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MARGINALLY TRAPPED SUBMANIFOLDS
IN SPACE FORMS WITH ARBITRARY SIGNATURE

HENRI ANCIAUX

Dedicated to the memory of Franki Dillen (1963-2013).

We give explicit representation formulas for marginally trapped submani-
folds of codimension two in pseudo-Riemannian spaces with arbitrary sig-
nature and constant sectional curvature.

Introduction

Let (N, g) be a pseudo-Riemannian manifold and ¥ a submanifold of (N, g) with
nondegenerate induced metric. We shall say that & is marginally trapped if its mean
curvature vector is null, that is, g(ﬁ] , H ) vanishes. When (N, g) is a Lorentzian four-
manifold and & is spacelike, the marginally trapped condition has an interpretation
in terms of general relativity: it describes the horizon of a black hole [Penrose
1965; Chrusciel et al. 2010]. The equation g(ﬁ , H ) = 0 is nevertheless interesting
in whole generality from the geometric viewpoint, being actually the simplest
curvature equation which is purely pseudo-Riemannian: in the Riemannian case
this equation implies minimality.

In [Anciaux and Godoy 2012], marginally trapped submanifolds with codimen-
sion two have been locally characterized in several simple Lorentzian spaces: the
Minkowski space R"*2, the Lorentzian space forms dS"™ and Ad S"*2, and the
Lorentzian products S"*! x R and H"*! x R. Little has been done about marginally
trapped surfaces in the case of a manifold with a non Lorentzian metric. In [Chen
2009], flat marginally trapped surfaces of R* endowed with the neutral metric
dx12 + dx% — a’x32 - dxf have been studied, while Lagrangian marginally trapped
surfaces of complex space forms of complex dimension two were characterized in
[Chen and Dillen 2007]. Recently marginally trapped surfaces of certain spaces of
oriented geodesics have been investigated [Georgiou and Guilfoyle 2014].

The purpose of the present paper is to extend the results of [Anciaux and Godoy
2012] to the case of codimension-two submanifolds in constant curvature spaces
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258 HENRI ANCIAUX

with arbitrary signature, that is, (i) in the pseudo-Euclidean space [Ri 1 equlpped
with the inner product of signature (p + 1, ¢ + 1), and (ii) in the space form S'I;fl
of signature (p + 1, ¢ + 1) and sectional curvature 1 (see next section for more
precise definition and notation). As in [Anciaux and Godoy 2012], we rely on the
use of the contact structure of the set of null geodesics of the ambient space. The
congruence of null lines which are normal to a submanifold of codimension two is
a Legendrian submanifold with respect to this contact structure. Conversely, given
a null line congruence & which is Legendrian, there exists an infinite-dimensional
family of submanifolds, parametrized by the set of real maps t € C*(¥), such
that the congruence is normal to them. In order to obtain our characterization
results, we prove that, given a Legendrian, null line congruence &, the submanifold
parametrized by 7 is marginally trapped if and only if the real map t € C*(¥) is a
root of certain polynomial map with coefficients valued in C?(%£).

The paper is organized as follows: Section 1 introduces some notation and gives
the precise statements of the results; Section 2 gives a characterization of those
submanifolds whose second fundamental tensor is null (Theorem 1), while Section 3
provides a local representation formula which is similar to that of [Anciaux and
Godoy 2012] (Theorem 2). In Section 4, an alternative, more global representation
formula is given, under certain maximal rank assumption (Theorems 3 and 4).
Finally Section 5 attempts to shed light on the ideas in this paper by providing an
interpretation of the general construction in terms of contact geometry and explains
also the relation between Theorems 2 and 3 in the Lorentzian case.

1. Statement of results

We fix throughout three integers p, g and n such that p +¢ = n > 1. We shall
denote by [Ri" 7 the (n + 2)-dimensional real vector space equipped with the inner
product of 51gnature (p+1,g+1) given by

p+1 n+2
BICED W
i=p+2

A nonvanishing vector v of R”+] is said to be null if (v, v) = 0. We furthermore
introduce the hyperquadric

Sl i={x e R (x,x) =1},

The induced metric of S"fl, still denoted by (-, - ), has signature (p+1,g + 1)

and constant sectional curvature 1. Conversely it is well known (see [Kriele 1999])
that a simply connected (n 4 2)-dimensional manifold endowed with a pseudo-
Riemannian metric with signature (p 4 1, g 4+ 1) and constant sectional curvature
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§n+2

. . . . n+2
is, up to isometries and scaling, R, 41 0rS,LT.

Riemannian space forms.

We shall be concerned with submanifolds ¥ of Rgﬁ and S’;ﬁ with nondegener-
ate induced metric g and whose normal bundle N X (i) is two-dimensional (so that X
has dimension #), and (ii) has indefinite (Lorentzian) metric (so that the induced
metric on X has signature (p, g)). We recall that the second fundamental form h
of ¥ is the symmetric tensor 71 : TS x TY — N X defined by h(X, Y) := (DxY)™*,
where (-)* denotes the projection onto the normal space NX and D is the Levi-
Civita connection of ambient space. If v is a normal vector field along ¥, we define
the shape operator of ¥ with respect to v to be the endomorphism of 7X defined
by A, X = —(Dy V)T, where (-)T denotes the projection onto 7'X. The relation
(h(X,Y),v) =(A,X,Y) shows that the second fundamental form and the shape
operator carry the same information.

The mean curvature vector H of the immersion is the trace of & with respect
to the induced metric of X divided by n. Our first result is the characterization of
n-dimensional submanifolds of space forms with null second fundamental form,
that is, such that 2(X, Y) isnull forall X, Y e TX:

We shall call these spaces pseudo-

Theorem 1. Let v be a constant, null vector of RZﬁ and ¥ an n-dimensional
submanifold with nondegenerate induced metric which is contained in the hyper-
plane v*t. Then X has null second fundamental form and is therefore marginally
trapped. Moreover both the tangent and the normal bundles of % are flat.

Analogously let v be a constant, null vector of [R{'plfz and % an n-dimensional
submanifold of S'I’)ﬁ with nondegenerate induced metric which is contained in the
hypersurface v+nN Sﬁfl Then X has null second fundamental form and is therefore
marginally trapped. Moreover ¥ has constant scalar curvature and flat normal
bundle.

Conversely any submanifold of R
form is locally described in this way.

n+2
p+1

+2

n
or Sp+1

with null second fundamental

Quite surprisingly, the method introduced in [Anciaux and Godoy 2012] in the
Lorentzian case can be used here, in the case of marginally trapped submanifolds
whose second fundamental form is not null, providing local parametrizations:

Theorem 2. Let o be an immersion of class C* of an n-dimensional manifold M
into R';}ill (respectively, S’l’,ill) whose induced metric is nondegenerate and has
signature (p, q). Denote by v the Gauss map of o, which is therefore S’I’]-valued
(respectively, S’;ill -valued), by A = —dv the corresponding shape operator, and
by t; the roots of the polynomial of degree n — 1

P(t):=tr(ld—7tA)" L.

Then the immersions @; : M — R';izl = [R'[’)i]l x R (respectively, 82121 C R';izz x R)
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defined by
@i =(0+71v, 7)

are marginally trapped.
Conversely any n-dimensional marginally trapped submanifold of R’;ﬁ (respec-
tively, S’I’jill) whose second fundamental form is not null is locally congruent to the

image of such an immersion.

Remark 1. If the shape operator A of o is diagonalizable (which is not always the
case since the induced metric on o is not definite) the polynomial P takes the form

P P
—1
P(r) = Zm,- H(Kj —1),
i=l
where k1, ..., «p, p > 2 are the p distinct, nonvanishing principal curvatures of o
with multiplicity m;.

In order to state the next theorem, we introduce some more notation: writing
x =, x") e R"2 =RPH! x R7H! where x’ € RPH! and x” € R?*!, we introduce
the conjugation map (x’, x”) := (x’, —x”), as well as the n x n diagonal matrix Id,
whose (p, ¢)-block decomposition is Id, = (I%P _(l)dq).

Since the normal spaces N % are assumed to be two-dimensional and Lorentzian,
the marginally trapped assumption (fl , H ) = 0 is equivalent to the fact that His
contained in one of the two null lines of N X. We shall call mean Gauss map, and
denote by v = (/, v"), the null vector which is collinear to H and normalized by
the condition v € S” x 7 ¢ RP*! x R?*!. The next two theorems give a global
description of those marginally trapped submanifolds whose mean Gauss map has
maximal rank. We observe that this is a generic property and that it is a stronger
assumption than requiring the mean curvature vector H to have itself maximal rank.

Theorem 3. Let Q be an open subset of the universal covering of S¥ x S? and
o € C*(Q). Denote by 1; the roots of the polynomial of degree n — 1

P(t) = tr((r 1d, + o Id, + 2 Hess(0))™").
Then the immersions

@i Q2 — [F\R’;fl, Vi ,v+0ob+2Vo,

are marginally trapped.
Conversely any connected, marginally trapped n-dimensional submanifold of
[R{Z:[zl whose mean Gauss map v has maximal rank is the image of such an immersion.

When n = 2, the condition of maximal rank on v is equivalent to the fact that the
second fundamental form is not null. Hence Theorems 1 and 3 provide a complete
characterization of marginally trapped surfaces of R* with arbitrary signature. Since
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the Minkowski case has already been discussed in [Anciaux and Godoy 2012], we
detail the case (p, g) = (1, 1), that is, of a Lorentzian surface in [Rig. Observe first
that [Ri‘zl is endowed with
(i) a natural pseudo-Kéhler structure, with complex structure J (xy, x2, X3, X4) :=
(—x2, x1, —X4, x3) and symplectic form w = (J -, - ) =dx; Adxy —dx3 Ndx4;
this corresponds to the identification of [R‘z‘ with C? through the formula
(21, 22) = (X1 +ix2, x3 +ix4);

(i) a natural para-Kihler structure, with paracomplex! structure
K (x1, x2, X3, X4) 1= (X3, X4, X1, X2)

and symplectic form o’ = (K -, - ) = dx; Adx3 + dxy A dxy; this corresponds
to the identification of [R%‘zl with D2, where D = {a +eb | (a, b) € R?} is the ring
of paracomplex numbers, through the formula (w;, wy) = (x1 +ex3, x2+exq);

Corollary 1. Let Q be an open subset of R?> endowed with the Lorentzian metric
du? — dv? and o € C*(Q). Denote by subscript u or v the partial derivative with
respect to the corresponding variable. Then the immersion

0:Q—> R ~(C2, (u, v)—~> ((o—auu+avv+2iou)ei”, (—G—Guu—i—a,,U—Zidv)ei”),

is weakly conformal and its null points are characterized by o + 0, + 0y = £20,.
Moreover, away from its null points, ¢ is marginally trapped.

Conversely any connected, marginally trapped surface of R‘z‘ whose second
fundamental form is not null is the image of such an immersion.

In [Chen 2009] and [Chen and Dillen 2007], marginally trapped surfaces of [Ri‘zt
which are in addition, respectively, flat and Lagrangian with respect to @ have been
characterized. These additional conditions may be readily seen in terms of the
formula given above:

Corollary 2. The marginally trapped immersion ¢ of Corollary 1 is in addition
(1) ﬂat lfa”d Only if(auu - avv)((a + Ouu + va)z - 40142v) = 0;
(i1) Lagrangian with respect to the symplectic form w if and only if
Oy + 0y + Ovvv = Ouuv — Ouvy + Ouuu = 0.

Moreover there is no marginally trapped surface which is in addition Lagrangian
with respect to the symplectic form o'.

In the next theorem we give a characterization of marginally trapped submanifolds

whose mean Gauss map has maximal rank in S’;}izl

I'We refer the reader to [Alekseevsky et al. 2009] or [Cruceanu et al. 1996] for material about
paracomplex geometry, also called split geometry.
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Theorem 4. Let o : M — SPT! x S9 be an immersed, oriented hypersurface of
class C* whose induced metric has signature (p, q). Denote by v its Gauss map
(hence a S’;f]

Denote by t; the roots of the polynomial of degree n — 1

-valued map) and by A = —dv the corresponding shape operator.

P(t)=tr(zrld—A)"".

Then the immersions ¢; : M — S;’?iz] defined by ¢; == v + t;0 are marginally
trapped.
Conversely any connected, marginally trapped n-dimensional submanifold of

S’;fl whose mean Gauss map has maximal rank is the image of such an immersion.

Like in the flat case [Rié', a marginally trapped surface of Sg has either null second
fundamental form, or a mean Gauss map with maximal rank. Therefore Theorems 1
and 4 provide a complete characterization in this case. It enjoys, moreover, a more
explicit description:

Corollary 3. Let o be an immersion of class C* of a surface M into S* x S with
Lorentzian induced metric. Denote by v the Gauss map of o (hence a S‘Z‘-valued
map) and by H the (scalar) mean curvature of o with respect to v. Then the
immersion ¢ : M — Sg defined by

p=v+Ho

is marginally trapped.
Conversely any connected marginally trapped surface of S‘z‘ whose second
Sfundamental form is not null is the image of such an immersion.

2. Submanifolds with null second fundamental form: proof of Theorem 1

Let X be an n-dimensional submanifold of [F\R;’jfl such that the induced metric on the

normal bundle N X is Lorentzian. Since the intersection of the light cone of [R{;ﬁ
with N X is made of two null lines, there exists a null normal frame, that is, a pair
of normal, null vector fields along ¥ such that (v, v) = (£,&) =0and (v, &) =2.

So, given a normal vector N, we have

N =3((N, &)+ (N, )§).

Lemma 1. The second fundamental form h is collinear to v (so in particular it is
null) if and only if the mean curvature vector H is collinear to v and v has rank at
most 1.

Proof. We denote by (eq, ..., e,;) alocal, orthonormal, tangent frame along ¥ and
we set

hilj = (h(e;, Ej), V) = —(dv(e;), ej>‘
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Then we have, taking into account that (dv, v) =0,
dv(e)) = — Zh 3ldv(e. €)v.

Assume first that £ is collinear to v. Then clearly its trace nH is collinear to v as
well. Moreover all the coefficients h}j vanish, so by the equation above, for all 7,
1 <i < n, the vector dv(e;) is collinear to v, and hence dv has rank at most 1.

Conversely, if dv has rank 1, then dv(e;) and dv(e;) are proportional for any
pair (i, j), i # j. Taking into account the symmetry of the tensor hl.lj, an ele-
mentary calculation implies that there exist n + 1 real constants ¢, A1, A, ..., Ay,
such that hilj = cA;Aj. If in addition ¥ is marginally trapped, that is, (anI , V) =
tr [hilj]lil-,jfn =c Zle A? =0, then eitherc=0o0r (A{,...,A,;,) =(0,...,0) and
in both cases the whole tensor A ilj vanishes, that is, 4 is collinear to v. |

We come back to the proof of Theorem 1, observing that under the assumption
of the lemma above, dv is collinear to v. This implies the existence of a map
A € C'(X) such that v = e* vy, where vy is a constant, null vector of [R” 4 or [F\RZJS.
We conclude that ¥ C Vo .

We now write the Gauss and the Ricci equations in the flat case:

(RIX,Y)Z, W)+ (h(X, Z), h(Y, W)) — (h(X, W), h(Y, Z)) =0
(RE(X, V)0, §) = ([Ay, A¢]X. Y) =0,
If A is collinear to v, both terms (h (X, Z), h(Y, W)) and (h(X, W), h(Y, Z)) vanish,
hence the curvature of the tangent bundle vanishes. Moreover, if % is collinear to v,

then A, vanishes as well and the normal bundle is flat.

In the case of S"fl, the Gauss and the Ricci equations become

(RIX,V)Z, W)+ (h(X, Z), h(Y,W)) — (h(X, W), h(Y, Z))
= (X, Z)(Y, W) — (X, W)Y, Z),
(RY(X, Y)v, &) — ([A,, Ag]lX,Y)=0.
Again, if A is collinear to v, the terms (h(X, Z), h(Y, W)) and (h(X, W), h(Y, Z))
vanish. It follows that the scalar curvature of the induced metric is constant and

equal to 1. Analogously, the fact that £ is collinear to v implies the vanishing of A,
and therefore the flatness of the normal bundle.

3. Parametrizations by hypersurfaces: proof of Theorem 2

3.1. Theflat case. Let ¢ = (¥, T) be an immersion of an n-dimensional manifold
into R"+1 whose induced metric g := ¢*( -, - ) has signature (p, ¢). In particular
the mduced metric on the normal space of ¢ is Lorentzian. Let ¥ be one of the two
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normalized, null normal fields along ¢. Since the discussion is local, there is no
loss of generality in assuming that, modulo congruence, its last component v, ;3
does not vanish, so that we may normalize v = (v, 1).

n+1

Lemma 2. We set 0 :=  — tv. Then the map (o,v) : M — [F\R[J+1

immersion.

N
x§p1san

Proof. Suppose (¢, v) is not an immersion, so that there exists a nonvanishing
vector v € Tl such that (de(v), dv(v)) = (0, 0). Since d =do + tdv +dtv, it
follows that

de(v) = (dy(v),dt(v)) = dT(V)v,dT(v)) =dT(V)V,

which is a normal to ¢. However the immersion ¢ is pseudo-Riemannian and
therefore a vector cannot be tangent and normal at the same time, so we get the
required contradiction. ([

Lemma 3. (do,v) =0.

Proof. Using again that dyy = do + tdv +dtv and observing that (v, dv) =0, we
have
0=(de,v)=(dy,d1), (v,1)) =(d{¥,v) —dt = (do, V). (]

Lemma 4. Given € > 0, there exists ty € (—e¢, €) such that o + tgv is an immersion,
and v is its Gauss map.

Proof. This follows from the fact that the set {t € R| o 4+ tv is not an immersion}
contains at most n elements. To see this, observe that given a pair of distinct real
numbers (¢, t'), we have

Ker(do +tdv) NKer(do 4 t'dv) = {0}

(otherwise we would have a contradiction with the fact that (o, v) is an immersion).
Hence there cannot be more than n distinct values ¢ such that Ker(do +tdv) # {0}.
The fact that v is the Gauss map of o + fov comes from Lemma 3:

(d(o +1yv), v) = (do, v) + to{dv, v) = 0. O

Lemma 4 shows that there is no loss of generality in assuming that ¢ is an
immersion: if it is not the case, we may translate the immersion ¢ along the vertical
direction, setting ¢;, := ¢ — (0, #p). Of course ¢ is marginally trapped if and only
if ¢y, is so, and moreover the vector field v is still normal to ¢;,. Finally observe

that the map oy, : M — R’;ill associated to ¢, is

o=V —(t—t)v=9 —tv+1v=0+1ov,

hence an immersion.
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We now describe the first fundamental form of ¢ and its second fundamental
form with respect to v, both in terms of the geometry of the immersion o:

Lemma 5. Denote by g := o *(-, - ) the metric induced on M by o and A the shape
operator associated to v.
Then the metric g := ¢*(-, - ) induced on M by ¢ is given by the formula

g=g(,-)—2tg(A-, ) +Tg(A-, A-).

