvalho and Cholewa 2002a].

Under the assumption above, it is well known that the operator A is a positive,
self-adjoint operator with domain D(A.) = Y!. Let us denote by {e =<' : ¢ > 0}
the analytic linear semigroup generated by —A. on Y, for all € € [0, 1].

According to [Henry 1981], we still have

(2-1) IO + A Mgy < Cmax{1, [A]71)

for some C > 0 independent of €.

Since A is a sectorial operator with [le=A¢|| vy < C, C independent of €, as a
consequence of the moment inequality (see Theorem 1.4.4 in [Henry 1981]), there
exists a constant C > 0 such that

(2-2) [A%x|ly < CllAex|$lxlly ™, xeY!,

with 0 < « < 1. The constant C can be chosen uniform with respect to € and «.

In this way, since all operators are selfadjoint, we have that o (A¢) C (—o0, ]
for some o < 0 and, in particular, the set Xy = {A € C: |argA| < ¢}, ¢ € (7/2, 7),
is contained in the resolvent sets of A, for all € € [0, 1]. Consequently,

(2-3) IAe( T +A) gz <C, A€ Ty,

for some C > 1 independent of €.
We will show that (1-7) is defined on the phase space X, an analytic semigroup.
Proposition 2.1. Let € € [0, 1]. The following conditions hold:
(1) The operator A is closed.

(1) A¢ is a maximal accretive operator, or equivalently, — A, is maximal dissipa-
tive.

(iii) 0 € p(A¢) and A¢ has compact resolvent for each € € [0, 1].
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(iv) The semigroup linearly generated by —A¢ on X, {e=4 .t >0}, isa C°
semigroup of contractions on X.

(v) Ac¢ is a sectorial operator in X with Re o (A¢) > 0. The semigroup of contrac-
tions {e=4<" : t > 0} is analytic and compact.

Proof. Note that (i) is immediate from the closedness of A, and Ag. For (ii) notice
that, given [¢ ¢]7 € X!, we have

@ (a5}1P]),

= —(p, Phy1 + (Acp + Alg, 9)y
= (A0, APh)y + (AN 9+ 0), 0)y

1/2 1/2
= —(A20, A2¢)y + (A0, AP@)y + (0220, AV 2g)y,

and hence

a2 1[4, = a0 [2]ex.

which proves accretivity of A..
Furthermore, for each [¢ @]7 € X, the linear equation

29 a+a0[?]=[?]

is equivalent to the system
{¢ —¢p= é?
Acp+o+ Ao =0,

or to the equation
(2-6) Acp+ A+ =F+¢+Ald.

By elliptic theory, it follows that there exists a unique function ¢ € ¥/ with
Ac¢ €Y satisfying (2-6) and, therefore, for each € € [0, 1], there exists a unique
[¢ ¢]" € X! solving (2-5).

Concerning 0 € p(A¢), we recall that there exists a bounded inverse operator
AZ': X — X given by

A—l _ [Ae(la) A;l
< 0

., | ecwom,

where A% are bounded inverse operators of A%. Thus, the resolvent operator A_!
is compact, because it takes bounded subsets of X into bounded subsets of X 1
which is compactly embedded in X. This shows (iii).
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The property (iv) that —A, € € [0, 1], generates a C° semigroup of contrac-
tions on X follows from the Lummer—Phillips theorem (see [Pazy 1983]) and the
observations concerning powers of maximal accretive operators (see [Kato 1976]).

Part (v) follows as a consequence of Theorem 1.1 in [Chen and Triggiani 1989].
Finally, compactness of {e‘Af’ it = 0}, € € [0,1], is then a consequence of
compactness of the resolvent operators of A, and the proof is complete. (|

Let us denote by I' the boundary of 4. The following statements are valid:
1
(2-7) e Al = / MO+ A,
271 Jr

(2-8) le™ A gy x) < Ct™ 2™, >0,

for some C > 0 independent of €.
Also, we have

(2-9) [T 4+ A e < rE Ty,

C
L+

(2-10) IO + A lgxr) < L€ Xy,

1+ A
where C = C(¢) > 0 independent of €.

Under the assumptions (1-4), problem (1-7) is locally well posed in X; see
Theorem 1 in [Carvalho and Cholewa 2002b]. Moreover, under standard dissipative
conditions like (1-5), we have the following result.

Theorem 2.2. Assume (1-4) and (1-5) hold. The nonlinear semigroup {T(t) :t > 0}
associated with (1-7) is well defined in X and has a global attractor d in X.
Furthermore,

sup sup |w|x < oo.
ecl0,1l wed,

Proof. Problem (1-7) is globally well posed in X due to Theorem 1.1 in [Carvalho
and Cholewa 2002a], namely, for any w € X, there exists a unique

w(-, wg) € C([0, 00), X) N C'((0, 00), X)
with we (¢, wg) € D(A¢), for all £ > 0, which satisfies (1-7) and

t
w(t, wy) = e < w§ —I—/ e A=) fw(s, wh)) ds, t>0.
0

Thus T (Hwy = u(t, wg), t > 0. To simplify the notation we will denote the
solution wO(z, wg) by w(t, wy).

