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For a based 1-connected finite CW-complex X, let £(X) denote the group
of homotopy classes of self-homotopy equivalences on X, and 8;“'“"" (X) the
subgroup of £(X) of homotopy classes of self-homotopy equivalences on X
that induce the identity homomorphism on the homotopy groups of X in
dimensions < dim X 4 r. For two given Moore spaces M = M(Z,,n+1)
and M, = M(Z,,n) with n > 5, we investigate the subsets of [M;, M,]
and [M;, M;] consisting of homotopy classes of maps that induce the trivial
homomorphism between the homotopy groups of M; and those of M, in di-
mensions < dim X + r. Using the results of this investigation, we completely
determine the subgroups Sfim“ (M(Z;,n+1)vM(Z,,n)), where p and ¢
are positive integers, forn > Sand r =0, 1.

1. Introduction

If X and Y are based topological spaces, let [X, Y] denote the set of homotopy
classes of based maps from X to Y, let £(X) denote the subset of [ X, X] that consists
of homotopy classes of self-homotopy equivalences of X and let Eéﬁm” (X) denote
the set of homotopy classes of self-homotopy equivalences that induce the identity
on the homotopy groups of X in dimensions at most dim X + . Then, £(X) is a
group with a group operation given by the composition of homotopy classes, and
Egim”(X ) is a subgroup of £(X). The group £(X) and certain natural subgroups
including (X) are fundamental objects in homotopy theory and have been
studied extensively. For a survey of the known results and applications of £(X),
see [Arkowitz 1990].

When G is an abelian group, we let M (G, n) denote the Moore space, that is,
the space with G as a single nonvanishing homology group at n-level. Also, in this
case, M (G, n) is a simply connected space. We note that if n > 3, then M (G, n) is
characterized by

dim+r
gﬂ

G ifi=n,

Hi(M(G.m) = {0 ifi£n

This work was supported by a Korea University Grant.
MSC2010: primary 55P10, 55Q05, 55Q20; secondary 55Q40, 55Q52.
Keywords: self-homotopy equivalence, Moore space, homotopy group.

35


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2014.272-1
http://dx.doi.org/10.2140/pjm.2014.272.35

36 HO WON CHOI AND KEE YOUNG LEE

Let C(G, n) denote the co-Moore space of type (G, n) defined by

G ifi=n,

H'(C(G.m) = i 0 ifin

If G is a finitely generated abelian group and G = F @ T, where F is a free
abelian group of rank r and T is a finite group, then M (G, n) =M (F,n)vVM(T, n)
and C(G,n)=M(F,n)vM(T,n—1) forn > 3.

Arkowitz and Maruyama [1998] showed that £/"™(M (G, n)) = @5 Z; and
SﬁdlmH(M(G, n)) =1 for n > 3, where r is the rank of G and s is the number of
2-torsion summands in G. Moreover, they completely determined Sfim(C (G, n))
for n > 3 by means of 2 x 2 matrices, where G is a finitely generated abelian group.

Jeong [2010] computed the groups Sgim(Y) forY =M(Z,,n+1)vM(Z,,n),
n > 5 as follows:

zZ, if p is odd,
emwmy={ z,02, if p=2 (mod 4),
Zr®ZrydZy, if p=0 (mod4).

In this paper we study the self-homotopy equivalences on the wedge product
X=M(Z;,n+1)VM(Z,,n) forn>35, where p and g are positive integers. For two
given Moore spaces M1 =M (Z,, n+1) and My =M(Z,, n), we compute [M;, M,]
and [M,, M;] and find their generators. Moreover, we investigate the subset of
[M, M>] or [M;,, M] that consists of elements whose induced homomorphisms
are trivial between the homotopy groups of M| and those of M, in dimensions at
most dim X 4 r with r =0, 1. Using these results, we completely determine the
groups Eéﬁm” (X) for r =0, 1. As a result, we obtain Table 1 and the following:

1 ifgisoddor pisodd (d =1),
Zg ifgisoddor pisodd (d # 1),
gdimt () = Zap®Zy if p=0 (mod4)and (p,24)=4or12(d #1),
i Zapn if p=0 (mod4) and (p,24) =8or24(d # 1),
Zd/2 ifq 52, p= 2 (m0d4),
Zd/2@22 ifg=0, p=2 (mod4),

where d is the greatest common divisor of p and g.
The space X is neither a Moore space nor a co-Moore space but is characterized
by finite homology groups and cohomology groups. That is,

Z, ifi=n,
H(X)=12Z, ifi=n+]1,
0  otherwise,



SELF-HOMOTOPY EQUIVALENCES ON WEDGE PRODUCTS OF MOORE SPACES 37

g s odd =2 (mod 4 =0 (mod 4
d=1 d#1 g =2 (mod 4) g =0 (mod 4)
pisodd (d=1) 1 . Z) Z
pisodd (d #1) . Z Z>,®7Z, VAYS YA
p =2 (mod4) 1 Zg Zz@Zd/z@Zz ZzEDZd/2€9Z4

p =0 (mod 4) 1 Zg 2y@Zyp®Zr®Zy Zo®Zypn®Zr®07Z,

Table 1. Isomorphism class of the groups Et‘iﬁm(X ).

and
Hom(Z,, m) ifi=n,
fii(x, )= | BXEp ) @Hom(Zg, 1) i =n+1,
Ext(zq,ﬂ') 1fl:n-|—2’
0 otherwise.

From this perspective, X is an interesting space for studying self-homotopy
equivalences.

Throughout this paper, all topological spaces are based and have the based
homotopy type of a finite l-connected CW-complex. All maps and homotopies
will preserve base points. For the spaces X and Y, we denote by [X, Y] the set
of homotopy classes of maps from X to Y. We do not distinguish between the
notation of a map X — Y and that of its homotopy class in [ X, Y]. If a group G
is generated by a set {ay, ..., a,}, then we denote the group by G{ay, ..., ay} or
G={a,...,a).

2. Preliminaries

Let X be a space. Then, we denote by SX the suspension of X and by S"X the
iterated suspension defined by §”X = S(5"~!'X). Let f : A — B be a map and
let Cy = B Uy CA be the mapping cone of f. Then, we have a Puppe sequence
[1958] for f,

A f p_i n Sf Si Sm S*f

SA—-SB 5 5C; > 2A 2L §2B—» .

