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ON THE CONCIRCULAR CURVATURE
OF A (k, u, v)-MANIFOLD

FLORENCE GOULI-ANDREOU AND EVAGGELIA MOUTAFI

We study (k, {t, v)-contact metric 3-manifolds (a notion introduced by Koufo-
giorgos, Markellos and Papantoniou) that are Ricci flat, or are Einstein but
not Sasakian, or satisfy VZ =0, where Z is the concircular curvature tensor,
or satisfy Z (&, X) - Z =0, where £ is the Reeb field, or satisfy Z(¢, X)-S =0,
where S is the Ricci tensor, or finally satisfy R(§, X) - Z = 0, where R is the
Riemannian curvature tensor.

1. Introduction
A contact metric manifold (M, &) is Sasakian if and only if
(1-1) R(X,Y)§ =n(¥)X —n(X)Y = Ro(X, Y)§,
where
(1-2) Ro(X, YU =g, U)X —g(X,0)Y, X,Y,UecX(M).

There exist contact metric manifolds that satisfy the condition R(X, Y)& = 0; for
example, the tangent sphere bundle of a flat Riemannian manifold admits a contact
metric satisfying this condition. D. E. Blair, Th. Koufogiorgos and B. Papantoniou
[Blair et al. 1995] generalized both this condition and the Sasakian case introducing
the (x, p)-nullity distribution on a contact metric manifold

N, u): p—> Np(k,u) ={U e T,M | R(X,Y)U = (kI + nh)Ro(X, Y)U}

for all X,Y € X(M), and (k, ) € R%. A contact metric manifold M?*+! with
& € N(x, ) is called a («, u)-contact metric manifold. In particular we have

(1-3) R(X,Y)§ = (kI +ph)Ro(X, Y)§, X, Y eX(M),

with k < 1 and if « = 1 the structure is Sasakian. The full classification of
these manifolds was given by E. Boeckx [2000]. If & = 0 we have the k-nullity
distribution and if £ € N (k) we have a N (k)-contact metric manifold. Koufogiorgos
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and Ch. Tsichlias [2000] introduced the generalized (k, w)-contact metric mani-
folds, where k and p are real functions, and they gave several examples. Finally,
the (x, i, v)-contact metric manifolds have been introduced by Koufogiorgos,
M. Markellos and V. Papantoniou [Koufogiorgos et al. 2008] where «, u, v are
smooth functions and the curvature tensor satisfies, for every X, Y € X(M), the
condition

(1-4)  R(X,Y)§ =k(nM)X —n(X)Y) 4+ n(n(Y)hX —n(X)hY)
+v(n(Y)phX —n(X)$hY).

D. Perrone defined a H -contact metric manifold as a (2n+ 1)-dimensional contact
metric manifold M whose characteristic vector field (or the Reeb vector field) & is
a harmonic vector field. In [Perrone 2004], it was proved that M (n, &, ¢, g) is an
H -contact metric manifold if and only if £ is an eigenvector of the Ricci operator
Q. The class of H-contact metric manifolds includes several classes of contact
metric manifolds such as Sasakian, n-Einstein, or even generalized (k, u)-contact
metric manifolds. Perrone [2003] also showed that a contact metric 3-manifold
M is a generalized (k, ;)-contact metric manifold on an everywhere dense open
subset of M if and only if its Reeb vector field & determines a harmonic map. In
turn, Koufogiorgos, Markellos and Papantoniou proved that the («, ., v)-condition
on a 3-dimensional contact metric manifold is equivalent to the Reeb vector field
& being a harmonic vector field, at least on an open dense subset of the manifold
[Koufogiorgos et al. 2008]. They proved also that these manifolds exist only in the
dimension 3, whereas such a manifold does not exist in dimension greater than 3;
hence, we restrict ourselves to dimension 3.

On the other hand, many geometers have studied the contact manifolds of constant
curvature and their generalizations like the locally symmetric spaces (VR = 0),
Einstein spaces, the semisymmetric spaces (R(§, X) - R = 0), Ricci semisymmetric
spaces (R(X,Y) - S =0), Weyl semisymmetric spaces (R(X, Y) - C =0), where
R(X,Y) acts as a derivation respectively on R, S, C etc. For example, a contact
metric manifold of constant curvature is necessarily a Sasakian manifold of constant
curvature +1 or is 3-dimensional and flat [Blair 2002, pages 98—99; Olszak 1979].
S. Tanno [1969] showed that a semisymmetric K -contact manifold M 2+l §g locally
isometric to the unit sphere $2**!(1), and that for a K -contact manifold A>"+!
the following conditions are equivalent: (i) M is an Einstein manifold; (ii) M is
Ricci-symmetric, that is, its Ricci tensor is parallel; (iii) M is Ricci semisymmetric,
i.e., it satisfies the condition R(X,Y) - S = 0; (iv) M is &-Ricci semisymmetric,
thatis, R(£,Y)- S =0.

Perrone [1992] showed that if & belongs to the «-nullity distribution and if
R(&,Y)-S =0, then the contact metric manifold is locally isometric to £ s §7(4)
or is Sasaki—Finstein. M. M. Tripathi [2006] proved that a contact metric manifold
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M?*1 such that & belongs to the (k, p)-nullity distribution and R(&, Y)- S vanishes
is either flat and 3-dimensional, or is locally isometric to E"tl x §7(4), oris a
Sasaki—Einstein manifold. Finally, we studied in [Gouli-Andreou et al. 2012],
together with Ph. J. Xenos, the (k, u, v)-contact 3-manifolds in which certain
curvature conditions are satisfied; for instance the Ricci tensor S is cyclic parallel,
or n-parallel or R(§,Y)-S=0.

