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Two new invariants £ 1D and g(1-) were introduced by Du and Yau for
solving the complex Plateau problem. These invariants measure in some
sense how far away the complex manifolds are from having global complex
coordinates. In this paper, we study these two invariants further for ratio-
nal surface singularities. We prove that these two invariants never vanish
for rational surface singularities, which confirms Yau’s conjecture for strict
positivity of these two invariants. As an application, we solve regularity
problem of the Harvey—-Lawson solution to the complex Plateau problem
for a strongly pseudoconvex compact rational CR manifold of dimension 3.
We also construct resolution manifolds for rational triple points by means
of local coordinates and show that f 1D = ¢(I.1) = 1 for rational triple
points.

1. Introduction

Let M be a complex manifold of dimension #. It is a natural question to ask how far
away this complex manifold is from having global complex coordinates. Together
with Hing Sun Luk and Stephen Yau, the first author introduced in [Du et al. 2011]
new biholomorphic invariants that give some measurements for this purpose.

It is well-known that if M is a complex submanifold in C¥, then, given any
global holomorphic p-form o on M, there exists a holomorphic p-form & on CV
such that the restriction of & to M is «. Obviously, & is a p-th wedge product
of holomorphic 1-forms. However, for non-Stein complex manifolds, such as the
resolution manifolds of singularities, the situation is totally different. In particular,
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for surface singularities, we considered in [Du et al. 2011; Du and Yau 2012]
two invariants f(1:1) and g1 and showed that these two invariants are strictly
positive for some special singularities. So the resolution manifolds of these special
singularities do not have the above properties.

A direct application of the positivity of g(l’l) is for solving one of the most
fundamental questions in complex geometry: the complex Plateau problem [Du and
Yau 2012]. Given a strongly pseudoconvex CR manifold X in C¥, the problem asks
when X is the boundary of a complex manifold V' in CV. By the beautiful work of
Harvey and Lawson [1975], as well as [Yau 1981b; Luk and Yau 1998a], X is a
boundary of a complex variety V' with only isolated singularities if X is contained
in the boundary of a strictly pseudoconvex domain in CV. Thus from the complex
Plateau problem point of view, it is very desirable to introduce a numerical invariant
for isolated singularities which never vanishes. However many numerical invariants
such as the geometric genus pg, the arithmetic genus p, and the irregularity ¢
vanish on rational singularities. In [Du et al. 2011; Du and Yau 2012] this idea was
used to introduce two invariants f (1) and gD for jsolated surface singularities.
The invariant g('1) was used in the latter article to solve the regularity problem of
the Harvey—Lawson solution to the complex Plateau problem.

Those two articles provided a detailed study of (-1 and g1 Yau has the
following conjecture:

Conjecture. For all normal surface singularities, the invariants f (1,1 apd gD
are strictly positive.

Du and Yau showed that these two numerical invariants are strictly positive when
the surface singularities have a C*-action. They also gave explicit calculations
for f(1:1) and gV for rational double points and cyclic quotient singularities
and proved that they are exactly 1. In this paper, we shall prove that for rational
surface singularities, f (1) and g1 also never vanish. So, our results in this
paper confirm the conjecture.

Theorem 2.8. For rational surface singularities, f (1) = gD > 1,

As an application, we solve the regularity problem of the Harvey—Lawson solution
to the complex Plateau problem for a strongly pseudoconvex compact rational CR
manifold of dimension 3.

Theorem 3.9. Let X be a strongly pseudoconvex compact rational CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudocon-
vex bounded domain D in CN. Then X is a boundary of the complex submanifold
V C D — X with boundary regularity if and only if gV (X) = 0.

We also construct resolution manifolds for rational triple points by local coordi-
nates. By using these local coordinates, we give explicit calculations of f (1) and
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gD for rational triple points and prove that they are also 1.

Theorem 4.4. For 2-dimensional rational triple points, f(l’l) = g(l’l) =1

2. Invariants of singularities

Let V be a n-dimensional complex analytic subvariety in CV with only isolated
singularities. Yau [1982] considered four kinds of sheaves of germs of holomorphic
p-forms:

(D) f_Zp = Tk Qfl, where 7w : M — V is a resolution of singularities of V.
=p
the smgular set of V.

(3) QF :=QF\ /HP, where HP = {fa+dgrp :aeQly. peQly, f g9}
and 9 is the ideal sheaf of V in CV.

@) Qf = QP /%P, where %P = {w € QL) : wly\y,,, =0}.

where 0 : V\Viing — V is the inclusion map and Vg is

Q{i is the Grauert—Grothendieck sheaf of germs of holomorphic p-form on V.
In case V is a normal variety, the dualizing sheaf wy of Grothendieck is actually
the sheaf Q” Clearly QP QI’} are coherent. Q‘I; is a coherent sheaf because 7 is
a proper map. Q is also a coherent sheaf by Theorem A of [Siu 1970].

In [Du et al. 2011] and [Du and Yau 2012], another two sheaves 8_2%,’1 and §=2%,1
were considered:

Definition 2.1. Let (V,0) be a 2-dimensional Stein analytic space with an isolated
singularity at 0. Let 7 : (M, A) — (V, 0) be a resolution of the singularity with 4
as its exceptional set. Define a sheaf of germs E_Z%,’l as the sheaf associated to the
presheaf

U (T (U), Q) AT (' (U), ),

where U is an open set of V and (I'(z~1(U), Q1 )/\F(]T_I(U) Ql )) represents
the module generated by elements in I' (7~} (U), Q N Tz~ 1(U), 82 ) over the
ring T'(m =1 (U), O0pp).

