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Let X 5’ (N), where (D, N) = 1, denote the Shimura curve associated to an
Eichler order of level NV, in an indefinite quaternion algebra over Q of dis-
criminant D. Let Wp x be the group of all Atkin—Lehner involutions on
XP(N) and W), the subgroup consisting of Atkin-Lehner involutions w,,
with m | D. In this paper, we will determine Schwarzian differential equa-
tions associated to Shimura curves X OD (N)/ Wp of genus zero in the cases
where there exists a squarefree integer M > 1 such that Xé’ (M)/Wp is of
genus zero.

1. Introduction

Let B be an indefinite quaternion algebra of discriminant D over Q. For an Eichler
order O of level N, (D, N) =1, in B, we let Xé) (N) denote the Shimura curve
associated to O. For each divisor m of DN with (m, DN /m) =1, we let w,, denote
the Atkin—Lehner involution on X (I)) (N) and Wp y be the group of all Atkin—Lehner
involutions. We also let the subgroup of Wp x consisting of w,,, m| D, be denoted
by Wp. (We refer the reader to [Alsina and Bayer 2004; Elkies 1998] for general
definitions and properties of Shimura curves.)

The notion of Shimura curves generalizes that of classical modular curves, which
correspond to the case B =M (2, Q) with D = 1. Many properties and theories about
classical modular curves can be extended to the case of Shimura curves. However,
because of the lack of cusps in the case D # 1, there have been very few explicit
methods for general Shimura curves. One of the few methods uses differential
equations satisfied by automorphic forms and automorphic functions. (See [Bayer
and Travesa 2007; Elkies 1998; Yang 2013b; 2004].) The idea is that even though it
is difficult to explicitly construct automorphic functions that can be put into practical
use, the Schwarzian differential equations associated to automorphic functions in
the case of Shimura curves of genus zero can often be determined using analytic
information about the automorphic functions and coverings between Shimura curves.
(See Section 2 for the definition and properties of Schwarzian differential equations.)
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Then one can use the solutions of the Schwarzian differential equations in place
of automorphic forms to study properties of automorphic forms. For example,
Yang [2013b] devised a method to determine Hecke eigenforms in the spaces of
automorphic forms, expressed in terms of solutions of Schwarzian differential equa-
tions. In [Tu and Yang 2013], we obtained several new algebraic transformations
of » F-hypergeometric functions by interpreting identities among hypergeometric
functions as identities among automorphic forms on different Shimura curves.

In view of the significance of Schwarzian differential equations, it is important
to determine the Schwarzian differential equation for each of the Shimura curves
X(?(N )/ G, G < Wp_y, of genus zero. Elkies [1998] worked out the Schwarzian
equations on X(l)o(l)/Wlo, X(1)4(1)/W14, and X(I)S(l)/W15. Bayer and Travesa
[2007] computed all the Schwarzian differential equations for the Shimura curves
Xg(l) /G with G < We. Yang [2013b] also gave Schwarzian differential equations
on X, 8(1) / We and X, 80(1) / Wio from the properties of the automorphic derivatives.
(See Section 2.)

In this paper, we will consider the cases X é) (N)/ Wp when there exists an integer
M > 1 such that Xé) (M)/Wp has genus zero. The reason for this restriction is
that we need additional information from coverings between Shimura curves of
genus zero in order to completely determine the differential equations. (Note that in
[Yang 2013b], a covering between Shimura curves of different levels is also needed
in order to compute Hecke operators.) In the process, we also need to work out
equations for some Shimura curves of genus one and hyperelliptic Shimura curves,
which are useful in determining the covering maps between Shimura curves. As a
byproduct of our computation of coverings Xé) (N)/Wp = X é) (1)/Wp, we can
also determine the values of Hauptmoduln at several CM-points.

A possible future work related to Schwarzian differential equations is Ramanujan-
type series for Shimura curves. A typical example of Ramanujan-type identities for
the classical modular curves is

o0

3 (6n+1)(1/2); <1)" _4

(n!)3 4 T

bl

n=»

where (a), =a(a+1) --- (a+n—1) is the Pochhammer symbol. Yang [2013a] gave
several Ramanujan-type formulae for the Shimura curve X, 8( 1)/ Ws. He conjectured
that the general Ramanujan-type identities for Shimura curves are

00 o .
Z(Rln+R2) nly = R3§,
n=0 d

>
where R, Ry, Rz € Q, ) A,t" is the expansion of a meromorphic automorphic
form of weight 2 with respect to a Hauptmodul ¢ of a Shimura curve of genus zero
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such that ¢ takes value 0 at a CM-point of discriminant d, and ¢ is the value of ¢ at
some CM-point of discriminant d’ # d. The number 2, is the period of an elliptic
curve E over @ with CM by an imaginary quadratic number field of discriminant d.
In the same article, he also gave some numerical results of p-adic analogues of
these Ramanujan-type identities. It is natural to expect that those p-adic identities
should be related to the p-adic periods of elliptic curves with CM. In this paper, in
support of his conjecture, we will numerically obtain Ramanujan-type identities for
X (1)4(1) / W14 using our Schwarzian differential equation. However, we are not able
to give a rigorous proof at present.

The rest of the paper is organized as follows. In Section 2, we will review the
definition of properties of Schwarzian differential equations. In Section 3, we
determine all Shimura curves X (? (N)/Wp of genus 0, N > 1. In Section 4, we will
find explicit coverings of X(I)) (N)/Wp — X (I)) (1)/ Wp. The equations for Shimura
curves and the methods to obtain them given in [Gonzélez and Rotger 2004; 2006;
Molina 2012] are important here. The explicit coverings will be used later. In
Section 5, we will work out Schwarzian differential equations and examples for
Ramanujan-type identities from the Shimura curve X(1)4(1) / Wia.

From now on, for simplicity of statements, all Shimura curves mentioned below
are assumed not to be classical modular curves.

2. Schwarzian differential equations

Let #(tr) be a nonconstant automorphic function on a Shimura curve X. It is
straightforward to verify that ¢'(t) is a meromorphic automorphic form of weight 2
on X and that the Schwarzian derivative

_ t”/(‘f) 3 t”('c) 2
e _5<t’<r>>

is a meromorphic automorphic form of weight 4 on X. Thus, the ratio of {z, t} and
' (7)% is an automorphic function on X. In particular, if X has genus zero and #(t)
is a Hauptmodul, that is, if ¢ generates the field of automorphic functions on X,
then

1)
2t'(1)?

@) =
is a rational function of 7. In [Bayer and Travesa 2007], given a thrice-differentiable

function f of z, the function

{f. 2}
2f'(2)?

is called the automorphic derivative associated to f.

D(f,Z) =
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Now the relation 2Q(¢)¢'(7)% + {t, T} = 0 can also be written as

d2 / 1/2 ’ 1/2 _
mt (‘L') + Q([)t ('L') =0.

1/2 1/2

In other words, if we consider #'(t) '/ as a function of 7, then ¢'(7)"/“ is a solution

of the differential equation

2

d
() 2l e/ =0.

Definition 1. The differential equation (t) is called the Schwarzian differential
equation associated to 7(7).

The significance of Schwarzian differential equations can be seen from the
following result.

Proposition 2 [Yang 2013b]. Assume that a Shimura curve X has genus zero

with elliptic points ty, ..., T, of orders ey, ..., e, respectively. Let t(t) be a
Hauptmodul of X and set a; =t(t;),i =1, ..., r. For a positive even integer k > 4,
let

, "k 1
dk=d1mSk(X)=1—k+Zl b(l—e—j)J,
j:

Sk (X) being the space of automorphic forms of weight k on X. A basis for Sg(X) is

,
Y@@ T () —ay) TR =0 d -1
j=1
aj#oo

In other words, if we can determine the Schwarzian differential equation associ-
ated to a Hauptmodul on a Shimura curve, then we can express automorphic forms
of any even weight k on this Shimura curve in terms of solutions of the differential
equation. This provides a concrete space that we can use to study properties of
automorphic forms. For example, Yang [2013b] demonstrated how to compute
Hecke operators on these spaces.

Now the upshot is that it is often possible to determine a Schwarzian differential
equation without constructing a Hauptmodul first. This is especially true when a
Shimura curve of genus zero has three elliptic points. This is due to the well-known
fact that a second-order Fuchsian differential equation with precisely three singu-
larities is uniquely determined its local exponents at the three points. For general
Shimura curves, the following properties of Schwarzian differential equations and
automorphic derivatives are very useful in determining the differential equations.
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Proposition 3. Assume that X (0) has genus zero with elliptic points 1y, . .., T, of
orderey, ..., ey, respectively. Let t () be a Hauptmodul of X (0) and set a; =t (1;),
i=1,...,r. Then the automorphic derivative Q(t) = D(t, T) is equal to

r 2 r
1 1—1/e; B;
1) =~ —_—
0 =y Z (t_aj)ﬁz a
Jj=1 j=1
a_,';éoo aj;éoo

for some constants B . Moreover, if a; # oo for all j, then the constants Bj satisfy

r

D Bi=) (a;Bj+51—1/eD) =" (a}B;+Ja;(1 - 1/e))) =0.
j=1

j=1 Jj=1
Also, if a, = o0, then the Bj satisfy

1 r—1
B; =0, (a;Bj+ 51 —1/eD)) = 1(1—1/e}).
1 j=1

r

j
Proposition 4 [Yang 2013b]. Automorphic derivatives have the following proper-
ties.