After the curvature tensor R and the Weyl conformal curvature tensor C, the
concircular curvature tensor Z is the next most important (1,3)-type curvature
tensor. It is defined on a Riemannian manifold (M", g) by Yano [1940a] (see also
[Yano and Bochner 1953]) as

r

0

where R is the curvature tensor, Ry is given by (1-2) and r the scalar curvature.
We remark that Riemannian manifolds with vanishing Z are of constant curvature;
thus the concircular curvature tensor is a measure of the failure of a Riemannian
manifold to be of constant curvature. Z is an invariant of concircular transformations,
which have important geometric and algebraic applications; see [Yano 1940a;
1940b; 1940c; 1940d; 1942; Vanhecke 1977]. Hence, Blair, J. S. Kim and Tripathi
[Blair et al. 2005] started a study of the concircular curvature tensor on M>"+!
contact metric manifolds. They classified N (x)-contact metric manifolds satisfying
Z(&,X)-Z2=0, Z(5,X)-R=0o0r R, X)-Z =0. Similarly, Tripathi and Kim
[2004] classified M>"+! (k, p)-contact manifolds with Z(&, X) - S = 0.

This article is motivated by these studies, and is organized in the following way.
In Section 2 we give some preliminaries on contact manifolds and the concircular
curvature tensor. In Section 3 we present a brief account of («, i, v)-contact 3-
manifolds while Section 4 contains some basic results. Finally, in Section 5 we
study (x, i, v)-contact metric 3-manifolds M satisfying any of these conditions:

(i) M is Ricci flat.

(i) M is Einstein but not Sasakian.
(iii)) VZ =0, where Z is the concircular curvature tensor.
(iv) Z(&,X)-Z =0, where Z(&, X) acts as a derivation on Z.
v) Z(&,X)-S =0, where Z(&, X) acts as a derivation on S.
(vi) R(&, X)-Z =0, where R(&, X) acts as a derivation on Z.

2. Preliminaries

By a contact manifold we mean a smooth manifold M2+, endowed with a global
1-form 7 such that n A (dn)" # 0 everywhere. Then there is an underlying contact
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metric structure (1, &, ¢, g) where g is a Riemannian metric (the associated metric),
¢ a global tensor of type (1,1) and £ a unique global vector field (the characteristic
or Reeb vector field). These structure tensors satisfy the equations

(2-D ¢’ =—1+n1®E nX)=g(X, &), nE =1,

(2-2) dn(X.Y) =g(X,¢Y) = —g(@X.Y), g@X,¢Y)=g(X,Y)—nX)n(¥)
for all X, Y € X(M). The associated metrics can be constructed by the polarization

of dn on the contact subbundle defined by n = 0. Denoting Lie differentiation by
L, we define for all X € X(M) the (1,1)-tensor field

hX = $(Led)X.
We give some basic equations for these tensor fields:
(2-3) ps=hE =0, nop=noh=0, V=0,
Trh =Tr(h¢) =0, h¢=—dh.

If X is an eigenvector of 4 corresponding to the eigenvalue A, then ¢ X is also an
eigenvector of & corresponding to the eigenvalue —A since / anticommutes with ¢:

(2-4) hX =xX = h¢X=—rpX,
(2-5) Vx§ =—¢X —¢hX,
(2-6) (Vxm(Y) = —g@X +ohX,Y),

where V is the Levi-Civita connection of g. We also denote by R the corresponding
Riemann curvature tensor field given by R(X,Y) =[Vx, Vy] — V[x v}, by § the
Ricci tensor field of type (0, 2), by Q the Ricci operator, which is the corresponding
endomorphism field, by r the scalar curvature and by H the ¢-sectional curvature.

A contact metric manifold for which & is a Killing field is called a K-contact
manifold. A contact metric manifold is K-contact if and only if # = 0. A contact
structure on M?"*! implies an almost complex structure on the product manifold
M?*+! x R. If this structure is integrable, then the contact metric manifold is said
to be Sasakian. A K-contact structure is Sasakian only in dimension 3, and this
fails in higher dimensions. More details on contact manifolds can be found in [Blair
2002].

We restrict ourselves to the 3-dimensional case. Let (M, ¢,&,n,g) be a 3-
dimensional contact metric manifold and U the open subset of points p € M where
h # 0 in a neighborhood of p and U the open subset of points p € M such that A =0
in a neighborhood of p. For any point p € U U Uy there exists a local orthonormal
basis {e, ¢e, &} of smooth eigenvectors of 4 in a neighborhood of p. On U we put
he = le, where X is a nonvanishing smooth function which is supposed positive.
From (2-4) we have h¢e = —Age.
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Lemma 2.1 [Gouli-Andreou and Xenos 1998]. On U we have

Vee = age, V.e = boe, Vpee = —cpe + (A — 1)§,
Vepe = —ae, V.pe=—be+ (1+1)§, Vy.pe=ce,
Ve§ =0, Ve = —(1+M)ge, Vpe§ = (1 —MAe,

where a is a smooth function and

bzi[(qﬁe-k)—l-A] with A=S(,e),
2-7) 2
c:ﬁ[(e-)»)-i-B] with B = S(, ¢e).

Lemma 2.1 and the formula [X, Y] = VxY — Vy X yield

le, pe] =V, pe —Vyee =—be+cpe + 2E,
(2-8) [e,§] =Ve§ —Vee =—(a+Ar+Doe,
[pe. &1= Vgt — Vepe =(a — A+ De.