Cr

such that the following sequence is exact for any space X:
Sm* Sf* * i* *
~—=[S8Cy, X]—=[SB, X]—[SA, X]—[Cy, X]—[B, X]—[A, X],
where S” f is a suspension map induced by f.
If A is m-connected and B is n-connected, then we have the following exact
sequence for any CW-complex Y with dimension at most m + n as a dual sequence
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of the above sequence [Blakers and Massey 1952]:
S iy Tl St
[Y,A] —[Y, B] —[Y, Cy] —[Y, SA] —[Y, SB] ——--- .
Both sequences will be called the exact sequences associated with the cofibration

B— Cr— SA.

Proposition 2.1 [Arkowitz and Maruyama 1998]. If X is (k — 1)-connected, Y is
(I — 1)-connected, k,l > 2 and dim P < k41 — 1, then the projections X VY — X
and X V'Y — Y induce a bijection

[P,XVY]— [P, X]®[P, Y]

Proposition 2.1 is a consequence of [Spanier 1966, p. 405] since the inclusion
XVY — X xYisa (k+1— 1)-equivalence.

Next, we consider abelian groups G| and G, and Moore spaces M| =M (G, ny)
and My = M (G, ny). Let X = M Vv M>. We denote by i; : M; — X the inclusion
and by p; : X — M the projection, where j =1,2. If f: X — X, then we define
fjk ‘M — Mj by fjk = pjfik for j,k =1,2.

If f:X — Y is amap, then f3, : m,(X) — m,(Y) denotes the induced homo-
morphism in dimension 7.

Proposition 2.2 [Arkowitz and Maruyama 1998]. The function 6 that assigns to
each f € [X, X] the 2 x 2 matrix

0(f) = <f11 f12>’

1 f2

where fji € [My, M;], is a bijection. In addition:

(D) 6(f+2)=06(f)+60(g), so 08 is an isomorphism [ X, X| — EBj,k:l,2[Mk’ M;].

2) 0(fg) =0(f)0(g), where fg denotes composition in [X, X] and 6(f)0(g)
denotes matrix multiplication.

3) If oy i 1, (My) ® 7w, (M) — 7, (M) vV M>) is the homomorphism induced by
the inclusions and B, : w,(M1 Vv M3) — (M) ® 7, (M3) the homomorphism
induced by the projections respectively, then

,Brfjjrar(xv Y) = (fll ]jr(x) + f12 ﬁr()’), f21 jjr(x) + f22 ]jr(y))
forx € m-(My) and y € . (M>).
Proposition 2.3 [Araki and Toda 1965]. (1) =, (M(Zy,n)) = Z, forall q.

0 ifqisodd,

(2) Tn1(M(Zyg,n)) = {22 if q is even
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0 if g is odd,
3) 7Tn+2(M(an n)) = Zy lfq =2 (IIlOd 4),
Zr®7Zy ifg=0 (mod4).

~ | Zg.24 if q is odd,
4) mp3(M(Zy,n)) = { (q.24) fq '
Zgomy®Zy ifq iseven.

The generators of [S"* $"] can be summarized thus [Toda 1962]:
i<0 i=0 i=1 i=2 i=3 i=4,5

[S"Hi, 8] 0 zZ Z Z> Z4
Generator l n n> v 0

Proposition 2.4 [Araki and Toda 1965].

0 if g is odd,
(1) [M(Zg.n), §" = { yai
Z> ifq is even.
0 if q is odd,
2) [M(Zy,n+1),8"]=1{Z4 if g =2 (mod 4),

Zr®7Zy ifg=0 (mod4).
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Proposition 2.5 [Arkowitz and Maruyama 1998]. For the Moore space X =

M (G, n):

(1 Eéﬁm(X) = @U+95 7, where r is the rank of G and s is the number of 2-

torsion summands in G.

@) EMX)=1ifn> 3.

Proposition 2.6 (universal coefficient theorem for homotopy groups with coeffi-

cients [Hilton 1965]). There is an exact sequence

0 — Ext(G, m+1(X)) = m,(G; X) - Hom(G, 7, (X)) — 0,

where w,(G; X), the n-th homotopy group of X with coefficients in G, is given by

7,(G; X) =[M(G, n), X], where M(G, n) is a Moore space.

3. Generators of the sets of homotopy classes on Moore spaces

In this section, we find generators of homotopy groups of Moore spaces and the

sets of homotopy classes between two Moore spaces. Let

My=M(Zyn+1)=8""U,e"™ and My=M(Z,,n)=S5"U,e" ™,

with p, g > 1. Then, there are two mapping cone sequences

q i 4q
gn+l ‘1 gn+l " gn+l Uq eht2 71 §n+2 ‘1 sn+2
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and

P i T
s 2. s 2. s Up et 2

P
1T 1
st s+l

where p,, and ¢, are maps with degree p and g respectively.

Remark 3.1. We find generators of 7,,,(M(Z,, n)), forn <m <n+2.
Recall that 7,,(M(Z,, n)) = Z,. From the mapping cone sequence
st s e M(Z,, ) s s s gt

we obtain the long exact sequence

n T n i T n+1 " n+1
Tn(8") ——= 1, (§") ——= 1 (M (Z;, n)) ——= 1, (§") ——m, (§").
By the results in [Toda 1962], we have the sequence

Z{) == Z{) — > 7y (M(Z,, n)) — 0,
so iy is surjective. Thus, m,(M(Z,,n)) = Z{t}/Im(r,z). Let iz(1) =1i. Then, we
can take i as a generator of w,(M(Z,, n)).

Next, we find a generator of 7, (M (Z,, n)). There are two cases according to
the parity of the positive integer r. If r is odd, then 7, (M (Z,, n)) is trivial. If r
is even, then we can take i4(n) as a generator of 7,41 (M(Z,, n)), where 7 is the
generator of m,,1(S").

Finally, we find a generator of 7,12 (M (Z,, n)). Consider the exact sequence

r iy Ty T
Tn42(S") — = T 42(S") —= T 42 (M (Zy, 1) —= T 42 (S"T1) —= 71, 12 (871,

Then by the results in [Toda 1962], we have the exact sequence

2y T 2y 7y 9z
Zo{n"} —— Zo{n°} ——= mu2(M(Z,, n)) —— Zr{n} —— Z>{n}.