Definition 2.2. Let (V,0) be a Stein germ of a 2-dimensional analytic space with
an isolated singularity at 0. Define a sheaf of germs S_Z%,’l by the sheaf associated
to the presheaf _ _

U (T(U, Q) AT (U, Q})),

where U is an open set of V.

Du and Yau showed that these two new sheaves are coherent and found the
relation between QV (respectively, €2 ) and Qz (respectively, %,) by short
exact sequence as follows:
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Lemma 2.3 [Du and Yau 2012]. Let (V,0) be a 2-dimensional Stein space with an
isolated singularity at 0. Let w : (M, A) — (V,0) be a resolution of the singularity
with A as its exceptional set. Then 5_2%,’1 is coherent and there is a short exact
sequence

2-1) 0— Qp' — Q% —gh o,
where F1 s q sheaf supported on the singular point of V. Let
(2-2) FUD (M) =T (M. Q3)/(T(M. 24) AT (M. Q})):

then, dim 9?(()1’1) = dim F(l,l)(M)_

Lemma 2.4 [Du and Yau 2012]. Let V be a 2-dimensional Stein space with 0 as its
only singular point. Let 7t : (M, A) — (V,0) be a resolution of the singularity with
A as its exceptional set. Then S_Z%,’l is coherent and there is a short exact sequence

(2-3) O—>§=2%,’1 —>S=2%/—>(§(1’1)—>0
where 4V is a sheaf supported on the singular point of V. Let
@4 GUVM\A) =T (M\A,Q3)/(T(M\A, Q}y) AT (M\A. Q})):

then, dim 4\ = dim G-V (M \ A).
They defined local invariants of singularities which are independent of resolution:

Definition 2.5. Let V' be a 2-dimensional Stein space with 0 as its only singular
point. Let 7w : (M, A) — (V,0) be a resolution of the singularity with A4 as its
exceptional set. Let

2-5) SEV©0) == dimFY = dim FED (),
(2-6) gD (0) := dim %" = dim G-V (M\ 4).
We will omit 0 in £ @1 (0) and g(1*1(0) if the context is clear.
The first author and Yau conjectured that for all normal surface singularities, the

invariants f (1.1) and g(l’l) are strictly positive. This conjecture was confirmed
when the singularities are with C*-action.

Theorem 2.6 [Du and Yau 2012]. Let V be a 2-dimensional Stein space with 0 as
its only normal singular point with C*-action. Then f @D >,

Theorem 2.7 [Du et al. 2011]. Let V be a 2-dimensional Stein space with 0 as its
only normal singular point with C*-action. Then g(l’l) > 1.

Theorem 2.7 is the crucial part for the solution of the classical complex Plateau
problem.
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We will show that these two invariants are strictly positive for rational surface
singularities. So these two invariants tell the difference between smoothness and
singularity more precisely than the geometry genus does in some sense.

Theorem 2.8. For rational surface singularities, f(1:1) = gD > 1,

Proof. Let (V, 0) be a 2-dimensional Stein space with O as its only rational singularity.
So, the geometry genus pg and the irregularity ¢ are both 0. Let 7w : (M, A) — (V, 0)
be a resolution of the singularity with A as its exceptional set. Then
[(M\A,Q3)) I'(M,Q3,)
(T'(M\A, QL m) AT (M\A, Ql )) (M, Q! ) AT (M, Ql ))

and
M, Q2 )

(T(M. QL) AT (M. QL))"

From [Yau 1981a], the canonical bundle Ky is generated by its global sections
in a neighborhood of the exceptional set for rational surface singularities. So, there
exists w € '(M, Q2 27 such that w does not vanish along some irreducible component
Ay of A. As the singularity is rational, Ay is a smooth rational curve. Take a tubular
neighborhood U of Ay such that U C M. By the proof of Proposition 3.9 in [Du
etal. 2011], we know that the elements in (I'(U, Q! AL, Ql ¢7)) vanish along Ap.
Since I'(M, Q1 ) C T, Ql ) the elements in (F(M Ql ) A F(M Ql )) also
vanish along Ay. Thereforea) el'(M, Q2 ) (T (M, Ql )/\F(M Ql )i

(M, Q2 )

gD = dim > 1. O
(T(M, QL) AT (M, QL)) ~

3. The complex Plateau problem for 3-dimensional rational CR manifolds

Yau [1981Db] solved the classical complex Plateau problem for the case n > 3.

Theorem 3.1 [ibid.]. Let X be a compact connected strongly pseudoconvex CR
manifold of real dimension 2n — 1 for n > 3 in the boundary of a bounded strongly
pseudoconvex domain D in C* 1. Then X is the boundary of the complex submani-
fold V C D — X if and only if the Kohn—Rossi cohomology groups Hp P q(X ) are
zerofor1 <g <n-—2.

Luk and Yau [2012] introduced the so-called s-invariant in order to solve the
complex Plateau problem as n = 2. But they could not give even a sufficient
condition on the boundary such that it decides the smoothness in the interior.