In particular, the nondegeneracy assumption on g implies that T is not equal to
any principal curvature of . Moreover the second fundamental form of ¢ with
respect to V is given by

hy = (h(-,), D) =g(-,A-)—Tg(A-, A-).
Proof. Since (do, v) = (dv, v) =0, given vy, v, € TM, we have
g(v1, v2) = (do(v1), dp(v2))
= (do (v1), do (v2)) + T(do (v1), dv(v2)) + T(dV(v1), do (v2))
+ 23 (dv(v1), dv(v2)) +dt(v1)dT (1) (v, V) — dT(V1)dT (V)
= g(v1, v2) — T(g(v1, Av2) + g(Avy, 1)) + T2 g(Avy, Ava)
= g(v1, v2) — 2tg(Avy, v2) + T2g(Avy, Avy).

We calculate the second fundamental form of ¢ with respect to v = (v, 1):

hy = —(dg, dD)
=—(do+tdv+dtv,dv) = —(do,dv) — t{dv, dv)
=g(,A-)—18(A-,A"). O

The proof of Theorem 2 follows easily: denoting by A; the shape operator of ¢
with respect to v, we have from Lemma 5
g(Az(Id—1A)-, (Id—T1A) ) =g(-, Id—TA)").
It follows that
Ay =Id—7A)7!

and that H is collinear to  if and only if A~,~, is trace-free, that is, t is the root of
the polynomial P(r) = tr(Id —tA) L

Remark 2. If ¢ is minimal, 7 = 0 is a root of P(7). The corresponding immersion
¢ = (o, 0) is not only marginally trapped but minimal.
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3.2. The S"+l case. Let o = (Y, 7) : M — §"+1 an immersion such that the
induced metric g := ¢*(-, - ) has signature (p, ¢). Let ¥ be one of the two normal-
ized, null normal fields along ¢. Since the discussion is local, there is no loss of
generality to assume that, modulo congruence, its last component v, 3 does not
vanish, so that we may normalize v = (v, 1).

We define the null projection of ¢ tobe o :=1—7v. The fact that (v, 1) €T, S’;ﬁ,
that is, 0 = ((¢, 1), (v, 1)) = (¥, v) — , implies that (¢, v) = t. Hence

(0,0)=

Y, ¥) = 2T(Y, v) + T3, V)
v, ¥

which shows that o is S’Z,Jrl—valued. The proofs of the next two lemmas are omitted,
since they are similar to the flat case:

Lemma 6. The map (o, v) : M — §”+1 X S”H is an immersion.
Lemma 7. (o,v) =0 and (do,v)=0.

Unlike the flat case, there is no vertical translation in §"+2 We may however,
up to an arbitrarily small perturbation, assume that o is an 1mmer51on.

Lemma 8. Given € > 0, there exists a € (—¢, €) and a hyperbolic rotation R* of
angle o such that the null projection % of ¢“ := R*@ is an immersion.

Proof. Set
cosha sinh o
R“=( Id )eSO(p—I—Z,q—I—l)
sinh o cosha

and p” := R%p, V¥ := R*V. Observe that v* := (v, vy’ 5) is no longer normalized
a priori, since its last component vy, ; is equal to cosh(e) + sinh(a)vy, where vy is
the first component of the vector v.

Nevertheless the null geodesic passing through the point ¢* and directed by the

vector 7% crosses the slice dS" 3 pi2 N {x,4+3 = 0} at the point

.L.Ot
(0%,0):= (1#“ -, 0).

vn+3

Clearly 0 is an immersion if and only if

R =y —1"v/v 3 =0+ (T —1% /v 3V
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is so. Observe that
¢ cosh(a) T 4 sinh(a) vy
v T T cosh(e) + sinh(a)vy
= tanh(a) (Y1 — Tv1) +0()

=oja+o(a).

T —

Now assume that R™%¢“ is not an immersion for @ € (—e, €). Hence there exists a
one-parameter family of unit tangent vectors v* such that

0=d(R %c*)(v*) =do (v*) + (doj(v*)v + o1dv(v*))a + o(x)
for all € (—¢, €). Thus

{dd(v"‘) =0,
doi(v*)v +o1dv(v*) = o1dv(v®) = 0.

By Lemma 6, dv(v*) and do (v*) cannot vanish simultaneously, therefore o
vanishes. Repeating the argument with suitable rotations yields that all the other

coordinates of o vanish, a contradiction since o € S’[’,ill O

By the previous lemma we may assume that o is an immersion. The remainder of
the proof follows the lines of that of the flat case; in particular, Lemma 5 still holds.

4. Parametrization by the mean Gauss map

4.1. The flat case: proof of Theorem 3. In this section ¥ denotes an n-dimensional
submanifold of [R{;l,izl whose induced metric has signature (p, ¢) and such that the
normalized vector v € S” x S? C R"*2 has rank n. We may therefore parametrize X
locally by v, that is, by amap ¢ : 2 — [R{’;)ﬁ, where €2 is an open subset of the
universal covering of S” x S7. We set o (v) := %((p(v), v)and t(v) := %((p(v), ).2

Lemma 9. We have
p=1tv+0V+2Vo,

where V is the gradient with respect to the induced metric on S? x S (that is,
Vo =(V'o, —V"0c), where V' and V" are respectively the gradients on S” and S?).

Proof. Since v and v are null and (v, V) = 2, we clearly have ¢ = tv+0v + V,
where V € T, (S x S?) =T5(S? x S9) =T,,S? x T,»S?. In order to determine V,
we use the assumption (d¢, v) = 0. Taking into account that

dp=dtv+tdv+dov+odv+dV

2The pair (o, T) may be regarded as a generalization of the support function of a hypersurface.
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and that (v, v), (dv, v) and (dv, v) vanish, we have
(do,v) =do(v,v)+{dV,v)=2do +{dV,v).

On the other hand, from 0=d ((V, v)) =(dV, v)+(V, dv), we conclude, observing
that dv =Id,

(V,W)=(V,dv(W)) =—(dV(W),v) =2do(W) forall W e T,(S” x S9),
which, by the very definition of the gradient, proves that V =2Vo. (]

We now complete the proof of Theorem 3: define the endomorphism A, on
T,(S? x §7) by
(Av Tt ) = hv-

Hence, using that dv is the identity map of 7,(S” x S7), we have
(dpoA,-,dp-)=—(dv-,dep-)=—(I1-,dg-),

where IT is the restriction to 7, (S? x §7) of the normal projection [RR';ﬁ — Ty Y-
It follows that
dpoA, =—TI,
and therefore
Al=—TT""odg

(the maximal rank assumption on v implies that IT is one-to-one). In order to calcu-
late the trace of A, we introduce an orthonormal basis (e, ..., e,) of T, (S x §9),
such that (¢;,¢;) =1if 1 <i < p and (e;, ¢;) = —1if p+1 <i <n. We define the
coefficients a;; by
n
dgo(ei) = Zaijl'lej.
j=1
Clearly
AT =Taiih<ij<n-
To determine the coefficients a;; explicitly, we calculate

(D dp=dtv+tdv+dov+odv+2dVo.

Then we introduce a null, normal vector field £ along & such that (v, £) is a null
frame of NX = T'X+, which is in addition normalized, that is, (v, £) = 2. Then
the projection of a vector V of [F\R’;izl onto N X is given by the formula

TV, EW +(V, 1)8).
It follows that

Q) NV =V —1(V,&v+(V,0)8).
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For 1 <i < p, using (1) and observing that dv(e;) = dv(e;) = ¢;, we have
do(e;) =(t+o0)e; +dt(e;))v+do(e;))v+2d(Vo)(e;)
Using (2) and the fact that (d(Vo)(e;), e;) = Hess(o)(e;, e;), we conclude that,

forl<i<p,
ajj =8;;(t + o) +2Hess(o)(e;, e;).

Analogously we get, if p+1 <i <n,
ajj = (S,‘j(l’ — o)+ 2Hess(o)(e;, ej).
The conclusion of the proof of Theorem 3 follows easily.

4.2. The case (p, q) = (1, 1): proof of Corollaries 1 and 2. We use the natural
identification IR{‘Z1 ~ C? and denote by (u, v) the natural coordinates on s!'xs! so
that v := (e'*, ¢'?). In particular, the metric on S! x S! is du?® — dv?. Hence

A — T+0o + 20, 200 -
v —20up T—0 — 20, ’

whose trace is 2/det A, (t + o, — 0yy). Hence ¢ is marginally trapped if and only
if T =0y —ouu-
We now study the induced metric ¢*( -, - ). Since
p=1(", &)+, —e) +2(ioue™, —ioye'),
we have
0 = ((t = 0)u +i oy + T +0))e™, (T —0)y —2iau,)e"),
9o = ((x +0)y +2i0u)e", (T +0), +i(=20,, +T —0))e").
By a straightforward calculation the coefficients of the first fundamental form
@*(-,-) are
E:=Qoy +1+ 0)2 — 4auzv,
F :=40,,(0,y — oy +21),
G :=—Q0y —1+0) +407,.

The marginally trapped assumption t = oy, — 0y, implies

E:—G:(zouu+f+0)2_4abt2v:(G+Guu +UUU)2_402

uv

and the vanishing of F, so that ¢ is weakly conformal (and conformal whenever E
does not vanish).

It is well known that the induced metric of a surface with isothermic coordinates
is flat if and only if its conformal factor is harmonic. Here we are dealing with the
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Lorentzian metric du? — dv?, whose Laplacian operator is d,, — d,,. Hence the
induced metric is flat if and only if

B = 000) E = (B — 000) (0 + 0w + 000)” — 407, ).
Marginally trapped Lagrangian surfaces. We recall that J (z1, z2) = (iz1,i22), SO
Jou = (—Qouu+1+0 +i(t —0)u)e™, oy +i(t —o),)e').
Hence, using the usual formula w = (J -, -},

& (Pu, Pv) = (JPu, Pv)

=—Qoyu+1T+0)(T+0)y+ 204 (T — f)u — 20 (T+0)y

—(t—=0)u(—200+T—0)

= —(T+0)y(0 +0ouy +0oyy + 204y) + (T —0)y (0 + 0Oyy + Oyy + 204y)

= (0 + 0uu + Opy + 204) (—0y — 04 — Oyyy + Tuuw + Ouvy — Tuun)-
The first factor does not vanish except at degenerate points, so ¢ is Lagrangian with
respect to w if and only if o, + 0, + yyvy — Cuuy — Guvy + G = 0.

Recalling that the paracomplex structure is given by
K (x1, x2, X3, x4) 1= (X3, X4, X1, X2),
we have
Ko, = (((t —0)y —2ion)e’”, (T —0)u +iQRou + 7 +0))e),

and so

w/((ﬂu, ) = (Ko, py)
= cos(u — v)(—4o., — (t — 0 —204,) (200, + T +0))

= cos(u — v) ((—402, + (0 + O + )’

=cos(u —v)E.

Hence ¢ is Lagrangian with respect to o’ if and only if the induced metric is totally
null, which is incompatible with the marginally trapped assumption.

4.3. The case of S;ﬁ: proof of Theorem 4. Let ¢ : M — S'I’,ﬁ be an immersed
submanifold of codimension two of S’;ﬁ Let o be a normal, null vector field
along ¢ which is normalized in such way that ¢ € SP*! x S¢. We moreover assume

that o has maximal rank, that is, o : Ml — SPT! x S is an immersed hypersurface.
Lemma 10 [Godoy and Salvai 2013]. There exists a unique pair (v, T), where
Vil — SZﬁ and t € C*(M) are such that

QY=VvV+710.
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Moreover the map v : M — S’l’)fl is the Gauss map of o that is, v € T, (SPT! x S9)
and {do, v) = 0.

Proof. For an arbitrary T € C?(Ll), we have v:=¢p —10 € S’;ﬁ. Hence we shall de-
termine T € C2(M) by the condition v € T, (S”T! x S7). Recalling the decomposition
R™3 =RP+2 x RY*!, and writing v = (v', V"), o = (¢”, ¢”") accordingly, this condi-
tion amounts to (v, 0’) 42 =0and (v", 6”)441 =0, where (-, -) 42 and (-, - )g41
denote the Euclidean inner products of RP*2 and RY*!, respectively. These two
equations yield = (v', 0') ,41 and T = (v, 0") 441, which are actually two equiv-
alent requirements since (¢, o) = (¢’, 0’) 42 — (¢”, 6" )4+1 vanishes. Therefore 7
is uniquely determined by the condition v € T, (S”*! x §9) = T, SP*! x T5S9.

It remains to check that v is the Gauss map of o. For this purpose we differentiate
¢ = v+ to and remember that ¢ is normal to ¢, so that

0=(dp,0)={(dv,0)+dt{o,0)+1t{do, o) = (dv, o).

Hence (dv, o) vanishes. Since 0 =d({v, o)) = (dv, o) + (v, do), we deduce that
(do, v) vanishes as well. O

Observe that the lemma above implies furthermore that the induced metric
g :=0o*(-,-) is nondegenerate, since o (M) is a hypersurface and admits a unit
normal vector field.

Lemma 11. Denote by g := o *( -, - ) the metric induced on M by o, and by A the

shape operator associated to v, so A(v) := —dv(v) for all v € TM. Then the metric

g:=¢*(-, ) induced on M by ¢ is given by the formula
g=1g(-.)—2tg(A-, ) +g(A- A,

In particular, the nondegeneracy assumption on g implies that T is not equal to any

principal curvature of v. Moreover the second fundamental form of ¢ with respect
to o is given by

he :=(h(-,-),0)=¢g(A-,-)—7g(-,").
Proof. Taking into account that dp = dv +dt o 4+ 1do, we have
g =(dg,dyp) = (dv,dv) +2t(dv,do) +t*(do, do)
=g(A- A)=2tg(A-, ) +7°8(-.)
and
he =—(d¢,do) =—(dv,do) —1(do,do)=g(A-,-)—18(-,"). (]

The proof of Theorem 4 is now straightforward: if ¢ is marginally trapped, we
may assume without loss of generality that its mean curvature vector H is collinear
to o. By the maximal rank assumption on ¢ we may use Lemmas 10 and 11.
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Denote by A, the shape operator of ¢ with respect to . Then, from Lemma 11
above, we have

g(Ay(rId—A) -, (t1d—A)-)=g(-, (rId—A) ).

It follows that A, := (tId—A)~! and that H is collinear to v if and only if A, is
trace-free, that is, T is the root of the polynomial P(r) = tr(r Id —A)~L.

4.4. The case (p, q) = (1, 1): proof of Corollary 3. 1t is straightforward that if
M is a 2 x 2 matrix, then tr M ! = (det M)~ tr M. Hence tr(t Id —A)~! vanishes
if and only if tr(r Id —A) = 27 — tr A does. Hence ¢ is marginally trapped if and
only if T =tr A/2 := H, the (scalar) mean curvature of the immersion o. This
proves Corollary 3.

5. Further remarks

5.1. Interpretation of the result in terms of contact geometry. The constructions
in the previous sections come from the natural contact structure enjoyed by the
spaces of null geodesics of the ambient spaces and from the fact that the set of null
geodesics which are normal to a submanifold of codimension two is Legendrian
with respect to this contact structure.

The proof of Theorem 2 is based on the following fact: Let AU be the dense, open
subset of null geodesics of Rgﬁ that cross the horizontal hyperplane {x,, = 0}
(in the Minkowski case (p, g) = (n,0), all null geodesics cross the horizontal
hyperplane). Then the correspondence {(c, 0) + (v, 1) |t € R} — (o, v) defines a
contactomorphism between U and the unit tangent bundle TI[R{’I’)“. The canonical
contact structure « of the unit tangent of a pseudo-Riemannian manifold (M, g)
is given by the expression o = g(do, v), where v is a unit vector tangent to .l at
the point . Hence, given an immersion x — (o (x), v(x)) of an n-dimensional
manifold such that x — o (x) is an immersion as well (a generic assumption), the
Legendre condition g(do,, v(x)) = 0 simply means that v is the Gauss map of o
or, equivalently, v is a unit vector field normal to the immersed hypersurface o.

The interpretation of the proof of Theorem 3 in terms of contact geometry is
as follows: The space of null geodesics of [R{'I’,j;z] may be identified with space of
one-jets on S” x SY, that is, the space T(S” x S?) x R such that to the triple
(v, V,2) e T(S? xS?) xR, we associate the null line {V +zv+tv |7 € R} C [RR';:ZI.
The natural contact structure on the space of one-jets Tl x R, where (M, g) is a
pseudo-Riemannian manifold, is given by « := ¢ — dz, where ¥ is the Liouville
form? or tautological form on TAl. Moreover a generic Legendrian immersion

3To be more precise, the Liouville form is canonically defined on the cotangent bundle 7*M of a
differentiable manifold J(. If Al is moreover equipped with a pseudo-Riemannian metric (as it is the
case of S” x §9), we may identify T*M and Tt and therefore speak of a Liouville form on Tl.
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in TM x R is locally a section and takes the form v — (v, Vo (v), o (v)), where
o € C*(M) and V denotes the gradient of the metric g. It follows, in the case
M =SP x S, that a generic Legendrian congruence of null lines of [RR’;:FZI takes
the form

vi> {Vo@)+o@)v+rtv|t eR},

where o € C%(S? x S7). The choice of real function T € C*(S? x S7) determines
an n-dimensional submanifold parametrized by v — Vo (v) + 0 (v)V + t(v)v, one
of whose null normals is v. These observations inspired the proof of Theorem 3.
Finally the proof of Theorem 4 comes from the fact, proved in [Godoy and Salvai
2013], that the space of null geodesics of 8’;:21 can be identified with 71(S” x S9),
the unit tangent bundle of S” x SY, as follows: to the pair (v, ¥) € T'(S? x SY),

we associate the null line {yy +tv |1 € R} C S'l’,fl.

5.2. Relation between Theorems 2 and 3 in the case (p,q) = (n,0). In the
Lorentzian case (p, g) = (n, 0), it is easy to relate the formulas of Theorems 2
and 3. To avoid confusion, all mathematical quantities from Theorem 2 will be
written with subscript 2, and those from Theorem 3 with subscript 3. We start by
writing v3 = (v, 1) € S" x S~ 8" x {1, —1}, so that v3 = (vo, —1). Hence the
main formula of Theorem 3 becomes

Y= ((Ts +03)v2+2Vo3, 13 — 03),

where 03 € C*(S" x SO) ~ C*(S") and 73 depends on the second derivatives of 3.
Introducing oy := 203 v» +2Vo3 and 15 := 173 — 03, We obtain

¢ = (02 + 112, 1),

which is exactly the main formula of Theorem 2. Observe that (doy, v,) vanishes,
that is, v, is normal to the immersion oy, which is therefore parametrized by its
Gauss map. Moreover (o7, V) = 203, that is, 203 is the support function of the
immersion o».
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ONE LINE COMPLEX KLEINIAN GROUPS

WALDEMAR BARRERA, ANGEL CANO AND JUAN PABLO NAVARRETE

We give an algebraic description of those subgroups of PGL(3, C) acting
on IP% with Kulkarni limit set equal to one complex projective line. Con-
versely, we prove that the Kulkarni limit set of a group G < PGL(3, C)
acting properly and discontinuously on the complement of one line in [P% is
equal to one or two lines.