Definition 2.2. Let M3 be a 3-dimensional contact metric manifold and let & =
AhT — Ah™ be the spectral decomposition of 4 on U. If

Vi-xh™ X =[£, k" X]

for all vector fields X on M? and all points of an open subset W of U, and if 7 =0
on the points of M3 which do not belong to W, then the manifold is said to be a
semi-K contact manifold.

From Lemma 2.1 and the relations (2-8), the condition above leads to [&,¢] =0
when X = e and to Vg.¢pe =0 when X = ¢pe. Hence on a semi-K contact manifold
we have a+ A+ 1 =c = 0. If we apply the deformation e — ¢e, pe — ¢, & — —&,
A — —XA,b — ¢ and ¢ — b then the contact metric structure remains the same.
Hence the condition for a 3-dimensional contact metric manifold to be semi-K
contact is equivalenttoa —A+1=5=0.

Definition 2.3 [Blair 2002, page 105; Okumura 1962]. A contact metric manifold
M is said to be n-Einstein if the Ricci tensor S satisfies the condition S =a g+ 8n®n,
where o and 8 are smooth functions on M. In particular, if 8 =0, then M becomes
an Einstein manifold.

Definition 2.4. A Riemannian manifold (M", g) is called Ricci flat if its Ricci
tensor vanishes identically.

Since the Ricci operator Q in dimension 3 determines completely the curvature
of the contact manifold, the vanishing of Q implies the vanishing of the Riemannian
curvature tensor. Hence, the class of Ricci flat manifolds is a hyperclass of the flat
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manifolds, or equivalently a flat manifold is certainly Ricci flat, while a Ricci flat
manifold is an Einstein manifold.

Definition 2.5. A Riemannian manifold (M"™, g), m > 3, is called pseudosymmetric
in the sense of R. Deszcz [1992] if at every point of M the curvature tensor R satisfies
the equation R(X, Y)-R=L{(XAY)-R} where ( XAY)Z=g(Y,Z2)X—g(Z, X)Y
for all vectors fields X, Y, Z on M, the dot means that R(X, Y) and X A Y act as
derivations on R, and L is a smooth function.

If L is constant, then M is a pseudosymmetric manifold of constant type while
if L =0 then M is a semisymmetric manifold.

Definition 2.6. A Riemannian manifold (M", g) is called concircularly symmetric
if the concircular tensor Z satisfies the condition VZ = 0.

All manifolds are assumed connected and all manifolds and maps are assumed
smooth (class C*) unless otherwise stated. Finally, differentiation will be denoted

by “( )"

3. (k, p, v)-contact metric manifolds

A (x, i, v)-contact metric manifold is defined in [Koufogiorgos et al. 2008] by (1-4)
where «, , v are smooth functions on M. If v = 0 we have a generalized («, u)-
contact metric manifold [Koufogiorgos and Tsichlias 2000] and if additionally
Kk, u are constants then the manifold is a contact metric («, @)-space [Blair et al.
1995; Boeckx 2000]. Moreover in [Koufogiorgos et al. 2008] and [Koufogiorgos
and Tsichlias 2000] it is proved respectively that for a («, i, v) or a generalized
(«, n)-contact metric manifold M?"*! of dimension greater than 3, the functions
Kk, u are constants and v is the zero function. We recall some lemmas and equations:

Lemma 3.1 [Koufogiorgos et al. 2008]. For every point p of a (k, i, v)-contact
metric manifold M*' " with « (p) < 1, there exists an open neighborhood U of p
and orthonormal local vector fields X;, X;,&,i = 1,...,n, defined on U such
that

hX; =AX;, hoX; = -1 X;, h&E =0

fori=1,...,n, where A =+/1—«k.

From now on, we will call the vector fields of Lemma 3.1 a local h-basis.
On any (x, i, v)-contact metric manifold we have

(3-1) W=k —-D¢? «k<l,
(3-2) (&-k)=2v(K—1).
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For the 3-dimensional case we have for the Ricci operator Q

(3-3) Q= (5r — k)1 + (—r +3k)n Q& + puh + voh,
(3-4) Q¢ —¢Q =2vh —2udh,
(3-5) r =4k +2H,

where r is the scalar curvature and H is the ¢-sectional curvature. From now on, we
suppose k < 1 everywhere on M3 and we use X, Y, U to denote arbitrary elements
of X(M). We have

2
(3-6) r=tar-ov ”griﬂH( —w,

where A is the Laplace operator and for the gradient of a function f we have

(3-7) g(grad f, X) = X (f) =df(X),

(3-8) E-r)=2¢-«), (-H)=—( x).

