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We study the Knapp-Stein R-groups of the inner forms of SL(N) over
a nonarchimedean local field of characteristic zero, by using a restriction
from the inner forms of GL(N). As conjectured by Arthur, these R-groups
are then shown to be naturally isomorphic to their dual avatars defined
in terms of L-parameters. The 2-cocycles attached to R-groups can be
described as well. The proofs are based on the results of K. Hiraga and
H. Saito. We also construct examples to illustrate some new phenomena
which do not occur in the case of SL(N) or classical groups.
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1. Introduction

Let G be a connected reductive group over a local field F' and G(F) be the locally
compact group of the F-points of G. The study of the tempered representations
of G(F) is a crucial ingredient of the monumental work of Harish-Chandra on
his Plancherel formula. Denote by Iy (G) the set of isomorphism classes of
irreducible tempered representations, and by I emp(G) its subset of representations
which are square-integrable modulo the center. Roughly speaking, elements in
[Tiemp(G) can be obtained as subrepresentations of Ig(a), where P = MU is
a parabolic subgroup, o € Il emp(M), and Ig(a) is the normalized parabolic
induction. Assuming the knowledge of square-integrable representations, the study
of ITemp(G) then boils down to that of the decomposition of 1 g (0), for P and o
as above.
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Knapp, Stein, and Silberger (for the nonarchimedean case) described the decom-
position of Ig (0) in terms of the Knapp—Stein R-group R,. More precisely, we
have a central extension of groups

1-C*—> R, —> R, — 1

defined using the normalized intertwining operators Rp(w, o). It is the set IT1_ (130)
of the irreducible representations of R, by which C* acts by z + z - id which
governs the decomposition of / g (0). Equivalently, we are given a cohomology class
¢, € H*(R,, C*) attached to this central extension. The group R, itself suffices to
determine whether I}(,; (0) 1is reducible or not. To extract further information, such
as the description of elliptic tempered representations, some knowledge about R,
is also needed. We refer the reader to [Arthur 1993, Section 2] for details.

On the other hand, the tempered part of the local Langlands correspondence
predicts a map ¢ — Ily which assigns a finite subset I1y of ITemp(G) to every
bounded L-parameter ¢ € ®pqq4(G), taken up to equivalence, such that

Htemp(G) = |_| H¢-
PEPpaa(G)

The internal structure of the tempered L-packets Iy is conjectured to be controlled
by the S-group Sy := Z5(Im(¢)). More precisely, following [Arthur 2006], one
has to introduce a central extension

1—>Z¢,—>§’¢—>H’¢—>l

of finite groups defined in terms of Sg. The L-packet Iy should be in bijection with
a set 1'[(9’¢ Xc) of representations of 9’4), where x¢ is a character of Z¢ coming
from Galois cohomology. The relevant definitions will be reviewed later in this
article.

The tempered local Langlands correspondence is expected to behave well under
normalized parabolic induction, namely, for P = MU as above and ¢; € Opga(M),
we deduce ¢ € Dpgqa(G) by composing ¢ with the inclusion LM — LG of L-
groups, which is well defined up to conjugacy. Then IT, should be the union of
the irreducible constituents of IIC,; (0), where o ranges over the elements of I1y,,. A
natural question arises: is it possible to describe R, or even R,, in terms of the
S-groups?

For archimedean F this has been answered by Shelstad [1982]; in that case, the
extension Ry, — Ry, splits and R, is abelian of exponent two. For general F of
characteristic zero, Arthur proposed a generalization [1989b, Section 7] as follows.
For every ¢ € ®pgqa(G) coming from ¢y € P2 pga(M) (that is, a parameter for M
which is square-integrable modulo the center), he introduced the dual R-group (also
known as the endoscopic R-group) Ry >~ % /F4,, and a subgroup Ry » C Ry for
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every o € Ilg,,. Arthur conjectures a natural isomorphism
Rd),o ~ R,.

This has been verified for quasisplit classical groups and unitary groups by
Arthur [2013] and Mok [2012], respectively. In their construction of L-packets,
the dual R-groups play a pivotal role through the local intertwining relations; see
[Arthur 2013, Chapter 2]. It turns out that in these cases, we have Ry = Ry , and
130 — R, splits; see [Arthur 2013, Section 6.5]. Similar results were obtained
independently in [Ban and Zhang 2005; Goldberg 2011; Ban and Goldberg 2012]
for nonarchimedean F. For quaternionic unitary groups, see [Hanzer 2004].

We shall assume hereafter that F' is a nonarchimedean local field of characteristic
Zero.

Another good test ground for Arthur’s conjectures is the group SL(N) and its
inner forms. Indeed, the case N = 2 is the genesis of endoscopy [Labesse and
Langlands 1979]; for general N, the local Langlands correspondence for the inner
forms G* of SL(N) is established in [Hiraga and Saito 2012], at least in the tempered
case. This is based on the local Langlands correspondence for the inner forms G of
GL(N), which satisfies the following nice properties:

» The L-packets I1y4 for G are all singletons.

e For any parabolic subgroup P = MU and o € ITemp(M), the induced repre-
sentation 1,9 (o) is irreducible.

In fact, the latter property holds for all unitary o, known as Tadié’s property (UO)
[Sécherre 2009].

The (tempered) local Langlands correspondence for G* can be obtained by
restriction from G(F) to G*(F); the procedure is somehow dual to the natural
projection of L-groups

pr:G —LG*.

The same recipe can be applied to any Levi subgroup M, with respect to M* :=
MNG*.

The method of restriction provides a convenient device, but we still have to
study the internal structure of L-packets for G* and their behavior under normalized
parabolic induction. For the quasisplit case G* = SL(N), such issues can be
addressed by the multiplicity-one property of Whittaker models. In that case, the
Knapp-Stein R-groups are studied in depth in [Gelbart and Knapp 1981; 1982;
Shahidi 1983; Tadi¢ 1992; Goldberg 1994]. Roughly speaking, let o € T2, temp (M )
which lies in the L-packet I1y:. We may choose o € I3 temp (M) so that ol o] Mt
Setm := Ig (o), which is irreducible. Then R, is described in terms of

XC(m)={ne(GF)/GHF)H’ n®@n ~x)
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and its analogue X" (o) for the Levi subgroup M with respect to M*®, where
(G(F)/G*(F))P means the group of continuous characters of G(F)/G*(F). It
is then easy to relate R,: with Ry:, and we deduce a canonical isomorphism
Ry = Ry 5: =~ R,: as well as a splitting for ﬁg: — R,:. Note that we used the
notations ¢*, %, etc. to denote the objects attached to G* and its Levi subgroups.

Whittaker models are no longer available for the nonquasisplit inner forms G*
of SL(N). What saves the day is that Hiraga and Saito [2012] defined a central
extension

1>C* > S%m) > X%@) > 1

and related it to the central extension of &-groups alluded to above. This allows us
to study the internal structure of the L-packets obtained by restriction. In our main
theorem, Theorem 6.2.4, we will prove, among other things, that there is

(i) a canonical isomorphism Ry: ;: > R,: as conjectured by Arthur;

(i) a “concrete” description of the dual R-groups for G¥, namely,
Ry = X%()/ XY (o),
Ry o = ZM (o)t / XM (0);

(iii) a description of the class ¢,: € H>(R,:, C*) attached to 13(,: — Rz, in terms
of the obstruction for extending the representation p of & s O the preimage
M

of le),ffﬁ in g)d):.

We refer the reader to Section 4 for unexplained notations. Note that the description
of ¢,: is also conjectured by Arthur; see [Arthur 1996, Page 537; 2008, Section 3;
2013, Section 2.4] for further discussions.

Arthur’s conjecture on R-groups for the inner forms of SL(/) is thus verified.
The examples are probably more interesting, however. In Section 6.3 we will give
conceptual constructions of ¢* and o* as above such that

@) ﬁgn —» R, is not split, or
(ll) R¢ﬁ’o‘ﬁ g_ R¢:.

Such phenomena do not occur to the quasisplit classical groups, the quaternionic
unitary groups, or SL(V). The first example is perhaps more surprising, since Egu —»
R, always splits for generic inducing data. Keys [1987, Section 6] constructed
a Knapp-Stein R-group with nonsplit cocycle in the nonconnected setting; our
example seems to be the only known case for connected reductive groups. In both
examples, the relation between R,: and the S-groups is crucial.

In view of the possible applications to automorphic representations, one should
also consider certain nontempered unitary representations, namely, those appearing
in the A-packets; see Remark 6.2.6 for a short discussion.
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Shortly after the release of the first version of our preprint, we were informed of
an independent work of Choiy and Goldberg [2012] that treats the same problems
except that of cocycles. Despite some overlap, their work has a completely different
technical core, namely the transfer of Plancherel measures between inner forms,
which should have wide-ranging applications.

Organization of this article. In Section 2, we recapitulate the formalism of normal-
ized intertwining operators and Knapp—Stein R-groups. We follow the notations
in [Arthur 1989a; 1993] closely. In particular, the R-group R, is regarded as a
quotient of the isotropy group W,, instead of a subgroup.

In Section 3, we set up a general formalism of restriction of representations.
These results are scattered in [Shahidi 1983; Keys 1987; Tadi¢ 1992; Hiraga and
Saito 2012], just to mention a few. In view of the possible sequels of this work,
the behavior under restriction of normalized intertwining operators is treated in
generality.

A special assumption is made in Section 4 (Hypothesis 4.0.2), namely, that the
parabolically induced representations in question should be irreducible. We are
then able to deduce finer information on R-groups and their cocycles in this setting.
The arguments are not too difficult, but require some careful manipulations.

In Section 5, we will specialize to the inner forms of SL(/V) and reformulate the
results of Hiraga and Saito [2012] on the local Langlands correspondence and the
S-groups. In order to study parabolic induction, we also have to generalize these
results to the Levi subgroups.

In Section 6, we recapitulate Arthur’s definition of dual R-groups via the om-
nipresent commutative diagram in Proposition 6.1.1. The results obtained earlier
can then be easily assembled, and Arthur’s conjecture on R-groups for the inner
forms of SL(N) (Theorem 6.2.4) follows.

2. Preliminaries
2.1. Conventions. Local fields. Throughout the article, F' always denotes a nonarchi-
medean local field of characteristic zero. We set.

o I'p: the absolute Galois group of F', defined with respect to a chosen algebraic
closure F;

o Wg: the Weil group of F;

e WDy := Wg x SU(2): the Weil-Deligne group of F’;
e | - | =] - |F: the normalized absolute value of F;

e gr: the cardinality of the residue field of F.

When discussing the canonical family of normalizing factors for GL(N) and its
inner forms, we will also fix a nontrivial additive character ¥r : F — C*.
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The usual Galois cohomology over F' is denoted by H*(F, -). The continuous
cohomology of Wr isdenotedby HS , (Wp, ---); the groups of continuous cocycles
are denoted by Z3, (Wp, --+).

Groups and representations. For an F-group scheme G, the group of its F-points is
denoted by G (F); subgroups of G mean the closed subgroup schemes. The identity
connected component of G is denoted by G°. The center of G is denoted by Z.
Centralizers (respectively normalizers) in G are denoted by Zs(-) (respectively
Ng(+)). The algebraic groups over C are identified with their C-points.

The derived group of G is denoted by G4, Now assume G to be connected
reductive. A simply connected cover of Gger, Which is unique up to isomorphism,
is denoted by Gsc — Gger- We denote the adjoint group of G by Gap := G/Zg.
For every subgroup H of G, we denote by H,. (respectively Hyq) the preimage of
H in Ggc (respectively image in Gap). The same formalism pertains to connected
reductive C-groups as well.

The definitions of the dual group "G = G x W and the L-parameters will be
reviewed in Section 3.5.

The symbol Ad(---) denotes the adjoint action of an abstract group on itself,
namely Ad(x) : g — gxg~!.

For any division algebra D over F and n € Z>, we denote by GLp (n) the group
of invertible elements in Endp (D"), where D" is viewed as a right D-module. It is
also regarded as a connected reductive F-group.

The representations considered in this article are all over C-vector spaces. For a
connected reductive F-group G, we define the following.

[1(G): the set of equivalence classes of irreducible smooth representations of
G(F);

[Tunit(G): the subset consisting of unitary (that is, unitarizable) representations;

[Temp(G): the subset consisting of tempered representations;

I3 temp(G): the subset consisting of unitary representations which are square-
integrable modulo the center.

For an abstract group S, we will also denote by IT(S) the set of its irreducible
representations up to equivalence.

The central character of = € [1(G) is denoted by w,. The group of morphisms
(respectively the set of isomorphisms) in the category of representations of G (F)
is denoted by Homg (- - - ) (respectively Isomg (- - -)).

For any topological group H, we set

HP? :={x:H — C*, continuous character}.
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For any representation  of G(F) and any n € G(F)”, we write n :=n ® m for
abbreviation. Also note that 7 and nm have the same underlying C-vector spaces.
If M is a subgroup of G and 7 is a smooth representation of G (F'), we shall denote
the restriction of 7 to M (F) by m|y.

Combinatorics. Let G be a connected reductive F'-group. We employ the following
notations in this article. Let M be a Levi subgroup.

o P(M): the set of parabolic subgroups of G with Levi component M;
o L (M): the set of Levi subgroups of G containing M
o F(M): the set of parabolic subgroups of G containing M;

e W(M):=Ng(M)(F)/M(F): the Weyl group (in a generalized sense) relative
to M;

The Levi decompositions are written as P = MU, where U denotes the unipotent
radical of P. For M chosen, the opposite parabolic of P = MU is denoted by
P =MU. When we have to emphasize the role of G, the notations ¢ (M), ¢ (M),
FG (M), and W (M) will be used.