1. Introduction

The Kleinian groups are discrete subgroups of PSL(2, C) acting on S? = IPGl: in
such way that its limit set is not all of S?. They are classified in elementary and
nonelementary groups. The elementary groups are those Kleinian groups whose
limit set is equal to zero, one or two points, and they are classified (see [Maskit
1988]). The nonelementary groups are those Kleinian groups whose limit set
contains more than two points and in this case its limit set is a perfect set.

Our interest relies on the study of complex Kleinian groups. These are discrete
subgroups of PGL(3, C) acting properly and discontinuously on some open subset
of [P’é In this setting, there is no standard definition of limit set, however, in
[Barrera Vargas et al. 2011] it is proved that under some mild hypothesis on the
dynamics of the group, Kulkarni’s definition of limit set is an appropriate definition
(see Definition 2.1).

In [Cano and Seade 2014] it is proved that the Kulkarni limit set of a complex
Kleinian group contains a complex projective line whenever the group is infinite.
Moreover, in [Barrera Vargas et al. 2011] it is proved that under some mild hypoth-
esis on the group, the Kulkarni limit set is a union of complex projective lines. The
definition of elementary group in this case is that the Kulkarni limit set consists of
a finite union of complex projective subspaces (see [Cano et al. 2013]).

An interesting problem consists of classifying all elementary complex Kleinian
groups, and one natural step consists of classifying those discrete subgroups of
PGL (3, C) whose Kulkarni limit set consists of one complex projective line. In

Research supported by CONACYT Project Number 176680 and SEP grant P/PIFI-2011-31MSU0098J-
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this paper we prove that the complex Kleinian group G < PGL(3, C) is virtually
nilpotent whenever its Kulkarni limit set is equal to one complex projective line. In
fact we prove the following:

Theorem 1.1. If G is a subgroup of PGL(3, C) such that its Kulkarni limit set A(G)
consists of precisely one complex projective line £, then:

(1) If G contains a loxoparabolic element then G is a finite cyclic extension of
order 1,2,3,40r60f Z&Z ® Z,,, where ny € N is arbitrary. The Z® Z is a
group of rank two generated by a loxoparabolic element and another element
which can be loxoparabolic or parabolic. Also, the Z,,, is a group of complex
reflections.

(i1) If G does not contain any loxoparabolic elements and the group G does not
contain any element which acts as a parabolic element on the complex line
A(G) ={, then G is a group of isometries of C* and it contains a free abelian
normal subgroup of finite index and of rank less than or equal to four.

(iii) If G does not contain any loxoparabolic elements but it does contain an element
which acts as a parabolic element on the complex line A(G) = £, then G does
not contain any irrational ellipto-parabolic elements and it is a finite extension
of a unipotent subgroup (this subgroup consists of unipotent parabolic maps).
Hence it is a finite extension of a group of the form 7, 7%, 73, 7*, Ay or Ty,
where

A = (A, B,C,D : C, D are central and [A, B] = Ck), kelN,

and
'y = <A, B,C : Ciscentral and [A, B] = Ck), k e N.

The outline of the proof of Theorem 1.1 is as follows: Since the group acts
properly and discontinuously on the complement of one complex projective line
in [P’%, the dynamics of each element in the group are restricted in some way; see
Remark 2.4. In fact, the elements in the group are elliptic, parabolic or loxoparabolic
according to the classification given in [Navarrete 2008].

If the group contains a loxoparabolic element, then there are restrictions on the
group G, as shown in Lemma 3.1. The proof of Theorem 1.1(i) follows from the
fact that there exists an invariant complex projective line where the action of the
group is properly discontinuous except in one point. Hence the group acts as a
Euclidean group on this line.

If the group does not contain any loxoparabolic elements, then we consider the
following two cases:

If G acts on the limit set £ = € = S? without parabolic elements then G can be
considered as a group of Euclidean isometries of R*.
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If some element in G acts on the limit set £ as parabolic element then the
group can be identified with a group of triangular matrices (see Proposition 5.2).
The existence of irrational ellipto-parabolic elements in the group is ruled out by
Propositions 5.6 and 5.7. Finally, there exists a unipotent subgroup of finite index
(see Proposition 5.8.)

We remark that not every finite extension of those nilpotent groups given in
Theorem 1.1(ii) and (iii) can occur as a group with Kulkarni limit set equal to one
line. Which of them can occur is a more delicate question. However, Theorem 1.1
gives a qualitative description according to the dynamics of the kind of elements
contained in the group.

We are not restricting here to the case where the quotient space I]:qu: \ £ by the
group G is compact. The case where the action of G < PGL(3, C) on IP% \ £ is
free, properly discontinuous and the quotient is compact is handled in [Fillmore
and Scheuneman 1973; Scheuneman 1974; Suwa 1975].

Finally, if G <PGL(3, C) satisfies A (G) is equal to one line, then G acts properly
and discontinuously on the complement of one line in P2, so G can be considered
as a discrete subgroup of Aff(C?) acting properly and discontinuously on C2. The
converse statement is not true as we show in the following:

Theorem 1.2. Let G < PGL(3, C) be an infinite group which acts properly and
discontinuously on the complement of the line £ C IP’%.

(1) If G contains a loxoparabolic element then,

o the Kulkarni limit set A(G) is equal to the union of £ and another line
whenever G contains a cyclic subgroup of finite index generated by a
loxoparabolic element, or

o the Kulkarni limit set A(G) is equal to £ whenever G contains a finite-index
free abelian subgroup of rank two generated by a loxoparabolic element
and another element, which can be either loxoparabolic or parabolic.

(1) If G does not contain any loxoparabolic elements then A(G) = £.

2. Preliminaries
2.1. Projective geometry. Recall that the complex projective plane IP% is defined as
PE = (C*\ {0))/C",

where C* = C\ {0} acts on C3\ {0} by the usual scalar multiplication. This is a
compact connected complex 2-dimensional manifold. Let [ -]: C?\ {0} — IP’% be the
quotient map. If 8 = {ey, e>, e3} is the standard basis of C3, we write [e jl=e; and
ifz=(z1,20,23) € C3 \ {0} then we write [z] = [z] : 22 : z3]. Also, £ C [P’qz: is said
to be a complex line if [£]~! U {0} is a complex linear subspace of dimension two.
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Given distinct points [z], [w] € [P’%, there is a unique complex projective line passing
through [z] and [w]. Such a complex projective line is called a line, for short, and
it is denoted by [z], [w]. Consider the action of C* on GL(3, C) given by the usual
scalar multiplication. Then

PGL(3, C) = GL(3, C)/C*

is a Lie group. The elements of this Lie group are called projective transforma-
tions. Let [[-]] : GL(3, C) — PGL(3, C) be the quotient map, g € PGL(3, C) and
g € GL(3, C). We say that g is a lift of g if [[g]] = g. One can show that PGL(3, C)
is a Lie group that acts transitively, effectively and by biholomorphisms on [P% by
[[gll([w]) = [g(W)], where w € C*\ {0} and g € GL(3, C).

The Fubini—Study metric on IP% is a useful tool in the computation of the Kulkarni
limit set of cyclic subgroups of PGL(3, C) acting on IP’% (see [Navarrete 2008]).
The Fubini-Study distance d([z], [w]) between [z], [wW] € IP% satisfies the equation

211 4 2217 + 2303
1 cos*(d([z], [w])) = '
(D) ( ([z], [ ])) (Iz112 + 12212 + 123D (w1 |2 + |wa|? + |w3]?)

We denote by M3,3(C) the space of all 3 x 3 matrices with entries in C equipped
with the standard topology. The quotient space

(M3x3(C) \ {0})/C*

is called the space of pseudo-projective maps of [P’qz: and it is naturally identified
with the projective space IP% Since GL(3, C) is an open, dense, C*-invariant set
of M343(C) \ {0}, we obtain that the space of pseudo-projective maps of [P% isa
compactification of PGL(3, C). As in the case of projective maps, if s is an element
in M343(C) \ {0}, then [s] denotes the equivalence class of the matrix s in the space
of pseudo-projective maps of [P%. Also, we say that s € M3,3(C) \ {0} is a lift of
the pseudo-projective map S whenever [s] = S.

Let S be an element in (M3,3(C) \ {0})/C* and s a lift to M3.3(C) \ {0} of S.
The matrix s induces a nonzero linear transformation s : C3 — C3, which is
not necessarily invertible. Let Kers C C? be its kernel and let Ker S denote its
projectivization to P2, taking into account that Ker S := & whenever Kers =
{(0, 0, 0)}. We refer to [Cano and Seade 2010] for more details about this subject.

2.2. Complex Kleinian groups. We recall that a point z € Cxs?x IPGl: is a limit
point of the discrete subgroup G of PSL(2, C) if it is a cluster point of some orbit
{gx : g € G}, where x € C. The set AG)={z € C: zis a limit point of G} is
called the limit set of G (see [Marden 2007]).
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It is a known fact that the action of G on the complement of the limit set @\A (G)
is properly discontinuous. However, when working on higher dimensions, this is
no longer valid. See Example 2.3 below.

Kulkarni considers a very general setting of discrete group actions on a topolog-
ical space X, and the Kulkarni limit set provides a canonical choice of a closed
G-invariant set in X such that the G-action on its complement is properly discon-
tinuous.

Definition 2.1. Let G C PGL(n + 1, C) be a subgroup. The set Ly(G) is defined
as the closure of the points in P¢. with infinite isotropy group. In other words,
Lo(G) = {x € P¢. : Stabg (x) is an infinite group} (see [Kulkarni 1978]). The set
L1(G) is the closure of the set of cluster points of the G-orbit of z, where z runs
over P¢\ Lo(G). Recall that g is a cluster point of the family of sets {g(K) : g € G},
where K C P¢ is a nonempty set, if there is a sequence (k) men C K and a sequence
of distinct elements (g,,)men C G such that g, (k) 7=z ¢ The set Ly(G) is
defined as the closure of the union of cluster points of {g(K) : g € G}, where K
runs over all the compact sets in P¢ \ (Lo(G) U L1(G)). The Kulkarni limit set
for G is defined as the G-invariant closed set

A(G) = Lo(G)U L (G)U Ly (G).
The discontinuity region in the sense of Kulkarni of G is defined as
Q(G) =PE\ AG).
If Q(G) # o then we say that G is a complex Kleinian group.

In the case of a cyclic group (g), we write Ly(g), L1(g), etc. instead of Ly({g)),

L1({(g)), etc.
The following lemma is a useful tool for the computation of Kulkarni limit sets,

and we include it here for reader’s convenience. See [Navarrete 2008] for a proof.

Lemma 2.2. Let G be a subgroup of PGL(3, C). If C is a closed set such that for
every compact set K C P% \ C, the cluster points of the family of compact sets
{g(K)}4eG are contained in Lo(G)U L1(G), then Lo(G) C C.

Example 2.3. If g € PGL(3, C) is induced by the matrix
101
g=|0Ax0], reC* |Al<l,
001

then:
(1) Lo(g) ={e1, e2}.

(i1) g7"(+) 7==> €2 uniformly on compact subsets of [P% \ (1, &2 Ueq, €3).
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(iii) g"(-) 555> e1 uniformly on compact subsets of [P% \ (61, &aUeq, €3).
(iv) Li(g) ={e1, e2}.
(V) La(g) =e1,e2Uey, 5.

(vi) The action of the cyclic group generated by g on I]:'% \ {e1, ez} is not properly
discontinuous.

(vii) The cyclic group generated by g acts properly and discontinuously on [P’%\el , €).
Proof.

(i) The proof follows straightforwardly from the fact that {(z1,0,0) : z; € C} and
{(0, z2, 0) : zo € C} are the only possible eigenspaces for each matrix of the form

10 n
g'=10 A" 0], nez\{0}.
00 1

(i) If K is a compact subset of I]j’é \ (e1,<__e_)2 U e1,<__e_)3), then every point in K can be
written as [z] = [z; : 22 : 23], where |z1]? + [22]* + |23]* = 1, [z2] > € and |z3| > €
for some fixed € > 0. If d(g7"[z], e2) denotes the Fubini—Study distance between
g "[z] and e;, then

COS2(d(g_n([Z]),ez)) — |)L ”Zz|2
lz1 —nz3|> 4+ A" z2|> + |2312
- A"z,
T (ne+ 12+ A2+ 1
|k|—2n€2

>
T (ne+ D24 A2 41

and the last expression goes to 1 as n — oo. Therefore, g7" (- ) =z> e> uniformly
2\ >
on compact subsets of P¢ \ (e1, &2 U ey, €3).

(iii) The proof is analogous to (ii)

(iv) Since g acts on the invariant line eTe_E as a loxodromic element of PGL(2, C)
with fixed points e; and e;, the orbits of the points in el,<—ez \ {e1, ez} accumulate
at e; and e.
Also, g acts on the invariant line el,<—)e3 as a parabolic element of PGL(2, C) with
fixed point at e, so the orbits of the points in ei‘% \ {e1} accumulate at e;.
Finally, by (ii) and (iii), the set of cluster points of the orbits of points in
[P’% \ (el,<_eE U é],_eg) is equal to {ey, e>}.
(v) By (ii) and (iii), for every compact set K C I]j’qz: \ (e1,<_eE U e1,<_e§), the cluster

points of the family of compact sets {g" (K )},c7 is equal to {e, e} C Lo(g)UL{(g).
It follows, by Lemma 2.2, that L,(g) C ey, €3 U ey, €3.
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Conversely, for every z € C*, the compact set

Ko={[e+2 =11 Z][nenfufi:1:01)

is contained in P% \ {ey, e2} = PZ \ (Lo(g) U L1(G)). Since

g”([z+x”—1:1: —5]):[%’—1:%’: —5]
n n n n

=[nA"—=1:n\": —z] 35> [1:0: 2],

it follows that e, €5 C Ly (g).
Similarly, for every z € C*, consider the compact set

{[n:nz: =271 |neN}U{es} C PE\ (Lo(g) UL1(G)).
Since g™"([n:nz: —A7")=[A"+1:2: —1/n] 555> [1:z:0], it follows that
<«
e, ¢ C La(g).

(vi) If K is as in the proof of (v), then g" (K) intersects any compact neighborhood
of [1:0: z] for infinitely many values of n € Z.

(vii) The set IP% \ €1, €, is naturally identified with C? by the map [z1:z2: 1] —

(z1, 22), and the action is now g(z1, z2) = (z1 + 1, Az2).
If for some fixed R > 0, (z1, z2) € C? satisfies

() l(z1, z2) Il = |z1] + |z2] < R,
and
3) 8" (z1, z2)ll1 = |z1 +n|+|A"z22| < R,

then |n| < |z1 +n| 4+ |z1] < 2R. Hence (2) and (3) are satisfied for finitely many
values of n € Z. Therefore the cyclic group (g) acts properly discontinuously on
P2\ é1, . O

By conformal properties, we have that the Kulkarni limit set of a discrete subgroup
of PGL(2, C) acting on c agrees with its classical limit set. Infact, Lo=L;=L,=A
in that case. However, when working in higher dimensional projective geometry,
the sets Lo, L and L, can be quite different amongst themselves. Moreover, the set
Q(G) is not always the maximal open subset where the action is properly discontin-
uous, as illustrated in Example 2.3(vii). Nevertheless, when G acts on IP% without
fixed points nor invariant lines, it is possible to show that €2 (G) is the maximal open
set where the action is properly discontinuous (see [Barrera Vargas et al. 2011]).

2.3. Classification of automorphisms of [P% . The nontrivial elements of PGL(3, C)
can be classified as elliptic, parabolic or loxodromic (see [Navarrete 2008]).
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The elliptic elements in PGL(3, C) are those elements g that have a lift to
GL(3, C) whose Jordan canonical form is

eZﬂi@] 0 0
0 ez ,  where 6, 6, 63 € R.
0 0 eZJTi93

The limit set A(g) for an elliptic element g is & or all of IP% according to whether
the order of g is finite or infinite. Those subgroups of PGL(3, C) containing an
elliptic element of infinite order cannot be discrete.

The parabolic elements in PGL(3, C) are those elements g such that the limit
set A(g) is equal to a single complex line. If g is parabolic then it has a lift to
GL(3, C) whose Jordan canonical form is one of the following matrices:

110 110 et ] 0
010], 011], 0 7% 0 , BeR\Z
001 001 0 0 e 4mif

In the first case, A(g) is the complex line consisting of all the fixed points of g. In
the second case, A(g) is the unique g-invariant complex line. In the last case, A(g)
is the complex line determined by the two fixed points of g.

There are four kinds of loxodromic elements in PGL(3, C):

o The complex homotheties are those elements g € PGL(3, C) that have a lift to
GL(3, C) whose Jordan canonical form is

0
0|, areC, £l
)\—2

o O >
o > O

and its limit set A(g) is the set of fixed points of g, consisting of one line £
and a point not lying in £. Moreover, in this case, Lo(g) U L1(g) = A(g) is
not contained in one line.

e The screws are those elements g € PGL(3, C) that have a lift to GL(3, C)
whose Jordan canonical form is

A0 0
0O O ; ApelC, r#FEwp, (A =lul#l,
00 G

and its limit set A(g) consists of the line £ on which g acts as an elliptic
transformation of PSL(2, C) and the fixed point of g not lying in £. In this
case, Lo(g) U L1(g) = A(g) is not contained in one line.
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e The loxoparabolic elements g € PGL(3, C) have a lift to GL(3, C) whose
Jordan canonical form is

101
0A0], reC, |Al#1,
001

and the limit set A (g) consists of two g-invariant complex lines. The element g
acts on one of these complex lines as a parabolic element of PSL(2, C) and on
the other as a loxodromic element of PSL(2, C). In this case Lo(g) U L{(g) is
contained in one line.

o The strongly loxodromic elements g € PGL(3, C) have a lift to GL(3, C) whose
Jordan canonical form is

A 0 O
0 2 0], AL, A2, A3 €C, A < |Aa] < |A3].
0 0 X3

This kind of transformation has three fixed points: one of them is attracting,
another is repelling and the last one is a saddle. The limit set A(g) is equal to
the union of the complex line determined by the attracting and saddle points
and the complex line determined by the saddle and repelling points. In this case
Lo(g) U L(g) consists of three points in general position, so Lo(g) U L1(g)
is not contained in one line.

Remark 2.4. If g € PGL(3, C) satisfies that Lo(g) U L(g) is contained in one line
then g is elliptic, parabolic or loxoparabolic.

2.4. Groups acting properly and discontinuously on IP’% \ £ If G is a subgroup
of PGL(3, C) acting properly and discontinuously on IP% \ £, where £ C [P% isa
line, then we can assume, from now on, that £ = el,(—ez. So every element g € G
can be induced by a matrix of the form

ab v
C)) cdw
001
When convenient, we shall write a(g), b(g), c(g), ... instead of a, b, c, . . ..

