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SEMIGROUPS: MULTIPLICATIVE CASE

PING ZHONG

We consider a pair of probability measures 1, v on the unit circle such that
(v (z)) = 2/n,(z). We prove that the same type of equation holds for
any ¢ > 0 when we replace v by v X A, and p by M,(p), where 1, is the
free multiplicative analogue of the normal distribution on the unit circle of
C and M is the map defined by Arizmendi and Hasebe. These equations
are a multiplicative analogue of equations studied by Belinschi and Nica.
In order to achieve this result, we study infinite divisibility of the measures
associated with subordination functions in multiplicative free Brownian mo-
tion and multiplicative free convolution semigroups. We use the modified
Y-transform introduced by Raj Rao and Speicher to deal with the case that
v has mean zero. The same type of the result holds for convolutions on the
positive real line. In the end, we give a new proof for some Biane’s results on
the densities of the free multiplicative analogue of the normal distributions.

1. Introduction

Let Jlg be the set of probability measures on R. For every ¢ > 0, Belinschi and
Nica [2008b] defined a family of maps B, : Mr — Mk by setting

B, (1) = (uBCDYVEED e g,

These maps have several remarkable properties. For any ¢ > 0, B, is an endomor-
phism of (Mp+, X)), where Mp+ is the set of probability measures on [0, +00) and
X is free multiplicative convolution. {B;};>¢ is a semigroup and B is the Boolean
to free Bercovici—Pata bijective map.

The maps B, have strong connections with H-infinite divisibility. They are also
connected to free Brownian motion and additive free convolution semigroups. For
w € Mg, we denote by G, the Cauchy transform of  and by F,, the reciprocal
Cauchy transform of . Given a pair of probability measures (, v € Mg such that

Gy(z)=z—F,(z), zeCT,
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we have
(1-1) Gy, (2) =2 —Fg,(2), 1t>0,z€CT,

where y; is the semicircular distribution with variance ¢. This result was generalized
to the multi-variable case in [Belinschi and Nica 2008a; 2009; Nica 2009]. An
equivalent form of (1-1) was used to prove the superconvergence theorem in [Wang
2010]. Anshelevich [2010; 2011a; 2011b; 2012] generalized the above correspon-
dence of 1 <> v and B, () <> v H y; to the context of two-state probability spaces.
Motivated by these generalizations and applications, we study in this article the
analogue of these equations for multiplicative free convolution.

Throughout this article, we denote by T the unit circle of C, by At the set of
probability measures on T, and by .il, the set of probability measures on C with
nonzero mean. We also set

M} = {p € My N My 21, (z) # 0 for all z € D\{0}}.

It was shown in [Belinschi and Bercovici 2005] that one can define multiplicative
free convolution power u* for u € MY and £ > 1.

In [Arizmendi and Hasebe 2013], a family of maps M, which is the analogue of
the semigroup B;, was defined for the probability measures in Jt}. The definition
of M, there was more general; we only need a simpler form defined as follows.
Given p € [} having positive mean, then for # > 0, the map M; is defined by

M, (n) = (MIE(t+1))LxJ1/(t+1)’

where the convolution power wBE+D and the measure M, (1) are chosen in a way
such that they have positive means.
We then state one of our main theorems.

Theorem 1.1. Given a pair of probability measures ju € M} and v € Mt such that

(1-2) (@) = ——, zeD,
W(Z)

we have

(1-3) (s, () = —————,  zeD,
i, (u) (2)

where A, is the analogue of the normal distribution on T with ¥, (z) =exp((t/2)(1+
2)/(1 —2)) and A = A1.

In order to prove Theorem 1.1, we consider two semigroups v X A; and p2¢+D
for all # > 0. It is well-known that n,x;,, and 1, Ra+n are subordinated to 1, and
nu respectively. We prove that the subordination functions are n-transforms of
some X-infinitely divisible probability measures on T. It turns out that the equation
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¥ (nv(2)) = z2/n,(z) means that the subordination function of n,x;, with respect
to 1, and the subordination function of 7,z with respect to n, are the same.
The proof of Theorem 1.1 will be given in Subsection 3.5.

Given p € A, we prove that if £ can be defined and 7 = 18 subordinated to
n, for all ¢ > 1, then u € MF; in addition, we prove that for nontrivial measures
u € Mt and v € $% (KX, T), the density functions of the measures u X v, and >
converge to 1/2m uniformly as ¢t — oo.

To deal with the case that v € Mt\Jl,, we use the modified S-transform [Ariz-
mendi 2012; Rao and Speicher 2007] to study subordination functions. In this
case, the subordination function of 7,x;, with respect to n,, is generally not unique.
However, we can prove that there exists a unique subordination function satisfying
certain properties (see Theorem 3.11). Let p; be the measure associated with this
subordination function of 1,x;, with respect to n,,, we have that X, (z) = X3, (1, (2)).

Similar results to Theorem 1.1 for multiplicative convolution on JMg+ are also
valid. The proof for this case is much simpler because of the uniqueness of multi-
plicative convolution powers and the uniqueness of subordination functions.

Finally, we give a new proof for some results concerning the density functions of
the free multiplicative analogue of the normal distributions studied by Biane [1997¢],
and we obtain some new results. For example, for A, (¢ > 0) the free multiplicative
analogue of the normal distributions on T, we prove that A, is unimodal.

This article is organized as follows. After this introductory section, we describe
some backgrounds in the additive case in Section 2. In Section 3, we consider mul-
tiplicative free and multiplicative Boolean convolution on Jilt, and prove our main
theorems. Section 4 is devoted to studying multiplicative free and multiplicative
Boolean convolution on Mp+. The regularity properties of the free multiplicative
analogue of the normal distributions are discussed in Section 5.

2. Background: additive case

Additive free convolution and additive Boolean convolution. For a measure pu €
Mg, we define the Cauchy transform G, : Ct — C~ by

too
GM(Z):/ ZTth(t), Z€C+.

o0
We set

Fu(z)= zeCt,

1
1@’
so that F,, : C* — C™ is analytic.
The following result characterizes those functions which are reciprocal Cauchy
transforms of probability measures.
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Proposition 2.1 [Bercovici and Voiculescu 1993]. Let F: C™ — C™ be an analytic
function. The following assertions are equivalent:

(1) There exists a probability measure p on R such that F(z) = F,,(2) in C*.

(2) There exists a € R, and a finite positive measure p on R such that

T 1 +17

F(z):a+z+/ dp(t) forallz€C™.

—c0 -z
(3) limy_, 4o F(iy)/iy = 1.

It was proved in [Bercovici and Voiculescu 1993] that F, is invertible in some
domain. More precisely, for two positive numbers M and N, we set

FM’Nz{zeC+:|x|<My, y> N}

Then for any M > 0, there exists N > 0 such that the left inverse F;l of F), is
defined in I'y; y, and then we can define the Voiculescu transform of p by

ou(@) =F;' () -z,
for z € I'jyy y. For any two measures u, v € Mg, we have
(2-1 @By (2) = Pu (2) +ou(2)

in any truncated cone I'y; y where ¢, ¢, and ¢,m, are defined. This remarkable
result was proved in [Voiculescu 1986] for compactly supported measures and then
extended to general cases in [Bercovici and Voiculescu 1993; Maassen 1992].

Given v € Jlg, we say that v is B-infinitely divisible if for every positive integer
n, there exists a probability measure vy, € Jlg such that

v:vl/,,Eﬂvl/nHH---Bﬂvl/,,.

n times

It is known [Bercovici and Voiculescu 1993; Maassen 1992; Voiculescu 1986] that
a probability measure v on R is H-infinitely divisible if and only if its Voiculescu
transform ¢, has an analytic extension defined on C* with values in C~ UR. We
denote by $%(H, R) the set of all EH-infinitely divisible probability measures on the
real line. If v € $9%(H, R), then for every ¢ > 0, there exists a probability measure
v; such that ¢, (z) = t¢,(z) for z in the common domain of ¢, and @,,.

Proposition 2.2. Let v is H-infinitely divisible, and let H(z) = z + ¢, (z). Then
(2-2) H(F\(2) =z

forz € CT. The set U :={z € C* : JH(z) > 0} is a simply connected domain with
boundary which is a simple curve and H maps Ct conformally onto U. Moreover,
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the boundary 0U is the graph of a function and the function H is continuous up to
the real axis.

Proof. The first part of the assertion appears in [Bercovici and Voiculescu 1993;
Voiculescu 1986], and the second part of the assertion follows from the fact that H
satisfies the conditions of [Belinschi and Bercovici 2005, Proposition 4.7]. The last
part of the assertion is due to [Chistyakov and Gotze 2013, Lemma 3.3; Belinschi
and Bercovici 2005, Proposition 4.7]. O

Additive Boolean convolution was introduced in [Speicher and Woroudi 1997].
For u € Mg, we set E, (z) = z — F,(z). For u,v € g, the additive Boolean
convolution u Wv is characterized by the identity

E,(z2) =E,(z) +E,(z) forzeC™ .

We can also consider the infinite divisibility with respect to additive Boolean
convolution. It turns out that every u € JMg is W-infinitely divisible; see [Speicher
and Woroudi 1997]. We denote by $% (¥, R) the set of all W-infinitely divisible
probability measures on the real line.

