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NUMERICAL STUDY OF
UNBOUNDED CAPILLARY SURFACES

YASUNORI AOKI AND HANS DE STERCK

Unbounded capillary surfaces in domains with a sharp corner or a cusp are
studied. It is shown how numerical study using a proposed computational
methodology leads to two new conjectures for open problems on the asymp-
totic behavior of capillary surfaces in domains with a cusp. The numerical
methodology contains two simple but important ingredients, a change of
variable and a change of coordinates, which are inspired by known asymp-
totic approximations for unbounded capillary surfaces. These ingredients
are combined with the finite volume element or Galerkin finite element
methods. Extensive numerical tests show that the proposed computational
methodology leads to a global approximation method for singular solutions
of the Laplace-Young equation that recovers the proper asymptotic behav-
ior at the singular point, is more accurate and has better convergence prop-
erties than numerical methods considered for singular capillary surfaces
before. Using this computational methodology, two open problems on the
asymptotic behavior of capillary surfaces in domains with a cusp are stud-
ied numerically, leading to two conjectures that may guide future analytical
work on these open problems.

1. Introduction

The mathematical analysis of unbounded capillary surfaces is most often done by
asymptotic analysis (see [Concus and Finn 1970; 1974; 1989; Miersemann 1993;
King et al. 1999; Norbury et al. 2005; Scholz 2001; 2004; Aoki 2007; Aoki and
Siegel 2012]). Results for unbounded capillary surfaces in domains with sharp
corners have been known for many years, and recent work of Aoki and Siegel
[2012] on singular capillary surfaces in domains with a cusp fills almost all the
gaps that still existed for the cusp case, though a few open problems remain. Since
asymptotic analysis is a local analysis, asymptotic approximations are valid only in
a sufficiently small domain near the singularity. It is also not easy to determine the
precise region of validity of the asymptotic analysis results. In applications, global

MSC2010: 35325, 65N30, 76B45, 35]75.
Keywords: singularity, asymptotic analysis, nonlinear elliptic PDE, Laplace—Young equation, finite
element method.
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approximations for the singular capillary surfaces that are valid in the whole domain
are desirable, and such approximations cannot be provided by asymptotic analysis.

In this paper, our aim is to construct globally valid approximations of singular
capillary surfaces which exhibit the proper asymptotic behavior at the singular
point while also being valid away from the singularity. We do so by introducing
a computational methodology for singular capillary surfaces. A second aim of
this paper is to investigate two open problems on asymptotic behavior of capillary
surfaces in domains with a cusp. We investigate these open problems using the
proposed numerical methodology, which leads to two conjectures that may guide
future analytical work on these open problems.

Our computational methodology starts from the finite volume element method
(FVEM) [Bank and Rose 1987; Aoki and De Sterck 2011] or the Galerkin finite
element method (FEM) [Strang and Fix 1973; Brenner and Scott 1994]. However,
it is widely known (see [Grisvard 1985; Strang and Fix 1973; Aoki and De Sterck
2011]) that a lack of smoothness in the solution can spoil the accuracy of approxi-
mations of finite element type; hence it can be expected that standard finite element
approximations cannot accurately approximate the unbounded singularity. There
are about a half dozen published papers on numerical solutions of the Laplace—
Young equation [Nigro et al. 2000; Hornung and Mittelmann 1990; Polevikov
2004; Polevikov 1999; Scott et al. 2005]. However, with the exception of the
paper by Scott et al. [2005] they do not consider unbounded singular solutions.
Scott et al. use the finite volume element method to approximate solutions of the
Laplace—Young equation, and one of their model problems is a corner problem with
unbounded singularity. Our proposed methodology enhances their approach in two
important ways, leading to much more accurate and informative results, as shown
in our numerical results section.

Instead of directly approximating the solution with a standard finite element
expansion, our idea is to incorporate knowledge obtained from asymptotic analysis
into the finite element approximation, in order to avoid inaccuracies introduced by
the singularity. Roughly speaking, we first change the variable based on the known
asymptotic order of the solution so that the new unknown function is bounded.
(Though it is bounded, it can still be discontinuous at the location of the original
singularity.) Inspired by knowledge of the leading-order term of the asymptotic
series solution, we change the coordinate system so that the unknown function is
smooth with respect to the new coordinate variables. We then finally approximate
the smooth bounded new unknown function with respect to the new coordinate
variables, using the finite volume element method or the Galerkin finite element
method.

We verify the accuracy of this numerical methodology by comparing the nu-
merical solution with known asymptotic series approximations, and by conducting
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numerical convergence studies. We first show that the numerical solutions we
obtain have the proper singular behavior by comparing numerical solutions of the
Laplace—Young equation with known asymptotic series approximations. Then we
conduct numerical convergence studies to show that the numerical approximation is
a globally valid approximation. In order to conduct numerical convergence studies,
we need model problems with known closed-form solutions. Though there is no
known unbounded closed-form solution of the Laplace—Young equation, a few
closed-form solutions are known for the steep slope approximation of the Laplace—
Young equation [King et al. 1999; Aoki 2007] (we shall refer to this PDE as the
asymptotic Laplace—Young equation). It is known that these solutions have the
same asymptotic behavior as the solution of the original problem, so we conduct
the convergence study using the asymptotic Laplace—Young equation.

Using the proposed numerical methodology for computing singular solutions
of the Laplace—Young equation, we investigate a few open problems of singular
behavior of the Laplace—Young equation in a cusp domain. Aoki and Siegel [2012]
considered the solution behavior for all possible cusp domains, attempting to
generalize the results of Scholz [2004]. However, there are still a few cases that
remain open. Using our computational methodology, we numerically investigate
these cases and make conjectures based on the numerical approximations.

The paper proceeds as follows. In Section 2 we describe the Laplace—Young
boundary value problem of interest and its asymptotic variant in domains with a
sharp corner or a cusp. Section 3 describes the proposed numerical methodology
for computing accurate global numerical approximations of unbounded capillary
surfaces in these types of domains, and Section 4 gives extensive numerical results
verifying the accuracy and convergence of the numerical methods. Section 5
presents conjectures for two open cases on asymptotic behavior of capillary surfaces
in a domain with a cusp, motivated by numerical solutions for these open cases
using the proposed numerical methodology. Finally, conclusions are formulated
in Section 6.

2. The boundary value problem

In this section we first formulate the Laplace—Young boundary value problem, and
describe the asymptotic behavior of its solutions in domains with a corner or a cusp
and the function spaces these solutions belong to. We state some open problems on
asymptotic behavior for a domain with an osculatory cusp and a cusp with infinite
curvature, and define model problems that will be used in numerical tests. We
then describe the asymptotic Laplace—Young equation and its known closed-form
solutions on domains with a corner or a cusp, which are used to formulate additional
numerical model problems.
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Figure 1. Two photos of capillarity experiments, indicating the
capillary surface height u# and the contact angle y.

2.1. Laplace-Young boundary value problem. This problem originates from ob-
servations of Laplace in 1806 and Young in 1805 that “the height of the liquid
is proportional to its mean curvature” and “the angle of the contact between the
solid and liquid only depends on their material.” Gauss showed in 1830 that the
Laplace—Young PDE is in fact the Euler-Lagrange equation of the surface energy
functional. Thus the solution of the Laplace—Young boundary value problem gives
the shape of the liquid surface that minimizes the surface energy, in a nonvanishing
downward gravity field, and hence the Laplace—Young boundary value problem is a
mathematical model for a liquid surface at equilibrium when the gravity is present.
We refer the reader to Section 1.4 of a book by Finn [1986] for detailed discussion
of the derivation of the Laplace—Young boundary value problem. Figure 1 shows
photos of capillarity experiments, indicating the capillary surface height u and the
contact angle y.

Let ©2 be an unbounded open domain as in Figure 2 with boundaries d€2; and
d€2, described by functions fi(x) and f>(x), and let u € C%(2) be the height
of the capillary surface that satisfies the following boundary value problem (the
Laplace—Young boundary value problem) on this domain:

(D) V-T(u) =«u in 2,
v -T(u) =cosy; ondLy,
2) Vo -T(u) =cosy, ondn,
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Figure 2. Unbounded domains. Left: a corner domain. Right: a cusp domain.

with

Kk : capillarity constant (we assume « > 0),
V1, Vo : exterior unit normal vectors on the boundaries €2 and 9$2,,

Y1, Y2 :contact angles

and
Vu

V1+ Va2

Note that the capillarity constant x can be normalized by rescaling x, y and u when
k > 0. In the following sections we let k = 1. The open domain €2 and boundaries
a2 and 02, are defined more specifically as follows:

T(u) =

3) Q={x. ) eR:0<x, H(x)<y<filx)),
4) 0Q ={(x,y) eR*:0<x,y= fi(x)},

(5) Q) ={(x.y) eR*: 0 <x,y= fo(x)},

with

fi(x), fr(x) € C*(0, ),
filx) > fo(x) forx >0,
(©6) lim fi(x)= lim f>(x) =0,

g i) 007 im0,
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For simplicity of discussion we focus on the two specific types of domains depicted
in Figure 2: a corner domain, defined as

fikx)=xtana and fo(x)=—xtancw, where(0 <o <m/2,
and a cusp domain, defined as
7 li (x)=0 d 1 (x) =0.
(7 Jim, fi(x) and  lim S (x)

2.1.1. Asymptotic behavior. 1t is known that the solution of the Laplace—Young
boundary value problem in a corner domain is unbounded at (0, 0) if y;+y»+20 <7
(see [Finn 1986]). Also, it can be shown that if y; 4+ y» # 7 the solution of the
boundary value problem in a cusp domain is unbounded at (0, 0) (see [Scholz 2004;
Aoki and Siegel 2012]). In addition, the following asymptotic behaviors are known.

Corner domain with y; + y» + 2« < w (see [Concus and Finn 1970; Miersemann
1993] for a proof): If y; =y» =y and y +« < /2, then the solution of the boundary
value problem in the corner domain has the following asymptotic behavior:

cos8 — k2 —sin? 6 3
(8) u(r,0) = X +O0@(r’) asr—0,
r

where

(r, 0) : polar coordinate variables,

sin o
k =

cosy

More formally, we can write that there exist constants r, and M such that

cos® — k2 —sin? 0
kr

u < Mr forO<r <r,.

This gives the following bounds for the solution u:

cos8 — k2 —sin® 6 3 cos8 — k2 —sin? 6 3
9 T —Mr’<u< k + Mr
r r

for 0 <r <.

The proof for the asymptotic relation (8) only provides the existence of these two
constants and does not give any estimate of their size. Thus, even though (8) shows
that the asymptotic approximation becomes more and more accurate as we get closer
to the singularity, it does not give any quantitative description of the approximation
error.
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Also, it is easy to show from (9) that there exist positive constants M, M~ and
X, such that
M~ MT
—_— << ——
S1(x) = fa(x) Sf1(x) = fa(x)
Cusp domain with y; + y» # 7 (see [Aoki and Siegel 2012] for a proof): An un-

bounded solution of the boundary value problem in a cusp domain has the asymptotic
behavior

(10)

for 0 < x < x,.

(11 u(x’y)_COSV1+cosy2 O(fl(x)—fz(x)) R

- AW = K fi@) = f2(0)
if y1 + y» # 7 and the boundary functions f](x) and f,(x) satisfy the asymptotic
relations

(12) f1(x) = f2(x) = o(f{(x) = fo(x)),
') = () = f(0))? N 0<(f{(x) - fg’(x))z)
fix) — fo(x) (fi(x) — fo(x))? (f1(x) = fa(x)? )’
) = £ ) 0((f{(x) — fg<x)>2>
f1) = f3(x) (fitx) = f2(x))? )’
(13) 1) + f5() =8(f{(x) = f5(x) +o(f{(x) = fr(x)),
(14) [+ £ (x)=0(f] (x)— f5 (x))

as x — 0, where ¢, 6§ € R.

Note that most boundary functions forming cusp domains satisfy the asymptotic
conditions (12)—(14). One known exception is when the boundary functions forming
a cusp are osculatory at the cusp. Curves are said to be osculatory if they intersect
and share the tangent line and the osculating circle at the intersection point. Again
it follows from (11) that there exist positive constants M, M ~, and x,, such that

M~ M+
—_— < U< -
fi(x) — fa(x) fi(x) — falx)
2.1.2. Open problems. To the authors’ knowledge there are two major open prob-

lems in the solution behavior of the Laplace—Young equation in a domain with a
cusp. We summarize these open problems.

(15)

for 0 < x < x,.

Problem 1: Osculatory cusp with nonsupplementary contact angles (y; + y» # m):
An osculatory cusp is a cusp formed by two osculating curves. It is known that the
solution is unbounded when y; + y» # 7, but the asymptotic expansion from the
previous section does not apply in the osculatory cusp case and remains an open
problem. For example, the two boundary functions

fl(x)=x2+x3 and fz(_x):_xz_x3
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form an osculatory cusp at the origin. The asymptotic orders of the sum and the
difference of these boundary functions are different (i.e., f1(x) — fo(x) = 0IES)!
while f;(x)+ f>(x) = O(x?) as x — 0). Hence these choices of f(x) and f>(x) do
not satisfy the asymptotic relations (13)—(14), so that the leading-order asymptotic
behavior of the solution at this cusp is unknown. The main reason why the proof for
the leading-order asymptotic behavior could not be constructed for the osculatory
cusp case is that the second-order term of the formal asymptotic series could not be
found (see [Aoki and Siegel 2012] for details).

Problem 2: Infinite curvature cusp with supplementary contact angles (y;+y, =m):
As was noted before, the solution of the Laplace—Young equation in a cusp domain
is unbounded if y; + y» # m, but it is not necessarily true that the solution is
bounded if y; 4+ y» = w. Aoki and Siegel [2012] have shown that the solution is
bounded if y; + y» = 7 and the curvatures of the boundary functions are finite (i.e.,
lim, ¢ f|"(x) # oo and lim,_.¢ f,'(x) # 00). However, the nature of the solution
for the case where the curvatures of one or both boundary functions are infinite is
not known (e.g., f1(x) = x3/% and Hx)= —2x3/2),

2.1.3. Model Problems 1 and 2. For the numerical experiments to be reported on
below we consider the following model problems (henceforth, MPs).
Consider bounded open domains 2 as depicted in Figure 3. Let u € C*($2) be the
height of the capillary surface that satisfies the following boundary value problem:
V-Tu)=u in €,
v -T(u) =cosy; ond,
Vy-T(u) =cosy, ondy,
1_53-T(u)=0 on 893,

v A fi(@) vA fi(z)

o8y
o

Figure 3. Computational domains for model problems with a corner
and a cusp at (0,0). Left: problems 1 and 3. Right: problems 2 and 4.
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with

V1, V2, V3 : exterior unit normal vectors on the boundaries 921, 92, and 923,

Y1, 2 : contact angles.

The bounded open domain €2 and boundaries 9€2; » 3 are defined more specifically
as follows:

(16) Q={(x, ) eR*:0<x <1, H(x) <y < fil0)},
I ={(x,y)eR?:0<x<1,y=fi(x)},
02 ={(x,y) € R>:0<x < 1,y = f2(x)},

(17) 0 ={x,y)eR:x=1, (1) <y < filD}.

The boundary functions and the contact angles are chosen for each model problem
as tabulated in Tables 1 and 2. Although there are cases in which the behavior of
bounded solutions in a corner domain has special interest (e.g., [Lancaster 2010]),
in this paper we focus our attention on unbounded solutions in a corner domain.

These model problems are chosen so that the singularity may only occur at
the corner or cusp at the origin, although there are three nonsmooth points on
the boundary of the domain 2. Following immediately from the regularity result
of Simon [1980], this implies that the solutions u of these model problems are
differentiable up to the boundary except at the origin, i.e., u € C'(Q\{(0, 0)}).
Also, the asymptotic behavior of the solution at the origin is known to be as
stated in (8) for MP 1 (y; 4+ y» + 2« < 7, unbounded), and as in (11) for MPs
2a (Y] + y2 # m, unbounded) and 2c-1 and 2c-3 (y; + y» # 7, unbounded). The
asymptotic expansions for MPs 2b (osculatory cusp with nonsupplementary contact
angles) are an open problem (but it is known that the solutions are unbounded).
The asymptotic behavior of the solution of MP 2c-2 (infinite curvature cusp with
supplementary contact angles) is an open problem.

2.1.4. Solution function spaces. It is interesting to discuss the function spaces
where the solutions of MP 1 and MPs 2a, 2¢c-1, and 2c¢-3 reside.

Problem  fi(x) S2(x) i »n
1-1 xtan(w/7) —xtan(w/7) mw/6 m/6 Corner (unbounded)
1-2 xtan(w/7) —xtan(w/7) mw/4 m/4 Corner (unbounded)
1-3 xtan(w/7) —xtan(w/7) mw/3 m/3 Corner (unbounded)

Table 1. Model Problem 1: Laplace—Young equation in a domain
with a corner. All three variants have « =7 /7 and y; + > +2a < 7,
resulting in solutions that are unbounded at (0,0).
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Problem  fi(x) fa(x) Y1 y» cusp unbd? open?
2a-1 x2/6 —x3/8 /6 7/3 R yes no
2a-2 x3/6 —x3/8 /3 w/4 R yes no
2a-3 x3/6 —x%/8 /3 /4 R yes no
2b-1 (x24+x%)/6  (x*—3x%)/6 /3 7/4 O  yes  yes
2b-2 (Bx24+x%/6 (Bx2-— %x3)/6 /3 /4 O yes yes
263 x*24x3/6 0 x2—3x%/6 /3 7/4 O  yes  yes
2¢-1 x3?/6 x3?/8 57/6 —m/180 mw/6 IC  vyes no
2c-2 x3%/6 x3/%/8 S5m/6 /6 IC ? yes
2¢-3 x3%/6 x3/%/8 S5t/64+m/180 w/6 IC  yes no

Table 2. Model Problem 2: Laplace—Young equation in a domain
with a cusp. Variants 2a, 2¢-1, and 2¢-3 have unbounded solutions
at (0,0) and known asymptotic expansions. Variants 2b also have
unbounded solutions at (0,0), but asymptotic expansions are un-
known and remain an open problem. The asymptotic behavior of
variant 2c-2 at (0,0) is an open problem. Key for the last three
columns: R = regular; O = osculatory; IC = infinite curvature;
unbd = unbounded; open = open problem.

Proposition 2.1. For any fixed p with 1 < p < 0o, the solutions of MP 1, MPs 2a
and MPs 2c-1 and 2¢-3 are in the L ,(2) function space if and only if the following
integral is finite for any € in the interval (0, 1]:

(18) /6 ! —_dx.
o (filx) = falx))r-t

Proof. We first note that, for the case of MP 1 and MP 2a, the comparison principle
(see [Finn 1986]) gives that u > 0. Also recall that there exist positive constants
M+, M~, and x, such that

oMt M
A=A 7T A0 - AE)

We now bound the integral fQ |u|? dA from above:

for 0 < x < x,.

/|u|”dA=/u”dA (since u > 0)
Q Q

1 Si(x) X0, f1(x) 1 Si(x)
:/ / updydx=/ / updydx-i-f u? dy dx
x=0J f(x) x=0J f2(x) x=x, v f2(x)

X, fi(x) 1 Sf1(x)
5/ / u”dydx+/ / max u? dydx
x=0J f(x) x=x, J fo(x) Xo<x<l
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fi(x) (M+)P 1 J1(x)
/ / ————————dydx 4+ max (u)p/ f 1dydx.
x=0Y fr(x) (fl (X) fl(x))p Xo<x<l x=x, J fo(x)

This last sum can also be written as

N Xo 1 1
19 WM )"/0 i) =A@ T dx +xgn<lg>il(u)p x:(xJ?(X) — f2(x)) dx.
If p is chosen so that the integral (18) is finite for any € € (0, 1], then the first term of
(19) is finite. Also, noting that u is bounded away from the origin (u € C ! (ﬁ\{()}))
and that the domains €2 for the model problems are bounded domains, the second
term of (19) is also finite. Thus if p is chosen so that integral (18) is finite then
the solution of MPs 1 and 2a are in the L ,(£2) function space. We now bound the
integral [, [u|” dA from below:

fi(x) f1(x)
/ lu|” dA = / / updydx-l—/ / u? dydx
x=0J fo(x) f2(x)
fi(x) fi(x) (M—)P
/ / u? dydx > / / dy dx
x=0J 0 hey (1(x) = f2(x))P

— (M™)? /x" dx
=0 (J1(x)— fz(x))”_1

This gives that if p is chosen so that integral (18) is not finite, then the solutions of
MPs 1 and 2a are not in the L, function space.

The proof for MPs 2c-1 and 2c¢-3 is slightly more complicated because u > 0 does
not hold. A sketch of the proof for these cases is as follows. Since u € C'(2\{0}),
there is a neighborhood €2; of the singularity where the solution is either positive or
negative. Using the approach above, it can be shown that u € L ,(€2y) if and only if
integral (18) is finite, which is equivalent to u € L ,(£2) since u is bounded away
from the singularity. (]

Corollary 2.1. (A) The solution of MP 1 is in the L,_s function space where § > 0.

(B) The solution is in the L1 /2—s function space for MP 2a-1, is in the L1/3-5
JSunction space for MP 2a-2, and is in the Ly1,4—s function space for MP 2a-3,
where § > 0.

(C) The solution is in the L4235 function space for MPs 2c-1 and 2c¢-3, where
5> 0.

Note finally that all solutions of the Laplace—Young equation in a bounded
domain €2 are in L, which is consistent with the physical interpretation that the
volume of the fluid under the capillary surface is finite.
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2.2. Asymptotic Laplace-Young equation. There are no closed-form solutions for
the Laplace—Young equation in domains with a corner or a cusp, but closed-form
solutions exist for the following simplification of the Laplace—Young PDE. These
closed-form solutions will be used in Section 4 for convergence studies of the
numerical methodology we propose in Section 3.

Assuming the slope of the solution of the Laplace—Young boundary value problem
((1)—(2)) is steep, i.e., |Vu| > 1, we can approximate the PDE and the boundary
condition, by ignoring the 1 in the denominator of the differential operator 7'(-),
and obtain the following boundary value problem:

(20) V-Tu)=u in Q,
(21 U1 -T(u)=cosy ondS,
(22) Uy -T(u)=cosy ondh,
where
Ty = 2
u) = .
|Vul

This approximation is called the “steep slope approximation” [King et al. 1999] of
the Laplace—Young boundary value problem, and unbounded closed-form solutions
of this boundary value problem are known for two types of domains: the unbounded
corner domain of Figure 2, left [King et al. 1999] and the circular cusp domains
of Figure 4 [Aoki 2007]. Also, it has been shown that the exact solutions of this
boundary value problem are good asymptotic approximations of the solutions of the
original Laplace—Young equation on the same domains [Miersemann 1993; Aoki
2007]. We shall refer to this boundary value problem as the asymptotic Laplace—
Young boundary value problem. Note that this boundary value problem is a rare
case of a nonlinear PDE with nonlinear boundary conditions for which one can find
closed-form solutions in some nontrivial domains.

2.2.1. Closed-form solutions. Corner domain (Figure 2, left, y + o < 7 /2): Let
u € C*(Q) be a solution of the boundary value problem (20)—(22) on the unbounded
corner domain defined as in (3)—(5) with the boundary functions

fi(x) =xtana, fo(x)=—xtana.

If y +a < m/2, then u is given as the following closed-form expression in terms
of the polar coordinate variables r and 6:
cosf — k2 —sin’ @

(23) u(r, ) = o :

where k = sin« /cos y. This precise property of the asymptotic function in (8) was
first observed in [King et al. 1999].




NUMERICAL STUDY OF UNBOUNDED CAPILLARY SURFACES 13

A A
1 1
a b
1
a Q
Q
b

Figure 4. Circular cusp domains.

Circular cusp domain (Figure 4, y # m/2): Letu € C () be a solution of the
boundary value problem (20)—(22) with y # 7 /2 and with the domain defined as

(x,9) eRA\(B L (0, 5)UB_1 (0. 5))] forb <0,
(x, y)e< —(’21;)\3 (,2))} forb > 0,

where B, (x,, y,) is the open disc of radius r centered at (x,, y,), i.e.,

B (0, yo) = ((x, ) € R 1 (x —x0)” + (y = y0)* < 12},

A closed-form expression for u is given by

(24) u(p, q) = Ap* =2,/ 1= A2(q — q0)*p — A(g — q0)* + Aqg,

where
2cos y a+b

“a-p T2

and p and ¢ are the coordinate variables of the tangent cylindrical coordinate system
introduced in [Moon and Spencer 1961], depicted in Figure 5 and defined as

__ X __J
PEary 1Ty
This closed-form solution of the asymptotic Laplace—Young equation first appears
in [Aoki 2007]. Note that lim(, y)_ (0,0) p = 0¢ and the solution (24) behaves like
1/x% as x — 0, hence it exhibits a more severe singularity than the singularity
of the asymptotic Laplace—Young PDE in a corner domain, which features a 1/r

singularity.



14 YASUNORI AOKI AND HANS DE STERCK

A
Y q = constant > 0

p = constant < 0 p = constant > 0

|y

q = constant < 0

Figure 5. Tangent cylindrical coordinate system.

2.2.2. Model Problems 3 and 4. For the numerical experiments on the asymptotic
Laplace—Young equation we consider the following model problems on the corner
and cusp domains of Figure 3.

Let u € C%(Q) be the function that satisfies the boundary value problem

AVAR T(u) =u in Q,
b1-T(u)=cosy; ond,
Uy T(u) =cosy, ondS,
U = Uexact ON 0823.
Here with vy, Vs, V3 are the exterior unit normal vectors on the boundaries 921,
€2y, 023, while yy, y» are the contact angles, and uexac is the closed-form solutions
given in (23) or (24).
The bounded open domain €2 and boundaries 9€2; » 3 are defined as in (16)-(17);

see Figure 3. The boundary functions and the contact angles are chosen for each
model problem as tabulated in Table 3, resulting in model problems with unbounded

Name fi(x) f2(x) Yiowv unbd?
MP 3 x tan(w /7) —xtan(w/7) w/6 w/6 corner yes
MP4 —+/52—x2+5 4/102—x2—10 mw/6 m/6 circular cusp yes

Table 3. Model Problems 3 and 4: asymptotic Laplace—Young
equation in domains with a corner and a cusp. MP 3 has o« = /7
and y +«o < m/2, resulting in a solution that is unbounded at (0,0).
MP 4 has y # 7 /2, and its solution is also unbounded at (0,0).
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solutions. The closed-form solutions of these two model problems are given by
(23) and (24), respectively.

3. Numerical method

In this section, we propose a numerical methodology to accurately find global
numerical approximations of singular solutions of the Laplace—Young equation
in domains with a corner or a cusp. The starting point of our approach is the
finite volume element method (FVEM) [Bank and Rose 1987; Aoki and De Sterck
2011] or the Galerkin finite element method (FEM) [Strang and Fix 1973; Brenner
and Scott 1994], and two simple but crucial additional steps are made to arrive
at a method that can capture the singular behavior. The first step is to consider a
change of variable, with the new solution variable being smoother than the capillary
height variable # and more amenable to accurate numerical approximation. The
second step is to solve the PDE numerically in a new coordinate system, which
allows us to accurately represent the discontinuous behavior of the new solution
variable at the singular point. We describe these two crucial ingredients of our
methodology along with the FEM and FVEM discretizations, and show in the
numerical results of Section 4 that this approach leads to a global approximation
method for singular solutions of the Laplace—Young equation that recovers the proper
asymptotic behavior, and is more accurate and has better convergence properties
than numerical methods that were considered previously.

3.1. Change of variable. From the asymptotic analysis results (10)—(15) we ob-
serve that the solutions we wish to approximate have the asymptotic behavior

1
S1(x) = fa(x)
_ o)
i) = o)
This implies that, if we transform the unknown function u(x, y) as follows, the new
unknown function v(x, y) is a bounded function:

u(x,y):O( ) asx —> 0

as x — 0.

v(x, y)
fi(x) = fo(x)’
We aim to approximate the solution of the boundary value problem, u(x, y), by
numerically approximating the new unknown function v(x, y). Since v(x, y) is
bounded while u(x, y) is unbounded, we expect a better quality of numerical
approximation.

u(x,y) =

3.2. Change of coordinates. An appropriate choice of coordinate system is es-
sential for the asymptotic analysis of unbounded solutions of the Laplace—Young
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equation, as shown in [Miersemann 1993; Scholz 2004; Aoki 2007; Aoki and Siegel
2012]. We have observed that an appropriate choice of coordinate system is also
beneficial for the numerical approximation of unbounded solutions.

For MP 1, we can observe as follows that the new unknown function v is
discontinuous at the origin. From (9), we know that the solution u of MP 1 behaves
like (cos® — v/k2 —sin?@)/kr near the origin r = 0. This gives that the new
unknown function v behaves like (cos 8 — v k2 — sin® 0)/ k near the origin. Hence,
as r — 0, v approaches different values depending on the angle 6, so the new
unknown function v has a jump discontinuity at the origin. Our idea is to expand
the point of singularity on the boundary into a boundary line segment through a
coordinate transformation in order to accurately approximate the discontinuous
behavior of v.

For MP 2, since the boundaries for the cusp domain are curved boundaries, we
would need special boundary elements (e.g., isoparametric elements) to accurately
represent the cusp domain when approximating the unknown function through finite
element approximation in the standard (x, y) coordinate system. However, the
change to (s, t) coordinates introduced in [Aoki and Siegel 2012] and illustrated in
Figure 6 transforms a cusp domain into a rectangular domain, and hence no special
treatment is needed for curved boundaries.

We use this (s, #) coordinate system for numerical simulation on domains with
a corner or a cusp at (0, 0). The (s, t) coordinate transformation as depicted in
Figure 6 is given by

D el O Bl )
fi—f

The Cartesian coordinates can be expressed using the above coordinate system as

L HAG) = SO+ i)+ () 141
y= 2 =

1—1¢
fl(S)-i‘sz(S)-

xX=s,

We have y = fi(x) whent =1 and y = f>(x) when t = —1, so the domain of
interest in the curvilinear (s, ) coordinate system can be written as (see Figure 6)

(25) Q={DeR>:0<s<1, —1<r<1}.

With some calculation, the left-hand side of the Laplace—Young PDE can be
rewritten in the curvilinear coordinate system as

PSR N Y
ds 1+u§+u§ fi—f 1+u§+u§

+3 2 Uy n _f1/+f2/_tf1/—f2/ Uy
ot fl—f2v1+u)zc+u§, fi—1h fi—fr \/l—l—u)zc—i-ui ’
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YA tA
1
fi(@)
f= (fi+f2)
fi—fa
/ S=x
0 SuNlE > 0 1 >
N x
\ \\ €r=Ss
1+f 1—t
§ )+ —5—Fa(s)
\\ -
Figure 6. Coordinate transformation.
where
4o Y (=) o i+ ) +t(fi—= 1) y 2v,
ThA-fA (A-p2 (fi — f2)? T -

The boundary conditions on d€2; and 92, can be written as

f f2 Ux
(26) Vip- T(u)—V12S< 5 W)

s ity +—(f{+f2’)—t(f{—f2’) Uy
1,2°
Vitu+ul 2 VituZ4u?

=,/ l+f1/,2(s)2 cosy;2 ondR,.

The boundary condition for boundary d€23 of MPs 1 and 2 is as in (26) but with
zero on the right-hand side. The left-hand side and the boundary conditions of the
asymptotic Laplace—Young PDE in the (s, t) coordinate system can be obtained
by just neglecting the 1 in the denominator in the expressions above. Note that the
point (x, y) = (0, 0) corresponds to the line segment (s = 0, ¢ € [—1, 1]) in the
(s, t) coordinate system.

3.3. Discretized boundary value problem. In the numerical results of Section 4
we approximate the new unknown function v(s, #) in the new coordinate variables
s and ¢ numerically on the Cartesian grid in (s, t)-space, as shown in Figure 7(a),
and for comparison we also perform some calculations on the corner domain of
Figure 7(b) without a change of coordinates. We now describe the Galerkin finite
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0.5
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0.2

0.1+

n . ) L . . . L
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s T

(a) (s, t) space (b) a corner domain in (x, y) space
(without change of coordinates)

Figure 7. Finite elements and control volumes for the numerical
methods. The thin lines give the finite element triangulation, which
is used in both the FEM and the FVEM. The thick lines give the
control volumes that are used in the FVEM. The grid in panel (a)
can be used for corner domains or for cusp domains (depending
on the boundary functions f] and f> that enter into the coordinate
transformation formulas), and the grid in panel (b) is used for
comparison simulations for corner domains (without coordinate
transformation).

element method (FEM) and the finite volume element method (FVEM) discretiza-
tions.

3.3.1. Galerkin finite element method discretization. We follow the construction
of the finite element space presented in Chapter 3 of Brenner and Scott [1994].
Let Npode be the number of nodes created by finite element triangulation of the
domain and N be the set of indices of the nodes, i.e., N = {1, 2, ..., Nyoge}. The
triangulation of the domain is as depicted in Figure 7(a) (or Figure 7(b) for the
corner problem without a change of coordinates). Also, we let Npischiet be the
indices of the nodes on the boundary with Dirichlet boundary condition. That is to
say, for MPms 3 and 4,

(8i, 1) € 023 = 1 € NDirichlet,

where (s;, ;) is the location of the i-th node, and for MPs 1 and 2 Npirichiet = & since
there is no Dirichlet boundary. Let ¢; (s, t) be the standard continuous piecewise
linear nodal basis function (tent function) that corresponds to node i in the finite
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element triangulation on domain €2. We have
Gi(sj, tj) =6; ;,

where §; ; is the Kronecker delta function. We approximate the unknown function
v with a linear combination of these basis functions, i.e.,

Nnode
v = Z Cio;.
i=1
The {c1, ¢2, ..., cN, ) are the unknowns of the discretized boundary value problem.

The Galerkin finite element discretization of MPs 1 and 2 can then be written as
follows (the discretization of MPs 3 and 4 can be derived similarly):

Nnode Nnode
27) f(vr( Lizi” ¢ )) f =i ¥ ==l 2 g dA
Q f1(s) = f2(s) f1(s) = f2(s)

for j € N\NDirichlet,

Cj .
(28) ————————— = Uexact (Si, ;) for i € Npirichlet-

S1Gsi) — fa(si)

By the divergence theorem we can rewrite (27) as
Nnode Nnode
/ (v . T(M))qu dl — / (T(M>> -Vé; dA
29 S1(s) = fa(s) Q J1(8) = fals)

Nnode
“H® = A

for j € N\ NDirichlet

By imposing the boundary conditions (26), we obtain the following system of
equations:

29) /(( Y cid )) Vo dA NZ/ 4,
fi(s) = fo(s) ! fi(s) = fo(s)

:'/8;1 V14 fl(s)>cosyid; dl—{—/an,/l—i—fz’(s)Zcos o dl

for j € N\NDirichlet

After some calculation we can rewrite (29) together with (28) as the following
system of nonlinear equations:
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fi—f ul )
30 s
50 /z=1fs=o(¢’)< 2 V@)l

uy —(fH == 1) u!
(b y i 172 1—J2 x )d d
(¢j)t< /_1+(uz)2+(u§2)2 2 /1+(uh)2+(u_§€)2 s

Nnode 1
_Z cl/ f ¢,¢)]dsdl
s=0
:/ V14 () cos y1; dl+/ V14 £3(5)7 cos 20 dl
Q2

I
for j € N\NDirichlets

Ci = Uexact (X, Yi) for i € Npirichlet,
where
Nnode ’ ’ ’ ’ / ’
= (¢z)s (¢i)(f1_f2) (f1+f2)+t(f1_f2))
31 = f — —(@i); )
6D =2 a < RS R (R Yy S
L 20
32 = ;
52 ; - hy (fi = f2)?

1

and (¢;)s and (¢;); are the partial derivatives of ¢; with respect to s and r. We
can construct a system of nonlinear equations by integrating each of the terms in
(30) numerically. Note that although we are integrating the unbounded functions
v i/(fi1(s) — f2(s)), due to the change of coordinates the area element dA be-
comes (f1(s) — f2(s))/2ds dt, hence the integrand becomes 2 j» a piecewise
quadratic polynomial; hence we avoid singular integration. We solve this system
of nonlinear equations with the Levenberg—Marquardt method to obtain the un-
knowns {c1, c2, ..., cn,4 ). This gives a numerical approximation for v, and hence
a numerical approximation of the solution of the boundary value problem u.

3.3.2. Finite volume element method discretization. The finite volume element
method (FVEM) is a type of Petrov—Galerkin method that uses piecewise constant
functions as test functions in the weak form, instead of using the finite element
basis functions as in the Galerkin FEM. The test functions for the FVEM are chosen
as follows:

1 if (s, 1) € Qj,

0 otherwise,

Vs, 1) =

where the 2 are control volumes constructed as in [Bank and Rose 1987] (note
that in [Bank and Rose 1987] the control volumes are called “boxes”). As depicted
in Figure 7(a) (and Figure 7(b)), the control volumes {£2; }N“"de are constructed by
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first computing the centroids of the finite element triangles, and then connecting
those element centroids with the midpoints of the finite element triangle edges.
This construction divides each finite element triangle into three quadrilaterals. The
control volume £2; for finite element node j is then constructed as the union of the
quadrilaterals adjacent to node j.

By substituting the test functions ¢; by v; in the Galerkin finite element dis-
cretization (27) and after some calculation, we obtain the following system of
nonlinear equations for the FVEM, where u, and u, are defined as in (31) and (32):

- fi— )2 u' )
33 .
(33) LQ] v S< 2 \/1+(uﬁ)2+(ll§)2

+T)-f( uy U=t f) ul )dl
V4@ +uh)? 2 VI1H )+ uh)?

Nnode
—Zcif/ ¢; ds dr
i=1 £;
= / V14 f(s)* cos yy dl+/ V14 £3(s)* cos yr dl
3910391'

3920391'

for j € N\WNDirichlet-

Again, we avoid singular integration by the change of coordinates, hence the
integration can be done numerically without any special treatment for singular inte-
gration. We solve the resulting system of nonlinear equations using the Levenberg—
Marquardt method.

Note that we choose the triangulations of Figures 7(a) and 7(b) symmetric with
respect to the + =0 and y = 0 axes, respectively. While this is not a requirement, we
made this choice because some of our model problems are symmetric with respect
to the + = 0 and y = 0 axes, and this choice of grid leads to numerical solutions
that closely retain this symmetry.

The FEM is known to achieve optimality in the energy norm for linear elliptic
PDE:s, but it does not have a local conservation property. The FVEM has a local
conservation property like the finite volume method; however, it does not necessarily
produce an optimal approximation. We have conducted numerical experiments
using both methods, and the results we obtained were very similar. For brevity,
we mainly present the numerical experiment results obtained by the FVEM in this
paper, except in a few places where we compare them with the Galerkin FEM.

4. Numerical results

We now show that the numerical approximations we obtain with the computational
methodology proposed in Section 3 for singular solutions of the Laplace—Young
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(a) MP 1-1: corner problem (b) MP 2a-1: cusp problem

Figure 8. MPs 1-1 and 2a-1. FVEM solution on the (s, t)-type
grid of Figure 7(a) with 33 x 65 nodes. Surface plots of the
unbounded capillary surfaces in the corner and cusp domains.

equation in domains with a corner or a cusp are accurate global approximations. As
an initial illustration, surface plots for two numerical approximations of singular so-
lutions of the Laplace—Young equation in domains with a corner and with a cusp are
shown in Figure 8. In what follows, we first show how our numerical methods obtain
accurate global solutions for unbounded solutions of the Laplace—Young equation in
domains with a corner or a cusp, by comparing with known asymptotic expansions
and formal asymptotic series. We then numerically investigate the convergence
behavior of the methods we propose using known closed-form unbounded solutions
for the asymptotic Laplace—Young equation. The numerical results confirm that
the computational methods we propose are accurate and have good convergence
properties, and that they can be used with confidence to numerically investigate
open problems on asymptotic solutions of the Laplace—Young equation in Section 5.

4.1. Laplace-Young equation: asymptotic behavior. We now investigate how well
our numerical solutions can approximate the singular behavior by comparing the
numerical solutions to known asymptotic solutions for the Laplace—Young equation.

MP 1: corner problem. As given in (8), the leading-order term of the asymptotic
series solution of the Laplace—Young equation at a sharp corner is known. In
Figure 9, we plot a horizontal cross-section (a cross-section along the x-axis or s-
axis; see Figure 6) of the numerical approximation and the asymptotic approximation
in log-log scale. In Figure 10, we plot a vertical cross-section (a cross-section along
the line x = 1/2° or s = 1/2°; see Figure 6) of the numerical approximation and
the asymptotic approximation.

In order to illustrate the crucial benefits of the change of variable and change
of coordinates that are the essential building blocks of the numerical methodology
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we proposed in Section 3, we compare four different choices for obtaining the
numerical approximation using the FVEM: with or without change of variable, and
with or without change of coordinates. The only published work on numerical
approximation of singular capillary surfaces [Scott et al. 2005] also uses the FVEM,
but it does not use a change of variable nor a change of coordinates, and thus
corresponds to Figures 9 and 10.

As can be seen in Figures 9 and 10, the change of variable and the change of
coordinates proposed in Sections 3.1 and 3.2 are very beneficial for the accuracy of
the numerical approximations on a domain with a sharp corner near the singularity.
Note that we cannot conduct a numerical convergence study for these unbounded
solutions of the Laplace—Young equation, as there is no known closed-form solution.

MP 2: cusp problem. We now consider the Laplace—Young equation in a domain
with a cusp. Unbounded cusp solutions are known to have a more severe singularity
than the sharp corner problem. The leading-order term of the asymptotic series
solution is known; see (11). Also, as shown in Lemma 2.3 of [Aoki and Siegel
2012], the first two terms of the formal asymptotic series & are known:

(34) u

__COSy|+Cosyr _\/1 _ (cos y1(t+1)+cosy(t — 1))2 fi(s)— f{(s)

J1(s) = fals) 2 fi(s) = fa(s)
The formal asymptotic series of a boundary value problem is a series that satisfies
the PDE and the boundary condition asymptotically, but, as opposed to the case of
an asymptotic expansion, a bound on the error has not been proven. (There is no
O(-) term in (34), but there is one in the asymptotic expansion (11).)

As can be seen in Figure 11, the numerical solution we obtain for MP 2 with the
change of variable and the change of coordinates proposed in Sections 3.1 and 3.2
accurately approximates the singular behavior.

Although it is not known if the second-order term of the formal asymptotic series
of this problem is in fact the second-order term of the asymptotic series solution, it
can be seen in Figure 11 that the numerical solution appears to match better with the
second-order formal asymptotic series than with the first-order asymptotic solution.
It is particularly interesting that the domain where the asymptotic approximation is
a good approximation seems to expand by adding a second term to the asymptotic
series.

4.2. Asymptotic Laplace-Young equation: convergence study. In the previous
section, we have shown that the numerical approximations with a change of variable
and a change of coordinates as proposed in Sections 3.1 and 3.2 exhibit the correct
singular behavior for singular solutions of the Laplace—Young equation. Since our
interest is to obtain global approximations which are accurate both at the singularity
and away from the singularity, we now show that the numerical solution in fact
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Figure 9. MPs 1-1, 1-2 and 1-3 (unbounded corner solutions).
Panels (a) and (b) show FVEM solutions on the (x, y)-type grid of
Figure 7(b) with 1089 nodes (no change of coordinates). Panels (c)
and (d) show FVEM solutions on the (s, ¢)-type grid of Figure 7(a)
with 33 x 65 nodes (with change of coordinates). Panels (a) and
(c) are for computation of the original variable u, and panels (b)
and (d) are for computation of the transformed variable v. The
log-log plots show a comparison of the numerical solutions and the
first-order asymptotic approximations in a horizontal cross section
at y=0 or t =0. Panel (d) clearly gives the most accurate numerical
solutions.
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Figure 10. MPs 1-1, 1-2, and 1-3 (unbounded corner solutions).
Panels (a) and (b) show FVEM solutions on the (x, y)-type grid of
Figure 7(b) with 1089 nodes (no change of coordinates). Panels (c)
and (d) show FVEM solutions on the (s, ¢)-type grid of Figure 7(a)
with 33 x 65 nodes (with change of coordinates). Panels (a) and (c)
are for computation of the original variable u, and panels (b) and
(d) are for computation of the transformed variable v. The plots
show a comparison of the numerical solutions and the first-order
asymptotic approximations in a vertical cross section at x = 1/23
or s = 1/2° (the grid points closest to the singular point). Panel
(d) clearly gives the most accurate numerical solutions.
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Figure 11. MPs 2a-1, 2a-2 and 2a-3 (unbounded cusp solutions).
FVEM solutions on the (s, #)-type grid of Figure 7(a) with 33 x 65
nodes (with change of coordinates and with change of variable).
The log-log plots in the left panels show a comparison of the
numerical solutions with the first-order asymptotic solution in a
horizontal cross section at + = 0. The log-log plots in the right
panels show a comparison of the numerical solutions with the first
two terms of the formal asymptotic series in a horizontal cross-
section at t = 0. It is clear that accurate numerical solutions are
obtained.

converges to the exact solution everywhere. It would be desirable to conduct a
numerical convergence study for the Laplace—Young equation, but there is no known
closed-form singular solution, and hence we cannot conduct a numerical conver-
gence study. As we have discussed in Section 2.2, there are known exact solutions
of the asymptotic Laplace—Young equation, and it is known that they have the same
singular behavior as the corresponding solutions of the Laplace—Young equation.
We therefore conduct a numerical convergence study for the asymptotic Laplace—
Young equation in corner and cusp domains. Since the exact solution is in the L
function space but not in L,, we conduct the convergence study in the L norm.
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Figure 12. MP 3 (unbounded corner solution for asymptotic
Laplace—Young). FVEM solutions on (s, t)-type grids (Figure 7(a))
and on (x, y)-type grids (Figure 7(b)), with and without change
of variable. The plots show L; convergence of the numerical
solutions obtained by the FVEM to the closed-form solution. The
plots indicate that all four approaches converge, but it is clear that
the method with change of variable and with change of coordinates
converges significantly faster (with nearly second-order accuracy)
than the other approaches.

MP 3: corner problem. As can be seen in Figure 12, the FVEM numerical ap-
proximation with change of variable and change of coordinates as proposed in
Sections 3.1 and 3.2 converges to the closed-form solution nearly quadratically,
whereas the other approaches (no change of variable or no change of coordinates)
only converge linearly.

MP 4: cusp problem. We have also conducted a numerical convergence study for
the circular cusp problem, where the solution has a more severe singularity than
for the corner problem. For this problem, we have used both the Galerkin finite
element method (FEM) and the finite volume element method (FVEM) to show
that both numerical schemes work well with the change of variable and the change
of coordinates proposed in Sections 3.1 and 3.2. As can be seen in Figure 13, both
the FEM and the FVEM achieve near-quadratic convergence with the change of
variable and change of coordinates, while only linear convergence can be achieved
without change of variable.

5. Conjectures on open problems

As shown in the previous section, we can obtain a globally accurate approxima-
tion of unbounded solutions of the Laplace—Young equation using the numerical
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Figure 13. MP 4 (unbounded cusp solution for asymptotic
Laplace—Young). FVEM and FEM solutions on (s, #)-type grids
(Figure 7(a), with change of coordinates), with and without change
of variable. The plots show L; convergence of the numerical
solutions obtained by the FVEM and FEM to the closed-form
solution. The plots indicate that all four approaches converge,
but it is clear that the methods with change of variable converge
significantly faster (with nearly second-order accuracy).

methodology proposed in Section 3. We now numerically approximate the solutions
of two problems where the singular behavior is not known yet analytically. Our
numerical results will allow us to formulate conjectures on asymptotic behavior
for these open problems, which may guide further analytical study of these open
problems.

5.1. Open problem 1: osculatory cusp with nonsupplementary contact angles.
As stated in Section 2.1.2, the leading-order asymptotic behavior of the unbounded
solution of the Laplace—Young equation at an osculatory cusp is not known: In
summary, a proof for the leading-order asymptotic behavior could not be obtained
in [Aoki and Siegel 2012] for the osculatory cusp because the authors were not able
to determine the formal asymptotic series. As shown in Lemma 2.2 of that paper,
the first two terms of the formal asymptotic series are known for the osculatory
cusp case up to an additive constant in the coefficient of the second-order term, i.e.,

cos y1 +cosy»
f1(s) = fo(s)
+(_\/1 ~ (cos yi(t + 1)+ cos ya(r — 1))2+C1) HORSHON
2 f1(s) = fa(s)
where & asymptotically satisfies the boundary value problem, C| = 0 if the cusp is
not an osculatory cusp, and C; is unknown if it is an osculatory cusp. One can see

35 u=




NUMERICAL STUDY OF UNBOUNDED CAPILLARY SURFACES 29

from the proofs in [Aoki and Siegel 2012] that the unknown additive constant C; is
the elusive key to the proof of the leading-order behavior of the osculatory cusp
problem. The coefficient C; is unknown and may depend on the specific functional
form of the boundary functions fi(s) and f>(s).

Physical intuition suggests that the singular behavior of the unbounded capillary
surface near a sharp corner or a cusp may be governed only by the distance between
the two boundaries forming the sharp corner or cusp. In other words, one may think
that the asymptotic behavior should only depend on fi(s) — f2(s) and its derivatives
and not on f(s) and f>(s) separately. This would imply that the formal asymptotic
series would be the same for the four MPs 2a-2 and 2b, since fi(s)— f>(s) =7/24 x3
for all these cases. If so, then C; =0 is required also for the osculatory cusps of
MPs 2b, since C; = 0 for the regular cusp of MP 2a-2. But it is also possible that
C, depends on the precise functional form of fi(s) and f,(s).

In order to investigate this, we now numerically approximate the second-order
term of the formal asymptotic series by the following change of variable for the
unknown function u:
oSy Fcosy, Fi(s) = f5(s)

f1(s) — fa(2) f1(s) — fa(s)’
We numerically approximate the new unknown function w(s, ¢) in (s, ¢) coordinates,
and we plot the second-order term w(s, 1) (f{(s) — f5(5))/(f1(s) — f2(s)) (or equiv-
alently, u(s, t) — (cos y1 + cos 12)/(f1(s) — f>(t))) obtained from the numerical
approximation in Figure 14.

As can be seen in Figure 14, the known second-order term of the formal as-
ymptotic series for the regular cusp (MP 2a-2) is approximated correctly using
the change of variable (36). Also, Figure 14 shows that the second-order term of
the formal asymptotic series of the osculatory cusp case differs from the regular
cusp case and is shifted up by constants, consistent with (35). These numerical
results guide us in conjecturing that the additive constant C; of the coefficient of the
second-order formal asymptotic series for the osculatory cusp changes depending
on the leading-order term of the boundary functions f;(s) and f>(s), and is strictly
greater than 0. The numerical evidence from Figure 14 indeed indicates that C; is
not zero for osculatory cusps and that the asymptotic behavior depends on f;(s)
and f>(s), and not just on the difference fi(s) — f>(s). This conjecture on the
unknown constant C; in (35), obtained from numerical investigation, can guide
future analytical study of this case.

(36) u(s,t) +w(s, 1)

5.2. Open problem 2: infinite-curvature cusp with supplementary contact angles.
Another open problem on the singular behavior of the Laplace—Young equation in
a cusp domain is the infinite-curvature boundary cusp (i.e., lim,_.¢ fl” (x) =00 or
lim, fz” (x) = oo) with supplementary contact angles (i.e., y; + y» = m). It was
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Figure 14. MPs 2a-2 (unbounded cusp solution) and 2b (un-
bounded osculatory cusp solution, open problem). FVEM solutions
on an (s, t)-type grid (Figure 7(a)) with 33 x 65 nodes, with change
of variable. The plots show vertical cross sections at s = 1/2°. The
left panel shows how the numerical solution tracks the second-order
term of the formal asymptotic series. The right panel supports the
conjecture that C; > 0 in (35).

proven in [Aoki and Siegel 2012] that the cusp solution is bounded if the contact
angles are supplementary angles and the boundaries forming the cusp have finite
curvatures (but it is unbounded if the contact angles are not supplementary).

We conduct numerical experiments for MP 2c (infinite curvature cusp) without
change of variable. Lemma 2.1 of [Aoki and Siegel 2012] gives that the solutions
of MPs 2c¢-1 and 2¢-3 are unbounded, and MP 2c¢-2 is the supplementary contact
angle case with unknown behavior.

As can be seen in Figure 15, the numerical solution surface is bounded if the
contact angles are supplementary for this case, where the boundaries forming a
cusp have infinite curvature at the cusp. We have conducted various other numerical
experiments; however, we were not able to find any evidence of unbounded solutions
if the contact angles are supplementary angles. Guided by these numerical results
we conjecture that the solution of the Laplace—Young equation in a domain with a
cusp is always bounded if the contact angles of the boundaries forming the cusp
are supplementary angles. We also note that, as an additional check on the validity
of our numerical approach, we have conducted further numerical experiments with
cusps with finite curvature boundaries and with the same contact angles as MPs 2c,
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Figure 15. MPs 2c-1, 2¢-2, and 2c¢-3 (infinite curvature cusp). It
is known that the solutions for 2c-1 and 2c¢c-3 are unbounded, but
the behavior for 2c-2 is an open problem. FVEM solutions on
an (s, t)-type grid (Figure 7(a)) with 33 x 65 nodes, with change
of variable. Surface plots of the capillary surfaces are shown.
The numerical result for MP 2¢-2 supports the conjecture that the
solution is bounded in this case.

and we have confirmed numerically the theoretical prediction that the solution is
bounded for supplementary contact angles, and unbounded otherwise.

To conclude, we conjecture that the capillary surface in a cusp domain is bounded
if the contact angles of the boundaries forming the cusp are supplementary angles,
even if the curvatures of the boundaries are infinite. This conjecture on the open
problem of the asymptotic behavior of capillary surfaces in domains with a cusp
and supplementary contact angles, obtained from numerical investigation, can guide
further analytical study of this case.

6. Conclusion

We have proposed a methodology for the numerical study of unbounded capillary
surfaces in domains with a sharp corner or a cusp. The methodology was developed
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by incorporating knowledge obtained from asymptotic analysis into a finite element
based approximation method. It contains two simple but important ingredients that
are combined with the finite volume element method (FVEM) [Bank and Rose
1987; Aoki and De Sterck 2011] or the Galerkin finite element method (FEM)
[Strang and Fix 1973; Brenner and Scott 1994]. The first ingredient is to consider a
change of variable, with the new solution variable being smoother than the capillary
height variable and more amenable to accurate numerical approximation. The
second ingredient is to solve the PDE numerically in a new coordinate system that
is inspired by asymptotic analysis work, which allows us to accurately represent the
discontinuous behavior of the new solution variable at the singular point. We have
shown in extensive numerical tests in domains with a sharp corner or a cusp that
this approach leads to a global approximation method for singular solutions of the
Laplace—Young equation that recovers the proper asymptotic behavior, and is more
accurate and has better convergence properties than numerical methods that were
considered for singular capillary surfaces before [Scott et al. 2005]. Although we
have only considered the Laplace—Young equation and its steep slope approximation,
it is likely that the methodology we have proposed can also be useful for other
nonlinear elliptic PDEs with singularities. One important limitation of our approach
is that in its present form it only works for problems with one singular point.
Extension to problems with multiple singular points is a subject for further research.

The main mathematical contribution of this paper is that we were able to formulate
conjectures for two open problems on the asymptotic behavior of capillary surfaces
in domains with a cusp. These conjectures are derived from numerical investigation
of these open problems using the numerical methodology we propose, and they
may guide future analytical work on these open problems.
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DUAL R-GROUPS OF THE INNER FORMS OF SL(N)

KUoK FATI CHAO AND WEN-WEI LI

We study the Knapp-Stein R-groups of the inner forms of SL(N) over
a nonarchimedean local field of characteristic zero, by using a restriction
from the inner forms of GL(N). As conjectured by Arthur, these R-groups
are then shown to be naturally isomorphic to their dual avatars defined
in terms of L-parameters. The 2-cocycles attached to R-groups can be
described as well. The proofs are based on the results of K. Hiraga and
H. Saito. We also construct examples to illustrate some new phenomena
which do not occur in the case of SL(N) or classical groups.
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1. Introduction

Let G be a connected reductive group over a local field F and G (F') be the locally
compact group of the F-points of G. The study of the tempered representations
of G(F) is a crucial ingredient of the monumental work of Harish-Chandra on
his Plancherel formula. Denote by ITiemp(G) the set of isomorphism classes of
irreducible tempered representations, and by I3 emp(G) its subset of representations
which are square-integrable modulo the center. Roughly speaking, elements in
[Tiemp(G) can be obtained as subrepresentations of Ig(a), where P = MU is
a parabolic subgroup, o € Il temp(M), and Ig (o) is the normalized parabolic
induction. Assuming the knowledge of square-integrable representations, the study
Of IMemp(G) then boils down to that of the decomposition of IIS; (0), for P and o
as above.

MSC2010: primary 22E50; secondary 11F70.
Keywords: R-group, local Langlands correspondence, intertwining operator.
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Knapp, Stein, and Silberger (for the nonarchimedean case) described the decom-
position of II(,; (o) in terms of the Knapp—Stein R-group R,. More precisely, we
have a central extension of groups

1-C*—>R,— R, —> 1

defined using the normalized intertwining operators Rp(w, o). It is the set TT1_ (ﬁa)
of the irreducible representations of R, by which C* acts by z + z -id which
governs the decomposition of / 1? (o). Equivalently, we are given a cohomology class
¢, € H*(R,, C*) attached to this central extension. The group R, itself suffices to
determine whether / ,? (o) 1s reducible or not. To extract further information, such
as the description of elliptic tempered representations, some knowledge about R,
is also needed. We refer the reader to [Arthur 1993, Section 2] for details.

On the other hand, the tempered part of the local Langlands correspondence
predicts a map ¢ — Ily which assigns a finite subset I1g of ITiemp(G) to every
bounded L-parameter ¢ € ®pqq(G), taken up to equivalence, such that

Htemp(G) = |_| Hd)-
$€Praa(G)

The internal structure of the tempered L-packets Iy is conjectured to be controlled
by the S-group Sy := Z5(Im(¢)). More precisely, following [Arthur 2006], one
has to introduce a central extension

1—>ZJ¢—>§)¢—>Ef¢—>1

of finite groups defined in terms of S4. The L-packet Iy should be in bijection with
a set H(§¢, Xxc) of representations of 574), where x¢ is a character of Z¢ coming
from Galois cohomology. The relevant definitions will be reviewed later in this
article.

The tempered local Langlands correspondence is expected to behave well under
normalized parabolic induction, namely, for P = MU as above and ¢y € Ppaa(M),
we deduce ¢ € Ppgq(G) by composing ¢y; with the inclusion LM — LG of L-
groups, which is well defined up to conjugacy. Then I1,; should be the union of
the irreducible constituents of 11(,; (0), where o ranges over the elements of ITy,,. A
natural question arises: is it possible to describe R, or even R,, in terms of the
S-groups?

For archimedean F this has been answered by Shelstad [1982]; in that case, the
extension Eg — R, splits and R, is abelian of exponent two. For general F of
characteristic zero, Arthur proposed a generalization [1989b, Section 7] as follows.
For every ¢ € ®pqa(G) coming from ¢y € P pga(M) (that is, a parameter for M
which is square-integrable modulo the center), he introduced the dual R-group (also
known as the endoscopic R-group) Ry >~ % y/F4,, and a subgroup Ry » C Ry for



DUAL R-GROUPS OF THE INNER FORMS OF SL(N) 37

every o € Ily,,. Arthur conjectures a natural isomorphism
R¢,U ~R,.

This has been verified for quasisplit classical groups and unitary groups by
Arthur [2013] and Mok [2012], respectively. In their construction of L-packets,
the dual R-groups play a pivotal role through the local intertwining relations; see
[Arthur 2013, Chapter 2]. It turns out that in these cases, we have Ry = Ry , and
ﬁa — R, splits; see [Arthur 2013, Section 6.5]. Similar results were obtained
independently in [Ban and Zhang 2005; Goldberg 2011; Ban and Goldberg 2012]
for nonarchimedean F. For quaternionic unitary groups, see [Hanzer 2004].

We shall assume hereafter that F is a nonarchimedean local field of characteristic
Zero.

Another good test ground for Arthur’s conjectures is the group SL(N) and its
inner forms. Indeed, the case N = 2 is the genesis of endoscopy [Labesse and
Langlands 1979]; for general N, the local Langlands correspondence for the inner
forms G* of SL(N) is established in [Hiraga and Saito 2012], at least in the tempered
case. This is based on the local Langlands correspondence for the inner forms G of
GL(N), which satisfies the following nice properties:

 The L-packets Iy for G are all singletons.

* For any parabolic subgroup P = MU and o € Ieyp(M), the induced repre-
sentation Ig (o) is irreducible.

In fact, the latter property holds for all unitary o, known as Tadié’s property (UO)
[Sécherre 2009].

The (tempered) local Langlands correspondence for G* can be obtained by
restriction from G(F) to G*(F); the procedure is somehow dual to the natural
projection of L-groups

pr: LG - LGo.

The same recipe can be applied to any Levi subgroup M, with respect to M*® :=
M NG*.

The method of restriction provides a convenient device, but we still have to
study the internal structure of L-packets for G* and their behavior under normalized
parabolic induction. For the quasisplit case G* = SL(N), such issues can be
addressed by the multiplicity-one property of Whittaker models. In that case, the
Knapp-Stein R-groups are studied in depth in [Gelbart and Knapp 1981; 1982;
Shahidi 1983; Tadi¢ 1992; Goldberg 1994]. Roughly speaking, let 0% € ITp emp(M*)
which lies in the L-packet IT4:. We may choose o € I3 emp(M) so that of < oy
Setmr:=1 g (o), which is irreducible. Then R, : is described in terms of

XC(m)={ne(GF)/GFH’ :n@n ~n}
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and its analogue X (o) for the Levi subgroup M with respect to M*®, where
(G(F)/G*(F))P means the group of continuous characters of G(F)/G*(F). Tt
is then easy to relate R,: with Ry:, and we deduce a canonical isomorphism
Ry: = Ryr 5z =~ R,: as well as a splitting for ﬁ(,: — R,¢. Note that we used the
notations ¢*, 0%, etc. to denote the objects attached to G* and its Levi subgroups.

Whittaker models are no longer available for the nonquasisplit inner forms G*
of SL(N). What saves the day is that Hiraga and Saito [2012] defined a central
extension

1> C*—> S@) > X%n) > 1

and related it to the central extension of &¥-groups alluded to above. This allows us
to study the internal structure of the L-packets obtained by restriction. In our main
theorem, Theorem 6.2.4, we will prove, among other things, that there is

(i) a canonical isomorphism Ry: ,: > R+ as conjectured by Arthur;

(i) a “concrete” description of the dual R-groups for G¥, namely,
Rys = X (m)/ XM (0),
Ryio: = ZM (o)) XM (0);

(iii) a description of the class ¢,: € H>(R,:, C*) attached to ﬁg: — R, ¢, in terms
of the obstruction for extending the representation p of & s 1O the preimage
M

of qu’gﬁ in §¢:'

We refer the reader to Section 4 for unexplained notations. Note that the description
of ¢, is also conjectured by Arthur; see [Arthur 1996, Page 537; 2008, Section 3;
2013, Section 2.4] for further discussions.

Arthur’s conjecture on R-groups for the inner forms of SL(N) is thus verified.
The examples are probably more interesting, however. In Section 6.3 we will give
conceptual constructions of ¢* and o as above such that

@) ﬁgn — R, is not split, or
(i) Ryt ot C Ry

Such phenomena do not occur to the quasisplit classical groups, the quaternionic
unitary groups, or SL(V). The first example is perhaps more surprising, since ﬁgn —»
R+ always splits for generic inducing data. Keys [1987, Section 6] constructed
a Knapp—Stein R-group with nonsplit cocycle in the nonconnected setting; our
example seems to be the only known case for connected reductive groups. In both
examples, the relation between R and the S-groups is crucial.

