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THE NATURAL FILTRATIONS OF FINITE-DIMENSIONAL
MODULAR LIE SUPERALGEBRAS OF WITT AND
HAMILTONIAN TYPE

KELI ZHENG, YONGZHENG ZHANG AND WEI SONG

We study the natural filtrations of the finite-dimensional modular Lie super-
algebras W(n, m) and H (n, m). In particular, the natural filtrations which
are invariant relative to the automorphisms of the Lie superalgebras are
employed in order to characterize the Lie superalgebras themselves.

1. Introduction

In mathematics, a Lie superalgebra is a generalization of a Lie algebra including
a Z,-grading. Lie superalgebras are also important in theoretical physics where
they are used to describe the mathematics of supersymmetry [Varadarajan 2004].
Although many structural features of Lie superalgebras over fields of characteristic
zero (see [Kac 1977; Scheunert 1979]) are well understood, there seem to be very
few general results on modular Lie superalgebras. In particular, the classification
problem is still open for the finite-dimensional simple Lie superalgebras over
fields of positive characteristic (see [Bouarroudj and Leites 2006; Zhang 1997]
for example). The treatment of modular Lie superalgebras necessitates different
techniques which are set forth in [Kochetkov and Leites 1992; Petrogradski 1992].
Elduque [2007] obtained two new simple modular Lie superalgebras. These Lie
superalgebras share the property that their even parts are orthogonal Lie algebras
and the odd parts are their spin modules. In [Zhao 2010] modular representations
of basic classical Lie superalgebras were studied. The Lie superalgebras of Cartan
type play an extremely important role in the study of modular Lie superalgebras.
Recent works on them can be found in [Chen and Liu 2011; Yuan et al. 2011; Zhang
and Fu 2002].

It is well known that filtration techniques are of great importance in the struc-
ture and the classification theories of Lie (super)algebras (see [Block and Wilson
1988; Strade 1993; Kac 1977; Scheunert 1979]). We know that the simple Lie
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(super)algebras of Cartan type possess various natural filtration structures. For
the filtration structures, the invariance may be used to make an insight for the
intrinsic properties and the automorphism groups of those Lie (super)algebras. The
natural filtrations of finite-dimensional modular Lie algebras of Cartan type were
proved to be invariant in [Kac 1974; Kostrikin and Shafarevich 1969]. The finite-
dimensional simple modular Lie superalgebras W, S, and H of Cartan type were
defined in [Zhang 1997] and their natural filtrations were investigated in [Zhang and
Fu 2002; Zhang and Nan 1998]. Recently, the natural filtrations of odd Hamiltonian
superalgebras and special odd Hamiltonian superalgebras of formal vector fields
were investigated in [Ren et al. 2012].

The finite-dimensional modular Lie superalgebras W (n, m) and H (n, m) were
first introduced in [Awuti and Zhang 2008] and [Ren et al. 2011], respectively. In
these papers, their derivation superalgebras were also determined. The starting
point of our studies is the investigation of the ad-nilpotent elements of W (n, m).
Then the natural filtration of W (n, m) is proved to be invariant by the determined
ad-nilpotent elements. In the case of H (n, m), the invariance of the natural filtration
is studied by the methods of minimal dimension of image spaces and the derivation
superalgebras. In view of the above invariance of the natural filtrations we describe
the intrinsic properties of these modular Lie superalgebras.

This paper is arranged as follows. A brief summary of the relevant concepts and
notations in finite-dimensional modular Lie superalgebras W (n, m) and H (n, m) is
presented in Section 2. In Section 3, by using the ad-nilpotent elements of the Lie
superalgebras W (n, m), we show that the natural filtration of W (n, m) is invariant
under their automorphisms. In Section 4, the intrinsic properties with respect to
the natural filtration of finite-dimensional modular Lie superalgebras H (n, m) are
investigated. Besides, the isomorphic relation between H (n, m) and H(n', m’) is
also proved by the method of the natural filtration.

2. Preliminaries

Throughout this paper, F denotes an algebraic closed field of characteristic p > 2,
n is an integer greater than 1. Let Z, N and Ny denote the sets of integers, positive
integers and nonnegative integers. Let Z, = {0, 1} be the residue class ring of
integers modulo 2.

Let A(n) be the Grassmann algebra over F in n variables xp, x2, ..., x,. Set
Br = {(i1,i2, ..., k) | | <ij <ip <--- <ix <n}and B(n) = J;_, Bx, where
B() = . Foru = <i1, i2, ey ik) S B(k), set |u| = k, {M} = {il, iz, ey ik}, and
x" =x;,xiy -+ xi, (9] =0,x7 =1). Then {x“|u € B(n)} is an F-basis of A(n).

Let IT denote the prime field of F, that is, IT = {0, 1, ..., p — 1}. Suppose
that {z1, 22, ..., zm} is a Il-linearly independent finite subset of F. Let G =
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{3, Aizi| A; € I1}. Then G is an additive subgroup of F. Let F[y1, y2, ..., yu] be
the truncated polynomial algebra satisfying yip =1foralli=1,2,...,m. Forevery
element A =Y " | A;z; € G, define y* = yf"yéz -+« yrm. Then y*y" = y**7 for all
A, n € G. Let T(m) denote F[y(, y2, ..., Ym]. Then T(m) = {ZkeG ay* | ay € I]:}.
We denote the tensor product by U = A(rn) ® T(m). Then AU is an associative
superalgebra with Z,-gradation induced by the trivial Z,-gradation of T (m) and the
natural Z,-gradation of A(n), that is, U = Uy & U, where Uy = A(n); @ T(m)
and U; = A(n); ® T(m).

