INDEX FORMULAE FOR STARK UNITS AND THEIR
SOLUTIONS

XAVIER-FRANCOIS ROBLOT

Volume 266 No. 2 December 2013



PACIFIC JOURNAL OF MATHEMATICS
Vol. 266, No. 2, 2013

dx.doi.org/10.2140/pjm.2013.266.391

INDEX FORMULAE FOR STARK UNITS AND THEIR
SOLUTIONS

XAVIER-FRANCOIS ROBLOT

Let K/ k be an abelian extension of number fields with a distinguished place
of k that splits totally in K. In that situation, the abelian rank-one Stark
conjecture predicts the existence of a unit in K, called the Stark unit, con-
structed from the values of the L-functions attached to the extension. In
this paper, assuming the Stark unit exists, we prove index formulae for it.
In a second part, we study the solutions of the index formulae and prove
that they admit solutions unconditionally for quadratic, quartic and sextic
(with some additional conditions) cyclic extensions. As a result we deduce a
weak version of the conjecture (‘“up to absolute values”) in these cases and
precise results on when the Stark unit, if it exists, is a square.

1. Introduction

Let K /k be an abelian extension of number fields. Denote by G its Galois group.
Let So and S;.m denote respectively the set of infinite places of k and the set of
finite places of k ramified in K/k. Let S(K/k) := Soo U Stam- Fix a finite set S
of places of k containing S(K/k) and of cardinality at least 2. Assume that there
exists at least one place in S, say v, that splits totally in K /k and fix a place w of
K dividing v. Let e be the order of the group of roots of unity in K. In this setting
Stark [1980] made the following conjecture.

Conjecture (abelian rank-one Stark conjecture). There exists an S-unit ek /x s in
K such that

(1) For all characters x of G,

1
L/K/k,s(o’ xX) = ; Z x(g) log |8§(/k,s|w’
geG
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where Lg /i s(s, x) denotes the L-function associated to y with Euler factors
at prime ideals in S deleted.

(2) The extension K (¢ Il{//ek’ §)/k is abelian.
(3) If furthermore | S| > 3 then ¢ is a unit of K.

The unit ek /x5 is called the Stark unit associated to the extension K/ k, the set
of places S and the place v.! It is unique up to multiplication by a root of unity in
K. A good reference for this conjecture is [Tate 1984, Chap. IV].

The starting point of this research is the conjectural method used in [Cohen and
Roblot 2000; Roblot 2000] (and inspired by [Stark 1977]) to construct totally real
abelian extensions of totally real fields. Let L/k be such an extension. The idea is
to construct a quadratic extension K /L, abelian over k, satisfying some additional
conditions similar to the assumptions (A1), (A2) and (A3) below. Assuming the
Stark conjecture for K /k, S(K/k) and a fixed real place v of k, one can prove that
K =k(¢)and L =k(«), where v :=e+¢ ' and ¢ := €K /k,S(K /k) 18 the corresponding
Stark unit. Using part (1) of the conjecture, one computes the minimal polynomial
A(X) of o over k. The final step is to check unconditionally that the polynomial
A(X) does indeed define the extension L.

One notices in that setting that the rank of the units of K is equal to the rank of
units of L plus the rank of the module generated by the Stark unit and its conjugates
over k. A natural question to ask is whether the index of the group generated by the
units of L and the conjugates of the Stark unit has finite index inside the group of
units of K and, if so, if this index can be computed. A positive answer to the first
question is given by Stark in [1976, Theorem 1]. In [Arakawa 1985], Arakawa gives
a formula for this index when k is a quadratic field. Using similar methods, we
obtain a general result (Theorem 2.2) in the next section. Then we derive a “relative”
index formula (Theorem 2.3) that relates the index of the subgroup generated over
Z[G] by the Stark unit inside the “minus-part” of the group of units of K to the
cardinality of the “minus-part” of the class group of K.? In the third section, we
use results of Rubin [1992] on a form of the Gras conjecture for Stark units to show
that the relative index formula implies local relative index formulae (Theorem 3.2).
Starting with the fourth section, we stop assuming the abelian rank-one Stark
conjecture and study directly the solutions to the index formulae. In section 4, we
look at how much these index formulae characterize the Stark unit (Proposition 4.1
and Corollary 4.5). In the next section, we introduce the algebraic tools that will be
needed to prove the existence of solutions in some cases in the following sections.
We also reprove in that section the abelian rank-one Stark conjecture for quadratic

IIn fact the place w but changing the place w just amounts to replace the Stark unit by one of its
conjugate.
2Similar in some way to the index formulae for cyclotomic units; see [Washington 1997, Chap. 8].
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extensions (Theorem 5.5). Finally, sections 6 and 7 are devoted to a proof that
solutions to the index formulae always exist for quartic extensions (Theorem 6.1)
and sextic extensions (Theorem 7.1) with some additional conditions in that case.
We show that the existence of solutions in those cases imply a weak version of the
conjecture, where part (1) is satisfied only up to absolute values.> We also obtain
results on when the Stark unit, if it exists, is a square (Corollary 2.4, Theorem 5.5,
Corollary 6.2 and Corollary 7.2).

2. The index formulae

We assume from now on that the place v is infinite* and that k has at least two
infinite places. Therefore we can always apply the conjecture for any finite set S
containing S(K/k). The cases that we are excluding are k = () and k a complex
quadratic field. In both cases the conjecture is proved and the Stark unit is strongly
related to cyclotomic units and elliptic units respectively.

Fix a finite set S of places of k containing S(K/k). We make the following
additional assumptions.

(A1) k is totally real and the infinite places of K above v are real, the infinite
places of K not above v are complex.

(A2) The maximal totally real subfield K of K satisfies [K : K] =2.
(A3) All the finite primes in S are either ramified or inert in K /K.

If S contains more than one place that splits totally in K /k then the conjecture
is trivially true with the Stark unit being equal to 1. Therefore the only non trivial
case excluded by (A1) is the case when k has exactly one complex place and K is
totally complex. It is likely that most of the methods and results in this paper can
be adapted to cover also that case. Assumptions (A2) and (A3) are necessary to
ensure that the rank of the group generated by the units of K+ and the conjugate
of the Stark unit has finite index inside the group of units of K. Without these
assumptions, global index formulae for Stark units as they are stated in this article
cannot exist although it is still possible to prove index formulae for some p-adic
characters if one takes also into account Stark units coming from subextensions
(see [Rubin 1992] or Section 3).

3Unfonunate1y, in most cases the values are complex and there does not appear to be any obvious
way to remove these absolute values.

4For v a finite place, the abelian rank-one Stark conjecture is basically equivalent to the Brumer—
Stark conjecture; see [Tate 1984, §1V.6]. Recent results of Greither and Popescu [Greither and Popescu
2011] imply the validity of the Brumer—Stark conjecture away from its 2-part and under the hypothesis
that an appropriate Iwasawa p-invariant vanishes.
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We assume until further notice that the conjecture is true for the extension K / k, the
set of places S and the distinguished place v.”

Denote by € := ¢k i, s the corresponding Stark unit. From now on, all subfields
of K (including K itself) are identified with their image in R by w. We make the
Stark unit unique by imposing that ¢ > 0. It follows that ¢ > 0 for all g € G; see
[Tate 1984, §IV.3.7]. One can also prove under these hypothesis — see [Roblot
2000, Lemma 2.8] —that |S(K/k)| > 3 and therefore ¢ is a unit of K by part (3)
of the Conjecture, and that |¢|,, = 1 for any place w’ of K not above v.

Let m be the degree of K*/k and d be the degree of k/Q. Thus we have
[K :k]=2m and [K : Q] =2md. Let T denote the non trivial element of Gal(K /K ).
It is the complex conjugation of the extension K and, by the above remark, we
have ¢” = ¢~ . Let GT denote the Galois group of Kt /k, thus GT = G/(r). Tt
follows from (A1) that the signatures of K™ and K are respectively (dm, 0) and
(2m, m(d — 1)). Therefore the rank of Ug+ and U, the group of units of K and
K, are respectively dm —1 and 2m+m(d — 1) — 1 = (dm — 1) +m. Let Usk be the

multiplicative Z[G]-module generated by +1, ¢ and Ug+. Let R:={p1, ..., pn} be
a fixed set of representatives of G modulo (7). Set gy := ,0[1 (e)fore=1,...,m.
Since 7(¢) = ¢!, the group Usk 1S generated over Z by {£1,n1, ..., Nam—1,
€1, ..., Em}, Where 11, ..., Nam—1 is a system of fundamental units of K. Let

[-1;, 1 <j =< (d+ 1)m denote the infinite normalized absolute values of K ordered
in the following way. The 2m real absolute values of K, corresponding to the
places over v, are | - |; := |p;(-)] and | - |j 4 ;= |pjT(-)| for 1 < j < m. The
complex absolute values, corresponding to the infinite places not above v, are | - |;
for 2m + 1 < j < (d + 1)m. The regulator of Us,, is the absolute value of the
determinant of the matrix of size (d + 1)m — 1 whose j-th row has entries

log |n1lj, logInalj, ..., log|nam—1l;, logleilj, ..., logleml;.