Since r is an even number, we obtain the exact sequence

2 iﬁ Ty
0 —— Z7{n"} ——= mp2(M(Z;, n)) — Zr{n} — 0.

If r =2 (mod 4), then 77, 42(M (Z,, n)) = Z4{i} such that i (n*) = 27 and 7, (i) = 1.
On the other hand, if » =0 (mod 4), then 7,12 (M(Z,, n)) = Z> ® Z>{n1, 12} such
that it(nz) =mn1 and w3 () = 1.

By Remark 3.1, it follows that
a1 (M1) = Zg{ir}, n(M2) = Zp{ia},
Tat2(M1) = Zofins(m}, a1 (M2) = Zo{iaz ()}
Moreover, 1,.42(M2) = Za{n} or wp12(M2) = Zo @ Zo{n1, m2}.
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Lemma 3.2. Let p and q be positive integers and (p, q) be the greatest common
divisor of p and q. Consequently, if (p, q) =d # 1, then [My, M) = Z,{r5 (i1)}
and if (p, q) = 1, then [M>, M|] = 0.
Proof. Consider the mapping cone sequence of M»,
5 s P syt T g g
This sequence induces the following exact sequence:
P, * T % i Py *

Tt (M) —— Ty (M) —— [My, Mi] —— m,(My) —— m,(M)).

Since 7,1 (M) = Z,{i1} and 7, (M;) = 0, the exact sequence above becomes

*
b, b5

2
Zyiny — Zy it} —— [Ma, M1] — 0.

If (p, q) =1, the first pt*2 is an isomorphism, so [M,, M1] = 0. Let (p,q) =d # 1.

Then, since 73 is surjective and pj‘z(i 1) = pi1, we have
[Mz,Ml]:imrr;%Zq{il}/impl*z%Zd{rrik(il)}. O

Lemma 3.3. If p or q is odd, then [My, M>] = 0.

Proof. Consider the mapping cone sequence of M,

T qt]

Sn+2 Sn+2

ql i
sn+l 1 gn+l 1 sn+l qun+2

Then, we have the exact sequence
* *

q, ¥ i* q,
T2 (M) — 70, 42(Ma) —— [My, My] —— 70,4 1(M3) — 1,11 (M>).

Let p=2 (mod 4) and let g be odd. Then, since 77,11 (M>) = Z;, and 7,2 (M) = Zy4,
we have the sequence

a, i} it 4,
Zy — Zy — My, Mb] — Zr — 2.

Furthermore, since (¢,4) =1 and (g, 2) = 1, each q[': is an isomorphism. Thus we

have the exact sequence

0— [M, M2] — 0.

Therefore, [M;, M>] = 0.
In the case where p =0 (mod 4) and ¢ is odd, we can give a similar proof.
Next, let p be odd. Since m,41(M3) and m,2(M>) are trivial groups, so is
[M, M;] by exactness. O
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Let p and g be even. From the exact sequences associated with the cofibrations
Sl M — §"2 and §" — M, — S"*!, we have the following commutative
diagram with exact rows and columns:

* *

n+2 Qn o n+2 Qn i n i n+1 ¢n 2 n+1 ¢n
[$"T5S8"] ——[§""58"] —— [M,§"] —— [§"".§"] ——[§"".§"]

pLz* pLZ* pLZ* pLz* pLZ*

* *
* ;%
(8! h

q, q,
[$"+28"] — = [$"2§"] —— [M},8"] —— [§"+]§"] — = [§"+], "]

124 124 124 124 124
*

n+2 qfl n+2 i i n+1 a4 n+1
[S"TSMp] —— [S"T M) —— [M,Mp] —— [$"7\ Ma] —— [§"7,M>]
T2 T2 T T2 T2

[Sn+2,Sn+l] 2 [Sn+2,Sn+l] i [Ml’Sn+1] i [Sn+l,Sn+l] 2 [Sn+l,Sn+l]

Duyx Duyx Duyx Puyx Duyx

*

[Sn+2’ Sn+1] 1 [Sn+2’ Sn+1] i [Ml’Sn+1] i [Sn+l’ Sn+1] 1 [Sn+l,Sn+l]
Lemma 3.4. Let (p, q) # 1. Then, if either p =0 (mod 4) and ¢ =2 (mod 4) or
p =2 (mod4) and g =0 (mod 4), we have [M|, M] = Z4 ® Z,.

Proof. Suppose that p =0 (mod 4) and g = 2 (mod 4). With the results in [Araki
and Toda 1965], we obtain the following diagram from the above diagram:

0

Zy
iZ*
0—>22€9Zzl>[M1,M2]—>Zz—>0
T2

Z;

0

Thus, [M{, M>] is isomorphic to one of three groups: Zg, Z4B Zr or Zo® Zr @ Z,.
Since iy, is injective, [M, M>] has an element of order 4. However, Z>, & Z, ® Z,
does not have an element of order 4. Since 7" is injective, [M, M>] has a subgroup
which is not cyclic. It follows that [M|, M,] # Zg. Therefore, [M, M2 = Z4® Z>.
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Now, let p =2 (mod 4) and g = 0 (mod 4). With the results in [Araki and Toda
1965], we obtain the following diagram from the above commutative diagram:

0

Z>® 7,

iZ*

0—> Z4 — > (M, My] —> Zy ——> 0
T2

V4

0

Thus, [M;, M;] is isomorphic to one of the three groups: Zg, Z4®Zy or Zo®Z,B Z,.
Since 7{" is injective, [M;, M>] has an element of order 4. However, Z, ® Z, @ Z»
does not have an element of order 4. Since iy, is injective, [M, M>] has a subgroup
which is not cyclic. It follows that [M, M;] # Zg. Thus, [M|, My] = Z4 & Z,. U

By Lemma 3.4, [M,, M) = Z4®Z,. However, [M;, M,] has different generators
under different conditions. Here we determine the generators.

If p =0 (mod4) and g =2 (mod4), then [M, M>] = Z4 ® Zr{a, m{ (n2)},
where 7{(n1) = 2a and i} (@) = i2:(n).

If p=2 (mod 4) and g =0 (mod 4), then [M, M2]= Z4® Z>{n{ (%), B}, where
it (B) = in ().