Theorem 3.2 [Luk and Yau 2007]. Let X be a strongly pseudoconvex compact
Calabi-Yau CR manifold of dimension 3. Suppose that X is contained in the
boundary of a strongly pseudoconvex bounded domain D in CV . If the holomorphic



78 RONG DU anND YUN GAO

de Rham cohomology H }%(X ) is 0, then X is a boundary of a complex variety V in
D with boundary regularity, and V has only isolated singularities in the interior
and the normalizations of these singularities are Gorenstein surface singularities
with vanishing s-invariant.

Corollary 3.3 [ibid.]. Let X be a strongly pseudoconvex compact CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudocon-
vex bounded domain D in C3. If the holomorphic De Rham cohomology H }%(X )is O,
then X is a boundary of a complex variety V' in D with boundary regularity, and V
has only isolated quasihomogeneous singularities such that the dual graphs of the
exceptional sets in the resolution are star-shaped and all the curves are rational.

Du and Yau [2012] used a new invariant g(1-1) for singularities to generate a
new CR invariant g(1:D (X).

Definition 3.4. Suppose X is a compact connected strongly pseudoconvex CR
manifold of real dimension 3. Put

(3-1) GOV (X) = F2(X) /(1 (X)) AP (X)),

where ¥? denotes the holomorphic sections of A?(7'(X)*) and T(X)* is the
holomorphic cotangent bundle of X. Then we set

(3-2) gD (X) 1= dim GV (X).

Lemma 3.5 [Du and Yau 2012]. Let X be a compact connected strongly pseu-
doconvex CR manifold of real dimension 3, which bounds a bounded strongly
pseudoconvex variety V with only isolated singularities {01, ..., 0} in CN. Then

gD X)) =3, 0D (0)).

Note that this invariant g(1:)(X) can be calculated on X directly. In [ibid.], we
use this CR invariant to give the sufficient and necessary condition for the variety
bounded by X to be smooth if H }% (X)=0:

Theorem 3.6 [ibid.]. Let X be a strongly pseudoconvex compact Calabi—Yau CR
manifold of dimension 3. Suppose that X is contained in the boundary of a strongly
pseudoconvex bounded domain D in CN with H }f (X)=0. Then X is the boundary
of the complex submanifold up to normalization V- C D—X with boundary regularity
if and only if gD (X) = 0.

Theorem 3.7 [ibid.]. Let X be a strongly pseudoconvex compact CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudo-
convex bounded domain D in C3 with H ]3 (X) =0. Then X is the boundary of the
complex submanifold V. C D — X if and only if gV (X) = 0.
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In this paper, we solve the complex Plateau problem for a strongly pseudoconvex
compact rational CR manifold of dimension 3, as a corollary of Theorem 2.8.

Recall the definition of a 3-dimensional rational CR manifold [Luk and Yau
1998b]:

Definition 3.8. Let X be a connected compact strongly pseudoconvex CR manifold
of real dimension 3. Let V' be the normal variety such that the boundary of V' is X
and V has isolated singularities at {01, ..., 0, }. Let # : M — V be a resolution of
the singularities of V. Let U; be a strongly pseudoconvex neighborhood of 0;, for
1 <i < m, such that the U; are pairwise disjoint. Then

pe(X) =) dim(U; = {0}, Q%)/ L2 (Ui —{0;}. Q).

i=1
If pg(X) =0, we call the CR manifold rational.

From the similar proof of Lemma 3.9 in [Du and Yau 2012], we know that
the invariant pg (X) is also decided by the holomorphic sections of holomorphic
cotangent bundle of X . So it is also a CR invariant.

Theorem 3.9. Let X be a strongly pseudoconvex compact rational CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudocon-
vex bounded domain D in CN. Then X is a boundary of the complex submanifold
V € D—X ifand only if gV (X) = 0.

Proof. 1t is clear that rational CR manifolds can bound varieties with only rational
singularities. Then from Theorem 2.8 and Lemma 3.5, we obtain our conclusion. [

4. Explicit calculation of new invariants for special rational triple points

Du et al. [2011] calculated f (LD and gD for rational double points and quotient
singularities. In this section we will calculate these two invariants for rational triple
points. We suppose that V' is a 2-dimensional Stein space with O as its only normal
singularity and that V' is contractible to 0.

Artin [1966] classified the dual graphs of rational triple points of dimension 2
into nine classes, and proved that each rational triple point can be embedded into C*.
Tyurina [1968a] gave explicitly three defining equations for each singularity. Tyurina
[1968b] also proved that a rational triple point is determined uniquely by its dual
graph ([Laufer 1973] totally gave all the dual graphs of singularities with such
property). So, isomorphically, there are nine rational triple points, for which we
use the notations defined in [Chen et al. 2007]:
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Eso: o—o—o—i—o—c E70: o—o—o—o—i—o—o

s

n
- O—O—O—O—I—O—O

where o is a (—2)-curve and e is a (—3)-curve.

In the following computation, we shall use explicit resolutions 7 : M — V of
Amnks Bmans Cmns Dn,s, Ee0, E7,0, Eo,7, Fn,6 and Gy o to compute our new
invariants. Note that for these rational singularities of dimension 2, the irregularity
q is 0, so f @y — g(l’l). In order to calculate our new invariants for these
rational singularities, we must know all the holomorphic 1-forms and holomorphic
2-forms on M. In general, the difficulty for calculating these two invariants is
that the holomorphic 1-forms on the resolution manifolds are hard to express. But
for rational singularities, we can use the following proposition to simplify the
calculation. Campana and Flenner [2002] gave a proof of the following proposition
by using mixed Hodge structure theory, which is of independent interest. We give a
short proof here:

Proposition 4.1. If (V,0) is a rational isolated singularity of dimension 2 and M
is a resolution of the singularity, then H hl M)y=H ,% (M) =0.