The existence of global attractors o, in X for semigroups {T¢(¢) : ¢t > 0} and
uniform bounds are also established in Theorem 1.2 in [Carvalho and Cholewa
2002a]. O
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3. Resolvent convergence

In this section we will show the convergence of the resolvent operators AZ! to Ay L
as € — 07, and we will establish that the rate of this convergence is ||ac — ag ||X.§ @

We recall the convergence of the resolvent operators A ! to Ay I ase — 0T, in
terms of the difference |lae — ap| L~ (). This was proved in [Arrieta et al. 2013],

however, for the sake of completeness, we will sketch a proof.

Lemma 3.1. For h € Y and € € [0, 1], let us consider u¢ € Y' a solution of the
problem

3-1) {— div(ac(x)Vu) =h in g,

u=>0 on 0%2.

Then there is a constant C > 0, independent of €, such that

(3-2) lu€llyi2 < Cllhlly
and
(3-3) lu€ —ully12 < Clihllyllae — aollco-

Proof. The estimate (3-2) follows from uniform boundedness of a. and Poincaré’s
inequality.

The solution of problem (3-1) can be obtained by a minimization procedure.
That is, if we define

Ae ;= min {l/ a€|Vu|2dx—/ hudx},
uer'2 2 Jq Q

then A, is attained at u€. Therefore,

)\ezl/aEWuelzdx—/ hut dx
2 Q Q

:l/ a€|Vu€—VuO+Vu0|2dx—/ hus —u® +u® dx,
2 Ja Q

(3-4)

and, evaluating this expression, using that u€ solves Lemma 3.1, we easily obtain

(3-5) ,\E=,\0—%/ ae(x)|Vu€—Vu0|2dx+%/(aé(x)—ao(x))|Vu0|2dx,
Q Q

which implies

(3-6) Ae —ho < % / (ac(x) — ap(x))|Vu®|* dx.
Q
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On the other hand

Ag = min {l/ ao(x)|Vu|2dx—/ hudx}
uey1/2| 2 Q Q

glf ao(x)|Vu€|2dx—/ hu€ dx
2 Jq Q

=hets fg(ao(x) — ac(x)|Vuc P dx.
With this, we obtain
e =0 > = [ (@0 —ap)Ivu P
which combined with (3-2) and (3-6) gives us

(3-7)  |he — ol <llae —aollL=@) sup [u€l3i. < ClAlT llae — aoll L)
€€l0,1]

Finally, the estimate (3-3) is obtained by combining (3-5) and (3-7). O
Corollary 3.2. The operators Ae_1 .Y — Y'Y2 are uniformly bounded and converge

uniformly to Aal Y = Y2 as € — OF. Furthermore, there exists a positive
constant C > 0, independent of €, such that

(3-8) IAZ gy yizy < C
and
(3-9) IAZY = Ay gy < Cllae — agllL(g).-

The uniform convergence of the operators A_! (see Corollary 3.2 in [Arrieta
et al. 2013]) implies the convergence of their spectrum. As a matter of fact, the
following result holds.

Proposition 3.3 [Carvalho and Piskarev 2006; Kato 1976]. The following state-
ments hold:

(i) If mo € 0 (—Ao), there exists a sequence €, — 0 and { i, }, with w, € 0 (—A,),
n € N, such that i, — o, as n — o0;

(ii) If for some sequences €, — 0 and ju,, — o, as n — oo, with [, € o(—Ag,),
n €N, then g € o (—Ayp).

Moreover, from Lemma 3.4 in [Arrieta et al. 2013], there exists C > 0, indepen-
dent of ¢, such that

(3-10) IO+ A ™ = O + Ao) Mgy y12y < Cllae — aoll (g,

for each A € ¥y.
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172 172

Proposition 3.4. The operators A¢ =0 y172 Y172 gre uniformly bounded and
converge uniformly to Aa(l_s) :YV2 5 Y12 as € — 0. Furthermore, there exists

a positive constant C > 0, independent of €, such that

(3-11) 1A gpiny < C
and

—(1— —(1— 1/2
(3-12) 1AZ0 D = AT N2y < Cllae — aoll 2 -

Proof. Notice that, using (2-2), we get

- 1/2)” ”5 172

IAZ D ullyre = A2 Pully < ClA u s

||y1

where C > 0 is uniform with respect to € and §. Thus (3-11) follows by (3-8).
Before we prove (3-12), let us observe that (2-2) and (3-11) imply

3-13) A7 — A )y

= IA2AZ0D — ATy
ClAAZT — A Da1 1A — A )
CllAAZ™D — Ay np 2 a7 8)h||1/2+||A0(1 D)y
< CIAAZI™D — A a2,

<
<

for some C > 0 independent of €, and forany h € Y.
To prove (3-12), it follows by (3-13) that it is sufficient to obtain an estimate for
the norm || A (A7 — Ag““”)n #(v). In fact, it follows by (1-3) that

_ s1n(noz)

(3-14) AT — A AT+ A~ — (I + Ag)~dn.

