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In this paper, the author discusses the eigenvalues and entropies under the
harmonic-Ricci flow, which is the Ricci flow coupled with the harmonic map
flow. We give an alternative proof of results for compact steady and expand-
ing harmonic-Ricci breathers. In the second part, we derive some mono-
tonicity formulas for eigenvalues of the Laplacian under the harmonic-Ricci
flow. Finally, we obtain the first variation of the shrinker and expanding
entropies of the harmonic-Ricci flow.
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1. Introduction

Since the successful application of the Ricci flow to topological and geometric
problems, several analogous flows have been studied, including the harmonic-Ricci
flow [List 2006; Miiller 2012], connection Ricci flow [Streets 2008], Ricci—Yang—
Mills flow [Streets 2007; 2010; Young 2008], and renormalization group flows [He
et al. 2008; Li 2012; Oliynyk et al. 2006; Streets 2009]. In this article, we study the

MSC2010: 53C44, 35K55.
Keywords: Eigenvalue, entropies, harmonic-Ricci flow, harmonic-Ricci breathers.

141


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2014.267-1
http://dx.doi.org/10.2140/pjm.2014.267.141

142 YI LI

eigenvalue problems of the harmonic-Ricci flow, which is the following coupled
system:

(1-1) %g(z) = —2Ricy() +4du(t) @ du(r),

(1-2) %u(z‘) = Agu(t).

For convenience, we introduce a new symmetric 2-tensor ¥, (1), 4(r) whose compo-
nents S;; are defined by
S,’j = Rij — 28,’148]'1/!.
Its trace is Sg(t),u(t) = gijS,'j = Rg(t) — 2|Vg(,)u(t)|§([).
Suppose that M is a compact Riemannian manifold. For any Riemannian metric
g and any smooth functions u, f, we have a number of functionals:

F(g.u, f) = / (Rg + IV f12 = 2IVgu2ye ! V.
M

€(g.u, f) =/ (Rg —2|Veul3)e™ dvy,
M

%(g,u,f):/ (kRy + |V f15 — 2k|Veul3)e ' dV,.
M

List [2006] and Miiller [2012] showed that, as in the case of Perelman’s %-functional,
under the evolution equation

% g(t) = —2Ric,() +4du(t) @ du(t),
3
(1-3) E”(I) = Agnyu(?),

0
22O = =8g) f () = Rey + Ve f (D) + 2V (D5,

the evolution equation for the F-functional is

d _
(1-4) —F(g(0),u(0), [(1) =2 /M 1S eoru) + Vi £ O e dVyqr

+4 f A (t) — (du(t), df )z Bore™ D dVeg,
M

which is nonnegative. Based on (1-4), we derive the following.

Theorem 1.1. Under the evolution equation (1-3), one has
d

(1-5) yr

€(g(n), ut), f(1))

=2fM L gty 2y dVg(t)+4/M | Mgy )5y dVeq,
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and
d Of
(1-6) Edpk(g(t),u(l),f(t))
=2(k — 1)/ 1L sty e dVg(,)+2/ 1S g(t),ur)
M M
+ Ve Ol e dVee) + 4k —1) / |Agyu@®)5e ™" AV
M
+4 / |Agu(t) — dute), df ) g0 Pye ™D Vi
M

As a corollary we give a new proof of the following result.

Corollary 1.2. There is no compact steady harmonic-Ricci breather unless the
manifold (M, g(t)) is Ricci-flat and u(t) is a constant.

To deal with the expanding harmonic-Ricci breather, we need the functionals

Li(gou, T, f) =1 /M(Rg + 3=+ Ao f = 2Vul2)e ™! av,,

(k(Ro+ 25 ) + Ay f = 2KIVul2)e ™ v,

Lix(gu, 7 f)=1" / 5

M

Under the evolution equation

%g(l‘) = —2Ricy() +4du(t) @ du(r),

%u(z‘) = Agu(),
%f(t) = —Dg0 [ O+ Ve f D5y = Retry + 21 Veoyu (g
%r(t) =1,

we have:

Theorem 1.3. Under the evolution equation, one has

d
-7 E$+(g(t),u(t),f(t),f(t))

=27(1)? / ‘yg(,),wﬂrv?m f(z)+Lg(z)2 e 1D avy,
M § 2t(0)° " e

F41(r)? / | Agoyu(t) — (du®), df (1)) g2y~ D dVeqr)
M
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and
d
(1-8) E$+,k(g(t),u(t),f(l),f(t))

=2t(1)’ f 1% g + Vo [ (O + 5—— <t>|g(,) Ve

1
2t0)®

+ 2%k - Dr(r)? fM et + — g () B D Vi

21 ( )
+4r(1)? / |Agyu(t) — (du(t), df (1)) g |5 e ™ Pd Vi)
M

+4(k — 1)1 (1) /M |Agyu®)3ye " PdVeq).

As a corollary, we obtain a new proof of the following.

Corollary 1.4. There is no expanding harmonic-Ricci breather on compact Rie-
mannian manifolds unless the manifold M is an Einstein manifold and u(t) a
constant.

The second part of this paper focuses on the eigenvalue of the Laplacian operator
under the harmonic-Ricci flow.

Theorem 1.5. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and A(t) denotes the eigenvalue of the Laplacian Ag )
with eigenfunction f(t),

d
19 S0 / F@P Vi
t M
=A(t)fMSg(,),u(,)f(t)zdvgm—fMSg<,),u<t)|vg(,)f|§(,)dVg@

+2 / oty utrs AF ) @AF D) gty AVt
M

Equation (1-9) is a general formula to describe the evolution of A(#) under
the harmonic-Ricci flow. Under a curvature assumption, we can derive some
monotonicity formulas for the eigenvalue A (7). Set

(1-10) Smin(0) := min Sg(0),4(0) (),
xeM

the minimum of S,(/),.(1) over M at the time 0.

Theorem 1.6. Let (g(t), u(t)):ef0,11 be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and let A(t) denote the eigenvalue of the Laplacian
Agry. Suppose that F gy ury — ASe(1),u)&(t) = 0 along the harmonic-Ricci flow
for some o > %
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(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for any
te[0,T].
2) If Spin(0) > 0, the quantity

(1= 28ma (1) “20)

is nondecreasing along the harmonic-Ricci flow for T < n/(2S8min(0)).
) If Smin(0) < 0, the quantity

(1 - %Smin(O)t)nak(t)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

Corollary 1.7. Let (g(t), u(t))ic0,77 be a solution of the harmonic-Ricci flow
on a compact Riemannian surface ¥ and let A(t) denote the eigenvalue of the
Laplacian Ag).

(1) Suppose that Ricg(;y < edu(t) ® du(t) where

l—«a 1
o> 5

€<4 3

-1 =2a’

(1) If Smin(0) = 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €0, T].
(i1) If Smin(0) > O, the quantity

(1 = Smin(0) )** A (1)

is nondecreasing along the harmonic-Ricci flow for T <1/Suin(0).
(iii) If Smin(0) < O, the quantity

(1 — Smin(0) 1)* A (1)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].
(2) Suppose that
|Vg(t)”(t)|§(z)g(l‘) > 2du(t) @du(t).

(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].
(11) If Smin(0) > 0, the quantity

(1 = Smin(0) HA(2)

is nondecreasing along the harmonic-Ricci flow for T < 1/Suin(0).
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(iii) If Smin(0) < 0, the quantity
(1 = Smin(0)1)A(2)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

When we restrict to the Ricci flow, we obtain:

Corollary 1.8. Let (g(1)):c[0,17 be a solution of the Ricci flow on a compact Rie-
mannian surface X and let A(t) denote the eigenvalue of the Laplacian A4 ).

(1) If Rpin(0) > 0, A(?) is nondecreasing along the Ricci flow for any t € [0, T].

(2) If Rnin(0) > 0, the quantity (1 — Ryin(0)t)A(t) is nondecreasing along the
Ricci flow for T < 1/ Ruin(0).

(3) If Rnin(0) < 0, the quantity (1 — Ryin(0)t)A(t) is nondecreasing along the
Ricci flow for any t € [0, T].

Remark 1.9. Let (g());j0.7] be a solution of the Ricci flow on a compact Riemann-

ian surface X with nonnegative scalar curvature and let A(¢) denote the eigenvalue

of the Laplacian Ag(y. Then A(¢) is nondecreasing along the Ricci flow for any
tel0,T]

Since
(1-11) (g, u) :=inf{9**(g,u,f) | fec=om, / el av, = 1}
M
is the smallest eigenvalue of the operator A, := —4A, + R, —2|V,u|?, we can

consider the evolution equation for this eigenvalue under the harmonic-Ricci flow.
To the operator A, we associate a functional

(1-12) Ao (f) :=/Mng,udeg-

When f is an eigenfunction of the operator A, , with the eigenvalue A and nor-
malized by [ xf 2d V, =1, we obtain A, ,(f) = A. Hence it suffices to study the
evolution equation for (d/dy)Ag ,(f) under the harmonic-Ricci flow.