(We discard the last absolute value, |- |g+1)m.) For 1 < j < (d+ 1)m, let |- |;.r
denote the restriction of the absolute value |- |; to K*. For 1 < j < m, the places
corresponding to |- |; and |- |;.“ are real and log In,-I;r =log|n;|; =log[n;|j4+m. For
2m+1 < j < (d + 1)m, the places corresponding to | - |; and | - |;.r are respectively
complex and real, thus log |17,-|;r = 2log|n;|;. Note also that |g¢| 1, = |8g|;1 for
1 <j<mand|g|;=1for2m+1=< j < (d+ 1)m. Therefore the matrix is equal
to

log mil] | loglecl;

log |n;|} | —loglecl; ’
21og mi| ™,

og nil] 0 (o0

3Since v is the only real place of k that stays real in K, we will usually not specify it.
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where | <j<m,2m+1<j <@d+1m—-1,1<i<dm—1landl<¢{<m.
Now we add the j-th row to the (m + j)-th row for 1 < j <m and we obtain finally
the following matrix with the same determinant

log |7h|}L log |&¢];
2log[ni[f| 0
I+

2 log [milj. (o))
Therefore the regulator of Usgy is
(2.1) Reg(Usurk) = |det(log |e¢|;) ¢ det(21og |n; I;r)”|
where 1 < ¢, j <m, 1 <i <dm—1 and j’ runs through the set {1, ..., m,2m +
1,...,(d+1)m—1}. The absolute values |- [}, ..., |- |5, |13, 0s - - |-|(+d+1)m_1

are the absolute values corresponding to all the infinite places of K™ but one. Thus
the second term is 29"~ R +. For the first term, we have

|det(log [¢];) ;.| = |det(log |67 1), ser].

We say that a character y of G is even if x(r) = 1, otherwise x is odd and
x () = —1. The even characters of G are the inflations of characters of GT. We
have the following modification of the classical determinant group factorization.

Lemma 2.1. Let a, € C, for g € G, be such that a, = —ag for all g € G. Then

det(ap-1)pacr= || D x(p)ay.

x odd peR

Proof. Let E be the C-vector space of functions f: G — C such that f(z7g)=—f(g)
for all g € G. Clearly it has dimension m and admits (), oda has a basis. Another
basis is given by the functions (8,) e defined by

8,(p) =1, 8,(tp) =—1and §,(g) =0 for all g € G with g # p, Tp.

The group G actson E by f° : g+ f(go) for f € E and o € G. In particular, we
have f* = — f. We extend this action linearly to give E a structure of C[G]-module.
Now consider the endomorphism defined by

T := Zagg.

geG
We have

T8, = Z ag8y + Z agdy = Z agdpg—1 — Z Agrpg1-

geG geG geG geG
pg~'eR pg ' ¢R pg ' eR pg ' ¢R
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1 1

We write A = pg~ " in the first sum and A = 7pg ™" in the second one. We get

TSp) = dp18— Y Aypp-18,=2)  a,-15;.
LER LER AER

Therefore the determinant of 7' is 2" det(a,;-1), 1cg- On the other hand, for x
odd, we compute

T(X)=) agx®=)  azx(gx.

geG geG

Thus x is an eigenvector for 7 with eigenvalue deG agx(g) =2 ZpeR x(p)ay,.

Therefore det(T) =2" [[ >_ x(p)a, and the result follows. O
x odd peR

By the lemma, we get

-1 1
(22) detogle™ Dysrer =[] Y x(o)logle”l =[] 5 D x(e)logle?]

x odd peR xodd geG

= [T Lki.50. %)
x odd
using part (1) for the last equality and the fact that the number of roots of unity in
K is 2 since K is not totally complex by (A1). On the other hand, we have

Ssk(5)
s,k (s)

(2.3) 1_[ Lik.s(s, x) =

x odd
where s g (s) := s x(s) and &5 g+ (s) = s+ k+(s) denote respectively the
Dedekind zeta functions of K and K with the Euler factors at primes in Sg and
Sk+ removed. Here Sk and Sk+ denote respectively the set of places of K and of
K™ above the places in S. We will often use by abuse the subscript S instead of
Sk or Sk+ to simplify the notation. Taking the limit when s — 0 in (2.3) and using
the expression for the Taylor development at s = 0 of Dedekind zeta functions —
see [Tate 1984, Corollary 1.1.2] — we get

hg Rk
T ot
hy Ry

24) [T L/ks0.0) =2
x odd

where 7g is the number of prime ideals in Sg+ that are inert in K/K* and hg,
Rk, hx+ and Rg+ are respectively the class numbers and regulators of K and K.
Putting together equations (2.1), (2.2) and (2.4), we get the following result.

Theorem 2.2. The index of Usgak in the group of units of K is
(Uk : Ustark) = 2" g Jhge,

where tg is the number of prime ideals in Sx+ that are inertin K /K. [l
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Let Clg and Clg+ denote respectively the class groups of K and K. Define
Cly and Uy as the kernel of the following maps induced by the norm N :=1+1
of the extension K /K™

Clg :=Ker(N : Clg — Clg+) and Uy :=Ker(N: Ux — Ug+),

where Ug and Ug+ are respectively Uk /{%£1} and Ug+ /{%1}. From now on, we
use the additive notation to denote the action of Z[G], and other group rings, on U
and its subgroups U, Uk+, . ... For x € Uy, we denote by ¥ its class in Ux and
adopt the following convention: if X € U, we let x denote the unique element in
the class x such that x > 0. Note that N'(x) = N(—x) = 1 since K/K ™ is ramified
at least one real place.

Theorem 2.3. We have
(Ug : ZIG]- &) =2°75|Clg|,
where 2¢ = (Ug+ : N(Ukg)).

Proof. By class field theory the map N : Clg — Clg+ is surjective. Therefore
|Clg| = hg/hg+. On the other hand, if we let Usgark := Usark/{£=1}, we have

Ker (.N: UStark — 0K+) =Z7[G]-¢ and Im (N : UStaIk — UK+) =2 UK+.
Therefore we get
(U : Usuark) = W(Ug) : 2- Ug+) (Ug : ZIG] - §).
Since (Uk : Usark) = (Uk : Usiark), it follows from Theorem 2.2 that

2t5+dm—1 |C11_<|
(N(Uk):2-Ug+)’

(Ug 171G -¢) =

We conclude by noting that
(T :2- Ug-) pdm=1

N(Uk) :2-Ug+) = —= = —.
WUx):2-Ugr) (Ok+ - N(Tx)) (O : N(Tx))

O

It has been observed that the Stark unit is quite often a square. The theorem
provides us with a necessary condition for that to happen.

Corollary 2.4. Let c be the 2-valuation of the order of Cly. A necessary condition
for the Stark unit € to be a square in K is

e+ts+c>m.

Proof. Assume that ¢ = n? with n € K. Then it is easy to see that n € U x and
therefore (Z[G]-7 : Z[G]- &) = 2™ divides 2°7'5|Cl|. O
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We will see in (5.10) that ¢ > (d — 1)m — 2. Therefore the inequality in the
corollary is always satisfied for d > 2+42/m. However, this is not enough to ensure
that the Stark unit is a square in general. Indeed at the end of the paper we give
an example of a cyclic sextic extension K /k satisfying (A1), (A2) and (A3), and
with k a totally real cubic field where the Stark unit, assuming it exists, is not a
square even though e > m. But, in all the cases that we study, we can prove that
for d sufficiently large the Stark unit is always a square. Of course these cases are
quite specific and it is difficult to draw from them general conclusions, but still we
are lead to ask the following question.

Question. Fix a relative degree m. Does there exist a constant D (m), depending
only on m, such that for any extensions K/k of degree 2m and any finite set of
places S containing S(K/k) satisfying (A1), (A2) and (A3), and with d > D(m),
the corresponding Stark unit, assuming that it exists, is always a square in K?

It follows from the result of the next sections that the answer is positive for
1 <m <3 andthat D(1) = D(3) =4 and D(2) = 3.

3. Rubin’s index formula

In [Rubin 1992], Rubin proves Gras conjecture type results for Stark units using
Euler systems. His results are generalized by Popescu [2004]. In this section, we
use the results of Rubin to get a similar result in our setting. To be able to use
Rubin’s results we need to make the following additional assumption:

(A4) K contains the Hilbert Class Field H; of k.

We assume in this section that the conjecture is true for the extensions and set of
places as described in [Rubin 1992].

We first introduce the results of Rubin. Let § be the conductor of K/k. For any
modulus g dividing f, let Ky = K Nk(g) be the intersection of K with the ray class
field of k of conductor g. Since v is totally splitin K/ k, one can apply the conjecture
to the extension K/ k, the set of places S(Ky/k) and the place v, and get a Stark
unit that we denote by &4. Let G4 be the Galois group of K/k. Note that by (A1)
the group of roots of unity in K is {#=1}. Part (2) of the conjecture is equivalent to
the fact that sg e U;‘;g for all g € Gg; see [Tate 1984, Proposition IV.1.2]. Define
Rstark as the following Z[G]-module:

Rstak = (£1, (£571)!/* for g | f and g € Gg)z(6)-

Let p be a prime number that does not divide the order of G. In particular, p is an
odd prime. Denote by G, the set of irreducible Z,-characters of G. For ¢ € G,
and M a Z[G]-module, we set

MV =M ®z61Z,[¥],
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where Z,[v/] is the ring generated over Z,, by the values of ¥y and G acts on Z,[/]
via the character . The following result is a direct consequence of Theorem 4.6
of [Rubin 1992].