Let w € W (M) with a representative w € G(F'). For o € [1(M), we define wo
to be the representation on the same underlying vector space, with the new action

(Wo)(m) :=oc (@ 'mw), me M(F).

The equivalence class of wo depends only on w € W(M), and we will write wo
instead, if there is no confusion.

Define Z(G) := Homp_gp (G, Gy) and ag := Hom(%(G), R). For every Levi
subgroup M, there is a canonically split short exact sequence of finite-dimensional
R-vector spaces

0—>aG—>aM<:>aAG,,—>0.

The linear duals of these spaces are denoted by ag;, etc. We also write ag ¢ :=
ag ®pr C, etc. Sometimes we also write ap instead of ay, if P = MU.
The Harish-Chandra map Hg : G(F) — ag is the homomorphism characterized
by
(x, Hg(x)) =log|x (xX)|r, x € %(G).

For A € a*G’C and € T1(G), we define m, € I1(G) by
(1) 7y, = et @ g,

Fix a minimal parabolic subgroup Py = MUy of G. We define Ay, Ag to be the
set of simple roots and coroots, which form bases of (af,lo)* and aAG,IO, respectively.
The set of positive roots is denoted by X, and its subset of reduced roots by
E{)ed. They form a bona fide root system. For every P = MU D Py, we define
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Ap C Xp C Z}ed by taking the set of nonzero restrictions to (aAG,,)* of elements
in Ag C X C E{)"d. To each @ € £ p we may associate the coroot a” € aAG,[: it is
defined as the restriction of the coroot in Aj. For a given P, the objects above
are independent of the choice of Py. We can emphasize the role of G by using the
notations AIGJ, etc. whenever needed.

Induction. We always consider a parabolic subgroup P = MU of G. The modulus
character of P(F) is denoted by §p, that is,

(left Haar measure) = §p - (right Haar measure).

The usual smooth induction functor is denoted by Ind(---). The normalized
parabolic induction functor from P to G is denoted by Ig( 2) = Indg (8;,/ 2 ®-).
Recall that for o € T1(M) with underlying vector space V., we use the usual
model to realize Ig (o) as the space of functions ¢ : G(F) — V,; such that ¢ is
invariant under right translation by an open compact subgroup of G(F), and that
@(umx) = 8p(m)'/?>a (m)(p(x)) for all m € M(F), u € U(F). The group G(F)
acts on this function space by the right regular representation.

For 0,0’ € [1(M) and f € Homy, (o, ¢'), the induced morphism is denoted by

Ig(f); it sends ¢ to f(@).
2.2. Normalized intertwining operators. Our basic reference for normalized inter-
twining operators is [Arthur 1993]. Consider the following data.
e G: a connected reductive F-group.
e M: a Levi subgroup of G.
P, Q0 e®PM).
o : M(F)— Autc(V,): a smooth representation of M (F') of finite length.

s AEAY c.
For every o € Ap, we denote by r, the smallest positive rational number such
that r,, - " lies in the lattice Hy; (M (F)). We define

(2) a:=rea’.

By recalling (1), we form the normalized parabolic induction Ig (o), 1 g (o).
Their underlying spaces are denoted by II?(VUA), 1 g (V5, ). The standard intertwin-
ing operator

Joip(03) - 15 (02) —> 1§ (02)

is defined by the absolutely convergent integral

3 Jorene)) = / pux)du, xeG(F),
Up(F)NUg(F)\Ug(F)
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when (Re(L), aV) > 0 for all o € E}Fd N Eer'd; see [Waldspurger 2003, IV.1] for
the precise meaning of absolute convergence. Recall that upon choosing a special
maximal compact open subgroup K C G(F) in good position relative to M, these
induced representations can be realized on a vector space that is independent of A.
It is known that Jg|p(03) is a rational function in the variables

—{r.a)

lar o€ Ap}l.

In particular, as a function in A, Jg|p(0,) admits a meromorphic continuation
to a*M’C. When o € Iiemp(M), it is known that (3) is absolutely convergent for
(Re(A),aY) > 0 for all o € zgsd N . Moreover, as a meromorphic family of
operators, it satisfies ord,—o(Jg|p(03)) > —1.

Henceforth we assume o irreducible, that is, o € [1(M). Take any P € P(M).
Define the j-functions as

4 J(03) == Jp p(02) I p(04).

It is known that A — j(o;) a scalar-valued meromorphic function, which is
not identically zero. Moreover, j(o;) is independent of P and admits a product
decomposition

jo=T] Jalon.

red
aeXl

where j, denotes the j-function defined relative to the Levi subgroup M, € L(M)
such that 2%‘*’@ = {+a).
Now assume o € Iy emp(M). In this paper, we define Harish-Chandra’s u-

function as the meromorphic function

(o) = j(on) "

Accordingly, p also admits a product decomposition pt = [ [, ie. It is analytic and
nonnegative for A € iaj,. Note that our definitions of j-functions and u-functions
depend on the choice of Haar measures on unipotent radicals. In particular, our
p-function differs from that in [Waldspurger 2003, V.2] by some harmless constant.

Definition 2.2.1 (cf. [Arthur 1989a, Section 2]). In this article, a family of normal-
izing factors is a family of meromorphic functions on the aj, --orbits in IT1(M), for
all Levi subgroup M of G, written as

roip(03), P,QeP(M), 0 €ay ¢

satisfying the following conditions. First of all, we define the corresponding
normalized intertwining operators as

Roip(0s) i=roip(02) " Joip(02),
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which is a meromorphic family (in A) of intertwining operators / g (o) > 1 g (o).
We shall also assume that a family of normalizing factors is chosen for every
proper Levi subgroup.

(R]) For all P, P/, P’ € @(M), we have Rp//|p(0')h) = Rp//\p/(O’)L)RPqP(O’}\).
(Ry) If o € Mynie(M), then

RQ|p(O’)L) = RPlQ(O'_i)*a A€ a’j,,}c.

In particular, Ro|p (o) is a well-defined unitary operator.

(R3) This family is compatible with conjugacy, namely,

Rypg11gpg1(803) = L(®)Roip(0)€(8) ™"
for all g € G(F), where £(g) is the map ¢(-) — ¢(g~!-).
(R4) We have .
ro|p(0.) = 1_[ F%Pa (o),

red ~yred
aeXy QEIQE

where P, := PN M,, and rgi[”l‘P
for M,,.

(Rs) Let § = LU € % (M) containing both P and Q. Then Rg|p(0,) is the operator
deduced from RlL’ﬂL\QﬂL (03) by the functor Ig( ).

comes from the family of normalizing factors

(Rg) The function A + rg|p(0;,) is rational in the variables {q;(k’m o€ Ap}.

(R7) If 0 € Iemp(M), the meromorphic function A +— rg p(0y) is invertible
whenever Re(A, «¥) > 0 for all @ € Ap.

Observe that (R») is equivalent to saying rg|p (o) =rp|g(0_3) for o € Iy (M),

as the unnormalized operators Jg|p(03) satisfy a similar condition. Similarly, (R3)

is equivalent to saying rpe-11gpg-1(802) = ro|p(0)).
The fundamental result about the normalizing factors is that they exist [Arthur
1989a, Theorem 2.1].

Remark 2.2.2. According to Langlands [1976, Appendix 2], there is a conjectural
canonical family of normalizing factors ro|p (o) in terms of local factors, namely,

roip(01) = €0, pgyp o $r. V) L(O, i o p)LL, 1. pfyp) "
where

* ¢, is the Langlands parameter for o;;

e lig (resp. tp) denotes the Lie algebra of the unipotent radical of the dual
parabolic subgroup 0 (respectively P)in G;
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* pojp is the adjoint representation of “M on fig/(fig Niip), and pj » denotes
its contragredient;

e Yp: F — C* is a chosen nontrivial additive character.

We will invoke this description only in the case G = GLg(n). In that case, the
local factors in sight are essentially those associated with pairs (¢, ¢») where
@1, ¢, are among the L-parameters parametrizing the components of o. Such Artin
local factors are known to agree with their representation-theoretic avatars, say,
those defined by Rankin—Selberg convolution or by the Langlands—Shahidi method.

Remark 2.2.3. The construction of normalizing factors can be reduced to the case
where M is a maximal proper Levi subgroup of G and o € I emp(M), as illustrated
in [Arthur 1989a]. Let us give a quick sketch of this reduction.
(i) In view of (R4), we are led to the case M maximal proper. Moreover, it
suffices to verify (R3) for the representatives in G (F) of the elements in W (M) :=
Ngr)(M)/M (F), which has at most two elements.
(ii) Assume that o € Iiemp(M). By the classification of tempered representations,
there exists a parabolic subgroup R = MrUpg of M and T € Iiemp(Mp) such that
o—1 g’ (7). The pair (M, t) is unique up to conjugacy. There is a unique element
P(R) in ?(Mp), characterized by the properties

* P(R)CP,

« P(R)NM =R.
Consequently, parabolic induction in stages gives / 1(9; 1 }e” (n)y=1 g( ) (7). The same
construction works when P is replaced by Q. Set

ro|p(0}) :=ro®R) P(R)(T1)-

In view of (Rs) together with parabolic induction in stages, we see that Rpp(03)

is the restriction of Rg(r)p(r)(01) to I5(0:). The required conditions can be
readily verified.
(iii) For general o', we may realize it as the Langlands quotient 7}/ (t,)) — o, where
R = MRUp is a parabolic subgroup of M, T € ITemp(Mp), and u € aj‘wR satisfies
Re(u, BY)>0forall B € A%’. The triplet (M, 7, u) is again unique up to conjugacy.
Let P, Q € P(M). Define P(R), Q(R) € P(Mp) as before and set

ro(p(03.) :=roR)|P(R)(Trtsu)-
Recall that

Ker[ Iy (t,) —» o] = Ker(Jlg{R(rM)).

The condition (R7) applied to 7, tells us that Ker(J lg/ll ® (tw) = Ker(R%l| R(Tu))-
The same is true for u replaced by p+A. Using (Rs), we see that Rory|p(r)(Ta+p)
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factors into Ro|p(0;) on 11(,; (03.). All conditions except (R;) follow from this. The
proof of (R;) requires more effort to deal with the unitarizability of Langlands
quotients; the reader can consult [Arthur 1989a, Page 30] for details.

(iv) Reverting to our original assumption that M is maximal proper and
o € Hz,temp(M),

it clearly remains to verify conditions (R1), (Ry), (R3), (R¢), (R7). Furthermore,
one can reduce (Rj3) to the assertion that Py B~ [w P! (w(oy)) = i’p|p(m), for
w € W(G) being the nontrivial element in W (M) if it exists.

2.3. Knapp-Stein R-groups. Fix a family of normalizing factors for G. Assume
henceforth that M is a Levi subgroup of G and o € T15 temp(M). Define the isotropy

group
Wy ={weWM):wo ~o}.

Fix P € #(M). For w € W (M) with a representative w € G(F), we define the
operator rp (0, o) € Isomg (15 (o), IS (wo)) by

w1 puwip ()

[L@):p—>p(D~!)]
_—

(5)  rp(,0): 15 (o) ! 19, ,.) 1§ (o).

We notice the following property: for any w, w’ € W (M) with representatives
w, w € G(F), we have

(6) rp(ww, o) =rp(w, wW'o)orp(W, o).

Assume now w € W,,. Choose a representative w of w and o (w) € Isomy (o, o)
to define the operator

Rp(b,0) := 15 (o () orp(ib, o).

The class Rp(w, o) mod C* is independent of the choices of o (w) and the
representative w. We also have

Rp(ib, 0) € Autg (IS (0)),

Rp(W,0)Rp(W',0) = Rp(ww',0) mod C*, w,w e W,.
Now we can define the Knapp—Stein R-group as follows.

WO :={weW,:Rp(b,o) e C*id},
Ry := W,/ W2,

We will also make use of the following alternative description of R,.
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Proposition 2.3.1. The subgroup Wf,) is the Weyl group of the root system on ayy
composed of the multiples of the roots in {« € E}?d T g (o) =0}

Given any Weyl chamber o C ay for the aforementioned root system, there is
then a unique section Ry — W, that sends r € R, to the representative w € W,
such that wa} = a}. Consequently, we can write Wy = W x R,,.

In the literature, R, is sometimes viewed as a subgroup of W, in this manner;
see, for example, [Goldberg 2006].

Write V,; (respectively / 1(3; (V) for the underlying vector space of the represen-
tation o (respectively 1 1(3; (0)). It follows that w — Rp (W, o) induces a projective
representation of R, on Ig(Vo), where w € G(F') is any representative of w € W, .
We denote this projective representation provisionally by 7 +— Rp(r, o), for r € R,,.

There is a standard way to lift Rp(-, o) to an authentic representation of some
group R, which sits in a central extension

1> C*—> Ry, — Ry — 1,

such that C* acts by z — z-id. Namely, we can set R, to be the group of elements
(r, M[r]) € R; x Aut@(lg(Vo)) such that M[r] mod C* gives Rp(r, o). The lifted
representation, denoted by 7 +— Rp (¥, 0), is then ¥ = (r, M[r]) — M][r]. Such a
central extension by C* that lifts Rp (-, o) is unique up to isomorphism.