Theorem 1.10. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f(t) is an eigenfunction of Ag(),u(1),
that is, Agr),u) f (1) = A1) f(t) (Where A(t) is only a function of time t), with the
normalized condition [, f®)?dVyy = 1. Then we have

d d
(1-13) d—)»(l) = —Agu(f(1)) :f 2L ey ur), Af () @df (1)) gty dVg(r)
t dt M

+/ SO (1L 30y + 21 B3 ) dVear)-
M
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List [2006] proved the nonnegativity of the operator ¥ ;) () is preserved by the
harmonic-Ricci flow. Hence we get the following.

Corollary 1.11. IfRic, ) —2du(0) ® du(0) > 0, the eigenvalues of the operator
Ag(1),u(r) are nondecreasing under the harmonic-Ricci flow.

Remark 1.12. If we choose u(¢) = 0, we obtain X. Cao’s result [2007].
There is another expression for dA(¢)/dt.

Theorem 1.13. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f (t) is an eigenfunction of Agr),u(),
that is, Ag),u@) f (1) = A(t) f (t) (Where A(t) is only a function of time t), with the
normalized condition [, f(1)* dVy() = 1. Then we have

d d
(1-14) d—)\(f) T heu(f(1) = / L), u(t)+vg(z)(p(t)|g(z)e vt dVg(z)

+3 / 1% g2 0ye D AV + / (du(t), dp(1)) g e ™D dVyq
M M
+2/M Vet Olzwe™" dVew _/M Ay (Ve (0)gy)e ™ dVyq
1 —
+32 / L sty + 4dut) @ du(®)[} e~ dVy).
M

where f(1)> =e %0,
Remark 1.14. When u =0, (1-14) reduces to J. Li’s formula [2007].

Suppose that M is a compact manifold of dimension n. For any Riemannian
metric g, any smooth functions u, f, and any positive number 7, we define

e S

(1-15) Wi(g, u, f,7) —/ [T(Se+ Ve f)F f£n ] p—e dV.

Set

. e~/
pn+(g,u, 1) :=1nf{‘Wi(g,u, f. 1) ‘ feC>M), fM deg = 1},
v_(g,u):=inf{u_(g,u,7) |7 >0}, vi(g,u):=sup{ui(g,u,t)lt>0}
The first variation of vy (g(s), u(s)) is the following.

Theorem 1.15. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M. Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If
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v (g(s), u(s)) = Wi(g(s), u(s), f+(s), t(s)) for some smooth functions fi(s)
with fM e fx(®) dVg/(47'r'ch(s))”/2 =1 and constants t+(s) > 0,

d <"
(1-16) £|S:0vi(g(S),u(S))=4Ti /M U(Ag”_(d”’dfi>g)mdvg
tryh\ e /= dV,
~ hg, . h.V2F), & -8 s
Ti/M(( gulg T gf)g 2‘[:t>(47TT:|:)n/2

where fi := f1(0) and 1+ := 14.(0). In particular, the critical points of v+ (-, )
satisfy |
FPeu+ Vo f + 38 0, Agu=(du,dfs),.

Consequently, if Wi(g, u, f, 7) and v+ (g, u) achieve their extremum, (M, g) is a
gradient expanding and shrinker harmonic-Ricci soliton according to the sign.

Corollary 1.16. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M. Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If
v (g(s), u(s)) = We(g(s), u(s), fr(s), t+(s)) for some smooth function fi(s)
with fM e =9 qV /(4mti(s))"? = 1 and a constant t4.(s) > 0, and (g, u) is a
critical point of v4.(-, -), then

Ric, =F g, 4+ = constant, u = constant.

2re

Thus, if Wi(g,u,-,-) achieve their minimum and (g, u) is a critical point of
ve(-, ), (M, g) is an Einstein manifold and u is a constant function.

Remark 1.17. In the situation of Corollary 1.16, by normalization, we my choose
fr=n/2andu =0.
2. Notation and commuting identities

Let M be a compact Riemannian manifold of dimension n. For any vector bundle
E over M, we denote by I'(M, E) the space of smooth sections of E. Set
O*(M):=(v=(v;)) DM, T*M@T*M) | v;j = vji},
OLM) : = {g = (gi)) € O*(M) | gij > O}.
Thus (O)?(M) is the space of all symmetric covariant 2-tensors on M, while @i(M )

is the space of all Riemannian metrics on M. The space of all smooth functions on
M is denoted by C*(M).
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For a given Riemannian metric g € @i(M ), the corresponding Levi-Civita
connection I'y = (F ;) is given by

(2-1) If = 58" @igje + 0;8i — dugiy)

where 9; := 3/9x" for a local coordinate system {x!, ..., x"}. The Riemann tensor
Rm, = (Rk 1) is determined by

(2-2) Ry =0T, —0,Tf, + T}, —T% T/,
The Ricci curvature Ric, = (R;;) is

(2-3) Rij = g" Ry;.

The scalar curvature R, of the metric g now is given by

(2-4) Ry = g R;;.
ek
For any tensor A = (A e Jq) the covariant derivative of A is
Al _ g gk plameky
Vil = AL, Z T3, A, + Z Lo A,

Next we recall the Ricci identity:

Lyl

018, €1~~-m--~( 00
. V. 9 _\.V: q q
vlv]Alq---k,, val Ak|---kp - z : Rl]m § : lek ky--m-kp*

In particular, for any smooth function f € C*°(M), we have

ViVif =V, V; f.
The Bianchi identities are
(2-5) 0= Rijke + Ririj + Rijk,
(2-6) 0=VyRijke +ViRjgie + Vi Ryire,

and the contracted Bianchi identities are

(2-7) 0=2V/R;; — ViR,,
(2-8) 0= ViRjx — V;Rix + V' Reyij.



150 YI LI

3. Harmonic-Ricci flow and the evolution equations

Motivated by the static Einstein vacuum equation, List [2006] introduced the
harmonic-Ricci flow (originally called the Ricci flow coupled with the harmonic
map flow). This flow is similar to the Ricci flow and is given by the coupled system

9 .
(3-1) 5,8(0) = —2Ricg +4du(t) ® du(r),

0
(3-2) 340 = Bgau()

for a family of Riemannian metrics g(¢) and a family of smooth functions u(¢).
Locally, we have

d ad
(3-3) Egij :—2Rij+48iu-8ju, Eu:Ag(,)u(t).

Introduce a new symmetric tensor field Fg() 41y = (Sij) € @2(M ),
(3-4) Sij = Rij —20;u-dju.

Then its trace Sg(r),u(r) i equal to

(3-5) Sew.ut) = 87 Sij = Rery = 2l Ve ()3 ,)-

The evolution equation for R ) is

3 .
(3-6) 37 Rs) = BgyReey + 2| Ricg) I3y + 4 Aghu()]3
—4|VZ o u®) ) — B(Ricy(r), du(r) @ du(t)) g

2

Also, we have the evolution equation for [Vgquly,).

0
(3-7) §|Vg(t)u(t)|§(t) = Ag(t)|vg(t)u(t)|§(t) - 2|V§(z)u(1)|§g) - 4|Vg(t)”(f)|2(z)’

and the evolution equation for Sg() u(r),

0
(3-8) 37 Se@u) = Be)Se.ut) + 21 g0 b F 4D gu® -

4. Entropies for harmonic-Ricci flow

Motivated by Perelman’s entropy, List [2006] introduced a similar functional for
the harmonic-Ricci flow:

OLM) x C®(M) x C®°(M) — R, (g,u, )+ F(g,u, f)
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where
(4-1) F(g,u, f):= /M(Rg+|vgf|§ —2|Veul)e™ dVy.
He also showed that if (g(¢), u(t), f(¢)) satisfies the system

L g(t) = —2Ricy() +4du(®) @ du(t) — 292, f 1),
(4+2) () = Ay (0) = (du(®), df )y,

%f(t) = =Dy [ () = Ryt + 2 Veyu() 2,
the evolution of the entropy is given by

(4-3) %@(g(t), u(t), f(t))

= 2f (|9g(t),u(t) + Vg(;)f(t)@([)
M
+ 2| Agu(t) — (du), df(t)>g<,>|§(,)>ef © AV
> 0.
Remark 4.1. The system (4-2) is equivalent to
%g(t) = —2Ricy) +4du(t) @du(t),

@0 un) = A,

d
Ef(t) = =N f () — Rgiry + |Vg(t)f(t)|§(z) + 2|vg(t)”(t)|§(t)'
The same evolution of the entropy holds for system (4-4).

