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A NEW MONOTONE QUANTITY
ALONG THE INVERSE MEAN CURVATURE FLOW IN R”

KwoOK-KUN KWONG AND PENGZI MIAO

We find a new monotone increasing quantity along smooth solutions to the
inverse mean curvature flow in R”. As an application, we derive a sharp geo-
metric inequality for mean convex, star-shaped hypersurfaces which relates
the volume enclosed by a hypersurface to a weighted total mean curvature
of the hypersurface.

1. Statement of the result

Monotone quantities along hypersurfaces evolving under the inverse mean flow
have many applications in geometry and relativity. Huisken and Ilmanen [2001]
applied the monotone increasing property of Hawking mass to give a proof of the
Riemannian Penrose inequality. Brendle, Hung and Wang [Brendle et al. 2012]
discovered a monotone decreasing quantity along the inverse mean curvature flow
in anti-de Sitter—Schwarzschild manifolds and used it to establish a Minkowski-type
inequality for star-shaped hypersurfaces.

In this note, we provide a new monotone increasing quantity along smooth
solutions to the inverse mean curvature flow in R”:

Theorem 1. Let X be a smooth, closed, embedded hypersurface with positive mean
curvature in R". Let I be an open interval and X : ¥ x I — R" be a smooth map

satisfying

X 1

—_— = —V,

ot H

where H is the mean curvature of the surface ¥; = X(X,t) and v is the outward

unit normal vector to ¥;. Let S2; be the bounded region enclosed by ¥; and
r = r(x) be the distance from x to a fixed point O. Then the function

-1

(1-2) O(t) = e i=t! (n Vol(Q2,) — nLl / r2H du)
—1/s,
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is monotone increasing and Q(t) is a constant function if and only if ¥ is a round
sphere for each t. Here Vol(S2) denotes the volume of a bounded region Q and du
denotes the volume form on a hypersurface.

As an application, we derive a sharp inequality for star-shaped hypersurfaces in
R” which relates the volume enclosed by a hypersurface to an r2-weighted total
mean curvature of the hypersurface.

Theorem 2. Let ¥ be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

1
(1-3) n Vol(Q) < —/ r2H dp
n—1 b))

where Vol(R2) is the volume of the region Q enclosed by X, r is the distance to a
fixed point O and H is the mean curvature of X. Furthermore, equality in (1-3)
holds if and only if X is a sphere centered at O.

We give some remarks about Theorem 1 and Theorem 2. The discovery of the
monotonicity of Q(¢) in Theorem 1 is motivated by [Brendle et al. 2012, Section 5].
To prove Theorem 1, we also need a result of Ros, proved using Reilly’s formula.
Once we know that Q(¢) is monotone increasing, to prove Theorem 2, it may be
tempting to ask whether lim;_, oo Q(¢) = 0? We do not know if this is true because
both Vol(£2;) and sz r2H dj grow like exp(n"T1 t) when {X;} are spheres, while
there is only a factor of exp(—% t) in (1-2). Instead, we take an alternate approach
by first proving Theorem 2 for a convex hypersurface X. The proof in that case
again makes use of Reilly’s formula. When X is merely assumed to be mean
convex and star-shaped, we prove Theorem 2 by reducing it to the convex case
using solutions to the inverse mean curvature flow provided by [Gerhardt 1990]

and [Urbas 1990].

2. Proof of the theorems

Given a compact Riemannian manifold (€2, g) with boundary X, Reilly’s formula
[1977] asserts that

(2-1) / IV2u|? 4+ (V(Au), Vu) + Ric(Vu, Vu) dV
Q

ou ou ou\2
= Au——IIVZu,VEu —2(Avu)——H| — ) du.
[t - )-2(8zge— (50 ) di
Here u is a smooth function on €2; V2, A and V denote the Hessian, the Laplacian
and the gradient on Q; Ay and V= denote the Laplacian and the gradient on X;
v is the unit outward normal vector to X; Il and H are the second fundamental
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form and the mean curvature of ¥ with respect to v; and Ric is the Ricci curvature
of g.

To prove Theorem 1, we need a result of [Ros 1987], which was proved by
choosing Au =1 on 2 and u = 0 at ¥ in the above Reilly’s formula.

Theorem 3 [Ros 1987]. Let (2, g) be an n-dimensional compact Riemannian
manifold with nonnegative Ricci curvature with boundary ¥. Suppose ¥ has
positive mean curvature H ; then

(2-2) nVol(2) < (n— 1)/ 1 du
s H

and equality holds if and only if (2, g) is isometric to a round ball in R".

Proof of Theorem 1. We use’ to denote differentiation with respect to 7. Some basic
formulas along the inverse mean curvature flow (1-1) in R” are

(2-3) H = AE ! |H|2 dp' =d I(Q )/ = / ! d
- = — R _— frd (e) — JR— .
, , o w, V ¢ [ Jo

Let u = r2. Then u satisfies
(2-4) V2u=2g and Au=2n,

where g is the Euclidean metric. Now

(2-5) (/ uH d,u) :/ w'H+uH' +uH)dpu.
E[ Et

Let (-,-) be the Euclidean inner product. By (2-3), (2-4) and the divergence
theorem, we have