For a given homomorphism 4 : G; — G», we have from Proposition 2.6 the
commutative diagram

0 — Ext(G2, my41(X)) — m,(G2; X) — Hom(G, m,(X)) —= 0

SO

0 — Ext(Gy, my41(X)) — m,(G1; X) — Hom(G, 7, (X)) —=0

where 4% and h* are induced by & and h* is associated with i. This shows that the
nonuniqueness of i* is substantially limited. The measure of choice is bounded by
the group

Hom(Hom(G, 7, (X)), Ext(Gy, my41(X))).

Lemma 3.5. If (p,q) =d # 1, we have

Zr® 7y ifp=2and g =2 (mod4),

[MI,MZ];{ :
7, ®Z,®Z, ifp=0andq =0 (mod4).
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Proof. Suppose that p =2 (mod 4) and ¢ =2 (mod 4). By the universal coefficient
theorem for homotopy groups with coefficients, we have the short exact sequence

0 — Ext(Z,, Z4) — [M;, M>] — Hom(Z,, Z;) — 0.

Since Ext(Z,, Z4) = Z 4,4y = Z» and Hom(Z,, Z,) = Z(4 2y = Z», this sequence
becomes
0— Z,— [My,M2]— Z, — 0.

Let M3 =M (Z,, n+1). By the universal coefficient theorem for homotopy with
coefficients, we have the sequence

0 — Ext(Z,, Z4) — [M3, M] — Hom(Z,, Z,) — 0.
Similarly, this sequence becomes
0— Zy —> [M3, My] > Z, — 0.

We may assume that ¢ > p. Let g = kd and p = Id, where (k,[) = 1. Then
both k and [ are odd. We define h: Z, — Z, by h(1) = with§ =s +rZ € Z,.
Then, im(h) is congruent to Z; in Z,, and h is a nontrivial homomorphism since
(¢, p) =d # 1. Thus, we have the commutative diagram

00— 2 —= [M3, Mb] —= Z, ——=0

-

00— 2 —= M|, M)] —=Z, —0

where h* :Ext(Z,, Z4) — Ext(Z,, Z4) and ht :Hom(Z,, Z) — Hom(Z,, Z>) are
induced by #.

To show that 4% : Hom(Z p» Z2)—Hom(Z,, Z,) is an isomorphism, it is sufficient
to show that A" is nontrivial. Let & be an nonzero element in Hom(Z p» Z2) such
that (1) = 1. Since h*(a) = @ o h € Hom(Z,, Z3) and @ o h(1) = a(l) =1 =1,
where [ is odd, it follows that 4%(c) is a nontrivial homomorphism.

Next, we show that /” :Ext(Z,, Z4) — Ext(Z,, Z4) is an isomorphism. Consider
the resolutions of Z, and Z,. Then we have following commutative diagram:

0—sz-2toz- Ltz —0
jhl jhz jh
p I
0—z-Loz- Loz, ——0

See [Gray 1975, Lemma 25.3]. Now, we give precise definitions of the maps
hi,hy and h®. Since [ = h(1) = h o B(1) = B'(hy(1)), we have h, given by
h,(1) = 1. Moreover, we can obtain /| using hy. Since p o hy = hy o g, we have
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ph1(1)=hy(q)=qho(1) =dkl = pk. Thus, h is given by i1 (1) =k. If we consider
the three homomorphisms he, h? and hg induced by ki, h; and h, respectively, we
have the following commutative diagram:

0 —— Hom(Z,, Z4) ﬂ—> Hom(Z, Z,4) 2. Hom(Z, Z4)

# g~
huT hzT hl]_
Ik *

0 — Hom(Z,, Z4) > Hom(Z, Zs) 2~ Hom(Z, Z4)

Next, we show that htl1 is an isomorphism. We choose a generator o of Hom(Z, Z4)
such that (1) = 1. Then h?(a)(l) = (xoh)(1) = a(k) # 0 (mod 2) since k is
odd. Therefore, h?(a) is a generator of Hom(Z, Z4). Thus, h? is an isomorphism.

By using hu, we determine the homomorphism /° : Ext(Z,, Z4) — Ext(Z,, Z4).
Since ¢ = p =2 (mod 4) and

Ext(Z,, Zs)=Hom(Z, Z4)/im(p*) and Ext(Z,, Zs)=Hom(Z, Z4)/im(q™),
we have
Ext(Z,, Z4) = (@ +{2a}) and Ext(Z,, Z4) = (@ + {2a}).

By well-known facts of homological algebra, h?:Ext(Z pr Z4) — ExXt(Zy, Z4)
is given by A (o 4+ {2a}) = a0 by + {2a} # 0. Therefore, i is nontrivial. Thus, A*
is an isomorphism.

By the five lemma, h* : [M, M] — [M3, M>] is an isomorphism. From [Araki
and Toda 1965], we have [M3, M2 = Z, @ Z,. Therefore, (M1, M3] = Z, @ Z5.

Next, we suppose that ¢ =0 and p =0 (mod 4).

From [Araki and Toda 1965] and the commutative diagram above Lemma 3.4,
we obtain the following commutative diagram:

0 0
T if L
0 Z> ZQ@ZQ~$>22—>O

L 24 24 [% [ 24
* IEs
T[l l

0—=2,®7Zy —— [My, My) ——= Z; —=0

T2

Z>
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Since the second row is a split exact sequence, there exists r : [S*tL S — M, S"]
such that i{or =idgn+1 gn. Moreover, since the third i, is an isomorphism, there ex-
ists 0 : [S"T!, Mp]— [S"F!, $"] such that § oir, =idgu+1 gn) and iz, 08 =id{gn+1 pp,1-
We define the map & : (S My — [My, M>] by k = ir, or 0o6. Then, we have
ifok=iloiyorof
=iy, 0ijorof
= iz* o id[Sn+l’Sn] of
= iz* 00 = idlsn+l’M2J.
Therefore, the third row is a split exact sequence. Hence,

M, M)]=Z, D Z, D Z,. O

Now, we determine the generators of [M1, M>] when either p =2 (mod 4) and
g=2 (mod4)or p=0 (mod4) and g =0 (mod 4).

Let p =2 (mod 4) and ¢ =2 (mod 4). By using the Puppe exact sequence, we
have the following exact sequence:

* . *

q, ¥ i* P,
Tni2(My) — 71,12(Ma) —— [M, My] —— 70,41 (M3) —— 7,11 (M2).

By exactness, we obtain the exact sequence

f if
0—— 2, — M, M2] — Z, — 0.