In view of the possible applications to automorphic representations, one should
also consider certain nontempered unitary representations, namely, those appearing
in the A-packets; see Remark 6.2.6 for a short discussion.
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Shortly after the release of the first version of our preprint, we were informed of
an independent work of Choiy and Goldberg [2012] that treats the same problems
except that of cocycles. Despite some overlap, their work has a completely different
technical core, namely the transfer of Plancherel measures between inner forms,
which should have wide-ranging applications.

Organization of this article. In Section 2, we recapitulate the formalism of normal-
ized intertwining operators and Knapp—Stein R-groups. We follow the notations
in [Arthur 1989a; 1993] closely. In particular, the R-group R, is regarded as a
quotient of the isotropy group W,, instead of a subgroup.

In Section 3, we set up a general formalism of restriction of representations.
These results are scattered in [Shahidi 1983; Keys 1987; Tadi¢ 1992; Hiraga and
Saito 2012], just to mention a few. In view of the possible sequels of this work,
the behavior under restriction of normalized intertwining operators is treated in
generality.

A special assumption is made in Section 4 (Hypothesis 4.0.2), namely, that the
parabolically induced representations in question should be irreducible. We are
then able to deduce finer information on R-groups and their cocycles in this setting.
The arguments are not too difficult, but require some careful manipulations.

In Section 5, we will specialize to the inner forms of SL(/N) and reformulate the
results of Hiraga and Saito [2012] on the local Langlands correspondence and the
S-groups. In order to study parabolic induction, we also have to generalize these
results to the Levi subgroups.

In Section 6, we recapitulate Arthur’s definition of dual R-groups via the om-
nipresent commutative diagram in Proposition 6.1.1. The results obtained earlier
can then be easily assembled, and Arthur’s conjecture on R-groups for the inner
forms of SL(N) (Theorem 6.2.4) follows.

2. Preliminaries
2.1. Conventions. Local fields. Throughout the article, F always denotes a nonarchi-
medean local field of characteristic zero. We set.

o I'p: the absolute Galois group of F', defined with respect to a chosen algebraic
closure F;

o Wp: the Weil group of F;

e WDy := Wp x SU(2): the Weil-Deligne group of F’;
e | - | =] - |F: the normalized absolute value of F;

e gr: the cardinality of the residue field of F.

When discussing the canonical family of normalizing factors for GL(/N) and its
inner forms, we will also fix a nontrivial additive character ¥r : F — C*.
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The usual Galois cohomology over F' is denoted by H*(F, -). The continuous
cohomology of Wr is denoted by HZ,, (WF, - --); the groups of continuous cocycles
are denoted by Z2 (Wpg, ---).

cont

Groups and representations. For an F-group scheme G, the group of its F-points is
denoted by G (F'); subgroups of G mean the closed subgroup schemes. The identity
connected component of G is denoted by G°. The center of G is denoted by Z.
Centralizers (respectively normalizers) in G are denoted by Zg(-) (respectively
Ng(+)). The algebraic groups over C are identified with their C-points.

The derived group of G is denoted by G4e. Now assume G to be connected
reductive. A simply connected cover of Gger, Which is unique up to isomorphism,
is denoted by Gsc — Gger- We denote the adjoint group of G by Gap := G/Zg.
For every subgroup H of G, we denote by Hy. (respectively H,q) the preimage of
H in Ggc (respectively image in Gap). The same formalism pertains to connected
reductive C-groups as well.

The definitions of the dual group G = G x W and the L-parameters will be
reviewed in Section 3.5.

The symbol Ad(---) denotes the adjoint action of an abstract group on itself,
namely Ad(x) : g — gxg~\.

For any division algebra D over F and n € Z>, we denote by GLp (n) the group
of invertible elements in Endp (D"), where D" is viewed as a right D-module. It is
also regarded as a connected reductive F'-group.

The representations considered in this article are all over C-vector spaces. For a
connected reductive F-group G, we define the following.

« T1(G): the set of equivalence classes of irreducible smooth representations of
G(F);

[Tunit(G): the subset consisting of unitary (that is, unitarizable) representations;
¢ Iliemp(G): the subset consisting of tempered representations;

* I3 temp(G): the subset consisting of unitary representations which are square-
integrable modulo the center.

For an abstract group S, we will also denote by I1(S) the set of its irreducible
representations up to equivalence.

The central character of 7 € I1(G) is denoted by w,. The group of morphisms
(respectively the set of isomorphisms) in the category of representations of G (F')
is denoted by Homg (- - - ) (respectively Isomg (- - -)).

For any topological group H, we set

HP = {x : H— C*, continuous character}.
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For any representation 7 of G(F) and any n € G(F)?, we write n7 :=n ® 7 for
abbreviation. Also note that w and n7 have the same underlying C-vector spaces.
If M is a subgroup of G and 7 is a smooth representation of G (F'), we shall denote
the restriction of 7w to M (F) by m|y.

Combinatorics. Let G be a connected reductive F-group. We employ the following
notations in this article. Let M be a Levi subgroup.

e P(M): the set of parabolic subgroups of G with Levi component M
o £(M): the set of Levi subgroups of G containing M;
o %(M): the set of parabolic subgroups of G containing M

e W(M):=Ng(M)(F)/M(F): the Weyl group (in a generalized sense) relative
to M;

The Levi decompositions are written as P = MU, where U denotes the unipotent
radical of P. For M chosen, the opposite parabolic of P = MU is denoted by
P = MU. When we have to emphasize the role of G, the notations %% (M), £° (M),
FY9 (M), and WS (M) will be used.

Let w € W (M) with a representative w € G (F). For o € [1(M), we define wo
to be the representation on the same underlying vector space, with the new action

(Wo)(m) :==o (W 'mw), me M(F).

The equivalence class of wo depends only on w € W (M), and we will write wo
instead, if there is no confusion.

Define ¥(G) := Homp_g, (G, Gy) and ag := Hom(¥(G), R). For every Levi
subgroup M, there is a canonically split short exact sequence of finite-dimensional
R-vector spaces

0—>a(;—>aM‘:>a1?4—>O.

The linear duals of these spaces are denoted by af;, etc. We also write ag,c =
a; ®r C, etc. Sometimes we also write ap instead of ay; if P = MU.
The Harish-Chandra map Hg : G(F) — ag is the homomorphism characterized
by
(x, Ho(x)) =log|x(x)[F, x € %(G).

For A € a*G’C and 7 € I[1(G), we define m; € [1(G) by
(D 7y = e ) @

Fix a minimal parabolic subgroup Py = MUy of G. We define Ay, Ag to be the
set of simple roots and coroots, which form bases of (aAG/10)* and aAG,IO, respectively.
The set of positive roots is denoted by X, and its subset of reduced roots by
E(r)ed. They form a bona fide root system. For every P = MU D Py, we define
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Ap C Xp C Z}ed by taking the set of nonzero restrictions to (af,[)* of elements
in Ay C Xp C E(r)ed. To each @ € ¥ p we may associate the coroot a” € af,,: it is
defined as the restriction of the coroot in Aj. For a given P, the objects above
are independent of the choice of Py. We can emphasize the role of G by using the
notations Ag, etc. whenever needed.

Induction. We always consider a parabolic subgroup P = MU of G. The modulus
character of P(F) is denoted by §p, that is,

(left Haar measure) = §p - (right Haar measure).

The usual smooth induction functor is denoted by Ind(---). The normalized
parabolic induction functor from P to G is denoted by Ig( 2= Indg (5}3/ ’®- ).
Recall that for o € I1(M) with underlying vector space V,, we use the usual
model to realize Ig (o) as the space of functions ¢ : G(F) — V,; such that ¢ is
invariant under right translation by an open compact subgroup of G(F), and that
@(umx) = 8p(m)'/*>o (m)(p(x)) for all m € M(F), u € U(F). The group G(F)
acts on this function space by the right regular representation.

For 0,0’ € [1(M) and f € Homy, (o, ¢'), the induced morphism is denoted by

I,?(f); it sends ¢ to f(@).
2.2. Normalized intertwining operators. Our basic reference for normalized inter-
twining operators is [Arthur 1993]. Consider the following data.
e G: a connected reductive F-group.
e M: aLevi subgroup of G.
P, Qe P(M).
e 0 : M(F)— Autc(V,): a smooth representation of M (F') of finite length.

*
e A E Ay c

For every o € Ap, we denote by r, the smallest positive rational number such
that r,, - " lies in the lattice Hy (M (F)). We define

) a=rqa’.

By recalling (1), we form the normalized parabolic induction / g (ox), 1 8 (o).
Their underlying spaces are denoted by Ig(VGA), 1 g (Vs,). The standard intertwin-
ing operator

Joip(02) : 1§ (03) —> 1§ (07)

is defined by the absolutely convergent integral

3) (Joip(on)@)(x) =/ p(ux)du, xeG(F),
Up(F)NUg(F)\Ug(F)
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when (Re(X), a¥) > 0 for all o € E}?d N Egd; see [Waldspurger 2003, IV.1] for
the precise meaning of absolute convergence. Recall that upon choosing a special
maximal compact open subgroup K C G(F) in good position relative to M, these
induced representations can be realized on a vector space that is independent of A.
It is known that Jg|p(0,) is a rational function in the variables

—(A,a)

{ar o€ Ap}.

In particular, as a function in A, Jg|p(0,) admits a meromorphic continuation
to C‘}/kw,a:- When o € Iemp(M), it is known that (3) is absolutely convergent for
(Re(A),aY) > 0 for all o € Ef.f’d N Zngd. Moreover, as a meromorphic family of
operators, it satisfies ord,—o(Jg|p(03)) > —1.

Henceforth we assume o irreducible, that is, o € [1(M). Take any P € P(M).
Define the j-functions as

@) J(@3) = Jp5(02) T3 p (02).

It is known that A — j(0;) a scalar-valued meromorphic function, which is
not identically zero. Moreover, j(o;) is independent of P and admits a product
decomposition

jo=T] Jalon,
an}?d
where j, denotes the j-function defined relative to the Levi subgroup M, € £(M)
M, red
such that ¥, = {£a}.

Now assume o € I3 emp(M). In this paper, we define Harish-Chandra’s -
function as the meromorphic function

(o) = j(o) ™.

Accordingly, p also admits a product decomposition & = [, ie. It is analytic and
nonnegative for A € ia},. Note that our definitions of j-functions and p-functions
depend on the choice of Haar measures on unipotent radicals. In particular, our
p-function differs from that in [Waldspurger 2003, V.2] by some harmless constant.

Definition 2.2.1 (cf. [Arthur 1989a, Section 2]). In this article, a family of normal-
izing factors is a family of meromorphic functions on the aj, -orbits in IT1(M), for
all Levi subgroup M of G, written as

roip(0y), P,QeP(M), 05 €ay ¢

satisfying the following conditions. First of all, we define the corresponding
normalized intertwining operators as

Roip(03) :=roip(02) " Jop(02),
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which is a meromorphic family (in A) of intertwining operators / g (o) = 1 g (07)-
We shall also assume that a family of normalizing factors is chosen for every
proper Levi subgroup.

(Ry) Forall P, P/, P" € P(M), we have Rp» p(0;) = Rprp/(02)Rp|p(0:).
(Ry) If o € Tlyp (M), then

Roip(03) = Rpip(0_3)", A€ayc.
In particular, R p (o) is a well-defined unitary operator.

(R3) This family is compatible with conjugacy, namely,

Ryg11gpg1(801) = L(@)Rojp(02)L(g) ™
for all g € G(F), where £(g) is the map ¢(-) — ¢(g~ ).
(R4) We have }
ro|p(0) = 1_[ FI%TPQ(GA),

d d
aeXy ﬁ):er

where P, := PN M,, and riﬁl‘TP
for M,.

(Rs) Let S = LU € % (M) containing both P and Q. Then Rg|p(0,) is the operator
deduced from RILJQL‘QQL (o) by the functor Isc( ).

comes from the family of normalizing factors

(Rg) The function A + rg|p(0;,) is rational in the variables {q;('\’&) o € Ap}.
(R7) If 0 € Temp(M), the meromorphic function A +— rg p(0y) is invertible

whenever Re(A, o) > 0 for all @ € Ap.

Observe that (R») is equivalent to saying rg|p (03) =rp|g(0o_3) for o € Iy (M),
as the unnormalized operators Jg|p(0;) satisfy a similar condition. Similarly, (R3)
is equivalent to saying rope-11gpg-1(802) =ro|p(0)).

The fundamental result about the normalizing factors is that they exist [Arthur
1989a, Theorem 2.1].

Remark 2.2.2. According to Langlands [1976, Appendix 2], there is a conjectural
canonical family of normalizing factors rg|p(03) in terms of local factors, namely,

rQ\P(O—)») = S(O’ 105|P Od))u wF)ilL(Oa ¢)n /Oé|P)L(19 ¢)n 105|P)71a
where

o ¢, is the Langlands parameter for o;;

e lig (resp. tp) denotes the Lie algebra of the unipotent radical of the dual
parabolic subgroup 0 (respectively P)in G;



DUAL R-GROUPS OF THE INNER FORMS OF SL(N) 45

* po|p is the adjoint representation of “M on fig/({ig N1ip), and pél p denotes
its contragredient;

e Y : FF— C* is a chosen nontrivial additive character.

We will invoke this description only in the case G = GLr(n). In that case, the
local factors in sight are essentially those associated with pairs (¢, ¢») where
@1, ¢, are among the L-parameters parametrizing the components of o. Such Artin
local factors are known to agree with their representation-theoretic avatars, say,
those defined by Rankin—Selberg convolution or by the Langlands—Shahidi method.

Remark 2.2.3. The construction of normalizing factors can be reduced to the case
where M is a maximal proper Levi subgroup of G and o € I3 temp(M), as illustrated
in [Arthur 1989a]. Let us give a quick sketch of this reduction.
(i) In view of (R4), we are led to the case M maximal proper. Moreover, it
suffices to verify (R3) for the representatives in G (F) of the elements in W (M) :=
Ngry(M)/M(F), which has at most two elements.
(i1) Assume that o € Iiemp(M). By the classification of tempered representations,
there exists a parabolic subgroup R = MrUg of M and T € Iiemp(MRg) such that
o—1 g’ (7). The pair (M, 7) is unique up to conjugacy. There is a unique element
P(R) in (Mp), characterized by the properties

« P(R)CP,

e P(RYNM =R.
Consequently, parabolic induction in stages gives 1{;‘ 1 ,]e” ()= II(,;( &) (7). The same
construction works when P is replaced by Q. Set

rop(03) :=ro®)|P(R)(T1)-

In view of (Rs) together with parabolic induction in stages, we see that Rop(03.)

is the restriction of Rg(r)|p(r)(02) to Ig (03). The required conditions can be
readily verified.
(iii) For general o, we may realize it as the Langlands quotient / gf (tu) — o, where
R = MUy is a parabolic subgroup of M, 7 € Ilemp(Mg), and u € a}‘VIR satisfies
Re(u, B¥)>O0forall B A%’. The triplet (M, t, ) is again unique up to conjugacy.
Let P, Q € #(M). Define P(R), Q(R) € P(Mpg) as before and set

roip(01) :=row)|P(R) (Tatpu)-
Recall that

Ker[/¢' (tu) — 0] = Ker(Jg{ (7))

The condition (R7) applied to 7, tells us that Ker(J 1%/|I R (tw) = Ker(R% R (tw))-
The same is true for u replaced by p+A. Using (Rs), we see that Ro(ry|p(r) (Tats)
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factors into Ro|p(0;) on 11? (03.). All conditions except (Ry) follow from this. The
proof of (R,) requires more effort to deal with the unitarizability of Langlands
quotients; the reader can consult [Arthur 1989a, Page 30] for details.

(iv) Reverting to our original assumption that M is maximal proper and
o€ HZ,temp(M)a

it clearly remains to verify conditions (R1), (R3), (R3), (R¢), (R7). Furthermore,
one can reduce (Rj3) to the assertion that Ty P wPw-! (w(oy)) = Vp|p(0x), for
w € W(G) being the nontrivial element in W (M) if it exists.

2.3. Knapp-Stein R-groups. Fix a family of normalizing factors for G. Assume
henceforth that M is a Levi subgroup of G and o € I emp(M). Define the isotropy

group
We ={weWM):wo ~a}.

Fix P € #(M). For w € W (M) with a representative w € G (F'), we define the
operator rp (W, o) € IsomG(Ig(a), Ig(zl}o)) by

w1 Pw|P (U)

[e():p—>p ("))
_—

S)  rp(,0):I5(0) ! 19, ,,.() 15 (Wo).

We notice the following property: for any w, w’ € W (M) with representatives
w, W' € G(F), we have

(6) rp(ww’, o) =rp(w, W'o)orp, o).

Assume now w € W,,. Choose a representative w of w and o (w) € Isomy, (wao, o)
to define the operator

Rp(ib, 0) := IS5 (o () orp (b, o).

The class Rp(w, o) mod C* is independent of the choices of o (w) and the
representative w. We also have

Rp(i, 0) € Autg(If (0)),

Rp(W,0)Rp(W',0) = Rp(wW',0) mod C*, w,w €W,.
Now we can define the Knapp—Stein R-group as follows.

W0 :={(weW,:Rp(i,o)eC*id},
Ry = W,/ W2,

We will also make use of the following alternative description of R, .
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Proposition 2.3.1. The subgroup W2 is the Weyl group of the root system on ay
composed of the multiples of the roots in {« € fod I e (o) =0}

Given any Weyl chamber a7 C ay for the aforementioned root system, there is
then a unique section Ry — W, that sends r € R, to the representative w € W,
such that wa} = a}. Consequently, we can write Wy = W2 x R,

In the literature, R, is sometimes viewed as a subgroup of W, in this manner;
see, for example, [Goldberg 2006].

Write V,, (respectively IE(VU)) for the underlying vector space of the represen-
tation o (respectively 15 (0)). It follows that w — Rp(w, o) induces a projective
representation of R, on [ E(Vg), where w € G (F) is any representative of w € W,.
We denote this projective representation provisionally by » +— Rp(r, o), for r € R,,.

There is a standard way to lift Rp( -, o) to an authentic representation of some
group R, which sits in a central extension

1—>CX—>§0—>R0—>1,

such that C* acts by z +— z-id. Namely, we can set R, to be the group of elements
(r, M[r]) € Ry x Aut@(lg(Va)) such that M[r] mod C* gives Rp(r, o). The lifted
representation, denoted by 7 +— Rp (¥, o), is then 7 = (r, M[r]) — M][r]. Such a
central extension by C* that lifts Rp (-, o) is unique up to isomorphism.

Note that the central extension above can also be described by the class

¢ € H*(R,,C¥)
coming from the C*-valued 2-cocycle ¢, defined by
(7 Rp (7172, 0) = ¢o (r1, r2) Rp (71, 0)Rp (72, 0), 11,72 € Ry,
where we choose a preimage 7 € R, for everyr € R;.

Theorem 2.3.2 (Harish-Chandra; [Silberger 1978]). Fix a preimage 7 € ﬁa for
everyr € R,. Then the operators {Rp(F, o) :r € Ry} form a basis ofEndg(Ig (0)).

Following Arthur, we reformulate this fundamental result as follows. Let
1, (G) := {irreducible constituents of Ig (o)}/~,
M_(R,):={p e TI(R,): forall z € C* p(z) = z-id}.

Note that I1,(G), H,(IA?'U) are both finite sets, and each p € 1'[,(150) is finite-
dimensional.

Corollary 2.3.3. Let R be the representation of I?U x G(F) on Ig(VU) defined by

R(F,x)=Rp(F,0)IS(0,x), 7Ry, xeG(F).
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Then there is a decomposition

(8) >~ P PR,
pel_(R,)
where p — 1, is a bijection from H,(ﬁa) to T, (G), characterized by (8).
Consequently, Ig (0) is irreducible if and only if R, = {1}.

Remark 2.3.4. When G is quasisplit and o is generic with respect to a given
Whittaker datum for M, the work of Shahidi [1990] furnishes

(1) a canonical family of normalizing factors ro|p(0);
(i1) a canonically defined homomorphism w +— Rp(w, 0);
(iii) a canonical splitting of the central extension 1 - C* — Ry, > Ry — 1.
These properties are not expected in general. Indeed, we see in Example 6.3.3
that (iii) may fail.

Remark 2.3.5. The formalism above depends not only on (M, o), but also on the
choice of P € P(M). One can easily pass to another choice Q € P (M) by transport
of structure using Rp|p (o). For example, one has

ro(, o) = Rpjg(a) ' rp(W, o) Rpjg(0),
Ro(ib,0) = Rpig(0) ' Rp(, 0)Rp|o(0)

for all w € W (M) with a representative w € G(F) and some chosen o ().

3. Restriction
Let G, G* be connected reductive F-groups such that

Gyer C G* CG.

3.1. Restriction of representations. In this subsection, we will review the basic
results in [Tadi¢ 1992, Section 2; Hiraga and Saito 2012, Chapter 2] concerning the
restriction of a smooth representation from G (F) to G*(F). The objects associated
to G* are endowed with the superscript #, for example, 7% € I1(G*).

Proposition 3.1.1 [Silberger 1979; Tadi¢ 1992, Lemma 2.1 and Proposition 2.2].
Let w € I1(G). Then | g: decomposes into a finite direct sum of smooth irreducible
representations. Each irreducible constituent of w|g: has the same multiplicity.
Conversely, every n* € TI(G*) embeds into 1|g: for some w € TI(G). If the
central character w,: is unitary, one can choose 7 so that w, is also unitary.

Proposition 3.1.2 [Tadi¢ 1992, Corollary 2.5]. Let 7y, mp € I1(G). The following
are equivalent:
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(1) Homgz: (71, 7m2) # {0}
(ii) mlg: >~ malge.
(iii) There exists n € (G(F)/G*(F))P such that nm ~ m».

For © € I1(G), we define a finite “packet” of smooth irreducible representations
of G¥(F) as
1, := {irreducible constituents of |g:}/= .

Consequently, Proposition 3.1.2 implies that TT(G*) = LI, I, when 7 is taken
over the (G(F)/G"(F))P-orbits in T1(G).

Proposition 3.1.3 [Tadi¢ 1992, Proposition 2.7]. Let = € [1(G) and assume that
wy is unitary. Let P be one of the following properties of smooth irreducible
representations of G(F) or GY(F):

(1) unitary,
(ii) tempered,
(iii) square-integrable modulo the center,
(iv) cuspidal.
Then we have equivalences of the form
[ satisfies P] <= [for some ntell,, ot satisfies P]
> [forall n* € T, n° satisfies P).
Now comes the decomposition of 7 |g;:.

Definition 3.1.4. Let 7 € I1(G) with the underlying C-vector space V. Note that
Vyr = Vy forall n € (G(F)/G’j(F))D. We introduce the groups

X9(r) = {n € (GF)/G*F)P :nr =),

S§O(n) = (I,? e Isomg(nm, ) : n € X9 (1)) C Autg: (7).
Observe that Isomg(n7w, w) is a C*-torsor by Schur’s lemma, and an element
InG € SY() uniquely determines 7. The group law is given by composition in
Autc(Vy), namely, by
Isomg (n7m, ) x Isomg (n'm, )

= Isomg(n'nm, n'm) x Isomg(n'm, w) — Isomg(n'nm, )

for all n, n’ € X9 ().
Thus we obtain a central extension of locally compact groups

9) 1>C* > S%m) = X%(@n) > 1,

where the first arrow is z +— z - id and the second one is InG — 7.
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Also note that X6 () =X (ém), SO () =S (£m) forany &£ € (G(F)/G*(F))P.

Note that implicit in the notations above is the reference to G, which is usually
clear from the context. Indications to G* will be given when necessary.

It is easy to see that X (rr) is finite abelian. As in the setting of R-groups, we
define the finite set

M_(SC@m)) :={p e I(S% (7)) : forall z € C*, p(z) = z-id}.
Theorem 3.1.5 [Hiraga and Saito 2012, Lemma 2.5 and Corollary 2.7]. Let & =
S() be the representation of SC (r) x G*(F) on Vi defined by

S, x)=1on(x), IeS8%),xeG"F).

Then there is a decomposition

(10) S~ @ p Rk,
peM_(SC (1))

where p — ng is a bijection from TI_(S% (7)) to T, characterized by (10).

3.2. Relation to parabolic induction. Let P be a parabolic subgroup of G with a
Levi decomposition P = MU. In this article, we denote systematically

P :=PNG*,

M*P:= M N M*.
Then P*? is a parabolic subgroup of G* with Levi decomposition P* = M*U, since
every unipotent subgroup of G is contained in G 4o;. The map P — P (respectively
M +— M%) induces a bijection between the parabolic subgroups (respectively Levi
subgroups) of G and G¥, which leaves the unipotent radicals intact. We also have
a canonical identification W (M%) = W(M). In what follows, we will fix Haar
measures on the unipotent radicals of parabolic subgroups of G and G¥, which are

compatible with the identifications above.
Obviously, the modulus functions satisfy dp (m) = §p:(m) for all m ¢ M LF).

Lemma 3.2.1 [Tadi¢ 1992, Lemma 1.1]. Let o € [1(M). Then we have the following
isomorphism between smooth representations of G*(F):
1§ (@)lg: — If; @),
¢ = @lr),
which is functorial in o.

Proof. Upon recalling the definitions of Ig (o) and Ilf,;ﬁ’j (o) as function spaces,
the assertion follows from the canonical isomorphisms

PY(F)\G*(F) = (P"\G*)(F) = (P\G)(F) = P(F)\G(F)
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and the fact that §p|y: = §p:. O

The next result will not be used in this article; we include it only for the sake of

completeness. Recall that the normalized Jacquet functor rg is the left adjoint of
Gt

IS . The same is true for rps-

Lemma 3.2.2. Let w € I1(G). The restriction of representations induces an iso-
morphism

G ~, ,.G*
rp (W)yz => rp: (Tlg2)
between smooth representations of M*(F), which is functorial in 7.

Proof. The claim is evident. ([l

Proposition 3.2.3. Let M be a Levi subgroup of G. Then the inclusion map M — G
induces an isomorphism between locally compact abelian groups:

M(F)/M*(F) = G(F)/G*(F).

Proof. The inclusion map induces an isomorphism M/M* < G/G* as F-tori.
Hence the short exact sequence 1 — M* — M — M/M?* — 1 and its avatar for G
provide a commutative diagram of pointed sets with exact rows:

1 — G*(F) G(F) (G/G*)(F) —— H'(F, G
1 —— MYF) M(F) (M/M®)(F) — H'(F, M%).

Fix a parabolic subgroup P of G with a Levi decomposition P = MU. The
rightmost vertical arrow factorizes as

H'(F, M%) > H'(F, P*) > H'(F, G%).

The first map is an isomorphism whose inverse is induced by P* — P*/U = M*,
It is well known that the second map is injective, hence so is the composition. A
simple diagram chasing shows M (F)/M*(F) => G(F)/G*(F), as asserted. [J

Corollary 3.2.4. The restriction map induces an isomorphism
(G(F)/G*(F))P = (M(F)/M*(F))".

Here is a trivial but important consequence: any n € (M (F)/M 8(F))P is invariant
under the W (M)-action.
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3.3. Relation to intertwining operators. Let M be a Levi subgroup of G. First of
all, observe that there is a natural decomposition

ay =y, b5,
where

b* == %(M/M") @7 R < a.

Henceforth, we shall identify a} . as a vector subspace of a),. We shall do the same
for their complexifications. This is compatible with restrictions in the following
sense:

(@)lmz = (@ly)r, o €M), L€ a;;,ln,q:-

Lemma 3.3.1. Let o € II(M), P, Q € P(M). For » € a¥ in general position,

M?.C
the following diagram is commutative:
Joip (o)
Ig(ax)lgu Ig(o—)»)lGl1
ICACATD) 15 (021 p9),
P J o219t @l y2) Q

where the vertical isomorphisms are those defined in Lemma 3.2.1.

Proof. 1t suffices to check this for Re(}) in the cone of absolute convergence of the
integrals (3) defining Jg|p and Jyz p:. The commutativity then follows from (3)
and the definition of the isomorphism in Lemma 3.2.1. (]

Proposition 3.3.2. Let 0 € Iy emp(M), 0% € T emp(M?) such that 0% < o|y:.

Then, for all A € a’;/[ﬁ oo we have u(o;) = ,u(af); more precisely,

Wa(01) = o (of) foralla € $%4 = xred

pi» P € P(M).

Proof. In view of our choice of measures on unipotent radicals, the identities of
w-functions follow from (4) and Lemma 3.3.1. O

Proposition 3.3.3. Let o € [1(M) and 1 € (G(F)/G*(F))P. Then we have
j(o)=jno).

In particular, for o € T2 t0p(M), we have (o) = u(no).



DUAL R-GROUPS OF THE INNER FORMS OF SL(N) 53

Proof. In view of the definition of j-function (4), it suffices to observe that for all
P, Q € (M) and X € a), ¢ in general position, the following diagram commutes:

Joip (o))
NS (o) ———— UIS(UA)

:L L:

1S (no 15 ,
P(’? A)W Q(UUA)

where the vertical arrows are given by ¢(-) +— n(-)¢@(-); note that we used the
natural identification Homg (71, m3) = Homg (nmy, nmp) for all my, my € T1(G).
Indeed, the commutativity can be seen from the definition (3) of Jo|p(-) when
Re(1) lies in the cone of absolute convergence. U

Theorem 3.3.4. One can choose a family of normalizing factors for G such that
roip(ox) =rop(no;.)

forall (M, o), P, Q € (M) and n € (G(F)/G*(F))P, which is unitary. Given
such a family of normalizing factors, one can define normalizing factors r gz, p:(af )
for those o* such that w,: is unitary by setting

(11) rQn|pn(Gf) =rop(oy), A€ Cl}kwny(@,

where o € I1(M) is as in Proposition 3.1.1 with w, unitary.

Moreover, let o, o° be as above and 1 : % < o |y be an embedding. Let
P, Q e P(M), w e W(M) with a representative w € G*(F). The following diagrams
of G*(F)-representations are commutative:

Ro|p(03) rp(0,0;) -
I (o)) 1§(0)) I (0)) ————— I§ ((0,))
1 (0f) ————= 1S (o)), G (o7) — 1S (o))
RQﬁ\Pﬁ(U):) 7pt (W,05)

for & € a}, o in general position, where the vertical arrows are given by

/G*
1.0 5
G (o)) L 1S (olye) = IS ()=

Observe that the asserted invariance under n-twist is satisfied by Langlands’
conjectural family of normalizing factors in Remark 2.2.2, since they are defined in

terms of local factors through the adjoint representation of “M on the Lie algebra
of G.
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Proof. We will show that rg|p (o)) =rg|p(n0;) by reviewing the construction in
Remark 2.2.3. More precisely, we will start from the square-integrable case and
show that the equality is preserved throughout the inductive construction.

To begin with, suppose that M is maximal proper and o € I3 temp(M). Suppose
that rg|p (o) is chosen so that (Ry), (R), (R3), (R¢), (R7) are satisfied. Put
roip(noy) :=roip(oy). Then all the conditions above except (R) are trivially
satisfied for no. As for (R}), all that we need to check is that when Q = P,

rpio(@)roip(03) = j(noy), A€ ay c.

By Proposition 3.3.3, the right hand side is equal to j (o3), hence the equality holds.
This completes the case of o € I emp(M).

Suppose now o € Iemp(M). By the classification of tempered representations,
we may write 0 < [ }e” (7) for some parabolic subgroup R = MrUg of M and
T € Iz temp(Mpg). Twisting everything by n, we obtain no — Ig’(nt) in the
classification of tempered representations. We have rg|p(0) = rowr)pr)(T) =
ro(R)|P(R)(NT) by the previous case; on the other hand, the inductive construction
of normalizing factors says that rg|p(n0) = ror)pr)(n7), hence rojp(no) =
ro|p (O‘)

The case of general o is similar. We may write o as the Langlands quotient
Ig”(ru) —» o, where R = MRUp is as before, T € [Temp(Mp), and Re(u, a¥)y>0
for all « € A%I . Twisting everything by 71, we have / ,g’[ (nt,) — no, which is still
a Langlands quotient. The inductive construction of normalizing factors says that
roip(0) = ro)pP(r)(Tu+). Repeating the arguments for the previous case, it
follows that rg|p(0) =rg|p(n0).

Now we can check that

rQu\P:(U;?) = VQ|P(UA)

is well defined. Recall that w,: and w, are assumed to be unitary. If o’ is another
choice such that 6% < o and w, is unitary, there exists  such that o ~ no’.
This would imply that 1|z r) is unitary, hence so is 7 itself. Therefore rg|p (n0;) =

roip(oy).
ngiflail)y, the commutativity of the diagram results from Lemma 3.3.1 and (11). OJ
3.4. Relation to R-groups. In this subsection, we will fix
« a parabolic subgroup P = MU of G;
o the corresponding parabolic subgroup P* := P N G* = MU of G*,
e ofe H2,temp(Mj);
o 0 € I3 temp(M) such that 0% < o 4.

Given 0%, the existence of such a o is guaranteed by Propositions 3.1.1 and 3.1.3.
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Lemma 3.4.1 (cf. [Goldberg 2006, Lemma 2.3]). Under the identification W (M) =
W(M*), we have W0 = W(?n-

Proof. Since both sides are generated by root reflections, it suffices to fix o € ¢ =
Eﬁ? and show that s, € W2 if and only if s, € W(Su’ where s, denotes the root
reflection with respect to «.

By [Waldspurger 2003, Proposition IV.2.2], uy (o) = 0 implies s,0 >~ o. The
same is true for o instead of 0. According to the description of Wf,) (respectively
W(?:) in terms of p-functions, we obtain

Ue(0) =055, € W((,) (respectively (cH=0ss, € W(?j).

On the other hand, Proposition 3.3.2 implies 14 (0) = e (c?). The assertion
follows immediately. O

Definition 3.4.2. Set
L(o):={ne (M(F)/MF(F))P: there exists w € W(M), wo ~ no},
L(o%) :={ne (M(F)/M*(F))? : there exists w € W(M), wo ~ no, wo* ~ oF}.
These are subgroups of (M (F)/M®(F))". Indeed, let
n,n €L(c) and w,w € W(M)
such that no >~ wo, n’o >~ w’c. Then one has
(12) n'no ~n'wo =wn'oc ~wuw'o.

Hence nn’ € L(o). The case of L(o*) is similar. Note that XM (o) C L(c%) C L(0).
There is an obvious counterpart for the Weyl group, namely,

Wy :={we W(M) : there exists n € (M(F)/M*(F))?, wo ~no}.

It is clear that W, D W,. On the other hand, Proposition 3.1.2 implies that
Wse D Wys.

The following result is clear in view of the preceding definitions.
Lemma 3.4.3. There is a homomorphism given by
r:w, — L(a)/XM(o)wr—> the [n mod XM(G)] such that wo >~ no,
which satisfies the following.
(i) T is surjective.
(i) Ker(T') = W,,.
(iii) The preimage of L(c®)/ XM (o) is W,:W,,.
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Definition 3.4.4. Let
W,/ Wy, => L(0)/XY(0)

be the isomorphism obtained from I in the previous Lemma.

Proposition 3.4.5 [Goldberg 2006, Proposition 3.2]. Set
Ro[0%]i= (Wo N Wos)/ Wy,
which is legitimate by Lemma 3.4.1. This is a subgroup of R:.

(i) The homomorphism T induces an isomorphism
I':R,:/Rs[0°]=> L(c%)/XY (o).

(ii) If Ry = {1}, or equivalently, if 1 1(3; (0) is irreducible, then T" induces an isomor-
phism R,: = L(c%)/ XM (o). Consequently, R,: is abelian in this case.

Proof. Lemma 3.4.3 gives an isomorphism
W/ (Wo N W) = L(0%)/ XY (o)

that can be viewed as a restriction of I'. By Lemma 3.4.1, we can take the quotients
by Wg = W(?: on the left hand side. The first assertion follows immediately.

For the second assertion, it suffices to note that R, [c*] embeds into R, as well,
since W0 = W(?:. ]

3.5. L-parameters. Let G be a connected reductive F-group equipped with a qua-
sisplit inner twist
V:GxpF—G*xpF.

We identify G with G*, thus “G = LG*. The reader should recall that the
definition of the complex reductive group G* and the I'p-action thereof depend
on the choice of a I'p-stable splitting (B*, T*, (Ey)aeca(p*,7+)) (also known as an
F-splitting) of G*(F); see [Kottwitz 1984, Section 1]. These choices permit us
to define a correspondence M* <> L M* between the conjugacy classes of Levi
subgroups of G* and their dual avatars inside “G*. Using the inner twist ¥, it also
makes sense to say if a Levi subgroup M* of G* comes from G this notion only
depends on the conjugacy classes of Levi subgroups.

For any Levi subgroup M of G, there is a canonical bijection between WS (M)
and W (M ) coming from the bijection between roots and coroots.

An L-parameter for G* is a homomorphism

¢:WDp - LG*=LG

such that
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e ¢ is an L-homomorphism, that is, the composition of ¢ with the projection
LG > wp equals WDy — Wp;

e ¢ is continuous;

« the projection of Im(¢) to G is formed of semisimple elements.

Two L-parameters ¢, ¢, are called equivalent, denoted by ¢; ~ ¢», if they
are conjugate by G. We say that ¢ is bounded if the projection of Im(¢) to G is
bounded (that is, relatively compact); this property depends only on the equivalence
class of ¢.

Given an L-parameter ¢, we define

Sy == Zg(Im(¢)).

The connected component Sg is a connected reductive subgroup of G. We record
the following basic properties.

(i) The Levi subgroups “M* C M which contain Im(¢) minimally are conjugate
0
by Sj.
7.0

(ii) Letting “M* be a Levi subgroup containing Im(¢) minimally, T is a

maximal torus of Sg.

Indeed, these assertions follow from [Borel 1979, Proposition 3.6] and its proof
applied to the subgroup Im(¢) of -G.

So far, everything depends only on the quasisplit inner form G*. We say that ¢
is G-relevant if M; corresponds to a Levi subgroup of G; in this case, we write
M; = M¢ Put

O(G) :={¢p: WDp — Lg, ¢ is a G-relevant L-parameter}/~,
Dpaa(G) :={¢ € P(G) : ¢ is bounded},
@2,dd(G) 1= {¢ € Praa(G) : My = G}.

Since the relevance condition is vacuous if G = G*, we have ®(G) C ®(G*),
etc.

Now let G* be a subgroup of G such that Gger C G* C G. We will study the
lifting of L-parameters from G* to G, which is in some sense dual to the restriction
of representations. In what follows, the L-groups of G and G* will be defined using
compatible choices of quasisplit inner twists and F-splittings.

There is a natural, I" p-equivariant central extension

152 GE G

which is dual to G* — G; here Z* is the C-torus dual to G/G".
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For ¢ € ®(G), we shall set ¢* := pro ¢ € ®(G*). When this equality holds, ¢
is called a lifting of ¢F.

Theorem 3.5.1. For any ¢* € ®(G*), there exists a lifting ¢ € ®(G) of ¢* which
is unique up to twists by H om(WF’ Zﬁ) If ¢ € DPpaa(G?) (respectively ¢* €
D, bdd(G™), then ¢ can be chosen so that ¢ € Ppaq(G) (respectively ¢ € D3 pdda(G)).

Note that by local class field theory,
characters of (G(F)/G*(F))P.

HL (Wp, Z%) parametrizes the continuous

Proof. The existential part is just [Labesse 1985, Théoréme 8.1] and the uniqueness
follows easily. Assume that ¢* € Dpaa(GH) (respectively ¢t e CDg,bdd(Gn)) and let
¢ be any lifting of ¢*; we have to show that there exists a continuous 1-cocycle
a:Wg — Z* such that the twisted L-parameter a¢ is bounded (respectively bounded
and satisfying M,y = My = G).

Note that there exists a central isogeny of connected reductive groups

G'xC— G

given by multiplication, where C is some subtorus of ZOG Hence C — G/G* is also
an isogeny. By duality, we obtain a I" p-equivariant central isogeny of connected
reductive complex groups .

G—GixC.

Let ¢ be the composition of ¢ (projected to the G component) with the afore-
mentioned central isogeny. Let us show that Im(¢’) is bounded upon twisting ¢.
The first component of ¢’ is automatically bounded since ¢ is. On the other hand,
Cis 1sogenous to Z*, therefore, upon replacing ¢ by a¢ for some suitable 1-cocycle
a:Wrp—2Z7Z j, the second component can be made bounded. Hence a¢ is a bounded
L-parameter.

To finish the proof, it remains to observe that, assuming ¢* = pro¢, the preimage
of Mg; in G is equal to M. (]

Here we record a construction related to inner forms which will be required
later. Recall that the inner forms of G* are parametrized by H'(F, GAp)- Kottwitz
[1984, Section 6] defined the “abelianization” map ab' : HY(F, G* D) —> (Z Gs )P
between pointed sets. Hence we can associate to G a character xg of Z =" in the
following way:

(13) {inner forms of G*} = H'(F, GAD) (Z )D, Gn—)[xG:Zg‘;C—MDX].

4. Restriction, continued

This section is devoted to the study of restriction under parabolic induction. As
before, we fix connected reductive F-groups G, G* such that Ggor C G* C G. We
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also fix a Levi subgroup M of G and P € P(M). The bijection between Levi
subgroups (respectively parabolic subgroups) M — M? (respectively P — P¥%)is
defined in Section 3.2.

The normalizing factors for G, G* are chosen as in Theorem 3.3.4 for the
representations with unitary central character.

Let o € IT(M). We shall make the following (rather restrictive) hypothesis on o
throughout this section.

Hypothesis 4.0.2. We assume that 7 := [ g (o) is irreducible.

4.1. Embedding of central extensions.
Proposition 4.1.1. Let o € TI(M) and 7w := 15 (o) € TI(G).
(i) Under the identification of Corollary 3.2.4, we have XM (o) — XS (1).

(i) Let w € XM (0), I(ﬁ” € Isomy; (wo, o). Define the operator Ig as the composi-
tion of
Aw 0l (0) = If (@0), ¢ o()e(-),

with IS (IM) : 1§ (wo) => 15 (o). Then IS € Isomg (wm, 7).

(iii)) We have the following commutative diagram of groups with exact rows:

] —=C* ——=S%7) —= X%(n) ——= 1

)]

] —C* —= SM (o) — XM(0) — 1,

where the arrow SM (o) — SO (1) is the map I Lf)” — I f defined above.

Proof. Tt follows from the definition that If € S¢(x) for all w € XM (o), hence
XM (o) ¢ X9(). On the other hand, Ig is simply the map ¢ — (- )Ia’)"’(go( ).
It is clear that 1M + U is a group homomorphism. The commutativity of the
diagram is then clear. O

We denote by Ko(IT_(S M(5))) the space of virtual characters of § M (o) gener-
ated by the elements of IT_(S¥ (¢)). Similarly, Ko(I1,) denotes the space of virtual
characters of M*(F) generated by the elements of I1,. The bijection p ng in
Theorem 3.1.5 extends to an isomorphism Ko(IT_(SY (0))) => Ko(I1,). Assuming

T = 11(,; (o) irreducible, we have the analogous isomorphism
Ko(I-($9(m))) => Ko(Ix),
as well as the linear maps

Ind§, ™ : Ko(M_ (5% (6))) - Ko(T_(S% ().

ft
15 Ko(I,) — Ko(I1,),
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given by the usual induction and normalized parabolic induction, respectively. Note
that Lemma 3.2.1 is invoked here.

Proposition 4.1.2. The following diagram commutes:

~

Ko(IT_(S¢())) Ko(T1,)
Indifj(’; T Igﬁ:
Ko(TT_ (M (0))) Ky(I1,).

~

To prove this, some harmonic analysis on the groups S (c), S¢(rr) is needed.
These groups are infinite; nonetheless, the usual theory carries over, as we are
only concerned about the representations in IT1_(S¢ (7)), I1_(S¥ (o)) or their
contragredients. The worried reader may reduce S¢ () — XY () (respectively
SM(o) — XM (o)) to a central extension by u,, := {z € C* : " = 1} for some
m € Z, which is always possible.

Proof. Let 6% € T, and p € T1_(SY (o)) be the corresponding element. Define
v 1= 1Ind§, ) (p) € Ko(T1_ (5% (m))),

t
nh =15, (0%) € Ko(I1y).
We have to show that 7 corresponds to %, To begin with, set
olIM:=0(-)oIM: M(F) — Autc(V,), IMes¥(0),

where V, is the underlying vector space of . Then (U[IZU” ], o) is a smooth w-
representation of M (F), that is,

o[ IM(xy) = 0o [IM1(x)o (y), x,y € M(F).

This notion appears in the study of automorphic induction, and more generally it
fits into the formalism of twisted endoscopy; cf. [Lemaire 2010, Section 0.4]. It is
easy to see that ©, [Ié"’ ]:=Tro [Ié” ] 1s well defined as a distribution on M (F). We
may restrict o [12] to M*(F); by abuse of notations, the corresponding distribution,
which is also well defined by Proposition 3.1.1, is again denoted by ®,[I¥]. The
same definition applies to 7.

Theorem 3.1.5 implies the following identity of distributions on M*(F):

1

(14) @Uﬁ = W

o Trp )M 0,111,

weXM(5)

where pV is the contragredient of p and IM € SM (o) is any preimage w; the
summand does not depend on the choice of 7M.
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Define Z¥ (o) to be the subgroup of elements w € XM (o) such that every
preimage of w in SM (o) is central. Define Z G(n) similarly. The sum in (14) can be
taken over ZM (o), since p|cx = id implies that Tr(p") is zero outside the center.

Let nf € K((I1;) be the character corresponding to T. By the same reasoning,
there is an identity of distributions on G*(F)

(15) O_:= 1 Z Tr(r¥) (1) - O 1171,

X6 () yez® o

where InG € SY9(m) is any preimage of 5, as before. It remains to show that
O, (f%) = O (%) for every f* € CZ(GH(F)).

Choose a special maximal compact open subgroup K C G (F') in good position
relative to M, and set K¥ := K N G*(F). Equip K and K* with appropriate Haar
measures that are compatible with the Iwasawa decomposition; see [Waldspurger
2003, I.1]. The parabolic descent of characters implies

1

(16) O :(fH) = ®aﬁ(f1ﬁ>n) = m

> T (1M) - 0. LM 1L,

weZM (o)

where
fh.(m) =87 (m) /f FEk muk) dudk, m e M*(F).
U(F)xK¢?

8¢ ()
SM (o)

1
—_ Tr(p" WIS IV IO, ifne XM (o), IM— 9,
M Z § n & n n
Tr(ﬂ)(]f): |X (G)ISEX%)

0, otherwise,

Since T = Ind (p), we have

where ISG € SY(m) is any preimage of &; cf. [Serre 1967, Proposition 20]. This
may be rewritten as

X ()]

Tr(r)(IY) = { XM (o)
0, otherwise.

Tr(p¥)(1)"), ifne XM(o)NZm), 1IN~ 17,

We claim that ©,[IS](f*) = O, [IM]( f}i:) if I+ IS € SY(rr). First of all,
note that ®, [/ g ] is the normalized parabolic induction of ®,[/ (f)"’ ] in the setting
of w-representations [Lemaire 2010, Sections 1.7 and 3.8]. Hence we have the
parabolic descent of w-characters [Lemaire 2010, Théoréme 3.8.2], namely,

OIS ) = O lIM1(frw), f€CP(G(F)),
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where
fp.o(m) :5},/2(;")// (k) £ muk) dudk, m e M(F).
U(F)xK

To prove the claim, let us sketch how to “restrict” the w-character relation above to
GF*(F). There exists a compact open subgroup C C Zg (F) such that

(i) CNGH(F) =1},
(i) C C K,
(iii)) w and w, are trivial on C, and
(iv) the multiplication maps C x G*(F) < G(F) and C x M*(F) < M(F) are

submersive.

Define 1¢ to be the constant function 1 on C. Choose the unique Haar measure
on C such that the submersions above preserve measures locally. Given that
fP e CX(GH(F)), we set f =vol(C) "'l ® f¥ on C x G*(F), and zero elsewhere.
For such f, by inspecting the proof of [Lemaire 2010, Proposition 1.8.1], we may
redefine fp , by taking the double integral of f (k~'muk) over U(F) x K*, so that
frw= vol(C) '1e ® ff,: on C x M*(F) and zero elsewhere. Therefore

O IS1(f) = OIS fF).
O LIM1(fp.0) = O LIMI(fE)).

Hence our claim follows.
All in all, (15) becomes

1 \4
O =y 2 TN Ol 1),

weXM(e)NZC ()

where IM € SM(¢) is any preimage of w and IM + IS € SY(rr). In comparison
with (16), it suffices to show that ®, [12]( ff,u) =0ifwe ZM(o) but w ¢ Z% ().
Indeed, for I € SY(r), we have

O I (f5) = OIS fH =Tr6US, ) =Tr U IS 1, £5),

since & is a representation of .S G () x GE(F). Since I is arbitrary and S|cx »(1y =1d,
we conclude that @, [IM]( ff,:) #0only if w € Z%(m). O

4.2. Description of R-groups. Let w € W(M) with a chosen representative

W e GH(F).



DUAL R-GROUPS OF THE INNER FORMS OF SL(N) 63

Recall the operator rp(w, o) : Ig(o) — Ig(ﬁ)a) defined in (5), which is the

composition of R,,-1p,,p(c) : Il(f (o) > Ig,lpwlp(o) with the isomorphism

) 18, (@) > I§ (W),  ¢(-) > @@ ).

“lpw

For n € (G(F)/G*(F))P, recall the isomorphism A, defined as
nIg @) = IF o), @(-) > 1()e(-).

Note that the representations o, no, wo, and nwo share the same underlying
vector space V. As usual, we will compose the operators above after appropriate
twists by n or . For example, given 1, n’, we may define A, A,/, which is equal
to Apy :qn'IS (0) — IS (o).

Proposition 4.2.1. Let
L(o) C (M(F)/M*(F))?

be the subgroup defined in Definition 3.4.2. Upon identifying M(F)/M"(F) and
G(F)/G*(F), we have
L(o) Cc X% ().

If o € I3 temp(M), equality holds.
Proof. Let n € L(o). By definition, there exists w € W (M) with a representative
W € G*(F) such that no ~ wo. Hence nmw ~ Ig(na) ~ Ig(ﬁ)o*). There is also an
isomorphism rp (W ~!, Wo) : Ig(d)o*) = Ig(cr). Hence nr ~ .

Assume o € Iy emp(M) and let n € X%(r). Then IS (no) =~ IS (o). By
[Waldspurger 2003, Proposition I11.4.1], there exists w € W (M) with wo ~no. U

Henceforth we take w € W,. Take any 5 € L(o’) whose class modulo X (o)
equals [(w) (see Lemma 3.4.3). Then 7 is of finite order by Proposition 4.2.1; in
particular, 5 is unitary. For any isomorphism

i:no = wo,
we deduce an isomorphism
AdG) : SM(no) — SM(wo), T+ ili~'=:AdG)I.

By the obvious identifications S (o) = S (no) = S™ (o) (without using i),
one can view Ad(i) as an automorphism of S (o). It leaves C* intact and covers
the identity map X (no) => XM (o), and hence induces a bijection

_(SM0)) - _(SM(0)), p+> poAd().

We shall write
wp = poAd@).
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The puzzling notation will be justified by Lemma 4.2.3.

Henceforth, we adopt the following convention: for InG e SO (), we regard
Ad(I,]G ) as an automorphism of S¥ (o) via the embedding S (¢) — S¢(xr) pro-
vided by Proposition 4.1.1.

Lemma 4.2.2. Let n, w, and i : no => wo be as above. As automorphisms of
SM (o), we have
Ad(i) = Ad(17)

for every If € S () in the preimage of n.
Proof. Given n, the assertion is independent of the choice of I,’G . Let us consider
the specific choice as follows:

1Y :=rp(~", o) o If (i) o Ay :nIg (o) — IF (o).

By the definition of the embedding S¥ (o) < SY(x) and that of Ay, one
sees that Ad(A,) induces the identity map SM(o) = SM(no). Similarly, the
functorial properties of 7p(w ™!, -) imply that Ad(rp (0 ~', Wo)) induces the iden-
tity map SM(wo) = SM(o). One can readily check that Ad(Ig(i)) induces
Ad@i) : SM(no) = SM(wo). Hence the assertion follows. Ul

Before stating the next result, recall that o, wo, and no share the same underlying
space V.
Lemma 4.2.3. Let p € [1_(SM(0)) and o* € 1. By identifying the groups S™ (o),
SM (o), and SM (no), the following are equivalent:
() p € I_(SM(0)) corresponds to o* < o .
(i) p € I_(SM (o)) corresponds to Wo® — Wo | .
(iii) wp € M_(SM(no)) corresponds to ot — no| .
(iv) wp € MT_(SM(0)) corresponds to Wo® < o |y:.
Proof. Recall that p corresponds to o < o |, means that p Ko ? < &(o), where
S(0) is the SM (o) x M*(F)-representation on V,, defined in Theorem 3.1.5.
The first two properties are equivalent by a transport of structure via Ad(w) :
M?* — M*. The last two properties are evidently equivalent. Finally, the equivalence

between the second and the third properties follows by pulling p back via Ad(i) :
SM (o) = SM (o). -

Now, recall that Z¥ (o) is the projection to X M (o) of the center of SM (o).
Temporarily fix a preimage IﬂG for every n € XY () and define

(17) ZM(e) == eX%(m): forallwe Z¥ (o), 115 =151} > XY (o).
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Proposition 4.2.4. Let o, w, and 1 be as before. For any o* € T1,, (respectively p €
I1_(SM(0))), we have wo' ~ ¥ (respectively wp =~ p) if and only if n € ZM (o).

Proof. Let p € TI_(S™(0)) be the representation corresponding to o* € I1, by
Theorem 3.1.5. By Lemma 4.2.3, it suffices to show that wp >~ p if and only if
neZy()rk.

The elements in T1_(S™(0)) are described by a variant of the Stone—von Neu-
mann theorem for the central extension 1 — C* — SM(¢) — XM (o) — 1. Namely,
consider the data (L, pg) where

o L is a maximal abelian subgroup of S¥ (c);

* pp is an irreducible representation of L such that pg(z) =z forall z e C* C L.

Then p := IndiM(a)(po) is an element of TT_(S™ (0')). Every p e I1_(SY (0)) arises
in this way. Moreover, the isomorphism class of p is determined by its central
character. These facts are standard consequences of Mackey’s theory. See [Kazhdan
and Patterson 1984, 0.3] and the remark after Proposition 4.1.2.

We have wp = p oAd(InG ) by Lemma 4.2.2. To conclude the proof, it suffices to
show that Ad(InG ) fixes the central character of p if and only if n € Z¥ (o). This
is immediate. U

Corollary 4.2.5. Assume o € Iy emp(M) and o € Iy. Then we have L(c%) =
ZM (o)L, and the map T in Proposition 3.4.5 is an isomorphism

TRy — ZM(0) /X" (o), wW? > nXxM(0)
where w € W, and n € ZM (o) satisfy the relation
wo ~no.
Proof. This results immediately from the definition of L(cF). U

4.3. Cocycles.

Definition 4.3.1. Suppose for a moment that H is a finite group and N is a normal
subgroup of H. Let p be an irreducible representation of N and assume that
hp :=poAd(h)~' >~ p for all h € H. This is a necessary condition for extending
p to an irreducible representation of H, but not sufficient in general. Recall the
following construction of an obstruction ¢, € H 2(H/N, C*) for extending p, where
C* is equipped with the trivial H/N-action. We can choose intertwining operators
p(h) € Isomy (hp, p) for each h € H, such that

p(nh) =pm)p(h), p(hn)=p(h)p(n)
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for every h € H, n € N. Note that either of the equations above implies the other.
There is a C*-valued 2-cocycle ¢, characterized by

(13) p(hihy) =cy(hy, ho)p(h)p(ha),  hi,hy € H.

One readily checks that c,, factors through H/N x H /N, and thus defines a class
c,eH 2(H/N, C*). This cohomology class only depends on p itself.

The formalism can also be generalized to the case where H, N are central
extensions of finite groups by C*, and p(z) = z -id for all z € C*.

Let us return to the formalism of the previous subsection. In particular, we
assume P = MU C G and o € Iy temp(M) with the underlying vector space V.
Setm = Ig (0) as usual. Forevery n € ZM (o), we fix w e W(M), a representative
w € GY(F), and an isomorphism

i:no = wo.

Let p € IT_(SY(0)) be corresponding to o* € I1,. Proposition 4.2.4 implies
that wp =~ p for every n as above. Equivalently, p o Ad((l,? )~ 1) ~ p for every
InG € SY(m) in the preimage of n by Lemma 4.2.2. We will use the shorthand

p = poAd((1))).

As in Definition 4.3.1, one considers the problem of extending o to the preimage
of ZM(0)* in S (7). Recall that Z¥ (6)+/ XM () = R,: by Corollary 4.2.5. The
goal of this subsection is to describe the obstruction class ¢, € H 2(R,:,C*) so
obtained.

Recall that in Theorem 3.1.5, we have defined an S¥ (') x M*(F)-representation
6 = G&(o) on V,. Analogously, we define G(no) and S(wo); all of them are
realized on V,. We fix an embedding ¢ : p K o? < S(0) of SM (o) x M*(F)-
representations. By Lemma 4.2.3, the same map gives ¢ : p X o * < S (o) and
1: pXo? < S(no) with appropriate equivariances.

Lemma 4.3.2. For n, W, and o* fixed as before, we define &'(no) to be the
SM(no) x M*(F)-representation on V, defined by

&' (no) (I, x) =S (o) (AAI) 1, x), 1€S5M@no),x e M (F).
Then the map  induces an embedding of S™ (no') x M*(F)-representations
L Rot — &' (no),
and there exists a unique equivariant isomorphism

aXof (@) Rof = pRwot,
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Jor some a € Isomgwm ("0, p) and o (W) € Isomy: (o, of), which makes the
following diagram commutative:

i

&' (no) = S(wo)
oMot p R wot.

oMot (i) ~!
Observe that the pair («, o()~!) is unique up to {(z, z~!) : z € C*}.

Proof. The SM (no)-action on &'(no) makes i equivariant. The leftmost vertical
arrow comes from the original embedding ¢ : pXo* < & (o) by an Ad(I,f )~ L twist.
The images of the vertical arrows are characterized as the o (respectively wo*)-
isotypic parts under the M*(F)-action. Proposition 4.2.4 implies that 0% ~ wo*.
Therefore there must exist an equivariant isomorphism p XM o? = p X ot
that makes the diagram commute. Such an isomorphism must be of the form
aXot(@) . O

Lemma 4.3.3. Write rp:=rp(, o) and rp: :=rp:(0, o*). There is a commutative
diagram

1§ (o) —2— IS (o)

19 (t)T Tl,ﬁf ®

GP GP o~ _t
p@lpu(a)mpﬁlm(wo)

whose arrows are equivariant for the SM(Wo) x GH(F) and SM (o) x G*(F)-
actions.

Proof. Without loss of generality, we may assume p = Hom,: (0%, o), that is, the
multiplicity space. The embedding ¢ : pXo¥ < o can be taken to be € @ v > €(v).
Then the commutativity of the diagram follows by applying Theorem 3.3.4 to
each € € Hom,,: (0¥, o). The equivariance of the horizontal arrows results from
Theorem 3.3.4 and the functorial properties of rp(w, -), rp: (W, -). O

Lemma 4.3.4. With the notations of Lemma 4.3.2, there is a commutative diagram

rp(,0) oIS (i)

1§ (no) 1§ (o)
11(;“ﬁ (L)T Tlff 0)
it it
oI5 (oF) p RIS (%),

aIERPt(IZ),a:)_'
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where we set R p: (0, o) 1= 0% () o rp: (0, 0%), by using the pair (o, o*(0)~") of
isomorphisms in Lemma 4.3.2.

Proof. This is the concatenation of the diagram in Lemma 4.3.3 and the one in
Lemma 4.3.2, after applying 15, (- ). O

Proposition 4.3.5. Let ¢, be the obstruction of extending p to the preimage of
ZM (o)t in SO (), and ¢yt the class attached to R,: in (7). Then we have

_ -l
cp=cC_;

in H>(R,:, C*).

Proof. Fix 1 : p XKo" <> o. Also fix a set of representatives 1 € G*(F) for each
w € Ry:. For each n, together with the auxiliary choice i : no => wo, the top row of
the diagram in Lemma 4.3.4 gives an operator IUG oAn_1 : Il(f (no) = Ig (o) for some
19 € 89(r). The isomorphism A, : nIS (o) = IS (o) has no effect after restriction.
Therefore Lemma 4.3.4 asserts that InG is pulled-back to oo X R p: (0, %)~ under

8
IS 0.

Now we can forget i and vary IUG in the preimage of 1 in S (), which is a
C*-torsor. Regard o = oz(InG ) as a function of 19 it is well defined once we have
pinned down the operator o*() coupled with .

Suppose that 1 is replaced by nw, where w € X" (0); accordingly, If is replaced
by 1915, where I} € $" (o) lies in the preimage of w and 1)/ + IS . This does
not affect the chosen data w and ¢. On the other hand, the diagram in Lemma 4.3.4
says that o X R p: (0, o¥) ! is replaced by

aop(IMYR Rp: (0, 0™~

It follows that we can pin down the operators o* (i), and introduce a well-defined
function
InG — oz(InG) € Isomgum ("0, p),

for every If in the preimage of n € Z¥ (0)% in SY (), such that
« 1 is pulled-back to (/%) X Rp: (i, 0¥)~! under 15, (1);
« a(IC15) = a(I)p(1}!) for every @ € XM (o) and 1} in its preimage.

Such a family of intertwining operators meets the requirements of Definition 4.3.1.
Thus the obstruction can be accounted by the C*-valued 2-cocycle ¢, given by

a(IE17) = cplwe, wa(IH)a (1), & nezM@)",

where w, € R,: denotes the element determined by 7 as in Corollary 4.2.5. The
same is true for we.
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On the other hand, write w,, — w,, for the map that picks the chosen representative
for w, € R,:. Equation (7) defines a 2-cocycle c,:. For every &, n € ZM (o)L, we
obtain

Rps(Wey, 0%) = Rps (iye, o) = o (wy, we) R ps(Wy, 0% R pa (g, 0F).
All in all, the pull-back of I§G IUG by I}?:’j (1) equals
¢p(We, wy)cy: (wy, we) ™" - (the pull-back of IS) o (the pull-back of 17).

Therefore ¢, (wg, wy) = ¢/, (wg, wy) := cor(wy, we). It is routine to check that
. (R,:)> — C* is also a 2-cocycle. Denote by ¢, . the cohomology class of ¢/ ..
It remains to show that ¢/ . = c;,jl. We use the following observation: let A be a
finite abelian group acting trivially on C*; we claim that there is an injective group
homomorphism

2
comm: H*(A, C*) — Hom(/\ A, CX), e [x Ay c(y, )elx, )1,

where c is any 2-cocycle representing the class ¢. Indeed, let
1>C*>A—>A—1

be the central extension corresponding to ¢. Then (x, y) — c(y, x)c(x, y)_1 is just
the commutator pairing of this central extension. The injectivity results from the
elementary fact that such an extension splits if and only if A is commutative.

Apply this to A = R,#. Since comm(c; ) = comm(c;ul), we deduce c; ,=C
as asserted.

-1

ot?

5. The inner forms of SL(N)

5.1. The groups. Fix N € Z>; and let G* := GLp(N). Let A be a central simple
algebra over F of dimension N2. There exist n € Z- and a central division algebra
D over F satisfying

n?.dimp D = N2,

such that A is isomorphic to Endp(D"). The division F-algebra D is uniquely
determined by A. We put
Nrd := the reduced norm of A,
GLp(n) := A™,
SLp(n) :=Ker(Nrd : A — Gp).