Using (3-14) (with « = 1 — §), we can deduce
(3-15)  1A(AZ™D — AT gy

< f AU ALGT A0 — Gl + A0) | gy dI2.
Notice that the resolven(i identity
(3-16) (A +A) "= I+ Ag)~!
= +A) I — I+ AT+ Ag) ]
=+ A) L+ Ag) — (M + AT + Ag) ™!
= +A) " [Ao— AT + Ag)~!
= AT+ M)A = A TAQM + Ag) !
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holds, and, by sectoriality of A, we have
(3-17) AT 4+ A gy <C, foralle €0, 1],

where C > 0 is independent of €.
Substituting (3-16) into (3-15), we get

(3-18)  IAAZI™D — AZ) gy

o0
< / I AAT+ AT TAT = A TAGT + Ao) ™l eryd 2]
0
* 1
< / TENAY T+ AT AT AT = AT TAGOT 4+ Ao) e ryd Al
0

where y € (1, 2) is a constant to be chosen.
Since Y1/ is continuously embedded in Y I+d=y), by estimates (3-9) and (3-17),
we can deduce from (3-18) that

(3-19)  1AAZ™D — AT gy

o0
< Cllac —aolli~) / DAY AT G + A~ g dIA,
0

where r € (y — 1, 1) is a constant to be chosen.
From (2-2) and the fact that Y is continuously embedded in Y, it follows by
(3-19) that

(3200 IA(AZID — AT gy

Cllae—aolle(Q)/ A AAL G+ A I,
AL+ A0 gy~ d1a]

o0
<C||a€—ao||Loo(m/ AN AT+ A) T I G+ A gy dIAlL
0

Using (2-1) and (3-17), we get by (3-20) that
3-21) AAZ"D = AT g

0
< Cllac=anllimey [ WOPIGT+ A0 1l
0

o0
< Cllae — aoll L~ / AT max (1, (A7) T Td|
0

1 00
<C||ae—ao||Loo<m</ APl + f |x|—2+5+y—’d|x|).
0 1
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Taking y and r sufficiently close to 1 such that 6 +y —r < 1, we can conclude
by (3-21) the existence of a positive constant C, independent of ¢, such that

(3-22) 1AM = ATy < Cllae = aoll = co)-
Finally, combining (3-13) and (3-22) we obtain the desired estimate (3-12). [J

Before we prove analogous result of the last proposition with A, instead of A,
we present the following general version of the moment inequality (see [Sobolevskii
1961]):

1—
(3-23) lAcwllx < Cllwlly " IAZwlF*,  w e DAY,
where the constant C > 0 is independent of €.

Proposition 3.5. The operators AZ': X — X! are uniformly bounded and converge
in the uniform topology to Aal : X = X!, as € — 0F. Furthermore, there exists a
positive constant C > 0, independent of €, such that

(3-24) 1A Mg x1) < €
and
(3-25) AT — AZY) < Cllae — aolM?
€ 0 f.f(X,Xl) X ||a6 aO”Loo(Q)-

Proof. For g, h € L*(Q) and € € [0, 1], let [¢c @17 be the solution of the problem

W[E1=[1]) oo

By (1-6), there exists C > 0, independent €, such that
I =Ll <<l ]-T ]
Pe @o Jlix! Pe ¥0
and by (3-23), we get

”[ 6:I_I: :I“Y Y
Pe %o Ixys
”Z‘e (1 a)g 1‘0(1 S)g”)I ”1&6 1”’ Z‘()]‘l”)‘s

—(1— —(1-6 —(1— —(1-6
<CIAVZ AT e — AT )y + AT VR — A PRy

Yixys’

Thus, by Corollary 3.2, we conclude that

b1 T o .
2T [2]] . < clhghyom+ il - aol 2

1/2
=c|[5 ] e~ entiZear
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where C > 0 is independent of €. U
The next result ensures convergence of the spectrum of operators —A..

Proposition 3.6 [Carvalho and Piskarev 2006; Kato 1976]. The following state-
ments hold:

(i) If mo € o (—Ay), there exists a sequence €, — 0" and {i, }, with i, € o (—A,,),
n € N such that (1, — o as n — oo.

(ii) If for some sequences €, — 0% and p, — o as n — 0o, with u, € o (—A,),
n €N, then ng € o(—Ap).

Now let us establish the result which treats convergence for resolvent operators.