Proof. We recall the similar proof in [Du and Yau 2010]. Let 7 : M — V be a good
resolution of the singularity. Let a1 (0)=A=\JA;,1=<i<n,be the irreducible
decomposition of the exceptional set A.

We have the spectral sequence

(4-1) E{Y = HY(M, Q%)= HP*(M,Q},) =~ H?T4(M,C).
The spectral sequence induces an exact sequence of small-order terms

(4-2) 0 Hy (M) —> H'(M.C) > Ey"! — Hy (M)~ H?(M.C) — Ey' —0.

where

(4-3) EY' =ker(H (M, 0p) — H' (M, Q)))),
(4-4) Ey! = coker(H (M, Oy) — HY(M, Q2}))).
So

4-5)  hL(M)—h' (M) +dim E' — h2(M) + h*(M) —dim E}! = 0.
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Since

(4-6) dim Ey'' —dim Ey°" = Y (M, 0pr) — 1 (M, Q},),

we have

@4-7)  hy(M)—h"(M)—h3(M)+h*(M) +h'(M,Cp) —h' (M, Q) = 0.

From [Wahl 1985], we know that

(4-8) WM, Q})=y+q+n=pe—g—b—a—f+n

and

W' (M)=dim H'(A,C) =2g+b, h*(M)=n, h'(M,0y)=pg.

So

(4-9) ha(M)—hj(M)=a+f—g.

From [van Straten and Steenbrink 1985], we know that
Pe=q+g+b+a+pf+y.

Aspg=0,g=g=b=a=B=y.Soh'(M)=2g+b =0. From (4-2) and
(4-9), we get that hj (M) = hy (M) = 0. O

Remark 4.2. In fact, from the above proof, we can get hZ(M )= h,ll(M )=0if
EY' =ker(H'(M,0p) - H' (M, Q},)) = 0.
So, rational singularity is a special case.

Now we can use holomorphic functions and holomorphic 2-forms to express
holomorphic 1-forms on the resolution manifold from the following lemma:

Lemma 4.3. If (V, 0) is rational isolated singularity of dimension2 and w: M —V
is a resolution, then for any & € T'(M, Q]lu) and ¢ € d7(d§), there exists an
f el (M,0p) suchthat ¢ = +d(f), where d is the exterior differential operator.

Proof. From Proposition 4.1 above, we have the exact sequence
d d
0— ['(M,0p) — T(M,Q},) — T'(M, Q3,) — 0.

For £ € '(M, Qzlu) and any ¢ € d=1(d§), d(§ —¢) = 0. So there exists
f el(M,0Op) suchthat £ = ¢+ d(f). O

From the lemma above, we see that in order to get holomorphic 1-forms on M,
we only need to calculate holomorphic functions and holomorphic 2-forms on M.
Laufer [1971] constructed local coordinates for the resolution manifolds of
cyclic quotient singularities such that one can calculate everything explicitly on
the manifolds. Now we are going to construct local coordinates for the resolution
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manifolds of rational triple points to calculate our new invariants because of the
tautness of rational triple points (“tautness” means that the singularity is determined
by its dual graph).

An explicit resolution = : M — V can be given in terms of coordinates and
transition functions on M for each type as follows:

Type Es,0:

Coordinate charts:
W = {(uz, v}, t=0,1,...,4,
Wi = {(us,v;) : uZvg # -1}, t=5,6,
W7 = {(u7,v7)} : u§v$ % —1}.

Transition functions:
u =1/vy, us=1/(uqvy),
{t—i—l /z2 0<i<3 {5 /(244)
Vygp1 = UgVj, vs=ugvz (1l —uy),
{usz 1/(v4(1 —ug)), %u7: 1/vs,
ve = usv3(l —uy4), V7= Uevy.

Exceptional set: A= n"1(0) = Cy U---U C7, where

Co={ur—1=0jU{v; =0}, 1=<1=<4,
Cs ={v3 =1} U{us = 1} U{vs =0},
Ce = {ua = 0} U{ve = 0},

C7 ={ue =0} U{vy; =0}.

A holomorphic function on M can be generated by the following forms:

ujfvf{(l —uy)’ = ué’v§“+2b_c(v3 —1)°

__ .. —a+2b—c, —2a+3b—2c¢c 2 c
=u, v, (u2v5 —1)

— u1—2a+3b—2cv1—3a+4b—3c(u%v? _ l)c
— u63a+4b—3cva4a+5b—4c(u(3)vg _ l)c
— us—b+20U§(1 + u§v5)—a+b—c

— u%a—bvg(l + Mgv6)—a+b—c

— uga—3bv%a—b(1 + ugv%)—a—l—b—c’
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such that
a,b,c>0,
5b>4(a+c),
4-10
( ) 2¢ > b,
5a > 3b.

A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and

(p():duo/\dvo:dul/\dvl =---=du4/\dv4
_dusndvs  dugndve  uzduz Advg
 1+uZus 14ulve 1 4ude?

such that
a,b,c >0,
5b >4 ,
(4-11) = 4a+c)
2¢ > b,
5a + 1 > 3b.
Type E7,0:
Coordinate charts:
Wi = {(ur, v)}, t=0,1,...,5,

Wi = {(us,v) s uivg £ -1}, =67,
We = {(us, vg)} : ugvz # —1}.