We can regard A as a reductive F-group. It is well known that A +— A induces
a bijection between the central simple F-algebras of dimension N2 and the inner
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forms of G*. Given A, or equivalently, given (n, D) as above, we shall always
write

G :=GLp(n).

Under an inner twist ¥ : G X p F => G* x F, the determinant map det : G* — Gy,
corresponds to Nrd : G — Gy,. Since the parametrization of the inner forms of an
F-group G* only depend on G, the map A > SLp(n) establishes a bijection
between the central simple F-algebras of dimension N2 and the inner forms of
SLy(F). We write

G":=SLp(n) = Gger-

Note that G(F)/G*(F) = (G/G*)(F) = F*, since H'(F, G?) is trivial by the
Hasse principle.

As mentioned in Section 3.5, the inner twist 1 gives a correspondence between
Levi subgroups: the Levi subgroups of G is of the form

,
MZHGLD(W), ni+---+n,=n,

i=1

and the corresponding Levi subgroup of G*, well defined up to conjugacy, is simply

,
M* =] [ GLr(n; - dimp D).
i=1
The L-groups of G and G* are easily described. We have
G =G*=GL(N, 0),
G* =PGL(N, ©),
Gsc = (GH)sc = SL(N, ©),
Zgy. = ZGh. = N (€)= {z € C*: N =1).
These complex groups are endowed with the trivial Galois action, thus LG=GxWg
and “G* = G* x Wg. The inclusion G* < G is dual to the quotient homomorphism
GL(N, C) — PGL(N, ©).
It is also possible to describe the characters xg = xg: in (13) explicitly. Observe
that I' 7 acts trivially on Zg_ ., and one can identify the Pontryagin dual of Zg . =

un(C), denoted by ngc, with Z/NZ: a class e € Z/NZ corresponds to the
character z — z¢. For the inner form G = GLp(n) of G* = GLf(N), we have

(19) XG € ngc corresponds to (n mod N) € Z/NZ.

Later on, the results of Section 4 will be applied to the tempered representations
of G(F). This is justified by the following general result.
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Theorem 5.1.1 [Sécherre 2009]. Let P = MU be a parabolic subgroup of G and
o € Myit(M). Then 1 1(3; (o) isirreducible. In particular, Hypothesis 4.0.2 is satisfied
byo.

Note that the tempered case is already established in [Deligne et al. 1984].
5.2. Local Langlands correspondences. This subsection is a summary of [Hiraga
and Saito 2012, Chapter 11].

Local Langlands correspondence for GLp(n). Using the local Langlands corre-
spondence for G*, we can define the notion of G*-generic elements in ®(G): a
parameter ¢ € ®(G) C P(G*) is called G*-generic if it parametrizes a generic
representation of G*(F). This defines a subset ®+_gen(G) of P (G).

Theorem 5.2.1 [Hiraga and Saito 2012, Lemmas 11.1 and 11.2]. Let G = GLp(n)
and G* = GLg(N) as in Section 5.1. There exists a subset T1g+_gen(G) of TI(G)

satisfying
® HG*—gen(G) D) Htemp(G),
o TGrgen(G) is stable under twists by (G(F)/G*(F))?,

and a canonically defined bijection between TG+ gen(G) and @ G«_gen(G), denoted
by w < ¢, such that

l_IG*—gen (G) ~ cI)G*—gen (G)

Htemp(G) -~ Dpaa(G)

M temp(G) < ®2,pda(G).

The correspondence satisfies the following compatibility properties.
(i) When G = G*, the usual Langlands correspondence for GLg(N) is recovered.

(1) Givenm <> ¢ anda € Hclom(Wp, Z¢), let n be the character of G(F) deduced
from a by local class field theory. Then we have wm < a.

(iii) Given a Levi subgroup M = ]_[l.el GLp(n;) of G, let 0 :=W;cj0; € Miemp(M).
Let ¢y € Ppaa(M) such that o <> ¢y and let ¢ be the composition of ¢y with
some L-embedding Ly — L@, Then, for any P € (M), we have

IS(0) < ¢.

Note that, in the last assertion, ,9 (0) is irreducible according to Theorem 5.1.1.
The definitions of I1g+_gen(G) and 7 <> ¢ are based upon the local Langlands
correspondence for G* and the Jacquet—Langlands correspondence for essentially
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square-integrable representations. We refer the reader to [Hiraga and Saito 2012,
Section 11] for details; the compatibility properties are also implicit. Only the
tempered/bounded case of the theorem will be used in this article.

Local Langlands correspondence for SLp(n). Let G = GLp(n) and G'=Gyer =
SLp(n), so that the formalism in Section 3 is applicable. The idea is to define
the packets I1,: via restriction, by combining the results in Sections 3.1 and 3.5.
Let ®Grgen(G®) be the set of ¢* € ®(G*) such that ¢ € Pgrgen(G) for some
lifting ¢ of ¢* (hence for all liftings, since twisting by characters does not affect
G*-genericity). For any ¢* € @ G+-gen(G¥), define the corresponding packet by

[y: :=Tl;, 7 <> ¢ for some lifting ¢ € PG+ gen(G).

By Proposition 3.1.2 and Theorem 3.5.1, the definition of ITy: does not depend on
the choice of lifting.
On the other hand, set

nG*—gen(Gt) = |_| [y,
big

where 7 ranges over the (G(F)/Gﬂ(F))D—orbits in [TG+_gen(G). Our version of the
local Langlands correspondence for G* is stated as follows.

Theorem 5.2.2 [Hiraga and Saito 2012, Chapter 12]. We have
Miemp(G*) C Mrgen(G),
and there is a decomposition

(20) Moegen(GH= || Mg,
¢u€¢G*7gen (Gﬁ)

which restricts to

Htemp(Gu) = |_| H¢ﬁ,
¢*€DPiemp(G?)
HZ,temp(Gu) = |_| H¢t.

¢:€®2.lemp(G:)

Proof. The assertion follows from Proposition 3.1.3, Theorems 5.2.1 and 3.5.1, and
Proposition 3.1.2. O

Note that each packet Iy is finite. From the endoscopic point of view, in order
to justify the correspondence (20), one has to explicate

(i) the internal structure of the packets T1:,
(ii) their relation to S-groups,

(iii) the endoscopic character identities for G*.
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We will recall the definition of S-groups (or, more precisely, their component
groups, called ¥-groups) in the next subsection, then summarize its relation to the
internal structure of packets; this is one of the main results in [Hiraga and Saito
2012]. The character identities will not be used in this article; we refer the interested
reader to [Hiraga and Saito 2012, Theorem 12.7].

Normalizing factors. Choose a nontrivial additive character ¥r : F — C*. Now
we can exhibit a canonical family of normalizing factors for G and G* with respect
to ¥r.

Let us begin with G. According to the construction in Remark 2.2.3, it suffices
to consider the case of inducing representations o € Il emp(M), where M is a Levi
subgroup of G. When D = F, or equivalently, G = G* = GLp(N), the formula
in Remark 2.2.2 furnishes a family of normalizing factors in the tempered case,
by the Langlands—Shahidi method. To pass to the nonquasisplit case, we use the
preservation of p-functions by Jacquet-Langlands correspondence [Aubert and
Plymen 2005, Theorem 7.2] (up to a harmless constant depending only on D and n).

From Theorem 3.3.4, we deduce a canonical family of normalizing factors for
GP*, at least for the inducing representations o* whose central character is unitary.
In what follows, the normalized intertwining operators for G and G* are assumed
to be defined with respect to these factors.

5.3. Identification of S-groups. Generalities. To begin with, we summarize the
definition of the S-groups in the nonquasisplit case by following [Arthur 2006].

Definition 5.3.1. Let G be a connected reductive F-group. Choose a quasisplit
inner twist ¥ : G xp F — G* xp F as well as an F-splitting for G*(F) to define
the L-groups. Let ¢ € ®(G™). We set

Sp.ad = Zg(Im(@))/ Z5" <> (Zg(Im($))Z5)/Z5 C Gav,
S¢.sc := the preimage of Sy 4q in asc,

Sy :=10(Sp,ad> 1),

Fyp = 710(Sp.ser 1).

From the central extension 1 — Zge = Spsc = Sp.aa — 1, we obtain another
central extension

1—>z¢—>§’¢—>9’¢—> L,
where
Zy:=Z25,./(Zg,. NSy o) =Im[Zg, — ).

Remark 5.3.2. When G is an inner form of SL(N), we recover the definition of
the modified S-groups in [Hiraga and Saito 2012].
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The relevance condition of L-parameters intervenes in the following result. Recall
that we have defined a character xg of Z g‘; . in (13).

Lemma 5.3.3 [Hiraga and Saito 2012, Lemma 9.1]. If ¢ € ®(G), then
xG: Z5F — C¥
Gsc
is trivial on ngc N Sg,sc.

By abuse of notations, the so-obtained character of Zg’; . [(Zg. N Sg,sJ C Zp is
still denoted by x. Also note that xs depends only on G ap.

Proof. Let us reproduce the proof in [Hiraga and Saito 2012] here. Let M = My be
a minimal Levi subgroup of G through which ¢ factorizes (we used the relevance
condition here). By the recollections in Section 3.5, Z]%’: C’O is a maximal torus in
89 s Therefore ‘

0 . _ 5Tx0 Tr
SpseNZGg = ZMF N Z(A?;c’
and the last group is contained in Ker(x¢) by [Arthur 1999, Corollary 2.2]. U

Consider the familiar situation Ggor C G* C G (cf. Section 3.5), so that we have
the I' p-equivariant central extension

1-Z2' G025 Gt 1.

Let ¢ € ®(G) and ¢* := pro ¢ € ®(G*). The definitions above pertain to
(G*, ¢*) as well. Set

X9($) :=la € Hyp(Wr, Z%) - ap ~ ¢}.
This is a finite abelian group (cf. the proof of Theorem 3.5.1).

Lemma 5.3.4. Lets € Sy: o4, regarded as an element of G? /Z g\g . Then s determines

aclassa € HL  (Wp, Z%) characterized by

o
(21 Sp(w)s ' =aw)p(w), we WD,
where

e5eGisa lifting of s,

e a: Wp— Z"is some 1-cocycle representing a, inflated to WD .
This induces an exact sequence

FPp— Lo — X9 (¢) — L.
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Proof. Choose a lifting § € G. Since s centralizes ¢*, there exists a continuous
function a : WDy — Z* satisfying (21). It is straightforward to check that a is
inflated from a 1-cocycle Wr — Z*. The 1-cocycle a does depend on the choice of
§, but its class @ € HL (W, Z") is uniquely determined by s; it is also obvious
that s — a is a homomorphism. Conversely, every s that satisfies (21) for some
§, a clearly belongs to Sy ,4. Hence the image of s — a equals X G (¢), by the very
definition of X (¢).

If s is mapped to the trivial class in X (¢), we may choose § so that §¢5~! = ¢;
therefore s comes from Sy .4, and vice versa. Hence we have an exact sequence of
locally compact groups

Sp.ad = Sgr.aa = X () > 1.

By a connectedness argument, we may pass from the S-groups to the ¥-groups
that give the asserted exact sequence. U

The case of the inner forms of SL(N). Let us revert to the situation where

G =GLp(n),
G* =GLp(N),
G* =SLp(n),

X6 : Zgy = 1N (€) > C¥.

It is well known that ¥ = {1} for every ¢ € ®(G*). Indeed, Z;(Im(¢)) is a
principal Zariski open subset in some linear subspace of Maty xy (C), and thus is
connected; so is its quotient by Z {A;F =Zz=C*.

Let ¢* € ®(G*) with a lifting ¢ € ®(G). Hence Lemma 5.3.4 yields a canonical
isomorphism

Pz => X ().

Assume henceforth that ¢* € @ G+.gen(G*), 50 ¢ € PGrgen(G) as well. The local

Langlands correspondence for G (Theorem 5.2.1) is thus applicable. Since the

local Langlands correspondence is compatible with twisting by characters, we have
X% (¢) = X% (7), where w <> ¢. Therefore we deduce the natural isomorphism

(22) Lo = XG(JT), where m < ¢, (;5ti =proo.

Also observe that x¢ induces a character of ij by Lemma 5.3.3, since I'r acts
trivially on Zg. ..

Theorem 5.3.5 [Hiraga and Saito 2012, Lemma 12.5]. Let = CDG*_gen(Gﬁ)
with a chosen lifting ¢ € PG+ gen(G). Let w € e gen(G) such that w1 < ¢
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by Theorem 5.2.1. Then there exists a homomorphism
A g’(pn — §¢ ()

such that the following diagram is commutative with exact rows:

1 2¢ﬁ §)¢n Ef¢u 1

Xcl |« |-

] —C* —8%@n) — X%(n), —= 1

where the rightmost vertical arrow is that of (22).

Moreover, A is unique up to Hom(X 6 (), C*), that is, up to the automorphisms
of the lower central extension, and upon identifying & y: and X G (m), this diagram
is a push-forward of central extensions by xg.

Note that the assertions about uniqueness and the push-forward are evident; the
upshot is the existence of A.
Let ¢*, ¢, 7 be as above. Put

(P e, x6) = {p € N(Fye) :forall z € Zye, p(2) = x6(2)id}.
The homomorphism A in Theorem 5.3.5 induces a bijection
(P gz, x6) => T_(S9 ().

Recall that in the local Langlands correspondence for G* (Theorem 5.2.2), the
packet ITj: attached to ¢* is defined as I, the set of irreducible constituents of
7|g:. Combining Theorem 3.1.5 with Theorem 5.3.5, we arrive at the following
description of the packet ITg:.

Corollary 5.3.6. Let ¢°, ¢, 7 be as above. Let Hom(X© (), C*) act on [y: via

the canonical isomorphisms Ty = T, =TI_(§ G(1r)). Then there is a bijection
H(§’¢t, xG) = Ty,

which is canonical up to the Hom(X© (), C*)-action on [Ty

When G is quasisplit, xg will be trivial and H(§’¢t, xc) = I1(¥4:); the bijection
in Corollary 5.3.6 can then be normalized by choosing a Whittaker datum for G¥;
cf. [Hiraga and Saito 2012, Chapter 3]. In general, however, there is no reason to
expect a canonical choice of the bijection H(§’¢:, XG) = Tys.

5.4. Generalization. Consider the following abstract setting.

o Let M, M*, Mg be connected reductive F-groups such that M has a split inner
form M*, and
Mger C M C M* C M.
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e For m € TI(M), let S¥(7r) and XM (1) be the groups defined in Section 3.1
relative to M*, and denote by S(])” (m), X 8” (r) the groups defined relative to
M.

» Assume that there are subsets ITge, (M) and Pgen(M) of IT(M) and @ (M),
respectively, together with a “local Langlands correspondence” w <> ¢ be-
tween [ge, (M) and P, (M) that is compatible with twist by characters, as in
Theorem 5.2.1. We define ®gen (M e} (respectively CIDgen(Mg)) to be the set of
L-parameters that lift to [Tge, (M %) (respectively ngn(Mg)) via Theorem 3.5.1.

o Assume that ¥4 = {1} for every ¢ € ®gen(M).

Let ¢ € ®gen(M) and 7 € Igen(M) such that w <> ¢. As before, we deduce

L-parameters ot e Doen(M %) and qﬁg € QDgen(MS). First of all, let @ be one of the
subscripts “ad” or “sc”. We have

0 0

S¢t,° - S¢g’. and S¢:’. - qug’..
In view of the definitions in Section 5.3, we deduce natural isomorphisms w, i that
fit into the following commutative diagram:

n
Fpp ————F

s

K
<

|:

<

(23) ]

= ft
Ty ———
CX

Secondly, we have XM () C X} (r) as subgroups of M (F)”. Consequently,
SMry S(I)VI (). Iterating the arguments for (22), we obtain the commutative
diagram

~

Z¢g.

Sy — XM ()

(24) u«Jﬂ

I gz — Xg' ().
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Theorem 5.4.1. Let ¢ oF, qbo, and 1w be as above. Assume that there exists a
homomorphism Ay : g o So M (1) such that the following diagram is commutative
with exact rows:

~

1 Z¢8 9’¢8 ff’¢g 1

(25) XMJ le l:

| —=C* ——=S{(m) —= XY (m) — 1.

Then, by setting A := Ago i : g)¢: — Sé”(n) (cf- (23)), the image of A lies in
SM (1) and the analogous diagram below is commutative:

1 2¢ﬂ E?(bn Efd)ﬁ 1

(26) xn j lA l:

] —C* —— SM(7) — XM(7) — 1.

Consequently, there is a bijection
H(§J¢t, xG) = Ty,
which is canonical up to the Hom(X G (), C¥)-action on [Ty:.

Proof. Lets e Ef’d,u, denote by s its image in Sz, and set 5o := u(s) € 8’ . Let
n € X} () be the character coming from A(5) := Ag(i2(5)) € SY (7). Then by
(25) and (23), n is the image of sy under 9) = X, M(7); using (24), it is also the
image of s under ¥y: ~ XM(m). If we coan show A(5) € SM(x) for all §, the
rightmost square in (26) will commute. Since the square

M) ——= xM(m)

]

Sy () —= X ()

is commutative and cartesian for trivial reasons, it follows that A(5) € S™ ().
Hence the image of A lies in S (;r). This also finishes the commutativity of the
rightmost square in (26).

Consider the leftmost square in (26). It follows from (23) that, for all z € Z¢:,
we have

A(z) = Ao(n(2) = xm (i1(2)) = xm(2).

Hence the leftmost square is commutative as well.
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The bijection H(g)d,j, xc) = Iy follows easily from the previous assertions,
as in the proof of Corollary 5.3.6. U

Remark 5.4.2. The conditions of Theorem 5.4.1 are satisfied if M is a Levi sub-
group of GLp(n), say of the form

M=l_[GLD(n,'), Zni=n

iel iel
and
Mg := Mg = [ [ SLo ().
iel

We simply set [Tgen (M) := [psgen (M) and Pgen(M) := P ppr_gen (M) by a straight-
forward generalization of the definitions in Section 5.2. The correspondence 7 <> ¢
follows from that in Theorem 5.2.1, applied to each index i € I. The group M* can
be any intermediate group between Mg and M, including the important case where

M*:=MNSLp(n) = {(x,-),-el eM: [ [Nrd(x;) = 1}.
iel
Therefore, Theorem 5.3.5 and Corollary 5.3.6 can be generalized to the Levi
subgroups of SLp (n).

Indeed, it suffices to verify the commutativity of the diagram (25). Writing
7w =W,y and ¢ = (¢;);es, the results in Section 5.3 applied to each i € I gives
a commutative diagram similar to (25), except that its bottom row is the central
extension

27) 1— (€9 - [[s" (i) - X§ () > 1
iel

and y,, is replaced by

[ T xLom : Z,)g — (C".

iel
To obtain the desired short exact sequence, it remains to take the push-forward of
(27) by the multiplication map (C*)! — C*.

6. The dual R-groups
6.1. A commutative diagram. As in Section 5.1, we take
G =GLp(n), G*=GLp(N), G*=SLpn).

We also fix a Levi subgroup M of G and set M* := M N G*.
To define the dual groups "G, "M, etc., we fix a quasisplit inner twist ¥ :
G x p F => G* x p F which restricts to a quasisplit inner twist M X F=> M*xpF,
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as well as an F-splitting for G* that is compatible with M*. Therefore there is a
canonical L-embedding “M < “G. The same is true for “G* and - M?.

As usual, the natural projections “G — “G* and "M — “M* are denoted by pr.
Put

M
Consider ¢y € Do paa(M). Let ¢ be its composition with LM < LG. Set
¢5 =Progy € Prpa(M?) and ¢° :=prog € Ppag(GH.

Every ¢* € ®pqq(G) is obtained in this way (recall Theorem 3.5.1).
The construction of the dual R-group associated to ¢*, denoted by Ry, is given
as follows. Define

Nq&”,ad = Nsd,:,ad(AA’Zt)’
Ny :=10(Ngs g5 1),

Wi = W (Sgt aa Ags) <> WE(M),

Wy, := W (Sp: o> Aj) < Wee,
— 0
R¢: = W¢n/W¢:

The meaning of W(- - -+ ) is as follows: for any pair of complex groups a C A,
the symbol W (A, a) denotes the group N4(a)/Z4(a). Note that WO, is the Weyl
group associated to some root system, as SO, 4 1s connected and reductrve

Since the centralizer of A5 in the connected reductive group S0 4 18 con-
nected, there exists a canomcal injection W — ‘ﬁw From the results recalled
in Section 3.5, the torus A ;7; is a maximal torus in S 4 Using the conjugacy of
maximal tori, one sees that the inclusion map Ny o9 ;> S¢ﬁ,ad induces a canonical
isomorphism ,: / W;): = Py

On the other hand, we also have canonical injections

S ¢ﬁ — ¢ ot
54 ¢u —> m¢n
The first one follows from the fact that

70r _ ZFF 7070,
ME M
see [Arthur 1999, Lemma 1.1]. The injectivity of the second map follows; moreover,
its image is characterized as the elements fixing A ;7 pointwise.

The relations among these groups are recapltulated in the following result.
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Proposition 6.1.1 [Arthur 1989b, Section 7]. The groups above fit into a commuta-
tive diagram

1 1
Wy, Wy,
1l — ¢ o, Ny W 1
|
I, Py R, 1
1 1

whose rows and columns are exact.

The arrow Fy: — Ry is uniquely determined by the other terms in this diagram;
cf. the proof of Lemma 6.2.1 below.

The same constructions can be applied to ¢ and ¢,,. The corresponding objects
are denoted by Wy, Wg , etc.

Upon identifying Wa(l\//f ) and WY (M), we can make Wy: act on the tempered
L-packet ITy:. For any o € I, define

Wis ot := Staby, . (0%),

0 — i
W¢n’an = Stabwgﬁ (G ),

R¢,n’(,u = W¢n,0:/Wgﬁ,gﬁ'

The last object Ry: ¢, viewed as a subgroup of Ry, is what we want to compare
with the Knapp-Stein R-group R,:.

6.2. Identification of R-groups. Retain the notations of the previous subsection
and fix a parabolic subgroup P € P(M). We shall always make the identifica-
tion W6 (M) = WGn(M %). The results in Section 4 are applicable to tempered
representations of M (F) by Theorem 5.1.1.

Henceforth, let o € I3 temp(M) (respectively 7 € Iiemp(G)) be the representa-
tions corresponding to ¢y (respectively ¢) by Theorem 5.2.1. Then we have

7 ~1I5(0).
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Recall that we have defined canonical isomorphisms
Fge => X9() and ;= XY (0)
M

in Section 5.3-5.4. By inspecting the construction in Lemma 5.3.4, we see that
these two isomorphisms are compatible with the embeddings 9’ < 8’¢ and
XM (o) < X% (o). Therefore we obtain y : X% (7)/ XY (0) = Ef’¢n /Yy

Lemma 6.2.1. Define an isomorphism
X%y xMo) L Ppi/S g = Wiz Wp. =: Ry,

where the second arrow is given by Proposition 6.1.1. Then it is characterized by
the equation
no >~ wo
whenever
T'(n mod X™(5)) = w mod WY,

foralln e X% () and w € W
As the notation suggests, we set T to be the inverse of T~

Proof. The equation no >~ wo clearly characterizes ! Let n e X%(r) and
aecHL (Wg, Z*) which corresponds to 7, together with a chosen 1-cocycle a
in the cohomology class of a. Since L(o) = X% (1) by Proposition 4.2.1, there
exists w € WY (M) such that no >~ wo. On the dual side, it implies that there exists

te N@(A//i ) representing w, such that

ot~ ' =ag.

This implies that 7 mod Zg belongs to Sy: .4, and its class [¢] in ¥z corresponds
to n (recall the construction in Lemma 5.3.4).

On the other hand, we have 1 € Ny: ,q and its class [t] in 91y: is mapped to [7]
under the arrow Mgz — F4: in Proposition 6.1.1. One can also apply the arrow
Nyz — Wy to [t]; since Wy is identified as a subgroup of W (M), the image is
simply w.

Upon some contemplation of the diagram in Proposition 6.1.1, one can see that
the image of [7] under ¥ y: — Ry: is just w modulo WY, completing the proof. [

Recall that we have defined the group W, C WY (M). In view of Lemma 3.4.3
and Proposition 4.2.1, we have a canonical isomorphism

T:Wo /W, = X%)/ XY (o).

This is to be compared with r: Wd):/Wgc = XG(r)/ XY (o).
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Proposition 6.2.2. We have

(i) Wo = Wy,
(11) W = Wgﬁ’
Gii) I =T.

In particular, Ry: > XG(n)/XM(a).

Proof. The first assertion follows from the definition of W, and Theorem 3.5.1.
Hence ' and T can be regarded as two surjective homomorphisms from W:
onto X% (7)/ XM (o). However, they admit the same characterization (of the form
no =~ wo) by Lemmas 6.2.1 and 3.4.3, and hence are equal. This proves the
remaining two assertions. (]

Proposition 6.2.3. Forall o* [14:, we have that
(1) Wor = Wye 5e,
(i) W0, = W(gn,gt,

(iii) the restriction of T to Wy ot/ Wgﬁ’(ru induces an isomorphism
Ws ot/ Wys oo <> ZM(0)/ XM ().
In particular, Ry: o: = R,:, and the isomorphisms T, T from these R-groups
onto ZM (o)) XM (o) coincide (recall Proposition 3.4.5 and Corollary 4.2.5).
Remainder: the group ZM (5)* above is defined in (17).

Proof. Our proof is based on the previous result. The first assertion follows
immediately from the disjointness of tempered L-packets. By Lemma 3.4.1 and
the fact that W, = W2, we have

Wgaaj = Wq?: NWyr = Wo N Wy
=W N W, =W2,.

The second assertion follows and the third assertion is then immediate from
Proposition 4.2.4. U

Note that the proof for the isomorphism r: Ry: o0 —> ZM (o)t XM (o) is
independent of the Knapp—Stein theory.

The behavior of the local Langlands correspondence (Theorem 5.2.2) for G¥ and
its Levi subgroups can now be summarized as follows.

Theorem 6.2.4. Let G, G* and P = MU, P* = M*U be as before. For qbﬁ,l in
Dpaa(MY), let ¢* € Draa(GP) be the composition ofqb[ﬁw with “*M* — LG®,



84 KUOK FAI CHAO AND WEN-WEI LI

(1) Foreveryp € & ol X w), parametrizing an irreducible representation o* €
M

¢n , the map

f
I]?Ii (Gﬁ)v

F .
regarded as a virtual character of G*(F), corresponds to that of Indgf’: (p).
Pm
(ii) For any o* as above, Igﬁ (o%) is irreducible if and only if ZM (o) = XM (o)
for some (equivalently, for any) o € Ilemp(M) such that o oy

(ii1) If(,bﬁ,[ € CDg,bdd(Mn), we have natural isomorphisms

Ry = X% )/ XM (),
Ryt ot = Ryt = ZM(0) 7/ XY (0),

where we set T = Ig (0) € iemp(G), for any choice of o € T temp(M) such
that 6% < o |y

@iv) For ¢ﬁ,1, 0%, and p as above, the class c,: € H 2(R(,n, C*) of (7) corresponds
to c;l, where ¢, € Hz(Rd):,an, Ci) is the obstruction for extending p to a
representation of the preimage in ¥ y: of Ry: 5+ (see Definition 4.3.1).

If G* is quasisplit, ZM (o) = X9 () and R -1 = Rz splits.

As mentioned in the Introduction, this settles Arthur’s conjectures on R-groups
for G*.

Proof. The first part is nothing but a special case of Proposition 4.1.2. The second
part then results from the proof of Proposition 4.2.4; the independence of the choice
of o is clear. The third part results from Propositions 6.2.2 and 6.2.3. The fourth
part is the combination of Proposition 4.3.5 and Theorem 5.4.1.

Finally, S¢ (7r) is commutative when G* is quasisplit, as xg = 1. Hence we have
ZM (o)L = X% () and p can always be extended in that case. ([l

Remark 6.2.5. The decomposition of Ignﬁ (%) depends on qbfw, but not on the
element o®. This is not expected to hold for other groups.

Remark 6.2.6. We have limited ourselves to the tempered representations. How-
ever, if the local Langlands correspondence (Theorem 5.2.2) and Theorem 5.3.5 can
be extended to Arthur parameters wﬂ :WDr x SU(2) — LG* (see [Arthur 1989,
Section 6]), our results should be applicable to Arthur packets T1,,: as well, except
the part concerning the Knapp—Stein R-groups R,:. Note that the crucial lifting
Theorem 3.5.1 also holds for Arthur parameters; see [Labesse 1985, Remarque 8.2].
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6.3. Examples. The next example on R-groups will be constructed using Steinberg
representations, whose definitions are reviewed below.

Definition 6.3.1. For the moment, we assume G to be any connected reductive
F-group. Fix a minimal parabolic subgroup Py of G. The Steinberg representation
Stg of G is the virtual character of G(F) given by

Stg 1=y (=D, ),
PDPy
P=MU

where the sum ranges over the parabolic subgroups P containing Py and 1,; denotes
the trivial representation of M (F’).

The basic fact [Casselman 1973] is that St; comes from a smooth irreducible
representation in Iy emp(G), which we denote by the same symbol Stg. It is clearly
independent of the choice of Fp.

Lemma 6.3.2. For G as in Definition 6.3.1 and a subgroup G* satisfying
Gaer C G* C G,

we have
StGlGﬁ =~ StG:.

In particular, the group X© (Stg) defined in Section 3.1 is trivial.

Proof. Recall the bijection P — P := P N G* between the parabolic subgroups
of G and G*. Since (1;)|,+ = 1;: for any Levi subgroup L of G, the first isomor-
phism follows by comparing the formulas defining St and Sts:, together with
Lemma 3.2.1. Hence the restriction of Stg to G* is irreducible. It follows from
Theorem 3.1.5 that X% (Stg) = {1}. O

Let us revert to the setting G = GLp(n) and G* =SLp(n).

Example 6.3.3. We now set out to construct an example in which ﬁan — R,: does
not split for every o* < o|y.

First of all, there exists GLp(m), for some choice of D, m, and a representation
T € I3 temp(GLp (m)) such that §GLo(M) (&) is noncommutative. Indeed, for m = 1
and D equal to the quaternion algebra over F, Arthur exhibits [2006, Page 215] an
L-parameter ¢; € @3 temp(D™) such that

« ¥ r is isomorphic to the quaternion group of order §;
. Zp, corresponds to {£1}.

In fact, ¢, factors through a homomorphism Gal(K / F) — PGL(2, C), where K is
a biquadratic extension of F, whose image is generated by the elements [(1) _(1)] and

[{4] in PGL(2, C).
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Since xpx is injective on be by (19), Theorem 5.3.5 entails that S°” (7) is
noncommutative.

Take 7, w € XOL2™ (1) so that their preimages in S-2(") (1) do not commute.
Let ¢ (respectively d) be the order of n (respectively w). Put St := Stgr,n) and
take

M :=GLp(m)x [| GLp(m),
e

G :=GLp(m(cd + 1)),
o=tx X p~lo/Ist,

1<i<c
I<j=d

= Ig(a) for some P € P(M).

Here XM (o) is defined relatively to M* := G* N M where G*=SLp(m(cd+1)).
The presence of St forces X (o) to be trivial, by Lemma 6.3.2. Hence 6% := o |-
is irreducible, and it is parametrized by the 1-dimensional character y; : Z 5 C*.
According to Theorem 6.2.4, the central extension ﬁa: — Ry: splits if and only if
p can be extended to §’¢:. This is the case if and only if SC () — X () splits,
by Theorem 5.3.5. Hence it suffices to show the noncommutativity of S (7).

Put L := GLp(m) x GLp(mcd) € $°(M) and set v := IIEQL(G). We claim
n, w € SE(v). Indeed, the GLp (m)-component of L does not cause any problem.
As for the GL p (mcd)-component, take representatives w,, w, in SLp(mcd) of the
cyclic permutations

Wy:l—=--—>c—1,

Wy:l—> - —>d—>1

of the indexes i and j, respectively. Then the intertwining operators J,, J,, are
given by the operators in (5) using w,,, w,,. Furthermore, J,, and J,, commute with
each other; this follows from (6) and the obvious fact that w, and w,, can be chosen
to commute.

From our choice of 7, w, it follows that the preimages of 1, @ in § L(v) do not
commute. Since ST (v) — SY () by Proposition 4.1.1, S¢ (7r) is noncommutative,
as required.

Example 6.3.4. Now we set out to show that the inclusion Ry: ,: C Ry: is proper
in general. By Theorem 6.2.4 and the notations therein, it amounts to showing that
ZM (o)t C XY(r) in general.

As in the previous example, we take some m > 1, a central division F'-algebra
D, and 1 € I3 temp(GLp(m)) such that X GLo(m) (7} contains 1, @ with noncom-
muting preimages in SGLo(M) (). Take another 7’ € I3, temp(GLp(m)) such that
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XGLotm £y = (). Denote by d the order of w. We take

M :=GLp(m) x [] GLp(m),
I<j=d

G :=GLp(m(d+1)),
o=tX X o/ ¢,
I<j=d
= Ig(a) for some P € P(M).

Therefore XM (o) = () (defined relative to M* = MNG*® with G* :=SLp(m(d+1))
as before), and SM (o) is commutative. In particular ZM (o) = XM (o) = ().

On the other hand, a variant of the arguments in the previous example show that
w,n € X%(r) with noncommuting preimages in SC (). Hence w € X9(r) and
w ¢ ZM(o)*, as required.

Note that such 7, v’ do exist when D is the quaternion algebra over F and m = 1;
in that case 1, w are identified with quadratic characters of F*. Indeed, a candidate
of T is given in the previous example. On the other hand, to construct ' for a given
n, we are reduced to constructing 7" € I temp(GLF(2)) with XOLr@ (¢ = {1, n}
and then taking 7 to be the Jacquet-Langlands transfer of t”.

To finish the construction, let E be the quadratic extension of F' determined by
n and let 6 : EX — C* be a continuous character. Set t” :=Indg,r(6) (the local
automorphic induction; cf. [Jacquet and Langlands 1970, Theorem 4.6]). Then
nt” = t”. From [Labesse and Langlands 1979, Pages 738-739], one sees that 7"
is cuspidal and | X O+ @ (7”)| = 2 for general 6, which suffices to conclude.
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AUTOMORPHISMS AND QUOTIENTS OF
QUATERNIONIC FAKE QUADRICS

AMIR DZAMBIC AND XAVIER ROULLEAU

A Q-homology quadric is a normal projective algebraic surface with the
same Betti numbers as the smooth quadric in P3. A smooth Q-homology
quadric is either rational or of general type with vanishing geometric genus.
Smooth minimal Q-homology quadrics of general type are called fake quad-
rics. Here we study quaternionic fake quadrics, that is, fake quadrics whose
fundamental group is an irreducible lattice in PSL;(R) x PSL,(R) derived
from a division quaternion algebra over a real number field. We provide
examples of quaternionic fake quadrics X with a nontrivial automorphism
group G and compute the invariants of the quotient X/G and of its mini-
mal desingularization Z. In this way we provide examples of singular (-
homology quadrics and minimal surfaces Z of general type with g = p, =0
and K2 =4 or 2 which contain the maximal number of disjoint (—2)-curves.
Conversely, we also show that if a smooth minimal surface of general type
has the same invariant as Z and same number of (—2)-curves, then we can
construct geometrically a surface of general type with cf =8,c;=4.

1. Introduction

In this paper we will be interested in Q-homology quadric surfaces, which are
normal projective algebraic surfaces with the same Betti numbers as the quadric
surface in P, that is, b; = 0 and b, = 2. A smooth @-homology quadric S has the
following numerical invariants: p,(S) =¢(S5) =0, e(S) =c2(S) =4, and c%(S) =8.
By the classification theory of algebraic surfaces, such S is either a Hirzebruch
surface ¥, (with £g=P! xP!) or S is of general type. The latter S is either minimal
or has at most one exceptional curve. Blowing down this (—1)-curve we obtain a
fake projective plane, that is, a smooth minimal surface of general type with the
same Betti numbers as the projective plane P2, being an example of a @-homology
projective plane. By the analogy with fake projective planes, we define a fake
quadric to be a minimal smooth Q-homology quadric of general type (see [Barth et al.
2004, p. 231; Hirzebruch 1987, p. 780; Iskovskikh and Shafarevich 1989, p. 195]).

MSC2010: primary 14G35, 14J10, 14J29; secondary 14J50, 11F06, 11R52.
Keywords: Q-homology quadrics, surfaces with ¢ = p, = 0, fake quadrics, surfaces of general type,
automorphisms.
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All known fake quadrics have H x H, the product of two copies of the complex
upper half plane, as the universal covering. Hence, such a fake quadric X is of the
form X = I"'\HxH, where I' is a torsion-free and cocompact discrete subgroup in
Aut(H x H), the group of holomorphic automorphisms of H x H. Essentially, we
distinguish between two classes of such quotients according to the structure of I'.

One class of fake quadrics consists of surfaces I \[HxH with the property that
the group I" is reducible. By reducible we mean that there exists a subgroup of
finite index I'" ="} x I'; of " such that the group I'; acts on H and C; =H/T; is a
smooth algebraic curve. This case is now well understood and the full classification
of these fake quadrics, named also fake quadrics isogenous to a higher product, has
been achieved by Bauer, Catanese and Grunewald in [Bauer et al. 2008]. In practice,
this classification and construction is done geometrically by classifying triples
(Cq, C3, G) of two smooth curves C; of general type and a group G, such that G
acts faithfully and freely on the surface C; x C; and the quotient (C; x C)/G has
the asked invariants.

In this paper we will focus on fake quadrics of the other class, which we call
quaternionic fake quadrics. These fake quadrics are Shimura surfaces, that is,
quotients of H x H by cocompact irreducible arithmetic lattices I' in Aut(H) x
Aut(H), defined by an indefinite quaternion algebra over a totally real number field.
Within the general framework of Prasad and Yeung on fake compact symmetric
Hermitian spaces the quaternionic fake quadrics belong to the class of so-called
arithmetic fake A1; see [Prasad and Yeung 2012].

Using the previous work of Kuga, the first quaternionic fake quadrics have been
constructed in [Shavel 1978]. We know that these surfaces are rigid and thus that
there are only a finite number of them, but at the moment we do not have a complete
list of all these surfaces. We have a list of commensurability classes of fake quadrics
defined by quaternion algebras over quadratic fields (see [DZambié¢ 2013]).

The situation for quaternionic fake quadrics is very similar to the case of fake
projective planes. By the theorem of Klingler (and also Yeung), all fake projective
planes are quotients of the 2-dimensional complex unit ball B2 by cocompact
arithmetic lattices I' C PU(2, 1). This provides an arithmetic construction of
these surfaces, but it is generally not easy to handle and construct these sur-
faces geometrically, for instance, as a quotient or ramified cover of some known
surfaces.

In order to remedy this situation, Keum [2012; 2008; 2006] studied quotients
of fake projective planes by groups of automorphisms. In this way, he obtained
surfaces of general type with geometric genus p, = 0 and was able to rebuild a
fake projective plane by only knowing the properties of the quotient surface.

The aim of this paper is to study automorphisms of quaternionic fake quadrics
and the quotients of these surfaces by groups of automorphisms. Let X =I"\HxH
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be a Shimura surface. We say that a curve C < X is a Shimura curve if it is a
totally geodesic submanifold of X.
The first main result we obtain is the following:

Theorem A. An automorphism of a smooth Shimura surface X = I'\HxH has
only finitely many fixed points or it is an involution whose fixed point set is a disjoint
union of smooth Shimura curves.

An automorphism of a quaternionic fake quadric X has only finitely many fixed
points. There exist quaternionic fake quadrics X with automorphism group isomor-
phic to

Z)27, (Z)27)?, Dy, Ds, Dg, or Dy,

where D, is the dihedral group with order 2n.

Let us remark that the knowledge of surfaces of general type with p, = 0
and a large automorphism group can be interesting to check whether the Bloch
conjecture holds (see, for example, [Inose and Mizukami 1979]). The computations
in [DZambi¢ 2013] lead us to the conjecture that the order of the automorphism
group of a quaternionic fake quadric is always less or equal 24 (see Section 4).

The second aim of this paper is to study the minimal desingularization of the
quotient of a quaternionic fake quadric by a group of automorphisms, in order to
obtain new surfaces with p, = 0.

Theorem B. Let X be a quaternionic fake quadric and G a finite group of auto-
morphisms of X. The minimal desingularization Z of the quotient X /G has the
following numerical invariants:

G c%(Z) c2(Z) | Singularities on X/G | Minimal | «(Z)
7/27 4 8 4A, yes 2
7/37 2 10 2A31+24A; ? 2
7/6Z —4 16 2461+ 245 no ?
7]87 =2 14 Ag3+ Ags no ?
7/10Z7 —12 24 2A10.1+24A9 no ?

(Z)27)? 2 10 6A, yes 2

Dy 0 12 4A1+As3+ As no >1

Dy —1 13 4A1+ Ag3+ As s no ?

Here, « indicates the Kodaira dimension of the surface Z.

We obtain also results and restrictions for the groups Z/47, 7/57 and D3. We
note that the surfaces of general type we obtain have vanishing geometric genus
and could be therefore interesting from the point of view of the classification of
surfaces with p, = 0. We intend to study these surfaces more closely, regarding,
for instance, the fundamental groups in a future paper.
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A curve C on a surface is called nodal if C ~ P! and C? = —2. A nodal curve
is the resolution of a nodal singularity. The surfaces Z we obtain as the quotient of
a fake quadric by an automorphism group (Z/27)", n € {1, 2} have the maximum
number of nodal curves (the so-called Miyaoka bound [1984]). If minimal, the
surfaces obtained by taking a quotient by the groups Z/37 and D3 have also the
maximum number of quotient singularities. Similarly to Keum’s construction of
fake projective planes, we can reverse the construction.

Proposition C. Let Z be a smooth minimal surface of general type with g = p, = 0.

(a) Suppose that c% =4, 2, or1, Pic(Z) has no 2-torsion, and that there is a
birational map Z — Y onto a surface containing 8 — c]2 nodal singularities
Aj. There exists a smooth minimal surface of general type S with invariants
c% =2cp =8 and a (Z/2Z2)"-cover S — Y ramified over the nodes, with m
such that 2™ = 8/c%.

(b) Suppose that c% =2, Pic(Z) has no 3-torsion, and that there is a birational map
Z — Y onto a surface with 2A3 1 4+ 2A, singularities. There exist a smooth
surface S with invariants c% =2c) =8 and a (Z/3Z)-cover Z — Y ramified
over the singularities of Y.

The proof of part (a) of this proposition uses mainly the results of Dolgachev,
Mendes Lopes, and Pardini [Dolgachev et al. 2002] and illustrates their theory. The
proof of part (b) is more original because it mixes two types of singularities.

The paper is structured as follows: We begin recalling the known facts on
quotients of surfaces (Section 2) and on quaternionic fake quadrics (Section 3).
In Section 4, we provide examples of fake quadrics having a large group of au-
tomorphisms, we then compute the quotients surfaces (Section 5) and reverse
the construction in the opposite direction: starting with a surface with the same
invariants as the quotient, we construct a surface with c% = 2¢, = 8 (Section 6).

2. Generalities on quotients of a surface

In this section we recall results from the theory of quotient surface singularities and
their resolution. The main reference for these topics is [Barth et al. 2004]; see also
[Roulleau 2012].

Let S be a smooth algebraic surface and let G be a group of automorphisms
acting on S. We denote by S/G the quotient surface and by n: Z — S/G the
minimal desingularization map. If G = (o) is cyclic, we will often write S/o to
denote the quotient S/(o’).

Proposition 2.4 (topological Lefschetz formula). Let o be an automorphism acting
on S and S° the fixed point set of o. We have
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j=4
e(87) =Y (=) Tr(c|H' (S, Z)ms),

j=0
where H' (S, Z)n; is the group H (S, Z) modulo torsion.

Note that for a fake quadric X we have g = p, = 0; thus
H' (X, D)m = (0}, H*(X,)®C = H' (X, Qx).

Corollary 2.5. Let X be a fake quadric and o an automorphism of order n > 1
acting on G. We have e(X°) =2 or 4. If o = 1?2 for an automorphism t (for
example, if n is prime to 2), we have e(X°) = 4.

Proof. Since X is a fake quadric, the space H 1(X, Qx) is 2-dimensional and is
generated by the classes of 2-curves in the Néron—Severi group. As an automorphism
preserves the canonical divisor, the invariant subspace of H!(X, Qy) is at least
one-dimensional. Therefore the trace of ¢ on H!(X, Qyx) is 2 or 0. If we suppose
that this action is not trivial, then 2 divides the order of o, moreover we see that
the action of o2 is always trivial. ([

Let & be a primitive n-th root of unity. Let us recall that for 1 <¢g <n —1
coprime to n, the quotient of C? by the action of

(x,y) > (6x,87y)

has a unique singularity, called an A, , singularity. For n, m > 0 two numbers, we
write [n, m] for n —1/m. The A, , singularity is resolved by a Hirzebruch-Jung
string (see [Barth et al. 2004]), that is, a chain of smooth rational curves Cy, ..., Ci
such that C; intersects C;1 transversally in one point for 2 <i <k—1 and Ci2 =—n;
with integers n; > 2 determined by the relation

n
—=[ny, [n2, ..., [mg—1, ne]. . 11
q

As is conventional, we denote A, ,_1 by A,_1.
Let S be a surface with p, =g =0 and let o be an automorphism of order n > 2
such that the fixed points of the ok k=1,...,n—1 are isolated.

Proposition 2.6 (holomorphic Lefschetz fixed point formula [Atiyah and Singer
1968, p. 567]). Let S° be the fixed point set of o. Then

1
1: 9
Z det(l —do|Ts s)

seS?

where dog|Ts s denotes the action of o on the tangent space T ;.
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Suppose moreover that the automorphism o has prime order p. Let & be a
primitive p-th root of unity. Let ; be the number of isolated fixed points of o
whose image in S/o are A, ; singularities.

Proposition 2.7 (Zhang’s formula [2001, Lemma 1.6]). We have

p—1

Y riai(p)=1

i=1
where
—1
k 1

1
“(P) =5 2 TE e

=1

~

In particular, we have

ai(p)=1505-p), a(p)=5101-p), a5 =7, ) =3.

Let1 <i < pand 1 <k < p be such that ik = Imodp. As A,; = A,x,
the notations for r; and r; in Zhang’s formula can be confusing. However, as
a;(p) = ax(p), there should be no trouble in taking the convention that r; 4 ry is
the total number of A, ; = A, ; singularities, rather that choosing a representative
i or k for every such pair (i, k).

Let us recall that an automorphism of a vector space is called a reflection if all
its eigenvalues but one are equal to 1. Let S be a surface and G an automorphism
group acting on S. Suppose that for every automorphism of G the fixed point set is
finite. Let s be a fixed point of G; recall (see [Barth et al. 2004]):

Lemma 2.8. The action of the group G on the tangent space Ty s is faithful and
contains no reflections.

In particular, if G is cyclic of order n, the singularity type of the image of the
fixed point s in the quotient S/G is always A, , with g prime to n.

Lemma 2.9. The Euler number of S/ G is given by the formula
1

e(S/G) = G

(€($)+ Y _(n—De(Sy)),

n>2

where S, = {s es | |Stab(G, s)| = n}. The Euler number of the minimal resolution
Z is the sum of e(S/ G) and the number of irreducible components of the exceptional
curves of the resolutionw: Z — S/G.

Let Cy, ..., Ci be the irreducible components of the one dimensional fibers of
m: Z — §/G. We have the relations K7y = n*Kg/G — Z’:]f a; C;, for rational

i=

numbers a; such that K, C, = -2 — C,f and Cy* K, =0. Moreover, we have the
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equality K § /G= K § /1G], where |G| is the order of G. As K5 is ample, the canonical
Q-divisor K, is ample and 7*K /¢ is nef. We remark also that K% < K§/G.
Recall that the Kihler lemma implies that for a dominant rational map between
varieties, the pull back map among the spaces of sections of sheaves of holomorphic
forms are injective, therefore we obtain (see also [Roulleau 2012] for a proof in the

case of surfaces):

Lemma 2.10. Let S be a surface with g = pg = 0. The minimal resolution Z of the
quotient of S by a group G has also g = p, = 0.

Suppose that S is moreover minimal of general type and the fixed points of
automorphisms in G are isolated.

Lemma 2.11. If K % =0, the surface Z has Kodaira dimension k > 1. If K % >0,
the surface Z has Kodaira dimension k = 2.

Proof. (We follow the ideas from [Keum 2008].) The quotient surface has ¢ = p, =0
and thus x (Oz) = 1. Let m > 1 be an integer. Then

8

—m < 0;
|G|

—szn*KS/G = —ng/G = —
therefore HO(Z, —mK ) = {0} for every m > 1. Let m > 2; then from the Serre
duality and Riemann—Roch we obtain

—1
H(Z. mKz) = x(Oz) + %

KZ+h'(Z, mKy).

If K % > 0, it immediately follows that Z is of general type. If K % =0, the surface
has h°(Z, 2K 7) # 0 and cannot be rational by the Castelnuovo criterion. Moreover,
as x = 1 it cannot be a ruled surface. Suppose that Z is an Enriques surface. As
K% =0, it is a minimal surface, but this is impossible because 1°(Z, 3Kz) # 0;
therefore x > 0. O

3. Automorphisms of smooth Shimura surfaces and generalities on
quaternionic fake quadrics

Let us give a more detailed description of Shimura surfaces and quaternionic fake
quadrics. First, recall that a lattice I' < PSLy(R) x PSLy(R) = AutH x AutH
is irreducible if it is not commensurable with a product I'; x I'; of two discrete
subgroups I'1, I'; C PSL(R). Equivalently, the image of I under the projection
onto one of the factors PSL;(R) is a dense subgroup of PSL;(R). Irreducible
lattices in PSL;(R) x PSL,(R) can be constructed arithmetically in the following
way. Let k be a totally real number field of degree g = [k : Q] > 2, and let
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B=(a, B :=(1,i, j,ij), withi>?=a €k, j>=p ek, ij =—ji, be aquaternion
algebra over k such that

(3-1) BaoR = [] B” = My®R) x My(R) x H x -+ x Hp_.
\—/_J

peHom(k,R) g—2

Here, B” = (a”, B°)r and Hg = (—1, —1)R denotes the skew field of Hamiltonian
quaternions. Let Oy be the ring of integers of k and O a maximal order in B, that
is, a maximal subring of B which is a complete Oy-lattice in B. Finally, let O' be
the subgroup of all elements in O of reduced norm one.

The isomorphism (3-1) induces an embedding of O! into SL>(R) x SLy(R) by
taking the element y € O! to the pair (y*1, y*?) € SL(R) x SLy(R), where y* is
the image of y in B”. The group O' then acts on H x H as a group of fractional
linear transformations. Namely, if (z, w) € H x H is a point and an element y € O'!
is identified with two matrices y*' and y*? € SL,(R), then

Yz, w) ="z, y7w).
After dividing out by the ineffective kernel, one considers the group
I'h = O'/{£1} C PSLy(R) x PSLy(R)

and it can be proven that 1"(19 is an irreducible lattice in PSL, (R) x PSL,(R). More-
over, this lattice is cocompact if and only if B is a division quaternion algebra (see
[Vignéras 1980, p. 104]). In general we say that a subgroup I' C PSL, (R) x PSL, (R)
is an arithmetic lattice if there exists k, B, p;, p2, O as above such that I" is com-
mensurable with Fg,). Since PSL,(R) x PSL,(R) is a semisimple real Lie group
of real rank 2, the famous arithmeticity theorem of Margulis [1991, Theorem (A),
p- 298] (or see [Zimmer 1984, Theorem 6.1.2, p. 114]) states that any irreducible
lattice I' in PSL,(R) x PSL,(R) is an arithmetic lattice.

Let I" be irreducible and cocompact (arithmetic) lattice in PSL, (R) x PSL,(R)
and X :=I"\HxH be the orbit space of the discontinuous action of I on H x H.
Then, there is a natural structure of compact algebraic surface on X. Such a surface
Xr is called (compact) Shimura surface and can be seen as the compact analog of
a Hilbert modular surface. We know that X is smooth if I' is torsion free. The
numerical invariants of a smooth X are computed in [Matsushima and Shimura
1963]; see also [Shavel 1978]. It follows that a smooth Xt is a fake quadric if and
only if c(Xr) =4 (see [Shavel 1978]).

Let us now study automorphisms of smooth Shimura surfaces Xr = I'\HxH
where I' is a cocompact and irreducible torsion-free lattice in AutH x AutH.
Let u: Hx H— H x H be the involution exchanging the two factors. The group
Aut(H x H) is the semidirect product of AutH x AutH by the group generated by 1.
Let NT (resp. NoI") be the normalizer of I in Aut(H x H) (resp. in Aut H x Aut H);
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NoI" is a subgroup of NT" of index 1 or 2. The following result is crucial for our
computations.

Theorem 3.12. The automorphism group of the smooth Shimura surface Xr is
(isomorphic to) NT'/ . An automorphism has only finitely many fixed points or it
is an involution whose fixed point set is a union of smooth Shimura curves.

There exists an involution with a purely one-dimensional fixed point set if and
only if NT" # NyoT'.

An automorphism of a fake quadric has only finitely many fixed points.

Proof. Since H x H is the universal covering of X, every automorphism o of X
lifts to an automorphism y of H x H; this ¥ normalizes I" and two elements y, y’
both represent o if and only if y 'y’ € T'. Hence, o defines an element yT" of the
group NI'/I". Conversely, for a class yI" € NI'/I", the map o : X — X defined
by o(I'x) = yI'x = yT'y ~'yx = 'yx is an automorphism of X. We thus proved
that Aut(X) = NT'/T.

We say that 0 € Aut(X) = NI'/T", witho = yI" € NT'/ T, is a factor preserving
automorphism if y is in NyI'.

Let us denote by Fr a fundamental domain in H x H of I". Let 0 € Aut(X)
be a nontrivial factor preserving automorphism and let s be a fixed point, with
representative (z1,z2) in Fr. Let y € NoI' be a representative of o such that
v(z1,22) = (yP'z1, y®z2) = (21, z2). The point s is an isolated fixed point of o if
and only if y has finitely many fixed points in Fr.

Since (y”z1, y"z2) = (21, 22), z1 is a fixed point of y”! and z; is a fixed
point of y”2. The only automorphisms of H with fixed points in H are elliptic
transformations or the identity. An elliptic transformation has a unique fixed point
in H.

By Shimizu’s theorem [1963, Theorem 2], ! is trivial if and only if y#* is
trivial. Since we supposed that o is nontrivial, at least one — and thus both — of
the y#i are elliptic elements of PSL,(R). Thus the point (z;, z») is the unique fixed
point of y in H x H, therefore the point s is an isolated fixed point of o.

Suppose now that o € Aut(X) is not a factor preserving automorphism. Let
y' € NT arepresentative of o € NI'/T". There exists y = (y1, y2) € AutH x AutH
such that ' = yu € Aut(H x H). Suppose that o has an infinite number of fixed
points. Then by the above discussion, the factor preserving automorphism o> (with
representative (y M)z = (Y1y2, y2y1)) must be the identity and (y|y2, y2y1) must be
in I'. Let s =I'(z1, z2) be a fixed point of o. There exists A € I" such that

(r1z2, 221) = A (21, 22).

After the change of the representative '’ by A~!y’, we can assume that A = 1, thus
22 = Y221, Y1¥221 = 21 and Y1222 = 2. Since (¥1y2, y2y1) 1s in the group I' in
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which a nontrivial element has no fixed points, we obtain that y»y; = y1y» = 1.
Since y1y2 = 1, the point (¢, y»t) (for t € H) satisfies

Y (t, yat) = (t, yat),

therefore there are no isolated fixed points for o and its fixed point set is purely
one-dimensional. The image of the disk A = {(z, y»t) | t € H} in X is a smooth
Shimura curve (see, for instance, [Granath 2002, Chapter 7]) fixed by o.

Assume now that X is a quaternionic fake quadric and that the fixed locus C
of o is a smooth curve. The topological Lefschetz formula (see Corollary 2.5)
implies that the genus of the irreducible components of C is negative, thus the
automorphism has only a finite number of fixed points. (]

Remark 3.13. Note that according to Theorem 3.12 and the proof of Corollary 2.5,
the quotient of a quaternionic fake quadric by a group G is a Q@-homology quadric
if and only if each automorphism o € G has 4 fixed points, otherwise this quotient
is a Q@-homology projective plane. All the cyclic groups G which we will study in
Section 5 give examples of Q-homology quadrics, with the only possible exception
for automorphisms of order 4.

4. Quaternionic fake quadrics with nontrivial automorphism groups

As already mentioned, a series of examples of quaternionic fake quadrics has been
constructed in [Shavel 1978]. There, the author concentrates on arithmetic lattices
rs Fg,) which are defined by quaternion algebras over real quadratic fields of class
number one. More recently, in [DZambi¢ 2013], more examples of quaternionic
quadrics associated with quaternion algebras over quadratic fields have been found.
In this section we will give examples of some known quaternionic fake quadrics
together with their automorphism groups. We refer the reader to [Vignéras 1980]
and [Deuring 1968] for generalities on arithmetic theory of quaternion algebras.

Let us first make a few general observations, before we discuss the exam-
ples in detail. For technical reasons it is more practical to consider the group
PGL] (R) x PGLJ (R), where PGL] (R) = GLJ (R)/R* and GLJ (R) is the group
of all 2 x 2 matrices with positive determinant, instead of PSL,(R) x PSL;(R). We
identify PGL;r (R) x PGL;r (R) with the group AutH x AutH of factor preserving
holomorphic automorphisms.

From the point of view of Theorem 3.12 we will be interested only in automor-
phism subgroups G < NI'/T" = Aut(Xr) of factor preserving automorphisms, that
is, with NI" = NoI' < AutH x AutH, which we will do in the following. In all the
considered examples the normalizers NI" will be normalizers of maximal orders
and all such lattices can be described arithmetically as follows (see [Borel 1981]).
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If Xt is a quaternionic fake quadric, there is an associated tuple (k, p1, p2, B, O)
as described in Section 3. The quaternion algebra B is for fixed p;, p2 uniquely de-
termined (up to isomorphism) by the reduced discriminant dg = v; - - - v, the formal
product over finite places v; of k where B is ramified, that is, B ®; k,, 2 Ma(ky,).
This is a special case of H. Hasse’s deep classification theorem for simple algebras
over number fields (see [Deuring 1968, VIL.5, Satz 9, p. 119] or [Vignéras 1980,
Chapitre III, Théoreme 3.1, p. 74] ). Hence, (k, p1, 02, B, O) = (k, p1, p2,dg, O).
In the following we will often abbreviate such a datum which determines the quater-
nion algebra B with B(k, dp) or B(k, v ---v,). Let us fix a datum B(k, vy ---v,)
and let B be the group of all x € B* such that the reduced norm Nrd(x) is totally
positive. It is known that

(4-1) NTS={xeB"|xOx~' =0}/k*

is a maximal lattice. N F(Jg contains F(19 and F(19 isnormal in N F(Jg with N Fzg / F(l9 =
(Z/27)" an elementary abelian 2-group with [ > r and r is the number of ramified
places in B (see [Shavel 1978], for instance). If the class number of k is one (as
will be the case in all the considered examples) there is an alternative description
of N Fzg as

(4-2) NI'l={a=0]-- 0 it € B* | Nrd(a) totally positive,
T ek*, L€ O € €0, 1}, Nrd(g;) divides dp }/ k*

(see [Shavel 1978, p. 223]). It follows that a quaternionic fake quadric X with
r>s F(lg will have an elementary abelian 2-group as the automorphism group
Aut(Xr). All Shavel’s examples will provide such automorphism groups.

A fake quadric with automorphism group 7 /27. There are examples of quater-
nionic fake quadrics X whose automorphism group is Z/27 and, as mentioned
above, they already appear in [Shavel 1978].

For example, let k = Q(+/2) and let B = B(k, p3p7) be the (unique) quaternion
algebra over k which is ramified exactly at the two finite primes p3 and p; of k
lying over the rational primes 3 and 7 respectively. Since k has the class number
one, there is the unique (up to conjugation) maximal order O in B. Consider the
group Fé. By [Shavel 1978, Proposition 4.7], Xl—(l9 is smooth. By the already
mentioned general result of Matsushima and Shimura [1963], g (X rl ) =0. The
Chern number > (X - L ) is computed via the volume formula of Shimizu (see [Shavel
1978, Theorem 3.1]). Since the prime 3 is inert and 7 is decomposed in k, this
formula gives c(X rl ) = 8. The normalizer of F(19 isN FZ,S and by [Shavel 1978,
Proposition 1.3 and Proposition 1.4], we have

Aut(Xpy) = Li/Ly = ([ps]. [p7]) = (Z/22)°,
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where L is the group of principal fractional ideals of type (p3)(p7)1? (I a principal
fractional ideal) for which one can find a totally positive generator and L, consists
of all principal ideals of type (a?) with a € k (see also [Shimura 1967, Section 3.12]).
Let I'y, be the kernel of the canonical homomorphism

NT5 —> Li/Ly —> {[p7]).

By Shavel’s criterion [1978, Theorem 4.11], Iy, is torsion free and as [y, : F(lg] =2,
er3 is a fake quadric with Aut(pr3) =7/27.

A fake quadric with automorphism group (Z/27)%. Consider again k = Q(+/2)
and now the quaternion algebra B = B(k, paps) over k which is ramified exactly
at the two finite places p, and ps. Again there is the unique maximal order O in
B and as in the previous example, Shavel’s results show that X1 is smooth. The
prime 2 is ramified and 5 is inert in k and therefore Shimizu’s volume formula gives
(X r ) =4. Hence X ry is a fake quadric. With the same arguments as in the

previous example Aut(Xp ) is isomorphic to (Z /27).

A fake quadric with automorphism group of order 20. Consider k = Q(+/5) and
the quaternion algebra B = B(k, pops) over k which is ramified exactly at the
primes p, and ps. In this case the group F(lo (where O is again a maximal order
in B), contains torsion elements of order 5 and no other torsions (see [Shavel 1978,
Proposition 4.7 and Theorem 4.8]).! Volume formula of Shimizu gives in this case
(X r ) =4/5. Let us now give a torsion-free subgroup I' < F(l9 of index 5. The
corresponding surface X will be a fake quadric. Since p, is ramified in B, there is
a prime ideal B3, in O lying over p, and satisfying m% =p20. Let

O'By) = {x € O' | x =1 mod P>}

and F(lg(‘Bg) the image of O' () in F(IQ. The group F(lg(‘lkz) is a normal subgroup
in F1 and the index can be computed via the localization of B at p,. Namely, observe
first that Fé / T} o (B2) is isomorphic to the factor group O'/O'(B»). This is because
—lisin O! (‘,Bz) Let Oy, be the maximal order in By,, that is, Op, = O Qq, O, ,

where Oy, is the ring of integers in kp,. Its maximal ideal &Bz is the topologlcal
closure of 13,. By the strong approximation property, O' /O (3,) = / (9 (‘132).
Note that B;z = O;z, since Oy, is the subring of By, consisting of elements whose
reduced norm is less or equal 1. We use a theorem of C. Riehm [1970, Theorem 7]
by which

Oh,/0}, (B2) = ker (0, /F)" BN (Ok,, /92)*) = ker(Fg = B =27/57

1 Theorem 4.8 of [Shavel 1978], the symbol ( ) for p = 2 should be read as the Kronecker
symbol; that is, ( )— 14 d==+1mod8and=—1 <:>d +3 mod 8.
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(Here Nr is the surjective homomorphism of multiplicative groups arising from
the norm map for the field extension Fi¢/F4.) Since FO(‘,BZ) is embedded in

(‘,Bz) / £ 1 and the latter group is a pro-2-group (again by [Riehm 1970]) it
cannot contain elements of order 5. Therefore, Fé,) (PB») is a torsion-free group
and Xt} (p,) is a fake quadric. Since Fgg contains a 5-torsion and Féo normalizes
Fb(‘l?z), Xrl, 3, contains an automorphism of order 5. In order to determine
the full automorphism group Aut(Xr. (%,)) we first need to find the normalizer
of F(19(5132). By definition, elements of N F(Jg normalize O, that is, xOx~! = O.
Lety € F}Q(‘Bz). Since the class number of k is one, every two-sided O-ideal is
principal and we can choose IT, € O such that 1,0 = B,. Moreover, as B is
uniquely determined by the property that the Or-ideal Nrd(*}3;) is po, we can choose
[T, such that Nrd(IT;) = 2. Then y = £(1 +mIl;) with m € O. For x € NFZ,S we
have xyx~!' =14+ xmIlox™' = 1 4+ m/'xTT,x~" with some m’ € O. The element
xTTox~! lies in O and Nrd(xTT,x~!) = Nrd(I1,) = 2. Since B, = (II,) is the
unique prime ideal over 2, xTTox~! € P, and xyx~! € Fb(‘Bg). It follows that the
normalizer of F(lg(‘Bz) is N F+. This leads to an exact sequence

(4-3) 1 — T/ THP2) —> NTE/TH(PB2) — NT5/ Ty —> 1
which we can write abstractly as
11— 7/57 — AUt(Xr}Q(nz)) —> 727 x 7 /27 —> 1.