Infinite divisibility and subordination functions. Given pu, v € AR, it is known
that F,,m, is subordinated to F, and F,, and by Proposition 2.1, we can also regard
these subordination functions as the reciprocal Cauchy transforms of probability
measures on R.

Definition 2.3. For u, v € Jlg, the subordination distribution [Anshelevich 2012;
Lenczewski 2007; Nica 2009] u[Hv is defined to be the unique probability measure
in Mg such that F,m, (z) = F, (Fum.(2)).

Many subordination distributions in semigroups related to free convolution are
infinitely divisible; see [Anshelevich 2012; Nica 2009].
Proposition 2.4. Let u, v € M.

(1) ¢umv(@) = (gu o F1)(2).
2) If ue $99(H, R), then uBv € $%(H, R). In particular, y,[Hv € $D(H, R) and
©y,mv(2) =1G\(2), where y; is the semicircular distribution with variance t.
(3) If v= BV forv' € Mg, then n[Bv € D, R). In particular, B u €
ID(H, R), and ¢m5,,(2) =z — F,.(2).
Proof. Part (1) is Lemma 1 of [Anshelevich 2012]. Note that ¢,,(z) = ¢/z and

(9o F,)(2) = z— F,(2); parts (2) and (3) follow from part 1 and Lemma 2 of
[Anshelevich 2012]. See also [Chistyakov and Gotze 2011, Corollary 2.3]. O

The following result was inspired by a question of Michael Anshelevich [2012],
to whom I am grateful for sending me an updated version of his paper.
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Lemma 2.5. Given t, p € Mg, if t[B p € $9(B, R), then p Bt is defined for all
t > 0 in the sense that ¢, + tg; is the Voiculescu transform of a positive measure.
Moreover, F g 5y = Fp(F g )@ (2))-

Proof. Let o = t[H p and o, = ™. By Proposition 2.1, there exists a unique
probability measure u, € Mg such that

Fp,, :Fp(Fc,(Z))'
We claim that ¢, (z) = ¢,(2) + 1@ (z). Indeed, by Proposition 2.4, we have

F '@ —z2=1t95(2) =1 9: (Fp(2)),
and we thus obtain
Ou (Fp(2) =F;'(Fy(2) = Fy,(2) =F; ' (2) = Fy(2) =F, ' (2) =2+ 2= F,(2)
=19 (F,(2)+F, (Fy(2)) — F, ().

By analytic continuation, we conclude that

o@D =1 9:+F,' (D) —2=0,(2) +1-9:(2),
which completes the proof. U

Remark. There are examples p, T € Jg such that 7 [H p € $%(H, R) but t does
not lie in $%(H, R) and is not a summand of p; see [Anshelevich 2012].

Combining Proposition 2.4 and Lemma 2.5, we can reconstruct Nica—Speicher
free convolution semigroups [Belinschi and Bercovici 2004; Nica and Speicher
1996] as follows.

Theorem 2.6. Given € Mg, the measure u™ € Mg is defined by @ (2) =19, (2)
forall t > 1. Moreover, there exists an analytic map w; : Ct — C" such that for
z € C* the following conditions are satisfied:

o Fmi(z) = Fu(w(2)).
* 0 = Fup e ().
* QumpBEcy = —1)(z—Fu(2)) forallt > 1.

Let H;(z) = z+ (t — 1)(z — F.(z)). By Proposition 2.2 and Theorem 2.6, we
know that H, is the left inverse of w; such that H,(w,(z)) = z for z € C*. Therefore,
for t > 1, we can write

2-3) w@=2+(1-1)Fa@-2, zect
We deduce from (2-3) and the definition of w, in Theorem 2.6 that, for r > 0,

1
2= Fmm (2) = (1 - H—_1> (z = F s (2)),
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which implies that
@4 (B )™ (2) = (A D)),

Two formulas related to free Brownian motion. Given u € Jlg, we construct
subordination functions w, as in Theorem 2.6. Let o, = (u B w)® € Mp; then
wiy1 = F,,(z) for t > 0. Given v € Mg, let p, = y; [Hv and let F; = F), (z) for
all t > 0. From Proposition 2.4 and Theorem 2.6, we know that p, and o; are
H-infinitely divisible and their Voiculescu transforms are given by ¢,, (z) =tG, and
¢s,(z) =t(z— F,(2)). By comparing Voiculescu transform of p; with Voiculescu
transform of o;, we deduce that F; = w,; for some ¢ > 0 if and only if G, (z) =
z—F,(2).

For t > 0, Belinschi and Nica [2008b] constructed a transformation B, : Mg — Mg
such that

B () = (P for e g,

They also showed that B; is a semigroup and B, = B, where
B: %9y, R) — $9(H, R)

is the bijective map from the W-infinitely divisible distributions to the H-infinitely
divisible distributions, discovered in the seminal [Bercovici and Pata 1999].

Theorem 2.7 [Belinschi and Nica 2008b]. Let u and v be a pair of probability
measures on the real line such that

(2-5) Gy(z)=z—F,(z2), zeC'.

Then we have
Gymy, (2) =z2—Fp,»(2), t>0,z¢€ ct.

Remark. Maassen [1992] has shown that, given u, v € Jlk satisfying (2-5), u has
mean zero and variance one. Conversely, if © € Mk has mean zero and variance
one, then there exists a unique v € JMp satisfying (2-5).

Given T € $%(H, R) and u, v € g, we compare free Lévy process v B ¢
and free convolution semigroup wBED If o (Fo(2) =z — F,(z),then t[Hv =
w8 1, which implies that subordination function of F\ g & to F, is the same as
the subordination function of F,ma+ to F),. The following theorem generalizes
Theorem 2.7. The argument is similar to the proof of Theorem 1.6 in [Belinschi
and Nica 2008b] (see also the proof of Lemma 3 in [Anshelevich 2012]); therefore
we omit the proof.

Theorem 2.8. Given t € $9(H, R), and let u and v be a pair of probability

measures on the real line such that

‘/’r(Fv(Z)):Z—FM(Z), Z€C+.
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Then we have
@ (Fopo89(2) =2 — Fg, (), 1>0,zeC".

Remark. Let T =y, be the semicircular distribution with mean a and variance
b, and let 1, v be a pair of probability measures on the real line such that

o (F,(2) =z— FM(Z)'
We first compute
(2-6) Fu@@)=z—¢:(F,(2)) =2— (a + lg) oF,(z) =z—a—bG,(2).
Then, by Theorem 2.8,
2-7) Fig, (10 (2) = 2 — ¢ (F g (2))
b
- ((a + Z) ° FUHHVFZ)(Z) =1-a-bGga.
By (2-7) and the definition of Boolean convolution, we obtain
(2-8) F(Bt(ﬂ))wt ()=z—ta— tvaEﬂyE[; (2).

Equations (2-6), (2-7) and (2-8) were studied in [Anshelevich 2012]. As shown there
(Proposition 1 and Example 1), we have (B;(©)¥ € $%(H, R), and (B, (u)¥ =
(rBv)® = (@ )™ . In fact, for all 4 € Mg, we can deduce from (2-4) and the
identity (B, (1)) = (uBAT0)91 /040 that (B, (11))*" is the measure associated with
the subordination function of P! with respect to p: (B, (u)* = (@ u)®.

3. Multiplicative free convolution and
multiplicative Boolean convolution on .ilt

Given any two probability measures 1, v on T, the unit circle of C, we can define
their multiplicative free convolution. We first recall the calculation of the multiplica-
tive free convolution of two measures on T with nonzero means. Given u € Jlr,
we define

V() = /T )

1—1tz

and set 1,,(z) = ¥, (2)/(1 + ¥, (z)). The following proposition characterizes the
n-transforms of probability measures on T.

Proposition 3.1 [Belinschi and Bercovici 2005]. If n: D — C is an analytic function,
the following assertions are equivalent.

(1) There exists a probability measure p € Mt such that n = n,,.
(2) n(0) =0, and |n(z)| < 1 holds for all z € D.
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If € MMMy, then 77;1 0)= fT t du(t) #0. Therefore, the inverse 77;1 is defined
in a neighborhood of zero. We set ¥, (z) = n;] (2)/z. Given w, v € Mt Ny, their
multiplicative free convolution, which is denoted by p X v, is the unique probability
measure in Jlt N Ay such that

(3-D Yurv(2) = Eu(2) X0 (2)

for z in a neighborhood of zero.
It is known (see [Biane 1998; Belinschi and Bercovici 2007]) that there exist
two analytic functions w;, w; : D — D such that

(1) @1(0) = 2(0) =0,
2) nury () = np(@1(2)) = Ny (@2(2)).

A probability measure p € Jlt is said to be X-infinitely divisible if for any
positive integer n, there exists u, € Jlt such that yu = (Mn)g” =u, XX uy,.
It is shown in [Bercovici and Voiculescu 1992] that if u € M1\ M, is K-infinitely
divisible, then w is the Haar measure on T; and u € At NJl, is X-infinitely divisible
if and only if there exists a function

(3-2) u(z) = ai +/ Lz
1

—_do(),
such that ¥, (z) = exp(u(z)), where « € R and o is a finite positive measure on T.
Equation (3-2) is the analogue of the Lévy—Khintchine formula for multiplicative
free convolution on T. The analogue of the normal distribution in this context is
given by X, (z) = exp((t/2)(1 +z)/(1 — z)). Denote by $% (X, T) the set of all
X-infinitely divisible measures on T.

