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We study parametrized linear differential equations with coefficients de-
pending meromorphically upon the parameters. As a main result, anal-
ogously to the unparametrized density theorem of Ramis, we show that
the parametrized monodromy, the parametrized exponential torus and the
parametrized Stokes operators are topological generators in the Kolchin
topology for the parametrized differential Galois group introduced by Cas-
sidy and Singer. We prove an analogous result for the global parametrized
differential Galois group, which generalizes a result by Mitschi and Singer.
These authors give also a necessary condition on a group for being a global
parametrized differential Galois group; as a corollary of the density the-
orem, we prove that their condition is also sufficient. As an application,
we give a characterization of completely integrable equations, and we give
a partial answer to a question of Sibuya about the transcendence proper-
ties of a given Stokes matrix. Moreover, using a parametrized Hukuhara—
Turrittin theorem, we show that the Galois group descends to a smaller field,
whose field of constants is not differentially closed.
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Introduction

Let us consider a linear differential system of the form
3:Y(z2) = A(D)Y (2),

where 0, = d/dz, and A(z) is an m X m matrix whose entries are germs of mero-
morphic functions in a neighborhood of a point, say O to fix ideas. The differential
Galois group, which measures the algebraic dependencies among the solutions, can
be viewed as an algebraic subgroup of GL,,(C) via the injective group morphism

ou : Gal - GL,,(C),
o> U() 'o(U(2)),

where U (z) is some arbitrary fundamental solution, i.e., an invertible solution matrix.

Let U(z) be a fundamental solution contained in a Picard—Vessiot extension
of the equation 9,Y (z) = A(z)Y (z). The linear differential equation is said to be
regular singular at O if there exists an invertible matrix P(z) whose entries are
germs of meromorphic functions such that W(z) = P(z)U (z) satisfies

Ao
. W(z) = 7W(Z),

where A is a matrix with constant complex entries. In this case, W(z) usually
involves multivalued functions. Analytic continuation of W(z) along any simple
loop y around O yields another fundamental solution W(z)M, . The matrix M,,
which is a monodromy matrix, has complex entries and depends only on the
homotopy class of . The Schlesinger theorem says that the Zariski closure of
the group generated by the monodromy matrix is the Galois group. In the general
case, i.e., in the presence of an irregular singularity, the monodromy is no longer
sufficient to provide a complete collection of topological generators. Ramis has
shown that the group generated by the monodromy, the exponential torus and the
Stokes operators, which is defined in a transcendental way as a subgroup of the
differential Galois group, is dense in the latter in the Zariski topology.
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More recently, a Galois theory for parametrized linear differential equations of
the form

() 0:Y(z,1) = Az, )Y (z, 1),

where t = (#1,...,1t,) are parameters and A is a matrix whose entries lie in a
certain field (specified explicitly throughout), has been developed in [Cassidy and
Singer 2007] (henceforth abbreviated [CS]); see also [Hardouin and Singer 2008;
Landesman 2008; Robinson 1959; Umemura 1996]. Namely, the Galois group,
which measures the (9;,, ..., 9,,)-differential and algebraic dependencies among
the solutions, can be seen as a differential group in the sense of Kolchin, that is,
a group of matrices whose entries lie in a differential field and satisfy a set of
polynomial differential equations in the variables ¢, ..., f,; see [Cassidy 1972;
1989; Kolchin 1973; 1985; Minchenko and Ovchinnikov 2011]. The theory from
[CS] requires the field of constants with respect to d, to be of characteristic 0 and
differentially closed (see Section 2A). The drawback of this latter assumption is
that a differentially closed field is a very big field, and cannot be interpreted as a
field of functions.

There is a link between the parametrized differential Galois theory and isomon-
odromy for equations with only regular singular poles (see [Cassidy and Singer
2007; Mitschi and Singer 2012; 2013]. Let

D(to, r) ={(z1, ..., 22) €C" | |z; — 19| < r foralli <n}

be an open polydisc in C”?, let & be an open subset of C, and let A(z,t) be a
matrix whose entries are analytic on 9 x % (o, r). We consider open disks D;
that cover %, and solutions U;(z, ) of (x) that are analytic on D; x %(t, r).
If D; N D; # &, we define the connection matrices C; (1) = U;(z, t)_lUj (z,1).
Following Definition 5.2 in [CS] (see also [Bolibruch 1997; Malgrange 1983]),
the parametrized linear differential equation (%) is said to be isomonodromic if
there is a choice of (D;) covering @ and of the solutions U; (z, t) of (x), analytic on
D; x 9(ty, r), such that the connection matrices are independent of ¢. In this case,
the matrix of the monodromy is constant on the polydisc %(zy, r). When A(z, t) is
of the form Zf: 1 Ai(t)/(z — u;) such that all the A;(¢) have analytic entries on U
and u; € 9, the following statements are equivalent (see [CS], Propositions 5.3
and 5.4):

» The Galois group is conjugate over a differentially closed field (Definition 2.2)
to a group of constant matrices.

o The parametrized linear differential equation is isomonodromic in the above
sense.
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e The parametrized linear differential equation is completely integrable (see
Definition 3.1).

We are interested in the case where the parametrized linear differential equation
may have irregular singularities, in a sense we are going to explain. The main
result of this paper is a parametrized analogue of the density theorem of Ramis:
we give topological generators for the Galois group in the Kolchin topology (in
which closed sets are zero sets of differential algebraic polynomials). As an appli-
cation of our main result, we improve Proposition 3.9 in [CS] (see Remark 3.4):
a parametrized linear differential equation is completely integrable if and only if
the topological generators for the Galois group just mentioned are conjugate to
constant matrices over a field of meromorphic functions. Notice that the latter is
not differentially closed.

The article is organized as follows. In the first section we study parametrized
linear differential systems from an analytic point of view. The parameters will vary
in U, anonempty polydisc in C"*. Lett = (¢1, ..., t,) € U denote the multiparameter.
Let Ay be the field of meromorphic functions on U and let K v=Mylzl[z™"]. The
Hukuhara-Turrittin theorem in this case gives the following result (see Remark 1.6
for a discussion of a similar result present in [Schifke 2001]):

Proposition 1.3. Consider the equation 3,Y (z,t) = A(z,1)Y (z,t), with A(z, t) €
M,, (I% v) (that is, an m x m matrix with entries in K v)- Then there exist a nonempty
polydisc U' C U and v € N* such that we have a fundamental solution F(z,t) of
the form

F(z,1) = H(z,1)7FWe2ED,

where:
e H(z, 1) € GL,(Ky/['")).
L (1) € My, (My).
o ¢9@D = Diag(e4 @), with g;(z, 1) € 27V My [z71/7].

Moreover, we have 70 eQ@1 = Q@D L (1),

See Remark 1.4 for a discussion about the uniqueness of a fundamental solution
of () written in this way.

In Section 1C, we briefly review the Stokes phenomenon in the unparametrized
case. We have solutions that are analytic in some sector and Gevrey asymptotic to
the formal part of the solution in the Hukuhara—Turrittin canonical form. The fact
that various asymptotic solutions do not glue to a single solution on the Riemann
surface of the logarithm is called the Stokes phenomenon.

Let U be a nonempty polydisc in C" and let f(z,1) = fi(t)7' € Ky. We say
that f(z, t) belongs to Oy ({z}) if forallz € U, z+ ) fi()7' is the germ of a
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meromorphic function at 0. Remark that if

f(z, 1) €0y({z) C Mylizllz~'1= Ky,

then the z-coefficients f;(¢) of f(z,t) are analytic on U.

In Section 1D, we study the Stokes phenomenon for equations of the form (x)
with A(z,t) € M,,(Oy ({z})). In particular, we prove that the asymptotic solutions
depend analytically (under mild conditions) upon the parameters.

In the second section, we use the parametrized Hukuhara—Turrittin theorem to
deduce some Galois-theoretic properties of parametrized linear differential equations
in coefficients in Oy ({z}). We first recall some facts from [CS] about parametrized
differential Galois theory. The problem is that the theory in this reference cannot
be applied here, since Jly, our field of constants with respect to 9, is a field of
functions that are meromorphicin ¢y, ..., f,, and this field is not differentially closed
(see Section 2A). In the papers [Gillet et al. 2013; Wibmer 2012], the authors prove
the existence of parametrized Picard—Vessiot extensions under weaker assumptions
than in [CS]. See also [Chatzidakis et al. 2008; Peén Nieto 2011]. We do not use
these latter results because we need a parametrized Hukuhara—Turrittin theorem
(which proves directly that a parametrized Picard—Vessiot extension exists, not
necessarily unique) in order to study the parametrized Stokes phenomenon. This
allow us to define a group that we will call, by abuse of language, the parametrized
differential Galois group; see Remark 2.8. In Section 2D we consider the local case
of (%), with A(z,t) € M,,,(0y ({z})). We state and show the main result:

Theorem 2.20 (parametrized analogue of the density theorem of Ramis). The group
generated by the parametrized monodromy, the parametrized exponential torus and
the parametrized Stokes operators is dense in the parametrized differential Galois
group for the Kolchin topology.

Then, we turn to the global case. We consider equations with coefficients
in My (z) and study their global Galois group. We prove a density theorem in this
global setting; see Theorem 2.24. The proof in the unparametrized case can be
found in [Mitschi 1996]. In Section 2F, we give various examples of calculations.

In the third section, we give three applications. First, we prove a criterion for
the integrability of differential systems (see Definition 3.1):

Proposition 3.2. Let A(z,t) € M,,,(My (2)). Then the linear differential equation
0,Y(z,t) = A(z, )Y (z,t) is completely integrable if and only if there exists a
Jundamental solution such that the matrices of the parametrized monodromy, the
parametrized exponential torus and the parametrized Stokes operators for all the
singularities are constant, i.e., do not depend on z.

As a second application, we give a partial answer to a question of Sibuya
[1975] regarding the differential transcendence properties of a Stokes matrix of the
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parametrized linear differential equation

Y@\ [ 0 1\( Y@
32Y(@z ) \Z2+10)\3.Y(1))

Sibuya was asking whether an entry of a given Stokes matrix at infinity is d;-
differentially transcendental, i.e., satisfies no differential polynomial equation. We
prove that it is at least not d;-finite, i.e., that it satisfies no linear differential equation.

As a last application, we deal with the inverse problem. We prove that if G is the
global parametrized differential Galois group of some equation having coefficients in
k(z) (see Section 3C), then G contains a finitely generated Kolchin-dense subgroup.
The converse of this latter assertion has been proved in Corollary 5.2 of [Mitschi
and Singer 2012], and we obtain a result on the inverse problem:

Theorem 3.11. G is the global parametrized differential Galois group of some
equation having coefficients in k(z) if and only if G contains a finitely generated
Kolchin-dense subgroup.

In the Appendix, we prove the following result:

Theorem A.1. Consider the equation 9,Y (z,t) = A(z,1)Y(z,t), with A(z,t) €
M,,(Ky). Then there exists a nonempty polydisc U’ C U such that we have a
Jundamental solution F(z,t) of the form

F(z,t)= ﬁ(z, t)ZC(f)eQ(z,t)’

where:
e P(z,1) e GL(Ky),
o C(1) e My, (My),
o ¢9@ = Diag(e% ), with qi(z, 1) € 2 V/* My [z /"], for some v € N*,

Remark that contrary to Proposition 1.3, the entries of the formal part are not
ramified. On the other hand, z¢® and ¢?“" do not commute anymore. This
theorem is not necessary for the proof of the main result of the paper; this is the
reason why we give the proof in the Appendix. However, this result is important
since it permits one to determine the equivalence classes (see [van der Put and
Singer 2003, p. 7]) of parametrized linear differential systems in coefficients in Ky.

1. Local analytic linear differential systems depending upon parameters

In Section 1A, we define the field to which the entries of the fundamental solution,
in the Hukuhara—Turrittin canonical form, will belong. In Section 1B, we prove a
parametrized version of the Hukuhara—Turrittin theorem. In Section 1C, we briefly
review the Stokes phenomenon in the unparametrized case. In Section 1D, we study
the Stokes phenomenon in the parametrized case.
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1A. Definition of the fields. Let us consider a linear differential system of the
form 0,Y (z) = A(z)Y (z), where A(z) is an m x m matrix whose entries belongs to
Cl[zl[z~']. We know we can find a formal fundamental solution in the Hukuhara—
Turrittin canonical form H (2)zFe2@, where:

H (z) is a matrix of formal power series in z!/V for some v € N*,
L eM, ().
Q(z) = Diag(¢i(2)), with g;(z) € z7/*Clz~/"].

Moreover, we have zLe2® = ¢2@ L

Notice that this formulation is trivially equivalent to Theorem 3.1 in [van der Put
and Singer 2003]. Let U be a nonempty polydisc of C", and define Ky and My as
on page 90. We want to construct a field containing a fundamental set of solutions

of (%), where A(z,t) € Mm(I%U). Let A; ={0;,...,0;,} and let
Ey =z itylz7').
veN*

We define formally the (9,, A;)-ring, i.e., a ring equipped with n + 1 derivations
9z, 0y, ..., 0r,, @ priori not required to commute with each other, to be

Ry = Ku[log, (*Maeny 1(e(q(z. D)gnery ]
with the following rules:

(1) The symbols log, (z“(”)a(,)eMU and (e(q(z,1)))q(z,neE, only satisfy the fol-
lowing relations:

Za(t)-i—b(t) — Za([)Zb([), A =7¢ I%U for a € Z,
e(qi(z,t) +q2(z, 1)) =e(q1(z, 1))e(q2(z, 1)), e(0)=1.

(2) The following rules of differentiation:

3. log:z_], 3, log =0, 8ZZa(t) — @ZQ(I), at,-Za([) =9, (a(?)) IOgZa(t),
0.e(q(z,1)) = 0,(q(z,1))e(q(z, 1)), O,e(q(z, 1)) =09;,(q(z,1))e(q(z,1)),

equip the ring with a (d,, A,)-differential structure, since these rules descend
to the quotient, as can be readily checked.

The intuitive interpretations of these symbols are: log = log(z), z¢() = ¢4 102()
and e(gq(z, 1)) = 9@ Let f(z,t) be one these latter functions. Then f(z, t) has
a natural interpretation as an analytic function on C x U’, where C is the Riemann
surface of the logarithm and U’ is some nonempty polydisc contained in U. We will
use the analytic function instead of the symbol when we will consider asymptotic
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solutions (see Section 1C and Section 1D). For the time being, however, we see
them only as symbols.

