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ON THE WITTEN RIGIDITY THEOREM
FOR STRING® MANIFOLDS

JIANQING YU AND Bo LIU

We establish family rigidity and vanishing theorems on the equivariant K-
theory level for the Witten type operators on string’ manifolds introduced
by Chen, Han, and Zhang.

1. Introduction

Witten [1988] derived a series of elliptic operators on the free loop space £M of a
spin manifold M. In particular, the index of the formal signature operator on the
loop space turns out to be exactly the elliptic genus constructed by Landweber and
Stong [1988] and Ochanine [1987] in a topological way. Motivated by physics,
Witten proposed that these elliptic operators should be rigid with respect to the
circle action.

This claim of Witten was first proved by Taubes and Bott [Taubes 1989; Bott and
Taubes 1989]. See also [Hirzebruch 1988; Krichever 1990] for other interesting
cases. Using the modular invariance property, Kefeng Liu [1995; 1996] presented a
simple and unified proof of the above result as well as various further generalizations.
In particular, Liu established several new vanishing theorems.

Chen, Han, and Zhang [Chen et al. 2011] introduced a topological condition
which they called the string® condition for even-dimensional spin® manifolds. Under
this string® condition, they constructed a Witten type genus which is the index of
a Witten type operator, a linear combination of twisted spin® Dirac operators.
Furthermore, by applying Liu’s method [1995; 1996], Chen, Han, and Zhang
established the rigidity and vanishing theorems for this Witten type operator under
the relevant anomaly cancellation condition; see [Chen et al. 2011, Theorem 3.2].

In many situations in geometry, it is rather natural and necessary to generalize
the rigidity and vanishing theorems to the family case. On the equivariant Chern
character level, Liu and Ma [2000; 2002] established several family rigidity and
vanishing theorems. In [Liu et al. 2000; Liu et al. 2003], inspired by [Taubes 1989],
Liu, Ma, and Zhang established the corresponding family rigidity and vanishing
theorems on the equivariant K -theory level. As explained in [Liu et al. 2000; Liu
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et al. 2003], taking the Chern character might kill some torsion elements involved in
the index bundle. Therefore, the rigidity and vanishing properties on the K -theory
level are more subtle than those on the Chern character level.

The purpose of this paper is to establish the family rigidity and vanishing theorems
on the equivariant K -theory level for the Witten type operators introduced in [Chen
et al. 2011]. In fact, our main results in Theorem 2.2 may be regarded as an
analogue of [Liu et al. 2000, Theorem 2.1; Liu et al. 2003, Theorems 2.1 and 2.2].
In particular, if the base manifold is a point, from our family rigidity theorem, one
deduces [Chen et al. 2011, Theorem 3.2(i)]. Both the statement and the proof of
Theorem 2.2 are inspired by those of [Liu et al. 2000, Theorem 2.1; Liu et al. 2003,
Theorems 2.1 and 2.2], which essentially depend on the techniques developed by
Taubes [1989] and Bismut and Lebeau [1991].

This paper is organized as follows. In Section 2, we state (in Theorem 2.2) and
prove our main results, providing rigidity and vanishing for the family Witten type
operators introduced in [Chen et al. 2011]. Section 3 is devoted to the proofs of
two intermediate results, Theorems 2.8 and 2.9, which are used in the proof of
Theorem 2.2.

2. Rigidity and vanishing theorems in K-theory

In this section, we establish the main results of this paper, the rigidity and vanishing
theorems on the equivariant K -theory level for a family of spin® manifolds. Such
theorems hold under some anomaly cancellation assumption which is inspired by
the string® condition from [Chen et al. 2011]. For the particular case when the base
manifold is a point, our results imply Theorem 3.2(i) of that reference.

This section is organized as follows. In Section 2A, we reformulate a K -theory
version of the equivariant family index theorem which is proved in [Liu et al. 2003,
Theorem 1.2; Liu et al. 2000, Theorem 1.1]. In Section 2B, we state our main
results, the rigidity and vanishing theorems on the equivariant K -theory level for a
family of spin® manifolds. In Section 2C, we state two intermediate results on the
relations between the family indices on the fixed point set, which are used to prove
our main results stated in Section 2A. In Section 2D, we prove the family rigidity
and vanishing theorems.

2A. A K-theory version of the equivariant family index theorem. Let M, B be
two compact manifolds, and 7 : M — B a smooth fibration with compact fiber
X such that dim X = 2/. Let TX denote the relative tangent bundle carrying
a Riemannian metric gTX. We assume that TX is oriented. Let (W, ") be a
complex Hermitian vector bundle over M.

Let (V,g") and (V/, gv/) be oriented real Euclidean vector bundles over M,
of respective dimensions 2p and 2p’. Let (L, h’) be a complex Hermitian line
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bundle over M with the property that the vector bundle U = TX @ V @ V' satisfies
w2 (U) =c1(L) mod 2, where w; denotes the second Stiefel-Whitney class, and
c1 denotes the first Chern class. Then the vector bundle U has a spin®-structure.
Let S(U, L) be the fundamental complex spinor bundle for (U, L); see [Lawson
and Michelsohn 1989, Appendix D].

Assume that there is a fiberwise S'-action on M which lifts to V, V', L, and W,
and assume the metrics gTX , gV, gv/, ht, and h" are S!-invariant. Also assume
that the S'-actions on TX, V, V/, L lift to S(U, L).

Let VTX be the Levi-Civita connection on (TX, g’%X) along the fiber X. Let
VvV and VY’ be §'-invariant Euclidean connections on (V, g") and (V’, g¥"), re-
spectively. Let VL and VY be S'-invariant Hermitian connections on (L, #*) and
(W, k"), respectively.

The Clifford algebra bundle C(7X) is the bundle of Clifford algebras over X
whose fiber at x € X is the Clifford algebra C(7,X); see [Lawson and Michel-
sohn 1989]. Let C(V) and C (V') be the Clifford algebra bundles of (V, gV) and
V', g").

Let {e;}7. and { f j}ii , be oriented orthonormal bases for (TX, g'*) and (V, g¥),
respectively. We denote by ¢(-) the Clifford action of C(TX), C(V), and C(V’) on
S(U, L). Let T be the involution of S(U, L) given by

(2-1) T =W=D)"Pe(er) - clex)e(fi) - c(fop).

In the rest of the paper, we say that t is the involution determined by 7X @ V.
We decompose S(U, L) = S, (U, L) & S_(U, L) corresponding to T such that
Tls,w,1) = £1. Let VSW.L) be the Hermitian connection on S(U, L) induced by
vIX vV, vV and VE; see [Lawson and Michelsohn 1989, Appendix D]. Then
VvSW.L) preserves the Z,-grading of S(U, L) induced by (2-1). Let VS(W:L)®W pe
the Hermitian connection on S(U, L) ® W obtained from the tensor product of
VSW.L) and VW, Let DX ® W be the family twisted spin‘-Dirac operator on the
fiber X defined by

21
(2-2) DX@W =Y c(e)Vy DoV,

i=1

By [Liu and Ma 2000, Proposition 1.1], the index bundle Ind, (DX @ W) over B is
well-defined in the equivariant K-group K1 (B). Using the same notations as in
[Liu et al. 2003, (1.4)—(1.7)], we write, as an identification of virtual .S '_bundles,

(2-3) Ind. (DX ® W) = @ Ind, (DX @ W, n) ® [n],

neZ

where by [n] (n € Z) we mean the one-dimensional complex vector space on which
S1 acts as multiplication by g” for a generator g € S'.
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Let F = {F,} be the fixed point set of the circle action on M. Then 7 : F, — B
(respectively  : F — B) is a smooth fibration with fiber Y, (respectively Y). Let
7 : N — F denote the normal bundle to F in M. Then N = TX/TY. We identify
N as the orthogonal complement of TY in TX|p. Then TX|r admits the following
S 1-equivariant decomposition (see [Liu et al. 2003, (1.8)]):

(2-4) TX|F=@P N,®TY,
v#0

where N, is a complex vector bundle such that g € S! acts on it by g¥ with v € Z\{0}.
Clearly, N =D, 20 Nyv. We regard N as a complex vector bundle and write Ng for
the underlying real vector bundle of N. For v # 0, let N, g denote the underlying
real vector bundle of N,.