(1) D((az+b)/(cz+d), z) =0 forall (“¢) € GL(2, C).
(2) D(go f,2)=D(g, f(2)+ D(f,2)/(dg/df)*

Proposition 5. Let 1 (t) be a Hauptmodul for a Shimura curve X of genus 0. Let
R(x) € C(x) be the rational function such that the automorphic derivative Q(t) =
D(t, t) is equal to R(z). Assume that y is an element of SL(2, R) normalizing
the order O associated to X and let o be the automorphism of X induced by y. If
ot (at+b)/(ct +d), then R(x) satisfies

a2
(ad — bc) R(ax—i—b) — RO,

(cx +d)* cx+d

Proof. We shall compute D(¢(y 1), 7) in two ways. By Proposition 4, we have

at(t)+b
ct(t)+d’

D@, D) _, (ct +d)*R(1)

D(t(”)’”:D( diGyo/di)? - (ad—be)?

t(f)) +

On the other hand, by the same proposition, we also have

D(t(y1).7) = D(t(y7) Dot piey = r( YD
Y1), T) = ((yr’yr)—i_(dt(yr)/dyr)z_ yT)) = (ct-i—d)'

Comparing the two expressions, we get the formula. O
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3. Shimura curves of genus zero

In this section, we will determine all pairs of integers (D, N), D, N > 1, such
that X(I)) (N)/Wp has genus 0. As explained in the introduction, we will need
explicit coverings XOD (N)/Wp — X OD (1)/ Wp in order to determine Schwarzian
differential equations.

To describe the genus formula for X (l)) (N)/Wp, we need to recall the definition
of CM-points first. Let B be a quaternion algebra of discriminant D over Q@ and O
an Eichler order of level N in B. Fix an embedding ¢ of B into M (2, R). Let K
be an imaginary quadratic field and R an order of discriminant dg = f2dg in K.
Following Eichler, we say an embedding ¢ : R — O is optimal if (K)NO = ¢ (R).
Now the action of the set t o ¢(R\{0}) C GL"(2, R) on the upper half-plane H
fixes precisely one point 7. Such a point is called a CM-point (point with complex
multiplication) of discriminant dg. We denote the set of CM-points of discriminant
dg, up to O7-equivalence, by CM(dR).

Lemma 6 [Ogg 1983]. Assume that m is a squarefree divisor of DN such that
(m, DN /m) = 1. Then the set of the fixed points of an Atkin—Lehner involution w,,
m>1,on XOD(N) is

CM(—4) UCM(-8) ifm=2,
CM(—m) UCM(—4m) if m =3 mod 4,
CM(—4m) otherwise.

We remark that in the case m is not squarefree, the fixed points of w,, will still
be CM-points, but the description is complicated. (In general, they will be a proper
subset of | 124, CM(—4m/f?).)

From this lemma, it is easy to determine the number of elliptic points on
X(?(N )/ G for any subgroup G of Wp n such that m is squarefree for any w,,
in G.

Lemma 7. Let G be a nontrivial subgroup of the group Wp n of Atkin—Lehner
involutions on X(? (N) such that m is squarefree for any w,, € G. Then the only
possible orders of elliptic points on Xé) (N)/G are2,3,4, and 6.

(1) If wy € G, then the number of elliptic points of order 2 on Xé) (N)/G is

> (#CM(—4m) +#CM(—m)) —#CM(-3) if w3 € G,

)
Gl S #CM(—4m) +#CM(—m)) if wy ¢ G.
w,eG

m#1
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If wy & G, then the number is (#CM(—4) +2A)/|G|, where A is
> (#CM(—4m) +#CM(—m)) —#CM(-3) if w3 € G,

w,€G

m#1
> (#CM(—4m) +#CM(—m)) if wy ¢G.

w,€G

m##1
(If —m is not a discriminant, we simply set #CM(—m) = 0.)
(2) If ws € G, then there are no elliptic points of order 3 on Xé) (N)/G. Ifws € G,
then the number of elliptic points of order 3 is #CM(—3)/|G]|.

3) If wa € G, then there are no elliptic points of order 4 on X(l)) (N)/G. Ifwy € G,
then the number of elliptic points of order 4 is 2#CM(—4)/|G|.

4) If ws & G, then there are no elliptic points of order 6 on XOD (N)/G. Ifws € G,
then the number of elliptic points of order 6 is 2#CM(—3)/|G|.

Proof. The fact that only 2, 3, 4, and 6 can be the orders of elliptic points on
XP(N)/G is well-known.

Let w,, € G. By Lemma 6, the fixed points of w,, consist of CM(—4), CM(—m),
or CM(—4m), depending on m. If m # 1, 3, then points in CM(—4m) or CM(—m)
are fixed only by w,, and every other Atkin—-Lehner involution other than w;
permutes them. Thus, there are totally |G|/2 points in CM(—4m) or CM(—m) that
are mapped to the same point in the covering X (N) — X (N)/G. For points in
CM(—4), which constitute elliptic points of order 2 on X (’? (N), they are also fixed
by w,. Thus, if wy € G, then there are 2#CM(—4)/|G| elliptic points of order 4
on X(I)) (N)/G. If wy ¢ G, points in CM(—4) contribute another #CM(—4)/|G]|
elliptic points of order 2 on Xé) (N)/G. For points in CM(—3), which are elliptic
points of order 3 on X(l)) (N), they are also fixed by ws. If w3 € G, then they become
elliptic points of order 6 on Xé) (N)/G and there are 2#CM(—3)/|G| such points.
If w3 € G, then they remain elliptic points of order 3. There are #CM(—3)/|G|
such points. Summarizing, we get the lemma. U

In view of these lemmas, a formula for the genus of Xé) (N)/G, G < Wp y, will
involve the numbers of CM-points of certain discriminants. The general formula
for the number of CM-points of an arbitrary discriminant is complicated to state.
(See [Alsina and Bayer 2004; Ogg 1983].) For the goal of this section, we only
need to know the number of CM-points of discriminant —3, dk, or 4dk in the case
dg =1 mod 4, for K = Q(/—m) with m|D.

Lemma 8 [Ogg 1983]. For m|D or m = 3, let dx denote the discriminant of the
field K = Q(/—m). We have
0 if p>|N for some p|dx,

#CM(dg) = h(dg) I (1 _ (%K)) (1 4 (%K)) otherwise.
p|D PIN
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Also, for m| D with m = 3 mod 4, we have

0 if 2| D,
#CM(4dg) = 8h(4dx) { IT(1—(¥)) [T (1+ (¥=)) i 2¢D.

rID PIN
where, when m =7 mod 8,
if 8N,
if 4[N,
if 2N,
if 2N,

— o A o

and when m = 3 mod 8,
0 if8|N,
§=142 Iif2|Nor4|N,
1 if 2¢N.

Here h(d) is the class number of the imaginary quadratic order of discriminant d.
Proof. These formulas are just special cases of Theorems 1 and 2 of [Ogg 1983]. U

Lemma 9. The complete list of integers (D, N) with D, N > 1 such that the
Shimura curve Xé) (N)/Wp has genus zero, is

6,5), (6,7), (6,13), (10,3), (10,7), (14, 3), (14,5),
(15,2), (15,4), (21,2), (26,3), (35,2), (39,2).

Proof. Let I' be a congruence Fuchsian subgroup of SL(2, R). (See [Katok 1992]
for the definition of a congruence Fuchsian subgroup; the groups considered here
are all congruence Fuchsian subgroups.) A famous result of Selberg [1965] stated
that if I" is a congruence subgroup of SL(2, Z), then the first eigenvalue A; of the
Laplace operator on the space of square-integrable function on I'\H is not less
than 3/16. By combining this result with the Jacquet-Langlands correspondence,
Vignéras [1983] showed that the same inequality also holds for congruence Fuchsian
subgroups coming from indefinite quaternion algebras over Q of discriminant not
equal to 1.

On the other hand, Zograf [1991] showed that if the area A(I"\H) is at least
16(g(I') + 1), then A} < 4(g(I')+1)/A(T"\H). Here g(I") denotes the genus of I"
and the area is normalized such that A(SL(2, Z)\H) = 1/6. Combining Selberg’s
inequality and Zograf’s result, one sees that if a congruence Fuchsian subgroup has
genus 0, then the area must be less than 64/3.

Now recall from [Shimizu 1965] that the area of X OD (N) is given by

Z(-Hne-3)
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This immediately shows that if the number of prime factors of D is at least 6, then
the genus of X(?(N)/ Wp cannot be 0 for any N > 2. Also, if D = pgq is a product
of two primes such that (p — 1)(¢ — 1) > 512/3, then X(?(N)/WD must have a
positive genus for any N > 2. A similar bounds exists for the case D has 4 prime
factors. This leaves finitely many cases to check.

Now recall that the genus of a Shimura curve X is given by

where the sum runs through all elliptic points with e; being their respective orders.
For X = X (N)/Wp, by Lemma 7, we have

g =1+ @ - i 2,1_1 (#CM(—4m) +#CM(—m))
e
[gphcMes i,
% #CM(—4) if2|D
3.12, #CM(—3) if 34D,
(2 reme s i remes) i

where r is the number of prime divisors of D. (Of course, if d is not a discriminant,
then we simply let CM(d) be the empty set.)

Using the Selberg—Zograf bound, the genus formula in the paragraph above and
Lemma 8, we check case by case that the pairs of integers given in the lemma are
the only cases where Xé) (N)/Wp, N > 1, has genus zero. ]

We now tabulate all Shimura curves Xé’ (M)/Wp of genus 0O for integers D that
appear in the lemma. We will also give a description of their elliptic points. We
wish to determine the Schwarzian differential equations for these curves. Here v;
denotes the number of elliptic points of order j on X OD (M)/Wp. Here we also let
CM(—m) denote the set of points on X OD (N)/ Wp that are the image of CM-points
of discriminants —m under the covering X(l)) (N) —> Xé) (N)/Wp. The number n
in CM(—m)*" means the number of elements in CM(—m) is n. If n = 1, we omit
this annotation.

4. Coverings of Shimura curves

The goal of this section is to obtain explicit coverings of X é) (N)/Wp—X é) 1)/ Wp
for pairs of D and N given in Lemma 9. That is, we wish to find a Hauptmodul #
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D, N vy, v3, v4, v elliptic points

6,1 1,0,1,1 CM(-3), CM(—4), CM(—24)

6,5 2,0,2,0 CM(—4)*2, CM(—24)*?

6,7 2,0,0,2 CM(—3)*2, CM(—24)*2

6,13 0,0,2,2 CM(—3)*2, CM(—4)*2

10,1 3,1,0,0 CM(—3), CM(—8), CM(—20), CM(—40)
10,3 4,1,0,0 CM(—3), CM(—8)*2, CM(—20)*?