Proposition 3.7. For each ¢ € (;w/2, i), there exists a constant C = C(¢p) > 0 such
that

— — 1/2
sup [|(M + A ™ = I + A0) " llgxx1) < Cllae — aoll < q-
ke):d,

Proof. We can see that
(3-26) (M +A)™' = (I =AY = +A) T ALA; - AT A + Ap) ™!
=AW+ A) 7 A = AT AL + Ag)
Notice that, for A € ¥4 C p(—A¢), we have
AcQI+A) =[O+ A)A T =A =117,
and, therefore,
(3-27) IAc I + A lgx) < C. L€ Ty,

for some C > 0 independent of .
By (3-25)—(3-27), we have the existence of a constant C > 0 (independent of ¢
and of A € Xy) such that

_ — 1/2
IO + A ™" = (M + A0)  llwx x1) < Cllae — aoll < q)- O

To finish this section, we will make a spectral analysis, where we will give a
characterization, as well as a rate of convergence, as € — 0, for the eigenvalues
associated with the operators A..

Let y be a closed, rectifiable, simple and oriented counterclockwise curve in
p(—Ap) around py € 0(Ap) which has index 1 relative to y. From part (ii) of
Proposition 3.6, it is easy to see that there is an €, > 0 such that the trace of y is in
p(Ae), for € € [0, €, ]. We define the spectral projection in X

O (o) = i. / W+ A dn,
271 y
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and, for u € C such that (1/(2r7i)) fy (A — )~V dxr =1, we define the generalized
eigenspace associated with p, W(u, —A¢) = Qc(1u0)(X), € € [0, €, ]. Furthermore,
Q¢ (1p) is compact and dim W (u, —A¢) = rank(Qc (o)) < o0.

Related to the rate of convergence, the following result holds.

Proposition 3.8. The family of operators Q(1o) : X — X converges uniformly to
Qo(io) : X — X, as € — 0%. Moreover,

(3-28) 1Qe (o) — Qo(no)llzx) < Cllac — aoll = g
and
(3-29) |1 Ac Qe (1£0) — A0 Qo(10) l#x) < Cllae — aoll;~ g

where C > 0 independent of €.

Proof. Since
1
0cu0) ~ Qo) = 5 [ 101+ 47 = G+ 401,
¥
we can use Proposition 3.7 to guarantee the estimate (3-28).
To prove (3-29), it is sufficient to use (3-26) and (3-28). [l

Remark 3.9. If u is an isolated eigenvalue for Ay, we may define Q. (1) as above
and it follows from Proposition 3.6 that there exists i, which is an eigenvalue of
A, such that u, — o, as € — 07. Hence Q. (o) = Qc(1te). We still have from
Proposition 3.8 that

Qe (126) Qo(120) — Qo0 lxxy < Cllac — aoll g

and that Q¢ (1te) Qo(mo) is an isomorphism between R(Qo(it0)) and R(Q¢(ite)).

The next result deals with the characterization and rate of convergence of the
eigenvalues associated to operators Ac.

Theorem 3.10. For each € € [0, 1], the eigenvalues of the operator A¢ are given

by
S /4 _ 28
M . lu/E,Yl /’Lg,n
LRy

2 2 ’
where e, n € N, denotes the eigenvalues of the operator A.. Furthermore, if
Ker(ly,I — Ao) = R(Qo(ry ). then

(3-30) A, = nen,

+ + 1/2
|)\'€J’l _)\'O,nl < Cl’l”ae _aOHL/oc(Q), ne N,

for some constant C,, > 0, independent of €.
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Proof. To study the spectral problem for the operator A, we consider the equation

(3-31) A{Z]:k[z],
that is,
(3-32) 22— AN+ Acp =0,

whose solutions are the eigenvectors {¢. ,} of Ac:

(3‘33) )“2¢e,n - ngn}\gse,n + /‘Le,n(ﬁe,n =0.

In this way, the corresponding eigenvalues {k;t’n} of A, are the solutions of the
equation
W= At pen =0

and they are given by (3-30).

Moreover, by the above remark and Proposition 3.8, we have that, for each
€ > 0, there exists [¢ ¢]” € R(Qo), ||[¢ (p]T||X1 =1, such that Q.[¢ ¢] is an
eigenvector of A, associated to A and

A, — Ayl
+ ¢ + ¢ + ¢ + ¢
(3-34) S ) AE’"QO[ 10 ] B ke’"QS[ ) ” X! + ‘ Ae’"Qe[w ] B KO’"QO[ @ ]“Xl
(3-35) < Clac—aol 2
and the proof is completed. ([

4. Rate of convergence of resolvents of linearized operators

In this section we will study the rate of convergence of the resolvents of operators
which corresponds to linearizations of (1-7) around equilibria.

It is known that the Nemytskii map f¢(u) := f(u), u € Y 172 is Fréchet
continuously differentiable. Moreover, if {u} converges to ug in Y 172 and 0 ¢
o (Mo — (f%) (up)), then ((f‘?)/(ue))A;1 converges to ((f‘?)/(uo))Aa1 in the uni-
form operator topology of £(Y); see, for instance, [Arrieta et al. 2013]. Hence the
Nemytskii map F is Fréchet continuously differentiable. Moreover, if u — ug in
X and 0 € o (Ag — F'(ugp)), then

4-1) (F’(ue))A;1 — (F’(uo))Aa1 in L(X).