We can regard [P% \ £ as C?, and (4) means that g can be considered as the affine
automorphism
Z+—> AZ+V,

where

ab v
() )
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The projection onto the linear part of the affine map above is denoted by

(6) ¢ : G — PGL(2, C),
p(g)=A,

and it is a group homomorphism.
On the other hand, the map

(7) ¥ : G — PGL(2, C)

a v
V(g = (0 1)

is not necessarily a group homomorphism. However, it will be useful in Section 3.

Given that G acts properly discontinuously on IP% \ £, then for every g € G,
the cyclic group (g) acts properly and discontinuously on Pé \ £. So one has
Lo(g) ULi(g) C £. By Remark 2.4, G contains only elliptic, parabolic or lox-
oparabolic elements.

In Section 3, we assume that G contains a loxoparabolic element and we prove
Theorem 1.1(i) together with some other results that will be useful for the proof of
Theorem 1.2 in Section 4.

When G does not contain any loxoparabolic elements, the group ¢ (G) contains
only elliptic or parabolic elements. In the first part of Section 5, we consider the
case when G acts on £ without parabolic elements. In other words, ¢ (G) does not
contain any parabolic element, and we prove Theorem 1.1(ii). Finally, in the last
part of the same section, we consider the case when ¢ (G) contains a parabolic
element, and we finish the proof of Theorem 1.1.

3. G contains a loxoparabolic element

Lemma 3.1. Let £ be a line in P%. If G is a discrete subgroup of PGL(3, C) acting
properly and discontinuously on [P% \ £ and G contains a loxoparabolic element,
then there exists a conjugate of G such that every element in this conjugate group
has a representative in GL(3, C) of the form

®)

S O _
oS O
- O <

where a is a root of unity of order 1,2, 3,4 or 6. Moreover, this conjugate group
. . 2\ >
acts properly and discontinuously on PP¢ \ €1, €.
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Proof. Every element g € G has a representative matrix of the form (4) and we can
assume that the matrix that induces a loxoparabolic element /¢ in G has the form

S O =
oS > O

1
0], o<rl<l.
1

The commutator g, =[], g] and its inverse are induced by matrices of determi-
nant one and their traces are equal to

—3ad 4+ bc(1+ 17"+ A1)
T, = .
" (be — ad)

If bc # 0 then, by Theorem 6.3 in [Navarrete 2008], g, € G is a strongly loxodromic
element for all sufficiently large n. Hence, for every g € G, b(g) =0 or c(g) =0.
It is not hard to check that b(g) = 0 for every g € G or c¢(g) = 0 for every g € G.
Therefore we can assume, conjugating if necessary, that c¢(g) = 0 for every g € G.

If g € G satisfies that a(g) = 1 then, by Lemma 3.3 in [Fillmore and Scheuneman
1973], g commutes with k. It follows that for every & in the normal subgroup
H={geG:a(g)=1},onehas b(h) =w(h)=0.

Let g be an arbitrary element in G. Then

| bl dtbw(=14A)
| an a d
ghog” =10 d w— wi € H.

0 0 1

It follows that b(—14+1)/(dA) =0=w — wA. Hence b =0 = w.

The line e1,<—e§ is G-invariant because b(g) = c(g) = w(g) = 0. Moreover, G
acts on it as a classic elementary group with limit point e;. In fact, the action of G
on this line is the action on P(}; of the group

¥ (G) = {(ai)g) v(lg)> ige G},

where i is defined as in (7). It follows, by well-known facts on Euclidean groups
(see [Maskit 1988]), that a(g) is a root of unity of order 1, 2, 3, 4 or 6. U

Lemma 3.2. If G < PGL(3, C) acts properly and discontinuously on the comple-
ment of the line £ C IP’% and G contains a loxoparabolic element then G contains
a normal abelian subgroup H isomorphic to 7 ® Z,, or to Z & 7 @ Z,,, for some
no € N. Moreover, the index of H in G is equal to 1,2, 3, 4 or 6.

Proof. We can assume that every element of G is induced by a matrix of the form (8).
In this case, the map ¥ : G — PGL(2, C), defined as in (7), is a homomorphism and
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its image is a Euclidean group of PGL(2, C). The kernel of this homomorphism
consists of all those transformations in G induced by a matrix of the form

100
0dO0],
001

but these transformations are necessarily elliptic or the identity. Hence Ker ¢ is
a finite group (because it is discrete and every element has finite order). Moreover,
it is a cyclic group of some order ng. Let us denote by

100
0dy O
001

the generator of Ker .
Let H be the normal abelian subgroup of G consisting of those elements g € G
induced by a matrix of the form

1
€) 0
0

S Qo
—_ O <

We notice that H/ Ker  is a free abelian subgroup of the Euclidean group G/ Ker ¢/,
consisting of all parabolic elements. Furthermore, H/ Ker ¢ has rank equal to one
or two.

Since H/ Ker i has index equal to 1, 2, 3, 4 or 6 in G/ Ker ¢, it follows that H
has index equal to 1,2,3,4 or 6in G. |

Lemma 3.3. Let G <PGL(3, C) be a group that acts properly and discontinuously
on [P’%\Z. If G contains a loxoparabolic element and the abelian normal subgroup H
has rank equal to one (where H is as in Lemma 3.2), then Lo(G) = L1(G) consists
of two points in £ and Ly(G) is equal to the union of £ and one other line. In
particular, the Kulkarni limit set of G is equal to the union of two lines.

Proof. Let ¢ be as in (7) and H be defined as the subgroup of G induced by
matrices of the form (9). There are two possible cases:

o If H/Keryr = G/ Ker v, then we can assume that G is generated by the two
elements induced by the matrices

101 100
0A0], 0dy O],
001 001

where 0 < |A| < 1 and dj is an ng-th root of unity.
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o If H/Keryy C G/ Kery, then we can assume that G is generated by three
elements induced by the matrices

101 100 -1 00
0xr0], 0dy O], 0dy 0},
001 001 0 01

where 0 < |A| < 1, dp is an ng-th root of unity and m is an integer. (If the
parabolic subgroup of a Euclidean group E has rank one and it is not equal E,
then E is the dihedral infinite group {z — *z+n, n € Z}.)

In any case, the subgroup N of G generated by

101
0OAX0], O<|r<l1,
001

is normal and it has finite index in G. Moreover, Lo(N) = Lo(G) = {e;, e»} and

Li(G)= U;"zl gi(L1(N)), where {g|N, ..., gnN} are all the cosets of N in G, but

Li(N)={ej,er}andeach g;,i=1,...,mfixes e; and e;. Hence, L1(G) ={ey, e32}.
Since Lo(G) = Lo(N) ={ey, e2} = L1 (N) = L(G), it follows that

Ly(G) = ai(La(N) = &i(éri 62 U 63).

i=1 i=1
We conclude that L,(G) = ¢e1, €, Ueq, €3 because €1, €, Ueq, €3 is G-invariant. []

The proof of Theorem 1.1(i) follows immediately from Lemmas 3.2 and 3.3.
Now we prove the converse.

Lemma 3.4. Let G < PGL(3, C) be a group that acts properly and discontinuously
on [F%\E. If G contains a loxoparabolic element and the abelian normal subgroup H
has rank equal to two (where H is as in Lemma 3.2), then Lo(G)U L{(G) = £ and
L>(G) C L. In particular, the Kulkarni limit set of G is equal to £.

Proof. We can assume that the two transformations induced by

101 10w
yi={0Xx0], O<]|Al<], and w»=|068 0], veC\R, s§eC"
001 001

generate a subgroup N of finite index in the abelian group H. Hence, Ly(N) =
Lo(H) = Lo(G) and L(G) = J_, g&iLi(N), where {g|N,..., gu,N} are all
distinct left cosets of N in G. It follows that Ly(G) U L1(G) = £ whenever
Lo(N)UL{(N) = £ because £ is G-invariant.

Now we consider all possible cases:
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If |8 = 1, let us say 8 = %™ 0 € R, then Ly(y,) = £ whenever 6 € Q or
L1 (y2) = £ whenever 6 ¢ Q. In any case, Lo(N)U L1(N) = ¢.

If |8] # 1 then there are two cases depending on whether log |A| and log || are
rationally independent or not. In the first case, the action of N on £ is not discrete.
Hence Lo(N)U L{(N) = £. In the second case, there exists an element y € N such
that Lo(y)U Li(y) =£. Thus Lo(N)U L (N) = ¢.

Since G acts properly and discontinuously on [P’% \£and Lo(G)UL(G) =14, it
follows (by Lemma 2.2) that L,(G) C £. O

We notice that the proof of Theorem 1.2(i) follows from Lemmas 3.3 and 3.4.
Examples. In these examples, A is a fixed complex number such that 0 < |A| < 1.

(1) The abelian group G, generated by the projective transformations

101 101
0Ar0], 010},
001 001

acts properly and discontinuously on C? = [P% \ €1, €2, and, by Lemma 3.4,
A(Gy) =e1, €.

(i1) Let 6 be a fixed real number. The abelian group G, generated by the projective

transformations
101 1 0
0x0], 0 2% 0|,
001 0 0 1

acts properly and discontinuously on C? = [P% \ €1, €2 and, by Lemma 3.4,
A(Gy) =ey, €.

(iii) Let 0 be a fixed real number and ng € N a fixed natural number. Denote by G3
the abelian group G3 generated by the projective transformations

101 1 0 1 0 0
0Ar0]., [0 0], [0e&/m0
001 0 0 1 0 0 1

Since G, is a finite-index subgroup of G3, it follows that G3 acts properly and
discontinuously on C* = I]J’% \ 8l 0. By Lemma 3.4, A(G3) = oL, .
(iv) In an analogous way, the group generated by G3 and the projective transfor-
mation
i 00
010
001

is a group whose Kulkarni limit set is equal to the line ey, €5.
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(v) If 6 € R and ng € N are fixed numbers, the reader can check that the group
generated by the projective transformations

emi3 00 101 1 0 €73 1 0 0
0 10], orxO0], 0 2% o |, 0 e2mi/no
0 01 001 0 0 1 0 0 1

is a group whose Kulkarni limit set is equal to the line ey, €.

4. Proof of Theorem 1.2

The main purpose of this section is to prove Theorem 1.2. First, we prove some
technical results in order to achieve our goal. In what follows we assume that G
does not contain any loxoparabolic elements.

Lemma 4.1. Let G be a subgroup of PGL(3, C) acting properly and discon-
tinuously on [P’% \ L. If G does not contain any loxoparabolic elements and
Lo(G)UL(G) C ¢, then Lr(G) =¢.

Proof. Since Lo(G)UL1(G) C ¢, it follows that the group ¢ (G), where ¢ is defined
as in (6), is a classical Kleinian group containing only parabolic or elliptic elements.
Hence it acts as an elementary group on €. It follows that this group has a fixed
point in £, so we can assume this fixed point is e, and it implies that every element
in G can be represented by a matrix of the form

S O Q
o

v
w
1

The kernel of the homomorphism ¢ : G — PGL(2, C) consists of all the trans-
formations in G induced by matrices of the form

Since Lo(G) U L1(G) C ¢, every infinite order element in G has canonical form

11
01
00

—_— = O

It follows that every element in Ker ¢ is elliptic, and so Ker ¢ is finite. Moreover,
it is cyclic because it is isomorphic to a finite subgroup of S!. This isomorphism is
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given by

S O _
S O

v
w | — a.
1

Lemma 4.2. Let G be a subgroup of PGL(3, C) acting properly and discon-
tinuously on [P% \ €. If G does not contain any loxoparabolic elements and
Lo(G)U L(G) C ¢, then the matrix

001
o=|000
000

induces the only pseudo-projective limit of the group G, also denoted by Q. In
consequence, by Lemma 2.2, L,(G) C ¢.

Proof. Let g, be a sequence of distinct elements in G such that g, — R when
n — oo ( where R is a pseudo-projective transformation)

Case 1. The sequence contains a subsequence which consists only of parabolic
elements.

In this case, we can assume that the elements are induced by matrices of the
form
1 b, v,
01 w,]|,
00 1
but the set of all these transformations lying in G form a subgroup of G which is
abelian because the commutator of two such elements is equal to the identity or to
a parabolic element having a line of fixed points (and the group G does not contain
this kind of parabolic elements). Moreover, the restriction of the homomorphism ¢
to this abelian subgroup is an isomorphism onto the “parabolic subgroup” of the
Euclidean group {A(g) : g € G}. Hence, this free abelian subgroup has rank at
most two. If the group has rank one, then we can assume (conjugating by an upper
triangular matrix) that this group is generated by an element induced by a matrix of
the form

(=R

10
117,
01

and it is not hard to check that the pseudo-projective limit R is induced by the
matrix Q.
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If the rank is equal to two, then we can assume (conjugating by an upper triangular
matrix) that the parabolic group is generated by

110 18 v
A=[o11], B=|018|, BeC\R
001 001

It is not hard to check, by means of an analysis of the general element A™ B”
that any pseudo-projective limit must be induced by the matrix Q.

Case 2. The sequence (g,,) consists (except for finitely many values of n) of elliptic
elements.

Since G/ Ker ¢ is a Euclidean group and Ker ¢ is finite, there is an ng € N such
that for every elliptic element in G, g"° = Id. Therefore, there exists a subsequence
of (g,), still denoted (g, ), and a diagonal matrix £ such that (h~'gy)isa sequence of
distinct parabolic elements (because these transformations are represented by upper
triangular matrices with ones in the diagonal entries). By Case 1 above, it follows
that the pseudo-projective limit of 1~!g, is induced by the matrix Q. Therefore,
the pseudo-projective limit of the sequence g, is induced by the same matrix. [J

Finally, if £y is a line not intersecting Lo(G) U L{(G) and g € G is a parabolic
element, then the family of compact sets {g"(£p)} accumulates in £. Therefore,
£ C Ly(G). O

Proof of Theorem 1.2. The proof of (i) follows from Lemmas 3.3 and 3.4.
Now, for (ii), the group G contains a parabolic element of infinite order. Since G
acts properly and discontinuously on [Ij’é \ £, it follows that Lo(G)U L{(G) C £.
Then, we consider two cases according to whether Lo(G) U L1(G) = £ or
Lo(G)UL(G) C L.
If Lo(G)U L{(G) = ¢, then, by Lemma 2.2, L,(G) C £. Therefore, £ = A(G).
If Lo(G)U L1(G) C ¢, then by Lemma 4.1, L,(G) = £. [l

The next corollary follows from Lemma 4.2.

Corollary 4.3. If G C PGL(3, C) acts properly and discontinuously on IP’% \ £
and G does not contain any loxoparabolic elements, then one and only one of the
following statements is verified:

o Lo(G)UL{(G)={Land L,(G) C ¥, or

e Lo(G)=L(G)isapointinl and L,(G) = L.
Proposition 4.4. If G C PGL(3, C) is a discrete subgroup such that A(G) is equal
to a line £ and G does not contain loxoparabolic elements, then for any finite

extension G of G (i.e., G is a finite-index normal subgroup of G| < PGL(3, C)),
A(G) =AG) =4
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Proof. (a) Since G is a finite-index normal subgroup of G, we have Ly(G) =
Lo(G1) and L1(Gy) = g1(Li1(G)) U---Ugi(L1(G)), where [g1], ..., [gk] are all
the distinct cosets in G1/G.

(b) If Lo(G1) = Lo(G) and L{(G) = L,(G) then
Ly(Gy1) = g1(L2(G)) U - U gr(L2(G)),

where [g1], ..., [gk] are all the distinct cosets in G1/G.
() If Lo(G)U L{(G) = £ then we consider two cases.

Case 1. The set Lo(G) consists of a single point, called p. In this case, Lo(G1) U
L1(G) is a G-invariant set and it is a finite union of lines passing through p (the
line ¢ is one of such lines). Let g € G| be a parabolic element with p as its only
fixed point. Then there exists ng € N such that every line in Lyo(G1) U L(G1)
is g"%-invariant. Since g™ is parabolic with a single fixed point, it has a single
invariant line. Hence Lo(G1) UL1(G) = £.

Case 2. The set Ly(G) contains more than one point. In this case, the set Lo(G) =
Lo(G) determines the line £ and is G-invariant. Then £ is G-invariant and

Lo(G)UL(G1) =g1(Lo(G)UL(G))U---Ugi(Lo(G)UL1(G)) =L.

In any case, it is not hard to check that G acts properly and discontinuously on
IPQZ: \ £, and by Lemma 2.2 we obtain that L,(G) C £.

(d) If Lo(G) U L1(G) C ¢, then by Corollary 4.3, Lo(G) = L{(G) is equal to
one point. Thus we can assume that L,(G) = € and Lo(G) = L{(G) = {e1}.
In this case, Lo(G1) = Lo(G) = {e;} and it follows that every element in G
fixes e;. Hence (by item (a)), L1(G1) = L1(G) = {e;}. It follows (by item (b)) that
Ly(Gy)=g1()U---Ugr(l), where [g1], ..., [gk] are all distinct cosets in G1/G.
Therefore, A(G1) =€, U---U¥y, but there exists a parabolic element g € G C G
with Jordan canonical form equal to

110

011

001
Thus, every line £;, j =1, ..., k, is invariant under some fixed power of go, but
every power of gg has a single invariant line, and this line is equal to £. We conclude
that A(G1) =¢. O

5. Proof of Theorem 1.1

We recall that the proof of Theorem 1.1(i) follows from Lemmas 3.2 and 3.3.
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Proof of Theorem 1.1(ii). Since G does not contain any element which acts as a
parabolic element on ¢, it follows that ¢ (G) \ {Id} induces only elliptic elements,
where ¢ is defined as in (6). We notice that the determinant of the matrix

-t

has modulus equal to one. Hence, every element in ¢ (G) can be written as a matrix
of the form

x(“ b), »eS' and ad—bc=1.
cd

Since ¢ (G) induces a purely elliptic group acting on C, there is a global fixed
point for the action of ¢ (G) on [H]%. We can assume that this global fixed point
is (0, 0, 1) (in the upper half-space model). Then every element in ¢ (G) can be
written as a matrix of the form

x( “-]f), reS' and |a+ b =1.
—b a

Therefore, every element g € G can be written in the form

g= (g ;7) , where Ac U(2) and v,0" e C2.
Hence, G is a discrete subgroup of isometries of R*. By Theorem 5.4.5 in [Ratcliffe
1994], G contains a normal finite-index free abelian subgroup of rank less than or
equal to four. ([

Remark 5.1. If ¢(G) \ {Id} induces only elliptic elements, then G is conjugate
in PGL(3, C) to some group such that every element in a finite-index subgroup is
induced by an upper triangular matrix.

Examples. (i) Let G be the group generated by the two matrices

1 0 1 1 0 i
0 eZniél 0 0 eZm’@g 0
0 0 1 0 0 1

where 01, 6, are fixed real numbers. It is not hard to check that G acts properly
and discontinuously on IP% \ €1, €3. It follows from Theorem 1.2(ii) that
A(G) = ey, é>. In this case ¢ (G) does not contain any parabolic elements.