Let A € O! satisfy A = —1, that is, A gives rise to a 5-torsion in F(lg. Then A
satisfies the equation A% — ”Tﬁ)n + 1 =0 over k. We can assume that A generates
I'h/TH(P2). Let g = A+ 1. The reduced norm of g is Nrd(g) = (A + (A + 1) =
Nrd(A) + Trd(A) +1 =2+ 1+‘[ 5+‘[ , where Trd is the reduced trace and
x — x is the standard 1nv01ut10n of first kmd on B. Since 5*‘[ is a totally positive
generator of the prime ideal over 5, g defines an element of N F+ (see (4-2)). On
the other hand g2 = (A +1)2 = A2+ 24+ 1 = (554 — 1) 21— (3551
This shows that g has order 10 in N F+ and hence glves an element of order 10
in N F(JS /T o (PB2). Moreover the image of gin NT}, o/ F is not trivial. Using the
computer algebra system PARI, we can check that both ramified primes p, and
ps are not split in k(/—2). This implies that k(~/—2) C B (see [Shavel 1978,
Proposition 4.5]) and we can take /=2 as the generator [1, of B3,. Hence, I,
considered as an element of N F(Jg, is of order 2 and the images of g and I, in
N Fzg / F(19 generate this group.

Lemma 4.14. Let g and T1; be elements constructed above. Then in N Fzg we have
the relation T1,gTT> = g~ modulo T o (B2).

Proof. The element I1, generates J3,. Consider g and I1, as the elements of the
localization By, of B at p;. This is a division quaternion algebra over kp, and has a
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representation
By, = Ly, ® I Ly,,

where Ly, is the unique unramified quadratic extension of ky, (see [Vignéras 1980,
p. 34]). For every t € Ly, we have I, = I»f, where 7 is the Galois-conjugate of
tin Ly,. The element g lies in ky, (1) = ky, (§5) which is an unramified quadratic
extension of ky,, so Ly, = ky, (1). Therefore g € Ly, and gIT, =Tl,g. Because gg
is in k* we have that g = g~! considered as an element of N F(Jg C By, /k;,. This
gives a relation

Mgl =g"!

in NFZ,;, since H% =1in NF?Q'. Also, g and IT,gIT, = g~ ! are not equal modulo
F(19 (*32) because this would imply that g’e F(IQ(‘BQ). But as F(19 (B, ) is torsion-free
and g2 is of finite order, this is impossible. (]

Proposition 4.15. With above notations we have
Aut(XrL ) = Dio.

Proof. By the above discussion, Aut(XT. ¢p,)) is of order 20 and is generated by
elements g of order 10 and IT, of order 2 satisfying ITogI1, = g~!. The only group
of order 20 with these relations is Dj. O

A fake quadric with automorphism group of order 8. We consider k = Q(+/5)
and B = B(k, pap11), the unique quaternion algebra ramified exactly at the primes
po and py;. Since 2 is inert and 11 is decomposed in k, Shimizu’s volume formula
gives cp(X ry )= %(4 —1)(11 — 1) = 2 as the value of the second Chern number
of the quotient X rl where again F(l9 is the norm-1 group of a maximal order in B.
As before, results of [Shavel 1978] show that F(19 contains only torsion elements of
order 2 and no other torsions (Here, observe that 2 is split in @(\/—_15), hence, by
[Shavel 1978, Theorem 4.8] there are no elements of order 3 in '}, and note that
there are no elements of order 5 because 11 = 1 mod 5 which implies that p;; is
split in k(&5) ). Since p;; is ramified in B, there is the unique prime ideal 1 in O
such that ‘Bf , = p110. Consider the principal congruence subgroup

O'B11) ={x € O" | x =1 mod P}

and o (P1) its image in F}D. It is a normal subgroup in Fég. The quotient
Fgg/ Fb(‘ﬁll) is isomorphic to O!/ £+ O!(P;;) because —1 ¢ O (By;). In order to
compute the latter quotient we change over to the localization at the prime p;;. Let

BPII = B®kkp11 = B®k G:lll-

This is the unique division quaternion algebra over Q1. We write Op,, = O ®q, Z11
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for its maximal order. As in the previous example let f:]\31 1 denote the prime ideal
of Op,,. We have

0'/0' Fn) =0y, /0 Fin)

by the strong approximation theorem. By Riehm’s result [1970, Theorem 7],

p”/Op“(‘Bn) gker((opn/i}ll)* RN Ok, /P11)¥) Zker(Fiy; — F}y).

Since Fjp1 = [Fll(éflg) where &1, denotes a primitive twelfth root of unity we
conclude that (9;J . pn | (‘Bll) is isomorphic to w12 = (§12). Hence

To/THPB) = p”/iop”(mll) = ue = (&6)-

Let us now define an intermediate group

={x €T} | x mod Py € (§2) C ue)-

I'< F(19 is a subgroup of index 2, hence c,(Xr) = 4. Moreover, I is torsion-free
since it cannot contain elements of order 2. For if an order-two element x is in I,
then its image x mod 3, in I"} o/ FO(‘,Bl 1) lies in a cyclic group (.56) of order three,
hence it must be the identity. But this means that x is in FO(‘Bl 1). On the other
hand FO (B11) is torsion-free because it embeds in a pro-11 group (’)p11 (‘,Bn) /1.
This contradicts the assumption on x. All this shows that X is a fake quadric.

Proposition 4.16. Let N F('f) be defined as in (4-1). Then N F(Jg is the normalizer of
I" and NF('S/ I is isomorphic to Dy.

Proof. As a subgroup of index 2 in F the group I' is normal in Fl On the other
hand, for the same reason as in the previous example, FO (B11) as well as FO is
normal subgroup in N F+ This already implies that I" is normal in N FJr because
any conjugate of I will be a subgroup between I (‘BH) and I'}, of 1ndex 2in I},

There is only one such group, namely T, since I'} /F (‘]311) =7/6Z. Slmllar
exact sequence as (4-3) now shows that Aut(Xr) is an extension of Z/27Z by the
Klein’s four group. Since the 2-torsions in F(19 come from embeddings of fourth
roots of unity into O there is A € O' such that A> = —1. Let g = A + 1. Then, as
Trd(A) = 0, we have Nrd(g) = (A + 1)(A+ 1) =2 and also g% = (A + 1)? =24
which implies that g defines an element of order 4 in N FZ,S and hence an element
of order 4 in N Fg / I'. Moreover, the image of g in N F(Jg / F(l9 is not trivial. Since
both prime divisors 2 and 771; of the reduced discriminant do not split in k(y/—711)
(as can be checked using PARI, for instance), the element I1y; = o/—7; is in B and
moreover I1;; defines an element of N I“:g of order 2 such that the images of I1;;
and g in N Fé; / F(lg generate this group. Same argument as in Lemma 4.14 gives a
relation between I1;; and g: consider I1;; as the generator of the prime ideal 8.
Locally, By, can be written as By, = Ly, © [111Ly,,, where Ly, = ky,, (§12) is
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the unique unramified quadratic extension of kp,, = Q1 with the multiplication
rule tTTy; = Iy;7 for all t € Ly,,. The element g is in Ly, namely g = 1 +$132.
Then g1y = 1112 = 11 (1+&123) = 1 (1 +&7,). In NT'; the relations g = g~
and H%l = 1 hold, hence Iy gIT;; = g~ ' in Nl";g. Also g # g~ ! modulo T,
since otherwise g2 would be in I which is not possible because g is torsion and
" torsion-free. N F(Jg /I is isomorphic to D4 which is the only group of order
8 generated by two elements I1;; of order 2 and g of order 4 with i # g* and
Mgl =g L 0

Remark 4.17. Considering k = (2(+/13), the quaternion algebra B = B(k, p2p3),
and I' = F(19 (*B3), the arguments as in the examples before will show that X - L eps)
is a fake quadric whose automorphism group is isomorphic to Dy.

A fake quadric with automorphism group Dg. This time we consider the quadratic
field k = Q(~/2) and the quaternion algebra B = B(k, p2p3). The norm-1 group
Fgg of a maximal order in B contains torsion elements of order 3, but no elements
of order 2, because p3 is decomposed in k(~/—1). The second Chern number of
the quotient X% is CZ(XF}Q) =09—-1)/6=4/3. Let F}Q(‘Bz) be the principal
congruence subgroup corresponding to the prime ideal B, C O, defined by the
relation iB% = p,O. Again by Riehm’s theorem and with arguments as in Section 4,
F(19 (B») is torsion-free normal subgroup in 1“(19 of index 3, hence Xrl,(3,) is a fake
quadric. The automorphism group Aut(Xr,,)) is isomorphic to the factor group

NTS/To(Ra).
which is an extension of F(lg/ I‘é)(‘Bz) =7/37 by NFéS/ F(lg =7/27 x 27]27.
Proposition 4.18. We have Aut(Xtl,(3,)) = D.

Proof. Let A € O be an element with A> = —1 and g = A + 1. Such A exists since
F(19 contains 3-torsions. We can take £A to be the generator of F(19 / F(19 (B,). Since
Trd(A) = 1, we have Nrd(g) = 3 which implies that g defines an element in N Fzg.
Additionally g2 = A% 42X + 1 = 31 which means that g has order 6 considered
as an element of N F(Jg. The totally positive element 7, = 2 4 +/2 € k generates
p2 and since neither 73 = 3 nor 7, are split in k(y/—m3), [T, = \/—m, lies in B
and defines an element in N F(Jg of order 2 such that the classes of g and I, in
N Fg / F(lo generate this group. In particular, I1, is a generator of 3,. Locally
By, = Ly, @ TIxLy,, where Ly, = Q> (&) is the unramified quadratic extension of
kyp, = Q,. As in previous examples, g lies in Ly, and IT,gll, = g = g lin NFES.
This gives a relation IT,gIT, = g~ ! in NF(Jg/ F(IQ(‘BQ). As I is not a power of g,
the finite group generated by g and I1, is isomorphic to Dg. (]
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Automorphism groups of order 16 and 24. There are more examples of quater-
nionic fake quadrics with a nontrivial automorphism group. For instance, all exam-
ples in Shavel’s paper have Z/2Z or (Z/2Z)? as the full group of automorphisms.
As in previous examples we show

Proposition 4.19. Let B(Q(+/2), pa, p7) be the indefinite quaternion algebra over
k = @(«/i) with reduced discriminant dg = pop7 and F(lg (B7) the congruence
subgroup in F(19 corresponding to a maximal order O in B with respect to the prime
ideal P37 of O lying over the ramified prime p7. Then Xrb(%) is a fake quadric
with the automorphism group Aut(XFéj(%)) = Dg.

Proof. The proof goes along the same lines as in the examples before. By Riehm’s
Theorem, I',,/ T (P7) = Z/4Z and we obtain c2(Xr1 ) = 4 by Shimizu’s
formula. By Shavel’s criterion for the existence of torsions, we find that the
maximal order O contains a primitive eighth root of unity A which leads to an
element of order 4 in Fg,). We can take A as a generator of this quotient. As in the
examples before take g = 1 + A. Then, as X satisfies A> — v/21 4+ 1 = 0 over k,
Nrd(g) = Nrd(A 4+ 1) =2+ V2, hence g defines an element in NFZ,S. We have
g2 =22 421+ 1=+/21421 = (24 +/2)x. Hence, g is an element of order 8 in
N F(‘g and its image in N F(Jg / F(l9 is not trivial. The rational prime 7 is split in k, so
there are two possible choices of p7. Fix a prime p7 = (77) (m7 =3+ V2 say). Both
77 as well as 7, are ramified in k(,/—m7), hence \/—m7 € B defines an element
17 € B which defines an order-2 element in N F(Jg. As in the previous examples we
have I1;¢I1; = g because locally in By,, [1; = \/—77 generates the unique prime
ideal of the maximal order Oy, and g lies in the unramified quadratic extension
Ly, = Q7(&g). This gives a relation IT;gI17 = g lin NFg/ F(19(5137). Also IT7 is
not a power of g modulo I‘}Q(‘Bﬂ since the reduced norms of 17 and g are different
primes. The only group of order 16 with these relations is Ds. ([

Let us finally sketch the construction of a fake quadric with an automorphism
group of order 24.

Proposition 4.20. Ler B(Q(v/3), pa, p3) be the indefinite quaternion algebra over
k = Q(v/3) ramified over the prime ideals p, and p3 and let F}?(‘Bz‘lh) < F}Q
be the principal congruence subgroup with respect to the principal ideal 3,33
of a maximal order O C B lying over pp3. Then X%@z%) is a fake quadric
with |Aut(X rh (%%)N = 24. The automorphism group Aut(X rl, (%%)) contains a
cyclic subgroup of order 12.

Remark 4.21. The full automorphism group in this case has order 24. To our
knowledge, this is the largest known automorphism group of a fake quadric. The
precise abstract group structure of Aut(X rl, (Po5)) 1S not known to us, since the
local method, used in previous examples does not apply directly in this case.
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Proof. That X L OBas) has the correct numerical invariants follows again from
Riehm’s Theorem, Shimizu’s formula and the observation that for the index we
have [T} : TH(B2P3)] = [T : THEB)ITY : T'H(EB3)1. By Shavel’s criterion,
B contains k(&12) where &), is a primitive twelfth root of unity, hence there is an
element A € O with A° = —1. To show that F(IQ(‘BZ‘,I%) is torsion-free we have to
exclude the existence of 6-torsions in Fé(mg‘lﬁ). But since the reduced trace of A
is £4/3 which is not congruent 2 modulo p»p3, A is not contained in F(IQ (CB22B33).
The element g = A + 1 has norm Nrd(g) = 2 + +/3 which is a totally positive unit
of O unit, hence g lies in I‘:g = O1 /0%, where O denotes the group of all units
whose reduced norm is totally positive. The group F(Jg is an index-2-extension of
F(19 since the fundamental unit 2 4 /3 is totally positive. Also g2 = (24 +/3)A
which shows that g has order 12 in F(Jg < NF:;. The image of g in NI“(Jg/ I‘éf) is
not trivial and the discussion in [Shavel 1978, pp. 223-224] shows that N Fzg /T
is generated by the class of an element [T € N F(Jg with Nrd(IT) = 73 where
po = (m2), p3 = (m3) (note that the generators m, and 73 cannot be chosen totally
positive). Therefore, Aut(X L (@32%))) is of order 24 and is an extension of Z/6Z
by the Klein’s four group. ([

5. Computations of the quotient surfaces

Let S be a quaternionic fake quadric, G a group of automorphisms of S, §/G the
quotient surface and let 7 : Z — §/G be the minimal desingularization map.
Let us first study the case where G is generated by an involution o.

Proposition 5.22. An involution o has 4 fixed points. The invariants of Z are
K%=4, =8, g=pg=0, =5,
The surface Z is minimal of general type.

Proof. By Lefschetz’s formula (Proposition 2.6), 1 = ZS:J(S) }1, therefore o has 4
fixed points. Their images in S/o are 4 A; singularities, resolved by 4 (—2)-curves
on Z. The invariants of Z are easy to compute.

The surface Z is of general type and is minimal because Kz is the pullback of

the nef divisor Kg/¢. O

Proposition 5.23. Let G = (o) = Z/3Z. The singularities of the quotient surface
S/G are 2A31 4+ 2A3,5. The resolution Z has general type, and

KZ=2, =10, g=p,=0.

Proof. We use the notations of Zhang’s formula (Proposition 2.7). In this case this
formula gives r1 +r, = 4. An A3 1 singularity is resolved by a (—3)-curve, and
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we have

»_8 i

73 3
Therefore r| =2 and r, = 2. The singularities of S/ G are 2A3 1 +2A3 . Moreover,
as ¢ = p, =0, we have ¢c; = 10. Z is of general type by Lemma 2.11. U

Proposition 5.24. There is no quaternionic fake quadric S with G = (Z/37)* C
Aut S.

Proof. Let o1, 07 be the two generating elements of G. Let p be one of the 4 fixed
points of o7 (see Proposition 5.23). Since o7 and o, commute, the set of fixed
points of o7 is sent to itself by o,, indeed there are two orbits of 2 elements because
of the different local type of the action of ;. Now o, has order three, hence it
acts trivially on these 2 orbits and the conclusion is that there are 4 fixed points for
the action of the whole group G. The faithful action of G on the tangent space of
p can be diagonalized, hence there are elements with one eigenvalue equal to 1,
contradicting Lemma 2.8 and Theorem 3.12. ]

Proposition 5.25. Let G =7 /4Z. The singularities of the quotient S/ G are 2A4,1+
2A43 or A1 +2A4 3. The invariants of the resolution Z are

KZ=0, =12, g=p,=0
in the first case, and in the second case Z is minimal and satisfies
K;=2, =10, ¢q=p,=0.
Remark 5.26. Proposition 5.34 gives an example of the first case.

Proof. Let s be a fixed point of an order 4 automorphism o acting on S. As the
involution o2 has only isolated fixed points, the eigenvalues of o acting on T g
cannot be (i, —1) or (—i, —1). Let a, b, c be the number of fixed points such that
the eigenvalues of o are (i, i), (—i, —i) and (i, —i) respectively. The Lefschetz
holomorphic fixed point formula implies

Ly P S 1 and atbte=dor2
——+—4+-=1 an =4or2,
2 21 "2 “ ¢

thus there are two cases:

(1) a=>b =1 and ¢ = 2. The singularities of S/G are 2A4,1 +2A4 3.

(2) a=>b =0 and ¢ = 2. In this case, the singularities of S/G are A; +2A43
because o2 has 4 fixed points.
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An Ay, singularity is resolved by a (—4)-curve Cy and an A4 3 singularity is
resolved by a chain of three (—2)-curves and we have

k=2
KZ :TI,'*KS/O— —Z %Ck,
k=1

thus K % = % — 2 =0 1in the first case. Additionally,
e(S/0) =34+ (414 =4,

thus ¢(Z) = 4 + 8 = 12. The invariants in the second case are computed in a
similar way. O

Proposition 5.27. Let G = Z/5Z. The singularities of S/G are 4As, or As | +
2As52+ As 4 0r 2As1 +2As 4. The invariants of the surface Z are, respectively,

K2: 2 _ 2 _
=0 _ Ki=-1  Kj=-2
Cy) = 12 Cr = 13 C) = 14,

and in any case g = py = 0.

Remark 5.28. (1) In Proposition 5.31 below, we give an example of a surface such
that the quotient by an order 5 automorphism has 2As | +2As 4 singularities.

(2) By the same kind of arguments as for (Z/ 37)? (see Proposition 5.24), there is
no fake quadric S with (Z/ 57)> C Aut .

Proof. Using the notations of Proposition 2.7, the number of fixed points r; +r, +
r3+rq equals 4. As e(S/o) = %(4 + (5 — 1)4) = 4, Zhang’s formula yields

1 1 1
(alv"'9a4)= (Oa 40 40 E)v

with
Z4airi =ry+r3+2rs=4.

Thus r; = r4. Therefore the possibilities for (ry, r2, r3, r4) are (0, i, j, 0) with
i+j=4,0or(l,i,j, 1) withi+ j=2,or (2,0,0,2). The singularities on the
quotient are, respectively,

4A5’2 or A5,1 + 2A5’2 + A5’4 or 2A5,1 +2A4.
A singularity As; (i =1, ..., 4) contributes (respectively)
9 2 2
_3’ _39 _35 0
to K. Thus the self-intersection number is

K7 =1@=9r —2(r2 +713)),
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and according to the possible tuples (ryq, ..., r4) as above: K % =0,0or K % =—1,
or K% = —2. As e(S/G) =4, we get c; = 12, 13, or 14 according to the three
possible singular loci.

Let us justify our computation of K. 2. An As, -singularity is resolved by a
(— 5) -curve C5, thus we have to add — —C5 to the canonical divisor. This contributes
( ic 5) =—3 2t0 K 2. On the other hand, an As >-singularity is resolved by a chain
of two curves Cp, C3 with C,f = —k. We have to add —%C3 — %CQ tom*Kg/g, and
the contribution to K % is

2 1 2 2
(5C3+5C)" =—3.
Finally, note that As 3 = As >, and the As 4-singularity does not contribute to K % U

Proposition 5.29. If G = Z/6Z, then S/G has singularities 2A¢,1 + 2As,5. The
minimal resolution Z has invariants

K%=—4, co=16, ¢g=p,=0.

Proof. Let s be a fixed point of an order 6 automorphism o . Let « be a primitive third
root of unity. By Lemma 2.8, the action of o on T ¢ has eigenvalues (—«, (—a)?) or
(—a?, (—a®)*) witha =1or5. Letry, r, and r3 be respectively the number of fixed
points of o with eigenvalues (—«, —a), (—a?, —a?) and (—a, —&). Lefschetz
fixed point formula (Proposition 2.6) implies the relation
r + r

(I4+a)?  (1+a?)?
therefore r| = r, and —r| +r3 = 1. By Corollary 2.5, o has 2 or 4 fixed points. The
only possibility for (rq, r3) is therefore (1, 2). The singularities are 2A¢ 1 + 2465
and the minimal resolution Z of S/o has K2 = % -2 % = —4. Moreover e(Z) =
t@+5-9+2+2-5=16. a

+r3=1,

Let us study the case G = Z/87.

Proposition 5.30. Let o be an order 8 element acting on S. The singularities of
S/o are 2Ag 3+ 2Ag 5. The resolution Z of the quotient surface is a surface with

Ki=-2, c(Z)=14, q=pg=0.

Proof. Let p be a fixed point of o and let &, be a primitive eighth root of unity
such that o acts on Ty , with eigenvalues S(p) and E( ) for g, € {0, ..., 7}. There
are no reflections, so we have S( y # 1 and S( y #1for j=1, 7 thus g, is
prime to 2: g, € {1, 3,5, 7}. Let ay, a3, as and a7 be the number of fixed points p
with ¢, =1, 3, 5 or 7 respectively. We have ) a; =2 or 4. By summing over the
powers ok fork=1,...,7 in the formula of the holomorphic Lefschetz theorem,
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we get
k=7 |
=22
_ g~k )
peS? k=1 det(] do ITS,p)
and thus
u=3 k=7 a
= 2u+1 7 5 9 o
= Z Z (1 — k) (1 — gkeurDy — a9 + 7a3 + 7as + Taz.
u=0 k=1

The possibilities for (ay,...,as) are (4,0,0,0), (2,1,1,0), (1,0,0,1) and (0, 2,2,0).

For 2 of order 4, we have seen that the singularities of S/ o? are 2A41+2A43
or A; +2A43. Thus the only possibility for (ay, ..., as) is (0, 2, 2, 0), and the
singularities of S/o are 2Ag 3 +2Ag 5. The Euler number of S/o is

e(S/o) =3(4+7-4)=4.

. 8 _~_ 1 8 _~»_ 1
Since 3 =3—zand 5 =2 3T We get

NI

e(Z)=4+2.242-3=14.

It is easy to check that a singularity Ag 3 decreases K % by 1 and a singularity Ag s
decreases K% by %, thus we obtain K% = % -2-1-2- % = -2. U

Proposition 5.31. Let S be a fake quadric with G = Z/10Z C Aut(S). The singu-
larities of the quotient surface S/ G are 2A10.1 +2A10.9. The resolution Z has the
invariants

K*=-12, =24, q=p;=0.

Proof. Let o be an automorphism of order 10 acting on S. It has 2 or 4 fixed points.
As the involution o> has 4 fixed points, o cannot have 2 fixed points. Therefore

e(S/G) = %(4+ (10 — 1)4) = 4.

Let & be a primitive fifth root of unity and p a fixed point. There exist a = a(p) and
b =b(p) integers invertible mod 5 such that the action of o on T, has eigenvalues
(—&9, —£b4). The Lefschetz holomorphic fixed point formula yields

1
=2 1+ &9 (1 +£9%)

pes?

For b =1, 2, 3, 4, the sum

a=4 1
= ; (1+£7) (1 + &)
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isequal to —4, 1, 1, 6, respectively. Recall again that Aj9 3 =A19,7. Fork e {1, 3, 9},
let r; be the number of points in S7 giving an A x singularity. The Lefschetz fixed
point formula gives

4 =—4r; 4+ r3 + 6r9.

Taking care of the relation | + r3 +r9 =4, we have the following possibilities for
(ry,r3,r9): (0,4,0), (1,2,1) and (2, 0, 2).

The resolution of an Ao 3-singularity is a chain of 3 curves C3, Cé, C4 with
intersection numbers (—2) — (—2) — (—4). We have to add —é(Cz + Cé + Cy) to
m*Ks,c. Bach singularity contributes (—%(Cz +C)+ Cy)? = —g to K%.

Similarly, the resolution of an A ;-singularity is a (—10)-curve C1g. An Ajg,1-
singularity decreases K§/G by (—%Clo)2 = —35—2.

When the singularities of S/G are respectively 4A10.3, A10.1 +2A103+ A10.9
and 2A 19,1 +2A10,9, we have: K% = 1% —4. g =—4, K% = 1% — 35—2 —2. g —0=-8

and K % = 1% -2 35—2 = —12, respectively. The Euler number of Z is respectively
4+4+4.2=12,441+2-249=18and 4+ 2+ 2-9 = 24. Only the last case is
possible because 12 has to divide K % +e(Z2). O

Proposition 5.32. Let G = (Z/27)*. The quotient surface S/G contains 6 A;
singularities. The surface Z is minimal of general type and has the invariants

K:=2, =10, ¢g=p,=0.

Proof. A faithful representation of G on a 2-dimensional space contains reflections,
therefore by Lemma 2.8, there are no points fixed by the whole G. The group G
contains 3 involutions. Each of these involutions has 4 isolated fixed points whose
image in X are 2A; singularities. Thus there are 6A; singularities on S/G and we
have

e(Z)=e(S/G)+6=1(@4+12)+6 = 10.

Moreover, K7 = n* Ky, is nef and K§/G = K§/4 =2. By Lemma 2.10, we have
qg=pg=0. ([

Remark 5.33. (a) Fabrizio Catanese and Miles Reid pointed out to us that a mini-
mal surface of general type with c% =2¢r =38, p, =0 and automorphism group
containing G = (Z/27)? such that each involution has only isolated points
must deform, therefore (Z/27)* cannot be a subgroup of the automorphism
group of a quaternionic fake quadric, which is a rigid surface. The complete
argument is as follows: The minimal resolution Z of the quotient Y = X/G
of a fake quadric X by G would be a numerical Godeaux surface, that is, a
surface with c% =1 and with the maximal number of nodal curves, being equal
to 7. We do not know whether such a surface exists, but from coding theory
one would have a covering S — Y with group G ramified only over the nodes.
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The covering surface S would have c% =38, py = 0. However, the Kuranishi
family of deformations for the surface Z has dimension greater or equal to
the expected dimension, which is 8 = 10y — 2c%, and the 7 nodes impose at
most 1 condition each, because of the morphism of the global deformation
space to the local deformation space of the singularities. Therefore this family
of 7-nodal numerical Godeaux surfaces would have 1 modulus, and therefore
also the above surfaces S would vary in moduli. However, quotients of the
bidisk by an irreducible subgroup are rigid, for instance, by a theorem of Jost
and Yau.

(b) For G =7/47 x Z/27Z, the quotient surface S/ G has singularities 2A| +2A3
and the desingularization Z has invariants K % =l,p=11,g=p,=0. We
do not know if a fake quadric S with such automorphism subgroup exists.

Proposition 5.34. Let G = D4 acting on the fake quadric S. The singularities of
S/G are 4A1 4 A4 3+ Aa 1. The resolution Z of the quotient surface has invariants

K2=0, c(Z)=12, q=p,=0.
The elements of order 4 in D4 have 4 fixed points.

Proof. Let t and a be the generators of D4 such that r* = 1, a®> = 1 and ar = 3a.
The elements of order 4 are ¢ and #3. The elements of order 2 are a, ta, t2a, ta
and £2.

There cannot be a point of S that is fixed by the whole group G because any faith-
ful 2-dimensional representation of G contains a reflection (x, y) — (x, —y) and
thus such a point would lie on a curve fixed by an involution, but an automorphism
of S has only isolated fixed points.

First case: Suppose that ¢ has 4 fixed points, Fix(t) = {p1, ap1, p2, ap>}. The
Euler number of /G is

e(S/G) = %(44—(2— DE-4)+ @ —-1)4) =4.
The singularities on S/ G are 4A; + A4 3 + A1 and therefore
e(Z)y=44+4+3+1=12.

Moreover K% = % + (—%)2(—4) =0.
Second case: Suppose that ¢ has 2 fixed points, Fix(¢) = {p1, ap1}. The Euler
number of ¢(S/G) would be

1@+ Q2-DI8+@—-12)=1,

but this is not an integer. (]
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Proposition 5.35. Suppose that the dihedral group Dg of order 16 acts on fake
quadric S. The singularities of S/Dg are 4A + Ag 3 + Ag.s. The resolution Z of
the quotient surface has invariants

Ki=—1, c(Z)=13, q=pg=0.

Proof. Let t and a be generators of Dg such that t® =4 =1 and at = t"a. Order 8
elements in G are ¢, 13,17, ¢’; order 4 elements are 72, ¢°; order 2 elements are a,
ta, t?a, ta, t*a, ta, t°, t'a and t*.

By the discussion on order 8 elements, ¢ has 4 fixed points, say pi, api, p2, aps.
Let p be a fixed point of an involution o # t*. The orbit of p under G consists of
8 elements, each is a fixed point of an involution # ¢*. The quotient surface has
é -8-4A1 + As 3 + Ag 5 singularities. We have

e(S/G) =14 +1-8-4)+7-4) =4,

and e(Z) =4+4+2+4+3=13. MoreoverK2=%—1—%=—1_ O

6. Reconstruction of a surface knowing its quotient

Miyaoka [1984] gives a bound on the number of disjoint (—2)-curves on a minimal
smooth surface Y. This implies in particular that if c% =4,2or 1 and x(Oy) =1,
there are at most 4, 6 and 7 such curves respectively. The surfaces with C12 =4, 2
we obtained as quotient of quaternionic fake quadrics reach that bound. For the
cases c% = 2 these surfaces seem to be the first known ones with that property.
Dolgachev, Mendes Lopes, and Pardini [2002] study rational surfaces with the
maximal number of (—2)-curves. For that aim they use and develop the theory of
(Z/27)"-covers ramified over A; singularities. Using their results, we obtain:

Proposition 6.36. Let Y be a smooth minimal surface of general type with q =
pe =0 and ,Pic(Y) =0.

(a) Ifcl(Y)2 =4, co(Y) =8 and Y contains 4 disjoint (—2)-curves Cy, ..., Cy,
then there exists a double cover of Y ramified over the curves C;. The minimal
model of this covering has invariants c% =2c;=8andq < 1.

®) Ifc1(Y)?> =2, c2(Y) =10 and Y contains 6 disjoint (—2)-curves Cy, ..., Ce,
then there exists a bidouble cover of Y ramified over the curves C;. The
minimal model of this covering has invariants c% =2cp=8and g <2.

(c) If c Y):=1,c(Y) =11 and Y contains7 disjoint (—=2)-curves Cy, ..., Cy,

then there exists a (Z/27)3-cover of Y ramified over the curves C;. The
minimal model of this covering has invariants c% =2c;=8and q < 2.
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Let [, be the field with 2 elements. Let Cy, ..., Cy be k (—2)-curves on a
smooth surface Y. Let

v FoF — Pic(Y)®F,

be the homomorphism sending v = (v, ..., v¢) to >_ v;C;. We say that the curve
C; appears in the kernel ker  if there is a vector v = (vy, ..., v¢) in ker ¢ such
that v; = 1. For v in keryr, we denote by L, an element of Pic(Y) such that
2L, =) v;C; (we sometimes identify elements of F, with 0, 1 in Z). We have:

Proposition 6.37 [Dolgachev et al. 2002, Proposition 2.3]. Suppose that ,Pic(Y) is
zero. There exists a unique smooth connected Galois cover w: Z — Y such that the
Galois group of w is G = Hom(ker ¥, G,,), the branch locus of 7 is the union of the
C; appearing in ker  and the surface Z obtained by contracting the (—1)-curves
over the (—2)-curves in Y has invariants

KZ=2Kjcx(Z)= x(0z) =2"x(Oy)—k2' 7 and «(Z)=x(Y),
where r =dim V.

Proof of Proposition 6.36. We have to prove that for our surface Y, ker has
the required dimension and that all the curves appear in ker. For c%(Y )y=4
and 2, we have by(Y) = h'1(Y) =6, 8 and 9 respectively. As we supposed that
2Pic(Y) =0, the space Pic(Y)®F; is h'1-dimensional. As pg =0, it has moreover a
nondegenerate intersection pairing and therefore the dimension of a totally isotropic
space in Pic(Y) ® [, is at most [hl’1 /2] = 3, 4, and 4 dimensional respectively.
The image of v is the totally isotropic space generated by the curves C;, therefore
the dimension r of ker ¢ is at least 1, 2 and 3 respectively.

A smooth double cover of a surface with n nodes can exist only if # is divisible
by 4 (see [Dolgachev et al. 2002]). Therefore the vectors v = (vy, ..., vg) in ker ¥
(of dimension < 7) have weight 4, that is, the number of indices j such that v; =1
is 4.

In case (a), ker ¢ is one-dimensional, generated by w; = (1, 1, 1, 1). For (b),
as every vector in ker iy has weight 4, by [Beauville 1980, Lemme 1], we have
k>2"—1 and thus r <2 and r < 3 respectively. Moreover, it is easy to check that
in the case (b), the space ker ¢ is (up to permutation of the basis vectors) generated
by w; =(1,1,1,1,0,0) and w, = (1, 1,0,0, 1, 1).

In case (c) [Beauville 1980, Lemme 1] implies that ker ¢ is (up to permuta-
tion) generated by w; = (1,0,0,1,1,0, 1), w, = (0,1,0,1,0,1,1) and w3 =
0,0,1,0,1, 1, 1).

The surface Z obtained by contracting the (—1)-curves over the (—2)-curves C;
is minimal because no surface with cf = 3¢, =9 has an order 2 automorphism. [J

Let us give a bound on the irregularity.
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Lemma 6.38. Let Y be a surface of general type with x = 1 and g = 0 containing
a 2-divisible set of 4 (—2)-curves. Let Y' — Y be the double cover. Then g(Y') < 1.

Proof. As q(Y) = 0, the involution o on Y’ given by the cover Y’ — Y acts as
multiplication by —1 on H°(Y’, Qy-). Therefore, o acts trivially on NH 0y, Qy).
As py(Y) =0, the map NHOY, Qy)— HO®Y', N\>Qy/) must be 0. Let Y/ — Y”
be the blow-down map of the 4 (—1)-curves over the 4 nodal curves of Y. If
qg(Y") > 1, Castelnuovo-De Franchis Theorem implies that there is a fibration
onto a curve B of genus g(Y”). By [Zucconi 2003], we get that g(Y”) < 2 and if
qg(Y") =2, then Y"” is an étale bundle of genus 2 fibers onto a genus 2 curve B and
K 12,,, = 8. In that case, there is a commutative diagram

Y - X

A \:
B — P!

where the vertical maps are genus 2 fibrations and X is the surface obtained by
contracting the 4 (—2)-curves on Y. This diagram is obtained from B — P! by
taking base change and normalizing. Since Y” — X is unramified in codimension 1,
the 6 fibers of X — P! occurring at the 6 branch points of B — P! are double.
Since X has only 4 singular points, X — P! has at least two double fibers contained
in the smooth locus of X, but a multiple fiber on a genus 2 fibration cannot exist
(because of the adjunction formula). Thus g < 1. ([

Let us now consider a smooth minimal surface of general type Z with K2 =2,
c2 = 10, g = p; = 0 such that there is a birational map onto a surface ¥ with
singularities 2A3 | +2A3 5.

Proposition 6.39. Suppose that sPic(Z) = 0. There exists a smooth triple cover X
of Y ramified precisely over the singularities of Y. The surface X is of general type
and has invariants c% =2cp = 8.

Proof. Let Dy, D; be the (—3)-curves over the singularities Az ; and let D3, ..., Dg
be the (—2)-curves over the singularities A3z >, with indices satisfying D3 D4 =
DsDg = 1. Let W — Y be the blow-up at the intersection points of D3, D4 and of
Ds, Dg. Let Cy, ..., Cg be the strict transforms of the D; in W. Let

¥ F3® — Pic(W) @ F3 = HX(W, [3)

be the homomorphism sending v = (vy, ..., v¢) to Y v;C;. The image of ¥ is a
totally isotropic subspace in H>(W, F3). As by(W) = 10, this image is at most
5-dimensional and therefore dimkery > 1. Let v = (vy, ..., vg) € ker, v # O.

We choose the representatives of F3 in {0, 1, 2}. There exists a unique invertible

sheaf L such that
3L = Z v C,‘.
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Let T be the triple cover of W ramified over the r curves C; such that v; # 0.
The surface T is smooth outside the curves C; with v; = 2. Let R be the minimal
resolution of 7 and let f: R — W be the composite map. By [Urzda 2010,
Propositions 2.2, 4.1 and 4.3], the invariants of R are

Ki =nm [*(Kw+3%),  c2(R) =3cx(W)—4r, x(Og)=3x(O0w)—}r,
where ¥ is the sum of the » curves C; such that v; # 0. Therefore »r = 3 or 6 and
K:=0, c(R)=36—4r, x(Ow)=3-1ir

As there are at least 3 curves C; in the branch locus, one of the curves Cs, ..., Cg is
in that branch locus. Say it is C3. Let E be the exceptional curve going through Cs.
As C3E = C4E =1 and E ) v;C; is divisible by 3, it forces C4 to be also in
the branch locus and thus » = 6 (and dimker ¢ = 1). The inverse image of the 6
(—3)-curves are (—1)-curves. By the formula giving K, the inverse image of the
two exceptional curves are (—3)-curves meeting two (—1)-curves. We can therefore
effectuate 8 blow-downs and we obtain a fake quadric. It has general type because
Y has general type, it is minimal because the quotient of a fake plane by an order 3
automorphism with 4 isolated fixed points has 4A; singularities. (]

Acknowledgements

The authors warmly thank Fabrizio Catanese and Miles Reid for pointing out an error
in a previous version. We are indebted to Fabrizio Catanese for his explanations
on that point (see Remark 5.33 (a)) and to Hakan Granath for his help to correct
that error. We thank also Ingrid Bauer, Margarida Mendes Lopes, and Rita Pardini
for many useful discussions, and last but not least, we thank the referee for many
useful comments and suggestions, in particular for the insistence to develop the
Q-homology quadrics point of view (see Remark 3.13). Part of this research was
done during Roulleau’s stay in Strasbourg University, and in the Instituto Superior
Technico under grant FCT SFRH/BPD/72719/2010 and project Geometria Algebrica
PTDC/MAT/099275/2008.

References

[Atiyah and Singer 1968] M. F. Atiyah and I. M. Singer, “The index of elliptic operators, I1I”, Ann. of
Math. (2) 87 (1968), 546—604. MR 38 #5245 Zbl 0164.24301

[Barth et al. 2004] W. P. Barth, K. Hulek, C. A. M. Peters, and A. Van de Ven, Compact complex
surfaces, 2nd ed., Ergebnisse der Mathematik und ihrer Grenzgebiete (3) 4, Springer, Berlin, 2004.
MR 2004m:14070 Zbl 1036.14016

[Bauer et al. 2008] I. C. Bauer, F. Catanese, and F. Grunewald, “The classification of surfaces with
Pg = g = 0 isogenous to a product of curves”, Pure Appl. Math. Q. 4:2, Part 1 (2008), 547-586.
MR 2009a:14046 Zbl 1151.14027


http://dx.doi.org/10.2307/1970717
http://msp.org/idx/mr/38:5245
http://msp.org/idx/zbl/0164.24301
http://msp.org/idx/mr/2004m:14070
http://msp.org/idx/zbl/1036.14016
http://dx.doi.org/10.4310/PAMQ.2008.v4.n2.a10
http://dx.doi.org/10.4310/PAMQ.2008.v4.n2.a10
http://msp.org/idx/mr/2009a:14046
http://msp.org/idx/zbl/1151.14027

AUTOMORPHISMS AND QUOTIENTS OF QUATERNIONIC FAKE QUADRICS 119

[Beauville 1980] A. Beauville, “Sur le nombre maximum de points doubles d’une surface dans p3
(u(5) = 31)”, pp. 207-215 in Journées de Géometrie Algébrique (Angers, 1979), edited by A.
Beauville, Sijthoff & Noordhoff, Alphen aan den Rijn, 1980. MR 82k:14037 Zbl 0445.14016

[Borel 1981] A. Borel, “Commensurability classes and volumes of hyperbolic 3-manifolds”, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4) 8:1 (1981), 1-33. MR 82j:22008 Zbl 0473.57003

[Deuring 1968] M. Deuring, Algebren, 2nd ed., Ergebnisse der Mathematik und ihrer Grenzgebiete
41, Springer, Berlin, 1968. MR 37 #4106 Zbl 0159.04201

[Dolgachev et al. 2002] I. Dolgachev, M. Mendes Lopes, and R. Pardini, “Rational surfaces with
many nodes”, Compositio Math. 132:3 (2002), 349-363. MR 2003g:14049 Zbl 1059.14050

[DZambié 2013] A. DZambi¢, “Fake quadrics from irreducible lattices acting on the product of upper
half planes”, preprint, 2013. arXiv 1305.5174

[Granath 2002] H. Granath, On quaternionic Shimura surfaces, thesis, Chalmers Tekniska Hogskola,
Goteborg, 2002. MR 2715512

[Hirzebruch 1987] F. Hirzebruch, “Kommentare”, pp. 755-804 in Gesammelte Abhandlungen, vol. 1,
Springer, Berlin, 1987. MR 89h:01106 Zbl 0627.01044

[Inose and Mizukami 1979] H. Inose and M. Mizukami, ‘“Rational equivalence of 0-cycles on
some surfaces of general type with py = 07, Math. Ann. 244:3 (1979), 205-217. MR 82c:14009
Zbl 0444.14006

[Iskovskikh and Shafarevich 1989] V. A. Iskovskikh and I. R. Shafarevich, “AnreGpaunueckue
nosepxuoctu”, pp. 131-263 in Aazebpauneckas ezeomempus, II, edited by 1. R. Shafarevich,
Itogi Nauki Tekh., Ser. Sovrem. Probl. Mat., Fundam. Napravleniya 35, Akad. Nauk SSSR Vsesoyuz.
Inst. Nauchn. i Tekhn. Inform., Moscow, 1989. Translated as “Algebraic surfaces” in Algebraic
geometry, II, Encyclopaedia of Math. Sci. 35, 127-262, Springer, Berlin, 1996. MR 91f:14029
7Zbl 0733.14015

[Keum 2006] J. Keum, “A fake projective plane with an order 7 automorphism”, Topology 45:5
(2006), 919-927. MR 2008b:14065 Zbl 1099.14031

[Keum 2008] J. Keum, “Quotients of fake projective planes”, Geom. Topol. 12:4 (2008), 2497-2515.
MR 2009g:14042 Zbl 1222.14088

[Keum 2012] J. Keum, “Toward a geometric construction of fake projective planes”, Atti Accad. Naz.
Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 23:2 (2012), 137-155. MR 2924897
7Zbl 1248.14044

[Margulis 1991] G. A. Margulis, Discrete subgroups of semisimple Lie groups, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) 17, Springer, Berlin, 1991. MR 92h:22021 Zbl 0732.22008

[Matsushima and Shimura 1963] Y. Matsushima and G. Shimura, “On the cohomology groups
attached to certain vector valued differential forms on the product of the upper half planes”, Ann. of
Math. (2) 78 (1963), 417-449. MR 27 #5274 Zbl 0141.38704

[Miyaoka 1984] Y. Miyaoka, “The maximal number of quotient singularities on surfaces with given
numerical invariants”, Math. Ann. 268:2 (1984), 159-171. MR 85j:14060 Zbl 0521.14013

[Prasad and Yeung 2012] G. Prasad and S.-K. Yeung, “Nonexistence of arithmetic fake compact
Hermitian symmetric spaces of type other than A, (n < 4)”, J. Math. Soc. Japan 64:3 (2012),
683-731. MR 2965425 Zbl 1266.22015

[Riehm 1970] C. Riehm, “The norm 1 group of a p-adic division algebra”, Amer. J. Math. 92 (1970),
499-523. MR 41 #6860 Zbl 0199.37601

[Roulleau 2012] X. Roulleau, “Quotients of Fano surfaces”, Atti Accad. Naz. Lincei CI. Sci. Fis. Mat.
Natur. Rend. Lincei (9) Mat. Appl. 23:3 (2012), 325-349. MR 2960841 Zbl 1252.14023


http://math1.unice.fr/~beauvill/pubs/mu(5).pdf
http://math1.unice.fr/~beauvill/pubs/mu(5).pdf
http://msp.org/idx/mr/82k:14037
http://msp.org/idx/zbl/0445.14016
http://www.numdam.org/item?id=ASNSP_1981_4_8_1_1_0
http://msp.org/idx/mr/82j:22008
http://msp.org/idx/zbl/0473.57003
http://dx.doi.org/10.1007/978-3-642-85533-7
http://msp.org/idx/mr/37:4106
http://msp.org/idx/zbl/0159.04201
http://dx.doi.org/10.1023/A:1016540925011
http://dx.doi.org/10.1023/A:1016540925011
http://msp.org/idx/mr/2003g:14049
http://msp.org/idx/zbl/1059.14050
http://msp.org/idx/arx/1305.5174
http://msp.org/idx/mr/2715512
http://msp.org/idx/mr/89h:01106
http://msp.org/idx/zbl/0627.01044
http://dx.doi.org/10.1007/BF01420343
http://dx.doi.org/10.1007/BF01420343
http://msp.org/idx/mr/82c:14009
http://msp.org/idx/zbl/0444.14006
http://mi.mathnet.ru/rus/intf/v35/p131
http://mi.mathnet.ru/rus/intf/v35/p131
http://msp.org/idx/mr/91f:14029
http://msp.org/idx/zbl/0733.14015
http://dx.doi.org/10.1016/j.top.2006.06.006
http://msp.org/idx/mr/2008b:14065
http://msp.org/idx/zbl/1099.14031
http://dx.doi.org/10.2140/gt.2008.12.2497
http://msp.org/idx/mr/2009g:14042
http://msp.org/idx/zbl/1222.14088
http://dx.doi.org/10.4171/RLM/622
http://msp.org/idx/mr/2924897
http://msp.org/idx/zbl/1248.14044
http://msp.org/idx/mr/92h:22021
http://msp.org/idx/zbl/0732.22008
http://dx.doi.org/10.2307/1970534
http://dx.doi.org/10.2307/1970534
http://msp.org/idx/mr/27:5274
http://msp.org/idx/zbl/0141.38704
http://dx.doi.org/10.1007/BF01456083
http://dx.doi.org/10.1007/BF01456083
http://msp.org/idx/mr/85j:14060
http://msp.org/idx/zbl/0521.14013
http://dx.doi.org/10.2969/jmsj/06430683
http://dx.doi.org/10.2969/jmsj/06430683
http://msp.org/idx/mr/2965425
http://msp.org/idx/zbl/1266.22015
http://dx.doi.org/10.2307/2373336
http://msp.org/idx/mr/41:6860
http://msp.org/idx/zbl/0199.37601
http://dx.doi.org/10.4171/RLM/631
http://msp.org/idx/mr/2960841
http://msp.org/idx/zbl/1252.14023

120 AMIR DZAMBIC AND XAVIER ROULLEAU

[Shavel 1978] I. H. Shavel, “A class of algebraic surfaces of general type constructed from quaternion
algebras”, Pacific J. Math. 76:1 (1978), 221-245. MR 58 #28002 Zbl 0422.14022

[Shimizu 1963] H. Shimizu, “On discontinuous groups operating on the product of the upper half
planes”, Ann. of Math. (2) 77 (1963), 33—71. MR 26 #2641 Zbl 0218.10045

[Shimura 1967] G. Shimura, “Construction of class fields and zeta functions of algebraic curves”,
Ann. of Math. (2) 85 (1967), 58-159. MR 34 #4268 Zbl 0204.07201

[Urzia 2010] G. Urzda, “Arrangements of curves and algebraic surfaces”, J. Algebraic Geom. 19:2
(2010), 335-365. MR 2011e:14072 Zbl 1192.14033

[Vignéras 1980] M.-F. Vignéras, Arithmétique des algébres de quaternions, Lecture Notes in Mathe-
matics 800, Springer, Berlin, 1980. MR 82i:12016 Zbl 0422.12008

[Zhang 2001] D.-Q. Zhang, “Automorphisms of finite order on rational surfaces”, J. Algebra 238:2
(2001), 560-589. MR 2002c:14064 Zbl 1057.14053

[Zimmer 1984] R.J. Zimmer, Ergodic theory and semisimple groups, Monographs in Mathematics
81, Birkhiuser, Basel, 1984. MR 86j:22014 Zbl 0571.58015

[Zucconi 2003] F. Zucconi, “Surfaces with pg = g = 2 and an irrational pencil”, Canad. J. Math.
55:3 (2003), 649-672. MR 2004d:14055 Zbl 1053.14042

Received January 18, 2012. Revised May 24, 2013.

AMIR DZAMBIC

INSTITUT FUR MATHEMATIK

JOHANN WOLFGANG GOETHE UNIVERSITAT
ROBERT-MAYER-STR. 6—8

D-60325 FRANKFURT AM MAIN

GERMANY

dzambic @math.uni-frankfurt.de

XAVIER ROULLEAU

LABORATOIRE DE MATHEMATIQUES ET APPLICATIONS
UNIVERSITE DE POITIERS

TELEPORT 2 - BP 30179

86962 FUTUROSCOPE CHASSENEUIL

FRANCE

roulleau @math.univ-poitiers.fr


http://dx.doi.org/10.2140/pjm.1978.76.221
http://dx.doi.org/10.2140/pjm.1978.76.221
http://msp.org/idx/mr/58:28002
http://msp.org/idx/zbl/0422.14022
http://dx.doi.org/10.2307/1970201
http://dx.doi.org/10.2307/1970201
http://msp.org/idx/mr/26:2641
http://msp.org/idx/zbl/0218.10045
http://dx.doi.org/10.2307/1970526
http://msp.org/idx/mr/34:4268
http://msp.org/idx/zbl/0204.07201
http://dx.doi.org/10.1090/S1056-3911-09-00520-7
http://msp.org/idx/mr/2011e:14072
http://msp.org/idx/zbl/1192.14033
http://dx.doi.org/10.1007/BFb0091027
http://msp.org/idx/mr/82i:12016
http://msp.org/idx/zbl/0422.12008
http://dx.doi.org/10.1006/jabr.2000.8673
http://msp.org/idx/mr/2002c:14064
http://msp.org/idx/zbl/1057.14053
http://dx.doi.org/10.1007/978-1-4684-9488-4
http://msp.org/idx/mr/86j:22014
http://msp.org/idx/zbl/0571.58015
http://dx.doi.org/10.4153/CJM-2003-027-8
http://msp.org/idx/mr/2004d:14055
http://msp.org/idx/zbl/1053.14042
mailto:dzambic@math.uni-frankfurt.de
mailto:roulleau@math.univ-poitiers.fr

PACIFIC JOURNAL OF MATHEMATICS
Vol. 267, No. 1, 2014

dx.doi.org/10.2140/pjm.2014.267.121

DISTANCE OF BRIDGE SURFACES FOR LINKS WITH
ESSENTIAL MERIDIONAL SPHERES

YEONHEE JANG

Bachman and Schleimer gave an upper bound for the distance of a bridge
surface of a knot in a 3-manifold which admits an essential surface in the
exterior. Here we give a sharper upper bound for the distance of a bridge
surface of a link when the manifold admits an essential meridional sphere
in the exterior.

1. Introduction

Let L be a link in a closed orientable 3-manifold M. A closed orientable surface F
embedded in M is called a Heegaard surface of M if it cuts M into two handlebodies.
We call this decomposition a Heegaard splitting of M. We say that L is in bridge
position with respect to a Heegaard surface F if the intersection of L and each
handlebody is trivial, namely, the intersection together with some arcs on F' bounds
mutually disjoint disks. We call F a (g, n)-bridge surface (or a bridge surface in
brief) of L, where g is the genus of F' and # is the half of the number |L N F| of
the components of L N F. In particular, we call a (0, n)-bridge surface an n-bridge
sphere of L. Throughout this paper, we assume n > 3 for all n-bridge spheres.

Since the distance of a Heegaard splitting was introduced in [Hempel 2001] as a
measure of complexity, it has been studied by various authors; see, for example,
[Evans 2006; Hartshorn 2002; Kobayashi and Rieck 2009; Scharlemann and Tomova
2006]. This concept can be generalized to the distance of bridge surfaces of links
in closed orientable 3-manifolds (see Section 2 for details). As generalizations
of results from [Hartshorn 2002; Scharlemann and Tomova 2006], Bachman and
Schleimer [2005] and Tomova [2007] gave upper bounds for the distance of a
bridge surface of a knot in a 3-manifold when there exist essential surfaces in the
knot exterior and alternate bridge surfaces, respectively, in terms of their Euler
characteristics. Ido [2013] gave a refinement of the upper bound of [Tomova 2007]
in the case where the genus of the bridge surface is 0.

This research is partially supported by a Grant-in-Aid for JSPS Research Fellowships for Young
Scientists.
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Figure 1. dps(L, F)=0and dr (L, F) = 1.

In Theorem 1.1 and Corollary 1.3 below we give a refinement of Bachman
and Schleimer’s upper bound for the distance of bridge surfaces under some extra
assumptions. (For detailed definitions, see Section 2.) For a surface S in M, we
denote by Sy, the surface CI(S'\ N(L)), where N (L) is a regular neighborhood of
Lin M.

Theorem 1.1. Let L be a link in a closed orientable irreducible 3-manifold M
which is in bridge position with respect to a Heegaard surface F. Suppose that
there exists a c-essential sphere S in M intersecting L transversely in at least 4
points. Then dps(L, F) < —x(SL) = [0SL| — 2.

Bachman and Schleimer’s upper bound in this setting is —x (Sz) + 2, which
equals |08y |.

We will denote by dgs(L, F) and dr (L, F) the definitions of distance given in
[Bachman and Schleimer 2005] and [Tomova 2007], which disagree slightly. In
general, it is easy to see that dgs(L, F) <dy (L, F) <dps(L, F) + 2. If we focus
on bridge spheres for links in the 3-sphere S3, we have:

Proposition 1.2. For an n-bridge sphere F of a link L in S°,

e ifdgs(L, F)>1,thendr(L, F)=dgs(L, F), and

o ifdpgs(L, F)=0,thendyr(L, F)=0or1.

The links and the 3-bridge spheres in Figure 1 give examples for which the two
distances do not coincide, since dgg(L, F) = 0 and dr (L, F) = 1. In fact, this

always holds when L is nonsplit and either L is composite or F is perturbed.
The following is a direct consequence of Theorem 1.1 and Proposition 1.2.

Corollary 1.3. Let L be a link in the 3-sphere S* and F an n-bridge sphere of L.
Suppose that there exists a c-essential sphere S in M intersecting L transversely in
at least 4 points. Then dr (L, F) < —x(Sp) =190S.| — 2.

As a consequence of Theorem 1.1 and Corollary 1.3, we obtain:

Corollary 1.4. Let L be an arborescent link in the 3-sphere S3. Then dgs(L, F) <2
and dr (L, F) < 2 for any minimal bridge sphere F of L.
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Corollary 1.5. Let L be a link in the 3-sphere S* and F a minimal bridge sphere
such that dps(L, F) > 2 or dr (L, F) > 2. Then L is a hyperbolic link and the
double branched covering My (L) of S3 branched along L is a hyperbolic manifold.

Corollary 1.5 implies Corollary 6.2 of [Bachman and Schleimer 2005], which
asserts the hyperbolicity of links admitting bridge surfaces with distance greater
than 2. In fact, arborescent links are known to be hyperbolic except for some special
cases (see [Bonahon and Siebenmann 2010; Futer and Guéritaud 2009; Jang 2011,
Proposition 3]). On the other hand, the double branched covering M>(L) of § 3
branched along an arborescent link L is a graph manifold, and hence not hyperbolic.
Thus, the latter assertion in Corollary 1.5 is meaningful. We remark that, in fact,
the hyperbolicity of M>(L) implies the hyperbolicity of the link L (see [Kojima
1996; 1998]). Also, we conjecture that the assumptions on the minimality of the
bridge spheres in Corollaries 1.4 and 1.5 are unnecessary. Specifically, we make
the following conjectures:

(1) dps(L, F) <2 and dr (L, F) <2 for any bridge sphere F of an arborescent
link L in the 3-sphere S°.

(2) For a link L in S? which admits a bridge sphere F such that dgs(L, F) > 2 or
dr (L, F) > 2, the link L is a hyperbolic link and the double branched covering
M;(L) of S* branched along L is a hyperbolic manifold.

Statements (1) and (2) are known to be true except for 3-bridge Montesinos links (see
the proof of Corollaries 1.4 and 1.5). In fact, they are true if any nonminimal bridge
sphere of a 3-bridge Montesinos link has distance at most 2 (or if any nonminimal
bridge sphere of a 3-bridge Montesinos link is perturbed, which implies that the
distance is at most 1).

2. Definitions and notation

Our conventions mostly follow [Bachman and Schleimer 2005], though we modify
some of the definitions since we treat only meridional spheres in this paper, while
Bachman and Schleimer treated more general surfaces.

Throughout this paper, M is a closed orientable 3-manifold and L is a link in
M. We denote the manifold CI(M \ N(L)) by M. For a surface F embedded in
M that intersects L transversely, we denote the surface F N My by Fp and call it a
meridional surface (with respect to L). A simple closed curve on Fy is inessential
on Fy if it bounds a disk on Fp or it bounds an annulus on Fj together with a
boundary component of F;. We say that the curve is essential on Fy if it is not
inessential on Fy. A compressing disk for Fy is a disk D embedded in M} so that
F N D =29D is an essential simple closed curve on Fy. A cut-disk for Fy is the
intersection D¢ = D N M;,, where D(C M) is a disk such that DN F = 9D is an
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K

compressing disk cut-disk

Figure 2. c-disks.

essential simple closed curve on Fy and |D N N(L)| is a meridian disk (i.e., D
intersects L transversely in one point). A c-disk for Fy is either a compressing disk
or a cut-disk for F; (see Figure 2). We say that a surface F C M 1is c-essential
if there are no c-disks for F;, Fy is not boundary parallel in M; and F is not a
2-sphere that bounds a 3-ball in M.

Let L be a link in M which is in a bridge position with respect to a Heegaard
surface F of M. We denote by €(F) the curve complex of Fp, that is, each vertex
of 6(Fp) corresponds to the isotopy class of an essential simple loop in F and
k + 1 distinct vertices form a k-simplex if and only if there are mutually disjoint
representatives of the corresponding isotopy classes. For two vertices v and v’ of
% (FL), we denote by d(v, v’) the number of 1-simplexes in the shortest path (of
1-simplexes) connecting v and v’. For two sets A and B of vertices of €(FL), we
define d(A, B) by the minimum of {d (v, v) | v € A, v’ € B}. Let V and V; be the
closures of the two components of M \ F, and let H; = V; N M}, (i =0, 1). For each
i =0, 1, we denote by @ gs(H;) (resp. @ (H;)) the set of the vertices of ‘€ (F ) with
representatives bounding c-disks (resp. compressing disks) in H;. We define the
distances dps(L, F) and d7 (L, F) of L with respectto F as d(%ps(Hp), Dps(H1))
and d(9@7(Hp), D1 (Hy)), respectively.

Let V be a handlebody and T the union of trivial arcs properly embedded in V.
We say that a finite graph X properly embedded in V is a spine of (V, T)if V\ X
is homeomorphic to dV x [0, 1) and the projection V \ ¥ =9V x [0,1) — [0, 1)
has no maxima on 7. Let L be a link in M which is in a bridge position with
respect to a Heegaard surface F' of M, and let Vj and V| be the closures of the two
components of M \ F. For eachi =0, 1, let X; be the spine of (V;, LN V;) and
let p; : V;\ Z;(E0V; x [0, 1)) — [0, 1) be the projection as above. Define maps
90:[0,1)— (0, 1] and 1 : [0, 1) >[4, 1) by @o (1) = 3(1—1) and ¢ (t) = 2 (1 +1).
A sweep-out of F with respectto L isamap h : M — [0, 1] defined by h(%;) =i
and hlyp\s, =@iop; (i =0,1).

3. Proof of the main theorem

In this section, we prove Theorem 1.1, and also Proposition 1.2 and Corollary 1.3.
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Proof of Theorem 1.1. If dps(L, F) <1, then dgs(L, F) < —x(S) =|0S.| —2
always holds since [0S57| > 4 by the hypothesis. Hence, we may assume that
dps(L, F) > 2. Let Hy, H, X9 and X; be as in the previous section, and let
h: M — [0, 1] be a sweep-out of F with respect to L. Set F(t) = ()N M.
Let Hy(t) be the closure of the component of My \ Fr(¢) that contains Xy, and
H, (t) the closure of My \ Hy(t). Let €y be chosen just larger than the radius of
N (L) but small enough so that S meets Hy(eg) and H; (1 —e€p) in c-disks for F (eg)
and Fy (1 —€p). Then the surface Fy (¢) is homeomorphic to F; for every value
t € [€0, 1 — €0], and we can take a homeomorphism

1—e€o
©: | FL(t) > Fu x €0, 1 — €]
=€y
such that ® (F(t)) = F, x {t}. Let m =pr; o ®, where pr; : F X [€9, 1 —€9] = FL
is the projection onto the first factor. Hence, for a loop y on Fr (t), the image 7 (y)
is a loop on Fp.

Note: The results referred to throughout this proof are from [Bachman and Schleimer
2005].

We assume that the essential meridional sphere S is in standard position as in
the proof of the main theorem of that reference. Namely,

» Each boundary component of Sy, lies on d F (¢) for some ¢ € (€9, 1 —€p). If
some boundary component of S is contained in d Fy,(¢), we consider ¢ a critical
value for S.

o All critical points of /|s, are nondegenerate (i.e., maxima, minima, or saddles).
We will refer to any such critical point whose height is between €g and 1 — ¢
and to any meridional boundary component as a critical submanifold (of S).

 The heights of any two critical submanifolds of S are distinct.