Theorem 3.1 (Rubin). If ¢ € G, is odd then

Uk /Rsun)” | = |1
From this we deduce an analogous statement for our case.

Theorem 3.2. Forall Y € G p» We have
(U /ZIG1- &)Y | = |(Clx)Y] .

Proof. For M a Z[G]-module and ¢ € Gp, it is direct to see that MV = (M'+7)V
if ¢ is even and MY = (M'~")¥ if ¢ is odd. In particular, if v is even, we
get |(Ug /ZIG]-8)7| = |(Cl)?| = 1 and the result follows trivially in that case.
Assume now that ¥ is odd. Let gy be the Stark unit corresponding to the extension
K / k, the set of places S(K/k) and the distinguished place v. Assume first that
S = S(K/k) U {p} for some finite prime ideal p of k not in S(K/k). It follows
from [Tate 1984, Proposition 1V.3.4] that € = (1 — F,(K/k)) - &, where F, (K / k)
is the Frobenius at p for the extension K /k. By (A3), t is a power of F,(K /k)
and thus v (F,(K/k)) is a non trivial root of unity of order dividing |G|. Then
1 — ¥ (Fy(K/k)) is a p-adic unit and therefore (Z[G]- &)V = (Z[G]- &)¥. By
repeating this argument if necessary, we see that this last equality also holds in the
general case. Now, by taking g = f and o = 7 in the definition of Rgyk, we see

that e(()r_l)/ 2 N le Rsiark. Therefore we have sg 161 - Rsark C Uk, and thus

27[G] —1 T—1
gy C Ry CUE .

We take the {-component, by the above remarks and the theorem, we get
(U /21G1-8)! | = |(U /121G - 50) | = [(U " [e5 19D |
> |(Ux /R | = | (Uk / Rstan) V| = |Clg | = |(CLp) Y.

Assume there exists a character ¥ for which this is a strict inequality. Multiplying
over all characters in Gp, we get |(Uyg /Z[Gl-8)®Z,| > |Cly ®Z,], a contradiction
with Theorem 2.3. Therefore the equality holds for all ¢ € G » and the theorem is
proved. U

4. The index property

From now on, we do not assume anymore that the conjecture is true.
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From the results of the previous sections, we see that the conjecture implies that
there exists a unit € € Uy such that®

(P1) (Ug : ZIG]-&) =25|Clg |,
(P2) |(Ug/ZIG]-8)*| = |(Clg)¥ | forall pf[K : k] and ¢ € G .

A priori the existence of a solution to (P1) and (P2) does not imply in return
the conjecture (except for quadratic extensions; see Theorem 5.5 below). Indeed,
in general, properties (P1) and (P2) do not even characterize the Stark unit €. To
see that assume that 7 is a solution to (P1) and (P2), and let i/ := u - 1, where
u € Z[G]* is a unit of Z[G]. Then 7’ also satisfies (P1) and (P2). If u belongs to
{£y : y € G} C Z[G]*, the group of trivial units of Z[G], then 7 is essentially
the same solution since it is a conjugate of 1 or the inverse of a conjugate of 7.
However there may be some non trivial units in Z[G] (see the end of this section)
and thus solutions to (P1) and (P2) that are not related in any obvious way to the
Stark unit. In any case, we have the following result that shows that solutions to
(P1) satisfy a very weak version of part (1) of the conjecture.

Proposition 4.1. Let 1) be an element of U satisfying (P1). Then we have

1
(4.5) ] EZx(g) lognfl ==+ [ L5 x)-

x odd geG x odd

Proof. Let x € Ug. Using the notations of Section 2, we have |x*|; = |x]|; for
2m+1 < j < (d + 1)m since these absolute values are complex and 7 is the
complex conjugation. Since, by construction, we have x* = x~ 1 it follows that
|x|% = |x1+r|j =1land |x|; =1for2m+1 < j < (d + 1)m. We can therefore
reproduce the determinant computation done in Section 2 replacing ¢ by 1 and
Ustark by the subgroup Uy of Uk generated by Uk + and the conjugates of . We
get
Wi Up) = 2201 B T LS (o tog e,
Ry 2
x odd geG

We then proceed as in Theorem 2.3 by looking at the kernel of the norm map acting
on Uy/{=x1}. Since 5 satisfies (P1), it follows that

1 Rg+ 1 _ _
2t = [T 5 20 x(@)logln®| = £29" 5 Cl |

R
K x odd geG

6Although assumptions (A1) to (A4) are necessary to prove that the Stark unit is a solution of (P2),
it is not necessary to assume (A4) to prove that solutions exist in the cases that we study below. It is
an interesting question whether or not one could prove that the Stark unit is a solution to (P2) without
having first to assume (A4).
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Then, by (2.4), we get the result

hg Rk
H Y x@loglnf| =25 = £ [ Lig)50. 0. O

R
X odd geG K+ K+ x odd

We now turn to the study of the structure of the Q[G]-module U ® Q. Since U
iskilled by 1+7, itis a @Q[G]™-module where Q[G]™ :=e~ Q[G]and e~ := %(1 —1)
is the sum of the idempotents of odd characters of G.” Since U ¢ injects into U ®Q,
we will identify it with its image. The following result describes the structure of
Uyx ® Q as a Galois module.

Proposition 4.2. The module U, ® Q is a free Q[G|™ -module of rank 1.

Proof. Let Yk be the Q-vector space with basis the elements z in the set Sy (K) of
infinite places of K. The group G acts on MY in the following way: z8 for g € G
and z € S (K) is the infinite place defined by x > z(x8) for all x € K. Denote
by ¥k the subspace of elements ) _a. z € Yk such that ) _a, = 0. Then the two
Q[G]-modules Xk and Ux ® Q are isomorphic by a result of Herbrand and Artin;
see [Artin 1932]. Fix a Q[G]-isomorphism f: Ug @ Q@ — X . A direct computation
shows that & := f(Uy ® Q) is spanned by the vectors {w” — w”*},cg, where w
is the fixed place of K above v. In particular, X is generated as a Q[G]™-module
by the vector w — w®. This proves the result. U

Corollary 4.3. There exist 0 € l_]g and q € Q such that

[135> x@ioglosi=g [ Licsus©. 0.

x odd geG x odd

Proof. From the proposition, there exists u € Up ® Q such that U, @ Q= Q[G]™ -u.
We let 6 :=n - u, where n € N is large enough so that 6 € Uk . Then we set

_ (Ug :71G]-6)
26+I|CI}| ’

The result follows by the proof of Proposition 4.1 mutatis mutandis and replacing
q by —gq if necessary. U

Thanks to Proposition 4.2, it is enough to study the structure of Q[G]~ to
understand that of U, ® Q. Let X be the set of irreducible Z-characters of G. Each

§ € X is the sum of the irreducible characters in a conjugacy class Cg of G under
the action of Gal(Q/Q). For & € X, we let

e 1= Z e, € Q[G]

x€Ce

"Note that Q[G]~ is a ring with identity e~
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be the corresponding rational idempotent, where e, denotes the idempotent associ-
ated to the character y. We have

QIG] =P e: QG ~ P Q).

EeX teX

where Q(§) is the cyclotomic field generated by the values of any character in Ce.
Let X,qq be the set of Z-characters & € X such that one, and thus all, characters in
Cg are odd. We have e™ = .y e and from the above decomposition, we get

(4.6) QG = @ e:0IG1~ P aE).

E€Xodd &€ Xodd

We now define Z[G]™ := e~ Z[G] and let O be the maximal order of Q[G]~. We
have

4.7 0g= P e:ziGl~ P zI£l.

&€Xodd &€ Xoad

Now let p be a prime number. By (4.6), we get

(4.8) Q,IG1 >~ P 2®) 2@y~ P P ak),,

§€Xodd &€ Xodd PESe,p

where Sg ), is the set of prime ideals of Q(&) above p and Q(§), is the completion
of Q(&) at the prime ideal p. On the other hand, each rational character £ € X is
the sum of irreducible Z ,-characters, say & = Z¢ eCe, ¥, and we have

NGl =P @ eQ,lGI™

Sexodd WECE P

Therefore there is a bijection between the prime ideals in S¢ , and the characters in
C¢,p. For p a prime ideal in S¢ ,, we denote by ¢ , the corresponding irreducible
Z ,-character. Before stating the first result, we need one more notation. Let T be a
set of primes. We say that an element u € Q[G]is a T-unitif u € Z,[G]™ for all
p €T, where Z,[G] ™ is the group of units of Z,[G]~.

Proposition 4.4. Let M be a sub-Z| G|~ -module of Q[G]™ of finite index. Let x
be an element of M such that xZ|G]~ has finite index inside M. Assume that y is
another element of M such that

(M :xZ[G])=(M:yZIG]") and (M?:(xZ,[GI")")=(M":(yZ,[G]")")

for all p 1 |G| and all ¥ € Gp with  odd. Then there exists a unique B-unit
u € Q[G]™ such that y = ux, where B is the set of primes dividing both |G| and
(M : xZ|G]).
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Proof. Since Q[G]™ = xQ[G]~, there exists u € Q[G]™ such that y = ux. Assume
y =vx for another v € @Q[G]~. Then, for all £ € Xq4, we have £ (u)&(x) =&(v)E(x).
Since &£(x) # 0, it follows that £(u#) = £(v) and thus by (4.6), we get u = v which
proves that u is unique.