Note that the central extension above can also be described by the class

¢o € H*(R,,C)
coming from the C*-valued 2-cocycle ¢, defined by
(7) Rp(i172,0) = ¢o (r1,12)Rp(F1, 0)Rp (72, 0), 11,72 € Ry,
where we choose a preimage 7 € R, for every r € R,.

Theorem 2.3.2 (Harish-Chandra; [Silberger 1978]). Fix a preimage 7 € R, for
everyr € R,. Then the operators {Rp(r, o) :r € Ry} form a basis ofEnd(;(Ig (0)).

Following Arthur, we reformulate this fundamental result as follows. Let
[1, (G) := {irreducible constituents of / E (0)}/=~,
M_(R,) :={p e I(R,): forallz € C* p(z) =z-id}.

Note that I, (G), H_(ﬁg) are both finite sets, and each p € H_(ﬁo) is finite-
dimensional.

Corollary 2.3.3. Let R be the representation of R, x G(F)onI g(Vg) defined by

R(F,x)=Rp(F,0)IS(0,x), F€Ry, xeG(F).
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Then there is a decomposition

(8) R~ P pR7,
peM_(R;)
where p — 1, is a bijection from H_(ﬁg) to I, (G), characterized by (8).
Consequently, Ig (0) is irreducible if and only if R, = {1}.
Remark 2.3.4. When G is quasisplit and o is generic with respect to a given
Whittaker datum for M, the work of Shahidi [1990] furnishes
(1) a canonical family of normalizing factors ro|p(0);
(i1) a canonically defined homomorphism w +— Rp(w, 0);
(iii) a canonical splitting of the central extension 1 — C* — R, = R, — 1.
These properties are not expected in general. Indeed, we see in Example 6.3.3
that (iii) may fail.

Remark 2.3.5. The formalism above depends not only on (M, o), but also on the
choice of P € %(M). One can easily pass to another choice O € P (M) by transport
of structure using Rp|p (o). For example, one has

ro(, o) = Rpjg(Wwo) ™ 'rp(, 0)Rp|o(0),
Ro(W,0) = Rpig(0) "' Rp(ib, o) Rpjg(0)

for all w € W (M) with a representative w € G(F') and some chosen o ().

3. Restriction
Let G, G* be connected reductive F-groups such that

Gyer C GtI cG.

3.1. Restriction of representations. In this subsection, we will review the basic
results in [Tadi¢ 1992, Section 2; Hiraga and Saito 2012, Chapter 2] concerning the
restriction of a smooth representation from G (F) to G*(F). The objects associated
to G* are endowed with the superscript f, for example, 7* € I1(G¥).

Proposition 3.1.1 [Silberger 1979; Tadi¢ 1992, Lemma 2.1 and Proposition 2.2].
Let m € T1(G). Then m|g: decomposes into a finite direct sum of smooth irreducible
representations. Each irreducible constituent of w|g: has the same multiplicity.
Conversely, every % € T1(G*) embeds into 7|z for some w € I1(G). If the
central character w,: is unitary, one can choose w so that w, is also unitary.

Proposition 3.1.2 [Tadi¢ 1992, Corollary 2.5]. Let 7y, mp € I1(G). The following
are equivalent:
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(1) Homg: (71, m2) # {0}.
(i) mi|g: = malge.
(iii) There exists n € (G(F)/G*(F))? such that nm ~ m».

For m € I1(G), we define a finite “packet” of smooth irreducible representations
of G¥(F) as
[1; := {irreducible constituents of 7 |5:}/> .

Consequently, Proposition 3.1.2 implies that IT1(G*) = LI, I, when 7 is taken
over the (G(F)/G*(F))P-orbits in T1(G).

Proposition 3.1.3 [Tadi¢ 1992, Proposition 2.7]. Let = € I[1(G) and assume that
wy is unitary. Let P be one of the following properties of smooth irreducible
representations of G(F) or GY(F):

(1) wunitary,
(1) tempered,
(iii) square-integrable modulo the center,
(iv) cuspidal.
Then we have equivalences of the form
[ satisfies P| <= [for some 7t e I,, 7t satisfies P]
> [forall n* € T, n° satisfies P].
Now comes the decomposition of 7 |g:.
Definition 3.1.4. Let 7 € I1(G) with the underlying C-vector space V. Note that
Vyz = Vz forall n € (G(F)/G*(F))P. We introduce the groups
X9(r) = {n € (G(F)/GHF)P :nm =7},
G () = (1,7G e Isomg(nm, ) :ne X6 (1)) C Autg: ().
Observe that Isomg(nm, w) is a C*-torsor by Schur’s lemma, and an element
If € SY() uniquely determines 1. The group law is given by composition in
Autc (V), namely, by
Isomg (nm, ) x Isomg (n'm, )
= Isomg(n'nm, n'm) x Isomg(n'm, ) — Isomg(n'nm, )

for all n, n’ € X ().
Thus we obtain a central extension of locally compact groups

9) 1 >C*—> S%m) > X%@7) > 1,

where the first arrow is z — z - id and the second one is 1,7G — 7.
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Also note that X6 (7) = X% (¢), SC(m) =S¢ () forany £ € (G(F)/G*(F))P.

Note that implicit in the notations above is the reference to G, which is usually
clear from the context. Indications to G* will be given when necessary.

It is easy to see that X () is finite abelian. As in the setting of R-groups, we
define the finite set

M_(S%(7)) :={p e 1(8%(x)) : forall z € C*, p(z) = z-id}.

Theorem 3.1.5 [Hiraga and Saito 2012, Lemma 2.5 and Corollary 2.7]. Let & =
S (1) be the representation of S¢ () x GE(F) on Vy defined by

S, x)=1on(x), IeS%u),xeGF).
Then there is a decomposition
(10) S~ @ p Rk,
pell (5% (7))

where p — ng is a bijection from TI_(SY (1)) to I, characterized by (10).

3.2. Relation to parabolic induction. Let P be a parabolic subgroup of G with a
Levi decomposition P = MU. In this article, we denote systematically

P*:= PNG*,

M*:=MNM*.
Then P* is a parabolic subgroup of G* with Levi decomposition P¥ = M*U, since
every unipotent subgroup of G is contained in Gge;. The map P — P? (respectively
M +— M%) induces a bijection between the parabolic subgroups (respectively Levi
subgroups) of G and G*, which leaves the unipotent radicals intact. We also have
a canonical identification W(M?*) = W(M). In what follows, we will fix Haar
measures on the unipotent radicals of parabolic subgroups of G and G*, which are

compatible with the identifications above.
Obviously, the modulus functions satisfy §p (m) = 8 p:(m) for all m € M*(F).

Lemma 3.2.1 [Tadi¢ 1992, Lemma 1.1]. Let o € [1(M). Then we have the following
isomorphism between smooth representations of G*(F):
I (@)lgs — 15 (@),
¢ = ¢le:r),
which is functorial in o.

Proof. Upon recalling the definitions of Ig (o) and 1 gnﬁ (o|s2) as function spaces,
the assertion follows from the canonical isomorphisms

PY(F)\G*(F) = (P"\G*)(F) = (P\G)(F) = P(F)\G(F)
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and the fact that §p |z = §ps. O

The next result will not be used in this article; we include it only for the sake of

completeness. Recall that the normalized Jacquet functor rg is the left adjoint of
G*

I§. The same is true for r§, .

Lemma 3.2.2. Let © € T1(G). The restriction of representations induces an iso-
morphism

G ~, ,.G*
rp(m)ly: = rp: (wlge)
between smooth representations of M*(F), which is functorial in 7.
Proof. The claim is evident. U

Proposition 3.2.3. Let M be a Levi subgroup of G. Then the inclusion map M — G
induces an isomorphism between locally compact abelian groups:

M(F)/M*(F) = G(F)/G*(F).

Proof. The inclusion map induces an isomorphism M/M* < G/G* as F-tori.
Hence the short exact sequence 1 — M* — M — M/M* — 1 and its avatar for G
provide a commutative diagram of pointed sets with exact rows:

1 —— G*(F) G(F) (G/G*)(F) — H'(F, G%

] | T

1 — MYF) — M(F) — (M /M%) (F) — H'(F, M%).

Fix a parabolic subgroup P of G with a Levi decomposition P = MU. The
rightmost vertical arrow factorizes as

H'(F, M* - H'(F, P") > HY(F, G").

The first map is an isomorphism whose inverse is induced by P* — P*/U = M*.
It is well known that the second map is injective, hence so is the composition. A
simple diagram chasing shows M(F)/M*(F) = G(F)/G"(F), as asserted. [

Corollary 3.2.4. The restriction map induces an isomorphism
(G(F)/GH(F)P = (M(F)/M*(F))®.

Here is a trivial but important consequence: any n € (M (F)/M £(F))P is invariant
under the W (M)-action.
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3.3. Relation to intertwining operators. Let M be a Levi subgroup of G. First of
all, observe that there is a natural decomposition

ay = ay,: b,
where
b* ==X (M/M*) @7 R <> a.
Henceforth, we shall identify a} . as a vector subspace of a},. We shall do the same

for their complexifications. This is compatible with restrictions in the following
sense:

0|y = 0|y, oellM), re aj;,]n,@-

Lemma 3.3.1. Leto € [1(M), P, Q € P(M). For \ € a*MIi cin general position,

the following diagram is commutative:

Joip (o)
I5 (o)l 15 (a)lgs
IGrt o IG’j ol pme),
pe (Oaly2) Ty @l o: (@l me)

where the vertical isomorphisms are those defined in Lemma 3.2.1.

Proof. 1t suffices to check this for Re()) in the cone of absolute convergence of the
integrals (3) defining Jg|p and Jy: p:. The commutativity then follows from (3)
and the definition of the isomorphism in Lemma 3.2.1. ]

Proposition 3.3.2. Let o € Iy emp(M), 0% € Mo emp(M?) such that 0% < o |y:.

Then, for all ) € a’;ln oo we have u(o;) = ,u(orf); more precisely,

Uo(03) = Ma(of) forall a € E}ed =yrd

ed P eP(M).

Proof. In view of our choice of measures on unipotent radicals, the identities of
u-functions follow from (4) and Lemma 3.3.1. U

Proposition 3.3.3. Let 0 € I1(M) and n € (G(F)/G*(F))P. Then we have
j(o)=jno).

In particular, for o € Tl temp(M), we have (o) = u(no).
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Proof. In view of the definition of j-function (4), it suffices to observe that for all
P, Q € P(M) and X € a), ¢ in general position, the following diagram commutes:

Joip (o)
1§ (03) ———nI§(03)

:l t:

1§ — IS
P (no) Jorr (100) 0 (no3),
where the vertical arrows are given by ¢(-) +— n(-)¢@(-); note that we used the
natural identification Homg (71, m2) = Homg (nmy, nmp) for all my, mr € T1(G).
Indeed, the commutativity can be seen from the definition (3) of Jg|p(-) when
Re(}) lies in the cone of absolute convergence. O

Theorem 3.3.4. One can choose a family of normalizing factors for G such that

roip(oy) =rop(n0;)

forall (M, o), P, Q € (M) and n € (G(F)/G*(F))?, which is unitary. Given
such a family of normalizing factors, one can define normalizing factors ryz pt (Gf )
for those o such that w,: is unitary by setting

(1) roupe(0f) i=roip(0n), A€ dl. ¢,

where o € T1(M) is as in Proposition 3.1.1 with w, unitary.

Moreover, let o, c* be as above and 1 : 6* < o |y be an embedding. Let
P, Qe P(M), we W (M) with a representative w € G*(F). The following diagrams
of G*(F)-representations are commutative:

Rop(03) rp(0,0;) -
I (o)) ———— 1§ (03) I§(03) ————— IS ((02))
1 (0) ———— 15 ()), G (o) ————— 15, (W(0}))
Rz pt (0 %) rpy (W,03)

for & € ay; ¢ in general position, where the vertical arrows are given by

()
A ) L 1S 0ale) = 18 (00)] g

Observe that the asserted invariance under n-twist is satisfied by Langlands’
conjectural family of normalizing factors in Remark 2.2.2, since they are defined in

terms of local factors through the adjoint representation of “M on the Lie algebra
of G.
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Proof. We will show that rg|p (o)) =rg|p(10;.) by reviewing the construction in
Remark 2.2.3. More precisely, we will start from the square-integrable case and
show that the equality is preserved throughout the inductive construction.

To begin with, suppose that M is maximal proper and o € I3 temp(M). Suppose
that rg|p(0y) is chosen so that (Ry), (Rz), (R3), (R¢), (Ry) are satisfied. Put
roip(noy) :=roip(oy). Then all the conditions above except (R) are trivially
satisfied for no. As for (Ry), all that we need to check is that when Q = P,

reip(@)rgip(0:) = j(noy), A €ay c.

By Proposition 3.3.3, the right hand side is equal to j (o)), hence the equality holds.
This completes the case of o € 15 emp(M).

Suppose now o € ITiemp(M). By the classification of tempered representations,
we may write 0 «— [ 1]3” () for some parabolic subgroup R = MrUg of M and
T € T2 temp(Mpg). Twisting everything by 1, we obtain no — Il’y(nr) in the
classification of tempered representations. We have rg|p(0) = rowr)pr)(T) =
ro(Rr)|P(R)(NT) by the previous case; on the other hand, the inductive construction
of normalizing factors says that rg|p(n0) = ror)pr)(n7), hence rojp(no) =
ro|p (O’ ) .