Let #y be the supremum of ¢ € [y, 1 — €p] such that there is a loop in S N F ()
which bounds a c-disk for F7 () in Hy(t). Likewise, let #; be the infimum of
t € [eg, 1 —€p] such that some loop in S N Fy (¢) bounds a c-disk for Fy () in H;(¢).
Since dps(L, F) > 2, we may assume that g < 1y < t; < 1 — €9 by Claims 5.4-5.6.

Choose € > 0 sufficiently small so that there is no critical values in [ty —¢€, g+ €]
and in [#; — €, t; + €] other than 7y and #;. By the definition of #y, there is a loop
Yo C SN Fr(ty — €) which bounds a c-disk for Fr (o —€) in Hy(ty — €). Similarly,
there is a loop y; C SN Fy (¢ +¢€) which bounds a c-disk for F7 (1 +¢€) in Hy(t; +¢€).

We see that S N F (fy + €) contains a loop essential on Sy . To this end, assume
on the contrary that every component of S N Fy (fy + €) is inessential on S;. By
the definition of ¢y, a component of S N F (#fp + €) is inessential also on Fy,(fo + €)
since, otherwise, S N Hy(fy + €) is a c-disk. Note that there is no essential spheres
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or decomposing spheres for L by the assumption that dgs(L, F) > 2 together with
Theorem 1. Hence, we can isotope S so that S; C H|(#y + €), which is impossible
by Claim 5.2. Similarly, we can see that SN Fy (#; — €) contains a loop essential on
Sz. Cut Sy along loops on SN Fp(tg+¢€) and SN Fy (t; — €) which are essential on
S.. Let S’ be the closure of one of the components which meets both Fy (z) + €)
and Fp (t; — €). Note that every loop on Sy is separating since S is a sphere, and
that every component of §; \ S’ contains at least two boundary components of Sy .
Thus, the Euler characteristic x (S”) is bigger than or equal to x (S.) + 2.

Let o (resp. 1) be a component of 9S" N Fp(tg+¢€) (resp. 98’ N F (¢} —€)). By
Claim 5.9, every loop of SN Fy(¢) for every regular value ¢ € [fg, t1] of h|g is either
essential on both F7 (¢) and Sy or inessential on both Fy (¢) and S;. In particular,
the loops « and o] are essential also on Fr(ty + €) and Fr(t; — €), respectively.
Since we chose a sufficiently small €, we may assume that the images 7 (yp) and
7 (ag) on Fp are disjoint. Similarly, we assume that 7 (y;) and (1) on Fp are
disjoint. By Claim 5.7 and Lemma 5.12, we see that the distance dps (7 («tg), 7 (2¢1))
is bounded above by the number of essential critical submanifolds on §’. (Here, an
essential critical submanifold is a critical submanifold P of S’ such that neither of
the boundary components of a small horizontal neighborhood of P in S” does not
bound a disk on §’. See [Bachman and Schleimer 2005] for detail.) Note that the
number of essential critical submanifolds on S’ equals —x (S’).

Hence, we have

dps (7 (y0), (y1)) < dps(7w(yo), w (o)) + dps(m (o), w(a1)) + dps(mw (1), w(y1))
< dps(m(ap), m(ar)) +2

<—x(8H+2
= —x(Sp).
This completes the proof of Theorem 1.1. (]

Proof of Proposition 1.2. Let V and V; be the closures of the two components of
S3\ F,and let H; = CI(V; \ N(L)) (i =0, 1).

We first assume that dgs(L, F) =n > 1, and let ¢y, . . ., ¢, are essential loops
on F realizing the distance dgs(L, F). Namely, co and ¢, bounds c-disk in Hy
and Hj, respectively, and ¢;_1 N¢; =& fori =1, ..., n. Assume that ¢y bounds a

cut-disk D€ in Hy. Since Vj is a 3-ball by the hypothesis and ¢y is essential in Fp,
Hp \ D¢ has two components HO1 and HO2 neither of which is homeomorphic to a
solid torus, and c; lies on 8H01 and BHOZ, say BH(}. Then, we can find a compressing
disk D for F; in 9 H?, disjoint from D¢ U cy, and we replace cg with d D. Similarly,
in the case where ¢, bounds a cut-disk in H;, we can replace ¢, with a loop c),
which bounds a compressing disk in H; and is disjoint from ¢,_;. Hence, we have
dr(L,F)=n=dps(L, F).
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Assume that dgs(L, F) =0. Then there is a loop ¢ which bounds c-disks in both
Hp and H,. By using an argument similar to that for the previous case, we can find
loops ¢’ and ¢” that bound compressing disks in Hy and Hj, respectively, and are
mutually disjoint. Hence, we have dr (L, F) < 1. U

Proof of Corollary 1.3. By Proposition 1.2, we have dr (L, F) =max{l1, dps(L, F)}.
Since dps(L, F) < —x(Sr) by Theorem 1.1 and —x (S.) > 2 by the hypothesis,
we have dy (L, F) < —x(Sr). [l

4. Applications

In this section, we prove Corollaries 1.4 and 1.5.

A (2-string) trivial tangle is a pair of a 3-ball and the union of two arcs trivially
embedded in the 3-ball, that is, the arcs together with some arcs on the boundary
of the 3-ball bound disjoint disks. A rational tangle is an ambient isotopy class
of a trivial tangle with its boundary fixed. It is well known that rational tangles
can be parametrized by rational numbers, called the slopes of rational tangles. A
Montesinos pair is a pair of a 3-manifold and a 1-submanifold which is built from
the pair, called a hollow Montesinos pair, (illustrated in either half of Figure 3) by
plugging some of the holes with rational tangles of finite slopes.

An arborescent link is a link in the 3-sphere S* obtained by gluing some Mon-
tesinos pairs in their boundaries. In particular, we call a link obtained from a
hollow Montesinos pair of the form shown on the left in Figure 3 by plugging
the holes with rational tangles of finite slopes ry, ra, ..., r, a Montesinos link,
and denote it by M (ry, ra, ..., ry). We call m the length of the Montesinos link
M(r, 12, ..., y) when neither of vy, ro, ..., 1, is an integer. Similarly, we denote
by My(ry, ra, ..., ry) the arborescent link obtained from a hollow Montesinos pair
of the form shown on the right in Figure 3 by plugging the holes with rational
tangles of finite slopes r1, ra, ..., .

Lemma 4.1. Let L be an arborescent link in S* which has bridge index at least 3,
and suppose that L does not admit an essential Conway sphere (i.e., a c-essential
sphere in S3 intersecting L transversely in exactly 4 points). Then L is equivalent
to a Montesinos link of length 3 as illustrated in Figure 4. In that figure, each circle
with a rational number r; (i =1, 2, 3) inside represents a rational tangle of slope r;.

Figure 3. Hollow Montesinos pairs.
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Figure 4. A Montesinos link M;(r, 2, r3).

essential Conway spheres

Figure 5. Essential Conway spheres in Montesinos pairs.

Proof. Let L be an arborescent link in S® and suppose that L does not admit an
essential Conway sphere. Then L is obtained from a Montesinos pair of one of the
forms shown in Figure 3 by plugging the holes with rational tangles of finite slopes
(see [Bonahon and Siebenmann 2010, Theorem 3.4] or [Jang 2011, Theorem 4]).
That is, L is equivalent to a Montesinos link M, (r, r2, ..., F,) Or an arborescent
link M>(ry, ra, ..., Fm,) for some rational numbers r;’s. Moreover, the m and m;
cannot be bigger than 3 and 1, respectively, since otherwise L admits an essential
Conway sphere as illustrated in Figure 5, which contradicts the hypothesis.

We note that M, (r;) is equivalent to the Montesinos link M{(—1/2,1/2, —1/r}).
Moreover, we can easily see that My (ry, 2, ..., ry,) admits a 2-bridge presentation
if the length of M (ry, 72, ..., ry,) 18 1 or 2, which contradicts the assumption that
the bridge index of L is at least 3. Thus, L is equivalent to a Montesinos link of
length 3, which is the desired result. (]

Proof of Corollary 1.4. Let L be an arborescent link in $3 and F a bridge sphere of
L. If there is an essential tori or an essential Conway sphere in the complement
of L, then the distances dps(L, F) and d7 (L, F) are at most 2 by [Bachman and
Schleimer 2005, Theorem 5.1] together with Theorem 1.1 and Corollary 1.3. Thus,
in the rest of the proof, we assume that there is no essential tori or essential Conway
spheres. By Lemma 4.1, the link L is equivalent to a Montesinos link of length 3
(see Figure 4).

Figure 6. A 3-bridge sphere for a Montesinos link.
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Assume that F is a minimal bridge sphere (that is, a 3-bridge sphere) of L. By
[Jang 2013], we may assume that F' is (equivalent to) the 3-bridge sphere Fj in
Figure 6 without loss of generality. Let By be the 3-ball bounded by F' containing
two of the three rational tangles and B; the other 3-ball bounded by F (see Figure 6),
and let H; be the closure of B; \ N(L) (i =1, 2). Let cg, c; and ¢, be the loops
on Fy as illustrated in Figure 7. Then ¢y bounds a cut-disk in Hj, ¢, bounds a
compressing disk in H», and ¢ is disjoint from co U c;. These imply dps(L, F) <2.
Moreover, by Proposition 1.2, we have dr (L, F) < 2. O

Proof of Corollary 1.5. If the distances are greater than two, then, by [Bachman
and Schleimer 2005, Theorem 5.1] together with Theorem 1.1 and Corollary 1.3,
there is no essential tori in the exterior of L, no essential Conway spheres for
L, no essential spheres nor essential annuli. By [Bachman and Schleimer 2005,
Corollary 6.2], L is a hyperbolic link. Moreover, the double branched cover M, (L)
of §3 branched along L has a trivial JSJ decomposition. Thus, M, (L) is either a
Seifert fibered space or a hyperbolic manifold. In the former case, we obtain that
either L is a Montesinos link or the complement of L admits a Seifert fibration,
which contradicts Corollary 1.4 or the fact that L is hyperbolic, accordingly. Hence,
M, (L) must be hyperbolic. (|

Figure 7. Curves realizing distance 2.
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Dedicated to Masamichi Takesaki on the occasion of his eightieth birthday.

Let M be a factor of type III with separable predual and with normal states
P15+« « s Y1, @ With @ faithful. Let A be a finite-dimensional C*-subalgebra
of M. Then it is shown that there is a unitary operator u € M such that
gioAdu=won Afori =1,...,k. This follows from an embedding result
of a finite-dimensional C*-algebra with a faithful state into M with finitely
many given states. We also give similar embedding results of C*-algebras
and von Neumann algebras with faithful states into M. Another similar
result for a factor of type II; instead of type III holds.

1. Introduction

Let M be a factor of type III with separable predual. Then two nonzero projections e
and f in M are equivalent, that is, there exists a partial isometry v € M such that
v¥v=e, vv* = f. If, furthermore, ¢ and f are different from the identity operator 1,
then there is a unitary operator u € M such that u*eu = f. This shows that there
is an abundance of unitaries in M, so one might expect stronger results arising
from these unitaries. That is what is done in the present paper. We show that if ¢
and w are faithful normal states in M and A C M is a finite-dimensional C*-algebra,
then there exists a unitary operator u € M such that the restrictions ¢ o Adu|
and w|4 are equal, where Adu is the inner automorphism x — u*xu of M. (See
Corollary 2.2 for a more precise and general statement.)

This actually follows from an embedding result of a finite-dimensional C*-
algebra A with a faithful state into M with finitely given normal states. This result
is then applied to obtain a similar result for the C*-algebra of the compact operators
on a separable Hilbert space. Furthermore, we have more general embedding results
in Section 3 for C*-algebras and von Neumann algebras with faithful states into a
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type III factor M such that a finite number of normal states on M coincide after the
embedding.

If M is not of type III, the corresponding result is false in general, but if M is
a factor of II}, w = 7 is the trace and A = M,,(C), the matrix algebra of complex
n X n-matrices, then the corresponding result to the unitary equivalence on A holds
for w = 7 and any ¢. This will be shown in Section 4.

There exist results of a similar nature to the ones above in the literature. In
[Connes and Stgrmer 1978], it has been shown that if M is of type III; and ¢ > 0
then there is a unitary operator u € M with

lpoAdu — ] < ¢.

If one takes a pointwise weak limit point of the automorphisms of the form Ad u
in the above, then one finds a completely positive unital map = : M — M with
(p Ol = w.

In the nonseparable case, it has recently been shown by Ando and Haagerup
[2013] that for some factors of type III; constructed as ultraproducts, all faithful
normal states are unitarily equivalent.

In the C*-algebra case it has been shown in [Kishimoto et al. 2003] that if ¢
and w are pure states of a separable C*-algebra A with the same kernel for their
GNS-representations, then there is an asymptotically inner automorphism o of A
such that p o ¢ = w.

Our result gives an exact equality for two states, not an approximate one, but
only on a finite-dimensional C*-subalgebra A.

2. Factors of type II1

In this section we state and prove our main result.

Theorem 2.1. Let M be a type Ill factor with separable predual and ¢, .. ., ¢
normal states on M. Let A be a finite-dimensional C*-algebra and p a faithful state
on A. Then there exists a unital injective homomorphism w : A — M with

giom=p, i=1,...,k.
After proving this theorem, we will prove that it implies the following corollary.

Corollary 2.2. Let M be a factor of type Il with separable predual. Let A be a
finite-dimensional C*-subalgebra of M. Let ¢, ..., ¢ and @ be normal states
on M and assume that w is faithful. Then there exists a unitary operator u € M
such that

gioAdula=wla, i=1,..., k.
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Before starting preliminaries of our proof of Theorem 2.1, we give an outline of
our method for the case A = M, (C).

After diagonalizing the density matrix of p, what we have to find is a system of
matrix units {e;;} in M for which we have ¢, (e;;) = J;jA; foralln =1, ...,k and
i,j=1,...,d, where the ); are eigenvalues of the density matrix of p. We first
choose ¢;; satisfying this condition. Then we choose e}, €13, ..., €14 inductively
so that we have various identities saying that the values of certain linear functionals
applied to a certain partial isometry are all zero at each induction step. This is
done by a version of a noncommutative Lyapunov theorem, and what we need
is a special case of [Akemann and Anderson 1991, Theorem 2.5(1)]. Since the
statement and its proof are short, we include them here in the form we need, for
the sake of convenience of the reader.

Lemma 2.3. Let M be a nonatomic von Neumann algebra and ® : M — C" a
o -weakly continuous linear map. Then for any a € M 1, there exists a projection
p € M such that ®(p) = ®(a).

Proof. Let
D:={xeM;|Px)=o()},

where M, ; denotes the positive operators in the unit ball of M. Then D is a
nonempty o-weakly compact convex set. Therefore, by the Krein—-Milman theorem,
there exists an extremal point b of D. We show b is a projection. If b were not
a projection, then there exists § € (0, %) such that the spectral projection p of b
corresponding to (§, 1 — §) is nonzero. By the assumption on M, pMg,p is an
infinite-dimensional real linear space while its range with respect to @ is finite-
dimensional. This implies the existence of a nonzero y € p Mg, p such that ®(y) =0.
Setting t :=3/||y|l, we have bttty € D. Aswe have b= (b+1ty)/2+ (b —ty)/2,
this contradicts the fact that b is extremal in D. (]

We now construct appropriate matrix units by induction on the size of matrix
units.

Lemma 2.4. Let M be a type lll factor with separable predual and ¢y, ..., ¢,
normal stateson M. Let .; > 0,i =1, ..., m with Zi Ai = 1. Then there exists a
system of matrix units {e;;}; j=1,...m such that

@i(ejj) =38ijri foralll=1,...,m.

Proof. For a projection p € M satisfying 0 < ¢;(p) =A< 1forl=1,...,n and

0 <t <1— A, there exists a projection g orthogonal to p such that ¢;(g) =¢. To see

this, we consider a o-weakly continuous liner map ® : M; — C", where we write

p=1—p, given by ®(x) = (¢;(x));_,, and apply Lemma 2.3 fora =tp/(1 —1).
Using this fact inductively, we have {e;;}.
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We next define partial isometries u;1, i =1, ..., m, inductively such that ¢;; =
u,-lujl satisfy the conditions of the lemma. Let |} = e¢;; and assume that we have
found u;1,i =1, ..., k with k <m. Let v be a partial isometry in M with v*v =e11,

V" = eg41 k+1. Then define a map
(O 611M611 —> (an
O (x) := (@r(vxuG))i=1,...nj=1....k-

This map @ is o-weakly continuous and linear, so by using Lemma 2.3 with
a =ej1/2, we obtain a projection p € e;; Mej such that ®(p) = ®(e;1)/2. Define

Ur+1,1 :=vp —v(l —p).

Since p < e11, an easy computation shows that MZ+1,1MI<+1,1 =ei1, uk+1,1MZ+1,1 =
er+1.k+1. Let Ck+1,j = uk+1,1uj1 and €jk+l = ujluz_HJ. Then the €ijs i,j<k+1,
form a set of matrix units, and using the definition of ® and that ®(p) = ®(e11)/2,
we get for all /
@1 (uprr1ufy) = @i (Qup — v)ufy)
= 2¢;(vpu’yy) — @i(vuy)
=0.

Thus
pi(ejrr1) = @iujrugiy ) = @(ugrus,) =0,
completing the proof of the lemma. ([
Proof of Theorem 2.1. First we consider the case A = M,,(C). We choose a
system of matrix units {v;;}; j=1,...,m of A = M,,(C) which diagonalizes the density
matrix D, of p, thatis, D, =Y " A;v;;. As p is faithful, we have A; > 0 for all ;.
By Lemma 2.4, we obtain a system of matrix units {e;;}; j=1,.. ., in M satisfying

(1) (pn(eij):8ijki, n:l,...,k, i,j:l,...,m.

Define
ﬂ:Mm(C)—>M, JT(U[_/')=E,'J'.

Then 7 gives a unital homomorphism satisfying the desired condition.

For the general case A ~ @?_, M,, (C), let m = Y >_, ny. Let / be a faithful
extension of p to M,,(C). Applying the above result to M,,(C) and p, there exists
a unital homomorphism 7 : M,,(C) — M such that

ppomt=p, n=1,... k.

The restriction 7w := 7|4 gives a unital homomorphism from A to M satisfying
pnom=p,forn=1,..., k. O
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Proof of Corollary 2.2. Let p be the unit of A. Considering A & C(1 — p) instead
of A, we may assume that A contains the unit of M from the beginning.

First we consider the case A >~ M,,(C), m e N. Let { f;;}i j=1,...m» {Vij}i,j=1,..m
be systems of matrix units of A and M,,(C), respectively. Let y : M,,(C) — A be
an isomorphism given by y (v;;) = f;;.

Then p := wo y is a faithful state on M,,(C). From Theorem 2.1, there exists
a unital homomorphism 7 : M,,(C) — M such that p, omr = p, n =1,...,k.
The algebras A and 7 (M,,(C)) are subalgebras of M isomorphic to M,,(C) with
complete sets of matrix units { f;;} and {7 (v;;)}. As in [Haagerup and Musat 2011,
Lemma 2.1], if v € M is a partial isometry with v*v = 7 (v11) and vv* = f}1, then
u:= Yy w(v)v*fi; is a unitary in M satisfying uf;;u* = 7 (v;;). Hence we
have

@no Adu(fij) = @u(mw(vij)) = p(vij) = wo y (vij) = w(fij),

that is, ¢, o Adu|s = wlAforn_l k.

For the general case A >~ @l | My, (C) let { fl },- j=1,..,n; b€ a system of matrix
units of M, (C) foreachl =1,...,b. As M isof type III, forall/ =1, ...,b,
the nonzero projections f; () and f ) are mutually equivalent. Hence, there exist
partial isometries v € M such that v@*v® = £ and vOv®* = £V, Set
Wk,i)d,j) := f(k)v(k)*v(l)f(l) fork,l=1,...,b,i=1,...,n,and j=1,...,n.
Then we have

Do * (k) ¢k
f()() ()f()

Wikiy(j) = = W, j) (ki)

k. *. (1) pO 2O, A, (k) K
Wiy Wiy = FvE v £ IO E £0

k * 1A * ’ K
= 618 f<) (k) (1)f<) ) (k)f( )

) (k)* * k)
=818 f() (ORSIOMO) (k)f(

= 88 W(ki),(K'i") s

®). (%, (k) 0 *) _
Zwau)(kz)—an oW =" =

(k,i) (k,i)

Hence {w.iyq, j)}k.i),a,j) give a system of matrix units of a C*-subalgebra B
of M isomorphic to M,,, for m := Zk ke As Weiykj) = f( )f(k) = flgk),
{w,iq, j} 1s an extension of { f & )} and A is a subalgebra of B. We apply the above
argument to B >~ M,,(C) and obtaln a unitary u# in M such that ¢; o Adu|p = w|p.

In particular, we obtain ¢; o Adu|s =w|s fori =1, ..., k. O

3. Embedding of operator algebras with faithful states

The above theorem can be extended to the algebra of the compact operators as
follows.
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Theorem 3.1. Let K () denote the set of all the compact operators on a separable
Hilbert space ¥. Let p be a faithful state on K (¥). Let M be a factor of type Il1
with separable predual, @i, @3, ..., or normal states on M. Then there exists a
homomorphism v of K(#) into M such that

gpomr=p, n=1,...,k.

Proof. We may assume that # is infinite-dimensional and ¢; is faithful — for
example, by adding a faithful state to the set of all the ¢;.

Let {v;;} be a system of matrix units of K (4() diagonalizing the density matrix D,
of p, thatis, D, =Y -2, A;v;;. As p is faithful, we have A; > 0 for all ;.

We claim that there exists a system of matrix units {e;;}; jen in M satisfying

(2) gon(eij)=3ijki, n=1,...,k, i,j=1,2,....
This is proved in the same way as in the proof of Theorem 2.1. ([
A slight rewriting of the above theorem gives the following:

Corollary 3.2. Let B(3) be the set of all the bounded operators on a separable
Hilbert space ¥ and p a faithful normal state on B(3€). Let M be a factor of type 111
with separable predual and ¢y, @2, . . ., o normal states on M. Then there exists a
homomorphism w of B(¥) into M such that

gpom=p, n=1,..., k.

We now consider an embedding of a C*-algebra with a faithful state into a
type III factor with finitely many normal states.

Theorem 3.3. For a C*-algebra A and a faithful state w on A, the following
conditions are equivalent:

(i) The Hilbert space ¥, in the GNS triple (¥, 7y, 24) of w is separable and
Q,, is separating for w,(A)".

(ii) There exists a representation (¥, p) of A on a separable Hilbert space ¥ and
a faithful normal state o on B(¥) with w = o o p.

(iii) For any factor M of type III with separable predual and its normal states
@1, - .., Qn, there exists an injective homomorphismy : A— M withpjoy =w
forallj=1,..., n.

Proof. Suppose condition (i) holds. Then 2, is cyclic for 7,(A)’. Therefore,
using the separability of ¥,,, we have a sequence {x,}>°, C (7,(A)")1 such that
{x,2, : n € N} spans #,. Let xog := \/1 — Zn x}x,/2", and define a state o
on B(¥,) given by the density matrix Zzozolxn Q) (%, 24| /2". This o is faithful
and normal. Let p = m,,. We can check o o p = w. Hence (ii) holds.
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Now suppose condition (ii) holds. We show (iii). By Theorem 3.1, we have an
injective homomorphism 7 : K (#) — M such that o|g ) = ¢ o w. We denote the
extension of 77 to B(9) by 7. Then from the way we have constructed 7, we obtain
o =¢om.Define y :=7op:A— M. Then we obtain poy =gpoop=0op=w.

Finally suppose condition (iii) holds, and we show this implies (i). To see this,
fix a factor M of type III with a faithful normal state ¢, and let (¥, 7,, 2,) be
its GNS triple. We obtain y as in (iii). Let K := 7, 0y (A)$2, and let 8 be the
restriction of m, o y to K. Then (K, B, Q) is the GNS triple of w. As Q, is
separating for 7, (M), it is separating for S(A)”, and (i) holds. O

As an immediate corollary, we obtain the following:

Corollary 3.4. Let N be a von Neumann algebra with separable predual and  a
faithful normal state on N. Then for any factor M of type IIl with separable predual
and a normal state ¢ on M, there exists an injective homomorphism 7w : N — M
with g om = .

Another easy corollary is as follows, by a well-known result on the KMS condition
[Bratteli and Robinson 1997, Corollary 5.3.9].

Corollary 3.5. Suppose that we have a C*-algebra A, a state ¢ on A, and a one-
parameter automorphism group {a; };cr such that these satisfy the KMS condition.
Then the pair (A, @) satisfies the (equivalent) conditions in Theorem 3.3.

Remark 3.6. Note that a general faithful state on a C*-algebra A does not satisfy
condition (i) of Theorem 3.3 at all, as shown in [Takesaki 1974] by an example due to
Pedersen. The C*-algebra used by Takesaki is a very basic one, C ([0, 1]) ® M,(C).
A slight modification of the argument there also works for a simple C*-algebra
Ay ® M>(C), where Ay is the irrational rotation C*-algebra.

In Theorem 3 of the same paper, Takesaki gives a sufficient condition for our
condition (i) in Theorem 3.3 and calls it the quasi-KMS condition, but it seems
difficult to check this condition for a given example.

Remark 3.7. In all the above cases, we considered embeddings into a type III factor,
but actually any properly infinite von Neumann algebra with separable predual
works. This is because if we have a properly infinite von Neumann algebra and
normal states on it, we simply restrict the states on a type III factor which is found
as a subalgebra of the original von Neumann algebra. It is easy to see that if a
von Neumann algebra with separable predual has a finite direct summand, this
type of embedding is impossible, so actually this embeddability characterize proper
infiniteness of a von Neumann algebra with separable predual.



138 YASUYUKI KAWAHIGASHI, YOSHIKO OGATA AND ERLING ST@RMER

4. Factors of type II;

The direct analogue of Theorem 2.1 for finite factors is trivially false. For example,
if M is of type II; with trace T and p is not a trace on A, then the conclusion of
Theorem 2.1 for ¢; = t is clearly false. However, if we restrict the choice of w in
Corollary 2.2, we obtain a positive result.

Theorem 4.1. Let ¢y, ..., ¢ be normal states on a factor M of type Il with
the unique trace T. Let A be a C*-subalgebra of M isomorphic to M,,(C) with

1 € A. Then there exists a unitary operator u € M satisfying ¢; o Adu|s = 7|4 for
i=1,...,k

Proof. We may assume that ¢; = 7 is the unique trace on M. We proceed as in the
proof of Theorem 2.1. The only difference is that we take 7 (e;;) = 1/m instead of
the proof of Lemma 2.4. U
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EIGENVALUES AND ENTROPIES UNDER THE
HARMONIC-RICCI FLOW

Y1 L1

In this paper, the author discusses the eigenvalues and entropies under the
harmonic-Ricci flow, which is the Ricci flow coupled with the harmonic map
flow. We give an alternative proof of results for compact steady and expand-
ing harmonic-Ricci breathers. In the second part, we derive some mono-
tonicity formulas for eigenvalues of the Laplacian under the harmonic-Ricci
flow. Finally, we obtain the first variation of the shrinker and expanding
entropies of the harmonic-Ricci flow.
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6. Compact expanding harmonic-Ricci breathers 154
7. Eigenvalues of the Laplacian under the harmonic-Ricci flow 159
8. Eigenvalues of the Laplacian-type under the harmonic-Ricci flow 166
9. Another formula for dA(f (¢))/dt 171
10. The first variation of expander and shrinker entropies 176
Acknowledgements 183
References 183

1. Introduction

Since the successful application of the Ricci flow to topological and geometric
problems, several analogous flows have been studied, including the harmonic-Ricci
flow [List 2006; Miiller 2012], connection Ricci flow [Streets 2008], Ricci—Yang—
Mills flow [Streets 2007; 2010; Young 2008], and renormalization group flows [He
et al. 2008; Li 2012; Oliynyk et al. 2006; Streets 2009]. In this article, we study the
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eigenvalue problems of the harmonic-Ricci flow, which is the following coupled
system:

(1-1) %g(t) = —2Ricg() + 4 du(t) @ du(r),

(1-2) %u(t) = Agu(t).

For convenience, we introduce a new symmetric 2-tensor ¥4 (1), () Whose compo-
nents S;; are defined by
S,’j = R,’j — 23,'148]‘14.

Its trace is Sg().u(r) := & Sij = Re(r) — 2|Vg(t)u(t)|§,(t).

Suppose that M is a compact Riemannian manifold. For any Riemannian metric
g and any smooth functions u, f, we have a number of functionals:

%(g,u,f)=/M<Rg+|ng|§—2|vgu|§>e—fdvg,
%(g,u,f):/M(Rg—2|vgu|§)e—fdvg,

@k(g,u,f):f (kRy + |V f1} — 2k|Veul3)e™ dVy.
M

List [2006] and Miiller [2012] showed that, as in the case of Perelman’s %-functional,
under the evolution equation

% g(t) = —2Ricg() +4du(t) @ du(t),
d
(I-3) () = Agau o),
d
21 F () = =Ag0) f(O) = Rey + Ve f (D) + 2 Veyu ()

the evolution equation for the Z-functional is

d _
(14) SFE0.u0), f©) =2 fM L et + Vi O™ D Vi

+4 / |Agyu(t) — (du(®), df (1)) g l5e " dVeq),
M

which is nonnegative. Based on (1-4), we derive the following.

Theorem 1.1. Under the evolution equation (1-3), one has
d
(1-5) E%(g(t),u(l),f(t))

:2/M |9)g(t),u(t)|§(z)e_f(t) dVg(t)+4/M |Ag<t>”(f)|§(r)e_f(t) dVe),
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and
d Ofp
(1-6)  —Fi (g (1), u(®). f (1)
=2k l)f F ez dVew + 2/ Fg0),u0)
M M
+ Vé(;)f(l‘)@(,)e_f(f) dVen +4(k —1) f |Ag(t)u(t)|§(t)e_f(t) AV
M
+4/ |Agyu(t) — (du(t), df(t)>g(t)|§(;)€_f(t) dVyr).
M

As a corollary we give a new proof of the following result.

Corollary 1.2. There is no compact steady harmonic-Ricci breather unless the
manifold (M, g(t)) is Ricci-flat and u(t) is a constant.

To deal with the expanding harmonic-Ricci breather, we need the functionals
P (g u, T, f)=1° / <R + 35+ Ay f =2 Vyul ) ! dv,,
Pyp(gou, 1, f) =12 /M<k(Rg Al )+ Ay f = 2k Veul2 )™ aV.
Under the evolution equation
%g(r) = —2Ricy ) +4du(t) @du(t),

d
5“0) = Agryu(t),

ad

2 (0 = =8g f () +1 Ve f O30 = Rey + 21 Ve u (5

d

—t(t)=1

FTO=1
we have:

Theorem 1.3. Under the evolution equation, one has

d
(1-7) E»‘&(g(t),u(t),f(t),f(t))

= 27(1)? fM \sfg(,>,um+v§(,)f(t>+ S——g(0) )e*f“)dvgm

27 (t)

+4r (1) / |Agyu(t) — (du(t), df (1)) g [y ye ™ dVeqr)
M
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and

d
(1-8) E$+,k(g(t)» u(t), T(0), f (1))

=2T(f)2/ 1L g0, + Vo £ (O + g(t)lg(,)e TOqVy,

27 (t)

2%k - D@y / et + (O Py D Vi

2t (t)
+47(1)> fM | Agyu(t) = {du(t), df O))g |3 Pd Ve

+4(k—1)r(t)2fM |Agyu )]} e ! PdVyq).

As a corollary, we obtain a new proof of the following.

Corollary 1.4. There is no expanding harmonic-Ricci breather on compact Rie-
mannian manifolds unless the manifold M is an Einstein manifold and u(t) a
constant.

The second part of this paper focuses on the eigenvalue of the Laplacian operator
under the harmonic-Ricci flow.

Theorem 1.5. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and A(t) denotes the eigenvalue of the Laplacian A,
with eigenfunction f(t),

d
(19 - f F@P Vi
! M
Z)»(f)/ Sg(z),u(t)f(f)deg(t)—f Sey.u) Ve f L2y 4V
M M

+2/ (Epg(t),u(t)v df(t) ®df(t)>g(l) dvg(t)'
M

Equation (1-9) is a general formula to describe the evolution of A(¢#) under
the harmonic-Ricci flow. Under a curvature assumption, we can derive some
monotonicity formulas for the eigenvalue A(¢). Set

(1-10) Smin(0) := min Sg(0),u(0) (X),
xeM

the minimum of S, () .y over M at the time 0.

Theorem 1.6. Let (g(t), u(t)):cjo,71 be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and let A (t) denote the eigenvalue of the Laplacian
Ag(r). Suppose that F g1y ur) — % Sg(),ur)&(t) = 0 along the harmonic-Ricci flow
for some o > %
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(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for any
tel0,T]
(2) If Smin(0) > 0, the quantity

(1 - %Smm(on)mx(z)

is nondecreasing along the harmonic-Ricci flow for T < n/(2Smin(0)).

3) If Smin(0) < 0, the quantity

2 no
(1= ZSmn(@1) " 2()
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

Corollary 1.7. Let (g(t), u(t)):ci0.11 be a solution of the harmonic-Ricci flow
on a compact Riemannian surface ¥ and let M(t) denote the eigenvalue of the
Laplacian Ag ).

(1) Suppose that Ricg(r) < edu(t) ® du(t) where

l—«a
1 -2’

€e<4

1
O[>§.

(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].
(11) If Smin(0) > 0, the quantity

(1 — Smin(0) 1)* (1)

is nondecreasing along the harmonic-Ricci flow for T < 1/Snin(0).
(iii) If Smin(0) < O, the quantity

(1 = Smin(0) )* A (1)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].
(2) Suppose that
Ve ()38 (1) = 2du(t) ® du(t).

(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].
(i1) If Smin(0) > O, the quantity

(1 = Smin(0)A(2)

is nondecreasing along the harmonic-Ricci flow for T < 1/Suin(0).



146 YI LI
(ii1) If Smin(0) < 0, the quantity
(1 = Smin(0))A (1)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

When we restrict to the Ricci flow, we obtain:

Corollary 1.8. Let (g(t)):c0,1] be a solution of the Ricci flow on a compact Rie-
mannian surface ¥ and let A(t) denote the eigenvalue of the Laplacian Ag ).

(1) If Rpnin(0) > 0, A(?) is nondecreasing along the Ricci flow for any t € [0, T].

(2) If Rnin(0) > 0, the quantity (1 — Ryin(0)t)A(t) is nondecreasing along the
Ricci flow for T <1/ Rpin(0).

) If Ryin(0) < 0, the quantity (1 — Ryin(0)t)A(¢) is nondecreasing along the
Ricci flow for any t € [0, T].

Remark 1.9. Let (g());c[0,77 be a solution of the Ricci flow on a compact Riemann-

ian surface ¥ with nonnegative scalar curvature and let A(¢) denote the eigenvalue

of the Laplacian A ;). Then A(¢) is nondecreasing along the Ricci flow for any
tel0,T].

Since
(1-11) (g, u) :=inf{@<g,u,f) | fec=om, / e‘deg=1}
M
is the smallest eigenvalue of the operator A, , := —4A, + R, — 2|Vgu|§, we can

consider the evolution equation for this eigenvalue under the harmonic-Ricci flow.
To the operator A, , we associate a functional

(1-12) dgu(f) :=foAg,udeg-

When f is an eigenfunction of the operator A, , with the eigenvalue A and nor-
malized by |’ v f 2d V, =1, we obtain 4, ,(f) = A. Hence it suffices to study the
evolution equation for (d/dy)X, ,(f) under the harmonic-Ricci flow.

Theorem 1.10. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f (t) is an eigenfunction of Agr).u(),
that is, Ag),u@) f (1) = A(t) f (t) (Where A(t) is only a function of time t), with the
normalized condition f ulf (1)%d Vo) = 1. Then we have

d d
(1-13) El(t)=alg,u(f(t))=/ 2L gy df () @A () gy AV
M

+f f(t)z(lgjg(t),u(t)li(,) +2|Ag(z)u(l)|§(t)) dVg(,).
M
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List [2006] proved the nonnegativity of the operator F¢(;) ,(1) is preserved by the
harmonic-Ricci flow. Hence we get the following.

Corollary 1.11. If Ricg) —2du(0) ® du(0) > 0, the eigenvalues of the operator
Ag(1),ur) are nondecreasing under the harmonic-Ricci flow.

Remark 1.12. If we choose u(t) = 0, we obtain X. Cao’s result [2007].
There is another expression for dA(t)/dt.

Theorem 1.13. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f(t) is an eigenfunction of Ag(1),u(1),
that is, Agr),ur) f (1) = A(t) f(t) (where A(t) is only a function of time t), with the
normalized condition [, f ()2 dVy(ry = 1. Then we have

d d 1 2 2 -
(1-14) EMI) = E)‘g,u(f([)) =5 /M [Fe),ue) + Vo, @Ol e YO AV,
1 2 o) 2,90
T3 | Fewuolgme ™ dVeny + | Hdu@®), do®))gw|"e ™ dVea)
M M
+2/M V25 e dVg(f)_/MAg(t)(|Vg(t)u(t)|§(;))e_(p(t) AT
1 _
+7 / L gty + 4du®) @ du(®)[} e dVy),
M

where f(t)? =e %@,
Remark 1.14. When u = 0, (1-14) reduces to J. Li’s formula [2007].

Suppose that M is a compact manifold of dimension n. For any Riemannian
metric g, any smooth functions u, f, and any positive number 7, we define

iy
(1-15) Wi(g, u, f.7) —/ [2(Sg + Ve f13 )¢fi”](4 2 V.
Set
. eif‘
pa(gu, 7) 3=mf{°Wi(g’“’f’ f)‘fecoo(M)’ MWdVg:1}’

v_(g,u):=inf{u_(g,u,7) |t >0}, vy(g, u):=sup{us(g,u,7)|7t>0}
The first variation of v4(g(s), u(s)) is the following.

Theorem 1.15. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M. Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If
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v (g(s), u(s)) = Wi(g(s), u(s), fL(s), t(s)) for some smooth functions fi(s)
with fM e 1= dVg/(47TTj:(S))n/2 = 1 and constants t+(s) > 0,

e_fi d
- av
ArT)n/2 8
trgh\ e /= dV,

Are)n/?’

(1-16)

d
— | _ov(8(®), u(s)) =41+ [ v(Agu— (du,dfs),)
S M

—ri/M<<h,5Pg,u>g+<h, Vil E o
where fy := f1(0) and 1+ := 14 (0). In particular, the critical points of v+(-, )
satisfy

1
Feu+Vif £ 508" 0, Agu={du,dfs),.

Consequently, if Wi(g, u, f, t) and v (g, u) achieve their extremum, (M, g) is a
gradient expanding and shrinker harmonic-Ricci soliton according to the sign.

Corollary 1.16. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M. Let h be any symmetric covariant 2-tensor on M and
set g(s) := g+ sh. Let v be any smooth function on M and u(s) := u + sv. If
v (g(s), u(s)) = We(g(s), u(s), fu(s), t+(s)) for some smooth function fi(s)
with fM e~ fx) dV/(47'(ti(s))”/2 =1 and a constant 7+(s) > 0, and (g, u) is a
critical point of vo(-, ), then

. 1
Ric, =F-—g, f+=constant, u = constant.
2‘L’i
Thus, if Wi(g,u,-,-) achieve their minimum and (g, u) is a critical point of

vi(-, ), (M, g) is an Einstein manifold and u is a constant function.
Remark 1.17. In the situation of Corollary 1.16, by normalization, we my choose
fer=n/2and u =0.

2. Notation and commuting identities

Let M be a compact Riemannian manifold of dimension n. For any vector bundle
E over M, we denote by I'(M, E) the space of smooth sections of E. Set
O*(M):={v=(v;)) e DM, T*"M @T*M) | v;j = v},
OLM) 1= (g = (gi)) € O*(M) | gi; > 0}.
Thus @2(M ) is the space of all symmetric covariant 2-tensors on M, while @i(M )

is the space of all Riemannian metrics on M. The space of all smooth functions on
M is denoted by C*(M).
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For a given Riemannian metric g € @i(M ), the corresponding Levi-Civita
connection I'y = (Ff‘j) is given by

2-1) T = 38" (3igje + ;i1 — 0e8ij)

where 9; := 3/9x" for a local coordinate system {x', ..., x"}. The Riemann tensor
Rm, = (Rf‘jl) is determined by

(2-2) Ry = 0,15, — 8T}, + T}, 1%, =5 TL,.
The Ricci curvature Ric, = (R;;) is
(2-3) Rij = g""Ry;.
The scalar curvature R, of the metric g now is given by
(2-4) Ry =g"Rij.
For any tensor A = (A ") the covariant derivative of A is

P
fiky o kiek m ik Ak,
Vi = AL = ) T AL, +Zr,m R
r=1

Next we recall the Ricci identity:

£yl Lyoly zl---m---zq zl ly
viVjAklmkp_vjviAk kp —ZRum ki--k, _Zleks ky-emeky

In particular, for any smooth function f € C*°(M), we have

ViVif =V;Vif.
The Bianchi identities are
(2-5) 0= Rijke + Ririj + Rigji,
(2-6) 0=V,Rijke +ViRgke + Vi Ryike,

and the contracted Bianchi identities are

(2-7) 0=2V/R;; — ViR,,
(2-8) 0=ViRji — V;Rit + V*Rusij.
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3. Harmonic-Ricci flow and the evolution equations

Motivated by the static Einstein vacuum equation, List [2006] introduced the
harmonic-Ricci flow (originally called the Ricci flow coupled with the harmonic
map flow). This flow is similar to the Ricci flow and is given by the coupled system

0 .
(3-D Eg(t) = —2Ricg) +4du(t) @ du(t),

d
(3-2) 2140 = Bgyu(®)

for a family of Riemannian metrics g(¢) and a family of smooth functions u(¢).
Locally, we have

d ad
(3-3) ag,'j :—2Rij+48,-u-8ju, Eu ZAg(,)M(l‘).

Introduce a new symmetric tensor field Fg() 41y = (Sij) € O* (M),
(3-4) Sij = Rjj —20;u-0;u.
Then its trace Sg(),u(r) is equal to
ij 2
(3-5) Sew.u) = 8" Sij = Rety = 2l Ve (D) g )-

The evolution equation for R is

3 .
(3-6) gRg(t) = AgyRe(r) + 2| Ricg(r) |§(r) +4|Ag<t)”(t)|§(t)
— 4V u®) 5y — 8(Ricy(ry, du(r) @ du(1)) g

2

Also, we have the evolution equation for [Vg()uly ).

0
3-7) Ewgmu(r)@(t) = D) Vet (D5 = 21 Ve (D21 — 4 Ve u () 5y

and the evolution equation for S, u(1),

3
(3-8) Esg(t),u(t) = AgySeyut) + 2L 5.0 [y T 4 Agoy () )

4. Entropies for harmonic-Ricci flow

Motivated by Perelman’s entropy, List [2006] introduced a similar functional for
the harmonic-Ricci flow:

OL(M) x C¥(M) x C¥(M) > R, (g, u, f) > F(g, u, f)
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where
(4-1) F(,u, f) = /M (Rg + IV £ 12 = 2|Vu2ye ! V.
He also showed that if (g(¢), u(t), f(¢)) satisfies the system
%g(l‘) = —2Ricyq) +4du(t) @ du(t) —2V2, £ (1),
(4+2) () = Agpu(t) = (du(o), df D)0,

3
57/ O = =80 f (1) = Ry + 20V (@5

the evolution of the entropy is given by
d

(4-3) o

F(g(0), u), f(1))

=2 / (|s”g<t),u<t> + Vo SOl
M
+ 2| Agyu(t) — (du(t), df(z)>g<f>|§(t))e—f © vy
> 0.
Remark 4.1. The system (4-2) is equivalent to
%g(r) = —2Ricg) +4du(t) @du(t),

(4-4) %u(z) = A1),

0
51 (0 = =Dg) [ () = Rey + Ve f (D) + 2V u (D)
The same evolution of the entropy holds for system (4-4).

In particular, the entropy is nondecreasing and the equality holds if and only if
(g(t), u(t), f(1)) satisfies

Fety.u) + Vi f () =0,
Agyu(t) — (du(t), df (t))gw) =0.
Definition 4.2. The €-functional is defined as

(4-5)

OL(M) x CX¥(M) x C®(M) > R, (g, u, f) > €(g, u, f),

where

(4-6) (g, u, f) :=A4(Rg—2|vgu|§)e—-fdvg.
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Proposition 4.3. Under the evolution equation (4-4), one has
d

4-7) o

€(g(), u(n), f(1)

=2/M L syu e dVg<r>+4/M | Mgy )3y dVeq.

Proof. Since Sg()u() = Re(r) — 2|Vg(,)u(t)|§(t) and

0 2 2
375800 = BgySg).u) + 21T ). [gy +H B0 D0y
B}
3, Ve = =8ew.u) Vs,
we have
d
E%(g(t), u(t), f())

=/M(%Sg(,),u(,))e—f@dVg(,)+/MSg(,),u(,)%(e‘f@dVg(,))
= /M(Agmsg(r),u(z) + 20 gy gy + HA gy u @) 5 )e ™ AV
+/MSg(t),u<r>(—%f(f)—Sg(t),u<z>)€_f(’)dVg(t)

=2/M L gl dViany +4/M | Agoyu ()5 e ™ dVi

- /M Sg(z),u(z)<Ag<t)f(t) —Ver f Ol + %f(f) + Sg(n,u(t))e_f(’)dVg(r»
which implies (4-7). U
Definition 4.4. For any k > 1 we define
(4-8) Fr(g,u, f) :=/M(kRg+|vgf|§—2k|vgu|§)e—f dV,.
Using the definition, it is easy to show that

(4-9) Fr(gou, f)=(k—=1)é(g, u, f) +F(g, u, f).

When k = 1, this is the F-functional.
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Theorem 4.5. Under the evolution equation (4-4), one has
d
(4-10) E%(g(f),u(t),f(l))
=2k-1 | |¥ 2o 1PdVen+2 | |F
k=D [ Fsnrumlzne 2 (1) L et),u)
M M
+ V;(t)f([)lé(t)e—f(l) dVeiy +4(k—1) /M |Ag(t)u(t)|§(t)e_f(t) AV

+a / Attt — (du(e), df g 2gre ™V dVego,
M

Furthermore, the monotonicity is strict unless g(t) is Ricci-flat, u(t) is constant,
and f(t) is constant.

Proof. It immediately follows from (4-3) and (4-7). [l
Set
@1 g = inf{%(g, u. f)|f € C0), / e lav, = 1}-
M

Then (g, u) is the lowest eigenvalue of —4A, + k(R — 2|Vgu|§,).

5. Compact steady harmonic-Ricci breathers

In this section we give an alternative proof on some results on compact steady
harmonic-Ricci breathers that were proved in [List 2006; Miiller 2012].

Definition 5.1. A solution (g(¢), u(t)) of the harmonic-Ricci flow (1-1)—(1-2) is
called a harmonic-Ricci breather if there exist | < to, a diffeomorphism ¢ : M — M,
and a constant o > 0 such that

gm) =ay*g(t), u(n) =y u().

The cases ¢ < 1, ¢ =1, and « > 1, correspond to shrinking, steady, and expanding
harmonic-Ricci breathers.

Theorem 5.2. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M, the lowest eigenvalue 11 (g(t), u(t)) of the operator
—4Agt) +k(Rgr)y — 2|Vyu(t) |§(I)) is nondecreasing under the harmonic-Ricci
flow. The monotonicity is strict unless g(t) is Ricci-flat and u(t) is constant.

Proof. The proof is similar to that given in [Li 2007]. For any #; < #,, suppose that

wi(g(t2), u(t)) = Fi(g(r2), u(rr), fi(t2))

for some smooth function fi(x). Being an initial value, fx(x) = fi(x, f) for some
smooth function fi(x, t) satisfying the evolution equation (4-4). The monotonicity
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formula (4-10) implies pux (g (12), u(2)) = Fi (g (1), u(tr), fi(t1)) = pic(g(t1), ur)).
This completes the proof. U

Corollary 5.3. On a compact Riemannian manifold, the lowest eigenvalues of
—Agry + (1/2)(Rgry — 2|Vg(,)u(t)|§(t)) are nondecreasing under the harmonic-
Ricci flow.

Proof. Since uy(g(t), u(t))/4 is the lowest eigenvalue of this operator, the result
immediately follows from Theorem 5.2. U

Corollary 5.4. There is no compact steady harmonic-Ricci breather unless the
manifold (M, g(t)) is Ricci-flat and u is a constant.

Proof. If (g(t), u(t)) is a steady harmonic-Ricci breather, then, for #; < #; given in
the definition, we have

i (g(t), u(t)) = ur(g(2), u(tz)).

Hence, using Theorem 5.2, for any ¢ € [t;, t,], we must have

d
o e(8(0), u@) =0.

Thus (M, g(t)) is Ricci-flat and u(¢) is constant. U

6. Compact expanding harmonic-Ricci breathers
Inspired by [Li 2007], we define a new functional
@i(M) XxCPM)x C¥R)x C¥(M) - R, (g, u, 1, f)r>Wi(g, u,1,f),
where (t =1(¢),t € R).

(6-1) Wi(g, u, t, f) = rzf (Rg+2”‘—I+Agf—2|vgu|§)e—fdvg.
M

Similarly, we define a family of functionals
(6-2) Wy(g.u. T, f) =17 /M<k(Rg + 2”‘—f) + A f — 2k|Vgu|§>e‘f dvy.

It’s clear that Wy 1(g, u, v, ) =Wi(g, u, 7, f).

Lemma 6.1. One has
_ 2q; n —f
Wi(g u,t, f)=t d*’(g,u,f)+§t/ e dVy,
M
2 kn —f
Wik(gu, 7, /)=1"Fi(g.u, )H+—7 [ e dVy,
M

Wy i(gs tt, T, ) =Wolg,u, T, f)+ (k — 1)(r2%(g,u, f)+§r/ et dvg>.

M
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Proof. Since A(e™/) = (=Af + |V f|»)e~/, it follows that

Wi(g.u, T, f) —T°F(g. u, f)
e e tav, 422 | (Acs =1V, fRYe T av,
- 2 " 8 " 8 8J lg 8

:Er/ e_deg+t2/ Ag(e_f)dvgzzt/ el dv,.
2 Ju M 2 Ju

We can similarly prove the remaining two relations. U

Theorem 6.2. Under the coupled system
0 .
-8(1) = —2Ricg) +4dut) @du(t) - 2V f (0,
0
Eu(t) = Agu(t) — (du(t), df (1))gq),
0
SO = =840 F(0) = Rey + 2 Vg u (00
d (=1
—T =1,
dt
the first variation formula for Wo(g(t), u(t), t(t), f(t)) is
d
(6-3) EW+(8(I),M(1),T(I),f(I))
+47(0)? | |Aeu(t) — (du(t), df (1)) o2 e 'O dV,
Y g(1) ) g lg(r) 8(1)»
and the first variation formula for Wy (g(¢), u(t), t(t), f()) is
d
(6-4) EW+,k(g(t), u(t), t(t), f(1))
=8O lee™ " dVe

2 <>
1
+ 2%k - D@y /M et + 52580y Vi

= 2t(t)2/ [F o)) + Vg?(t)f(t) +
M

+4r(1)? /M |Agyu(t) — (du(®), df (1)) g lypye ™ dVyqr)
+4(k — 1)) /M |Agyu®3ne ™" dVeq).

Proof. Under this coupled system, we first observe that

d _
(6-5) %( fM e /O dvg(,)) =0.
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In fact, from % dVey = —Set),ut)y — Dg() [ (t) dVg(r) We obtain

d - 3 9 -
E(/Me f(')dng)Z/M(—Ef(t)‘dVg(z)-i-ngg(t))e o

=/M[Ag(z>f(f)+5g<r>,u(r>—Sga),u(z)—Ag(nf(f)]e_f(”d‘/g(r)
=0.
Lemma 6.1 and the identity (6-5) imply
d
E%(g(”’ u(t), t(t), f(t))
24 o F n —f@
=1(1) Ed*(g(t), u(t), f(0)+2t@)F(g(0), u®), f(@)) + 5] ¢ dVya)
M
=21(1)? / L sty + Voo S Ole " dVy
M
+47(1)? /M |Agryu(t) = (du(@), df (1)) g’ dVyq
_ n _
+2t(1) /M (Sgut + Ve F Olg)e ™ dVey + 3 fM e Vi,
which is (6-3). Using Lemma 6.1 and the same method, we can prove (6-4). [

Remark 6.3. Under the coupled system
%g(t) = —2Ricy) +4du(t) @ du(t),
%u(t) = Agnu(t),
L 11 = =gt O + Va0 F Oy = Ryt + 21 Vo),
%r(r) =1,
the same formulas (6-3) and (6-4) hold for ‘W, and WY ;.

Define
6-6)  pi(g u,7) = inf{%(g, u, T, f)| f e Com, / e dv, = 1}-
M
Lemma 6.4. For any o > 0, one has

(6-7) puy(ag, u,at) =auy (g, u, 7).

Proof. Set g:=ag;then Rg=0a" 'Ry, Az f =a ' Ay f, and |Vaul} =™ [Vul?.
Hence
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Wo(g, u,ar, f)=a’t f

(R+
M

A Agf - 2|Vu|) ~fav;

. /(R + 3o+ Ag f =2V (t)u|> 12e=1 v,

Since f +— f —(n/2) Ina is one-to-one and onto, by taking the infimum, we derive
i (og, u, at) =apuy(g,u, 7). U

Definition 6.5. A solution (g(¢), u(t)) of the harmonic-Ricci flow is called a har-
monic-Ricci soliton if there exists a one-parameter family of diffeomorphisms
Yy o M — M, satisfying {9 = idy, and a positive scaling function «(¢) such that

g =a()Y;g0), ul)=1/u).

The cases (3/0t)a(t) =& <0, @« =0, and & > 0 correspond to shrinking, steady,
and expanding harmonic-Ricci solitons, respectively. If the diffeomorphisms i, are
generated by a (possibly time-dependent) vector field X (¢) that is the gradient of
some function f(¢) on M, the soliton is called a gradient harmonic-Ricci soliton
and f is called the potential of the harmonic-Ricci soliton.

Miiller [2012] showed that if (g(¢), u(¢)) is a gradient harmonic-Ricci soliton
with potential f,

0 = Ricg() —2du(t) @ du(t) + Vi, f (1) +cg (D),
0= Ag(t)”‘(t) - (Vg(t)”(t)’ Vg(t)f(t»g(t)

for some constant c.

Corollary 6.6. There is no expanding breather on compact Riemannian manifolds
other than expanding gradient harmonic-Ricci solitons.

Proof. The proof is similar to that given in [Li 2007]. Suppose there is an expanding
breather on a compact Riemannian manifold M. Then, by definition, we have

g(t) =ad® g(t)), u(t)=>"u(t)

for some #; < tp, where ® be a diffeomorphism and the constant @ > 1. Let f (x)
be a smooth function where W, (g(t2), u(ty), t(t2), f(t;)) attains its minimum.
Then there exists a smooth function f, (x,t): M X [t1, 2] — R with initial value
f+(x, ) = fi(x) that satisfies the coupled system in Remark 6.3. Define a linear
function

T:[t1, ] > (0,400), T()=T+10
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where T is a constant. By the monotonicity formula, we have
p+(8(12), u(t2), T(12)) = Wi (g(r2), u(t2), T(12), f(12))
> Wi(g(n), u(n), T(n), f+())

> (g (1), u(tr), T(f)).

Lemma 6.4 and the diffeomorphic invariant property of the functionals shows
p (g(tn), u(ty), T(t1)) < oepuy (g(11), u(ty), (1)),

which yields
m4 (g (1), u(ty), (1)) = 0,

since a > 1.
If we impose an additional condition t(#;) =at(¢;) and 7(¢;) =T +t;, we have

_at—1)—(—n) T_fz—Ottl
N a—1 ’ -

(1)

a—1"
Then
t)'? et —m)/@— DI Ty
Vey a2 Ve © Vewy

The mean value theorem tells us that there exists a time f € [#, 2] with

d T()"/?
=—| _log
dt li=1 Vg(t)
Ve .(n/2)r(t‘)”/2*1Vg<;>—r(f)”/z(d/dt)lf:z-vg(t)
— (/2 2
T(@)" Vg(f)
_n 1 o
S 2t(f) Vg ot

0

i g(0)-

From the evolution equation for the volume element dV, ), we have

d 0
i g(z)=/ Edng:/ (—Sg(t),um—Ag(r)f(f))dVg(r)=—/ Se),ur) V()
M M M

Putting these together yields

1
f Se().u) V(@) =
M

n
Voo fM(Sg<z),u<z> + T(f)) dVy(p)-

n 1
0= -+ —
27(t) Vg([)

If we set f = log Vi),

0=Wy(gd),u®), t(@), f) > pn(g@), u(@®), t()).
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By the monotonicity of @ we obtain
0 < p4(g(t), u(tr), T(11) < p4(g(0), u(®), T(1)) <0

Hence w(g(t1), u(t1), t(t1)) = pn4(g(t2), u(t2), 7(2)) = 0 and W, = 0 on the
interval [z, #,]. This indicates that the first variation of W, must vanish. So the
expanding breather is a gradient soliton, that is,

1
2 —
Feyuwy + Ve F(O + —ZT(I)g(t) =0.

Moreover, in this case Agu(t) = (du(t), df (t))gw)- U

Because of (6-7), we define

(6_8) ,U«+’k(g,1/t,'[) = inf{OW+’k(g,M,T, f) fEC‘FOO(M)’ \/[we_fdvgzl}
Due to Lemma 6.4, we still have

(6-9) myr(ag,u,at) =oapu (g, u, 7).

Corollary 6.7. If (g(t), u(t)) is an expanding harmonic-Ricci breather on compact
Riemannian manifolds, M is an Einstein manifold and u(t) is constant.

Proof. Using the same method as in Corollary 6.6 and w4 x, we can show that the
first variation of W7 ; must vanish. Hence, from (6-4), one has

1
2 —_—
Feyuy T Ve f (1) + T(t)g(t) =0,

1
Lot u —9(t) =0,
2, <r>+2r(t)8()

Agyu(t) = (du(t), df (1)),
Ag(,)u(t) =0.

The above four equations can be reduced to the coupled equation

Fewyu@) + (1) =0 = Agu(t),

2t()®
which indicates that u () is a constant and Ricg) = —(1/(27(1)))g(?). Ul

7. Eigenvalues of the Laplacian under the harmonic-Ricci flow

In this section we consider the eigenvalues of the Laplacian A, ;) under the harmonic-
Ricci flow
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(7-1) 5-8(1) = —2Ricy) +4du(t) @ du(s),
3

(7-2) 510 = Agyu).

Suppose that A(#), which is a function of time ¢ only, is an eigenvalue of the
Laplacian A, with an eigenfunction f (1) = f(x, t), that is,

(7-3) =gy f () =2(1) f (D).

Taking the derivative with respect to ¢, we get

(L ag) 10 - e (27 0) = (Sr0) ror+ 2057 00

Integrating the above equation with f yields

3 3
- fM FO (5800 ) f O dVeqy - fM FOA0 (55 FO) Ve
d 3
:d_m)-/ f(t)deg(g-l-)»(t)/ f@O—f)dVyq).
t M M ot
Since
3
/ FOA(f0)) Ve = - / Ag f (- 5 f (D) dVean
M t
3
=k(t)f f(t)a—f(t)dvgm,
M t
it follows that
a4y f F@?aVeo = - / FO(2a00) Fav
dt u gt) = Y PY; g(1) I{OR

If we set vij = —2R,'j +48,-u8ju,

d
51"{‘] = %gké(aivej + djvi; — evij).

We temporarily omit all subscripts . Multiplying with g’/ on both sides, we obtain

lja

8" 5. = 18" @V v = Vig"viy)) = gV vy + VS

= gV (=2Ry + 4ViuViu) + V(R — 2| Vul?)
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= VR +4Au -Vu+4V,u - Vivku + VFR —4V*Viyu . Viu
=4Au - VFu.

Therefore,
9 _ 9 iy,
a; () = 2-(87ViV; )
0 ) a2 (D) of
(Bt Vivif+sg [aaa a7 ) oS = T,
d i 3 B]
= (g8 ) V0 s + 00 (5) =8 (575 Ve
= QR — 4VuVa) VI VI f —4Au - VEuV, f + Ag(,)<%f).
Plugging this into (7-4), we derive
— A1) / f(0?dVyq)
! M
:—2/ Rijvivffdv+4/ fViuVjuViijdV+4/ fAu-Vuv fdv.
M M M
The first term can be rewritten as
—2/ fRijViijdV=/ VIQfR)HVIfdV
M M
:2/ (V'f -Rij+ f-V'R)VIfdV
M
=2/ R,-,v"fvffdv+/ FViRVIfdV
M M
=2/ RijVifode—/ RV (fVIf)dv
M M
:A/fde—/ R|Vf|2dV—|—2/ R VfVIfdv.
R M M
Hence
d 2
(50) [ F®?avee
M
= A1) / Re() f (1) dVy(y 42 / R VifVIfdV — / Ry)| Vo) f oy dVsr)
M M M

+4/ FVuVIuvVi f + AuVFuVy f)dv.
M
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On the other hand,
/ FV'uNVIuV;V; fav
M
= _/ Vi(fV'uVIiu)v; fdv
M
= _/ (VifViuViu+ fAuV u+ fVuV;Vu)vi fdv
M
:_f fAu(Vu,Vf)dV—/ ViuVjuViijde—f VUV Vudv
M M M
and therefore
d S
EA(I)A,[f(I)ZdVg(”:A(I)LRg(t)f(t)ZdVg(t)_4A4 fV’qufViVjudV

+2/ Sijvffvjfd\/—/ Rg(,)|vg<,)f(z)|§(,) dVe(r)-
M M

The last term here can be simplified as follows:
—/ FYVuVIfVViuav
M
:/ VI(fViuV; f)Viudv
M
:/ (VIfViuvi f + fVIVuvi f + fViuAf)Viuadv
M

:f |Vu|2|Vf|2dV+/ fAf|Vu|2dv+f fVuVIfViViudv.
M M M

Consequently,
—2/ fViuijViVjudV:/ |Vu|2|Vf|2dV—A/ FHVul*av.
M M M

Therefore we derive the following.

Theorem 7.1. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and A(t) denotes the eigenvalue of the Laplacian Ag),
then

d
(7-5) -0 / O A
t M
:)*(t)/ Seyutn f () dVg(t)—/ Sg(t),u(t)|Vg(t)f(f)|§(r) dVea)
M M

+ ZfM@’g(r),um, df ) ®df 1) dVe).
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We set

(7-6) Smin(0) 1= miﬁr/ll S(x, 0).

Theorem 7.2. Let (g(t), u(t)):ef0,71 be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and let A(t) denote the eigenvalue of the Laplacian
Ag(ry. Suppose that F g1y ury — ASe(1),u)&(t) = 0 along the harmonic-Ricci flow

for some o > %

(1) If Smin(0) = 0, A(¢) is nondecreasing along the harmonic-Ricci flow for any
te[0,T]

(2) If Spin(0) > 0, the quantity
2 no
(1= ZSmn (1) 2)
is nondecreasing along the harmonic-Ricci flow for T < n/(2Smin(0)).
3) If Smin(0) < 0, the quantity
2 no
(1= 2Smn(0)1)  20)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].
Proof. By Theorem 7.1, we have
4, 05 du S0 1O dVew Ju Sz0.001 V50 Ol
dr B fM f(t)deg(,) fM f(t)ZdVg(t)

By definition we have — f (1) A,y = A(7) f (¢). Integrating both sides yields that
A(t) = 0. Since

A)+ QRa—1)

0 2 2
ESgo),u(z) = Dg)Seru) T 21F g .u) gy T4 Agryut (D)

and [Fg(),ut|® = (1/0)S5 ) ) it follows that

9 2,
Esg(t),u(t) > Ag()Sg(),utn) + ;Sg(t),u(l)'

The corresponding ODE

%a(t) — %a(t)z, a(t) = Smin(0)

has the solution
Smin (O)

1— (Z/H)Smin(())l ‘

a(t) =
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Then the maximum principle implies Sq(/),4(:) > a(t) and hence, using the assump-
tion that 2o — 1 > 0,

Ju |Vg(t)f(t)|§<z) AV
fM f(t)z dVea)

d
Ex(t) >a(t)A(t) + Qa — 1a(t)
By integration by parts, we note that

/|Vf|2dV=—/f~Ade=A/ f2av,
M M M

which shows that

%A(t} >a()M(t)+ Ra— Da(@)r =2aa(t)A(t)

%(A(r)-exp(—&x /Ota(r) dr)) > 0.

