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In loving memory of my dear mother

Let K be a field and G a finite group. Let G act on the rational function field
K(x(g): g € G) by K-automorphisms defined by g - x(h) = x(gh) for any g,
h € G. Denote by K (G) the fixed field K (x(g): g € G)C. Noether’s problem
then asks whether K (G) is rational (i.e., purely transcendental) over K. The
first main result of this article is that K (G) is rational over K for a certain
class of p-groups having an abelian subgroup of index p. The second main
result is that K (G) is rational over K for any group of order p° or p® (where
p is an odd prime) having an abelian normal subgroup such that its quotient
group is cyclic. (In both theorems we assume that if char K # p then K
contains a primitive p¢-th root of unity, where p° is the exponent of G.)

1. Introduction

Let K be a field. A field extension L of K is called rational over K (or K -rational,
for short) if L >~ K(x1, ..., x,) for some integer n, with xy, ..., x, algebraically
independent over K. Now let G be a finite group. Let G act on the rational
function field K (x(g) : g € G) by K-automorphisms defined by g - x(h) = x(gh)
for any g, h € G. Denote by K(G) the fixed field K(x(g) : g € G)Y. Noether’s
problem then asks whether K (G) is rational over K. This is related to the inverse
Galois problem, to the existence of generic G-Galois extensions over K, and to the
existence of versal G-torsors over K -rational field extensions [Swan 1983; Saltman
1982; Garibaldi et al. 2003, §33.1, p. 86]. Noether’s problem for abelian groups was
studied extensively by Swan, Voskresenskii, Endo, Miyata and Lenstra, etc. The
reader is referred to [Swan 1983] for a survey of this problem. Fischer’s theorem is a
starting point of investigating Noether’s problem for finite abelian groups in general.

Theorem 1.1 (Fischer [Swan 1983, Theorem 6.1]). Let G be a finite abelian group
of exponent e. Assume that (i) either char K = 0 or char K > 0 with char K 1 e, and
(i) K contains a primitive e-th root of unity. Then K (G) is rational over K.
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On the other hand, just a handful of results about Noether’s problem have been
obtained when the groups are nonabelian. This is the case even when the group G
is a p-group. The reader is referred to [Chu and Kang 2001; Hu and Kang 2010;
Kang 2006; 2011; 2009] for previous results on Noether’s problem for p-groups.
The following theorem of Kang generalizes Fischer’s theorem for the metacyclic

p-groups.
Theorem 1.2 [Kang 2006, Theorem 1.5]. Let G be a metacyclic p-group with

exponent p¢, and let K be any field such that (i) char K = p, or (ii) char K # p and
K contains a primitive p®-th root of unity. Then K (G) is rational over K.

The next job is to study Noether’s problem for metabelian groups. Three results
due to Haeuslein, Hajja and Kang, respectively, are known.

Theorem 1.3 [Haeuslein 1971]. Let K be a field and G be a finite group. Assume
that (i) G contains an abelian normal subgroup H such that G/ H is cyclic of prime
order p, (1) Z[¢,] is a unique factorization domain, and (iii) {pe € K, where e is
the exponent of G. If G — GL(V) is any finite-dimensional linear representation
of G over K, then K (V)Y is rational over K.

Theorem 1.4 [Hajja 1983]. Let K be a field and G be a finite group. Assume that
(i) G contains an abelian normal subgroup H such that G/ H is cyclic of order n,
(1) Z[¢,] is a unique factorization domain, and (ii1) K is algebraically closed with
char K = 0. If G — GL(V) is any finite-dimensional linear representation of G
over K, then K (V) is rational over K.

Theorem 1.5 [Kang 2009, Theorem 1.4]. Let K be a field and G be a finite group.
Assume that () G contains an abelian normal subgroup H such that G/ H is cyclic
of order n, (ii) Z[¢,] is a unique factorization domain, and (iii) ¢, € K, where e is
the exponent of G. If G — GL(V) is any finite-dimensional linear representation
of G over K, then K (V)Y is rational over K.

Note that those integers n for which Z[¢,] is a unique factorization domain are
determined by Masley and Montgomery.

Theorem 1.6 [Masley and Montgomery 1976]. Z[¢,] is a unique factorization
domain if and only if 1 <n <22, 0rn =24, 25, 26,27, 28, 30, 32, 33, 34, 35, 36,
38, 40, 42, 45, 48, 50, 54, 60, 66, 70, 84, 90.

Therefore, Theorem 1.3 holds only for primes p such that 1 < p <19. One of
the goals of our paper is to show that the this condition can be waived, under some
additional assumptions regarding the structure of the abelian subgroup H.

Consider the following situation. Let G be a group of order p" for n > 2 with an
abelian subgroup H of order p"~'. Bender [1927/28] determined some interesting
properties of these groups. We study further the case when the p-th lower central
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subgroup G p) is trivial. (Recall that Gy = G and G(;) =[G, G;_)] fori > 1
form the so-called lower central series.) For our purposes we need to classify with
generators and relations these groups. We achieve this in the following lemma.

Lemma 1.7. Let G be a group of order p" for n > 2 with an abelian subgroup H of
order p"~'. Choose any a € G such that o generates G/H, that is, o ¢ H, a” € H.
Define H(p)={he H:h? =1, h ¢ HP}U{1}, and assume that [H (p), a] C H(p).
Assume also that the p-th lower central subgroup G ) is trivial. Then H is a direct
product of normal subgroups of G belonging to four types:

(1) (Cp)’* for some s > 1. There exist generators ay, ..., as of (Cp)* such that
laj,al =ajy for1 < j <s—1andas; € Z(G).

a—1

(2) Cpa for some a > 1. There exists a generator B of Cya such that [B, a] = ,Bbl’
forsomeb:0<b<p-—1.

(B) Cput x Cpar X -+ x Cpax X (Cp)* for some k > 1, a; > 2, s > 1. There

exist generators oy, 021, ..., 0 of Cpa X Cpa X --+ X Cpa such that
{’fﬁ_l € Z(G) fori=1,...,k— 1. There also exist generators
k2, ..., 0541 of (Cp)® such that oy j, o]l = oy jy1 for 1 < j < s and

ap 511 € Z(G).

(i1, ] =«

4) Cpr X Cpar X -+ x Cpa for some k >2,a; > 2. Foranyi:1 <i <k there
. a;—1
exists a generator a; 1 of the factor Cpa such that [o; 1, a] = al.er’l | € Z(G)

ayr—1 ap—1
and [ 1, o] e<(x{’,1l ’---»0‘1‘5,1 )

The first main result of this paper is a generalization of Theorem 1.3:

Theorem 1.8. Let G be a group of order p" for n > 2 with an abelian subgroup H
of order p"~1, and let G be of exponent p°. Choose any a € G such that « generates
G/H,thatis,o ¢ H,a? € H. Define H(p) ={he H:h? =1,h ¢ HP}U{1}, and
assume that [H(p), a] C H(p). Let the p-th lower central subgroup G p) be trivial.
Assume that (i) char K = p > 0, or (ii) char K # p and K contains a primitive

pe-th root of unity. Then K (G) is rational over K.