Similarly, let (see [Liu et al. 2003, (1.9) and (1.46)])

(2-5) V=@ V,aVy, Vir=@V.oVE Wir=@ W,
v#0 v#0 v

be the S 1-equivariant decompositions of the restrictions of V, V', and W over F,

respectively, where V,,, V,, and W, (v € Z) are complex vector bundles over F on

which g € §! acts by gV, and VO[R and V(;R are the real subbundles of V and V',

respectively, such that S' acts as identity. For v # 0, let V, g and VJ’R denote the

underlying real vector bundles of V,, and V. Write 2py = dim VOR and 2/lp =dim Y.
Let us write (compare with [Liu et al. 2003, (1.47)])

—1
(2-6) Lp=L®<®deth®®detVU®®deth/) .
v#£0 v#£0 v#0

Then TY & VOR &) V(;R has a spin“-structure. Let S(TY @ VOR ® VR Lr) be the
fundamental spinor bundle for (TY & V'@ V¥, LF). Let R be a Hermitian complex
vector bundle equipped with a Hermitian connection over F. We denote by DY @ R
the family (twisted) spin® Dirac operator on S(T'Y & VOR ® VO/R, Lr) ® R defined
as in (2-2) and by DY« ® R its restriction to Y.

Recall that N, g and V, g are canonically oriented by their complex structures.
The decompositions (2-4), (2-5) induce the orientations of 7Y and VOR respectively.
Let {ei}l.zlzol, {f j}ii ’, be the corresponding oriented orthonormal basis of (T'Y, g™
and (VOR, gVoR). The involution of S(TY & VOR OVR Lp)is canonically associated
to that of S(U, L), which we still denote by 7, which is given by

(2-7) T = (V=D)Pc(er) - clewy)c(f1) - - c(fapy)-

Let S(TYD VS @V, Lp) =S (TY® Vi@V, Lp)@S_(TY® Vi@ V®, LF)
be the Z»-grading of S(TY @ V,* @& V¥, Lr) induced by 7.
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Let C(Ngr) and C(V, r) be the Clifford algebra bundle of

(Nr, g™ Ive) and Vyg, g"1v,0),

respectively. By [Liu et al. 2003, (1.10)], A(N*) is a C(Ng)-Clifford module with
the involution /| Acven/odd () = +1. Similarly to [Liu et al. 2003, (1.10)], we can
define the Clifford action of C(V, r) on A(\7v*). Then A(\7v*) is a C(V,, r)-Clifford
module with the involution 7’| Aevenjodd (7 = £

By restricting to F, one has the isomorphism of Z,-graded C(7X)-Clifford
modules over F as follows (compare with [Liu et al. 2003, (1.49)]):

(2-8) (S(U,L),7)|,

~(STY @ Vs @ Vi L), 1) 8 (AN", ) B R(AV,", 1) 8 @ (AV,",id),
v#£0 v#0
where id denotes the trivial involution and ® denotes the Z,-graded tensor product
(see [Lawson and Michelsohn 1989, p. 11]). Furthermore, the isomorphism (2-8)
gives the identifications of the canonical connections on the bundles (compare
with [Liu et al. 2003, (1.13)]).
Let S! act on L|r by sending g € S! to g (I. € Z) on F. Then I, is locally
constant on F. Following [Liu et al. 2003, (1.50)], we define the following elements
in K(F)llq"1:

(2-9) R(q)= q%(zv lv|dim N,—Y", vdim V,—Y" vdim V+1.) R (Squv (N,) ®det N,)

v>0
R Sym,~(N)®® Ay (V)@@ A, (V)®(Zq W)
v<0 v#0 v#0
= Zann
and
(2_10) R’(q) — q1/2(7 Yo, wldim Ny=3" vdim V, =), vdim V) +I.) ® Squiv (Nv)
v>0
® @ (Sym,.(Ny) ®det Ny) ® @ A—gv(Vy)
v<0 v#£0
© Q@ Ar(V)®(Ta' W) =S R
v#£0 n

As explained in [Liu et al. 2003, p. 139], since TX @V & V' @ L is spin, one
gets

(2-11) > vdimN,+ ) vdimV,+ Y vdimV,+L =0 mod 2.

Therefore, R(q), R'(¢) € K(F)[q].
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The following theorem was essentially proved in [Liu et al. 2003, Theorem 1.2].

Theorem 2.1. For n € Z, the following identity holds in K (B):

(2-12) Ind, (DX @ W, n) = Z(—1)20<v dimNo Ind, (DY @ R,,)
=Y (=)o dmNe [nd (D" @ R)).

2B. Family rigidity and vanishing theorems. Let w : M — B be a fibration of
compact manifolds with compact fiber X and dim X = 2/. We assume that S'
acts fiberwise on M and TX has an S'-invariant spin¢ structure. Let Kx be the
S!-equivariant complex line bundle over M which is induced by the S'-invariant
spin® structure of 7X. Let S(TX, Kx) be the complex spinor bundle of (TX, Kx);
see [Lawson and Michelsohn 1989, Appendix D].

Let V be an even-dimensional real vector bundle over M. We assume that V has
an S'-invariant spin structure. Let S(V) = S (V)@ S~ (V) be the spinor bundle of
V. Let W be an S'-equivariant complex vector bundle over M. Let Ky = det(W)
be the determinant line bundle of W.

We define the following elements in K (M) [[ql/ 27

Ri(V) = (ST(V) + 57 (V) ® @ Ags (V).

n=1

(2-13) Ro(V) = (ST (V) =5~ (V) ® @ A_gr(V),

n=1

R(V)=Q@ A_p1n(V), Ra(V)=& Ag1r2(V),

n=1 n=1

QW) =R Ar WO R Ay (W)® ® A_yu-12(W)
n=0 n=1 =

n=1

o0 00 . 00
®,§ A_gn-12(W) ®’§ Agn-12(W) ®'§ Agn-12(W).

For NeZ, N > 1, let y = ?™/N ¢ C. Let G, be the multiplicative group
generated by y. Following [Witten 1988], as in [Liu et al. 2000, Section 2.1], we
consider the fiberwise action G, on W and W by sending y € G, to y on W and
y~! on W. Then G, acts naturally on Q1(W).

Let Hi (M, Z) = H*(M x5 ES !, Z) denote the S'-equivariant cohomology
group of M, where ES! is the universal S'-principal bundle over the classifying
space BS! of S'. So H;‘l (M, Z) is a module over H*(BS', Z) induced by the
projection 7 : M x g ES' — BS'. Let pi(-)g1 denote the first S'-equivariant
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Pontryagin class and w;(-)gi the second S'-equivariant Stiefel-Whitney class. As
V x g1 ES' is spin over M x g1 ES', one knows that 3 p;(V)g is well-defined in
Hg (M, Z); see [Taubes 1989, pp. 456-457]. Recall that

(2-14) H*(BS',7) = Z[[u]

with u a generator of degree 2.

In the following, we denote by DX ® R the family twisted spin® Dirac operator
acting fiberwise on S(7X, Kx) ® R. Recall that if Ind(DX ® R, n) vanishes for
n # 0, we say that DX ® R is rigid on the equivariant K-theory level for the
S!-action.

Now we can state the main results of this paper, which can be thought of as
analogous to [Liu et al. 2000, Theorem 2.1].

Theorem 2.2. Assume wa(W)gi = wa(TX) g1, sp1(V +3W — TX)g1 = e - T*u?
(e€e?)in H;‘l M, 7)), and c;(W) =0 mod N. Fori =1,2,3,4, consider the
family of Gy x S Lequivariant twisted spin‘ Dirac operators

(2-15) DX @ (Kw® Kx")'>® Q) Sym,,.(TX) @ Ri(V) ® Q1(W).

n=1

(1) If e =0, these operators are rigid on the equivariant K -theory level for the
Sl-action.

(1) If e < 0, the index bundles of these operators are zero in Knysu (B). In
particular, these index bundles are zero in K, (B).

Remark 2.3. As explained in [Liu et al. 2000, Remark 2.1], wy (W) g1 = wo(TX) g1
means that %pl (BW —TX)q is well defined and that c; (Kwy ® K;l)sl =0 mod 2.
By [Hattori and Yoshida 1976, Corollary 1.2], the S'-action on M can be lifted to
(Kw ® K);l)l/2 and is compatible with the S'-action on Ky ® K;l.

Take N =1, that is, we forget the G -action on W and remove the corresponding
assumption ¢; (W) = 0 mod N. Furthermore, take W = Kx and V = 0. Then
an interesting consequence of Theorem 2.2 is the following family rigidity and
vanishing property, which may be thought of as an extension of [Liu et al. 2003,
Theorem 2.3] to the spin® case. When the base manifold is a point, it turns out to
be exactly [Chen et al. 2011, Theorem 3.2(i)].