For a 3-dimensional (k, w)-contact metric manifold, that is, for constant «, u we

have (see [Blair et al. 1995] and [Markellos 2009])

(3-9) r=2k—p),

(3-10)

RX, VU =pulglY,U)hX —g(X,U)hY +ghY, U)X — g(hX, U)Y]

+v[gY, U)phX — g(X, U)phY + g(¢phY, U)X — g(¢phX, U)Y]
+ &« — H)[g(Y, Un(X) —g(X, U)n(Y)]é
+ & — H)[n(Y)n(U)X —n(X)nU)Y]
+H[g(Y, U)X —g(X,U)Y],

G-11)  (Vxh)Y = — 5758(h X, Y) grad k — 5758 (h X, ¢Y )¢ (grad )
+I(1—K)g(X, pY) +g(hX, pY) —vg(hX,Y)I§
+n(N)k —DPX +hgp X1+ n(X)[nhdY + vhY],

(3-12) (Vx®)Y = g(X +hX, V) —n(Y)(X +hX),

while (Vxoph)Y = (Vxd)hY + ¢ (Vxh)Y is calculated from (3-11) and (3-12):

(3-13)  (Vx¢h)Y =[g(X +hX,hY)+vg(hX, ¢Y))E

— 358 (hX, V)¢ (grad ) + 5758 (hX, ¢Y) grad
+n(V)[(k — D*X +h X1+ n(X)[nhY +vohY].
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From (3-3) and (3-5) we calculate the Ricci tensor S(X, Y) =g(0X, Y):

B-14) SX,Y)=k&+H)g(X,Y)+ (k — H)n(X)n(¥)+ughX,Y)
+vg(phX,Y);
hence,

(3-15) ShX,Y)=k+H)ghX,Y)—uk—D[gX,Y)—n(X)n¥)]
+v(k — Dg(X, ¢Y),

(3-16) S(phX,Y)=(k+H)g(@phX,Y) —v(k — [g(X,Y) —n(X)n(Y)]
+uk—1Dg@X,Y).

4. Some auxiliary results
Equation (1-5) gives for the 3-dimensional case and for all X, Y, U € X (M)
4-1) Z(X,Y)U =R(X,Y)U — ;rRy(X, U,
where Ry is given by (1-2) and hence
(4-2) Ro(§, X)Y =g(X, Y)§ —n(Y)X,
while (1-4) for a (k, w, v)-contact metric manifold is written in the form
(4-3) R(X,Y)e =l +ph+voh)Ro(X, Y)E,
which is equivalent to
(4-4) R, X)=Ro&, (kI 4+ ph+voh)X).
From (4-3) we get
(4-5) R(§, X)§ =xk((X)§ — X) — uhX —vphX.

Proposition 4.1. In a («, i, v)-contact metric manifold M?, the concircular curva-
ture tensor Z satisfies

(4-6) 20X, Vg = ((k = br) 1 + uh + vgh) Ro(X, V)E,

47 Z(E, X) = (k—¢r)Ro(&, X) + nRo(§, hX) +vRo(E, phX).
Consequently, we have

(4-8) Z(E X)E = (c—¢r)(n(X)E — X) — phX —vohX,

(4-9) n(Z(X,Y)§) =0,

4-10) n(Z(E, X)Y) = (k=) (e(X. ) =n(X)n(Y))+ughX,Y)+vg(@hX.Y).
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Proof. Equations (4-1), (4-3), (4-4) lead us to conclude equations (4-6) and (4-7).
Equation (4-7) implies (4-8) while (4-6) and (4-7) imply (4-9) and (4-10) respectively
by virtue of (2-3). ]

Proposition 4.2. In a (k, i, v)-contact metric manifold M> we have
@-11)  S(Z(E, X)Y, &) =2k (k—¢r)(g(X. Y) —n(X)n(Y)) + 2k g (hX, Y)
+2xvg(phX,Y),

(4-12)  S(Z(, X)E.Y) =2k (k —¢r)n(X)n(Y) — (k —¢r) S(X. Y)
—uShX,Y)—vS(@hX,Y).

Proof. For a (k, i, v)-contact metric manifold M3 we obtain from (3-14)

(4-13) S(X, &) =2«kn(X).

From (4-7), (4-10), (4-13) we get (4-11), while (4-8) and (4-13) yield (4-12). U

Proposition 4.3. Let M? be a non-Sasakian (k, jt, v)-contact metric manifold.
() If M3 satisfies

(4-14) vk —H) =0,
(4-15) e —H) =0,
(4-16) 30— H)? + (= D +v?) =0,

then the manifold is either flat or locally isometric to SU(2) or SL(2, R), where
these two Lie groups are equipped with a left invariant metric.

(i) If M? satisfies

(4-17) VH =0,
(4-18) nH =0,
(4-19) K(k —H)+ (k — D(u? +v?) =0,

then the manifold is a generalized (k, )-contact metric manifold with (§ - u) = 0.

Proof. (i) Let M be a 3-dimensional (x, i, v)-contact metric manifold with ¥ < 1
everywhere. We suppose that there is a point p € M where v # 0. The continuity
of this function implies that there is a neighborhood F,, € M of p, where v # 0
everywhere in F), or by virtue of (4-14), k — H = 0. Differentiating this equation
with respect to £ and using (3-8) and (3-2) we conclude that « = 1 everywhere in
F,, which is a contradiction since F, € M. Hence, v =0 everywhere in M and M
is a generalized (k, p)-contact metric manifold.

Similarly we suppose that there is a point p € M where xk — H # 0. There is a
neighborhood F,, € M of p, where k — H # 0 everywhere in F), or by virtue of
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(4-15), u = 0. Setting © = v =0 in (4-16) we are led to %(K — H)? =0 whichisa
contradiction in F,. Hence x — H = 0 everywhere in M and from (4-16), u = 0.
Since in a generalized (k, n)-contact metric manifold the constancy of one of the
k or u implies the constancy of the other [Koufogiorgos and Tsichlias 2000], we
can conclude that « is constant in this N (k)-contact metric manifold. From (3-4)
and because . =v =0 we get Q¢ = ¢ Q; by [Blair et al. 1990, Theorem 3.3] and
the main theorem of [Blair and Chen 1992] such a manifold is either Sasakian, flat,
locally isometric to a left invariant metric on the Lie group SU(2) with ¥ > 0, or
SL(2, R) with x < 0. Finally, we can remark that the equations k — H = 0 and
(3-5) give r = 6k, k < 1, and hence r is constant.