10,7 4,2,0,0 CM(—3)*2, CM(—20)*%, CM(—40)*?
14,1 3,0,1,0 CM(—4), CM(—8), CM(—56)*?

14,3 6,0,0,0 CM(—8)*2, CM(—56)**

14,5 4,0,2,0 CM(—4)*2, CM(—56)**

15,1 3,0,0,1 CM(-3), CM(—12), CM(—15), CM(—60)
15,2 6,0,0,0 CM(—12)*2, CM(—15)*2, CM(—60)*2
15,4 8,0,0,0 CM(—12)*2, CM(—15)*%, CM(—60)**
21,1 5,0,0,0 CM(—4), CM(—7), CM(—28), CM(—84)*2
21,2 7,0,0,0 CM(—4), CM(=7)*%, CM(—28)*2, CM(—84)*2
26,1 5,0,0,0 CM(—8), CM(—52), CM(—104)*3

26,3 8,0,0,0 CM(—8)*2, CM(—104)*6

35,1 6,0,0,0 CM(—7), CM(—28), CM(—35), CM(—140)*3
35,2 10,0,0,0  CM(=7)*2, CM(—28)*%, CM(—140)*®
39,1 6,0,0,0 CM(—52)*2, CM(—39)*%, CM(—156)*2
39,2 10,0,0,0  CM(—52)*2, CM(=39)**, CM(—156)*4

Table 1. All Shimura curves X, é) (M)/ Wp of genus O for integers
D appearing in Lemma9.

of X(l)) (1)/ Wp, a Hauptmodul #y of X OD (N)/Wp, and the relation between them.
Of course, there are infinitely many choices for #; and #5. For X(I)) (N)/Wp, we
will choose #x such that the Atkin—Lehner involution wy acts by wy : ty — —ty.
This will make the determination of Schwarzian differential equation simpler.

Case D = 6. In the case D = 6, all the coverings XS(N)/Wﬁ — XS(I)/W6,
N =5,7, 13, are already given in [Elkies 1998]. Here we just modify the ¢y in

[Elkies 1998] such that the new 7y satisfies wy : ty — —ty.

Lemma 10 [Elkies 1998]. (1) There is a Hauptmodul t| for Xg(l)/ W that takes
values 0, 1, and oo at the CM-points of discriminants —24, —4, and -3,

respectively.
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(2) There is a Hauptmodul t = ts for X8(5) / We that takes values +i/8 and
++/—6/3 at the CM-points of discriminants —4 and —24, respectively. The
relation between t| and t is

_ Q43)@4- 1171 +1824%)2 271 +64%)(3—T1)°
B 125(1 + 61)° N 125(1 + 61)°
The Atkin—Lehner involution ws acts by ws : t — —t.

(3) There is a Hauptmodul t = t7 for XS (7)/ Wg that takes values ++/—3/9 and
++/—6/8 at the CM-points of discriminants —3 and —24, respectively. The
relation between t| and t is

4

(3 +3212)(78 — 3967 + 196312 — 1231213)2
4(1 4 272)(3 4+ 101)6 ’

Hh =

The Atkin—Lehner involution wy acts by wy : t — —t.

(4) There is a Hauptmodul t = t3 for X8(13)/W6 that takes values £4+/—3/9
and £3i /4 at the CM-points of discriminants —3 and —4, respectively. The
relation between t| and t is

| 27(9 + 161%) (144 — 981 + 2461> — 16113)*

16(16 +27t2)(30 + 3¢ + 55¢2)°

The Atkin—Lehner involution w3 acts by w3 : t — —t.

=

Proof. Elkies [1998] showed that explicit coverings of XS(N )/ We — Xg(l) / W,
N =5,7, 13, are given by

42 — 555
1 = 1+ 135s% + 324s° + 540s°, : —_—
1= 115057+ 52487 + 54ls W58 S5 3005
(452 4+ 4s +25)(2s% — 352 + 125 — 2)? 116 —9s
h=- , W7ISE> —————
108(7s2 — 85 4+ 37) 9+ 20s
and
o (s7 — 505° + 6355 — 5040s* + 78353 — 16842652 — 68315 — 1864404)2
' 4(7s% +2s +247)(s% +39)6
with
S5s+72
w13 . S = ,
2s —5

respectively. Choosing ¢ such that
7t —3 —29t 46 —8t+9

S = ———, S = 9 s = ’
30t +5 10z +3 2t+1

respectively, we get the lemma. O



464 FANG-TING TU

Case D = 10. The covering X}°(3)/Wio — X}°(1)/ Wi has also been given in
[Elkies 1998]. Here we mainly work on the case N = 7.

Lemma 11. (1) There is a Hauptmodul t, for Xéo(l)/Wlo that takes values 0,
00, 2, and 27 at the CM-points of discriminants —3, —8, —20, and —40,
respectively.

(2) There is a Hauptmodul t = t3 for Xéo(3)/ Wi that takes values 0, +1/4+/—2,
+1/4/—5 at the CM-points of discriminants —3, —8, and —20, respectively.
The relation between t| and t is
_ 1081207 ) 2(1+5%)(1-201)°
(14321 +T7)2 (143221 +71)2

The Atkin—Lehner involution ws acts by w3 : t — —t.

(3) There is a Hauptmodul t = t; for X(l)o(7)/W10 that takes values +1/3+/—3,
+1/2/—-5, and £/ —10/16 at the CM-points of discriminants —3, —20, and
—40, respectively. The relation between t| and t is

51

801+ 2712)(2 — 3t + 441%)3
TT(1 441 + 5512 + 10213 + 736142

I

The Atkin—Lehner involution wy acts by wy : t +— —t.

Proof. In [Elkies 1998], it is shown that an explicit covering X;°(3)/ Wiy —
Xéo(l)/Wlo is given by

_ 216(s — 1)?
T s+ 1D2(9s2=10s + 17)

with wz : s — 10/9 —s. Let ¢ be the Hauptmodul of X(I)O(l)/Wlo with
2 5

s =—4+—
9% 9
Then the relation of #; and ¢ and the action of w3 are given as in the lemma.
We next consider the case N = 7. According to Theorem 3.4 of [Gonzélez and

Rotger 2006], an equation for X(I)O(7) is given by

n

(1) y? = —27x* —40x> + 6x* 4+ 40x — 27.

The actions of the Atkin—Lehner involutions on this model of X (1)0(7) are given by

1
wyo : (x, y) = (x, =y), ws:(x,y) (—;, ——>,

and

w1o:(x,y)r—>( ,
Y —
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Since CM(—20) are fixed points under the action of ws, their coordinates on (1)
are (i, £2+4/5(1 4 2i)) and (—i, +2+/5(1 — 2i)). Likewise, we find that CM(—40)
have coordinates (2 + +/5, £8v/—10(2 ++/5)) and (2 — v/5, £8/—10(2 — /5)).
Furthermore, from the method of [Gonzalez and Rotger 2006], we know that the
two points at infinity are CM-points of discriminant —3. Thus, the coordinates of
CM(-3) are 00, (0, +3+/=3), (2, £154/=3), and (—1/2, £15/—3/4).

From (1), we can obtain an equation w? 427224402420 =0 for X(I)O(7)/(w10),
where the covering X60(7) — X(l)o(7) /{wip) is given by

y x2—|—1>

x—=2 x=2

(x,y)l—>(w,z)=<

In this equation for X (()10) (7)/{w10), the actions of the Atkin—Lehner involutions are
given by

wip=w7:(w,2)—> (—w,z), wry=ws:(w,z)H <2zu—:-1’ 215 1).
The coordinates of CM(—3) are the two points at co and (£3+/-3 /2, —1/2). Also,
the coordinates of CM(—20) are (£2+/—5, 0), and the coordinates of CM(—40)
are (£8+/—2(2++/5), 44 2+/5) and (£8v/—2(2 —+/5), 4 — 2/5).

Now set t = (z + 1)/w. We can check that ¢ is invariant under w; and that
(w,z) >t = (z+ 1)/w is 2-to-1. Thus, ¢ is a Hauptmodul of X}°(7)/ Wy. The
coordinates of the CM-points of discriminants —3, —20, and —40 are 1/ 3/-3,
+1/ 2./—5, and :I:\/—_IO/ 16, respectively. It follows that the relation between #;
and ¢ is

A +27t5A +at + axt?)?
T (14 byt + bot? + b3t3 + bat*)?

I
with
A1 +27) (A + art + ast®)® = 2(1 4 byt + bot? + bat> + bat*)?
= B(1 +2062) (1 4 11 + eat* + c31%)>,
A1 427t + ayt + axt®) = 27(1 + byt + bat® + bst> + bat™)?
=C(1+'22) (1 + dit + dot* + dst°)?

for some constants A, B, C, a;, bj, ¢;, and d;. Comparing the coefficients, we get

81427172 — 3t +441%)°
©T(1 44t + 5512 + 1023 + 73614)2

n

(or the same expression with ¢ replaced by —¢). This proves the lemma. O



466 FANG-TING TU

Case D =14. The case D = 14 is also worked out in [Elkies 1998]. Here we only
need to make a change of variable so that wy acts by wy : ty = —tn.

Lemma 12 [Elkies 1998]. (1) There is a Hauptmodul t| for Xé4(l)/W14 that
takes values 0o, 0, and (—13 =7/ —7)/32 at CM-points of discriminants —4,
—8, and —56, respectively.

(2) There is a Hauptmodul t = t3 for X(1)4(3)/W14 that takes values £1//—2
and (£9+/—7 £ 4/ —14)/49 at CM-points of discriminants —8 and —56,

respectively. The relation between t| and t is

41421 (1—51)?

t
: 91 +1)*

The Atkin—Lehner involution ws acts by w3 : t — —t.

(3) There is a Hauptmodul t = ts for Xé4(5)/W14 that takes values *i /4 and
(£5 =7+ 4/ —14)/7 at CM-points of discriminants —4 and —56, respec-
tively. The relation between t| and t is

51—+ 17¢2 — 1313)?2
(14+1622)(1 4+ 31)4

H=—

The Atkin—Lehner involution ws acts by ws : t +— —t.