Lemma 3.2. Let u € Mt N M, be R-infinitely divisible.

(1) The function H(z) = z%,(z) is the left inverse of 1,,(2), that is H(n,(2)) =z
forall z € D.

(2) The _function Ny extends to be a continuous function on D, and Ny is one-to-one
on D.

(3) The set {z € D:|zX,(2)| < 1} is a simply connected domain which coincides
with {n,(z) : z € D}, and its boundary is 1,,(T) which is a simple closed curve.

Proof. Observing that H(1,,(z)) = z is valid in a neighborhood of zero, we obtain
assertion (1) by analytic continuation.

Note that H : D — C satisfies the conditions in [Belinschi and Bercovici 2005,
Proposition 4.5] and thus assertions (2) and (3) hold. U
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Multiplicative free Brownian motion. For u € Mt and ¢ > 0, we study the mul-
tiplicative free convolution p X X,. We first concentrate on the case when p has
nonzero mean. The case when p has mean zero will be studied in Subsection 3.2.

We start with the following result which is the multiplicative version of [Biane
1997b, Lemma 1].

Lemma 3.3. Given u, v € Mt N My, we have
Nu(2) = Nusv(z - Xy (1,(2)))
for z in a neighborhood of zero.

Proof. From (3-1), we find that

M@ '@ 0yl (@)
Z - < Z

(3-3)

for z in a neighborhood of zero, which we denote by Dy. We choose a subdomain
D; C Dy such that n, (D) C Dy. Replacing z by 1,(z) in (3-3), we obtain

aay M@ ml G i mu@) o 0u)
UM(Z) 77,L(Z) HM(Z) U,L(Z) 77;1,(1)

for z € Dy. Note that nv_] (z) = z%,(2) for z € Dy, and we then rewrite (3-4) as

(3-5) My (14 (2)) = 220 (0, (2)).

Applying n,x, on both sides of (3-5) yields

M. (2) = Num (X0 (1,(2)))
for z in a neighborhood of zero D;. O

For any ¢ > 0, we denote by 7, : D — D the subordination function of u X A,
with respect to w. Since 7, : D — D is analytic and 5,(0) = 0, Proposition 3.1
implies the existence of a probability measure p; such that n,, (z) = 7,(2).

Lemma 3.4. The measure p; is K-infinitely divisible and its X -transform is

E,ot (2) = ZA, (77;4 (2)).

Proof. Define analytic function ®; : D — C by ®,(z) :=zX;,(n,(z)) forall > 0.
By Lemma 3.3, we have

Nu(2) = numi, (2Zx, (1.(2))) = nuwa, (P (2))
which implies that

Nusi, (2) = 1, (1:(2)) = N, (s (1:(2)))-
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Since n,xy, is invertible in a neighborhood of zero, we have ®;(1,(z)) =z in a
neighborhood of zero.

We thus obtain n;tl ()=n, '(2) = ®,(z) holds for z in a neighborhood of zero,
which yields that

1, @)

(3-6) X, (2) = = 2y, (nu(2)).

By the definition of the - and n-transforms, we have

+& 2,
(3-7) 25, (u(2)) = exp( f du(§ ))
Tl—-§z
The real part of the integrand in (3-7) is positive for all z € D; thus the assertion
follows from (3-6) and [Bercovici and Voiculescu 1992, Theorem 6.7]. O

By (3-6), the right hand side of (3-7) is the Lévy—Khintchine representation of
p:. We can also write 7, in terms of A; and u X A;. Replacing z by 7,xy, (z) in the
equation

N, @D 0@ ;@)

’

) Z z Z
we obtain

Z _ n:(2)
Nuxn, (2) N, (2)

25, (Mumy, (2)),

which shows that

(3-8) ni(z) = <

o, (M, (2))

Modified S-transform and subordination functions. Given p € M1\ M, and v €
Mt N My, it is known from [Biane 1998] that 1,x, is subordinated to 1, and 7,.
The subordination function for this case is generally not unique (see Example 3.5
below). However, we show that there is a nice subordination function, which we
call the principal subordination function, uniquely determined by certain conditions.
Using the principal subordination function, results related to subordination function
in the case u, v € Jlt N Jl, can be extended to the case where u € Jt\JM, and
Ve Jl/LT N J‘/L*.

Let us first give an example which illustrates the non-uniqueness of subordination
functions.

Example 3.5. For k € N, and let A®) = 1/k X205, , where z, = e2""/k We
have ¥, (z) = 25 /(1 —z%) and n,w (z) = z*. Given v e MyNMy, if w: D — Disa
subordination function of 1, ® g, With respect to 7, , then @™ (z) := e*™ "/ ¥ (z) is
also a subordination function of 1, v, With respect to n,» for all integer 0 <n < k.
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We now introduce the modified &¥-transform. Given two free random variables
x and y in a W*-probability space (A, ¢), such that ¢ (x) =0 and ¢(y) # 0, we
can not directly apply Voiculescu’s ¥-transform (X-transform) to calculate the
distribution of xy. N. Raj Rao and R. Speicher [2007] introduce a new transform,
which we call the modified ¥-transform, to deal with this case. They apply the
modified S-transform to study the distribution of xy where x, y are free self-adjoint
random variables such that ¢ (x) =0, ¢ (y) # 0. For nonzero self-adjoint operator
x, we have ¢(x?) # 0. Assume that ¢(x) = --- = ¢(x*~1) = 0 and ¢ (x*) # 0.
Arizmendi [2012] observe that we can calculate the distribution of xy using the
idea in [Rao and Speicher 2007]. We present the details of their work for reader’s
convenience.

We first recall some definitions. For p € Jlt N JM,, we have v, (0) = 0 and
1//1’1 (0) # 0. It follows that there exists a function x,(z), which is analytic in a
neighborhood of zero, such that

l//p,()(pc(z)) = XM(]///,L(Z)) =z
for sufficiently small z. The usual $-transform is defined by

+1
Fu@) = : Z — Xu(2)-

2. =9, (é) '@ =x (ﬁ)

M@:{uemqt/ﬂ@uﬂzOﬁn1§n<k,md/}hMﬂ)#O}
T T

We then have

We set

Then, for u € MK, we have

YO ==y 0 =0=n,0) ==t "0,

i (0) # 0 and i #0.

For u € JI/U%, v € Jlt N My, from the definition of free independence, we deduce
that £ X v € ME.

We recall the following classical result in complex analysis; see, for example,
[Hille 1959].

(3-9) {

Theorem 3.6. If f(z) is holomorphic in |z| < R, and suppose that
fO =0 =---=fD0y=0, P 0.

Then for small values of w # 0 the equation

f@=w
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has k roots z1(w), ..., zx(w), which tend to zero when w tends to zero. Moreover,
there exists a function g(w), holomorphic for w sufficiently small with g(0) =0 and
£'(0) # 0, such that for any fixed small values w # 0,

2

2mi/k
= 3

zj(w) =g w'%), 0<argo'/* <

if we put those roots in a certain order.

Remark. The converse of Theorem 3.6 is also true. More precisely, given a function
g(w) that is holomorphic for small enough w and satisfies g(0) =0 and g’(0) # 0,
if we set

. . 21

Zj(w) = g(a)fwl/k), w=e"k < argwl/k < -

for j=1,...,k, then z;(w), ..., zx(w) are the roots of the equation
F*) =w,

where F is a holomorphic function defined in a neighborhood of the zero such that
F(g(w)) =w.

For j=1,...,k, denote D;, = {w/z:0<arg(z) <2m/k, |z| <r}. We record
the following result for convenience.

Proposition 3.7. Under the assumption of Theorem 3.6, we have z;( f (z)) = z for
z € g(D; ;) for r sufficiently small.

Given u € ME, and by Theorem 3.6, we know that there exist k functions
represented by the power series in z'/¥ such that

(3-10) Yu(x (@) =z
for z sufficiently small. Moreover, there exists a function g, (w) holomorphic in a
neighborhood of the zero, such that for j =1, ...k,

X (@) = gu(w/z'/%),
where @ = ¢27i/k () < argzl/k < 2m/k.

Definition 3.8. Given u € Jl/tl}. Let X,(/ ) be the inverse function of Y in (3-10),
the modified &-transform of w is k& functions ffg)(z), C, Ef,(f) (2), such that for
j=1,...k,

; ; 14z
D () = 5
P @ =x,"@- o

Given u € J(/L’} and v € MMt N My, we set

FV) =9V (2) F(2)
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and compute

(3-11) xP(@) =9V (2)- F—H’(’)(Z) Fu(2) - F

= x9@) 0@ = 8@ 25 - F,(2) = g (@21),

where g(z) = gu(2) - %, (z¥) is a function such that g(0) =0, g'(0) #0. From the
remark after Theorem 3.6, we deduce that for different j, there exists the same left
inverse v such that ¥ (x ) (z)) = z. Therefore, we have the following proposition.