This inequality clearly implies the desired result. If Sy,in (0) > 0, by the nonnegativity
of ¥4 (1) preserved along the harmonic-Ricci flow, we conclude that dA.(¢) /dt > 0. [J

and

Corollary 7.3. Let (g(t), u(t)):efo.1] be a solution of the harmonic-Ricci flow on a
compact Riemannian surface ¥ and let \(t) denote the eigenvalue of the Laplacian
Ag)-

(1) Suppose that Ricg(;) < edu(t) ® du(t) where

(7-7) 6541_2a, o> 5.
(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].

(11) If Smin(0) > 0, the quantity
(1 — Smin(0) 1)* A (1)

is nondecreasing along the harmonic-Ricci flow for T <1/Suin(0).
(i11) If Smin(0) < 0O, the quantity

(1 = Smin(0) )** A (1)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

(2) Suppose that
(7-8) Veyu(t)[3)8(1) = 2du(t) @ du(?).

(1) If Smin(0) = 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].
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(1) If Smin(0) > 0, the quantity
(1 = Smin(0))A(2)

is nondecreasing along the harmonic-Ricci flow for T < 1/Snin(0).
(ii1) If Smin(0) < 0O, the quantity

(1 = Smin(0))A(2)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

Proof. As above, we always omit subscripts ¢. In the surface case, we have
R,‘j = %Rg,'j. Then

Ty = S — g1y = 5 81— 2V — (R — 2 Vul)gi
= (% —a)Rg,-j —2ViuViju —|—20t|Vu|2gij.
For any vector V = (V1), we calculate
T, V'V = (3= @) RIVP = 2(ViuV')? + 20| Vu| V2
> (3 — @) RIVE =2[Vul|V[* 4+ 2a|Vu*|V .

If R;j < eViuVju, then T;; V' V/ = [(3 —@)e — 2 +2a]|Vu[*|V|* > 0.
For the second case, we note that

- - : . R
T,;V'V/ = R;V'VI —2ViuV'ViuV/ — 5|V|2+ IVul?|V|?
. R
> Ry V'V = [VuP [V = 2V + [Vu!|V |2 =0.
Hence the corresponding results follow by Theorem 7.2. ([

When we consider the Ricci flow, we have the following two results derived
from Corollary 7.3.

Corollary 7.4. Let (g(t)):c[0,1] be a solution of the Ricci flow on a compact Rie-
mannian surface X and let A(t) denote the eigenvalue of the Laplacian Ag ).

(1) If Rnin(0) > 0, A(?) is nondecreasing along the Ricci flow for any t € [0, T].

(2) If Rnin(0) > 0, the quantity (1 — Ryin(0)t)A(t) is nondecreasing along the
Ricci flow for T < 1/Rpin(0).

) If Ryin(0) < 0, the quantity (1 — Rnin(0)t)A(¢) is nondecreasing along the
Ricci flow for any t € [0, T'].
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Remark 7.5. Let (g(¢)):c[o, 7] be a solution of the Ricci flow on a compact Riemann-
ian surface ¥ with nonnegative scalar curvature and let A(¢) denote the eigenvalue of
the Laplacian A ;). Then A(7) is nondecreasing along the Ricci flow for 7 € [0, T'].

8. Eigenvalues of the Laplacian-type under the harmonic-Ricci flow

Recall that

(8-1) (g, u) = pi(g,u) = inf{%(g, u, f) | /M el avy =1 }

We showed that (g, u) is the smallest eigenvalue of the operator
—4Ag + Ry —2|Vyul}.

Inspired by [Cao 2007; 2008], we define a Laplacian-type operators associated with
quantities g, u, c:

(8-2) Ague=—0g+c(Ry —2|Veul3),

(8-3) Agui=A  1==A+ 5(Rg —2|Vul?).

U

Then (g, u) is the smallest eigenvalue of the operator 4Ag , 1/4.
To the operator A, , we associate the functional

(8-4) CoM)—R, [ reu(f) ::/I;Ing,udeg.

When f is an eigenfunction of the operator A, , with the eigenvalue A, that is,
Aguf = Af and is normalized by fM f? dV, =1, we obtain A, ,(f) = A. The
next lemma will deal with the evolution equation for A(f(¢)), where f(¢) is an
eigenfunction of A () and the couple (g(7), u(z)) satisfies the harmonic-Ricci
flow. Set

(8-5) vij = —ZS,'J' = —2R[j +40;u - 8ju, vi= gij Vjj-
The symmetric tensor field thus obtained is denoted by Vg 1) u(r) = (vij).

Lemma 8.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow on
a compact Riemannian manifold M and f(t) is an eigenfunction of Ag(),u(r), that
iS, Agr),ur) f () = A(t) f(t) (Where A(t) is only a function of time t only), with the
normalized condition

/ F(?dVy) = 1.
M

Then we have
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d
(8-6) E)‘g(t),u(t)(f(t)

. d
= fM F@ (Vi =2 Vio) VEF () dVgry — /M f2(r)§|vg<t)u(z)|§(,)dvg(,)

1/0
+ /M ((C\Vg(l),u(t)a vé(t)f(t»g(t) + i(ﬁRg(t)>f(t)>f(t) dVer).

Before proving the lemma, we recall a formula that is an immediate consequence
of the evolution equation:

0
(8-7) E(Agmf)
= —g" g1, ViVi f — 8 " Viv Vi f + 1 (Ve Ve): Veir F () gar)
where the metric g(r) evolves by dg;; /0t = v;;.

Proof. Using (8-7) and integration by parts, we get

d
E)Vg(t),u(t)<f(t))
0

=/ (8787 10pg ViV f 48" 8" Vivji Vi f =3 (Ve Vg() Vo) f (D) g0) f (1) dVg(r)
M
3 L0 2 |9
+ /M (_Ag@(a f(t))+( 0 VR ) o 0

+ (%(%Rg(t)) - %(Wg(t)u(t)@(,)))f(t))f(t) dVea

Req) 2
<_Ag(t)f(t) + ( , T IVg(z)M(l)|g(,))f(l))f(l)dVg(z)

B Rery 2 a9
+ Aginy (1) + > Vel ) f (@) 3 (f @) dVyw))
M t
-/ (g"”gfqqu Vivif+ %(%Rg(z))f(l))f(l‘) Vg
M
+A4(gi'igklvivjzka—%gklvlvka)f(f)dvg(t)
+f Agm,u(f)fa)(%f(r)dvgm + %(f(t)dng))
M

ad
__/ME(Wg(”u(t)l;(t))f(f)zdVg(,).

Since f(¢) is an eigenfunction of A1) u(1), it follows that

9
/Ag(z),umf(t)(%f(t)dVg(zW%(f(t)dVg(z)))=K(f)a—f F@?dVery =0
M tJm

by the normalization condition. This completes the proof. (]
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Using (3-6), we find that the first term in the right side of (8-6) can be written as

ivJ 9
/ (Uijv VIf+5 <a g(t))f(t)>f(t)dVg<r>
M
= / (=27 O (Ricga), Vi £ (D) g +4f O(du@®) @du(), Vi, f (1)) ) dVear
M
1 : 2 2 2 2
+ / (5 A Rec + I Ricgin 2y £ (02 +2F O Mg (1) 2,
=2 (Vi u D5 —4f (O (Ricgq). du(t) @du(0))g)) dVe)
:/ (=27 (O (Ricgr), Vi f (D) gy + (5 Ay Rery +IRice) ) f (D7) dVeir)
M
f (4f(l) du®du, Vg(t)f(t))g(t)—4f2(du(t)®du(t),Ricg(t))g(,)
M
+21 O Agyu D} =2 OV u D)) dVea)
For the second term in (8-6), using the contracted Bianchi identities, one has
/ (8YVivjk — sV VEf - £ (1) AV
M
:/ (8" Vi(—2Rji +40;udu)
M
— V(2R g0y + 4V u (D) 2)) VEf - f (1) dVgqr)
= / 4 (D) Agoyu @) (Veyu(t), Vo) f (1)) gy V()
M
+/ (48" Vu - Vi Vi — 2V Voo (D5 ) V'S - f (1) dVer)
M

=f 4F (0 Agyu(t){(Venyu(t), Veu f (1)) gy dVea)
M

where in the last step we use the identity Vi |Vu|? = 2gP4Vy V,u - Vyu. Therefore

d
(8-8) E)‘g(t),u(t)(f(t))

= /M (=2 O (Ricg(y. Vi f (O)ga) + (3 Aginy Reary + | Ricgq [30) £ (1)) dVi)
+4£(@) / ({du@)@du(t), Vi f () gy~ f O {du®)®du(t), Ricg()g(r)
M

+2 £ (O Agyu®) o) = 2f (O IViu® )
+4F (O Ay (1) (V1) Vo, f (1)) g) dVea)

— /M (At Ve 2y =21V 5y u @)y — HV gyt (D15)) f (1)* dVgqr).
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The above evolution equation can be simplified as follows.

Theorem 8.2. Suppose (g(t), u(t)) is a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and f(t) is an eigenfunction of Ag).u(), that
i8S, Ag(r),ur) f () = A(t) f(t) (Where A(t) is only a function of time t only), with the
normalized condition fM f(t)deg(,) = 1. Then we have

d
B9 o (FO) = /M 2(F iy, df (1) @ AL ) Vi

+/ FO (1S e g + 21 Agyu @ o)) dVir)-
M

Proof. Calculate
/M4f(t)Ag(z)M(t)(Vg(z)u(f), Verr F () ety AV
=— / Viul[Vif - (Vu, V) + f(V(Vu,VfN1dV
M

=—4/ |(W,Vf)|2dvg—4f FVu((V'Vu, V)Y + (Vu, ViV ) dV.
M M

By the same method, we have

/ — B[Vt O Ve
M
=—/ VuPQFAf +2 F1P)dV
M

:-2/ |Vf|2|w|2dv—2/ FAFIVul>dv.
M M

However,
/fAf|Vu|2dV=/ —Vi f-Vi(fIVul>) dv
M M
=—f V; f(VifIVul? + £V Vul?) dV
M

= —/ |Vul?|V fI*dV —/ fVi f-ViVul*dv.
M M
Therefore we arrive at

/ B[ Va2 0 Ve
M
:2/ fVif-ViVu*dv
M

=4 fM F@{du(®) @df (1), Viiu(®)) gy dVi).-
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Using the contracted Bianchi identities, we may simplify the term | M % f2ARdV
as follows:

(1)?
fN fTAga)Rg(z)dVg(z)
:_%/ ViR-Vi(f2)dV
M
=—/ v,-R-fvide=—2/ VAR - fV faAV
M M
:2/ Rk,-V"(ijf)dV:Z/ Rii (VEf VI f 4+ £VEVI £YdV
M M

= 2[ (Ricg(r),df () @df (1)) gty d V) -I-Z/ f(t)(Ricg(t),Vg(f)f([»g(t)dvg(t)-
M M

Hence (8-8) becomes

%kg(t),u(t)(f(l))
— /M(Z(Ricgm, df (1) ®df (1)) gy + | Ricg) Lo (1)) dViqry
+ /M (218501 2 + 4V Ol £ O AV
- fM Af (O du(t) ® du(t), Ricgn)) g dVer)
_/M4|<Vg(t>u(t), Ve £ ) e)]* dVear)
= /M 2L o), df () ®@Af (1)) g1y AV ()
- /M FO(IRicg —2du(t) @ dun)? ) + 2| Agryu(®)2)) dVea

where, by definition, S;; = R;; —20;ud;u. O

List [2006] proved that the nonnegativity of the operator ¥, is preserved by
the harmonic-Ricci flow. Hence we get the following.

Corollary 8.3. If Ricg ) —2du(0) ® du(0) > 0, the eigenvalues of the operator
Ag(),u(r) are nondecreasing under the harmonic-Ricci flow.

Remark 8.4. If we choose u(#) = 0, we obtain Cao’s result [2007].
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9. Another formula for %k( f@)

In this section we give another formula for %A( f(t)) using a method similar to
that in [Li 2007]. Recall the formula

d
rs0a0FO = [ 20000, A O © AT O Ve

+ /M FO (15000 [y + 208504 O ) dViir)-
Consider the function ¢ determined by f2(f) = e~¢"). Then we have

—e?do Vf Vo Af 1 1 ’
df =——+, —==——" —-=—1Ap+iVel
2f S 2 f 2 4

Hence

d _
2EA8(1),M(I)(f(t)):/M<g7g(t),u(t)adgo(t)®d§0(t)>g(t)e YO AV,

+2/ (IF sy ) + 21 Dy @5y ) e AV
M
Using integration by parts and contracted Bianchi identities yields
/ (S oy dp(0) @de (D)) gne " dVyq)
M
:/ s,-jvf<pv-f¢e—¢dvz_/ Si;VieVi(e ®)dV
M M
= f e V(S V/p)aV
M
:/ ViSij'ngo-e_(pdV+/ SiiV'Vig.e ¥ dv
M M
:/]WV"Rij-Vj(p-e_“’dVg—I-/MSl-jV"ngo-e_“’dV
+/ Vi (=2ViuViu)Vig-e? dV,
M
:l/ RA(e_“’)dV—i-/ Sijvivfw-e—de—zf (V'uViu)V'vi(e ?)av.
2 Jm M M
Thus
f SijViij-e_‘pdV
M

=/ SijVigovj(pe_‘odV—l/ RA(e_“’)dV—i—Z/ (V'uViu)v'vi(e ?).
M 2 M M
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On the other hand, one gets
fM Ve #Olgye™" dVew = /M ViVieV'Vip- e dV
= _/ Vip-ViViVig.e ?adv —/ Vip-ViVip.Vi(e¥)dV
M M
= —/ Vip-ViVIVig.e ¥ dv —/ Vip-ViVip.-Vi(e ) dV.

M M
Since
[ W vivis Ve av =~ [ VG Vi) vigav

M M
=— / Vg -V'Vip-Vi(e ) dV — f IVol?A(e™)dV,
M M
which implies
/ Vip-ViVIg.Vi(e™¥)dV = —%f VoA av,
M M
it follows that
/ V22 ¥ dV = —/ Vig-ViVIiVig.e™?adv + % f Vol A(e*)dV.
M M M
By the Ricci identity the term V/V/ Vi equals
ViVIVip =g/ eV ViVip = g7 ¢! (ViViVip — R,V ,00)
= VIViVip — g ¢" RiwipV'p

=V/Ap+ g™ g" Rip VP9 = VI Ap + g/ R, VP .

Hence
—/ Vip-ViVIVig.e ¥ dv
M
:—/ Vi(p-VjA(p-e_‘pdV—/ Rkakw-Vpgoe_‘pdV
M M
:/ VjAgo-Vj(e_“’)—i—/ Rkak(p-Vp(e_“’)dV
M M

=_/ A(p-A(e_‘”)—/ e (VP Ry, - Vi@ + Ry, VP VEQ)
M M
1

= —/ Ale™®)-ApdV +
M 2

/VkR-Vk(e_"’)dV—/ e R, V¥V @ dV
M M

:_/ A(e_‘/’)(Aw—i—%R)—/ Rip,VEVPp. e~ dV.
M M
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Putting those formulas together, we obtain
/ 28;;ViVig.e=?av +f IV2p|?e™? dV
M M
= / SiiViVig-e ¢ dv +/ (=2ViuViu)Vivigp-e ¢ dv
M M
- R
—/ A (Ag+ 5~ 3IVeP)av
M
= f S VieVigp-e ?dVv —/ A(e™*)(Ap+ R — 1|Vo|P) av
M M
+2/ (ViuViu - V'VI (e ?) = ViuViu -V'Vigp-e %) av.
M
Since f is an eigenfunction of A, it induces
Af R

,\=_7+——|W| 1A — 4|V<p|+ —|Vul?,

and therefore
f 28;;ViVig.-e™? dV—i—/ IV2p|?e 2 dV
M M
:/ SijViwngo-e_‘pdV—2/ A(|Vul?)-e ¢ dV
M M
+2f ViuV;(V'Vi(e ™) = V'Vip.e ?)av.
M
Plugging this into the expression of %A( f(@)) yields
d
2E)Mg(z‘),u(t)(f(l‘))
:f SijVi(ij(p-e_‘pdV—i-/ |5f|2e—<"dv+f |9>|2e—<0dv+4/ |Aul>e=¢dV
M M M M
=fM|5”g<t>,u<r)+V§(z)€0(f)|§(t)€“’(’)dVga)Jr/M|9’g(z>,u<r>|§(z)€“’(”dVg<z>
+4/ |Ag(x)M(f)|§(t>€_‘p(’)dVg<r>+2/ A | Ve u@) gne " dVeq
M M

+ 2/ ViuViu(=V'V/ (e™9) + V' Vig-e~?)dV
Now define M

1;:/ (viuvju.vivhp)e—%zvz—/ V! (ViuVju-e ?)V’pdV
M M

—/ VIip(Au-Viu-e *+ViuV'Viu-e ¢ —~V;uViuV'p-e *)dV
M

—/ VjuVj(pAu-e_(pdV—/ v,-uvf<pvivju-e—¢dv+/ l(du,dg)|*e=?dV,
M M M
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11::/ ViuVjuViVj(e_(p)dV:/ VIV (ViuViu)e ™ dv
M M
=/ Vi(VIViu - Viu+ ViuAu)e ™ dV
M

= / (AViu -Viu+ViAu -Viu+|Vul> + |Au>)e ?dv,
M

111::[ A(|Vu|2)e_‘/’dV:2/ VI(V;Viu-V/u)e ?dVv
M M
:2/ (AViu - Viu+|V2u|)e dV.
M

If we set

B:=2l+1-1),
then
B

EZf (AViu-Viu—ViAu-V'u+|V2ul> — |Aul* +|({du, dp)|?
M
—Viu-V'e - Au—Viu-Vip-V'Viu)e ™ dV
:/ (Ri;ViuViu+|V2ul* — |Aul® + [(du, dp) |*
M
—Viu-Vi(p-Au—Viu‘Vj(p-V"Vju)e_‘PdV.
On the other hand,
—/ v,-u-vi<p-Au.e—¢dV=/ (Viu- Au)Vi(e ?)dV
M M
:_f Vi(Viu- Au)e™ dV
M

=f (—|Aul® = Viu-ViAu)e ¢ dV
M

and
—/ ViuVj(pViVju-e_(pdVZ/ ViuV'ViuVvi (e ¢)dv
M M
:_f VI (ViuV'Viuye ™ dv
M
=/ (—=|V2ul?> = ViuAViu)e ¢ dVv.
M
Therefore

B
(9-1) 5:/ (=21Aul? + [(du, dp)|* = 2(Vu, VAu))e ¢ dV.
M
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By definition,
A(Vul?) = A(Viu-Viu) =2Vu - AVu +2|Vul?.

So _ _
A|Vul* =2|V2ul* +2(Vi Au+ Rij V' u)Viu

=2|VZul* +2R;;Viu-VVu+2(Vu, VAu).
Plugging this into (9-1) yields

B o
52/ (=21Aul* + [(du, dp)|* +2|Vul* — A|Vul|* +2R;V'uViu)e ™ dV.
M

2RV uV u = 2(Sij + 2ViuViu) V' uViu
=28;;ViuViu+4|Vul*
= NS +4du®dul® — § |9,
it follows that
B
—=II+I1-1
2
=/(|<du,d<ﬂ>lz—2lAu|2—%Iff’l2+2|v%t|2+31ls'>+4du<z§)du|2)e‘%’dV—m
M
Hence
Bz/ (—418ul+2(du, dp) P =3 | S +4|V2u*+3|F+4 du®du|*)e™* dV—21I1.
M

Theorem 9.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f (t) is an eigenfunction of Ag(r),u()
that is, Ag),u@) f (1) = A(t) f (t) (Where A(t) is only a function of time t), with the
normalized condition fM f(t)2 dVgry = 1. Then we have

d
EMI)

= %)‘g(t),u(t)(f(t))

= %/M L erut) + Ve @O lgne ?d Ve + %/M | g0r.u0 ginye P dVea
+/M [ du(t), do(@)) g e dVyq) +2/M Ve ®lgne™ dVew
+}1 /M Loty +4du(t) @ du(t)] ;e " dVyq)

_/1;[Ag(l)(|Vg(f)u(t)|§(t))e_¢(t) dVe@).
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Remark 9.2. When u = 0, this equation reduces to Li’s formula [2007].

10. The first variation of expander and shrinker entropies

Suppose that M is a closed manifold of dimension n. We define
We: QM) x CX¥(M) x C¥(M) xR = R, (g,u, f,7) = Walg,u, f,7)

where

f
e
(10-1) Wi(g u, f,7):= /M(T(Sg,u + |ng|§):Ffin)W dVy

Set
. 00 e/
n+(g, u, ) :=1nf{“Wi(g,u,f, T) ‘ feC™M), /MWdVg=l},

v:l:(gv u) = SuP{Mﬂ:(gv u, T) | T> 0}

Lemma 10.1. Suppose v(g,u) = Wi(g,u, f+, t+) for some functions fi and
constants Tty satisfying

e_fi
/[.w deg = 1, T+ > 0.

Then we must have

o (20 fi 4 |V fily = Seu) £ fr Fn+vi(g,u) =0,

fie_f:t n
——dV, = — .
/M Urryp Ve =g Frxle )

Proof. Since g and u are fixed, we consider the corresponding Lagrangian multiplier
function

e_f
»Qi(fv T,)\,) ::OW:t(g,u,f, T)—k(Adeg—l)

Then the variation of £ in f direction is

—f
8, Le(fiTih) = /(2‘[va ((Sf):FSf-l—Mf)ﬁdV
—f
e
_/M(f<sg,u+|vgf|§>¢fin) Gz Ve

By the divergence theorem, we calculate
-f e/
/ Vif. V(Sf) )n/de /MV(VfW)Sdeg

-f
f(Agf Vi 31 sz Ve
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Hence

-/
e
Srle(fiTs M) = /M(z(—zAngr IV, f1; —Sg,u)ifmqtlﬂ)éfm av

This implies that
T (=2Ag fr + Vg fil} — Sgu) & fe FnF 1+ =0.

Since fy satisfies the normalized condition, it follows that

—fx
_ 2 ¢
0=x+7F1 +/M(T:I:(_2Agf:|: + Ve faly — Seu) £ [+ :FH)W dv,

From the identity

/Af e’ dV—/lVflz Y
m S (@28 [y 8 A2 T8

and the definition (10-1), we obtain

vi(g, u) =Wi(g, u, fv,t4) =As F1,

and, consequently,

T (=20 fi + |V frly = Seu) £ fr Fn+va(g, u) =0.
The variation of £ with respect to T indicates that
3e8a(f,730) = | ST(Seu+1Y AP _av,— (—Qﬁ)idv
v o (4 >"/2 w\ 27 ) @rry2

not <’
+/M(_§_)( (Seu+1Ve /| ):Ffi”)(4 Ve

e 1av,
_ _n 24 1L P m—
_/MS’(@ ) Seat Ve )+ (“Ef”)) @m0y

Using the first proved equation, we have

0 /((v (g% frFm(1=5) + 2 vilg. 0 £ na )< dVe
= ) u _—— —_— , u —_—
y +(8 +F 5 ;=8 +F Grie)?
e_f:t
_ + )— dv,
/M (vefeF 4Ty
and therefore we obtain the second one. O

For a symmetric 2-tensor h = (h;;) € @2 (M), we set

g(s):=g+sh
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Then the variation of g(s) is

a

10-2 —
( ) ds ls=0

Ry(s) = —h" Rij + V'V hyj — Ay (trg ).

Theorem 10.2. Suppose that (M, g) is a compact Riemannian manifold and u a
smooth function on M. Let h be any symmetric covariant 2-tensor on M and set
g(s) := g+ sh. Let v be any smooth function on M and u(s) := u + sv. If

v4(g(s), u(s)) = Wi (g(s), uls), f+(s), t+(s))
for some smooth functions f1(s) with

/ e EOqV /(A Ti(s)? =1
M

and constants t+(s) > 0,

Iy (e(s),uls)) r/((hff )+(hV2f)j:1trh) " W
— s),u(s))=— Lo , L e
dsls=0 =¥ = Ju surs 8008y 8T (b2 8
effi
+4T:|:/A/IU(AgM—(du,dfi>g)mdvg,

where fy = f1(0) and 14 := 14 (0). In particular, the critical points of v+(-, )
satisfy

1
Feu+Veift—g=0, Agu=(du,dfs),.
2‘L’i

Consequently, if Wi (g, u, f, t) and v (g, u) achieve their minimums, (M, g) is a
gradient expanding and shrinker harmonic-Ricci soliton according to the sign.

Proof. By definition, one has

d
7 V= (88), u(s)

d
= a°Wi(g(s), u(s), f(s), 7+(s))

a S V > e_fi(s) dv
—/M(gfi(s)( o(s),u(s) T | g(s)f:l:(s)lg(s)))m o(s)
e_fi(s)

0 2 0
+fM(t:|:(s)$(Sg(s),u(s)+|Vg(s)f:|:(s)|g(s))q:afi(s))mdvg(s)

+ AJ(Ti(S)(Sg(s),u(s) + | Ve() [ () [35)) F fi(s) £n)

) ehe
s\ @y e )



EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 179

Since

9 3 9 )
35 Se@a) = 3o Ret) = 255Vt (9l

Gl ~ .0

8 —R (S)_2<§_Sg”>viuvj”_4g”aviu-vju

9 ip ,iq ij ad

a g(S)_z(_g 8 hpq)viuvju_4g Vi gu Vju
9 2, VPuviy — 4 Lu ) viu

8 Re(s) +2hpq ViuViu — 8

and

a e_f:k(s) dV
as \ (@me(s))2 80

e~ fx() e J=®) 9
= —dV ———dV,
( f:l:( )— 2_[ (S) aS T4 (s )) (4774 (5))")2 g+ (47174 (s))"2 Bs g(s)
—fx(s)
_(_9 __n 3 1 e
= ( P fi(s) 37:(s) Bs Ti(s) + 5 trg h) GG AV (s),
it follows that
4 (g(s), u(s))
ds =8V
e_fi(s)

Gl 2
= /M 35 O Gew.u) + IVg(s>fi(S)|g(s>)Wdvg(s)

+f <‘L’;t(S)< g Rg(s) +2hpg VPuViu — 4V, < g )Viu
M as

5 —fx(s)
—hquprqf+2V( f) f) Sfi(s)>(47:r—dvgm

()P
d
+/M<——fi<> ENOLE ri<s>+2trgh)

(T2 () (Se(s).us) + |Vg(s)f:|:(s)|§(5)) F fr(s)£n

effi(s) d
——————d V().
)Gz 5

From the equalities
/ Agtrgh-e_deg:/ trgh- Ag(e™ ) v,
M M

:/ trg h(—Ag f+|V. f12)e™/ dVy.
M
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/vivfhij-e—fdvg:/ hiiViVi(elydv
M M
=/ hij(=V'VIf +VIfVIif)e ™ av,,
M
9 C g a -
[ wi(r)viretavi= [ =l ps = 1veriet av,.
M as M 0s

/ Ag(e_f)dVgZ/ (—Ag [+ Ve f12)e™ ! av,,
M M

and Lemma 10.1, we obtain

—fx

2 (8(5). 4(s)
2 e
w0 e Ve 1) G o Ve

_/3
M ds s=0

+f (ti<—h"jR,-.,-+V’Ath,-‘,- — Ag(trg h) +2h g VPuViu
M

i )
s:Of(S)>v f) +35 s:Of(S)>

9
as

—4VioViu —h, VPfVIf + 2v,-(
Ja(s

e v, + 0 (s)+Ltroh
— - — S tr
Arron2 780 Jy 95 |, R

e~ /x
-(‘L’i(Sg,u + |ng:l:|§) F /e :l:n) (47T‘L':|:)n/2 dVg

s=0

If we denote by B the last term and by A the remaining terms,

=G

72(8)(IVg fel + Se.)
s=0

— te (WYY fa 4+ hT Sy +4Yi0- Vin) aa—sfi)

e_fi d
- av,
Arr /28

—fx
0 f(s)) :
s=0

I RO |vgfi|§><trg ho2l
M s

(A Ty)n/? Vs
The normalized condition
—fx(s)
- /M sty
implies
0 / <_i e /=)
u\ 0s

f:l:( )_ deg

§=

9 1
2r 35 ri(s) + 5 trg h)
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From Lemma 10.1, we conclude that

2Seu — T (Ve el =28, fr) = £ fr Fn+vi(g, u).

Therefore

T (Sgu + Ve fel3) F fi £ =212(|Vg fily — Ag fr) + v (g, u).

Plugging this into the definition of B yields

‘Ci (s)+5 trg h)
- e_f:t

(2T (Vg fl3 — Ag fr) +va(g, ”))W dVe

9 d
:/A4(_£ 21_ 35 ri(s)—i- trgh)
e S
-(2ri(|vgfi| =8 f2) Gy 4V
e~ /=
:/M(—%s fa(s)+ 3 tr >2Tﬂ:(|vgfi| — A fi)mdv

where we use the fact that
/ Ag(e™dV, =0.
M

Hence B cancels with the last term in A. Therefore the above variation equals

v(8(s), u(s))

E Oti(S)<|vgfi|§+Sg’uié) —ri(h’lv,-vjf+htJS,-j
5=

4 L tr, h dv((du, df) — Agu) .
2ty ¢ ’ ¢ (4rrTs)/?

To prove the theorem, it is sufficient to show that

2 n effi
\Y +—)|— =0.
/M(| s lg S 2Tﬂ:) (A Te)n/2 V=0

Since M is compact, we have

ozf Ag(e_fi):/ (—Ag fr+ |V felDe av.
M M
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Hence

\V/ - )
/M(I o Sl +Sg,uizfi)(4mi)n/2 dv

:/ (ZAgfi—|vgf|§+sg,ui 1 )
M

20':|:

e_fi

dv.
(4JT‘E:|:)"/2

Lemma 10.1 now indicates

) n e_fi
\% + — ) —
'/M(| g £l + Sgu 21})(471&)”/2 av
:/ tfeFntve@uw n) e
M T 2 ) (4mwry)n/?

/ o R NN "y
= — “4vi(g,u) ) —
T+ +F 5 T8 (4mrTy)n/?

1

= —(j:g —vi(g, u)F % +vx(g, M)) =0.
T+

The sign + corresponds to the gradient expanding soliton and the sign — to the
gradient shrinker soliton. U

Corollary 10.3. Suppose that (M, g) is a compact Riemannian manifold and u
is a smooth function on M. Let h be any symmetric covariant 2-tensor on M
and set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv.
Ifvi(g(s), u(s)) = WxL(g(s), u(s), f+(s), t+(s)) for some smooth function fi(s)
with fM e fx() dV/(47'[rjE(s))"/2 =1 and a constant 7+(s) > 0, and (g, u) is a
critical point of v (-, -), then

1

Feu=F=—g, f+=constant.
Z‘L':t

Thus, if Wi(g,u,-,-) achieve their minimum and (g, u) is a critical point of
vi(-,-), (M, g, u) satisfies the static Einstein vacuum equation.

Proof. According to Lemma 10.1 and Theorem 10.2, we have

T (=20 fr + Vg fily — Sgu) £ fr Fn
—f+

— — 2 ¢
_—vi——A(Ti(sg,u+|vgf|g)¢fiin) (47TT:|;)n/2 dvg’
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and hence
—fx
e
(4 Te)n/2 Ve

et
[ (Sgu+Agf:|:) )n/2 dV

= :FZ = Sg,u + Agf:l:-

20 fi — |V fil} + Seu = f (Sgu + Vg f]3)

From this we get A, fr = |V, fi|§. After integrating on both sides, the functions
f+ must be constant, which implies ¥, &= (1/(27+))g =0. O

Remark 10.4. In the situation of Corollary 10.3, by normalization, we my choose

fizl’l/z.
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QUANTUM EXTREMAL LOOP WEIGHT MODULES
AND MONOMIAL CRYSTALS

MATHIEU MANSUY

In this paper we construct a new family of representations for the quantum
toroidal algebra AU, (sl;°_r|_1), which are £-extremal in the sense of Hernandez.
We construct extremal loop weight modules associated to level 0 fundamen-
tal weights w; whenn = 2r + 1 is odd and £ = 1, r+1 or n. To do this,
we relate monomial realizations of level 0 extremal fundamental weight crys-
tals to integrable representations of A, (sls’:_l), and we introduce promotion
operators for the level 0 extremal fundamental weight crystals. By specializ-
ing the quantum parameter, we get finite-dimensional modules of quantum
toroidal algebras at roots of unity. In general, we give a conjectural process

to construct extremal loop weight modules from monomial realizations of

crystals.
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1. Introduction

Let us consider a finite-dimensional simple Lie algebra g and its associated quantum
affine algebra U, (). Beck [1994] and Drinfeld [1987] proved that Ug4(g) has two
realizations: first as the quantized enveloping algebra of the affine Lie algebra g
and second as the Drinfeld quantum affinization of the quantum group Uy (g).
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The representation theory of the quantum affine algebras has been intensively
studied (see, among others, [Akasaka and Kashiwara 1997; Beck and Nakajima
2004; Chari and Pressley 1991; 1995; Frenkel and Mukhin 2001; Frenkel and
Reshetikhin 1999; Lusztig 1993; Nakajima 2001]). Kashiwara [1994] has defined a
class of integrable representations V' (A) of these algebras, called extremal weight
modules, parametrized by an integrable weight A and with crystal basis %B(1).
When A is dominant, V(1) is the simple integrable module of highest weight A. But
in general V() is not simple and it is neither of highest weight nor of lowest weight.
These representations were the subject of numerous papers (see [Beck 2002; Beck
and Nakajima 2004; Hernandez and Nakajima 2006; Kashiwara 1994; 2002b; Naito
and Sagaki 2003; 2006; Nakajima 2004]) and are particularly important because they
have finite-dimensional quotients for some special weight A. Kashiwara has proved
in this way the existence of crystal bases for the finite-dimensional fundamental
representations of U, (g) (for a special choice of the spectral parameter).

The quantum affine algebra U, (g) is also a quantum Kac-Moody algebra and
thus can be affinized again by the Drinfeld quantum affinization process. One gets
a toroidal (or double affine) quantum algebra U, (g'°") which is not a quantum
Kac—Moody algebra anymore and can not be affinized again by this process (it can
be viewed as “the terminal object” in this construction). These algebras were first
introduced by Ginzburg, Kapranov and Vasserot [Ginzburg et al. 1995] in type A
and then in the general context [Jing 1998; Nakajima 2001]. In type A, they are
in Schur—Weyl duality with elliptic Cherednik algebras [Varagnolo and Vasserot
1996].

The representation theory of these algebras has been intensively studied (see for
example [Feigin et al. 2011a; 2011b; 2012; 2013; Hernandez 2005; 2009; 2011;
Miki 2000; Varagnolo and Vasserot 1998] and references therein). In the spirit of
works of Kashiwara, Hernandez [2009] proposed the definition of extremal loop
weight modules for Uy (g'°"). The main motivation is to construct finite-dimensional
representations of the quantum toroidal algebra at roots of unity. He constructs the
first example of such a module for Uy (sly") which is neither of {-highest weight
nor of £-lowest weight. This module is generated by an £-weight vector of £-weight
an analogue of the level 0 fundamental weight w; = A1 — Ag. By specializing the
quantum parameter ¢ at roots of unity, he obtains finite-dimensional representations
of the quantum toroidal algebra at roots of unity.

In the present paper, we construct a new family of extremal loop weight modules

for the quantum toroidal algebra AU, (slg’_ﬁ_ ») I: we define extremal loop weight

1 After this paper appeared on the arXiv, the constructions in [Feigin et al. 2013] were brought to
our attention by H. Nakajima. Some of the representations constructed in this paper (the V(Y, (Y, 11 )
are also defined in [Feigin et al. 2013] from another point of view and are called vector representa-
tions there.
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modules associated to the level 0 fundamental weight w; = Ay — Ag when n =
2r +1isoddand £ = 1,7 + 1 or n (Theorem 4.1). We call them the extremal
fundamental loop weight modules. This construction is based on the monomial
realizations of level 0 extremal fundamental weight crystals B(wy). We relate
these monomial crystals with integrable representations of Uy (sl}f_rH) by studying
their combinatorics: we introduce promotion operators for B(wy) (1 < £ <n). We
describe them in terms of monomials. These operators play an important role in
our work: on the one hand, at the level of crystals, they are used to check that these
monomial crystals are closed when £ = 1,7 + 1 or n (see Definition 3.6 for this
notion, related to the theory of g-characters). On the other hand, at the level of
representations, they enable us to define the action of the quantum toroidal algebra.
We show that the representations we constructed are irreducible and, as modules over
the horizontal quantum affine subalgebra, they are isomorphic to the fundamental
extremal weight modules V(). We give explicit formulas for the action from
the associated monomial crystal. By specializing the quantum parameter g at
roots of unity, we get new irreducible finite-dimensional representations of the
quantum toroidal algebra at roots of unity. When £ is not equal to 1,7 + 1 or n,
the corresponding monomial crystals are not closed and it is not possible to make
the same construction. We give a conjectural process to define other extremal loop
weight modules in this situation: as an example, we construct an extremal loop
weight module of U, (slffr) associated to the weight 2.

Let us describe the methods used in this paper in more detail. Kashiwara [2003]
and Nakajima [2003] have defined a crystal Jl, called the monomial crystal, whose
vertices are Laurent monomials. They determined monomial realizations of crystals
of finite type. These results have been extended in [Hernandez and Nakajima 2006]
to the level 0 extremal weight U, (§ln+1)—crystals B(wy) 1 <L=<n)ifn=2r+1
is odd, it is isomorphic to a sub-U, (§ln+1)—crystal My of M.

The monomials occurring in these realizations of crystals can be interpreted at
the level of representation theory. In fact Frenkel and Reshetikhin [1999] defined a
correspondence between £-weights (eigenvalues of the Cartan subalgebra for the
Drinfeld realization) and these monomials. Motivated by these facts, Hernandez
[2009] used the monomial AU (§14)—crystal Ay to construct an integrable represen-
tation of Uy (slﬁfr) whose £-weights are the monomials occurring in this crystal. He
defined in this way the first example of extremal loop weight modules for AU, (slﬁfr).
We use the same technical feature in this paper. We propose to relate the monomial
AUy (§ln+1)—crystals Mg (where n = 2r + 1 is supposed to be odd) with integrable
representations of AU, (slg’:L 1)

Let us outline the main steps of the construction of extremal fundamental loop
weight modules associated to Jly. It is based on the combinatorial study of these
crystals. The cyclic symmetry of the Dynkin diagram of type Af,l) has a counterpart
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at the level of crystals. Actually, these symmetry properties are already known for
the U (sl,+1)-crystals of finite type, and translated into the existence of promotion
operators (see [Bandlow et al. 2010; Fourier et al. 2009; Okado and Schilling
2008; Schilling 2008; Shimozono 2002] and references therein). Here we introduce
promotion operators for the level 0 extremal fundamental weight crystals %B(wy)
(1 £ < n). We improve these operators in the monomial realizations Jl; of
[Hernandez and Nakajima 2006]. In particular, we get a new description of these
monomial crystals.

A monomial set is not in general the set of £-weights of an integrable repre-
sentation. In fact, it must satisfy combinatorial properties related to the theory
of g-characters (see [Frenkel and Mukhin 2001; Frenkel and Reshetikhin 1999]).
This leads us to introduce the notion of closed monomial set (Definition 3.6). It
gives a necessary condition for a set to be the set of £-weights of an integrable
representation. Finally, we determine when the monomial crystal it is closed, using
promotion operators: this is the case if and only if £ = 1, 7 + 1 or n (Theorem 3.22).

When .ty is closed, we construct an associated integrable AUy (sl;"j_l)—module
whose set of £-weights consists of monomials occurring in Jl;. For that, we paste
together some finite-dimensional representations of the various vertical quantum

affine subalgebras of U, (slilojrl). The existence of promotion operators for .y

involves that it defines a AU, (sl;;’j_ ,)-module structure. Furthermore we check that the
representations obtained in this way do satisfy the definition of extremal loop weight
modules. They are irreducible, isomorphic to the level 0 fundamental extremal
representations V() as modules over the horizontal quantum affine subalgebra.
Moreover the action of the quantum toroidal algebra on them is explicitly known,
given from the associated crystal. Finally by specializing the quantum parameter g
at roots of unity, we get finite-dimensional representations of the quantum toroidal
algebra at roots of unity.

When the monomial crystal Jil, is not closed, there is no integrable representation
of Uy (slg’j_l) whose set of £-weights consists of monomials occurring in it. The
idea is to consider instead of Jl, a closed crystal containing it and to apply the
preceding methods to this crystal. We treat an example of such a construction: we
define a representation of U, (slﬁfr) which satisfies the definition of extremal loop
weight modules.

Let us now describe briefly the organization of this paper.

In Section 2 we recall the definitions of quantum affine algebras U, (§ln+1) and
quantum toroidal algebras AUg (SIZ’:L]) and we briefly review their representation
theory. In particular one defines the extremal weight modules and the extremal loop
weight modules. Section 3 is devoted to the study of monomial crystals. We recall
its definition and we introduce the notion of closed monomial set (Definition 3.6).

We introduce promotion operators for the level 0 fundamental extremal weight
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crystals. As a consequence, we determine when Ay is closed (Theorem 3.22). In
Section 4 we construct a new family of representations of AU, (slifj_l) (the extremal
fundamental loop weight modules) when #n is odd and .l; is closed (Theorem 4.1).
We check that these representations satisfy the definition of extremal loop weight
modules (Theorem 4.7) and we give formulas for the action (Theorem 4.12). We
get finite-dimensional representations of the quantum toroidal algebra at roots of
unity by specializing the quantum parameter ¢ at roots of unity (Theorem 4.18). In
Section 5 we treat an example where the considered monomial crystal is not closed.
We construct a representation of U, (slffr) associated to the level 0 weight 2.
In Section 6 other possible developments and applications of these results are
discussed.

2. Background

We recall the main definitions and general properties about the representation theory
of quantum affine algebras and quantum toroidal algebras of type A.

2A. Cartan matrix. Let C = (Cj,j)o<;,j<n be a Cartan matrix of type A,(,l) (n=2),

(2 —10 -+ 0 —1

—1 2 .- 0
c=|"°

0

0 L2 -1

\-1 0 - 0 -1 2

Remark 2.1. The case n = 1 is not studied in the article and is particular. In this
case, the Cartan matrix is
2 =2
(%7)

and involves —2. Furthermore, the quantum toroidal algebra AU, (sltzor) requires a
special definition with different possible choices of the quantized Cartan matrix
(see [Hernandez 2011, Remark 4.1]).

Set I ={0,...,n}and Iy = {1,...,n}. In particular, (C; ;j); jer, is the Cartan
matrix of finite type A,. In the following, I will be often identified with the set
Z/(n+ 1)Z. Consider the (n+2)-dimensional vector space

h=Qho®Qh &---®Qhy, ®Qd

and the linear functions ¢; (the simple roots) and A; (the fundamental weights) on
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h given by (i, j € I),
ai(hj) =Cji,  ai(d) =60,
Ai(hj)=46ij. Ai(d)=0.

Denote by TT = {ag,...,an} C h* the set of simple roots and by ITV =
{ho, ..., hn} Ch the set of simple coroots. Let P ={A eh*|A(h;)€Z forany i € [}
be the weight lattice and P = {A € P | A(h;) > 0foranyi € I}, the semi-
group of dominant weights. Let Q = ;c; Za; C P (the root lattice) and
QT =Y,/ Na; CQ.For A, ueb* write A>pifA—pneQ".

Set ho = Q/y @ ---® Qhy and Iy = {ay,....an}, [I§ = {hy..... hy}. Then
(ho, Iy, HB’) is a realization of (Cj j);,jer, (see [Kac 1990]). We define as above
the associated weight lattice Py, its subset P(;r of dominant weights, and the root
lattice Q.

Denote by W the affine Weyl group: it is the subgroup of GL(h*) generated by
the simple reflections s; € GL(h*) defined by s;(A) = A — A(h;)a; (i € I). The
Weyl group of finite type Wj is the subgroup of W generated by the s; with i € I.

Letc=ho+---+h,and § =ag+---+ a. We have

{we P|wh;)=0foralli € I} =Q0F.

Put P, = P/Q¢ and denote by cl: P — P the canonical projection. Denote by
P% ={\ e P|A(c) =0} the set of level 0 weights.

2B. Quantum affine algebra U, (§ln+1). In this article ¢ = ¢! € C* (r € C) is not
a root of unity and is fixed. For/ € Z,r > 0,m > m’ > 0 we set

I -l
[l = % e 7[¢*"),
[rlg! = [rlglr — g .. - [1g.

] o
m’q [m —m']g! [m’]y!

Definition 2.2. The quantum affine algebra U, (§ln+1) is the C-algebra with gener-
ators ky, (h € b), xl.i (i € I) and relations

knkn = k> ko =1,
lenxjlep = ¢ W,
k; —k;!

_1 4
q—q
)Py — i x5 )P =0

[x;". x;1=46i,
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Here we use the notation kilLl = k4p,; and for all » > 0 we set (xl.i)(’ ) =
(xl.i)’ /[rlg!. One defines a coproduct on U, (§ln+1) by setting

Alkp) = kp ® kp,
AN =xF@1+k@x, A =x7 @k +1®x;.

Let Ug (sln+1)’ be the subalgebra of U, (sln+1) generated by the x and ky, for
h € )" Qh;. This has P, as a weight lattice.

For J C I denote by g (§ln+1) J the subalgebra of AUy (§1n+1) generated by the

i Jkpp, fori € J,pe Q. If J = I, %q(§1n+1)10 is the quantum group of finite

type associated to the data (ho, ITo, TTy), also denoted by AUy (sl,+1). In particular,
a g (sl,,+1) -module has a structure of Uy (sl,41)-module. If J = {z} withi e/,
WUy (sln_H) J is isomorphic to AU, (sl2) and denoted by U;. So a Uy (sl,,_,_l) module
has also a structure of U (sl )-module.

Let Uy (§ln+1) (resp WUg (§ln+1)_, Uq(h)) be the subalgebra of U, (§1n+1)
generated by the x (resp. the x;~, the kj). We have a triangular decomposition of
WUy (sln+1) (see Lusztlg 1993]):

Theorem 2.3. We have an isomorphism of vector spaces
Ug (sly11) ~ Ug (sl 1) © Ug () @ Ug (sl 1) T

2C. Representations of U, (§ln+1). For V' a representation of AUy, (§ln+1) and
v € P, the weight space V,, of V' is

Vi={eV|kyv=q"Puv,Vhep).

Setwt(V)={ve P|V, #{0}}.

For A € P, a representation V is said to be of highest weight A if there is v € V),
such that for all i € I, xi+ v =0 and Uy (sl,41) - v = V. Furthermore there is a
unique simple highest weight module of highest weight A.

Definition 2.4. A representation V is said to be integrable if
(i) it admits a weight space decomposition V = @ V,,
(1) all the xl.jE (i € I) are locally nilpotent. vep

Remark 2.5. This definition differs from the one given in [Hernandez 2009]. In
fact we require that the following additional conditions be satisfied:

(iii) V, is finite-dimensional for any v € P.
(iv) VyeNg; =10} forallve P, N > 0,i € 1.
These conditions are implied by the previous ones for the highest weight modules.

Theorem 2.6 [Lusztig 1993]. The simple highest weight module of highest weight X\
is integrable if and only if A is dominant. We denote it V(L) (A € PT).
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For an integrable representation V' of ‘U, (§ln+1) with finite-dimensional weight
spaces, one defines the usual character

Xx(V) =" dim(V)ew) € [ | Ze(v).

veP veP

Similar definitions hold for the quantum group Ug4(sl,+1). In this case, the
integrable simple highest weight modules are parametrized by P(;r and denoted
by Vo(A) (A € P(;L ). Further they are finite-dimensional (see [Lusztig 1993; Rosso
1991]). Let 6 be the category of integrable finite-dimensional representations of
g (sly+1) and R its Grothendieck ring.

Theorem 2.7 [Lusztig 1993; Rosso 1991]. The category € is a semisimple tensor

category and the simple objects of € are the (Vo(X)), . p+. Furthermore x induces
0

a ring morphism

X:R— @ Ze(v),

ve Py
where the product on the right is defined by e(u)e(v) = e(ju + v).

We do not recall here the theory of crystal bases of quantum groups, we just
refer to [Kashiwara 1994; 2002a; 2002b]. Let us remind only that for A € PT,
the Uy (§ln+1)—m0dule V(L) has a crystal basis B(A). In the same way we denote
by By () the crystal basis of the fuq (sl,,_,_l)—l}lodule Vo(A) (A € P0+ ). Wl}el’l we
want to distinguish crystals of Uy (sly41), Ug (Sly+1) s with J C I and Uy (sly+1)’,
we call it respectively a P-crystal or an I -crystal, a J-crystal and a Pj-crystal.

2D. Extremal weight modules. In this section we recall the definition and some
properties of extremal weight modules for the quantum affine algebra U, (§1n+1)
given by Kashiwara [1994; 2002b]. All of these hold for general quantum Kac—
Moody algebras and in particular for Ug (Sl;+1).

Definition 2.8. For an integrable U, (§ln+1)—m0dule Vand A € P, avector v € V,
is called extremal of weight A if there are vectors {vy }yew such that vyg = v and

+

xF vy =0 and (xi:F)(:Ew()»)(hi)) Uy = V) if Zw(A) (k) > 0.

Note that if the vector v is extremal of weight A, then for w € W, vy, is extremal
of weight w(A).

Remark 2.9. The definition of extremal vector can be rewritten as follows (see
[Kashiwara 1994]): for an integrable U, (§ln+1)—module V', a weight vector v of
weight A is called i-extremal if xl.+ ‘v =0orx; -v=0. In this case we set
Si(v) = (xl._)(}‘(hi)) -vor S;(v) = (x;r)(_)“(h")) - v respectively. Then a weight
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vector v is extremal if, for any / > 0, §;, o--- 0 §;,(v) is i-extremal for any
i,iy,...,i; € I. We set in that case

Wev={Sj o008, |leNi,....ijel}.
The notion of extremal elements in a crystal & can be defined in the same way.

Definition 2.10. For A € P, the extremal weight module V' (A) of extremal weight A
is the WUy (sl, 41 )-module generated by a vector vy, with the defining relations that vy,
is extremal of weight A.

Example 2.11. If A is dominant, V(1) is the simple highest weight module of
highest weight A.

Theorem 2.12 [Kashiwara 1994]. For A € P, the module V()) is integrable and
has a crystal basis B(1).

Set A = @y, where 1 < ¢ < n and @y is the level 0 fundamental weight
wy=A {— Ag.

Theorem 2.13 [Kashiwara 2002b]. Let 1 <{ <n.
(i) V(wy) is an irreducible Uy (§ln+1)-module.

(ii) Any nonzero integrable g (§1n+1)-m0dule generated by an extremal weight
vector of weight wy is isomorphic to V(wy).

Let w be an element of W such that w(wy) = wy + §. Such an element exists
and is not unique (see [Kashiwara 2002b]). It defines a AUy (§ln+1)’ -automorphism
(also called Pj-automorphism in the following) of the restricted AUg (§1n+ 1)’-module
V(wy), which sends v to vy,. It is of weight §, and denoted by z,. Let us define
the Uy, (sly41) -module

W(wy) = V(wy)/(ze — D) V(wy).
Theorem 2.14 [Kashiwara 2002b]. Let 1 <{ <n.
(i) W(wy) is a finite-dimensional irreducible g (§1n+1)/ -module.
(ii) For any pn € wt(V(wy)),
W(wg)a = V(o
(iii) V(wy) is isomorphic to W(wy) gy as a Ug (§ln+1)—m0dule.

Here M, is the affinization of an integrable A, (§ln+1)’ -module M : this is
the AUy (sl,41)-module with a weight space decomposition My = @ (Mafr)v
defined by vep

(Mage)y = M)
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and with the obvious action of xl.i. Note also that we have an isomorphism of
WUgq (sl,41 ) -modules
My ~Clz,z7'|®@ M,

+4i. Oxi. In the same way one defines the

where x act on the right side by z
afﬁmzatlon Batr of a Pgj-crystal AB. For an integrable Uy (sln_H) -module M with

associated Pg-crystal 9B, the affinization My has a P-crystal RB,g.

2E. Quantum toroidal algebra VU, (sl;"il). In this section, we recall the definition
and the main properties of the quantum toroidal algebra U, (sl“’r 1) (without central
charge).

Definition 2.15 [Ginzburg et al. 1995] The quantum toroidal algebra U, (sl}f_rH) is

the C-algebra with generators x L (iel,reZ),ky(heb), him (il ,meZ—{0})
and the following relations (i, ] e L' ri,rmeZ meZ—{0}):
khkh’ = kh-i-h” k() = 1’ [kh’ h],m] = 0’ [hi,m’ /’lj’m/] = O’
kpxE ko = q= WxE,

1

+ 7 _ . +
[hi,m,xj,r] = i%[mcl,]]qxj,m_i_r,

¢+ 7 o ’

+ = 1 L,r+r i,r+r
€)) [x; . x5 1= 8ij =

q9—4q
+ + +C; + +Ci; .+ :I: + +
Xir+1Xj e —4 U‘x] rXir+1 =4 ”xl r X1 T X 1 X
+ + _+ + _+ + _+
XXXty (q+ q )‘xl r1Nit, r/xl e + xz:l:l ¥ Xi X

+ _+ -1\, + _+ + =+ + _+
—X; rle ri z:i:l r’ + (q +4q )xi,rzxi:l:l r’xi,rl _xl:i:l rXi rzxz ry’

0ifi # j, j*1. Here foralli € I and m € Z, ¢ €Uy (s )

and [xE N ],2]— n+1
:I:l]]

is determined by the formal power series in U, (slt L lz

00 = D" =k (=) bt )

m>0 m'>1
and¢i"'m=0form<0,¢i_m=0form>0.

jEThere is an algebra morphism U, (§ln+1) — WUy (sl;lo_ri_l) defined by kj, — ky,

X xl o (h€b,iel). Itsimage is called the horizontal quantum affine subalgebra
of Uy (slifil) and is denoted by U” 7 (L 1) In particular, a Ug(sI;} | )-module V
has also a structure of AU, (sln+1) module We denote by Res(V) the restricted

WUy (sln+1) module obtained from V.
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As said above, the quantum affine algebra AU, (§1n+1)’ has another realization
in terms of Drinfeld generators [Beck 1994; Drinfeld 1987]: this is the C-algebra
with generators xl.jfr (i €ly,rel),ky(heby), him (€ ly,meZ—{0}) and the
same relations as in Definition 2.15. It is isomorphic to the subalgebra Uy (sl:;’j_l)
of %q(slif_ri_l) generated by the xl.j;, kp, him (i € Ig,r € Z,h € ho,m € Z—{0}).
Uy (sl 1) is called the vertical quantum affine subalgebra of AUg (s, ).

Forall j €I, set I; = I—{;}and define the subalgebra Ug™’ (s ) of Uy (s )
generated by the xfr, kp, higm (i € Ij,r € Z,h € @ielj Qhj,m € Z—{0}). In
particular %Z’O(sl;fil) is the vertical quantum affine subalgebra Ou,';(sl;fil) of
Uy (s ). All the AUg™ (s1" ) for various j € I are isomorphic: in fact let 6 be
the automorphism of the Dynkin diagram of type A,(,l) corresponding to the rotation
such that (k) = k + 1, where [ is identified to the set Z/(n + 1)Z. It defines an
automorphism 6 of b by sending %;,d to hg(y,d (i € I). Forall j € J, let 2
be the automorphism of Uy (Slifil) which sends xi“er, kp, him t9 xétj (). k.e é ("
hgi i),m respectively (where i € I, h € b, r € Z, m € Z—{0}). It gives by restriction
an isomorphism of algebras between Uy (slﬁf_ﬁ_l) and U "’ (slﬁfj_l), still denoted by
Y ).in the following. If V is a AU, (§ln+1)/ -module, we denote by V (/) the induced
%Z’] (slg’_ﬁ_l)—module. R

For i € I, the subalgebra AU; generated by the xifr, him.kpn; (r € Z,m € Z—{0},
p € Q) is isomorphic to Uy, (slp)'.

We have a triangular decomposition of AUy (slﬁfﬂrl).

Theorem 2.16 [Miki 2000; Nakajima 2001]. We have an isomorphism of vec-
tor spaces

Ug (I 1) = Uy (I )™ @ Uy (H) ® Ug (S ) T,

where Ug4 (slif_ri_l)jE (resp. Ug (6)) is generated by the xiﬂ; (resp. the ky, the h; ).

2F. Representations of U, (sl;":_l).
Definition 2.17. A representation V' of U, (slif_ﬂ_ 1) is said to be integrable if Res(V)
is integrable as a AUy (sl,;41)-module.

Definition 2.18. A representation V' of U, (slﬁfﬁrl) is said to be of £-highest weight
if there is v € V such that

() V=g (1) v,
(ii) Ug(h)-v = Cv,
(iii) forany i € I.r € Z, x;\, -v =0.

For y € Hom(Uy (6) C) an algebra morphism, by Theorem 2.16 we have a
corresponding Verma module M (y) and a simple representation V' (y) which are
£-highest weight. Then we have:
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Theorem 2.19 [Miki 2000; Nakajima 2001]. The simple representations V (y) of
WUy (sltor \) are integrable if there is (A, (P;)ier) € P* x (1 + uClu))! satisfying
ykp) =q AMh) and the following relation in Clz*"], for eachi € I:

Pi(zq™")
Pi(zq)

The polynomials P; are called Drinfeld polynomials and the representation V()
is then denoted by V(A, (P;);er). Such a representation is also integrable in the
sense of [Hernandez 2009], that is, V(A, (P;);er) satisfies conditions (iii) and (iv)
of Remark 2.5.

The Kirillov—Reshetikhin module associated to k > 0,a € C* and 0 <{ <n is
the simple integrable representation of weight kA, with the n-tuple

1 —ua 1—uaq2 l—uaqz(k ) for i —E,
for i ?éﬁ

Y (9] (2) =g

If k =1, it is also called the fundamental module.
Consider an integrable representation V' of U, (sl“’r 1)- As the subalgebra U, (b)
is commutative, we have a decomposition of the weight spaces V), in simultaneous

generalized eigenspaces
W= @D Von

vVEP
y €Hom(Uq (h),C)

where V(, )y ={x €V :dpeN,Viel,Vm > 0, (¢l m y(¢l jEm))l’-x = 0}.
If V(y,y) # {0}, then (v, y) is called an £-weight of V.

Definition 2.20. A U, (slg’j_l)—module V' is weighted if the Cartan subalgebra

AUy (6) acts on V' by diagonalizable operators. The module V is thin if it is weighted
and the joint spectrum is simple.

The terminology is different in [Feigin et al. 2011a; 2011b; 2012; 2013]: a thin
module is called tame.

Definition 2.21 [Frenkel and Reshetikhin 1999; Hernandez 2005; Nakajima 2001].
The g-character of an integrable representation V' of ‘U, (sltor 1) with finite-dimen-
sional £-weight spaces is defined by the formal sum

XgW)= Y dim(Vy,)e(v.y).
VEP
y €Hom(U4 (h),C)

Furthermore if the weight spaces of V' are finite-dimensional we have

x(Res(V)) = B(xq(V)).
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where Res(V) still denotes the restricted Uy, (§ln+1)—module obtained from V', and

B l_[ Ze(v,y) — 1_[ Ze(v)
VEP veP
y €Hom(Uy (h),C)

is Z-linear such that B(e(v, y)) = e(v) for all (v, y) € P x Hom(Uy, (6), 0).

Proposition 2.22 [Frenkel and Reshetikhin 1999; Hernandez 2005; Nakajima 2001].
Let V be an mtegmble representation of AU (sltor 1) and consider an {-weight
(v, y) € PxHom(Uy, (b) C) of V. Then there exist polynomials Q;(z), R;i(z) € C[z]
(i € I) of constant term 1 such that

deg(Q )—deg(R;) Q (Zq )R (ZCI)
Qi(zq)Ri(zq™")

) >y (@i, =

m=0

in C[z*"]. Furthermore, if V has a finite composition series
Lo={0}CLiCL,C---CLp=V

suchthat Lj1/Lj >~ V(Aj, (Pl-j)iel), where the roots ofPl-j arein g” foralli €1,
0<j<k-—1,then

(ii) there exist w € PT,a € Q7 satisfying v = w —a,
(iii) the zeros of the polynomials Q;(z), R;(z) are in q”.
If V is a Kirillov—Reshetikhin module, one reduces to the case where the defining

parameter a is in g7 by twisting the action by the automorphisms #; of Uy (slif_rH)
given by (b € C*)

p(xE)=b"xE. () =b"hE,. t(ky) =

Consider formal variables Y.il, e* iel,l eZ ve P)and let A be the
group of monomials of the form m = e@m ]_[161 le7 Y”' 1 (m) , where u; j(m) € Z,
w(m) € P are such that

> i (m) = w(m)(hi).

lez

For example, ej:A'YjEl € Aand A4;; = e“ Yl 1Yzl+1Yt llle:-ll € A. A
monomial m is said to be J-dominant (J C I) if for all j € J and / € Z we have

uj j(m) > 0. An I-dominant monomial is said to be dominant.

Remark 2.23. Let us fix a monomial m € A and consider monomials m" which
are products of m with various AjEl (i € 1,1 € 7). By [Hernandez and Nakajima
2006, Remark 2.1], w(m’) is umquely determined by w(m) and u; ;(m’). So in the
following when we are in this situation, the term e®™) will be safely omitted.
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Let V be an integrable U, (sltor 1)-module such that for all £- Welght (v,y)of V,
the roots of the associated polynomials Q;(z) and R;(z) are in g% for all i € 1.
For (v,y) € P x Hom(%q(ﬁ) C) an {-weight of V, one defines the monomial
M,y =e"[lierez Yul 7, where

0i(x)=[J(1—z¢"y' and Ri(z)=[](1—zg")"".
lez lez
We denote V(y,) = Vi, ,,,- We rewrite the g-character of an integrable representa-
tion V' with finite-dimensional £-weight spaces by the formal sum

xqg(V) = Zdim(Vm)m e Z[e", Yi,jJ:I]]veP,ieI,leZ-
m

Let us denote by JL(V') the set of monomials occurring in x4 (V).

By this correspondence between £-weights and monomials due to Frenkel and
Reshetikhin [1999], the I-tuple of Drinfeld polynomials with zeros in ¢Z are
identified with the dominant monomials. In particular for a dominant monomial m2,
one denotes by V(m) the simple module of £-highest weight m. For example
V(ekhe Yo Y0542 Ye s42(k—1)) is the Kirillov—Reshetikhin module associated
tok>0,a=¢q°€C*(seZ)and L e I, and V(er* Yy ) is the fundamental module
associatedtoa = ¢’ € C* (s€ Z)and £ € I.

Similar results hold for the quantum affine algebra U, (§ln+1)/ due to Chari
and Pressley [1994]. In this case, the simple integrable representations are finite-
dimensional and denoted V((P;);er,) in the following. Note that the weights
A € Py can be omitted here because they are completely determined by the Drinfeld
polynomials (P;);ef,»

b = deg(P) Ay + - + deg(Pa) An.