The case of general o is similar. We may write o as the Langlands quotient
Iﬁ”(rﬂ) — o, where R = MRUpR is as before, T € [Temp(Mp), and Re(u, a’y>0
forall o € AJI‘;’ . Twisting everything by n, we have [ 11;4 (nt,) — no, which is still
a Langlands quotient. The inductive construction of normalizing factors says that
roip(0) = ror)P(R)(Tu+2). Repeating the arguments for the previous case, it
follows that ro|p(o) =rop(no).

Now we can check that

FQﬁ\P:(Uf) ==rgp(o))

is well defined. Recall that w,: and w, are assumed to be unitary. If o’ is another
choice such that 6% < o, and w, is unitary, there exists  such that o >~ no’.
This would imply that n|z;r) is unitary, hence so is 7 itself. Therefore rg|p (n0o;.) =
ro|p(02).

Finally, the commutativity of the diagram results from Lemma 3.3.1 and (11). J

3.4. Relation to R-groups. In this subsection, we will fix

a parabolic subgroup P = MU of G;

the corresponding parabolic subgroup P* := P N G* = M*U of G%;
ofe HZ,temp(Mj);

o € I emp(M) such that 6% < o[ y:.

Given ¥, the existence of such a ¢ is guaranteed by Propositions 3.1.1 and 3.1.3.
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Lemma 3.4.1 (cf. [Goldberg 2006, Lemma 2.3]). Under the identification W (M) =
W (M*), we have W2 = WY,

Proof. Since both sides are generated by root reflections, it suffices to fix « € Ef.?d =
E;f’f and show that s, € Wf,) if and only if s, € Wgﬁ, where s, denotes the root
reflection with respect to «.

By [Waldspurger 2003, Proposition IV.2.2], (o) = 0 implies sq0 >~ o. The
same is true for o instead of . According to the description of W2 (respectively
W(?:) in terms of p-functions, we obtain

Ua(0) =05 54 € W(? (respectively g (crﬁ) =0& s, € W(?j).

On the other hand, Proposition 3.3.2 implies pq(0) = g (6%). The assertion
follows immediately. (]

Definition 3.4.2. Set
L(o):={ne (M(F)/MF(F))P : there exists w € W (M), wo ~ no},
L(c®) :={ne (M(F)/M*(F))? : there exists w € W(M), wo ~ no, wo* ~ oF}.
These are subgroups of (M(F)/Mﬁ(F))D. Indeed, let
n,n €L(c) and w,w € W(M)
such that no >~ wo, n'c >~ w'c. Then one has
(12) n'no ~n'wo =wn'c ~ww'o.

Hence 1’ € L(o). The case of L(c ") is similar. Note that X" (¢) C L(¢%) C L(0).
There is an obvious counterpart for the Weyl group, namely,

Wy :={w e W(M) : there exists n € (M(F)/Mﬁ(F))D, wo >~ not.

It is clear that W, D W,. On the other hand, Proposition 3.1.2 implies that
Ws D Wys.

The following result is clear in view of the preceding definitions.
Lemma 3.4.3. There is a homomorphism given by
r:w, — L(o)/XM(cr)wr—> the [n mod XM(O’)] such that wo >~ no,
which satisfies the following.
(i) Tis surjective.
(i) Ker(T) = W,.
(iii) The preimage of L(c%)/ XM (o) is W,:W,.
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Definition 3.4.4. Let
[:Wy /Wy => L)/ X (0)
be the isomorphism obtained from T in the previous Lemma.

Proposition 3.4.5 [Goldberg 2006, Proposition 3.2]. Set
Ro[0%] 1= (Wo N Wos)/ WY,
which is legitimate by Lemma 3.4.1. This is a subgroup of R:.

(i) The homomorphism T induces an isomorphism
[:R,:/Rs[0"]=> L(c%)/XY (o).

(ii) If R, = {1}, or equivalently, if Ig (0) is irreducible, then T induces an isomor-
phism Ry: => L(c%)/ XM (o). Consequently, R,: is abelian in this case.

Proof. Lemma 3.4.3 gives an isomorphism
Wz /(W N Wo2) => L(0%)/ X" (0)

that can be viewed as a restriction of I'. By Lemma 3.4.1, we can take the quotients
by W0 = W(?: on the left hand side. The first assertion follows immediately.

For the second assertion, it suffices to note that R, [c*] embeds into R, as well,
since W0 = Wgz. (|

3.5. L-parameters. Let G be a connected reductive F-group equipped with a qua-
sisplit inner twist
V:GxpF— G*xpF.

We identify G with G*, thus “G = LG*. The reader should recall that the
definition of the complex reductive group G* and the T'p-action thereof depend
on the choice of a I'-stable splitting (B*, T*, (Eq)aca(p*,7+)) (also known as an
F-splitting) of G*(F); see [Kottwitz 1984, Section 1]. These choices permit us
to define a correspondence M* <> “M* between the conjugacy classes of Levi
subgroups of G* and their dual avatars inside “G*. Using the inner twist v, it also
makes sense to say if a Levi subgroup M* of G* comes from G; this notion only
depends on the conjugacy classes of Levi subgroups.

For any Levi subgroup M of G, there is a canonical bijection between W (M)
and WG(M ) coming from the bijection between roots and coroots.

An L-parameter for G* is a homomorphism

¢ :WDp = LG*=LG

such that
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e ¢ is an L-homomorphism, that is, the composition of ¢ with the projection
LG — Wr equals WDy — Wp;

e ¢ is continuous;

« the projection of Im(¢) to G is formed of semisimple elements.

Two L-parameters ¢, ¢, are called equivalent, denoted by ¢; ~ ¢», if they
are conjugate by G. We say that ¢ is bounded if the projection of Im(¢) to G is
bounded (that is, relatively compact); this property depends only on the equivalence
class of ¢.

Given an L-parameter ¢, we define

Sy = Zg(1Im(¢)).

The connected component Sg is a connected reductive subgroup of G. We record
the following basic properties.

(i) The Levi subgroups “M* C M which contain Im(¢) minimally are conjugate
by SY.
¢

rr,0 .

(i) Letting “M* be a Levi subgroup containing Im(¢) minimally, e Isa

maximal torus of Sg.

Indeed, these assertions follow from [Borel 1979, Proposition 3.6] and its proof
applied to the subgroup Im(¢) of “G.

So far, everything depends only on the quasisplit inner form G*. We say that ¢
is G-relevant if M ; corresponds to a Levi subgroup of G; in this case, we write
My = Mg. Put

®(G) :={¢ : WDp — G, ¢ is a G-relevant L-parameter}/~,
Dpaa(G) :={¢p € ©(G) : ¢ is bounded},
D2 bdd(G) :={¢ € Ppaa(G) : My = G}.

Since the relevance condition is vacuous if G = G*, we have ®(G) C ®(G*),
etc.

Now let G* be a subgroup of G such that Gger C G* C G. We will study the
lifting of L-parameters from G to G, which is in some sense dual to the restriction
of representations. In what follows, the L-groups of G and G* will be defined using
compatible choices of quasisplit inner twists and F-splittings.

There is a natural, I p-equivariant central extension

172> G Lal é\ﬁ — 1

which is dual to G¥ — G; here Z* is the C-torus dual to G/G".
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For ¢ € ®(G), we shall set ¢* := pro¢ € ®(G*). When this equality holds, ¢
is called a lifting of ¢F.

Theorem 3.5.1. For any ¢* € ®(G*), there exists a lifting ¢ € ®(G) of ¢* which
is unique up to twists by Hclom(Wp, Z5). If ¢* € ®paa(G?) (respectively ¢*
CDQ’bdd(G]j)), then ¢ can be chosen so that ¢ € Ppgq(G) (respectively ¢ € Py pada(G)).

Note that by local class field theory, H.  (Wr, Z% parametrizes the continuous
characters of (G(F)/G*(F))P.

Proof. The existential part is just [Labesse 1985, Théoreme 8.1] and the uniqueness
follows easily. Assume that ¢° € Ppaa(GP) (respectively Pt e d>2,bdd(Gﬁ)) and let
¢ be any lifting of ¢*; we have to show that there exists a continuous 1-cocycle
a:Wr — Z° such that the twisted L-parameter a¢ is bounded (respectively bounded
and satisfying M,y = My = G).

Note that there exists a central isogeny of connected reductive groups

G'xC—G

given by multiplication, where C is some subtorus of Z(();. Hence C — G/G* is also
an isogeny. By duality, we obtain a I"r-equivariant central isogeny of connected
reductive complex groups .

G — G xC.

Let ¢’ be the composition of ¢ (projected to the G component) with the afore-
mentioned central isogeny. Let us show that Im(¢") is bounded upon twisting ¢.
The first component of ¢’ is automatically bounded since ¢* is. On the other hand,
Cis isogenous to 7, therefore, upon replacing ¢ by a¢ for some suitable 1-cocycle
a:Wp — Z*, the second component can be made bounded. Hence a¢ is a bounded
L-parameter.

To finish the proof, it remains to observe that, assuming ¢* = pro¢, the preimage
of Mi: in G is equal to My. ([

Here we record a construction related to inner forms which will be required
later. Recall that the inner forms of G* are parametrized by H'(F, Gi\p)- Kottwitz
[1984, Section 6] defined the “abelianization” map ab' : HY(F, Gip) — (Z%ZC)D
between pointed sets. Hence we can associate to G a character xg of Z g‘; g in the
following way:

1
(13) {inner forms of G*}:H‘(F,G;D)ﬂ(zggc)D, GH[xciz(E;Zc—”CX].

4. Restriction, continued

This section is devoted to the study of restriction under parabolic induction. As
before, we fix connected reductive F-groups G, G* such that Gger C G* C G. We
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also fix a Levi subgroup M of G and P € P(M). The bijection between Levi
subgroups (respectively parabolic subgroups) M — M* (respectively P — P?) is
defined in Section 3.2.

The normalizing factors for G, G* are chosen as in Theorem 3.3.4 for the
representations with unitary central character.

Let o € IT(M). We shall make the following (rather restrictive) hypothesis on o
throughout this section.

Hypothesis 4.0.2. We assume that 7 := Ig (o) is irreducible.

4.1. Embedding of central extensions.
Proposition 4.1.1. Let o € [1(M) and 7 := I (o) € T1(G).
(i) Under the identification of Corollary 3.2.4, we have XM (o) < XS (m).

(i) Letw e XM(0), I al)” € Isomy; (wao, o). Define the operator 1 f as the composi-
tion of
Ap:@lg(0) > Ig (o), ¢ o()e(-),

with 119(13) : I,g(a)a) = Ig(a). Then Ig € Isomg (wm, ).

(iii)) We have the following commutative diagram of groups with exact rows:

| —C* —S(r) —= X%(@r) —— 1

)

] —C* ——= SM (o) — XM(6) — 1,

where the arrow SM (o) — SY () is the map I Cﬁ/[ = g defined above.

Proof. Tt follows from the definition that I¢ € SY(r) for all w € XM (o), hence
XM (o) € X%(r). On the other hand, IS is simply the map ¢ — o (-)IM(¢(-)).
It is clear that 1M + IC is a group homomorphism. The commutativity of the
diagram is then clear. ([

We denote by Ko(IT_ (S (0))) the space of virtual characters of S¥ (o) gener-
ated by the elements of TT_(S¥ (¢)). Similarly, Ko(I1,) denotes the space of virtual
characters of M*(F) generated by the elements of IT,. The bijection p ng in
Theorem 3.1.5 extends to an isomorphism Ko(IT_(SY (0))) = Ko(I1,). Assuming

=1 g (0) irreducible, we have the analogous isomorphism
Ko(TI_(S9())) = Ko(ITy),
as well as the linear maps

Ind$, ™)+ Ko(T_ (" (0))) = Ko(I_(5%(m))).

g
I - Ko(Tly) — Ko(TTy),
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given by the usual induction and normalized parabolic induction, respectively. Note
that Lemma 3.2.1 is invoked here.

Proposition 4.1.2. The following diagram commutes:

~

Ko(IT_(S¢())) Ko(I1;)
Indiz(g)) T ! gn:
Ko(IT_(SM(0))) Ko(I1,).

~

To prove this, some harmonic analysis on the groups S¥ (o), S¢ (1) is needed.
These groups are infinite; nonetheless, the usual theory carries over, as we are
only concerned about the representations in IT_(S%()), TI_(SM (o)) or their
contragredients. The worried reader may reduce S Gy > X% () (respectively
SM (o) — XM (o)) to a central extension by i, := {z € C* : 7" = 1} for some
m € Z, which is always possible.

Proof. Let o%eTl, and p € [1_(SM(0)) be the corresponding element. Define

v = Indg, 7 (p) € Ko(T—($% (),

4
nh =15 (0%) € Ko(T1,).
We have to show that T corresponds to 7%, To begin with, set
olIM:=a(-)oIM: M(F) — Autc(V,), IMesM(0),

where V, is the underlying vector space of o. Then (o[IM], o) is a smooth w-
representation of M (F), that is,

o[IM(xy) = 0o [IM1(x)o (y), x,y€ M(F).

This notion appears in the study of automorphic induction, and more generally it
fits into the formalism of twisted endoscopy; cf. [Lemaire 2010, Section 0.4]. It is
easy to see that ©, [Ié” 1:=Tro[l (f” ] is well defined as a distribution on M (F). We
may restrict o [1}] to M*(F); by abuse of notations, the corresponding distribution,
which is also well defined by Proposition 3.1.1, is again denoted by ©, [Ié” ]. The
same definition applies to 7.

