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LOCALLY LIPSCHITZ CONTRACTIBILITY OF ALEXANDROV
SPACES AND ITS APPLICATIONS

AYATO MITSUISHI AND TAKAO YAMAGUCHI

We prove that any finite-dimensional Alexandrov space with a lower curva-
ture bound is locally Lipschitz contractible. As an application, we obtain a
sufficient condition for solving the Plateau problem in an Alexandrov space,
as considered by Mese and Zulkowski.

1. Introduction

Alexandrov spaces appear naturally in the collapsing and convergence theory of
Riemannian manifolds and play an important role in Riemannian geometry. In this
paper, when we say simply an Alexandrov space, we mean an Alexandrov space of
curvature bounded from below locally and of finite dimension. The fundamental
properties of such spaces were well studied in [Burago et al. 1992]. Perelman [1991]
carried out a remarkable study of topological structures for Alexandrov spaces,
proving a topological stability theorem: if two compact Alexandrov spaces of the
same dimension are very close in the Gromov—Hausdorff topology, then they are
homeomorphic. See also [Kapovitch 2007]. This further implies that, for any point
in an Alexandrov space, its small open ball is homeomorphic to its tangent cone.
In particular, an open ball of small radius with respect to its center is contractible.
It is expected by geometers that corresponding statements obtained by replacing
homeomorphic by bi-Lipschitz homeomorphic could be proved. Until now, we did
not know any Lipschitz structure of an Alexandrov space around singular points.
The main purpose of this paper is to prove that any finite-dimensional Alexandrov
space with a lower curvature bound is strongly locally Lipschitz contractible in the
sense defined later. For short, SLLC denotes this property. The SLLC-condition
is a strong version of the LLC-condition introduced in [Yamaguchi 1997] (see
Remark 4.5).

We define strongly locally Lipschitz contractibility. We denote by U (p, r) an
open ball centered at p of radius r in a metric space.
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Definition 1.1. A metric space X is strongly locally Lipschitz contractible, or SLLC,
if for every point p € X, there exists r > 0 and a map

h:U(p,r)x[0,1]—= U(p,r)

such that & is a homotopy from A( -, 0) =idy(,, ) to A(-, 1) = p and h is Lipschitz
(i.e., there exists C, C’ > 0 such that

d(h(x,s), h(y,1)) <Cd(x,y)+C'|s — 1]

for every x, y € U(p, r) and s, ¢ € [0, 1]) and such that for every " < r, the image
of h restricted to U(p, r’) x [0, 1]is U(p, r').

We call such a ball U(p, r) a Lipschitz contractible ball and & a Lipschitz
contraction on U (p, r).

A main result in the present paper is the following.

Theorem 1.2. Any finite-dimensional Alexandrov space is strongly locally Lipschitz
contractible.

In [Yamaguchi 1997], a weaker form of Theorem 1.2 was conjectured.

For metric spaces P and X and possibly empty subsets Q C P and A C X, we
denote by f : (P, Q) — (X, A) amap from P to X with f(Q) C A. Two maps
f and g from (P, Q) to (X, A) are homotopic (resp. Lipschitz homotopic) if there
exists a continuous (resp. Lipschitz) map

h:(Px[0,1], 0 x[0,1]) — (X, A)

such that i(x, 0) = f(x) and h(x, 1) = g(x) for all x € P. Then, we write f ~ g
(resp. f ~Lip &) Let us denote by

(P, Q),(X,A)] and [(P,Q), (X, A)lLip

respectively the set of all homotopy classes of continuous maps from (P, Q) to
(X, A) and the set of all Lipschitz homotopy classes of Lipschitz maps from (P, Q)
to (X, A).

Let us consider a Lipschitz simplicial complex: a metric space which admits
a triangulation such that each simplex is a bi-Lipschitz image of a simplex in a
Euclidean space. For a precise definition, see Section 4.

Corollary 1.3. Let P be a finite Lipschitz simplicial complex and Q a possibly
empty subcomplex of P. Let X be an Alexandrov space and A an open subset of X.
Then, the natural map from [(P, Q), (X, A)lLip to [(P, Q), (X, A)] is bijective.

For a metric space X, a point xg € X, a_nd k € N, we define the k-th Lipschitz
homotopy group n,flp(X, Xo) by setting n,i“lp(X, x0) = [(S, %), (X, X0)]Lip as sets,
where * € S is an arbitrary point; it is equipped with the group operation of the
usual homotopy groups.
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Corollary 1.4. For an Alexandrov space X, a point xy € X, and k € N, the natural
map .
ﬂ;{Llp(X, x0) = mr(X, x0).

is an isomorphism of groups.

Application: the Plateau problem. The Plateau problem in an Alexandrov space
was considered by Mese and Zulkowski [2010] as follows. Let W2(D?, X) denote
the (1, 2)-Sobolev space from D? to an Alexandrov space X, in the sense of the
Sobolev space of a metric space target defined by Korevaar and Schoen [1993].
Giving a closed Jordan curve I in X, we set

Fr = {u e WH(D?*, X)NC(D?, X) | ulyp> parametrizes I' monotonically}.

Mese and Zulkowski defined the area A(u) of a Sobolev map u € wh2(D?, X).
Under these settings, the Plateau problem is stated as follows:

Find a map u € W“2(D?, X) such that A(u) = inf{A(v) | v € Fr}.

Theorem 1.5 [Mese and Zulkowski 2010]. Let X be a finite-dimensional compact
Alexandrov space and T a closed Jordan curve in X. If Fr # O, then there exists a
solution to the Plateau problem.

For Alexandrov spaces, no condition on I implying % # & was known. As an
application of Theorem 1.2, we can obtain such a condition of T".

Corollary 1.6. Let I" be a rectifiable closed Jordan curve in an Alexandrov space X.
If T is topologically contractible in X, then Fr # O.

Application: simplicial volume. Yamaguchi [1997, Theorem 0.5] proved, assum-
ing an LLC-condition on an Alexandrov space, an inequality between Gromov’s
simplicial volume and the Hausdorff measure of the Alexandrov space. As an
immediate consequence of Theorem 1.2, we obtain:

Corollary 1.7 [Gromov 1982; Yamaguchi 1997]. Let X be a compact orientable
n-dimensional Alexandrov space without boundary, of curvature > « for k < Q.
Then | X|| <n!(n—1)"/—=« " %" (X).

Here, || X|| is Gromov’s simplicial volume, which is the £;-norm of the fun-
damental class of X, and " denotes the n-dimensional Hausdorff measure. For
precise terminology, we refer to [Gromov 1982; Yamaguchi 1997].

Further, if we assume “a lower Ricci curvature bound” for X in the sense of
[Bacher and Sturm 2010], then we obtain the following:

Theorem 1.8. Let X be a compact orientable n-dimensional Alexandrov space
without boundary. Let m be a locally finite Borel measure on X with full support
that is absolutely continuous with respect to #". If the metric measure space
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(X, m) satisfies the reduced curvature-dimension condition CD*(K, N) locally for
K, N eRwith N>1and K <0, then

IXII <n!y/=(N = DK "%" (X).