Corollary 2.4. Assume %pl BKx—TX)q1=e- 7u? (e€?)in H;‘l (M, 7). Con-
sider the family of S'-equivariant twisted spin® Dirac operators

(2-16) DX ® Q) Sym (TX) ® Q1(Kx).

n=1
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(1) If e =0, these operators are rigid on the equivariant K -theory level for the
Sl-action.
(i1) Ife <0, the index bundles of these operators are zero in K g1 (B). In particular,
these index bundles are zero in K (B).
Remark 2.5. The operators in (2-16) are the Witten type operators introduced
in [Chen et al. 2011]. By taking N =1, W = Kx, V = 0, and letting the base
manifold B be a point in [Liu et al. 2000, Theorem 2.1], we get [Chen et al. 2011,
Theorem 3.2(ii)]. It is rather natural to establish an analogue of [Liu et al. 2000,

Theorem 2.1], which corresponds to [Chen et al. 2011, Theorem 3.2(i)]. That is
one of the motivations of Theorem 2.2.

Actually, as in [Liu et al. 2000; Liu et al. 2003], our proof of Theorem 2.2 works
under the following slightly weaker hypothesis. Let us first explain some notations.

For each n > 1, consider Z, C S, the cyclic subgroup of order n. We have the
Z,-equivariant cohomology of M defined by

H; (M,7)=H*(M xz, ES', 7),
and there is a natural “forgetful” map
a(S',Z,): M xz, ES' - M x g ES!
which induces a pullback
a(S', 2" Hy (M, 2) — Hy (M, 7).
We denote by «(S', 1) the arrow which forgets the S'-action. Thus
a(S', )*: Hy (M, Z) —~ H*(M, Z)

is induced by the inclusion of M into M x g1 ES' as a fiber over BS'.
Finally, note that if Z, acts trivially on a space Y, then there is a new arrow
t* H*(Y,Z)— HZn (Y, Z) induced by the projection?:Y Xz, ES'=YxBZ,—Y.
Let Zoo = S'. Foreach 1 <n < +o0, leti : M(n) — M be the inclusion of the
fixed point set of Z, C S' in M, and so i induces igi : M(n) x g1 ES' — M x 1 ES'.
In the rest of this paper, we suppose that there exists some integer e € Z such
that, for 1 <n < +o0,

@-17) a(S', Z)* oifi(3p1(V +3W = TX) g1 —e - T*u?)
=t*oa(S', D*oil Gp1(V+3W —TX)g).

As indicated in [Liu et al. 2000, Remark 2.4], the relation (2-17) clearly follows
from the hypothesis of Theorem 2.2 by pulling back and forgetting. Thus it is a
weaker hypothesis.

We can now state a slightly more general version of Theorem 2.2.
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Theorem 2.6. Let the hypothesis be as in (2-17).

(1) If e =0, the index bundles of the twisted spin® Dirac operators in Theorem 2.2
are rigid on the equivariant K -theory level for the S'-action.

(ii) Ife < 0, the index bundles of the twisted spin® Dirac operators in Theorem 2.2
are zero as elements in K 51 (B), and, in particular, these index bundles are
zero in K¢, (B).

The rest of this section is devoted to a proof of Theorem 2.6.

2C. Two recursive formulas. Let F = {F,} be the fixed point set of the circle
action. Then 7 : F — B is a fibration with compact fiber denoted by ¥ = {Y,}.
As in [Liu et al. 2000, (2.5)], we may and we will assume that

TX|p=TY®@ N,

v>0

(2-18) _
TX|FQrC=TY QgCH P (N, D N,),

v>0

where N, are complex vector bundles on which S! acts by sending g € S! to gV.
We also assume that (see [Liu et al. 2000, (2.6)])

(2-19) Vir=Vyo@V,, Wir=@W,

v>0 v
where V,, W, are complex vector bundles on which S' acts by sending g to gV,
and VOR is a real vector bundle on which S! acts as identity.

By (2-18), as in [Liu et al. 2000, (2.7)] , there is a natural isomorphism between
the Z;-graded C(TX)-Clifford modules over F,

(2-20) S(TX, Kx)|r ~ S(TY, Kx® Q (det NU)_1> ® ® AN,.
v>0 v>0
For a complex vector bundle R over F, let DY ® R and D¥= ® R be the twisted
spin® Dirac operators on § (T Y, Kx @, o(det Nv)_l)) ® R over F and F,, respec-
tively.
We introduce the following locally constant functions on F (see [Liu et al. 2000,

2.89)D:

v>0

e(N)=Y v*dimN,, d'(N)=) vdimN,,

v>0 v>0
(2-21) e(V) = szdim V,, d(V)= Zvdim V,,
v>0 v>0

e(W) = Z VdimW,, d'(W)= Z v dim W,
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As in [Liu et al. 2000, (2.9)], we write
L(N) = Q(detN,)", L(V)= Q(detV,)",

(2_22) v>0 ) v>21 X
L(W)= @ (detW,)", L=L(N) QL(V)®L(W)".
v#0

By using (2-17) and computing as in [Liu et al. 2000, (2.10)—(2.11)], we know that
(2-23) c1(L)y=0, e(V)+3-e(W)—e(N)=2e,

which means L is a trivial complex line bundle over each component F, of F,
and S' acts on L by sending g to g2, and G, acts on L by sending y to y3d' W)
From [Liu et al. 2000, Lemma 2.1], we know that d’(W) mod N is constant on each
connected component of M. Thus we can extend L to a trivial complex line bundle
over M, and we extend the S'-action on it by sending g € S' on the canonical
section 1 of L to g% -1, and G, acts on L by sending y to y3d/(W).

In what follows, if R(q) = }_,.c174" Rn € K (M)[[¢'/*], we also denote

Ind(DX @ R, h) by Ind(DX ® R(q), m, h). Fori =1,2,3, 4, set
(2-24) Rii=Kw®Ky)'>@Ri(V)® Q1(W).

As in [Liu et al. 2000, Proposition 2.1], by using Theorem 2.1, we first express
the global equivariant family index via the family indices on the fixed point set.

Proposition 2.7. Form € %Z, heZ,1<i<4,we have the following identity in
Kg,(B):

o0
(2-25) Ind(DX ® ® Sym,.(TX) ® Ri1, m, h)
n=1

. oo
=Y (=DXe08m V. Ind (DY @ @ Sym,.(TX|F) @ Ri
o n=1

® Sym(@ NU> ® det Ny, m, h).

v>0 v>0

To simplify the notation, we use the same convention as in [Liu et al. 2000,
p- 945]. For ny € N*, we define a number operator P on K (M)[[g'/"7] in the
following way: if R(g) = @ne(l/no)z R,q" € K1 (M)[[ql/”o]], P acts on R(g) by
multiplication by n on R,. From now on, we simply denote Sym,.(TX), Agn(V),
and Ay (W) by Sym(TX,,), A(Vy), and A(W,). In this way, P acts on TX,,, V,,
and W, by multiplication by n, and the action of P on Sym(7X,), A(V,), and
A (W,) is naturally induced by the corresponding action of P on 7X,, V,, and W,,.
So the eigenspace of P =n is just given by the coefficient of ¢” of the corresponding
element R(q). For R(q) = @,c(1/npz Rnd" € K g1 (M)[[g'/™]], we also denote
Ind(DX ® R, h) by Ind(DX ® R(q), m, h).
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For p € N, we introduce the following elements in Kgi1 (F)[¢]] (see [Liu et al.
2000, (3.6)]):

® (@ Sym(N,.) @ Sym(V...)).

v>0 ‘n=1 n>pv

00
Fp(X)=Q Sym(TY,) ®
n=1

2260  F(X)=® @ SymN,_,)@detN,),

v>0 0<n<pv

FP(X) = Fp(X) ®F,(X).

Then, from (2-18), over F, we have

D Nv) ® @ det N,.

v>0 v>0

(227) 79(X) = @ Sym,u (TX| ) @ Sym(
n=1

We now state two intermediate results on the relations between the family indices
on the fixed point set. These two recursive formulas are used in the next subsection
to prove Theorem 2.6.

Theorem 2.8 (compare with [Liu et al. 2000, Theorem 2.3]). For 1 <i <4, h,
peEl,p>0,me %Z, the following identity holds in K¢, (B):

(2-28) Y (=1)Ze=0dmNe [nd(DY @ FO(X) ® Riy. m, h)

— Z(_ l)pd/(N)+ZU>O dim N,
« x Ind(D* ® F 7 (X) ® Ri1, m+ 3 p*e(N) + L pd (N), h).
The proof of Theorem 2.8 will be given in Sections 3B-3D.