Theorem 3.1.5 implies the following identity of distributions on M*(F):

1

(14) ®(,n = m

Y TreN)U - 0,111,

weXM (o)

where p" is the contragredient of p and IM € SM(0) is any preimage w; the
summand does not depend on the choice of IM.
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Define ZM (o) to be the subgroup of elements w € XM (o) such that every
preimage of w in S M (o) is central. Define Z° () similarly. The sum in (14) can be
taken over ZM (o), since p|cx = id implies that Tr(p") is zero outside the center.

Let 7'[}j € Ko(I1;) be the character corresponding to 7. By the same reasoning,
there is an identity of distributions on G*(F)

1 \ G G
(15) O = XGm] > Te(rY) (1F) - 041181,
neZ%(m)
where If € SY%() is any preimage of 5, as before. It remains to show that
©,:( fH = 0,:(f*?) for every f* € CX(G*(F)).

Choose a special maximal compact open subgroup K C G (F') in good position
relative to M, and set K* := K N G*(F). Equip K and K* with appropriate Haar
measures that are compatible with the Iwasawa decomposition; see [Waldspurger
2003, I.1]. The parabolic descent of characters implies

1
(16) ®,,:<fﬂ>=®an(f,§n>=|— S Tr(eY) (1Y) - 0,111,

M
X (o)) weZM (o)
where

fh.(m) =8}>/2(m)// FEG muk) dudk,  m € ME(F).
U(F)XKﬁ

Since 7 = Indﬁz((’?) (p), we have
! Vy((7G\=17M Gy - M Y .
Te(eV) (16 ) — X)) ZTr(,O WU L), ifne XM(o), I =17,
r@( 1 )= £eX0(m)
0 otherwise,

where I$G € SY(m) is any preimage of &; cf. [Serre 1967, Proposition 20]. This
may be rewritten as

X ()]

Te(zV)(I7) = § XM (o)
0, otherwise.

Tr(p")U)), ifne XM(o)NZC @), 1M+ IC,

We claim that O, [IG1(f%) = O, [IM1(fE,) if IM + I € SO (). First of all,
note that ®,[/ f ] is the normalized parabolic induction of ®,[/ Cf:” ] in the setting
of w-representations [Lemaire 2010, Sections 1.7 and 3.8]. Hence we have the
parabolic descent of w-characters [Lemaire 2010, Théoréme 3.8.2], namely,

O IS1(f) = O IM1(fPw), f€CX(G(F)),
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where
fpw(m) =8}J2(m)f/ w(k) f (k™ muk) dudk, m e M(F).
U(F)xK

To prove the claim, let us sketch how to “restrict” the w-character relation above to
G*(F). There exists a compact open subgroup C C Zg(F) such that
(i) CNGHF) = {1},
(i) C CK,
(iii)) w and w, are trivial on C, and
(iv) the multiplication maps C x G*(F) < G(F) and C x M*(F) < M(F) are

submersive.

Define 1. to be the constant function 1 on C. Choose the unique Haar measure
on C such that the submersions above preserve measures locally. Given that
fPe CX(GH*(F)), we set f =vol(C)"'1c® f¥ on C x G*(F), and zero elsewhere.
For such f, by inspecting the proof of [Lemaire 2010, Proposition 1.8.1], we may
redefine fp ,, by taking the double integral of f (k~'muk) over U(F) x K%, so that
fro=vol(C)"'1c® fﬁ: on C x M*(F) and zero elsewhere. Therefore

O:[IS1(f) = O, [IS1(f%),
O 121 fp.w) = O [IM1(f1,).

Hence our claim follows.
All in all, (15) becomes

> Te)U O, N(fh,

i 1
O.:(f) = |
weXM(e)NZC ()

XM (o)

where IM € SM (o) is any preimage of @ and IM — I¢ € S(rr). In comparison
with (16), it suffices to show that ©,[IM](f5,) =0 if w € Z¥ (o) but w ¢ Z6 ().
Indeed, for I € SC (i), we have

O [IM1(f5) = O IS1fH) =Tr UL, ) =Tr&U ST, ),

since & is a representation of S¢ () x G*(F). Since [ is arbitrary and S|« (1) =id,
we conclude that @U[lcﬁ”](fﬁ:) #0onlyifwe Z% (m). [l

4.2. Description of R-groups. Let w € W(M) with a chosen representative

W e GH(F).



DUAL R-GROUPS OF THE INNER FORMS OF SL(N) 63

Recall the operator rp(, o) : IS (o) — IS (Wo) defined in (5), which is the
composition of R,,-1p,(p(0) : IS (o) — I,f—lpwm((’) with the isomorphism
L) 1 1, (0) = 15 (Do), @) > p@ ).
For n € (G(F)/G*(F))P, recall the isomorphism A, defined as

NS (@) — 15 (o),  ¢(-) > n()e(-).

Note that the representations o, no, wo, and nwo share the same underlying
vector space V. As usual, we will compose the operators above after appropriate
twists by n or w. For example, given 7, 1, we may define A, A,/, which is equal
to Ayy 115 (0) = 15 (o).

Proposition 4.2.1. Let
L(o) C (M(F)/M*(F))?

be the subgroup defined in Definition 3.4.2. Upon identifying M(F)/M"(F) and
G(F)/G*(F), we have
L(o) C X°(n).

If o € T2 temp(M), equality holds.

Proof. Let n € L(o). By definition, there exists w € W (M) with a representative
W € G*(F) such that no ~ wo. Hence nr >~ IS (no) ~ IS (wo). There is also an
isomorphism rp (W1, wo) : IS (o) => IS (o). Hence n ~ 7.

Assume o € Tl emp(M) and let n € X% (). Then I,?(no) -~ Ig(a). By
[Waldspurger 2003, Proposition I11.4.1], there exists w € W(M) with wo ~no. U

Henceforth we take w € W,. Take any n € L(o) whose class modulo X (o)
equals ' (w) (see Lemma 3.4.3). Then 7 is of finite order by Proposition 4.2.1; in
particular, n is unitary. For any isomorphism

i:no = wo,
we deduce an isomorphism
AdG) : SM(no) - SM(wo), [+ ili~'=:AdG)I.

By the obvious identifications M) =M (no) = SM (o) (without using i),
one can view Ad(i) as an automorphism of § M (o). It leaves C* intact and covers
the identity map X" (no) => XM (o), and hence induces a bijection

_(SM () - I_(SM(0)), p+> poAd().

We shall write
wp = poAd(@).
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The puzzling notation will be justified by Lemma 4.2.3.

Henceforth, we adopt the following convention: for InG e §Y(m), we regard
Ad(InG ) as an automorphism of S (o) via the embedding S¥ (o) < S G () pro-
vided by Proposition 4.1.1.

Lemma 4.2.2. Let n, w, and i : no => wo be as above. As automorphisms of
SM(a), we have
Ad(i) = Ad(I])

for every I,]G € SO (i) in the preimage of 1.
Proof. Given n, the assertion is independent of the choice of I,,G . Let us consider
the specific choice as follows:

IS :=rp@@~", o) o If (i) o Ay nIg (o) > IF (o).

By the definition of the embedding S™ (o) — SY () and that of Ay, one
sees that Ad(A,) induces the identity map S¥ (o) => SM(no). Similarly, the
functorial properties of rp(w ™!, -) imply that Ad(rp (™", Wo)) induces the iden-
tity map SM™(wo) => SM(0). One can readily check that Ad(/5 (i) induces
Ad@i) : SM(no) = SM(wo). Hence the assertion follows. O

Before stating the next result, recall that o, wo, and no share the same underlying
space V.

Lemma 4.2.3. Let p e T1_(SM(0')) and o* € T1,. By identifying the groups S™ (o),
SM (o), and SM (no), the following are equivalent:
() p € I_(SM(0)) corresponds to c* < o |:.

(i) p e I_(SM(Wo)) corresponds to Wot — W0 |y

(iii) wp € M_(SM(no)) corresponds to ot — no |z

(iv) wp € II_(SM(0)) corresponds to Wo® < o |y:.

Proof. Recall that p corresponds to 0¥ < o |, means that p Ko ? < S(o), where

S(o) is the SM (o) x M*(F )-representation on V, defined in Theorem 3.1.5.
The first two properties are equivalent by a transport of structure via Ad(w) :

M* — M*. The last two properties are evidently equivalent. Finally, the equivalence

between the second and the third properties follows by pulling p back via Ad(i) :
SM(no) = SM(wo). O

Now, recall that Z™ (o) is the projection to XY (o) of the center of S¥ (o).
Temporarily fix a preimage If for every n € X% () and define

(17) zZM(©0)" == e X () : forallwe Zz¥(0), IC1S =151C} > XM (o).
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Proposition 4.2.4. Let o, w, and n be as before. For any o* € I, (respectively p €
I1_(SM(0))), we have wo* ~ o* (respectively wp =~ p) if and only if n € ZM (o).

Proof. Let p € TI_(SM (o)) be the representation corresponding to ol eI, by
Theorem 3.1.5. By Lemma 4.2.3, it suffices to show that wp =~ p if and only if
neZy()t.

The elements in T1_(S™ (0)) are described by a variant of the Stone—von Neu-
mann theorem for the central extension 1 — C* — SM(¢) — XM (o) — 1. Namely,
consider the data (L, pg) where

o L is a maximal abelian subgroup of S™ (o);

e pp is an irreducible representation of L such that pg(z) =z forall z e C* C L.

Then p ::IndiM(o)(po) is an element of TT_ (S (¢')). Every p € T1_(S¥ (0)) arises
in this way. Moreover, the isomorphism class of p is determined by its central
character. These facts are standard consequences of Mackey’s theory. See [Kazhdan
and Patterson 1984, 0.3] and the remark after Proposition 4.1.2.

We have wp = p oAd(InG ) by Lemma 4.2.2. To conclude the proof, it suffices to
show that Ad(InG ) fixes the central character of p if and only if n € ZM (o). This
is immediate. (]

Corollary 4.2.5. Assume o € Iy emp(M) and ot € I,. Then we have L(c%) =
ZM(0)*, and the map T in Proposition 3.4.5 is an isomorphism

':R;: — ZM(U)J'/XM(O’), ngn — nXM(a)
where w € W,z and n € ZM (0)* satisfy the relation
wo >~ no.
Proof. This results immediately from the definition of L(c ). ([

4.3. Cocycles.

Definition 4.3.1. Suppose for a moment that H is a finite group and N is a normal
subgroup of H. Let p be an irreducible representation of N and assume that
hp := poAd(h)~! ~ p for all h € H. This is a necessary condition for extending
p to an irreducible representation of H, but not sufficient in general. Recall the
following construction of an obstruction ¢, € H 2(H/N, C*) for extending p, where
C* is equipped with the trivial H/N-action. We can choose intertwining operators
p(h) € Isomy (hp, p) for each h € H, such that

p(nh)=pm)ph), p(hn)=p(h)p(n)
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for every h € H, n € N. Note that either of the equations above implies the other.
There is a C*-valued 2-cocycle ¢, characterized by

(18) p(hihy) =cy(hy, ho)p(h)p(hy), hi,hy € H.

One readily checks that c,, factors through H/N x H /N, and thus defines a class
c,€H 2(H/N, C*). This cohomology class only depends on p itself.

The formalism can also be generalized to the case where H, N are central
extensions of finite groups by C*, and p(z) = z-id for all z € C*.

Let us return to the formalism of the previous subsection. In particular, we
assume P = MU C G and o € I temp(M) with the underlying vector space V.
Setrw = 11(,; (o) as usual. For every n € ZM(o)t, wefix we W(M), a representative
€ G*(F), and an isomorphism

i:no = wo.

Let p € I1_(SY(0)) be corresponding to o* € I1,. Proposition 4.2.4 implies
that wp = p for every n as above. Equivalently, p o Ad((I{ )~ 1) ~ p for every
InG € SG () in the preimage of i by Lemma 4.2.2. We will use the shorthand

"= poAd(I)7h.

As in Definition 4.3.1, one considers the problem of extending p to the preimage
of ZM (o) in SY (7). Recall that ZM (o) /XM (o) = R,: by Corollary 4.2.5. The
goal of this subsection is to describe the obstruction class ¢, € H 2(R,:,C*) so
obtained.

Recall that in Theorem 3.1.5, we have defined an S (o) x M*(F )-representation
G = G(o) on V,. Analogously, we define G(no) and S(wo); all of them are
realized on V,. We fix an embedding ¢ : p X of < &(0) of SM(0) x M*(F)-
representations. By Lemma 4.2.3, the same map gives ¢ : p Ko * < & (o) and
1 pXo? < S(no) with appropriate equivariances.

Lemma 4.3.2. For n, W, and o fixed as before, we define &' (no) to be the
SM(no) x M*(F)-representation on V, defined by

&' (no)(, x) =S no)(AAI) 1, x), 1e€S5M(no), x e M*(F).
Then the map t induces an embedding of S™ (no) x M*(F)-representations
LT Rof s &' (no),
and there exists a unique equivariant isomorphism

aXo? @) Rot = p Ko,
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for some a € Isomgu ("0, p) and o?(w) € Isomy: (Wwot, o), which makes the
following diagram commutative:

S'(no) = S(wo)
[] TL
o Kot p R wot.

aof(w)~!
Observe that the pair («, o () ~!) is unique up to {(z, z~!) : z € C*}.