Theorem 1.8 is new even if X is a manifold, because a reference measure m can
be freely chosen.

Organization. We review fundamental properties of Alexandrov spaces in Section 2.
In particular, we recall the theory of the gradient flow of distance functions on an
Alexandrov space, established in [Petrunin 1995] and [Perelman and Petrunin 1994].
In Section 3, we prove that the distance function from a metric sphere at each point
in an Alexandrov space is regular on a much smaller concentric punctured ball.
Then, using the gradient flow of the distance function, we prove Theorem 1.2. In
Section 4, we recall precise terminology of the applications in the introduction,
and prove Corollaries 1.3, 1.4 and 1.6. In Section 5, we note that our proof given
in Section 3 also works for infinite-dimensional Alexandrov spaces whenever the
space of directions is compact. In Section 6, we recall several notions of a lower
Ricci curvature bound on a metric space together with a Borel measure and their
relation. By using the Bishop—Gromov-type volume growth inequality, we prove
Theorem 1.8.

2. Preliminaries

This section consists of a review of the definition of Alexandrov spaces and a
somewhat detailed review of the gradient flow theory of semiconcave functions on
Alexandrov spaces. For further details, we refer to [Burago et al. 1992; 2001] or
[Petrunin 2007].

We recall the definition of Alexandrov spaces:

Definition 2.1 [Burago et al. 1992; 2001]. Let x € R. We call a complete metric
space X an Alexandrov space of curvature > i if it satisfies the following:

(1) X is a geodesic space; i.e., for every x and y in X, there is a curve y :
[0, |x, ¥|] = X such that y (0) = x, y(|x, y]) =y, and the length of y equals
|x, y|. Here, |x, y| denotes the distance between x and y, written also as |xy|
or d(x,y). We call such a curve y a geodesic between x and y, and denote it
by xy.

(2) X has curvature > «; i.e., for every p, g, r € X (with |p, g+ g, r|+|r, p| <
27 //k if k > 0) and every x in a geodesic gr between g and r, taking a
comparison triangle ApG7 = A pgr in a simply connected complete surface
M, of constant curvature ¥ and a corresponding point X in g7, we have

lp, x| = |p, X|.
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We simply say that a complete metric space X is an Alexandrov space if it is a
geodesic space, and for any p € X, there exist a neighborhood U of p and k € R
such that U has curvature > « in the sense that it satisfies condition (2); i.e., any
triangle in U (whose sides are contained in U) is not thinner than its comparison
triangle in M.

If X is compact, then it has a uniform lower curvature bound. Throughout
the paper, we do not need a uniform lower curvature bound, since we are mainly
interested in local properties. It is known that if X has a uniform lower curvature
bound, say «, then X has curvature > « [Burago et al. 1992].

Semiconcave functions. In this subsection, we refer to [Petrunin 2007; 1995].

Definition 2.2. Let / be an interval and A € R. We say a function f : I — R is
A-concave if the function

_ A 2
f(f)=f(f)—§l
is concave on /. That is, for any t < ¢’ <t” in I, we have

feh—fo _ fah-ra)

t—t - t"—t

We say a function f : I — R is A-concave in the barrier sense if for any ty €int /,
there exist a neighborhood Iy of #p in I and a twice-differentiable function g : Ip — R
such that

g(to) = f(ty), g > fand g” < A on int].

Lemma 2.3 [Petrunin 1995]. Let f : I — R be a continuous function on an interval
I and A € R. Then the following are equivalent:

(1) f is A-concave in the sense of Definition 2.2.

(2) Forany ty € I, there is A € R such that

A
ﬂﬂsﬂm+AU—m+§U—m2

foranyt el
(3) f is A-concave in the barrier sense.
Proof. By considering f(¢) — (A/2) t?, we may assume that A = 0.

Let us prove the implication (1) = (2). Let us take #y € I, not equal to the
supremum of /. By the concavity of f, the value

A— lim f(to+¢)— f(t)
e—0+ &
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is well-defined. And, the concavity of f implies

f@) = f(to) + At —19).

When #y € I is the supremum of /, we obtain the same inequality as above by
replacing A with lim._, o4 (f(fo — &) — f (%)) /&.

The implication (2) = (3) is trivial.

Let us assume that f satisfies (3), and take 7y in the interior of /. Then there
exists a twice-differentiable function g : I — R such that

g(to) = f(t), g = f and g" <0.
Hence, for any ¢’ <ty <, we have

fm—fm»<gm—gm><mm—gwx<ﬂm—fw)

t—1 - t—1 - to—t' - to—t'

Therefore, f is concave. ([

Let X be a geodesic space and U be an open subset of X. Let f : U — R be
a function. We say that f is A-concave on U if for every geodesic y : I — U,
the function f oy : I — R is A-concave on /. For a function g : U — R, we say
that f is g-concave if for any p € U and ¢ > 0, there is an open neighborhood
V of p in U, such that f is (g(p) + ¢)-concave on V. We say that f : U — R is
g-concave in the barrier sense if for any p € U and ¢ > 0, there exists an open
neighborhood V of p in U such that for every geodesic y contained in V, foy
is (g(p) + e)-concave in the barrier sense. By an argument similar to the proof of
Lemma 2.3, f is g-concave if and only if f is g-concave in the barrier sense.

From now on, we fix an Alexandrov space X. We use results and notions on
Alexandrov spaces obtained in [Burago et al. 1992], and we refer to [Burago et al.
2001] and [Petrunin 2007]. T, X denotes the tangent cone of X at p and X,X
denotes the space of directions of X at p.

For any A-concave function f : U — R on an open subset U of X, p € U, and
8 >0, a function f5:8~'U — R is defined as the same function f5 = f on the same
domain §7'U = U as sets. Since the metric of ™' U is the metric of U multiplied
by 87!, f5 is 82A-concave on 8 ~'U. In addition, if f is Lipschitz near p, then the
blow-up d,, f : T, X — R, that is, the limit with respect to some sequence §; — 0,

lim f5 : lim (8;'U, p) » R
1—> 00 1—>00

is O-concave on T,X. We call d, f the differential of f at p. Note that the
differential of a locally Lipschitz semiconcave function always exists and does not
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depend on the choice of sequence (;). Actually, d,, f(§) is calculated by

f(exp,(t§)) — f(p)
t

)= i,

if§ e E;, is a geodesic direction, where exp,(1§) denotes the geodesic starting
from p with the direction &.

Distance functions as semiconcave functions. For any real number &, let us define
“trigonometric functions” sn, and cs, by the following ODE:

s, (1) +k sne () =0, sn(0)=0, sn, (0)=1;
csi(t)+rese (1) =0, cs(0)=1, cs.(0)=0.

They are explicitly represented as follows.

1
—sin(y/k t) if K >0,
o (=0)" 2n+1 Vi
() = — " = if €k =0,
sy (¢) X_:O(Zn+l)! | t ifk =0
"= sinh(v—k 1) ifx <O,
=K
© ey cos(/k 1) if k >0,
—K " .
ese() =sn () =) "ot = 1 if i =0,
n=0 :
cosh(y/—«t) ifk <O.