Lemma 4.1. We assume u — ugin X and 0 € o (Ag — F'(ug)). Then there exists
€o > 0 such that the net of operators

(AL )2(Ac = F'(ue)) ™' e €10, 17
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is uniformly bounded in ¥£(X) and
1AL/2(Ac = F'(ue)™ = Ay /2(Ao — F' (o)™ ey < Cllac — aoll g
where C > 0 is independent of €.

Proof. The proof follows from the identity
A (Ac—F'ue) ' = A7VPU = FuoA7H™
and by (4-1). (]

5. Rate of convergence of the linear and nonlinear semigroups

Since the operators A, € € [0, 1], are self-adjoint and AZ! converges uniformly to
Ay lase — 0T, for each o < )‘(1) ()‘(1) the first eigenvalue of Ap), there exists C > 0,
independent of € € [0, 1], such that

(5-1) le™*lgx) < Ce™'t™'2, 1>0, e €0, 11.
(X)
Theorem 5.1. If6 € (0, %] and o < )‘(1)’ there exists C > 0, independent of €, such
that
(5-2) lle™ <" — e [l gx) < Ce™ [lae — aoll ooyt /**7

forallt > 0ande € [0, 1].

Proof. Considering the linear semigroup

1
e"‘e’:—./e“()JJrAe)_ldA, cel0, 1],
2mwi Jr

where I' is the boundary of sector ¥_,, 4 = {A € C : |arg(A + w)| < ¢} with
/2 < ¢ < m, oriented in such a way that the imaginary part of A increases as A
runs in .

The estimate

—Ae —A —A. —A — —1/2
(5-3) le™ A" — ™4 | xy < lle™ e ||y + lle™ " [l pxy < Ce™ 7Y/

follows by (5-1).
On the other hand, using Proposition 3.7, we have

_ _ — 1/2 _
(5-4) lle™<" — e |l gx) < Ce™ Jlac — aol eyt ™"
Therefore, for 6 € (0, %], we obtain

||e_AEt - e—Aot < Ce—a(l—Z@)tt—l/Z(l—29)6—01(26)1,‘ 260

260 —
”5-£(X) X llae _aOHLOC(Q)t
— 26 —(1/246

< Ce ¥ lac _aOHLOO(Q)t 17246,

where C > 0 is independent of €. ([
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Theorem 5.2. Let [u. v ]',[u v]F € X,and 0 € (0, %) Then there are positive
constants C and L such that

forallt > 0.

Tem[ e ]—To(t)[ “ ]H < Ce“z—<‘/2+9>(H [ e ]— [ “ ]H +llac—aoll g
Ve v llix Ve vdlix

Proof. For t > 0 and [u, ve]” € X we have

ﬁxn[Z:]:e—Aﬂ[uf]+lllaﬂ4“”f(ncg[32]>d& ¢ e0,1],

Ve

and therefore

roly ]-noly]],

<l il Ll [l sl )

ey

55) |

From (5-1) and (5-2) we get
o ferl i J=e [Tl
Ve vllix
< Ct~1/2+0) H [ Ue ] _ [ u ]“ +Cla _aonzeoc (/246
= Ve v lilx € L)
We still have

5 /Oz He_Ae(t—s)f<T€(s)|: Z: ]) _ e—Ao(t—S)f(To(s)[ Z ]) ”X ds

t
< CLf/ (t _s)—l/ZE—a(t—x)
0

LTRETAR

t
+Cllac — a0l (g / (t =)~ 1/2HDeme=0) g,
0
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Substituting (5-6) and (5-7) in (5-5), it follows that

ZRECH)
(|2 1-[21], - e

t
+CLy / (t —5) 2eml=9)
0

ey J=mwl ]l

Thus the singular Gronwall inequality (see Lemma 7.1.1 in [Henry 1981]) guarantees
the existence of a constant L > 0 such that

ol ]=nolL

<cettrm 0P (LT =7 )] o —aolinie) 0
< Ce 't v y X+||ae aoll (g

6. Rate of convergence of the equilibria and of the linearizations

Now we will work to control the behavior of equilibria in terms of |la. — ag ||‘L{.% @
First, we will give the definition of equilibrium of problem (1-7).

Definition 6.1. The equilibrium solutions of (1-7) are the functions that solve the
stationary

(6-1) Acw® = F(w®), €€][0,1].

For each € € [0, 1], we denote by €. the set of the equilibrium solutions of (1-7). We
say that an equilibrium w¢ of (1-7) is hyperbolic if the spectrum o (A — F'(wY))
of Ac — F'(wY) is disjoint from the imaginary axis.

We start by proving the upper semicontinuity of the family of equilibria.
Proposition 6.2. The family {€. : € € [0, 1]} is upper semicontinuous at € = Q.