The key idea to prove Theorem 1.8 is to find a faithful G-subspace W of the
regular representation space P g K -x(g) and to show that W is rational over K.
The subspace W is obtained as an induced representation from H by applying
Lemma 1.7.

The next goal of our article is to study Noether’s problem for some groups of
orders p° and p® for any odd prime p. We use the list of generators and relations
for these groups, given by James [1980]. It is known that K (G) is always rational
if G is a p-group of order at most p* and ¢, € K, where e is the exponent of G
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(see [Chu and Kang 2001]). However, in [Hoshi and Kang 2011] it is shown that
there exists a group G of order p> such that C(G) is not rational over C.

The second main result of this article is the following rationality criterion for

the groups of orders p> and p® having an abelian normal subgroup such that its
quotient group is cyclic.
Theorem 1.9. Let G be a group of order p" for n < 6 with an abelian normal
subgroup H such that G/H is cyclic. Let G be of exponent p°. Assume that
(i) char K = p > 0, or (ii) char K # p and K contains a primitive p°-th root of
unity. Then K (G) is rational over K.

We do not know whether Theorem 1.9 holds for any n > 7. However, we should
not “overgeneralize” Theorem 1.9 to the case of any metabelian group because of
the following theorem of Saltman.

Theorem 1.10 [Saltman 1984]. For any prime number p and for any field K with
char K # p (in particular, K may be an algebraically closed field), there is a
metabelian p-group G of order p° such that K (G) is not rational over K.

We organize this paper as follows. We recall some preliminaries in Section 2
that will be used in the proofs of Theorems 1.8 and 1.9. There we also prove
Lemma 2.5, which is a generalization of Kang’s argument [2011, Case 5, Step
II]. In Section 3 we prove Lemma 1.7, which is of independent interest, since it
provides a list of generators and relations for any p-group G having an abelian
subgroup H of index p, provided that [H (p), @] C H(p) and G,y = 1. Our main
results — Theorems 1.8 and 1.9 —are proved in Sections 4 and 5, respectively.

2. Preliminaries

We list several results which will be used in the sequel.

Theorem 2.1 [Hajja and Kang 1995, Theorem 1]. Let G be a finite group acting on
L(xy, ..., xy), the rational function field of m variables over a field L, such that

(1) foranyo € G,o(L) C L,
(2) the restriction of the action of G to L is faithful,
3) forany o € G,
o(x1) X
=A@ | : |+B).
o (Xm) Xm

where A(o) € GL,,(L) and B(o) is an m x 1 matrix over L. Then there exist
21y e vvsZm € L(X1, ..., Xp) such that L(xy, ..., x,)¢ =LY%z, ..., 2n) and
o(zj)=ziforanyo € Gand 1 <i <m.
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Theorem 2.2 [Ahmad et al. 2000, Theorem 3.1]. Let G be a finite group acting on
L(x), the rational function field of one variable over a field L. Assume that, for
anyo € G,o(L) C L and o(x) = asx + b, for any a,, b, € L with a, # 0. Then
L(x)° = LY(z) for some z € L[x].

Theorem 2.3 [Chu and Kang 2001, Theorem 1.7]. IfcharK = p > 0and G is a
finite p-group, then K (G) is rational over K.

The following lemma can be extracted from some proofs in [Kang 2011; Hu and
Kang 2010].

Lemma 2.4. Let (1) be a cyclic group of order n > 1, acting on K (vy, ..., vy—1),
the rational function field of n — 1 variables over a field K, such that

TV > U > Uy | (v1-~-vn_1)_1 = V1.
Suppose that K contains a primitive n-th root of unity §&. Then K (vy, ..., v,—1) =
K(si,...,8,—1), where T :s; +— E's; for 1 <i <n—1.

Proof. Define wo = 1+vi+viva+---+vjv2 - vu_1, wy = (1/wo) —1/n, w11 =
(vivy - -v;/wp) —1/nfor1 <i <m—1. Thus K(vy, ..., v,—1) = K(wy, ..., w,)
with wi +wy + - -+ w, =0 and

T.WFH> Wy = Wy—1 = W, = wWip.
_ —ij. . e i .
Deﬁnesi_zlfjgné Jwjforl<i<n—1.Thent:s;> E's;forl <i<n-—-1
and K(wq, ..., w,) =K(s1,...,S-1). O

Next, generalizing an argument used in [Kang 2011, Case 5, Step II], we obtain
a result that will play an important role in our work.

Lemma 2.5. Let k > 1, let p be any prime and let (&) be a cyclic group of order p,
acting on K (y1;, Y2i, - .., Yki : 1 <i < p—1), the rational function field of k(p — 1)
variables over a field K , such that

@iy Y Yipr b iy yjp-) T for1 < j <k

Assume that K (v1;, voj, ..., Vi : 1 <i<p—1)=K1i, Y2i, .-, Vki: 1 <i<p—1)
where for any j : 1 < j <k and for anyi : 1 <i < p — 1 the variable vj; is a
monomial in the variables yi;, yai, ..., Yri. Assume also that the action of o on
KW, vai, ..., 0 0 1 <i < p—1)is given by

.y P . , . (.. P P2 2 -1
oVj > V1V, vjzr—>vj3+—>---r—>v”,_1|—>A](v]1vj2 Vi3 -~-vjp_1)

for1 < j <k, where Aj is some monomial in vy;,...,vj_y; for2 < j < k and
A1 = 1. If K contains a primitive p-th root of unity ¢, then

K@i, v, ... o i1 <i <p—1)=K(s1;,8, ..., : 1 <i < p—1),
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whereoz:sji|—>§isjif0r1§j§k,1§i§p—l.

Proof. We write the additive version of the multiplication action of «; that is,
consider the Z[mr ]-module M = @lgmsk(®1§i§p—l Z-vm,-), where 7 = («). Define
submodules M; = @, _,,-;(Bi<i<p 1 Z - vmi) for 1 < j < k. Thus « has the
following additive action

a:vji > v+ pojo,
szl-) vj3r—> RN e e Ujp—l = Aj—vjl—(p—l)ng—(p—Z)v]g—---—2vjp_1,

where Aj € M;_;.
By Lemma 2.4, M, is isomorphic to the Z[x]-module N = @lsigp—l 7 - uj,

1

where u; = vpp, u; =o'~ vp for2<i < p—1, and

QiU Uy > Up > —Up — U — Up— > UYL

Let ®,(T) € Z[T] be the p-th cyclotomic polynomial. Since Z[r ] is isomorphic
to Z[T1/(T? — 1), we find that Z[n]/®,(a) = Z[T]/P,(T) = Z[w], the ring of
p-th cyclotomic integers. As ®,(«) - x = 0 for any x € N, the Z[7]-module N
can be regarded as a Z[w]-module through the morphism Z[r] — Z[7]/®, ().
When N is regarded as a Z[w]-module, we have N ~ Z[w], the rank-one free
Z|w]-module.