Thus, [My, Myl = Z, ® Zo{n{ (7)), B}, where iT(B) = i2z(n).
Next, we let p =0 (mod 4) and ¢ =0 (mod 4). By a similar method we obtain
My, M2] = Z, @ Zo ® Zo {mr{ (m), 7] (n2), e}, where i (@) = izz(n).

Remark 3.6. Here we determine the generators of m,,3(M(Z,, n)). By using the
mapping cone sequence of the Moore space

5 q g i M(Zq ) U gntl 4 gn+1 ,

we obtain a long exact sequence

43 (S") —m T3 (S )—>7Tn+3(M(Zq,n))—>7Tn+3(S”+l)—>JT +3(8"h.

From the work by Toda [1962], we have

quz iy T Gz
Zoa{v} — Zoa{v} ——= 1, 43(M(Z4, n)) — Zo{n*} — Za{n?}.

Thus, if g is odd, then 7, 3(M(Z,,n)) = Z, 24){zﬁ(v)} and if g is even, then
Tns3(M(Zg, 1)) = Zg.24) ® Za{iz(v), n2} where m;(n2) = n*.
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Based on Remarks 3.1 and 3.6, we obtain for M, the table

g odd g =2 (mod4) g =0 (mod 4)
TTnt3(M1) 0 Zy4 Z,®Z>
Generator n n3, N4
Relation i) =20, Tz =n i) =n3, w1:(04) =7

while for M, we obtain
podd p=2(mod4) p=0 (mod4)

Tn43(M2)  Zpoay  Zpoa D 2> Zip24y® Zy
Generator  i;(v) i2x(v), n? i2:(v), n?
Relation oy (n2) = n? 24 (n2) = n?

By Lemmas 3.4 and 3.5, we have the following table, where 7{ (1) = 2a,
i} (a) =i24(n) and i} (B) = izx(n):

(M, M,] Generator
either ¢ odd or p odd 0
g=2,p=0 (mod4) Z4® Z> a, w1 (12)
g=0, p=2 (mod4) Z4® 72> T (M), B
g=p=2 (mod4) VAXS WA (), B

g =p=0 (mod4) Zr®Z,®Zy 7w, 7w (), a

4. Computation of 8;“'“"" (M(Zy,n+1)vM(Zp,n)) forr=0,1

In this section, we compute S;ﬁm”(M] vV M), where M; = M(Z;,n+ 1) =
Sy, 2 and My = M(Z,, n) = §" U, " ™! with p, ¢ > 1. In [Jeong 2010],
these groups were computed in the case of p = g. However, we compute those
groups in the general case, that is, p # g and r = 0, 1. Throughout this section
we assume that X = M| v M,. Note that 7, 1 (M V M3) = 70,41 (M) B wp41 (M>)
for k < n by Proposition 2.1. Moreover, from Proposition 2.2, we can identify
f € [X, X] with the 2 x 2 matrix

(S fi2
o) = (f21 fzz)’

where f11 € [My, M1], fi2 € [Ma, M1], fo1 € [My, M>], and f2, € [M;, M;].
Lemma 4.1. Let f € [X, X] be given by

(S fi2
f_<f21 fzz)'
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Then f € E(X) if and only if fi1 € E(My) and fr € E(M3). Additionally, if
[ eEIM™X), then fr =1.

Proof. Let us denote by h,, : H,(U) — H,(V) the induced homomorphism on
the homology group from 4 : U — V. Then, f € £(X) if and only if f, is an
isomorphism if and only if fi14,+1 and f2., are isomorphisms if and only if
fi1 € E(My) and fr; € E(M»). For the proof of the second statement, see [Jeong
2010, Lemma 3.3]. O

Let us denote by gy, : 5 (U) — 75(V) the homomorphism induced by g: U — V.
It is clear from Lemma 4.1 that if f € £(X), then fig4k) @ Tpk(X) = Tpk(X) i
given by

_ Nzl [r2sm40
Srmar = ,
F2150+k) F228n+0)

where fi1s(+k) and f224(n44) are isomorphisms and k < n.

Lemma 4.2. If f € £(X) and either q is odd or p is odd, then fios = O for
k=1,2,...,n+2.
Proof. Since M, is n-connected, we have m;(M;) =0 fork=1,2,...,n. Thus it
is sufficient to show that fiou =0fork=n+1,n42.

If p is odd, then 7,41 (M>) and 7,42 (M>) are trivial groups. Thus, fiopm+1) =
J12sn+2) = 0.

Suppose that g is odd, pisevenand (p, g) =d # 1. Then, 7,41 (M2) = Z{i2s(n)}.
Since [M3, M1] = Z4{n5(i1)}, we have fi24,41 = t7r5(i1); for some integer ¢ such
that 1 <t <d. Thus, we have

Si2sm+1) (G2: () = t75 (i1) (s (n)) =t (i1 omp0iz0n) =0

because 1, o is is homotopic to a constant map. Hence, fioz41) =0. If d =1,
[M,, M;] =0 and it is trivial.
For k =n + 2, we are done since 7, 1,(M;) = 0. O

Here we introduce certain generators and elements of [M, M] and 5§ﬁm+’ (M)
for r = —1,0, 1 as described in [Jeong 2010].

Remark 4.3. Let M; = M(Z,,n + 1) be a Moore space with g is even. By
Proposition 2.5, Sfim(M 1) = Z, and E;ﬁmH(M 1) = 1. In this remark, we describe
the generator of Efim(M 1) explicitly.

Consider the mapping cone sequence

Tl gn+2 i sn+2

q .
gn+l ‘1 sn+l ' gn+l Uq 2

Then, we have the following exact sequence:

* *

ql T i* ql
Tni2(My) —= 7,42(My) —— [My, M{] —— 7,4 1(M}) ——> 70,11 (M}) .
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Since 7,42(M1) = Zo{in} and 7w, (M) = Z, {1}, we have the short exact sequence

-k

¥ i
0 —— Zolirn} ——= [My, My] —— Z,{1} 0.

By [Araki and Toda 1965, Theorem 4.1],

|z, (1 if g =2 (mod 4),
My, M\]= 1) . ) 7

Z,®Zy{l,ijonom} ifg=0 (mod4),
and

mi(iyon) =ijonom €M, M;].