Let p be a prime. Assume first that p does not divide |G|. Let £ € X,49 and
p € St p. Write ¥ := ¥ , and denote by Z[§], := ¥ (Z,[G]™) the ring of integers
of Q(&)yp. Then MYV is an ideal of Z[&], and we have

(MY : (Z,[G1)Y) _ (MY -y (1) ZIEL,) _
(MY (VZ,IG1)Y) — (MY ()ZIE],)

Thus ¢ ,(u) is a unit in Z[&], for all § € Xoqq and p € S¢ , and thus u lies in
Z,[G]™*. Assume now that p does not divide the index (M : xZ[G]™). We have

[V () p-

MZy:xL,[Gl)=MQLZ, :yZ,[G] ) =1.
Therefore xZ,[G]" =M Q®Z, =yZ,[G]” andu € Z,[G]*. O
By Propositions 4.2 and 4.4, we get the following result.

Corollary 4.5. Let B be the set of primes that divide both |G| and |Cly|. Assume
there exist ij and )’ two elements of Uy, satisfying (P1) and (P2). Then there exists
a unique B-unit u € Q[G]™ such that 7' =u - 1. ([

From this result and the discussion at the beginning of the section, one cannot
expect the properties (P1) and (P2) to characterize the Stark unit if Z[G]™ has some
non trivial B-units and a fortiori if Z[G]~ has some non trivial units.® It follows
from the methods of Higman [1940] that Z[G]~ has some non trivial units if and
only if O does. By (4.7), this is the case if and only if there exists an odd character
of G whose order does not divide 6. In particular, for G a cyclic group of even
order, Z[G]™ has only trivial units if and only if the order of G is at most 6. We
will prove in the next sections that there exist solutions to (P1) and (P2) in these
cases (with some additional conditions for sextic extensions). From this we will
deduce another proof of the conjecture for quadratic extensions and a weak version
of the conjecture for quartic and sextic extensions.

5. Algebraic tools

In this section we introduce some algebraic tools and results that will be useful
in the next sections. We start with the properties of Fitting ideals. Let R be a
commutative ring with an identity element. Let M be a finitely generated R-module.
Therefore there exists a surjective homomorphism f : R — M for some a > 1. The

8Ifr'; is a solution to (P1) and (P2) and u is a B-unit then « - 77 is not necessarily a solution to (P1)
and (P2). A necessary and sufficient condition for that is that the linear map x — ux of @Q[G]™ has
determinant 1. This is always true if  is a unit of Z[G] ™.
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Fitting ideal of M as an R-module, denoted Fittg (M), is the ideal of R generated
by det(vy, ..., V,), where vy, ..., U, run through the elements of the kernel of f.
One can prove that it does not depend on the choice of f. We will use the following
properties of Fitting ideals; see [Northcott 1976, Chapter 3] or [Eisenbud 1995,
Chapter 20].

o If there exist ideals Ay, ..., A; of R suchthat M ~ R/A & ---® R/A;, then
we have
Fittg(M) = A, --- A;.

o Let T be an R-algebra. We have
Fitty (M @ g T) = Fittg(M)T.
o Let N be another finitely generated R-module. We have
Fittg (M & N) = Fittg (M)Fittg (N).
Lemma 5.1. Let M be a finite O;-module. Then
|M| = 1(Og/Fittg_ (M))].
Proof. We have

(O :Fittg_ (M) = [] (esZIG): esFitt_ (M) = [] (ZIE]: Fittzg (e M)).
£€Xodd §€Xodd

Fix & € Xoqq. Since eg M 1is a finite Z[&]-module, there exist ideals ay, ..., a, such
that
esM=17[§]/a) ®---DZL[E]/a,.

Therefore Fittz[g](eg M)=a;---a, and
(Z1€] : Fittzig)(es M)) = Nae)ja(ar - - - ay) = |eg M.
It follows that (O : Fitt@a (M)) = HéeXodd les M| =|M]|. U

Lemma 5.2. Let M be a finite Z|G] -module. Let p be a prime number not
dividing |G| and let \y be an odd irreducible Z ,-character. Then

IMY| = |(ZIG]” [Fittzig- (M) | = (0 /Fitt_ (M))”].

Proof. We have (Fittz;g-(M))¥ = Fittz,(y)(MY). Since MV is a finite Z,[y]-
module, there exist integers ¢y, ..., ¢, > 1 such that

MY ~Pz,y1/p°,
i=1

where p is the prime ideal of Z,[]. Then Fittzj- (M)¥ =p° withc:=c|+- - -+¢;
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and therefore |(Z[G]™ /Fittzc)- (M) | = (ZplE):p°) = |MY|. The last equality
is clear since (0;)Y =Z,[y]. O

In what follows we will also use repeatedly the Tate cohomology of finite cyclic
groups; see [Lang 1994, §1X.1]. Let A be a finite cyclic group with generator a and
let M be a Z[ A]-module. The zeroth and first group of cohomology are defined by

HY(A, M):=M*/Nys(M) and H'(A, M):=Ker(Ny: M — M)/(1 —a)M,

where Ny :=Y,_, b and M* is the submodule of elements in M fixed by A. Let
N and P be two other Z[A]-modules such that the following short sequence is
exact:

1 M N P 1.

Then the hexagon below is also exact.

HO(A, M)
HY(A, P) H(A, N)
(5.9) [ l
H'(A, N) H(A, P)
HY(A, M)
The Herbrand quotient of M is defined by
|H°(A, M)
QA M):=——""""
|H' (A, M)|

The Herbrand quotient is multiplicative, that is for an exact short sequence as above,
we have Q(A, N) = Q(A, M) Q(A, P). The following result plays a crucial role
in the next sections. It is a direct consequence of [Lang 1994, Corollary 1X.4.2].

Lemma 5.3. Let E/F be a quadratic extension with Galois group T. Let R > 0 be
the number of real places in F that becomes complex in E. Then we have

O(T, Ug) =281, O

We use this result in the following way. Assume that R > 1. Write U r and U E
for the group of units of F' and E respectively modulo {#1}. Then we have

UF UF

I:I0 T,Ug)=——— ={=£1 _—
U= 5w~ Y S @
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since —1 cannot be a norm in E/F. It follows from the lemma that |ﬁ 0T, Up)| is
divisible by 28~1 and therefore

(5.10) 2R=2 | (U : Ngyr(Ur)).

In some cases we will not be able to get non trivial lower bounds with that
method, but still be able to deduce that H' (T, Ug) is trivial. In this situation, we
have the following lemma.

Lemma 5.4. Let E/F be a quadratic extension with Galois group T. Assume that
H'(T, Ug) is trivial. Then either E | F is unramified at finite places or there exists
an element of order 2 in the kernel of the norm map from Clg to Clp.

Proof. Consider the submodules of elements fixed by T in the short exact sequence

1 Ur E* Pr 1.

We get

1 Ur F* pr HYT,Ug) —— --- .

Since H'(T, Ug) = 1 by hypothesis, it follows that the groups Pr and PET are
isomorphic. The isomorphism is the natural map that sends a € Pr to aZg € Pl,
where Zf is the ring of integers of E. Assume that there is a prime ideal p of F
that ramifies in E/F. Let ‘i3 be the unique prime ideal of E above p and let 4 > 1
be the order of 3 in Clg. Since ‘Bh € Pg , there exists a principal ideal a € Pg such
that " = aZg. Clearly a is a power of p. Looking at valuations at 3, it follows
that & is even. We set ¢ :=PB"/2. Its class is an element of order 2 in Clz. But
Ng/r(€) = p//? = a is a principal ideal. This concludes the proof. (|

To conclude this section we prove the conjecture in our settings when K /k
is a quadratic extension. This result is proved in full generality in [Tate 1984,
Theorem IV.5.4].

Theorem 5.5. Let K /k be a quadratic extension and S O S(K /k) be a finite set
of places of k satisfying (A1), (A2) and (A3). Then the abelian rank-one Stark
conjecture is satisfied for the extension K |k and the set S with the Stark unit being
the unique solution, up to trivial units, of (P1) and (P2). Moreover the Stark unit is
a square in K if and only if e +ts+c > 1, where c is the 2-valuation of the order of
Cly. In particular, if d > 4 then it always a square and, in fact, it is a 2473 th power
It is also a square if d = 3 and the extension K / k is ramified at some finite prime.

Proof. The only non trivial element of G is t. Let x be the character that sends t
to —1. It is the only non trivial character of G and also the only odd character. We
have Z[G]™ = 0; = e~ Z >~ 7. In particular, using Proposition 4.2, it is direct to
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see that there exists 6 € U g suchthat Uy =Z7- 6. Define
7 :=25|Cl¢ |- 6.