Let Aly be the algebraic closure of My . In the same way as for Ry, we construct
the (9,, A;)-ring

Ry = Mylzllz"[log, “),0)eiiy » €@ @ Dgenety ]
where
ey = itylz7").

veN*

and its field of fractions has field of constants with respect to 9. equal to .
Since Ry C Ry, Ry is also an integral domain. Therefore, we may consider the
(0;, Ay)-fields

Kry = Mydog, Z*ameiy),

Kry = Ky(og, Z*ameiy),
and

(Ku)" = Ky (1og, 2D amettys (€(q(z, )))g ek )-

In the definition of the fields Ky y and K F.U» the subscript F stands for Fuchsian.
Since (Ky)” is contained in the field of fractions of Ry, its field of constants with
respect to 9, is equal to My N EK)" =y

We have defined (9;, A;)-fields where all the derivations commute with each
other. We have the following inclusions of (d,, A,)-fields:

Kruy

/ N

MU —> I%U — IQ’F’U —> (KU)/\-

Remark 1.1. Any algebraic function over .ly can be seen as an element of My
for some nonempty U’ C U. Therefore, a finite extension of /iy can be embedded
in Jly  for a convenient choice of U’ C U. We will use this fact in the rest of
the paper.

Lemma 1.2. Let U C C" be a nonempty polydisc, and let L(t) € M,,(My),
where My is the algebraic closure of My. There exist a nonempty polydisc U' C U
and 7+ e GL,, (K F,uy’) satisfying

5,710 = LS)ZLO) _ L0 Lg)‘

Proof. Let
L(1) = P(t)(D(1) + N@))P~' (1)
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be the Jordan decomposition of L(t), where D(¢) = Diag(d;(t)) with d;(t) € My,
N(t) is nilpotent, D(1)N(t) = N(¢t)D(t) and P(t) € GL,,(My).

Due to Remark 1.1, there exists a nonempty polydisc U’ C U such that d; (¢) € My
and P(¢) € GL,, (My). We may restrict U’ and assume that N (¢) does not depend
upon 7 in U’. Let us write N := N (¢). Then the matrix

ZF® = P (1) Diag(z%®)eN 2 p~1(r)
belongs to GL,,,(K r,y/), and 7L® satisfies

azzL(z) — Lt)ZL(t) — Lo L(t). -
< z
Let a(t) € My and let (a()) € My (My) be the corresponding matrix. Then we
have z¢®) = 7 (@),

1B. The Hukuhara-Turrittin theorem in the parametrized case. The goal of this
subsection is to give the parametrized version of the Hukuhara—Turrittin theorem.
In the Appendix, we prove a slightly different result, which is not needed in the
paper; see Theorem A.1.

Proposition 1.3. Let U be a nonempty polydisc in C" and consider the equation
0. Y(z, 1) = A(z, )Y (z, 1),

with A(z,t) € Mm(I%U). There exists a nonempty polydisc U' C U such that we
have a fundamental solution F(z,t) € GL,,((Ky)") of the form

F(z,1) = H(z, 0z"Ve(Q(z, 1)),
where:
« H(z,1) € GL,(Ky/[2'/"]), for some v € N*.
o L(t) e M,,(My).
» ¢(Q(z,t)) =Diag(e(qi(z, 1)), with g;(z, t) € Eyr.
o Moreover, we have e(Q(z, t))z5" = zLWe(Q(z, 1)).

Furthermore, if A(z, t) € M;,,(Cy ({z})), there exists a nonempty polydisc U" C U’
such that we may assume that the z-coefficients of H(z, t) are all analytic on U".

Remark 1.4. Remark that we have no uniqueness of the fundamental solution
written in this way, since z* H (z,1)zLW=*eQ@D i5 also a fundamental solution
for all k € Z. However, by the construction of (Ky)", if Ifli (z,)zL De(Qi(z, 1))
are fundamental solutions of () written in this way for i = 1, 2, then, up to a
permutation, O and O, have the same entries.
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Example 1.5 [Schifke 2001, Introduction]. If we consider

20.Y(z,1) = (t 1) Yz 1),
z 0

we get the solution

1t —1/z
(1-1) (<(1) _1t>+0(z)) (Z o Z_q/t)

for ¢ # 0, and the solution

11 10 o) (e 0
(Zl/z _Zl/z) ((O 1>+0(Z ))( 0 L1/

for t = 0. The latter is not the specialization of (1-1) at t = 0. The problem is
that the level of the unparametrized system (see Section 1C for the definition) at
t =0is 1 and the level of the unparametrized system for ¢ # 0 is % This example
shows that we cannot get a solution in the parametrized Hukuhara—Turrittin form
that remains valid for all values of the parameter ¢. This is the reason why we have
to restrict the subset of the parameter space.

Remark 1.6. Similar results to Proposition 1.3 have been proved in Theorem 4.2 of
[Schifke 2001]. We now explain the result of Schifke. Let U be an open connected
subset of C" that contains O, and let A(z, 1) = Zf; A;i(t), with s € Z and A;(¢)
analytic in U. In particular, A(z, t) € Mm(le v). Assume that, for all r € U, there
exists a solution I:I, (2)z%7e(Q(z, 1)) to (%) given in the classical Hukuhara—Turrittin
canonical form, i.e., such that:

o The z-coefficients of the g;(z, t) are analytic functions in r € U.
e The degree in 77V of qi(z,t) —q;(z,t) is independent of ¢ in U.
o If gi(z,1) #q,(z, 1), then g;(z, 0) # qo(z, 0).

Under these assumptions, Schifke concludes that there exists an open neighborhood
U’ C U of 0 in the 7-plane such that there exists a solution

H(z,1)z"Pe(Q(z, 1)) € GL, (Ky)™)

with I:I(z, 1) = Z?io I:II(t) and such that the maps ¢ — ﬁl(t), L(t) are analytic.
Notice that Schifke gives a necessary and sufficient condition, that can be algo-
rithmically checked, for well-behaved exponential part. See [ibid., Theorem 5.2].
Using Schifke’s theorem, we can deduce Proposition 1.3 only in the particular case
where A(z, t) has entries with z-coefficients analytic in U. Note that [ibid.] does
not allow us to deduce the general case. See also [Babbitt and Varadarajan 1985,
§10, Theorem 1] for another result of this nature.
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Proof of Proposition 1.3. Let K = Clizllz~"1, where C is an algebraically closed
field of characteristic 0, equipped with a derivation 9, that acts trivially on C and
with 9,(z) = 1. The Hukuhara—Turrittin theorem (see Theorem 3.1 in [van der Put
and Singer 2003]) is valid for linear differential system with entries in K. We apply
it with C = My, the algebraic closure of My .

Let us consider the matrices L(t) € M, (My) and Q(z,t) = Diag(gi(z, 1)),
with ¢g;(z,1) € 7YY My [z=/] for some v € N. Because of Remark 1.1 and
Lemma 1.2, there exists a nonempty polydisc U’ C U such that we may define
210 e GL,, (K F.p) satisfying

L(t L(t
5,710 = i )ZL(t) _ ZL(t)%,

L(t) e M,,(My) and g;(z, t) € Eyr. Hence, the Hukuhara—Turrittin theorem gives
a fundamental solution

F'(z,0)= H'(z, 2" Ve(Q(z, 1)
on U’, where:
« H'(z,1) € GL,, (Mg [/ 1[z~"/*]), for some v € N.
o L(t) € M, (My).
* ¢(Q(z,1)) = Diag(e(qi(z, 1)), with g;(z, 1) € Ey.
« Moreover, we have e(Q(z, 1))z-® = zLWe(Q(z, 1)).
Let us prove now that we may find H (z,1) € GLm(I% v[z"/¥]) such that
F(z, 1) = H(z,0z"Ve(Q(z, 1)
is a fundamental solution. The matrix
F'(z,t) = H'(z,1)z"Pe(Q(z, 1))
satisfies the parametrized linear differential equation
0. F'(z,t) =A(z, ) F'(z, 1),
and the matrix z-Ve(Q(z, 1)) satisfies the parametrized linear differential equation
0:2"Ve(Q(z, 1) = (7 L) +8,0(z. D)z e(Q(z, 1)
=710e(Q(z, ) (27 L) +8,0(z, 1)).

Hence
0H'(z,1) = Az, OH'(z. 1) — H'(z, ) (z 7' L(1) + 9:0(z. 1))
We write H’(z, 1) as a column vector H'(z, t) of size m?2. Let

C(z,1) € M2 (Kyr[2'77),
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with v € N* such that H’ (z, t) satisfies the parametrized linear differential system

9.H'(z,1) = C(z,1)H'(z, 1).

Let us write

H(z.)=)Y H®" and Ce0=Y G,

i>N i>M

where M, N € Z. Then, by 1dent1fy1ng the coefﬁments of the z//V-terms of the
power series in the equation d, H (z,1) =C(z, t)H (z,1), we find that

. i—M
(’; + 1)1?,.’+U(;) =" G H ).
I=N

By the definition of K vz, every C;(t) belongs to M,, (Jly+). The fact that there
exists a fundamental solution H (z, 1)z-@e(Q(z, 1)) with H(z, t) € GL, (Ky/[z1/*])
is now clear.

Assume now that A(z, t) € M,,,(Oy ({z})). Let U” be a nonempty polydisc with
U” c U’ such that for z # 0 fixed, the entries of the z-coefficients of

'L +93.0(z, 1)

are analytic on U”. Then the entries of the z-coefficients of C(z, r) are all analytic
on U”. Hence, we may assume that the entries of the z-coefficients of H(z, t) are
all analytic on U”. O

Remark 1.7. If we take a smaller nonempty polydisc U, we may assume that if we
consider the equation (x) with A(z, t) € M,,,(Oy ({z})), then the fundamental solution
of Proposition 1.3 belongs to GL,, ((Ky)"), and the entries of the z-coefficients
of H (z, t) are all analytic on U.

1C. Review of the Stokes phenomenon in the unparametrized case. In this sub-
section we will briefly review the Stokes phenomenon in the unparametrized case.
See [Cano and Ramis 1995; Ecalle 1981 Loday-Richaud 1990; 1994; 1995; Loday-
Richaud and Remy 2011; Malgrange 1991; 1995; Malgrange and Ramis 1992;
Ramis 1980; 1985; Rasoamanana 2010; Remy 2012; Ramis and Sibuya 1989;
Singer 2009; Wasow 1965], and in particular Chapter 8 of [van der Put and Singer
2003] for more details. We will generalize some results concerning the summation
of divergent series in the parametrized case in Section 1D. First we treat the example
of the Euler equation

Y@ +Y(@) =z,
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which admits as a solution the formal series f (7)) = Zfzo(—l)"n!z"“. Classical
methods of differential equations give another solution:

Z o0
_ 1z ,~1/1dt _ Lz
f(@ /0 e'‘e ; fo l—i—ue du,

where 1/t —1/z = u/z. The solution f (z) is divergent and the solution f(z) can
be extended to an analytic function on the sector V = X (—3x/2, 37/2), where,
here and throughout, we use the notation

S(a, B) :={z € C| arg(2) € Ja, BI}

to represent sectors in C. On this sector, f(2) is 1-Gevrey asymptotic to f (z): for

every closed subsector W of V, there exist Ay € R and ¢ > 0 such that for all ¥

and all z € W with |z] < &,
N—1

‘f(Z) - =D

n=0

< (Ap)MTHN + DYz VL

We can also consider f(e*7z), which is an asymptotic solution on the sector
V' =3%(x/2,77/2).

The two asymptotic solutions do not glue to a single asymptotic solution on V U V’.
In fact, the residue theorem implies that the difference in VNV’ of the two asymptotic
solutions is

2imel/?,

The fact that various asymptotic solutions do not glue to a single analytic solution
is called the Stokes phenomenon.

More generally, let us consider a linear differential equation 9,Y (z) = A(2)Y (z)
such that the entries of A(z) are germs of meromorphic functions in a neighborhood
of 0. Let H (2)z%e(Q(z)) be a fundamental solution in the Hukuhara—Turrittin
canonical form, with Q(z) = Diag(g;(z)). Since

H(2)z"e(Q(2)) = H(z) Diag(z")z- e (Q(2))

for all k € N, we may assume that H(z) has no pole at z = 0. The levels of
3;Y(z) = A(2)Y(z) are the degrees in z~! of the ¢;(z) — q;(z) (the levels are
positive rational numbers and are well-defined because of Remark 1.4). Consider

q@=qz "+ +qz e e

with v € N. The real number d is called singular for ¢(z) if gze~"*/”

is a positive
idy .
real number. These correspond to the arguments d such that 7 > ¢4"¢"") increases

fastest as r tends to 0. The singular directions of 9.Y (z) = A(z)Y (z) (we will
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write singular directions when no confusion is likely to arise) are the real numbers
that are singular for one of the ¢;(z) — ¢;(z), with i # j. Notice that the set
of singular directions is finite modulo 2wv for some v € N. Let k; < --- < k;
be the levels of the linear differential equation. There exists a decomposition
H(z) = I-Allcl @+--+ FAIkr (z) such that for d not a singular direction, there exists
an unique r-tuple of matrices (H,fl (2),..., H,fr (z)) such that H,g (z) is analytic on
the sector

V=3 —7/2ki,d +7/2k),

and is k;-Gevrey asymptotic to PAIk,. (@)= ,en PAI,,,/Q.Z" on V,;: for every closed
subsector W of V,, there exist Ay € R and € > 0 such that forall N and all z € W
with |z] < &,

N—-1
N N
- Y A < G T (14 el
n=0 '

where I" denotes the gamma function. Until the end of the paper, we will denote a
fixed branch of the complex logarithm by log(z). Furthermore, the matrix

(1-2) (Hlfl (Z) 4.+ H/?; (Z))eLlog(Z)eQ(z) — Hd(Z)eLIOg(Z)eg(Z)’

which is analytic on the sector X(d — 7 /2k,,d + m/2k,), is a solution of 9,Y (z) =
A(2)Y (z). As a matter of fact, H (z) is k;-Gevrey asymptotic to Hk (z) on the
larger sector

X(d) — 7 /2ki, di41 +7/2k;),

where dj, d;1| are two singular directions such that ]d;, d;y[ contains no singu-
lar directions. Therefore, we can construct an analytic solution on the sector
X(d; —n/2ky, di+1 +1/2k,). Let d € R, and choose d¥ such that

_T +
d 2kr<d <d<d 2k

and such that there are no singular directions in [d ™, d[ U 1d, d"]. We get two
matrices, H?' (z)e=10¢@¢Q@ and HY (z)e-106@¢Q® which are germs of analytic
solutions on the sectors

S(d™ —7/2%,d+7/2k) and E(d—n/2k.,d" +1/2k),

respectively. The two matrices are, in particular, germs of solutions of 9,Y (z) =
A(2)Y () on the sector

X(d—m/2k,,d 47 /2k;).
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A computation shows that there exists a matrix St; € GL,,(C), which we call the
Stokes matrix in the direction d, such that

2L (Z)eLlog(z)eQ(z) — g (Z)eLlog(z)eQ(z) Sty .