These functions are elementary for the space form M, in the sense that they satisfy
the following: Let us take any points p, g,r € M, with |pqg| + |gr| + |rp| <
2diam M, and set 6 := /gpr. Let y be the geodesic pr with y(0) = p and
y(lp,r]) =r. Weset £(t) = |q, y(t)|. When « # 0, the cosine formula states

cs, (£(2)) =csi |pglcse t +k sng | pg|sn, t cosB.
Also, we have
(2-1) (csic (£(1)))" + K cs,c(£(1)) = 0.

Lemma 2.4 [Perelman and Petrunin 1994]. The distance function d 4 from a closed
subset A in an Alexandrov space X of curvature > i is (cs,(da)/ sn,(d4))-concave
on (X —A)N{ds < /(2+/k)}. Here, if k <0, then we consider 7w /(2/k) as +0o0,
and if k =0, then we consider cs,(da)/ sne(ds) as 1/dy.

Proof. We consider the case that ¥ % 0. Let us take any geodesic y contained in
(X —A)N{dy < 7/(2/k)}. We take x on y and reparametrize y as x = y(0).
We choose w € A such that |Ax| = |wx|. We set £(¢) := |A, y(¢)|. Let us take a
geodesic y and a point w in the x-plane M, such that [wy (0)| = |wx| and Z(Tg’
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. 7H(0) = £(1Y, y1(0)). Let us set £(r) := |, 7(t)|. By Alexandrov convexity,
£@1t) < 0(r).
From (2-1), a standard calculation implies
cse (0) CSyc (5)

'="(1-)»<
sn (€) sn(f)

Therefore, £ is (cs, (£)/ sn, (£))-concave. The proof is complete if ¥ # 0. When X
has nonnegative curvature, taking a negative number « as a lower curvature bound
of X and letting « tend to 0, we obtain cs, (d4)/ sne(da) — 1/da. O

Gradient flows. For vectors v, w in the tangent cone T}, X, setting 0 = 0, the origin
of T, X, we define |v| = |o, v| and

( - [v]|w] cos Zvow if |v], lw| > 0,
o otherwise.

Definition 2.5 [Perelman and Petrunin 1994; Petrunin 1995]. Let f be a A-concave
function on an open subset U of X. We say that a vector g e T,X at pe U is a
gradient of f at p if it satisfies

(D) df,(v) < (v, g) forallveT,X;

(2) dfp(g) = (g 8)-
We recall that a unique such g exists, which is denoted by V,, f =V f(p).
We say that f is regular at p if d, f (v) > 0 for some v € T), X, or equivalently,

[V, f1 > 0. Otherwise, f is said to be critical at p.
Definition 2.6 [Perelman and Petrunin 1994; Petrunin 1995]. Let f : U — R be a
semiconcave function on an open subset U of an Alexandrov space. A Lipschitz
curve y : [0, @) — X on an interval [0, a) is said to be a gradient curve on U for f
if for any ¢ € [0, a) with y(t) € U,

i Ler@te —foy®

im
e—0+ &

exists and is equal to |Vf|2(y(t)).

Note that if f is critical at y (¢), the gradient curve y for f satisfies y (¢') = y (¢)
for any ¢’ > ¢.

The (multivalued) logarithm map log, : X — T}, X is defined for x # p as
log,(x) = |px|-17, where T; is a direction of a geodesic px, and for x = p as
logp (x) =o0p. If y is a gradient curve on U, then for ¢ with y(¢) € U, the forward
direction

vyt = lim logyw (1 +£))
e—0+ &

Ty(t)X

exists and is equal to the gradient V f (v (¢)).
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Proposition 2.7 [Kapovitch et al. 2010; Petrunin 2007; Petrunin 1995; Perelman
and Petrunin 1994]. Letting y and n be gradient curves starting from x = y (0) and
y =1n(0) in an open subset U for a h-concave function f : U — R, we obtain

ly )] < e lxy]
for every s > Q.

This proposition implies a gradient curve starting at x € U is unique on its
domain.

Theorem 2.8 [Petrunin 1995; 2007; Perelman and Petrunin 1994]. For any open
subset U of an Alexandrov space, a semiconcave function f on U, and x € U, there
exists a unique maximal gradient curve

y:[0,a) > U

with y (0) = x for f, where y is maximal, if for every gradient curve 1 : [0, b) — U
for f with n(0) = x, we have b < a.

Definition 2.9 [Perelman and Petrunin 1994; Petrunin 1995]. Let U be an open
subset of an Alexandrov space X and f : U — R a semiconcave function. Let
{[0, ay)}xev be a family of intervals for a, > 0. A map

@: | Jx}x[0.a0) > U
xeU

is a gradient flow of f on U (with respect to {[0, a,)},cy) if for every x € U,
®(x, 0) = x and the restriction

d(x,-):[0,a,) > U

is a gradient curve of f on U.
A gradient flow ® is maximal if each domain [0, a,) of the gradient curve is
maximal.

By Theorem 2.8 and Proposition 2.7, a maximal gradient flow on U always
exists and is unique.

Let @ be the gradient flow of a semiconcave function on an open subset U. By
a standard argument, we obtain

S(x,s+1)=D(D(x,s),1)

for every x € U and s, t > 0, wherever the formula is defined.
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3. Proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. Let us fix a finite-dimensional
Alexandrov space X. As we show in Section 5, the proof works for an infinite-
dimensional Alexandrov space with an additional assumption.

We first prove the following. Consider the distance function f =d(S(p, R), -)
from a metric sphere S(p, R) = {g € X | |[pg| = R}. We may assume that a
neighborhood of p has curvature > —1 by rescaling the metric of X if necessary.
We denote by B(p, R) the closed ball centered at p of radius R.

Proposition 3.1. Forany p € X and € > 0, there exists R > 0 and 5y = p(e, R) >0
such that the distance function

f=dS(p,R), )
from the metric sphere S(p, R) satisfies
(3-D de f(1P) > cose
forevery x € B(p, 8oR) — {p}. In particular, f is regular on B(p, §oR) — {p}.

Proposition 3.1 is key in our paper, which implies the important Lemma 3.3 later.
For a subset A of an Alexandrov space and x ¢ A, we denote by A’ the set of
all directions of geodesics from x to A of length |x, A|.

Proof of Proposition 3.1. Since the tangent cone T, X is isometric to the metric
cone K(X,) over the space of directions X, there exists a positive constant R
satisfying the following:

(3-2) For any v € X, there is ¢ € S(p, R) such that Z(v, T%) <e.

From now on, we set S := S(p, R). For any x € S(p, §R), fixing a direction
1, € x,,, let us take g1, g2 € S such that

(3-3) |x, g1l = |x, S| :=min|x, g|
qeSs
and
(3-4) Lxpgy=L(T) M) = L1}, S)) = min (1), v).
P

By the condition (3-2), we have
prqz < /lxpgr <e.

Then, by the law of sines, we obtain
sinh R

sinhR | - .
sin Zxpgy; < —————  sine.