Theorem 2.9 (compare with [Liu et al. 2000, Theorem 2.4]). For eacho, 1 <i <4,
h,peZ,p>0,me %Z, the following identity holds in KG}, (B):

(2:29) Ind(D"* @ F 7(X) ® Rit, m+ 3 p*e(N) + 5 pd'(N), )
= (=DM Ind(D** @ F(X) ® Ry ® L7, m+ ph+ p*e, h).
The proof of Theorem 2.9 will be given in Section 3A.
2D. A proof of Theorem 2.6.

Proof. As % p1QBW -TX)g1 e H ;‘1 (X, Z) is well defined, one has the same identity
as in [Liu et al. 2000, (2.27)]:

(2-30) d'(N)+d (W)=0 mod 2.

From Proposition 2.7, Theorems 2.8 and 2.9, and (2-30), for 1 <i <4, h, p e Z,
p>0,me %Z, we get the following identity (compare with [Liu et al. 2000,
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2.28))):
231) Ind(D¥ & & Symy, (TX) @ Rir.m. 1)
n=1

o0
_ Ind(DX ® @Sym,(TX) ® Ry @ L™, m, h),
n=
with
(2-32) m' =m+ ph+ p’e.

By (2-13) and (2-24), if m < 0 or m’ < 0, either side of (2-31) is identically zero,
which completes the proof of Theorem 2.6. In fact:

(i) Assume that e = 0. Let h € Z, mg € 3Z, h # 0 be fixed. If h > 0, we take
m’ = my. Then, for p large enough, we get m < 0 in (2-31). If & < 0, we take
m = my. Then, for p large enough, we get m’ < 0 in (2-31).

(i1) Assume thate < 0. Forh € Z, mg € %Z, we take m = mg. Then, for p large
enough, we get m’ < 0 in (2-31). O

Remark 2.10. We point out here that there is a Z/ k version of Theorem 2.6, which
is an analogue of [Liu and Yu > 2013, Theorem 4.4]. In fact, by using the mod k
localization formula for Z/k circle actions on Z/k spin® manifolds established in
[Liu and Yu > 2013, Theorem 2.7] (see also [Zhang 2003, Theorem 2.1] for the
spin case), our proof of Theorem 2.6 can be applied to the case of Z/k manifolds
with little modification.

Remark 2.11 (compare with [Liu et al. 2000, Remark 2.5]). If M is connected, by
(2-31), for 1 <i <4, in K¢, (B), we get

(2-33) Ind(DX ® ® Sym,,(TX) ® RH)
n=1
o0
=1Ind(D* ® @ Sym,, (TX)® Ri1) @ [3d' (W),
n=1

where by [3d’(W)] we mean the one-dimensional complex vector space on which
y € Gy, acts by multiplication by W) n particular, if B is a point and 3d" (W) #0
mod N, we get the vanishing theorem for string® manifolds analogue to the result
of [Hirzebruch 1988, Section 10].

3. Proofs of Theorems 2.8 and 2.9

In this section, we prove the two intermediate results stated in Section 2C and used
in Section 2D to prove our main results.

In Section 3A, following [Liu et al. 2000, Section 3.2], we prove Theorem 2.9.
In Section 3B, we introduce the same refined shift operators as in [Liu et al. 2000,
Section 4.2]. In Section 3C, we construct the twisted spin® Dirac operator on
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M (n ), the fixed point set of the naturally induced Z,,;-action on M. In Section 3D,
by applying the S'-equivariant index theorem in Section 2A, we finally prove
Theorem 2.8.

3A. A proof of Theorem 2.9. We start with some notation and conventions.
Let H be the canonical basis of Lie(S!) = R, that is,

exp(tH) = exp(Z\/—_lm‘),

for t € R. On the fixed point F, let Jy denote the operator which computes the
weight of the S'-action on I'(F, E|r) for any S'-equivariant vector bundle E over
M. Then Jg can be explicitly given by (see [Liu et al. 2003, (3.2)])

1
2NM$H|F(F,E|F),

where £y denotes the infinitesimal action of H on I'(M, E).
Recall that the Z;-grading on

(3-1) Ju =

S(TX,Kx)® % Sym(TX,)

n=1

is induced by the Z;-grading on S(TX, Kx), and the Z,-grading on

S(TY. Kx® @@etNy) ™) @F7(X)

v>0

is induced by the one on S(TY, Kx ® @), (det N,)~'). Write

0L = @AWN® R AW, 0% =® AW)® ® AW,),

n=0 n=l1 nEN+% nENJr%
(3-2) -
Fy=S(V)®Q A(Vy). Fy=@Q A(Vy).
n=1 neN-‘r%

There are two natural Z,-gradings on F\, F‘% (respectively Q%V, %V). The first
grading is induced by the Z,-grading of S(V) and the forms of homogeneous
degrees in @, | A(V,), ®n€N+1 A(V,) (respectively Q2 ). We define 'L'e|Fi:t =1
(i =1, ?2) (respectively t,| 0 = :I:l) to be the involution defined by this Z;- gradmg.
The second grading is the one for which Fy, I and QW (i =1, 2) are purely even,
that is, F \’/J“ =F] i ’+ Q’ We denote by 7, = id the involution defined by this
Z,-grading. Set Q(W) Qw ® Q%V ® Q%V. We denote by 7] the Z,-grading on
Q (W) defined by

(3-3) (QW), 1) = (Qy, T,) ® (0%, 7) ® (0%, ).
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Then the coefficients of ¢" (n € %Z) in (2-13) of R1(V), Rx(V), R3(V), R4(V),

Q1 (W) are exactly the Z,-graded vector subbundles of (FL, 1), (FL, t,), (F2, 1),

(F2, 1), (QW), 1), respectively, on which P acts by multiplication by n.
Furthermore, we denote by t, (respectively t,) the Z,-grading on

m .
S(TX,Kx)® @ Sym(TX,) ® Fy,
n=1
(i =1, 2) induced by the above Z,-gradings. We denote by 7.1 (respectively ;1) the
Zy-grading on S(TX, Kx) ® ®Z°:1 Sym(TX,)® F"', ® Q(W) (i =1, 2) defined by

(3-4) T1=T.81T, TI=T&7.

We still denote by 7, (respectively ;) the Z,-grading on
S(TY. Kx @ @etN) ™) @ F 7 (X) 8 Fy @ Q(W)
v>0

(i =1, 2) which is induced as in (3-4).
By (2-19), as in (2-20), there is a natural isomorphism between the Z;-graded
C (V)-Clifford modules over F,

(3-5) S(V)|p ~ S(VOR, ® (det vv)—l) 2 QAV,.

v>0 v>0

Let Vp = VOR ®r C. Using (2-19) and (3-5), we rewrite (3-2) on the fixed point
set F as follows:

Ol = @A (D W) @ (S W)
W

n=0
i 2(am 12 lom)
(3-6)

m —
Fl=® A<Vo,n DD Vyn® vv,n)) ® S(VOR, ® (det Vv)_l) ® ® AVio,
n=1

v>0 v>0 v>0

F‘% = ® A<V0,n ® @(Vv,n ® Vv,n))-
neN-i—% v>0

We can reformulate Theorem 2.9 as follows.
Theorem 3.1. For eacha,h,peZ, p >0, m € %Z,fori =1,2, T =1, or i,
the following identity holds in K¢, (B):
(3-7) Ind, (D" @ (Kw @ Kx")'*@F " (X)® Fi, ® Q(W),
m+3p*e(N)+ 3 pd (N), h)
= (—1P"M nd, (D@ (Kw®Kx)'?@F (X)@F, @ Q(W)®L™?,
m+ ph+ pze, h).
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Following [Taubes 1989] in spirit, we introduce the same shift operators as in
[Liu et al. 2000, (3.9)]. For p € N, we set

r*:NU,n_)Nv,n+pva r*:Nv,n_)Nv,nfpv’
(3‘8) Ty © Vv,n - Vv,n+pv, Ty ! Vv,n - Vv,nfpv»
Iy ! Wu,n - Wv,n—i—pva Iy : Wv,n - Wv,n—pv-

Proposition 3.2. For p e Z, p > 0, i = 1, 2, there are natural isomorphisms of
vector bundles over F:

39)  r(FPX)=FUX)RLNY, ru(Fi)~Fi, @ L(V)™".

Forany pe Z, p>0,i =1, 2, there are natural G, x S'-equivariant isomorphisms
of vector bundles over F,

(3-10) r(Qy) = Qy ® LIW) ™.
In particular, one gets the G, x S equivariant bundle isomorphism
(3-1D) re(Q(W)) >~ Q(W) ® L(W) ",

Proof. By Proposition 3.1 of [Liu et al. 2000], only the i = 2 case in (3-10) needs
to be proved.