We claim that M itself can be regarded as a Z[w]-module, that is, ® ,(a)- M =0.

We return to multiplicative notation. Note that all v;; are monomials in the y;;.
The action of « on yj; given in the statement satisfies [ [, <m<p—1 a™(y;i) =1 for
any 1 < j <k,1<i < p— 1. Using the additive notations, we get ®,(a)-y;; =0.
Hence ®,(a)-M =0.

Define M = M /M;_,. We have a short exact sequence of Z[x ]-modules

2-1) 0> M- M—M —0.

Since M is a Z[w]-module, (2-1) is a short exact sequence of Z[w]-modules. Pro-
ceeding by induction, we obtain that M is a direct sum of free Z[w]-modules
isomorphic to N. Hence, M =~ ®1§jsk N;, where N; >~ N is a free Z[w]-module
and so a Z[mr]-module also (for 1 < j <k).

Finally, we interpret the additive version of M ~ (P, _ j<cNj=N kin terms of
the multiplicative version as follows: There exist w;; that are monomials in v;; for
1<j<k 1<i<p-—1suchthat K(w;;) =K (vj;) and « acts as

. -1 .
AW > Wik Wi > (Wi Wi Wip—1) forl <j<k.

According to Lemma 2.4, the above action can be linearized as pointed out in the
statement. (]
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Now, let G be any metacyclic p-group generated by two elements o and 7 with
relations 07 =1, 7"’ =o? and t o1 =0 where ¢ = 1 if p is odd, & = £1 if
p=2,6=0,1anda, b, c, r >0 are subject to some restrictions. For the description
of these restrictions see, for example, [Kang 2006, p. 564].

Theorem 2.6 [Kang 2006, Theorem 4.1]. Let p be a prime number, m, n and r
positive integers, k =1+ p" if (p,r) #Q2,1)ork=—1+2"if p=2andr > 2.
Let G be a split metacyclic p-group of order p™*" and exponent p° defined by
G={(o,1:0" =t =1, ot =0*). Let K be any field such that char K # p
and K contains a primitive p°-th root of unity, and let ¢ be a primitive p™-th

root of unity. Then K (xg, x1, ..., xpn_l)G is rational over K, where G acts on
X0, .., Xpn_1 by
i
o:x,-n—)(kx,-, TiXgF> X] >+ > Xpn_| > Xg.

3. Proof of Lemma 1.7

It is well known that H is a normal subgroup of G. We divide the proof into steps.

Step I. Let B be any element of H that is not central. Since G ) = {1}, there exist
B2, ..., B € H forsome k:2 <k < p such that [8;, a] =841, where ] < j <k—1
and By # 1 is central. We are going to show now that the order of §; is not greater
than p. In particular, from the multiplication rule [a, «][b, «] = [ab, o] (for any
a, b € H) it follows that all p-th powers are contained in the center of G.

From [B;, a] = B;11 there follows the well known formula

(3-1) a~PBaP :ﬂlﬁ2(7)ﬁ3'z’) ' _.ﬁlgpfl)

where we put S+ =--- = ,Bp+1 = 1. Since «” is in H, we obtain the formula

18p+17

Hence (ﬂz IT; i /3 ) =1 for some integers a;. Itis not hard to see that this identity
is impossible if the order of B, exceeds p. Indeed, if £ = max{j j ﬁp # 1}, then :Bg is
in the subgroup generated by B, ..., B)_,. Thus [B], o] = bzp ,Bb‘f P

,Bbzp ,8/ P £ 1 for some by, ..., by_; € Zp,. On the other hand, [/} ,a]

,BZ 41 = L, which is a contradiction.

Step I1. Let us write the decomposition of H as a direct product of cyclic subgroups
(not necessarily normal in G): H ~ (Cp)t X Cpar X Cpay X -+ x Cpas for 0 < t,
2<a; <ay <---<a,. Choose a generator a1 € Cpai. Since G(,) = {1}, there
exist oy, ..., a1 € H for some k : 2 < k < p such that [a1;, o] = 111, where
1 <j<k-—1and oy # 1 is central. From Step I it follows that the order of
o7 is not greater than p. We are going to define a normal subgroup of G which
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depends on the nature of the element . We will denote it by ((«¢11)), and call it
the commutator chain of «11. Simultaneously, we will define a complement in H

denoted by ({or11)).

Case II.1. Let arq2 =a{’fl_1c1 for some c; : 0 <c; < p— 1. Define {(«11)) = {a11)

and ((11)) = (Cp)" - (@21, . . ., ag1). Clearly, ((11)) is a normal subgroup of type 2.

Case I1.2. Let a2 ¢ H?. According to the assumptions of our lemma, we have
[H(p),a]l] N H? = {1}, so ay; ¢ H? for all j. Define ((o11)) = (11, ..., a1k).
Then ((a11)) =~ Cpa X (Cp)k_1 is a normal subgroup of type 3. Define ((«11)) =
(Cp)' M1 Aany, ..., ag1), where (Cp)' ¥ is the complement of (C,)*~!in (C,)".

a;—1 7.
Case IL.3. Let a;p € HP. Then oy = [[;c4 @] 4 where A C {1,2,...,s),
1 <d; <p—1.Putip=min{i € A}. 1
. a;—a a)—
If ip = 1, then ay, = (¥} [Ticaiz @ 'd;)”" . We replace the generator o
. {li*(lldi
with o}, = o} [licain ol . Clearly, ord o}, = order1; and [}, @] € {],),
so this case is reduced to Case 1.
. d; a
Ifip>1, th:l:n o= (aio‘f ]_[.iieA’i#io alh
. ;o di
with o ) = o HieA,i;ﬁio af ]
Abusing notation we will assume henceforth that ip = 2 and o> = aio.
Consider oy = [a21, o]. We have three possibilities now.
1 ap—1

Subcase I1.3.1. If oy € (a{’fl_ ,af, " ), define ((11)) = (11, a21). Then ((or1q)) >~
Cpu x Cpar is a normal subgroup of type 4.

i—aiy o a; 0 -1
" 74P We replace the generator o,
-1

aj o aj
°di Clearly, ord “1{01 = ord «j,; and alf(f)’l " =g

i

Subcase I1.3.2. If aop ¢ H?, there exist @y, ..., € H forsome £:2<{<p
such that [oz, @] = azj41, where 1 < j <€ —1 and oy, # 1 is central. Define
{a11)) = (o1, @21, 022, - - ., a2¢). Then (1)) 2= Cpar X Cpar x (C)*~ ! is a normal
subgroup of type 3.

Subcase 11.3.3. ap; € HP. According to the observations we have just made, this

subcase leads to the following two final possibilities.