3-5 in/pxgy = ————
(3-5) S EpXqa = o lxg| sinh R(1 —4)
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On the other hand, by the law of cosines, we obtain

cosh [xgy| = cosh § R cosh R — sinh § R sinh R cos prq2
< cosh §R cosh R — sinh 6 R sinh R cos &

and

— sinh § R sinh |xg;| cos prqz = cosh R — cosh R cosh |xq> |
> cosh R{1 — cosh? OR} + sinh R sinh R cos .

Therefore, if § is smaller than some constant, then
(3-6) —cos Zpxgs > 0.
By (3-5) and (3-6), we obtain
(3-7) Lpxqr =7 —(1+7(8)e.
Next, let us consider the point g; taken as in (3-3). Then, it satisfies

Lxpq = mln /xpg < mln lxpq < e.
q€

By a similar argument with g; instead of g, we obtain
(3-8) Lpxq > 7 — (1+7(8))e.

By the quadruple condition, with (3-7) and (3-8), we obtain

Lqixqy <27 — Lpxqi — Lpxqy < 2+ T(8))e.
If § is small with respect to ¢, then we obtain
l9192] < 3Re.

Therefore, we obtain
(3-9) Lq1pgr < 4e.

For any y € px — {p, x}, we set g3 = q3(y) € S to be such that

|y, g3l =1y, SI.

By an argument similar to above, we obtain
(3-10) Lpygs = — (L+(|pyl/R)e > w —2e.

Then, we have

nyq3 < 2e.
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By the Gauss—Bonnet theorem, if y is near x, then
Lyxqz > m —3e.

By the first variation formula, we obtain

Syl =18 —
Aty = tim SIS g Y Tl sy
Xp3y—>x |xy| Xp3y—>x |xy|
This completes the proof. ]

We fix §¢ as in the conclusion of Proposition 3.1, and fix § < Jp.
Lemma 3.2. For any x € B(p, §R) —{p}, we have
LV fAD) < g and |V, f, 1P| < ¥/ 2e.
Proof. By Proposition 3.1, we have
df: (1) > cose.
By the definition of the gradient, we obtain
dfs(19) < |Vi fleos L(Vy f, 1]) < cos L(V [, 17).

Therefore, we have /(V, f, 1%) < ¢.
Since f is 1-Lipschitz, |V f| < 1. And, by the above inequality,

IV flx= gn%xdfx(é) >df (1Y) > cose.

Then, we obtain
IV AP 12 < IV +1—=2|Vf|cose <2sin’e.
Therefore, |V f, 17 | < +/2¢. ([
Let us consider the gradient flow @&, of f =d(S, -).
Lemma 3.3. For every x € B(p, 6R),
|, (x), p| < |x, p| —cose -t,

whenever this formula is defined. In particular, for any t > §R/ cos e, we have
D (x) = p.

Proof. Let us set y (1) = ®,(x), the gradient curve for f starting from y (0) = x. If
y (to) # p, then

—_ V4 o
2t b 1210, PL= = (Vo) [ 1)) < —cose.
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Integrating this, we have
| P4 (x), pl —|x, p| < —cose 1.
This completes the proof. ]

Finally, we estimate the Lipschitz constant of the flow ® on B(p, §R). Let us
recall that f is A-concave on B(p, 6 R) for some 1. By Lemma 2.4, A can be given

as follows:
cosh(f) - cosh R

sinh(f) ~ sinh(R(1 —§)) -
By Proposition 2.7, for any x, y € B(p, 6R),

|®(x, 1), D(y, )] < e |xyl.

Since f is 1-Lipschitz, for x € B(p,3R) and ¢’ < t, we have

t +

|<I>(x,t),<b(x,t’)|§[ i D(x,s)
ds

t

ds =/ IVFI(®(x,s))ds <t—t1.
t/

Therefore, we obtain the following:

Lemma 3.4. Forany x,y € B(p,6R) andt >s >0,
|®(x,5), P(y, )| < e™|x, y|+1—s.

Note that, by Lemma 3.3, setting £ = §gR/ cos ¢, the term e can be bounded

from above by a constant arbitrary close to 1 if we choose §p and R small enough.
By Lemma 3.4, we obtain a Lipschitz homotopy

¢ :B(p,éR) x[0,1]— B(p,5R)

with ¢(-, 1) = p, defined by ¢(x,t) = ®(x, €¢) for (x,t) € B(p, 6oR) x [0, 1].
This completes the proof of Theorem 1.2.

Remark 3.5. In the above argument, we employ the distance function from S(p, R)
to prove Theorem 1.2. Similarly, one can use the averaged distance function
constructed in [Perelman 1993] and [Kapovitch 2005] to prove Theorem 1.2.

4. Proof of applications

Proof of Corollaries 1.3 and 1.4. Let V be a metric space, U a subset of V, and
p € V. We say that U is Lipschitz contractible to p in V if there exists a Lipschitz
map
h:Ux[0,1]1—>V
such that
h(x,0)=x and h(x,1)=p
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for any x € U. We call such an & a Lipschitz contraction from U to p in V. We say
that U is Lipschitz contractible in V if U is Lipschitz contractible to some point
inV.

Lemma 4.1. Let U be Lipschitz contractible in a metric space V. For any Lipschitz
map ¢ : 8"~ — U, there exists a Lipschitz map ¢ : D" — V such that | g1 = ¢.

Proof. By definition, there exist p € V and a Lipschitz map
h:Ux[0,1]1—=V

such that
h(x,0)=xand h(x,1)=p

for any x € U. We define a map
o1 : 8" x[0,11>V

by ¢1 = h o (¢ x id). Then, ¢; is Lipschitz with Lipschitz constant at most
Lip (k) - max{1, Lip (¢)}. We define a map

@ D" x{1} >V
by ¢2(v, 1) = p for all v € D". And we consider a space
Y =81 x[0,1]UD" x {1}

equipped with a length metric with respect to a gluing $"~! x {1} 3 (v, )~ (v, 1) €
dD" x {1}. Now we define amap ¢3: Y — V by

@1 onS§"x[0,1],
@3 =
@y on D" x {1}.

This is well-defined. Then, ¢3 is Lip (¢1)-Lipschitz. Indeed, for x € S % 10, 1]
and y € D" x {1}, we have

lp3(x), p3(¥)| = le3(x), pl.

Let x € "~ ! x {1} be the foot of a perpendicular segment from x to S {1}.
We note that |x, x| < |x, y| and ¢3(x) = p. Then, we obtain

lp3(x), pl = l@3(x), @3(X)| = l@1(x), @1 (X)| < Lip (¢1)|x, | < Lip (p1)lx, yl.
Obviously, there exists a bi-Lipschitz homeomorphism
f:D'"—>Y

with f(0) = (0, 1) € D" x {1} preserving the boundaries, in the sense that f(v) =
(v,0) € 8" x {0} for any v € S"~!. Then, we obtain a Lipschitz map ¢ := @30 f
satisfying the desired condition. (]
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Definition 4.2. We say that a metric space Y is a Lipschitz simplicial complex if
there exists a triangulation 7" of Y satisfying the following: For each simplex S € T,
there exists a bi-Lipschitz homeomorphism ¢g : A%™S — S Here, the simplex
AYMS s a standard simplex equipped with the Euclidean metric and S is given the
restricted metric of Y. We say that such a triangulation 7 is a Lipschitz triangulation
of Y. The dimension of Y is given by dim Y = supdim S. We only deal with ¥
such that dim Y < oo. Ser

A Lipschitz simplicial complex Y is called finite if it has a Lipschitz triangulation
consisting of finitely many elements.