Letijonom =e€. Then, € has order 2 and 1 +¢€ € [M;, M;]. Since n > 5, we have
that 1 + € is a suspension map. Thus,

(1+€)o(l+e)~lo(l+e)+eco(l+€)=14+€c+e+ecoe=1+2e+¢.

If g =2 (mod 4), then ijonom =¢ql and €2 =ijonom oijonom. Since
71 0i; =0 and € has order 2, we have 2¢ =0 and €> = 0. Thus, (1+€)o(l+¢€)~1
and 1 4+¢€ € E(M)).

Since each « € m,4,(M;) is a suspension map, for r =1, 2, 3, we have

A+ée)(@)=a+eoa.

Since 7,11 (M) = Z,{i1} and €;(i}) =ijonomoi; =0, we have 1 +€ €
g l)-
Since m,2(M1) = Zo{i1z(n)} and €:(i1z(n)) =i onom oij on =0, we have
1+ee&™My).
Since 7,,3(M1) = Z4{n} and

() =ionomof=ijonon=iion’=27#0,
we have 1 +¢ ¢ Sgimﬂ (M)).
We obtain similar results in the case of ¢ =0 (mod 4).
Theorem 4.4. If X = M|V M and (p, q) =1, then

1 ifqgisodd,

gimx) = o .
Z> ifqisevenand p is odd.

Proof. Let (g, p) = 1. Then, either g or p is odd. By Lemmas 3.2 and 3.3, we have
[M>, M1]=0 and [M;, M>] =0.

If ¢ is odd, then 5§im.(M1) = 1 and &™(M,) = 1 by Proposition 2.5 and
Lemma 4.1. Therefore 5§Im(X )=1.
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If p is odd and ¢ is even, then 5§im(M1) = Z{1 + ¢} and Egim(Mz) =1by
Proposition 2.5, Lemma 4.1, and Remark 4.3. Thus, we have

- 1
(1)

where 7 is the generator of Tpan (S™H1). O
Theorem 4.5. If X =MV My and (p,q) =d # 1, then

Z4 if q is odd,
Zr®Z; ifqisevenand pisodd.

€€y {imm}},

efimx) = {

Proof. By Lemmas 3.2 and 3.3, we have [M>, M] = Z ;{7 (i1)} and [M{, M>] =0.
Moreover, fios =0fork=1,2,...,n+2 by Lemma 4.2.
Thus, if ¢ is odd, then we have

gdim(x) = {(1 f”) ‘ fi2 € Zq (3 (11)}}

but if g is even and p is odd, then we have

o1 1)

Let f12 be an element of [M, M]= Z,{n5(i1)}, Then f1, =sm; (i) for 1 <s <d.

Lemma 4.6. For f = (2; 22) € £(X), let p and q be even. Then, fi2: = 0 for
k=1,2,...,n+ 1.

Proof. Since M, is n-connected, my(M;) = 0 for k = 1,2,...,n. Thus, it is
sufficient to show that fi24,4+1) = 0. Since [M2, M1] = Z4{n(i1)} by Lemma 3.2
and f1, belongs to [M>, M1], we have fi, =sm}(i1) for some 1 <s < d. Moreover,
Tn+1 (M) = Zo{izs(n)} by Remark 3.1. Thus, we have

fi2 € Zg {7y (i1)}, € € Zy {imﬂl}}- O

J12s41) (25 () = 5705 (i1) (i2z (n)) = s({1 o2 0dp01) =0
since 1, o iy is homotopic to the constant map. ]

Lemma 4.7. Let p and q be even and fi, = st5(i1) be an element of [M>, M1] =

Zg{mj (i)} for 1 <s < d. Then, fiazmi2) # 0if s is odd, and fiazn12) =0 if s
is even.

Proof. First, we note that 7,1 2(M1) = Z{iz1 (n)}.
Suppose that p =0 (mod 4). Since 7,42(M3) = Zr & Z{n1, N2}, we have

(i) = 15 (i) () = 75 (i) (s () = i om0z 0> =0
and
7y (1)) =ijomony=ijon #0.
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Thus, fi2z(n+2)(m1) = 0 for all fi,. Moreover, if s = 2/ for some 1 </ < d/2, then
Sﬂ;(il)(nz) = Si1 OTTp 0Ny = 2111 on = 0.

Therefore, each element in (27} (i1)) = Zy/2 induces the trivial homomorphism
on 1,2(M>). However, if s =2/ 4 1 for some 0 </ < d/2 — 1, then

sy (i) () = sijomony = QI+ Dijon=ijon #0.

Thus, if f12 does not belong to (275 (i1)) = Zg2, then fioz(n42) # 0.
Suppose that p =2 (mod 4). Since 7,12(M3) = Z4{1}, we have

w5 (i) =itomon=ijon=ip(n) #0.
If s =2k for some 1 <[ <d/2, then
sy (1) (1) = siyompon = sijon =2li1z(n) =0.

Thus, each element in (277} (i1)) = Z,4/> induces the trivial homomorphism on 7 +2.
However, if s =2/ 4+ 1 for some 0 </ <d/2 — 1, then

sy (i1)3() = sijomon=siyon = 20+ 1)iiz(n) =i12(n) #0.

Thus if f1, does not belong to (275 (i1)) = Z42, then fi24(n12) # 0. (]
Theorem 4.8. Let p and q be even and let X = M|~V My. Then if (p,q) =d # 1,
we have

ZzGBZd/z@Zz@ZZ ifg=2, p=0 (mod4),
Zz@Zd/z@Z4 ifg=0, p=2 (mod4),
Z:®Zip®7Zs ifq=2,p=2 (mod4),
2@ Zip®Z®7Zy ifq=0,p=0 (mod4).

efim(x) =

Proof. By Proposition 2.5, Eéﬁm (M) = Z, and E;“m (M) = 1. By Lemma 4.6, for
each f = (2: g;) € £(X), wehave flos =0fork=1,2,...,n+1. By Lemma 4.7,
each element in (275 (i1)) = Z4/2 induces the trivial homomorphism on 7,12 (M>).
Furthermore, if f1, does not belong to (275 (i1)) = Zg/2, then fi24(,42) # 0. Thus,

it is sufficient to investigate fz]ﬁn, leu(n_;_]) and fllﬁ(n+2)-

Case 1. Let ¢ =2 (mod4) and p = 0 (mod 4). From Lemma 3.4, we obtain
My, M2] = Z4 @ Zo{a, i (n2)}, where 71 (1) = 2« and i (&) = i22(n).