(i1)) We suppose that there is a point p € M where v # 0. Then there is a
neighborhood F, € M of p, where v # 0 everywhere in F), or by virtue of (4-17),
H = 0. Differentiating this equation with respect to & and using (3-8) and (3-2)
we conclude that k = 1 everywhere in F),, which is a contradiction since F, C M.
Hence, v = 0 everywhere in M and M is a generalized (k, p)-contact metric
manifold.

For (4-18), we suppose that there is a point p € M where H # 0. There is a
neighborhood F,, € M of p, where H # 0 everywhere in F), or by virtue of (4-18),
@ = 0. Since u is constant, x is also constant and hence from (3-5) and (3-9),
H = —k — pu or more explicitly H = —«. From (4-19) and because u =v =0
we get k = 0 and obviously H =0, which is a contradiction in F,. Hence H =0
everywhere in M and from (4-19), >+ (k — 1)u?> = 0. Differentiating this equation
with respect to & and by virtue of (3-2) and v = 0 we conclude (£ - n) = 0, while
(3-5) implies r = 4« with k < 1. (|

Remark 4.4. The generalized («, )-contact metric manifolds in dimension 3 with
k < 1 (equivalently A % 0) and (£ - u) = 0 have been studied by T. Koufogiorgos
and C. Tsichlias [2008]. They proved in [2008, Theorem 4.1] that at any point of
P € M, precisely one of the following relations is valid: u = 2(1 ++/1 —«), or
w =2(1 — /1 —«), while there exists a chart (U,(x,y,2)) with P € U € M such
that the functions «, u depend only on z and the tensors fields 7, &, ¢, g take a
suitable form. We can also add that such a manifold according to Definition 2.2 is
a semi-K contact manifold.

Theorem 4.5 [Blair 2002, page 101]. Let M>"*! be a contact metric manifold satis-
fying the condition R(X, Y)& =0. Then M>"*! is locally isometric to E"+' x §"(4)
forn > 1 and flat for n = 1.

5. Main results

Theorem 5.1. A non-Sasakian Ricci flat 3-dimensional (k, u, v)-contact metric
manifold is flat.
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Proof. Since the manifold M is Ricci flat, from (4-13) we have
0=2S(, &) =2«,

or k = 0. Then, (3-2) yields v =0, so M is a generalized (x, ;t)-contact metric
manifold with « = 0. In a generalized (x, ;t)-contact metric manifold the constancy
of one of k or i implies the constancy of the other [Koufogiorgos and Tsichlias
2000], so u is also constant. We set k = v = 0 in (3-14) and by virtue of (3-5) and
(3-9) we have

(5-1) S(X,Y)=plghX,Y)—g(X,Y)+n(X)n(¥)]

for all X, Y € X(M). For any point p € M we consider a local orthonormal /-basis
as in Lemma 3.1. In the last equation we set (i) X =Y =e and (ii) X =Y = ¢e
and since we have a Ricci flat manifold we get respectively

0=2S(e, e) =pn@ -1,
0= S(¢pe, pe) = u(—A—1).

By adding these equations we see that u = 0, and Theorem 4.5 completes the
proof. U

Remark 5.2. For a Sasakian 3-manifold, from Equation (3-14) with k = 1 and
h =0, setting X =Y =& yields S(£, £) =2 and hence a Sasakian manifold cannot
be Ricci flat.

Theorem 5.3. A non-Sasakian Einstein 3-dimensional (k, |4, v)-contact metric
manifold is flat.

Proof. Since the manifold is Einstein, Equation (3-3) gives
(5-2) (3r =€) X + (= 3r +36)n(X)€ + phX +vhX = aX.

For any point p € U as in Lemma 3.1 we consider a local orthonormal /-basis and
we setin (5-2) X =&, X = e and X = ¢pe. We obtain respectively

2k =a, v=0,

%V—K—F)»[L:a, %r—/c—kuza.

We have a generalized («, @)-contact metric manifold with ¥ < 1 or equivalently
A # 0. From the two last equations we get i = 0 and hence « is constant [Koufo-
giorgos and Tsichlias 2000]. In a 3-dimensional (x, ©)-contact metric manifold
r =2(x — (). By substituting r in the last equation we obtain a = 0 or equivalently
k = 0, and Theorem 4.5 completes the proof. U
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Remark 5.4. According to [Yano and Kon 1984, Proposition 3.3, page 38], a
3-dimensional Einstein manifold M is a space of constant curvature. Hence, a
Sasaki-Einstein 3-manifold, since it has constant curvature, must have curvature 1.

Theorem 5.5. If M is a 3-dimensional concircularly symmetric (k, |4, v)-contact
metric manifold, then M is either flat or locally isometric to the sphere S3(1).

Proof. We consider the open subsets of M:

U; ={p € M : k = 1 in a neighborhood of p},
U, ={p € M : k # 1 in a neighborhood of p},

where U; U U is an open and dense subset of M.

In the case where M = U, the manifold is a Sasakian concircularly symmetric
manifold.