From its construction, it is clear that 7 satisfies (P1) and (P2). It follows from
Proposition 4.1, and replacing 1 by 7! if necessary, that

1
5 2 X(@log | = Lig; (0, x).
geCG

This proves part (1) of the conjecture. Part (3) is direct by construction. It remains
to prove part (2). But (t — 1) -7 = —2- 5 so part (2) follows and the conjecture is
proved in this case. Finally, from its definition, it is clear that n is a 2"-th power
in K> if and only if e + ts + ¢ > r. Now, by (5.10), we have ¢ > d — 3 and
therefore the Stark unit is always a square if d > 4. Assume that d = 3 and that
n is not a square. Then e = 0 and |ﬁ0(G, Uk)| = 2. From Lemma 5.3, we get
H 1(G, Ug) = 1 and therefore, since ¢ = 0, the extension K /k is unramified at
finite places by Lemma 5.4 (]

When d = 2, there exist extensions for which the Stark unit is a square and
extensions for which it is not a square. Using the PARI/GP system [PARI 2011],
we find the following examples.9 Let k := @(\/5) and let v, v, denote the two
infinite places of k with vl(\/g) < 0 and vz(«/g) > 0. Let K be the ray class
field modulo p vy, where ppp := (1/2 + 3\/5/2) is one of the two prime ideals
above 11. Then K /k is a quadratic extension that satisfies (A1), (A2) and (A3)
with S := S(K/k), and one can prove that the corresponding Stark unit is not a
square. Now, on the other hand, let K be the ray class field modulo \/gq 111, Where
qi1 := (1/2 —3+/5/2) is the other prime ideal above 11. Then K /k is a quadratic
extension that satisfies (A1), (A2) and (A3) with S := S(K/k) and, in this case, the
Stark unit is a square. When d = 3 and K /k is unramified both cases are possible.
Indeed, let k := Q(«), where o> —a? —13ar+1=0. It is a totally real cubic field. Let
v1, U2, v3 be the three infinite places of £ with v (o) ~ —3.1829, v, () ~0.0765 and
v3(ar) &2 4.1064. Let K be the ray class field of k of conductor Z;v,v3. Then K/ k is
a quadratic extension that satisfies (A1), (A2) and (A3) with S := S(K/k), and that
is unramified at finite places. One can prove in this setting that the Stark unit is not a
square. On the other hand, let k := Q(B8) with 8> — 8> —248 —35=0. It s a totally
real cubic field. Let vy, vy, v3 be the three infinite places of k with vy () &~ —3.0999,
vy (o) & —1.8861, and v3 () =~ 5.9860. Let K be the unique quadratic extension of
k of conductor Z;vov3. Then K /k satisfies (A1), (A2) and (A3) with S := S(K/k)
and is unramified at finite places. One can prove that k is principal and the class
number of K is 2. Therefore the Stark unit in this case is a square.

9PARI/GP was also used to find the examples given in the next two sections.
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6. Cyclic quartic extensions

Theorem 6.1. Let K /k be a cyclic quartic extension and S D S(K / k) be a finite
set of places of k satisfying (A1), (A2) and (A3). Then there exists 1 € U, satisfying
(P1) and (P2). Furthermore, 1 is unique up to the action of =G, it satisfies

forall x € G,

> x(@)log|nf]

geG

1
‘L/K/k,S(O’ X)‘ )

and the extension K (,/n)/k is abelian.

Proof. Denote by y a generator of G, therefore T = 2. Let x be the character of
G such that x(y) =i and let £ := x + x> be the only element in X,qq. From the
results of Section 4, we have

QIG] =e Q[G] = Q>),

where the ring isomorphism sends any element of x € Q[G]~, written uniquely as
x=e (a+by)fora,beQ,to x(x) =a+ bi. In particular, we have Z[G]™ =
0; x> Z_[i] and Z[G]" is a principal ring._ By Proposition 4.2, this implies that there
exists 0 € Uy such that Uy, =Z[G]™ - 6.

We now prove the uniqueness of the solution. Assume that 7 and %’ are two
solutions to (P1) and (P2). By Corollary 4.5, there exists a unique 2-unit u in
Q[G]™ such that 7’ = u - 7. Let py := (i + 1)Z[i] be the unique prime ideal above
2 in Z[i]. Let n := vy, (x(u)). Assume, without loss of generality, that n > 0
(otherwise, exchange 7 and 7" and replace u by u~') and therefore 7’ € Z[G]™ - .
Let x € Z[G]™ be such that = x - 6. We have

(ZIG1” -7 ZIG]” - 1)) = (*ZIG]™ :uxZ[G]")
= (X (L[] = x (u) x (X)Z[i])
=x|=2"

Therefore n = 0 and u is a unit. Since the only units of Z[i] are 1 and =i, it
follows that u = +e~ g with g € G. This proves the uniqueness statement.

Next we prove that there exist solutions to (P1) and (P2). Let % :=Fittz(g}- (Cl)
be the Fitting ideal of Cly, as a Z[G] -module. Let f be a generator of F. We set
= f(y+1)¢ts.6. We have by Lemma 5.1

(Ug - ZIG]- ) =25 (ZIG]™ : F) = 2°755|Clg .

Thus 7 is a solution to (P1). In the same way it follows directly from Lemma 5.2
that it is a solution to (P2).
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Now, since 17 € Uy, we have for v = o, the trivial character, or v = x? that
1
3 2 v(®logn®|=0.
geCG

On the other hand, L’K /K, (v, 0) = 0 follows directly from [Tate 1984, Proposi-

tion 1.3.4]. From Proposition 4.1, using the fact that x3 = ¥, we get!?

2 /
L k.50, 0|" = L1 50, 0Lk /150, )

= (% > x(g)log Ingl) (% > x’(g)log Ingl)

geG geG

2
1
=k2ﬂ@@Wh
geG

and the equality to be proved follows by taking square roots.
Finally, to prove that K (,/n)/ k is abelian, we need to prove that (y —1)-n€2-Ug
by [Tate 1984, Proposition IV.1.2]. This is equivalent to proving that

(i = DG+ DTS x(f) C220i),

that is one of the following assertions is satisfied: e > 1, g > 1 or 2 divides |Cl|.
We have e > 2d — 4 by (5.10) and therefore the result is proved if d > 3. Assume
that d = 2 and e = 0. Then it follows by Lemma 5.3 that ﬁl(T, Ugk) =1, where
T :=(r). By Lemma 5.4 this implies that either 2 divides |Cl | and the result is
proved, or K/K™ is unramified at finite places. Assume the latter. At least one
prime ideal of k ramifies in K by the proof of [Roblot 2000, Lemma 2.8] since k
is a quadratic field. By (A3) this prime ideal is inert in K /K™, thus zg > 1. This
concludes the proof. U

A consequence of this result is that we can say quite precisely when the Stark
unit, it exists, is a square in that case. The result is very similar to the situation in
the quadratic case (see Theorem 5.5).

Corollary 6.2. Under the hypothesis of the theorem and assuming that the Stark
unit exists, then it is a square in K if and only if e + ts + ¢ > 2, where c is the
2-valuation of |Cly|. In particular, if d > 3 then it is always a square and, in fact,
it is a 2972-th power.

Proof. We prove the equivalence. The inequality is satisfied when the Stark unit
¢ is a square by Corollary 2.4. Now assume that the inequality is satisfied. By
the uniqueness statement of the theorem, we have £ = 7 (replacing n by one of its

conjugate if necessary). From the proof of the theorem, we see that 7 belongs to

10Note that is easy to see that both sides of (4.5) are positive in this case.



410 XAVIER-FRANCOIS ROBLOT

2" . Uy if and only if (i + 1)*™ x (f) € 2"Z[i]. Taking valuation at p,, the only
prime ideal above 2, we see that it is equivalent to e 4 ts + ¢ > 2r. This proves the
first assertion. Now, to prove the second assertion, we see that e > 2d — 4 by (5.10).
Therefore 7 lies in 2472 Uy . This proves the result. ([

When d = 2 it is possible to find examples for which the Stark unit, if it exists,
is a square and examples for which it is not a square. For example, let k := Q(+/5)
and let vy, vy denote the two infinite places of k with vl(\/g) < 0 and vz(\/g) > 0.
Let K be the ray class field modulo paovi, where pag := (11/2 —+/5/2) is one of
the two prime ideals above 29. Then K /k is a cyclic quartic extension that satisfies
(A1), (A2) and (A3) with § := S(K/k) and one can prove that, if it exists, the
Stark unit is not a square. Now, on the other hand, let K be the ray class field
modulo \/§p41 vy, where p4; ;= (13/2— NG /2) is one of the two prime ideals above
41. Then K/k is a cyclic quartic extension that satisfies (A1), (A2) and (A3) with
S := S(K/k), but one can prove that, in this case, the Stark unit, if it exists, is a
square.

7. Cyclic sextic extensions

In this final section we study the case when K /k is a cyclic sextic extension. We
will need some additional assumptions to be able to prove that there exists solutions
to (P1) and (P2).

Theorem 7.1. Let K /k be a cyclic sextic extension such that (A1), (A2) and (A3)
are satisfied with S := S(K/k) . Assume also that 3 does not divide the order
of Clg and that no prime ideal above 3 is wildly ramified in K / k. Let F be the
quadratic extension of k contained in K. Then there exists n € Uy satisfying (P1)
and (P2) and such that Nk ;r(n) is the Stark unit for the extension F [k and the set
of places S. Furthermore, 11 is unique up to the action of an element of Gal(K / F),
satisfies for all x € G

> x(g)lognf|

geG

’

1
|L/K/k,S(O’ X)| —5

and the extension K (\/n)/k is abelian.

Proof. Let y be a generator of the Galois group G, thus T = y3. Let x be the
character that sends y to —w, where w is a fixed primitive third root of unity. It is a
generator of the group of characters of G. We have Xqq9 = {&2, &6}, where & := x>
and & := x + x°. The corresponding idempotents are

e, =¢(1—yH(A+y7+y"H and e =¢(1—yH2—y>—yH.
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We have the ring isomorphism
(7.11) QIG]” =e;,Q[G] +e5,Q[G] = QD Q(w).