For f € A(n) and o € T(m), we abbreviate f ®a as fa. Then the elements x*y*
with u € B(n) and A € G form an F-basis of U. It is easy to see that U = EB?:O aU; is a
Z-graded superalgebra, where U; = spang{x"* yv* | u € B(n), |u| =i, A € G}. In par-
ticular, Uy =T (m) and U, = span[F{x”yA | e G}, where :=(1,2,...,n) eBn).

In this paper, if A = Ay ® Aj is a superalgebra (or Z,-graded linear space), let
hg(A) = AgU Aj; that is, hg(A) is the set of all Z>-homogeneous elements of A.
If deg x occurs in some expression, we regard x as a Z;-homogeneous element and
degx as the Z,-degree of x. Let A = @/__, A; be a Z-graded superalgebra. If
x € A;, we call x a Z-homogeneous element, i the Z-degree of x and set zd(x) =i.
If y € A, let u(y) denote the nonzero Z-homogeneous part of y with the least
Z-degree.

Let pl(A) = pl5(A) @ pl;(A) denote the general linear Lie superalgebra of the
Z5-graded space A. For ¢ € ply(A) with 8 € Z,, if

@(xy) = p(x)y + (=174 x g (y)

for all x € hg(A) and y € A, then ¢ is called a derivation of A with Z,-degree 6.
Let Derg A denote the set of all derivations of A with Z,-degree 6. Then Der A =
Derg A @ Derj A is a subalgebra of pl(A) (see [Scheunert 1979]), which is called
the derivation superalgebra of A.

SetY={1,2,...,n}. Giveni € Y, let 3/0x; be the partial derivative on A (n)
with respect to x;. For i € Y, let D; be the linear transformation on U such that
D;(x*y*) = (dx*/dx;)y” for all u € B(n) and A € G. Then D; € Der;j U for all
i €Y since 9/dx; € Derj(A(n)).

Suppose that u € By € B(r) andi € Y. When i € {u}, we denote the uniquely
determined element of B _; satisfying {u — (i)} = {u}\ {i} by u — (i), and denote
the number of integers less than i in {u#} by 7 (u, i). Wheni & {u}, we set t(u,i) =0
and x*~% = 0. Therefore, D; (x*) = (—1)*®)x*~{) for any i € Y and u € B(n).

We define (fD)(g) = fD(g) for f, g € hg(U) and D € hg(Der). Since the
multiplication of U is supercommutative, it follows that f D is a derivation of °U.
Let

W (n, m) = spang{x“y*D; |u e B(n), . € G, i € Y}.
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Then W (n, m) is a finite-dimensional Lie superalgebra contained in Der U. A direct
computation shows that

(2-1) [fDi,gD;l1= fDi(g)D; — (—1)eSPideesDiap.(£)D;,

where f, g €ehg(U) and i, j €Y.

Let Dy : U — W (n, m) be the linear mapping such that for every f € hg(U),
Du(f) =3, fiDi, where f; = (—=D)%e/ D;(f). It is easy to see that Dy is
an even linear mapping and D;(f;) = —D;(f;) forall i, j € Y. Let H(n,m) =
{Du(f)| feU and H(n,m)={Du(f)| f € D, WU;i}. Then H(n,m) is a
finite-dimensional Hamiltonian Lie superalgebra, with a Z-gradation H (n, m) =
@?:_31 H;(n, m), where Hy(n,m) = {Dy(x“y") |u € B(n), lu|=i+2, 2 G}. It

was shown in [Ren et al. 2011] that H (n, m) is a subalgebra of W (n, m) and that

(2-2) [Dy(f), Du(g)] =Dy (Z(—l)deg T Di(f)D; (g)),

i=1
(2-3) [Dj, Du(f)1=Du(D;(f)),

where f, g €ehg(U) and j €Y.

Let ® :=T(m)" =T (m) x ---x T(m). Forevery 0 = (h1(¥), ..., h,(y)) € O,
we define §: G — T (m) by 6(2) =211 Ahj(y) for k=370 Ajzj € G Tt
is easy to check that (A +n) = 6(L) +0(n) for A,n € G. For every 8 € O,
let Dy: H(n,m) — H(n,m) be the linear mapping given by DyDy(x"y*) =
6 (M) Dy (x"y*) for x*y* € U. A direct verification shows that Dy € Derg H for all
0 e®.Put Q:={Dy |6 € O}.

3. The natural filtration of W (n, m)

In this section, W always denotes Lie superalgebras W (n, m). Then W = @D} _ ! 1 Wi
is Z-graded, where Wy, = spang{x"“y*D; | lu|=k+1, j € Y}.

Adopting the notion of [Jin 1992], the element x of Lie superalgebra L is called
ad-nilpotent if ad x is a nilpotent linear transformation. The set of all ad-nilpotent
elements of L is denoted by nil(L). Let L) = ®k2j Li;then {L;y| j > —1}1is the
natural filtration of L. If L is Z-graded and finite-dimensional, then L_; C nil(L)
and Ly € nil(L).

Let M,,(F) denote the set of all n x n matrices over F. Notice that dim T (m) = p™.
Without loss of generality, we may suppose that {y, ..., y,»} is a standard [-basis
of T(m). If

n p"
7= Z Zaijqx,-quj e Wy,
i,j=1g=1

where a;;, € T, let
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Ay
p(z) = .
Ap’” npm Xl’l[)m

where Ay = (aijg)nxn € My (F).