In particular, the entropy is nondecreasing and the equality holds if and only if
(g(@), u(t), f(r)) satisfies

Feo)u) + Vé(,)f(t) =0,
Agyu(t) — (du(t), df (t))gw) =0.
Definition 4.2. The €-functional is defined as

(4-5)

OLM) x C®(M) x C®(M) = R, (g, u, f) > €(g, u, f),

where

(4-6) (g, u, f) :=/M(Rg—2|vgu|§)e—fdvg.
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Proposition 4.3. Under the evolution equation (4-4), one has
d
4-7) E%(g(t), u(t), f())
=2/M Loty e dVg<r>+4/M |Agyu@5ne ™" dVe.
Proof. Since Sg(t),u(t) = Rg(t) — 2|Vg(,)u(t)|§(t) and
0 2 2
37580 = By Sgwy.u) + 2L 0),u) gy T HA gy u () gy
0
3, WVew = =Sew ) Vs,
we have
d €(g(t),u(), f(1)
I b M 9y
dt §
d —f@® I —rw
= | (G Sswum)e AVey + | Sewruiy 7 (€ dVew)
M Of M ot
= /M(Agmsg(z),u(t) +21S 50wt 2y + HAgyu (O3 ))e D Vi
0 _
+ /M Sg(zm(r)(—gf(f) - Sg<r>,u<t>)e 1O AV
=2fM L soruvzne ™" dVey +4/M | Mgy ye ™ dVeq
0 _

- /M Sg(z),u(z)<Ag(z)f(t) - |Vg(t)f(t)|§(z) + Ef(t) + Sg(z),u(z))e O 4V,
which implies (4-7). O
Definition 4.4. For any k > 1 we define
(4-8) T (g, u, f) = /M (kRg + Vg f1; = 2k|Veul)e™ dVy.

Using the definition, it is easy to show that
(4-9) Fr(g,u, f)=(k—1&@g,u, f)+Fg u, f).

When k = 1, this is the F-functional.
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Theorem 4.5. Under the evolution equation (4-4), one has
d
(4-10) E%(g(t), u(t), f(t))
=2(k—1 4 2 O gy 2| |1¢
k=D | [Ferrumlgme () T L))
M M
+ VI O pe P dVee) + 4k — 1) /M |Agyu (@5 e ™ dVge

+a / A gyt(0) — (du(0), df ) g 2ye ™ O dVige.
M

Furthermore, the monotonicity is strict unless g(t) is Ricci-flat, u(t) is constant,
and f(t) is constant.

Proof. It immediately follows from (4-3) and (4-7). U
Set
(4_11) Mk(g’ u) = 1nf{@k(g, u, f)‘f S COO(M), / e_deg = 1}
M

Then (g, u) is the lowest eigenvalue of —4A, + k(R — 2|Vgu|§).

5. Compact steady harmonic-Ricci breathers

In this section we give an alternative proof on some results on compact steady
harmonic-Ricci breathers that were proved in [List 2006; Miiller 2012].

Definition 5.1. A solution (g(¢), u(z)) of the harmonic-Ricci flow (1-1)—(1-2) is
called a harmonic-Ricci breather if there exist t| < t,, a diffeomorphism ¢ : M — M,
and a constant o > 0 such that

g(t) =ay*g(t)), u(t) =y u().

The cases ¢ < 1, =1, and o > 1, correspond to shrinking, steady, and expanding
harmonic-Ricci breathers.

Theorem 5.2. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M, the lowest eigenvalue 11 (g(t), u(t)) of the operator
—4Aeiy +k(Rory — 2|Voyu(t) |§(z)) is nondecreasing under the harmonic-Ricci
flow. The monotonicity is strict unless g(t) is Ricci-flat and u(t) is constant.

Proof. The proof is similar to that given in [Li 2007]. For any #; < #,, suppose that

i (g(t2), u(tz)) = Fr(g(r2), u(tz), fr(t2))

for some smooth function f;(x). Being an initial value, fx(x) = fi(x, f») for some
smooth function fi(x, t) satisfying the evolution equation (4-4). The monotonicity
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formula (4-10) implies i (g(12), u(t2)) = Fr (g (t1), u(tr), fi(t1)) > ux(g(t1), u(tr)).
This completes the proof. (]

Corollary 5.3. On a compact Riemannian manifold, the lowest eigenvalues of
—Agry + (1/2)(Rg(r) — 2|Vg(,)u(t)|§(t)) are nondecreasing under the harmonic-
Ricci flow.

Proof. Since uy(g(t), u(t))/4 is the lowest eigenvalue of this operator, the result
immediately follows from Theorem 5.2. ([

Corollary 5.4. There is no compact steady harmonic-Ricci breather unless the
manifold (M, g(t)) is Ricci-flat and u is a constant.

Proof. If (g(t), u(t)) is a steady harmonic-Ricci breather, then, for #; < #; given in
the definition, we have

wi(g (), u(t)) = ur(g(t2), u(tz)).

Hence, using Theorem 5.2, for any ¢ € [t;, t], we must have

d
Eﬂk(g(t)’ u(t)) =0.

Thus (M, g(t)) is Ricci-flat and u(#) is constant. O
6. Compact expanding harmonic-Ricci breathers

Inspired by [Li 2007], we define a new functional

QL(M) x C®(M) x CE¥[R) x C¥(M) > R, (g, u, 7, ) > Wi (g, u, T, f),

where (t = 17(t), t € R).

n

(6-1) Wilg u, 1, f) =17 /M(Rg +oo A - 2|vgu|§,)e—f dVy.
Similarly, we define a family of functionals

n

(6-2) Wyix(gu,z, f)i=1° /M<k(Rg + 21) +Agf — 2k|vgu|§)e—f dv,.
It’s clear that Wy (g, u, T, ) =Wi(g, u, 1, f).

Lemma 6.1. One has

Wi(g,u,r, f)=r29(g,u,f)+%f/ el dvy,
M

k
Wi, 7. f)=r29¥k(g,u,f>+7”z/ e av,,
M

Wy (g, T, ) =Wilg,u, T, )+ (k — 1)(r2%(g,u, f)—i—%t/ e dvg>.
M



EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 155

Proof. Since A(e™/) = (=Af +|V f|?)e~/, it follows that

Wi(g,u, T, f) —*F(g. u, f)
:ff/ e_-deg+t2/ (Agf = IVe flD)e ™ dv,
2 Ju M

:%r[ efdvg+r2/ Agle™Nyav, =grf e~/ av,.
M M M

We can similarly prove the remaining two relations. ([

Theorem 6.2. Under the coupled system
0
ag(t) = —2Ricy) +4du(t) ®du(t) — 2V2(,)f(t)
0
Eu(t) = Agyu(t) — {du(t), df (1)) gq),
0
S FO =80 f (D) = Rey + 2|Vgu(0)5 )
d =1
—T =1,
dt
the first variation formula for W, (g(t), u(t), t(t), f(t)) is
d
(6-3) EWAg(t),u(t),f(t),f(t))
=21(1)? /M g0 + Vi (O + - 7 )g(t>|g(,>e 7O dVyq)
+4r (1) | |Agut) — (du(t), df (1)) ey |2 pe P av,
" 8() ) g lg) 8()»
and the first variation formula for W (g(¢), u(t), t(t), f()) is
d
(6-4) EW+,k(g(t), u(t), t(t), f())
= 2T(t)2f |gjg(t),u(t) + ng([)f(t) + g(t)l 2()€ ~I® gy, g(1)
M 27 (t)
20k 1yr(r)? fM et + 52580 Riye ™ Vi
+41 @)’ /M |Agyu(®) — (du(t), df (1)) g lgye " dVeq)

+4(k—1)r(z)2/M|Ag(t)u(t)|§(,)e—f<'>dvg(t).

Proof. Under this coupled system, we first observe that

d
(6-5) E( /M e /0 dvg(t)> =0.
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ad .
In fact, from a dVg(t) = —g(t),ult) — Ag(t)f(l) dVg(,) we obtain

d B 9 ; )
E(/Me f(t)dVg(t))=/;w(—Ef(t).dvg(,)+gdvg(t)>e £

=/M[Ag<t>f(f)+5g<z>,u(z>—ng,u(t)—Agmf(f)]e_f(”dVg(t)
=0.
Lemma 6.1 and the identity (6-5) imply

d
W@, u®), 7@, f (1))

d
= r(r)ZE@*(g(r), u(t), £(1) +2t(OF(g(t), ut), f(1) + % /M e 1 avy

= 2T(l)zf |Fee)ucey + Vg(,)f(f)lﬁ(,)e_f(t) AV
M
4r()? | |A 1) — (du(t), df (t 2= /W qy
+47(1) [Agyu(t) — (du(t), df ()l e (1)
M
_ n _
+2f(t)/ (Setut) + Vo f D5 e dVg(r>+§f e D dvy,
M M

which is (6-3). Using Lemma 6.1 and the same method, we can prove (6-4). [

Remark 6.3. Under the coupled system
%g(l) = —2Ricy ) +4du(t) @du(t),

0
ﬁu(l) = Agpyu(t),

0

5 f O == f(O+ Vet f Dl50) = Rewy + 20 Veu )5,
d

) =1

ar (1) =1,

the same formulas (6-3) and (6-4) hold for W, and WY 4.