Proposition 1.8. The following statements are equivalent:

(1) The entries of H (z) converge.
(2) Sty =Id foralld € R.
(3) Sty =1d for all singular directions.

Proof. From what is preceding, we deduce that if d is not a singular direction,
then St; = Id. Therefore, the statements (2) and (3) are equivalent. If the entries
of H(z) converge, then, since H () is Gevrey asymptotic to itself on every sector
of C Hi(z)=H (z) for all d € R, and (2) holds. Assume now that St; = Id for all
singular directions. From the proof of [van der Put and Singer 2003, Theorem 8.10],
we obtain that the entries of H (z) converge. U

We can compute the asymptotic solutions using the Laplace and the Borel
transformations. See Chapters 2 and 3 of [Balser 1994] for more details.

Definition 1.9. (1) Let £k € Q. The formal Borel transform @3;{ is the map that
transforms the formal power series Y a,z" into the formal power series

@Sk (Z anZn) = Z F(+nn/k)zn.

2)Letd e R, k €@, e > 0 and let f be analytic on the sector X(d —&,d +¢). We
assume that there exist A, B > 0 such that

£ @) < AeBH

for arg(z) = d. Then the following integral is the germ of an analytic function on
¥ (d —m/2k,d+ 7 /2k) (see [ibid., p. 13], for a proof), and is called the Laplace
transform of order k in the direction d of f:

Ooeid

k
SaH@= [ fae P a((2)).
0
For a proof of the following proposition, see Section 7.2 of [ibid.].

Proposition 1.10. Let k| < --- < k, be the levels of 3,Y (z) = A(z)Y (z) and set
ky+1 = ~400. Suppose that d € R is not a singular direction, and let h(z) be an entry
of H(z). Define (ky, ..., k) by

-1 _ 1
ki =k _kz+1
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The series 973Kr 0---0 9?3,(1 (fz) converges, and there exist €1, A1, By > 0 such that it
has an analytic continuation h| on the sector £(d —¢&1,d + €1), and

Ih1(z)| < APl

in this sector. Moreover, for j =2, ...,r there exist ¢j, Aj, Bj > 0 such that the
Junction hjiy =%, a(h;) is analytic on the sector ¥(d —¢j,d +¢;), and

hj(z)] < AjeP”

on this sector. Therefore, we may apply £, go---0% a0 9?3,(, o---0 9?3,(1 fo every
entry of H(z). We have the following equality:

Hd(z) :&E,(hdo~--o££,q,d09?3,(r o---o??&,q(lfl).

1D. Stokes phenomenon in the parametrized case. Consider the equation (x),
with A(z, t) € M,,(Oy ({z})) (see page 90), where U is a nonempty polydisc in C”",
and consider F(z, 1) = H(z, )z*We(Q(z, 1)), with Q(z, t) = Diag(gi(z, 1)), the
fundamental solution of Proposition 1.3. Since for all k € N, F(z, ¢) is equal to
I:I(z, 1) Diag(zk)zL(’)_kIde(Q(z, 1)), we may assume that I:I(z, t) has no pole at
7z =0. We define the levels of the system (%) as the levels of the specialized system.
The levels may depend upon ¢, but they are invariant on the complement of a closed
set with empty interior. We want to extend the definition of the singular directions
to the parametrized case. Consider ¢(z, 1) = g, ()2 */* +-- -+ q1()z"'/" € Ey.
A continuous function d : U — R is called singular for g (z, t) if

qe(De 4Ok e RZ0 forall 1 e U.

In general, the positive number gy (t)e ¢/ depends on ¢ if d(t) is a singular
direction for g(z, t). The singular directions of () (we will just write singular
directions when no confusion is likely to arise) are the directions that are singular
for one of the ¢;(z,1) —q;(z, 1), with i # j.

Remark 1.11. (1) It may happen that for some 7y € U, the singular directions
of (x) evaluated at #y are not equal to the singular directions of the specialized
system 9,Y (z, to) = A(z, t0)Y (2, tp). Take for example n =1, U =C, o =0 and
Az, 1) = Diag(—2tz_3 —z72,2tz73 4+ z72). The two exponentials are

e(qi(z, 1)) = e(tz_2 + z_l) and e(qa(z, 1)) = e(—tz_2 — z_l).

However, there exists V C U, a closed set with empty interior, such that for all
to in U \ V, the singular directions of (x) evaluated at 7 are equal to the singular
directions of the specialized system 9,Y (z, tp) = A(z, t0)Y (2, t).

(2) Unfortunately, two different singular directions may be equal on a subset of U.
For example, forn =1, U = C*, and A(z, 1) = Diag(z‘z, tz772, —tz_2), we find
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three exponentials: e~!/% ¢!/% and e~"/%. For t € R>Y, the singular directions
of (2t)z ! are the same as the singular directions of (¢t + Dz L

Let (d;(t))ien be the singular directions, and
% = {t € U | there exist j, j' € N such that di #dy and d;(t) =dj(t)}.

Lemma 1.12. 9 is a closed subset of U with empty interior.

Proof. Assume that there exist a nonempty polydisc D C % and two singular
directions d(t), dj(t) such that d;(t) = d;(t) on D. Then there exist a nonempty
polydisc D’ C D and ¢(¢), ¢'(t) € Mp that do not vanish on D’ such that g (¢)/q'(t)
has constant argument on D’. An analytic function with constant argument on a
polydisc is constant. Hence, we deduce that d;(t) = d;/(t) on a polydisc, which
implies that d;(t) = d;/(t) on U. Since the set of singular directions is finite
modulo 2z v with v € N*, &% has empty interior. ]

Thus, if we take a smaller nonempty polydisc U, we may assume the following:
e D=0
o The levels of (x) are independent of ¢

 For all 7y € U, the singular directions of (x) evaluated at #y are equal to the
singular directions of the specialized system d,Y (z, tg) = A(z, tp) Y (2, tp).

Let H(z, )zkWe(Q(z, 1)) € GL,, (Ky)™) be a fundamental solution to the param-
etrized linear differential system (x) in the same form as in Proposition 1.3, where
we consider A(z,t) € M,,(0y({z})). Let d(¢) be a singular direction, and let
ki1 <--- <k, be the levels of (x). For ¢ belonging to U, we define the parametrized
Stokes matrix Stg(;) (we will just call it the Stokes matrix when no confusion is
likely to arise) as ¢ — Sty(), where Sty(;) is the Stokes matrix of the specialized
system defined just before Proposition 1.8.

Proposition 1.13. Let d(t) be continuous in t such that for all ty in U, d(ty) is not
a singular direction of the unparametrized linear differential equation 9,Y (z, tg) =
A(z, 10)Y (2, ty). We define t = HO (z, 1)l 0108 0@1 g the solution (1-2) of
the specialized system. Let d|(t), d2(t) be two singular directions such that for all
teU,d | (t) <d(t) <dr(t) and )d,(t), d2(t)[ contains no singular directions. Then,
there exists a map U — R0, ¢ > e(t), which is not necessarily continuous, such
that H4O (z, 1)et 01020 Q@ g meromorphic in (z, t) for

z€X(di(t) —m/2k,,dr(t) +7/2k,) withO < |z| <&(t) and teU.

Notice that the facts that 9 = @ and that the singular directions are continuous
in ¢ implies the existence of a continuous function d(¢) such that, for all 7y in U,
d(tp) is not a singular direction of the unparametrized linear differential equation
0, Y (z, t0) = A(z, 10)Y (2, tp).
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Proof. We recall that we have assumed that for all 7y € U, the singular directions
of (x) evaluated at #( are equal to the singular directions of the specialized system
9.Y (z, 1) = A(z, t9)Y (z, top). We have seen in Section 1C that, for ¢ fixed, the
asymptotic solution is a germ of meromorphic function on the sector

X(d\(1) — 7/ 2ky, dy(t) + 70/ 2K).

We may replace d(¢) by any function, possibly discontinuous, such that for all t € U,
di(t) <d(t) < dy(t). Since the singular directions are continuous in ¢, we may
assume that d(¢) is locally constant. Since for z # 0, t > eL(102@ QD ¢ (),
this is now a consequence of Proposition 1.10 and Lemma 1.14 below. ]

Lemma 1.14. We keep the same notation as in Definition 1.9 and Proposition 1.10.
Let fl(z, t) be one of the entries of H (z,t). Let V. C U be a nonempty polydisc, and
let d € R such that for all t € V, d is not an unparametrized singular direction of ().
Then there exists a map U — R0, ¢ > (1), which is not necessarily continuous,
such that

A A

Pred o 0L, a0B, 0 0By, (h)
is meromorphic in (z,t) for
z€X(d—m/2k,,d+7/2k)with0 < |z| <e(t) and teV.
Moreover, for all j <n,
L0 0Ly, 0By, 0 -0Bye, (8,1) = 8y, (L, a0 0L a0 By, 0+ - 0By, ().

Proof. We will proceed in two steps.

Step 1: We recall that (z, 1) € Ky[z!/"] (where v € N* has been defined in
Proposition 1.3) and (see Remark 1.7) all the z-coefficients are analytic on U.
Because of Proposition 1.10, for ¢ fixed, @AS,Q 0---0 QA&KI (fz) is a germ of a mero-
morphic function. Therefore, it belongs to Oy ({zD[z'/"]. Let h; be the analytic
continuation defined in Proposition 1.10. In particular, for all z € C with arg(z) =d,
t — hi(z,t) € My. The fact that we have a meromorphic function allows us to
differentiate termwise, and for all j <n, 9, h is equal to the analytic continuation of

By, 0+ 0By, (3, h).

Step 2: Let hy, ..., h, be the successive Laplace transforms that were defined in
Proposition 1.10. Let fy € V, let W,, be a compact neighborhood of 7o in V, leti <r,
and assume that for z € C with arg(z) =d, t — h;(z, t) is meromorphic on W,,. It

is sufficient to prove that, for all z € C with arg(z) € |d — 7w /2«;, d + 7 /2«;[ and
|z| sufficiently small,  + h;1(z, t) is meromorphic on W;,, and for all j <n,

<§£I(,',d(aljhl.) = 81‘]- (ik,,d(h’l)) = af/hl+l
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The function £, 4(h;) is an integral of a meromorphic function depending analyti-
cally upon parameters, and we just have to prove that it is possible to find a function f
such that, for all t € Wy, |h; (u, t)| <|f(u)| and for arg(z) € 1d — 7 /2k;, d +7 2k,
|z| sufficiently small, £, 4(| f])(z) < co. From Proposition 1.10, we obtain the
existence of A(t), B(t) > 0 such that for arg(u) = d, |h;(u, )| < A(t)eBOm",
Since h;(u, t) is meromorphic, we may assume that A(¢) and B(f) are continuous
on W,,. The functions A(¢) and B(¢) admit a maximum A and B on the compact
set W;,. Finally, for arg(z) € |d — n/2«;, d + 7 /2x;[ and |z| sufficiently small,

ooeid o

[ it neoa(L) )\

0 Z
o0 U Ki

5/ AeB'“'”"|e—<"/Z>”"|d<<—> )<oo. O
0 Z

2. Parametrized differential Galois theory

|L; . ahil =

In this section we are interested in parametrized differential Galois theory: this is
a generalization of differential Galois theory for parametrized linear differential
equations. In Section 2A, we review the parametrized differential Galois theory de-
veloped in [CS]. In Section 2B, we prove that some of the results of Section 2A stay
valid without the assumption that the field of constants is differentially closed. This
will help us in Section 2C to prove that the local analytic parametrized differential
Galois group descends to a smaller field, whose field of constants is not differentially
closed. In Section 2D, we explain the main result of the paper: we show an analogue
of the density theorem of Ramis in the parametrized case. In Section 2E, we give
a similar result for the global parametrized differential Galois group. We end by
giving various examples of computation of parametrized differential Galois groups
using the parametrized density theorem.

2A. Basic facts. We recall some facts from [CS] about Galois theory of parametr-
ized linear differential equations. Classical Galois theory of unparametrized linear
differential equation is presented in some books, such as [van der Put and Singer
2003; Magid 1994].

Let K be a differential field of characteristic 0 with n + 1 commuting derivations
do, - .., 0,. We want to study differential equations of the form dpY = AY, with
A € M;,,(K). Let Ck be the field of constants with respect to dyg. Since all the
derivations commute with dy, (Cg, 91, ..., d,) is a differential field. By abuse of
notation, we will sometimes start from a (91, . . ., d,)-differential field Cx and build
a (do, ..., d,)-differential field extension K of Cg, such that Ck is the field of
constants with respect to dy.

Example 2.1. If K = Ky, then 89 = d,, {91, ..., 9} = A,, and Cx = Jly.
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A parametrized Picard—Vessiot extension for the parametrized linear differential
equation dpY = AY on K is a (dy, ..., d,)-differential field extension K|K with
the following properties:

o There exists a fundamental solution for dpY = AY in K , 1.e., an invertible
matrix U = (u; ;), with entries in K, such that 90U = AU.

.....

K and the u; ;.
« The field of constants of K with respect to dy is Ck.

Let L bea (91, ..., d,)-field of characteristic 0 with commuting derivations. The
(91, ..., 0y)-differential ring L{y, ..., Yx}s,....s, of differential polynomials in k
indeterminates over L is the usual polynomial ring in the infinite set of variables

;€N
{3} ,..a;nyj};; ,
and with derivations extending those in {91, ..., d,} on L, defined by
3@ ...y y =0 ... Mt gy,

Definition 2.2 [Cassidy and Singer 2007, Definition 3.2]. We say that the field
(Ck, 91, ..., 0y) is differentially closed if it has the following property: for any
k,l eNandforall Pi,..., Pr € Cx{y1,...,yi}s,..5, the system

.....

P1(0(1, ...,061)20

Piy(ag,...,a) =0
Pi(ay, ..., o) #0,

has a solution in Cg as soon as it has a solution in a (9, ..., d,)-differential field
containing Ck.