Since M is n-connected, 7,(M1) = 0. Thus, f>1z, =0.

Since 7,4.1(M1) = Z,{i1}, we have 7 (n2):(i1) =naomoi; =0.

Conversely, since m,11(M2) = Za{izz(n)} and ax(i1) = a o iy = ix(n) # 0,
we have (2a); = 0 and (3r); # 0. Moreover, since m,42(M1) = Zo{iiz(n)}, we
have 7 (12):(i13(n)) = n20my oij on = 0. Hence, (fll ?) belongs to Sgﬁm(X) if
1€ Z® 22, { (12)}.
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Therefore,

| %)

fi2 € 273 (i1)), f21 € 20) @ (Fi"(?h))},

where € € (i|nmy).

Case 2. Let ¢ =0 (mod4) and p = 2 (mod 4). From Lemma 3.4, we obtain
My, Mol = Z4 ® Zo{mr{ (), B}, where i (B) = i2:(n).

Since 7,(M) =0, we have f>1z, = 0. However, since m,41(My) = Z,{i1} and
1 (M) = Zolizg(n)}, we have [ (9)x(i1) =nomioiy =0, but B;(i1) =Poi| =
iz (1) # 0.

For the generator 7y (7) of [M, M>] = Z4 ® Z»{m{ (1), B} and the generator
i12(n) Of 7,.12(M1) = Zalirz ()}, we have 7 (7)z(i12(n)) = 7 o 71 0 d12(n) = 0.

Hence, (fin (1)) belongs to Eg‘m(X) if fo1 € (7 (@)).

Therefore,

£9m (x) = {(1 o fllz) ‘ fi2 € RaIGD), for € <nr<ﬁ>>},

where € € (ijnmy).

Case 3. Let ¢ =2 (mod4) and p = 2 (mod4). From Lemma 3.5, we obtain
[My. My] = Zy @ Zo{m} (7). B}, where i} (B) = iz ().

First, we recall that f214, = 0 since 7, (M) = 0.

Since ,41(M1) = Z,{i1} and 7,1 (M2) = Z>{iz:(n)}, we have 7y (9):(i1) =
nomoi;p =0, but B:(i1) = P oi; =ixy(n) # 0. Moreover, since m,2(M;) =
Zo{irz(m)}, we have i () (i1z(n)) =Homoijon=0.

Hence, if fo1 € (77 (). then ( ., ) belongs to £IM(X). However, if fa1 € (B),

il
this cannot be the case. Therefore,

gmx) = {(1;: fllz) ‘ fi2 € 275 (i1)), fa1 € (ﬂf(ﬁ))},

where € € (i{nmy).

Case 4. Let ¢ =0 (mod4) and p = 0 (mod 4). From Lemma 3.5, we obtain
(M1, M2l = Zy® Zr® Za{mr{ (n1), 7{ (n2), a}, where i} () =i2:(n). First, we note
that f>14, = 0 since m,(M;) =0.

Since w11 (M1) = Z,{i1} and 7,41(M2) = Z>{izz(n)}, we have 7" (n1)¢(i1) =
N1 0T Oi] =0and ﬂik(ng)u(il) =107 oi1 = 0, but Olu(i]) = Oi] = izn(n) 75 0.
Also, since 7,42 (M1) = Zo{i1z ()}, we have " (71):(i12(n)) = n1omoirz(n) =0
and 7 (112)z(i13(n)) = mromoiyz(n) =0.

Hence, if f>1 € (m{(n1)) @ (7] (n2)), then (flzl (1)) belongs to Sgim(X). However,
if f>1 € (), this cannot be the case. Therefore,
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- 1
o= {1 7)

where € € (i|nmy). [l

fi2 € 2m5 (1)), for € i ((m) @ (772))},

From Theorems 4.4—4.8, we obtain Table 1 (see page 37).

Theorem 4.9. Let X = M|V My, n > 5 and (q, p) = d. Then we have

1 if g isoddor pisodd(d=1),
Z4 if g isoddor pisodd(d# 1),
gdim“(x) ~ Zap®Zy if p=0 (mod4)and (p,24) =4o0r12(d # 1),
# Zap if p=0 (mod 4) and (p,24) =8 or 24(d # 1),
Zd/2 iquZ,pzz(mOd4),
Zyp®Zy ifqg=0,p=2 (mod4).

Proof. By virtue of Remark 4.3, Theorem 4.4 and the fact that EéﬁmH (X)C Efim(X ),
we have £"™*! (X) = 1 if (p. q) =1.

By Proposition 2.5, we have ES'mH (M) = 1. Thus, it is sufficient to identify
f12¢(+3) and fo14(n43). First, we note that [M>, M1 = Z,{7}(i;)} by Lemma 3.2.

Case 1. Suppose that g is odd or p is odd and (p, g) =d # 1. Since [M|, M] =0
by Lemma 3.3, we only investigate f12z(,+3).

If g is odd, fi24(m+3) = O since m,13(M;) = 0. If g is even and p is odd,
Tny3(M2) = Z(p 04y {ing(v)}. Since

N;(il)ﬁ(lén(v)) = il o T Oiz oV = 0,

we have f123(n+3) = 0 for each fi» € [M>, M;]. Therefore,

5§im+1(X) ~ {((1) f112>

Case 2. Suppose that ¢ =2 (mod 4) and p =0 (mod 4). First, we note that

fiz € (ﬂ;(il))}~

T3 (M2) = Z(p2a) ® Z3 {ing (v), n2)
and that ,, 3(M1) = Z4{n} by Proposition 2.3. Let fi» = sm}(i1). If s = 2/ for
some 1 <[/ <d/2, then

s705 (1) (1) = 2173 (i) (12) = 417 = 0

since

N;(h)j(izﬁ(l})) = i] oy O iz ov=_0
and

7302 =i ompon? =i1y(n°) =27 #0 € myy3(My) = Zs.
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Further, if s =2/ + 1 for some 0 <[/ <d/2 — 1, then
s (i) (12) = (2L + D5 (i) (n2) = 415 + 2 = 2 # 0.

Thus, each fi € (27} (i1)) = Z4 /2 induces the trivial homomorphism on 7,4 3(M>).
However, if f, does not belong to (275 (i1)), then fi2s(n43) # 0.