Transition functions:
u =1/vy, ueg=1/(usvs),
{H—l /t2 0<i<4 {6 /(255)
Vr+1=UgV7, ve = usvs(l —us),
{u7= 1/(vs(1 —us)), {MSZ 1/v7,
v7=u5v§(1—u5), vg=u7v;’.

Exceptional set: A= n"1(0) = C; U---U Cg, where

C:r={ur—1=0U{v; =0}, 1=<¢t<5
Ce ={vg =1} U{us =1} U {ve = 0},
C7 ={us =0} U{v7 =0},

Cs = {u7 =0} U{vg = 0}.
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A holomorphic function on M can be generated by the following forms:
u5v5 1 —us)¢ = ugvza+2b_c(v4 —1)°

u;a+2b—cv;2a+3b—26(u3v§ _ l)c

— u;2a+3b—20v2—3a+4b—3c(u%vg _ l)c

u1—3a+4b—3cvl—4a+5b—4c(u%véll _ l)c

—4a+5b—4c ,,—5a+6b—5¢c,,4..5 c
U, Vo (ugvg —1)

— b+2€ c(l+u6v6)—a+b c

— 2a b a(1+u7v7) —a+b—c

_ uga—3bv§a—b(l + ugvé)—a—i-b—c’

such that
a,b,c >0,
6b>5 ,
(4-12) =5+
2¢ > b,
5a > 3b.

A holomorphic 2-form can be written as f'¢g, where f is a holomorphic function
on M and

(p0=du0/\dv0=du1/\dv1 =---=du5/\dv5
. due A dvg . du7 A dvy . ugdug N dvg
N 1+ uve N 1 +u2vy N 1+ugv?
such that
a,b,c >0,
6b > 5(a +c),
4-13 -
( ) 2¢ > b,
5a +1>3b.
Type Eo,7:
Coordinate charts:
W;={(ut,vt)} l=0,1,...,5,

Wl = {(Mt,'l)t) M t Ut 7é —1}, = 6, 7,
Wg = {(ug,vs)} : usvg # —1}.
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Transition functions:
ui=1/vy, Ur+1=1/vy,
{ / 0 { t+1=1/ t2 l<i<4
{u6: 1/(usvs), {M7= 1/(vs(1 —us)), ug=1/v7,
v5=u5v§(1—u5), v7=u5v§(1—u5), vg=u7v%.

Exceptional set: A= n"1(0) = C; U---U Cg, where
Ci={u;—1=0}U{v; =0}, 1<t<5,
Ce ={va =1} U{us = 1} U {ve = 0},
C7 = {us =0} U {v; =0},
Cg ={u7 =0} U{vg =0}.
A holomorphic function on M can be generated by the following forms:
u‘slvé’(l —us)¢ = uiv;“+2b_c (vga —1)€
_ u;a+2b—cv3—2a+3b—26 (u3v§ —1)°
_ u;2a+3b—20v2—3a+4b—3c v3 — 1)°
_ u1—3a+4b—3cv1—4a+5b—4c vt — 1)°

_ .. —4a+5b—4c, —9a+11b—9c,, 4.9 c
=Uy Yo (ugvg — 1)

_ . —b+2 2. \—a+b—
=ug " Cvg(l +ugve) 4T

2a—b 2 —a+b—
= u24 P8 (1 + udvy) Tt

3a—2bv2a—b(1 + ugvg)—a-i-b—c’

=ug 8
such that
a,b,c>0,
11»>9 s
(4-14) >9(a+c)
2¢ > b,
3a > 2b.

A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and
Qo = Uoduo/\dl)() =du1 /\dl)l = ---:dus/\dv5
dug ANdve  duz Advy;  dug Adusg
1+uve  14+u2v;  14+udv?’
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such that
a,b,c>0,
116+1>9 ,
(4-15) +1>9(a+c)
2¢ > b,
3a > 2b.
Type G 0:
Coordinate charts:
Wi = {(us, vr)}, t=0,1,....n+1,
W ={(us,vy) : u; v, # —1}, t=n+2,n+4,

Wats = {(Un+3, Unt3)} : Ury3Onts £ —1}.

Transition functions:
%ut—l—l:l/vt’ 0<i<n {un+2=1/(un+1vn+1),
Vb1 = U032, o vn+2=ui+1v3+l(1—un+1),
%“n+3: 1/(n+1(1 —un41)), {Mn+4= 1/vp43,
vn+3:un+lv,%+1(1_un+l)» Un+4:un+3v,2l+3-

Exceptional set: A= mn"1(0)=CyU---U Cy4, where

Ci={ur—1=0U{v, =0}, 1=tr=n+l,
Cnt+2 ={vn = 1} U{upt1 = 1} U vy = 0},
Cnt3 = {unt1 =0} U{vay3 =0},

Cnt+a ={un43 =0} U{vp4a =05

A holomorphic function on M can be generated by the following forms:

MZ+1US+1(1—Mn+1)C—M§n t+1)b—(n—t)(a+c) (n t+2)b—(n—t+1)(a+c)
(un —t ;1 t+1 l)c

—b+3c +b—
=u, 03> ve (L 1y ovp ) 4 FP7¢

2a—b,a —a+b—c
=Up43 Vpys(l+ ”n+3vn+3)

—2b.2a—b

3 2 —a+b—c
= w4 v (L F U471 y) ;
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where 0 <t < n, such that

a,b,c>0,
(n+2)b>m+1)(a+c),
3¢ > b,

3a > 2b.