-1

az ar—1 ap—1 ar—1
can=aof’ . amn=aff Lame(af ,...,afy" ). Define (1)) =

(11, @21, ..., op1). Then ((a11)) = Cpar X Cpaz X -+ - X Cpar is a normal subgroup
of type 4. Define ((or11)) = (Cp)" - (&rg11, - -+ » Xs1).

az—1 ar—1 .
cap=af’ ... ar_nn=0af" oo ¢ HP. Then there exist &y, ..., € H

for some ¢ : 2 < £ < p such that [a,;, o] = 41, where 1 < j < £ —1 and
ore # 1 is central. Define {((«11)) = (o011, &21, ..., &1, 02, . . ., &pg). In this case
(a11)) = Cpar X Cpar X +++ X Cpar x (Cp)*~! is a normal subgroup of type 3.
Define {(a11)) = (Cp)" = (otr411, - . ., 1), where (C,)' ¢! is the complement
of (Cp)*in (Cp)".

Step II1. Put Hy = ({(«11)) and H, = {(«¢11)). Note that H; N\ H, = {1}. However, H,
may not be a normal subgroup of G. That is why we need to show that there exist



NOETHER’S PROBLEM FOR ABELIAN EXTENSIONS OF CYCLIC p-GROUPS 175

a commutator chain #; and a normal subgroup ¥, of G such that H = %, x #,.
In this step, we will describe a somewhat algorithmic approach which replaces the
generators of H until the desired result is obtained.

Assume henceforth that H, is not normal in G. Then there exists a generator
B € H; such that oz_l,Boz = hh, for some h € Hy, hy € Hy, h| ¢ H;. Since h = Sh,
for some hy € Hy, we get [B, o] = hhs.

Let us assume first that ord 8 = p. If hy € H?, then h, ¢ [H(p), a]; otherwise
[H(p),a]lN HP # {1}. In other words, &, does not appear in similar chains, so we
can simply put hh;, instead of h;, as a generator of H;. In this way we obtain a
group that is G-isomorphic to H,. Thus we get that [3, ] is in this new copy of
H,. Similarly, if hy € H(p) and hy ¢ [H(p), «], we can obtain a new copy of H;
such that [, «] is in H;. If hy € [H(p), «], we may assume that [8, «] € H;. In
this case ((cr11)) must be of type 3. Let ({(or11)) = Cpar X Cpaz X -+ - X Cpax X (Cp)*
be generated by elements «qy, ..., a1, €2, - . . , ¢ks+1 With relations given in the
statement of the lemma. Assume that ox¢ = [B, @] for some £ :2 < { < s+ 1.
If ¢ > 2, replace B with g’ = ,Bak_zl_l. Hence [B,a] = 1. If £ = 2, we can put
oc,/d =i B —1 instead of oy, as a generator of H;. In this way we obtain a group of
type 4, since [oz,/d, a] = 1. Clearly, [8, «] is not in this new commutator chain ;.
It is not hard to see that with similar replacements we can treat the general case

=I1 oz"a’ i . ]_[/. akj. Thus we obtain the decomposition H = ¥ x %>,
where ¥ and %2 are normal subgroups of G.

Next, we are going to assume that ord 8 > p. According to the definition of the

commutator chain of «j; we need to consider the three cases of Step II separately.

Case [II.1. ayp = a{’{”*lcl for some ¢; : 1 < ¢; < p— 1. Here we must have
hy = a{’frld‘ for some d; : 1 <d; < p— 1. We can replace 8 with 8’ = ,Ba_d'/”,
so [B, a] = hs.

Case III.2. oy ¢ HP. If hy = ]_[J>2oef' for some d; : 0 <dj < p—1, we can
replace B with 8’ = B[] =20 Jd ,- Hence [B’, a] = hy. This reduces the analysis to
the case h| = al’ll "4 for some d;:0<d; < p—1. We now have three possibilities
for hy.

Subcase 111.2.1. Let hy ¢ H? and h, ¢ [H, a]. We can put hjh,, instead of hj, as
a generator of Hj. In this way we obtain a group that is G-isomorphic to H,. Thus
we get that [8, «] is in this new copy of H,.

Subcase 111.2.2. Let hy ¢ H? and hy € [H, «], that is, there exists y ¢ H? such that
[y,a] =hy. Put B/ = By~!. Then [, a]l =h| = af{”*ldl. Hence the commutator
chain of ¢ is contained in the commutator chain {(8’)) which is a normal subgroup
of G of type 3.

Subcase III.2.3. Let hy € H?; thatis, hy =[];.p ai”lai_]d’, where B ={i :a;1 € H»},
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0 <d; < p—1. We can replace o1 with o}, = aﬁ [Lics ai”l“"_ald". Now we have
-1 . . . .

[B,a] = ai’{al , so the commutator chain of o/, is contained in the commutator

chain ((8)), which is a normal subgroup of G of type 3.

Case I11.3. oo € HP. We have that either ((o11)) = Cpar X Cpaz X -+ - X Cpar is @
normal subgroup of type 4, or ((a11)) >~ Cpar X Cpar X -+ x Cpar X (Cp)‘z_1 is a
normal subgroup of type 3.

Similarly to Case III.2, if /; is a product of elements of order p that are not in
(oz{’la ! ), by a suitable change of the generator 8 we will obtain [, o] =h,. Thus we
again reduce the considerations to the case 1| = oz{’la "' for some d 1:0<di<p-1.
We have three possibilities for #,, which are identical to the three subcases in
Case II1.2. The only slight difference is that the new commutator chain here can be
of type 3 or type 4.

In this way, we have investigated all possibilities for the proper construction of
the normal factors of H. The construction is algorithmic in nature. When we define
a new commutator chain {(8")) or {{8)) (as in Subcases II1.2.2 and III.2.3), we have
to start the same process all over again until we can not get a new commutator chain
that contains the previous one. Denote by #; the last commutator chain obtained by
the described algorithm from H;. We have that ¥ is a normal subgroup of G of one
of the types 1-4. Denote by %, the subgroup obtained from H, by the replacements
described above. Then H is a direct product of 7 and 3,, where ¥, is normal in G.
Proceeding by induction we will obtain the decomposition given in the statement.

4. Proof of Theorem 1.8

If char K = p > 0, we can apply Theorem 2.3. Therefore, we will assume that
char K # p.

According to Lemma 1.7, H >~ #; x --- x 3, where ¥, ..., ¥; are normal
subgroups of G that are isomorphic to any of the four types described in Lemma 1.7.

Let V be a K -vector space whose dual space V* is defined as V* =P gec K-x(8),
where G acts on V* by h - x(g) = x(hg) for any h, g € G. Therefore K(V)¢ =
K(x(g):g€G)° =K(G).

Now, for any subgroup #; (1 <i <t) we can define a faithful representation
subspace V; = @15 <k K -Y;, where k; is the number of the generators of ¥; as
an abelian group. (For details see Cases I-IV.) Therefore, €D, _,_, V; is a faithful
representation space of the subgroup H. o

Next, for any subgroup #; (1 <i < 1) we define xj; = ok . Yjforl <j <k,
0 <k < p-—1. Define W; = @j’kK xjx C V*. Then W = @, W is
a faithful G-subspace of V*. Thus, by Theorem 2.1 it suffices to show that
WG is rational over K. Note that W& = (WH)®) = ((... (WH)Ha .. .ydyle) —
(- (W @ W)@ = ... = @ (W;”)®. Therefore, we need

2=j=t l=j=t



NOETHER’S PROBLEM FOR ABELIAN EXTENSIONS OF CYCLIC p-GROUPS 177

to calculate W " when 4€; is isomorphic to any of the four types described in
Lemma 1.7. Flnally, we w111 show that the action of & on W# can be linearized.