1
(2-6) / uw' H dp :/ <Vu, —v>H dp = / AudV =2nVol(Q;).
P P H Q

By (2-4), we also have

ou ou
Av u=Au—H— —V? =2(n—1)— H—
X u u v M(l), U) (l’l ) Iy s

which together with (2-3) and (2-4) implies

A u y|l?
(2-7) /uH’d,u:/ (—L— )du
=, >, H H
2(n—1)  Ou ull?
= - - d
/E,( H ‘o #m )%

2(n—1) / ulll|?
=— du +2n Vol(R2;) — du.
/zt 7 9k (€2) s H Iz
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Substituting (2-6) and (2-7) into (2-5) yields

’ _ 2
(2-8) (/ uH du) — 4n Vol(sz,)+/ (—2(n D _ i +uH) du
pop )27

H H

2(n—1 H
S4nV01(Qt)+/ (— (=D _u —I—uH) du
P H n—1
2(n—1 -2
=4nVo1(s2,)+/ (— (=) n uH)d,,L
)P H n—1

)
< 4n Vol(Q,) — 2n Vol(2,) + n—/ wH dyu
n—1 >,
n—>2
=2nVol(Qt)+—/ uH du,
n—1 >,

where we have used |17]%> > ﬁH 2 in the second line and Theorem 3 in the fourth.
On the other hand, by Theorem 3 again, we have

1
(2-9) Vol(2;) = / ~du > - Vol(@)).
)P H n—1
It follows from (2-8) and (2-9) that
" n=2
(n(n —1)Vol(Q,)— | uH du) > ! (n(n -1 Vol(2;)— | uH d,u)
=, n—1 P

or equivalently

ne 1 /
(2-10) [e—n—f’(n\fol(sz,)——/ rH d,u)] > 0.
n—1 poP!

We conclude that Q(¢) is monotone increasing, moreover Q (¢) is a constant function
if and only if equalities in (2-8) and (2-9) hold. By Theorem 3, we know these
equalities hold if and only if ¥; is a round sphere for all . This completes the
proof of Theorem 1. O

Next, we prove Theorem 2 in the case that ¥ is a convex hypersurface.

Proposition 1. Let X be a smooth, closed, convex hypersurface in R". Then
1
(2-11) n Vol(Q) < —/ r2H dpu,
n—1 )]

where Vol(R2) is the volume of the region Q enclosed by X, r is the distance to a
fixed point O and H is the mean curvature of ¥.. Moreover, equality in (2-11) holds
if and only if 3 is a sphere centered at O.

Remark. Proposition 1 generalizes the first inequality in Theorem 3.2(1) of [Kwong
2012].
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Proof. Apply Reilly’s formula (2-1) to the Euclidean region € and choose u = r?;

we have

2
4n(n—1)Vol(R2) = /H(V):M, Vzu) + 2(A2u)a—u + H B_u du
z; Jdv av
Ay _pgoU o2 —otm—1)— g
where Avzu = Au—H 5 Vau,v)=2n—1)—H R Therefore,

2
(2-12) /H(a—”) d,u:/II(VEu,VEu)d,u—i—4n(n—l)Vol(SZ).
v \dv )

Since X is convex, II( -, -) is positive definite. Hence, (2-12) implies

(2-13) n(n—l)Vol(Q)f%/ H(V(rz),v)zduf/ Hr?dpu.
x )

When n(n — 1) Vol(Q2) = [+ Hr? dj, we must have II(VEu, Vzu) = 0, hence
VZu = 0. This implies that u = r2 is a constant on X, which shows that ¥ is a
sphere centered at O. (|

To deform a star-shaped hypersurface to a convex hypersurface through the
inverse mean curvature flow, we make use of a special case of a general result of
Gerhardt and Urbas:

Theorem 4 [Gerhardt 1990; Urbas 1990]. Let X be a smooth, closed hypersurface
in R™ with positive mean curvature, given by a smooth embedding Xo : S"~1 — R".
Suppose X is star-shaped with respect to a point P. Then the initial value problem

X 1

_— = _v’
(2-14) it H

X(50)=X0()’

has a unique smooth solution X : S"1 x [0,00) — R", where v is the unit
outer normal vector to ¥; = X(S""1,t) and H is the mean curvature of ¥;.
Moreover, X, is star-shaped with respect to P and the rescaled hypersurface s,
parametrized by X (-, 1) = e~/ =D X(. 1), converges to a sphere centered at P
in the €°° ropology as t — oc.

Proof of Theorem 2. By Theorem 4, there exists a smooth solution {3} to the

inverse mean curvature flow with initial condition ¥. Moreover, the rescaled

hypersurface S = {e~!/=Dx | x € £} converges exponentially fast in the C *®

topology to a sphere. In particular, S, and hence =;, must be convex for large t.
Let T be a time when X7 becomes convex. By Proposition 1, we have

1
nVol(27) < —/ r2H du;
n—1 =T
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thus Q(T) < 0. By Theorem 1, we know that Q(¢) is monotone increasing. Hence
0(0) < Q(T) <0, which proves (1-3).

If the equality in (1-3) holds, then Q(0) = 0. It follows from the monotonicity
of Q(¢) and the fact Q(¢) < 0 for large ¢ that Q(¢) = O for all . By Theorem 1,
this implies that X; is a sphere for each . By Theorem 1, X; is a sphere centered
at O for large ¢. Therefore, we conclude that the initial hypersurface X is a sphere
centered at O. O

Remark. It can be shown that Theorem 2 is still true if the mean curvature is
only assumed to be nonnegative. Please refer to the arXiv version of this paper
(1212.1906) for details.
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