Using Equations (3.14)—(3.16) of the same reference, we have a natural G, x § e
equivariant isomorphisms of vector bundles over F:

® Ai"(Wv,n—pv) ~ ® AdimW”_i”(Wu,—n+pu)® ®(det WU)PU’

n€N+%,v>0 n€N+%,v>0 v>0
O<n<pv O<n<pv
(3-12) i’ dimW,—i’ 7 -
® Al"(Wv,n—',-pv) ~ ® A v l"(Wv,—n—pv)® ®(det Wv) pv'
neN+%,v<0 neN+%,v<O v>0
O<n<—pv O<n<—pv
From (2-22) and (3-12), we get (3-10) for the case i = 2. O

The following proposition, which is an analogue of [Liu et al. 2000, Proposi-
tion 3.2], is deduced from Proposition 3.2.

Proposition 3.3. For pe Z, p > 0,i =1, 2, the G -equivariant isomorphism of
vector bundles over F induced by (3-9), (3-11), denoted by

(3-13) r*:S(TY, KX®®(detNv)‘1>®(KW®K;1)1/2®%—P(X)®F§®Q(W)

v>0

— 5(TY. Kx® @ (et N ™ @ (Kw @K )@ () Fj @ 0(W)® L7,

v>0

satisfies the identities
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—1

re Ju-re=Jm,
(3-14) *71 . ! 2 1.2 1
r, ‘P-ry=P+pJu+p e—5p e(N)—ipd(N).

For the 7,-gradings, we have
(3-15) r*_lwck =1, r*_lrsr* =14, r*_lrlr* = (—l)pd,(w)tl.

Proof. By the proof of [Liu et al. 2000, Proposition 3.2], we need to compute the
action of r,;! - P -r, on

. — .
® Al"(Wv,n) &® ® Al"(Wv,n)~
neN+%,v>O neN+%,v<O
O<n<pv O<n<—pv

In fact, by (3-12),
(3-16) r*_1 -P-ry
= Y (dmW,—i)(—n+pv) + Y (dim Wy—i})(—n—pv)

neN+1,v>0 neN+1, v<0
O<n<pv O<n<—pv
1,2
= P+pJH+§p e(W).

By [Liu et al. 2000, (3.21)—(3.23)], (2-21)—(2-23), and (3-16), we deduce the second
line of (3-14). The first line of (3-14) is obvious.

Consider the Z,-gradings. The first two identities of (3-15) were proved in [Liu
et al. 2003, (3.18)]. 71 changes only on

. —_— 4
Q AWy ® & A"(Wyy).
n€N+%,v>O neN-‘r%,v<O
O<n<pv O<n<—pv

From (2-21) and (3-12), we get the third identity of (3-15). This completes the
proof of Proposition 3.3. ]

Theorem 3.1 is a direct consequence of Proposition 3.3. This also completes the
proof of Theorem 2.9. (]

The rest of this section is devoted to a proof of Theorem 2.8.

3B. The refined shift operators. We first introduce a partition of [0, 1] as in [Liu
et al. 2000, pp. 942-943]. Set

J = {v € N | there exists o such that N, # 0 on F}
and

(3-17) o= {,B € (0, 1] | there exists v € J such that Bv € Z}.
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We order the elements in & so that
S={Bi11<i=<Jy,JoeNandp; <pBit1}.

Then, for any integer 1 <i < Jy, there exist p;, n; €N, 0 < p; <n;, with (p;, n;) =1
such that

(3-18) Bi = pi/ni.

Clearly, B, = 1. We also set pg =0 and By =0.
For 0 < j < Jy, p € N*, we write

1;’={(v,n)eNxN(uej,(p—l)v<n§pv,%zp—1+ﬁ},
n.
(3-19) 0 iy
I]P:{(U,H)ENXN‘UEJ,(p—l)U<n§pv,;>p—1+—‘/}.

nj
Clearly, Ié’ is the empty set. We define %, ;(X) as in [Liu et al. 2000, (2.21)],
analogously to (2-26). More specifically, we set

(3-20) F,, ;(X)

=@ SymTY) @ Q(®@SymWy)® @  Sym®WN,,)

n=1 v>0 ‘n=1 n>(p—l)v+n—;v
Y ® (Sym(Ny,—p) ® det Ny)
v>0 pi
OSns(pfl)erLn—;vJ

= @p X)® @;;_1 X)® ® Sym(ﬁv,n) ® ® (Sym(Nv,fn) ®detN,),

- .
(v,n)el; wnel/_o1’

where, for s € R, the notation |s | denotes the greatest integer not exceeding s. Then
(3-21) FpoX) =F (X)), Fp (X)) =F P(X).

From the construction of 8;, we know that, for v € J, there is no integer in
((pj—1/nj—1)v, (pj/n;)v). Furthermore (see [Liu et al. 2000, (4.24)]),

(3-22) \‘pj_le:iL(pj/nj)vJ—l %fvz() mod (n),
| (pj/njv] ifv#0 mod (n;).

We use the same shift operators 74, 1 < j < Jp as in [Liu et al. 2000, (4.21)],
which refine the shift operator r, defined in (3-8). For p € N\ {0}, set

nj—1

=Z|

Tjx Nyn —> Nv,n—i—(p—l)v—i—pjv/nja Vjg i Ny p —> Nv,n—(p—l)v—pjv/njs

<l

(3-23) Tjx Voon = Vv,n+(p—l)v+pjv/nj, Vig: Voyn— ‘_/v,n—(p—l)v—pjv/njv

=

Vs : Wyn — Wv,n-‘r([’—l)v-‘rpjv/nj’ Tix : Woyn — Wv,n—(p—l)v—pjv/nj~
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For 1 < j < Jo, we define F(B;), Fy,(8)), Fy(B;). Qy (Bj), and O, (B;) over
F as follows (compare with [Liu et al. 2000, (4.13)]):

(3-24)

FB)= @ Sym(TY,)® & ® , SYymWNy, ® Nyuy)

O<neZ v>0 0<n€Z+n—j_U
v=0,n;/2modn; J

® @ sym( @& ( B, Nue B, Nu))

O<v'<n;/2 v=v',—v' modn; O<neZ+n—;v 0<neZ—n—§v
1 —
R =0 @ Vou @D ( @, Vnd® @, Vi)
O<nezZ v>0 O<neZ+n—§v 0<neZ—n—§v

v=0,n;/2modn;

e |

O<v'<n;/2 > v=v,—v' modn;

FEp=A @ Voo & ( & Vo @ Vi)

1 v> Pjo1 _Pjio41
O<neZ+; v=0.n;/2modn; O<neZ+,,j v+3 O<nez vt

& (@ ( & vwe @ Vu))

(@, vo @, 7.)
0<nel+#v

O<neZ— S—J v
J

O<v'<n;/2 > v=v,—v'modn; O<n€Z+z—';v+% 0<n€Z—Z—;v+%
1 —
oy =A(B( B, Ve @,k Wu))
v N0<neZ+yrv O<neZ—jgzv
5 —
QW(ﬁj)ZA(Ga( @ . Wyn @& @ , Wv,n))-
v 0<neZ+n—j’_v+% 0<neZ—Z—';v+%

Using (3-22), Equations (3-24), and computing directly, we get an analogue of
[Liu et al. 2000, Proposition 4.1] which refines Proposition 3.2:

Proposition 3.4. For pe Z, p > 0, 1 < j < Jy, there are natural isomorphisms of
vector bundles over F'

rj*(%p,j—l(X)) =
p

FBHO ® Sym(N,0)® @ (et Nyl W+ -0+ @ @ (det v,y
v>0 v>0 v>0
v=0modn v=0modn;

.
P T (XN =FB)® @ Sym(Nuo)® @ (det Ny) L v+p-Dv+,
v>0 >0

v=0modn

rie(Fp) =~ S(VOR, (E%(det Vv)_1> ® FL(8)) |
® ® A(Voo) ® @ (det V) L vl =1,

v>0 v>0
v=0modn;
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= | PP 1 _
FFD=F2B)® @ A(Veg)® @ (det Vy)lmv+al+o-nv,
v>0 v>0
v=n;/2modn;
ForpeZ,p>0,1<j<Jo,thereare natural Gy x § 1—eqm’varicmt isomorphisms
of vector bundles over F,

(3-25) rjx(0y) = O (BH® @ detW,

v>0
v=0modn;