Case 1. Assume that #; is of type 3; that is, for some k > 1, a; > 2, 5 > 1,
#H1 = Cpar x Cpaz X -+ x Cpax x (Cp)*. Denote by «ay, ..., o, the generators of
Cpu X -+ X Cpa, and by oty 1, ..., 0pqs the generators of (Cp)*. According to
Lemma 1.7, we have the relations o, @] = ozf’Jr'l+l e Z(G)forl <i<k-1;
[otgyj, o]l =apqjq1 for 0 < j <s—1; and o445 € Z(G). Because of the frequent
use of k + s in this case, we put r =k +s.

We divide the proof into several steps.

Step 1. Define X1, X5, ..., X, € V* by
X;= Z x(Hozf’) forl <j<r
Oy i)

Note that ; - X ; = X; for j #i. Let {,« € K be a primitive p“-th root of unity

for 1 <i <k, and let ¢ be a primitive p-th root of unity. Define Yy, Y>,..., Y, e V*
by
al—l p,l
Y—Zf’" P Xi V=) o)X,
m=0

forl <i<kandk+1<j<r.
It follows that

(){,‘ZYl‘I—>§pu,‘Yl‘, le-)Yj for j Aiand 1 <i <k,
aj: Y=Y, Vi Y fori #jandk+1<j<r

Thus Vi =P, -, <jr K -Y; is a faithful representation space of the subgroup #;.
Define xj; =a'-Y; for1 < j <rand 0 <i < p — 1. Recall that [o;, o] =
1
P e Z(G) for 1 < i <k —1; [, o] = gy j41 for 0 < j <s — 15 and
o € Z(G). Hence

. . s oaiy—1
oz"ogoz’:(xjo/j‘zrl+l forl<j<k—-1,1<i<p-1
and
o ozja =oja J(Jr)lozj(i)z -ar(rfj) fork<j<r—1,1<i<p-—1.

It follows that
Oyt Xg; > é'pazx[i, Xey1i {i)Cg+1l', Xji > Xji forl<f<k—1,j#L,0+1,

i
O - X B> $pac Xy Xyi > §(wfk)xw,~, Xpib> Xy for 1 <v<k-—1,
k+1<w=<r,
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Oy © Xyi > §(u—’m)xu,-, Xypi B> Xyi for k+1<m<r,
l<vsm—-1,m<u<r,
oz:xjor—>xj1|—>---r—>xjp_1r—>;‘;:{,'jxjo forl <j<r,
where 0 <i < p—1, and ¢}, b; are some integers such that 0 < b; < p% < p%.
Let W, =K -x ji C V*. As noted at the start of the proof, we must find Wl% L
i
Step2. For 1 < j <r and for 1 <i < p — 1 define y;; = xj;/xj;—1. Thus
Wi =K(xjo,yji:1<j=<r,1<i<p-—1)and forevery g € G,

g xjpeK(yji:1<j=<rl1<i<p-1)-xj0 forl<j=<r,

while the subfield K(y;; : 1 < j <r,1<i < p—1) is invariant by the action of G,
that is,

Qe Yerli B> $Yet1is Yji B> Vji for 1 <f<k-—1,
J#FL+T,
i—1
W Yui > C )y Yo >y for k<m=<r—1,
1<v<m,

m+1<u<r,
O Yui > Yui forl <v<r,
bi _ .
@y Y Vet L ype) T for 1< <

From Theorem 2.2 it follows thatif K(y;; : 1 <j<r,1<i<p— 1) is rational
over K, sois K(xjo,yji:1<j=<r1 §i§p—1)c over K.

Since K contains a primitive p°-th root of unity ¢pe, where p° is the exponent
of G, K contains as well a primitive p<¥!-th root of unity, and we may replace the
variables y;; by y;i /¢ b‘f/_ 41 so that we obtain a more convenient action of « without

changing the actions of the «;. Namely we may assume that

Q: yjiE> Y>> Yo > (yjlyjz---yjp_])*l forl <j<r
Define u,; =yfl, Uri = yri/yri—1 for2 <i < p—1. Then
KQjiup:l<j<r—1L1<i<p-D)=K(yj:l<j<rl<i<p-D.

From Theorem 2.2 it follows that if K (y;;,u,;:1<j<r—-1,2<i<p-— l)G 18
rational over K, sois K(yjj,u,i:1<j<r—1,1<i<p-— 1) over K. We have
the actions

Oy Upi > Upi forl<tl<k-—1,

i—2
am:uri|—>§(rfm72)u,,- for2<i<p—-l,k<m<r-2,
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QUL U3 > > Upp |

p—1 p=2 2 -1 p—2 p-3 2
(Uriltyy Uy "o Uy ) > Upillyy Uy Uy ollrp].

For2 <i < p — 1 define

. 1 1 (_])r—k (_l)r—k-H
Uri = UriYyp_1iYr=2iYr—3i " Vi2i Ye+li o

and put v,; = u,1.
With the aid of the well known property (") — ("~') = (_}), it is not hard to
verify the identity

i—2 i—1 i—1 i—1
(r—m—Z)_(r—m—2)+<r—m—3>_<r—m—4>+.“
_1yr—m—1 i—1 _1\r—m i—1 _1yr—m+1 i—1 _

+ (=D ( ’ )—i—( 1) ( | )+( 1) ( 0 )—0.

It follows that

Oy o Upj B> Uy forl<i<p—landl<m<r-—2,
. p—1 p=2 2 -1
A V2> V3> o> U1 > A (V10 U ---v,pfl) .

where A, is some monomial in y;; for2<j<r—-1,1<i<p-—1.
Define u,_11 = y” ||, ur—1; = Yr—1i/Yr—1i—1 for 2 <i < p— 1. Then

K(yjiur—1i:1<j<r=2,1<i<p-1)=K(yji:1<j<r—1,1<i<p-1)=2),

From Theorem 2.2 it follows that if K (yj;, u,—1;:1<j<r—-2,2<i<p-— l)G
is rational over K, sois K(yjj,u,—1; : 1 < j<r—-2,1<i<p-— I)G over K.
Similarly to the definition of v,;, we can define v,_y; so that o, (v,—1;) = v,_y; for
2<i<p-—1and1<m <r—3. Itis obvious that we can proceed in the same
way, defining elements v,_p;, v,_3;, ..., Ur+1; such that ¢, acts trivially on all the
vji fork <m <r—3.

Recall that the actions of ay on the y;; for 1 <€ <k —1 are

Qe Yot &> Cyertis Vi yji, forl<i<p—-11<€<k—1,j#L+1.