Lemma 3.1. Suppose thatz =}/ ;_, Zg:l aijqxiygDj € Wo. If z is ad-nilpotent,
then p(z) is a nilpotent matrix.

Proof. Let I" be the representation of Wy with values in W_;. Then I'(z) = ad z
and the matrix of I'(z) over the basis {y1 Dy, ..., y1Dy, ..., ypm D1, ..., ym Dy}

of W_; is
—(Ay)
A=
_(Ap’")t np™ xnp™

where Ay = (ajjq)nxn € M,(F). Since z is ad-nilpotent, the representation I"(z)
is a nilpotent linear transformation. This implies that A is nilpotent. Therefore,
p(z) = —A! is a nilpotent matrix. O

Lemma 3.2. Ler z = Y 1~ z;, where z; € W; and k <n — 1. If z € nil(W) and
k = 0, then z; € nil(W).

Proof. Suppose that z = z; + 7/, where zz € Wy and 7' € @l”:_kl 1 Wi € Wi
Since z € nil(W), we may assume that (adz)’ = 0. Let x is a Z-homogeneous
element of W with Z-degree i. Then (ad z)'(x) = 0. On the other hand,

(ad2)" (x) = (ad(zx +2'))" (x) = (ad z)" (x) + A,

which implies (ad zx)"(x) +h = 0. It is easy to see that (ad z)" (x) € W+ and
h € Wirtitny = @jzkt+i+l W;. Thus (adzx)'(x) = 0. Since x is an arbitrary
Z-homogeneous element of W, we have (ad z;)' (W) = 0. Then (ad z;)" = 0, that
18, zx € mil(W). O

Suppose that E;; denotes the n x n matrix whose (i, j) element is 1 and otherwise
are zero. Obviously,

(3-1 EijEy =0jkEil,

where § j; is the Kronecker delta.
If z = Z?,j:l 25:1 QijqXiYq Dj e Wy, where dijjq € [, then

n 2n np™
(3-2)  p@)= Z aij1Eij + Z aijpEij +-- -+ Z aijpn Eij.
i,j=1 i,j=n+1 i j=n(pm—1)+1

Let A ={z € nil(W) | adz(W) C nil(W)}.
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Lemma 3.3. Suppose that z = Z,’-‘:—ll Zi,wherez; e W;. If z€ A, then z_; =79 =0.

Proof. Suppose that 0 # z_; =) ;_, 2521 aiqyqDi, where aj, € F. Letaj, #0
and j,/ € Y such that j, [ are distinct. We may assume that d = [z_1, x;x; D;]. A
direct calculation shows that

m

n p’ﬂ
= [Zzaququ,xlijl] Z(aququDl aquIYqDl)

i=1 g=1 qg=1
By (3-1) and (3-2), we have
(o) = (1) (@) En+ (—1)""ay(aj)''E
+ (=" @(+m2) Eqrmasn + (=D agime @ em) ™ E¢Gimyain)

+ (= l)t(a(j-‘rpm—n)p’")tE(l-‘rp’"—n)(l-‘rp’"—n)

—1 —1
+ (=D agprwpr @Gpn—mpm) T Ejpn—nyapn -

Since (aj1)" # 0, we have (p(d))" # 0. So p(d) is not a nilpotent matrix. By

Lemma 3.1, it shows that d ¢ nil(W). By Lemma 3.2, we have [z, x;x; D;] ¢ nil(W).

Then z ¢ A. This contradicts z € A, and proves our assertion that z_; = 0.
Assume that zg # 0. Let zg = Z?,j:l 2521 aijgXiyqDj, aijq € F and

(3-3) I =min{i| a;;; #0, i, j €Y},
(3-4) t =min{j| a;j, #0, i, j € Y}.

(i) Suppose that/ <¢. Let
(3-5) k =max{j|a;j, #0, jeY}
Then a;i, #0. Itis easy to see that r < k. Since [ <t, we have [ < k. Therefore,
k pm n n pm
=) ) @wjgniygDj+ Y Y Y dijgxivgD
j=t g=1 i=l+1 j=t q=1

Assume that [ = k. It follows from ¢ < k that t <. Then t = [, which implies
that

20 = Z ajiqX1yqDr + Z Z Z aijqXiVq D

i=l+1 j=t g=1
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Therefore,
n n
p(z0) = an Ey + Z Zaileij
i=l4+1 j=t
2n 2n
tagenarm2Ecam + ) ) ainky
i=l+1+4n j=t+n

+ .-

Fa@rnpr—1)@npr—1)pm En)@4n)
np™ np™

+ >, ayrE

i=l+14+n(p™—1) j=t+n(p™—1)

Ay
B Cy

Apm

Bpm Cpm np™ xnp™

where Ax = ag+u—1)n)+k—1n)g Ed+k—1m)(+k-1n) s an (I + (k — 1)n)-by-
(! + (k — 1)n) matrix and ¢ € {1, ..., p™}. Since aj;; # 0, we have A is
not a nilpotent matrix. Then p(zg) is not a nilpotent matrix and zy & nil(W).
Lemma 3.2 shows that z & nil(W). This is in contradiction with z € A; thus
| <k.