Proposition 3.9. Given € Mk and v € Mt N My, for 1 < j <k, let

SN =9V Fu@). xV@)=9@)- T

Then there exists a unique holomorphic function  defined in a neighborhood of the
zero such that

Y((x @) =z

Theorem 3.10 [Rao and Speicher 2007; Arizmendi 2012]. Given u € J(/L’% and
v € Mt N My, we have

(3-12) S @ =9P@) S, j=1.....k
where the modified ¥-transforms are listed in a certain order.

Because of Proposition 3.9 and Theorem 3.10, for fixed u € Jl/tl% and v € Mp Ny,
we denote

(3-13) Y@ =vYum (@) and xY(2) = x5, (),

and we also denote g(z) = g,(2) - (z%) as in (3-11).
Given u € A/LT, v € Mt N M, we set L(j)(Z) = x(j)(z/(l —z)) and 1,(z) =
xv(z/(1 —2)). Theorem 3.10 implies that

(3-14) (@ = 1@ a0

We also have X(])(z) =gu(wjzl/k) and X;{év(z) =gu(a)jz1/k) Fo(2) =gl 775,

Substituting z by ¥,x, (z) in (3-14), and applying Proposition 3.7, we find that

1+ W;J,IXU (2)

= 2 (@) = ) (€)W (2) - =

where z € g(D; ;) for r sufficiently small. Thus

(3-15) 2w = 1 (umy) - 0 (1m0)

holds in the same domain.
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We can now utilize the argument in [Belinschi and Bercovici 2007] to prove the
existence of subordination function of 7,x, with respect to 1, for u € MK v e
Mt N M. Note that part of the following result is known in [Biane 1998].

Theorem 3.11. Given u € MK v e M N My, there exists two unique analytic
functions wy, wy : D — D such that

(1) 01(0) = w2(0) =05

(2) Nuwwv(2) = Nu(@1(2)) = nu(w2(2)),

(3) wi(D)w2(z) = znuxw(2) for all z € D.

Proof. Since 1,,(0) =0, 7,(0) = 0, we can write 1,,(z) = zf1(z), 7v(z) = 2/2(2) for
two analytic functions fi, f>: D — D. Fix 1 < j <k, set w(z) = L,(f)(nuxv(z)),

@2(z2) = t,(nu=y(z)) defined in g(D; ) for r sufficiently small.
By (3-15), we have

ZNuRw(2) = w1(2)w2(2)
for z € g(Dj,,). We thus obtain

N Xy _ 2 (@2(2))
2(2) @2(2)

= zf2(02(2)).

w1(z) =

Similarly, we have w>(z) = zfi(w1(z)) for z € g(D; ). Regarding wi(z), w2(z)
as Denjoy—Wollff points, the same argument as in [Belinschi and Bercovici 2007]
implies w1, wy can be extended analytically to D. By the uniqueness of Denjoy—
Wolff points, w1, w> does not depend on the choice of j.

By the definitions of L,(f), ty, we have 1, (w1(z)) = n,(02(2)) = nuxy for z in
g(Dj ;). Thus (2) and (3) hold by analytic continuation. Since 7,,(0) # 0, n, is
locally invertible near the origin and therefore w, is unique. Finally (3) implies the
uniqueness of ;. O

Since u € JI/U} and u X v e ME, we have w((0) # 0, where w, is given in
Theorem 3.11.

Definition 3.12. For u € A/L’%, v € Jlt N My, the subordination w; satisfying the
relations (1), (2) and (3) in Theorem 3.11 is called the principal subordination
function of n,x, with respect to 7,,. The measure p € At N, satisfying 1,(z) =
w1(z) is called the principal subordination distribution of n,x, with respect to n,,.

Note that for u, v € At N .My, the principal subordination function of n,x, with
respect to 1, is the usual subordination function.

The following result might be obtained by approximation. We provide a direct
proof.
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Corollary 3.13. Given u € M~ v € Mt N My, let p be the principal subordination
distribution of n,x, with respect to n,,, we have

2,(2) = Zy(mu(2))-
In particular, if v € $D(K, T), we have p € $D(X, T).

Proof. By choosing a sequence u,, € JAlt N A, such that 1, converges to v weakly,
Lemma 3.3 implies
nu(z) = nugv(zzv(nu (2)))

for z in a neighborhood of zero.
Set ®(z) =z22,(n,(2)) =z- %, (¥, (2)), and we thus have

(3-16) Nuxy (2) = N (@1(2)) = Nuxe (P (@1(2))) = 1w (P (17, (2)))-

Fix 1 < j < k, we claim that if z € g(D; ), then ®(w;(z)) = z. Indeed, for
0 <arg(w'/*) <27 /k and z = g(w/ w'/*) = x ) (w), using the construction of w;
in Theorem 3.11, we have

(3-17) ®1(2) = 17 Mz (2)) = % Wz (2)).-
From (3-11) and (3-13), we have
(3-18) xP W) =g w'*) and Yum (xV(w)) = w.

Equations (3-17) and (3-18) imply that o} (g(w’/w'/%))) = 7 (w).
Note that v/, (w; (g(@w/ w'/*))) = ¥,m, (g(w/ w'/*)) = w. Thus we obtain

D (01(2)) = (@1 (g(@ w'"))) = x P (W)F, (w) = xV (w) =z.
The above claim, (3-16) and Proposition 3.7 imply

2= P(1(2)) = P(1,(2))

for z € g(D; ). We conclude that X,(z) = ®(z)/z = Z),(,(z)) for z in a small
neighborhood of zero by applying the above argument for all 1 < j <k.

If v e $9(X, T), then by [Bercovici and Voiculescu 1993, Theorem 6.7], there
exists an analytic function u(z) defined in D such that ¥,(z) = exp(u(z)) and
Ru(z) > 0 for all z € D. Thus X,(n,(z)) = exp(u(n,(z))) and R(u(n,(z))) >0
for all z € D, and then the second assertion follows from [Bercovici and Voiculescu
1993, Theorem 6.7]. O

Remark. If k£ = 1, noticing that ME = My N My, the modified S-transform is the
usual S-transform. We see that Corollary 3.14 holds when w, v € MM N M.

The following result is the multiplicative analogue of Lemma 2.6.
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Proposition 3.14. Given p, Tt € M1 NAMy, let 0 be a measure in Mt N My such that
N (2) =16 (2)). If 0 € $D(X, T), then p X ™ can be defined for all t > 0 in
the sense that X yz21)(2) = Lp(2)(Z:(2))".

Proof. For t > 0, there exists u, € At N, such that

Ny, (2) = np(Mymi).

Using a similar argument as in the proof of Lemma 2.6 and applying Corollary 3.13,
we can find that X, (z) = X,(2)(Z:(2))". O

Semigroups related to multiplicative free convolution. Recall that
MF = {p € My Ny 21, (z) # 0 for all z € D\{0}}.

Let € M} and t > 1 be given, and let u be an analytic function such that z /(n,,(z)) =
€@ for z in a neighborhood of zero. Set H,(z) = ze""D"@ = z[z/(n, ()]~ 1t
is shown in [Belinschi and Bercovici 2005] that H, has a right inverse w; : D — D
such that H,(w(z)) = z, and there exists a probability measure u® e J such that

(1) = (2) = nu(w(2)) and Xz (2) = (2,(2)',

(2) o(2) = ny=(@)z/n,m (z)]"/* for z € D, where the power is chosen so that
the equation holds.

Observe that for each ¢ > 0, by Proposition 3.1, there exists a probability measure
o; € Jlt such that n,, (z) = w;4+1(2). It turns out that o; is X-infinitely divisible
and its X-transform is X, (z) = [z/71,.(z)]’, which can be obtained by applying the
same argument as in the proof of Lemma 3.4.

The following result is a partial converse of [Belinschi and Bercovici 2005,
Theorem 3.5].

Theorem 3.15. Given pu € Mt N My, assume that for any t > 1, there exists a
probability measure ; € Mt such that

(3-19) 2, (@) = ()"

Assume in addition that i, is subordinated with respect to w for all t > 1. Then
n.(2) # 0 for all z € D\{0}, that is . € M.

Proof. For each t > 1, we denote by w, the subordination function of u; to u.
Observing that 1, € J, and w;(0) # 0, for each r > 1, there exists a probability
measure o;_1 € Jlt NJL, such that ns_, (z) = w;(z). We rewrite (3-19) as

-1 -1 t
(3-20) Ny, (2) _ [nu (Z)}

< <

for z in a neighborhood of zero.
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Note that w; ' (z) = 77;,1 (n,.(2)) for z in a neighborhood of zero. Replacing z by
n,.(z) in (3-20), we obtain

o ') 0 @) [nul(nu(z))]’ B [ z }’
@ @ L mu@ @]’

C()I_I(Z)_|: z i|t1
z @]

Given 1 > 0, we thus have X, (z) = [z/n,(z)]" for z in a neighborhood of zero.
Therefore o, is X-infinitely divisible.

By [Bercovici and Voiculescu 1992, Theorem 6.7], there exists an analytic
function u(z) in D such that fu(z) > 0if z € D and X4, (z) = exp(u(z)). We thus
obtain z/n,(z) = exp(u(z)), which implies that n,(z) # 0 for all z € D. U

which implies

It was pointed out in [Belinschi and Bercovici 2005] that 4% is only determined
up to a rotation by a multiple of 277¢. Note that w, and o; are determined by the
choice of /™.