For simplicity of notation, we will say that Cg is differentially closed rather than
that (Cg, 91, ..., d,) is differentially closed. Note that there exists a differentially
closed extension of Ck; see [CS, Section 9.1]. By definition, a differentially closed
field is algebraically closed.

Proposition 2.3 [CS, Theorem 9.5]. Assume that Cg is differentially closed. Then
the parametrized Picard—Vessiot extension for 0gY = AY exists and is unique up to
(0o, . . ., Oy)-differential isomorphism.

Until the end of the Section 2A, we assume that Cg is differentially closed.
Consider dgY = AY with A € M,,,(K), and let K|K be a parametrized Picard—
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the group of field automorphisms of K which induce the identity on K and commute
with all the derivations. This latter is independent of the choice of the parametrized
Picard—Vessiot extension, since all the parametrized Picard—Vessiot extensions are
(o, . .., 0y)-differentially isomorphic. In the unparametrized case, the differential
Galois group is an algebraic subgroup of GL,,(Ck). In the parametrized case, we
find a linear differential algebraic subgroup:

Definition 2.4. Let us consider m? indeterminates (Xi,j)i,j<m- We say that a
subgroup G of GL,,(Ck) is a linear differential algebraic group if there exist
Pi, ..., Pr € Cg{X; j}s,...a, such that for A = (g; ;) € GL,,(Cg),

AeG << Pi(aj) == Pa;;)=0.

Let U be a fundamental solution of dpY = AY. One proves directly that the map

o — U lp(U),
is an injective group morphism. A fundamental fact is that
Impy = {U'p(U) | ¢ € Galj " (K| K)}

is a linear differential algebraic subgroup of GL,,(Ck) (see Theorem 9.5 in [CS]).
If we take a different fundamental solution in K, we obtain a conjugate linear

with a linear differential algebraic subgroup of GL,,(Cg) for a chosen fundamental
solution. We put a topology on GL,, (Ck), called the Kolchin topology, for which
the closed sets are defined as the zero loci of finite sets of differential polynomials
with coefficients in Cg.

Example 2.5 [CS, Example 3.1]. Letn =1, let (Cg, ;) be a differentially closed 9,-
field that contains (C(¢), 9;), and let us consider K = C (z), the (9,, 9;)-differential
field of rational functions in the indeterminate z with coefficients in Cg, where z
is a d0,-constant with 9,z = 1, Ckg is the field of constants with respect to 9., and
d, commutes with d;. Let us consider the parametrized differential equation

8,Y (2, 1) = %Y(z, ).

The fundamental solution is (z'), and K (z’, log) is a parametrized Picard—Vessiot
extension (see Section 1A for the notation). Here we have added log because we
want the extension to be closed under the derivations d, and 9d;. Using the fact that
the Galois group commutes with d, and 9d;, we find that the Galois group is given by

{feCk|f#0and f37f — (3 f)* =0}
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We can see that if we take Cx = C(¢) or Cg = Jlc (see page 90), which are not dif-
ferentially closed, then we find two different groups of differential automorphisms:

{f€CW) | f#0and f0] f — (0, f)* =0} =C*

and
{fedc|f#0and f3?f — (3 f)* =0} ={ce” |beC,ceC"),

which shows the importance of considering a Galois group defined over a differen-
tially closed field. See Example 2.26 for the resolution of this ambiguity using the
parametrized density theorem.

There is a Galois correspondence theorem for parametrized differential Galois
theory; see Theorem 9.5 in [CS]. For a subgroup G of Galg(l)’---vi?n (K|K), let
K¢={aeK|o(@) =aforalo eG).

Then the theorem says that the Kolchin-closed subgroups of Galg(') """ On (kv |K) are
in bijection with the (dp, .. ., d,)-differential subfields of K containing K via the
map

G+ KC.

The inverse map is given by

the identity map on M. In particular, we have the following corollary:

Corollary 2.6. Let G be an arbitrary subgroup of Galgé """ On (I? |K). Then K6 =K
if and only if G is dense for the Kolchin topology in Galg(‘)""’a” (K|K).

Let L|M|K be (01, ..., d,)-differential field extensions. Notice that we do not
exclude L = M = K. All the definitions that we give before the next proposition
come from [Hardouin and Singer 2008, §6.2.3].

We remark that P(ay, ..., a,) is well-defined for P € M{X1, ..., Xi}s,.....5, and
ai,...,ar € L. Then we may define the (91, ..., d,)-differential transcendence
degree of L over M as the maximum number of elements ay, ..., a; of L such that

P(ay,...,a) #0,

for all nonzero (94, ..., d,)-differential polynomials P with coefficients in M. The
(91, ..., 0y)-differential transcendence degree of an integral domain over another
integral domain is defined to be the (91, ..., d,)-differential transcendence degree
of the fraction field of the first one over the fraction field of the second one.
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Let us consider m? indeterminates (Xi,j)i,j<m- Let (p) be a prime (91, ..., 9,)-
differential ideal of Cx{X; ;}5,. .. 4,, 1.., a prime ideal stable under the deriva-
tions 91, ..., d,. The (a1, ..., d,)-dimension of (p) over Ck is defined to be the
(01, ..., 0y)-differential transcendence degree of the quotient ring

Cx{Xijla,....0./(P)

over Cg.

Let (r) be a radical (91, ..., d,)-differential ideal of Cx{X; ;}s,... 4,
radical ideal stable under the derivations 9, ..., d,. Let (p1), ..., (py) withv €
N* be the prime (i, ..., d,)-differential ideals such that (r) = (),-,(px). The
(01, ..., 0y)-dimension of () over Ck is defined to be the maximum in k of the
(01, ..., 0y)-dimension of (p;) over Ck.

Assume that M C K. Let (g) be the radical (91, ..., d,)-differential ideal of
Ck{Xi j}a,..o, that defines Galgé""’a” (E|M) (see the proof of Proposition 9.10

.....

in [CS]). We define the (1. ..., ,)-differential dimension of Gal} " (K|M)

i.e., a

over Ck as the (91, ..., d,)-dimension of (g) over Cg.
Proposition 2.7 [Hardouin and Singer 2008, Proposition 6.26]. The (91, ..., 9,)-
differential transcendence degree of K over M is equal to the (91, ..., d,)-differen-

Example 2.5 revisited. Let us keep the same notation as in Example 2.5. The
parametrized Picard—Vessiot extension is K (z’, log) and the Galois group is

{feCk|f#0and f37f — (3, f)* =0}

We may directly check that the 9;-differential dimension of the Galois group is 0,
and therefore 7' satisfies a d;-differential polynomial equation with coefficients
in C K-

2B. Parametrized differential Galois theory for a nondifferentially closed field
of constants. Let K be a differential field of characteristic O with n + 1 commuting
derivations dy, ..., d,. Let Cx be the field of constants with respect to dp. Note
that we do not assume Ck to be differentially closed. Consider dpY = AY, with
A € M,,,(K), and assume the existence of K |K, a parametrized Picard—Vessiot
extension for dgY = AY (see Section 2A). This means in particular that the field
of constants of K with respect to dy is Cx. Let F = (F; ;) € GL, (E ) be a
fundamental solution such that K = K (F;,j)a.....an (see Section 2A for the notation).
Let Autgf)""’a" (E |K) be the group of (dy, ..., d,)-differential field automorphisms
of K keeping K invariant.

theorem that guarantees the uniqueness of the parametrized Picard—Vessiot extension
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K|K, since Ck is not differentially closed. However, we will call it the parametrized
differential Galois group, or Galois group, if no confusion is likely to arise.

We extend Definition 2.4 for the field Cx. Let us consider m? indetermi-
nates (X; ;)i j<m. We say that a subgroup G of GL,,(Ck) is a linear differ-
ential algebraic group if there exist Py, ..., P € Cx{X; ;}s,,..s, such that for
A =(a; ) € GL,,(Ckg),

.....

AeG & Pl(di,j) =-...= Pk(a,',j) =0.
The goal of the subsection is to prove:

Proposition 2.9. (1) Let us consider the injective group morphism

Then

is a linear differential algebraic subgroup of GL,,(Ck). We will identify

Autg(l) rere B (K| K) with a linear differential algebraic subgroup of GL,,(Cg) for

a chosen fundamental solution. The image is independent of this choice, up to

conjugacy by an element of GL,,(Ck).

(2) Let G be a subgroup of Autg(l)""’a” (E|K). IfEG = K, then G is dense in
Autg(])""’a" (K |K) for the Kolchin topology.

Remark that, contrary to Corollary 2.6, the converse of (2) is false when Cg is not

differentially closed. See [CS, Example 3.1]. Before showing the proposition, we

point out two facts we will use in the proof. Let L|K be a (dy, . .., d,)-differential
field extension and aq, ..., a; € L.
» Asin the case where Ck is differentially closed (see Section 2A), P(ay, ..., a)

is well-defined for P € K{X}, ..., Xk}s,
e Theset {P(aj,...,ar) | P € K{Xy,..., Xk}s,....0,1 15 a (9o, . . ., 9,)-differen-
tial field extension we will denote by L{ay, ..., ai}s,
Proof of Proposition 2.9.
Part (1): We follow here the proof of Proposition 9.10 in [CS]. We consider the
differential polynomial ring

R =K{X; j, 1/det(X; j)}a,.....0,>

and endow it with the dy-differential structure defined by 9y(X; ;) = A(X; ;). Let
us consider
S = K{F; ;, 1/det(F; j)}a.....5,
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the (9o, ..., d,)-differential subring of K generated by the F; ; and 1/ det(F; ;)
over K. Itis an integral domain. Let g be the obvious prime (dy, . . ., 9, )-differential
ideal such that R/g >~ S. Let Z; ; be the image of X; ; in § C K, so that (Z;j)isa
fundamental solution for dgY = AY in S. Consider the following rings:

K{Xij, 1/det(X; Moo, = K(Yij, 1/det(Y; D}y,
U U
K{X;j, 1/det(X; j)}s,....5,  Cx{Yij, 1/det(¥; j)}s....0,

where the indeterminates Y; ; are defined by (X; ;) = (Z; ;)(Y; ;). We remark that
do(Y;, ;) =0. Since we consider fields that are of characteristic 0, the differential ideal

..........

.....

is a radical (dy, . .., d,)-differential ideal (see Corollary A.17 in [van der Put and
Singer 2003]). The next lemma is an adaptation of Lemma 9.8 in [CS] without the
assumption that the field of constants is differentially closed.

Lemma 2.10. The (3, .. ., 3,)-ideal gK (Y j, 1/ det(Y; ;)}a,

.....

..........

i=1

with m; € K. By induction on n we will show that f € I. If n =0 or 1 there is
nothing to prove. We assume that n > 1. We can suppose that m| =1 and m; ¢ Ck.
Then, since the field of constants of K with respect to 9, is Cg,

n
()= domdei#0 and fe€qK{Y;;, 1/det(¥i ..o,
i=2
Then, by induction, dy(f) € I. By the same argument,
do(my' f)el.

Then 3y(m; ") f = do(my "' f) —m5 "0 f € I. Since dy(m;") # 0, we obtain that
fel. ([l

By Lemma 2.10, qf{X,-,j, 1/det(X; ;)}a,,....5, is generated by

..........
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Clearly, I is a (91, ..., d,)-radical ideal of Cg{Y; ;, 1/ det(Y; ;)}3,.. .5, Let C =

(Ci,j) € GL,,(Ck). The following statements are equivalent:

(1) (Ci.j) € Auty " (K|K).

(2) The map K{X; ;, 1/det(X; j)}a,,..0, > K{Xi;, 1/det(X; )},
by (X; ;) — (X; )(Ci ;) = (kazl X, kCk,;) leaves g invariant.

3) The map K{Xi,j, 1/det(Xl~,j)}3l 8, —> kv defined by (th) — (Z,-,j)(Ci,j)
sends ¢ to 0.

(4) The map K {X; j, 1/det(X; })}a,....a, — K defined by (X; ;) — (Zi )(Ci.})
sends g K{X; ;, 1/det(X; j)}a,....0, = ¢ K{Yi j, 1/ det(Y; j)}a,....., t0 0.

(5) The map K(Y; , 1/det(Y; )}s,...5, — K defined by (¥; ;) > (Ci ;) sends
qK{Yi j, 1/det(Y; j)}s....5, t0 0.

3, defined

.....

.....

.....

generated by 1, a (91, ..., d,)-radical ideal of Cg(Y; ;, 1/det(Y; j)}s,.....5,-

Part (2): We follow the proof of Proposition 9.10 in [CS], and use the same notation
as before. By construction, the ideal / of Lemma 2.10 above is the differential
ideal that defines the Galois group. Assume that the Kolchin closure of G is not the
whole Galois group. Then there exists P € Cg{Y; ;, 1/det(Y; j)}s,,....5, such that
P ¢ 1 and P(g) =0 for all g € G. Lemma 2.10 implies that

.....

Let T consist of all Q € E{X,-,j, 1/det(X; ;)}a,,....5, such that Q ¢ J and

0((Zi,j)(gi,j)) =0 forall g=(g;)€Gq.

Since P € T, T # {0}. Anelement Q € T can be written as

0= fiQ1+- -+ [0y,

,,,,,

such that:
. fl =1,

« all the f; are nonzero,

e v is minimal.

Forall g € G,let Q¢ = ff{ Q14+ ff0, €T. Let g € G. Since Q — Q¢ is
shorter than Q, and satisfies (Q — Q%)((Z; ;)(gi,;)) =0, we have Q — Q% € J. If
Q0 — 08 #£0, there exists [ € K such that 0 —1(Q — Q%) is shorter than Q. Since
Q0 —1(Q — Q%) €T, this is not possible unless Q — Q% = 0. Therefore, Q = 0%,
forall g € G,and so Q € K{X; ;, 1/det(X; j)}s,,..a,- Since Q(Z; ;) =0, we have
Q € J. This completes the proof of Proposition 2.9. U



A DENSITY THEOREM IN PARAMETRIZED DIFFERENTIAL GALOIS THEORY 113

2C. A result of descent for the local analytic parametrized differential Galois
group. We keep the notations of Section 1. Consider the equation () with A(z, t) €
M,, (Oy ({z})), where U is a nonempty polydisc in C"*, and Oy ({z}) has been defined
on page 90.

Remark 2.11. Note that Oy ({z}) is a ring but not a field in general. For example, if
n=1,(z—1)"!¢0y({z}). However, we have (z —1)~! € O¢c:({z}). More generally
let a(z,t) € Oy({z}). For t € U, let be R(t) minimal such that |a(z, t)| # O for
0 < |z] < R(t). There exist a nonempty polydisc U’ and ¢ > 0 with R(z) > ¢ on
U’. In particular, we have a(z, 1)~ € Oy ({z}).