Next, we assume that U, is not empty. Differentiating (4-1) and using (1-2),
(2-1), (2-2), (2-5), (2-6), (3-7), (3-10), (3-11), (3-13), with ¥ < 1 everywhere, it
follows that

(VwZ)(X, Y)U =[(W - H) — ¢(W - n)[g(Y, U)X —g(X, U)Y]
+ LW -x) = (W- E)[g(Y, Un(X) — g(X, U)n(Y)I§
HIW-x) = (W-H)]n(X)nU)X —n(X)nU)Y]
+ (W - wlg(Y, UhX — g(X, UYhY +g(hY, U)X — g(hX, U)Y]
+W-v)[g(Y, U)phX —g(X, U)phY +g(phY, U)X — g(¢hX, U)Y]
+ (c — H){[g(Y, U)g(W +hW,$X) — g(X, U)g(W +hW, $Y)]&
+ ()X —n(X)Y]g(W +hW, pU)
+[g(W+hW,pY)X —g(W+hW,¢X)Yn(U)
—[(¥. U)n(X) — g(X, Un(V))(@W + ph W)}
+ 1 (s g W X0 grad e + 55 g (W, 6 X0 (grad )
+[(A=k)g(W, 9X) +g(hW, ¢ X) —vg(hW, X)]&
+ (X[ = DPW +h¢W1+n(W)(nhdp X +vhX)}g (Y, U)
— {5y g (B W, Y) grad k + 558 (W, ¢Y )¢ (grad i)
+[(1=Kk)g(W, ¢Y) +g(hW, ¢Y) —vg(hW, Y)]§
+ (N = DPW +hopW1+n(W)(uh¢Y +vhY)}g(X, U)
+ {58 AW, V(U - 1) — 35ty 8 (W, $Y)(@U - k)
+[(A=k)g(W, ¢Y) +g(hW, ¢Y) —vg(hW, V) In(U)
+n(Y)g((k —DPW +hpW, U)+n(W)g(uhdpY +vhY, U)} X
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— 2 g W, X)W - ) = 558 (W, $X)($U - 1)
+I(1=10)g(W, ¢X) +g(hW, $X) —vg(hW, X)In(U)
+n(X)g((k—1)pW+hoW,U)+n(W)g(uh¢p X+vh X, U)}Y]

0] (sl g (hW, X (grad ) — slrg (hW, ) grad e

+[g(W +hW,hX)+vghW, $X)1E

+1(X)[(k — DG*W +hW]+ n(W)[phX +vohX1}g(Y, U)
— {5y g (W, V)¢ (grad i) — 558 (AW, $Y) grad

+[g(W+hW,hY)+vg(hW, ¢Y)]E

+ (V[ — DG*W + W]+ n(W)[rhY +véhY1}g(X, U)
+ {5528 (AW, V)(@U - k) — 5558 (AW, ¢Y)(U - k0)

+[g(W +hW, hY) +vg(hW, $Y)In(U)

+n(Y)g((k — DG*W +hW, U) +n(W)g(rhY +vehY, U)} X
— {5258 (W, X)(QU - 1) — 55558 (hW, ¢ X)(U - 1)

+[g(W +hW, hX) +vghW, pX)In(U)

(X g((k =D WH+hW, U)+1(W)g(hX +vphX, U)}Y].

In this equation, we set W = £ and by virtue of (2-1), (2-3), (3-8) we obtain

(5-3) (VeZ)(X,Y)U =2(§ -©)[g(Y, U)n(X) — g(X, U)n(¥Y)1§
—3E 08V, U)X —g(X, U)Y]
+(E - wlg(Y, U)hX —g(X, U)hY +g(hY, U)X —g(hX,U)Y]
+E-V)[g(Y, U)phX —g(X, U)phY +g(phY, U)X —g(phX, U)Y]
+u{g(Y, U)(nh¢ X +vhX) — g(X, U)(1uh@Y + vhY)
+g(uheY +vhY, U)X — g(uh¢X +vhX, U)Y}
+v{g(Y, U)(uhX +vphX) — g(X, U)(uhY + vphY)
+g(uhY +vehY, U)X — g(uhX +vphX, U)Y}.

For any point p € U, we consider a local orthonormal s-basis as in Lemma 3.1.
We set in (5-3): X = U =e, Y = ¢pe which yields

(VeZ)(e, pe)e = 5(€ - k)de.

Since the manifold is concircularly symmetric we conclude that

&%) =0,
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or equivalently, by virtue of (3-2), v=0. We setin (5-3): X =e¢, Y =U =£ and
v =0, and get

(VeZ)(e, §)E = A& - e — uoel.

The manifold is concircularly symmetric and hence ¢ = 0. The constancy of u
implies the constancy of k [Koufogiorgos and Tsichlias 2000] and finally [Blair
et al. 2005, Theorem 5.2] completes the proof. ([

Theorem 5.6. Let M a 3-dimensional (x, |4, v)-contact metric manifold. If the
concircular curvature tensor Z satisfies the condition Z(&,X) - Z = 0, then M
is either Sasakian (x = 1), flat or locally isometric to either SU(2) or SL(2, R),
where these two Lie groups are equipped with a left invariant metric and they have
constant scalar curvature r = 6k (k < 1).

Proof. We consider the open subsets of M:

Uy ={p € M : k =11in aneighborhood of p},
={p € M : k # 1 in a neighborhood of p},
where Uy U U, is open and dense subset of M.
In the case where M = U, the manifold is Sasakian and then according to [Blair
et al. 2005, Theorem 4.1], it has constant curvature 1.