Proof. In [Elkies 1998], it is shown that explicit coverings X*(N)/ W4 —
X}*(1)/ W14 can be given by

5-2
tlz%(s4+2s3+9s2), w3 s 2+:
and
(25657 + 2245% +232s +217)* 24 —1s
h=-— , W5:8F> ————,
50000(s2 + 1) T+ 24s
respectively. Choosing ¢ with
1 -5t 3—16¢
s = , S=—,
1+1¢ 4412t
respectively, we get the lemma. ([

Case D =15. An explicit covering X (1)5 2)/Wis— X (1)5(1) / Wis is given in [Elkies
1998]. Here we only need make a change of variable so wy acts by wy : ty — —tn.

Lemma 13. (1) There is a Hauptmodul for X(I)S(l)/W15 that takes values oo, 0,
81, and 1 at CM-points of discriminants —3, —12, —15, and —60, respectively.
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(2) There is a Hauptmodul t, for X(l)5 (2)/ Wis that takes values +1, £/ —15/3,
and £1/5 at CM-points of discriminant —12, —15, and —60, respectively. The
relation between t| and t; is

- 27(1 — 1) (1 — 31)? 1 (1 =51)(5—171)? _s1 27(1+56)(5+ 3t3)
YT 20+ )3 20+ 2(1+1)3
The Atkin—Lehner involution wy acts by wy : t) — —t».

(3) There is a Hauptmodul t4 for X(1)5(4)/W15 that takes values +1/+/—3,
+4/—15/5, and (£1 £ /—15)/8 at CM-points of discriminants —12, —15,
and —60, respectively. The relation between t4 and t is

. 5t}+2[4+1

="t
T2 043

Proof. In [Elkies 1998], an explicit covering X(l)5 2)/Wis — Xés(l) / Wis is given

by
36
= %s(s —3)2, Wy s> —.

s

Choosing a Hauptmodul ¢ for X(l)5 (2)/ Wis with
_6-—6r
1+t

we establish the claim about X (1)5 (2)/ Wis.

For the covering map Xés @@/ Wis— X 65 (2)/ W5, it is clear that one of the CM-
points of discriminant —12 on X(l)5 (2)/ W15 becomes two CM-points of discriminant
—12 on X;°(4)/ Wis, and the other is ramified. To determine the ramification data
of this covering completely, we need to consider the optimal embeddings of the
quadratic orders of the field Q(+/—15) into the Eichler order of level 2 and the
Eichler order of level 4 in the quaternion algebra B over ) with discriminant 15 at
the finite place p = 2.

Let Ry =Z + Za, pi(x) = x> + x + 4 be the irreducible polynomial of o over
Q, and Ry =Z +ZB, p>(x) = x? + 15 be the irreducible polynomial of 8 over Q.
Up to conjugation, we may assume that in the localization M (2, Q;) of B at the
finite place 2, the Eichler orders O3, O4 of level 2 and 4 are

0, — 2y 7 04 — 2y 7
T\ ) T \sm, 1)
respectively. Then the inequivalent optimal embeddings of R; into O, can be given
by sending o to

0 -1 -1 -1
A5 = (4 _1> and A—15,2=( 4 O);

N

’
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the inequivalent optimal embeddings of R, into 0, can be given by sending 8 to

1 —1 1 -8
A_60,1 = (16 _ ) and A_go2 = (2 _1)-

The inequivalent optimal embeddings of R; and R; into O4 are given by

0 -1 —1 -1
B_i51 = <4 _1> and B_|52= ( 4 0> ,

1 -1 -1 -1
B_60,1 = <16 _1) and B_e02 = ( 6 1) )

1 —4 1 —4
B_¢0,3 = <4 1 ) and B_gp4 = ( 4 1) ,

respectively. Furthermore, we can check the embeddings sending B to B_g 3,
B_sp,4 give optimal embeddings of R; into Oy, and the matrices B_g0,1, B_¢0.2,
and A_gp,1 are conjugate to each other in 0.

According this information, we can conclude that each CM-point of discriminant
—150on X (1)5 (2)/ W15 becomes one CM-point of discriminant —15 and one CM-point
of discriminant —60 on X(l)5 (4)/ Wis. One of the CM-points of discriminant —60
on X (1)5 (2)/ W15 becomes two CM-points of discriminant —60 on X (1)5 (4)/ W;s, and
the other CM-points of discriminant —60 on X°(2)/ Wis is ramified.

We now suppose that the covering Xés )/ Wis — XéS (2)/ Wis is given by

and

. _ at’ +ayt +a
2T 2 bitby

where ¢t = t4 is a Hauptmodul for X (1)5 (4)/ Wis. Since the Atkin—Lehner involution
wy switches the two CM-points of discriminant —12 on X(l)5 (2)/ W5, we may
assume that the CM-point of discriminant —12 having coordinate 1 is a ramified
point. According to the ramification data and the fields of definition of these CM-
points, without loss the generality, we may assume that ¢ has repeated roots 1 when
t» = 1, and assume that the CM-points of discriminant —12 of X}>(4)/ W5 that lie
above the unramified CM-point of discriminant —12 of X (1)5 (2)/ Wis are £1/4/-3.
Therefore, we have

o _2a=3r+Ba—Dit+1-2
2 2+ (1—3a)+a

k]

for some constant a. From the information of the CM-points of discriminant —60,

I Gt N Gl T oY)

2T 2+ =3a)+a)?’
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and the roots of t2 + ¢t + ¢, are in the field Q(+/—3, «/5), we can deduce that

5242t +1
h=————.
72 —2t+3

We get the lemma. U

Case D =21. We will need an equation for some Atkin-Lehner quotient of X3'(2)
in order to determine the coordinates of elliptic points on X%l (2).

Lemma 14. An equation for Xgl (2)/{woy) is y2 = (x+12)(x2—7x+28). Moreover,
the action of the Atkin—Lehner involution ws = w7 on this curve is given by the map
(x,y) — (x, —y). Also, the two rational points oo and (—12, 0) are the CM-points
of discriminant —28, and the other two 2-torsion points (714 3+/=7)/2, 0) are the
CM-points of discriminant —7.

Proof. We follow the methods of [Gonzédlez and Rotger 2006]. The Shimura curve
X31(2)/(wo1) has genus 1. By Lemma 5.10 of that paper, the two CM-points of dis-
criminant —28 are Q-rational points on this curve. Thus, Xgl (2)/{w21) is an elliptic
curve over (). Now in the space S,(I"g (42))21eV the unique Hecke eigenform with
+-eigenvalue for wy; is coming from the newform space of S>(I"9(42)). Therefore,
the elliptic curve X, %1 (2)/{w21) has conductor 42. Using the Cherednik—Drinfeld
theory of p-adic uniformization of Shimura curves, we find that the types of singular
fibers at primes of bad reduction of X(z)1 (2)/{wy1) agree with those of the elliptic
curve 42A1, in Cremona’s notation. The global minimal model of the elliptic curve
42A11is y> +xy +y = x> + x> — 4x + 5. With a simple change of variables, we
write it as y? = (x + 12)(x% — 7x + 28).

Now the covering X3!(2)/(w21) — X3! (2)/ Wy, is ramified at the two CM-points
of discriminant —7 and the two CM-points of discriminant —28. If we let one of
the CM-points of discriminant —28 be the point at infinity, then an equation for
X81(2)/(w21) is of the form y2 = f(x) for some polynomial f(x) = x>+ of
degree 3 in ([x] with the Atkin—Lehner involution w3 acting by (x, y) — (x, —y).
Up to a transformation of the form x +— ax + b, this polynomial f(x) must be the
polynomial (x + 12) (x? —7x +28). This proves the lemma. U

Remark 15. According to Cremona’s table of elliptic curves [1997], the elliptic
curve 42A1 has 8 rational points. Thus, X%I(Z) /{w71) also has 8 Q-rational points.
Two of them are the CM-points of discriminant —28 mentioned above. The rest of
Q-rational points consist of two CM-points of discriminant —4 and four CM-points
of discriminant —16.

Lemma 16. There is a Hauptmodul t, for X(z)l(l)/Wzl that takes values 49, 0,
00, and (47 + 8+/—=3)/7 at CM-points of discriminants —4, —7, —28, and —84,
respectively.
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Also, there is a Hauptmodul t =1, for X(z)l (2)/ Wa that takes values 0, £1/3+/—17,
+1, and +1/3+/—3 at CM-points of discriminants —4, —7, —28, and —84, respec-
tively. The relation between t| and t is

49(1 4 1)(1 4 6312) 15687 (1 — 3t)?
| = =49 )
(1=1)(1—15¢)2 (1—=1)(1—15¢)2

The Atkin—Lehner involution wy acts by wy : t — —t.

Proof. According to [Gonzdlez and Rotger 2006], an equation for X3'(1) is given
by y? = —7x* 4+ 94x? — 343 with the actions of the Atkin-Lehner involutions given
by

w3:(x,y) = (=x,=y), w7:(x,y)=>(—x,y), w:(x,y) > (x,—y).

The Atkin—Lehner involution wy fixes the two points at oo and (0, +7./=7). Since
the equation has a symmetry (x, y) — (7/x, 7y/x?), we might as well assume that
the two points (0, =74/—7) are the CM-points of discriminant —7 and the two
points at infinity are the CM-points of discriminant —28. Moreover, the four points
with y = 0 correspond to the four CM-points of discriminant —84.

Since w3 acts by (x, y) — (—x, —y), an equation for X%l(l)/(w3) is y2 =
—7x3 + 94x2 — 343x, where the covering X(Z)l(l) — Xgl(l)/(w3) is given by
(x,y) — (x%,xy). Then f; = x generates the function field of X(%l /Wa1. The
values of #; at the CM-points of discriminants —7, —28, and —84 are 0, oo, and
(47 £ 8+/=3)/7, respectively. The value of 7, at the CM-point of discriminant —4
will be determined later.