Proof. The SM (no)-action on &'(no) makes i equivariant. The leftmost vertical
arrow comes from the original embedding ¢ : pX¥o* < S (50') by an Ad(I) ' -twist.
The images of the vertical arrows are characterized as the o* (respectively wo®)-
isotypic parts under the M*®(F)-action. Proposition 4.2.4 implies that 0% ~ wo".
Therefore there must exist an equivariant isomorphism 7p X 0% = p K wo®
that makes the diagram commute. Such an isomorphism must be of the form
aRofw)~". O

Lemma4.3.3. Writerp:=rp(, o) andrp: :=rp:(W0, o*). There is a commutative

diagram

1§ (0) —=— IS (o)

150 T T 19

GP GP o~ _t
PRIG (%) > PRI (o)

whose arrows are equivariant for the SM(wo) x G*(F) and SM (o) x G*(F)-
actions.

Proof. Without loss of generality, we may assume p = Hom,,:(c%, o), that is, the
multiplicity space. The embedding ¢ : p XKo" < o can be taken to be € @ v > €(v).
Then the commutativity of the diagram follows by applying Theorem 3.3.4 to
each € € Homy,: (0%, o). The equivariance of the horizontal arrows results from
Theorem 3.3.4 and the functorial properties of rp(w, - ), rp: (W, -). O

Lemma 4.3.4. With the notations of Lemma 4.3.2, there is a commutative diagram

rp(@,0) LIS (i)

1§ (no) I§ (o)
1) T T 1% @)
# f

aIZRPt(II),o:)’l
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where we set R p: (W, 0%) 1= o*(W) o rp: (W, %), by using the pair (o, of(w)™h of
isomorphisms in Lemma 4.3.2.

Proof. This is the concatenation of the diagram in Lemma 4.3.3 and the one in
Lemma 4.3.2, after applying I}?ﬁ'( ). ([

Proposition 4.3.5. Let ¢, be the obstruction of extending p to the preimage of
ZM (o)t in SO (), and ¢4 the class attached to Ry: in (7). Then we have

_ 1
cp=c_,

in H*(R,:, CX).

Proof. Fix 1 : p X o < o. Also fix a set of representatives w € G*(F) for each

w € R,:. For each n, together with the auxiliary choice i : no => wo, the top row of

the diagram in Lemma 4.3.4 gives an operator /0o A; ! : 1§ (no) => IS (o) for some

I nG € S¢ (7). The isomorphism A, :nl 1? (o) =1 g (o) has no effect after restriction.

Therefore Lemma 4.3.4 asserts that InG is pulled-back to o X R p: (W, o®)~! under
#

15, ).

Now we can forget i and vary InG in the preimage of 7 in S¢(7r), which is a
C*-torsor. Regard a = «(I{7) as a function of I7; it is well defined once we have
pinned down the operator () coupled with .

Suppose that 7 is replaced by nw, where w € X¥ (0); accordingly, InG is replaced
by 115, where 1) € §¥ (o) lies in the preimage of w and 1)) — IS. This does
not affect the chosen data w and ¢. On the other hand, the diagram in Lemma 4.3.4
says that o X R p: (0, o) ! is replaced by

aop(IMYR Rp: (b, %)~

It follows that we can pin down the operators o'# (), and introduce a well-defined
function
1) = a(1)) € Isomgu o) ("0, ),

for every IUG in the preimage of € ZM (o)t in SC (7r), such that
. InG is pulled-back to oz(InG) X Rp: (W, 0*)~! under Igf(t);
. oz(InGIf) = a(I,f),o(Icﬂ’I) for every w € XM (o) and Ia]f/l in its preimage.

Such a family of intertwining operators meets the requirements of Definition 4.3.1.
Thus the obstruction can be accounted by the C*-valued 2-cocycle ¢, given by

a(IFI0) = cp(wg, w)a (I (IP), & neZM ()",

where w, € R,: denotes the element determined by 7 as in Corollary 4.2.5. The
same is true for we.
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On the other hand, write w,, — w,, for the map that picks the chosen representative
for w, € R,:. Equation (7) defines a 2-cocycle c,:. For every &, n € ZM (o)L, we
obtain

Rps(Wey, 0%) = Rps (iye, 07) = ¢ (wy, wg) R ps (Wy, 0% R ps (g, 0).
All in all, the pull-back of I£ 17 by Igf (1) equals
¢p(Wg, Wy)cz (wy, we) ™" - (the pull-back of I) o (the pull-back of 7).

Therefore ¢, (we, wy) = c;n(wg, wy) := Cxt(wy, we). It is routine to check that
c . (R,:)> — C* is also a 2-cocycle. Denote by ¢, . the cohomology class of ¢ ..
It remains to show that ¢/ . = c;nl. We use the following observation: let A be a
finite abelian group acting trivially on C*; we claim that there is an injective group
homomorphism

2
comm: H*(A,C*) — Hom(/\ A, CX), e [x Ay c(y, x)elx, y)7 1,

where c is any 2-cocycle representing the class ¢. Indeed, let
1 >C*>A>A—1

be the central extension corresponding to ¢. Then (x, y) — c(y, x)c(x, y)~lis just
the commutator pairing of this central extension. The injectivity results from the
elementary fact that such an extension splits if and only if A is commutative.

Apply this to A = R,:. Since comm(c/ ) = comm(c;ﬁl), we deduce ¢/ . =¢
as asserted.

-1
ol”’

5. The inner forms of SL(N)

5.1. The groups. Fix N € Z>; and let G* := GLp(N). Let A be a central simple
algebra over F of dimension N2. There exist n € Z-; and a central division algebra
D over F satisfying

n*-dimp D = N?,

such that A is isomorphic to Endp(D"). The division F-algebra D is uniquely
determined by A. We put
Nrd := the reduced norm of A,
GLp(n) := A™,
SLp(n) :=Ker(Nrd: A — Gp,).

We can regard A as a reductive F-group. It is well known that A — A* induces
a bijection between the central simple F-algebras of dimension N2 and the inner
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forms of G*. Given A, or equivalently, given (n, D) as above, we shall always
write

G :=GLp(n).

Under an inner twist ¥ : G X F => G* x g F, the determinant map det: G* — Gy,
corresponds to Nrd : G — Gy,. Since the parametrization of the inner forms of an
F-group G* only depend on Gy, the map A — SLp(n) establishes a bijection
between the central simple F-algebras of dimension N2 and the inner forms of
SLy(F). We write

G* :=SLp(n) = Ger.

Note that G(F)/G*(F) = (G/G*(F) = F*, since H'(F, G%) is trivial by the
Hasse principle.

As mentioned in Section 3.5, the inner twist ¥ gives a correspondence between
Levi subgroups: the Levi subgroups of G is of the form

.
le_[GLD(ni), ni+---+n,=n,

i=1

and the corresponding Levi subgroup of G*, well defined up to conjugacy, is simply

M* =] | GLr(n; - dimp D).
=1
The L-groups of G and G* are easily described. We have
G =G* =GL(N, ©),
G* =PGL(N, ©),
Gsc = (GHsc = SL(N, ©),
Zgy = Z(Giyye = N(C) 1=z € C: 2V =1},
These complex groups are endowed with the trivial Galois action, thus LG=GxWs
and “G* = G* x Wg. The inclusion G* < G is dual to the quotient homomorphism
GL(N, C) — PGL(N, ©).
It is also possible to describe the characters g = xg: in (13) explicitly. Observe
that I" 7 acts trivially on Zg_ ., and one can identify the Pontryagin dual of Zg . =

un(C), denoted by ngc, with Z/NZ: a class e € Z/NZ corresponds to the
character z — z°. For the inner form G = GLp(n) of G* = GLy(N), we have

(19) XG € ngc corresponds to (n mod N) e Z/NZ.

Later on, the results of Section 4 will be applied to the tempered representations
of G(F). This is justified by the following general result.
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Theorem 5.1.1 [Sécherre 2009]. Let P = MU be a parabolic subgroup of G and
o € Myic(M). Then Ig (0) is irreducible. In particular, Hypothesis 4.0.2 is satisfied
byo.

Note that the tempered case is already established in [Deligne et al. 1984].
5.2. Local Langlands correspondences. This subsection is a summary of [Hiraga
and Saito 2012, Chapter 11].

Local Langlands correspondence for GLp(n). Using the local Langlands corre-
spondence for G*, we can define the notion of G*-generic elements in ®(G): a
parameter ¢ € ®(G) C ®(G*) is called G*-generic if it parametrizes a generic
representation of G*(F). This defines a subset ®G+_gen(G) of ®(G).

Theorem 5.2.1 [Hiraga and Saito 2012, Lemmas 11.1 and 11.2]. Let G = GLp(n)
and G* = GLf(N) as in Section 5.1. There exists a subset I1g+gen(G) of TI(G)
satisfying

° HG*—gen(G) D) Htemp(G)a

o TGrgen(G) is stable under twists by (G(F)/G*(F))",

and a canonically defined bijection between TG+ gen(G) and ®G+_gen(G), denoted
by m < ¢, such that

MG+ gen(G) <= DG gen(G)

Miemp (G) =<—— Ppaa(G)

T temp(G) < ®2,p4d(G).

The correspondence satisfies the following compatibility properties.
(1) When G = G*, the usual Langlands correspondence for GLr(N) is recovered.

(ii) Givenm <> ¢ anda € Hclom(Wp, Zg), let n be the character of G(F) deduced
from a by local class field theory. Then we have wm < ag.

(iii) Given a Levi subgroup M = ]_[l.el GLp(n;) of G, let 0 :=W;c10; € Miemp(M).
Let ¢pr € Ppaa(M) such that o <> ¢y and let ¢ be the composition of ¢y with
some L-embedding "M < “G. Then, for any P € (M), we have

Ig(a) <« ¢.

Note that, in the last assertion, 119 (o) is irreducible according to Theorem 5.1.1.
The definitions of I1g+.gen(G) and <> ¢ are based upon the local Langlands
correspondence for G* and the Jacquet-Langlands correspondence for essentially
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square-integrable representations. We refer the reader to [Hiraga and Saito 2012,
Section 11] for details; the compatibility properties are also implicit. Only the
tempered/bounded case of the theorem will be used in this article.

Local Langlands correspondence for SLp(n). Let G = GLp(n) and G' =Gy =
SLp(n), so that the formalism in Section 3 is applicable. The idea is to define
the packets IT,: via restriction, by combining the results in Sections 3.1 and 3.5.
Let QJG*_gen(Gu) be the set of ¢ € ®(G¥) such that ¢ € DG+ gen(G) for some
lifting ¢ of ¢* (hence for all liftings, since twisting by characters does not affect
G*-genericity). For any ¢* € ®G+-gen(G?), define the corresponding packet by

[y :=Tl;, 7 < ¢ for some lifting ¢ € PG+ gen(G).

By Proposition 3.1.2 and Theorem 3.5.1, the definition of ITy: does not depend on
the choice of lifting.
On the other hand, set

HG*—gen(Gt) = |_| I,
7

where 7 ranges over the (G(F)/G*(F))P-orbits in TG+ gen(G). Our version of the
local Langlands correspondence for G is stated as follows.

Theorem 5.2.2 [Hiraga and Saito 2012, Chapter 12]. We have
Htemp(Gﬁ) - HG*—gen(Gﬁ),

and there is a decomposition

(20) Mergen(GH = || Ty,
lZaﬁeq)G"‘-gen (Gﬁ)

which restricts to

Htemp(Gn) = |_| H¢ﬁ7
PP €Diemp(GH)
HZ,temp(Gn) = |_| qut-

¢:6®2,temp(G:)

Proof. The assertion follows from Proposition 3.1.3, Theorems 5.2.1 and 3.5.1, and
Proposition 3.1.2. U

Note that each packet Il is finite. From the endoscopic point of view, in order
to justify the correspondence (20), one has to explicate

(i) the internal structure of the packets 1z,
(ii) their relation to S-groups,

(iii) the endoscopic character identities for G*.
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We will recall the definition of S-groups (or, more precisely, their component
groups, called ¥-groups) in the next subsection, then summarize its relation to the
internal structure of packets; this is one of the main results in [Hiraga and Saito
2012]. The character identities will not be used in this article; we refer the interested
reader to [Hiraga and Saito 2012, Theorem 12.7].

Normalizing factors. Choose a nontrivial additive character ¢ : F — C*. Now
we can exhibit a canonical family of normalizing factors for G and G* with respect
to ¥p.

Let us begin with G. According to the construction in Remark 2.2.3, it suffices
to consider the case of inducing representations o € Il temp(M), where M is a Levi
subgroup of G. When D = F, or equivalently, G = G* = GLF(N), the formula
in Remark 2.2.2 furnishes a family of normalizing factors in the tempered case,
by the Langlands—Shahidi method. To pass to the nonquasisplit case, we use the
preservation of p-functions by Jacquet-Langlands correspondence [Aubert and
Plymen 2005, Theorem 7.2] (up to a harmless constant depending only on D and n).

From Theorem 3.3.4, we deduce a canonical family of normalizing factors for
G*, at least for the inducing representations o* whose central character is unitary.
In what follows, the normalized intertwining operators for G and G* are assumed
to be defined with respect to these factors.

5.3. Identification of S-groups. Generalities. To begin with, we summarize the
definition of the S-groups in the nonquasisplit case by following [Arthur 2006].