In the same way if V' is a Kirillov—Reshetikhin module of U, (§ln+1)/ , its £-weights
can be only considered as elements of Hom(ouq(f)o), C) (where qu(f)o) is the
subalgebra of Ay (§ln+1)/ generated by kj, (h € o) and hjpm (i € Ig,m € Z —
{0})). They still satisfy the relations in (2). By twisting the action on V by an
automorphism #; of U, (§ln+1)’ for some b € C*, it can be parametrized as above
by Laurent monomials in Z[Y b Vic 1,1z~ The weight w(m) € Py of a monomial
me Z[Y ¥ Hic Io,lez can be omitted here because it is completely determined by
the u,’l(m) (i elyle?).

Recall that the Kirillov—Reshetikhin modules Vo(Yy sYy 542 ... Yo s420k—1))
(k >0,s5s €Z, L e Iy over %q(§1n+1)’ can be obtained from the Uy (sl,+1)-
modules Vo (kAy) as follows: there exist evaluation morphisms ev, : Ug (§1n+1)/ —
WUg(8ly+1) (@ € C*) which send x; o, kj, on x;, kj, respectively (i € Iy, h € hy).
So the WUy (§ln+1)’—m0dule Vo(YesYe 542 ... Yo s42(k—1)) is obtained by pulling
back the action of U, (sl,+1) on Vo(kAy) by ev, for some a € C*. In particular,
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Vo(Ye,sYe 542 .- Ye s42(k—1)) is irreducible as a Alg (sl 4 1)-module, isomorphic
to Vo(kAy).

We have defined irreducible finite-dimensional AUy (§ln+1)/ -modules W(wy)
(£ € Ip) in Section 2D. One can determine them in terms of the Drinfeld realization.
For that we need the following additional result.

Lemma 2.24 [Nakajima 2004]. Let v be a vector of an integrable g (§ln+1)’ -
module of weight A € cl(P°) such that for all i € Iy, A(h;) > 0. Then the following
conditions are equivalent:

(1) v is an extremal vector.
(i) x;,-v=0foralli €Iy, reZ

As a direct consequence of these results, W(@y) is isomorphic to a fundamental
representation Vo((1 —dg ;au);ey,) for a special choice of the spectral parameter
a € C* (see [Nakajima 2004, Remark 3.3] for an expression of it). In particular for
this spectral parameter, one deduces that Vo ((1 — 8¢ ;au);ey,) has a crystal basis.

Let €; be the category of finite-dimensional AU, (§ln+1)’ -modules (of type 1)
and QR; its Grothendieck ring. Recall that 6; is an abelian monoidal category, not
semisimple, with as simple objects the Vo ((P;);cy,) and R; is the polynomial ring
over Z in the classes [Vo((1—6¢ ;jau)icr,)] (£ € Iy, a € C*) (see [Chari and Pressley
1994; Frenkel and Reshetikhin 1999]). As in [Hernandez and Leclerc 2010], we
consider €; 7 the full subcategory of ¢; whose objects V' satisfy:

For every composition factor S of V, the roots of the Drinfeld polynomials
(Pi(u))ier, belong to ¢~.

This is also an abelian monoidal category, not semisimple and the Grothendieck
ring R; 7 of €; 7 is the subring of %R; generated by the classes [V (Y} 5)] with
L € Iy, s € Z (see [Frenkel and Mukhin 2001]).

Theorem 2.25 [Frenkel and Reshetikhin 1999]. x4 induces a ring morphism x4 :
Riz — Z[Yiill]ielo,lez’ called the morphism of q-characters. Furthermore we
have the commutative diagram

Xq

%I,Z Z[Yi’ill]ielo,lez

- Ll

R P Ze(v)

ve Py

where the ring morphism Res : R; 7 — R is the restriction and B is defined by

B(m) = e(w(m)).
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One does not have an expression of g-character of a representation in general. But
explicit formulas exist for the fundamental modules and the Kirillov—Reshetikhin
modules over Uy (sl,+1)" and Uy, (sl}f_r'_l), given in terms of tableaux [Hernandez

2011; Nakajima 2003].

2G. Extremal loop weight modules. We recall the notion of extremal loop weight
modules for AU, (slfil). The main motivation for this is the construction of finite-
dimensional representations of the quantum toroidal algebra as in the theory of

Kashiwara, but at roots of unity in this case.

Definition 2.26 [Hernandez 2009]. An extremal loop weight module of U, (slﬁfj_l)
is an integrable representation V' such that there is an {-weight vector v € V
satisfying:

1 %q(slﬁfil) v="V.

(i) v is extremal for oug (s1't ).

n+1
(iii) Uy’ (s1 ) - w is finite-dimensional for all w € V and j € I.

Example 2.27. If m is dominant, the simple £-highest weight module V(m) of
£-highest weight m is an extremal loop weight module.

An example of such a representation which is neither of £-highest weight nor of
{-lowest weight is given in [Hernandez 2009]. The goal of this article is to construct
a new family of extremal loop weight modules, called extremal fundamental loop
weight modules.

3. Study of the monomial crystals .i(e®*Y, Y, ;e)

We will relate in our paper the monomial realizations Jil, of level 0 extremal
fundamental weight crystals B(wy) (1 < £ < n) of %q(§1n+1) with integrable
representations of Uy (sl;"_ri_l). In this section, we study the combinatorics of these
monomial realizations, the main point being the use of promotion operators for
level 0 extremal fundamental weight crystals introduced below. This is the first step
of the construction of integrable modules associated to Jly.

In Section 3A, one gives the definition of the monomial AU, (§ln+1)—crystal M
[Kashiwara 2003; Nakajima 2003]. This definition holds when the considered
Cartan matrix has no odd cycle. So it does not work for AU, (§ln+1) when 7 is even,
and we have to assume that # = 2r + 1 (r > 1) is odd until the end of the article.
Following [Hernandez and Nakajima 2006], we recall the monomial realization of
RB(wy) (1 <L <n): itis isomorphic to the sub-A, (§ln+1)—crystal

My = M(e™¢ YZ’OYO_,C}K)
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of M generated by the monomial e ®*¢ Y, OYO_!(:,E (with dy equal to min(¢, n+ 1 —Y)).
Furthermore we define the notions of a g-closed monomial set and of a monomial set
closed by the Kashiwara operators, respectively related to the theory of g-characters
and to the combinatorics of crystals.

The monomial crystals Jl, have already been studied in [Hernandez and Nakajima
2006]: the monomials occurring in these crystals are explicitly given for 1 < £ <n
and their automorphisms z, are described in terms of monomials. We recall these
results in Section 3B.

In Section 3C, we introduce promotion operators for level 0 extremal fundamental
weight crystals B(wy) (1 < £ < n). The promotion operators were introduced in
[Shimozono 2002] for the Young tableaux realization of the finite Uy (sl;+1)-
crystals Bo(kAyg) (k € N*, 1 < £ < n) and studied in numerous papers (see
[Bandlow et al. 2010; Fourier et al. 2009; Okado and Schilling 2008; Schilling 2008;
Shimozono 2002] and references therein). It is the counterpart at the level of crystals
of the cyclic symmetry of the Dynkin diagram of type Af,l). After recalling these
definitions, we extend the promotion operators for the level 0 extremal fundamental
weight crystals B (wy). Finally we specify the promotion operator of B(zwy) in its
monomial realization .

In Section 3D, we use promotion operators to obtain a new description of Jit,. In
particular, we improve results given in [Hernandez and Nakajima 2006] for these
crystals. Furthermore we determine the £ € Iy for which the monomial crystals Jil,
are closed (Theorem 3.22): this is the case if and only if £ = 1,7 + 1 or n.

3A. Monomial crystals. In this section we define the monomial crystal M of
AUy (§1n+1) when n = 2r + 1 is supposed to be odd, following [Kashiwara 2003;
Nakajima 2003]. Monomial realizations of the crystals B(A) with A € P, in
particular of B(wy) (1 <{ < n), are studied in [Hernandez and Nakajima 2006;
Kashiwara 2003; Nakajima 2003]. They are obtained as subcrystals of .l generated
by a monomial. We recall these results here. Finally we introduce new notions of
g-closed monomial set and of monomial set closed by the Kashiwara operators.

As we have said above, the definition of the monomial crystal /M requires that the
considered Cartan matrix C is without odd cycle. So we assume that n = 2r + 1
(r = 1) is odd until the end of the article. In particular there is a function s : I —
{0, 1}, +— s; such that C; ; = —1 implies s; +5; = 1.

Consider the subgroup Al C A defined by

M={me A|u;;(m)=0if ] =s; + 1 mod 2}.
Following [Kashiwara 2003; Nakajima 2003], let us define wt : Ml — P by

wt(m) = w(m).
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and ¢;, @i, pi,qi : M — Z U {oco} U{—o0} fori € I by (m € M)
@i,.L(m) =Y uj(m). @i(m)=max{g; (m)|LeZ}>0,
I<L

ei,L(m)=—> ujj(m), & (m)=max{e;,r(m)|LeZ}>0,
=L

pi(m) =max{L € Z | &;,p(m) = &i(m)}

S sy m) = g (m)},

= max{L e”?Z
I<L

qi(m) =min{L € Z | ¢;, 1. (m) = ¢;(m)}

= min{L eZ ‘ — Z uj(m) = 8,~(m)}.

I>L

Then we define éi,fi cM— MU{0} fori € I by

. {0 if ;(m) =0,
ei-m= .
mA; p;my—1 if &i(m) >0,
~ 0 if ;(m) =0,
Jim = A if 0; 0
MA; g1 1 @i () > 0.

Theorem 3.1 [Kashiwara 2003; Nakajima 2003]. The crystal (M, wt, &;, ¢;, €;, ]7,-)
is a Wg (sly+1)-crystal, called the monomial crystal.

Remark 3.2. When 7 is even, the Dynkin diagram of type A,(ll) is not bipartite. In
this case, (M, wt, &;, @i, €;, f;—) does not satisfy the axioms of crystal (see [Kashiwara
2003]). Other crystal structures are defined on (a subset of) A in [Kashiwara 2003].
But the monomials used are different with those occurring in the theory of g-
characters of U, (slifﬂrl)-modules and it is not useful for what we will do in the

next sections.

For m € /M denote by Ji(m) the connected subcrystal of [l generated by m. As
it is explained above, the weight of a monomial m’ € Al(m) is determined by w (1)
and u; ;(m") (Remark 2.23). So we will omit the term e®") and we just specify
the weight of the monomial m. For J C I and m € M, denote by Jl s (m) the set of
monomials obtained from m by applying the Kashiwara operators ¢;, f, fori e J.
It is a connected sub-J-crystal of Jl(7) generated by m.

For p € Z and o € Z§, let 15, o be the map 75 o: M — JM defined by

A Uin\ _ IMa Uin
sz’“(e l_[YlJl )_e l_[Yi,n+2p'
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This is a Pj-crystal automorphism of the crystal M, also called shift automorphism
in the following.

The following result was proved in [Kashiwara 2003; Nakajima 2003] when m
is a dominant monomial and is generalized in [Hernandez and Nakajima 2006] for
all m € JM.

Theorem 3.3. For m € M, the crystal M(m) is isomorphic to a connected compo-
nent of the crystal B(A) of an extremal weight module for some A € P.

It was shown in [Kashiwara 2002b] that the fundamental extremal crystals B(@y)
are connected for all £ € . Let

d¢ =min({,n+1—-1)

be the distance between the nodes 0 and £ in the Dynkin diagram of type A f,l). We
have the following monomial realization of & (wy).

Theorem 3.4 [Hernandez and Nakajima 2006]. Set M = ¢™¢ Yg 0Yo. d for L € .
Then M is extremal in M and M(M) >~ B(wy) as P-crystals.

One can define in the same way the monomial crystal /g associated to Ug (sl 41).
It can be done for all n > 2, the Cartan matrix of type A, being without cycle.
As it is said above, the weights of monomials are completely determined by the
powers of variables Yil in this case. So they can be safely omitted. For m € .y,
we denote by Mg (m) the subcrystal of Jly generated by m. We have:

Proposition 3.5 [Kashiwara 2003; Nakajima 2003]. The Ug4(sl,41)-crystals
Mo(Y; i) and Bo(A;) are isomorphic for all i € Iy and k € Z.

Fori € I, set E; : M — M the map sending the variables Yi1 e’ to 1 for
all j #i and v € P, and YjEl to themselves. Another map will be used below:
E! 1 M — M, which sends the variables YjEl to themselves if j # i and Yljil, v

to 1 for all v € P. These two maps are also deﬁned in [Frenkel and Mukhin 2001]
and denoted by f; and B, respectively.

Definition 3.6. (i) A set of monomials & C Jl is said to be g-closed in the direction
i (i €l)ifforall m € & there exists a finite subset

P CFN (m-HAz,),
lez

which contains m, and a sequence (n4)sey,, Of positive integers such that
oF, (Z sed,, s -s) is the g-character of a representation of U;.

(i1) A set of monomials ¥ is said to be J-g-closed (J C I), or simply g-closed if
J =1,if & is g-closed in the direction i for all i € J.
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(iii) A set of monomials & C M is said to be J-closed by the Kashiwara operators
(J C 1), or simply closed by the Kashiwara operators if J = 1, if the operators
ei, fi preserve & forall i € J.

(iv) A set of monomials &¥ C . which is J-g-closed and J-closed by the Kashiwara
operators (J C I), is called a J-closed set. If J = [, it is simply called a
closed monomial set.

Remark 3.7. (i) The definition of a g-closed set is inspired by the theory of
g-characters and the algorithm of [Frenkel and Mukhin 2001]. In particular,
it involves g-characters of AU, (§12) -modules. Let us recall that in this case,
the image of x4 : R; 7 — Z[Y1 ll]lez is known (see [Frenkel and Reshetikhin
1999)): itis equal to the subrlng Z[(Y1 Y 1+2)]lez of Z[Y ¥ 11;e7 generated
by the ¥, , + ¥ l+2 (I € 7).

(ii) The notion of a g-closed set holds also for the monomial Uy (sl,,4-1)-crystal ..
Further it extends naturally when ¢ is specialized at roots of unity, by using
the theory of g-characters at roots of unity [Frenkel and Mukhin 2002].

Let V' be an integrable U, (sl}f_rl_l)—module such that for all £-weight (v, y)
of V, V(y,) is finite-dimensional and the roots of the associated polynomials
Qi(z) and R;(z) are in g% for all i € I. Then the monomial set (V) is g-
closed. Note that the Frenkel-Mukhin algorithm need not necessarily hold for V':
for example, it does not work for the simple finite-dimensional AU, (§13)’ -module
VO(Y1%0Y2,3) ~ Vo(Y1,0Y2,3) ® Vo(Y1,0) considered in [Hernandez and Leclerc
2010], but JI/L(VO(YIZ’OYZJ)) is g-closed.

In general, AL(1') is not closed by the Kashiwara operators: for example, the g-
character of the qu (sl,)’-module Vo(Y, 0) contains the monomial Y ¢ but does
not contain Yl_’ However, it holds for the fundamental U, (sl,,+1) -modules. In
fact by using the tableaux sum expressions of their g-characters given in [Nakajima
2003], we have:

Proposition 3.8 [Nakajima 2003]. Let Vy(Y; x) be a fundamental representation
of WUy (sly+1) (i € Iy, k € Z). Then the monomial sets Mo(Y; ) and M(Vo(Y; x))
are equal.

In particular by Proposition 3.5, M(Vo(Y; x)) has a Ug(sl,, 4 1)-crystal structure
isomorphic to Bo(A;). As a consequence:

Corollary 3.9. For all 1 <i < n and k € Z, the Uy (sl,41)-crystal Mo(Y; )
is closed.

Finally, let us give an example of a monomial crystal which is not g-closed.
Consider the Uy (sly)-crystal Ao (Y7,4Y7,0):

-1 —1y—1
ViaVio=>Yi6Yi0=>Yi6Y12:
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If Mo(Y1,4Y1,0) is g-closed, it should contain (Vo (Y1,4Y1,0)). This is not the
case, the g-character of V(Y] 4Y1,0) being

—1 —1 —1y—1
XagVo(Y1 Y1 0) =Y, Y 0+ Y 6Y1 0+ Y1 4Y1, +Y6Y 5.

3B. Description of the monomial crystal M(e®¢Yy ¢ Yy, ,1, ¢ ). Assume that n =
27 4+ 1 is odd with r > 1. The monomial crystals /M (e®* YLOYO_’;,K) are studied
in [Hernandez and Nakajima 2006, Section 4]: the monomials occurring in these
crystals are explicitly described and the automorphisms z; are given in terms of
monomials. We recall these results here.

To describe the monomial crystals M (e®* YZ,OYO_,t}e)’ we assume in this section
that £ <r + 1 (as in [Hernandez and Nakajima 2006]). Let us begin by explaining
why we can do that. We need the notion of twisted isomorphism of crystals (this
definition appears in [Bandlow et al. 2010]).

Definition 3.10. Let % and %' be crystals over two isomorphic Dynkin diagrams D
and D’ with vertices respectively indexed by I and I’ and let 6 : I — I’ be an
isomorphism from D to D’. Then ¢ is a O-twisted isomorphism if ¢ : B — B’ is a
bijection map and forallb € B andi € I,

Jowy-¢(b) =¢(fi-b) and &gqy-p(b) = ¢ (& -b).

Let ¢ be the automorphism of the Dynkin diagram of type A,(,l) such that ¢ (k) =
—k (k €I), where I is identified to the set Z/(n+1)Z. It defines an automorphism ¢,
of b by sending %;,d to h,;),d foralli € I. Let ¢ : M — . be the map defined
by (r € Q)

v (e T ¥y er) = e T Yoiyen.

Then we show easily that ¢ is an (-twisted automorphism of the P-crystal Jd.
Furthermore it induces an ¢-twisted isomorphism

Y d(e™ Ye,oYo_,el) — MY, L, OYO_,ZI

between the monomial crystals Jl(e®*¢ Ye 0Y0 7 ) and M(e@n+1-¢ Y, i e, oYo .
foralll1 <f<r+1.

So one can assume that 1 < £ <r + 1. In this case, dy = £ and we study the
crystal MM (e®tY, . 0Y0 e) (see [Hernandez and Nakajima 2006]). One defines the
monomials

i, =Y i Yi pixy forl<k=n+1,pez,



206 MATHIEU MANSUY

with ¥, 11, , = Yo, by convention. By Remark 2.23, the terms e®™) can be safely

omitted for all m’ € M(e®*¢ Y, o0, e) Set My = e®¢ Y, oYo ¢ and

M _YK 2]Y0_n €+1+2]Y] Z-l—ijn —{4+14j

= (n—li+2jn—e+2j—2 ) X (1] g [ 42] s - 1 1—e+2j)
J £
= [T Pntapizjra T1 Plesioapta

p=1 p=j+1

with 0 < j < {. In particular, My =Y, | 0_,}+1+e = Ty41,—£5(Mp) and M =
73,—5(My) for £ = r + 1. One defines other monomials as follows: for j € Z and a
Young tableau of shape () T = (1 <i; <ipy <---<ig <n+1) we set

J V4
Q) mr;j = Hn—e—2p+2j+2x 1_[ e+1—2p+2j for0=j=£0-1,
p=1 p=j+1

and mr;j1¢ = tyy1,—¢5(m7;;). Note that Mj = mr,; with T = (1,2,...,7).
By Theorem 3.4, M(Mj) and B () are isomorphic as P-crystals. Furthermore:

Proposition 3.11 [Hernandez and Nakajima 2006]. (i) Jty,(Mj) consists of mr;;
for various sequences T .

(i) We have the equality of 1y-crystals

£—1
4) MET Yy Yo d,) = |_|(fn+1,—e<s)"(|_| J“Io(Mf))-
kez Jj=0
(ii1) The map
(o J‘/L((fw-Z YE,O YO_J;Z) g M(ewe YZ,OYO_,L}g)

defined by o (mr.j) = mr;j+1 is a Pq-crystal automorphism and equals Ze_l.

(iv) The Kashiwara operators é;, f, are described in terms of tableaux: fori # 0
we have &;-mr.; =my.j or 0. Here T' is obtained from T by replacing i + 1
by i. If it is not possible (that is, when we have both i + 1 and i in T or when
i + 1 does not occur in T), then it is zero. Similarly f, mr;j = mrgv;; or 0,
where T" is given by replacing i by i + 1. For the action of &, fo, we have

éO'mT'j:{O ifiir#lorig=n+1,
’ Miy,...ign+1);j—1  fi1=1landig#n+1,
~ /0 ifiy=1orig #n+1,
Jo-mrsj = {m(1,i1,...,i5_1);j+1 ifiy#1landig=n+1.
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Proposition 3.12. There is a bijection given by E° between My, (Mp) and M(V),
where V. = Vy(E®(My)) is the fundamental representation of WUg(sly+1)" associ-
ated to Yy o. In particular the monomial crystal My,(My) is Iy-closed.

Proof. By the previous description, .7, (My) consists of the monomials m 7o for
various sequences 7. By applying the map E, they are sent to the monomials

)2
mr =[] [ip]er1-2
pr=1
with T = (1 <iy <---<iy <n+ 1) and where we set

[1,=Y1, and Yn_p+n+1

for all p € Z. They are exactly the monomials occurring in the tableaux sum
expressions of g-characters of fundamental modules of U, (§1n+1)/ (see [Nakajima
2003]). So the image of Jl7o(My) by E? is equal to M(Vo(Yg,0))- Further this set
is Iy-g-closed by definition, and Jily,(My) is also Iy-closed O

Now let us consider the monomial crystal J(e™®*¢ Ye OYO_;'e) with 1 <€ <n. We
determine in the next proposition when z, has the particular form of a shift.

Proposition 3.13. The automorphism z; of M(e®*¢ YZ 0Y0 dy ) has the special form
of a shift tpo (p € Z,a0 € Z8) if and only if £ = 1,n or £ =r + 1. Moreover, we
have zy = zy = T_p_1,8 and zy 1 = T_3 .

Proof. Assume that £ <r+1. We have seen that z; =0 ~!. So it suffices to determine
when o is a shift. We have the equality ot = Tn+1,—¢s- Henceif £=1,0 =1, s
is a shift. Assume that £ =r + 1. In this case, M; = 15 _s(My) = 0 (Mp). As the
crystal JAL(Mp) is connected and o and 1, _g5 are automorphisms of crystals, we
have o = 1, _s. For the other cases, o is explicitly known and is not a shift. As
and shift automorphisms commute, the result follows for £ > r + 1. O
3C. Affinized promotion operators and monomial crystals M (e®* Ye o¥o. de)
In this section, we introduce promotion operators for the level 0 extremal fun-
damental weight crystals. We describe them in the monomial realizations of % (@)
(1<¢<n)).

Let us begin by some definitions and properties about the promotion operators
(see [Bandlow et al. 2010; Fourier et al. 2009; Schilling 2008; Shimozono 2002] and
references therein for more details). In type A, the highest weight crystal %B(A)
of highest weight A € P(;" can be realized by the semistandard Young tableaux of
shape (1). The weight function wt is defined by the content of tableaux, that is,
wt(T) :=(w(T), ..., wy+1(T)), where w; (T) is the number of letters i occurring
in the tableau 7'. It can be viewed as an element of Py in the following way: set
€i=AN—Aj_1for2<i<n,e; =A;and¢,4; = —€; —+--—¢€,. In particular,



208 MATHIEU MANSUY

oj=¢—€iy1,Ni=€1+--+¢ (1<i<n),andwehave P=Ze+- -+ Z€y+1.
Then wt(7") corresponds to the element

wi(T)er + -+ wpt1(T)€n+1 € Po
for all Young tableau 7.

Definition 3.14. Let By = B (A) be a highest weight U, (sl,, 41 )-crystal of highest
weight A € P(;" . A promotion operator pr on %B is an operator pr : Bg — Bo such
that

(i) pr shifts the content: if wt(7') = (wy, ..., Wwy41) is the content of 7' € By,
then wt(pr(7T)) = (Wy+1, Wi, ..., Wn);

(i) the promotion operator has order n 4 1 : pr"*! = id;
(iii) proé; = &;4qoprand pro f; = firjoprfori € {1,2,....n—1}.

Given a promotion operator pr on a highest weight Uy (sl,,41)-crystal Bo(A)
re P(;r ), one defines an associated affine P-crystal by setting

ey = pr_l oéyopr and fo = pr_l © fl opr.

We denote the P-crystal hence obtained by Bo(A). .

It was shown in [Shimozono 2002] that the Uy (sl,+1)-crystal Bo (L) (A € Po)
has a unique promotion operator pr when A is rectangular (that is, of the form
kAg with £ € Iy and k € N*), given by the Schiitzenberger jeu-de-taquin process.
Furthermore the affine Py-crystal Bo(kAg),, obtained by using the promotion
operator pr is isomorphic to the crystal basis of a Kirillov—Reshetikhin module
associated to £ € Iy, k € N* (for a special choice of the spectral parameter a € C*
see [Kang et al. 1992]).

From the affine Pj-crystal Bo (kA )’ g, let us consider its affinization Bo (KA ) afr
(see also [Kashiwara 2002b]): this is the P-crystal with vertices in {z°T |s € Z, T €
Bo(kAyg),e such that for all s € Z and T € Bo (kA )y

wi(zT) = wi(T) + 58, & -2°T =25%%0;.T),  f;-2°T = 57%i0(f;-T).

Assume in the following that £ < r 4 1 (the case £ > r + 1 is studied at the end
of this section). We introduce the affinized promotion operator on Bg(kAy)ast.

Definition 3.15. Let us consider the crystal of finite type Bo(kA¢) (with k£ € N and
£ <r+1), prits associated promotion operator and B (kA ¢)a its affinization. The
affinized promotion operator on By (kA y)as is the operator prg @ Bo(kAyg)asr —
Bo (kA g)ate such that for all T € Bo(kAy).y and s € Z,

pry(z°T) = zs_w”+1(T)pr(T).

One checks easily the following statements.
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Lemma 3.16. The affinized promotion operator pryg of Bo (kA g)asr shifts the con-
tent. It satisfies

Praf©€i = €i+1 0Pl and Prygo fi = fit10Prygy

fori €{0,1,...,n} (where é,41, ﬁ,+1 are understood to be éy, ]’B respectively).
It has infinite order, the weight of prgf}"l being —k{4.

Recall that one has defined an automorphism 6 of the Dynkin diagram of type
A,(,l) corresponding to a rotation such that 6(i) =i + 1 (i € I). Then by the
above Lemma, pr, is a O-twisted automorphism of B (kAy)asr. Furthermore as
the P-crystals B(w@y) and B (Ay)as are isomorphic (see [Kashiwara 2002b]), the
affinized promotion operator prug : Bo(Ayg)arr = Bo(Ag)arr induces a O-twisted
automorphism of the level O fundamental extremal weight crystal B(wy) (£ <r+1).
We call it the promotion operator of %B(wy), also denoted by pr .

We want to describe the promotion operators of the crystals B(wy) in the
monomial realizations when £ < r + 1. To do that, let ¢ : M(e™* Ye,oYo_,el) —
M(e®tY, . Y7,) be the map such that

—1
£,070,¢
Ui Uil
¢( Y ): Y it
the terms e” being safely omitted in the definition by Remark 2.23. Denote by
@ 1 B(wy) ~ Bo(Agar — MY, o Vo)
the isomorphism of P-crystals between Bo(Ag)afr and M(e™¢Y, oYo_el)' It is
explicitly given by
¢ :2°T € Bo(Ag)ait > mr,—s € MY,  Yoi) (s€Z.T €Bo(Ay)).

The following result relates the map ¢ : M(e®*Y, oYo_el) — MY,
the promotion operator pr,g of B(wy) introduced above.

—1
,OYO,E) to

Proposition 3.17. Assume that £ <r + 1. The following diagram commutes:

B(w) T MY Yo
praffJ Lq‘)
B () e MY, Yo ).

Proof. For 1 <k <n+1and p € Z, we have

-1 —1
¢(p) = ¢(Yk—1,p+kYk,p+k—1) =Y prkr1 Vv, prk

B {p if k <n,

p+n+1 ifk=n+1.
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Fix j € Z and a Young tableau
T=(1<ii<ip<---<ig<n—+1)

of shape (Ay). If iy # n + 1, we have

p(mr;j) =¢ (H.n t—2p+2j+2 % 1_[ .e+1 2p+2])

= ]+1
= l_[mn —2p+2j+2 % 1_[ 1P+ (+1-2p+2j
p=j+1

= Mp(r);j = @(Pro(z~ T)).
Assume that iy = n + 1. Then

¢(mT ])
= Hmn (—2p+2j+2 Xl_[ ip 1] g 2p+2]xln —0+2j+2
p=j+1
Jj+1
= HMn (=2p+2(j+1)+2 XH [t 122 g2
=j+2
i .
= mMy(r);j+1 = ¢ pr(T)) = @(proee(z ™/ T)). O

Remark 3.18. It follows in particular that ¢ is a f-twisted automorphism of
M(e®t Z N 0 Z) since B(wy) and M(e®*Y, OYO_ZI) are connected and pr, is
a O-twisted automorphlsm.

The case £ > r + 1 is similar to the previous one. The affinized promotion
operator of Bo(kAy)ar (k € N*) is the operator

Pragr : Bo(KAg)art —> Bo(KAg)afr
such that for all T € Bo(kAy)ar and s € Z,
Prye(2°T) = 27wt (Dpy(T),

Note that the definition of the affinized promotion operator is different to the one
when £ < r + 1. This provides to the automorphism ¢, of .
Let us consider the map

Yooy Ll(e™ Yy (Yo ) = MET Y Yo ).
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. _1 . . _1
It is a 6~ " -twisted automorphism of M (e®*¢ Ye,o YO,n +1_¢) such that

Ui,

-1 uir\ _
vosoy ([T77) =17 1
It can be related to the promotion operator pr,e of B (kAy)as: one can check that

Yopoy ! =pryl.

3D. Application of promotion operators to the study of M(e®*Yy,0Yg, ‘} ) In
this section, we use promotion operators to obtain a new description of the monomial
crystal M (e™®* YZ,OYO_,;'@)’ improving results given in [Hernandez and Nakajima
2006]. Moreover, we determine the £ for which the crystals M (e™* Yé, 0 YO_,J,Z) are
closed.

Assume first that £ <r + 1 (where n = 2r + 1 is still supposed to be odd). Let us
begin with the following remarks. The monomials ¢/ (YZ,OYO_,ZI =Y, Y ijel n
will have a particular importance in the construction of extremal fundamental loop
weight modules. One can give them in terms of Young tableaux, thanks to the

f-twisted automorphism ¢ of J:
e If jissuchthat{+j <n-+1, Y€+j,ijT£1+j € My, (My) and is equal to mro
withT =G +1,7+2,...,)+40).
. _1 . .
e If 1 <j<{—1,then Yj,n—€+j+1Yn—e+j+1,n+j+1 € My, (M;) and is equal
tomp,; withT =(1,2,...,j,n—L+j+2,...,n+1).

We will have to consider the finite sub-/;-crystals of M(e™¢Y, 0Y0_€1 ,

—1
Mr; Yoy iy Vit j k)

for j € I and k € Z: this is the sub-I;-crystal of Jl(e™* Ye,oYo_,el) generated by
the monomial Y,

-1
: +j,j+k(n+1)Yj,Z+j+_k(n_+1)' Note that one of these crystals can
be obtained from another one by application of powers of ¢.

Proposition 3.19. Ler £ <r + 1. We have the equality of sets

n
MYy Yo ) = | (@n1,-e)" ( Ut (Y ijzlﬂ))'
kez Jj=0

—1 —1
Proof. As Y€+j,ij,£+j € M(e®* Y£,0Y0,£

is connected,

) forall 0 < j <nand M(e™*Y, Ys

n
U My Yy Y700 ) C© MY, 0 Y ))
j=0
as sets.
Let us fix m € M(e™®¢ YZ,OYO_,ZI)' The monomial m is of the form mr,; with
T=(0<ij<iy<---<ipg<n+1)and j € Z. By application of the shift
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automorphism, one can assume that 0 < j <£—1. So we have to show that m7,; €
UJ oMy (Y, [y Jlf+j) Ifj=0, wehavemTOEA/LIO( .0 018) Assume that
I<j<{—landsets=ij;;—1.ThenT = (i <---<ij <s+1<ijyy<---<iy)
and by application of the Kashiwara operators €1, ...,€5_1,€542,...,é, On M, ],
we show that

mr.; € My (mprj) withT'=(1<---<j<s+l<--<s+L—j).
By applying €1,...,€j_1,€854¢—j4+1,...,€n and &y on my,;, it is sent on

mro withT"=(s+1<---<s+4) ifs+L<n+1,

and on

mrry wWithu =s+0—n—1,T"=(1<---<u<s+1<---<n+1) otherwise.

Furthermore m7»., = ¢* (Y, 0.0 0 e =Y, s, sYs ¢4 DY the above remark and mr
is also contained in Jip, (Y£+s SYS_KH) O

Remark 3.20. One of the questions treated in [Hernandez and Nakajima 2006, Sec-
tion 4] is to give an explicit description of monomials occurring in JtL(e®¢ YZ oYo 7

(€ < r+1). Actually by the shift automorphism and the description given in
that reference, all the monomlals in M(e®¢ Y(i 0Y0 ‘ 1) can be obtained from the
monomials occurring in |_| = OJI/LIO (Mj) (see (4)) So this description requires

knowing
()]

monomials to obtain all the other ones. The preceding proposition improves this
result. In fact to determine all the vertices of A (e™* Ye 0Y0 ¢ 1), it suffices to know
the monomials occurring in the Iy 13- Crystal Mry,. 1}(Ye oYo Z) and to apply ¢.
Further a monomial my;o € My, , (Y oYy, /) is such that 7" has the form T’ =

(1 <iy <---<ig). So by Proposition 3.19, only (¢",) monomials are sufficient to
determine all the vertices of J(e™ YZ 0Y0 7

The following lemma will be useful.
Lemma 3.21. Assume that £ = 1 or{ =r + 1 and set p =n+1o0r p =2
respectively. We have the equality of 1j-crystals (0 < j <n)
) M(e™¢ YZ,OYO_,KI) = |_| (Tp,—ﬁ)k (‘MIJ Sy ijélﬂ))‘
kez

Proof. By Proposition 3.13, the automorphism z; has the special form of a shift
in the considered cases. Further we know that (7_ p,(g)e = T_p—1,8- Using (4), we
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obtain
™Y, Yo h) = || (ps)* (|_| (tpros) (i, (Mo)))
kez
As 1, _s and ¢ commute, (5) follows. O

Similar equalities of crystals can be given for £ > r + 1, by using the automor-
phism . Now we are able to determine the £ € I for which the monomial crystal
M(e?tY, oYo_alIg) is closed.

Theorem 3.22. The monomial crystal M(e®* Ye oYo dy ) is closed if and only if
L=1,r+1orn.

Proof. Let us begin by the case £ <r + 1. Assume that the crystal M (e™*¢ Y, oYo /
is g-closed for 2 < £ <r. Consider the monomial

_ —1

Mj =Y 5 Yo nvi142: Y4 Yyt € MET Yy o Yo )
with j # 0. We have 8;(M;) = YJ_ZJ”YJ ne 14 By Definition 3.6, there exists
a subset

Fa; CMETEY, (Yo )N (Mj 1147 ,)
lez
containing M; such that its image E;(¥p;) by Ej is the set of {-weights of a
representation of W, j. By the theory of g-characters of a j-modules, we should have

Y iYimeee1e; Ei(4jerj—1) € Ej(Fary).

Furthermore, the map E; is injective when it is restricted on the set of monomials
M; - ([Tjez A7,): indeed, we have for all monomial M; - ([T;ez 4; AY; s

E-(M, HA”’ ’) =g;M)-T] (A7) = E;(M;)- ]_[f{J}(AJ, ),
lez lez lez
where 7(;y is the map defined in Definition 3.2 of [Frenkel and Mukhin 2001]
(the second equality is a consequence of Lemma 3.5 of the same reference). The
injectivity is a consequence of the injectivity of 7(; (see [Frenkel and Mukhin
2001, Lemma 3.3]).
So the monomial

m=Mj-Aje+j-1

—1 —1
= YZ,Zj 0 Y Y._

-1
n—t+1+2; Y evj—2Yi S evi—1 Y1041,

jan—+14j

should occur in M(e™*¢ Ye 0Y0 K) But this is not the case, m being not of the
form (3). Hence l(e®*Y, Yo e) is not g-closed when 2 < ¢ <r.
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Now assume that £ = 1 or £ = r + 1. In this case, z; = 7_,, 5 with p =n+1 or
p = 2 respectively and by the above lemma

™Yy o Yo ) = || (w8 (M, (Vey s ; Vi )
kez

as [j-crystals (0 < j <n). By Proposition 3.12, the finite crystal g, (My) is
Io-closed. As the Ij-crystals My, (Y, Y j ¢ +]) can be obtained from Jt;, (M)
by application of powers of ¢, they are also /j-closed for all 0 < j < n. Then by
the above equalities Jl(e®¢ Y, 0Y0 ¢ ) 1s closed.

Finally, the result follows forall the £ € I o by using the (-twisted automorphism
(which preserves the notion of g-closed monomial set). O

4. Extremal fundamental loop weight modules for U, (sltor 1)
when iL(e ™Y, OYO"}Q) is closed
Assume that n =2r + 1 (r = 1) is odd and Alg = AM(e™*Y, 0Y0 4,) 1s closed (it
holds if and only if £ = 1,7 + 1 or n). In this section, we relate the monomial
WUy (sln_H) crystals Jl; with integrable representations of U, (slt 1)

In Section 4A, we construct a new infinite family of representations Ve of
Mg (sl“’r 1) (Theorem 4.1). We call these representations the extremal fundamental
loop weight modules. Let us give the outline of this construction: consider the vector
space Vg freely generated by the monomials occurring in Jlg. For all 0 < j <,

we define an action of Ou” J (slt ', 1) on it, denoted by V(] ). such that

) _ )
v =B

kez

where V(J ) is a subvector space endowed with a structure of a simple £-highest
weight OLL v (sl ;)-module. We show that it defines a U, (sl | )-module struc-
ture in th1s way on Vy, the compatibility between the action of various vertical
subalgebras being a consequence of the existence of promotion operators on Jil,.
Furthermore the g-character of V; is the sum of monomials occurring in Jl; with
multiplicity one.

In Section 4B, we study these representations: we show that V; is irreducible and
it is an extremal loop weight module, generated by an extremal vector of £-weight
e™@t Ye oYo 6} Furthermore explicit formulas are given for the action of U, (51:10-11)
on V. Itis rernarkable that these formulas are expressed only from the associated
monomial crystal and are “universal” in the following sense: the action on all the
extremal fundamental loop weight modules V; is completely determined by these
formulas and by the data of the corresponding monomial crystals Jl;. This sheds
new light on the link between monomial crystals and the theory of g-characters

already expected in [Hernandez and Nakajima 2006]. All these sentences hold
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for the fundamental £-highest weight modules Vj (Y} o) of Uy (§ln+1)/ with the
corresponding monomial crystals Jo(Yy o).
In Section 4C, we specialize ¢ at a root of unity €. We obtain new irreducible

finite-dimensional representations of the quantum toroidal algebra Al (sl;"_ri_ D

4A. Construction of the extremal fundamental loop weight modules. Let us be-
gin with the main result of this section.

Theorem 4.1. Assume that n = 2r + 1 is odd and £ = 1,r + 1 or n. There

exists a thin representation of %q(sl;;’_ri_l) whose q-character is the sum of all

monomials occurring in M(e®tY, OYO_‘}Z) with multiplicity one. It is denoted by

Vi = V'(ew‘f YZ,OYO_,aI’@) 1arwl called the extremal fundamental loop weight module
of L-weight e™¢ YE,0 YO_,d[

To construct these representations, let us start with results about the fundamental
modules Vo (Yy x) of %q(§1n+1)’ (meN* 1<{<n,keZ). Asitis said above, it
is isomorphic to the fundamental highest weight AU (sl,41)-module Vo(Ay). So
we begin by recalling some well-known facts about V(A ), which will be useful.

Lemma 4.2. All the weight spaces of the fundamental highest weight Ug (sl,41)-
module Vy(Ay) (1 <L < n) are of dimension one. Furthermore the Weyl group of
finite type Wy acts transitively on wt(Vy(Ay)).

Proposition 4.3. Let Vo (Yy i) be a fundamental module of Ug (§1n+1)’ (Lely ke
Z). Then Vo(Yy i) is a thin Ug (§1n+1)/-m0dule which admits a basis (vy,) indexed
by the vertices of the monomial crystal Mo (Y ), such that for all m € Mo(Yy )
and i € Iy, vy, is of L-weight m and

[ ~ - . [ ~
Xl.’o-vm _ vgi-mv xl’o vm —_ Ufl. )
where vy = 0 by convention.

Proof. It is known that Res(V (Y x)) is the fundamental highest weight Ug (s, 1)-
module Vy(Ay). By the preceding Lemma, its weight spaces are all of dimension
one. In particular its £-weight spaces are also of dimension one and Vo(Yy x) is a
thin Uy (sly41)’-module.

Furthermore Res(Vo (Y )) is the extremal weight module of extremal weight Ay,
generated by an extremal vector v of weight A,. Hence, there exists {vy jwew,
such that vig = v and

xl-jfo Uy =0 and (xfo)(iw(Af)(h")) Uy = Vs ) if Ew(Ag)(h;) = 0.

By the above lemma for all v € wt(Res(Vo (Y x))), there exists w such that v =
w(Ay). Then the corresponding vector vy, is nonzero of weight v. As all the weight
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spaces of Vo (Y} ) are of dimension one, {vy }yemw, generates Vo(Yy i) as a vector
space. Furthermore for all w, w’ € W,

w(Ap) =w'(Ay) &= vy = vy.
In fact, we have (see [Bourbaki 1968, Chapter V.3.3, Proposition 2])
w(Ag) =w'(Ay) &= w W' (A =Ay <= wlw' e (s;,i € lp—{L})
= w ew-(s;,i € Iy—{L}).

Fix an £-weight m € M(Vo(Yy k) = Mo(Yy 1 ). By what we have said above, one
can define vy, as the unique vector vy, (w € Wy) such that w(A,) = wt(m). Then
{vm | m € Mo(Yg x)} is a basis of V(Y x). Furthermore as the weight subspaces
and the £-weight subspaces of V(Y x) coincide and are of dimension one, vy, is
also an £-weight vector of £-weight m for all m € Mo(Yy k).

We determine the action of %g (§ln+1) on this basis. Fix m € Ay, (Yy ). For all
i € Iy, we have wt(m)(h;) = 0, £1. Assume that wt(m)(%;) = 0. Then on the one
hand xl.jfo *Um = 0 by definition of the family {Vw}wew,. And on the other hand

m =0 and f; -m = 0 by the description of the crystal /o(Yy x) recalled above.
Now assume that wt(m)(h;) = 1. The vector S;(vy,) = xlTO - Uy 18 of the form

Uy With m” € Mo (Yy i) such that
wt(m') = s;(wt(m)) = wt(m) F o;.

But the description of .o (Y¢ x) shows that the unique monomial of weight wt(m) F
@; is fi-m (resp. &; -m). Hence m’ is equal to f; -m (resp. €; -m). Finally we have
shown that for all i € Iy and m € Mo(Yy k),

x;,ro-vm:vgi.m and xi_,o-vm:vf:_.m. O

In particular, the action of AU, (§ln+1)/ on the fundamental modules Vo (Yy x) is
determined by the combinatorics of monomial crystals Jilo (Y} x); in fact, the action
of operators xiﬂ; (1 <i <n,r € Z) deduces from the action of the xfo (given by
Mo(Ye x)) and the action of /;,, (given by the £-weights m € JMo(Yy x)) from (1).

Let us begin the construction of extremal fundamental loop weight modules.
Assume that 7 = 2r + 1 is odd and £ <r + 1 (the case £ > r + 1 is discussed below
at Remark 4.5). Consider the monomial U, (§1n+1)—crystal M(e®* YL’ oYo / 1), sup-
posed to be closed. This is the case if and only if { =1 or £ =r + 1 (Theorem 3.22).
Set p =n+1 or p = 2 respectively.

Denote by € (resp. €; x for 0 < j < n and k € Z) the set of monomials oc-
curring in the crystal M(e®tY, Y E) (resp. in (7, _s)k (JI/LI (Y, 4], JY ! ))

2,070, J A+
My, (Y, )). By (5), one has € =| |, ,¢€;  forall 0 < j <n.

+7j, J+kaJ L+j+kp



QUANTUM EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS 217

Let
(6) V(e™tY, Y5 ) = EP Cun

me¢
be the vector space freely generated by elements of €. For all 0 < j < n and
k € 7 set Vk(]) = ®me%j,k Cup, the subspace of V(e™¢ YZ oYo E) of dimension
dim(Vy(Ay)). In particular, we have

Vie™ Ye,oYO_,el) = @ Vk(j)'
kez
This decomposition can be compared to the equalities of crystals (5).
We endow the vector space V(e®¢ Y(Z 0Y0 e) with a structure of ou” J (51:;)11)
module as follows (0 < j <n): forall k € 7, let (vm) be the basis of the OlLv J (slt )"

module Vo(Yy j 1k P)(f ) defined in Proposition 4.3, indexed by the set of mon0m1a1s
BT (Mt Yoy jkp Yot jakep)) = (BT (m) [m € My, (Vo j ey Vil s jakp)-
Let us define an isomorphism of vector spaces between Vk(j ) and Vo(Ye,j+k p)(j ) by

Vk(J) —> Vo(Ye,jJrkp)(j)
Um = Uc:lj(m).

We endow the vector space V(J ) with a structure of MUg v.J (slt ', 1)-module by pulhng

back the action of ouv JJ (sltor 1) on Vy(Yy ]+kp)(]) By direct sum, V(e™¢ Ye 0Yo ,
is adl,’ J (s1°C_)-module, denoted by V(e@¢ Y, oY 1)(])‘

n+1
Proposition 4.4. There exists a structure of Ug (sltor 1) -module on V(e™¢ Y0 Yo 7
such that the induced Ou” J (slt ' 1)-module is isomorphic to V(e®* Y 0Yo. 1)(J ) for

all j € 1. Furthermore the q-character of V(e™* YZ oYo e) is

Xq(V(e @Ye 0 Z m,
meé

. . L y
where € is the set of the monomials occurring in M(e™ Ye 0Y0 /

Proof. To define an actionA of Ay (slg’j_l) on V(e®¢ YIZ OYO / '), we determine the

action of the subalgebras U; for all 7 € I. For that, let j €1 be such that j #1i.
The action of U; on V(e®*Y, (Y7, 1) is the restriction of the action of ou” J (slt 1)

2,070,
on V(e®¢ Y 0Yo. 1)(1) Furthermore we set for all /1 h and m € M(e™ Ye 0Y0 ¢
K- vm = gDy,

The definition of the action of O?AL,- (i € I) is independent of the choice of j € 1,

j # i: for m € €, the action of Ou”’f (slg’j_l) on the vector vy, is determined by

the sub-7Ij-crystal Ay, (m) of Jl/t(ew‘f YZ oYo E) and by the £-weight B/ (m). So
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the action of OiLi on vy, is determined by the action of ¢; and f, on m and by the
£-weight E;(m), which are independent of the choice of ;.

We show that this action endows V (e®*¢ YZ,OYO_,KI) with a structure of U (sltor 1)
module. We fix two indices i1, i, € I and we check the relations satisfied by OIL,I
and GfL,Z The indices i; and i, are in the same connected subset /; of the set
of vertices of the Dynkin diagram (j € I). By construction, the action of a, .
and 0u,2 are restrictions of the action of OILU J (1 ) on V(e®¢ YZ oYo Z) As

n+1
V(e®tY, Yy, ) () is a Ay o (slg’il) -module, the relations between %1 and U;,
are satlsﬁed and V(e™t YK oYo ‘ V) is a AUy, (sl“’r )-module.
By construction the induced ou” J (slt '+ 1)-module obtained from V' (e®* YZ o Yo /

by restriction is isomorphic to V(ewz Y, oYo. 1)(1 ) forall j €. Furthermore the
L-weight of vy, is E;(m) for the action of GILZ (i € I). So m is the £-weight of vy,
and the g-character of V(e™¢ e Yo, 15) is the sum of monomials occurring in

M(e® YZ oYo Z) with multlphclty one. O

Remark 4.5. Let us consider the case £ > r + 1. AM(e®¢ YZ’OYO_J} 41—¢) 1s @ mono-
mial crystal closed for £ = n. We show in the same way as above that there
exists also a Uy (slg’jrl)—module V(e®n Yn 0Yo.1 1) whose g-character is the sum of
monomials occurring in A(e®"Y, oYo i ) ‘with multiplicity one.

Actually this AU, (sltor - module is related to the previous one for £ =1 as follows.
We have defined an automorphism ¢ of the Dynkin diagram of type A( ) It induces
an algebra automorphism of U, (slﬁf_rH) we still denote ¢, which sends xi, i, kp
to xl(l) -, m: kiym (G € I,r € Z,m € Z—{0},h € h). Let us denote by
V(e™Y, 0Yo 1)t the AUg (sI | )-module obtained from V(ew" Y, Yo 1) by tw1st—
ing the action by t. Then we show easily that V(e®"Y, Y, ;)" and V(e"'rl Y, Y,

n,070, 1 1,070, 1
are isomorphic.

4B. Study of the extremal fundamental loop weight modules. In this section, we
study the U, (slmr 1)-modules V(e®*Y, Yo_,alle)’ where n = 2r + 1 is supposed to
beoddand { =1,norf =r+1. Wesetpzn—i— 1 or p = 2 respectively.
Proposition 4.6. The Ouq(sltor )-module V(e®tY, . oYo dy ) is integrable. More-
over, it satisfies properties (iii) and (iv) of Remark 2.5 wzth weight subspaces of
dimension one.

Proof. Assume first that £ = 1,7 + 1. The g-character of V(ew‘Z Ye Y0 / 1) is known:
this is the sum of monomials occurring in Jl(e™¢ Y 0Yo. 0.0 1) with mult1phc1ty one.
Furthermore one has the equality of /y-crystals

M(e™* Yz,oYo_,el) = |_| (fp,—é)k (ittry (e™* YZ,OYO_,KI ))-
kez
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For all m € My, (e®*Y, oYo_el) and k € Z, wt((rp,_(;)k(m)) = wt(m) —ké. So to
prove that the weight spaces of V(e”¢Y, 0Yo_el) are of dimension one, we have to
show that the weights of monomials occurring in Jy,(e®*Y, OYO_ZI) are different

to each other. More precisely, it is sufficient to show that the sum

> e(wi(E%(m))) € P Ze(v)

medlry (€LY, 0 Y5 ;) vePo

is without multiplicity. This follows from the above results: it is the character of
the Uy (sl,41)-module Vo (Ay).
For all j € I, the representation V(e®tY,

i £,0
Ug” (sIi | )-module and we have

(7 V(e Y, o Yo DY =P Vo¥e,j4iep)?.
DEZ

Yo_,el) is completely reducible as a

As the representations V(Y jyp) are all integrable, it holds for V(e™¢ YZ,OYO_,el .
Furthermore V(e®*¢ Ye,oYo_,el) satisfies the stronger property (iv) of Remark 2.5: in
fact the representations Vo (Y, ;4 p) are all isomorphic as AUg (sl 1)-modules and
satisfy property (iv). Hence we have V(e™¢Y, (Y )v+Neg; = {0} forall v € P,
iel, N>O.

Finally, the case £ = n is deduced from the case £ = 1 by the (-twisted automor-

phism . O

Theorem 4.7. The U, (slg’i 1)-module V(e®* YZ, 0 YO_,al'g) is an extremal loop weight

_ H wy -1
module generated by the vector v, Yz.oYo_,t}e of L-weight e®tY, Y,

,0

£,070,dg”

Proof. We treat the case £ = 1, r + 1 (the case £ = n can be deduced from £ = 1 by
using ¥). The formulas in (7) imply immediately the third point of Definition 2.26.
The first two points are consequences of the following lemmas. O

Lemma 4.8. Let M’ be a sub-%, (§ln+1)-crystal of M. Assume V is a Uqy (§ln+1)-
module with basis (Vm)me satisfying

@) wt(om) = wt(m), (x;H® v, =1 and  (x7) ) vy = v 5

~J f‘l m

e;m
forallm e M',i € I and k € N, where vy = 0 by convention. If the monomial m
is extremal of weight M, then the vector vy, is an extremal vector of weight A.
Furthermore if the crystal M is connected, then the WUy (sl,+1)-module V is cyclic

generated by any vy, withm € M'.

Proof. Assume that m is extremal of weight A: there exists {1y, }yew such that
myg = m and

Giomy =0 and (f)PPD) iy, =mgy ifw)(hi) >0,

9) .
fimp =0 and (&) YA g =mg ) if wh) (ki) <O0.
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For all w € W, set vy = vp,,. By (8) and (9), {vy }wew satisfies vig = vy, and

xEovy =0 if £wA)(h) =0 and (x;)EYDED =y
Hence the vector vy, is extremal of weight A.

Assume that the crystal Jl’ is connected and fix m € M’. For m’ € A, there
exists a product s of Kashiwara operators such that s(m) = m’. Consider the
corresponding operator S € AUy, (§ln+1) at the level of V/, that is, S has the same
expression as s, where the operators é (resp. f k) are replaced by (x+)(k) (resp.
(x; )(k)) in the product (k € N,i € I) By (8), S(vm) = Vg(m) = vmr and the
U (sl,,+1) module V is cyclic generated by vy,. O

Lemma 4.9. Assume that{ =1, r + 1. For the action of Ouh (sltor 1) the L-weight
vector v 7Y, Yo € V(e™t E) is an extremal vector of weight wy. Fur-
thermore

EO 0
V(e™tY, Y5 ) = Uh(sIS ) - Vewey, ¥

Proof. Let us begin to show that the basis (vy,) of V(e®¢ YZ 0Y0 ;) introduced

in (6) satisfies the properties in (8). For all m € M(e™*¢ Ye oYo ¢ ) Uy 18 an £-weight
vector of £-weight m and wt(vy,) = wt(m). Fix i € [ and let j € I be such that
J#i. Asafly v.J (slt )-module, V(e®¢ Ye 0Y0 ¢ 1) is completely reducible (see (7))
and there exists k € Z such that vy, € VO(Yg J+k p)(f ). As the properties in (8) are
satisfied in Vo (Y, ; +kp)(f ) (Proposition 4.3), it holds on v, fori € I.
From there the result is a direct consequence of the above lemma and the fact that
e@e Ye,oYo_,ﬁl is extremal in the connected crystal JM(e®*Y, . 0Y0 ¢ 1) (Theorem 3.4).

O

Proposition 4.10. The U, (slifil) -module V(e®tY, . OYO dy ) is irreducible and is a

simple Ouh (Sltor 1)-module. Also, Res(V(e®'Y, Y0 dy )) is isomorphic to V(wy).

Proof. Let V be a nontrivial sub- ouh (slt '+ 1)-module of V(e®*Y, Y0 d ). As
the weight spaces of V(e®tY, Yo dy ) are all of dimension one, there exists m €
M(e™¢ Y(i oYo d, ) such that vy, ev. By Lemma 4.8, vm generates V(e™®*¢ Ye oYo. de)
and V = V(eere Y0 Yo dy ). Hence V(e®*¢ Y0 Yo dy ) is simple as a Ouh(sl“’r -
module and as a qu (sl;oil) -module. Furthermore Res(V(ewf Yl oYo dy )) is an
integrable AU, (sln+1) module generated by the extremal vector

v _
e7tY, o You dy

of weight @wy. Then by Theorem 2.13, Res(V(e™¢ YZ,OYO_,al'g)) is isomorphic
to V(wy). O

Some readers may expect that the Uy (sl“)r )-module V(e®tY, Yo_al’e) can be
obtained from the extremal weight module V(@) by an evaluatron morphism, but
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this is not the case for the following reasons (which generalize arguments given
in [Hernandez 2009]): Res(V(e®¢ Y(i 0Y0 d )) is isomorphic to the qu(sl,,“)
module V(). In particular,

Tp,—5: V(we) = V(@) vm > Vg, _s(my Torallm e M(e®t YZ’OYO_’JK)

is a %q(§1n+1)’—aut0morphism of V(wy) (with p=n+1lorp=2ifl=1n
or { = r + 1 respectively). If V(e®* YZ,OYO_,alIg) is obtained from an evaluation
morphism qu(slifj_l) — qt (sl;fil) 7,,—s should induce an automorphism of
V(e®tY, Yo dy ). But it does not commute with the action of the x . hj, for
iel and reZ— {0}. In the same way, V' (e®* Ye oYo d, ) can not be obtamed from an
evaluation morphism U (1) )~ Uy’ J (sL 1) (j €I). In fact, V(e™tY, o_c} )
is completely reducible as a Ou“ J (slt '+ 1)-module and is a direct sum of fundamental

modules (see (7)). Butitisa snnple qu (slﬁfj_l) -module.

Remark 4.11. Let us denote U, (slt 1)’ the quantum toroidal algebra Wlthout
derivation element, that is, this is the subalgebra of AU, (sl“’r 1) generated by x
(Gel,reZ),himicl meZ—{0}) andky (he)_ Qh;). An automorphism \IJ
of Uy (sltor ;)" which exchanges vertical and horizontal quantum affine subalgebras
is defined in [Miki 1999]. Denote by V(ewﬁY Yo dy )Y the AUy (slt 1)/ -module
obtained from V(e®*Y, Yo ) by twisting the action by W. It would be interesting
to determine if V(e®*Y, Yo d )Y is already known, for example if it is of £-highest
weight. Actually this 1s not the case: for the vertical quantum affine subalge-
bra Uy (slt"r 1), it is an integrable and cyclic module which is reducible. Further
as a Ouh (sltor 1)/-module, it is a completely reducible, direct sum of irreducible
finite- dlmensmnal representations. So V(e™¢Y, 0.0 Yo, dz) cannot be an £-highest
weight module or an £-lowest weight module.

From now on, let Jl;, be a subcrystal of .y over Ug(sl,41) (resp. M’ subcrystal
of M over Uy (§ln+ 1)). Let us consider the vector space V' with basis (vy,) indexed by
the vertices of Ly, (resp. .Il"). We define an action of Uy (sl 1) (resp. Uy (sl“’r »))
on V by the formulas

+ ;(m)—1
X7 om = q"pitm )Ue~,--m’

- qr(q,-(m)+1)

a s Vi
Bites vm = £(q—q ") (@i(m)g =W TD —g; (m)g =P M=)y,
koo = B,

withr € Z,s>0,i € Iy (resp.i € I) and & € by (resp. i € h), and where vy =0
by convention. Note that p;(m) is well defined only if &; () > 0 or equivalently if
é;-m # 0 and ¢; (m) is well defined only if ¢; (m) > 0 or equivalently if j~”, -m # 0.
Then, these expressions make sense.
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Theorem 4.12. (i) Setn e N*, 1 <{ <n. Assume that My = Mo(Yy x). Then the

Sformulas in (10) endow V with a structure of Ug (sln_H) -module isomorphic
to the fundamental module Vo (Yy i ).

(ii) Assume thatn =2r +1isoddand £ =1,r + 1,n. Set M' = M(e™* YZ 0Y0 dy ).
Then the formulas in (10) endow V with a structure of Uq (sl}fj_l) module
isomorphic to the extremal fundamental loop weight module V(e®*Y, 0Yo_ée).

Proof. The action of the horizontal quantum affine subalgebra and the action
of the Cartan subalgebra are known on the basis (Vm)me for the Uy (sl,41)'-

module Vo (Y x) and for the Uy (sI | )- module V(e®tY, Y1) From (1) it is

n+1 £,070,d,
straightforward to deduce the action of the x . on these modules (r € 7). We obtain
the formulas in (10) given only from the Correspondlng monomial crystal. O

Remark 4.13. In [Hernandez 2011], the algebra WU, (§loo) is introduced as the
quantum affinization of Uy (sleo). It is defined by the same generators and relations
as in Definition 2.15 with the infinite Cartan matrix C = (C;,;);, jez such that

Cii=2 Ciiy1=-1, GCGyi=-1, C;=0

if i —j ¢{—1,0, 1}. The representation theory of U, (sAloo) is similar to the one
of AUg (sl“)r 1): the simple £-highest weight modules are parametrized by Drinfeld
polynomials. In particular, the fundamental modules can be defined and they are
the inductive limit of the fundamental modules for the quantum affine algebra
AUy (§ln+1)/ when n — oo (see Theorem 3.8 and Proposition 3.11 in [Hernandez
2011]). So, the previous results about the fundamental modules of U, (§1n+1)’
extend directly to the case of the fundamental modules of U, (§loo).

Remark 4.14. As we have said, relations between monomial crystals and the
set of monomials occurring in the g-character of representations are known and
have combinatorial origin (see [Hernandez 2011; Hernandez and Nakajima 2006;
Nakajima 2003]). The above results, in particular Theorem 4.12, give one way to
better understand the representation theoretical meaning of this narrow link expected
in [Hernandez and Nakajima 2006]. In fact, the formulas in (10) hold for all the
fundamental U, (§ln+1)/ modules V(Y x) and for all the extremal fundamental
loop weight U, (sltor )-modules V(e®tY, YO_’;K). Hence the knowledge of these
representations is reduced to the one of the corresponding crystals Jilo(Yy x) and
M(e™e Y, OYO_’C}Z) respectively, which is totally combinatorial.

Example 4.15. Assume that # = 3 and £ = 1. We study the extremal fundamental
loop weight module V(ew1 Y, Y1) for ¢ (sly"). Let us consider the monomial

1,010,1
crystal M(e™! Y oY, ) It is closed and p = 4 in this case. Using the notation
introduced above, ‘é = |_| €0,k and we have
kez

_ -1 —1 -1 -1
0,0 = {e Y 0%, Y2,1Y1,2vY3,2Y2,3’Y0,3Y3,4}-
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€0,k can be obtained from € o by applying 74 _s. In the same way, we obtain
€,k by applying ¢’ +ak o €0,0- Then the g-character of the extremal fundamental
loop weight module V(e®'Y, oYo_ll) is

—1 —k$ -1 -1
XaV(E™Y oY1) =Y (€7, Yo lar + Yo isar Y s vk

kez -1 —1
+ Y3,2+4kY2,3+4k + Y0,3+4k 3,4+4k)'

Furthermore the action is explicitly given by the crystal Al(e®'Y, Y, 0_11) and by
the formulas in (10). This module was already constructed in [Hernandez 2009].

Remark 4.16. After this paper appeared on the arXiv, the constructions in [Feigin
et al. 2013] were brought to our attention by H. Nakajima: some representations
over the d-deformation U, 4 (sl;f_rH) of the quantum toroidal algebra are obtained
as the quantum version of a module over a Lie algebra of difference operators. They
are called vector representations in [Feigin et al. 2013]. Our works give another

way to define these representations. Actually, let
@ Ug (s ) — Uy (s )

be the map sending x - him,kp to X himkp(iel,reZ meZ—{0},heb).

ir’ ir’
This @ extends to an isomorphism of algebras. For u € C*, let

[V(e™! YLOYO_,II lu

be the WU, (slif_ri_l)—module obtained from V(e®! Y1,0Yo_,11) by twisting the action by
lyg—1 © @. Then [V(e®! Y1,0Y0_,11)]u is isomorphic to a vector representation where
we specialized the parameter d at 1 (this representation is denoted by V@ () in
[Feigin et al. 2013]).