Define

(6-6)  1s(g,u,7) :=inf{°w+<g, w f)| fec=am, / eI v, = 1}.
M
Lemma 6.4. For any o > 0, one has

(6_7) lL-i-(Olgv u, (XT) = a/“L-i-(gv u, t)~

Proof. Set g :=ag; then Rz =0 'Ry, Az f =o' Ay f, and |Vgul; =™ |Vquly.
Hence
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Wi(g, u,ar, f) =“272/ (R§+L—FAgf—ZIVgul%)e_deg
M 2ot 8

n —
=a12/M<Rg+E+Agf—2|Vg(t)u|§>a"/2e tav,.

Since f +— f —(n/2) In« is one-to-one and onto, by taking the infimum, we derive
M+(O‘g’l4»af)=0‘/$+(gvu’f)- O

Definition 6.5. A solution (g(¢), u(t)) of the harmonic-Ricci flow is called a har-
monic-Ricci soliton if there exists a one-parameter family of diffeomorphisms
Y, o M — M, satisfying {9 = idy, and a positive scaling function «(¢) such that

g =a()Y;g0), ul) =1/ u0).

The cases (3/9t)a(t) =& <0, @ =0, and & > 0 correspond to shrinking, steady,
and expanding harmonic-Ricci solitons, respectively. If the diffeomorphisms i, are
generated by a (possibly time-dependent) vector field X (¢) that is the gradient of
some function f(t) on M, the soliton is called a gradient harmonic-Ricci soliton
and f is called the potential of the harmonic-Ricci soliton.

Miiller [2012] showed that if (g(¢), u(¢)) is a gradient harmonic-Ricci soliton
with potential f,

0 = Ricg(r) —2du(t) ® du(t) + Vi, f (1) +cg(0),
0= Aguyu(t) — (Vguyu(®), Vo) f (1)) gr)

for some constant c.

Corollary 6.6. There is no expanding breather on compact Riemannian manifolds
other than expanding gradient harmonic-Ricci solitons.

Proof. The proof is similar to that given in [Li 2007]. Suppose there is an expanding
breather on a compact Riemannian manifold M. Then, by definition, we have

g(t) =ad*g(t)), u(tr)=>"u(t)

for some #; < t,, where ® be a diffeomorphism and the constant @ > 1. Let f (x)
be a smooth function where W, (g(t2), u(ty), t(t2), f(¢2)) attains its minimum.
Then there exists a smooth function fy(x,t) : M x [t1, t] — R with initial value
f+(x, ) = fi(x) that satisfies the coupled system in Remark 6.3. Define a linear
function

T:[t1, ] = (0,400), 1()=T+1t
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where T is a constant. By the monotonicity formula, we have

p+(g(t2), u(t2), T(12)) = Wi (g(12), u(tz), t(12), f4(12))
> Wi (g(t), u(t), T(t1), f+(11))
> pu4+(g(t), u(tr), T(tr)).
Lemma 6.4 and the diffeomorphic invariant property of the functionals shows
(), u(t), (1) < api(gtr), u(tr), T(h)),

which yields
w4 (g(t), uty), t(t)) =0,

since o > 1.
If we impose an additional condition t(f,) = at(#;) and t(¢f;) =T + ¢, we have

oa(t—1)— & —t 1 — ot
(t—1n)—(—1) T2 1

’

T(t) = 1

oa—1
Then
T(t)"? N —11) /(e — NS _ T(t)"?

Ve a2 V) Ve

The mean value theorem tells us that there exists a time f € [#1, t,] with
d T(t)"/?
=—| _log
dt li=i Vg(,)
Veiy /DT> Wi — t(0)2(d/d1) ;=i Vg

0

= Tz 2
T(@)" Vg(t‘)
n 1 0
= N | _Ved-
2t(1) Vg(t_) ot le=i

From the evolution equation for the volume element dVy (), we have

d

3
Eng:f Edvgm:[ (—Sgu),u(r)—Ag(r)f(f))dVg(r)=—f Sey,u) dVe(r)-
M M M

Putting these together yields

n 1 1 n
0=t —— | SypundVen=1— [ (Seoun+ 30 ) Ve-
70 Ve /M e Vet = /M s@ud+ 377 ) Ve

If we set f = log Ve

0=W(g@D), u(®), (@), f) = pi(g(@), u(@), T().



EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 159

By the monotonicity of w we obtain

0 < puy(g(tr), u(t), t(tn)) < u4(g(0), u(®), t(r)) <0

Hence 4 (g(t1), u(ty), t(t1)) = u4(g(r2), u(t2), t(t2)) = 0 and W3 = 0 on the
interval [f1, f,]. This indicates that the first variation of W must vanish. So the
expanding breather is a gradient soliton, that is,

Petyutty + Vo f (1) + 300 )g(t) =

Moreover, in this case AgHu(t) = (du(t), df (t))gw)- U

Because of (6-7), we define

(6-8) pyi(g,u,1):i= inf{OWJr,k(g, u, T, f) | f e CTM), / e_deg = 1}.
M
Due to Lemma 6.4, we still have

(6-9) U k(ag, u,at) =api k(g,u, 7).

Corollary 6.7. If (g(t), u(t)) is an expanding harmonic-Ricci breather on compact
Riemannian manifolds, M is an Einstein manifold and u(t) is constant.

Proof. Using the same method as in Corollary 6.6 and (4 , we can show that the
first variation of W ; must vanish. Hence, from (6-4), one has

) _
Lo + Ve f (1) + 27 (t)g( )=

1
Fswun T 5= 08 g() =0,
Agiyu(t) = (du(t),df () gq),
Ag(,)u(t) =0

The above four equations can be reduced to the coupled equation

1
Few),u) + a )8(t) 0= Agyu(r),

which indicates that u(#) is a constant and Ricg;) = —(1/(27(1)))g(¢). O

7. Eigenvalues of the Laplacian under the harmonic-Ricci flow

In this section we consider the eigenvalues of the Laplacian Ag(;) under the harmonic-
Ricci flow
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(7-1) 5,8(0) = —2Ricg +4du(t) ® du(r),
3

(7-2) 57140 = Agu(1).

Suppose that A(¢), which is a function of time ¢ only, is an eigenvalue of the
Laplacian Ag(;) with an eigenfunction f(¢) = f(x, t), that is,

(7-3) — Ay f (1) = A1) f(1).

Taking the derivative with respect to ¢, we get

Integrating the above equation with f yields

3 9
—/Mf(t)<EAg(t))f(t)dVg(t)_/;wf(t)Ag(t)(Ef(t)) AV
d 0
= d—?»(l)'/ f(l)ZdVg(t)+)»(t)/ fO—f@)dVgw.
t M M ot
Since
P d
~ [ s0a(Lro)aver = [ surw Sroave
9
=x(t)[ f(t)a—f(t)dVg(t),
M t
it follows that
d 0
4 0 [ 10V == [ 50 (5 s0) 0 Ve,

If we set Vij = —2Rij +48iu8ju,

)
EF{‘J. = %g“(aivgj + 8]'1),'1 — 3@1),']').

We temporarily omit all subscripts . Multiplying with g’/ on both sides, we obtain

8”§Ffj = 1g" Vi — V(g i) = g Vivy + VS

= gV (=2Ry +4ViuViu) + VKR = 2|Vul?)
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= —V*R+4Au - Vu+4Viu - ViVu + VKR —4V*Viu . Viu
= 4Au - V¥u.

Therefore,
9 _ 9 v
ar (Af) = 22(87ViV; )
\AAY 0 —— — ko —
<8t f+g" [8 %% ~\ar Tl )k = %%
_iij>.. (i)_w(a )
= (28" )iV f + Do (o ) — 87 (T8 ) Ve f
= QR;; — 4ViuViu)V'VIif —4Au - VuVi f + Ag([)(%f).
Plugging this into (7-4), we derive
G- [ raravi
! M
:—2/ R,-,-v"vffdv+4/ fvfuvfuv,-vjfdv+4/ fAu-Vuv, fdv.
M M M
The first term can be rewritten as
—2/ fR,-,vaffdvzf VIQfRi))VIfdV
M M
=2/ (V'f -Rij+ f-V'R)HVIfdV
M
_2/ RijViijde+/ fV;RV/fadv
M M
=2/ R,-J-Viijde—/ RV;(fVif)av
M M
=A/f2dV—/ R|Vf|2dv+2/ R VfVIfdv.
R M M
Hence
d 2
) [ roravi
=/\(f)f Rg(t)f(f)deg(t)+2/ RijViijde—/ Re)| Ve f D3y dVeary
M M M

+4/ F(VuVIuV Vi f + AuVruVy f)dv.
M
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On the other hand,
f FYV'uNI UV fav
M
= _f Vi(fViuVIiu)Vv; fdv
M
= _f (VifV'uViu+ fAuV u+ fV'uV;VIu)v f dv
M
z_/ fAu(Vu,Vf)dV—/ viuvfuvifvjde—/ fV'uvI Vi Viuav
M M M
and therefore
d o
0 /M F(6)2dVe = A(t) /M Re f()?dVy(y — 4 /M fVuVIfViViudv

+2f Sijvifvjde—f Re) Vi) f (Do) dVear)-
M M

The last term here can be simplified as follows:
—/ fYVuVIfVViudv
M
:/ VI(fViuV; f)V'udv
M
:f (VIfVauN; f + VIV f + fViuAf)Vudv
M
=/ |Vu|2|Vf|2dV+/ fAf|Vu|2dV+f fVuVIfVViudv.
M M M
Consequently,
—2/ fviuvffv,-vjudv:/ |Vu|2|Vf|2dV—A/ FAVul?dv.
M M M

Therefore we derive the following.