Next, we assume that U, is not empty. Note that the condition Z(¢, X)-Z =0
implies (Z(&,U) - Z)(X, Y)& = 0 or more explicitly

Z(E U)Z(X, Y)§-Z(Z(E, U)X, Y)§—-Z(X, Z(§, U)Y)§-Z(X, Y)Z(§, U)§ =0
which by virtue of (1-1), (1-4), (2-3), (4-1), (4-6), (4-7), (4-8), (4-9), (4-10) yields

(5-4) 0=p(k—¢r)In()ghU, X)—n(X)g(hU,Y)]§
+ 1P (Y)g(hU,hX) —n(X)g(hU, hY)JE
+v(k—2r)[n(Y)g(phU, X) —n(X)g(¢phU, ))&
+V’ (V) (@hU, phX) —n(X)g($phU, phY)]&
+(k—3r ) gU, X)Y +u(k—ir)g(hU, X)Y +v(k—ir)g(@hU, X)Y
+u(k—1r)gU, X)hY +pu>g(hU, X)hY + g (¢hU, X)hY
+v(k—2r)g(U, X)phY + pvg(hU, X)phY +v3g(¢phU, X)phY
—(K—%I’) gU,Y)X — ,u(lc—— )g(hU Y)X—v(/c—— )g(¢hU Y)X
—u(k—1r)g(U,Y)hX — n>g(hU,Y)hX — puvg(phU,Y)h X
—v(k—3r)g(U, Y)phX — pvg(hU,Y)phX —v>g(phU, Y)phX
+(k—3r)Z(X, Y)U +nZ(X,Y)hU +vZ(X,Y)phU.
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For any point p € U, we consider a local orthonormal /-basis as in Lemma 3.1. In
5-4)weset X =U =e, Y = ¢e, and by virtue of (2-3), (2-4) we obtain
(5-5) [(K — %r)z — 22w+ vz)]d)e + (K — ér)Z(e, pe)e+ uZ(e, pe)he

+vZ(e, pe)phe = 0.
Equation (4-1) by virtue of (1-2), (2-4) and (3-10) yields

Z(e, pe)e = (—H—i—%r)qbe,

(5-6) Z(e, pe)he = A(—H +¢r) e,
Z(e, pe)phe = A(H — ir)e.

Substituting (5-6) in (5-5) we obtain

VA(H— ér)e + [(K — %I’)(K —H)— Az(uz + v2) — AM(H— ér)]¢e =0,

and hence
(5-7) vA(H—1r) =0,
(5-8) (K—%r)(K—H)—)\Z(MZ—}—vz)—)LM(H—%r)=O,

In (5-4) we set X =e, Y = U = ¢e, and by virtue of (2-3), (2-4) we obtain
5-9) [~(k=1r) + 2202+ D)]e+ (k— 1) Z(e, pe)pe
+uZ(e, pe)hpe +vZ(e, pe)phepe = 0.
Equation (4-1) by virtue of (1-2), (2-4) and (3-10) yields
Z(e, pe)pe = (H— %r)e,

(5-10) Z(e, pe)hpe = A(—H + ir)e,

Z(e, pe)phpe = 1(—H + tr)e.
Substituting the equations (5-10) in (5-9) we obtain

[—(K — %I’)(K —H)+ kz(uz + vz) — AM(H — %r)]e — vk(H— %r)qbe =0,

and hence, in addition to (5-7), we get
(5-11) —(kc—2r)(c — H) + 23 (> +v*) — A (H — Lr) = 0.

Since we work in U, where x # 1 (more precisely ¥ < 1) or equivalently A # 0,
the equations (5-7), (5-8) and (5-11) by virtue of (3-5) yield the equations (4-14),
(4-15) and (4-16). Finally Proposition 4.3 completes the proof. ([
Corollary 5.7. Let M be a 3-dimensional (x, i, v)-contact metric manifold. If the

concircular curvature tensor Z satisfies the condition Z(§, X)-Z =0, then M is a
pseudosymmetric manifold, in the sense of Deszcz, of constant type.
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Proof. From [Blair et al. 1990, Proposition 3.2] this manifold is an n-Einstein and
then [Cho and Inoguchi 2005, Proposition 1.2] completes the proof. (]

Theorem 5.8. Let M be a 3-dimensional (k, i, v)-contact metric manifold. If the
concircular curvature tensor Z satisfies the condition Z(&, X) - S = 0, then M
is either Sasakian (x = 1), flat or locally isometric to either SU(2) or SL(2, R),
where these two Lie groups are equipped with a left invariant metric and they have
constant scalar curvature r = 6k (k < 1).

Proof. We consider the open subsets of M:

Uy ={p € M : k = 1in a neighborhood of p},
Uy ={p € M : k # 1in a neighborhood of p},

where Uy U U, is an open and dense subset of M.

In the case where M = U\, the manifold is Sasakian and according to [Tripathi
and Kim 2004, Theorem 1.4], it has constant curvature 1.

Next, we assume that U, is not empty; we work in U, where « < 1 everywhere.
The condition Z(&, X) - S = 0 or equivalently

0=(Z(E, X)- )Y, W)=Z(&, X)-S(Y, W)—S(Z(E, X)Y, W) =S¥, Z(§, )W)

implies

(5-12) S(Z(E, X)Y, W)+ S(Y, Z(£, X\)W) =0

which in view of (4-11) and (4-12) yields

(5-13)  (k—2r)[S(X,Y) —2kg(X, V)] + p[S(hX,Y) —2kg(hX,Y)]
+V[S(phX,Y) —2kg(phX, Y)] =0.