For any 1 < € < k — 1 define vgy11 = Y/, 1» Vesti = Yer1i/Yer1i—1, Where
2<i<p-—1.Putalsovy; =y forl <i < p—1. Then

Kwji:l<j<rl<i<p-1)=K@:l1<j<rl<i<p-1™.

The action of « is given by

p

) -1
Qv >V U > (VU2 Vip—1) T, Ul B Ul Uy,

p—1_p=2 2 -1
Um2 F>Um3 > - > Ump—1 > Ay - (Ui Uy, V37 00 Ump_1) )
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for 2 <m <r, where A,, is some monomial in Vg41;, ..., Uy—1; fork+2<m<r
and Ap = A3 =---= Ayy1 = 1. From Lemmas 2.4 and 2.5 it follows that the action
ofaon K(vj;:1<j=<r1=<i<p-—1)canbe linearized.
Case I1. Assume that ¥ is of type 1; that is, #; >~ (Cp)s+1 for some s > 0. Denote
by Bi, ..., Bs+1 the generators of (Cp)”l. According to Lemma 1.7, we have the
relations [B;, o] = B4 for 1 < j <s and B,y € Z(G).

Define X1, X5, ..., X541 € V* by

X;= Y x([]8m
Liylsr1 m#E]

for 1 < j <s+ 1. Note that 8; - X; = X; for j #i. Let ¢ be a primitive p-th root
of unity. Define Y1, Y5, ..., Y511 € V* by

p—1
V=2 t7B; X,
r=0

forl <j<s+1.
It follows that

Bj:Yj—=>¢Y;, Y=Y, fori#jandl<j<s+1.

Thus Vi =D+ K - Y} is a representation space of the subgroup ;.
Define xj; =a'-Y;for 1 <j <s+1,0<i < p—1. Recall that [8;, ] = Bj_1.
Hence
—igp D LG (s1-7)
oot = ;80 89, gl
It follows that
B1:x1i > $xii, Xji > g('il_')xji for2<j<s+1,0<i<p-—1,
Bj : Xei > Xei xmi'—>§(’"l‘f)xmi for 1 <€<j—1,
J<m=<s+1,0<i<p-—1,
QAIXjo> Xji > > Xjp_y r—>§bij0 forl<j<s+1,0<b;j<p-—1.
Compare the actions of «, By, ..., Bs+1 With the actions of o, o, . . ., d4s from
Case I, Step 1. They are almost the same. Apply the proof of Case L.

Case III. Assume that 3¢ is of type 2; that is, %1 ~ Cp for some a > 1. Denote
by B the generator of Cp«. Then [B, o] = ﬂ”l’H forsome b:0<b<p—1. Let
{pe € K be a primitive p“-th root of unity, and let ¢ be a primitive p-th root of
unity. Define X = ). ;“p_a"x(,B"). Then B(X) = ¢y« X, and define x; = o' - X for
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0<i<p-—1. It follows that
Bixir> Cpalilyx forO0<i<p-—1,
AiXQ > X > > Xpo > §paxg forO<ec<p?—1.

Define W) = @, K - x; C V*. For 1 <i < p — 1 define y; = x;/x;_;. Thus
Wi =K(xp,yi:1<i<p-—1)andforevery g e G

g-x0€K(y:1<i=<p—1)-xo,
while the subfield K (y; : 1 <i < p — 1) is invariant by the action of G, that is,
ﬁ:yﬂ—)é’byi forl<i<p-—1,

iy i Ly for0<e<pt—1.

From Theorem 2.2 it follows that if K(y; : 1 <i < p— l)G is rational over K, so
is K(xo,yi:1<i<p—1)° over K.

Since K contains a primitive p°-th root of unity ¢, where p° is the exponent
of G, K contains ;;a +1 as well. We may replace the variables y; by y;/ ;;a +1 so that
we obtain

A:IyL=> == Yy 1= (Y1y2--'yp—1)71-

Define u; = y!', u; = yi/yi—1 for2<i<p—1.Then K(u;: 1 <i <p—1)=
K(y;:1<i<p—1)# The action of « is given by

-1 p=2 _
a:u1|—>u1u§, uzr—>u3|—>---r—>up_1r—>(u]u§ ug ---uf,fl) I

From Lemma 2.4 (or 2.5) it follows that the action of « can be linearized.

Case IV. Assume that ¥ is of type 4, that is, 3| ~ Cpu X Cpax X -+ - X Cpa for
some k > 2. Denote by «7, ..., o the generators of ;. According to Lemma 1.7,
we have the1 relations [«;, o] = ozf’ffl_le Z(G)forl <i<k-—1and [ag, x] =
]_[]j‘-:l oef’ur ‘% eZ(G)forsome0<c; <p—1.

Similarly to the previous cases, define Y1, Y», ..., Yx € V* so that

Oll‘IYil—>§ptliYi, in-)Yj for];«ézandlfsz
Thus V; = P, <j«K-Yjisa faithful representation space of the subgroup ;.
Next, define xj; =o' - Y, for 1 < j <k,0<i < p— 1. Note that

l.pajJrl—l

oz_iozjozizoejochrl forl<j<k-11<i<p-1

and

k
_; ; ip%ile; .
o ’akoc’zakl_[osz !forl<i<p-—1.
j=1
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It follows that
Q2 X > Cpu Xeiy Xepti B> Xegti, Xjib> X for 1<€<k—1,j#€,6+1
oy L Xk > g“pakg“i"kxki, Xji > ;i"ijl- forl<j<k-—1,
a:xj0|—>xj1+—>---|—>xjp_1+—>€§£,xjo forl1<j <k,
where 0<i<p—1,0<c;<p—1land0<bh; < p% — 1.

Define W, =@j,i K -xj; C V* and for 1 <i < p—1 define y; = x; /x;—1. Thus
Wi =K(xjo,yji:1<j=<k,1<i<p—1)andforevery g € G,

g xjoeKyji:1<j<k,1<i<p-1)-xj0 forl <j<=<k,

while the subfield K (y;; : 1 < j <k, 1 <i < p—1) is invariant by the action of G,
that is,

Qg Yerli B> EYertis Yji B> Vi forl <i <p-—1,
I1<l<k—-1,j#L+1,

ak i yji > EUyji forl<i<p-1,1<j<k,
b; _
Ay Y>> Y > é“pﬁ,(yjl"-yjp—l) L

From Theorem 2.2 it follows that if K(y;; : 1 < j<k,1<i<p-— 1)G 1s rational
over K,sois K(xjo,y;;i:1<j<k,1<i<p-— 1)S over K. As before, we can
again assume that o acts in this way:

A yjIE> Y>>y > (le)’jZ"‘yjp—l)_l-

Now, assume that 0 < ¢; < p—1. For 2 < j <k choose e; such that cie; +c¢; =
0 (mod p), and define uy; = y;, uj; = yf{yji. It follows that

g tUpr1i > gy, Uji > Uji forl <i<p-—1,
l<t<k—1,j#AC+1,
o Uy > Mg, Ui e Ui forl<i<p—12<j<k.