By Lemma 14, an equation X%l(Z)/(um) is 2 = (x + 12) (x> — 7x + 28) with
the Atkin—Lehner involution w3 = w7 acting by (x, y) — (x, —y). Thus, s = x
generates the function field of X(Z)l (2)/ W31. According to the lemma, the values of
s at the CM-points of discriminant —7 are (7 = 3+/—7)/2 and those at CM-points
of discriminant —28 are —12 and oo. The Atkin—Lehner involution w, switches
the two CM-points of discriminant —28. It also switches the two CM-points of
discriminant —7. (Note that in general, w;, can send a CM-point of discriminant —d
on Xé) (N)/G to a CM-point of discriminant —4d and vice versa. Here because
wy is defined over Q, it must send a Q-rational point to another (-rational point.)
This information suffices to determine w in terms of s. We find

—12s +112

wy S >
s+ 12

Choosing a new Hauptmodul
4—s5

t = :
28+
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we have w, : t — —t. The new coordinates of CM-points of discriminants —7 and
—28 are +1/34/—7 and +£1, respectively. Also, since w, fixes the unique CM-point
of discriminant —4, we find that the CM-point of discriminant —4 has coordinate 0.
We now determine the relation between #; and ¢.

Replacing ¢ by —1 if necessary, we may assume that the CM-point of discriminant
—28 of X3!(2)/ W2 that lies above the CM-point of discriminant —7 of X2!(1)/ Wa;
is —1. Then

o A(l14+1)(14631?)
TS0 —ar)?

for some constants A and a. Since X3'(2)/ W21 — X3'(1)/ Wa; is also ramified at
the CM-points of discriminant —84, the discriminant of the polynomial

A+ +63t%) — B(1 —1)(1 —ar)?

in ¢ must be divisible by the polynomial 7B% — 94B + 343. This gives us two
conditions on A and a. Solving them for A and a, we find that the only legiti-
mate values for A and a are A =49 and a = 15. Because ¢ has value 0 at the
CM-point of discriminant —4 on X%l (2)/ W31, the CM-point of —4 on X %1 (1)/ Wy
has coordinate 49. This proves the lemma. O

Case D = 26. We first recall a lemma of Gonzéilez and Rotger.

Lemma 17 [Gonzalez and Rotger 2004, Proposition 2.1]. Let C be a hyperelliptic
curve of genus 2 defined over a field k of characteristic not equal to 2 or 3 and let w
be its hyperelliptic involution. Assume that the group of automorphisms of C over k
contains a subgroup (uy, uy = uy - w) isomorphic to (Z/2Z)* and denote by C; the
elliptic quotient C /(u;). If the two elliptic curves

E1:y2:x3+A1x+Bl, E2:y2:x3—|—A2x+B2

are isomorphic to C| and C, over k, respectively, then C admits a hyperelliptic
equation of the form y* = ax® 4+ bx* 4+ cx? 4 d, where a € k*, b € k are solutions of

27a*By, = 2A3 +27B} +9A,B1b+2A7b* — Bib°,
9a*Ay = —3A% +9B1b + A b,

c=BA1+b%/Ba),d = Q7B +9Ab+b)/(27a?), and the involution u on C
is given by (x, y) — (—x, y).
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Lemma 18. The Shimura curves X1 : X30(3)/(wa, w3), X2 : X38(3)/ (w2, wao),
and X3 : X(2)6(3)/(w6, w13) are elliptic curves over Q) with defining equations

X1 :y?=x>—3403x — 83834,
X5 y? =x>—43x + 166,
X3 :y? = x> 4+621x 49774

Moreover, on the equation for X, the point at oo is the C M-point of discrim-
inant —312, and the involution (x,y) +— (x, —y) is the Atkin—Lehner involu-
tion w3z = wye = w39 = wyg. On the equation for X, the point at oo is the
CM-point of discriminant —24 and the involution (x, y) +— (x, —y) is the Atkin—
Lehner involution wz = wg = w13 = wae. On the equation for X3, the point at
00 is the CM-point of discriminant —8 and the involution (x, y) — (x, —y) is the
Atkin—Lehner involution wy, = w3 = wy¢ = w39. In all three cases, the 2-torsion
points are the CM-points of discriminant —104 on their respective curves.

Proof. The fact that the three curves in the lemma have genus one can be verified
either by using the genus formula, together with Lemmas 6, 7, and 8, or by counting
the dimensions of subspaces of S,(I'g(78))?6"" with appropriate eigenvalues for
the Atkin—Lehner involutions. We omit the details.

On X, there is a unique CM-point of discriminant —312, which must be a
(D-rational point. Thus, X is an elliptic curve over (). Likewise, X, and X3 have
unique CM-points of discriminants —24 and —8, respectively. They are also elliptic
curves over Q.

Observe that all cusp forms in S, (g (78))26-new having —1 eigenvalue for w, are
from the cusp form of level 26 corresponding to the isogeny class 26B of elliptic
curves in Cremona’s notation. Thus, X; and X, are isomorphic to either 26B1 or
26B2. Similarly, we find that the one-dimensional subspace of S, (I'y(78))26-"e¥
that has eigenvalue +1 for both we and w3 comes from the cusp form associated
to 26A. Using the Cerednik—Drinfeld theory to compute the types of singular fibers
at primes 2 and 13, we see that X is isomorphic to the elliptic curve 26B2, X,
is isomorphic to 26B1, and X3 is isomorphic to 26A3. If we put the CM-point of
discriminant —312 on X, that of discriminant —24 on X», and that of discriminant
—8 on X3 at oo, respectively, and require that the Atkin—Lehner involutions w3,
w3, and wy act by (x, y) — (x, —y) on the three curves, respectively, we get the
equations for the three curves. U

Lemma 19. (1) An equation for the curve X%6(3)/(w2) is

y?=—2x0 —362x* —55x% — §
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with the actions of the Atkin—Lehner involutions given by

w33(x7)’)'_>(_X,)’)7 w13:(x7y)'_)(xa_y)'
On this model, the two CM-points of discriminant —312 are the two points at
infinity, and the two CM-points of discriminant —24 are (0, £2+/—6/3).
(2) An equation for the curve X36(3) /{we) is

221976 699 4 225 2 8l
=7 X g X g X 8

with the actions of the Atkin—Lehner involutions given by

wzi(xa)’)'_)(—xd’), w263(x»)’)'_>(xs—)7)-
On this model, the two CM-points of discriminant —312 are the two points at
infinity, and the two CM-points of discriminant —8 are (0, £9+/—2/4).
(3) An equation for X%6(3)/(w39) is

yr = §x6 +9x* — 18x% +81
with the actions of the Atkin—Lehner involutions given by

wZ:(-xay)'_)(_-x’y)’ w63(x,)’)'—>(x,_y)-

On this model, the two CM-points of discriminant —24 are the two points at
infinity, and the two CM-points of discriminant —8 are (0, £9).

Moreover, on each of these three curves, there are six CM-points of discriminant
—104. Their coordinates are («j,0), j =1, ..., 6, where a; are the zeros of their
respective polynomials of degree 6.

Proof. We apply Proposition 2.1 of [Gonzédlez and Rotger 2004], cited as Lemma 17
above, with C = X3°(3)/(w2), w13, u1 = w3, us = w39, A} = —3403, B; = —83834,
Ay = —43, and B, = 166. We find an equation for X(2)6(3)/(w2) is

yr = —ZISﬁx6 —362x* —55x% — %
with the Atkin—Lehner involutions given by

w3:(x,y) = (=x,y), wi:x,y) = (x,—y).

Since the CM-points of discriminant —24 are fixed by the involution wg = w3 :
(x,y) — (—x,y), we see that their coordinates are (0, :|:2\/—_6/3). Likewise,
the CM-points of discriminant —312 are the fixed points of w7g = w39 : (x, y) >
(—x, —Yy), so they are the two points at infinity. Also, the CM-points of discriminant
—104 are the fixed points of wys = w13 : (x, y) — (x, —y). Their coordinates are
(@j,0), j=1,...,6, where o; are the zeros of —2197x%/3 —362x* — 55x% — 8/3.

The equations of the other two curves are obtained in the same way. (]
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Lemma 20. Let y> = —2197x5%/3 — 362x* — 55x2 — 8/3 be the equation for
X86(3) /{wn) given in the previous lemma. Then the coordinates of the four CM-
points of discriminant —8 are (£1/2/—2, £3/164/—2).

Proof. By Lemma 19, an equation for X36(3)/(w2) is y2 = —2197x%/3 — 362x* —
55x2% — 8/3 with w3 : (x,y) — (—x,y) and w3 : (x,y) — (x, —y). Thus, if
we let t; = x2, then 11 is a Hauptmodul for X86(3) / Wae 3. Likewise, if we let t,
be the function x? in the equation y? = 2197x%/72 — 699x*/8 — 225x2/8 — 81/8
for X%6(3) /{wg), then ¢, is also a Hauptmodul for X%6(3) / Wag 3. It follows that
t1 = (atr +b)/(ct, +d) for some a, b, ¢, d.

Now observe that the values of #; and #, at the CM-point of discriminant —312
are both co. Thus, t; = at, + b for some a and b. The values of #; and t, at the CM-
points of discriminant — 104 are the zeros of f}(z) = —2197z3/3—362z>—55z—8/3
and f>(z) = 2197z3/72 — 699z%/8 — 225z /8 — 81/8, respectively. Therefore, the
constants a and b must satisfy f(az+b) = Af,(z) for some constant A. Comparing
the coefficients, we find A = 1/576, a = —1/24 and b = —1/8. Since the value
of #, at the CM-point of discriminant —8 is 0, the value of #; at the same point is
—1/8, which implies that the four CM-points of discriminant —8 on X 86(3) /{wo)
have coordinates (£1/(2+/—2), +3/(16+/—2)) on the equation y? = —2197x%/3 —
362x* — 55x% — 8/3 for X3°(3)/(w). O

Lemma 21. There is a Hauptmodul t| for X§6(1) / Wag that takes values oo, 0, and
the three zeros of —2x> + 19x% — 24x — 169 at the CM-point of discriminant —8,
the CM-point of discriminant —52, and three CM-points of discriminant —104,
respectively. Also, there is a Hauptmodul t = t3 for X 36 (3)/ Wag that takes values
+1/(2v/=2) and the six zeros of —2197x%/3 —362x* — 55x2 — 8/3 at the two CM-
points of discriminant —8 and the six CM-points of discriminant —104, respectively.
Moreover, the relation between t| and t and the action of ws on t are given by

3(1+1+10¢%)?
H=-— , w3t —L.
1 +82)(1 —1)?