Since Oy ({z}) C I%U, which is a field, Oy ({z}) is an integral domain, and we can
define Ky as the fraction field of Oy ({z}). We have

{aeKy|da=0={aecKy|da=0}=My.
Let
F(z,1) = (F;,;)) = H(z, 1)z*Ve(Q(z, 1)) € GL,((Ky)")  (see Section 1A)
be the fundamental solution given in Proposition 1.3. Let us denote

Ky (Fij)o.a, = (Ky)~,

which is a (9;, A;)-differential subfield of (Ky)”. We have seen in Section 1A
that (Ky)” has field of constants with respect to 9, equal to Jly. Then we deduce
that (Ky) ™| Ky is a parametrized Picard—Vessiot extension. Therefore, the results
of Section 2B may be applied here; and we can define a parametrized differential
Galois group AutaAf ((Ky)™|Ky), which will be identified with a linear differential
algebraic subgrou}) of GL,, (My). We want to prove now that it is the “same” as
the one of Section 2A.

Let C be a (A,)-differentially closed field that contains Jly. Let us define
Clizl[z™ '], the (0;, Ay)-differential field, where z is a (A;)-constant with 9,z = 1,
C is the field of constants with respect to d,, and 9, commutes with all the derivations.
We define the ring Ky ® 4, C with the differential structure given by

9(aQ@u, ¢) =0aQu, c+a®u, dc forall ae Ky,ceC,0e€{d;, A}.

This (9., A,)-differential ring can be naturally embedded into C[[z]][z~!], which
implies that it is an integral domain. Therefore we may define J¢ y, the field of
fractions of Ky ®y, C. We see now J{c,y (resp. Ky Qu, C) as a subfield (resp.
subring) of Clizllz™").

Proposition 2.12. Let us keep the same notation. Consider the equation 3,Y (z,t) =
A(z, )Y (z,t) with A(z,t) € M,,,(Oy ({z})). The extension field

HevlFi o alHev=Hev) [ Heu
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is a parametrized Picard—Vessiot extension for 9,Y (z,t) = A(z,1)Y (z, t). Moreover,
there exist Py, ..., P, € My{X; J} A, such that the image of the representation of
Gal, ’((%C v)” |37{C v) (resp. Aut8 "((Ky)~|Kp)) associated to F(z,t) is the set
of C rational points (resp. My - rational points) of the linear differential algebraic
subgroup of GL,,(C) (resp. GL,, (My)) defined by Py, ..., P.. More explicitly,

(F7'o(F) | ¢ € Galy" (e, 0) ™ 1%c,0))
={A=(a;;) €GL,(C) | Pi(a; ;) == P(a; ;) =0}

and

(F~'o(F) | ¢ € Auty’ (Ky)™|Ku))
={A =(a; ;) € GL,,(Myp) | P(a; ;) = -+ = Pr(a; ;) = 0}.

Proof. We follow the proof of [Mitschi and Singer 2012, Proposition 3.3]. Let (dy)
be an Jly-basis of C. Let us prove that the dj are linearly independent over (Ky)™.
Write D, _, di Py = 0 with 0 # Py € (Ky)™, k > 2 minimal and P, = 1. We
have Zk<;_1 dyd, Py =0. If «k =2, then 9, P; = 0. If ¥ > 2, the minimality of «
implies that d; Py =0 for all k. Since (Ky)~|Ky is a parametrized Picard—Vessiot
extension, Py € My for all k, and the dy are linearly independent over (Ky) ™.

Now, we prove that Jc v (F; j)o. a, | c v is a parametrized Picard—Vessiot ex-
tension for 0,Y (z,t) = A(z, )Y (z, 1). Leta € Hc y(F; j)a,, A, With ;a0 =0. We
may assume that « = Y dy P, where P, € (Ky)~. We have 0, = )_ dyd. P = 0.
Since the dj are linearly independent over (Ky)~, we find 9, P, = 0. Hence,
Py e My, because (Kyy) ™| Ky is a parametrized Picard—Vessiot extension. Therefore,
a € Cand Hc y(F; j)a, a ¥ c v is a parametrized Picard—Vessiot extension for
0, Y(z,t) =A(z, )Y (z,1).

Let Y; ; be a set of m? indeterminates and let Iy, I; be (0, A,)-differential ideals
such that

Ro = Kyl{F; j}s, a, = KulYi o, a /1o,
Ry =JculF. j}o.an =HculYijlo. a /.

The group Aut)'((Ky)~|Ky) (resp. Galy' (%c.p)~|%c.w)) is the set of B €
GL,,,(My) (respj B € GL,,(C)) such that (&Fi,j)B is again a zero of Iy (resp. Iy).
We just have to prove that I} = Cly. The inclusion C Iy C I; is clear. Let us prove
the other inclusion. Let P € I;. Without loss of generality, we may assume that
P € (Ky ®u, O)Y;;]. Let us write P = ) _di P, where P, € Ky[Y; j]. One
finds that

P(Fij)=) dcPu(Fij)=0
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Since the dj are linearly independent over (Ky )™, one finds that P (F; ;) =0, and
therefore Iy = C 1. O

2D. An analogue of the density theorem in the parametrized case. Let us con-
sider the equation (x), with A(z, t) € M,,,(0y ({z})), where U is a nonempty poly-
disc in C". We want to find topological generators for AutaAf ((Ky)~|Ky) for the
Kolchin topology. )

We now define the parametrized monodromy. The notion of monodromy in the
unparametrized case is well explained in [van der Put and Singer 2003]. For more
details about parametrized monodromy, see [Cassidy and Singer 2007; Mitschi and
Singer 2012; 2013; Sibuya 1990].

Definition 2.13. The notations are introduced in Section 1A. We define m, the
formal parametrized monodromy, as follows:

« m(H(z,1)) = H(z, 1) forall H(z, 1) € Ky.

o 11(z00) = X7 700 for all a(t) € My.

e m(log) =2im +log.

e Forall g(z,1) =) a,z7" € Ey =, g0 My [z77], we define

m(e(q(z, 1)) = e<Z ane_ziﬂnz_").

From the construction of Ky [log, (z“(’))a(,)eMU (e(q(z,1)))g(z,n)eEy |, it is easy
to check that m induces a well defined (9,, A;)-differential ring automorphism
of I%U[log, @D ayeny (e(q(z, 1)))¢(z,eEy ], and then it can be extended as a
(9;, A;)-differential field automorphism of (Ky)” keeping Ky invariant. Since
(Ky)~ C (Ky)”, and since (Ky)™ is stable under m, m induces an element of
Auty (Ku)™|K).

Remark 2.14. In the regular singular case with one singularity at 0, the definition
of formal parametrized monodromy restricts to the definition given in [Mitschi and
Singer 2012].

We now introduce the parametrized exponential torus, which is a subgroup of
Autﬁ’ ((Ky)~|Ky) consisting of elements that act on the e(q (z, t)) withg(z, t) e Ey.

Definition 2.15. Let o be a character of E;;. We define 7, as follows:
* T4 is the identity on K F.U-
* Tu(e(q(z, 1)) = alg(z, 1)e(q(z, 1)) forall g(z,1) € Ey.

From the construction of Ky [log, (z“(’))a(;)eMU (e(q(z,1)))q(z,1)eEy I it is easy to
check that t, induces a well defined (9;, A,)-differential ring automorphism of
I%U [log, (z“(’))a(,)eMU (e(q(z,1)))q(z,neEy |, and then it can be extended to a (3;, A,)-
differential field automorphism of (Ky)” keeping Ky invariant. Since (Ky)™ C
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(Ky)”, and since (Ky)~ is stable under t,, the map t, induces an element of
Auty (Ku)™|K).

The parametrized exponential torus (or simply, the exponential torus) is the
subgroup of AutaAf ((Ky)~|Ky) consisting of the 7, where « is a character of Ey.
Notice that the matrices of the exponential torus belongs to GL,,(C), while the
coefficients of the matrix of /m depend upon ¢.

Example 2.16. Let t = (¢1, ;) and let us consider

3 (Y] (z, l)) o <—I1Z_2 0 ) (Y] (z, t))
? Yo(z, 1) o 0 —l‘zZ_2 Yo(z, 1))’
PLVAS

which admits ( 0 6,2/1) as fundamental solution. The parametrized exponential
torus and the parametrized differential Galois group are both equal to

(G 5) Jopect

Remark that the unparametrized exponential torus (see p. 80 of [van der Put and
Singer 2003]) and the unparametrized differential Galois group are isomorphic to
(C*)? if and only if #; and t, are linearly independent over Q. In particular, the
matrices of the parametrized exponential torus evaluated at a specialized value
(u, v) of the parameter are not always equal to the matrices of the unparametrized
exponential torus of the system

g (V1@ uv)) _ —uz™? 0 Yi(z,u, v)
‘A\neu,v)) 0 —vz?)\n@Euuv)
This is a difference between the exponential torus and the two other generators of

the parametrized differential Galois group: the monodromy and the Stokes operators
(see Definition 2.18 below).

Lemma 2.17. Let d(t) be a singular direction of (%) (see Section 1D). The Stokes
matrix Stq(y) induces an element ofAutaAf ((Ky)~|Kyp).

Proof. Let us recall the construction of the Stokes matrices. Let d(¢) be a singular
direction and let &, be the biggest level of (x). The assumption we have made on %
(see Section 1D) tells us that there exists t —> d*(¢), continuous in ¢, such that

LI + LN
d(t) % <d () <d@)<dT (@) <d@®)+ T
with no singular directions in [d~ (), d(¢)[U1d(t), d " (t)]. From the construction
of Sty(), and Section 1C, we know that

HAO (2, 1)el 01080000 _ jd=(0)(1), L1052, 00 gy
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By construction, the Stokes matrix induces the identity on Ky. To prove that
the Stokes matrices are elements of AutaAz’((K v)”|Ky), we have to prove that
the maps i+ that send H(z, )22 e(Q(z, 1)) to H O (7, )l ®108() 000 jnduce
(0, Ay)-field isomorphisms. From the unparametrized case (see Theorem 2, §6.4
of [Balser 1994]), and the relations satisfied by the symbols log, (z“(’))a(,)E My and
(e(q(z,1)))q(z,neE, (see Section 1A), i* induce d,-field isomorphisms.

We want now to prove that if H (z,t) admits H di(t)(z , 1) as asymptotic sum in
the direction d*(¢), then 0y, H(z, 1) admits o, H () (z, t) as asymptotic sum in the
direction d*(¢) for all i <n. This is a consequence of Lemma 1.14 and the fact that
we may assume that the d*(¢) are locally constant. Hence i* commute with d,,,
and i* induce (3,, A,)-field isomorphisms. U

Definition 2.18. Let d(z) be a singular direction of («). Then the element of
Autﬁ’ ((Ky)~|Kyp) induced by the Stokes matrix in the direction d(#) is the Stokes
operéltor in the direction d(t). For simplicity of notation, we write Sty for both
the Stokes operator and the Stokes matrix in the direction d (¢).

Proposition 2.19. If g(z, t) € (Ky)™ is fixed by all the Stokes operators Sty), the
monodromy and the exponential torus, then g(z,t) € Ky.

Proof. Let My be the algebraic closure of Jly. Proposition 3.25 of [van der
Put and Singer 2003] implies that if g(z, ) € (Ky)” is fixed by the monodromy
and the exponential torus, then g(z,7) € (Ky)* N Mylzllz~" = I%U. Since
(Ky)~ C (Ky)”, we have to prove that if g(z, ¢) € (Ky)~ N I%U is fixed by all the
Stokes operators, then g(z,1) € Ky. Let g(z,t) € (Ky)™ N I%U be fixed by all the
Stokes operators. Let F(z, 1) = H(z, t)z*@e(Q(z, 1)) be the fundamental solution
defined in Proposition 1.3, and let (PAII-, ;) be the entries of the matrix H (z,t). There
exists P € Ky(X; j)s. a, such that P(ﬁ,-,j) = g(z,t). Let d(¢) satisfy the same
properties as in Proposition 1.13. Because of Proposition 1.13, there exists a map
U — R>, ¢t — &(r) (which is not necessarily continuous) such that P(Hi’f;’)) is
meromorphic in (z, t) for

z2€X(d(t) —m/2ky, dr(t) +7/2k,) with O < |z] <e(t) and reU,

where d;(t), d»(t) are two singular directions. Since P(H, .j) is fixed by all
the Stokes operators, P(H, ()) is meromorphic in (z, ¢) for 0 < |z| < &(¢) and
(z,1) € CxU. Moreover, P(Hd(’))(z, t) = P(Hd([))(ez’”z, t) on its domain of
definition, which means that P(H ) is meromorphlc in (z,t) for 0 < |z] < &(t)
and (z,t) € C x U. We recall that K v consists of elements f(z,t) € Ky such that
for 0 < |z] < &(t), the function t — f(z, t) lies in My. We have P(Hd(t)) € Ky.
We have seen in Lemma 2.17 that the map that sends H (z,1)zL¢ )e(Q(z 1)) to
HAD (7, 1)el0102@) Q@D induces a (d,, A,;)-field isomorphism. Since this map
leaves Ky invariant, this implies that P(ﬁi, j)=2g(z, 1) € Ky. [l
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We can now prove the main theorem of this paper. We recall some notation. Let
Consider the equation (x) with A(z, t) € M,,,(Oy ({z})) (see page 90), let K; be the
fraction field of Oy ({z}), and let (Ky)™|Ky be the parametrized Picard—Vessiot
extension defined in the beginning of Section 2D. Let AutaAf ((Ky)~|Ky) be the
field automorphisms of (Ky)~ which commute with all the derivations and leave
Ky invariant.

Theorem 2.20 (parametrized analogue of the density theorem of Ramis). The group
generated by the monodromy, the exponential torus and the Stokes operators is
dense for the Kolchin topology in AutaAf ((Ky)~|Kp).

Proof. First of all, we have already pointed out that the monodromy, the expo-
nential torus and the Stokes operators are elements of AutaAf ((Ky)~|Ky). Using
Proposition 2.9, we just have to prove that if a(z,t) € (kU)” is fixed by the
monodromy, the exponential torus and the Stokes operators, then it belongs to K.
This is exactly Proposition 2.19. (]

Remark 2.21. (1) Let C(¢){z} be the subset of Oy ({z}) consisting of elements of the
form ),y ai (1)z', with a;(t) € C(¢t) and N € Z. Let us consider the equation (x)
with A(z, t) € M,,(C(¢){z}) p. Even if we were able to define a parametrized Picard—
Vessiot extension over C(¢){z}, we would not have a parametrized analogue of the
density theorem of Ramis, because the monodromy is not defined in this case. In
general, we have

n’)l(zot(t)) — eziﬂa(l‘)za(l‘) ¢ C(t){Z}(Za(t))

This is why we take a larger field of constants with respect to d,.