Suppose that h € Y and h # 1, k. Let d = [zg, xx D;]. From (2-1), we obtain

pm n k
d= Z(alkqxlyq Dy + Z AikgXiYq D1 — Zaquxkyq Dj)-
g=1 i=l+1 j=t

Since [ < k, p(d) also has the form

Ay
By G4

" A

Bym Cpm np™ xnp™

It follows from ay;, # O that A; is not a nilpotent matrix. Then p(d) is not
nilpotent. So z ¢ nil(W) and [z, x; D;] & nil(W). This is in contradiction with
Z€A.

Suppose that < . Let k = max{i | a;;; # 0} and d’ = [z, x; Dy]. Imitating (i),
we may prove that p(d’) is also not nilpotent. The desired result follows. [J

Lemma 3.4. (i) Ifz € WoNnil(W) and h € W1y, then z + h € nil(W).

(i)

Ifi, j are distinct elements of Y, then xiyADj e nil(W) for all A € G.
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(iii) Ifi, j, k are distinct elements of Y, then ax y* Dy + bx;y" Dy € nil(W) and
xixjy’\ Dy € A, where a, b € F and X\, n are arbitrary elements of G.

Proof. (i) A direct verification shows that {ad z} U {ad W(y)} is a weakly closed
subset of nilpotent elements of pl(W). It was shown in [Jacobson 1962, Theorem 1
of Chapter II] that each element of spany({ad z} U {ad W()}) is a nilpotent linear
transformation of W. Then ad z 4 ad A is nilpotent. So z + & is ad-nilpotent.

(ii) To prove (adx; y*D;)? = 0, we may assume without loss of generality that
i < j. Setn is an arbitrary element of G. If k # i, then
(adx;y* D> (x"y" Dy) = [xiy"* Dj, [xiy* Dj, x*y" Dyl
= (—l)T(”’j)[x,-yADj, xix"=Uy i p
=0.
In the case of k =i, we have
(adx;y*D)* (x"y"Dy) = [x;y* D, [x;y*Dj., [xiy* D, x"y" Di]l]
=[x;y*D;,[x;y* D, (= 1)" Dy x Uy D — x4 y* 1)
= (=)D Ly Dy —xpx" "Wy D —xix =y 41D,
=0.
For p > 2 we get (adx; y* D;)? (x"y" Dy) = 0. Therefore (ad x;y*D;)? (W) = 0.
This yields (ad x,-yADj)p =0. Thus x,-yij € nil(W).

(iii) According to (ii) and [xijDk, x;y"Dy] = 0, {adxijDk, adx;y"Dy} is a
weakly closed subset of nilpotent elements of pl(W). So ax;y”* Dy + bx;y"Dy €
nil(W), where a, b € .

Suppose that/ € Y\{i, j, k}. Then x;x;y* Dy € W(1, Cnil(W). Letz = Z?;il Zis
where z; € W;. Without loss, we may assume that [xixjy’\Dk, z] = fo+ fi1, where
fo= [x,-xjy’\Dk, z—1]€ Wy and f1 € W(yy. Letz_1 = 27:1 Znec ar,y" Dy. Then

n

fo=[xix;y" Dy, Z Z arpy"'Di] = — Z(amxijnDk +ajpxiy T Dy).

=1 neG neG
It follows that fy € Wy Nnil(W). Statement (i) shows that fy + f; € nil(W). We
finally obtain x;x;y* Dy € A forall > € G. O

Let Q ={zenil(W) |adz(A) C A}
Lemma 3.5. Q = W(l).

Proof. By the definition of A, we have W) € A. Lemma 3.3 show that A € W(y).
Then [W(l), Al C [W(]), W(l)] - W(z) C A. Thus W(l) c Q.
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Next we will prove Q € W(yy. Letz € Q and z = Zf:_ll z;, where z; € W;.
Assume thatz_1 = | Y 5. any*D; # 0, aj;, € F. Without loss of generality,
we may suppose that a; # 0. Let d = x;x;y" Dy, where i, j, k are distinct elements
of Y and 5 is an arbitrary element of G. By Lemma 3.4 (iii), we have d € A.
Let [z,d] = ho + hy, where hg = [z_1,d] € Wy and h; € W(]). Since a; # 0,
we have hog =Y, (@i xj y* Dy — a;x;y* T Dy) # 0. Lemma 3.3 implies that
ho+h; € A. Itis a contradiction to z € Q. Hence z_; = 0.

Assume that 0 # z9 = Z?,j:l 2511 a;j»XiyqDj, ajjq € F and suppose that / and
t are as the definitions in (3-3) and (3-4). We may suppose that / < ¢ (the proof
is similar to the case ¢t < /) and let k be as definition in (3-5). Similar to the first
part of the proof in Lemma 3.3, we have [ < k. Suppose that 1 € Y \ {/, k, ¢t} and
di = xgxp D;. Lemma 3.4 (iii) shows that d; € A. Let [z,d|] = g1 + g2, Where
g1 =I[z0.d1] € Wy and g» € W(y). Using (2-1), we have

p" n k
g1= Z(aquxlxhquz - Z AingXiXkyg D1 — Zazjquxhquj)-
g=1 i=l+1 j=t

If h < t, then a;, = 0 in the above equality, where i € Y\ {1, ...,/ —1}. Thus

m

p n
[Dp, g11=— Z(alkqxlqul + Z AingXiYqg D1 + apngxiyq Dy —aquxkquj>-
g=1 i=l+1

By (3-2), the matrix p([ Dy, g1]) has the form
Ay
B) C

CApn

Bpm Cpm np™ xnp™

as in Lemma 3.3. Since aj; # 0, A is not a nilpotent matrix. This implies that
o ([Dy, g1]) is not nilpotent. Hence [Dy, g1] & nil(W). Lemma 3.2 shows that
[Drn, g1+ g2] €nil(W), thatis, [ Dy, g1 +g2] € A. Itis contradict with z € Q. Thus
zo = 0. Therefore, z € W1y and Q € W(y). O

It is easy to verify that A and Q are invariant subspaces under the automorphisms
of W. According to Lemma 3.5, W(y) is also invariant under the automorphisms
of W. Since

(3-6) Wy ={xeW|[x, Wil < Wy},
3-7 Won={xeWi_i|lx, WIS Wi_p}, i=>1,
we easily obtain the following theorem.