Proof. According to Theorem 3.1 of [Gonzdlez and Rotger 2004], an equation
for X2°(1) is y* = —2x% + 19x* — 24x? — 169. In fact, the method used in that
paper to deduce this equation also shows that the Atkin—Lehner involutions act
by w3 : (x,y) — (—x,y) and wys : (x,y) — (x, —y). Then the two points
(0, £134/—1) are the CM-points of discriminant —52, the two points at infinity
are the fixed points of w; : (x, y) — (—x, —y), that is, the two CM-points of
discriminant —8, and the six points («,0), j =1, ..., 6, are the six CM-points
of discriminant —104, where o are the zeros of —2x% 4+ 19x% — 24x% — 169.
Thus, t; = x2 is a Hauptmodul of X36(1) / Wae with values oo, 0, the zeros of
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—2x3 4+ 19x? — 24x — 169 at the CM-point of discriminant —8, the CM-point of
discriminant —52, and the three CM-points of discriminant —104 on X(2)6(1) / Was.

On the other hand, Lemmas 19 and 20 show that if we let ¢ be the x in the
equation y*> = —2197x%/3 — 362x* — 55x2 — 8/3 for X3°(3)/(w,), then t is a
Hauptmodul for X 56 (3)/ Wyg that takes values =1/ (2+/=2) at the two CM-points
of discriminant —8 and B;, j = 1,...,6, at the six CM-points of discriminant
—104, where B; are the six zeros of —2197x%/3 — 362x* — 55x2 — 8/3. It is clear
that w3 acts on ¢ by w3z : f —> —f.

The relation between #; and ¢ is simple to determine. From the table at the end
of Section 3, we know that the covering X(2)6(3) /Wi — X 86( 1)/ Wy is ramified
precisely at the CM-points of discriminants —8, —52, and —104 of X(z)ﬁ(l) / Wae
with ramification types given by

NV

CM(-8) CM(—104)*3 CM(-52)

It follows that
Al +air +ax®)?

(1 4+82)(1 + br)?

for some constants A, ai, az, and b such that

n

—2f3+19f%g —24fg*> — 169¢°
= B(—2197t%/3 — 362t* — 55t —8/3) (1 + c1t + 2t + ¢3¢°)?
for some constants B, cj, ¢, and c¢3, where f = A(1 + 812)(1 4+ ar)? and g =
(1 + byt + byt?)?. Comparing the coefficients, we find
3(1 41+ 10¢%)2 . 3(1 —t 4+ 10¢%)?
(1+8:2)(1—1)2 T+ (1 + 02

Both are valid, since the action of w3 sends one to the other. This gives us the
lemma. U

Hh =

Case D = 35.
Lemma 22. An equation for ng(l)/(w5) is
¥ = —(x 4+ 12)(7x +4) (x> 4 4x? + 144x + 80)

with the action wy = wss given by wy : (x, y) — (x, —y). The coordinates of the
CM-points of discriminants —7, —28, —35, and —140 are (—12, 0), (—4/7, 0), oo,
and (aj, 0), respectively, where o are the three roots of x3 4+ 4x% + 144x + 80.
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An equation for X 85 (2)/{w7) is
—2y? = (x3 4+ 3x2 + 11x +25) (x> — 3x% + 11x — 25)

with the actions of wy = w4 and ws = w3s given by wy : (x, y) — (—x, —y) and
ws : (x,y) — (x, —y). The coordinates of the CM-points of discriminants —7,
—8, —140, and —280 are (£+/—7, £8), two points at oo, (8;,0), j =1,...,6,
and (0, £25/+/=2), respectively, where B ; are the six roots of the polynomial
(3 +3x2 + 11x +25)(x® — 3x% + 11x — 25).

Proof. In Section 10.4 of [2012], Molina showed that an equation for XSS( 1)/{ws)
is

y2 = —x(9x + 4)(4x + 1)(172x> + 176x> + 60x +7),

where wy : (x,y) — (x, —y) and the points (0, 0), (—4/9,0), (—1/4,0), and
(yj,0), j=1,...,3, are the CM-points of discriminant —7, —28, —35, and —140,
respectively. Here y; are the zeros of 172x3 +176x% 4 60x + 7. Setting

o y) x' +12 5y
x, = - ) 9
Y 4 +28° 16(x' +7)3

we get the equation in our lemma. The reason for this change of variable is the
Shimura curve X85(1) /{w7) has genus 1 and the unique CM-point of discriminant
—35 is a Q-rational point. Thus, it is an elliptic curve over Q. Computing the
singular fibers at primes of bad reduction, we find that it is isomorphic to the
elliptic curve 35A1, which, after a change of variables, has an equation y> =
x3 + 4x? + 144x + 80. If we choose a Weierstrass equation for X(3)5(1) /{w7) by
requiring that the CM-point of discriminant —35 is the point at infinity and that ws
acts by (x, y) — (x, —y), then up to a transformation of the form x — ax + b, this
Weierstrass equation must be y? = x> 4 4x? + 144x + 80 and the three 2-torsion
points («;, 0) must be the three CM-points of discriminant —140. In view of this
equation for X85 (1)/{w7), we make the above change of variables for X(3)5 (1) /{ws).

We now consider the Shimura curve X7°(2)/(wy). It is bielliptic with elliptic
quotients C : X(3)5 (2)/{w7, wyp) and Cy : X85(2)/(w2, w7). Here C| is an elliptic
curve over (D because it has a unique CM-point of discriminant —8 and another
two Q-rational point coming from CM(—7). Likewise, C; is an elliptic curve
over (Q because C; has a unique CM-point of discriminant —280. By considering
the eigenvalues of the Atkin—Lehner involutions associated to the eigenforms in
S>(T(70))3>™¥  we find that both C; and C, fall in the isogeny class 35A, in
Cremona’s notation. Furthermore, by considering its singular fibers at primes of bad
reduction using the Cerednik—Drinfeld theory, we find that C; is isomorphic to the
elliptic curve 35A3 and C, is isomorphic to 35A2. We take y2 =x3—1728x+30672
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and y? = x> — 170208x — 28273968 to be (nonminimal) equations for 35A3 and
35A2, respectively.

Now if we choose a Weierstrass equation for C; by requiring that the CM-point
of discriminant —8 is the infinity point and that the Atkin—Lehner involution w, acts
by (x, y) — (x, —y), then by a suitable transformation x — ax + b, the equation
must be y? = x> —1728x +30672. Similarly, if we put the CM-point of discriminant
—280 at infinity and require that ws acts by (x, y) +— (x, —y), then an equation for
C, is y? = x3 — 170208x — 28273968. Applying Lemma 17, we find an equation
for X3°(2)/(w7) is

y?=—3(x+13x*—29x>—625) = — 5 (x’+3x* + 1 Lx +25)(x* = 3x* + 1 1x —25).
Replacing y by 3y, we get the equation
) —2y? = (x}+3x2 + 11x +25) (x> = 3x% + 11x — 25)

as claimed in the lemma. According to Lemma 17, the Atkin—Lehner involutions
act by

wio: (x,y) = (=x,y), ws:(x,y)—>(x,=y), wz:(x,y)—=>(=x,—y).

Since the CM-points of discriminant —8, —140, and —280 on X85 (2)/{(w7) are
fixed points of w;, ws, and wg, respectively, we find that their coordinates are
the two points at infinity, (8;,0), j =1, ..., 6, and (0, £25/ \/—_2), respectively,
where B; are the zeros of the polynomial on the right-hand side of (2).

To determine the coordinates of the four CM-points of discriminant —7, we
observe that the curve Cj : XSS (2)/{w7, wio) has exactly three Q-rational points
since it is isomorphic to the elliptic curve 35A3, which has precisely three (-rational
points. Since we already know that C; has three (D-rational points consisting
of CM(—8) and CM(—7), any Q-rational point of C; that is the CM-point of
discriminant —8 will be a CM-point of discriminant —7. From the model —2y? =
x84+ 13x%—29x2 — 625 for X3 (2)/(w7), we see that —2y? = x3+13x% —29x — 625
is also an equation for X85 /{w7, wig). On this model, the point at infinity is the
CM-point of discriminant —8. Thus, the 3-torsion points (—7, +8) are the CM-
points of discriminant —7 on X, 85 (2)/{w7, wyp). This in turn implies that the four
CM-points of discriminant —7 on ng (2)/(w7) have coordinates (£+/—7, £8).
This completes the proof of the lemma. U

Lemma 23. There is a Hauptmodul t| for XSS (1)/ Was that takes values —12, —4 /7,
00, and the three zeros of x> + 4x? + 144x + 80 at the CM-points of discriminants

—7, =28, =35, and —140, respectively. Also, there is also a Hauptmodul t for
X85 (2)/ W3s that takes values =/ —71, £S5, the six zeros of

(3 43x2+ 11x +25) (x> —3x2+ 11x — 25),
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and 0 at the CM-points of discriminants —7, —8, —140, and —280, respectively.
Moreover, the relation between t| and t is
2(t — 1)(1% — 61 +25)

B3 +3t2+ 11t +25

and the Atkin—Lehner involution wy on t is given by wy : t > —ft.

HH=—

Proof. The existence of Hauptmoduln with the described values at CM-points
follows immediately from Lemma 22. The fact that w; acts on ¢t by wy : t >
—t also follows from the same lemma. We now determine the relation between
Hauptmoduln.