® @ (det WU)L%UJ+(P—1)“+1 ® & (det WU)L_%UJ—(p—l)v’

v>0 v<0

ri(Q%) = O3 (B) ® @3) AWy0)® & AWyp)

v<0
v=n;/2modn; v=n;/2modn;

® @ (det W)LtV + 2+ @ & (det W) = v+ 2] --Dv.
v>0 v<0
Proof. By [Liu et al. 2000, Proposition 4.1], we need only prove the second
isomorphism in (3-25). In fact, using [Liu et al. 2000, (3.14)], we have the natural
Gy, xS I_equivariant isomorphisms of vector bundles over F:

R — | 2L 1 _
(3-26) ® A Wun rtyvpymp) ~ ® (det W)L v 2l+o-nr
0<n€Z+%, v>0 v>0
n—(p—Dv—(p;/n;)v=<0 . .
® (124 AW (W (Dot (o))
0<nel+%, v>0
n—(p=1)v—(p;/n; <0 b
i’ |_——’,v+ lJ—(p—l)v
(3-27) X A" Wy it (p—yvt(py /njv) = @ (det W) LTn 77 2
0<n€Z+%, v<0 v<0
n+(p—Dv+(pj/nj)v=<0 dim W —i!
® & AT (W oy i (p—Dyu—(p; /nj)v)-
O<neZ+%, v<0
n+(p—Dv+(p;/n;j)v=<0
From the last equation in (3-24), together with (3-26) and (3-27), we get the second
isomorphism in (3-25). The proof of Proposition 3.4 is complete. (]

3C. The spin Dirac operators on M (n ;). Recall that there is a nontrivial circle
action on M which can be lifted to the circle actions on V and W.

For n € N\{0}, let Z,  S' denote the cyclic subgroup of order n. Let M (n j) be
the fixed point set of the induced Z,; action on M. Then

7:M(n;)— B

is a fibration with compact fiber X (n;). Let N(n;) — M (n;) be the normal bundle
to M(n;) in M. As in [Bott and Taubes 1989, p. 151] (see also [Liu et al. 2000,
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Section 4.1; Liu et al. 2003, Section 4.1; Taubes 1989]), we see that N(n;) and V
can be decomposed, as real vector bundles over M (n ), into

Nop= @ Nap.®NapE .
O<v<n;/2
(3-28)
VlM(nj) = V(nj)() @ @ V(nj)v ® V(n])n i/20

O<v<n;/2

where V (n j)§ is the real vector bundle on which Z,,J. acts by identity, and N (n ) E{j 2
and V(n j)fj /2 are defined to be zero if n; is odd. Moreover, for 0 < v <n;/2,
N(n;), and V(n;), each admit a unique complex structure making them into
complex vector bundles on which g € Z,; acts by g". We also denote by V (n ])0,
V(nj)n,2,and N(nj)y; 2 the correspondmg complexification of V (n J)O ,V(n ])n /20
and N(”J)n_,-/z-

Similarly, we also have the following Z,;-equivariant decomposition of W over
M (n ;) into complex vector bundles:

(3-29) Wivmy= @D Wn,

O<v<n;

where for 0 <v <nj, g € Z,; acts on W(n;), by sending g to g".

By [Liu et al. 2000, Lemma 4.1] (which generalizes [Bott and Taubes 1989,
Lemmas 9.4 and 10.1] and [Taubes 1989, Lemma 5.1]), we know that the vector
bundles TX (n;) and V (n j)é‘f are orientable and even-dimensional. Thus N (n;)
is orientable over M (n;). By (3-28), V(n ]) 2 and N(n J) L are also orientable
and even-dimensional. In what follows, we ﬁx the orlentatlons of N(n J)n 2 and
V(n ])n 2 Then TX (n;) and V(n ])0 are naturally oriented by (3-28) and the
orlentatlons of TX,V,N(n ])n 2 and, V(n j)n 2 Let W(n ])R 2 be the underlying
real vector bundle of W (n ])n] /2, which are canomcally oriented by its complex
structure.

By (2-18), (2-19), (3-28), and (3-29), we get identifications of complex vector
bundles over F (see [Liu et al. 2000, (4.9) and (4.12)]): for0 <v <n;/2,

N(nj)vlF: @ Ny @ @ Nv/a

V>0 V>0
v'=vmodn; v'=—vmodn;
(3-30) _
V(nj)vlF = @ Vy @ @ Vo,
V>0 V>0
v'=vmodn; v'=—vmodn;
and for 0 <v < n;j,
(3-31) Wnhlr= @ Wy.

v'=vmodn;
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We also get identifications of real vector bundles over F (see [Liu et al. 2000,

@.11))):
TX)DIr=TY® @ Noy Napiplr= @ N

v>0 v>0
v=0modn v=n;/2modn;
(3-32) R R R
Vinjlr=Vy & D V. Vnjy plr= @& W
v>0 v>0
v=0modn; v=n;/2modn;

Moreover, we have an identifications of complex vector bundles over F':

TX(n)lr@rC=TY rCH B (N,®N,),
v>0
v=0modn;

Vinolr=Vy ®rCO® @ (V,®V,).
vsé);gdnj

(3-33)

As (pj,n;)=1, we know that, forve Z, (p;/n;)veZifand only if (v/n;) € Z.
Also, (pj/njv e Z+ % if and only if (v/n;) € Z+ % Also, if v=—v'modn;,
then

{(n|0<neZ+(pj/nj)v}={n|0<neZ—(pj/njv'}.

Using the identifications (3-30), (3-31), and (3-33), we can rewrite F(8;), F‘l, (B)),
F‘%(,Bj), Qb‘,(ﬂj), and Q%V(,Bj) over F defined in (3-24) as follows (compare
with [Liu et al. 2000, (4.7)]):

(3-34) F(B)= & Sym(TX(n;)n)

O<neZ
® ® Sym( @ Nopwu® @O, Noj)
O<v<n;/2 O<neZ+n—;v 0<neZ—n—ju
® @ Sym(N(nJ)nj/Ln)’
O<neZ+%
(3-35) F&(ﬁj)zA( @S Vnon
O<nezZ
o ® ( @, Vopme @, Vi)
O<v<n;/2 0<nez+n—-j’_v 0<neZ—n—;v
® D V(nj)nj/Z,n>s
0<n€Z+%
(336 FiBp=A( D V2
O<neZ
® @ ( @ V(nj)v,n@ @ V(”j)v,n)
O<v<n;/2 O<n€Z+§?U+% 0<neZ—§§v+%

e P V(”j)O,n)a

0<neZ+1
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337 oy =a( @ ( e B WD) ),

O<v<n; *O<neZ+3*+ O<n€Z——/v

G38) 0y =A & (@ Wepa® G W)

O<v<n; O<n€Z+ v+2 O<neZ—S—;v+%

We indicate here that F(8;), F}(B;), F(B;), Qly(B;), and 0%, (B,) in (3-24) are
the restrictions of the corresponding vector bundles in the right side of (3-34)—(3-38)
over M (n ), which will still be denoted as F(8;), F\(8;), FZ(B,), O, (), and
03%,(B;). Write

(3-39) Ow(Bj) = 0 () ® 0% (B)® Q% (B)),

which we now think of as a vector bundle over M (n;).
We now define the spin® Dirac operators on M (n ;). The following lemma follows
from the proof of [Bott and Taubes 1989, Lemmas 11.3 and 11.4].

Lemma 3.5 (compare with [Liu et al. 2000, Lemma 4.2]). Assume that (2-17) holds.
Let

(3-40) Lnj)= @ (det(N(n;)y) ®det(V(n))y)
O<v<n;/2 o ,
/ ® (det(W(n;),) ®det(W(nj)nj7v))3)( (n)+1)

be the complex line bundle over M (n ;). Then L(n;) has an nj-th root over M (n ).
Moreover, Uy :=TX (n;) ® V(nj)é'f @ W(nj)f'f{j/2 &) W(nj)i'f{j/2 has a spin® struc-
ture defined by '

Li:=Kx® Q@ (det(N(n;),)®det(V(n;),))®(det(W (1n))n;/2))*®L(n )" """,
O<v<n;/2

and Uy :=TX(n;) ® V(nj)n 2 @ W(n])n 2 ® W(nj)ﬁ'fj/2 has a spin® structure

defined by

Ly:=Kx® & det(N(n)),) ® (det(W(n;),;/2)* ® L(n;)" "/
O<v<n;/2

We remark that in order to define an S'- or G- action on L(nj)’(”f')/"f', we must
replace the S'- or G y-action by its n j-fold action. Here, by abusing notation, we
still speak of an S'- or G y-action without causing any confusion.