Proof. Since ‘€. is contained in o, sup{||w€| x : w® €é., € €[0, 1]} < oo. Using the
fact that F': X — Y x Y is bounded, for each w® € €., we have that w¢ = A;lF(wé),
and the result follows from the uniform convergence of A_! to Ay L O

The proof of lower semicontinuity requires additional assumptions. We need
to assume that the equilibrium points of (1-7) are stable under perturbation. This
stability under perturbation will be given by the hyperbolicity.

Proposition 6.3. Any hyperbolic point of € is isolated.
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Proof. We note that w, € € is a solution of (6-1) if and only if w, is a fixed point
of

W (w) := (Ag— F'(wy) " (F(w) — F' (w)w).

If we show that, for some r > 0, ¥ : B,(w,) — B,(w,) is a contraction, where
B, (wy) = {we X :||lw—w|x <r}, then w, is a unique element in B, (wy) N€
and, consequently, is isolated. In fact, letting » > 0 and u, v € B +(uy), we observe
by (4-1) that

W @) — W )llx < II(Ao— F'(w) " ool (Fu) — F(v) — F'(w) @ — )l x

Criu—v|x.

VAS/AN

Thus, choosing r such that Cr < 1, we have W is a contraction. We can see that,
if v € B, (wy), then [W(v) —wyllx = [V (v) = W(w,)|x < Cllv —wsllx <r, for
some constant C € [0, 1). Then W (B, (wy)) C B,(w,). This implies that ¥ has a
unique fixed point in B, (w,) and the proof is complete. U

Corollary 6.4. The set €\ has at most a finite number of hyperbolic points.
Proof. 1t follows directly of the compactness of €. ([

Now we are going to study the convergence properties of resolvent operators of
the form (A + V.)~!, with V. € £(X!, X). This is because we are interested in
comparing the resolvent operators of the linearization around equilibrium.

The convergence of resolvents of A, 4 V) follows from the convergence of resol-
vents of A (see Proposition 3.5) and the lemma below, whose proof is immediate.

Lemma 6.5. The operator A¢ + Vy, € € [0, 1], satisfies the identity
(6-2) (Ac+ Vo) ' — (Ao +Vo)!
=[I — (Ac + Vo) "Vol(AZ' — AgHIT — Vo(Ao + Vo) 1.

Theorem 6.6. Let us consider w, a hyperbolic of €g with 0 & o (Ag — f'(ws)).
Then there exist €| > 0 and r > 0 such that problem (1-7) has exactly one equilibrium
solution w¢ in Er(w*) ={w e X :|lw—wilx <r}fore €0, €] Furthermore,
lw$ — willx < Cllae —apll= g, for some C > 0 independent of .

Proof. The hyperbolicity of w, means that o (Ac — f'(w,)) is disjoint from the
imaginary axis. Thus, by Lemma 4.1, we can guarantee the existence of a constant
C > 0 such that

I(Ae = F'(w) " g < C, € €10, 1],
We have that w€ is a solution of (6-1) if and only if it is a fixed point of the map

Ve (@) := (A — F'(w)) " (F(w) — F'(wa)w).
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From Lemma 4.1, we get that A;/Z(AE — F'(wy))"! converges uniformly to
A*(Ag — F'(w,))~", which implies
U, (wy) = Yo(wy,) in X.
Now we will prove the existence of r > 0 and €; € [0, 1] such that W, is a
contraction of B, (wy) = {w € X : ||lw — w«||x < r} into itself, uniformly in [0, €1].

In fact, first we will see that W, is a contraction map. For this, we take u¢ and v€ in
B, (w,). In this way,

[We () — We (v)llx

= I(Ac = F'(w) ' [F ) = F(v°) = F'(w) (u® —v)]lIx

< N(Ae = F'(ws) Ml xny [1F ) = F () — F (1) (u€ — )| x

= 1AZ' U = F'(w) T A D g x) |1 F ) = F(06) = F' () (u — vl
and, according to Proposition 3.5 and (4-1), there exist C > 0 and €; > 0 such that
(6-3) [|We(u®) — W (v)|Ix1 < COllu¢ —v€|lx, forall§>0andallee€l0,e].

Therefore, choosing § such that C§ < a < 1, it follows that W, is a contraction as
claimed.