Example 4.17. Assume that # =3 and £ = 2. Let us study the extremal fundamental
loop weight module V(e®2Y, 0Yo_zl) of AUg (sly"). Consider the closed monomial

crystal M(e™2Y, ,Y,,)- In this case, p = 2 and we have

w5 —1 —1 —1 —1
% {" Yy 0Y0,2: Y11 Y20 Y31 Y05, Y11 Y33 }
0,0 = .
: —1 y—1 —1 —1
Y3,Y 5. Y13Y5,Y33Y0,5 V2 4%,

To describe all the monomials occurring in M(e®?Y, 0Yo_zl), it is sufficient to
consider only the sub-/yq 13-crystal

2 3
—1 —1 —1 —1
YZ,OYO,Z Yl,1Y2,2 Y3,1YO,2 Y1,1Y3,3
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and to apply the 8-twisted automorphism ¢ (Remark 3.20). The g-character of
V(ewZY2 0Yo.. 2) is

xg(V(e™? Yz 0 Yo_z1 )

— wr— k5 -1
Ze Yz 2kYo 22k T Y1142k Y2 042k

kez 1 — _
+ Y3 140k Y0242k T 11 3+2kY3 1426 T 13, 1+2kY1 342k

+ Yl 3+2kY2 242k + 3, 3+2kY0 242k + 2, 4+2kY0 2+2k)

and the action of U, (sl“’r) on V(e®?Y, , Y. ) is explicitly given by the crystal
M(e®?Y, 0Y0 2) and the formulas in (10)

4C. Finite-dimensional representations at roots of unity. The existence of shift
automorphisms for A (e™*¢ Ye’0 YO_’;Z) is related to finite-dimensional representations
of quantum toroidal algebras at roots of unity. We explain that in this section.

So assume that n =2r+1lisodd (r >1)and £ = l,n or £ = r + 1. In this
case Jl(e™¢ Ye 0Y0 d, ) is closed and its automorphism z, has the special form of a
shift 7_, 5 with p =n+1or p =2 respectively.

Set L > 1 and € a primitive (pL)-root of unity (we assume also that p # 2 or
L > 1 in the following). Let U¢(sly", )’ be the algebra defined as Uy (sly, ;) with
€ instead of ¢ (without divided powers and derivation element).

For N € N*, let

Iy : Z[Y, l]lGI IGZQZ[Y ]lejjez/Nz

be the map defined by sending the variables YjEl to YﬂEl (iel,leZ).Set¥c the
image of a monomial set f by I'¢,1).

Consider the monomial set €. By the existence of the shift automorphism z_, 5,
we have

te= || (@-9" 00

0<k=<L-1

with j € I. One checks easily that € is closed.
Specializing the representations V(e®¢ Ye,oYo_,ée) at a root of unity €, we obtain:

Theorem 4.18. Assume that € is a primitive (pL)-root of unity. There is an irre-
ducible VU (sltor ) -module V(e®tY, Y0 dy )e of dimension L("+1) such that

Xe(V(e™ Yy o Yo u)e) = Y m.

meée

Furthermore there exists a basis (vm) of V(e®*Y, OYO_;Z)G indexed by €¢ such that
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the action on it is given by

+ . — 1(pi(m)—1)
Xip - Um =€ ’ Véim’
. vm —_ Er(ql(m)+1)v];m’

¢iﬂ,tis U = £(e—e (g (m)eEs@i M+ _ o (7) e (pi (m)—l))v

kiE vy = eF@im—eim),

xi,r

m’

5. Extremal loop weight modules for A, (sl:l"_:_l)
when the considered monomial crystal is not closed

In this section, we still assume that » = 27 + 1 is odd and we discuss the case where
the considered monomial crystal Al is not closed. It is not possible here to construct
an integrable module whose g-character is a sum of monomials occurring in J’.
In fact some monomials miss and we have to consider a larger closed monomial
crystal AU’ containing it. It is obtained from Jl’ by adding other monomial crystals.
But its structure is more complicated than J" and it is difficult for us to construct
systematically a possible representation of AU, (slg’_ri_l) associated to L.

So we propose to treat an example of such a construction. Assume n = 3
and consider the crystal J((e2™! Y Yl,—lYo_,zl Yo_,(;)’ which is not closed. We
determine a closed monomial crystal Jl(e2®! Y1,1Y1,—1Y0_,21 Yo_,(}) containing it
and we construct a representation V(e2®! Y1,1 Y1,—1 Yo_,zl Yo_,ol) of Uy (slffr) such
that its g-character is the sum of monomials occurring with multiplicity one in
M(e?™1 Y1,1Y1,—1Y0_,21 Yo_,(}) (Theorem 5.6). We will see that the definition of
extremal loop weight module is satisfied by V(e2®! Y1,1 Yl’_1 Yo_,zl Yo_,ol .

Section SA, we study the crystal Jl(e2®! Y, Y, _, Yo_,zl YO_’I) and determine a
closed monomial crystal .il(e2™! Y Y YooY, ), containing it.

The construction of the U, (slfr)—module V(e?™ Y1,1 Yl,—l Yo_,zl Yo_,(}) is done
in Section 5B. The process is the same as in the preceding section: we consider
the vector space freely generated by the vertices m of Al(e2>®! Yl,l Yl’_1 Yo_,zl Y, 0_,3
and we define an action of AUy (slfr) by pasting together some finite-dimensional
representations of the vertical quantum affine subalgebras OILZ’J (sl‘fr) (jel).

In Section 5C, we study the representation V(e2®! Y Y YO_,zl Yo_,ol : it is
an integrable representation of AU, (slffr) which is thin and irreducible. Further-
n;ore V(e?*™1 Y1,1_ 11’1’__11Y0’21 Yo,(}) is an extremal loop weight module of £-weight
=Y Y Yo, Y0,

In Section 5D, we specialize ¢ at roots of unity €. We get finite-dimensional

representations of the quantum toroidal algebra AU (slffr)’ .

Remark 5.1. It could be interesting to construct other extremal fundamental loop
weight modules of £-weight ¢®*Y, oYo_el with 2 < £ <r in the same way. The first
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crystal M(e®*Y, oYo_el) which is not closed is obtained for n = 5 and £ = 2. We

are led to consider the closed crystal

M(e™? Yz,OYo_,zl) = M(e™? Yz,oYo_,zl) ® @ M(ezAl s Y 1Y _iyes Yo_,z1 Yo_,sls)’
seN*

which contains JM(e®2Y, 0Yo_zl). The maps ¢ and 74,5 are automorphisms of it

and the P -crystals

M(eszz,oYo_,zl)/(T@—Z&) and M(ezAl_S5Y1,1Yl,—1+6sYo_,21Yo_,sls)/(fa—Zé)

have 30 vertices and 36 vertices respectively.

The example we propose to treat in this section is simpler than the case of the

extremal fundamental loop weight modules and we focus only on this situation for
the sake of clarity and simplicity.
SA. Study of the monomial U, (§l4)-crystal M(e?®1 Y1,1 Yl,—IY()_, ; Y(; 3). We
refer to the Appendix for explicit descriptions of all the crystals considered in
this section. Let us study the monomial crystal J((e2™! Y1,1 Yl’_1 Yo_,zl Yo_,(;): the
maps ¢ and 74 _,s are automorphisms of M(e?™1 Y Yl,—lYO_,zl Yo_,(;)' Further
straightforward computations lead to the following result.

Proposition 5.2. (i) We have the equality of sets
M(e*™ Y Y Yo_,z1 Yo_,ol)

3
k -1 -1
= J @) (U My Yig it i Y145 Y 24 Y55 ))-
kez j=0
. . . _1 _1 .
(ii) Forall j € I, the monomial crystal My; (Y1+j,1+j Y1+j,—1+ij,2+ij,j) is
Ij-q-closed. More precisely, we have the bijection of monomial sets
B/ g (Y

Y, YY) — M(Vo(Y1,145 Y1 —14) ),

i1+ 1), =1+ j 24T,

where Vo(Y1,14jY1,—1+)) is the simple {-highest weight representation of
WUg(sls) of L-highest weight Yy 14 Y1 —14 ;.

. . -1 y-1y;

(iii) Forall j € I, the I]-crystal My; (Y1+j,1+jY1+j,—1+ij,2+ij,j) is not q-
closed: the monomial ¢’ (Y, _, Y3_51 Yo_(; Y, ,) occurs in this crystal, but it is

not the case of ¢’ (Yl,_1 Y3_’51 Yo_,(} Yo4- Ag—1) = Y (Y1,5 Y, Yo_,61 Yo_,ol i

: 2w +6 —1y—1 :
Hence, we are led to consider the crystal (e?>@1 T Y1,1 Yl’_ 5 Y072 Yo, 4)» which

is also not closed. More generally we have to deal with all the monomial crystals
MEFTHSY Y] Yo Yo las) withs € N. We set
(e Yi Y Yo_,z1 Yo_,ol) = @ (eI Hs8 Vi Y14 Yo_,z1 Yo_,l4s)-

seN
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For all (k,s) € ZxNand j € I, denote by
. M},k,s the sub-/;-crystal of M(e2™1+s8 Y1,1 Y13_1_4SY0_’21 Yo_,l4s) generated

ol 4J 4k (2w +s8 —ly-1
by the monomial ¢ (GRS FIFD FETN ('S (X
2
Mk,

, the sub-Ij;-crystal of M(e2™1+s8 Yl’1 Y13_1_4S Yo_,zl Yo_,l4s) generated
: j+4k -1 —1
by the monomial ¢/ (Yl’1 Yl,_3_4s Yz,—4—4s Yo,z .
Proposition 5.3. (i) Forall s € Nand j € I, one has the equality of I;-crystals

2 8 —ly=1 ; ;
M(e?P1Ts YY) oasYo Yo, as) = ®(Mj,k,s O M g s)-
kez

(ii) Forall j €1,k € Z and s> 1, the monomial crystal M; j s = M},k,s@sz',k,s—1

is Ij-q-closed. More precisely, we have the bijection of monomial sets

B/ Mg — M(Vo(Yl,l+j+4kY1,—1+j+4k—4s)(j)),
where Vo(Y1 14 j 44k Y1,—14j+4k—as) is the L-highest weight representation
of Uy (sla) of L-highest weight Y1 14 j 4k Y1,—14 j+4k—ss-
The proof of these statements is straightforward. As a consequence of these
results, we have:

Corollary 5.4. The monomial crystal M(e>™! Y Y, YO_Z1 YO_(%) is closed.

Proposition 5.5. J((e*®! Y, Y, _, Yo_zl Yo_ol is a monomial realization of the P-
crystal B(2wy). Further, the monomials My = ¢*>™1+58 Y Y s Yo_zl Y0_14s
are extremal of weight 2wy + s6 (s € N).

Proof. The monomial crystal M(e>™! Y121 Y0_22) is isomorphic to the connected com-
ponent of B(2w|) generated by v,4;, [Hernandez and Nakajima 2006, Proposition

3.1]. One checks that the map
M(e>™ 50 Yy 1Y) J1_as Yo_,z1 Yo_,l4s) — M Y12,1 Yo_,z2

which sends the monomial M, to the extremal element 2?1 Y12’1 Y()_’z2 is an iso-
morphism of P-crystals for all s € N. Then the result is a direct consequence of
the description of the crystal %(2w) given in [Beck and Nakajima 2004]: all the
connected components of $B(2w1) are isomorphic to each other modulo shift of
weight by §. O

5B. Construction of the U, (slf;’r)-module V(e?™1 Y1,1 Y1,—1 Y(; ; Y()_, 5). Let us

give the main result of this section.

Theorem 5.6. There exists a thin representation of Ug (slffr) whose q-character is

the sum of monomials oczcurring in ./l/L(ez’Ilfl Y, L Yl’_1 Yo_,zl Yo_,(}) with multiplicity
. - ly—

one. It is denoted by V(e Y Y 1Yo, Yo ).
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The construction of V(ezwlY Y, Y_ _0) is analogous to the one of
V(e™tY, Y0 e) in Theorem 4.1: we paste together the finite-dimensional repre-

Sentatlons Vo¥1i4 44k Vi —14j+40)Y and Vo(Yi 1414k Y1—14)+4k—a5)
of Uy’ ](sltor) with j € I, k € Z and 5 € N*.

Let us begin by recalling some well-known facts about the Kirillov—Reshetikhin
module Vo(E°(M)) over AUy (sly)’ with M = ™'Y, | ¥, Yo Y. Itis irre-
ducible as a U (sl4)-module, isomorphic to Vo (2A1). In partlcular VO(HO(M )) is
an extremal weight module of extremal weight 2A; and there exist vectors vy (ar)
(j =0,...,3) such that vy is an £-highest weight vector of V,(E°(M)) and

(Xi_,o)(z)'v¢i—l(M)=U¢i(M) fori=1,...,3,

(xl-—i_o)(z)'v(pi(M):Uq&ifl(M) fori=1,...,3,
x;fo Vi) =0 in the other cases.
Set
Vim =X10°UM, Vi FM =X ,0X1,0° UM ViR M =X3.0%5,0X1,0° UM
Vi) T X2,0 V0MD: V7 fogary P Y3,0%2,0 Ve (M)
Uj;3_¢2(M) = X3_,0 . U¢2(M).

These vectors form a basis (vy,) of Vo(E°(M)), indexed by the monomials occur-
ring in JMy,(M ). Furthermore for all m € Ay, (M), v, is an £-weight vector of
¢-weight 2°(m).

The other finite-dimensional representations of U, (sl4)” we have to consider
are Vo(E0(My)) with My = 2™ H50y, Y, |, Yil¥s!, and s € N*. The
following two points are well known:

(i) Vo(BO(My)) is an irreducible AUy (§l4)’ -module isomorphic to
Vo(Y1,1) @ Vo(Y1,—1-15)-

(ii) Res(Vo(E®(My))) is a completely reducible AUy (sl4)-module isomorphic to
Vo(2A1) @ Vo(A2).

Furthermore there exist vectors Vpi(my) (J=0,...,3) such that vy, is an £-highest
weight vector of V(E°(My)) and
(xi_,O)(Z)'U(ﬁi_l(Ms) = U¢i(Ms) fori = 1,...,3,
(x?—o)(z)'vqb"(My) :U¢i71(MS) fori = 1,...,3,

xi:f:o Vi (ay) =0 in the other cases.

To complete this family of vectors to a basis of Vo (E°(M)), the following example
is used.
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Example 5.7. Let a,b € Z be such that ¢ #% b and a # b £ 2. Consider the
Ug (slz)’-module Vo (Y7 ,Y; p). This module was already studied in [Hernandez
2010]. We have

_ -1 -1 -1 -1
Xa(No (Y1 oY1 p) =Y, oY)y + Y, oY + Y oYy + Y a0 Y p4s
In particular, it was shown that there exists a basis

v , Uy —1 , U -1, Uy—1 —1 ,
{Yl,aYLb Yl. +2Y1,b Yl,aYl,b+2 Yl, +2Y1,b+2}

where the action of the Drinfeld generators on it is given by

+
X' =0,
RS 9% 9
X, -V =
rOTY Y
b—1 a+1 b+1 a—1
9" " —q g @Dy, T g +Dy .
qb — qa Yl.a+2Yl.b qb — qa Yl,aYl,b-l-Z,
+ _ r(a+1)
X Uy — = v ,
r Yl.al-i—ZYl,b 4 La¥ip
— _ r(b+1)
X, *Vy— = Vy—1 -1
r Y Y q Lat+2Y 1 h42
+ _ ,r(b+1)
X -V -1 = v ,
Y WY pgo q Lat1.p
— _ r(a+1)
X, -V -1 = Vy—1 v—-1 ,
r Yl,aYI,bl-i-Z q Yl,a+2Y1.bl+2
+
X vy— -1 =
r Y a2 Yipgo
b—1 a+1 b+1 a—1
q —q qr(b+1)v . + q —4q qr(a+1)v .
qb — qa Yl.a+2Y1.h qb — qa Yl.qu,h-i-Z ’
X, *Vy—1 - =0,
r Y a2 Yipgo
and with v, of £-weight m for m = Y1 aYI b Y1_¢11+2Y1_b1+2' Note that the
basis used in [Hernandez 2010] is renormalized here and we have
—(2) — +1(2) —
X v = Uy— -1, (x cVy— -1 = .
( 0 ) Yl,aYl,b Yl, 1+2Y1,b1—i-2 ( 0 ) Yl,al+2Yl,bl+2 Yl,aYI,b

As a # b =2, itis well known that the Uy, (§12)/ -module Vo (Y7 4Y] ) is isomorphic
to Vo(Y1,4) ® Vo (Y1 ). Furthermore the U, (sl )-module Res(Vo (Y7 4Y7 p)) is not

irreducible, but it is cyclic generated by one of the vectors vy, , orvy-1 y

Y hto La+2¥1p
1 _ y—1 —1 2 _ —1 —1

Set My = Y3V, 1 _4Y,,Yg 4o and Mg =Y, Y|, Y, ,Y;,. Let

Upg1 and v M2 € Vo(E®(M)) of L-weight M} and M2, respectively, be such that

—2—4 4 —4 2
X g = ' —q q " —q
1,0' s T 11— ; —1—

q 1 4s_q3 K; q 1 4s_q
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Set
VE My : 5CZ,O'UMs'v” V7 f-MY : 563,05C2,0'UM5
2 My 32 M

with u = 1, 2. In the same way, one can define

Vo) Vigary A4 Vg2(ar
for u = 1,2. We check that these vectors form a basis (v,;) of Vo(E®(My)),
indexed by the monomials occurring in g o,s. Moreover v, is an £-weight vector
of £-weight E°(m) for all m.
By twisting the action of AU, (§14)/ on Vo(Y1,1Y1,—1) and Vo(Y1,1Y1,—1—45) by
6) and 1, for some b € C*, we obtain for all j € I,k € Z and s € N*

e the %Z’j (sly")-modules VO(YI,1+j+4kY1’_1+j+4k)(j), called modules of
type KR below;

e the %Z’j (slfr)-modules VoY1, 14j+4kY1,—14) +4k—4s)(j)’ called modules of
type s-TP below. The modules of type s-TP for various s € N* are called
modules of type TP.

From the construction done above, we get bases (v;;) of these modules indexed
by the monomial crystals Jy; (¢j+4k(Y1,1Y1,—1Y0_,21 Yo_,(})) (resp. JM; k,s) with
analogous properties as the previous ones. In particular, the action on a vector vy,
is completely determined by the action of the horizontal quantum affine subalgebra
on it and by its £-weight m.

We begin the construction of the U (s1y")-module V(e*®! Y, Y Yo_,zl Yo_,ol )

Denote by € the set of monomials occurring in M(e*™'Y, | Y, _, Y, ¥;7) and for
all jel,keZandseN* €; o (resp. €; i s) the set of monomials corresponding

to Mjl',k,o (resp. JM; k,s). We have forall 0 < j <3,

e=||erou || @s

kez keZ,seN*
Let

V(EX™ Y, Y, Y5, Y00) = @ Cum
me¢
be the vector space freely generated by €. For 0 < j <3, k € Z and 5 € N*, set
Vk(j) = Dmes; o Com (resp. Vk(,Js) = @mes; ., Cvm)- Then forall 0 < j <3,

Ve, Y, Yy =@vPe @ v
kez keZ,seN*

We endow V(e2@1Y 1Y Y0_21 Yo_(;) with a structure of ﬂLZ’j (slyr)-module

for all j € I as follows: for k € Z and s € N*, Vk(j) (resp. Vk(]s)) is isomorphic to
Vo(Y1,14j+4k Y1,—14j+4K) Y (resp. Vo(Y1 14 j+4k Y1,—14)+4k—a5))) by iden-
tifying the corresponding bases. So Vk(j (resp. Vk]s ) is endowed with a structure
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of %Z’j (sly")-module, and V(ezw1 Y, Y 1Y 1) also by direct sum. We
denote it by V(e?@1 Y Y 0_2 0. 0 Jl)

Proposition 5.8. There exists a Uy (sltor) module structure on the vector space
V(eX™1Y, Y, _ Yy A Y5 by such that forall j €I the induced Uy (s )-module
is isomorphic t0 V(ezw Y Y Y, 21Y0 (})(1). Furthermore the ¢- character of
V(™Y Y, Yy ;YO(;) is

Xq(V(e*™ Y4 Yl,—lYO_,21 Yo_,(i)) = Z m,
meé

Y- ly—h.

2w
where € is the set of monomials occurring in M(e Y Y 1Y, Y00

Proof. The process is the same as in Theorem 4.1: to define an action of U (slmr)
we determine the action of the subalgebras %, for all i € I. For that, let j € 1
be such that j # i. Then the action of 9l; on V(e2®! Y, Y Y 21Y0 o) is the
restriction of the action of Uy’ J (sly") on V(e?™1 Y Y Y 1Y 1)(f ). We check
that this is independent of the choice of j #1i.

Let us show that this action endows V (e>®! Yl’1 Y, Y, 1y ~1) with a structure

—170,270,0
of AUg (slffr)—module. For that, we have to distinguish two types of monomials:

-1

o the m such that there is no s, 5" € N with s # 5" and m € €; x s N €/ s o for
some 0 < j, j’ <3 and k, k" € Z. For such a monomial, the defined action
on vy, comes from the same type of modules, that is, only of modules of type
KR or only on modules of type s-TP for one s € N*;

o the m such that there is s, 5" € N with s # 5" and m € €; s N €/ g ¢ for
some 0 < j, j' <3 and k, k’ € Z. For such a monomial, the defined action on
v, comes from two different types of modules, that is, of modules of type KR
and of type TP or of modules of type s-TP and of type s'-TP with s # s’.

For the first ones, the same process as in Theorem 4.1 (using promotion operator) im-
plies that the defining relations of Ug (s1y") hold on it. For the other ones, this is more
complicated. Such a monomial is of the formm = ¢/ T4k (v, |, Y; 4 Yy, 4Y0_ as)
with 0 < j <3,k € Z, s € N*. The promotion operator 1mphes some relations
on vy, but not all and we check directly that they are satisfied. We do not detail the

calculations here. O

5C. Study of the U, (sI")-module V(e*™ Y, 1Y 1Y ;Yo o)

Proposition 5.9. The U, (sly")-module V(e?™1 Y Y 1Yo, 1Y 1) is integrable.
Moreover, it satisfies property (iv) of Remark 2.5.
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Proof. For all j € 1, V(e?™1 Y, Y, —1Y0_21 YO_(}) is completely reducible as a
Uy (sIiY% )-module and we have

(A1) V(™Y Y, Y Yo )P = B VoY1 14 j+arYi—14j+4k—as) .

seN
kez

The representations occurring in the direct sum on the right-hand side are integrable.

Hence V(e?™! Y, Y, _1Y0_21 YO_(;) is an integrable U, (sl;f_ri_l)—module. Further-

more the modules of type KR are all isomorphic as U, (sl4)-modules and satisfy
property (iv) of Remark 2.5; the same is true of the modlules of type TP. Therefore,
we have

V(E™Y, Y, Yo, Yoo)viNa =10} forallve Piel,N>0. O

Remark 5.10. The weight spaces of V(e?@1Y, | Y, _,Y;} Y1) have infinite di-

mension and property (iii) of Remark 2.5 does not hold. However its £-weight
spaces are all of dimension one.

The main result of this section is the following:

Theorem 5.11. Set M = ™! Y, Y, Y0_21 Yo_(}' The representation V(M) is

an extremal loop weight module generated by the vector vps of £-weight M.

Proof. The third point of Definition 2.26 is a consequence of (11). For the first two
points, we use the following results. O

Lemma 5.12. Let V be a g (§ln+1)-m0dule with basis (Vi) meay indexed by a
subcrystal M of M. Assume that M € M is extremal of weight wt(M ) and for all
ielandmeW - -M,

wt(vy) = wt(m), xidE ‘U =0

and
(xl?F)(iwt(m)(hi)) U =8, my I £ wt(m)(h;) = 0.
Then vpg is an extremal vector of weight wt(M).

Proof. The proof is analogous to the one of Lemma 4.8. O

Corollary 5.13. Set
My = > +S6Y1,1Y1,—1—4sY0_,21 Yolss (€N

Then vy, is an extremal vector of V(e?™1 Y Y;i’_l YO_,zl Yo_,(;) of weight 2wy + 56
. t
for the horizontal quantum affine subalgebra Wy (sl,").
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Proof. By construction of the basis (v,;) of V(e?™! Y1,1Y1,—1Y0_,21 Yo_,ol)’ we

have wt(v,,) = wt(m) for all m. Furthermore a monomial in W - M; is of
the form ¢/ 4K (My) with j € Iy and k € Z and we have wt(¢/ T4k (M;)) =
2Aj 41 —2A; —2k6,

(x;fo)(z) “Vgpitak(My) = Vgi—1+4k(My) = VS; (¢) T4k (M;))»

)(2)

(Xj41,0)7 - Vgpitak (M) = Vgi+1+4k(M,) = US; 4 (91 +4K (M)

xii Vgitak (M) = 0 in the other cases.

Hence the hypotheses of the above lemma are satisfied and vpy, is extremal of
weight 2@y + 8 for the horizontal quantum affine subalgebra %3 (s1y"). O

Proposition 5.14. The representation V(e?>™! Y, Y, Y0_21 YO_(}) is cyclic as a

oug (slﬁfr)-module generated by the vector v =V 2w, Y Y, Yolvgd

Proof. Consider the sub—cll,g (slﬁfr)—module V' generated by v. By construction of
the basis (vy,) of
V(™ Y Y Yo_,z1 Yo_,(; )

2w —1y-—1 :
U € V for all m € M(e Y1,1 Yl,_1 Yo,z Yo,o ). By a recursive argument, assume

for one s € N we have vy, € V for all m € M(e2™1 %Y, Y, Yyt )

—1—4:70,2 " 0,—4¢
with 0 <¢ <'s. In particular vy, Yol Yok, is in V and by Example 5.7,
B 48

,—1—4s

Y—lY—l € V

Xg o'V
0,0 Y. —1—4570,6 7 0,—4s

—1 -1 =V, 2w— 1)8
l—1-4sY3.5 Y0.4Y e?™1— (D Y, sY,

0.—4s

In the same way

v 1 —1 and Vi 2w —(s+1)8 —1y—1
oK (Y) _1_a5Y35 Y040 1ay) PF ™16ty oY) 4 Yo i Yoty

are in V for any k € Z. All v, with m € M(e*>™ =6+ Dy oy, ¥ ly, L, )
can be obtained from these vectors by action of Oug (sIy"): this is straightforward

from Example 5.7 and the construction of the basis (vy,). d
Proposition 5.15. The Uy (s15")-module V(e*™1Y, | Y, _ Y52 Yy a) isirreducible.

Proof. Let V be a nontrivial sub-QU, (slaor)—module of V(e2@1 Y, Y, _, Yo_zl YO_O1 .
As the £-weight spaces are of dimension one, there exists s € N and a monomial
m € M2y Y, |, Yo Yot,,) such that vy, € V.

If s = 0, we have already shown that V(e*™'Y, Y, _ Y5 Ys7,) is cyclic

0,270,
generated by vy, and V = V(e2@! Y, Y, _

Yo, YO_(}). Assume that s € N*. By
Example 5.7 and the construction of (vy,), there exists x € Ong (s1y") such that

XV =V, 2w +s568 —1ly—1 .

m eIV 1Y) 1 _as Y02 Yo —as
Furthermore

Wy - V,20 +s8 —1y—1

17 Ye2mits Y Y s Y02 Yo —as
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is the simple £-highest weight 0&1 -module of £-highest weight Y 1Y _j_45 and
there exists y € AUg(sly") such that
YoUm =y Yl Y, 4 Yos
- —1 2wy +(s—1)8 ly—
with ¥, Yl 1—4sV2—45 Y0, € M(e” 6= YooY s 1)Y02Y —4(s— 1)
Repeatmg this argument, one shows that the vector v 2w1Y Y YA Yl isin V.

By the above proposition we get -

2 —1y—1
V =V(e™! Yl,lYl,—lYo,z YO,O)' O
Proposition 5.16. The %q(§l4)-module Res(V(e?™1 Y Y Y 21Y0 (})) has a
crystal basis isomorphic to B(2w).

Proof. Set K = C(q) with ¢ an indeterminate and let A be the subring of K
consisting of rational functions in K without pole at ¢ = 0. We normalize the
basis (vy,) of the C(g)-vector space V(e2®! Y, | Y, Y, 1y =1 as follows. For all

{ -170,270,0
m e M(e>™1 Y Y Y, 21Y0 (}) let wy, be the vector defined by wy, = (1/q) vy, if
there exists k € Z s € N* such that m = ¢k (e2™1+58 VRS AR O 21YO 1,,)and

Wm = Uy otherwise. Set B = (W )m and £ = P,, Awp,. "We check dlrectly that
(&, M) is a crystal basis of the Uy (sl4)-module Res(V (2@ Y Y Y 1Y 1))
isomorphic to B (2w ;). We do not detail the calculations.

Remark 5.17. All these results suggest that Res(V (e2®! Y Y Y, 21Y0 01)) is

isomorphic to the extremal weight AU, (sl4) module V(2w ). One expects to prove
such a result for all the extremal loop weight modules constructed by the conjectural
process given above.

5D. Finite-dimensional representations at roots of unity. Set L. > 1 and let € be
a primitive (4 L)-root of unity.
Denote by € the set of monomials occurring in
M(e2w1+s8Y1’1Y1’_1_4sY Yo_ 45)
for all s € N. Consider ¢’ the subset of ¢ defined by
v= || s
0<s<L-1

Let €. and €, be the images of the sets € and €’ respectively by the map I'(4.):
€. is a finite monomial set of cardinality 16L2.

Theorem 5.18. Assume that € is a primitive 4L-root of unity. There exists an
irreducible Ue (s1y") -module Ve of dimension 16 L2 such that

Xe(Ve) = Z m.

/7
meée
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Proof. The main difficulty is to specialize ¢ at € in the %Z’j (slﬁfr)—modules of
type TP. In fact, these modules can be undefined or reducible after specialization.
To better understand these phenomena, let us study the specialized U, (§12)/ -module
Vo(Y1,4Y1,5)e With a, b € Z. This representation is well defined if a ¢ b +4LZ.
Assume that in the following and study Vo(Y7,4Y1 5)e. If a b £2+4L7Z, this
representation is irreducible. If ¢ € b +2 4+ 4L 7, it is not irreducible: in fact
Ue(sl2)" VY Y, T Cle,a Y ® Cle_,;+2Y1,b ® Cle_.al-s-zyl_.zi-i-z

is an irreducible submodule of V(Y1 4Y] p)e.

By our study of the AU (§12)/ -module V(Y1,4Y] p)e, one can specialize ¢ at € in
the defining relations of the action on the basis (v,,) of V(e2®1 Y .Y —1 Y, 0_,21 Yo_,(; .
Moreover one checks that

WUe (s19) - v aYel, T @ tv
e( 4 ) Y1,1Y1,71—4LY0,21Y0,14L "
meé—¢’

is a sub-Ue (s1y")’-module of V(e?™1 Y Y Yo_,zl YO_’(})E. By taking the quotient,
we obtain a U (sl,")’-module

Ve - @ Cvm
mee€’
which is irreducible: this is straightforward with the formulas of the action. O

6. Further possible developments and applications

In this last section, we give other promising directions to study the extremal loop
weight modules for quantum toroidal algebras of general types. Moreover we give
some possible applications of the results obtained in this article. This will be done
in further papers.

In our construction of level 0 extremal loop weight modules in type A, monomial
realizations of crystals and promotion operators on the finite crystals have a crucial
role. Let us give some results which suggest that a similar construction is possible
in other types. In [Hernandez and Nakajima 2006], an explicit description of
monomial realizations of level 0 extremal fundamental weight crystals of quantum
affine algebras is given for all the nonexceptional types. The automorphisms z; are
determined in these cases. Furthermore in other types, there exists also symmetry
properties for crystals arising from automorphisms of the associated Dynkin diagram
(analogue of promotion operators in type 4). Using that, a combinatorial process
allows to obtain Kirillov—Reshetikhin crystals from crystals of finite type (see
[Fourier et al. 2009; Kang et al. 1992; Okado and Schilling 2008]). These symmetry
properties will be useful for a similar construction of extremal loop weight modules
in other types.
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As we have seen, the extremal fundamental loop weight modules
V(e Y, o Yoa,)

(mn=2r+1and £ = 1,r + 1 or n) are completely reducible as %Z’O(slfil)-
modules: they are direct sums of fundamental modules of Uy (sl,41). Similar
vector spaces are considered in [Chari and Greenstein 2003] for the quantum affine
algebra AU, (g) associated to a simple Lie algebra g over C. In fact for a finite-
dimensional representation V of U (§)’, the vector space V ®¢C[z, z~ 1] is endowed
with a structure of U, (§)-module by using the grading of this algebra. So the action
is very different to the one defined in this article and we do not have a way to extend
this action for the quantum toroidal algebra U, (g*"). But it would be interesting
to study an analogous construction for the quantum toroidal algebra AU, (g'°"). We
can expect to construct other examples of extremal loop weight modules by this
process.

Let us explain another approach to construct extremal loop weight modules
which could be fruitful. Let g be a Kac—-Moody algebra. For an integral weight A,
one defines

A= D Ah)A;
A(hi)=0
and A— = A4 — A. To study the extremal weight module V' (1), Kashiwara [1994]
considers the tensor product V/(A) = V(A4+) ® V(A—-) of the simple highest weight
module V(A4+) and the simple lowest weight module V(A_). By analogy, it would
be interesting to define an action of the quantum affinization U, (g) on the tensor
product of simple £-highest weight modules and simple £-lowest weight modules,
in the spirit of [Hernandez 2005; 2007; Feigin et al. 2011a; 2011b; 2012; 2013].
This will be studied in a further paper.

Another possible direction is to study the finite-dimensional representations of
double affine Hecke algebras (or Cherednik algebras) at roots of unity obtained
from the new finite-dimensional representations of U, (slifj_l) defined above, via
Schur—Weyl duality [Varagnolo and Vasserot 1996].

In this article, we have defined promotion operators for the level 0 extremal
fundamental weight crystals B () in type A, (n > 2 odd, 1 < £ < n). It will be
interesting to discuss the existence of promotion operators for other level 0 extremal
weight crystals and the uniqueness of them in the spirit of [Shimozono 2002].

Appendix
We describe here the monomial crystal

(o2 —ly—1y _ 2 +56 —1y—1
AM(e wlY1,1Y1,—1Y0,2Y0,0)—@M(e TIOY Y1 C1—as Y02 Yo —as)-

seN
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£
2 —1y—1
"Y1 Y 1 Yo, Yo o -
i )~
\ g
—1 —1
Y1,3 Yl,—1Y2,2Y0,0 0 ~
/ \2 - -
A
—1y—1 —1 —1
Y13Y11Y22Y20 Yl,—1Y24Y33Y00
—1y—1 —1 —1
Yl,l Y2,4 Y2,0Y3,3 Yl,—] Y3 5 YO 4Y0 0
—1y—1 -1 —1
Y24Y22Y3 3Y31 Yl,] Y2,0Y35Y04
—1y—1 -1 —1
Y2 2Y35Y3,1Y0,4 Yl 5Y1 IYZ 0Y06
—1y—1 —1 —1
Y3 5 Y3 3 YO 4Y0,2 Y1,5Y2,2 Y3 IYO 6
T T
—1y—1 —1 —1
Y1,5Y3,3 YO,G YO,Z Y1,7 YZ 6Y2 2 Y3 1
0o - 1 3
-7 \ /
—1y—1 —1 —1
Yl SYI 3Y0 6 YO 4 Yl,7 Y2 6Y3,3 YO,Z
o - \2
s —1 —1
Y2,8 Y3,7Y3,3 Y0,2
0o_~-

£

Figure 1. The AUy (sly)-crystal M(e>™Y, Y, _ Y V5 ).

More precisely, we show in Figures 1 and 2 the two connected components
2 —1y—1 2w +8 —1y—1
MY 1Yy Yo, Yo0) and  M(e" Y 1Yy _sYo, Yo )

of M(e2™1Y, Y, _,Y;} Y5 ). Recall that all the connected components of the
latter are isomorphic modulo shift of weight by §. Furthermore the map 74,5 is an
automorphism of these crystals and we only give a part of them. The full crystals

are obtained by applying the automorphism 74 _»5. The sub-7o-crystals

1 —1y—1
Mo,o,o = g, (Y1,1 Yl,—l Yo,z Yo,o)
and
Mo,0,1 = ‘/M’IO(YI,I Yl,—SYO_,21 Yo_,i4) ® Mlo (Yl_,ll Yl,syz,oyo_,e1

are explicitly given.
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A
2w 48 —1y—1
e Y Y, Yo, Y5 2y o -
-~
-~
£
-1 —
Yi3Y, Y, ,Y5 o~
1 2 -
\ k/
—1y—1 -1 -
Y3 Y3, ,Y, Y, Y, Y, 5Y,
2

/
\
/-

-1 —1
1,-3%2,4%2,—at33 Y1,—5Y3,5 Y0,4Y0,—4

X
/
X

—1v—1 —1 —1
Y2,4 Y2,—2 Y3,3 Y3,—3 Yl,—3 Y2,—4 Y3,5 Y0,4
~ = ~
-1 y—1 — —1
Y2,—2 Y3,5 Y3,—3Y0,4 YI,SYI,—3Y2,—4YO,6
: ~
—1v—1 — -1
Y3 5Y3,—1Y0 4Y0.—2 Y1,5Y2,—2Y3,—3Y0,6
~ e
-1 y—1 -1 —1
Y1,5Y3,—1Y,6 YO,—Z Y1,7 Y2,6Y2,—2Y3,—3
0 _ - 1 3
- S e
—1y—1 -1 -
YI,SYI,—I Y0,6 Y ,0 Y1,7 Y2,6Y3,—1 YO,—Z
o_ -~
" -1 -1
Y, ,8 Y3,7Y3,—1Y0,—2
0o_ -
£
Figure 2. The g (sly)-crystal M(e2™1 8y, ¥, Y5 ¥5L,).

Note that the §-twisted automorphism ¢ of M(e*™1Y, Y, _
viewed as a descent of one diagonal in these crystals.

—1y—1
1Y0,2 Yo,o) can be
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LEFSCHETZ FIBRATIONS WITH SMALL SLOPE

NAOYUKI MONDEN

We construct Lefschetz fibrations over $?> which do not satisfy the slope
inequality. This disproves a conjecture of Hain.

1. Introduction

Lefschetz fibrations have been an active area of research ever since the remark-
able work in [Donaldson 1999] and [Gompf and Stipsicz 1999] revealed a close
connection between them and symplectic 4-manifolds. In this paper, we consider
the geography problem of Lefschetz fibrations over S2, which derives from that of
complex surfaces fibred over curves.

We are interested in two kinds of geography problems. Let o and e be the
signature and the Euler characteristic of a closed oriented smooth 4-manifold X,
respectively. For an almost complex closed 4-manifold X, we set K2 := 30 + 2e
and y, := (o +e)/4 (the holomorphic Euler characteristic).

One is the geography problem for complex surfaces: the characterization of pairs
(K2, x;,) corresponding to minimal complex surfaces. It is well known that any
minimal complex surface of general type satisfies K2 > 0, X, > 0, the Noether
inequality 2y, —6 < K 2 and the Bogomolov-Miyaoka—Yau inequality K*> <9 X, (see
[Barth et al. 1984], for example). The above geography problem can be extended
to the symplectic 4-manifolds. However, Fintushel and Stern [1998] constructed
Lefschetz fibration which does not satisfy the Noether inequality. In particular,
for most pairs (p, q) satisfying p < 2g — 6, there exists a minimal symplectic
4-manifold with p = K? and g = X, (see [Gompf and Stipsicz 1999]). On the other
hand, no examples of a minimal symplectic 4-manifold with K2 > 9 X, have been
found yet.

The other is the geography problem for complex surfaces fibred over curves.
Hereafter, we assume g > 2. Let f : S — C be a relatively minimal holomorphic
genus-g fibration, where S is a complex surface and C is a complex curve of
genus k. We define relative numerical invariants x FE= Xy (g—1Dk—=1) and

KJ% :=K?*—8(g—1)(k—1) for f:S— C. Then, we have two inequalities Xp= 0

MSC2010: primary 57R20; secondary 57N13, 14D06, 20F38.
Keywords: Lefschetz fibration, mapping class group, slope.
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and K7 2 > 0, known as Beauville’s inequality (see [Beauville 1979]) and Arakelov’s
mequaltty (see [Arakelov 1971]), respectively. For Xy # 0, which is equivalent
to the fact that f is not a holomorphic bundle, we deﬁne A ¢ to be the quotient

/ X called the slope of f. Xiao [1987] proved that 4 —4/g < Ay < 12 (that is,
(4 4/¢)x = K <12y ) The former inequality is called the slope inequality.
For a relatively m1n1mal genus-g Lefschetz fibration, x , K J% and the slope A ; are
defined in the same way as for complex surfaces fibred over curves. To the author’s
knowledge, the slope of all known Lefschetz fibrations over S is greater than or

equalto4—4/g.

Conjecture 1.1 (Hain; see [Amords et al. 2000, Question 5.10; Endo and Nagami
2005, Conjecture 4.12]). For every relatively minimal genus-g Lefschetz fibration
f: X — S?, the slope inequality Ar>4—4/g holds.

In this paper, we give a negative answer to Conjecture 1.1.

Theorem 3.1. For each g > 3, there exists a genus-g Lefschetz fibration over S*
with slope .y =4 —4/g — 1/3g whose total space is simply connected.

Moreover, by fiber sum operations, we have the following results:

Corollary 3.6. Foreach g >3, m > 0andl > 0, there exists a genus-g Lefschetz
fibration fy; : X,y — S? with slope Af,, =4 —4/g —1/(m + 3)g such that
71(Xm1) = 1. Moreover, if (m,l) # (0,0), then X,,; is a minimal symplectic
4-manifold.

Corollary 3.7. Foreach g >3, m > 1andl > 0, there exists a genus-g Lefschetz
fibration f, Y, — S? with slope Ay o =4—4/g—1/2¢+1/(2-3"" l¢) such
that m; (YmJ) = 1. Moreover, ifl > 1, then Y1 is a minimal symplectic 4-manifold.

As a consequence, we have the following results.

Corollary 4.2. The Lefschetz fibrations f,,; (m > 0) and fn’” (m > 2) are non-
holomorphic.

Let f: X — S? be a relatively minimal genus-g Lefschetz fibration with n > 0
singular fibers. From e(X) = —4(g — 1) 4+ n and results from [Smith 1999; Stipsicz
1999; Ozbagci 2002], we have Xp> 0, Kj% >4g —4 and Ay < 10. Moreover, it is
well known that any hyperelliptic Lefschetz fibration satisfies the slope inequality.
This fact follows from the signature formula for genus-g hyperelliptic Lefschetz
fibrations obtained by Matsumoto [1983; 1996] for g = 1,2 and Endo [2000]
for g > 3. Therefore, genus-2 Lefschetz fibrations satisfy the slope inequality.
In particular, if f is a hyperelliptic Lefschetz fibration with only nonseparating
vanishing cycles, then A 7 is equal to 4 —4/g. For Lefschetz fibrations with b; =1,
we prove the following result.
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Theorem 5.1. Let g > 2 and let f : X — S? be a genus-g Lefschetz fibration with
by (X)=1.

(1) If X is not diffeomorphic to the blow-up of a ruled surface, then
@) 4—4/g <rf=8 forbi(X)=0,
(ii) 4<ip=<8 for b1 (X) =2.

(2) If X is diffeomorphic to the blow-up of an S*-bundle over Xy, then
4+4k—1)/(g—k) =iy =8,
and the lower bound is sharp.

The study of the slope of holomorphic fibrations was mainly motivated by
Severi’s inequality, which states that if S is a minimal surface of general type of
maximal Albanese dimension, then K2 > 4 X;,- Equivalently, if K 2.4 Xp,» then S
is a surface fibred over C of genus b1 (S)/2. Severi [1932] claimed it, but his proof
was not correct (see [Catanese 1983]). The inequality was independently posed
as a conjecture by Reid [1979] and by Catanese [1983]. Xiao [1987] proved the
conjecture when § is a surface fibred over a curve of positive genus. He showed
that if § admits a holomorphic genus-g fibration f over C of positive genus k with
K? < 4x,+4(g—1)(k—1) (thatis, A y <4), then k =b;(S)/2. Konno [1996] proved
it in the case of even surfaces. The conjecture was solved by Manetti [2003] when
S has ample canonical bundle. Pardini [2005] proved the conjecture completely by
using the slope inequality for holomorphic fibrations over CP.

In Section 2, we review some standard facts on Lefschetz fibrations. Our main
results are proved in Section 3. We give Lefschetz fibrations which violate the
slope inequality. Consequently, we obtain examples of nonholomorphic Lefschetz
fibrations in Section 4. In the last section, we investigate the slopes of Lefschetz
fibrations with b5 = 1.

Remark 1.2. The slope inequality of Conjecture 1.1 can be reformulated in terms
of the Deligne—-Mumford compactified moduli space of stable curves of genus g,
denoted by J(7Lg, as follows. For a relatively minimal genus-g Lefschetz fibration
f : X — §? with n singular fibers, we obtain a symplectic structure on X such
that for all x € §?, f~!(x) is a pseudoholomorphic curve. Since a 2-dimensional
almost-complex structure is integrable, f~!(x) determines a point in JITLg. Thus, we
obtain the moduli map ¢ : S? — .l, which is defined by ¢7(x) = [f~1(x)] € A,
for x € S%. We denote by ¥, the Hodge bundle on Jl7tg with fiber the determinant
line A\* H(C; K¢), where C is the set of critical points of f. By Smith’s signature
formula [1999] and the slope inequality, we have the following inequality:

(8 +4)(c1(%,), [P (SH]) —g-n>0.
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2. Preliminaries

In this section, we first recall the definition and basic properties of Lefschetz
fibrations. More details can be found in [Gompf and Stipsicz 1999].

Let X, be a closed oriented surface of genus g > 2 and let I' be the mapping
class group of ¥, which is the group of isotopy classes of orientation-preserving
diffeomorphisms of ¥,. We denote by 7. the right-handed Dehn twist about a simple
closed curve c on an oriented surface. The notation f.#; means that we first apply
tqy then t..

Definition 2.1. Let X be a closed, oriented smooth 4-manifold. A smooth map
f: X — S?is a genus-g Lefschetz fibration if it satisfies the following conditions:

(1) f has finitely many critical values by, ..., b, € S2, and f is a smooth X,-
bundle over S% — {by, ..., b,}.
(i) Foreachi (i =1, ..., n), there exists a unique critical point p; in the singular

fiber £~1(b;) such that about each p; and b; there are local complex coordinate
charts agreeing with the orientations of X and S on which f is of the form
fz1,22) =21+ 2.

(iii) f is relatively minimal (no fiber contains a (—1)-sphere).

Each singular fiber is obtained by collapsing a simple closed curve (the vanishing
cycle) in the regular fiber. The monodromy of the fibration around a singular fiber
is given by a right-handed Dehn twist along the corresponding vanishing cycle. A
Lefschetz fibration f : X — S is holomorphic if there are complex structures on
both X and S? with holomorphic projection f.

Once we fix an identification of X, with the fiber over a base point of $2, we can
characterize the Lefschetz fibration f : X — S by its monodromy representation

m1(S% — {b1,...,b,}) = I'y. This map is really an antihomomorphism, since
elements of 771 (S% — {by, ..., b,}) are written left-to-right and elements of I, are
written right-to-left. Let y, ..., y, be an ordered system of generating loops for

71(S2—{by, ..., b)), such that each y; encircles only b; and [ | y; is homotopically
trivial. Thus, the monodromy of f comprises a factorization

ty, -ty =1 €Ty,

where v; are vanishing cycles of the singular fibers. This factorization is called the
positive relator.

According to theorems of Kas [1980] and Matsumoto [1996], if g > 2, then
the isomorphism class of a Lefschetz fibration is determined by a positive relator
modulo simultaneous conjugations

Ly, - - - Tuytuy, ~ Iy, - - - L) g (v)) for all ¢ € Fg
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Figure 1. The curves dy, dy, d3, ds, x1, X2, X3.

and elementary transformations
(NP TN Y 0 Y Y TR IR0y RS TN Y S
L, o Ty typ Tyl Ty« oo By ™ By, e tvi+2tvi+lttvi (CII L IIEERE ST

Note that ¢t,,¢ 1 = ts,). For all ¢ € T, let ¢ (o) be the positive relator which
is obtained by applying simultaneous conjugations by ¢ to a positive relator p.
We denote a Lefschetz fibration associated to a positive relator ¢ € I'y by f, :
X, — S2. Clearly, if o; ~ 05 in 'y (that is, g, is obtained by applying elementary
transformations or simultaneous conjugations to o), then

Xp, = X, and KJ%@] =K]%g2.

For positive relators g1 and g, in I'y, the genus-g Lefschetz fibration

Joior : Xo10o = s?
is the (trivial) fiber sum of f, and f,,. Since o(X, ) = 0(Xy) + 0(Xp,)
and e(X,,,,) = e(Xp,) +e(Xp,) +4(g — 1), we see that Xfy 0y = Xy, + Xf,, and
K]%glgz = K]%Ql + nggz. In particular, if o1 ~ 07, then
Kfpoy = 2Xg, =2Xg,, and K]%ngz = 2KJ%Q1 = 21(}%92.
We next begin with a definition of the lantern relation (see [Dehn 1938; Johnson
1979)).

Definition 2.2. Let Eg denote a sphere with 4 boundary components. Let d;, d»,
ds, d4 be the 4 boundary curves of Eg and let xq, x5, x3 be the interior curves as
shown in Figure 1. Then, we have the lantern relation

ta tatastd, = Ly lxytxs.

Let ¢ be a positive relator of I'g. Let dy, da, d3, d4, x1, X2, X3 be curves as in
Definition 2.2. Suppose that ¢ includes #4,74,24,%4, as a subword:

0= U- td] tdztd3td4 : Va
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where U and V are products of right-handed Dehn twists. Then, by the lantern
relation, the product of right-handed Dehn twists

0 =U  ty oty - V

is also a positive relator of I'.
This operation is one of substitution techniques introduced by Fuller.

Definition 2.3. We say that ¢’ is obtained by applying an L-substitution to o.
Conversely, o is said to be obtained by applying an L~ !-substitution to o’. We also
call these two kinds of operations lantern substitutions.

Proposition 2.4 [Endo and Nagami 2005, Theorem 4.3 and Proposition 3.12]. Let
0, ' be positive relators of T'y and let X,, Xy be the corresponding Lefschetz
fibrations over S?, respectively. Suppose that ¢ is obtained by applying an L™'-
substitution to Q. Then, 0(X,) =0 (X,) — 1 and e(X,) = e(Xy) + 1. Therefore,

Remark 2.5. Endo and Gurtas [2010] showed that X, is a rational blowdown of X,
introduced by Fintushel and Stern [1997]. Such relations were also generalized by
Endo, Mark, and Van Horn-Morris [Endo et al. 2011].

3. Main results

In this section, we give a negative answer to Conjecture 1.1.

Theorem 3.1. For each g > 3, there exists a genus-g Lefschetz fibration over S*
with slope .y =4 —4/g — 1/3g whose total space is simply connected.

In order to prove Theorem 3.1, we recall some standard facts on hyperelliptic
Lefschetz fibrations. Let A, be the hyperelliptic mapping class group of genus g,
that is, the subgroup of I'y which consists of all isotopy classes of orientation-
preserving diffeomorphisms of X, commuting with the isotopy class of ¢, called
the hyperelliptic involution. Note that A, =T", for g =1, 2.

Definition 3.2. Let o =1,, ...1,, be a positive relator in I',. A genus-g Lefschetz
fibration f, : X, — S? is called hyperelliptic if for each k € {1, ..., n}, t,, isin Ag.
Equivalently, ¢(ay) = ay for each k.

The following theorem was established in [Matsumoto 1983; 1996] for g =1, 2
and in [Endo 2000] for g > 3.
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Figure 2. The curves cy, ..., Cog41, X1, X2, X3, y.

Theorem 3.3 (Matsumoto, Endo). Let f, : X, — S? be a genus-g hyperelliptic
Lefschetz fibration with m nonseparating and

[g/2]

=3 o
h=1

separating vanishing cycles, where sy, denotes the number of separating vanishing
cycles that separate X, into two surfaces, one of which has genus h. Then, we have

[g/2]
_ 4h(g—h)
o(Xo) = —5 +1 +Z( 2g+1 1)“"”

We need the following positive relator to prove Theorem 3.1. As shown in
Figure 2, let ¢y, ¢, ..., c2¢41 be the curves in X,. We denote by h, (€ I'y) the
product of 8g + 4 right-handed Dehn twists

2

2
Moy -+ Teale)™

8 - (tcltcz

It is well known that &, is a positive relator in A, and that o (X;,) = —4(g + 1),
by Theorem 3.3 and e(X;,,) = 4(g +2). This gives Xfy, = =g, K 2 =4g —4 and
A, = =4 —4/g (that is, fj, is lying on the slope line).

Proof of Theorem 3.1. Suppose g > 3. Let x{, x3, x3, ¥ be the curves as shown in
Figure 2. Since ¢y, x; are nonseparating curves, there exists a diffeomorphism ¢;
such that ¢; (c1) = x;. Hence, we have the following positive relator r; (i =1, 2, 3):

ri=Gihgdy ' = ilteyter  tp L ele)
= (e 181e) - Ugyengyn) -+ e Tgiten)’
= (Lulgy(en) - gy(ergar) -+ - Wtnten Ti(en)”
=1el,.

Let ré =rirr = (ty, .. -f¢1(c1))2(fx2 e )2(tx3 ...)%. Since Ir is the fiber sum of
fri» fr, and f,; which are obtained by applying simultaneous conjugations to hg,
we have

— — 2 _3Kg2 — _
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: / .
We apply elementary transformations to r, as follows:

/ —_—
Fg =T11203

=1 lpi(cr) - - - Ipi (e lpi(cr) “ Txalgn(ca) - - - Ipnler) “ Exslps(er) - - - Lps(er)

N Ll - - Wi e bl (g ) 92(c2) -+ loaten)  Islgaied) -+ - L (en)

N ha bl o) - I @ e @ e Te2(e) - - - Baen) ~ Leslps(ea) - - - Lgs(en)

~ Ialalis g T @ e ) @ e 102() - - - L lis g ) 193(e) « + - gs(en)

~ (txl IxyIxs ) W,

where W is a product of 24g + 9 right-handed Dehn twists. By the lantern relation,
we get the following positive relator r,:

rg 1= (te,testesty)W.
Since r, is obtained by applying an L~ !-substitution to ré, by Proposition 2.4

X, =3¢ and K; =3(4g—4) -1
8 rg

T

Then, the slope of f,, is equal to 4 —4/g —1/3g.

Since it is easy to check that r, includes the Dehn twist about a curve ¢3(c;) for
1 <i<2g+1, m(X,,)=1. This follows from [Gompf and Stipsicz 1999] and the
fact that f,, has a section. This completes the proof of Theorem 3.1. ([

Remark 3.4. Since r, is obtained by applying an L~ '-substitution to ré, X, is
a rational blow-up of X,,. By applying elementary transformations to a relator
corresponding to a Lefschetz fibration which is obtained by taking a twisted fiber
sum with sufficiently many Lefschetz fibrations, we obtain a positive relator such
that we can apply a monodromy substitution, which corresponds to the operation
of rational blowdown (resp. rational blow-up) in [Endo et al. 2011], to it.

Remark 3.5. Miyachi and Shiga [2011] produced genus-g Lefschetz fibrations
over Xy, which do not satisfy the slope inequality.

Moreover, by fiber sum operations, we have the following results:

Corollary 3.6. Foreach g >3, m > 0andl > 0, there exists a genus-g Lefschetz
fibration fy; : Xy — S? with slope Af,, =4 —4/g —1/(m + 3)g such that
71(Xm1) = 1. Moreover, if (m,l) # (0,0), then X,,; is a minimal symplectic
4-manifold.



LEFSCHETZ FIBRATIONS WITH SMALL SLOPE 251

Proof of Corollary 3.6. For any m > 0, we consider the Lefschetz fibration f,, h
Xr, hn = S2 which is the fiber sum of f, and m copies of fh Then,

Xy = Xpyy T 10X, = G +m)g.

2
Trgnm

= Kf%g +mK}hg =B+m)(dg—4) —1.
Therefore, we obtain
(1) My =4 =48 =1/(m+3)g.

Let fin1: Xpn1— S? be the fiber sum of I copies of f, j (that is, fy,; = Frghmy)-
By Using (1) and an argument similar to the proof of Theorem 3.1, we have
A, =4—4/g —1/(m+3)g and 71(X,,;) = 1. By the result of Usher [2006],
X1 1s minimal for (m, ) # (0, 0). This completes the proof. U

Corollary 3.7. For each g >3, m > 1andl > 0, there exists a genus-g Lefschetz
fibration f g Y — S? with slope Apr =4—4/g—1/2¢+1/(2-3"" o) such
that wy (Y1) = 1 Moreover, if | > 1, then Y,n.1 is a minimal symplectic 4-manifold.

Proof of Corollary 3.7. When we apply the argument of Theorem 3.1 again, with
01 =h, replaced by 0> =r,, we obtain a genus-g Lefschetz fibration f,, : X,, — S 2
with

X

Q3

2 2 1 2 .
Kf93—3ngz 1—3(3ng1 1 —1.

:3Xf2 :33ngl

%

By repeating this argument, we get a genus-g Lefschetz fibration f,, (m > 1) with

m

Xme =3 _IXfQI :3m_18,

: 2 —1 g2 2

ngm=3("-(3(3ngl—1)—1)...)—1:3'" Kf@1_3m — =31
= 3"1—1(48 _4) _ (3m—1 _ 1)/2

Therefore, kf =4—-4/g—1/2g+1/2-3""1g).

Let f, Yy — S be the fiber sum of / copies of fon»and so hp = =4—-4/g—
1/2g+ 1/(2 3m=1g). Similar to the proof of Corollary 3.6, we see that T (Ym) =1
and that Y, ; is minimal for / > 1. O

4. Nonholomorphic Lefschetz fibrations

There are various kinds of nonholomorphic Lefschetz fibrations. By fiber summing
two copies of genus-2 Lefschetz fibration due to Matsumoto [1996], Ozbagci and
Stipsicz [2000] constructed nonholomorphic genus-2 Lefschetz fibrations whose
total space does not admit a complex structure. Korkmaz [2001] generalized their
examples to g > 3. The above mentioned examples of Fintushel and Stern are
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also nonholomorphic Lefschetz fibrations. From the study of divisors in moduli
space, Smith [2001] showed that a genus-3 Lefschetz fibration over S> which was
produced by Fuller is nonholomorphic. Endo and Nagami [2005] constructed some
examples of nonholomorphic Lefschetz fibrations which violate lower bounds of
the slope for nonhyperelliptic fibrations of genus 3, 4 and 5 from the results of
Konno [1991; 1993] and Chen [1993]. Hirose [2010] also gave some examples
of g =3, 4. In this section, we give new examples of nonholomorphic Lefschetz
fibrations.

From the slope inequality for holomorphic fibrations, we have the following
necessary condition for a Lefschetz fibration to be holomorphic:

Proposition 4.1 [Xiao 1987]. If a Lefschetz fibration f is holomorphic, then the
slope inequality Ay > 4 —4/g holds.

As a consequence, we have the following results.

Corollary 4.2. The Lefschetz fibrations f,,; (m > 0) and f,;’l (m > 2) are non-
holomorphic.

Remark 4.3. The above mentioned examples of Fintushel and Stern satisfy the
slope inequality but violate the Noether inequality. On the other hand, f,,; and f, ,
satisfy the Noether inequality but violate the slope inequality. Therefore, these two
necessary conditions for a Lefschetz fibration to be holomorphic are independent
in the sense that neither one implies the other.

5. The slopes of Lefschetz fibrations with b;‘ =1

We have the following natural question: Which Lefschetz fibrations satisfy the
slope inequality? By Proposition 4.1, holomorphic Lefschetz fibrations satisfy the
slope inequality. If a Lefschetz fibration is hyperelliptic, then A s > 4 —4/g. This
fact can proved as follows. In the notation of Theorem 3.3, we have e(X,) =
—4(g — 1)+ (m +s). Then, since h € {1, ..., [g/2]} and g > 2, we have

[g/2]
K} —(4—4/9)x;, = ,; HEZI=E 5,2 0.
In particular, this means that for any hyperelliptic Lefschetz fibrations with only
nonseparating vanishing cycles, Ay =4 —4/g.

In this section, we investigate the slopes of Lefschetz fibrations with b = 1.
By combining the results of [Stipsicz 1999; 2002] and [Li 2000], we can show
that Lefschetz fibrations with b2+ = 1 satisfy the slope inequality. Stipsicz showed
that if X — S is a genus-g Lefschetz fibration over S? with b;r (X)=1and X is
not diffeomorphic to the blow-up of a ruled surface (that is, diffeomorphic to an
S2-bundle over ), then b1 (X) € {0, 2} and e > 0 (see [Stipsicz 1999, Corollary 3.3
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and 3.5]). In particular, if X is the blow-up of an S2-bundle over X, then k < g/2
(see [Li 2000, Proposition 4.4]). Then, we obtain the following result.

Theorem 5.1. Let g > 2 and let f : X — S? be a genus-g Lefschetz fibration with
by (X)=1.

(1) If X is not diffeomorphic to the blow-up of a ruled surface, then

(1) 4—4/g <rf <8 forbi(X)=0,
(i1) 4<irr<8 for by (X) =2.

(2) If X is diffeomorphic to the blow-up of an S?-bundle over Xy, then
4+4k—1/(g—k) =2y =8,
and the lower bound is sharp.

An improvement of the previous result was suggested by the referee.

Proof of Theorem 5.1. For a genus-g Lefschetz fibration, a regular fiber has zero
self-intersection. Since the intersection form is nondegenerate, it follows that b;t >1.
Let f : X — S? be a nontrivial genus-g Lefschetz fibration with b;r (X) =1. Note
that —4(g — 1) < K?, and 50 4(g — 1) < K7 (see [Stipsicz 1999, Lemma 3.2]).
Suppose that X is not diffeomorphic to the blow-up of a ruled surface.

First, suppose that by = 0. Since b; =1 and Xp = (c+e)/d+(g—1) =
(b —b1+1)/2+(g—1) =g, we have 4(g — 1)/g < K%/x;=Xs. On the other
hand, since K* =30 +2¢ =5b —b; +4—4b; =9 —b;, by b; > 1, we have
hp=K3/x; =19—by +8(g = D}/g <8.

Next, suppose b; = 2. Then, Xr=8— 1. Therefore, by 4(g — 1) < K2, we have
4 <Ay Since 0 <e=2-2b —i—b;%—b; =2—4+1+b, =—1+b;, we obtain
Ap={1-b, +8(g—D}/(g—1) =8.

Finally, suppose that X is the m-fold blow-up of an S?-bundle over ;. Let ¥ be
the S2-bundle over . Then, since b, (Y) = 2k, bzi(Y) =1and X =Y #mCP?, we
have b (X) = 2k, b;(X) =1Lb,(X)=m+1,e(X)=4—4k+m and 0 (X) = —m.
Hence, we have Ay =8 —m/(g — k). Fromm > 0, Ay < 8. We will give lower
bounds for A ;. By Lemma 3.2 in [Stipsicz 2002], 4(2k — g) +m < 4. We have
Ap>44+4k—-1)/(g—k) from i =8—m/(g —k), 42k —g) +m < 4 and
0 <k < g/2 [Li 2000, Proposition 4.4]. Fintushel and Stern [2004] showed that
(Zk x S?) #4mCP? admits a genus-(2k +m — 1) Lefschetz fibration frg over S2.
When m = g — 2k + 1, we find b = 1 and that Aps =4+4k—1)/(g —k). O

Remark 5.2. If two Lefschetz fibrations f and f satisfy Az, Ay, >4 —4/g, then
the (twisted) fiber sum f3 of f and f; satisfies Ap, >4 —4/g.
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