Let us investigate f21z(,43). Note that [My, M>] = Z4 @ Zx{a, m{(n2)} and
T g3(M1) = Za{f)}y with 77 (71) =20, i (@) = ias (), i12(n*) = 27) and 71, (7) = 7.
Since maz(n2on) = n?, we have

i () (7)) =momof=mon#0.
Moreover, since 1> = 4v [Toda 1962, (5.5)], we have

2as(f) =200 =momon=nion=i(n*) on=1iron’ =4dixyv).

Therefore, oy (1) = 2i2:(v). Since (p,24) is a multiple of 4, we have oy () =
2ip4(v) # 0 and 3 (1)) = 6ia:(v) # 0.

Since v is 2-primary, if (p, 24) =4 or (p, 24) = 12, then 204 (1) = 0, and if
(p,24) =8 or (p, 24) =24, then 204(7) # 0. Thus, each f»; € (2a) induces the
trivial homomorphism on m,,13(M;) provided that (p, 24) =4 or (p, 24) = 12.

Therefore, if (p, 24) =4 or (p, 24) = 12, we have

gtdim—i-l(X) ~ {(fil f112> ‘ fiz € 2Qmy(i1)), fa1 € (Za)},

and if (p, 24) = 8 or 24, we have

. [ .
ESm(X) = {(1 fllz) ‘ fi e <2n;‘<zl>>}.
Case 3. Suppose that g =0 (mod 4) and p =2 (mod 4). We note that
Tu43(Ma) = Z(2a) @ Zaling(v), n2},
Tn3(M1) = Zo ® Za{n3, na}
and [M;, My] = Z4 ® Zr{m{ (1), B}. First, we investigate fi2z(,43). Let fio =
s} (i) € [Ma, Mi]1 = Z4{n}(i1)}. Then, we have

ﬂ;(il)j(izﬁ(v)) = i1 ompoipoV = 0
and
735 (2) =iyompon? =ijon’ #0.

If s =2/ for some 1 <[ < d/2, then 21712*(1'])11(17_2) =2lij o 772 = 0, because
i1o n2 =n3 € m+3(M7). However, if s =2/ + 1 for some 0 </ <d/2 — 1, then
Q2L+ D3 (i) (12) = 2k + Diyon® =iy on? #0.

Thus, any fi2 € (27} (i1)) = Z4/2 induces the trivial homomorphism on 7, 3(M>).
However, for f12 ¢ (25(i1)), we have fi24,43 # 0.
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Next, we investigate fr1z,4+3). Because [Mi, M>] = Z4 ® Zo{n{ (1), B} and
Ben+2) # 0, we check only the generators 7 (77). For 13, we have

i ()z(n3) =fomonzs=Tom oiz(n®) =0
For n4, we have
T (M) =Nomons=no0n#0

since mpz(on) = n* #0.
However, 271 (17)z(14) = o 02n4 = 0.
Thus, every f2; € (271 (7)) induces the trivial homomorphism on 7 + 3.
Therefore, we have

Case 4. Suppose that ¢ =2 (mod 4) and p =2 (mod 4). Note that 7,1 3(M>) =
Zp.24)® Zolizg(v), n2} and m,3(M) = Z4{n}. First, we investigate f124(,43). For
the generator 712* (i1) of [M,, M,], we have

ﬂ;(il)j(izﬁ(v)) = il [olv/ gy Ne] i2 ov=0
and
75 (i):(2) =ijomon? =ijon® =27 #0.

Let fio =smj(i1). If s =2l for 1 <1 <d/2, then sni‘(il)n(n_Z) =4ln =0, and if
s=2l4+1for0<l<d/2—1,then snz*(i])n(n_Q) =@l+2)n=2n#0.

Thus, each f1; € (27 (i1)) = Z4/2 induces the trivial homomorphism on 7 + 3.
However, for f1, & (27, (i1)), we have fi24(,43) # 0.

Next, we investigate f214(,43). Note that [My, My] = Z, @ Z>{n{ (%), B}. Since
Bens2 # 0, we consider only the generator 7 (7).

Since 7 (fjon) =m0non =n? #0, we have 7§ (7)4 () = o off =7fjon #0.
Therefore, no f,; induces a trivial homomorphism.

Thus, we have
5§im+1(X) = {(1 f12> ‘ fi2 € (275 Ol»}

Case 5. Suppose that ¢ =0 (mod 4) and p =0 (mod 4). Note that 77,,13(M>) =
Z(p.24) ® Zaling(v), n2} and 7, 13(M1) = Zo @ Za{n3, nal.
First, we investigate fi2z(,+3). For the generator 75 (i1) of [M>, M], we have
Nik(i])j(igﬁ(v)) = i] o7y O iz ov=_0
and
75 (0: () =irompon2 =iron’ #0.



56 HO WON CHOI AND KEE YOUNG LEE

Let fi = sm}(iy). If s =21 for 1 <1 <d/2, then
s (i) (n2) = 2liy on? =123 = 0.
However, if s =2/ 4+ 1 for0 <[/ <d/2—1, then
575 (i1)2(2) = 21 + )iy o = 3 #0.

Thus, each f12 € (275 (i1)) = Z4/2 induces the trivial homomorphism on 7 + 3.
However, for fi2 & (277 (i1)), we have fi2¢(143) # 0.
Next, we consider f13(,+3). Note that

(M, Mol = Zo®Zr ® Zo { i (1), 7w (n2), .

Since oy (,42) = 0, we consider only the generators 7 (1) and 7 (n2). For 7 (n1),
we have
T ()s(m3) =momonzs=niomoin’ =0
and
T ()s(Ma) = mom ong=n10n=ixn’)on=4iW).
Thus, if (p,24) =4 or (p, 24) = 12, then 7] (n1):(n4) = 4i13(v) = 0, and if
(p,24) =8 or (p,24) =24, then 7] (n1)z(na) = 4i1z(v) #0.

Since 7;(112 0 ) = n?, we have 7§ (12)5(n4) = mom ons =mon #0.
Therefore, if (p, 24) =4 or (p, 24) = 12, we have

glimtl () ~ I fo fiz € (25 (i1)), fa1 € (5 (D)) ¢

and if (p, 24) =8 or (p, 24) =24, we have

efmtlx) = {(1 f12) ‘ fi2 € 2my (l1)>} =
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