(2) Similarly, we can prove that the group generated by the monodromy and the
exponential torus is dense for the Kolchin topology in AutaAf ((Ky)~|Ky N (Ky)™).

Corollary 2.22. Autﬁ’((K v)"|Ky) contains a finitely generated Kolchin-dense
subgroup.

Proof. Let q1(z, 1), ..., qp(z, t) € Ey be Q-linearly independent such that

(Kv)~ C Kry(e(qi(z, 1)), ..., e(qp(z, 1))

Let 7; be an element of the exponential torus that fixes the e(g;(z, 1)) for j # 1,
and that sends e(g;(z, t)) to ae(q;(z, t)), with a not a root of unity.

By definition of the singular directions (see Section 1D), there exists v € N* such
that there are finitely many singular directions modulo 2vr. Let d(¢), ..., di(?)
be continuous singular directions such that, if d(¢) is a singular direction, then
d(t) is equal to one of the d;(r) modulo 2vrr. Let g(z,t) € (Ky)~ be fixed by
the monodromy, 71, ..., 78, and Sty, 1), . . ., Stg,(+). Using Proposition 2.9(2), it is
sufficient to prove that g(z,¢) € Ky.
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We can write g(z, t) as an element of

Kru(e(qi(z, 1), .., e(gp1(z, D))(e(qp(z, 1)).

Since the g;(z, t) € Ey are Q-linearly independent, we know by construction that
the e(Ngg(z, 1)), with N € Z, are C-linearly independent over

Kru(e(qi(z, 1), ..., elqs_1(z, 1))

If we add the fact that g(z, 1) is fixed by 74, we obtain

g(z,1) e Kry(e(qi(z, 1), ..., e(gs—1(z, 1))).

We apply the same argument g times to conclude that g(z,¢) € K ruN(Ky)™.
By the construction of the Stokes operators, we have that St,(;) = Id if and only
if Stoy7+a() = Id, where v € N* has been defined in the proof. Proposition 2.19
allows us to conclude that g(z, t) € Ky . O

2E. The density theorem for the global parametrized differential Galois group.
In this subsection, we consider parametrized linear differential equations of the
form (%), with A(z,t) € M,,,(My (z)). We want to prove a density theorem for the
global parametrized differential Galois group. The result in the unparametrized
case is due to Ramis, and a proof can be found for instance in [Mitschi 1996,
Proposition 1.3]. The parametrized singularities of (x) (that is, the poles of A(z, 1)
as a rational function in z, possibly including co) belong to the algebraic closure
of My. Because of Remark 1.1, after taking a smaller nonempty polydisc U, we
may assume that the set of parametrized singularities belongs to Jly. We will write
“singularity” instead of “parametrized singularity” when no confusion is likely to
arise. Let S = {a1(¢), ..., ax(t)} C P;(Uy) be the set of the singularities of ().
For any singularity «(¢) of this equation, we may define its levels and its set of
singular directions by considering

0, Y(z—a(),t)=Az—a(),t)Y(z—a(t),t) if co£a(t)eS
and
Y =AY 1) if co=a(r)€S.

Let (d; (1)) be the singular directions of «;(¢). As in Section 1D, we define
Deiy = {t € U | there exist j, j' € Nsuch thatd; ; #d; j and d; j(t) = d; j(1)}.

From Lemma 1.12, all the %, ;) are closed sets with empty interior. After taking a
smaller nonempty polydisc U, we may assume that:

o There exists ¢ > 0 such that for all ¢t € U and for all i # j,

|ai (1) —aj(2)| > e.
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o Do,ry =D forall i <k.
« For all singularities of (x), the levels are independent of .

« For all fp € U and all singularities oo # «/(¢) € S, the singular directions of
the equation 9, Y (z —«(t),t) = A(z —a(t), )Y (z —a(t), t) evaluated at 7y are
equal to the singular directions of the specialized system 9d,Y (z — «(?), tp) =
Az —a(t),t0)Y (z —a(t), tp).

o Similarly, for all #, € U, the singular directions of the equation .Y (z~', #y) =
Az, 10)Y (z71, 1) evaluated at £ are equal to the singular directions of the
specialized system 3.Y (z7!, 19) = A(z™!, 1) Y (z 71, 19).

« Every entry of every z-coefficient of A(z, t) is analytic on U.

Let xo(¢) € My and let &€ > 0 such that
lxo(t) —aj(®)| > and |o;(t) —a;()|>¢ forallteU,i<j<k.

For all i < k and all ¢+ € U, we define Uy, (), the polydisc in the z-plane with
center o; (t) and with radius €. Let d,, (t) be a continuous ray from «; (¢) in Uy, (),
let by, (¢) be the continuous point of dy, (t) with |b,, () —c; ()| =€, and let y,, (t) be
a continuous path in Py (My) from xo() to by, (¢) such that |y, (1) —a;(1)] > €/2
forall € U and all j < k. Analytic continuation of F(z, t) = (F; ;), thatis, a germ
of solution at xo(¢) with the path yy, (f) and d,, (¢), provides a fundamental solution
F i "(z,¢)on a germ of open sector with vertex «; (f) bisected by d,, (7).

Let (My (2))” =My (X)(F; j)s.,a,- From the assumptions we have made on x¢(7),
we deduce that this field has a field of constants with respect to d, equal to Jly .
Therefore, we deduce that (Mg (z))” |My(z) is a parametrized Picard—Vessiot ex-
tension. The results of Section 2B may be applied here and we can define a
parametrized differential Galois group AutaAf((Jl/LU (2))7|My(z)), which will be
identified with a linear differential algebraic S{Jbgroup of GL,, (M). We will make
the same abuse of language as in the local case (see Remark 2.8) and call it the
parametrized linear differential Galois group, or Galois group, if no confusion is
likely to arise. As in Proposition 2.12, we want to prove now that it is the “same’
as the one of Section 2A.

Let C be a (A,)-differentially closed field that contains Jly, and let C(z) denote
the (9, A;)-differential field of rational functions in the indeterminate z with
coefficients in C, where z is a (A,)-constant with d,z =1, C is the field of constants
with respect to d,, and 9, commutes with all the derivations. The next proposition
is the analogue in the global case of Proposition 2.12.

s

Proposition 2.23. Let us keep the same notation. Consider the equation 9,Y (z,t) =
A(z, )Y (z,t), with A(z, t) € M,,,(My (2)). The extension field

C(2)(Fi,j)o,.a,1C(2) :=(C(2)7|C(2)
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is a parametrized Picard—Vessiot extension for 9,Y (z,t) = A(z,1)Y (z, t). Moreover,
there exist Py, ..., P, € My{X; j}a, such that the image of the representation of
Galy' ((C(2))~|C(2)) (resp. Auty (Mg (2))™ My (2))) associated to F(z, t) is the
set ofC -rational points (resp. My “rational points) of the linear differential algebraic
subgroup of GL,,,(C) (resp. GL,, (My)) defined by Py, ..., P.. More explicitly:

(F7lo(F) | ¢ € Galy' (C(2)~IC(2))}

={A =(a;,j) € GL,(C) | Pi(ai,j) =+ = P(a;,j) =0},

(F~'p(F) | ¢ € Auty ((lly (2)) My (2)))
={A=(a;;) € GL,,(My) | Pi(a; ;) == Pi(a; ;) =0}.
Proof. This is exactly the same reasoning as in Proposition 2.12. ([

We want to find topological generators for AutaAf((Jl/LU (2))7|My (z)) for the
Kolchin topology.
For a(t) € My, let

Kuawy ={fz—a(),t)| f(z.1) € Ky}
and let
Kuoo=1f" )| f(z,1) € Ky}

Let a(t) € S and let AutaAZ’((./i/tU(z))”lKU,a(t) N (My(z))™) be the local Galois
group for the fundamental solution F%® (z, t) described above. If we conjugate
AutaAZ’ ((My ()~ Ky« N (My(z))™) by the differential isomorphism defined by
analytic continuation of F(z, t) described above, we get an injective morphism of
linear differential algebraic groups

Auty (My ()™ 1Kyt N My (2)™) = Autg” (Mg (2) My (2)).

Using the maps i+ defined in the proof of Lemma 2.17 and the injection above, we
can define the monodromy, the exponential torus and the Stokes operators for any
singularities in S as elements of

Autﬁzr((m(] ()~ My (2)).

Theorem 2.24 (global parametrized analogue of the density theorem of Ramis).
Consider the equation 0,Y (z,t) = A(z, )Y (z, t), where A(z, t) € My, (My (z)). For
a(t) € S, let Gy be the subgroup of

Auty’ (My ()™ 1Ky N (My (2))7)

generated by the monodromy, the exponential torus and the Stokes operators. Let G
be the subgroup ofAutaAf ((My(2))~ | My (2)) generated by the Gy ) with a(t) € S.
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Then G in dense for the Kolchin topology in
Auty" ((My (2))™ My (2)).

Proof. We use (2) of Proposition 2.9. We have to prove that the subfield of (M (z))™
fixed by G is My (z). Let f(z,t) € (My(z))~ be fixed by G. Then, by the same
reasoning as in Proposition 2.19, it follows that f(z,t) belongs to Ky () for
a(t) € S. Therefore, we deduce that f(z, ¢) is meromorphic in (z, t) on P1(C) x U
and has a finite number of poles in the z-plane for ¢ fixed. Hence f(z, t) € My (2).

O

In particular, this generalizes Theorem 4.2 in [Mitschi and Singer 2012], which
says that if the equation has only regular singular poles, then the group gen-
erated by the monodromy at each pole is dense for the Kolchin topology in
Auty’ (My (2)) |y (2)).

Corollary 2.25. Autﬁ’((Jl/LU (2))” My (z)) contains a finitely generated Kolchin-
dense subgroup.

Proof. In the proof of Theorem 2.24, we see that the global parametrized differential
Galois group is generated by all local parametrized differential Galois groups. Since
there is a finite number of singularities, this is a consequence of Corollary 2.22. [

2F. Examples. In all the examples, we will compute the global parametrized dif-
ferential Galois group. This means that the base field is Jly (z).

Example 2.26. Let us consider the equation d,Y (z, t) = (¢/z)Y (z, t). This example
was considered by direct computations in Example 2.5, but we will compute here
Autﬁ’ ((My (z))~ | My (z)) using the parametrized density theorem. The fundamen-
tal solution is (z") and the parametrized Picard—Vessiot extension over My (z) is
My (z, 7', log) (we want the extension to be closed under the derivations 9, and 9;).
The exponential torus and the Stokes matrices are trivial. The monodromy sends z’
to €% z'. The element e%”' satisfies the differential equation

ateZinl
3;( elint ) =0.

Therefore, the Kolchin closure of the monodromy is contained in

{aEJ‘/LU

at(af“)} —{ce” |beC,ceCH.

a

Conversely, the map z' — ce?’ 7' is an element of AutaAwr ((My(2))~ | My (z)). Finally,
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viewed as a linear differential algebraic subgroup of GL; (M),

Autl (M (2) " Mty (2)) = {a € dly a(aa_a) ~0]
={a €My | a #0andad’a— (3,a)* =0}
€ GLy(My).

Example 2.27 (parametrized Euler equation). Let f(¢#) be an analytic function
different from 0, and let us consider the equation

1

) 1
2rn+ (-
Z

)oY @D+ ¥ (@1 =0,

1
f)z? ()23

which can be seen as a system:

a(Y(z,t))_ 0 1 (Y(z,t))
Nove.n) " \557 702 — 1) \aven)

If f =1, we recognize the Euler equation. A fundamental solution is

I F@n \ fe(5) 0
1 [ b
W 3ZF(Z, t) 0 1

where F (z,t) =— ano n!(f(t)z)"T!. The only singularity is 0. The monodromy
is trivial. Let 7 be an element of the exponential torus. Then the image of the
fundamental solution under 7 is

1 ﬁfz, 1) ae(f?tl)z) 0
W 3, F(z,1) 0 1)’

with o € C*. Therefore, the matrices of the elements of the exponential torus are
of the form Diag(x, 1), with @ € C*. The only level of the system is 1 and the
singular directions are the arg(f(¢)~') 4 2km, with k € Z. As we have seen in
Proposition 1.10, we can compute the Stokes matrix with the Laplace and the Borel
transforms. It follows from the definition of the formal Borel transform that

Bi(F(z, 1) =log(1 — f(1)2).
Let 0 < ¢ < /2 be such that there are no singular directions in
[arg(fF ()™ — e, arg(fF ()™ H[ U Jarg(f ()™, arg(f ()™ +¢].

Then the following matrices are fundamental solutions:

_1
} gl,arg(f(t)_])+£(10g(1 — f()z2)) ef®Mz
o2 %L rarerin+elogll = f(1)2)) o 1/’
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—1
L Lagrin-edogl = f(0)2) | (o702
7 L o logd = fOD )\ o 1)

To compute the Stokes matrix in the direction arg( f ()~ "), we have to compute
L are(rtyH4e 1021 = f()2)) = L1 arg(r)-1)—e l0g(1 — f(1)2)).
We have

L1 arg(f ()46 108(1 = f()2)) = Ly arg(r()-1y—e (0g(1 — f(2)2))
. /ooi(arg(f(t)l)-i-a)

=z log(1 — f(Ou)e™/*d(u)

0
ooi (arg(f (1)~ —e)
—z! / log(1 — f(Ou)e™*d(u).
0

Integration by parts and the residue theorem imply that

__1
L arg (D4 1021 = F (1)2)) =L arg(r(5)-1)—s l0g(1= £ (1)2)) =2im f (H)e T,

Therefore, the Stokes matrix in this direction is (> ’). Finally, we obtain

au o @ L@ = { (5 77

=17

Example 2.28 (Bessel equation). We are interested in the parametrized linear
differential equation

R 0 1 Y(z,1)
= 2 2 .
NoY@en) \= 78y
This equation has two singularities: 0 and co. Let U be a nonempty disc such that
UN(1/2+ 7Z) = o. First we will compute the local group at 0,
Auty (My ()™ 1Ky,0 N (My (2)7).
Ift+1/2 ¢ Z, the two solutions

(Ve (=DFg*
J‘(Z)_<§> kzk!F(t+k+1)2k’

) ‘ae@*andbe@}

=0, %0 and a,(?) =0}.

e L

{2\ (— 1)k
I = <§) KT (—t +k + 1)2k’

=~
(=]
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are linearly independent (see [Watson 1944, p. 43]) and we have a fundamental
solution of the specialized system. The equation is regular singular at z = 0, and
therefore the group generated by the monodromy s is dense for the Kolchin topology
in the parametrized differential Galois group AutaAf (My @) 1KyoN (My(2))7).
By the same reasoning as in Example 2.26, )

a 0

Auti’((MU(Z))N|KU,0 N My (2)7) = {(O a!