Note that a subdivision (for instance, the barycentric one) of a Lipschitz triangu-
lation is also a Lipschitz triangulation.

Proposition 4.3. Let X be an SLLC space, Y a Lipschitz simplicial complex, and
f Y — X a continuous map. Then, there exists a homotopy

h:Yx[0,1]-> X

from hg = f such that hy is Lipschitz on each simplex of Y.
Further, if f is Lipschitz on a subcomplex A of Y, then a homotopy h can be
chosen that is relative to A, that is, satisfying h(a,t) =a foranya € Aandt €0, 1].

Proof. If dim Y =0, then we set i(x,t) = f(x) forx € Y and ¢ € [0, 1]. Then, & is
the desired homotopy.

We assume that the assertion holds for dim ¥ < k — 1. First, we prove that for
any f : AK — X, there exists a homotopy

h:AFx[0,1] > X

from hy = f to a Lipschitz map k. Taking a subdivision if necessary, let us take a
finite Lipschitz triangulation T of A satisfying the following: For any k-simplex
E e T, there exists an open subset Ug of X which is a Lipschitz contractible ball
such that f(E) C Ug. For any simplex F € T of dim F <k — 1, we set

Up = ﬂ Ug.
FCEeT

This is an open subset of X. Let us denote by Z a (k — 1)-skeleton of A with
respect to 7. By the inductive assumption, there exists a homotopy

h:Zx[0,1]1—> X
from hy = f|z such that for every simplex F of Z, the following hold:

o hyi|Fis LipSChitZ.
o h(F x[0,1]) C Uf.
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o If f|F is Lipschitz, then &;|r = f|F for any .

Let E be a k-simplex of AX with respect to 7. We denote by h?% the restriction of
h to 0 E x [0, 1]. Then, the image of hE is contained in UTBFG,E Ur C Ug. Since
the pair (E, 0 E) has the homotopy extension property, there exists a homotopy

hE:Ex[0,11— Ug

from f|g which is an extension of #%F. Then, hf is Lipschitz on 9 E. For another
k-simplex E’ of AF with common face E N E’,

hE =nF

on E N E’ for all . Since Ug is a Lipschitz contractible ball, by Lemma 4.1 there
is a homotopy

hE Ex[0,1]1—> X

relative to JE from ﬁg = hf to a Lipschitz map Ef : E — X. Let us define a
homotopy hE : E — X by

hE(x,t) iftel0,1/2],

A _
h™(x,t) = {EE(X,I) ift e [1/2, 1].

We define /1 : A% x [0, 1] — X by

hix,t) =hE(x, 1)

forx € E € T. Then, ﬁo = f and le is Lipschitz.

Next, we consider a continuous map f : ¥ — X from a Lipschitz simplicial
complex Y with dimY = k. Let Z be a (k — 1)-simplex of Y. By the inductive
assumption, there exists a homotopy

h:Zx[0,1]1—> X

from hy = f|z, and h; is Lipschitz on every simplex of Z. From now on, let us
denote by E a k-skeleton of Y. By using the homotopy extension property for
(E,dE) and Lemma 4.1, we obtain a homotopy

hE Ex[0,1]1—> X

which is an extension of /1|5 «[0,17, With hg = f|Eg. Since hf lag =h1lsE is Lipschitz,
there exists a homotopy

hEEx[0,1]1—> X
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relative to d E from l_zg = h‘f to a Lipschitz map Ef. We set h(x, ) = h(x, 1) for
x € Zandt €0, 1]. And, we define a homotopy h:Y x [0, 1] = X by

h(x,2t) if x € Z and t € [0, 1/2],
e h(x,2t—1) ifxeZandre[l/2,1],
X, 1) = .
hE(x,21) ifxe ECYandrel0,1/2],
hE(x,2t—1) ifxe EcCVYandte[l/2,1].
Then, fzo = f and hy is Lipschitz on every simplex. ([

Corollary 4.4. Let Y be a Lipschitz simplicial complex, X an SLLC space, and
f:Y — X a continuous map. Let T be a Lipschitz triangulation of Y and {UF |
F € T} a family of open subsets of X satisfying the following properties:

e f(F)CUpforFeT.

e Up CUgfor F,Ee€T with F CE.
Then, there exists a homotopy h : Y x [0, 1] = X from hg = f such that for every
FeT:

e hy is Lipschitz on F.

e h(F x[0,1]) C Uf.

o If f is Lipschitz on F, then h, = f on F for all t.

For instance, fixing ¢ > 0 and setting U an e-neighborhood of f (F) for every
F e T, the family {Uf | F € T} satisfies the assumption of Corollary 4.4.

Proof of Corollary 4.4. If dimY = 0, the assertion is trivial. We assume that
Corollary 4.4 holds when dimY < k — 1 for some k > 1. Let Y be a Lipschitz
simplicial complex with dim Y =k and T a Lipschitz triangulation of Y. Let us take
a family {Ur | F € T} of open subsets satisfying the assumption of Corollary 4.4.
By inductive assumption, there exists a homotopy

h:Y® D x[0,1]— X

from hg= f|y«-1, and Ay is Lipschitzoneach F € T of dim <k—1 and h,(F) C Uf
for all ¢. Let us denote by E a k-simplex in 7. By Proposition 4.3, there exists a
homotopy

h*: E x[0,11— Ug

from h = f|g to a Lipschitz map hf such that hf = h, on 9E for all 7. Then, the

concatenation map

h(x,t) ifxey®D,
hE(x,t) ifxekE,
is the desired homotopy. (]

hx,t) = {
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Remark 4.5. We note that Proposition 4.3 and Corollary 4.4 above can be also
proved assuming X is just LLC instead of SLLC. Here, we say that a metric space
X is locally Lipschitz contractible, for short LLC, if for any p € X and ¢ > 0, there
exist r € (0, ] and a Lipschitz contraction ¢ from U (p,r) to p in U(p, €). We
also remark that Corollaries 1.3 and 1.4 are true if X is just LLC.

Let us start to prove Corollaries 1.3 and 1.4.

Proof of Corollaries 1.3 and 1.4. Let us take a finite Lipschitz simplicial complex
pair (P, Q), with Q possibly empty. We prove Corollaries 1.3 and 1.4 assuming
X to be SLLC. Let A be an open subset in X. Let us consider a continuous map
f:(P,Q)— (X, A). By Corollary 4.4 and Theorem 1.2, we obtain a homotopy

@: (P, Q) x[0,1] = (X, A)

from @y = f to a Lipschitz map ¢; : (P, Q) — (X, A). Here, we note that since A
is open in X, the homotopy ¢, can be chosen so that ¢,(Q) C A. Then, we obtain a
correspondence

(4-1) C((P, Q). (X,A))> f— g1 €Lip((P, Q). (X, A)),

where C (x, xx) (resp. Lip(x, %)) denotes the set of all continuous (resp. Lipschitz)
maps from * to .