Theorem 7.1. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and A(t) denotes the eigenvalue of the Laplacian Ag),
then

d
(15 S0 / FO? Ve
t M
Z)»(t)/ Sey . f (1) dVg(t)_/ Sg(f)ﬂl(f)|V8(l)f(t)|§(t) AV
M M

T 2/ (Fety.utny, df ) @S (1)) dVy(r).
M
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We set

(7-6) Smin(0) := min S(x, 0).
xeM

Theorem 7.2. Let (g(t), u(t)):efo.11 be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and let \(t) denote the eigenvalue of the Laplacian
Ag(r). Suppose that $ (1) ur) — ASg(r),ur)&(t) = 0 along the harmonic-Ricci flow
for some o > %

(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for any
tel0,T].

(2) If Smin(0) > 0, the quantity

(1 - %smm(on)"ax(z)

is nondecreasing along the harmonic-Ricci flow for T < n/(2S8min(0)).

) If Spin(0) < 0, the quantity

(1 - %Smm(on)"ax(z)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

Proof. By Theorem 7.1, we have

i)\.([) > fM Sg(t),u(t)f(l)z dVg(t) fM Sg(;)’u([)|vg(t)f([)|§(t)
dt - fM f(l‘)2 dVg(t) fM f(t)z dVg(t)

By definition we have — f (1) A,y = A(?) f (¢). Integrating both sides yields that
A(t) > 0. Since
d

2 2
3758 0.u) = By Sy .ui + 21F eu) gy T HA gy u (g

and |‘(fg(t),u(t)|2 = (l/n)Sz(t),u(t)’

A + Qa—1)

it follows that

d 2

2
Esgm,u(t) > Aoty Sg(,un + ;Sg(l),u(t)'

The corresponding ODE
d 2
——a(t) =—a(t)”, a(t) = Smin(0)
dt n

has the solution
Smin (O)

WO = T 2 n) SO
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Then the maximum principle implies Sg(),4(r) > a(f) and hence, using the assump-
tion that 2e — 1 > 0,

fM |vg(t)f(t)|§(z) AV
fM f@? dVeg ()

d
Ek(t) >a()M(t)+ Qo —1Dal(r)
By integration by parts, we note that

/M|Vf|2dV=—fo-Ade=A/Mf2dV,

which shows that

%A(t) > a(OM() + Qa — Da(t)r = 2aa(t)r(t)

t
%(k(z)-exp(—Za/o a(r) a’r)> > 0.

This inequality clearly implies the desired result. If Sy, (0) > 0, by the nonnegativity
of ¥4 () preserved along the harmonic-Ricci flow, we conclude that dA(7) /dt > 0. [

and

Corollary 7.3. Let (g(t), u(t));c0,1) be a solution of the harmonic-Ricci flow on a
compact Riemannian surface ¥ and let \.(t) denote the eigenvalue of the Laplacian
Agr)-

(1) Suppose that Rice(;) < edu(t) ® du(t) where

l -« 1
(7-7) 6541_2a, a> 5.
(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for

anyt €0, T].
(i1) If Smin(0) > O, the quantity

(1 — Smin(0) 1)* A (1)

is nondecreasing along the harmonic-Ricci flow for T < 1/Suin(0).
(iii) If Smin(0) < 0O, the quantity

(1 — Smin(0) )* A (1)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

(2) Suppose that
(7-8) Ve ()58 (1) = 2du(t) ® du ).

(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €0, T].
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(i1) If Smin(0) > O, the quantity
(1 - Smin(o)t))\(t)

is nondecreasing along the harmonic-Ricci flow for T < 1/Suin(0).
(iii) If Smin(0) < 0, the quantity

(1 = Smin(0) 1) (1)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

Proof. As above, we always omit subscripts ¢. In the surface case, we have
R,’j = %Rg,’j. Then

Tij = Sij —aSgij = ggij —2ViuViu —a(R —2|Vul?) g,
= (% —oz)Rg,-j —2ViuViu +2a|Vu|2g,-j.
For any vector V = (V?), we calculate
T, V'V = (3 —a)RIV* = 2(ViuV')? + 20| Vu|*|V|?
> (3 —a)RIVI* =2|Vul*|V|* + 2| Vu*|V |,

If Rij < eViuVju, then T V' VI = [(5 — a)e =2+ 2a]|Vul|V]? 2 0.
For the second case, we note that

o o . . R
T,;V'VIi =R VIV —2ViuViviuVv/ — 3|V|2+ |Vu|?|V[*
o R
> RyVIV! = [VulP|VI? = 2|V 4 [Vl VP =0,
Hence the corresponding results follow by Theorem 7.2. ([

When we consider the Ricci flow, we have the following two results derived
from Corollary 7.3.

Corollary 7.4. Let (g(t)):c0,1] be a solution of the Ricci flow on a compact Rie-
mannian surface ¥ and let A(t) denote the eigenvalue of the Laplacian Ag ).

(1) If Rnin(0) > 0, A(?) is nondecreasing along the Ricci flow for any t € [0, T].

(2) If Rnin(0) > 0, the quantity (1 — Ryin(0)1)A(t) is nondecreasing along the
Ricci flow for T < 1/ Rpin(0).

3) If Rnin(0) < 0, the quantity (1 — Ryin(0)t)A(t) is nondecreasing along the
Ricci flow for any t € [0, T].
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Remark 7.5. Let (g(¢)):e[0, 77 be a solution of the Ricci flow on a compact Riemann-
ian surface ¥ with nonnegative scalar curvature and let A(¢) denote the eigenvalue of
the Laplacian Ag ;). Then A(¢) is nondecreasing along the Ricci flow for # € [0, T'].

8. Eigenvalues of the Laplacian-type under the harmonic-Ricci flow

Recall that

(8-1) wu(g, u) = pi(g, u) =inf{9(g,u, N /Me‘deg = 1}-

We showed that (g, u) is the smallest eigenvalue of the operator
—4Ay + Ry —2|Vyul}.

Inspired by [Cao 2007; 2008], we define a Laplacian-type operators associated with
quantities g, u, c:
(8-2) Ague=—0g+c(Ry —2|Veul2),

. 1 2
(8-3) Bgui=B, 1 ==Be+ 3Ry =2AVeul}).

Then (g, u) is the smallest eigenvalue of the operator 4Ag , 1/4.
To the operator A, , we associate the functional

(8-4) CoM)—R, [ reu(f) :=/Mng,udeg.

When f is an eigenfunction of the operator A, with the eigenvalue A, that is,
Aguf = Af and is normalized by [, f*dV, = 1, we obtain A, ,(f) = A. The
next lemma will deal with the evolution equation for A(f(¢)), where f(¢) is an
eigenfunction of A .() and the couple (g(7), u(z)) satisfies the harmonic-Ricci
flow. Set

(8-5) vij = —ZSij = —Q.Rij +40;u - 8ju, V= gijvl-j.
The symmetric tensor field thus obtained is denoted by Vg (1), u() = (vij).

Lemma 8.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow on
a compact Riemannian manifold M and f (t) is an eigenfunction of Ag) u(), that
i, Agty,u(n) f (1) = A1) f(t) (where A(t) is only a function of time t only), with the
normalized condition

/ f()?dVyp) = 1.
M

Then we have



EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 167

d
(8-6) E)‘-g(z‘),u(l‘)(f(t)

; d
= fM FO (Vi — 5 Viv) VEF () d Vi) — fM P05 Vs0u Ol Vs

1/0
+ /M(<0Vg(z),u(t)s Vé%(;)f(f»g(t) + E(aRg(t))f(t))f(f) dVg@r).