Let o :=y? and let H be the subgroup of order 3 generated by o. Any element
g € Q[G]™ can be written uniquely as g = ¢~ h, where & is an element of Q[H].
The map g + & is a ring isomorphism between Q[G]~ and (X[ H ], that restricts to
an isomorphism between Z[G]~ and Z[ H]. From now on, we will identify Q[G]~
and Q[H]. Note that, with that identification, both act in the same way on Uy,
Ug ® Q, Cly, etc. Let ey and e; be the image by the projection map of e;, and
eg. Then ey = %(1 +0 +0?) is the idempotent of the trivial character of H and
e = %(2 — o0 —0?) is the sum of the idempotents of the two non trivial characters
of H. The main difference between this case and the quartic case is the fact that
the isomorphism between Q[ H] and Q @ Q(w) does not restrict to an isomorphism
between Z[G]™ and Z & Z[w]. In particular, Z[G]™ is not a principal ring. Because
of that the proof is somewhat more intricate than in the quartic case. We will
therefore proceed by proving a series of different claims. First, we define

(7.12) O:=eyZ[|H]+ e Z|H] >~ 7 & Z|w].
Note that, by the above identification, we have O = 0.

Claim 1. The ring O is principal and contains Z| H] with index 3.

Let $ be an ideal of O. Then ¢(.$ is an ideal of ¢pZ ~ Z. Thus there exists a € Z
such that eg$ = aegZ[H]. In the same way, €19 is an ideal of ¢;Z >~ Z[w]. Since
Z|w] is a principal ring, there exists b, ¢ € Z such that e;$ = e1(b+co)Z[H]. One
verify readily that epa + e1(b + co) is a generator of $. To conclude the proof of
Claim 1, we note that O/Z[H] = (eo + Z[H]) = (e; + Z[H]) clearly has order 3.

Claim 2. Let s be an ideal of Z|H] of finite index. Then there exists g € s such

that

(7.13) 0/AC ~7Z[H]/gZ|H].

Furthermore, A = gZ[H] if A is a principal ideal. Otherwise (A : gZ[H]) = 3.
We prove this claim by considering the two cases: 40 # o and HO = .

Claim 2.1. Assume that 40 # A. Then A is a principal ideal.

Let g’ = epa + e1(b + co) be a generator of the principal ideal 40 of 0. If
ei(b+co) € A, then e;d = e1(b+ co)Z[H] C o and it follows that s§ = 0O,
a contradiction. Therefore HO0/A = (e;(b + co) + ) has order 3. Thus one
of the three elements: ega + e (b + co), egpa — e (b + co) or epa belongs to A.
It cannot be epa since that would imply, as above, that s§ = {0. Denote by g
the one element between epa & e1 (b + co) that lies in . Clearly we still have
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g0 = 50. Now, g is not a zero divisor since s has finite index in Z[H], so we
have (g0 : gZ[H]) = (0 : Z[H]) = 3. Therefore we get

(80:gZIH) _

(o :gZ[H]) = 40 - )

and o = gZ[H]. Equation (7.13) follows in that case from the equality
(7.14) (0:A0)(AO: A) = (0: Z[H])(Z[H] : A)
and the fact that (40 : ) = (0 : Z[ H]) by the above.

Claim 2.2. Assume that A0 = . Then A is not a principal ideal, but there exists
g € A such that (A : gZ[H]) =3.

Let g be a generator of the principal ideal s4O of 0. Since A0 = A, g lies in A
and we compute as above

(sd: gZ[H]) = (40 : g0)(g0: gZ[H]) = 3.

Since (0 : Z[H])(ZIH]:A) =3(Z[H]: A) = (A : gZ[H])(Z[H]: A) = (Z|H]:
gZ[H]) and (A0 : o) =1, Equation (7.13) follows from (7.14). It remains to prove
that ¢ cannot be principal in that case. In order to prove this, we need another
result. Let x € 0. By the isomorphism in (7.12), it corresponds to a pair (xg, x1) in
Z ® Z[w]. We define the norm of x as the following quantity

Norm(x) := |xo| Now),a(x1).

Note that we recover the usual definition of the norm of Q[H] as a @-algebra. The
proof of the following claim is straightforward and is left to the reader.

Claim 3. Let x € O with Norm(x) # 0. Then (0 : x0) = Norm(x). If furthermore
x € Z[H] then (Z[H] : xZ[H]) = Norm(x).

We now finish the proof of Claim 2.2. Assume that & is principal, say s =hZ[H].
Then there exists z € Z[H] such that g = hz and we have (0 : zO) = 3. Thanks
to the above claim, we can explicitly compute all the elements z € O such that
(0:z0) = 3. There are the elements z =epa+e(b+co) witha==+1and b+co €
{(£(1+20), =2 +4+0),£(1 —0)},ora==23 and b+ co € {1, +o, =(1 +0)}.
One can compute all possibilities and check that none of those belong to Z[H].
This gives a contradiction and concludes the proof of Claim 2.2 and of Claim 2.

We now turn to the Z[ H]-structure of U . The principal result is the following
claim that we will prove in several steps.

Claim 4. There exists 6 € Uy such that Uy = Z[H]- 6.
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Let 0’ € Uy be such that Uy @ Q = Q[H] -0’. Note that the existence of 6’
follows from Proposition 4.2. We define

A:={xecQ[H]:x-0' €Ug}.

It is a fractional ideal of Z[H]. The above claim is satisfied if and only if it is a
principal ideal. Assume that this is not the case. Then, by the above, we have!!
A0 = A. Recall that F denotes the subfield of K fixed by H. It is a quadratic
extension of k and Gal(F/k) = (tr). We define U, as the kernel of the norm
map from Ur/(£1) to Uy/(£1). We have also U, = Ug N (F*/{£1)). Let
Ny =140 + o2 It is the group ring element corresponding to the norm of the
extensions K/F and Kt /k.

Claim4.1. AO=Aifandonly if Ny -Ug =3-Up. If AO#A,then Ny -Up =Up.

We have AO = A if and only if egA C A, thatis Ny - Uy C3-Uy . Assume that
it is the case. Let § € Uy and set k := Nk ,r(8) € Ur. Then the polynomial X3 —«
has a root, say v, in Ug. If v does not belong to F then all the roots of X* — «
belongs to K since K /F is a Galois extension. It follows that K contains the third
roots of unity, a contradiction. Therefore v € Uy and Ny - U, C 3-Ug. The
other inclusion is trivial and the first assertion of the claim is proved. If AC # A
then3-Up & Ny -Ug C Up. Since U is a Z-module of rank 1, it follows that
Ny -Ug = U . The claim is proved.

Let & be the set of prime ideals of K that are totally split in K/k. Denote by
Ik ¢ the subgroup of Ik, the group of ideals of K, generated by the prime ideals in
. Then, by Chebotarev’s theorem, the following short sequence is exact

1 —— Pk NIy Iy s Cly ™ 1

where Pk is the group of principal ideals of K. We take the Tate cohomology of
this sequence for the action of H. Since 3 does not divide the order of Clg, it
does not divide the order of Cli, ™ and H(CIk ™) = H'(CI¥™) = 1. Note that
here and in what follows, to simplify the presentation, we drop the group H in
the notation of the cohomology groups and write H'(M) instead of H'(H, M) for
M a Z[H]-module. It follows from the exact hexagon (5.9) for the above exact
sequence that H'(Pg N 111{5;) ~ I-AI"(I}(T;) fori =0, 1. Let2A € Pg N 111{5;' There
exist o € K, the subgroup of elements of K* supported only by prime ideals in
¥, and B € Ix g such that

A= () =B 7.

11Strictly speaking, the claims above are only for integral ideals of Z[ H] but they admit obvious
and direct generalizations to fractional ideals.
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We apply 1 — t to this equation
AT = (@) = BUI-07 _ (B2 =92,

Therefore we have (Px NI ,1(,_5;)2 C PII(:(; , where Pk ¢ is the subgroup of princi-
pal ideals generated by the elements of K. It follows that the quotient (Px N
I )/ Py is killed by 2 and therefore H' (Px NIy ) = H'(Py ) fori =0 or
1. We have proved the following claim.

Claim 4.2. H%(Py J)~ HO(I; ) and H' (P ) ~ H' (I }).
Letu € Ug N (K;)'". There exists @ € K5 such that u = o' ~*. Therefore
ulmT = O[(171)2 _ (alfr)2 -2

Reasoning as above, this implies that H' (Ug N (K)H'™ ) = H UL =H (Ug)
for i =0, 1. We now consider the short exact sequence

1 —— Ug N(KH'T —— (K)H'® P}(j; 1.

Taking the Tate cohomology and using the above equalities, we extract the following
exact sequence from the exact hexagon (5.9) corresponding to this exact sequence

(7.15) - —— HY (P ) — H'Ug) — HO((K))'™) —— -+

The next claim is just a reformulation of the first part of Claim 4.1.
Claim 4.3. AC = A if and only ifFIO(U,;) ~7/37.

Assume the two followings claims for the moment.
Claim 44. H'(Py ) is trivial.
Claim 4.5. H°((K)'™7) is trivial.