Let us consider two homotopic continuous maps f and g from (P, Q) to (X, A).
From the correspondence (4-1), we obtain Lipschitz maps f’ and g’ from (P, Q) to
(X, A) which are homotopic to f and g, respectively. Connecting these homotopies,
we obtain a homotopy

H:(P,Q)x[0,1] = (X, A)

between H(-,0) = f"and H(-, 1) = g’. Now, we consider a Lipschitz simplicial
complex P = P x [0, 1] and a subcomplex R = P x {0, 1}. Then, the map H is
Lipschitz on R. Hence, by Proposition 4.3, we obtain a homotopy

I-?:f’x[O,l]—>X

relative to R from [:I(- ,0) = H to a Lipschitz map FI(-, 1). Then, I:I(-, 1)
is a Lipschitz homotopy between f’ and g’. Therefore, we conclude that the
correspondence (4-1) sends a homotopy to a Lipschitz homotopy. This completes
the proof of Corollary 1.3.

Let us consider a pointed n-sphere (8", pg) and an Alexandrov space X with
point xo € X. Then, for any map f : (S", po) — (X, xo), the restriction f|;,, is
always Lipschitz. Hence, by an argument as above and Proposition 4.3, we obtain
the conclusion of Corollary 1.4. (]
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Plateau problem. We first recall the definition of the Sobolev space of a metric
space target in order to state the setting of Plateau problem in an Alexandrov space
as in the introduction, referring to [Korevaar and Schoen 1993] and [Mese and
Zulkowski 2010]. For a complete metric space X and a domain €2 in a Riemannian
manifold having compact closure, a function u : Q — X is said to be an L%-map if
u is Borel measurable and, for some (equivalently, any) point py € X, the integral

f (), pol® die
Q

is finite, where u is the Riemannian volume measure. The set of all L?-maps
from  to X is denoted by L?($2, X). We recall the definition of the energy of
u e L*(Q, X): For any € > 0, we set Q. = {x € Q| d(092, x) > ¢}, and define an
approximate energy density e¥ : Q. — R by

lf du(x), u(y))?* do
S(x,e)

u —_
€ (x) - wp, g2 gn—1°

Here, n = dim 2, S(x, ¢) is the metric sphere around x with radius ¢ and o is the
surface measure on it. By [Korevaar and Schoen 1993, 1.2(iii)], we obtain

/ e (x)du < Ce2.

Qe
Let us take a Borel measure v on the interval (0, 2) satisfying

2
v>0, v((0,2)=1, and /kzdv(k)<w.
0

An averaged approximate energy density , ey (x) is defined by

2
/eﬁg(x)dv()») if x € Qy¢,
0

0 otherwise.

ve?(x) =

Let C.(€2) be the set of all continuous function on €2 with compact support. We
define a functional EY : C.(2) — R by

BN i= [ FO0sel duto).
Q
Then, the energy of u is defined by

E'" = sup limsup E;(f).
feCc() e—0
0<f<I
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The (1, 2)-Sobolev space is defined as
WA, X) ={u e L*(Q, X) | E* < 00).
We start to prove Corollary 1.6.

Proof of Corollary 1.6. Let " be a rectifiable closed Jordan curve in an Alexandrov
space X which is topologically contractible. Since I' is rectifiable, we can take a
Lipschitz monotonic parametrization

y:S ' T.
By the contractibility of I', there exists a continuous map
h:Tx[0,1]—> X

such that A(-,0) = idr and h(-,1) = p for some p € X. We define a map
f:S'x[0,11 = X by f(x,t) = h(y(x),t). Further, we set f(y, 1) = p for
y € D?. By taking a reparametrization of f : S' x [0, 1]UD? x {1} = X, we obtain
a continuous map

g: D> — X

such that g|yp2 = y.
By Proposition 4.3, there exists a homotopy

h:D*x[0,1]— X

relative to d D? such that fz( -,0)=g and E( -, 1) is Lipschitz. Thus, we obtain a
Lipschitz map g = h(-, 1) such that glyp2 = y. By the definition of the energy, we
obtain

E(g) <Lip(3)* < oo.

Here, Lip(g) is the Lipschitz constant of g. Therefore, we conclude g € Fr. [

5. A note on the infinite-dimensional case

It is known that the (Hausdorff) dimension of an Alexandrov space is a nonnegative
integer or is infinite. There are only a few works on infinite-dimensional Alexandrov
spaces. It is not known whether an infinite-dimensional Alexandrov space is locally
contractible.

When we consider an Alexandrov space of possibly infinite dimension, we
somewhat generalize Definition 2.1 as follows: A complete metric space X is
called an Alexandrov space if it is a length metric space and satisfies the quadruple
condition locally. Here, a complete metric space X is a length metric space if for
every two points p, g € X and any ¢ > 0, there exists a point r € X satisfying
max{|pr|, |rql} < |pq|/2 + €. Since a length metric space has no geodesics in
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general, to define a notion of a lower curvature bound, we change the triangle
comparison condition to the quadruple condition. Here, an open subset U of a
length space X satisfies the quadruple condition modeled on the «-plane M, if for
any four distinct points pg, p1, p2 and p3 in U, we have

Lp1pop2+ Lpapops + Lpspopr < 2,

where / = Z, denotes the comparison angle modeled on M.

By a standard argument, any geodesic triangle (if one exists) in an Alexandrov
space of possibly infinite dimension satisfies the triangle comparison condition. It
is known that finite-dimensional Alexandrov spaces are proper metric space; in
particular, by Hopf-Rinow theorem, they are geodesic spaces.

Plaut proved that an Alexandrov space of infinite dimension is an “almost”
geodesic space. Precisely:

Theorem 5.1 [Plaut 1996]. Let X be an Alexandrov space of infinite dimension.
For any p € X, the subset J, C X defined by

Jp = ﬂ {g € X — {p} | there exists x € X —{p, q} with qux > — 6}
>0
is a dense Gs-subset in X, and, for every q € J,, there exists a unique geodesic
connecting p and q.

We now show that the compactness of the space of directions at some point
implies Lipschitz contractibility around the point.

Proposition 5.2. Let X be an Alexandrov space of infinite dimension. Suppose that
there exists a point p € X such that the space of directions X, at p is compact.
Then, the following are true:

(1) The pointed Gromov—Hausdorff limit as r — 00 of the scaling space (r X, p)
exists and is isometric to the cone over X,

(ii) X, is a geodesic space.
(iii) X is proper.

(iv) There exists Ry > 0, depending on p, such that for every R < Ry, U(p, R) is
Lipschitz contractible to p in itself.