Before proving the lemma, we recall a formula that is an immediate consequence
of the evolution equation:

0
(8-7) a—(Ag(t)f)

f ipJ ij ke 1

=—8"g’ My, ViV f — 8V g7 Vivje Vi f 4+ 5(Ve) Ve)s Veor f ())gar)

where the metric g(7) evolves by dg;; /0t = v;;.
Proof. Using (8-7) and integration by parts, we get
d
E)\-g(t),u(t)(f(t))

0 Rg) )
= (—Agmf(t) + ( > |Vg(t)lxl(t)|g(,))f(l))f(t) AT
M

=A4(gipgjq Vg ViV f+87 8 Viv 1 Vi f =5 (Ve vet): Ve f (1)) ) f (1) dVigiry
0 R ) d
+‘/1\M<_Ag(t)(5f(t)) + ( ; - |Vg(t)”(t)|§(;)>af(l‘)

+ (%(%Rg(t)) - %(lvg(t)u(t)lé(,)))f(t))f(t) AV

+f (=a Rewy 2 9
MOYAURS > IVewyttlg ) f (@) 5 (f()dVeq))
M t
:/ <gipgj‘lquv,'vjf + %(%Rgm)f(l‘))f(l‘) dVg(,)
M
+ / (7 5Vivi Vi f — LeHVuV f) £ (1) dVigr
M
+f Ag(t),u(t)f(t)(%f(t)dVg(t) + %(f(r)dvgm)>
M

0
- /M (Ve O ) 0 Vi,

Since f(t) is an eigenfunction of A, (/) u(1), it follows that

a
/ Agm,umfa)(%fa)dvg<t>+%<f<r>dvgm>>=x<r>8— | raravi=o
M tJm

by the normalization condition. This completes the proof. U
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Using (3-6), we find that the first term in the right side of (8-6) can be written as

[M(vijvivjf+%(%Rg(;))f(t)>f(t)dvg(,)

= / (=2 @) (Ricga). Vi) £ () gy +4 S O du@) @du(t), Vi, f©))g) dVea)
M
1 : 2 2 2 2
+/ ((QAg(t)Rg(z)+|R1Cg(t) |g(;))f(t) +2f(t) |Ag(t)u(t)|g(1)
M
—2f W)V u (D5 —4f (1) (Ricgy, dut) @du(t)) gn) dVea)
=/ (=2 ) (Ricgr), Vo F DDy + (G Aginy Reoy + I Rice) [3) £ (1)) Ve
M
+ / (4f O(du®du, V3, f (1) g@) — 4> (du(t) ®du(t), Ricg)) gy
M
+2f(t)2|Ag(t)u(t)|§(z) —2f(1)2|vg2(z)”(t)|§(t))dVg(t)
For the second term in (8-6), using the contracted Bianchi identities, one has
| %0 = 45w @ avie)
M
:f (8" Vi(—2R j + 43 ;udu)
M
— 3Vi(=2R(1) + 4V u (D)2 )) VS - f (1) dViy
=/ 4f @) Ay () (Veryu(t), Vo) F () ety dVg(r)
M
+ / (48" Vju - ViViu — 2V | Voyu (@) 5 )VEf - £ (1) AV
M

= /M4f(t)Ag(t)”(t)<Vg(t)”(t)’ Vo) () gry Ve

where in the last step we use the identity V;|Vu|?> = 2g74V; Vpu - Vqu. Therefore

d
(8-8) E)‘g(t),u(t)(f(f))

= /M(—zf(f)(Rng(m Veir /D) gy + G Agy Rgry + | Ricgqry [5) £ (1)7) dVgqr)
+4£() /M ((du()@du(t), V2o, ) g0~ ) (du @) @dut), Ricgn) e

+ 21 (0 Aguu )y = 2£ |V u®5
+4 £ (O Agyut () (Voyu(t), Yoy f (1)) o)) dVier)

— / (gt Ve 2y =21V 2 u @50y — HVgot(D[5) f (1)* dVgqr).
M
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The above evolution equation can be simplified as follows.

Theorem 8.2. Suppose (g(t), u(t)) is a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and f(t) is an eigenfunction of Ag(1),u«), that
i, Agty,u(n) f (1) = A1) f(t) (where A(t) is only a function of time t only), with the
normalized condition [, f (t)2d V() = 1. Then we have

d
B9 g (FO) = fM 2F g dF (O @ dF D) gy Vit
+fMf(t)z(lyg(r)lﬁm+2|Ag<r)u(f)|§m)dVg(r)-

Proof. Calculate
fM 4f () Agyu(t){(Veryu(), Ve f (1)) gry dVer)
=_4f VulVif - (Vi, V) + f(V (Vu, V F))]dV
M

:-4[ |(Vu,Vf)|2dVg—4/ FVu((ViVu, V) + (Vu, ViV ) dV.
M M

By the same method, we have

/ — A g )| Ve (D5 f (1) dVir)
M
=—f VuPQFAS +29 f1P)dV
M

:-2/ |Vf|2|w|2dv—2/ FAFIVul*av.
M M

However,
/fAf|Vu|2dV:f —V,; f-Vi(f|Vul®)dv
M M
=—/ Vi F (VI IVl + £V Vul) av
M

=—f |Vu|2|Vf|2dV—/ fVi f-ViVul>dv.
M M
Therefore we arrive at

f — A g)| Ve (5 f () dVi)
M
:2/ fVif-ViVul>dv
M

:4/]“4 f(l)(dl/l(t) ®df(t)v V;(z)“@))g(t) dVg([)
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Using the contracted Bianchi identities, we may simplify the term | M % fPARAV
as follows:

(1)?
/ fTAngg(,)dVg(,)
N
=—lf ViR-Vi(f2)dV
2 M
:-/ v,-R-fvifdvz—z/ VAR - VI fdV
M M
_> f RV (FYI fyav =2 / Ru(V*f - Vif 4+ fYNVIf)dV
M M

= 2/ (Ricg(ry, df ) @df (1)) g1y d Vg +2/ S (@) (Ricg(r), ng(t)f(mg(z)dVg(t)-
M M

Hence (8-8) becomes

d
Elg(t),u(z)(f(l‘))
= / (2(Ricy(y, df (1) @ df (1)) g1y + | Ricgqr) I3y f (1)) Vi)
M
2 4 2
+/ 2185y w54y + 4 Ve u @)y ) [ () AV
M
_ / 41 (0 (du(t) ® dut), Ricgy g dVin
M
—/M4|<Vg(t)u(l), Ver f D) evy|* dVe(r)
:/ 2<9Jg(,),df(l)®df(t)>g(t) dVg(l)
M
+ / S @ (IRicg —2du(t) @ du(t) ;) + 21 Agyu (D5 ,)) dVea)
M

where, by definition, S;; = R;; —20;ud;u. O

List [2006] proved that the nonnegativity of the operator ¥ (;) is preserved by
the harmonic-Ricci flow. Hence we get the following.

Corollary 8.3. If Ricg) —2du(0) ® du(0) > 0, the eigenvalues of the operator
Ag(t),u(r) are nondecreasing under the harmonic-Ricci flow.

Remark 8.4. If we choose u(t) = 0, we obtain Cao’s result [2007].
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9. Another formula for t%k( f@)

In this section we give another formula for %A( f(¢)) using a method similar to
that in [Li 2007]. Recall the formula

d
Ekg(r),um(f(t)):/ 2(Fewu df O @df (1)) gy dViar)
M

+/ f(t)z(lffg(,),u(,)@(,)+2|Ag(t)u(t)|§(,)) dVe@).
M

Consider the function ¢ determined by f?(t) = e~#"). Then we have

—e?do Vi Vg Af

df = , , =—1Ap+11ve2
f 27 7 3 7 A0+ 7|Vl

Hence

d _
24 k500 FO) = [ (B0, ) 8 Ay ioe™ Vi
M

+2 / (Wg(t),u(t) |§(r) + 2|Ag(t)”(f)|§(z))e_¢ dVg(t)-
M

Using integration by parts and contracted Bianchi identities yields
/ (Leru)» Ao @ dp()) gye P dVi()
M
=f SiiVipVige™ dV:—/ SiiVIieVi(e™®)dV
M M
= / e YV (S VI p)av
M
:/ v"sij.qu;-e—wwr/ S;;ViVig-e?dv
M M
=f ViRij-Vj(p-e_(‘odVg-l-/ SiiViVig.e™dv
M M
+/ Vi (=2ViuViu)Vig-e? dv,
M
=_/ RA(e_“’)dV—i—/ SiiViVig.e™® dV—Z/ (V'uVu)V'vi(e?)av.
M M M
Thus
/ S;;ViVig-e™?dv
M

:/ S,-jv"wf(pe—wv—l/ RA(e—¢)dV+2/ (VuViu)Vivi(e ).
M 2 u M ’
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On the other hand, one gets
/ IVew®Olgne™" dVg(n:/ ViVieViVip-e™ dv
M M
=—/ V,(p-ViVinga-e_‘”dV—/ Vip-ViVip-Vi(e ™) dV
M M
:—/ ngo-ViVjVigo-e_‘pdV—/ Vip-V'Vip.Vi(e ) dV.
M M
Since
/ vjw-vafw-vi(e—w)dvz—/ Vi(Vig-Vi(e ) VipaV
M M
=—f Vfw-viw-v,«e—%dV—/ Vo> Ale™)dV,
M M
which implies
/w-vafw-vi<e—¢>dvz—1/ IVo*A(e™)dV,
M 2 M

it follows that
/ V2|2 ¥ dV = —/ Vig-ViVIiVig.e ¥ adv + 1 / Vol A(e*)dV.
M M 2 Ju
By the Ricci identity the term V' V/ V' equals
ViViVig =g/ ¢!V, ViVip = 7% ¢ (ViViVig — R,V 0)

=V/ViVip— g g" Riyy VP g
= VjA(p + gjkg”Rikprp(p = VjAgo + gijkapgo.