By (7.15) we get that I—AIO(UI;) = 1. Thus AO # O by Claim 4.3 and therefore A
is principal by Claim 2.1, and Claim 4 follows. It remains to prove Claims 4.4 and
4.5. We start with the proof of Claim 4.4. By Claim 4.2, this is equivalent to prove
that H'(I Il(*gf ) is trivial. We have as Z[ H]-modules

-t

Iy = H'( l_[‘BZ> ~ [Ta-ozel

poeFo ~ Blpo poeo

where ¥ is the set of prime ideals of k that splits completely in K/k, 3 runs
through a set of representative of the prime ideals of K dividing po under the action
of 7 and the ’ indicates that it is a restricted product, that is the exponent of 3 is
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zero for all but finitely many prime ideals. The isomorphism comes from fixing a
prime ideal above pg and the fact that py is totally split in K/k. Therefore we have

H (I H=[[H W -nziG) ~ [[ A @ H)).

poeo poeSo

It is well-known that H'(Z[H]) = 1, thus Claim 4.4 is proved.

To prove Claim 4.5, we prove that the norm from (Kf;)l*’ to (F;)I*’ is surjec-
tive. Let o' =% € (F;)! 7. By the Hasse Norm Principle, «' =" is a norm in K /F
if and only if it is a norm in Ksz/ F, for all prime ideals ‘B of K, where p denotes
the prime ideal of F below ‘. If p splits in K/F, then o'~ is trivially a norm in
Kq3/ Fy. Assume now that p is inert. It follows from the theory of local fields; see
[Lang 1994, §X1.4], that the norm of Kq3/F}, is surjective on the group of units of
Fy. But o'~ is a unit at P since P ¢ ¥, and therefore it is a norm also in this case.
Finally we assume that 3 is ramified in K/ F. Let p be the rational prime below 3.
By hypothesis, p # 3 since 3 is not wildly ramified in K/ k. Write sy, U, pp and
Uy, for the group of roots of unity of order prime to p and the group of principal units
of Ky and Fy, respectively. We have pus = 1y and therefore Nk, /F, (L) = p,g.
On the other hand N gy /F, (Up) = [Ug = Uy and the norm is surjective on principal
units. Since B € ¥, vp(w) =0 and o = ¢u with ¢ € up and u € Up. It follows
from the above discussion that ¢! ~7 is a norm in Ky / Fy if and only if ¢ -t ¢ Mg.
Let po be the prime ideal of k below p. Assume first that pg is ramified in F/k.
Then pp C kp, and ¢'=7 =1, thus «!~7 is a norm in Ky / Fy. Assume now that pg
is inert!? in F/k. Denote by f the residual degree of py. The group Ip, of roots
of unity in kp, of order prime to p has order p/ — 1. Let P+ := PN KT. The
extension K$+ / kp, 1s a tamely ramified cyclic cubic extension. Therefore it is a
Kummer extension by [Lang 1994, Proposition I1.5.12] and kj,, contains the third
roots of unity, that is 3 divides p/ — 1. Since 7 is the Frobenius element at pg of the
extension F/k, we have ¢!77 = gl—l’f = ({(l_l’f)/3)3 € ,ug and therefore o' 7 is a
norm in Ksz/F,. We have proved that a!~" is a norm everywhere locally. It follows
by the Hasse Norm Principle that there exists 8 € K™ such that Nx,/r(B) = ol T
Let 33 be a prime ideal of K not in & and, as above, let p be the prime ideal of F'
below ‘B. Assume first that *B is ramified or inert in K /F, then vp(B) = vy (a'77)
or %vp (a'~7) respectively. In both cases we get vp(B) =0since o € K. If P is
split in K /F then it must be inert or ramified in K/K* by (A3). It follows that
vm(ﬂl_f) = 0. Therefore § :== B'~7 ¢ K. We now compute

NK/F((SI_I) — NK/F(ﬁ)(l—t)Z _ (al—r)Z(l—r) — (a1—1)4‘

12By (A3), it cannot be split in F/k.
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Thus «'~7 is the norm of (§/a)!"7 € (KS?)I_T. This concludes the proof of
Claim 4.5 and therefore also the proof of Claim 4. The next claim follows from
Claim 4.1 and the fact, seen in the proof of Claim 4, that A0 £ A.

Claim 5. Ny -Ug =Up.
Let & := Fittz4)(Cly) be the Fitting ideal of Cl as a Z[H]-module. Apply

Claim 2 to the ideal % and call f the element of & such that 0/%0 ~Z[H]/fZ[H].
Set ' := f - 6. Thanks to Claim 4, we find that

(7.16) (Ug :Z[H]-7') = (Z[H]: fZ[H]) = (0 : F0) = |Cl|.

For this last equality, we first use the fact that, since 3 does not divide the order of
Cly, we can make ep and e; act on it and see it therefore as an O-module. By the
properties of the Fitting ideal, FO0 is the Fitting ideal of Cl as an 0-module and
the equality follows from Lemma 5.1.

Claim 6. Let n, m > 0 be two integers. Then there exists k, , € Z|H], unique up
to a trivial unit, such that

(7.17) Norm(k, ) =2"1"  and  eokym = eg2".

We define
Kn.m :=2"eq+ (—=1)"T"2"ey.

It is clear from its construction that «, ,, satisfies (7.17). One can see also directly
that k, , € Z[H] since 2 = —1 (mod 3). It remains to prove the uniqueness
statement. Clearly egx;, , is fixed by construction. On the other hand e« ;, is an
element of norm 2" in e;Z[H] ~ Z[w)]. Since 2 is inert in Z[w], there exists only
one element in Z[w] of norm 22" up to units. This concludes the proof of the claim.

Let ¢’ € N be such that 2¢' = (Uy : N(UF)).
Claim 7. The integer e — €' is nonnegative and even.

We consider the natural map Uy — Ug+ /N (Uk) that comes from the inclusion
Ur C Ug+. Let it € Uy, be in the kernel of this map. Thus there exists x € Uk such
that it = N'(X). Set y := Ny - X — it € Up. We have

NO@)=Ng -Nx)—Nw)=3-u—-2-u

u.

Therefore the kernel of the above map is N'(Ur) and there is a well-defined injective
group homomorphism from Uy /N (Uf) to Ug+/N(Uk). This proves that'3 e > ¢’.
The cokernel of this map is

Uk+/N(Ug)

(7.18) = _
Ue/N(UF)

~ U+ /(U + N(Uk)).

13 This inequality follows also from Claim 10 below.
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It is a finite Z[ H]-module of order 2¢=¢ In particular, the idempotents eg and
er act on it. We have ey - Ug+/(Uy + N(Uk)) = Ny - Ug+/(Ux + N(Up)) = 1.
It follows that Ug+ /(U + N(Uxk)) = e1 - Ug+/(Ux + N(Ug)) is a Z[w]-module.
Since 2 is inert in Z[w], the order of UK+/(I_]k + N(Ukg)) is an even power of 2.
This concludes the proof of the claim.

Let & 1= Kery 5, (e—e'y /2. We define
(7.19) n:=k-7.
The sign will be chosen in the proof of the next claim. We have
(Ug :ZIH] 7)) = (Ug : ZIH]-7)(Z[H] -7 : Z[H]« - 77')
= |Clx| Norm(k) = 2°*'5|Cly|

using (7.16), Claim 3 and the definition and properties of k. Therefore, 1 satisfies
(PI). Let p be a prime not dividing [K : k] and let ¥ be an odd irreducible Z,-
character. By the construction of 1" and the fact that p is odd and « is a 2-unit, we
find that

(U /ZIH)- DY | = |Ug /ZIH) - 7)Y | = |(0/F)"] = |(Clp)” |
(the last equality comes from Lemma 5.2). Hence 7 is also a solution to (P2).
Claim 8. Up to the right choice of sign in (7.19), we have
1
3 2 X @ loglnély = Lic i 50, x).
geCG

The Z[H]-module Uy /(Z[H]- 1) has order not divisible by 3 since 7 satisfies
(P1). Thus it is a O-module and we can split it into two parts corresponding to the
two idempotents eg and e;. On the one hand, using Claim 5, we have

eo- (Ug/Z[H]-7) = Nu - (Ug /ZIH]-7) ~ Uz /Z -7,
where ng := Ny -1 € Up. On the other hand, we compute
er- (Ug /ZIH]-7]) = e\ (ZIH]/k fZIH]) = Z[w] /2~ F,,

where %, is the Fitting ideal of (Cly )¢ viewed as an Z[w]-module. Indeed, by
construction, ey fZ[ H] = e %0 = Fittz[,)((Cl;)"). Since Cl; = (Cl; ) @ (Cl )"
and (Cl)® ~ Nk ,r(Cly), we have

Clg|
Nk /r(Clg)l

Claim 8.1. Nk/r(Cly) =Cl.

(Zlw] : F1) = [(Clp)' | =
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Consider the composition of maps Cl, — Cl, — Cl, where the first map is the
map induced by the lifting of ideals from F to K and the second map is the norm
Nk /r. This is the map of multiplication by 3 and therefore, if the order of Cl, is
not divisible by 3, it is a bijection and the claim is proved. Assume that 3 | |CI|.
Let h g denote the class number of a number field E. Thus hy := |Cl | =hg/hg~+
and h :=|Clg| =hp/hi. If K/F is ramified at some finite prime then &z divides
hg. As hy divides hp, it follows that 3 | hg, a contradiction. Assume now that
K /F is unramified at finite primes. Therefore 3 divides i r and hp/3 divides hg.
In the same way, K /k is unramified and therefore 3 divides hy. Since 3 | A, this
implies that 9 divides i and therefore 3 divides ik, a contradiction. It follows
that 3 does not divide |Cly;| and the claim is proved.