The CM-point of discriminant —35 on ng(l) / W35 splits completely in the
covering X;°(2)/ Wss — X;°(1)/Wss and the three points lying above it are
CM-points of discriminant —140 on XSS (2)/ Wss. Replacing ¢t by —t if necessary,
we may assume that the coordinates of these three points are the three zeros of
x3 +3x2 4+ 11x + 25. Considering CM-points of discriminant —7, we have

A2+t —a)
B34+3t2 411t +25

for some constants A and a. The point t = a is a CM-point of discriminant —28.
Thus, the point ¢t = —a is the other CM-point of discriminant —28 and this point
lies above the CM-point of discriminant —28 on X, 85(1) / Was. Therefore, we have

3) H+12=

B(t +a)(t — b)?
343124+ 11t +25
for some constants B and b. Comparing (3) and (4), we find A =10, B = —10/7,
a = —5, and b = 3. It follows that
2(t — 1)(t* — 6t +25)
B43t2 411t +25

4) n+3=

H=—

To check the correctness, we observe that the point ¢ with 13 — 3¢2 4+ 117 — 25
lies above CM-points of discriminant —140 on XSS(I) / Ws3s. Thus, if we write
t13 + 4t12 + 144¢, + 80 as a rational function of ¢, then > — 3t2 + 11¢ — 25 should
divide its numerator. Indeed, we find
200(¢3 — 12+ 11t —25)(t3 — 1> — 5t — 35)2

(3 +3t2 4+ 11t +25)3

as expected. This proves the lemma. ([

1} + 411 + 1441, + 80 = —

Case D = 39.
Lemma 24. An equation for X89(1)/(w13) is

v =—(Ix*>+23x +19) (x> +x+ 1)
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with w3 = wag : (x, y) — (x, —y). Moreover, the coordinates of the CM-points of
discriminants —52, —39, and —156 are (£2i, £+/13(342i)), (—1£+/—3)/2,0),
and ((—23 £+/—3)/14, 0), respectively.

Proof. By [Molina 2012], an equation for X 89(1) is
2 _ 4 3 2 4 3 2
vy =—=Tx"+79x° +311x"4+497x +277)(x" +9x” +29x“ +39x + 19)

with wsg : (x,y) — (x, —y). Moreover, the coordinates of the CM-points of
discriminants —39 and —156 are («;,0) and (B8;,0), j =1, ..., 4, respectively,
where o are the zeros of x* + 9x3 +29x% + 39x + 19 and B; are the zeros of
7x* +79x3 4 311x2 +497x +277. Substituting x by x — 2, we obtain an equation

) V2= —(Ix* 4+ 233 + 502 = 2x + D+ 3 —x2—x 4+ 1)

with smaller coefficients. This hyperelliptic curve has an obvious automorphism
(x, ) — (=1/x, y/x*). We will show that this is the Atkin—Lehner involution w3.

The Atkin-Lehner wis permutes the CM-points of discriminant —39. It also
permutes the CM-points of discriminant —156. Therefore, if w3 maps (x, y) to
((ax +b)/(cx +d), Cy/(cx +d)*), then the constants a, b, ¢, and d must satisfy

ax+b
cx+d

(cx + d)“f,-( ) =C;fi)
for fi(x) =Tx*+23x3 +5x2—23x+7and fo(x) =x*+x3 —x>2—x—1. We
find w3 maps (x, y) to either (—1/x, y/x*) or (—1/x, —y/x*). The latter has no
fixed points, so we conclude that w3 maps (x, y) to (—1/x, y/x*).

Now it is easy to show that ¥ = y/x% and X = x — 1/x generate the function
field of X89(1) /{w13). The relation between X and Y is also easy to find. It is

(6) Y2=—(X*+23X +19)(X*>+ X + 1),

which gives us an equation for X 89(1) /{w13). The coordinates of the CM-points
of discriminants —39 and —156 on ng(l)/(wlg) are ((—1 =+ \/—_3)/2, 0) and
(=23 £4/=3)/14, 0), respectively.

To find the coordinates of the CM-points of discriminant —52 on ng(l) /{wr13),
we first consider the CM-points of the same discriminant on X 89(1). Since these
points on X 89(1) are the fixed points of w3 and on (5), the Atkin—Lehner involution
w3 acts by (x, y) — (—1/x, y/x*), we find that the coordinates of the CM-points
of discriminant —52 on (5) are (i, ++/13(3+2i)). This implies that the CM-points
of discriminant —52 on X3°(1)/(13) are (£2i, £+/13(3 +2i)). The proof of the
lemma is complete. O



480 FANG-TING TU

Lemma 25. There is a Hauptmodul t, on X 89(1) / Wag that takes values
—1+4/-3 —23+4/-3
2 ’ 14

at the CM-points of discriminants —52, —39, and —156, respectively. Also, there is
a Hauptmodul t on X (3)9 (2)/ Wag that takes values

+2/-3++/-39
+3i, 3 , E1E£24/-3

at the CM-points of discriminants —52, —39, and —156, respectively. Moreover,

+2i,

the relation between t| and t is

23+ 12+ 111 +3)
(2 +7)(t+3)

and the Atkin—Lehner involution w, on t is wy : t — —t.

Hh =

Proof. The existence of #; with the described properties follows from the previous
lemma. Now let s; = (¢#; — 2i)/(¢; 4+ 2i) so that s; takes values 0 and oo at the two
CM-points of discriminant —52. Then the values of s; at the two CM-points of
discriminant —156 are the zeros of

(7 (94 46i)x” + 94x + (9 — 46i).

The covering X3°(2)/ Wag — X’ (1)/ W3g is ramified at CM(—52) UCM(—156)
of X(3)9(1) / W3g. There is a Hauptmodul s of X89(2) / W39 such that

_ As(1—s)?

1= (1 —as)?

for some complex numbers A and a. That is, s is determined by the property that it
takes values 0 and 1 at the two points lying above the point s; = 0 with the point
s = 1 having a ramification index 2 and value oo at the point lying above s; = oo
with ramification index 1.

Now the condition that the CM-points of discriminant —156 are ramified implies
that the discriminant of

As(1 —5)> = x(1 —as)?

as a polynomial in s must be divisible by the polynomial in (7). This gives two
relations between A and a. Solving them for A and a, we find that the only
legitimate choice is A =9 — 46i and a = 13. Then we have

_ 2i(si+1)  4394is3 + (—15548 — 57460 )s% 4 (2392 + 3926i)s — 92+ 18i
I (135 — 34 2i)(—169s2 + (416 + 624i)s + 5 — 12i) '

1]
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Let ¢ be the Hauptmodul of ng (2)/ W39 with

3420 (54i)t43—150
o 13 5—it+3+15i"

Then we have

. 23 + 12+ 11t +3)
T3+ )
The values of ¢ at CM(—52), CM(—39), and CM(—156) can be read off from
8(12 4 9)(12 + 2t +5)?
g SCTNE+ATS?
(t+3)2(t2 +7)?
12 42t +13)(3t* 43412 + 27
A= X )

(t+3)2(t2 +7)? ’

and

(t* =2t +13) (12 — 61 +21)?
(t+3)2(124+7)%

respectively. To determine the action of w; on ¢, we recall that w, switches the two
points in CM(—52). It also exchanges the two zeros of x2 +2x + 13, corresponding
to the two points in CM(—156) that lie above the CM-points of discriminant —39
on X89(1) / W39, with the two zeros of x%2 —2x + 13, corresponding to the other
two points in CM(—156) that lie above the CM-points of discriminant —156 on
X89(1) / W39. From this information, we can deduce that w, : t — —t. ([

774231 +19 =

’

5. Main results

5.1. Schwarzian differential equations.

Theorem. Let Hauptmoduln for X OD (N)/Wp be as in the lemmas. Then the auto-
morphic derivatives associated to them are as follows. For (D, N) = (6, 1),

108 — 1137 + 14072
o) = 5 5
57612(1 —t)

For (D, N) = (6,5),

15(23 — 45612 + 1608t%)
22+ 312)2(1 + 6412)2

Q@) =—

For (D, N)=(6,7),

3(267 + 6480¢% 4 64352t%)

Q) = = 1527223 1 3222

For (D, N) = (6, 13),
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3(12492 + 4327212 + 3754114

Q) = =5 16m2(16 1 2712)?

For (D, N) = (10, 1),

3% — 11913 + 315712 — 72967 + 10368

ow = 1612(1 — 2)2(t — 27)2

For (D, N) = (10, 3),

0= 2 3037% — 12001* — 95840:°
© o 36r2(143212)2(1 + 512)2

For (D, N) = (10, 7),

0 =—

655 + 624102 4+ 22372311* + 35817920¢° + 216522240¢8
(1 427t2)2(1 +2012)2(5 + 12812)2 '

For (D, N) = (14, 1),

192 + 440¢ 4 4312 + 10363 + 9607*
16t2(8 + 13t + 1612)2

Q@) =

For (D, N) = (14, 3),

3(497 — 19881% + 314941* 4 141436¢° + 139601¢3)

1) =—
e 2(1 + 212)2(7 + 22612 + 34314)2

For (D, N) = (14,5),

623 + 1677212 + 551781* — 8534681° + 975038

oW =~ (1+ 16227 + 11412 + 142

For (D, N) =(15,1),

177147 — 2449441 + 2442421 — 368013 + 35¢*

Q@) = 14412(1 — 1)2(81 — 1)?

For (D, N) = (15,2),

3(385 + 550012 — 20421* 4+ 35196¢° — 2175¢3)

00 = 2+ 021 =52 £ 512G+ 307

For (D, N) = (15,4),

Q@) =

9(14 + 27112 +20241* + 7746t° + 19895¢10 + 1667418 + 10720 12)
4412 —t+ D2A2 + 1+ D2B2 + 1D)2(5:2 + 3)2 '
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For (D, N) = (21, 1),

21(40353607 — 17647350z + 356136912 — 47765213 + 318331* — 63015 + 7¢°)

Q@) = 1612(49 — 1)2(343 — 941 + 712)?

For (D, N) = (21,2),

3(1 — 6912 — 40861* + 23670t° + 604365318 4 6781887¢1)
162(1 — )21 4+ 1)2(1 +27t2)2(1 + 6312)2

Q) =

For (D, N) = (26, 1),

85683 + 15210z + 1669412 — 948013 + 136314 — 17017 + 1245

1) =
e 16:2(169 + 241 — 1912 + 213)2

For (D, N) = (26, 3),

6(85+352812+605431*+552448°+2850579¢34+7990200¢ 1°+9677785¢ %)
(14-8¢2)2(8-+165:2+108614+219716)2 ’

JOES
For (D, N) = (35, 1),
0@t) = Q1(t)/16(t + 12)*(Tt + 4)* (1> + 41% + 1441 + 80)°,
where

01 (1) = 6664273921 + 11328007* 4 181420032 — 7539841° + 245761° + 14718
+ 65909657612 + 855408641> + 38081 .