Let us show now that \Ile(l?r (wy)) C Er(w*). Taking u€ € Er(w*), we obtain
by (6-3) that
(6-4) ||\Ije(ue) — Wl x | Ve (”e) — W (wi) | x + Ve (wy) — wyll x

a”u€ — Wyl x + [We(wy) — wyll x

VAS/AN

<ar+||Ve(wy) —wyllx, forallee(0,é€].
It follows from Lemma 4.1 that there exists €; > 0 such that
(6-5) [ We(wy) —wyllx <r/2, forall e €[0,e¢].
Combining (6-4) and (6-5), and considering a < 1/2, we deduce that
|We () —wyl|lx <r, foralleel0,e],

and, therefore, W, : E,(w*) — B,(w*) is a contraction, for all € € [0, €;]. Hence,
there exists a fixed point of W, in B, (w,), which we will call we.
Finally, we will find an estimate of the difference wi — w, in terms of |a. —

2
aO“}‘/OO(Q)'
Observe that wé = W (wg) and w, = Wo(w,). If we denote F'(w,) = Vp, we
have
(6-6)  [lwS — wyllx < [((Ac + Vo)™ — (Ag + Vo) HIF (W) + Vowt]
+ (Ao + Vo) "' [F (ws) — F(wy) + Vo(ws — w1l x.
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Identity (6-2) and Proposition 3.5 give us
(67) I(Ac+Vo) ™ = (Ao+V0) Ml < CIAZ = Ag ) < Cllae—aoll = g

where the constant C > 0 is independent of €.

On the other hand, denoting z{ = F(wg) — F (w,) + Vo(w; — w,) and using the
differentiability of the map F : X — Y x Y (see (4-1)), we get that, for every r > 0,
lzellx < rllwg —ws| x. Hence,

(6-8) 1A+ Vo)~ 25llx <l (Ao + Vo) ™ sz lwg — wallx .

Substituting (6-7) and (6-8) in (6-5) and choosing r > 0 such that r|[(A¢ +
Vo) e < 1/2, we obtain

1/2
IS —willx < CIIF ) + Vowslxllae — aoll}Z gy + S 1ws — wilx.

which, combined with the fact that f and its derivative are limited, allows us to
conclude

172
lws — wllx < Cllae — aoll /% - O
Remark 6.7. Notice that, by assuming that elements of €y = {wl’o, R w:’o} are
hyperbolic, we have that the points of €, = {w};é, .., wp€), with € € (0, 1], satisty

the estimate ||w’ — wi*0||x < Cllae —ao||1L/£(Q). We still have by (4-1) that, writing
Ve = F/(wf) with w¢ € €., Ve converges to Vj in the uniform topology.

Lemma 6.8. There exists a constant C > 0, independent of €, such that
IVeAZ = VoAy e < Cllae —aoll} ).
Proof. The estimate follows by the decomposition
VeAZ = VoA = Ve(AT = ATH + (Ve = ) A
(3-25), and Theorem 6.6. U

The next result shows an analogous property found in Proposition 3.5 with
A¢ + V. instead of A.. This will be important in the analysis in the next section.

Proposition 6.9. Let us consider Ac=A + V. foralle €[0,1]. If O € p(Ao), then
0e p(Ae),for all € € (0, 1], and the following identity holds:

6-9) A7'-Ay!
=(A' =AU+ VOAGH T = AT T+ A TNV AT = VoA H T+ Ve ATH
Furthermore
1 1— 1/2
(6-10) IA;" — A5 oo < Cllae — aoll 2 g

for some C > 0 independent of €.
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Proof. The first part follows from Proposition 2.1. The identity (6-9) is immediate,
and (6-10) follows using (6-9), Proposition 3.5, and Lemma 6.8. O

The last proposition enables us to prove similar results as Proposition 3.6,
Proposition 3.7, Theorem 5.1 and Theorem 5.2 for A + V instead of A..

7. Rate of convergence and attraction of local unstable manifolds

The main aim of this section is the proof of the existence unstable local manifolds
as a graph of a Lipschitz function, its convergence, and exponential attraction.

For each € € [0, €], let us consider wy to be an equilibrium solution for (1-7). We
assume the existence of a constant C > 0 such that ||wi —w. | x < Cllac —aop ||1L/°%(§2)’
for all € € [0, €], and that w, := w? is hyperbolic. To deal with a neighborhood of
the equilibrium point w§, we rewrite the problems (1-7) as

(7-1) £+ At = Fu +w) — F(ws) — F'(wd)us,

where z¢ =u—wj and Ac=A.— F'(w¢). With this, one can look for Proposition 3.7
with A, instead of A..

Let y be a smooth, closed, simple, rectifiable curve in {z € C: Rez > 0}, oriented
counterclockwise and such that the bounded connected component of C\{y} (here
{y} denotes the trace of y) contains {z € o (—Ag) : Rez > 0}. From part (ii) of
Proposition 3.6, there exists €; > 0 such that {y} C p(—Ae) forall € € [0, €;]. We
define Q. by

_ 1 _
Qc=— /(u —A)'dr, foralle €0, ¢].
271 v

The operator A, is self-adjoint and there exist 8 > 0 and C > 1 such that

lle™<' Qcllwx) < Ce™,  forallr >0and all € € [0, €]
and _
”e—Aet(I _ QG)HSE(X) < Cl‘_l/ze_ﬂt, t>0.