Define v; =u§.’1,vji:uji/uji_1 for2<i<p—1,1<j<k. Then
Kwjitlsjskl<isp-D=K@;:1<j<kl<i<p-1".
The action of « is given by
p=1 p=2

- P, . . Pl o2 )l
oV V1), Vjp > U3 r—>vjp_1|—>(v11vj2 vl vjpfl)

for2 < j <k. Lemma 2.5 implies the actionof ¢ on K (vj; : 1< j <k, 1 <i<p—1)
can be linearized.
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Finally, let ¢c; =0. Define Vj1 :ufl, Vji :uji/uj,-_l for2<i< p—l, 2§j <k.
Then K (u1;, v, :2<j <k, 1<i<p-1)=K@uj;:1<j<k,1<i<p-1".
The action of « again can be linearized as before. We are done.

5. Proof of Theorem 1.9

By studying the classification of all groups of order p> made by James [1980], we
see that the nonabelian groups with an abelian subgroup of index p and that are not
direct products of smaller groups are precisely the groups from the isoclinic families
with numbers 2, 3, 4 and 9. Notice that all these groups satisfy the conditions of
Theorem 1.8. The isoclinic family 8 contains only the group ®5(32) which is
metacyclic, so we can apply Theorem 1.2. It is not hard to see that there are no
other groups of order p> containing a normal abelian subgroup H such that G/H
is cyclic.

The groups of order p® with an abelian subgroup of index p and that are not direct
products of smaller groups are precisely the groups from the isoclinic families with
numbers 2, 3,4 and 9. Again, all these groups satisfy the conditions of Theorem 1.8.
The groups of order p®, containing a normal abelian subgroup H such that G/H
is cyclic of order > p are precisely the groups from the isoclinic families with
numbers 8 and 14. Note that the groups ®g(42), $g(33), P14(42) are metacyclic,
and the group ®g(321)a is a direct product of the metacyclic group $g(32) and
the cyclic group C,. Therefore, we need to consider the remaining groups, whose
presentations we write down for convenience of the reader.

ar, a2, B,y :lan, al=B=af, [B,ax]=B"=y?, aﬁ’ =pr=1),
Dg(32D) e, =(ay, a2, B:[ay, 2] =B, [B, az] r+1=,3p(r+1)=ot{’ , o4 =ﬂp =1),

Dg(321)b=({
(
P5(321)cpt = {orr, a2, B:[aty, 02 ol =g
(
(
(

1=

1=8, [B.ax]=B=ab, af =" =1),
$g(222) = (a1, o2, Bilar, 2]=B, [B, a]=B7, o« =af =pP =1),

1=

I=

2 2 2

D14(321) = (a1, a2, B:lag, ]l =B, af =B, af =p7 =1),

D14(222) = (a1, o, B:lorr, o2

Case I. G = ®g(321)b. Denote by H the abelian normal subgroup of G generated
by aj and y. Then H = (a1, yB~") > C 3 x Cp and G/H = (a2) == C 2.
Let V be a K -vector space whose dual space V* is defined as V* =P gcc K-x(8),
where G acts on V* by h-x(g) = x(hg) for any h, g € G. Thus we have K (V)¢ =
K(x(g):g€G)° =K (G).
Define X1, X, € V* by

p—1 p—1

Xi=) x((B™H), Xa=) x(@).
i=0

i=0
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Note that y8~!- X; = X; and o - X» = X».
Let £,3 € K be a primitive p*-th root of unity and put { = ¢ p";, a primitive p-th
root of unity. Define Y1, Y, € V* by

pP-1 p—1
Y1=Z§;310511'X1, Yo=Y B X
i=0 i=0

It follows that

ay: Y — §p3Y1, Yo — Y5,
vB YY), Y (Y,
y: Y — fszl, Yo ¢Ys.
Thus K - Y, 4+ K - Y5 is a representation space of the subgroup H.
Define x; = océ Y,y = ozé Yo forO0<i < p2 — 1. From the relations alaé =
abay g1 BRI7 it follows that

o i
ot X > §p3§;z§(2)xi, Yi = Vi,
VX szxiv Yi = 8vis
otzzxor—>x1r—>---|—>xpz_1r—>x0,

Yo Y1 = o= Y21 > Yo,

for0<i < p>—1.

We find that ¥ = (@< 2 K - %) ® (Po<i<,2_1 K - i) is a faithful G-sub-
space of V*. Thus, by Theorem 2.1, it suffices to show that K (x;, y; :0<i < p>—1)¢
is rational over K.

Forl <i < p2 — 1, define u; = x;/x;—; and v; = y;/y;—1. Thus

K(xj,yi:0<i<p?>—1)=K (o, yo, i, vi : 1 <i < p*—1)
and forevery g € G
g-xoeK(ui,vizl§i§p2—1)-xo, g-yoeK(ui,vizl§i§p2—1)-yo,

while the subfield K (u;, v; : 1 <i < p2 — 1) is invariant by the action of G. Thus
K(x;, yi :0§i§p2—1)G =K(u;,v;:1 §i§p2—1)G(u, v) for some u, v such
that o (v) =y (v) = ax(v) = v and | (1) = y (1) = ax(u) = u. We now have

. i—1
o1 U — gng Uu;, vj = v;,

YU u;, v; > v,
(5-1) |
az:u1|—>u2|—>---|—>upz_1|—>(u1u2---upz_1) ,

V> > > V2 (vlvz-uvpz_l)_],

p
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for1 <i<p*—1.1 K(u;, v;: 1 <i < p?>—1)%(u, v) is rational over K, it follows
from Theorem 2.2 that K (x;, y; : 0 <i < p2 — 1)Y is rational over K.
Since y acts trivially on K (u;, v; : 1 <i < p2 — 1), we find that

K@i,vi:1<i<p*—D=K(@u;,v:1<i<p?—1)ae

Now, consider the metacyclic p-group

~

3 2 _
G=(o,t:0” =1 =1,77!

ot =0 k=1+p).
Define X = ) §_3jx(aj), Vi =1'X for 0 <i < p*> — 1. It follows that
0<j<p’-1 b
o Vit LV,

T: Vo Vlr—>-~|—>sz,1|—>Vo.

Note that K (Vy, Vi, ..., sz_l)é is rational by Theorem 2.6.
Define U; = V;/Vi_y for 1 <i < p> — 1. Then K(Vo, Vi, ..., Ve ¢ =
KU1, Uy, ..., Up_)%U), where

. ki_ki—l
o:Umr~ U, Ui|—>§p3 Ui,
T:U— U, U1|—>U2|—>---|—>Upz_1|—>(U1U2---Upz_1)*l.