Let S(Uy, L) and S(U,, L) be the fundamental complex spinor bundles for
(U1, Ly) and (U,, Ly); see [Lawson and Michelsohn 1989, Appendix D]. There are
two Z;-gradings on these bundles. The first grading, denoted by t;, is induced by
the involutions on S(Uy, L) and S(U>, L;) determined by 7X (n ;) ® W(nj)i'fj/z as
in (2-1). The second grading, which we denote by t,, is induced by the involution
on S(Uy, L) determined by TX (n;) ® V(nj)O @ W(nj)n /2 and by the involution
on S(Us, Ly) determined by U, =TX (n;) ® V(nJ) 2 69 W(n])n /2> 8 in (2-1).
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In what follows, by DX/ we mean the S'-equivariant spin® Dirac operator on
S(Uy, Ly) or S(Ua, Ly) over M (n;).

Corresponding to (2-8), by (3-30) and (3-31), we define S(Uy, L1)" and S(Ua, Ly)’
equipped with involutions 7, and 7, as follows (compare with [Liu et al. 2000,
4.10)])):

(3-41) (S(Uy, L), tj/t,) =
(S(TY@VOR,M@ ® ([detN,®det V) '@ ® (detwv)—2>,r;/r;)

v>0 v=n;/2modn;

v=0modn;
® @ Aua(V® ® AW Q AW
v>0 v=n;/2modn; v=n;/2modn;
v=0modn;

and

(3-42)  (S(Uz, L)', 7j/1)) =
S(TY,L2® ® [detN)'® & @etV) '@ ® (detWU)_2>

v>0 v>0 v=n;/2modn;
v=0modn; v=n;/2modn;
® ® Ail(Vv)® ® A—I(Wv)® ® A(Wv)
v>0 v=n;/2modn; v=n;/2modn;

v=n;/2modn;

Then, by (2-8), fori =1, 2, we have the following isomorphisms of Clifford modules
over F preserving the Z,-gradings (compare with [Liu et al. 2000, (4.17)]):

(3-43) SWUi, L), t/t)lFr = (SWUi, L), 1,/1)® Q@  A_1(Ny).
v>0
v=0modn

As in [Liu et al. 2000, pp. 952], we introduce formally the following complex
line bundles over F:

G4 Li=(L7'® @ (detN,® detV,)

v>0
v=0modn;

172
® & ([detW)?e® ®(deth®deth)_1®KX>

v=n;/2modn; v>0

and

(3-45) L&:(L2_1® ® detN,® & detV,
v>0 v>0
v=0modn; v=n;/2modn;

12
& ® (detWU)2®®(deth)_l®KX> .

v=n;/2modn; v>0
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In fact, from (2-8), Lemma 3.5, and the assumption that V is spin, one verifies easily
that ¢y (L;z) =0 mod 2 fori =1, 2, which implies that L and L/, are well-defined
complex line bundles over F.

Then, by [Liu et al. 2000, (3.14)], (3-41)—(3-45), and the definitions of L1, L,
we get the following identifications of Clifford modules over F (compare with [Liu
et al. 2000, (4.19)]):

(3-46) (S(U1, L)' ® L}, (r//7) ®id)
- (TY, Kx ® & (det Nv)_l) ® (S(VE, ®(det V,)™ "), id/7)

v>0 v>0

® ® Ax(V)® Q& AW & A_1(Wy)

v>0 v>0 v<0
v=0modn; v=n;/2modn; v=n;/2modn;

@ ® AW® & AW)® ® (detW,)?
v>0 v<0 v<0
v=n;/2modn; v=n;/2modn; v=n;/2modn;

and
3-47) (S(Uy, Ly)' ® L/z, (rs'/re’) ®id)
=5(TY. Kx® ®(detNU)’1) ® ® Aa(V® @ A(W,)

v>0 v>0 v>0
v=n;/2modn; v=n;/2modn;

® @ AW)® @ AWY® @ AW)® @ (detW,)™
v<0 v>0 v<0 v<0
v=n;/2modn; v=n;/2modn; v=n;/2modn; v=n;/2modn;
Now we compare the Z,-gradings in (3-46) and (3-47). Set (compare with [Liu
et al. 2000, (4.20)])

Anj,N)= Y Y. dimN,+o(N(n)y ),
nj/2<v'<n; O<v,v=v'modn;
: R
(3-48) Am;. V)= Y. Yo dimVy+o(Vr)y ),
nj/2<v'<n; O<v,v=v'modn;
Anj, W)= > dim W,,

v<0,v=n;/2modn;

where o(N (n j)i'fj /2) and o(V(n j)fj /2) equal O or 1 depending on whether the
given orientation on N (n j)fj P and V(n j)fj /2 agrees or disagrees with the complex
orientation of

P N, and e W,

v>0 v>0
v=n;/2 mod n; v=n;/2 mod n;

respectively.
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As explained in [Liu et al. 2003, p. 166], for the Z,-gradings induced by t;, the
differences of the Z,-gradings of (3-46) and (3-47) are both

(_I)A(nj,NH—A(nj,W),

for the Z,-gradings induced by 7., the difference of the Z,-gradings of (3-46)
(respectively (3-47)) is

(= 1)20N)+A0;V)+AR; W)

A(n_,,N)+0(V(n_,)ﬁ'$j/2)+A(n_,,W)

(respectively (—1) ).

Lemma 3.6 (compare with [Liu et al. 2000, Lemma 4.3]). Let us write

pj Y
L(Bj)1 =L ® Q(det NU)Ln_',/-UJHP—UvH ® & (det VU)L,,—j’.vJ+(p—1)v

v>0 v>0

® ® ([detNy) ' @ ® det Wy)l—mv+2l=v+3]-30-1u

8>0d v<0
v=0modn; . .
j ® ®(detWU)L%UJ+2LZ—,’-U+ H+3p-1u+1
v>0
® ® detW,® & (detW,)?
v>0 v<0
v=0modn; v=n;/2 modn;

and

L(ﬂ])z — L/2 ® ®(det NU)L%UJ+(P—1)U+1 ® ®(det VU)LZ—;U + %J—}-(p—l)v

v>0 v>0

® ® (detN,) ' ® @ (det W)l w2l 2]-30-n

v>0 v<0

v=0 modn; ) .
] ® ® (det W)L vl+2Liv+ 3 ]+30-Du+

v>0

® & detW,® & (detW,)>
v>0 v<0

v=0 mod n; v=n;/2 mod n;

Then L(B;)1 and L(B)2 can be extended naturally to G, x S Lequivariant complex
line bundles over M (n ;) which we will still denote by L(B;)1 and L(B;).

Proof. We introduce the following line bundle over M (n):
(3-49) LY(B)) = @ (det(N(n;)y) @det(V (1))
O<v<n;/2 —w@)—rn;
® (det(W (1)) @ det(W (n}),,—,))?) 7",
where, as in [Liu et al. 2003, (4.35)], we define w by

| Bio| = 22y 20
n;j nj nj
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As in [Liu et al. 2003, (4.38); Liu et al. 2000, (4.28)], Lemma 3.5 implies that
Le(B;)'/"i is well-defined over M (n;). Direct calculation shows that

LB =L~ P D@L/ e @ det(W(n;),) @ (det(W(n)u,2))°

O<v<n;/2

® & ®  (det(W(n))y) ®det(W(n;)n,—))>

l<m=p;/2 m—%<(pj/nj)v<m
and

LBjo=L"P"D7PiMQL?B)'" e @ det(W(n;),)®(det(W(n)u,2))°

O<v<nj/2
® ® ®  ((det(W(n)),) @ det(W(n,),,—))* ® det(V (n),)).
1<=m=p;/2 y —%<(p_,-/n_,-)v<m
The proof of Lemma 3.6 is complete. (]

To simplify the notation, we introduce the following locally constant functions
on F (compare with [Liu et al. 2003, (4.45); Liu et al. 2000, (4.30)]):

(3-50) sévz——Z(dlmW) ((L J-I—(p—l)v)(_i—jv_—i—(p—l)v—i—l)
(2o m ) e m) )
__Z(dlmW) (( L J (pl)v)f _%v_—(p—l)v—l-l)

Tz ) Eaf - ) )

(3-51) eévz—%Z(dlmW) (({ J—I—(p—l)v)z

v>0

v>0

S

cxZns )|t 0).