Multiplicative Boolean convolution and the Bercovici—Pata bijection. Multiplica-
tive Boolean convolution on T was studied by Franz [2008]. Let u € Jlt, and we set
k. (z) = z/n,(z). Given two probability measures w, v € lt, their multiplicative
Boolean convolution p v is a probability measure on T such that

kv (2) = ky (2)ky (2)

for all z € D.

A probability u € M is said to be y-infinitely divisible, if for any positive
integer n, there exists i, € Aty such that ;1 = (u,)¥". Let Py be the Haar measure.
It is shown in [Franz 2008] that & € Mt\{Po} is W-infinitely divisible if and only if
77;; (0) # 0 and 1, # 0 for all z € D\{0}, that is u € JL}, which is equivalent to

(3-21) ku(z) = exp(bi +f ﬁd T, (S)),

Tl—-§z
where b € R and 7, is a finite measure on T. Equation (3-21) is the analogue of the
Lévy—Khintchine formula in this context.

The multiplicative Bercovici—Pata bijection from & to X was studied in [Wang
2008]. Denote the set of all W-infinitely divisible measures on T by $%(, T),
and the multiplicative Bercovici—Pata bijection from & to X by M. Then we have
k. (2) = Zm) (2)-

Given pu € $%(, T)\ Py = A7, let w; be the subordination function of 12 with
respect to u, and let o be the probability measure on T such that n,(z) = w2(2).
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Then o is X-infinitely divisible and its X-transform is X (2) = z/1,(2) = ku(2).
Therefore, o is the same as M(u). Since Pyl Py = Pp and n p, =z, the subordination
function of Py X Py with respect to Py is the identity map z, and the measure
associated with the identity map z is Py. To summarize:

Corollary 3.16. Given € $%(w, T), let w, be the subordination function of u%>
with respect to |4, and let o be the probability measure on T such that 1, (z7) = w2 (2).
Then o = M(w), where M is the multiplicative Bercovici—Pata bijection from
to X.

Proposition 3.17. If i € Ay, the following are equivalent.

(1) p e $9(T, X).

(2) dpun € $9(T, X) for any B € T.
Proof. It is enough to prove that (1) implies (2) for u € Mt N Jl,. Observing that
Ns519u(2) = B - nu(z), we thus have

T @ _ ' (B2)

ESﬂwu(Z) = = ,3_ : EM(BZ)-

The result follows from the Lévy—Khintchine formula for the multiplicative free
convolution on T. ]

An analogue of equations studied by Belinschi and Nica. In this subsection, we
prove our Theorem 1.1. Recall that A, is the free multiplicative analogue of the
normal distribution on T, the unit circle of C, with X, (z) =exp((t/2)(1+z)/(1—z))
and we set A = Ay. For u € Jt, we denote m (i) = fT Edu(g).

Proposition 3.18. Given u € M5 and a finite measure © on T, define an analytic
map u by

1+&z

1-§z

where b € [0, 2m). If k,,(z) = 2/, (2) = expu(z), then b = arg 1/m(u) € [0, 27)

and ©(T) =1In|1/m(w)|. In particular, there exists a probability measure v € Mt
such that k, (z) = Z;(nv(2)) if and only if m(u) = e 12,

(3-22) u(z) = bi —i—/ dt (&), zeD,
T

Proof. By definition, we have

Z 1 1
3-23 k,(0) =1 = = .
629 WO =@ T O mo

'
m (l‘l’) .

(3-24) b= arg(m1 W

> and 7(T)=1In
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The first assertion follows.
By (3-7), we have

1
%5.00,(2)) = exp(% fT 1 fz dv@)).

Noticing that k,, has the Herglotz representation as (3-21), we conclude that &, (z)
can be written in the form of X, (,(z)) for a probability measure v on T if and
only if In(1/m(w)) = 1/2. This implies the second half of the assertion. (]

For € $%9(w, T)\ Pp = M} with m1(u) > 0, let u(z) be the analytic function
satisfying k, (z) = exp(u(z)) and u(0) > 0. Given ¢ > 1, let H,(z) = zexp((t —
Du(z)), and denote its right inverse by w; : D — D with w,(0) = 0. We define (see
[Belinschi and Bercovici 2005]) p* by the relation

(3-25) 1,2 (2) = N (@ (2)).
Then we see that H/(0) > 0, w;(0) > 0 and that
my (W) =1/5,(0) > 0.
For t > 0, we also define 1%’ by the relation
(3-26) kywi(z) = exp(tu(z)).
For this choice of the Boolean convolution power, we have
my (") > 0.

Definition 3.19. Given p € JL} such that m;(u) > 0, we define a family of maps

{M;}r 20 by
Ml‘(ﬂ) — (M|Z’(l+1))®1/(l+l),

where we choose /2D and M, () in a way such that they have positive means.
The next result is a special case of [Arizmendi and Hasebe 2013, Theorem 4.4].
Lemma 3.20. Given p € M} with mi(n) > 0, the following assertions are true.
(1) Mg () =M (Mg()) forall t, s = 0.
(2) Mi(n) =M(w).
Proof of Theorem 1.1. We set

1
(3-27) =3 [ e e,

By (3-7) and the assumption (1-2), we have

(3-28) = 2. (n(2)) = exp(u(2)).

Z
ﬂu(Z)
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By Proposition 3.18, we see that m(u) > 0. We therefore can choose the multi-
plicative convolution power X+ such that m (u®¢+D) > 0.

Let n; be the principal subordination function of v X A; with respect to v and
w41 be the subordination function of X+ with respect to u. Let p;, o, € My
such that n,, = n; and n,, = w;41.

By Corollary 3.13, (1-2) implies that X, (z) = X, (7,(z)) = exp(tu(z)). From
the choice of u®¢+D | the function H;11(z) :== zexp(tu(z)) is the left inverse of
w41 such that Hyy1(w,41(z)) = z for all z € D, which implies that

(3-29) Y4, (2) = exp(tu(z)).

We thus obtain that p, = oy and n; = w;41.
Replacing z by #; in (1-2), we obtain

n:(2)
Nu(M:(2))
w410 o) ( z )‘“*‘

T @1 @) M @) \nuEen @)

(3-30)  Ex(mvma, (2)) = Za(m((m:(2)))) =

On the other hand, by the definition of M;, we have

z B z B ( z )]/Z-‘r]
M, (1) (Z) TI(MIZI(tJrl))Ly(l/(tH)) (Z) nuﬂ(ﬂrl) (Z) ’

completing the proof of Theorem 1.1. ([

Some examples and applications. We start with the multiplicative analogues of ex-
amples studied in [Anshelevich 2010; 2012; Arizmendi and Hasebe 2013; Belinschi
and Nica 2008b]. We define the set

(A) = {u €My :my(n) =e"/?).

By (3-22), the set Jlt is in one-to-one correspondence with the set (A) via the
bijection v <> u, such that ¥, (7,(z)) = z/1,.(2).

Definition 3.21. The bijective map A : /Mt — (A) is defined by

(@) = for all v € Alr.

nap)(2)

Using the A notation, Theorem 1.1 implies that

AlvX A, ] =M [A(v)] forallve y.
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Example 3.22. Let §; be the Dirac measure at 1, and let © = A[J;], we have
2/1u(2) = 5. (05, (2)) =exp(3 (1+2)/(1 —2)). For ¢ > 0, Theorem 1.1 implies that

——— = 2 (n5,m5, (@) = Xy, (2)).
i, () (2)

In particular, when ¢ = 1,

Z
UMI(M)(Z) = m =M, (2),

where we used the equality ((zX;) on,)(z) = z and A = A,. Therefore, M (w) is
the free multiplicative analogue of the normal distribution on T.

Example 3.23. More generally, we consider A, ; = 8, X A; and pp, = Aldp ]
Then

5., (2)) = for t #0.
nﬂb,t
On the other hand, Theorem 1.1 implies that
Z
(M40, (@) = B (i, 00, (2)) = ————  forty, 1 >0,

thz (M—b,tl ) (Z)
which yields that wp ¢+, = My, (p,,) for t1, 12 > 0.

We would like to provide another example which covers part of [Arizmendi and
Hasebe 2013, Example 4.10].

Example 3.24. Let Py be the Haar measure on T. Then by the free independence,
PyX A, = Py. We set u = A[Py], and we have
Z

Y (mpyxr, (2)) = Xa(npy(2)) = ,
Tm(z)

which implies that M, (u) = p for all ¢ > 0. To calculate the distribution of u, we
note that np, = 0, which shows that n,, = e 'z, and thus V. (z) = z/e —z. Using

the identity
1 1 1 [ el 47 ,
- - - i d —1t ,
n(vfﬂ(zwz) hfo i dne™

and Stieltjes’s inversion formula, we obtain

(dt) ] 1o dt, 0<t<?2
=— , <t <2m.
H 27 14+ e 2 —2e ! cos(t)

We then give some applications of results concerning infinity divisibility of
the measures associated with subordination functions. For p € Jlt, we say u is
nontrivial if it is not a Dirac measure at a point on T.
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Lemma 3.25. Given o € $%9(X, T) which is non-trivial, and 0 < € < 1, there exists
a positive number n(€) such that

Mo, (D) CDe={z=re? :0<r <e,0<6 <2}

for any t > n(€), where o, = o™,

Proof. If 0 = Py, the Haar measure on T, the result is trivial. If o # Py is nontrivial,
then by [Bercovici and Voiculescu 1992, Theorem 6.7], there exists a finite positive
measure v on T with v(T) > 0, ¢ € R, and an analytic function u defined by

u(z)=ioz+/ AL dv(¢) forzeD,
T 1—52

such that X, (z) = exp(u(z)). We choose o; € Jlt satistfying X, (z) = exp(tu(z)).
Noticing that other choices of the multiplicative free convolution power of o can
be obtained from o; by a rotation of a multiple of 2r¢, it is enough to prove the
assertion for o;.