Proof. (i) Let K = K(X,) be the Euclidean cone over ¥, and B be the unit ball
around the origin o. Let J, be the set defined in Theorem 5.1. For any ¢ > 0,
we take a finite e-net {vy}, C B. We may assume that every v, is contained in
K (Z;) — {o}. That is, there exists r > 0 such that for every «, there is a geodesic
Yo Starting from p having direction v, /|vy |, with length at least . Let x, € B(p, r)
be defined by x, = vy (r|vy|). Then, {x4}s is an e-net in (1/r)B(p, r). Indeed, for
any x € B(p,r)NJ,, setting v = logp(x) € K(X,), we have (1/r)v € B. Then,
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there exists « such that |vy, (1/r)v| < ¢&. Therefore, |rvy, v| <re. We may assume
that a lower curvature bound of X is less than or equal to 0. Then

exp, : B(o, r) ﬂdom(expp) — B(p,r)

is 1-Lipschitz, where dom(exp p) is the domain of exp - Therefore, |xq, x|x <re.
Let us retake r to be small enough that

Ixouxﬂ|

- |v0lv vﬂ| <e.

Then, the map vy — x, implies a Ce-approximation between B and (1/r)B(p, r)
for any small r. Here, C is a constant not depending on any other term. Therefore,
the pointed spaces ((1/r)X, p) are Gromov—Hausdorff convergent to (K (%), 0)
asr — 0.

Clearly (ii) holds by (i) and (iii). We prove (iii). Let us consider any closed
ball B(p, r) centered at p. Let us take any sequence {x;} C B(p,r). We take
yi € B(p,r)NJ, such that |x;, y;| < 1/i. Then, v; = logp(yi) € B(o,r)CTyX is
well-defined. By (i), T, X is proper. Hence, there exists a convergent subsequence
{vn@}i of {v;};. Since exp, is Lipschitz, {x,)} is convergent.

We recall that the proof of Theorem 1.2 started from the assertion (3-2) in the
proof of Proposition 3.1. The assertion (i) guarantees (3-2). Therefore, one can
prove (iv) in the same way as the proof of Theorem 1.2. U

6. An estimation of simplicial volume of Alexandrov spaces

In this section, we consider an Alexandrov space having a lower Ricci curvature
bound, and we prove an estimation of the simplicial volume of such a space as
stated in Theorem 1.8. The original form of Theorem 1.8 was proved by Gromov
[1982] when X is a Riemannian manifold with a lower Ricci curvature bound.
Gromov’s original proof was depending on the well-known Bishop—Gromov
volume inequality. For an Alexandrov space of curvature > « for some x €
R, its Hausdorff measure is known to satisfy the Bishop—Gromov-type volume
growth estimate. The second author’s proof of Corollary 1.7 was depending on
this volume growth estimate [ Yamaguchi 1997]. It is known that several natural
generalized notions of a lower Ricci curvature bound induce a volume growth
estimate. Among them, the local reduced curvature-dimension condition introduced
by Bacher and Sturm [2010] can be used as a general condition implying the
inequality in Theorem 1.8. For completeness, we recall the definitions of several
generalized notions of lower Ricci curvature bound, and prove Theorem 1.8.

Several notions of lower Ricci curvature bound. We recall several generalized
notions of a lower bound of Ricci curvature, defined on a pair consisting of a metric
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space and a Borel measure on it. For the theory, history and undefined terms of the
following, we refer to [Sturm 2006a; 2006b; Bacher and Sturm 2010; Cavalletti
and Sturm 2012; Ohta 2007] and their references.

In this section, we denote by M a complete separable metric space. By P, (M)
we denote the set of all Borel probability measures u on M with finite second
moment. A metric called the L,-Wasserstein distance W, is defined on %, (M). Let
us fix a locally finite Borel measure m on M. Such a pair (M, m) is called a metric
measure space. Let us denote by P.(M, m) the subset of %, (M) consisting of all
measures which are absolutely continuous in m and have bounded support.

From now on, K and N denote real numbers with N > 1. For v € (M, m)
with density p = dv/dm, its Rényi entropy with respect to m is given by

Sy(vlm) := —/ pl_l/N dm = —/ p_]/N dv.
M M

For ¢t € [0, 1], a function OI((I,)N 1 (0, 00) — [0, 00) is defined as

+00 if K62 > N2,
oy (6) = 1 sng/n (t0)
sng /n(6)

otherwise.

And, we set rIg?N(Q) = tl/NUI((t,)N—l(Q)(N_l)/N-

Definition 6.1 [Bacher and Sturm 2010; Cavalletti and Sturm 2012; Sturm 2006b].
Let K and N be real numbers with N > 1. Let (M, m) be a metric measure space.
We say that (M, m) satisfies the reduced curvature-dimension condition CD*(K, N)
locally— denoted by CDj; (K, N) —if for any p € M there exists a neighborhood
M (p) such that for all vy, v; € Po(M, m) supported on M (p), denoting those
densities by pg, p; with respect to m, there exist an optimal coupling g of vy and v;
and a geodesic I' : [0, 1] - P (M, m), parametrized proportionally to arclength,
connecting vp = I'(0) and v; = I'(1), such that

Sn/(D(0)|m) < — f [of W @0, x5 ™ (x0)
MxM

+o ) do, x))py Y ()] dg (xo, x1)

holds for all r € [0, 1] and all N’ > N.

We say that (M, m) satisfies the curvature-dimension condition CD(K, N) lo-
cally— denoted by CDyo.(K, N) —if it satisfies CD} (K, N) with O’I((S’)N, replaced
by rl((s’)N, for each s € [0, 1] and N’ > N.

The (global) conditions CD*(K, N) and CD(K, N) are defined similarly, and
imply corresponding local conditions.
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From the inequality 7’y () > o’y (8), CD(K, N) implies CD*(K, N) (and
CDio.(K, N) implies CDj (K, N)). Further, it is known that the local CD-condi-
tions are equivalent in the following sense:

When a mathematical condition ¢(K) is given for each K € R, we say that an
mathematical object P satisfies (K —) if P satisfies ¢(K') forall K’ < K.

Theorem 6.2 [Bacher and Sturm 2010, Proposition 5.5]. Let K, N e Rwith N > 1
and let (M, m) be a metric measure space. Then, (M, m) satisfies CD}, .(K—, N)
if and only if it satisfies CDjoc (K —, N).

There is another notion of a lower Ricci curvature bound in metric measure
spaces which is called the measure contraction property, denoted by MCP(K, N).
Since we do not use its theory to prove Theorem 1.8 in this paper, we omit its
definition. For the definition and theory, we refer to [Ohta 2007] and [Sturm 2006b].

A metric measure space (M, m) is called nonbranching if M is a geodesic space
and is nonbranching in the sense that for any four points x, y, z1, zo in M, if y is
a common midpoint of x and z; and of x and z;, then z; = z;. It is known that
a nonbranching metric measure space satisfying CD(K, N) satisfies MCP(K, N).
Recently, Cavalletti and Sturm proved:

Theorem 6.3 [2012, Theorem 1.1]. Let (M, m) be a nonbranching metric measure
space. Let K, N € Rwith N > 1. If (M, m) satisfies CDyoc(K, N), then it satisfies
MCP(K, N).