For (D, N) = (35, 2),
Q(t) = Q1(1)/4(t* + 1)*(t* — 25)* (1% 4+ 13¢* — 291> — 625)?,
where

01 (1) = 284280500072 + 91524600¢° — 208228618 — 217416¢°
+ 5464412 + 37841 + 1971 — 992578125 + 1017474100¢*.

For (D, N)=(39,1),

=301(1)

Q) = T A+t + 2219 23 £ 70

where
01 (1) = 2596 + 71047 + 9692¢% + 1234813 + 13149+* + 952277

+4367t° +1086¢7 +97¢8.
For (D, N) = (39, 2),

0(t) = —90:(1)

409+ 12)2(13 42t +12)2(13 — 2t +12)2(27 + 3412 4+ 3t4)2°
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where

Q1 (t) = 419253003 + 1199843282 + 89200020¢* + 436760887° + 10194786°
+ 1272824+ + 87380112 4 3080714 + 43¢1°,

For these results, we take the Schwarzian differential equations on X}*(1)/ Wia,
X(1)4(3)/ Wia4, and X64(5)/ W14 as examples for the proofs.

Proof. In Lemma 12, we see that there is a Hauptmodul #; on X(1)4(1) / W14 with
value oo at the elliptic point of order 4 and values 0 and (—13 +7+/—7)/32 at the
elliptic points of order 2. According to Proposition 3, the automorphic derivative
Q(t) associate to ?; is

21 +16B n 3(512¢> + 416t — 87) n 421t + B(16t +13))
52t (1612 4131 + 8)? 13(16¢2 413t +8) °

; _3
Q(l)—E—

for some constant B. We now use the covering Xé4(3)/W14 — X(1)4(1)/W14 to
determine the constant B. More precisely, according to Proposition 4, we have
the relation between Q(#;) and the automorphic derivative Q(¢) associative to a
Hauptmodul ¢ of X}*(3)/ Wia,

Q(t) = D(t1, 1) + Q(t1)/(dt /d1)*.

Note that there is a Hauptmodul ¢ for X(1)4(3) / Wy4 that takes values +1/4/—2,
(£9+/ =7 £ 44/ —14) /49 at the 6 elliptic points of order 6. Thus, the automorphic
derivative Q(¢) is

32t2—1)  3(18335¢2 +38759¢* + 117649t° — 791)

1) =
e = 15211y 4(7 + 22612 + 34314)2
343(686C,t3 + 109C3t% +109Cyt 4+ 109Cs)  1372C4t + 981 +218C3
436(7 + 22612 + 343t%) 436(2t2+1)

for some constants C3, Cy4, and Cs. Also, the action of the Atkin—Lehner involution
w3 is w3 : t — —t. Thus, by Proposition 5, we can get the value C4 = 0.
From the relations

4(1+21%)(1 — 51)? Q(n)
= d =D, 1)+ ——
! 91 + 1) and Q@) =Dt O+
we find that
373 91 1301
B:_SI_Z’ C3:—§, and CSZ_W

For the case of Xé“ (5)/ X 14, the chosen Hauptmodul ¢ takes values +i/4 at the
elliptic points of order 4, (£5+/—744+/—14)/7 at the elliptic points of order 2, and
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the action of Atkin—Lehner involution ws is t — —t. Therefore, the automorphic
derivative associative to ¢ is

15(16¢% —1)  3(49154-399t*4-6351¢> —399)  39+8B, 7(Bit>+By)

1) = - ’
e 2(161241)2 4(Tt44+-1141247)2 2(16¢24+1)  4(Tt44+1141247)

for some constants By and B,. From the relation

51—t + 1712 = 1313)2
(14+162)(1 +31)*

1 =—

and Proposition 4, we can conclude that

9750318 — 8534681 4+ 551781* + 16772t + 623

1) =— . O
e (16¢2 + 1)2(7t* + 11412 +7)2

5.2. Ramanujan-type formulae. Recall that if E is an elliptic curve defined over
(@, which has CM by an imaginary quadratic field K of discriminant d, then up to
an algebraic factor, the period of E can be expressed by

e 1L r(s

O<a<]|d|

’

)wd)(d(a)/4hd

where wy is the number of roots of unity in K, y, is the Kronecker character (4)
associated to K, and Ay is the class number of K. Yang [2013a] contributes many
Ramanujan-type series. For example,

= _ 74
2(7448011—{—6%&) (1/12)n(1/4)n(5/12)n< 7 ) 73\/_ ERTE

(1/2),(3/4),n! 3375 f 2, ’

which is related to the period of an elliptic curve with CM by Q(+/—1). The power
series

n=0

i (1/12)2(1/4)0(5/12)n

mentioned above is the hypergeometric function

3F2 (3030 155 30 30 1) = 2F1 (53 25 i’t)2'

1

Note that the function , F; (2 1 254 3, t) is related to the Schwarzian differential
equation associated to the Hauptmodul ¢ of Xg(l) / Ws that takes values 0, 1, and
oo at the CM-points of discriminants —4, —24, and —3, respectively. Yang also
gave other similar identities related to €2_4, and also the Ramanujan-type series
related to ©2_3 for the curve XS 1)/ We.
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Yang [2013a] guesses that, in general, we can use the ¢-series expansion of a
meromorphic form to obtain Ramanujan-type identities, which are related to certain
periods of elliptic curves with CM. That is, we may have

SR+ R A — Ry
Z( 1n+ Ry)Auty = S
n=0 d

where R, Ry, R3 € Q, Zgo A,t" is the expansion of a meromorphic automorphic
form of weight 2 with respect to a Hauptmodul ¢ of a Shimura curve of genus
zero such that ¢ takes value 0 at a CM-point of discriminant d, and #g is the value
of ¢ at some CM-point of discriminant d’ # d. To be more precise, let g; and g»
be two linearly independent solutions of a given Schwarzian differential equation
associated to a Shimura curve of genus 0. Write 812 =Y Aut" and g% =0 But";
then we expect that

> T

Z (Rin+ Ry) Auty = R3§,

n=0 d

oo Qz

> (Rin+ Ry+ R /a) Byty = Rg?d,

n=0
for certain positive integer a. We remark that the series also converges p-adically
for primes p|M while tp = M/N. The p-adic numbers to which they converge
should be related to the p-adic periods of certain elliptic curves with CM. Yang also
gave some numerical examples of the p-adic analogues for the Ramanujan-type
series obtained from Xg(l) / We. Here, let us see some numerical examples coming
from X}*(1)/ Wia.

From the Lemma 12, we know that there is a Hauptmodul ¢ for Xé“( 1)/ Wiy
that takes values oo, 0, and (—13 £ 74/—7)/32 at CM-points of discriminants —4,
—8, and —56, respectively. The ¢-series expansions of two linearly independent
solutions of the Schwarzian differential equation associated to ¢ (see Theorem),

192 + 4407 + 4312 + 103613 + 9607*
1612(8 + 13t + 16¢2)2

’

d2
Wf‘l‘Q(l)f:O, o@) =
are

14 23, , 1867,2 _ 955037 .3 , 157030847 ,4 , 3694251053 .5
gr=t""(1+ g1+ §1537" — 2eorad0" + s71088ed0! + s090¢700607 T - --) and
_ 34 23 3149 .2 434593 3 | 264972083 .4 |, 39014127761 ,5
g =r""(1+ 51+ 3psoel P+,

192 1572864t + 1207959552t + 850403524608

The Hauptmodul ¢ takes value fo = —13/81 at the CM-points of discriminants —91
(this is given in [Elkies 1998]). We now let

00
S A=t Y B =g
n=0
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and
81 I'(5/8)r'(7/8) 81 _,
2548 T(1/8)['(3/8) ~ 2548
Then
(8) (Z Rin+ R2>A 1y = 3713/43C,
n=0
9) <Z coRin+ Ry + Rz) Bty = 8413427071,

n=0

If we choose a Hauptmodul ¢ that takes values 0, co, and (—39 +214/—7)/16
at CM-points of discriminant —4, —8, and —56, respectively, the Schwarzian
differential equation associated to ¢ is given by

d> 3(641* 4 44013 4 12912 4 93241 4 25920)
— t =0, t) = ’
dr? froms e 1612(82 4+ 391 + 144)2

and its two linearly independent solutions are

.38 131 21631 2 49745249 16603576771

g1 =1""" (1 + g5t + 33300131 — osoeoomora’” + orsisssoesroesl T oo+ )
_.5/8 131 8923 2 257758957 646181570409 4

82=1"" (1+ 3550 + 1opgo80! — 176664084480t + e0sirsssst Teee) -

The Hauptmodul ¢ takes value #o =27/200 at the CM-points of discriminants —168.
Let

00 00
Z —3/4 Z D, = t—5/4g§'
n=0 n=0

We have
o
81 oooo
> (Rin+ Ry) Catf = 273/4200"4C,
n=0
> 810000
> (Rin+ Ry + R1/2) Dytf = 271/4200%/4C !
n=0

with Ry =2904, R, = 12, where

T 3/4)? (196)1/4 (196)“4 Q2 /.

T I(1/4)2 3

Let I', (- ) stand for the p-adic Gamma function. The numerical results checked
for 70 p-adic digits yield that
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o0
24.118 98I5(1/4)\'/*
> (Rin+ Ry) Cutf = — (273200¢) :

— 27T5(3/4)

i(R + Ry + R1/2) Dyt 201 272003236/ .
n = —_— . PR N ,

S 98T3(1/4)

hold 3-adically with R; = 29040 and R, = 120.
For the numbers ) nA,t, > Ant}, > nB,t;, and ) B,t;, after numerical
computation, we find that the equalities

[13(5/8)T"13(7/8)
2T13(1/8)T13(3/8)°

o0 2
<Z(11011n +7290)A,,t{,’> =33.7.137-1571
n=0

)2 32,7114 I3(1/8)TM13(3/8)

o0
(11011n +75897) Bt ,
(Z 0 8T13(5/8)T13(7/8)

n=0
hold 13-adically.
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