For any point p € U, we consider an h-basis. In (5-13) setting (i) X =Y =e, (ii)
X =Y = ¢e and (iii)) X = e and Y = ¢e, and by virtue of (3-14), (3-15) and (3-16),
we obtain respectively

(5-14)  (k—2ir)(H —k +ap0) + O H — A — i + ) — v (k — 1) = 0,
(5-15) (/c— %r)(H — K —A)+pu(—AH + Ak — ux + 1) — VZ(K —1)=0,
and (4-14). By virtue of (3-5) and by subtracting (5-15) from (5-14) we obtain

(4-15), while by adding equations (5-14) and (5-15) we get (4-16). Proposition 4.3
completes the proof. U

Corollary 5.9. Let M be a 3-dimensional («, i, v)-contact metric manifold. If the
concircular curvature tensor Z satisfies the condition Z(&, X)-S =0, then M is a
pseudosymmetric manifold, in the sense of Deszcz, of constant type.
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Proof. From [Blair et al. 1990, Proposition 3.2] this manifold is an n-Einstein and
then [Cho and Inoguchi 2005, Proposition 1.2] completes the proof. (]

Theorem 5.10. Ler M3(n, &, ¢, g) be a 3-dimensional (k, i, v)-contact metric
manifold satisfying the condition R(§, X) - Z = 0. Then, there are at most two open
subsets of M> for which their union is an open and dense subset of M, and each
of them as an open submanifold of M? is either (a) a Sasakian manifold or (b) a
semi-K generalized (k, ()-contact metric manifold with (&€ - u) = 0 and r = 4«.

Proof. We consider the open subsets of M:

Uiy ={p € M : k =1 in a neighborhood of p},
Uy ={p € M : k # 11in a neighborhood of p},

where U; U U is open and dense in M.
In the case where M = U\, the manifold is Sasakian and according to [Blair et al.
2005, Theorem 4.3], it has constant curvature 1.
Next, we assume that U; is not empty. Firstly, we remark that the condition
R(&, X)-Z =0 implies (R(§,U) - Z)(X, Y)& = 0 or more explicitly
RE U)Z(X,Y)§—Z(RE, U)X, Y)§—Z(X,R(E, U)Y)§-Z(X,Y)R(E,U)§=0
which by virtue of (1-1), (1-4), (2-3), (3-10), (4-1), (4-9) yields
(5-16) 0= puk[n(¥Y)g(U,hX)—n(X)g(U, hY)]§
+ve[n(¥Y)gWU, phX) —n(X)g(U, ¢phY)I§
+ 1P [n(Y)g(hU, hX) — n(X)g(hU, hY)]E
+ V2 [n(Y)g(@hU, phX) — n(X)g(phU, dphY)]&
+k(k—1r)gU, X)Y +kpug(U, X)hY +kvg(U, X)phY
r)g(U, X —kugU,Y)hX —kvg(U, Y)phX
)g(hU, X)Y + n*g(hU, X)hY + pvg(hU, X)phY

K(K
(k
(k—Lr)g(hU, Y)X — u*g(hU, Y)hX — pvg(hU, Y)phX

(k —Lr)g(@hU, X)Y 4+ nvg(¢phU, X)hY +v>g(¢phU, X)phY
—v(k—3r)g(@hU, Y)X — pvg(¢phU, Y)hX — v g(¢phU, Y)phX
+kZ(X,Y)U 4+ pnZ(X,Y)hU +vZ(X, Y)phU.

K

A= A= QU=
<

+ —
+ —

u
u
v

=

For any point p € U, we consider a local orthonormal 4-basis as in Lemma 3.1. In
(5-16) we set X = U =e, Y = ¢pe and by virtue of (2-3), (2-4) we obtain

Lrvde + % — trc = 12 (WP +7) — trap]pe +k Z(e, pe)e
4+ unZ(e, pe)he +vZ(e, pe)phe =0,
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which by (5-6) gives

vAHe+ [k(k — H) —Az(uz + vz) — A H]gpe =0,

and hence
(5-17) vAH =0,
(5-18) k(i — H) — 2> (u? +v*) —auH = 0.

In (5-16) we set X = e, Y = U = ¢e, and by virtue of (2-3), (2-4) we obtain

[—K2 + %r/c + )»z(uz + v2) — %rk,u]e — %rkvq&e +xZ(e, pe)pe
+uZe, pe)hpe +vZ(e, pe)phpe =0

which by virtue of (5-10) yields

[—k(k — H) 4+ 22(u?> +v?) — AuHle —viHpe =0,
and hence, in addition from (5-17), we get
(5-19) —k(k — H)+22(n*> +v?) —AuH =0.

Since we work in U, where k < 1 or equivalently A # 0, the equations (5-17), (5-18)
and (5-19) yield the equations (4-17), (4-18) and (4-19) and hence Proposition 4.3
completes the proof. Our open submanifold U; is a generalized (k, p)-contact
metric 3-manifold with (§ - ) = 0 and according to Remark 4.4 this submanifold
is a semi-K contact manifold.

We have proved:

(a) If M = U; then M is Sasakian with x = 1.

(b) If M = U, then M is a semi-K generalized (k, n)-contact metric manifold
withk <1, (§-u)=0and r =4«k.

(c) If Uy # @ and U, # &, the union Uy U U, is open and dense in M; also, k =1
in U; and « < 1 in U,. The function « is continuous in U; and in Us. U

Remark 5.11. According to Proposition 4.3 and [Blair 2002, Theorem 7.5, p. 101].
U, becomes flat when u = 0 since Equation (4-19) yields x = 0.
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