Theorem 3.6. The natural filtration of W is invariant under automorphisms of W.
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Let 20; = W(;y/ W(i41) for —1 <i <n—1. Then 20; is a Z-graded space. Suppose
that 2 := @f:_il 20;; then 20 is also a Z-graded space. Let x + W(;11) € 20; and
y+ Wi € ;. Define

[x + Witn), y +Wiienl =[x, y1+ Wit 1.

It follows from [20;,20;] C 20,4, that the operator [ , | on 20 is well-defined.
There exists a linear expansion such that 20 has a operator [ , ]. A direct verification
shows that 20 is a Lie superalgebra with respect to the operator [, ]. The Lie
superalgebras 20 is called a Lie superalgebra induced by the natural filtration of W.

Lemma 3.7. W=W.

Proof. Let ¢: W — 20 is a linear map such that ¢(x) = x + W), where
x € Wiy \ Wiit1). A direct verification shows that ¢ is a homomorphism of Lie
superalgebras. Suppose that y € ker ¢p. If y £ 0, then there exists i > —1 such that
vy € Wi\ Wiit1y. Since ¢ (y) =0, we have y + W 1) =0. Hence y € W;41y. That
shows that y = 0. Thus, ker ¢ = 0. Therefore, ¢ is a monomorphism. It follows
from W is finite-dimensional that ¢ is an isomorphism. O

The definition of ¢ shows that, for i > —1
(3-8) dW)={x+WirnlxeWl={x+Wirn|lxe Wyl
= Wa)/ Wit+1) =2;.

Suppose that m, n, m’, n’ are elements of N greater than 1. Similar to W, the Lie
superalgebra W (n’, m’) will be simply denoted by W’. According to the definitions
of A, Q, and 20 in W, we define A’, Q’, and 20’ in W’ using the same method.

Proposition 3.8. Suppose that W = W' and o is an isomorphism from W to W',
Then o (W) = W(/l.)for alli > —1.

Proof. 1t is clear that o(W_y)) = W(’_l) and o (nil(W)) = nil(W’). A direct
verification shows that 0 (A) = A’. Hence o (Q) = Q’. By virtue of Lemma 3.5,

we have Q = W(j) and Q' = W(’l). Thus o (W(1)) = W(’l). By (3-6) and (3-7), the

desired result o (W(;)) = W(’i) for all i > —1 is obtained. O

Lemma 3.9. Suppose that W = W' and o is an isomorphism from W to W'. Then
o induces an isomorphism & from 20 to 00" such that 6 (20;) = 20, for all i > —1.

Proof. Define a linear map 6 : 20 — 20’ such that
o(x+ W(H—l)) =o(x)+ W(/H_]),

where x 4+ W; ;1) € 20;. Because of Proposition 3.8, the definition of & is reasonable
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and

& ([x + Witn, y + WianD = o (x, yD + Wi iy
=[x+ Wi1)), 6 (v + W)l

Thus & is a homomorphism from 20 to 20’. Clearly, ¢ (20;) = 20, for all i > —1.
It shows that & is an epimorphism.

Suppose that y € kero; then y € 2QJ. So we may suppose that y = Z;’:—i 1 Vi
and y; € 20;. Since 20; = W)/ Wiit1), let y; = z; + Wit1), where z; € W.
Hence 6 (y;) = o0 (z;) + W(/i—t-l)' It follows from & (y) = O that Z?;il a(y;) =0.
Thus 6 (y;) = 0, that is, o(z;) + W(/Z.Jrl) = 0. This shows o(z;) € W(/I.Jrl). By
Proposition 3.8, we have z; € 0‘1(W(/l.+1)) = W(i+n. Then y; = z; + W41y =0 for
—1 <i <n—1. Therefore, y =0 and ker 6 = 0. Consequently, & is an isomorphism
induced by o such that 6 (20;) = 20; for all i > —1. O

Theorem 3.10. W = W’ ifand only if m =m’ andn =n'.
Proof. Since the sufficiency is obvious, it suffices to prove the necessity. Suppose
that ¢ : W — 20 is the isomorphism given in the proof of Lemma 3.7. Similarly,
there also exists the ¢’: W' — 20’. According to (3-8) and Lemma 3.9, we have
oW =2W;, ¢'(W)=20;, &) =20,
for —1 <i<n—1.Let ¥ = (¢')"'6¢. Then
YW = @) '5¢Wy) = ()16 (W) = (¢~ (W) = Wi
In particular,  (W_;) = W’ | and ¥ (Wy) = W,. Since dim W_; =dim W’ |, we
getnp™ =n' pml. By virtue of the definition of W;, we have
Wo = spang{x;y"D; e W | i, j € Y, A € G}.