Notice that k' —ki=! = (14 p)i~lp=(1+ (@i — 1)p)p (mod p?), so gl’;;—k” =
{;j (@=Dr, Compare the first and third entriei of (5-1) (i.e., the actions of oy, a» on
Ku;:1<i< p2 — 1)) with the actions of G on K(U; : 1 <i < p2 — 1). They are
the same. Hence, according to Theorem 2.6, we get that K (uy, ..., upz,l)G(u) =
KUy, ...,Up_D9WU) = K(Vo, Vi, ..., V,2_1)© is rational over K. Since by
Lemma 2.4 we can linearize the action of o on K (v; : 1 <i < p* — 1), we finally

obtain that K (u;, v; : 1 <i < p? — 1)/ is rational over K.

CaseIl. G = ®g(321)c,. Denote by H the abelian normal subgroup of G generated
by oy and 8. Then H = («y, ozl_p,B’“) ~C, xCpand G/H = {az) >~ C 2. Let
a=(r+1)""€Z,, hence B =a|"(a; "B +")". Similarly to Case I, we can define
Y1, Y, € V* such that

o Y>> é'psY], Yo Y;,
oYY, Yo i),
B: Y1 LY Yo 00,
Thus K - Y1 4+ K - Y5 is a representation space of the subgroup H.

Define X; = aé Y,y = aé Yo forO0<i < p2 — 1. From the relations alag =
abay B BOP and Bad = al B P it follows that, for 0 <i < p? —1,
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o1 X > §p3§;§§a(2)xi, yi = ¢i,

B x> Cht i, i ¢y,

O(z:)C()I—)xll—)---l—)xpz_ll—))Co,
Yor=> Y1 > o> yp2_1 > Yo.

We find that ¥ = (@i 2| K - xi) ® (Bo<j< 21 K - yi) is a faithful G-sub-
space of V*. Thus, by Theorem 2.1, it suffices to show that K (x;, y; :0<i < pz—l)G
is rational over K.

Forl<i < p2 — 1, define u; = x; /x;—; and v; = y;/y;—1. We now have

ap U > E;fzé“a(i*l)ui, v; > ¢,
B:ui—> U, v,
QUL > U > U (uiuy - --upz_l)_l,
e N e N e g P I g (vivy--- vpz_l)*l,
for 1 <i < p>— 1. Theorem 2.2 implies that if K (u;, v; : 1 <i < p> — 1) (u, v) is
rational over K, sois K(x;, y; :0<i < p2 — 1)G over K.

Since B acts in the same way as af’ on K(u;,v; : 1 <i < p2 — 1), we find that
K@i, vi:1<i<p*—D9=K(@u;,v;:1<i<p?—1)lre,

For 1 <i < p?— 1 define V; = v; /u?. It follows that, for 1 <i < p*—1,

ar: i ot Vi
(5-2) o u1|—>u2|—>---|—>upz_1|—>(uluz---upz_l)_],

Vi Vo o> Vi > (Vo Ve )7

Compare (5-2) with (5-1). They look almost the same. Apply the proof of Case I.
Case IIl. G = ®g(321)c,_1. Denote by H the abelian normal subgroup of G
generated by oy and B. Then H >~ C > X C)» and G/H =~ C . Similarly to Case I,
we can define Y|, Y» € V* such that
oY — é'szl, Yo Y,,
B: Y=Y, N {,'szz.
Thus K - Y, 4+ K - Y5 is a representation space of the subgroup H.
Define x; = aé Y,y = aé Yo forO0<i < p2 — 1. From the relations alaé =
b B BP and Bad = ok B it follows that, for 0 <i < p? —1,

oy X > $pXi, Vi g‘;z;(z)yi,

Bixir>xi,  yir> Ly,
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A XgH> X > - > X0 B> X,

p
Yor> Y1 o > Y > {o.

Forl <i < p2 — 1, define u; = x;/x;—1 and v; = y;/y;—1. We now have

Ay U — u;, vi|—>§pz§i_lvi,
B:ui—u;, v v,
W U U U g (uluz---ul,z_l)_l,

V> U > U g“(v]vz---vpz_])_l,

forl <i< pz— 1. Since B acts in the same way as af on K(u;,v;:1<i < pz— 1),
we find that K (u;, v; : 1 <i < p> = 1S =K(u;,v;i: 1 <i < p> — 1)ler@),

Let )3 € K be a primitive p3-th root of unity such that ¢ 532 =¢.Forl<i<p’—1
define w; = v;/ $pa It follows that

a1 U= U, Wi > szé'i_lwi,
(5-3) o u]r—>u2|—>---r—>upz_1H(ulug---upz_l)fl,
Wi Wy k> > W (wqwy - - - wpz_l)_l,
forl <i< p2 — 1. Compare (5-3) with (5-1) or (5-2). They look almost the same.
Apply the proof of Case I.

Case IV. G = $g(222). Denote by H the abelian normal subgroup of G generated
by oy and B. Then H >~ C > x C (2 and G/H =~ C ,». The proof henceforth is almost
the same as Case III

Case V. G = ©14(321). Denote by H the abelian normal subgroup of G generated
by ap and B. Then H >~ C 2 x Cp2 and G/H >~ C .
As before, we can define Y;, Y> € V* such that
a: Y — {szl, Yo Y5,
B:Y1—Y, Yo é'szz.
Thus K - Y, 4+ K - Y5 is a representation space of the subgroup H.

Define x; =a} - Y1, yi = a| - ¥, for 0 <i < p* — 1. From the relations oo =
ol B it follows that, for 0 <i < p* —1,

. i
o L Xi > Ly yi > Lo Vi
B:xi>xi, iy,
QL IXQ > X| > oo > X2 > X,

Yo Y1 o Y = 0.
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Forl <i < p2— 1, define u; = x;/x;— and v; = y; /y;—1. We now have
o U — u;, vi|—>§p§1vi,
ﬂ:uir—>u,~, V; = vy,
a1:u1|—>u2|—>.--|—>upz,1r—>(uluz-‘-upz,l)_l,

V> U > U Z(vjup - - - vpz_l)_l,

forl <i< p2— 1. Since B acts trivially on K (u;, v; : 1 <i < pz— 1), we find that
K@i, vi:1<i<p’—1)°=Ku,v:1<i<p?—1lre
Define wy = vf2§_1, w; =v;/vi—; for2 <i < pz— 1. We now have

K(vy, ..., vpz_1)<°‘2> =K(wy,...,wyu_y)
and

P2
apiw) = w, wi,

2 2
Wy > W3 o> wp_ g 1/(wiwf 1w3p 2~~w;2_1).

p

Define 71 =ws, z; =, ' -wp for2 <i < p?>—1. Then K (w; : 1 <i < p>—1) =
K(zi:1§i§p2—1)and

-1
i b b e (2122 Zp2g)

The action of a1 can be linearized by Lemma 2.4. Thus K (u;, z; : 1 <i < p>—1){@)
is rational over K by Theorem 2.1. We are done.

Case VI. G = ®14(222). Denote by H the abelian normal subgroup of G generated
by o and B. Then H >~ C 2 x C (2 and G/H =~ C 2. The proof henceforth is almost
the same as Case V.
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