We set &,, = z%,,(z); then, by Lemma 3.2, we have

@, (D) = 15, (D).

For z = re'? € D, we calculate

1—r2
(3-31) |¢a,(Z)|=reXP(fmedV(%’)>
> t/ L-r d = f oo ()"
> rexp ST v(§)>_rexp — )l—l—r)'

1—r
lim re t-v(T = 00,
o' Xp( T +r>)
we deduce that for any 0 < € < 1, there exists a positive number n(e) such that, for
all r > n(e), we have

Since

| P, (2)| > 1 for |z] =€.

By Lemma 3.2, ®,, (D) is a simply connected domain which contains zero, which
implies that
Ne, (D) = (D) C De, fort > n(e).
The assertion follows because 7, extends to a continuous function on D. g
For u € Alt, we have

1 1 1 2w i0 )
(@ z_/ 424 ). zeD.
27 \ 1 —n,(2) 27 Jo €?—z
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The real part of this function is the Poisson integral of the measure du(e %), we
can recover u by Stieltjes’s inversion formula. The functions

1 %(1+nﬂ(ref9)>_ 11— |nu(re?)?

3-32 — . =
(3-32) 2 \1—nu(re'?) 27 |1 —n,(rei?))?

converge to the density of w(e~'?) a.e. relative to Lebesgue measure, and they
converge to infinity a.e. relative to the singular part of this measure.

Proposition 3.26. Given u € Mt and o € $D(X, T) which is nontrivial, let ju; be
the unique probability measure on T such that

N, (2) = (Mo, (2))-

Then we have ‘
dp(e®) 1

=0,
dao 2r

lim sup
100 g¢[0,27]

where du,(€')/d0 is the density function of u, at e'® with respect to Lebesgue
measure.

Proof. Given 0 < € < 1, by Lemma 3.25, there exists n(€) > 0 such that n, () <e
fort > n(e), which yields that n,, (z) extends continuously to D. Thus

11, (@) = [0, (16, €N < 06, ()| <€,

which implies that

l—e 1—-€  1—|n,9)? 1
(3-33) _ < |1, ( , ) < .
l+e |14+€> 7 [1—n,9> ~ [1—¢?
Since € is arbitrary, combining (3-32) with (3-33), we prove our assertion. ([l

Corollary 3.27. Given u € MMt and a nontrivial measure v € $%(X, T), the density
functions of the measures (L X v; converge to 1/2m uniformly ast — oo; if u € JMt
is nontrivial, the density functions of the measures u*' converge to 1/2m uniformly
ast— oo.

Proof. Noticing Corollary 3.13, Propositions 3.14, 3.26 and Subsection 3.3, we
only need to prove the case of u™ for u ¢ J}. We point out that the measures are
nontrivial imply that the subordination distributions involved are nontrivial.

For u € M1\ My, we have ,u&" = Py, where P is the Haar measure on T. Thus
the assertion is true for this case. For u € Jlt Ny, but u ¢ ALY, it is shown in
[Belinschi and Bercovici 2005] that u X . € A% thus this case reduces to the case
when p € J}. This finishes the proof. O
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4. Multiplicative convolution on A+

Multiplicative free convolution on JMp+. We are interested in the probability mea-
sures on the positive real line R, which are different from the Dirac measure at
zero, we thus set

Ay = Mg\ (o).

Given u € M., we define

+00
a(2) = /0 Cau,

1—1z

and n,,(z) =V, (z)/(1+¥,(z)). The transform ,, is characterized by the following
proposition; see [Belinschi and Bercovici 2005].

Proposition 4.1. Let n : C\R™ — C be an analytic function such that n(z) = n(z)
for all z € C\R™. Then the following two conditions are equivalent.
(1) n=ny for some u € M.
(2) n(0—) =0 and arg(n(z)) € largz, ) forall z € C*.
It can be shown that 7, is invertible in some neighborhood of (—o0, 0), and we
set X, (z) = n;l(z) /z where n;l is defined in some neighborhood of («, 0). Given

two measures i, v € M., the multiplicative free convolution of w and v is the
probability measure p X v in Jlj, such that

Z;LIXU () = E/L (2)%,(2)

in some neighborhood of («, 0), where these functions are defined.

It is known from [Belinschi and Bercovici 2007; Biane 1998] that there exist

two analytic functions wy, w; : C\R* — C\R™ such that

(1) @j(0=)=0for j=1,2,

(2) for any A € C*, we have w; (1) = w; (%) for j = 1,2,

(3) M@y (2) = N (@1(2)) = ny(w2(2)) for z € C\R™.

For simplicity, we say that w; (resp. ) is the subordination function of p X v with
respect to u (resp. v), and u X v is subordinated to pu and v.

The analogy of the Lévy—Khintchine in this setting was proved in [Bercovici
and Voiculescu 1992; 1993]. A measure u € Mp+ is X-infinitely divisible if and
only if ¥, (z) = exp(u(z)), with
T 141z

z—t

u(z)=a—bz+/ do (1),
0

where b € R and o is a finite positive measure on R™. The analogue of the normal
distribution in this context is given by X, (z) = exp((¢/2)(z +1)/(z — 1)).
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Lemma 4.2, If u,v € MF@H we have

TIM(Z) = nu&v(ZEv(nu(Z)))
in some neighborhood of interval (a, 0).

The proof of Lemma 4.2 is identical to the proof of Lemma 3.3, therefore we omit
the details.

For any ¢ > 0, assume that 7, : D — D is the subordination function of p X A,
with respect to ©, by Lemma 4.2 and the characterization of n-transform, there
exists a probability measure o in g, such that n,,(z) = 7,(z). The argument in
the proof of Lemma 3.4 implies the following result.

Proposition 4.3. The measure p; is K-infinitely divisible and its X-transform is
X (2) = %5, (. (2)), and

+o0 1 '
S5, (1u(2) = exp(% / gj_gi dM(S))

We now discuss free convolution semigroups. Given ¢ > 1, it is proved in
[Belinschi and Bercovici 2005] that one can define ,ug’ € ‘/I/Lﬁ+ such that X - (7)) =
(X,(2))" for z < O sufficiently close to zero. Similar to the case of Jlr, w® is
subordinated with respect to n and we denote the subordination function by w;.
By [Belinschi and Bercovici 2005, Theorem 2.6] and the characterization of -
transform, there exists a probability o; € [l such that n,,(z) = w4 forall £ > 0.
Moreover, o; is K-infinitely divisible and its X-transform is X, (z) = [z/n,(2)]".

Multiplicative Boolean convolution on JMy+ and the semigroup M;. Bercovici
[2006] proved that the multiplicative Boolean convolution does not preserve g+
But we can still define u%’ for i € Mp+ and 0 <t < 1 as follows. Let ku(z) =
z/1,(2), the Boolean convolution power u%' is defined by

ki (2) = (ku ()"

Definition 4.4 [Arizmendi and Hasebe 2013]. A family of maps from JMp+ to itself

is defined by
M, (1) = (uBR0FD)WA/G+D)

It is also shown in [Arizmendi and Hasebe 2013] that M,y = M, o M for ¢, s > 0.

Analogous equations. Given a pair of probability measures v, u € Mr+, we also
consider, as in the case .Jlt, the semigroups v KA, and p®¢*D | the subordination
functions 7, and w1, and their associated probability measures p,, o; for all ¢ > 0.
Since X, (z) = Z;,(1,(2)) and X4, (z) = [z/nﬂ(z)]’, we deduce that n; = w;1 if
and only if

4
2 (ny = .
2 (10 (2) e
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Applying the same argument as in the proof of the Theorem 1.1, we obtain the
following result.

Theorem 4.5. Given a pair of probability measures ., v € Mp+ such that

(4-1) S (2) = ——, zeCH,
Tlu(z)
we have %, (nyxy, (2)) = L, zeC™.
M, () (2)

5. A description of the analogue of the normal distribution

Biane [1997a; 1997c] studied free Brownian motion and proved many important
results. In this section, we give a new proof for the density functions of the free
multiplicative analogue of the normal distributions, which was first obtained in
[Biane 1997c] (See also [Demni and Hmidi 2012] for a different approach). Some
results are new. For example, we show that A; is unimodal for the circle case; and
we show that @;1 (C*) contains infinitely many connected components where A is
the free multiplicative analogue of the normal distribution on the positive half line
with 2, (z) =exp((z+1)/(z —1)). We also give a description of the boundaries
Q;, Q (defined below), we observe that 0€2; can be parametrized by 6 and €2 can
be parametrized by r.