Thus dim Wy = n?p™. By the same method used in W, we may obtain dim Wy =
n2p™ . According to dim Wy = dim W and np™ = n'p™, we have n = n’ and
m = m’. In conclusion, the proof is completed. ([

4. The natural filtration of H (n, m)

In this section we will investigate the question of the natural filtration of the Lie
superalgebras H (n, m). For convenience, H (n, m), H(n, m) and H;(n, m) will be
simply denoted by H, H and H;.

Let H(j) = @ H;. Then

i>j

H=H_1y2Ho2H1 2 2Hu-3 2 Hu-2=0
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is a descending filtration of H, which is called the natural filtration of H. We also
call {H) | k € Z} a filtration of H for short, where Hyy = H if k < —1 and Hy) =0
ifk>n-—2.

Lemma 4.1. Let f; = g; + h;, where fi, gi,hy e Wandi =1,..., k. If the set
{gili=1,...,k}is linearly independent and

spanp{g; |i =1,..., k}Nspang{h; |i=1,...,k} =0,

then {f; |i =1,...,k} is linearly independent.

k k k
Proof. If " a; f; =0, a; € F, then > a;g; = — Y_ a;h;. This shows that

l:l l:] l:1
k

> aigi espang{gi |i=1,....k}Nspang{h; |i=1,...,k}=0.
i=1

Since {g; |i =1, ..., k} is linearly independent, we obtaina; =0,i =1, ..., k. UJ

Lemmad.2. Ifhy, hy, ..., h € H\{0}. If{h; |i =1, ..., k} is linearly dependent,
thensois {u(h;)|i=1,...,k}.

Proof. Since {h; |i =1, ..., k} is linearly dependent, there exist ay, . . ., a; € F such
that Zf:l a;h; =0 and some q; is not zero. We may suppose that a;, ..., a; #0
andasy; =---=a; =0, where 1 <s <k. Let

e =min{zd(u(h;)) |i=1,...,s}.

Without loss of generality, we may suppose that zd(u(h;)) = e fori =1,...,¢
and zd(u(h;)) > e fori =t +1,...,s. It follows from Zle a;h; = 0 that
Zlea,-u(h,-) = 0. Since ay,...,a; # 0, we obtain that {u(h;) |i =1,...,1t}
is linearly dependent. Hence so is {u(h;) |i =1, ..., k}. O
Lemmad4.3. Let g, 82,...,8 €W Ifzd(u(g)) > 1,i=1,...,k, then{g; |i =
1, ..., k} is linearly dependent if and only if {Dy(g;) |i =1, ..., k} is.
Proof. If {g; | i =1, ..., k} is linearly dependent, there exist ay, ..., a; € F, not
all zero, such that Zle a;g;i =0. Clearly, Dy (Zle a,-g,-) = Zle a;Dy(gi) =0.
Hence {Dg(gi) |i =1, ..., k} is linearly dependent.

Conversely, we consider the sufficiency. Without loss of generality, we may
suppose that g = x“y* for u € B(n) and A € G such that Dy (g) = 0. Then

n
D (x"y*) = (=D"D;(x*)y*D;.
i=1
Hence D;(x"*) = 0, which shows that |u| = 0. Thus ker(Dg) = T(m). Since
the set {Dy(g;) | i =1,...,k} is linearly dependent, there exist aj, ..., a; € F,
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not all zero, such that Zle a;Dy(gi) = 0. Then Dy (Zle a;gi) = 0. Hence
S*_ aigi € T(m). Notice that zd(1(g;)) > 1,i =1, ..., k; thus 3 +_ a;; =0,
showing that {g; | i =1, ..., k} is linearly dependent. U

For a superderivation D of a Lie superalgebra L. Set I (D) = dim (Im(D)). If
T is a subset of superderivations of L, we define I (T) =min{/ (D) |0# D € T}.

Theorem 4.4. Suppose that T = ad(hg(H))|y, then I1(T) > np™. Besides,
I(ad Dy (g)) =np™ if and only if 0 £ Dy (g) € span[F{DH(x”y)‘) | A € G}, where
Dy (g) € hg(H).

Proof. For any h € hg(H) we write ad k| simply as ad . A direct calculation
shows that

n
(D (x™y*), Du(x"y")] = Dy (Z(—l)”Di(x”yA)Di(x”y"O
i=1
forve B(n) and A, n € G.
In the case of |[v| > 2 we have

Di (xvyn) — (_l)r(v,i)xv—(i)yn’ Di (xn’y)\.) — (_1)T(ﬂ,i)xﬂ—<i)y)»‘

Clearly, {v— (i)} € {m — (i)}. Then [Dy (x™ y"), Dy (x'y")] = 0 in this case.
In the case of |v] = 1 we may suppose that x”y" = x; y" for some i € Y. Then

[Du(x"y"), Du(xiy")] = Du (Z(—l)"Dj(x”yk)Dj(xiy”)>
j=1
— DH((_1)n+f(7r,i)x7l’—(i)y)u+77).

Since {x™ Oy i cY, A, neGlisa linearly independent set, Lemma 4.3 shows
that {[Dy (x™y*), Dg(x;y")] | i € Y, A,n € G} is linearly independent. Thus
I(ad Dy (g)) = np"™. _

Next we will consider the converse inclusion. Assume that Dy (go) € hg(H) and
Dy (go) ¢ span[F{DH(x”yA) | A € G}. We want to prove that I (ad Dy (go)) > np™.
Suppose that w(Dg(go)) = Dy(g). By Lemma 4.2, it suffices to prove that
I(ad Dy (g)) > np™.