Definition 5.3.1. Let G be a connected reductive F-group. Choose a quasisplit
inner twist ¢ : G xp F — G* x ¢ F as well as an F-splitting for G*(F) to define
the L-groups. Let ¢ € ®(G*). We set

Sp.aa = Zg(Im(@))/ Z5" <> (Zg(Im($))Z¢)/ Z¢ C Gav,
S¢.sc ;= the preimage of Sy 44 in 65(;,

Fp :=10(S¢p,ads 1),

Py = 110(Sp.se. 1.

From the central extension 1 — Zg — S¢.sc = Sp,aa — 1, we obtain another
central extension

l—>2¢—>§’¢—>9’¢—>1,
where
Zy:=Z7g./(Zg,. N Sg’sc) =Im[Zg,. — F4].

Remark 5.3.2. When G is an inner form of SL(N), we recover the definition of
the modified S-groups in [Hiraga and Saito 2012].
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The relevance condition of L-parameters intervenes in the following result. Recall
that we have defined a character g of Z (FA?E . in (13).

Lemma 5.3.3 [Hiraga and Saito 2012, Lemma 9.1]. If ¢ € ®(G), then
XG - Z(E;ZC — C*
is trivial on Zg . N Sg’sc.
By abuse of notations, the so-obtained character of Z g’; J(Zgg N Sg’sc) - Z¢ is
still denoted by x. Also note that g depends only on G Ap.
Proof. Let us reproduce the proof in [Hiraga and Saito 2012] here. Let M = My be

a minimal Levi subgroup of G through which ¢ factorizes (we used the relevance

condition here). By the recollections in Section 3.5, Z 7.9 is a maximal torus in

0 MSC
S sc- Therefore

0 5 Tr0 r
Spsc N LGge = Zﬁ’; N ZGZC,
and the last group is contained in Ker(xg) by [Arthur 1999, Corollary 2.2]. O

Consider the familiar situation G4er C G* C G (cf. Section 3.5), so that we have
the I' p-equivariant central extension

172505 Gt 1.

Let ¢ € ®(G) and ¢* := pro ¢ € ®(G*). The definitions above pertain to
(G*, ¢*) as well. Set

X9(¢) = {a € Hyp(Wr. Z%) : ad ~ ).
This is a finite abelian group (cf. the proof of Theorem 3.5.1).

Lemma 5.3.4. Lets € Sy oq, regarded as an element of G? /Z gi; . Then s determines

aclassa € HL  (Wp, Z%) characterized by
(21) Sp(w)s ' =a(w)p(w), we WD,
where
«5eGisa lifting of s,
ca:Wp— Z% is some 1-cocycle representing a, inflated to WD .
This induces an exact sequence

Fp— Lo — X (¢) — 1.
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Proof. Choose a lifting 5 € G. Since s centralizes ¢*, there exists a continuous
function a : WDyp — VA satisfying (21). It is straightforward to check that a is
inflated from a 1-cocycle Wr — Z*. The 1-cocycle a does depend on the choice of
§, butits class a € HL  (WF, Z%) is uniquely determined by s it is also obvious
that s — a is a homomorphism. Conversely, every s that satisfies (21) for some
§, a clearly belongs to Sy: ,4. Hence the image of s — a equals X G (¢), by the very
definition of X (¢).

If s is mapped to the trivial class in X9 (¢), we may choose § so that §¢5~! = ¢;
therefore s comes from Sy a4, and vice versa. Hence we have an exact sequence of
locally compact groups

Sp.ad = Spiaa = X (@) — 1.

By a connectedness argument, we may pass from the S-groups to the ¥-groups
that give the asserted exact sequence. U

The case of the inner forms of SL(N). Let us revert to the situation where

G =GLp(n),
G* = GLr(N),
G* =SLp(n),

X6 Zgs. = nn(C) — C*.

It is well known that ¥ = {1} for every ¢ € ®(G*). Indeed, Zz(Im(¢)) is a
principal Zariski open subset in some linear subspace of Maty x5 (C), and thus is
connected; so is its quotient by Z gp =Zz=C*.

Let ¢° € ®(G*) with a lifting ¢ € ®(G). Hence Lemma 5.3.4 yields a canonical
isomorphism

Fgr — X % ().
Assume henceforth that ¢* € CDg*_gen(Gﬁ), 80 ¢ € DGr_gen(G) as well. The local
Langlands correspondence for G (Theorem 5.2.1) is thus applicable. Since the

local Langlands correspondence is compatible with twisting by characters, we have
X%(¢p) = X% (), where m <> ¢. Therefore we deduce the natural isomorphism

(22) L = XG(JT), where 7 < ¢, ¢>u=pro¢.

Also observe that y induces a character of Zpi by Lemma 5.3.3, since I'r acts
trivially on Zg...

Theorem 5.3.5 [Hiraga and Saito 2012, Lemma 12.5]. Let ¢* € ®Grgen(G*)
with a chosen lifting ¢ € Pgrgen(G). Let m € Tgrgen(G) such that m < ¢
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by Theorem 5.2.1. Then there exists a homomorphism
A: Py — SO ()
such that the following diagram is commutative with exact rows:
1 24)11 E’}(/)u Ef@i 1

xGl |« |-

] —C* ——=S°1) —= X9n), —= 1

where the rightmost vertical arrow is that of (22).

Moreover, A is unique up to Hom(X G (1), C*), that is, up to the automorphisms
of the lower central extension, and upon identifying ¥ 4: and X G (n), this diagram
is a push-forward of central extensions by xg.

Note that the assertions about uniqueness and the push-forward are evident; the
upshot is the existence of A.
Let ¢%, ¢, 7 be as above. Put

(P, x6) i={p € (P ye) : forall z € Zys, p(2) = x6(z)id}.
The homomorphism A in Theorem 5.3.5 induces a bijection
(P e, x6) => T_(S9 (1)),

Recall that in the local Langlands correspondence for G* (Theorem 5.2.2), the
packet IT,: attached to ¢F is defined as I, the set of irreducible constituents of
7 |g:. Combining Theorem 3.1.5 with Theorem 5.3.5, we arrive at the following
description of the packet ITg:.

Corollary 5.3.6. Let ¢°, ¢, 7 be as above. Let Hom(X Y (), C*) act on Ty via

the canonical isomorphisms Ty: = T, =T1_(S G (1)). Then there is a bijection
(P, x6) = Mg,

which is canonical up to the Hom(X© (r), C*)-action on [y

When G is quasisplit, xs will be trivial and H(E~P¢;, xG) = I1(F4:); the bijection
in Corollary 5.3.6 can then be normalized by choosing a Whittaker datum for G¥;
cf. [Hiraga and Saito 2012, Chapter 3]. In general, however, there is no reason to
expect a canonical choice of the bijection H(g)(p:, XG) = .

5.4. Generalization. Consider the following abstract setting.

o Let M, M*, Mg be connected reductive F-groups such that M has a split inner
form M*, and
Mger C M C M* C M.
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e For m € TI(M), let SM(7r) and XM (1) be the groups defined in Section 3.1
relative to M*, and denote by S}/ (), X} (7r) the groups defined relative to
M.

 Assume that there are subsets Tgen (M) and Pgen(M) of IT(M) and @ (M),
respectively, together with a “local Langlands correspondence” w <> ¢ be-
tween Igen (M) and Pge, (M) that is compatible with twist by characters, as in
Theorem 5.2.1. We define ®gen (M e} (respectively Pgep (Mg)) to be the set of
L-parameters that lift to [Tge, (M b (respectively I1 gen(Mg )) via Theorem 3.5.1.

 Assume that ¥y = {1} for every ¢ € Pgen(M).

Let ¢ € ®gen(M) and 7 € Igen(M) such that w <> ¢. As before, we deduce
L-parameters ¢ € ®gen(M*) and ¢§ € <I>gen(M§). First of all, let @ be one of the
subscripts “ad” or “sc”. We have

0 0
Spz.e C Sng,- and S¢:’. - S¢g’..

In view of the definitions in Section 5.3, we deduce natural isomorphisms u, [t that
fit into the following commutative diagram:

§¢: - 5?453
(23) ]

~

~ "
Zyp ———Z.
CX

Secondly, we have XY () C X(])W () as subgroups of M(F)P. Consequently,
SMr) C Sé” (r). Iterating the arguments for (22), we obtain the commutative
diagram

Sy — XM ()

T

5 — X' ().
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Theorem 5.4.1. Let q‘) oF, ¢0, and 7w be as above. Assume that there exists a

homomorphism Ay : g o S () such that the following diagram is commutative

with exact rows:

~

1 Z¢g Ef¢g Sf’d)g 1

(25) XMJ le j:

1 —=C* —— S (r) —= X} () — 1.

Then, by setting A := Ago i : §’¢,: — S(’)” () (c¢f. (23)), the image of A lies in
SM () and the analogous diagram below is commutative:

1 Zy: Py Py 1

w o T

] —=C* —= SM(7) — = XM(7r) —> 1.

Consequently, there is a bijection
H(§)¢r, xG) = Iy,
which is canonical up to the Hom(X ¢ (), C*)-action on [Ty

Proof. Lets e 9@1, denote by s its image in Sy, and set 5o := pu(s) € ¥ e Let
ne XM(n) be the character coming from A (5) := Ao(t(5)) € SM(T[) Then by
(25) and (23), n is the image of sy under Sf = X, M (), using (24), it is also the
image of s under Fy: > XM(m). If we coan show A) € SM(x) for all §, the
rightmost square in (26) will commute. Since the square

M () ——= XM(m)

]

S' () ——= Xy'(m)

is commutative and cartesian for trivial reasons, it follows that A (5) € S (x).
Hence the image of A lies in S (7). This also finishes the commutativity of the
rightmost square in (26).

Consider the leftmost square in (26). It follows from (23) that, for all z € Z,:,
we have

A(z) = No((2)) = xm((2)) = xm ().

Hence the leftmost square is commutative as well.
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The bijection H(§’¢,:, xG) = Iy follows easily from the previous assertions,
as in the proof of Corollary 5.3.6. (]

Remark 5.4.2. The conditions of Theorem 5.4.1 are satisfied if M is a Levi sub-
group of GLp(n), say of the form

M=HGLD(H,'), Zn,-:n

iel iel
and
M = Maer = [ [ SLo(ny).
iel

We simply set [Tgen (M) := T ps+_gen(M) and @gen(M) := D pr+_gen (M) by a straight-
forward generalization of the definitions in Section 5.2. The correspondence 7 <> ¢
follows from that in Theorem 5.2.1, applied to each index i € I. The group M* can
be any intermediate group between Mg and M, including the important case where

M :=MNSLp(n) = {(xi)iel e M : ] [Nrd(x;) = 1}.
iel

Therefore, Theorem 5.3.5 and Corollary 5.3.6 can be generalized to the Levi
subgroups of SLp (n).

Indeed, it suffices to verify the commutativity of the diagram (25). Writing
m =WN;erm; and ¢ = (¢;)ier, the results in Section 5.3 applied to each i € I gives
a commutative diagram similar to (25), except that its bottom row is the central
extension

27) 1— (€9 - [[s9" () » X§ (1) > 1
iel

and y,, is replaced by

[ ] xoLomn : 2253 — (C9".

iel
To obtain the desired short exact sequence, it remains to take the push-forward of
(27) by the multiplication map (C*)! — C*.

6. The dual R-groups
6.1. A commutative diagram. As in Section 5.1, we take
G =GLp(n), G*=GLp(N), G*=SLpn).

We also fix a Levi subgroup M of G and set M* := M N G*.
To define the dual groups “G, "M, etc., we fix a quasisplit inner twist v :
G x p F = G* x ¢ F which restricts to a quasisplit inner twist M x p F => M*x ¢ F,
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as well as an F-splitting for G* that is compatible with M*. Therefore there is a
canonical L-embedding “M < -G. The same is true for “G* and ~M*.

As usual, the natural projections *G — “G* and "M — “M* are denoted by pr.
Put

m:_Zﬁt:ZFFoceGﬁ.

A
Consider ¢y € @3 pga(M). Let ¢ be its composition with “M < LG. Set
¢y =Progy € Prpua(M?) and ¢?:=prog € Ppga(G?).

Every ¢" € Bpaa(G?) is obtained in this way (recall Theorem 3.5.1).
The construction of the dual R-group associated to ¢*, denoted by Ry, 1s given
as follows. Define
Nqbn,ad = NS "

@*F.ad

(A7),

Ny: 1= 10(Ng? a4, 1),

Wye 1= W (Spt.aa Ais) = WO (M),
W i= W (Spz g Ar) < W,

Ry := Wy Wy

The meaning of W (- - --) is as follows: for any pair of complex groups a C A,
the symbol W (A, a) denotes the group N4(a)/Z4(a). Note that WO‘ is the Weyl
group associated to some root system, as S o4 18 connected and reductlve
Since the centralizer of A5 in the connected reductive group S° ye is con-
nected, there exists a canonical injection W — y:. From the results recalled
in Section 3.5, the torus A 7; is a maximal torus in S0 4 Using the conjugacy of
maximal tori, one sees that the inclusion map Ny 49 <—> S¢ﬁ,ad induces a canonical
isomorphism 9,:/ Wq?: = Syt
On the other hand, we also have canonical injections

g %Ef;(ﬁn,

Si
Sf‘ﬁw — m¢n.