The circle case. Let )\, € Jlt be the analogue of the normal distribution such that
%5, (z) =exp((t/2)(14+2)/(1 —z)). Weset ,(z) =zX,,(z), and let Q; ={z € D:
|®;(z)| < 1}. By Lemma 3.2, ,, extends continuously to the unit circle T, €; is
simply connected and bounded by a simple closed curve, and we have €2, = n;, (T).

Observe that for ¢ # 4, ®, has zeros of order one at z; (1) = 2 —t +/t2 —41)/2
and z5(t) = 2—1t —~/t?> —41) /2. ®4 has a zero of order two at —1; and for all ¢, ®,
has an essential singularity at 1, and no other zeros and singularities. For 0 < ¢ < 4,
21(1), 22(t) € T and z2(¢) = z; (1), we let 6;(t) € (0, w) and 6(¢) € (, 2) such
that z; (1) = ¢’ and z(¢) = €V, We have z;(4) = z2(4) = —1 and for t > 4,
z1(t) € (—1,0) and z5(¢) € (—o0, —1).

We define

1—r2

1
,0) = — =|®
&:(r,0) reXp(21—2rCOSQ+r2> | D (2)]

for z =re®. The unit circle is parametrized by T = {e? : 0 <6 < 27}.

Lemma 5.1. For0 <t <4,3Q, ={z=¢7:0,(t) <0 <0,()} UL, ,U%Ls,, where
%1, is an analytic curve, and &1 ; is in DNC™ except one of its endpoints, and £ ;
is the reflection of £, ; about x-axis. £, ; can be parametrized by y;(u) (0 <u <1)
such that y,(0) € R, y;(1) = z1(t) and y;(u) CDNCT for 0 < u < 1. Moreover,
lv: (w)| is an increasing function of u on the interval [0, 1].
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Proof. Observing that ®,(Z) = ®,(z), we see that 9, is symmetric with respect
to x-axis. Since €2; is simply connected and 92, is a simple closed curve, 92,
intersects x-axis at two points.

Restricting ®; to real numbers, we find that ®,(R) C R, and that &, is an
increasing function on (—1, 1) since ®)(z) is positive for z € (—1,1). From
®,(—1) =—1 and lim,_, - ®,(z) = +00, we deduce that

(5-1) @ (=1, 1)) = (=1, x()),

where x(¢) is the unique solution of the equation ®,(z) =1 for z € (—1, 1). The
fact that ®}(z) # 0 for z # z:(¢), zo(¢) implies that &, is locally invertible for
Z7 # 71(t), z2(t). Combining the fact that ®,(T\{1}) C T, we obtain that

{e?:0,(t) <0 <6,(1)} C I

and 0<2; has corners of opening /2 at z;(¢) and z, ().

Since ®; is a conformal mapping from €2, to D, by the symmetry &, (z) = ®,(2)
and (5-1), noticing that ®}(0) = 1, we thus deduce that ®,(2, NCT) C DNCT.
Since 0€2; is a simple closed curve, z;(¢) and x(¢) are connected by 9€2;. It is clear
that 32, \{e'? : 0,(r) < 6 < 0,(¢)} does not intersect with T, we thus assume the
curve ¥; = {y; () : 0 <u < 1} is the part of €2, which connects z;(¢) and x(¢) such
that ¥, (0) = x(¢), y,(1) = z1(¢) and y;(u) e D for 0 < u < 1.

We claim that |y;(u)| is an increasing function of u on the interval [0, 1]. For
given 0 < r < 1, we define the function of 6 by

8., 0) = g/(r,0) = |®,(re')).

Then g; , is a strictly decreasing function of 6 on the interval [0, r]. From the fact
that €, is simply connected, we deduce that, for zo € Q, "D N CT, the arc

(5-2) {re" :|r| = |zo|,argz0 <6 <} C Q.

Given 0 < u; < ujp < 1, we need to prove that |y, (u1)| < |y:(u2)|. Since [0, x(2)] C
Q,, we obtain from (5-2) that

(5-3) (re’ :0<r<x(),0<6<m}CQ,

which shows that |y;(u1)| > x(#). Suppose that |y, (u1)| > |y:(u2)|. There exists
0 < u} < uy such that |y, ()| = [y (u2)l. If arg(y(u})) > arg(yi(2)), then
by (5-2), yi(u2) € 2, and thus y,(u2) ¢ 9€2; if arg(y,(u})) < arg(y:(u2)), then
yt(u/l) € ; and thus y; (u/l) ¢ d0€2;. For both cases, we obtain a contradiction. Thus
|v:(u1)| < |yi(u2)| and our claim is proved. U
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For t > 0, we let x;(¢) € (0, 1) be the unique solution of the equation ®,(z) =1
forze(0,1). ForO <t <4 weletx;(t) =—1;fort >4, welet xo(t) € (—1,0) be
the unique solution of the equation ®,(z) = —1 for z € (—1, 0).

Lemma 5.2. Fort > 4,02, =%, ,U%s;, where £, ; is an analytic curve, and £ ;
is in DNCT except its endpoints, and ¥, ; is the reflection of £, ; about x-axis. £
can be parametrized by v, (u) (0 <u < 1) such that y;(0) = x1(t), y; (1) = x2(t)
and y;(u) CDNCT for 0 <u < 1. Moreover, |y,(u)| is an increasing function of u
on the interval [0, 1].

Proof. Recall that &4 has a zero of order two at —1. For all t > 4, z5(t) < —1
and z; € (—1, 0). The assertion follows from the similar arguments in the proof
Lemma 5.1. O

From the proof of Lemmas 5.1 and 5.2, for t > 0, we have CI>,_1((—1, 1) =
(x2(1), x1(t)). Moreover, x; (t) =min{|z| : z € 92, } and —x, () = max{|z|: z € 082, }.

Remark. In fact, for any ¢ > 0, from the equation
g(r,0)=0, O0<r<l1,0<6<m,

we can prove that dr/d6 > 0 for 0 < 6 < m, which implies that if z € 0€2;, the entire
radius {rz:0 <r < 1} is contained in €2,. Therefore, €2, can be parametrized by 6.

Lemma 5.3. Using the same notations in Lemmas 5.1 and 5.2, for t > 0, the
Sfunction |1 — y,(u)| is an increasing function of u on [0, 1].

Proof. We only prove the case when 0 < ¢ < 4, the proof for other cases are similar.
Noticing that |1 —re'?|> =1 —2cos6 + r2, since |y, (u)| is an increasing function
of u, to prove the assertion, we only need to prove that for the implicit function
rexp((z/2)(1 — r?)/h) =1 of r and h, the value of & increases when r increases
on (0, 1). From this equation, we have h = h(r) = —(¢t/2)(1 — r?)/(Inr). One can
check that 4'(r) > 0 for 0 < r < 1, therefore A is an increasing function of r. [J

Theorem 5.4. Denote by A, the support of A;.

(1) Fort > 0, the measure A; has no singular part, and its density function is an
analytic function. A, C A, ift1 <thp <4 A, CTforO<t<4d4and A, =T
fort >4,

(2) The measure A, is unimodal for all t > 0 and its density is maximal at z = 1
and is minimal at z = —1.

(3) The density fucntion di;/dO converges uniformly to 1/(2m) ast — oo.
Proof. Since z = 1 is not in the closure of ; = n,,(D), the singular part of

A; vanishes. From the analyticity of &, or a general theorem in [Belinschi and
Bercovici 2005], the density function is analytic.
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For 0 <t <4,seta;(t) = D, (z1(1)), ax(t) = P;(z2(2)). Note that ny, (P,(2)) =z
for z € ;. From (3-32) we see that A, is the closed arc on T with endpoints
ay(t), ax(¢) which contains 1. Thus, to prove that A, C A,,, it is enough to prove
that arg(a;(¢)) is an increasing function of 7. A direct computation shows that
lz1(t) — 1) =t and arg(Zy, (z1(1))) = Jz1 (1) = /1 (4 —1)/2. We thus have

arg(ai (1)) = Jz1(r) + arg(z; () = sin(0; (1)) + 61 (¢).

From z;(t) = (2 — 1 + +/t2 — 41) /2 we see that 0;(¢) is an increasing function of .
The function 6 — sin(8) + 6 is an increasing function on (0, 7). Thus arg(a;(¢))
is an increasing function of ¢ and (1) is proved.

To prove (2), recall that a probability measure is unimodal if its density with
respect to Lebesgue measure has a unique local maximum. 7, extends continuously
to T, we thus have

di(e) 1 1—|n (@)

5-4 = TR
G- Ao 21 1=y, (@0)?

We first prove the case when 0 < t < 4. From n,,(®;(z)) =z for z € Q, and
ny, (1) = x(¢), to prove A, is unimodal, by the boundary correspondence, it is
enough to show that the function f; of u defined by

1=y, m))?
11— ()|’

is a decreasing function on [0, 1] and is maximal at 0. Since y;(u) € 0€2;, we have
|®@;(y:(u))| = 1. In other words, we have

Ji(u) ==

L=y @)
(5-5) |72 ()] exp(%fr@) = @)l eXp(%w—Zi:Z)

As we shown in Lemma 5.1 that the function |y, ()| is an increasing function of u,
from (5-5), we deduce that f; is a decreasing function of u and max{f;} = f;(0).
By the symmetric property of the function ®; in Lemma 5.1, the density function
is symmetric with respect to x-axis as well. Thus the density of A; has only one
local maximum at ®,(y,(0)) = ®,(x;(¢)) = 1.