(4-16)

A holomorphic 2-form can be written as f g, where f is a holomorphic function
on M and

@Yo = duo /\dvo = du1 /\dv1 == dM,H_l /\dvn+1
_ Unt2dunia Advpyr  dupy3 ANdvpys  dupia Adngy
L+t 45 U2 Ly 4 3Vt Ltup qvniy
such that
a,b,c>0,
2)b > 1 ,
4-17) n+2)b>n+1)(a+c)
3c+1>b,
3a > 2b.
Type Dy s:
Coordinate charts:
Wi ={(us, ve)}, t=0,1,....,n+3,
W,={(u,,v,):u%vt7é—1}, t=n+4,n+5n+7,
Wite = {(Unt6.Vnt6)} : Up eUpse # —1}.
Transition functions:
Urr1=1/vy,
{ e+ vt O0<t<n—landt=n+1,n+2,n+5n+6,
_ 2
Ug+1= Ut V7,

{un—i-l: 1/vp, ;Mn+4: 1/(Un+3Vn+3),

_ 3 _ 2
Vp+1= Uy, Un+4=Un+3V;, 1 3(1 —Un43),

Unt+s5=1/(Un+3(1 —Un43)),
{Un-i-S = Upy3vp 3 (1 —uny3).
Exceptional set: A=mn"1(0)=CyU---UCy47, where
C:={u—1=0U{v, =0}, 1<t<n+3andt=n+6n+7,
Cnta ={vn42 =1} U{upy3 = 13 U{vp4q = 0},
Cnts = {un+3 =0} U{vy4s5 =0}
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A holomorphic function on M can be generated by the following forms:

b
”Z+3vn+3(1 —Up+3)°

b —a+2b—c c
=Un42Vnt2 (Vnt2—1)

_ ., —a+2b—c, —2a+3b—2c 2 c
=Upta Vn+1 (Unt1V41— 1)

u(4n 4t+3)b—(3n—3t+2)(a+c) (4n 4t+7)b—(3n—3t+5)(a+c)
- Yt

3n=3142, In=3+5 _ )¢
- (u; -1

—b+2c v —a+b—c
=1, 52 (L) qUnsa)”

_ ..2a-b —a+b—c
= up 4 v s(1+up 5Vnts)

—2b.2a—b
—”n+6 Uyte (1 +”n+6vn+6

—3b. 3a—2b
= upd 7 8 (L +upqvp47)

)a-i—bc

—a+b—c

where 0 <t < n, such that

a,b,c >0,

@An+7)b > Bn+5)(a+c),
2¢ > b,

4a > 3b.

(4-18)

A holomorphic 2-form can be written as f g, where f is a holomorphic function
on M and

o = uovOHduo Advg = u " lduy A dvy
== un_lvn_ldun_l ANdvy—1 = uUpduy Adv, = duy4q Advy 41
dup+a Ndvgig
=dup42 Ndvpto =dupi3z Ndvgyz =—— 35—
_dupysANdvpys  dupte Ndopte  dupyz Advpir

Ituiisonts  LHup quig  LHupgop,,
such that
a,b,c>0,
4-19) @n+7b+n+1>@Bn+5)(a+c),
2¢ > b,
4a > 3b.

Type Fy 6t
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Coordinate charts:
W = {(us, ve)}, t=0,1,...,n+4,
Wy ={(usr,ve) 1 u Ut?'é—l}’ t=n-+5,n+6,
Wat7 = {(Unt7, Vnt7)} © Up 702y s # —1},

Wits = {(Un+8, Vnts)} : UpygVpig 7 — 1}

89

Transition functions:
ur+1=1/vs,
) O<t<n—landt=n+1,n+2,n+3,n+6n+7,
V1= UrVy,
{un+1::1/vns %un+5::1/(un+4vn+4l
Unt1= UnVy, Unts=UntaV; (1 —Unya),

Unt+6= 1/(Vn4a(1 —un+4)),

2
Un+6=Un+4Vp L 4(1 —Unt4).

Exceptional set: A =7"1(0) = C; U---U Cp4g, Where

Ci={ur—1=0}U{v; =0} 1<t<n+4andt=n+7n+38,

Cnts5 ={vn+3 =1} U{unta = 1} U{vpqs =04,
Cnt6 = {unt+4 =0} U{vpte6 = 0}.

A holomorphic function on M can be generated by the following forms:

b
Up 44V 44 (1 —Unya)*

b —a+2b—c c
= Un+3Vp43 (Un+3—1)
_ .. —a+2b—c, —2a+3b—2c¢c 2 c
=Upys Vni2 (Un42V545— 1)
—2a+3b—2c,,—3a+4b—3c 3 c
= Uit Uni1 (Upt1Vp41— D)

_ M(Sn—5t+4)b—(4n—4t+3)(a+c)v(Sn—5t+9)b—(4n—4t+7)(a+c)
- "t t

. (u4n—4t+3v4n—4t+7 . l)c

—b+2c .. c a+b—c
=U,is vsts(14+1p sVnts) ™

__..2a-b.a 2
= Unt6 Vnte(l Uy 6Unts

. 3a—2b_2a—b 3 2
=y 00 (U 4y vp 4

_3b_3a—2b
—“n+8 Vn+8 (1+”n+8vn+8

)—a-i-b—c
)—a+b—c

)a+bc
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where 0 <t < n, such that

a,b,c>0,

Gn+9)b > (4n+7)(a+c),
2¢ > b,

4a > 3b.