Bishop—Gromov volume growth estimate. Let (M, m) be a metric measure space
and x € supp(m). We set
V() :=m(B(x,r)).

For K, N € R with N > 1, we define
- _ T N—
I)K’N(I")—/ snK/(N_l)(t)dt.
0

A metric measure space (M, m) satisfies the Bishop—Gromov volume growth
estimate BG(K, N) if for any x € supp(m), the function

vx (r) /v N (r)

is nonincreasing in r € (0, 00) (with r < 7w /(N — 1)/K if K > 0).

Since vk n(r) is continuous in K, BG(K —, N) implies BG(K, N). The Bishop-
Gromov volume growth estimate is implied by several lower Ricci curvature bounds,
for instance the measure contraction property.

Theorem 6.4 [Ohta 2007, Theorem 5.1; Sturm 2006b, Remark 5.3]. If (M, m)
satisfies MCP(K, N), then it satisfies BG(K, N).
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Summarizing the above facts, we can state the following implications: Let
K, N € Rwith N > 1. For a nonbranching metric measure space (M, m),

CDj,.(K, N) = CDy, .(K—, N) <= CDjo.(K—, N)

(6-1) loc
= MCP(K —, N) = BG(K—, N) = BG(K, N).

Universal covering space with lifted measure. Let X be a semilocally simply con-
nected space. Then, there is a universal covering 7 : ¥ — X. In addition, if X is a
length space, then Y can also be considered as a length space. The map  becomes
a local isometry.

In addition, we assume that (X, m) is a proper metric measure space. Let V" be
the family of all open sheets of the universal covering & : ¥ — X. We define a set
function my : V" — [0, oco] by

my (V) =m(m(V)).

One can naturally extend my to a Borel measure on Y. We also write this measure
as my, and call it the [ift of m. Since m is locally finite, so is my.

In general, for a geodesic I": [0, 1] — P»(M), if I'(0) and I"(1) are supported
on U(x, r) for some x € X and r > 0, then I'(¢) is supported on U (x, 2r) for every
t € (0, 1) [Sturm 2006a, Lemma 2.11]. Therefore, we obtain:

Proposition 6.5 [Bacher and Sturm 2010, Theorem 7.10]. The local (reduced)
curvature-dimension condition is inherited by the lift. Namely, let K, N € R with
N > 1 and let (X, m) and (Y, my) be as above. If (X, m) satisfies CDjoc (K, N)
(resp. CDy, (K, N)), then (Y, my) also satisfies CDjoc (K, N) (resp. CDj; (K, N)).

Proof of Theorem 1.8. Let X be an n-dimensional compact orientable Alexandrov
space without boundary. Let m be a locally finite Borel measure on X with full
support. We assume that (X, m) satisfies CD; (K, N) for K <0and N > 1. By
Proposition 6.5, the universal covering Y of X with lift my of m also satisfies
CDj.(K, N). And, Y is an n-dimensional Alexandrov space. Since m has full
support, so does my. By the implication (6-1), (Y, my) satisfies BG(K, N). There-
fore, as mentioned in the preface of this section, the original proof of Gromov’s
theorem relying on the Bishop—Gromov volume comparison works in our setting
(see [Gromov 1982, §2; Yamaguchi 1997, Appendix]). Hence, we can prove
Theorem 1.8 with a similar such an argument. For undefined terms appearing and for
facts used in the following argument, we refer to [Gromov 1982; Yamaguchi 1997].

Let M (resp. /M 4) be the Banach space (resp. the set) of all finite signed (resp.
positive) Borel measures on Y, where Jl is equipped with the norm || || = | y dlunle
[0, 00). Due to the general theory established in [Gromov 1982, §2] and [ Yamaguchi
1997, Appendix], if a differentiable averaging operator S : ¥ — Jl; exists, then
for any a € H, (X),
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(6-2) lell1 < n!(L[S])" mass(x)

holds. Here, the value £[S] is defined as follows: For y € Y,

S()—S S,
£S, =limsup M and Z[S] =sup A
2>y d(z,y) yey ISl

We recall a concrete construction of a differentiable averaging operator. For
R>0and yeY, we set Sg(y) € M4 to be

Sr(Y) =1,y -my.

Here, 14 is the characteristic function of A C Y. For € > 0, we define Sg ¢ : ¥ — JM4
by

1 R
Sp.e(y) = —f Sri(y)dR'.
€ JR—¢
Its norm is ||Sg.(Y)|| = (1/€) flf_é vy(R')dR’ and is not less than vy, (R — ¢€).
Here, v,(r) = my(B(z,r)) for z € Y and r > 0. Given the Lipschitz function
Y =Yg : [0, 00) — [0, 1] defined by

1 ift <R —k,
v(@)={(R—1t)/e ifte[R—¢,R],
0 ift > R,

we can write Sg (y) =¥ (d(y,-))my forany y € Y.

We can check Sg ¢ is a differentiable averaging operator as follows: Since my is
71 (X)-invariant, the maps Sg and Sg ¢ are 71 (X)-equivariant. Since m is absolutely
continuous in #'y, so is my in 3} . One can check that Sg ¢ is differentiable my-
almost everywhere with respect to the differentiable structure of Y, where the
differentiable structure on Alexandrov spaces are defined by Otsu and Shioya
[1994]. Indeed, the differential DS R.e(¥T(0)) of Sk at y along a geodesic y
starting from y = y(0) is calculated by

1
(Dy Sk (¥ T(0)))(A) = —f cos L(z), y(0) dmy (2)
€ JANA(y;R—€,R)

for any Borel set A C Y, where A(z; r,r’) is the annulus around z € Y of inner
radius r and outer radius ', for r <r’'.

To estimate L[Sk ], we use the Bishop—Gromov volume growth estimate as
follows. We obtain

my(A(y; R—¢€, R))
sff(SR,e)F%_sug 1Dy Sk ()] < — :
S y
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It follows from BG(K, N) that

éE(SR,e)y < Uy(R) - Uy(R —€)
[SreII — € -vy(R—€)

<Ck,n(R,é€).

Here, setting
R/
U(R") = vg N(R) =/ snK/(N p(de,
0

we have
v(R) —v(R —¢)
e v(R—e)

Since mass([X]) = #"(X) [Yamaguchi 1997, Theorem 0.1], by using (6-2) and
by letting € — 0 and R — oo, we obtain

IX] <nlV/=K®N —1) %" (X).

This completes the proof of Theorem 1.8. ([

Ck.N(R,€):=

Remark 6.6. By [Petrunin 2011] and [Zhang and Zhu 2010], it is known that for
an n-dimensional Alexandrov space X of curvature > x, the metric measure space
(X, #) satisfies the curvature-dimension condition CD((n — 1)k, n). Therefore,
Corollary 1.7 is implied by Theorem 1.8.

If there exists a compact orientable n-dimensional Alexandrov space X, without
boundary, of curvature > «, with k < 0, which has nonnegative Ricci curvature
with respect to some reference measure m such that m < #" and supp(m) = X
then Theorem 1.8 yields || X|| =0
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