The proof for the case ¢ > 4 is similar. In this case A; =T and max{ f;} = f;(0)
and min{ f;} = f;(1). Part (3) is a consequence of Corollary 3.27. O

Remark. From the proof of Theorem 5.4, we see that, for t < 4,

arg(ay () = 01 (1) +sin(0 () = /1@ — 1) + arccos(l - %)

which implies a known result in [Biane 1997c], namely

A= {eie : —%\/t(4—t) —arccos(l — %) <0< % t4—1) —I—arccos(l — %)}
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The positive half line case. Let A € Mp+ be the analogue of the normal distribution
such that ¥, (z) =exp((z+1)/(z — 1)).

We restate [Bercovici and Voiculescu 1993, Proposition 6.14] in terms of n and
% transforms as follows.

Lemma 5.5. Let i be a K-infinitely divisible measure on R™, and set ®,(z) :=
22, (2).

(1) We have @, (n,.(z)) = z for every z € C*.

(2) The set {n,(z) : z € CT} = Q, where Q is the component of the set {z € C" :
J(®,(z)) > 0} whose boundary contains the left half line (—oo, 0). Moreover,
Nu(®,(2)) =z forz € Q.

We set @, (z) = zexp((z+1)/(z — 1)). The following lemma is elementary.

Lemma 5.6. ®, has zero of order one at 2 — V3 and 2 + /3, and ®; has an
essential singularity at 1. These are the only zeros and singularities of ®,.

Theorem 5.7. The measure A has no singular part. The support of this measure is
the closure of its interior, and this interior has only one connected component.

Proof. By [Bercovici and Voiculescu 1992, Theorem 7.5], the measure A has
compact support on R*.

Let Q be the component of {z € CT : J(®P;(z)) > 0} whose boundary contains
(—00,0). By Lemma 5.5, n; : C* —  is a conformal map and ®;_is its inverse
map; thus €2 is simply connected. By Lemma 5.6, 0€2 is locally analytic. A general
theorem in complex analysis tells us that 7, extends continuously to C* UR and it
establishes a homeomorphism between the real axis and d€2. We continue to denote
by 1, and @, their extensions.

We claim that

92 = (—00,2—V3]U[2++3, +o0) UL,

where & is an analytic and open curve in C* with endpoints 2 — +/3 and 2 + /3.
We denote y (1) =n,(t), t € R be a parametrization of 2. Set #; = d>k(2—\/§) >0
and t, = ®; (2 + +/3) > 0. Then (1)) = 2 — /3 and n,(12) = 2 + /3, and
& ={y ()}t <t<1,- Note that

(1) (—00,0) C 0L,
(2) @ (x) >0 forall x € (—00,2 —+/3).
From this we deduce that (—o0, 2 — «/§) C 02. Lemma 5.6 tells us @, has a zero

of order one at 2 — \/5, therefore d€2 has a corner of opening /2 at 2 — \/5 Note
that @} (x) > 0 for all x € (2++/3, +00), thus (2+ /3, +00) C 92, and I has

a corner of opening 77/2 at 2 + /3.
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It remains to prove that ¥ N R = &. First we show 1 ¢ &. Suppose that is the
case, and suppose y (fy) = 1 where #| < ty < tp, by continuity, we have

y(+1
y(t)exp( )Zd)x(y(t)):d)x(m(t)):t
(-1
for all # € R. Therefore in a small neighborhood of 7y, we have
y()+1 _1 t

=In .
vy —1 y ()

The left side of the above equation blows up, while the right hand side is bounded.
This contradiction tells us that 1 ¢ &£. Now suppose &£ touches the real axis at
x0 € (2—+/3, 1)U (1,24 +/3). Since Q is connected, it is not hard to see that x
must be a critical point of ®;,. This is not possible by Lemma 5.6. We therefore
proved that £ C C* and the claim.

From the definitions of the Cauchy transform and n-transform, one can easily

From the above equation we know that G, extends to be a continuous function on
CUR, and {x e R: (G, (x)) > 0} = (1/12, 1/11). By the Stieltjes inverse formula,
we deduce that the support of A is (1/1,, 1/¢;). From the analyticity of the curve
& c C*, we conclude that A has positive and analytic density in the interior of its
support. [l

We are interested in the level curves of the function
2r sin @
1 —2rcos6 +r2

where z =r"? e Ct. Fort <0,sety;, ={z=re!’ eCt: f(r,0) =1t}.

(5-6) f(r,0) =6

= arg(Px(2)),

Proposition 5.8. (A) y is a simple open curve with endpoints 2 — /3,2 4+ /3
and yp=<.

(B) y; is a simple open curve which starts at 7 =1 and ends at z = 1 as well for all
t <O.
Denote by Q2 the open domain bounded yy U [2 — V3,2 + \/§]. Forallt <0,
denote by 2, the open domain bounded y; U {1}.

(C) Fort) <tp <0, we have 2, C Q5 and for all ty <0, Q) = Uy, S2;.

Proof. Given 6 € (0, i), we define a function of » by fg(r) = f(r, 8) forr € (0, +00).
We first note that f(r, 8) <6 < m and observe that

lim_fa) =0
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Thus {z=re?: f(r,0) >0,0<6 <7} C d~1(CH).
Given 0 € (0, ) and ¢ <0, the equation f(r, 8) =1 is equivalent to the quadratic
equation

(5-7) ho(r) == (0 —t)r* — (2(0 — ) cos 6 +2sin@)r +6 —1 =0

with discriminant d (@, ) = [2(0 —t) cos @ +2sin8]> — 4(6 — 1)?. We then rewrite
d(d,t) as follows.

in 6 in 6
(5-8)  d©,1) =4(1—cos* )| —=2 _ 46 —¢||—"2  _g4¢],
14cos6
The first two factors in (5-8) are never zero for 6 € (0, ); thus only the last factor
in (5-8) matters to determine the sign of d(6, t). We consider the function k by
k(@) =sin6/(1 —cos@) — 6 for 6 € (0, ), and calculate

(5-9) kK'©) = ; —-1<0,

cosf — 1
which implies that k is a decreasing function of 8. For ¢ < 0, we now set d;(0) :=
d (0, t). We then deduce that d;(6) = 0 has exactly one solution, which we denote by
6;, and d;(0) > 0 if and only if 0 < 6 < 6,. Therefore, the half line r = 6 intersects
with y; at two points if and only if 0 < 6 < 6, and the half line r = 6, is tangent to
v:. Moreover, 6, <6, if t; <1, <0.

For the solutions of the equation f (r, 8) =0, one can check as 6 — 0, r satisfying
the equation r> — 4r + 1. Given ¢ < 0, for the solutions of the equation f(r, ) =1,
we can easily see that r tend to 1 as 8 — 0. Now (A) and (B) follow from this
observation.

Given 6 € (0, ), from (5-6), we see that the function fy(r) defined by fp(r) =
f(r, 0) has exactly one local minimum at » = 1. fy(r) is a decreasing function of
r on (0, 1) and an increasing function of r on (1, co). Therefore, if the half line
r = 6 intersects y; at two points, one of them is inside the unit circle of C and the
other one is outside the unit circle. We conclude that (C) is valid. ([l

It is interesting to compare the next result with Proposition 2.2 and Lemma 3.2.

Corollary 5.9. We have ®;'(C*) = QU | (Qqi—1y7\Q@k-2)7). Moreover, 2
and Qok—1)z\QLek—2z (k =1,2,...) are all connected components of ®,. In
particular, CD)Tl (C™") has infinitely many connected components.

We would like to point out that for z = re'? € £ = yy, the curve & can be
parametrized by r. Noticing (5-7) and (5-8), we first observe the following equiva-
lences:

(5-10) d9,0)=0 <<= 6Hcosf+sinfd=60 <+ r=I1.
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By (5-9), we see that (5-10) has exactly one solution 6y for 8 € (0, 7). By differen-
tiating the equation f(r, #) =0, we obtain

do _ 20 cosO +2sinf — 26r
dr  r2+4+20sinf® —4cosf +1°

(5-11)

Thus, d6/dr =0 if and only if r = (6 cos 6 +sin ) /6. Fix 0, the equation f(r) =0
is equivalent to the quadratic equation 872 — (26 cos 6 + 2sinf)r 4+ 6 = 0, from
which we deduce that r = (8 cos6 + sin6)/6 if and only if d(r, 0) = 0. From
(5-11) and continuity of d6/dr, we see that d6/dr > 0 for 0 <8 < 6y, r < 1 and
df/dr < 0 for 0 < 0 < 6y, r > 1. Therefore, for the solutions of the equation
f(r,0) =0, 6 is a function of r and the curve & can be parametrized by r.

Denote by g the density function of A. From the equation G (1/x) =x/(1—n,(x)),
we obtain the following formula for the density function of A.

Proposition 5.10. Given z =re'’ € yy = &, we have

r2—1
1 =09 =rb ,
g(1/x) M@y =r eXp<1—2r0059+r2>

where x = ®;.(2).

. —————1—10.28458

0.56915

0.85373
TT———————————0.85373 —

R By
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Figure 1. Level curves of g»(r, 0) = |®,(re'?)|. The vertical axis
indicates 6, and the horizontal axis indicates r.
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