Hence

—f Vip-ViVIVig.-e ¥ dv
M
=—/ Vi(p-VjAw-e_‘pdV—/ R, Vi@ - VPpe ™ dv
M M
:/ VjAgo-V,-(e_‘p)-i-/ Rkak(p-Vp(e_‘p)dV
M ' M
:—/ A(p.A(e_‘/’)—/ e_‘p(Vkap-ng0+Rkakag0)
M M
=—/ A(e_‘p)-A(pdV—i—%/ VkR-Vk(e_“’)dV—/ e YR, VEVP o AV
M M M

=—/ A(e“”)(Aq)—i—%R)—/ R, VEVPp. e av.
M M
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Putting those formulas together, we obtain
f 28, ViVig.e™?av +/ IV2p|?e™? dV
M M
= / SiiV'Vip-e ¥ dv +/ (=2ViuViu)V'Vip-e ¢ dv
M M
_ R
—/ A(e ‘P)(A<p+ 5 %|V<p|2> dv
M
= f S;iVipVig.e™¥av —f Ale ™) (Ap+ R —3|Vo[H)dV
M M
+2/ (ViuViu - V'VI (e ) = ViuViu-ViVig-e %) dv.
M
Since f is an eigenfunction of A, it induces
Af

R 2 1 1 2 R 2
b=y IVl = 3ag Vel + 5 = |Vl

and therefore
/ 28, ViVig.e ¥ av +/ IV2g|2e ¢ dV
M M
:/ sijvfgpv-/'go-e—wv-z/ A(|Vul?)-e ¢ dV
M M
+2/ ViuVi(V'V/(e ) = V'Vigp-e %) av.
M
Plugging this into the expression of %A( f(1)) yields
d
2E)‘g(t),u(t)(f(f))
=/ s,-jvi<pvf<p-e¢dv+/ |8"|2e“’dV+/ |9’|2e“’dV+4/ |Aul>e¢dV
M M M M
:/M|5fg(t),u(t>+V§(1)‘P(t)|§(r)€_(pmdvg(r)+/M|5fg(t),u(t)|§(z)e_¢(t) dVs(r)
+4/M|Ag(r)u(f)|§<t>€_<p(’)dVg<r>+2/MAg(z)lvgmu(f)|§(z>6’_‘”(”dng

+ 2/ ViuViu(=V'V/ (e )+ V' V/p.e~?)dV
Now define M

1:=/ (ViuVju-ViVj(p)e‘pdV=—/ V! (ViuViu-e ?)V’pdV
M M
=—/ VIp(Au-Viu-e ™ +ViuV'Viu-e = V;uViuV'g-e¢)dV
M

:—/ VjuVj(pAu-e_"’dV—/ ViuVj(pViVju-e_‘pdV+/ l{du,dg)|?e=?dV,
M M M
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11::/ v,-uvjuvivf(e—‘/’)dvzf VIV (ViuViu)e™ dv
M M
=/ VI (VIViu - Viu+ ViuAu)e™ dV
M

= / (AViu -Viu+ViAu-Viu+|VZul® + | Aul>)e 2 dV,
M

111;:/ A(qu|2)e_‘/’dV:2/ VI (ViViu-Viuye *dV
M M

- 2[ (AViu - Viu+|V2u|?)e ?dV.
M

If we set
B:=2(ll+1—1I),
then
B i i 2.2 2 2
5= M(Aviu-Vu—ViAu-V u+|Voul® — | Aul® + |(du, de)|
—Viu-Vig-Au—Viu-Vip -V'Viu)e ¥ dv
= [ RV T+ 1P ~ a4 | de) P
M
—Viu-Vi(p-Au—Viu-Vj(p-ViVju)e_‘pdV.
On the other hand,
—/ Viu~Vi¢~Au-e_¢dV:f (Viu- Au)Vi(e ) dV
M M
=_/ Vi(Viu - Au)e™ dV
M
=/ (=|Aul> = Viu-ViAu)e ¥ dV
M
and
—/ v,-uvfwvivju-e—wdvzf ViuV'ViuVvi (e ¢)dv
M M
:_/ VI (ViuV' Viu)e ™ dV
M
:f (—|V2ul?> = ViuAViu)e ¢ dv.
M
Therefore

B ) ) _
(9-1) 3= (=21Aul* + [{du, de)|* —2(Vu, VAu))e ? dV.
M
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By definition,
A(Vul®) = A(Viu - Viu) =2V u - AViu +2|Vul?.

So
A|Vul> =2|V2ul* +2(ViAu+ RijViu)Viu

=2|V2ul> +2R;jViu-Viu+2(Vu, VAu).
Plugging this into (9-1) yields

B o
E:/ (=21Aul* + [(du, dp)|* +2|V2ul* — A|Vul* +2R;V'iuViu)e™ dv.
M

2RV UV U = 2(S;; +2ViuViu) V' uviu
=28;V'uViu+4|Vul*
=P +4du@dul* — ;|9
it follows that
B
—=I1I+1-11
2
:/(l(d”’d‘/’ﬂz_zmmz_Zl1|99|2+2|V2u|2+%|5f+4du®du|2)€_‘pdV—III.
M
Hence
M

Theorem 9.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f(t) is an eigenfunction of Ag(1),u(1),
that is, Agr),u) f (1) = A1) f(t) (Where A(t) is only a function of time t), with the
normalized condition [, f (t)? dVy(y = 1. Then we have

ik(l)
dt

= %Ag(f),u(l)(f(t))

= %/M |Fee),ue) + Vﬁ(z)ﬁl)(f)|§(1)€_¢(t)dvg(l> + %/M |yg(l),u(t)|§(;)3_¢(I)dvg(t)
+/M (du(t), dp(0)) g e dVeq) +2/M Ve lgae ™ dVea
+}1 /M L gyt +4dut) @ du(0)[3 e dVy(,)

- / Aty (Va2 dVig,
M
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Remark 9.2. When u = 0, this equation reduces to Li’s formula [2007].

10. The first variation of expander and shrinker entropies

Suppose that M is a closed manifold of dimension n. We define

Wy : O2(M) x C®¥(M) x C®°(M) x RY = R, (g, u, f, ) Wilg,u, f,7)

where

_f

e
(10-1) Wa(g, u, f, 1) :=/M(r(sg,u+|vgf|§):pfﬁ:n)(4 — dv.
Set

pe(g u, ) —mf{m(g,u fo| fecxom, f (4m)n/z v, =1},

v+ (g, u) :=sup{u+(g,u,7) |7 >0}

Lemma 10.1. Suppose vi(g, u) = Wi(g, u, f+, t+) for some functions fi+ and
constants T4 satisfying

e_f:t
A deg = 1, T+ > 0.

Then we must have

T2 (=204 fir 4+ |V fily = Sgu) £ fr Fn+vi(g,u) =0,

——dV,=— ,u).
/M oy Ve = 5 Freg )

Proof. Since g and u are fixed, we consider the corresponding Lagrangian multiplier
function

e_f
’Qi(fvr’)\')ZOW‘:E(g’u?far)_)\'(/I;leVg—l)
Then the variation of £ in f direction is
e

5f>:i(f,r;x)=/M(2rV’fv (8f)=|:5f+k8f)mdv

e_f

— /M(t(sg,u +IVe fI12)F fin)SfW dVy

By the divergence theorem, we calculate
-f i -f
f Vif. V(ch) )n/de / Vi(V f )n/z)Sdeg

e/
—— [ A IV 8 o Ve
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Hence
—-f
C3) — 2 ¢
§pLa(fitih)= /M(r(—ZAgf—i- Ve flg —Sg,u):tf:Fn¢1+A)8fW dv
This implies that
T (20, fr + Vg fily = Squ) £ fr FnF 1+ 2: =0.
Since f1 satisfies the normalized condition, it follows that
) e_f:t
0=hsFl+ /M(m—mgfi IV fol} = Seu) & fi F 1) o

From the identity

f e_f
_ 2
/M gf(47.[ )n/2 Vg_/j;llvgflg(él-ﬂ‘[)”/z dVg
and the definition (10-1), we obtain

vi(g, u) =Wi(g, u, fv,74) =rAs F1,

and, consequently,

T (=20 fu + Ve fily — Sgu) £ fe Fn+va(g, u) =0.