(i) Let G| be the group generated by the matrices
101 10 100 100
010], 0101, o111, 01
001 001 001 001
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It is not hard to check that G acts properly and discontinuously on [P% \ €1, €.
It follows from Theorem 1.2(ii) that A(G|) = €}, €;. In this case ¢(G)
consists of the identity element.

(iii) If & is a fixed natural number, then the group G, generated by the matrices

00
k1,
1

S O =
S O =

-10 101 10
1 1i]), 010]), 010
0 01 001 001
acts properly and discontinuously on I]j’%j \ é1, @ and the Kulkarni limit set
A(G») is equal to el,<_—e_>2 by Theorem 1.2(ii). In this case, ¢ (G») is a cyclic
group generated by a parabolic element. We notice that G is a 2-step nilpotent
group, so it is a uniform lattice of Hz x R, where Hj is the 3-dimensional real
Heisenberg group (see [Dekimpe 1996, Corollary 6.2.5]). If I is a subgroup
of G, such that 0 < rankI” <4 then A(T") = é1, . However, the quotient of

P2\ é1, e by I is not compact.

In what follows we develop some tools that will be useful in the proof of
Theorem 1.1(iii).

Proposition 5.2. If G C PGL(3, C) is a discrete subgroup such that A(G) is equal
to a line €, G does not contain any loxoparabolic elements and G contains an
element which acts as a parabolic element on £, then G is conjugate in PGL(3, C)
to some group such that every element in it is induced by a matrix of the form

(10) . lal=d|=1.

S O Q
[« BESUEN
— & <

(If the group G does contain any loxoparabolic elements, then the statement is
still valid with the exception that the eigenvalues are not unitary complex numbers.
See Lemma 3.1)

Proof. Since the set ¢ (G) contains a parabolic element, we can assume (conjugating,
if needed, by an element that preserves the line ¢£) that such parabolic element is
induced by a matrix of the form

Al=u I for some u € C.
01
If we assume there is a matrix

ab
Ay = (c d) such that ¢ # 0,
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which induces an element in ¢ (G), then Tr*(AT A2 A" AS") = (2 + (cn)?)?. Thus,
ATAAT"AS !'is a loxodromic element for n large enough, and it contradicts that
¢ (G) contains only elliptic or parabolic elements. U

Lemma 5.3. Let V be an abelian subgroup of C* of rank r = 1,2, 3 or 4 and u an
m-th root of unity that generates a cyclic group of order m. Assume that uy € V
whenever v € V. Then ¢(m) < r (where ¢ denotes the Euler’s totient function).
Hence, m < 12.

Proof. This proof is contained in the proof of Theorem 4.1 in [Fillmore and
Scheuneman 1973], and we include it here for reader’s convenience. Let vy, ..., v,
be a basis of V. Expressing uv; in terms of this basis and taking a determinant, we
obtain a polynomial of degree r with integer coefficients which is satisfied by u.
Hence the field generated by u over the rationals is of degree at most r. This field
is generated by a primitive m-th root of unity, so it has degree ¢(m), where ¢ is
Euler’s totient. Thus ¢(m) <r. It follows thatm =1,2,3,4,5,6,8, 10 or 12. [J

The hypothesis in the lemma above can be slightly modified to obtain the fol-
lowing:

Lemma 5.4. Let V be an abelian subgroup of C*> of rankr = 1,2 or 3 and u € S'.
Assume uv € V whenever v € V. Then u is a root of unity of order 1,2, 3,4 or 6.

The proof is almost the same as the one given for Lemma 5.3. One just uses the
fact that u € S! is a root of unity whenever there is a monic polynomial of degree
r < 3 with integer coefficients which is satisfied by u.

Remark 5.5. Lemmas 5.3 and 5.4 can be applied to abelian subgroups of
(C,+) = ({0} xC, +) = (C x {0}, +).

If we assume that every element in G can be represented by an upper triangular
matrix of the form (10) and G contains an irrational ellipto-parabolic element then
we can assume that it is induced by one of the following two upper triangular
matrices:

101 ap 0 0
Ei=|0dy0],E = 1 1], ay=dy=e""? 0cR\Q.
00 1 01

o O

Proposition 5.6. Let G be a discrete subgroup of PGL(3, C) such that every ele-
ment can be induced by a matrix of the form (10) and A(G) = L. If G contains the
irrational ellipto-parabolic element induced by E, then the normal subgroup N
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consisting of the elements of the form

oS o =
(o RESUEEN

v
w
1
is a (finitely generated) finite-index abelian subgroup. In fact, b = w = 0 for every

element in Nj.

Proof. Every element in the subgroup N; commutes with £ (by Lemma 3.3 in
[Fillmore and Scheuneman 1973]), and hence it has the form

1 0 wh)
(11) h=1[0dh) 0
0 O 1

Therefore, N is a finitely generated abelian subgroup. Moreover, the set
V={veC|3h e N withv(h) =v}

is an abelian subgroup of (C, +).

Now, let g be any element in G. By considering the upper right entry of ghg ™",
it is possible to check that a(g)v € V whenever v € V. It follows, by Lemma 5.4,
that a(g) is a root of unity of order 1, 2, 3, 4 or 6. Therefore N; has finite index
in G. Since every element in the discrete abelian group N; has the form (11), it is
not hard to check that N is finitely generated and its rank is less or equal to two. [J

Proposition 5.7. Let G be a discrete subgroup of PGL(3, C) such that every ele-
ment can be induced by a matrix of the form (10) and A(G) = L. If G contains the
irrational ellipto-parabolic element induced by E,, then the normal subgroup N,
consisting of those elements of the form

S O
S = &

v
w
1

is a (finitely generated) finite-index abelian subgroup. In fact, b = v = 0 for every
element in N».

Proof. Let us denote by L the set consisting of those (8, v) € C? for which there
exists an element in G of the form

(12)

S O =
S =™
—_— O <
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It is not hard to check that L is a discrete subgroup of (C?, +). If we assume that
b # 0 for some

ab v
=101 w]eN,,
001
then L # 0 because the commutator of £, and f is equal to

1 (ap—1b (ap—1)v— (ap— 1)bw — apb
[E2, f1=]0 1 0
0 0 1

If (8,v) € L then (apf, apv — apB) € L (conjugate the element of the form (12)
by E»). In other words, the C-linear map induced by

ay O
—ap ap

preserves L. If we assume rank L =4, then ay is a root of a polynomial with integer
coefficients of the form p(x) = (x> — 2x cos(2mw6) + 1)? and it implies that ag is
a root of unity, which is a contradiction. Therefore, rank L < 3. Hence, applying
Lemma 5.4 to the abelian group L and to the unitary complex number ag, we obtain
that ag is a root of unity, a contradiction. It follows that » = 0 for all f € N,.

Analogously, it can be proved that v =0 for all f € N,. Thus every f € N, has
the form

S O _

00
1 wl,
01
and it follows that N, is an abelian group of rank less than or equal to two.
Let W denote the subset of C consisting of those w € C such that there exist

f € N, of the form

00
1l w
01

k”:
I
o o8

We notice that W is an abelian discrete subgroup of C and W # 0 because E; € Ns.

If g € G is an arbitrary element, then it is not hard to check that d(g)w € W
whenever w € W. It follows, by Lemma 5.4, that d(g) is a root of unity of order
1,2, 3,4 or 6. Therefore N, has finite index in G. |

Proposition 5.8. Let G be a discrete subgroup of PGL(3, C) such that A(G) =¢
and every element g € G is induced by a matrix of the form (10). Assume that for
every g € G, there exists n € N, depending on g, such that a(g), d(g) are n-th roots
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of unity. If N denotes the subset of G consisting of those elements in G induced by
matrices of the form

156 v
01 w],
001

then N is a finite-index torsion free normal subgroup of G (it is also finitely gener-
ated).

Proof. Let B be the abelian subgroup of C that consists of all those 8 € C for which
there exists an element in N of the form

1
0
0

S =™
— & <

Analogously, let W be the abelian subgroup of C consisting of those @ € C such
that exists an element in N of the form

1b v
01 w
001

Finally, let V be the subset of C (it is not necessarily a subgroup) consisting of
those v € C such that there exists an element in G of the form

Since G acts properly and discontinuously on C?, so does N. Moreover, the
nilpotent group N acts freely on C2, so N is generated by at most four elements (see
[Cartan and Eilenberg 1999] and [Fillmore and Scheuneman 1973]). It follows that
rank B <4 and rank W < 4. Moreover, when V is an abelian group, rank V < 4.

We consider the following cases:

Casel. B#0and W #0.
In this case, by Lemma 5.3 applied to W and to the root of unity d(g), there
exists 71 € N (not depending on g) such that for every g € G, d(g)" = 1.
Similarly, by Lemma 5.3 applied to B and to the root of unity a(g)/d(g), there
exists ny € N (not depending on g) such that for every g € G, (a(g)/d(g))"? = 1.
Therefore, there exists ny € N such that g"° € N for every g € G.

Case2. B#0,W=0and V #0.
In this case, by Lemma 5.3 applied to the abelian group V and to the root of
unity a(g)/d(g), there exists ny € N such that (a(g)/d(g))"' =1 for every g € G.
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Let us fix an element

ap by vo
go=10 dyp wo| €G,
0 0 1

with dy # 1 (if such an element does not exist then the proof ends). If g € G is an
arbitrary element, then the commutator [gg, g] has the form

1B v
01 (d—Dw—(d—1wy
00 1

Then (dy — 1)w — (d — 1)wy = 0. Therefore, conjugating G by the projective
transformation induced by

1 0 0
0 O 1

we can assume that w =0 for all g € G.
Now, if v € V and g is an arbitrary element in G as above, then av € V (just
conjugate

1
0
0

S =™

v
0
1

by g). It follows, by Lemma 5.3, that there exists n, € N such that a"?> =1 for every
g € G. Therefore, there exists ng € N such that g"° € N for every g € G.

Case3. B0, W=0and V =0.
This case cannot happen, otherwise the Kulkarni limit set of N (and the Kulkarni
limit set of G) would be equal to ey, €3.

Cased4. B=0, W #£0and V #0.
In this case, V is an abelian subgroup of C. By Lemma 5.3, there exists n; € N
such that d"' =1 for every g € G. Let us fix an element

a b() Vo
go=1|0 dy wo | €G,
0 0 1

with ag # do (if such element does not exist then the proof ends).
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If g € G is an arbitrary element, then the commutator [gg, g] has the form

1 b(uo—doa)lgobo(u—d) v
0 1 w
0 0 1
Then [go, g] € N, so b(ao — do) — bo(a — d) =0.
Hence, we can assume, conjugating G by
ap—do by O
h= 0 1 0],

0 01

that b =0 forall g € G.
It is not hard to check that if g € G, and v € V, then av € V (just conjugate by g).
Lemma 5.3 implies that there exists n, € N such that a2 =1 for every g € G.

Case5. B=0,W #0and V =0.

In this case, W is an abelian subgroup of C and it is not hard to check that there
exists n; € N such that d"* = 1 for every g € G. Now we consider the normal
subgroup N; consisting of all those elements in G of the form

S O Q
e o=

v
w
1

It is easy to check by straightforwar
two elements in G has the form

computation that the commutator of any

S O =
S =™
—_ O <

Since B =V =0, it follows that N; is an abelian group.
We can assume, conjugating by a suitable matrix, that every element in N; has
the form

S O Q

00
1 w
01

It follows that N is a (finitely generated) finite-index abelian subgroup of G.

Case 6. B=0, W=0and V #£0.
In this case, V # 0 is an abelian subgroup of C and there is a fixed natural
number n1 € N such that a"' =1 for every g € G.
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Now, let us denote by N5 the normal subgroup of G consisting of those elements
of the form

S O =
(o RESUEEN
—_ & <

Let us fix an element

lbo Vo
ho=10do wo | € N2, dp#1,
00 1

(if d =1 for every element in N;, then the proof ends). If

1 b v
h=10d w]| €N,
001

then [h, hg] € N. Hence
(1—d)bg+ (1 —dp)b=0= (1 —d)wy+ (1 —dp)w.

Thus, conjugating by
1 bo/(1—do) O
0 dy—1 wo |,
0 0 1

we can assume that every element in Ny has the form

10w
h=10d 0
001

It follows that N, is a (finitely generated) finite-index abelian subgroup of G.

Case7. B=0, W=0and V =0.
In this case, every element in G is of finite order, so G is finite. |

Proof of Theorem 1.1(iii).

If G contains the ellipto-parabolic element E then Proposition 5.6 implies the
group N is a finite-index normal abelian subgroup, and no element in N; acts on £
as a parabolic element. If we assume that there exists g € G such that ¢(g) acts
on £ as a parabolic element then for some ng € N, we have that ¢ (g)"° € ¢ (V1) acts
as a parabolic element on ¢, which is a contradiction. A similar argument, using
Proposition 5.6, shows that G cannot contain the ellipto-parabolic element E5.

The second part is analogous to the proof of Theorem 4.1 in [Fillmore and Sche-
uneman 1973], and we include it here for reader’s convenience. By Proposition 5.8,
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G is a finite extension of a discrete unipotent group N, and by Theorem 5.4.3 in
[Corwin and Greenleaf 1990], there exists a unique Lie unipotent group H such
that H/N is compact (in consequence, N is finitely generated). This group H is
necessarily simply connected, and in fact it is a Euclidean space.

Since N acts properly discontinuously (and freely) on C?, it follows that the
projective dimension of the integer group ring of N is less or equal to four (see
[Cartan and Eilenberg 1999]). Moreover, the dimension of H is less or equal to four.

The nilpotent simply connected Lie groups of dimension four are R* and Hj3 x R,
where Hj denotes the real Heisenberg group. The nilpotent simply connected Lie
groups of dimension three are H3 and R>. Finally, those nilpotent simply connected
Lie groups of dimension two and one are R? and R.

The discrete subgroups with compact quotient of H3 x R are of the form

Ar=(A,B,C,D : C, D are central and [A, B] = C*),
where k € N. The discrete subgroups of H3 with compact quotient are of the form
I« = (A, B,C : Ciscentral and [A, B] = C),
where k € N. U

Acknowledgements. We would like to thank Professor John Parker for enlight-
ening discussions during the process of this work and the kind hospitality received
by the three authors at Durham University. Also, we would like to thank the referee
for his helpful suggestions.

References

[Barrera Vargas et al. 2011] W. d. J. Barrera Vargas, A. C. Cordero, and J. P. N. Carrillo, “The limit
set of discrete subgroups of PSL(3, C)”, Math. Proc. Cambridge Philos. Soc. 150:1 (2011), 129-146.
MR 2012b:32037 Zbl 1214.30032

[Cano and Seade 2010] A. Cano and J. Seade, “On the equicontinuity region of discrete subgroups of
PU(1, n)”, J. Geom. Anal. 20:2 (2010), 291-305. MR 2011¢:32045 Zbl 1218.37059
2

[Cano and Seade 2014] A. Cano and J. Seade, “On discrete groups of automorphisms of P&”, Geom.
Dedicata 168 (2014), 9-60. MR 3158029 Zbl 06269858

[Cano et al. 2013] A. Cano, J. P. Navarrete, and J. Seade, Complex Kleinian groups, Progress in
Mathematics 303, Birkhéuser, Basel, 2013. MR 2985759 Zbl 1267.30001

[Cartan and Eilenberg 1999] H. Cartan and S. Eilenberg, Homological algebra, Princeton University
Press, 1999. MR 2000h:18022 Zbl 0933.18001

[Corwin and Greenleaf 1990] L. J. Corwin and F. P. Greenleaf, Representations of nilpotent Lie groups
and their applications, I: Basic theory and examples, Cambridge Studies in Advanced Mathematics
18, Cambridge University Press, 1990. MR 92b:22007 Zbl 0704.22007

[Dekimpe 1996] K. Dekimpe, Almost—Bieberbach groups: Affine and polynomial structures, Lecture
Notes in Mathematics 1639, Springer, Berlin, 1996. MR 2000b:20066 Zbl 0865.20001


http://dx.doi.org/10.1017/S0305004110000423
http://dx.doi.org/10.1017/S0305004110000423
http://msp.org/idx/mr/2012b:32037
http://msp.org/idx/zbl/1214.30032
http://dx.doi.org/10.1007/s12220-009-9107-6
http://dx.doi.org/10.1007/s12220-009-9107-6
http://msp.org/idx/mr/2011c:32045
http://msp.org/idx/zbl/1218.37059
http://dx.doi.org/10.1007/s10711-012-9816-z
http://msp.org/idx/mr/3158029
http://msp.org/idx/zbl/06269858
http://dx.doi.org/10.1007/978-3-0348-0481-3
http://msp.org/idx/mr/2985759
http://msp.org/idx/zbl/1267.30001
http://msp.org/idx/mr/2000h:18022
http://msp.org/idx/zbl/0933.18001
http://msp.org/idx/mr/92b:22007
http://msp.org/idx/zbl/0704.22007
http://dx.doi.org/10.1007/BFb0094472
http://msp.org/idx/mr/2000b:20066
http://msp.org/idx/zbl/0865.20001

ONE LINE COMPLEX KLEINIAN GROUPS 303

[Fillmore and Scheuneman 1973] J. P. Fillmore and J. Scheuneman, “Fundamental groups of compact
complete locally affine complex surfaces”, Pacific J. Math. 44 (1973), 487-496. MR 48 #6474
Zb1 0259.32008

[Kulkarni 1978] R. S. Kulkarni, “Groups with domains of discontinuity”’, Math. Ann. 237:3 (1978),
253-272. MR 81m:30046 Zbl 0369.20028

[Marden 2007] A. Marden, Outer circles: An introduction to hyperbolic 3-manifolds, Cambridge
University Press, 2007. MR 2008i:57001 Zbl 1149.57030

[Maskit 1988] B. Maskit, Kleinian groups, Grundlehren der Mathematischen Wissenschaften 287,
Springer, Berlin, 1988. MR 90a:30132 Zbl 0627.30039

[Navarrete 2008] J.-P. Navarrete, “The trace function and complex Kleinian groups in IP?C”, Internat.
J. Math. 19:7 (2008), 865-890. MR 2009g:32056 Zbl 1167.30025

[Ratcliffe 1994] J. G. Ratcliffe, Foundations of hyperbolic manifolds, Graduate Texts in Mathematics
149, Springer, New York, 1994. MR 95j:57011 Zbl 0809.51001

[Scheuneman 1974] J. Scheuneman, “Fundamental groups of compact complete locally affine com-
plex surfaces, II”, Pacific J. Math. 52 (1974), 553-566. MR 54 #612 Zbl 0291.32029

[Suwa 1975] T. Suwa, “Compact quotient spaces of (o2 by affine transformation groups”, J. Differen-
tial Geometry 10 (1975), 239-252. MR 51 #5977 Zbl 0311.57025

Received September 26, 2013. Revised December 17, 2013.