) ‘oe £0, ad2a — (3,)> :0}.

We now turn to the singularity at infinity. We have

0 (Y(z—l,o) 0 1 (Y(z‘l,t)>
= 2 .
Ny o) \G-5 F)\ore o
In order to compute the matrices of the monodromy, the elements of the exponential

torus and the Stokes operators, we make use of another basis of solutions:

Joi@z Y —e g (z7h)

H(l) —1 — ,
e @) isin(tm)
J -1y _ itﬂ] -1
B =G I
—i sin(tm)

In [Watson 1944, p. 198], we find that on the sector |—m, 27|, H,(l)(z_l) is asymp-
totic to

22>1/2ei (1 in /2 i (=Dt +k+1/2)2F
k=0

g -1y _ (22
H '(z )—(n QKT —k+1/2)

Similarly, on the sector |—2x, 7|, Ht(z) (z7Y is asymptotic to

2 V2 i X T(+k+1/2)F
HY = (ZZ) ez 1—t7T/2—n/4)Z (t+k+1/2)z
o @

T DFEIT(t—k+1/2)

It follows that in the basis (H,(l)(zfl), Ht(z) (z~1)), the matrix of the monodromy is

-1 0
0 -1
and the matrices of the elements of the exponential torus are of the form

(g ot(31>’ where « € C*.

The only level is 1, and due to the expression of ﬁtl (z7") and I’:I;2 (z71), the singular
directions are the directions 7 /2 + km, with k € Z. By definition, the Stokes matrix
in the direction /2 + k7 is the matrix that sends the asymptotic representation
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defined on the sector ](k — 1)m, (k 4+ 1)7[ to the asymptotic representation defined
on the sector |k, (k + 2)7[. In [Ramis and Martinet 1990, §3.4.12] (see also
[Bertrand 1992]), we find that in the basis (H,1 (™Y, th(z’l)) the Stokes matrix

in the direction /2 + 2k is
1 0
2e%7 cos(rt) 1)°

and the Stokes matrix in the direction —m /2 + 2k is

1 —2e %7 cos(mt)
0 1 '

An application of the local and global density theorems (Theorems 2.24 and 2.20)
gives that

Auty (My ()™ 1Ky,00 N (My (2))  and  Auty” ((ly (2)) My (2)

are linear differential algebraic subgroups of SL; (M), because all the matrices we
have computed are in SL;, (M), which is closed in the Kolchin topology.

Let C be a differentially closed field that contains Jily, and consider the parametr-
ized differential Galois group GalaAf((C (2))”7|C(z)) defined in Proposition 2.23.
First, we are going to compute the Zariski closure G of GalaAf ((C(2)”1C(2)). Let

= C \ {0}. From the classification of linear algebraic subgroups of SL,(C) (see
[van der Put and Singer 2003, Theorem 4.29]), there are four possibilities:

(1) G is conjugate to a subgroup of B = {(0 _,) laeC* be C}

(2) G is conjugate to a subgroup of Do ={(4 %) |a e C*}U{(’, Ol)lbeC*}.
(3) G is finite.

(4) G =SLy(O).

From Proposition 2.23, every matrix that belongs to Auty "y "((My(2))~ | My (z)) be-
longs also to GalA'((C(z)) |C(z)). Since G must contain

1 0 and 1 —2e %7 cos(mt)
227 cos(nt) 1 0 1 ’

we find that the only possibility is that Galé’((C (2))71C(z)) is Zariski-dense in
SL,(C). Cassidy [1972, Proposition 42] classified the Zariski-dense differential
algebraic subgroups of SL,(C). Finally, we have two possibilities:

. GalaAz’((C(z))ﬂC(z)) is conjugate to SL,(Cy) over SL,(C), where
Co={aeC(z)]|0,a=0a=0}.
. GalaAz’((C(Z))NIC(Z)) = SL,(C).
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If Galé’((C(z))NlC(z)) is conjugate to SL,(Cp) over SL,(C), the matrix of the
monodfomy of the singularity O is conjugate to a matrix M € SL,(Cp) over SL»(C).
Similar matrices have the same eigenvalues, so the eigenvalues of M are ¢*™' and
e~2™" which is not possible if M belongs to SL,(Cy). Because of Proposition 2.23,
we find that

Auty ((My () My (2)) = SLa (o).

3. Applications

We now give three applications of parametrized differential Galois theory. In
Section 3A, we deal with linear differential equations that are completely integrable
(see Definition 3.1). It was proved in [CS] that an equation is completely integrable if
and only if its parametrized differential Galois group is conjugate over a differentially
closed field to a group of constant matrices. We use the global density theorem
(Theorem 2.24) to prove that the equation is completely integrable if and only
if there exists a fundamental solution such that the matrices of the topological
generators for the Galois group appearing in the global density theorem are constant
matrices. As a corollary, we deduce that the equation is completely integrable if and
only if the matrices of the topological generators for the Galois group given in the
parametrized density theorem are conjugate over GL,, (/M) to constant matrices.
In Section 3B, we study an entry of a Stokes operator at the singularity at infinity
of the equation
ZY(z.1) =@ +0Y(z.1).

In particular, we prove that it is not d;-finite: it satisfies no parametrized linear
differential equation. This partially answers a question by Sibuya. In Section 3C, we
deal with the inverse problem in parametrized differential Galois theory. Let k be a
so-called universal (A,)-field (see Section 3B). We give a necessary condition for a
linear differential algebraic subgroup of GL,, (k) to be the global parametrized differ-
ential Galois group for some equation having coefficients in k(z). The corresponding
sufficient condition was proved in [Mitschi and Singer 2012, Corollary 5.2].

3A. Completely integrable equations. In this subsection, we study completely
integrable equations. See also [Gorchinskiy and Ovchinnikov 2013] for an approach
from the point of view of differential Tannakian categories.

Definition 3.1. Let Ag € M,,,(My(2)). We say that the linear differential equation
doY = AgY is completely integrable if there exist Ay, ..., A, € M,,(My (z)) such
that, forall 0 < i, j <n,

0, A;— 0 Ai = AiA; — AjA;,

with 3,0 = 3z.
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Sibuya [1990, Theorem A.5.2.3] has shown that if the parametrized linear dif-
ferential equation (x) is regular singular, then it is isomonodromic (see page 89
for the definition) if and only if it is completely integrable. This result is not true
in the irregular case. The main reason is the fact that there are more topological
generators in the parametrized differential Galois group.

Proposition 3.2. Let Ay(z,t) e M,,,(My (2)) and let (My(2))” | My (z) be the param-
etrized Picard—Vessiot extension for 0, Y (z,t) = Ao(z,1)Y (2, t) defined in Section 2E.
The linear differential equation 3.Y (z,t) = Ao(z, t)Y (z, t) is completely integrable
if and only if there is a fundamental solution F (z, t) in (My (z))~ such that the im-
ages of the topological generators of AutBAf ((My (2))" | My (z)) (see Theorem 2.24)
with respect to the representation associated to F (z, t) belong to GL,,(C).

Proof. Let C be a differentially closed field that contains Jly and let us consider C(z)
as in Section 2E. Let (C(z))~|C(z) be the parametrized Picard—Vessiot extension
for 0,Y (z,t) = Ap(z,1)Y (2, t), and let GalaAf ((C(2))7|C(2)) be the parametrized
differential Galois group defined in Section 2A. We recall that if we take a differ-
ent fundamental solution in (JMly(z))™ to compute the Galois group, we obtain a
conjugate linear differential algebraic subgroup of GL,, (My).

Using the global density theorem (Theorem 2.24), we find that there exists a
fundamental solution such that the matrices of the topological generators for the
Galois group appearing in the global density theorem are constant if and only if
AutaAz’((Jl/LU(z))N|J(/[U (z)) is conjugate over GL,, (Jly) to a subgroup of GL,, (C).
Using Proposition 2.23, we find that Autﬁ’((ﬂ/ty (2))7|My(z)) is conjugate over

GL,, (My ) to a subgroup of GL,, (C) if and only if Galﬁ’ ((C(2))7|C(2)) is conjugate
over GL,, (C) to a subgroup of GL,,(Cyp), where
Co={aeC(z)|0,a=0,a="---=09,a=0}.

Proposition 3.9 of [CS] says that this occurs if and only if there exist Ay, ..., A, €
M,,(C(z)) such that, for all 0 <i, j <n,

0y Aj— Al = AiA; — AjA;,

with 9;, = 9,. To finish, we follow the proof of Proposition 1.24 in [Di Vizio and
Hardouin 2012]. Let O < i < n and let us consider

0;A; — 0, Ag = ApA; — A; Ao.

By clearing the denominators, we obtain that every entry of every z-coefficient
of A; satisfies a finite set of polynomial equations with coefficients in Jly. Since
the polynomial equations have a solution in C, they must have a solution in the
algebraic closure of .y . Using Remark 1.1, we find a nonempty polydisc U’ C U
such that all the A; belong to M,,, (Mg (z)). This concludes the proof. U
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In the proof of Proposition 3.2, we have proved:

Corollary 3.3. Let A(z,t) e M, (My (2)). The equation () is completely integrable
if and only if the matrices of the topological generators for the Galois group
appearing in Theorem 2.24 are conjugate over GL,, (M) to constant matrices.

Remark 3.4. This corollary improves Proposition 3.9 in [CS]. The conjugation
occurs in a field that is not differentially closed. Furthermore, we do not need the
entire parametrized differential Galois group to be conjugate to a group of constant
matrices in order to deduce that the equation () is completely integrable.

Gorchinskiy and Ovchinnikov [2013] studied completely integrable parametrized
linear differential equations using differential Tannakian categories. In particular,
they proved that the notion of integrability with respect to all the parameters is
equivalent to the notion of integrability with respect to each parameter separately,
which generalizes [Dreyfus 2013, Proposition 9]. Furthermore, they improve
Proposition 3.9 in [CS] by avoiding the assumption that the field of constants is
differentially closed.

3B. On the hypertranscendence of a Stokes matrix. In this subsection, we will
study the parametrized linear differential equation

(3-1) ZY(z. 1) =@ +0Y(z.1).

Sibuya [1975, Chapter 2] showed that there exists a formal solution yo(z, ) which
admits an asymptotic representation yy(z, ¢) on the sector

¥ (=37/5,31/5)

(see [ibid., Theorem 6.1]). We easily check that, for k € Z,

yk(Z, t) — y()(e_Zkiﬂ/SZ, e—6kiﬂ/5t)

is a solution of (3-1) which has the asymptotic representation

ik(Z, t) — yo(e—Zkiﬂ/SZ, e—()kiﬂ/St)

on the sector S_; U S; U Sk+1, where
Sy =2(2k—1Dm/5, Qk+ 1) /5)

and Sy is its closure.

The asymptotic representation y(z, ) is bounded uniformly on each compact
set in the ¢-plane as |z| tends to infinity on the sector S, and tends to infinity
uniformly on each compact set in the #-plane as |z| tends to infinity on the sectors
Sk—1 and Si4+1. As we see in [ibid., p. 83], yk4+1(z, t) and yry2(z, t) are linearly
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Figure 1. Left: the sectors S;. Middle: the singular directions.
Right: the sectors S and the singular directions.

independent, and we can write yx(z, ¢) as an Jl¢c-linear combination of yi41(z, t)
and yr42(z, t):

(3-2)  wilz, ) = Ck( i1z, 1) + Ce(®)yisa(z, 1) forall keN, z,1 €C,
where 5k (t), Ci(t) € Mc. By Theorem 21.1 in [ibid.], we obtain that
Ce(t) =—e*™5 and  Cr(t) = Co(e ).

Sibuya [1975] asked if Co(¢) is differentially transcendental, i.e., satisfies no
differential polynomial equations. We will use Galois theory to prove that for
every nonempty polydisc U, Cy(¢) is not d;-finite over Jly, i.e., satisfies no linear
differential equations in coefficients in Jily .

The singularity of the system is at infinity. Let W (z, t) = z¥ (z !, ). We obtain
the parametrized linear differential equation

(3-3) J32W(z, 1) = (1 +12)W(z, 1),

which can be written in the form

3 Wi\ (0 1 Wiz, t)
Nowi.n) ~\ 122 o) \o.wzn)

Let k£ be a so-called universal (A;)-field of characteristic 0: for any (A;)-field
ko C k, (A,)-finitely generated over (0, and any (A,)-finitely generated extension
k1 of ko, there is a (A,)-differential kg-isomorphism of k| into k. See Chapter 3, §7
of [Kolchin 1973] for more details. In particular, k is (A;)-differentially closed.
Let k(z) denote the (d,, A,)-differential field of rational functions in the indetermi-
nate z with coefficients in k, where z is a (A;)-constant with d,z = 1, k is the field
of constants with respect to d,, and d, commutes with all the derivations.

Let
@1 0 1
A(z,t) = 3 .
Z 1 Z’?Z? 0
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The two solutions zy;(z ™!, 1), zy2(z~", ) admit asymptotic representations and the
only singularity is 0. Therefore,

My @G0, 27N D)o g My (2) = My (2) My (2)

is a parametrized Picard—Vessiot extension for d,W(z,t) = A(z,t)W(z,t). By
Proposition 2.23,

(k(2)71k() = k(@) (1" 0, 27" D)0 1k(2)
is a parametrized Picard—Vessiot extension.
Lemma 3.5. Galy" ((k(2))™[k(z)) = SLa (k).

Notice that the differential equation is of the form 8Z2W(z, t)=r(z,t)W(z, 1),
where r(z,t) € k(z). In this case, we can compute the Galois group using a
parametrized version of Kovacic’s algorithm; see [Arreche 2012; Dreyfus 2013].
See also [Acosta-Humanez 2009; Acosta-Humanez et al. 2011]. In order to have a
self contained proof, we will perform the calculations explicitly.