The variation of £ with respect to T indicates that

iy -
L N _ndry_¢e
5r2i(f,f,)»)—/M(Sf(sg,u"‘wgflg) (4 7)) dVg )”/M< 27 )

—dV,
(@rTyn/2” 8

5 -
+/M(_%_f)( Sea+ VeI F f £n) G dVe

e ¢ o N e~ 1dv,
_/M f(( )(gu+| f|)+ (A fqtn))m-

Using the first proved equation, we have

O=f ((vi(g, u) =+t fi :Fn)<1 — %) + g(vi(g, u)yx fr¥Fnt 1))
M

_/<v iy ) e dv,
= S\ gy

and therefore we obtain the second one.
For a symmetric 2-tensor h = (h;;) € OZ(M ), we set

g(s):=g—+sh

e fx dV,
(4 Ty)n/?
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Then the variation of g(s) is

a

10-2 —
( ) ds ls=0

Rysy = —h" Rij + V'V hij — Ag(trg h).

Theorem 10.2. Suppose that (M, g) is a compact Riemannian manifold and u a
smooth function on M. Let h be any symmetric covariant 2-tensor on M and set
g(s) := g+ sh. Let v be any smooth function on M and u(s) :=u + sv. If

v+ (8(s), u(s)) =Wx(g(s), uls), fx(s), r(s))
for some smooth functions fi(s) with

f e =0 qv /(drra(s)? =1
M

and constants t+(s) > 0,

d - h, n e ) ay

Eszovi(g(s),u(s))——fi M(( s Fgu)gH(h, Vg fe N I, )W s
e_fi

+4Ti/MU(Agu—(du,dfi>g)mdvg,

where fy := f1(0) and 1+ := 14 (0). In particular, the critical points of v+(-, )
satisfy

1
Feu+ Vo f + 58 0, Agu=(du,dfs),.

Consequently, if Wi (g, u, f, t) and v+ (g, u) achieve their minimums, (M, g) is a
gradient expanding and shrinker harmonic-Ricci soliton according to the sign.

Proof. By definition, one has
d
d—Vi(g(S), u(s))
s

d
= %Wi(g(s), u(s), f+(s), t+(s))

g S v 2 U
—A(%Ti(s)( o(s),u(s) T | g(s)fi(s)lg(s)))W o(s)
e_f:k(s)

—dV,
(rre(s))2 " 8

+/M(Ti(s)%(5g(s),u(s>+|Vg(s)fi(s)|§(s))¢%fi(ﬂ)

+/M(fﬂ:(5)(5g(s),u(s>+IVg<s)fi(S)|§(s))ﬂFfi(S)in)

a e_f:t(s) dV
"os \ (@mre(s)/2 0 )
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Since
9 9 )
35 Se@.u) = 5o Re) = 252 Ve () s)
0 9 i .. 0
= o Rew = Z(Eg’j)viww —4g gg Viu- Viu
9 o y
= —Rys) —2(—8""8"" hpy)ViuViu — 48" V; (iu)vju
as as
d 9 .
= 5Rg(s) +2h, VPuViu —4v; (Eu) Viu
and

8 effj:(s) dV
9s \ (4 e (s))n/2 " 8V
e[+ e fr) g

_(_9 _ e " e " 9

_( 5+ ( )a wels )) o) Ve O Gy a5 4V
e f£()

< fi( ) — 20:(5) ( )3 (S)+2trgh>WdVg(s),

it follows that
4y (g(s), uls))
ds ’

0 , e kO
= y 8—s :t(S)(Sg(s),u(s) + |Vg(s)f:|:(s)|g(s))W dVg(s)

+/ ('L’:l:(S)( 0 Ro(s) 4+ 2h pg VPuNViu — 4V, ( 9 )Viu
M 0s

5 N\ 5 o F1(5)
— h g VPFVIf +2V; (af)v f) F gfi(ﬂ)m dVg(s)

0 d
+/M(_£fi“)_2r o os =02 trgh)

(T2 () Sgor.uts) + Vet S () [35) F f(s) £n)
8

e_fi(s)
— —dV,.
(T (s))/2 " 8

From the equalities
/ Agtrgh-e_deg=/ trgh- Ag(e)av,
M M

:/ try h(—Ag f+|Vy, f12)e! dVy,
M
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/vafhij.e—fdvg=/ hiiViVIi(e™lydv
M M
:/ hij(=V'VIf +VIfVIife ™ av,,
M
/v 9 r\vireav :/ —if(A f—=IVef12e 7l av,
v \0s § v 0s § §7 18 &

f Ag(e™l)adv, :/ (—Ag [+ Ve f12)e ! avy,
M M

and Lemma 10.1, we obtain

v+(g(s), u(s))

_ / 0

B m 0s s=0
+/ (ri<—hinij+Vithij—Ag(trg ) +2h g VPuViu
M
i 3

f(s))Vf)an— f(s))

s=0 S1s=0

—fx

: -2 D |
(4 Ty )2 dVg+/;w( 8S‘s:0fi(S) 2Ti(s)as'szoti(s)+2trgh>
effj:
————dV,
)(4Nti)n/2 8

e~ /=
T4 (8)(Sgu + Ing|§)W dVyg

d

—4V;uViu — h g VPFVIf 42V, <£

(e (Sgu + Ve felg) F fe£n

If we denote by B the last term and by A the remaining terms,

=1

() (Vg fely + Sgu)
s=0

ij ij i 4 e I
— e (hViV) e+ B Sy +4Viv - Vi) F o f

—=dV,
Arryyn2 "8

9 e J= av,
as | _ f( )) (Amtya)n/?

+/ T+ (Ag fr — |ng:|:|§)(trg h—2—
M

The normalized condition

effi(s)
1 ——dV,
m (4 Te(s))"/?
implies
—fx(s)
ad n_ 9 1 e
0= - tr,h | ——dV,
/M< os| _ fi() s OT:t(S)+2 Io )(4nri(s))”/2 f
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From Lemma 10.1, we conclude that

T4 Seu — T (Ve fily =200 o) = £ f T+ (g, u).
Therefore
T (Sgu + Ve f2l3) F fr Fn =210V fil} — Ag fi) + v(g, u).

Plugging this into the definition of B yields

B= (——‘ fi(s) = o ai ri(s)+§trgh)
=0
(Rea(Vy fel2 = Ag f) + vz, u))ﬁ av,
- /M (—;’—s szofi(s)—ziai‘ JRICES trgh>
TV ful2 — mm%dv
=/M(—aa—s _ fa(s)+ 3 trg )21':|:(|ng:|:|§ gf:t)ﬁdv

where we use the fact that
/ Ag(e™!)dV, =0.
M
Hence B cancels with the last term in A. Therefore the above variation equals

v1(g(s), u(s))

9 T:I:(s>(|vgf:|:|§x+sg,uizi) —T:t(hijvivjf+hijsij
S 1s=0 T+

1

e_f:t
+ 5 g h+-4u(idu, df) - Agu)>)

—————dV,
@Arryn/2 8

To prove the theorem, it is sufficient to show that

e_f:t
/<|V fi| +SguZ|: )de—o.

Since M is compact, we have

0= [ Bue )= [ -agfit 9o fele S av.
M M
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Hence

) n e_f:l:
[M(|ngi| +Seu* Z)W dav

) n e_fi d
= 2A — |V A V.
/M( sfe = Ve lgH 5 2ai)(4m>"/2

Lemma 10.1 now indicates

) n e_f:t
/M<|ngi| + 8ot Z)W dv

:f ﬂ:fi:Fn+vi(g,M)iﬁ idV
M T4+ 2) (4mre)n/?

/ U s vne) = av
=] — —+vi(g,u))———
e\ IET TS P

1 n n
=—|£5—ve(g,u)F 5 +vi(g,u) | =0.
T+ 2 2

The sign + corresponds to the gradient expanding soliton and the sign — to the
gradient shrinker soliton. (]

Corollary 10.3. Suppose that (M, g) is a compact Riemannian manifold and u
is a smooth function on M. Let h be any symmetric covariant 2-tensor on M
and set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv.
Ifvi(g(s), u(s)) = Wx(g(s), u(s), f+(s), t+(s)) for some smooth function fi(s)
with fM e~ fx() dV/(47TT:t(S))n/2 = 1 and a constant t+(s) > 0, and (g, u) is a
critical point of v4.(-, -), then

1
Feu=F=—g, [+ =constant.
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Thus, if Wi(g,u,-,-) achieve their minimum and (g, u) is a critical point of
va(-,-), (M, g, u) satisfies the static Einstein vacuum equation.

Proof. According to Lemma 10.1 and Theorem 10.2, we have

Ti(—zAgfi + |vgfi|§ - Sg,u) + fi +n
oI

. N 2 _
C b= /M (v S+ IV f ) F o) s Ve,
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and hence

e /x
——=dV,
8 (Amrty)/?

e~ /x
/ (Sgu+Agfi)( )n/2 dV

= :FZ = Sg,u + Agfj:-

2Agfi—|vgfi|§+sg,u=/ (Seu+ Ve ful?)

From this we get A, i = |V, fi|§,. After integrating on both sides, the functions
f+ must be constant, which implies ¥, £ (1/(27+))g = 0. U

Remark 10.4. In the situation of Corollary 10.3, by normalization, we my choose
fr=n/2.
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