Using the decomposition X = 0. X & (I — Q)X (the solution z€ of (7-1) can
be decomposed as 7€ = Q.z€ + (I — Qc)z¢), we rewrite (7-1) as

d — _ _ _

_(Qeze) + A QeZe = He(QeZG, - Qe)Ze),
(7-2) <

E[(I - Qe)ze] +Ae(l - Qe)ze = Ge(éezea - Qe)ze)»
where

(7-3)  He(Qez, (I — 00)Z°)
= Qe F(Qezf +(I— Q) +ws) — F(wS) — F' (W) (Qezt + (I — Qe)z)],
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and
(7-4)  Ge(Qezt, (I — 0)Z°)
= = QIIF(Qez* + (I — Q)2 +wl) — F(wl) — F'(w)(Qez + (I — Q)]
The functions H, and G are continuously differentiable with
HG(O’ 0) = GG(O’ 0) = 0

and H/(0, 0)=0= G~ (0, 0) € £(X). For simplicity of notation, we write ® = Q. z¢
and 9€ = (I — Q.)z¢. Hence, given p > 0, there exist €] > 0 and r > 0 such that if
||a)€||QEX + ”WH(I—QE)X <r and € € [0, €], then

(7-5) ”He(a)e» 06)”QEX <p and ”Ge(we, 196)“(17@0)( <P,

(7-6) I1He (&, 99) — H (@, D) g,y < (It — &g, x + 195 = 51 1.1
and

(T-T) 1Ge (@, 9) =G (@, 3y g.rx <P @ llgx+18 =T 1 g.10)-

Considering the coupled system (7-2), we can show an unstable manifold theorem
using similar arguments to those in the results of Chapter 6 in [Henry 1981].

Theorem 7.1. There exists a map s : 0. X — (I — Q)X such that the unstable
manifold of wy, is given by

W' we) ={(w,9) € X: 9 =s5(0), w e QX).
The map s; satisfies

sl == sup [sg(@)llx <C,  lsi(w) —sg@)lx < Clo—allg, y
weQX

where C > 0 is a constant independent of €, and for 6 € (0, %) there exists a C > 0,
independent of €, such that

0 26
(7-8) llsg = s.lll < Cllae — aollzs(q)-

Furthermore, there exists p1 > 0, C > 0 (independent of €), and to > 0 such that,
for any solution (0 (t), V€(t)) € X, t € [tg, 00), of (7-2), we have

(7-9) [[9€(1)—s5(@ (0)llx < Ce ™ 9(19) —sE (@ (t0)) || x,  forall t > 1o
Proof. We consider the set
Te={s:0X"'—> (1= Q)X : Isll C, [Is(w) —s(@)|x < Cllo—l g x}-

It is not difficult to see that (X, || - ||) is a complete metric space.
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Given s € X, and 1 € Q. X, we denote by w(t) = ¥ (¢, T, n, s) the solution of

{wf(t) + B () = H (0 (1), s(@ (1)), t<Tt
w(t) =1.
We define ¥, : ¥, — X, by

W (s)n = f e A TOG (0f (£), s (0° (8))) dE.

o0

According to Theorem 7.1 in [Arrieta et al. 2013], we can deduce that W, is a
contraction. Therefore, there is a fixed point s; = W(s5) in X..

Now we shall prove that the graph of s {(®°, s5(0°)) : € € Q. X} is invariant
for (7-2), in the sense that initial data for (7-2) in {(@€, s (0°)) : 0° € 0.X)} lead
to solutions in this space. In fact, we take (wy, ¥5) € W*(wg) (95 = s5(wp)). We
denote by w¢(¢) the solution of the initial value problems

d — _ _
E(QEZG) + A QeZ6 = He(wg, Si(a)e))a
@ (0) = wy,

where 7€ = ¢ +9€ € 0. X ® (I — Q) X. This defines a curve (0S(2), sS(@5(1))) €
W*(wy), t € R. Also, the unique solution of

d — _ _
E[(I — Q) 1+ Ac(I = Q)z° = G (o, 55 (),

which remains bounded as t — —o0, is

t
950 = = 0)Z5(D) = / Ad=CINIG (g (£), s (@5(8))) dE = s (@5 (1)).
—0oQ

Therefore (wS(t), ss(wS(¢))) is a solution of the system (7-2) through the point
(wy, V), proving the invariance of the graph of s.

To show (7-8), we can proceed as in the proof of Proposition 6.1 in [Arrieta et al.
2009].

Finally, the proof that the graph of s{ is the unstable manifold that attracts
exponentially, uniformly in €, that is, the inequality (7-9) holds, follows by similar
arguments to those in the proof of (A.8) in [Bruschi et al. 2006]. U

Now we are able to prove our main result.

8. Proof of Theorem 1.1

The purpose of this section is to emphasize the proof of our main result. For this,
we return to Theorem 1.1 to establish its proof.
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Proof of Theorem 1.1. This proof follows by Theorem 5.2, Theorem 6.6, and
Theorem 7.1 jointly with Theorems 2.1 and 2.2, and Corollary 2.1 in Chapter 8 of
[Babin and Vishik 1989]. O
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