WALDEMAR BARRERA

FACULTAD DE MATEMATICAS
UNIVERSIDAD AUTONOMA DE YUCATAN
ANILLO PERIFERICO NORTE TABLAJE CAT
13615 MERIDA, YUCATAN

MEXICO

bvargas @uady.mx

ANGEL CANO

INSTITUTO DE MATEMATICAS

UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
Av. UNIVERSIDAD S/N

CoL. LoMAS DE CHAMILPA

62210 CUERNAVACA, MORELOS

MEXICO

angel @matcuer.unam.mx

JUAN PABLO NAVARRETE

FACULTAD DE MATEMATICAS
UNIVERSIDAD AUTONOMA DE YUCATAN
ANILLO PERIFERICO NORTE TABLAIJE CAT
13615 MERIDA, YUCATAN

MEXICO

jp-navarrete @uady.mx


http://dx.doi.org/10.2140/pjm.1973.44.487
http://dx.doi.org/10.2140/pjm.1973.44.487
http://msp.org/idx/mr/48:6474
http://msp.org/idx/zbl/0259.32008
http://dx.doi.org/10.1007/BF01420180
http://msp.org/idx/mr/81m:30046
http://msp.org/idx/zbl/0369.20028
http://dx.doi.org/10.1017/CBO9780511618918
http://msp.org/idx/mr/2008i:57001
http://msp.org/idx/zbl/1149.57030
http://dx.doi.org/10.1007/978-3-642-61590-0
http://msp.org/idx/mr/90a:30132
http://msp.org/idx/zbl/0627.30039
http://dx.doi.org/10.1142/S0129167X08004868
http://msp.org/idx/mr/2009g:32056
http://msp.org/idx/zbl/1167.30025
http://dx.doi.org/10.1007/978-1-4757-4013-4
http://msp.org/idx/mr/95j:57011
http://msp.org/idx/zbl/0809.51001
http://dx.doi.org/10.2140/pjm.1974.52.553
http://dx.doi.org/10.2140/pjm.1974.52.553
http://msp.org/idx/mr/54:612
http://msp.org/idx/zbl/0291.32029
http://projecteuclid.org/euclid.jdg/1214432792
http://msp.org/idx/mr/51:5977
http://msp.org/idx/zbl/0311.57025
mailto:bvargas@uady.mx
mailto:angel@matcuer.unam.mx
mailto:jp.navarrete@uady.mx




PACIFIC JOURNAL OF MATHEMATICS
Vol. 272, No. 2, 2014

dx.doi.org/10.2140/pjm.2014.272.305

A NOTE ON FLUX INTEGRALS
OVER SMOOTH REGULAR DOMAINS

IDO BRIGHT AND JOHN M. LEE

We provide new bounds on a flux integral over the portion of the boundary
of one regular domain contained inside a second regular domain, based on
properties of the second domain rather than the first one. This bound is
amenable to numerical computation of a flux through the boundary of a
domain, for example, when there is a large variation in the normal vector
near a point. We present applications of this result to occupational measures
and two-dimensional differential equations, including a new proof that all
minimal invariant sets in the plane are trivial.

1. Introduction

A regular domain in RY is a closed, embedded d-dimensional smooth submanifold
with boundary, such as a closed ball or a closed half-space. (Throughout this paper,
smooth means infinitely differentiable.) If D C R? is a regular domain, its interior D
is an open subset of R4, and its boundary 9D is a closed, embedded, codimension-1
smooth submanifold (without boundary) which is the common topological boundary
of the open sets D and R? <. D. For this reason, the boundary of a regular domain
is often called a space-separating hypersurface. The Jordan—-Brouwer separation
theorem (see, for example, [Guillemin and Pollack 1974, p. 89]) shows that if
S c R is any compact, connected, embedded hypersurface, then the complement
of § has two connected components, one bounded (the interior of S) and another
unbounded (the exterior of S), with S as their common boundary; thus S U Int S
and S UExt S are both regular domains. But in general, the boundary of a regular
domain need not be connected (for example, an annulus in the plane).

Surface integrals computing the flux through boundaries of regular domains are
ubiquitous in physics and engineering. We present two bounds for surface integrals
on a portion of the boundary of one domain contained inside a second domain. The
results are presented for regular domains in Euclidean space for simplicity, but
Theorems 1.1 and 1.2 extend to regular domains in Riemannian manifolds. See
Theorem 3.3. For more details about the notation in these theorems, see Section 2.

MSC2010: primary 53A05, 58C35; secondary 28A99.
Keywords: flux integral, smooth, regular domain, occupational measure.
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Theorem 1.1. Suppose D1, D, C R are regular domains, such that Dy N D, is
compact and D, has finite volume and surface area. Suppose f is a smooth vector
field defined on a neighborhood of D> such that | f| and |V- f| are bounded. Then

the absolute value of the flux of f across the portion of 0D inside D, satisfies

/ f-ng)DI dA
oD 1NDy

When the vector field is divergence-free, we have the following much better bound.

(1-1) < Area(dD2) | floo + VOl(D)[IV- f 1l 0o-

Theorem 1.2. Suppose D, D, C R? are regular domains with compact intersection
and finite surface areas, and f is a smooth bounded vector field on R? satisfying
V-f=0. Then

(1-2)

/ fnap, dA| < 1 Area(3D2) |l £ oo-
dD1NDy

A surprising corollary to Theorem 1.2 bounds the integral of the normal vector
of the portion of a hypersurface contained inside a second regular domain.

Corollary 1.3. Suppose Dy, D, C R? are regular domains with compact intersec-
tion and finite surface areas. The following inequality holds:

(1-3)

/ nop, dA‘ < 1 Area(dDy).
dD1ND,

When D, is convex we have the following alternative bound, which is an im-
provement in some cases.

Theorem 1.4. Suppose D1, D> C R? are regular domains. If D, is compact and
convex with diameter 8, then

(1-4)

/ nyp, dA‘ < 3 Vol(BY71(8/2)),
a

DiND>
where B4~1(8/2) denotes the ball in R~ of radius 8 /2.

The significance of these results is that, although the integration is with respect
to the portion of dD; inside D;, which might have arbitrarily large surface area (see
Figure 1), the bound depends only on D;. This is due to the cancellations of the
normal vector that occur in hypersurfaces that bound regular domains, and would
not hold for images of general immersions of codimension 1 (see Example 4.2).

Theorem 1.1 is applicable to the numerical computation of the flux on the surface
of a regular domain when there is a large variation of the normal vector near a point,
resulting in a large surface area contained in a region of small volume. Indeed, the
flux over the problematic part can be estimated by finding a domain containing
it, avoiding direct computation. We provide an application of Corollary 1.3 in
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Figure 1. The setup for Theorems 1.1 and 1.2.

Section 5, for limits of sequences of regular domains with surface area increasing
without bound; there we use the bound to show that in the limit, the average
normal vector, say in a ball, is zero. Such a result is applied in the case d = 2, in
[Artstein and Bright 2010], to obtain a new Poincaré—Bendixson type result for
planar infinite-horizon optimal control.

Corollary 1.3 generalizes a previous result, for d = 2, established by Artstein
and Bright [2010; 2013]. This topological result has proved fruitful in applications,
providing new Poincaré-Bendixson type results, in an optimal-control setting
[Artstein and Bright 2010; Bright 2012], and in the context of dynamics with no
differentiability assumptions by Bright [2012]. The proofs of the planar result in
[Artstein and Bright 2010; 2013] employ a dynamical argument, which is similar
to the one used in the textbook proof of the Poincaré—Bendixson theorem. In this
paper, we generalize the results to boundaries of open sets, restricting ourselves in
this presentation to regular domains; however the results hold for more general sets
and vector fields. The results in their fullest generality for nonsmooth domains and
fluxes are presented in [Bright and Torres 2014].

Remark 1.5. The requirement that D; N D, be compact is essential, as it implies
that 0D N D, is compact, so that the integrals in (1-1)—(1-3) are finite.

Remark 1.6. Theorem 1.1 can be extended, by replacing the smooth vector field f
with a smooth matrix-valued function I, using the induced norm.

Remark 1.7. For simplicity, Theorem 1.2 is stated under the assumption that f is
defined on all of R?; but as the proof will show, if D has finite volume it is only
necessary that f be defined on some neighborhood of D.

The structure of this paper is as follows. Section 2 presents notation and lemmas
used in the paper. In Section 3 we prove Theorems 1.1 and 1.2, and describe how our
results extend to regular domains in a Riemannian manifold. In Section 4 we prove
Corollary 1.3 and Theorem 1.4, and also provide examples showing the tightness
of the bound. In the last section we provide three applications of Corollary 1.3: an
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application to limits of sequences of regular domains; an extension when d = 2;
and a simplified proof of a theorem on invariant sets for dynamical systems.

2. Notation and lemmas

Throughout this paper, we denote the characteristic function of a set A C R by x4.
The d-dimensional volume is denoted by Vol(A), and the (d — 1)-dimensional
surface area of its boundary by Area(dA). Given two submanifolds S;, S, C R4,
the notation S; M S, means that S; and S, intersect transversally. The Euclidean

norm on R? is denoted by |- |, and the supremum norm on functions by || - ||cc-
The divergence of a smooth vector field f = (f!, f2, ..., f%) at the point x =
(xl, x2, ..., xd) € R? is denoted by

I d Y
V-fx)= @f (x) + ﬁf x)+---+ ax_df (x).
The following is a simple lemma we need for the proof of the main theorems.

Lemma 2.1. Suppose (X, i) is a measure space, U,V C X, and U has finite
measure. For every real-valued function f € L°°(X), we have

)

J () (dx)

U~\Vv

J(x)p(dx)

unv

< H(won st | [ s
U

< %(M(U)Hf”oo‘i‘

/ J(x)p(dx)
U

Proof. The first inequality follows from the triangle inequality:

/ J )| uldx) = Jf ) pdx)| + J () p(dx)
U U~V unv
= f ) p(dx)| + J(x)p(dx) —/ J(x)p(dx)
U~V U~\Vv U
22| [ fwua@n|-|[ fwuan)
U~V U
The second inequality follows by replacing V with X \ V. ]

The proofs of the main theorems are based on the divergence theorem for certain
domains in R?. Let us say a regular domain with corners in R? is a closed subset
D c R? such that for each point p € D, there exist an open set U C R containing p
and a smooth coordinate chart ¢ : U — R? such that ¢(U N D) is the intersection of
e(U) withRY ={x e R? | x' >0, ..., x? > 0}. Some typical examples are closed
simplices and rectangular solids. Every regular domain is a regular domain with
corners, and a regular domain with corners is a d-dimensional smooth manifold
with corners in the sense defined in [Lee 2013].
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Here is the version of the divergence theorem we will use.

Lemma 2.2. Suppose D C R? is a regular domain with corners, having finite
volume and surface area. If f is a smooth vector field defined on D such that both
| f| and |V- f| are bounded, then

/wf-nwdA=va.fdv.

Proof. If D is compact, or more generally if f is compactly supported, this follows
immediately from Stokes’s theorem applied to the (d —1)-form f_ (dx'A-- A dx?),
where | denotes interior multiplication. (For Stokes’s theorem on manifolds with
corners, see, for example, [Lee 2013, Theorem 16.25, p. 419].) In the general case,
we argue as follows. Let ¢ : [0, co) — [0, 1] be a smooth function that is equal to 1
on [0, 7] and supported in [0, 1], and for each r > 0 let ¢, (x) = ¢(|x|?/r?). Then
the vector field ¢, f is compactly supported, so the divergence theorem implies

@-1) / gorf-naDdA=/V-<¢rf)dv.
oD D

As r — 00, the integral on the left-hand side of (2-1) converges to f op J - Map dA
by the dominated convergence theorem. On the other hand, for each r > 0,

V- (or /)| =

2
POV £ () + ZZ¢(' il )xf(x)

=< IIV-fllooJr;II(p lloo 1 f lloo-

because |x| < r on the support of ¢’ (|x|? / r?). Since V- (¢, f) converges pointwise
to V-f and D has finite volume, it follows from the dominated convergence theorem
that the right-hand side of (2-1) converges to || pV-fav. ([

The next proposition is used in the proof of the main theorems.

Proposition 2.3. Suppose D, and D, are regular domains in R, with D; N D,
compact and with Dy of finite volume and surface area. Suppose further that f
is a smooth bounded vector field defined on a neighborhood of D,. There exists
a sequence of regular domains D, ; such that 0D, ; is transverse to 0D, and the
following limits hold as i — oo:

(a) Vol(D,;) — Vol(D»);
(b) Area(dD; ;) — Area(dD3);
() faDz_,‘ fnyp,, dA — fasz-naD2 dA.

The domains can be chosen so that D, ; is either a decreasing sequence of domains
whose intersection is D, or an increasing sequence of domains whose union is D».
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Figure 2. Defining a domain D, containing D;.

Proof. As a smooth embedded hypersurface, dD; has a tubular neighborhood N,
and there exists a smooth embedding E : 0D, x (=6, 8) — N such that E(-,0)
is the identity on dD;. It can be chosen such that E(aD; x (0, §)) N D, = @ and
E(0D, x (=68,0]) C D,.

Let W C R be a precompact neighborhood of D; N D, contained in the set
on which f is defined, and let ¢ : R¢ — [0, 1] be a smooth compactly supported
function that is equal to 1 on W. For each 7 such that § > 1 > 0, define

Vi ={E(x,s):0=<s <nex)},
D} =D,UV,.

(See Figure 2.) Then Dg is a regular domain containing D, which agrees with D,
outside the support of ¢. Its boundary (’JD;7 is the image of the embedding ¢, :
oD, — R4 given by ¢,(x) = E(x, ne¢(x)), which is equal to the inclusion map
dD, — R4 outside supp ¢. The map E has full rank in (0D, N W) x (=4, §), and
¢ = 1 there, so by the parametric transversality theorem (see, for example, [Lee
2013, Theorem 6.35, p. 145]), 8D'27 is transverse to 0D for almost every n € (=6, §).

Now let n; be a sequence of positive numbers that decreases to zero, chosen so
that dD,' is transverse to dD; for each i, and set D, ; = D)'. Then D, ; decreases
to D and Vol(D; ;) decreases to Vol(D,). Moreover, because the embeddings ¢,
converge uniformly with all derivatives to the inclusion map 9D, < R, the surface
area of dD;; converges to that of dD;. Further, the function nyp,; ot,, : 9D, — R4
converges to n3p,. Combining these two arguments, we conclude that (c) is satisfied.

To obtain a sequence of domains that increase to D°2, we proceed instead as
follows. For each n such that —§ < n < 0, define

Vy =1{E(x,s) | ng(x) <s <0}, D;’ =Dy \V,.

In this case, we can choose a sequence of negative numbers 7; increasing to zero
such that aDgi is transverse to dD. The rest of the proof proceeds as before. [
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3. Proof of Theorems 1.1 and 1.2

In this section, we prove Theorems 1.1 and 1.2. We start with a more general result
that implies both theorems; first, we prove it when the boundaries of the domains
intersect transversally, then, employing an approximation argument, we prove the
general case.

Theorem 3.1. Suppose D and D> are two regular domains in R?, such that
D1 N Dy is compact and D; has finite volume and surface area. Let f be a smooth
vector field defined on a neighborhood of D, such that both | f| and |V- f| are
bounded. The absolute value of the flux of f across the portion of 0Dy inside D,
satisfies the following bound:

/ f-nyp, dA
D\ ND,

1
<3 <Area(3D2) I flloc +

(3-D

f-nip, dA‘ + Vol(D) IV flloo +

va-deD.

The same estimate holds when 0D| N D, is replaced by oD N lo)g on the left-
hand side.

Proposition 3.2. Theorem 3.1 holds when 0D th 9D,.
Proof. Note that (D N D,) is compact, and

0D,

(3-2) 3(Dy N Dy) = (3D; N Dy) U (D N 3D5).

Adding and subtracting |, ap.np, J - Map, dA, we obtain

/ f'"aDldA=/ f'"aDldA+/ f'"BDsz_/ J-nyp, dA
oD ND, oD{ND, 0D,ND; 0D,N Dy

2/ fnoinp,) dA —/ f-nap, dA,
a(D1NDy) aD,ND;

since dD; N 0D, is a smooth (d — 2)-dimensional submanifold and thus has zero
(d — 1)-dimensional area.

The assumption dD; h D, implies that D; N D, is a smooth manifold with
corners. To see this, we just need to show that each point is contained in the domain
of an appropriate smooth coordinate chart. For points not in D NdD;, this follows
easily from the fact that D and D, are regular domains. If x € dD; N dD,, we
can find a local defining function u! for D; such that D is locally given by the
equation u' > 0; and similarly we can find a local defining function u? for D,. The
assumption 9D rh dD, ensures that du' and du? are linearly independent at x. Thus
we can find smooth functions «°, ..., u? such that (u', ..., u?) form the required
local coordinates in a neighborhood of x.
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Applying the divergence theorem, we get

/ fnap, dA:/ V-de—/ F-nap, dA.
oDND, D,ND; 0D,ND;

Applying Lemma 2.1 to both terms on the right hand side completes the proof
for D1 N D,. The result for 0D N f)z is immediate in this case, because 0D; N 0D,
has zero surface area. U

Proof of Theorem 3.1. Let D;; be a sequence of regular domains decreasing to D,
and satisfying the conclusions of Proposition 2.3. By Proposition 3.2, for every i

we have that }faDsz. f-nyp, dA{ is bounded by
/ \i dVD.
Dy ;

Proposition 2.3 shows that the first three terms above converge to the first three
terms on the right-hand side of (3-1). To complete the proof, we use the facts that
the sets D, ; decrease to D, and the compact sets 0D N D, ; decrease to D1 N D,
as i goes to infinity, and thus the Lebesgue dominated convergence theorem yields

fl)v-de‘:fl)V‘de‘

/ f'"aDldA‘= / f-naDldA‘.
aD1NDy; 0D1ND;

This completes the proof for dD; N D.

To prove the estimate for dD; N Doz, we use the same argument, but with D5 ;
chosen to increase to Doz. Because 0D, has d-dimensional measure zero, we have
[, V-fdV = [, V-fdV,and the result follows. O

fnop,, dA‘ + Vol(D2 ) IV- flloo +

1
! (Area(aDz,i)”fHoo n

0D, ;

lim
i—00

and

lim
i—00

Proof of Theorem 1.1. Inequality (1-1) follows immediately from (3-1) and obvious
estimates for the integrals. ([

Proof of Theorem 1.2. We first assume that Vol(D;) < oo, so that (3-1) holds. In
this case, the last two terms in (3-1) are zero because V- f = 0, and the second term
is zero by the divergence theorem.