(4-20)

A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and

@0 = upvi T dug A dve = ut W duy Advy

=dupt1 Advpy1 =+ =dup44 Ndvpq
_ _dunys Advpys _ dup+e Ndvnte
L+ Uy sVn+s L+ Uy 6Vn+6
_ dup4+7 ANdvgyy _ dup+8 Advy4g
L4y 70n g Lt un gV yg
such that
a,b,c>0,
Gn+9b+n+1=>@n+7)(a+c),
4-21) 2e>b
4a > 3b.
Type Cpy 5t
Coordinate charts:
Wi = {(ur, ve)}, t=0,1,....m+n+2,

Wi ={(us.v0) s ujve # =1}, t=m+n+3.m+n+4.
Transition functions:

%Mt+1= 1/vg,

) O0<t<n—landn+1=<t<m4+n+1,
Vr+1= UV,

{un+1= 1/ v, {um+n+3: 1/ (Um+n+2Vm+n+2),

— 3 _ 2
Un+1= UnVy, Um+n+3= um+n+2vm+n+2(1 —Um+n+2)s

{Mm+n+4: 1/ (Vmtnt2(1 =Umtn+2)).

Umtn+4=Um+n+2Vm 4 pin(1 = Umint2).
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Exceptional set: A= n"1(0)=C1U---UCpinia, Where
C:={u—1=0U{v;, =0}, 1<t<m+n+2,
Cntnt3 ={Vmtn+1 = L U{Umint2 = 1} U{vmyns3 =0},
Crminta = {Umin+2 =0 U{Umints =0}

A holomorphic function on M can be generated by the following forms:

b
Umtnt2Vm4nt2(1 —Umtn+2)°
_ u(m+n+2—t)b—(m+n+1—t)(a+c)v(m+n+3—t)b—(m+n+2—t)(a+c)
- Yt t

) (u;n—i-n—i-l—tv;n—i—n—i-z—t _ l)c

— ylm+3)(n=5)+m+2)1b—[(m+3)(n—s)+m+1)](a+c)
s

. U[(m+3)(n—s)+m+2)]b—[(m+3)(n—s)+m+1)](a+c)
K

. (u§m+3)(n—s)+m+2)v§m+3)(n—s)+2m+3) _ l)c

_,,—b+2c ¢ 2 —a+b—c
= Upin+3Vman+3(L + U 3Vmint3)

—b

_.,2a a 2 —a+b—c
= Uy ntaVmtn+4(1 + Ui gUmtn+a) ’

wheren+1<t<m+4n+1, 0<s <n, such that

a,b,c >0,
(mn+3m+2n+5b>mn+2m+2n+3)(a+c),
2¢ > b,

2a > b.

(4-22)

A holomorphic 2-form can be written as f g, where f is a holomorphic function
on M and

@0 = upvi Hdug A dve = ut W duy Adv;
=...= un_lv,%_ldun_l ANdvy—1 = upduy ANdvy, = dup+q1 A dog4q

dum+n+3 NdVm+n+3

= =dumint2 NdVmynt2 = —

Uty 3Umtn+3
. dumtnta AN dVmin+a

’

2
1+ um+n+4vm+n+4

such that
a,b,c >0,

(4-23) (mn+3m+2n+5b+n+1>mn+2m+2n+3)(a+c),
2¢ > b,

2a > b.
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Type Bm,n:
Coordinate charts:
Wi = {(us, vs)}, t=0,1,...,.m+2,
Wint3 = {(tm+3. Um+3) * Upyy30m+3 £ —1},

Wi = {(us,v;) 0 ul M 2003 oL m+4<t<m+n-+4.

Transition functions:

u =1/vy,
{ t+1 /f2 O0<t<m-lt=m+l,andm+4<t<m+n+3,
{u’"ﬂ: /e Um+3=1/(Um+2Vm+2),
Um+1= umv,a',,, Um+43= Mm+2v,2n+2(1 —Umi2),

{Mm+4= 1/ (Umt2(1 = um+2)),
Umt4=Umt2V (1 —Umy2).

Exceptional set: A=n"1(0) = CyU---U Cpinia, where

Cr={ur—1=0U{v;, =0}, 1<t<m4+2andm+5=<t<m+n-+4,
Cin+3 = {vm+1 = 1} U{umy2 = 1} U{vp43 =0},

Cimta ={um+2 =0} U{vm+s =0}

A holomorphic function on M can be generated by the following forms:

b
U2 Um42 (1 = Um42)°
b —a+2b—
= um+1vm(-li-—ii c(vm'Hl)C
u(3m—3t+2)b—(2m—2t+1)(a+c)v(3m—3t+5)b—(2m—2t+3)(a+c)
t t

A (u%m—2t+lvt2m—2t+3 _ 1)6‘

.. —b+2c..c

2 —a+b—c
= Uy Uyl 254 30m13)

— M§t—m—2)a—(t—m—3)bv§t—m—3)a—(t—m—4)b(ug—m—Zvé—m—3 _ l)c’

where 0 <t <m, m+4 <s <m+n —+ 4, such that

a,b,c>0,
Bm+5b>=2m+3)(a+c),
2¢ > b,

(n+2)a>n+1)b.