Let g =x"y”, where u € B(n) and A € G. Then 1 < |u| < n. There exist v € B(n)
and n € G such that Dy (x”y") € H. Then

n
[Dy (x“y), Dy (x"y")] = Dy (Z(—l)“'Di(X“y*)Di(x”y”)).
i=1
(1) Suppose that |u| = 1 and x*y* = x; y* for some i € Y, then

[Dy(xiy*), Dy (xVyN)] = —(=1)*"D Dy (x? = y2+n)
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Considering xV~ (), the following statements hold:

Dy (x?~y 1y =0 if [v]=0or 1,
dim{x"="}=C! =~ if v =2,
dim{x?~¥} = C? if |v| = 3,

n—1

dim{x"="y =C"21if [u| =n.
Therefore,
dim{xV= Dy = (C)_ 4+ C 4+ O = = D p™ > np™,

(2) If 1 < |u| < n, then we suppose that |u| =1.
For |v| = 2 we may suppose that x"y” = x;x;y", where j, k are distinct
elements of Y and 7 is an arbitrary element of G. A direct calculation shows
that [Dy (x"y"), Dy (x;xxy")] equals

DH ((_1)\u|((_l)f(u,])xu—(j)xk _ (_I)T(Ll,k)xll—(k)xj)y)u+77) .
Consider Y = (—1)7@ Dy~ xy — (=1)*@R xu=®x; Then the following
statements hold:
T=0 if jjkeuorjkédu,
Y = (—1)T@ D UDYUKEif j ey and k ¢ u,
Y = (= 1)T@Rx KDY if k ey and j ¢ u.
Thus dim Y =1(n —1).
For |v| =1 we may suppose that x"y" = x;y" for some i € Y. Then
[Dr(xiy"), D (xiy")] = (=DM Dy (x =Dy i e Y.
Hence dim(x*~ ) = |u| = [. It is clear to see that [(n — ) +1 > n. Therefore,
I(ad Dy (g)) = U(n =D +Dp™ > np™. O

Theorem 4.5. I (hg(Der H)) = np™. Moreover, for D € hg(Der(H)), we have
1(D) = np™ if and only if D is nonzero and lies in spang{adDy (x™y*) | > € G}.

Proof. By virtue of Theorem 4.4, we have I (ad Dy (x™ y*)) = np™. By [Ren et al.
2011, Proposition 3.7], we obtain

Der H = ad(H +Fy*h) & €,

where h = Zle x;D; and A € G. Hence I (hg(Der H)) <np™. Let D € hg(Der H)
and I (D) < np™. Without loss of generality, we may suppose that

D =adDy(g)+aady*h+ ) byDy,
0e®
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where a, by € F and Dy (g) € hg(H). Then

D(Dp (x"y"))

=[Du(g), Du(x"y")] +a[2 xiy"Dj, DH(x“y")] + Y by Dy(Dp (xy"))
i=1 6e®

for allu e B(n) and n € G.
Next we will prove that a and by are all zero for all € ®.
First of all we consider the coefficient a. A direct calculation shows that

a[Z xiy* D, DH<x"y">] =Y (=D"alxy"D;, Dj(x*)y"D;]

i=1 Q=1
n
= Z (—1)|”|a[xl~yAD,~, (_I)T(M,j)xu—(J)yﬁDj]
i j=1
n
_ Z(_1)|u|+f(u,j)axu*<j>y?HrnDj ifi =],
= j:1

(n—1) Z(_1)IM\+T(usJ')axu—<j)yl+UDj if i  j.
j=1
Using the similar discussion in Theorem 4.4, we obtain

dim (span[F{x”_U)yH”Dj}) > np™

for given j € u. Since n > 1, we have a = 0.
Secondly, the other coefficient by will be considered. For any u € B(n) and
n € G, we have

bgDg(Dy (x“y")) = 8(n) Dy (bpx"y")

=Y (=" by Di (x*) D;f (n)y”
i=1

n
— b9 Z(_1)|u|+r(u,i)xu—<i)Dié(n)yn‘
i=1

By the equality above and the similar discussion in Theorem 4.4, we have

u—(i

dim(spang {x“~“7()y"D;}) > np™.

Hence by =0 for all 6 € ®. Therefore, D =ad Dy (g). It follows from Theorem 4.4
that / (hg(Der H)) = np™. In particular, /(D) = np™ if and only if

0 # D e spang{ad Dy (x" y*) | A € G}. O
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We adopt the notations n’, m’ in Section 3 and let H' = H(n', m’) and G’ =
X hizilheli=1,...,m}.

Proposition 4.6. Let
R = spang{Dy (x"y*) € H |u € B(n), [u| =2, » € G},
R’ =spang{Dy (x"y*) € H' |u e B(n'), |u| > 2,1 € G'}.
If o is an isomorphism from H to H', then 6 (R) = R'.

Proof. 1Tt is easy to see that the map £: D — o Do~ is a bijection. Then &
is an isomorphism from Der H to Der H'. Thus I (hg(Der H)) = I (hg(Der H')).
According to Theorem 4.5, we have

o (spang{ad Dy (x™ yM)})o ~" = spang{ad Dy (x™ y*)},
where 7/ ={1,...,n'} e B(n'), A € G, and " € G’. Note that
n
[Dy (x™y*), Dy (x"y")] = Dy (Z(—l)“Di " yM)D; (x“y’?))

i=1
for u € B(n) and A, n € G. If |u| > 2, then D;(x"y") = (—1)T®Dxu={i)yn apd
D; (x™y*) = (=1)TmDxT =@ yr Since {u — (i)} € {m — (i)}, we have

[Dy (x™y*), Dy (x"y™)] = 0.