Now consider the case in which D, has infinite volume. Let Dé denote the
closure of RY . D5, which is a regular domain with interior Doé =R D,. Because
Area(0D}) = Area(dD) < oo, the isoperimetric inequality (see [De Giorgi 1953])
implies that D) has finite volume. If D; also has finite volume, the divergence
theorem gives

/ f~n31_)1dA+/ . f-naDldAZ f-naDldA=/V-de=O,
oD1ND, aDlﬂDé oD, Dy
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and (1-2) follows from Theorem 3.1 applied to the second term on the left-hand side
above. On the other hand, if Vol(D;) = oo, we let D] be the closure of RY < D
(which has finite volume), and apply the above argument with D/ in place of D;. O

To conclude this section, we explain what modifications need to be made to
Theorems 1.1 and 1.2 and their proofs to adapt them to the case of regular domains
in Riemannian manifolds.

Suppose M is a d-dimensional smooth Riemannian manifold with Riemannian
metric g and volume density dV,. (If M is oriented, dV, can be interpreted as a
differential d-form; but otherwise it needs to be interpreted as a density. See [Lee
2013, pp. 427-434] for basic properties of densities.) A regular domain D C M is
defined just as in the case M = R¢. If D C M is a regular domain, it has a uniquely
defined outward unit normal vector field rnp. For any such domain, we let g denote
the induced Riemannian metric on 9D, and let dA; denote its volume density.

For any smooth vector field f defined on an open subset of M, the divergence of
f, denoted by V- f, is defined as follows. If M is oriented, then V- f is the unique
vector field that satisfies (V- f) dV, =d(f1dV,). On a nonorientable manifold, we
define it locally by choosing an orientation and using the same formula; because V- f
is unchanged when the orientation is reversed, it is globally defined. The divergence
theorem then holds in exactly the same form for smooth d-dimensional submanifolds
with corners in M. Moreover, any compact smooth embedded hypersurface in M has
a tubular neighborhood in M. (See [Bredon 1993, Theorem 11.14, p. 100] for a proof.
Although the proof there is for manifolds embedded in Euclidean space, it follows
from the Whitney embedding theorem that it applies to all smooth manifolds.)

Using these facts, the proof of the following theorem is carried out exactly like
the proofs of Theorems 1.1 and 1.2. To avoid complications, we restrict to the case
in which D; is compact.

Theorem 3.3. If Dy and D, are regular domains in a Riemannian manifold (M, g)
with Dy compact, and f is a smooth vector field defined on a neighborhood of D,
then the conclusions of Theorems 1.1 and 1.2 hold, namely,

/B (o many)e dAz

D1ND,

< Area(dD2)|| flloo + VOl(D)[IV- f llco.

and if V- f =0,

/ (f. map, e dAz| < | Area(3D2)]| fll.
a

DiND>
4. Bounding integrals of normal fields

In this section, we prove Corollary 1.3 and Theorem 1.4. We also provide examples
on the tightness of the bound.
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Proof of Corollary 1.3. Let v = faDsz nyp, dA. If |v| = O there is nothing to
prove, so we assume that [v| > 0, and let f : R? — R? be the constant vector field
f=v/vl. Clearly, |v| =v-v/|v| = [,p ~p, f- o, dA. Now, since V- f =0 and
I flloo = 1, the proof follows from Theorem 1.2. ([

To prove Theorem 1.4, we begin with a lemma.

Lemma 4.1. Suppose D C R? is a compact convex regular domain with diameter §
and C is any measurable subset of 3D. Then for any unit vector v € RY, we have

4-1) f v-nyp dA < Vol(BY71(8/2)).
C

Proof. First consider the case v =¢; = (0, ..., 0, 1). After applying a translation,
we can assume that D is contained in the set where x¢ > 0. Its boundary is the
union of the three subsets 0D, dDy, and dD_, defined as the subsets of dD where
v - nyp is positive, zero, or negative, respectively.

Now, let A be the following subset of R?:

A={G" .. x e D eD, 0<r<1).

Then A is a compact convex set, and its boundary is the union of the three subsets
0A 4, 0Ag, and 0A_, defined in the same way as above. (See Figure 3.)

The fact that D is convex ensures that dA, = dD,, dAg D 9Dy, and dA_ is
contained in the hyperplane where x¢ = 0. Moreover, A is a C! manifold with
corners. (Its boundary might not be smooth at points where Ao meets dA ., but it
is at least C! there.)

8A+ = 8D+

3Ao

v
T s aD_

( 0A_ 'xl,...,xd_l

Figure 3. Proof of Lemma 4.1.
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Using the fact that v-nyp < 0 on dD_ and v - nyp = 0 on dDy, we compute

/U-naDdA=/ v-naDdA—l—/ U'naDdA—l-/ v-nyp dA
c CnaD., CNaD, CnaD_
Sf v-naDdAS/ v-nmyp dA
CcNaD D,

:/ U-naAdA:—f U'naAdA,
0A 4+ 0.

where in the last line we have used the divergence theorem for the vector field f =v
and the fact that v-ny4 = 0 on dAy. Since nyy = —v on JA_, the last integral is
equal to the area of dA_. Since dA_ is contained in a (d — 1)-dimensional ball of
radius §/2, the result follows.

Finally, for the case of a general unit vector v, we just apply a rotation to D and
apply the above argument. ([

Proof of Theorem 1.4. Let Dy and D; be as in the statement of the theorem. If
/. aD,D, 11D, dA = 0, there is nothing to prove, so assume the integral is nonzero,
and let v be the unit vector in the direction of f aD,"D, MoD, dA. Then

/ hyp, dA‘ = / nyp, dA
dD1ND, oD 1NDy

= / V-Rjyp, dA,
oD1ND,

and the result follows from Lemma 4.1. O

The following examples demonstrate the tightness of the bound for nonconvex
sets, as well as the necessity of the condition that the hypersurface be the boundary
of a regular domain.

Example 4.2. The main theorem explicitly uses the divergence theorem, which
is applied to space-separating hypersurfaces. In fact, the bounds do not apply for
images of general smooth immersions. To construct a counterexample in the plane
(i.e., for d = 2), start with a smooth Jordan curve in the plane, then cover it m times,
with small perturbations, making the integral on the left-hand side of (1-3) roughly
m times as large, while the right-hand side is fixed because it depends only on dD.
Clearly, whenever the left-hand side of (1-3) is not zero, we can choose m large
enough that the inequality does not hold.

Example 4.3. To see that the bound obtained in Corollary 1.3 is tight, and cannot
be replaced by a bound based only on the diameter of D, when D is not convex,
we consider comb-shaped subsets of R?, for d > 2, generated in the following
manner. Fix n > 2, and let D, be a closed nonsmooth comb-shaped set defined as
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D1’4 Lecocoscooosoocosoacocaocoooacooosonss

Figure 4. The domains of Example 4.3 in the case n = 4 (before smoothing).

the union of the following rectangles:
Ri,={"....,xHel0,11%|i/n<x*<i/n+1/n%, O0<i<n-—I;
R =", ..., x) €0, 11710 <x' < 1/n?).

Applying a small perturbation we then smooth its corners, and set D , accordingly.
Let D, , be the translation of D , by the vector (1/(2n2), 1/(2n2), 0,...,0) e R4
(See Figure 4.) By our construction, the surface area of each set 9D, or 9D, is
roughly 2n 4 2, and the fraction of the boundary area where the normal vector of
dD1, is parallel to the x-axis is roughly n/(n + 1), approaching 1 when 7 is large.
Notice that by the choice of D, ,, when we integrate the normal vector in the portion
of dD , inside D, , we capture only the part pointing in the positive direction of
the x2-axis. This shows that the integral of the normal vector has magnitude of
roughly n, approaching half the surface area when we take n to infinity.

5. Applications: limits of hypersurfaces & planar results

In this section we provide two applications of Corollary 1.3, extending previous
planar results in [Artstein and Bright 2010; 2013]. The first is for limits of regular
domains whose surface areas increase without bound. The second is an application
in the planar case.

Corollary 1.3 bounds the normal vector of the boundary of a regular domain in a
second regular domain, by the surface area of the boundary of the second domain,
and completely disregarding the surface area of the original hypersurface. This is
now applied to surfaces with increasing surface area, establishing a new result on
the limit.

We will denote by S?~! ¢ R the unit (d—1)-sphere. For every hypersurface
we define a corresponding probability measure using the following notation:
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Definition 5.1. Suppose S C R is a smooth hypersurface endowed with a unit
normal vector field ng. We define the empirical measure u € P(R? x S¢1)
corresponding to S by

w(U x V) xv(ng)dA,

~ Area(S) Jsnu
for all open sets U C R? and V c S!.

A useful property of empirical measures is that, if f : R? x S ! — R is
continuous, we have
1
Area(S)

ff(x,ns)dAzf f(x,n)u(dx, dn).
s Rd x S

We endow the set of probability measures P(R? x S?~!) with the weak topology,
namely, a sequence of measures L1, 2, ... E P(RY xS converges to a measure
o € P(R? x S if for every bounded continuous function g(x, n),

fd o 1g()C,l’l)/LO(CbC,dn) = lim g(x, )i (dx, dn).
R4 x S4—

i—00 JRpd xgd-1

Another tool we need for the next theorem is disintegration of measures. Given
a probability measure pu € P(R? x S=1), we define its marginal measure, p(dx),
as the projection on R, namely, p(A) = (A x S?~1) for every measurable set
A C R4, Also, we denote the measure valued function u* (dn), the disintegration
of u with respect to p, for p-almost every x. With this notation, for every pair of
measurable sets U C R? and V ¢ S¢~!, we have that

U xV) Z/U/LX(V)p(dX)-

We now state the main result regarding the limits of regular domains.

Theorem 5.2. Let Dy, Dy, ... C RY be a sequence of compact regular domains,
such that the surface areas of their boundaries increases to infinity. If the empiri-
cal measures L1, L2, . .., corresponding to the sequence dD1, dD», ..., converge
weakly to Lo, then

h(x) = /Sd_l n o (x)(dn) =0

for po-almost every x, where juo(dx, dn) = po(dx) gy (dn) is the disintegration of o
with respect to its projection py.

Proof. Let B = B(x,r) C R be a ball centered at x with radius r > 0. By the
definition of the empirical measures and by Corollary 1.3,

1
Area(dD;) Jyp,na

Area(oB
/ ndu;(dx, dn) nyp, dA‘ < rea(d58)
BxSd-1

~ 2 Area(dD;)’
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Weak convergence of measures and the dominated convergence theorem imply that

= lim
i— 00

/ nduo(dx, dn)
BxSd-1

/ ndu;(dx, dn)
BxSd-1

Area(0dB)
<lim —— =
i—oo 2 Area(0D;)

for a set of values of » > 0 of full measure for which w; (dB(x, r) x S4~1) =0, for
alli =0,1,2,.... Using the disintegration notation we obtain that

/(/ nué(dn)>po(dX)
B \Js4-1

= [ nwpotan =0
B

f nduy(dx, dn)
BxSd-1

for almost every ball B. If the measure po(dx) is Lebesgue measure, by the Lebesgue
differentiation theorem we have h(x) = 0 almost everywhere. The Lebesgue—
Besicovitch differentiation theorem extends this result to Radon measures (see, for
example, [Evans and Gariepy 1992, p. 43]). U

Remark 5.3. Theorem 5.2 requires the convergence of the empirical measures.
When the domains in the sequence are contained in some compact set K, the
compactness of the space K x S?~! implies the compactness of P(K x S?~!), and,
therefore, the existence of a converging subsequence [Billingsley 1999, p. 72].

In two dimensions, our result extends as follows.

Corollary 5.4. Suppose x; : [0, 111 — R? is a parametrized smooth Jordan curve
and Dy C R? is a regular domain. If the length of dD» is L, then

<L
-2

T1 d
/0 XDz(xl([))Exl(t) dt

Proof. Let T; and N; be the unit tangent and normal vectors of x;. Using the
arc-length parametrization, we have that

’

Ly
/ XD, (X1 () T1(s) ds
0

T1 d
/0 XDz(xl([))Exl(t) dt

where L is the length of x;. Expressing the tangent vector in terms of the normal
vector, we reduce the previous expression to

El

Ly
f XD, (x1(s))N1(s) ds
0

Ly _
/ X0s (1(5)) [(1) (1)} Ny (s) ds
0

as the rotation matrix is orthogonal. Applying Corollary 1.3 completes the proof. [
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For our final application, we consider an ordinary differential equation in the

plane defined by
5.1 dx

(5-1) —=f@.
where f :R? — R? is a vector field (generally assumed at least Lipschitz continuous).
An invariant set for f is a subset of R? that is invariant under the forward flow of f
and a minimal set is a nonempty closed invariant set that is minimal with respect
to inclusions. A trivial minimal set is a set that is the image of either a stationary
solution or a periodic solution.

We present a new short proof of the following well-known result.

Theorem 5.5. Suppose f is a smooth vector field on R?. Then every minimal set
for f is trivial.

The textbook proof of this theorem (see [Verhulst 1996]) relies on the Poincaré—
Bendixson theorem, and employs dynamical arguments. Here we present a simpler
proof based on the divergence theorem, and specifically on Corollary 1.3. Note
that the divergence theorem was used by Bendixson in the proof of the Bendixson
criterion, which verifies that no periodic solutions exist.

Our proof uses the following well-known lemmas.

Lemma 5.6. Suppose Q C R? is a minimal set for (5-1) and x* : [0, 00) — R2 isa
solution to (5-1) with trajectory contained in 2. For every yy € Q, s € [0, 00), and
8 > 0, there exists t > s such that |x*(t) — yo| < 6.

Proof. Suppose the lemma does not hold for some yy, s, and §. Then the curve
y*(t) = x*(s + 1) is a solution to (5-1) with trajectory contained in 2 ~\. B(yy, &)
for a suitable § > 0, in contradiction to the minimality of €. (]

The next lemma follows easily from Sard’s theorem.

Lemma 5.7. Suppose I C R is a compact interval and g : I — R is smooth. Then
for almost every r € R, the set gl ={tel|gt)=r) is finite.

Proof of Theorem 5.5. Clearly, €2 is a singleton if and only if it contains a point y € 2
such that f(y) =0, so we may assume henceforth that f does not vanish in Q2 and
Q2 contains more than one point. Choose D > 0 such that Q \ B(x*(0),3D) # @.
We construct sequences of real numbers {§;} and {¢#;}, and a sequence of simple
closed curves {y;}, as follows. Set §; = D, and let 1y be the first time where x*
meets dB(x*(0), §p). Fori =1,2, ... do the following:

(a) Choose §; < §;_1/2 small enough that |x*(0) — x*(¢)| > §; for all ¢ € [to, t;_1].

(b) Let t; be the first time after 7y where the curve x* meets dB(x*(0), §;). (Here
we use Lemma 5.6.)
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¥ ()

Figure 5. Proof of Theorem 5.5.

(¢) Starting from x*(¢;), follow the line connecting it to x*(0), until that line first
meets a point in x*([0, 7p]). Let x*(s;) be this point. (See Figure 5.)

(d) Let y; be the parametrized piecewise smooth curve obtained by following the
curve x* in the interval [s;, #;], and then the line connecting its endpoints with
unit speed.

Note that #; is an increasing sequence and that the uniqueness of the solution with
respect to the initial condition implies that every y; is a Jordan curve. Suppose first
that the sequence {f;} is bounded above. Then t; — t* € RT and x*(¢;) — x*(t*).
According to our construction, |x*(0) — x*(t;)| = 8; < 27" D for every i. Hence by
continuity x*(r*) = x*(0), and x* is periodic. By the minimality of €2, the image
of x* is Q.

The only remaining possibility is t; /' 0o. Fix yg € Q such that | yg — x*(0)| > 2D.
By Lemma 5.7, there exists arbitrarily small ryp < D such that the set

{t €10, 51| |x*(t) — yol = ro}

is finite for every s > 0. (This follows from the fact that g(t) = |x*(¢) — yol2 is a
smooth function of #.) Note that this implies that the portion of y; in By = B(yo, ro)
is part of the trajectory x*, and that for every i the Jordan curve y; intersects 9By at
a finite number of points.

For every i, we let D; denote the domain consisting of the Jordan curve y;
together with its interior. Although D; is not a regular domain, it is a regular
domain with two corner points, which are outside of By, and it is easy to see that
Corollary 1.3 can be applied to dD; N By. Thus by Corollary 5.4,

d
/ —x* () dt| = ‘/ F(&x* (@) dt| < mr.
{r<t;x*(n)eBo) Al {r<t;]x*(r)€Bo}
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Because €2 is minimal, Lemma 5.6 implies that the set {¢ | x*(¢) € By} has infinite
measure. This implies that O is contained in the convex hull of the set

{f() |y € Bo}.

The radius rg can be chosen arbitrary small; therefore, the continuity of f implies
that f(yo) = 0, in contradiction. [l
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ON STABLE COMMUTATOR LENGTH
IN HYPERELLIPTIC MAPPING CLASS GROUPS

DANNY CALEGARI, NAOYUKI MONDEN AND MASATOSHI SATO

We give a new upper bound on the stable commutator length of Dehn twists
in hyperelliptic mapping class groups and determine the stable commutator
length of some elements. We also calculate values and the defects of homo-
geneous quasimorphisms derived from w-signatures and show that they are
linearly independent in the mapping class groups of pointed 2-spheres when
the number of points is small.

1. Introduction

The aim of this paper is to investigate stable commutator length in hyperelliptic
mapping class groups and in mapping class groups of pointed 2-spheres. Given a
group G and an element x € [G, G], the commutator length of x, denoted by clg (x),
is the smallest number of commutators in G whose product is x, and the stable
commutator length of x is defined by the limit sclg (x) :=lim,_  clg(x")/n (see
Definition 2.1 for details).

We investigate stable commutator length in two groups, Jlg' and #,. Let m be a
positive integer greater than 3. Choose m distinct points {g;}7_ | in a 2-sphere S2.
Let Diff (52, {gi}7",) denote the set of all orientation-preserving diffeomorphisms
in % which preserve {g:}7., setwise with the C*°-topology. We define the mapping
class group of the m-pointed 2-sphere by .y = mo Diff, (82, {gi}iL)). Let T, be
a closed connected oriented surface of genus g > 1. An involution ¢ : ¥, — X,
defined as in Figure 1 is called the hyperelliptic involution.

Figure 1. Hyperelliptic involution ¢ and the curves sq, ..., sg_1.

MSC2010: primary 57M07; secondary 20F12, 57NOS.
Keywords: stable commutator length, mapping class groups.
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Let Jl, denote the mapping class group of X, that is, the group of isotopy classes
of orientation-preserving diffeomorphisms of ¥, and let ¥, be the centralizer of the
isotopy class of a hyperelliptic involution in Jilg, which is called the hyperelliptic
mapping class group of genus g. Note that Mg = ¥, when g = 1,2. Since
there exists a surjective homomorphism % : %, — ./i/tgg *2 with finite kernel (see
Lemma 3.3 and the paragraph before Remark 3.7), these two groups have the same
stable commutator length.