Proof. 1If we apply Kovacic’s algorithm [1986], we find that the unparametrized
differential Galois group Galy, ((k(z))™|k(z)) is equal to SL> (k). We apply Propo-
sition 6.26 in [Hardouin and Singer 2008], to deduce that GalaAf (k(2))"k(2)) 1s
Zariski-dense in SL; (k). By Proposition 42 in [Cassidy 1972], we deduce that there
are two possibilities:

. Gali’((k(Z))le(Z)) = SLy (k)
. Gali’((k(z))wlk(z)) is conjugate to SL; (ko) over SL;(k), where
ko ={a € k(z) | 9,a = d;a = 0O}.

We see in [Dreyfus 2013, Remark 4.4] that the last case occurs if and only if the
following parametrized differential equation has a solution in My (z), for some
nonempty polydisc U in C":

444173 447 A4+ded

3 —

With the algorithm presented in [van der Put and Singer 2003, p. 100], we find that
this does not happen, so

Galy' ((k(2))"1k(2)) = SLa (k). O
Lemma 3.6. The singular directions of (3-3) are

{2km /5 | k € Z}.
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Proof. Let k € Z. The matrix

( Zyk(z_l,t) zyk+1(z‘1,t) )
d.zy(z N 1) Bz (27 1)

is a fundamental solution for the equation

4 W) (0 1 Wiz, 1)
Nowe,n) ~\ 2 o) \o.wi,n)

The fundamental solution admits an asymptotic representation on the sectors
3((2k — D)m/5, 2k +3)/5).

The only level is % From Proposition 1.13 and the construction of the singular
directions, we find that the singular directions are {2k /5 | k € Z}. ([l

Example 3.7. We want to compute the Stokes matrix in the direction 87/5 for the
fundamental solution

(1) Zyz(z“,t)>
d.zy1(z7 1) Bzl )

We recall the construction of the Stokes matrices. See Section 1C for the notation.
Let H(z, t)z¥e(Q(z, 1)) be a fundamental solution in parametrized Hukuhara—
Turrittin canonical form. Let H(z,t) and H'(z, t)) be the matrices such that

H™ (2, )ebO10e@ 0G0 ang [T (7, 1)l ®1026) 000
are the germs of asymptotic solutions on the sectors
¥(w7,9/5) and X(7m/5,117/5),
respectively. The Stokes matrix in the direction 8 /5 is the matrix that sends

H™ (z t)eL(l)log(Z)eQ(ZJ) to H+(z,t)eL(t)]Og(Z)eQ(Z’t).

With the domain of definition of the asymptotic representation of zy;(z ™, t), we
deduce from the definition of the Stokes operators that

(3-4) Stsr/s(zyi(z™ ) =z 1),
We first write Stg/s (zy2(z~", 1)) in the basis

@y D,z ).
There exist a(t) and b(t) € My such that

Ster/s5(zy2(z7, 1) = a®)zyoz™", 1) + bz (271, 1).
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By the construction of the asymptotic solutions with Laplace and Borel transforms
(see Proposition 1.10), the asymptotic representation of Stgr/5(zy2 (z=', 1)) has to
be bounded in some sector of |77/5, 117 /5[, which means that there exist

7%<a</8<11T” and £>0

such that Stg; /5 (zy2(z~', 1)) is uniformly bounded for arg(z) € Je, B[ and z < |¢].
Therefore, a(t) = 0 or b(¢) = 0. Since the Stokes operators are automorphisms, we
get b(t) = 0. Lemma 3.5 says that the parametrized differential Galois group is

SL, (k). Therefore, because of Proposition 2.23 and Lemma 2.17, the determinant
of the matrix has to be 1. Thus by (3-2), we get that the Stokes matrix in direction

877/5 is
1 —Co(1)e¥™/>
Stgr/5 = (O 0(1) ) )

Lemma 3.8. Ler Cy(t) be defined as above. Assume that Cy(t) is 9;-finite over k.
Then the 0;-differential transcendence degree (see Section 2A for definition) of
(k(2))~ over k(z) is at most 2.

Proof. The extension (k(z))™ is generated over k(z) by y;(z~', 1) and y,(z7', 1).
By the parametrized differential Galois correspondence (see Theorem 9.5 in [CS]),
the Kolchin closure of the group generated by Stg,/5 is equal to

Galy" ((k(2)) | F),

where F is the subfield of (k(z))™ fixed by Stg; /5. Using (3-4), we deduce that F’
contains

k(2)(y1(z™", )0,

Because Cy(¢) satisfies a linear differential equation with coefficients in k, there
exists a linear differential polynomial P such that this group is of the form

{((1) ‘f) [P =0= P(co<r>)},

and has 0;-differential dimension over k equal to 0. Therefore by Proposition 2.7 the
d;-differential transcendence degree of (k(z))™ over F is equal to 0. Since F con-
tains k() (y1(z~", 1))a..s,» there exists a differential polynomial Q with coefficients
in k(z) such that

O L, »mE ) =0=0@,(1@E"" 1), 90" D).

Therefore, the 9;-differential transcendence degree of (k(z))™ over k(z) is at most 2,
because (k(z))™~ is generated as a 9d,-differential field over k(z) by

G0, e 0, 8,01 D), 3,(0nE ", D)) O
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Theorem 3.9. The function Cy(t) is not d;-finite over k.

Proof. As we see from Lemma 3.5,
Galy' (k(2)) |k (2)) = SLa(k).

Therefore, by Proposition 2.7, the d;-differential transcendence degree of (k(z))™
over k(z) is 3. If Cy(¢) was 9,-finite over k, because of Lemma 3.8, the 9,-differential
transcendence degree of (k(z))™ over k(z) would be smaller than 3. Therefore,
Co(1) is not 9,-finite over k. U

3C. Which linear differential algebraic groups are parametrized differential Ga-
lois groups? As in Section 3B, let k be a universal (A;)-field of characteristic 0.
Let us consider the equation (x) with A(z, t) € M,,,(k(2)), let (k(z))~|k(z) be the
parametrized Picard—Vessiot extension, and let

G = Galy" ((k(2))™[k(z)) C GLy (k)

be the parametrized differential Galois group defined in Section 2A. The following
theorem of Seidenberg, applied with Ko = Q and K the (A,)-field generated by Q
and the z-coefficients of A(z, t), tells us that there exists a nonempty polydisc U
such that A(z, ) may be seen as an element of M,, (My (2)).

Theorem 3.10 [Seidenberg 1958; 1969]. Let O C Ko C K be finitely generated
(Ay)-differential extensions of Q, and assume that Ky consists of meromorphic
functions on some domain U of C". Then K is isomorphic to the field K{ of
meromorphic functions on a nonempty polydisc U' C U such that Ko|y» C K,
and the derivations in A, can be identified with the derivations with respect to the
coordinates on U'.

Let (My(z))”|My(z) be the parametrized Picard—Vessiot extension defined in
Section 2E and let AutaAf ((My (z))~ | My (z)) be the parametrized differential Galois

group. Using Corollary 2.25, we find that AutaAz’((./(/LU (2))7|My(z)) contains a
finitely generated subgroup that is Kolchin-dense in AutBAf ((My (2)~ | My (z)). With
Proposition 2.23, we find that G contains a finitely generated subgroup that is
Kolchin-dense in G. Combined with Corollary 5.2 in [Mitschi and Singer 2012],
which gives the sufficiency of the condition, this yields the following result:

Theorem 3.11 (inverse problem). Let G be a linear differential algebraic subgroup
of GL,, (k). Then G is the global parametrized differential Galois group of some
equation having coefficients in k(z) if and only if G contains a finitely generated
subgroup that is Kolchin-dense in G.
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In the unparametrized case, any linear algebraic group defined over C is a Galois
group of a Picard—Vessiot extension (see [Tretkoff and Tretkoff 1979]). In fact,
every linear algebraic group defined over C contains a finitely generated subgroup
that is Zariski-dense, which means that Theorem 3.11 is a generalization of the
result in the previous reference.

The situation is more complicated in the parametrized case. For example, the

additive group
l o
1(o1) <]

is not the global parametrized differential Galois group of any equation having
coefficients in k(z) (see Section 7 of [CS]). In the parametrized case with only
regular singular poles, the problem was solved in [Mitschi and Singer 2012, Corol-
lary 5.2]: they obtain the same necessary and sufficient condition on the group
as in Theorem 3.11. Singer [2013] characterized the linear algebraic subgroups
of GL,, (k) that appear as the global parametrized differential Galois groups of
some equation having coefficients in k(z): they are the groups such that the identity
component has no quotient isomorphic to the additive group (k, +) or multiplicative
group (k*, x) of k.

Appendix

Let us keep the same notation as in Section 1A and Section 1B. The goal of the
appendix is to prove the following theorem. Notice that our proof closely follows the
unparametrized case; see [Balser et al. 1980; Loday-Richaud 2001]. See Remark 1.6
for a discussion of another similar result.

Theorem A.l. Consider the equation 9,Y (z,t) = A(z,1)Y(z,t) with A(z,t) €
M, (Ky). There exists a nonempty polydisc U' C U such that we have a fundamental
solution of the form
P(z,0z"Ve(Q(z, 1)) € GLu (Ky)"),

with:

« P(z,1) € GL, (K,

o C(1) e My, (My),

» ¢(Q(z, 1)) = Diag(e(qi(z, 1)), with qi(z, 1) € Eyr.

Moreover, we may choose the same nonempty polydisc U’ as in Proposition 1.3.
Combined with Remark 1.6, if A(z,t) € M,,,(Oy ({z})), this gives a sufficient condi-
tion on tg € U to have a fundamental solution f’(z, Nz¢De(Q(z, 1)) € GL,, (Ky)™)
in the same form as above with ty € U'.
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Remark that, contrary to Proposition 1.3, H (z,1) € GLm(Ie v’). On the other
hand, we lose the commutation between z¢® and e(Q(z, t)). Before giving the
proof of the theorem, we state and prove two lemmas.

Lemma A.2. Let U' C U be a nonempty polydisc. Let a(t) € My and a(z, 1) €
K.y such that m(a(z,t)) = a(t)a(z,t). Then there exist h(z,t) € Ky and
b(t) € My such that a(z, t) = h(z, 1)z®.

Proof. Let a(z,t) € IQF,U/ such that m(«(z, t)) = a(t)a(z, t). The element a(z, 1)
belongs to the fraction field of a free polynomial ring

P= I%Ur[log, 1O 50,

Write «a(z,t) = a1(z, t)/aa(z, t), where «; and a, have ged 1 in P. Using the
relations in K g ¢/, and applying m to o1 (z, t) /a2 (z, t), we find that (z, 1) contains
no terms in log. One can normalize o, (z, t) such that it contains a term of the form
gMb1@+4mbe() with coefficient 1 and n; € Z. Using

m(ay(z, 1) /aa(z, 1) = a(t)ai(z, 1) faa(z, 1),
we find that

2i(n1by () +-+nrby (1))

m(aa(z, 1) =e or(z, 1)

and
(o (2, 1) = a()eX M OEEmN Dy (2, 1),

which is impossible unless

eZiJT(VHb](l)-‘r‘“"‘nkbk(t)) — 1

This means that as(z, 1) € Ky and we may assume o(z,1) = 1. Applying m
to aq(z, t), one finds that «;(z, ) contains at most one term, that is, a(z,t) =
h(z, )zP®, with h(z, t) € Ky and b(t) € My satisfying e*7P0) = a(r). O

Lemma A.3. Let U' C U be a nonempty polydisc. Let A(z,1) € Mm(IeU/). Let
Fi(z,t)e(Q1(z,1t)) and Fy(z,t)e(Q2(z,t)) be two fundamental solutions of the
equation (x) such that, fori = 1,2, we have

Fi(z.t) € GLy(Kry) and Qi(z.t) = Diaglg: ; (z. )],
where the q; j(z,t) belong to Eyr. Then Fi(z, 1)~ Fy(z, t) € GL,, (My).
Proof. A straightforward computation shows that

3:8((Fi(z.De(Q1(z. 1)) Fa(z, e(Qa(z, 1))g) = 0.

By Proposition 2.19,

(Fi(z, De(Q1(z, )~ Falz, e(Qa(z, 1)) = C(1) € GLy, ().
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Hence, we have the equality

e(Q1(z, N)CMe(=0a(z, 1) = Fi(z, ™' Fa(z, ).
The entries of e(Q1(z,t))C(t)e(—Q2(z, t)) are of the form

Cij(e(q1,j(z, 1) —q2,j(z, 1)),

with C; ;(¢) € My, and the matrix F(z, 1)~'F>(z, t) belongs to GLm(IeF’U/). By
construction, I%F,U/ N My ((e(q(z,)))g(z.1)eE,,) = My, and we obtain

Fi(z,1)" ' Fa(z, 1) € GL,, (Myp). O

Proof of Theorem A.1. By Proposition 1.3, we know that we have a fundamental
solution of the parametrized linear differential equation () of the form

H(z, 0zt Ve(Q(z, 1)),

with H(z, t) € GL,,(Ky/[z!/*]) and v € N*. From Definition 2.13, 7/ commutes with
the derivation 9,, and therefore /i (FI (z, )zLDe(Q(z, 1))) is another fundamental so-
lution. From the construction of 72, we deduce that n%(PAI (z, 7LDy e GL,, (I% F.U")s
and we can apply Lemma A.3 to deduce the existence of M (t) e GL,,,(My-) such that

(A-1) m(H(z, )"0y = Az, "0 M @1).

Let us consider M (t) = D()U(¢t), with D(r) diagonalizable and U () unipotent
such that D(t)U (¢t) = U(¢t)D(¢) is the multiplicative analogue of the Jordan de-
composition of M (t). If a(¢) is an eigenvalue of D(¢) (and therefore an eigenvalue
of M(t)), then there exists 0 # a(z,t) € Iep’U/ such that m(a(z, 1)) = a(t)a(z, 1),
because of the relation (A-1). By Lemma A.2, a(z, t) is equal to A (z, 1)z"®, with
b(1) € My satisfying €2 = q(¢) and h(z, t) € Ky. This implies that a(7) and
all the eigenvalues of D(¢) are of the form ), with B(¢) € My. So we have
proved the existence of C(t) € M,, (My) such that eHTCMn) = N (2). Let

P(z,1) = H(z,1)-077 €0,
A computation shows that the monodromy of z¢® is
1 (zC0) = 2TCW LCO — €W 2inC()
The matrix 13(z, t) is fixed by the monodromy and therefore belongs to GL,, (I% U,
by Proposition 2.19. Finally,
P(z,02°Ve(Q(z,1)

is a fundamental solution of the parametrized linear differential equation () that
has the required property. U
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