Hence
R ={h € H | (spang{ad Dy (x" y")})(h) = 0}.
Similarly, R’ = {h € H' | (spang{ad Dy (x™ y*)})(h) = 0}. Then
(spang{ad Dy (x™ y*)}) (0 (R)) = o (spang{ad Dy (x™ y") Do~ (o (R))
= o (spangfad Dy (x" y*)D(R)
= o (spangfad Dy (x" y*)D(R)
=0o(0)
=0.
Thus o (R) € R’. By the same method above, we have o~ (R") C R. Hence
R’ C o (R). In conclusion, o (R) = R'. O
Lemma4.7. Let H=H_1) 2 Hg) 2 -+ D Hpu—3) 2 Hy—2) = 0 be the natural
filtration of H. Then

Ho =R, Hg={heHi 1 |lh, H1C H; 1)} fori>1.
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Similarly, for the natural filtration of H’,
H(/O) =R, H(/i) =f{he H(/i_l) |[h, H'] C H(/i—l)} fori>1.

Proof. Suppose that M = {h € H(,'_l) | [h, H] C H(i—l)}- Note that H(,') - H(i—l)
and [Hy, H] = [H), H—1)] € H—1). Then the inclusion relations show that
Hipy S M.

Conversely, if h € M, then h € H;_1y. So we may suppose that h = Z?;?_l hj,
where h; € H;. Let hi—y = Y, axD(x"y*), where a; € F, uy € B(n), |ux| =
i—14+2=i+4+1>2,and A € G.

If h;_1 =0, then h € H;. Therefore, the desired result follows in this case.

If h;—y # O, then it follows from h € M that [h, H_1] € H;_1). Hence
[h;—1, H_1] =0, that is,

[Z ag D(x"y*), DH(xiy”)] =0
k

foralli € Y and n € G. As |uy| > 2, there exists i € Y such that
Dy (=)™ D; (x™ y*)) #0.

Hence a; = 0 which is in contradiction with A;_; % 0.
The considerations above show that M C H;y. Therefore,

Hiyy={he Hi_1|[h, HIC H;—1y} fori>1.
Similarly, H(/l.) ={he H(,‘—1) | [h, H] C H(/._l)} fori > 1. O

l l

Proposition 4.8. Suppose that H = H' and o is an isomorphism from H to H',
then o (H;)) = H(/l.)for alli > —1.

Proof. 1f i =0, then Hq) = R and H{ = R’. Proposition 4.6 shows that
O'(H(())) = H(/O)‘
Ifi = —1, then H-1)=H and H{ ;) = H'. Hence 0 (H-1)) = H_.
Next we use induction on i. Assume that o (H(;)) = H;, fori > 1. By Lemma 4.7,
for h € Hi41y, we have h € H(;y as well as [h, H] C H;). Since h € H(;), the

induction hypothesis yields o (h) € H(’l.). Then
o ([h, H)) = [0 (h), o (H)] € [Hy, H'| C H};,.

By Lemma 4.7, we have o (h) € H(/i+l)' This implies that o (H(i+1)) € H(,i+l)‘
Forany h' € H|; ), we want to prove that i’ € o (H(;+1)). The fact i’ € H ;) =
o (H(;) ensures that there exists 7 € H; such that o (h) = h'. It is easy to see
that [1/, H'] C H(/l.) =0 (H(). Since [h', H'] = [0 (h), o (H)]=o[h, H], we have
[, H] € H). Thenh € H(41), thatis, i’ € o (Hi+1)). Consequently, o (H;)) = H
foralli > —1. |
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Theorem 4.9. The natural filtration of H is invariant under the automorphisms

of H.

Proof. 1t is a direct conclusion of Proposition 4.8. (]
Imitating the definition of 2J; in W, we let $; = H(,')/H(H_l) for —1<i<n-3.

Suppose that §) := @?:_31 £, then §) is a Z-graded space. Let x + H(;11) € $; and

y+ Hgjy1) € 9. We define

[x + Hitr, y + Hjvpl =[x, y1+ Hit 11

It is easy to see that the operator [ , ] on $) is well-defined. There exists a linear
expansion such that $) has a operator [ , ]. A direct verification shows that §) is
a Lie superalgebra with respect to the operator [ , ]. The Lie superalgebras $) is
called a Lie superalgebra induced by the natural filtration of H.

By the similar methods used to prove Propositions 3.7 and 3.9, the following
lemmas are easy to obtain.

Lemma 4.10. H = H.
Lemma 4.11. Suppose that H = H' and o is an isomorphism from H to H', then

o induces an isomorphism & from $) to §)' such that 6 ($);) = 9! for all i > —1.
Theorem 4.12. H = H' ifand only if m =m’ andn =n’.

Proof. Since the sufficiency is obvious, it suffices to prove the necessity. Using the
similar methods in the proof of Theorem 3.10, we have dim H_; = dim H” , and

dim Hy = dim H;. It follows from W_; = H_; that np™ =n’ p™ . By virtue of the
definition of H;, we have

Ho = spang{Dy (x;x;y*) € H |i, j € Y, 1 € G}.

Thus dim Hy = C2p™ = %n(n —1)p™. Similarly, dim Hj = %n’(n/ —1)p™. Accord-
ing to dim Hy =dim Hj and np™ = n'p™ , we have n =n’ and m =m’. Consequently,
the desired result follows. ([
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