J

(3-52) &= Z(dlmN d1mV)<<L J+(p 1)u)<U’—juJ+(p—1)v+1)

v>0
(pj v+ (p— l)v) (2<L%UJ +(p- l)v) + 1)),

J
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(3-53) e =13 (i pi _ p] B
- )= (dim Ny) - v +(p—Dv +(p—-—DHv+1
2 v>0 nj

(et - ) )
S (2o
(

v>0

(B o) |24+ 0 ).

j
As in [Liu et al. 2000, (2.23)], for 0 < j < Jy, we set

e(p. B, N) = % > @imA,) - ({Z—jvj +(p— 1)v>
>0

(3-54) ” X(Li—;vJ—l—(p—l)vJH),
d'(p. Bjs Ny =) @im Ny (| 22 > JEREE
v>0

Thene(p, B;, N) and d(p, B i, ) are locally constant functions on F. In particular,
we have
e(p. Bo. N) = 3(p— 1)’e(N) + 5(p — Dd'(N),

(3-55) e(p, Biy» N) = 2p*e(N) + 1 pd'(N),
d'(p, Brys N)=d'(p+1, Bo, N) = pd'(N).

Proposition 3.7 (compare with [Liu et al. 2000, Proposition 4.2]). Fori =1, 2,
the G y-equivariant isomorphisms of complex vector bundles over F induced by
Proposition 3.4 and (3-46)—(3-47),

r,-1:S(TY,Kx®®(detNU)’l>®(KW®K W2RF, i 1(X)® Fi ® Q(W)

v>0
— S(U;, L) @ (Kw @ KxH'? @F(B)) ® Fi(B))
ROwBHVLPB)i® &® Sym(N,o)

v>0
v=0 mod n;

and

Fin: S (TY, Kx ® @ (det NU)_1> ® Ky ®Ky)'2®F, (X)® F\,® Q(W)

v>0
— S(U;, L)) ® (Kw @ Ky H)'"* @F(B)) ® F|,(B;)
ROwBHRLB)i® @ (Sym(Ny o) ®detN,)

v>0
v=0 mod n;

have the following properties:
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(1) Fori=1,2andy =1, 2, we have

_ _ Pj
(3-56)  ritduriy=Ju, ri)-Peoriy =P+ (H—J +(p— 1))JH + &y,
j
where the ¢;, are given by
g1 = & + ey +2e3, —e(p, Bj—1, N),
(3-57) | )
cip=¢ +ey +2ey —e(p, Bj, N).

(ii) Fori=1,2andy =1, 2, we have

-1 : -1 -1
(3-58) Fiy Teliy = (—=Dtir,, Tiy Tstiy = (=D, Fyy Ty = (=D,

where the ; are given by

w = - Z(diva)LZ—jvJ +A(j, N)+Anj, V)+A(nj, W) mod 2,

v>0

. i 1
M2 = — Z(dlm Vi) {5—;1)+§J +A(nj, N)+0(V("j)§j/z)+A(nj, W) mod 2,
v>0

u3=Amj, N)+A(m;, W) mod 2,
_ : (| 2i lJ _ )
/L4—2:;(dlva) (Ln,”+2 F(p—Tw
v> ?

+ Y dim Wy (| - Lrut %J —(p—1Dv) mod2.
J

v<0

Proof. By the proof of [Liu et al. 2000, Proposition 4.2], we need to compute the
action of 7' - P -r, on

X A" (W) ® X A" (Wyn).
0<n€Z+%,v>0 O<rz€Z+%,v<0
n—(p—Dv—(p;/n;)v=<0 n+(p—Dv+(p;/n;)v=<0

In fact, by (3-26) and (3-27), as in (3-16), we get

(3-59) r'Por, = Z (dimWU—in)<—n+(p—l)v+&v)
0<neZ+%,v>O nj
n—(p—Dv—(p;/n;)v=<0

+ > (dimWU—i,;)<—n—(p—1)v—ﬂv>

i nj
O<neZ+§,v<0

n+(p—Dv+(p;/n;j)v=<0

:P+(p—1+%>JH+8€V.
J

By [Liu et al. 2000, (4.36)—(4.38)] and (3-59), we deduce the second identity in
(3-56). The first identity in (3-56) is obvious.
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Consider the Z;-gradings. By [Liu et al. 2003, (4.49)—(4.50)] and the discussion
following (3-48), we get the first two identities in (3-58). Observe that t; changes
only on

® Aln(Wv,n) ® ® Aln (Wv,n)-
O<neZ+%, v>0 O<neZ+%, v<0
n—(p—Dv—(p;/nj)v=0 n+(p—1v+(p;/nj)v=<0

From (3-26) and (3-27), we get the third identity in (3-58). O
3D. A proof of Theorem 2.8.

Lemma 3.8 (compare with [Liu et al. 2000, Lemmas 4.4 and 4.6]). For each
connected component M' of M (n ), the following functions are independent on the
connected components of F in M-

8i+8{,‘/+28%‘,, i=1,2,
(3-60) d'(p,Bj, N)+ ui + 14 mod 2, i=1,23,
d'(p.Bj—1. N)+ > _dim Ny + i + g mod 2, i=1,2,3.
O<v

Proof. Recall that Lﬁ—;vJ =8y - “’(”) . By using (3-31), we explicitly express &},
J J

and 8%[, defined in (3-50)-(3-51) as follows

(3-61) ey =1(p—1+p;/n)’e(W)++dim W), 2

w(V)w v
_J’_% Z M(de(nJ)v—i—dlmW(nj)nj—v)
O<v<n;/2 nj
and

(3-62) ey =3(p—1+p;/n)’e(W)— tdim W),

S () e rambo

0<m=(p;—=1)/2 1 <_jv<m+2

_% Z Z <%_]v))2(dlm W(n;), +dim W(”lj)njfv)-

0<m=p;/2 m—%<5—';v<m

=

By using (2-23), (3-61), (3-62), and the explicit expressions of &; given in [Liu
et al. 2003, (4.56)—(4.57)], we know the functions in the first line of (3-60) are
independent on the connected components of F in M’.

Now consider the functions in the rest of the lines of (3-60). By (2-30), (3-30),
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(3-32), (3-48) and [Liu et al. 2000, Lemma 4.5], we get

(3-63) d'(p. Bj, N)+pi+pa= Y, Y dimN(n)),+3dimg N(nj)y »

O<m=<p;/2 O<v<n;/2

m—§<&v<m
nj

+Y (dimN,) Ln—’v + EJ +3 (dimw,) L%v + %J
J v>0 J

v>0

+3 dim W, ){—— + ;J +o(N@pE )+ Anj, W) mod 2.

v<0 nj

But, by [Liu et al. 2000, Lemma 4.5], as w(W @& TX) 1 = 0, we know that,
modulo 2,

(3-64) Z(dlmN)L—v+ JJFZ(dlmW)L—er;J

v>0 v>0

Y @imWo)| =ELu 2 |+ oV E )+ A, W)
J

v<0

is independent on the connected components of F in M’. Thus, the independence
on the connected components of F in M’ of the functions in the second line of
(3-60) is proved, which, combined with [Liu et al. 2000, (4.42)], implies the same
independent property of the functions in the third line of (3-60). ]

By (3-34)—(3-39) and Lemma 3.6, we know that the Dirac operator

DX @ F(B;) ® Fyy(Bj) ® Qw(B)) ® L(B));

(i =1,2)is well-defined on M (n ;). Observe that (2-12) in Theorem 2.1 is compat-
ible with the G y-action. Thus, by using Proposition 3.7, Lemma 3.8 and applying
Theorem 2.1 to each connected component of M (n;) separately, we deduce that,
fori=1,2,1<j<Jo,me(1/DZ,heZ, t =rt, or 1,
(3-65) Z( D PBi-t N0 MM 1ng (DY @ (Ky @ K ')'?

®Fp j-1(X)® Fy ® Q(W), m+e(p, Bj-1, N), h)

= Z(_l)d/(Psﬁ,/—uN)-i-Zwo dim Ny +u Ind, (Dx(nj) ® Ky ® K}zl)l/2 RF(B;))
B

® Fj,(8)) ® Qw(B)) ® L(Bj)i, m+ ;i +ely + 28 + (%+(P - 1))h7h>
j

— Z( l)d (p, ,BJ N)+ZU>0dlva Ind (DY ®(KW®K—1)1/2 p,](X)
® Fy ® Q(W), m+e(p, B;, N), h),
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where ) p means the sum over all the connected components of M (n ). In (3-65),
if T =1y, 0 =pu3+ puyg; if t = 7.1, 0 = u; + 4. Combining (3-55) with (3-65),
we get (2-28). The proof of Theorem 2.8 is complete.
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