The first one follows from the fact that

7,0,
ZMﬁ ZGtI ZM‘; ;
see [Arthur 1999, Lemma 1.1]. The injectivity of the second map follows; moreover,
its image is characterized as the elements fixing A ;7 pointwise.
The relations among these groups are recapitulated in the following result.
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Proposition 6.1.1 [Arthur 1989b, Section 7]. The groups above fit into a commuta-
tive diagram

1 1
Wy, Wy,
1 Sy Ny —— Wy — 1
|
1 Sy Sy Ry 1
1 1

whose rows and columns are exact.

The arrow F4: — Ry: is uniquely determined by the other terms in this diagram;
cf. the proof of Lemma 6.2.1 below.

The same constructions can be applied to ¢ and ¢,,. The corresponding objects
are denoted by Wy, W(g , etc.

Upon identifying Wa(l\/i ) and WY (M), we can make Wy act on the tempered
L-packet ITy:. For any ofe [Ty:, define

Wis o0 = Staby,. (o),
¢

. 0
R(pﬁ’aﬁ = W‘lbu»U:/W(bn,aﬁ'

WY, . :=Staby (o),
) ¢n

The last object Ry: oz, viewed as a subgroup of Ry:, is what we want to compare
with the Knapp—Stein R-group R,:.

6.2. Identification of R-groups. Retain the notations of the previous subsection
and fix a parabolic subgroup P € P(M). We shall always make the identifica-
tion WG (M) = WGn(M %). The results in Section 4 are applicable to tempered
representations of M (F) by Theorem 5.1.1.

Henceforth, let o € Iy emp(M) (respectively 7w € Iep(G)) be the representa-
tions corresponding to ¢y (respectively ¢) by Theorem 5.2.1. Then we have

7 ~I5(0).
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Recall that we have defined canonical isomorphisms
Sy = X%(r) and Sy = XM (o)
M

in Section 5.3-5.4. By inspecting the construction in Lemma 5.3.4, we see that
these two isomorphisms are compatible with the embeddings ff — 9’¢ and
XM (o) < X% (o). Therefore we obtain y : X¢()/ XM (o) = 9)(,,11/9’

Lemma 6.2.1. Define an isomorphism
A_ y ~
P XO ) XM (0) = Ly /S 2 => W/ Wi, =t Ry,

where the second arrow is given by Proposition 6.1.1. Then it is characterized by
the equation
no >~ wo
whenever
/F\*l(n mod XM(O')) = w mod WOZ,

foralln e XC() and w € Wee.
As the notation suggests, we set T to be the inverse of T,

Proof. The equation no >~ wo clearly characterizes ! Let n e X%(r) and
acH Om(Wp, Zﬁ) which corresponds to 1, together with a chosen 1-cocycle a
in the cohomology class of a. Since L(o) = X% () by Proposition 4.2.1, there
exists w € WY (M) such that no >~ wo. On the dual side, it implies that there exists
te N@(A’i ) representing w, such that

This implies that 7 mod Zg belongs to Sy: .4, and its class [¢] in Sz corresponds
to n (recall the construction in Lemma 5.3.4).

On the other hand, we have 1 € Ny: ,q and its class [t] in 914z is mapped to [7]
under the arrow y: — F4: in Proposition 6.1.1. One can also apply the arrow
Nyz — Wy to [t]; since Wy is identified as a subgroup of WG (M), the image is
simply w.

Upon some contemplation of the diagram in Proposition 6.1.1, one can see that
the image of [¢] under & y: — Ry: is just w modulo WO, completing the proof. [J

Recall that we have defined the group W, C WS (M). In view of Lemma 3.4.3
and Proposition 4.2.1, we have a canonical isomorphism

F:Wo /W, = X%)/ XM (0).

This is to be compared with T : W/ Wg: = X))/ XY (0).
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Proposition 6.2.2. We have

i) Wo =Wy,
(i) Wo = WY,
(i) T =T.

In particular, Ry: >~ XC )/ XM (o).

Proof. The first assertion follows from the definition of W, and Theorem 3.5.1.
Hence I' and T can be regarded as two surjective homomorphisms from W:
onto X () /XM (o). However, they admit the same characterization (of the form
no >~ wo) by Lemmas 6.2.1 and 3.4.3, and hence are equal. This proves the
remaining two assertions. O

Proposition 6.2.3. For all o* € I1,:, we have that
(1) Wor = Wy 5z,
(i) W9, = W(gu’at,

(iii) the restriction of T 1o W o1/ Wgu,gu induces an isomorphism
Wz, ot/ W oz => ZM (@) "/ XY (0).
In particular, Ry: o+ = R,:, and the isomorphisms T, r from these R-groups
onto ZM (O')J‘/XM(O') coincide (recall Proposition 3.4.5 and Corollary 4.2.5).
Remainder: the group Z¥ (0)* above is defined in (17).

Proof. Our proof is based on the previous result. The first assertion follows
immediately from the disjointness of tempered L-packets. By Lemma 3.4.1 and
the fact that W, = W((,), we have

Wgz,aj = Wd?: N Wz = We N Wy
0 0
= Wo_u ﬂ Woﬁ = Wo_u.
The second assertion follows and the third assertion is then immediate from
Proposition 4.2.4. O

Note that the proof for the isomorphism T : Ry: or => ZM (o)t /XM (0) is
independent of the Knapp—Stein theory.

The behavior of the local Langlands correspondence (Theorem 5.2.2) for G* and
its Levi subgroups can now be summarized as follows.

Theorem 6.2.4. Let G, G* and P = MU, P? = M"U be as before. For qbﬁ,[ in
Dpaa(M?), let ¢* € Praqa(G?) be the composition ofq&ﬁl with " M*? — LG*.
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(i) Forevery p € l'I(EAf3 XMm), parametrizing an irreducible representation o €

o5
¢u , the map

ft
IS (0%),

P .
regarded as a virtual character of G*(F), corresponds to that of Ind5~f¢: (p).
o
(ii) For any o* as above, Ign (o%) is irreducible if and only if ZM (o)t = XM (o)
for some (equivalently, for any) o € Ilemp(M) such that ol oy

(i) If qbﬁ,[ € Oy paa(M %), we have natural isomorphisms

Rys = X () /XM (0),
Ryi.ot = Ryz = ZM (o)1 / XM (0),

where we set T ;= Ig (0) € Miemp(G), for any choice of o € 13 temp(M) such
that 6% — o |y

(iv) For ¢M, o, and p as above, the class c,: € H*(R,:, C*) of (7) corresponds
to cp , where ¢, € H? (Ryz o1, CX) is the obstruction for extending p to a
representation of the preimage in 9’¢u of Ry o+ (see Definition 4.3.1).

If G* is quasisplit, ZM (o) = X9 () and Rgu — R, : splits.

As mentioned in the Introduction, this settles Arthur’s conjectures on R-groups
for G*.

Proof. The first part is nothing but a special case of Proposition 4.1.2. The second
part then results from the proof of Proposition 4.2.4; the independence of the choice
of o is clear. The third part results from Propositions 6.2.2 and 6.2.3. The fourth
part is the combination of Proposition 4.3.5 and Theorem 5.4.1.

Finally, S© (r) is commutative when G* is quasisplit, as xg = 1. Hence we have
ZM (o)t = X% () and p can always be extended in that case. O

Remark 6.2.5. The decomposition of I (oﬁ) depends on ¢>M, but not on the
element o®. This is not expected to hold for other groups.

Remark 6.2.6. We have limited ourselves to the tempered representations. How-
ever, if the local Langlands correspondence (Theorem 5.2.2) and Theorem 5.3.5 can
be extended to Arthur parameters ¥ : WDz x SU(2) — “G?* (see [Arthur 1989b,
Section 6]), our results should be applicable to Arthur packets IT,,: as well, except
the part concerning the Knapp—Stein R-groups R,:. Note that the crucial lifting
Theorem 3.5.1 also holds for Arthur parameters; see [Labesse 1985, Remarque 8.2].
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6.3. Examples. The next example on R-groups will be constructed using Steinberg
representations, whose definitions are reviewed below.

Definition 6.3.1. For the moment, we assume G to be any connected reductive
F-group. Fix a minimal parabolic subgroup Py of G. The Steinberg representation
Stg of G is the virtual character of G(F) given by

Stgi= Y (=DM 1S5, 1),

PDOPy
P=MU

where the sum ranges over the parabolic subgroups P containing Py and 1,; denotes
the trivial representation of M (F).

The basic fact [Casselman 1973] is that St; comes from a smooth irreducible
representation in Iy emp(G), which we denote by the same symbol Stg. It is clearly
independent of the choice of Py.

Lemma 6.3.2. For G as in Definition 6.3.1 and a subgroup G* satisfying
Gder - (;:1 C G,

we have
StG |Gn =~ StG:.

In particular, the group X (Stg) defined in Section 3.1 is trivial.

Proof. Recall the bijection P — P®:= P N G between the parabolic subgroups
of G and G*. Since (17)|.: = 1;: for any Levi subgroup L of G, the first isomor-
phism follows by comparing the formulas defining Stg and Stg:, together with
Lemma 3.2.1. Hence the restriction of Stg to G is irreducible. It follows from
Theorem 3.1.5 that X (Stg) = {1}. O

Let us revert to the setting G = GLp(n) and G* = SLp(n).

Example 6.3.3. We now set out to construct an example in which ﬁgn — R+ does
not split for every 0% < o|y.

First of all, there exists GLp (i), for some choice of D, m, and a representation
T € I3 temp(GLp (m)) such that §GLo(M) (&) is noncommutative. Indeed, for m = 1
and D equal to the quaternion algebra over F, Arthur exhibits [2006, Page 215] an
L-parameter ¢; € @3 temp(D ™) such that

«J 4 is isomorphic to the quaternion group of order 8;
. 2¢r corresponds to {£1}.

In fact, ¢, factors through a homomorphism Gal(K/F) — PGL(2, C), where K is
a biquadratic extension of F, whose image is generated by the elements [(1) 7?] and

[14] in PGL(2, C).
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Since xpx is injective on be by (19), Theorem 5.3.5 entails that SP* (1) is
noncommutative.

Take 1, w € X0 (1) so that their preimages in SGLo(m (1) do not commute.
Let ¢ (respectively d) be the order of n (respectively w). Put St := Stgr, () and
take

M :=GLp(m) x [] GLp(m),
£

G :=GLp(m(cd + 1)),
o=t X p~lo/ ISt

1<i<c
1=j=d

= Ig(o*) for some P € P(M).

Here XM (o) is defined relatively to M* := G* N M where G* = SLp (m(cd +1)).
The presence of St forces X (o) to be trivial, by Lemma 6.3.2. Hence 0% := o)+
is irreducible, and it is parametrized by the 1-dimensional character y; : Z o Cx.
According to Theorem 6.2.4, the central extension R : — R,: splits if ang only if
p can be extended to H)d)_. This is the case if and only if S G () - X9 () splits,
by Theorem 5.3.5. Hence it suffices to show the noncommutativity of S ().

Put L := GLp(m) x GLp(mcd) € $%(M) and set v := I}, (o). We claim
n, w € S¥(v). Indeed, the GLp (m)-component of L does not cause any problem.
As for the GL p (mcd)-component, take representatives w,,, w, in SLp(mcd) of the
cyclic permutations

wy:l—--—=c—1,

w.l—>--—>d—>1

of the indexes i and j, respectively. Then the intertwining operators J,, J,, are
given by the operators in (5) using w,,, w,,. Furthermore, J,, and J,, commute with
each other; this follows from (6) and the obvious fact that w, and w,, can be chosen
to commute.

From our choice of 7, w, it follows that the preimages of 1,  in S L(v) do not
commute. Since SE(v) — SY () by Proposition 4.1.1, SY () is noncommutative,
as required.

Example 6.3.4. Now we set out to show that the inclusion Ry: ,: C Ry: is proper
in general. By Theorem 6.2.4 and the notations therein, it amounts to showing that
ZM (o)*+ C X% () in general.

As in the previous example, we take some m > 1, a central division F-algebra
D, and 1 € I3 temp(GLp(m)) such that X GLo(m) (1) contains 1, @ with noncom-
muting preimages in SL2(") (o). Take another t’ € Iy temp(GLp(m)) such that
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XOLom (/) = (n). Denote by d the order of w. We take

M :=GLp(m)x [] GLp(m),
1<j=d

G :=GLp(m(d+1)),
o=t X o/,
I<j=d
= I,g(o*) for some P € P(M).

Therefore XM (o) = (n) (defined relative to M* = MNG*® with G* :=SLp(m(d+1))
as before), and S™ (') is commutative. In particular ZM (o) = XM (o) = ().

On the other hand, a variant of the arguments in the previous example show that
w, n € X% () with noncommuting preimages in S (7). Hence w € X% (r) and
wé¢Z M (o)L, as required.

Note that such , t’ do exist when D is the quaternion algebra over F and m = 1;
in that case 7, w are identified with quadratic characters of F*. Indeed, a candidate
of t is given in the previous example. On the other hand, to construct ¢’ for a given
n, we are reduced to constructing t” € I emp(GLF(2)) with XSLr@ (7)) = {1, n}
and then taking t to be the Jacquet-Langlands transfer of t”.

To finish the construction, let E be the quadratic extension of F' determined by
nandlet 6 : EX — C* be a continuous character. Set t” := Indg,r(6) (the local
automorphic induction; cf. [Jacquet and Langlands 1970, Theorem 4.6]). Then
nt” = t”. From [Labesse and Langlands 1979, Pages 738-739], one sees that 7"
is cuspidal and | X GLr () (¢")| = 2 for general 8, which suffices to conclude.
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