Putting together the claim and the computation that precedes it, we find that
(Ug :Z-7) ICIy |

7.20 Uz :7 i) = :
(7.20) WF 2259 = =5

= 2¢F15|Cl 7).

Let P+ € Sk+ and denote by pg the prime ideal of k below R+. Then P is
inert in K /K™ if and only if pg is inert in F/k. Furthermore, if B is inert in
K /K™, then it is ramified'* in K*/k and it is the only prime ideal in Sg+ above
po. It follows that the number g of prime ideals in Sx+ that are inert in K /K™ is
equal to the number of prime ideals in S that are inert in F'/k. Therefore 5 satisfy
the properties (P1) and (P2) for the extension F/k and the set of primes S. As a
consequence of Theorem 5.5, we see that either nr or n}l is the Stark unit for the
extension K /F and the set of places S. By choosing the right sign in (7.19), we
can assume that i is the Stark unit. Therefore we have

500g [nFlw +v(T)10g [nf|w) = L 5(0, v),

where v is the non trivial character of F/k. It follows from the functorial properties
of L-functions that Lr/i s(s,v) = Lk s(s, x3), and from the definition of ng
that

log [1F|w +v(2) log Inflw =D x’(¢) log [n%|u.
geG

This completes the proof of the claim.

Now, by Proposition 4.1, we know that

(% > x(® 10g|ngl) (% > @ IOglng|> (% > @ 10g|ngl)
geG geG

geCG
= iL/](/k,s(O» X)L/K/k,s((), X3)L/[</k,s(0, X5)~

14Recall that S = S(K /).
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We cancel the non zero terms corresponding to x> using Claim 8 and, since x and
x> are conjugate, we get

2
- (% > x(@)log |ng|) (% > (s log |ng|)

geG geG
= L .50, 0L 11 50, x%) =L 11 50, )12

1
‘52x<g)log|ng|

geG

Taking square roots, we get

1
=‘§Zx5(g)loglngl

geG

1
‘EZx(g)IOglngl

geCG

=L k.50, 01 =L 5 50, x)1.
Note that we have directly using [Tate 1984, Proposition 1.3.4]

1 1 1
3 2 x@loglnfl =35> x*(@loglnl =5 > x*(g)log Inf|
geG geG geG

= L 150, x0) = L /1. 50, x*) = L 5 50, x*) =0.

We now prove that 1 is unique up to multiplication by an element of H. Assume
that ’ is another element of Uy satisfying (P1), (P2) and such that Ny - 77’ is
the Stark unit for the extension F/k and the set of places S. Let u € Q[H]
be such that 7' = u - . By Corollary 4.5, u is a 2-unit. Now, by hypothesis,
Ng=Ng-(u-n)=u-(Ng-n) =u-nr and thus epu = eg. Write u for the element
of Q(w) such that (1, u;) corresponds to u by the isomorphism in (7.11). Since
both 77 and 7’ satisfy (P1), we have Norm(u) = 1 and thus Ng(.),o(u1) = 1. But
uy is a 2-unit in Q(w) and there is only prime ideal above 2 in Q(w). Therefore u
isin fact a unit and u € H.

Finally, it remains to prove that K (,/7)/k is an abelian extension. As noted
before, this is equivalent to proving that (y — 1) -5 € 2 - UIE by [Tate 1984,
Proposition IV.1.2]. Now y acts on Uy as —o2. Thus, by the definition of 7 and
the isomorphism between Uy and Z[H], this is equivalent to proving that

(7.21) (62 + Dk f €2Z[H).

Claim 9. Let x € Z[H]. Then x € 2Z[H] if and only if xey € 2eoZ[H] and
xey € 2e1Z[H].

If x € 2Z[H] then clearly xeqg € 2e9Z[H] and xe; € 2e1Z[H]. Reciprocally,
assume that xeg = 2egap and xe; = 2e1a; with ag, a; € Z[H]. Let a := epag +eja;.
We have by construction 2a = x € Z[H] and 3a = (3eg)ag + (3e1)a; € Z[H].
Therefore a belongs to Z[ H] and the claim is proved.
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We prove (7.21) using the claim. On one hand, we have
eo(o? + Dicf =2 st e £ € 2e0Z[H].
On the other hand, we have
e1(@®+ Dif = 2(6_6/)/2@((72 +1f.

The proof will be complete if we prove that e — e’ > 0. For that we use the following
claim.

Claim 10. |H(T, Ux/Up)| =2°¢.
Let Uy be the subgroup of elements u € Ug such that u'~T € Ur. We have
WUk/Up)" _ Ug/Ur
NWUk/Ur) (NWUk)Ur)/Ur
LUk U}
- NUKUr — NUx) + U’
By (7.18), it is enough to prove the following group isomorphism

HT, Ux /Up) =

(7.22) Uk+/(N(Ug) + U) ~ Uy /(N(Uk) + Up).

Since Ug+ N (N(Ug) + Ur) = N(Ug) + Uy, there is a natural injection of the left
side of (7.22) in the right side, induced by the inclusion Ug+ C U,"(. We prove
now that this map is surjective. Let u € l_]}}. Thus % := (1 — 7) - it € Up. Note that
(1—7)-x=2-x.Definey:=Nyg-u—xe€ Up and Z :=u —y. We have

1-7)-z=0—-1)-u—-—0—-—71)Ng-u+(1—-1)-x=Xx—Ng-x+2-x=0.
Thus z € Ug+. This provesthatu =z 4y € Ug+ + Ur. Equation (7.22) follows
and the proof of the claim is finished.

Now by the multiplicativity of the Herbrand quotient and Lemma 5.3, we find
that

Q(T’ UK) . 22[1_2'

7.23 T,Ux/Up) = =

(7.23) O(T,Uk/UF) OT.Up)
Therefore e — e’ > 2d —2 > 2. This concludes the proof that K (,/7) is abelian over
k and the proof of the theorem. ([

Corollary 7.2. Under the hypothesis of the theorem and assuming that the Stark
unit exists, then it is a square in K if and only if the Stark unit for the extension F [k
and the set S is a square and (e — €') /2 + ¢ — ¢’ > 1, where c is the 2-valuation of
IClx|, ¢’ is the 2-valuation of |Cl,| and (Uy : N(UF)) = 2¢. In particular, ifd > 4
then it is always a square and, in fact, it is a 2¢73-th power. It is also a square if
d =3 and the extension K / k is ramified at some finite prime.
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Proof. We use the notations and results of the proof of the theorem. By the
uniqueness statement, the Stark unit, if it exists, is equal to n or one of this conjugate
over F. In particular, the Stark unit is a 2"-th power in K if and only if n € 2" - U
By Claim 9 and the construction of 7, this is equivalent to 2¢**Seq f € 2" epZ and
20=€)/2¢, f € 2" e\ Z[H].

Now e fZ = eo|Cl;|Z by the definition of f, Claim 8.1 and the discussion
that precedes it. Thus the first condition is equivalent to ¢’ + ts + ¢’ > r. For
r =1, this is equivalent to the fact that the Stark unit for F'/k and the set S is a
square by Theorem 5.5 and the discussion that follows (7.20) on the number of
primes in S that are inert in F'/k. For the second condition, recall that e; fZ[H] =~
Fittz,)((Cl)¢") and therefore e f € 2°Z[H], where v is the 2-valuation of the
index (Z[w] : Fittz,)((Cl)¢")). By Claim 8.1 and the computation before it, this
index is equal to |Cl|/|Cl|. Therefore the second condition is equivalent to
(e —€')/2+4c — ¢’ = r. This proves the first assertion: the Stark unit for K/k and
S = S(K/k) is a square if and only if the Stark unit for the extension F/k and
the set S is a square and (e — ¢’)/2 + ¢ — ¢’ > 1. For the second assertion, we
have ¢’ > d — 3 by (5.10) and (e — ¢')/2 > d — 1 by Claim 10 and (7.23). Thus
ne 2d4-3. Uy for d > 4 and we have that the Stark unit is a 24=3_th power if d > 4.
Finally, for d = 3, the condition 2(e=€)/ 2e| f €2eZ[H] is always satisfied. Assume
that the extension K /k is ramified at some finite prime. If F/k is also ramified
at some finite prime then the Stark unit for the extension F/k and the set S is a
square by Theorem 5.5. If F/k is unramified at finite primes then any prime ideal
that ramifies in K /k is inert in F/k by (A3). Therefore tg > 1 and the Stark unit
for the extension F/k and the set S is a also square by Theorem 5.5. It follows that
the Stark unit for K/k is a square by the first part. This concludes the proof. [J

Note that the condition in the case d = 3 is sharp. Indeed let k := Q(«), where
o’ +a? —9a — 8 =0, be the smallest totally real cubic field of class number 3. Let
v1, U2, v3 be the three infinite places of k with v (@) &~ —3.0791, vy () &~ —0.8785
and v3(a) & 2.9576. Let K be the ray class field of & of modulus Z;v,v3. The
extension K /k is cyclic of order 6, satisfies (A1), (A2) and (A3) with S := (§/k),
and is unramified at finite places. One can check that, if it exists, the corresponding
Stark unit is not a square in K.
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