(4-24)
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A holomorphic 2-form can be written as f¢o, where f is a holomorphic function
on M and

®o = ug Vg ML Juo A dvg = u’ln_lv’lndul Advg
=...= um_lv,zn_ldum_l ANdVpm—1 = Umdum A doy

=dum+1 ANdvm+1 = dum42 A dvm+2
_dum3 Ndomy3

2
L +us  3Vm+s3
dut /\dvt
1+ ué—m—Zvi—m—3 ’

where m +4 <t <m + n + 4, such that

a,b,c >0,

4-25) BGm+5b+m+1=>=2m+3)(a+c),
2¢ > b,
(n+2)a=>@n+1)b.

Type Am,n,k:

Coordinate charts:

Wi ={(us, ve)}, t=0,1,....m+1,
We = {(uz, v0) s uf "oy £ -1, m+2<t<m+n+l,
We = {(ug,vg) s ™0 L L mtn4+2<t<m+n+k+1.

Transition functions:

{ut+1=1/vt, 0<t<m—1,m+2<t<m+n, or
Vip1=uvZ, m4n+2=<t<m+n+k,

Um+1= 1/vm,

Um42=Um+1Vp 11 (1 —Um1),

Umtn+2= 1/(Um+1Vm+1),

{um+2— 1/ (vm+1(1 —um+1)),

Um+n+2= um+lvm+1(1 Um+1)-
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Exceptional set: A= m"1(0) = Cy1U---UCypyypiki1, Where
C,={ut_1=O}U{vt=0}, t#m+n+2,
Cmtn+2 ={vm = 1} U{um+y1 = 1} U{vmint2 = 0}

A holomorphic function on M can be generated by the following forms:

b
U 4+1Vmt1(1 = Um41)¢

u£2m—21+1)b—(m—t)(a+c)v§2m—2t+3)b—(m—l+1)(a+c) (u;n—t v;n—t+1 - l)c

— ufvs—m)a—(s—m—l)bvgs—m—l)a—(s—m—Z)b (Mi:_m s—m—1 _ l)c’

Us

— u’(‘r—m—n)c—(r—m—n—l)b v’(‘r—m—n—l)c—(r—m—n—z)b

. (u;—m—n v;—m—n—l _ l)c’

where0<t<m,m+2<s<m+n+1l,m+n+2<r<m-+n+k+1,such
that

a,b,c>0,

2m+3)b>(m+ 1)(a +c),

(n+1)a >nb,

(k+ 1)c = kb.

(4-26)

A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and
o = uﬁ"v?“duo Advg = uT_ldeul Advy
== um_lv,zn_ldum_l /\dvm_1 = umdum /\dvm = dum+1 AN dvm+1
dut /\dvt
t—m,t—m—1
1+ u; "v;
dug A dvg

S—m—n,,s—m—n—1"
1 +us vy

where m+2<t<m+n+1, m+n+2<s<m-+n-+k+1,such that

a,b,c>0,
Cm+3)b+m+1>m+1)(a—+c),
(n+1a >nb,

(k+ 1)c > kb.

(4-27)

Theorem 4.4. For 2-dimensional rational triple points, f11 = g(LD) =1,

Proof. We consider only type Eg o as an example; the other singularities are similar.
From the above calculation, we know that the holomorphic functions on M are
generated by a base {uﬁjvf{ (1 —u4)¢} satisfying (4-10), and holomorphic 2-forms
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are generated by a base {u§v b(l —u4)°dug A dvg} satisfying (4-11). For every
holomorphic 2-form w = u§vy (1 —u4)’dug A dvg on M, we consider

u4v4+1(1 —uy)€
b+1

So, & defines a holomorphic 1-form on Wy and d§ = w. In fact, we need to check
that under all changes of coordinate charts, £ transforms to define a holomorphic
1-form in each coordinate chart:

u4v4+1(1 —ug)’duy = — u§+lv_a+2b_c(v3 —1)¢dvs

—a+2b—c —2a+3b 2c+1(u v2 _l)c

g: du4.

du2
a+2b —c+1 2—2a+3b ZC(u v? _1)cdv2

= u2
—2u,
2u—2a+3b —2c 1—3a+4b 3c+1(u%vii . 1)cdu1

2a+3b—2c+1, —3a+4b—3c(, 2.3 c
—3uj V] (uyvy — 1)“dvy

_ 3ua3a+4b—30 a4a+5b—4c+1(u3 4 l)cduo

4u03a+4b 3c+1 04a+5b 4C(u l)cdv()

— _2u5—b+20vg+1(1 +u5v5)—a+b—c—1du5
u—b+2c+IUC(1 + u%vs)_aer_C_ldvs
_zuga —b a+1(1+u ve)~ —a+b—c— 1du6
+u2a b+1v¢61(1+u6v6) —a+b—c— ldv6
— 5u§a—3b+lv%a—b+l(l + ugv%)—a+b—c—ldu7

+ 2u§a—3b+203a—b(1 + Mgv%)—a+b—c—1dv7'

By Lemma 4.3, we can get general expressions for elements in I'(M, Q} M)
Therefore

T'(M,Q2,) B
(NMQUANMQ)Y4MAM’
and
£ = dim (M, 25) =1. O

(C(M, Q) AT (M, QL))
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