Let so be a nonseparating curve on X, satisfying ¢(sg) = so, and let s;, be a
separating curve in Figure 1 for h = 1,..., g — 1. We denote by #;; the Dehn
twist about s; for j =0, 1,..., g — 1. In general, it is difficult to compute stable
commutator length, but those of some mapping classes are known. In the map-
ping class group of a compact oriented surface with connected boundary, Baykur,
Korkmaz and the second author [Baykur et al. 2013] determined the commutator
length of the Dehn twist about a boundary curve. In the mapping class group of a
closed oriented surface, interesting lower bounds on scl of Dehn twists are obtained
using gauge theory. Endo and Kotschick [2001], and Korkmaz [2004] proved that
1/(18g —6) < scly,(t;) for j =0, 1, ..., g — 1. For technical reasons, this result
is stated in [Endo and Kotschick 2001] only for separating curves. This technical
assumption is removed in [Korkmaz 2004]. The second author [Monden 2012] also
showed that 1/(8g +4) < scly, (75,) and

h(g —h)
gg+1)

Stable commutator length on a group is closely related to functions on the
group called homogeneous quasimorphisms through Bavard’s duality theorem.
Homogeneous quasimorphisms are homomorphisms up to bounded error called
the defect (see Definition 2.2 for details). By Bavard’s theorem, if we obtain a
homogeneous quasimorphism on the group and calculate its defect, we also obtain
a lower bound on stable commutator length. Actually, Bestvina and Fujiwara
[2002, Theorem 12] proved that the spaces of homogeneous quasimorphisms on Jl,
and Jly are infinite-dimensional when g > 2 and m > 5, respectively. However
it is hard to compute explicit values of these quasimorphisms and their defects.
To compute stable commutator length, we consider computable quasimorphisms
derived from w-signature in [Gambaudo and Ghys 2005] on symmetric mapping
class groups.

In Section 3, we review symmetric mapping class groups, which are defined by
Birman and Hilden as generalizations of hyperelliptic mapping class groups. We
reconsider cobounding functions of w-signatures as a series of quasimorphisms ¢y, ;
on a symmetric mapping class group moC,(#). Since there exists a surjective
homomorphism % : oC, (t) — M with finite kernel, the homogenizations q_bm,

<scly,(t;,) forh=1,...,¢g—1.
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induce homogeneous quasimorphisms on .y . Let o; € Jly' be a half twist which
permutes the i-th point and the (i 4 1)-th point. We denote by 6; € moC,(¢) a lift
of o;, which will be defined on page 333.

In Section 6, we calculate ¢, ; and their homogenizations bm. j

Theorem 1.1. Let r be an integer such that 2 < r < m. Then:
2r = 1)j(m — j)

@ Gm,j (01 0,1) = Py
_ 2 (i . . . . N2 1
(i) ¢m,,~(o—1---or_l)z—;{”(zz(nfl)f"’;) ”+(%—[%}—§) ‘Z}’

where [x] denotes the greatest integer < x.

Since this requires straightforward and lengthy calculations to prove, we leave it
until the last section. A computer calculation shows that the ([m/2]—1) x ([m/2]—1)
matrix whose (i, j)-entry is ¢_>m,j+1 (o1 - - - 07) is nonsingular when 4 <m < 30. Thus
we have:

Corollary 1.2. The set {¢,,. j}gm:/ZZJ is linearly independent when 4 <m < 30.

In Section 4, we calculate the defects of the homogenizations of these quasi-
morphisms. In particular, we determine the defect of (;_Sm,m ,2 when m is even.
Actually @, ,2 1s the same as the homogenization of the Meyer function on the
hyperelliptic mapping class group .

Theorem 1.3. Let D(¢y,, ;) and D(¢_>m, ;) be the defects of the quasimorphisms ¢y, ;
and ¢y, j» respectively.

G) For j=1,2,...,[m/2],
D (@) < D j) <m—2.
(ii) When m is even and j = m/2,
D(Gmmp2) =m —2.

Remark 1.4. If ¢ : G — R is a quasimorphism and ¢ : G — R is its homogenization,
they satisfy

D($) <2D(¢)
(see [Calegari 2009] Corollary 2.59). We will claim in Lemma 4.1 that, when ¢ is
antisymmetric and a class function, they satisfy the sharper inequality

D(¢) < D(9).

Note that when g = 2, the hyperelliptic mapping class group ¥, coincides
with Jl,. We may think of the lift of 0; € Ji/tg fori =1,2,3,4,5 to Al as the Dehn
twist f., along the simple closed curve c¢; in Figure 2 (see page 333). Similarly
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the Dehn twist £, € Jl, can be considered as a lift of (0102)% € Jl/Lg by the chain
relation (see Lemma 2.8). Since Theorem 1.1(ii) implies ¢ 2((0102)®) = —8/5
and Theorem 1.3(i) implies D(¢s2) < 4, by applying Bavard’s duality theorem, we
have:

Corollary 1.5. % <scly, ().

To the best of our knowledge, for g > 2, there is not known an element x
in ¥, (or Jlg) such that scl(x) is nonzero and can be computed explicitly. By
Theorem 1.3(ii), we can determine the stable commutator length of the following

element in 7(,.

Theorem 1.6. Let d;“ vdy ., d;_ 1 d;_l be simple closed curves in Figure 7.
Let ¢ be a nonseparating simple closed curve satisfying 1(c) = c which is disjoint

fromdl*,di_andsh (i=1,...,g,h=1,...,g—1). For g > 2,

1

2g+8 2 -1\ _
sclye, (1% (tggtay g am V(s ot ) )= 5.

c

In particular, if g =2, then we have scly, (tlzts_ll) =1/2.

Next we consider upper bounds on stable commutator length. Korkmaz [2004]
also gave the upper bound sclMg (t5,) <3/20 for g > 2. In the case of g =2, the
second author [Monden 2012] showed scly, (t5,) < sclu, (#5,). However these upper
bounds do not depend on g. On the other hand, Kotschick [2008] proved that there

is an estimate scly, (z;,) = O(1/g) by using the so-called “Munchhausen trick™.
In Section 5, we give the following upper bounds.

Theorem 1.7. Let sy be a nonseparating curve on X4, and let G, be either Jlg
or #g. Forall g > 1, we have
(fy) =< :

T 20243+ (1/9))

SClgg

2. Preliminaries

Stable commutator lengths and quasimorphisms. Let G denote a group, and let
[G, G] denote the commutator subgroup, which is the subgroup of G generated by
all commutators [x, y] =xyx~'y~! forx, y € G.

Definition 2.1. For x € [G, G], the commutator length clg(x) of x is the least
number of commutators in G whose product is equal to x. The stable commutator
length of x, denoted scl(x), is the limit

clg(x™)

sclg(x) = nli)rrolo pa—
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For each fixed x, the function n — clg(x") is nonnegative and
clg (") < clg(x™) + el (x").

Hence this limit exists. If x is not in [G, G] but has a power x™ which is, define
sclg(x) = sclg(x™)/m. We also define sclg(x) = oo if no power of x is contained
in [G, G] (we refer the reader to [Calegari 2009] for the details of the theory of the
stable commutator length).

Definition 2.2. A quasimorphism is a function ¢ : G — R for which there is a least
constant D(¢) > 0 such that

lp(xy) =@ (x) = ()| = D(d),

for all x, y € G. We call D(¢) the defect of ¢. A quasimorphism is homogeneous
if it satisfies the additional property ¢ (x") =n¢(x) forall x € G and n € Z.

We recall the following basic facts. Let ¢ be a quasimorphism on G. For each
x € G, define

b@) = tim 2%
n

n—oo

The limit exists and defines a homogeneous quasimorphism. Homogeneous
quasimorphisms have the following properties, shown for example in [Calegari
2009, Section 5.5.2] and [Kotschick 2008, Lemma 2.1(1)].

Lemma 2.3. Let ¢ be a homogeneous quasimorphism on G. Forall x,y € G,
(i) ¢p(x) =9 (yxy™"),
(i) xy =yx = ¢(xy) =0 (x)+ ().
Theorem 2.4 (Bavard’s duality theorem [1991]). Let Q be the set of homogeneous

quasimorphisms on G with positive defects. For any x € [G, G], we have

sclg(x) = sup LASYl .
pe0 2D (9)

Mapping class groups. For g > 1, the abelianizations of the mapping class group .l
of the surface ¥, and its subgroup 9, are finite (see [Powell 1978]). Therefore all
elements of L, and 9, have powers that are products of commutators. Dehn showed
that the mapping class group ., is generated by Dehn twists along nonseparating
simple closed curves. We review some relations between them. Hereafter we do
not distinguish a simple closed curve in X, and its isotopy class. The following
relations are well known. See, for example, [Farb and Margalit 2012, Sections 3.3,
3.5.1,5.1.4, and 4.4.1].
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- C2g+l

Figure 2. The curves cy, 2, ..., C2g42.

Lemma 2.5. Let ¢ be a simple closed curve in 4 and f € Mg. Then we have

Lfe) = fl‘cf_1 .

From this lemma, the values of scl and homogeneous quasimorphisms on the
Dehn twists about nonseparating simple closed curves are constant.

Lemma 2.6. Let ¢ and d be simple closed curves in 3.
(1) If c is disjoint from d, then t.t; = t4t..
(i1) If c intersects d in one point transversely, then t.t;t. = tyt.t;.
Lemma 2.7 (hyperelliptic involution). Let cy, ..., cog41 be nonseparating curves
in ¥, as in Figure 2. We call the product
Li=Teygileyy o Teyleyleley  + t Teypleneyy

the hyperelliptic involution. For g = 1, the hyperelliptic involution 1 equals
te,teyte b ey te, » Where ¢ and ¢ are respectively the meridian and longitude of 2.

Lemma 2.8 (chain relation). For a positive integer n, let ay, ay, ..., a, be a se-
quence of simple closed curves in X, such that a; and a; are disjoint if |i — j| > 2
and a; and a; | intersect at one point.

When n is odd, a regular neighborhood of a; Ua, U - --Ua,, is a subsurface of
genus (n — 1)/2 with two boundary components, denoted by dy and d,. Then

1
(ta, -+ tarta)" T =t 14,

When n is even, a regular neighborhood of a; Uay U ---Ua, is a subsurface of
genus n/2 with connected boundary, denoted by d. Then

2 1
(ta, -~ tayta))* "D =14

Meyer’s signature cocycle. Let X be a compact oriented (4n + 2)-manifold for
nonnegative integer n, and let I' be a local system on X such that I'(x) is a
finite-dimensional real or complex vector space for x € X. If we are given a
regular antisymmetric (respectively, skew-hermitian) form I' @ I' — R (respectively,
I'® ' — C), we have a symmetric (respectively, hermitian) form on Hy,1(X; ')
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as in [Meyer 1972, p. 12]. For simplicity, we only explain the complex case. It is
defined by

Hyui 1 (X; T) @ Hap1 (X; T) = H* (X, 0X; T)®@ H*(X, 0X; T)

S HY2(X, 9X: T ®T)

— H*""(X,3X; C)
[X,0X] C.
where the first row is defined by the Poincaré duality, the second row is defined by
the cup product of the base space, the third row comes from the skew-hermitian form
of I' as above, and the fourth row is the evaluation by the fundamental class of X.
Meyer showed additivity of signatures with respect to this hermitian form (more
strongly, he showed Wall’s nonadditivity formula for G-signatures of homology
groups with local coefficients).

Theorem 2.9 [Meyer 1972, Satz 1.3.2]. Let X and I" be as above. Assume that X
is obtained by gluing two compact oriented (4n + 2)-manifold X_ and X 1 along
some boundary components.

Then we have

Sign(Ha,41(X; T)) = Sign(Hppy1 (X5 T'|x_)) + Sign(Hopy1(X 45 T'lx,)).

Consider the case when X is a pair of pants, which we denote by P. Let « and §
be loops in P as in Figure 3, left.

For ¢, ¥ € Mg, there exists a Xg-bundle E, y on P whose monodromies along o
and B are ¢ and ¥, respectively. This is unique up to bundle isomorphism. In this
setting, the intersection form on the local system H;(X,; R) induces the symmetric
form on H|(P; Hi(Zg; R)). Meyer showed that the signature of this symmetric
form on Hi(P; Hi(Zg; R)) coincides with that of E, ;. Moreover he explicitly
described it in terms of the action of the mapping class group on H;(X,; R) as

ava

Figure 3. Left: loops in a pair of pants. Right: a symplectic basis
of Hi(Xg; 7).
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follows. Fix the symplectic basis {A;, B,-}f:1 of H{(X,; Z) as in Figure 3, right;
then the action induces a homomorphism p : M, — Sp(2g; Z). Let I denote the
identity matrix of rank g and define

-(30)
For symplectic matrices A and B of rank 2g, define the vector space
Vas={(w, w) eR¥ xR®¥ (A~ = v+ (B—DHw=0}.
Consider the symmetric bilinear form
(,)ap:VapxVap—>R
on Vy p defined by
(i, w), (2, w))a, 5 = 1 +w)JU — B)un.

Then, the space V4 p coincides with H{(P; H1(Xg; R)), and the above form
(5 )o(e),p(y) corresponds to the symmetric form on Hi(P; Hi(Zg; R)).
Meyer’s signature cocycle 7, : Mg X M, — Z is the map defined by

(@a 1#) = Sign(< ) )p(ga),p(w)),

which is known to be a bounded 2-cocycle by Theorem 2.9. When we restrict it to the
hyperelliptic mapping class group ¥, it represents the trivial cohomology class in
H 2(%g; Q). Since the first homology H; (3(,; Q) is trivial, the cobounding function
¢g : Hy — Q of 14 is unique. It is a quasimorphism, called the Meyer function.
Endo [2000] computed it to investigate signatures of fibered 4-manifolds called
hyperelliptic Lefschetz fibrations. Morifuji [2003] relates it to the eta invariants of
mapping tori and the Casson invariants of integral homology 3-spheres.

3. Cobounding functions of the Meyer’s signature cocycles
on symmetric mapping class groups

As in the introduction, let m be a positive integer greater than 3 and {g;}/" ; be m
distinct points in a 2-sphere S2. Choose a base point * € S — {g; |, and denote by
o; € m(S? —{g; .1, *) a loop which rounds the point g; clockwise as in Figure 4.

For an integer d such that d > 2 and d | m, define a homomorphism
71(8* = {gi}iL) — Z/dZ

by mapping each generator «; to 1 € Z/dZ. This homomorphism induces a d-cyclic
branched covering p; : ¥, — S? with m branched points, where ¥, is a closed
oriented surface of genus /. Applying the Riemann—-Hurwitz formula, we have
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h=(d—1)(m—2)/2. We denote by ¢ : ¥, — X the deck transformation which
corresponds to the generator 1 € Z/dZ.

Let n denote the d-th root of unity exp(27i/d), where i is a square root of —1.
The first homology H;(Xj; C) decomposes into a direct sum @?;% V" where V?
is an eigenspace whose eigenvalue is z € C. Note that V! is trivial since the quotient
space X, /(t) is a 2-sphere, where (t) denotes the cyclic group generated by the deck
transformation . We also denote by Cj,(¢) the centralizer of ¢ in the diffeomorphism
group Diff; ¥;. We call the path-connected component 7o Cj, () the symmetric map-
ping class group of the covering p, which is defined by Birman and Hilden [1973].

In this section, we introduce 2-cocycles on the symmetric mapping class group
moCp(t), derived from the nonadditivity formula for signatures. These are almost
the same as the w-signatures defined in [Gambaudo and Ghys 2005].

Let us consider an oriented Xj,-bundle E,  over P whose structure group is
contained in Cj,(¢), and monodromies along « and 8 are ¢ and ¥ in 7oCp(¢), respec-
tively. Since coordinate transformations commute with the deck transformation ¢, we
can define a fiberwise Z/dZ-action on E,, y . Since the structure group is in Cj(t),
not only H;(XZj; C) but also each eigenspace V7 is alocal system on P. We can
extend the intersection form as a skew-hermitian form H; (Xy; CO)Q H1(X; C) - C
defined by

(1 +x20) - (y1 +y28) = X1 - y1 + X2 y2 + (X1 - y2 — X2 - y)i.
ForveV” andwe V" (1<j<d—-1,1<k<d—1),

(tv)-w:(a)jv)-w=afj(v-w),

1

(tv)y- w=v-tTw)=v- (a)_kw) =w_k(v-w).

k

Since @™/ is not equal to ™", we have v- w = 0. Hence, H;(Zj; C) decomposes

' ‘;;}. By restricting the intersection
form on H;(Z); C) to V"', we can define a hermitian form on H;(P; V"). By

Theorem 2.9, we have a 2-cocycle on moCj,(¢) as follows.

into an orthogonal sum of subspaces (ve'y

Lemma 3.1. Let j be an integer such that 1 < j <m — 1. The map

Tmd,j JT()C;,(Z‘) X TL’()Ch(l‘) -7

Figure 4. A loop o;.
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defined by
Tma. (@, ¥) = Sign(H; (P; V"))

is a 2-cocycle, where V"' is the local system on P induced from the oriented
Xy-bundle E, y — P.

Proof. The proof is the same as for [Meyer 1972, p. 43, Equation (0)]. Applying addi-
tivity of signatures to two oriented Xj-bundles on P, we can see that 7,, 4 ; satisfies

Tnd, j (1, ©2) + Tod, j (@102, 93) = Tina, j (@1, ©203) + Tin,a, j (92, 93),

for @1, @2, 93 € T Cp(t). O
Since the deck transformation ¢ acts on H'(P, 8 P; V”j) by multiplication of 1/,
we can calculate Z/dZ-signature as
Sign(Hy(P: V"), 1) = 0l Sign(Hy (P; V")) = 14,5 (0. W),
for 0 <k <m — 1. Moreover Meyer [1972, Satz 1.2.2] proved Sign(E,_ y, tk) =
Sign(H, (P; H'(Z;; ©)), t*). Hence we have:
Lemma 3.2. ForO<k<m—1,

d—1

Sign(Ep.y. 1 => 0" tm.aj(p. ).
j=1

The symmetric mapping class groups. A diffeomorphism f : X, — X, in Cp(t)

induces a diffeomorphism f : $> — $2 which satisfies the commutative diagram

Eh —f> Eh

T

52 —f> S2.

Moreover since f satisfies pgl(q) = pgl( f(g)) for any g € S%, we have
[ €Diffy (8%, {gi}iL)).

Therefore we have a natural homomorphism % : 7oC),(¢) — My which maps [ f]

to [ f]. By a method similar to [Birman and Hilden 1971, Theorem 1] (see also
[Birman and Hilden 1973, Section 5]), we have:

Lemma 3.3. Let m > 4. The sequence

| —— 7/dZ ——> mCh(t) —— M —— 1

is exact.
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Figure 5. The diffeomorphism s;.

Let s; : S — S? be a half twist of the disk which exchanges the points ¢; and g; 4|
as in Figure 5.

We denote by o; € [y the mapping class represented by s;. By lifting s;, we
have a unique diffeomorphism §; : ¥, — ¥ which satisfies supp §; = p(jl (supp ;).
Let us denote the mapping class of s5; by 6; € moCj,(¢). Note that when d =2, 6; is
the Dehn twist along a nonseparating simple closed curve.

Lemma 3.4. The set {c},-}m_1 C moCh(t) generates the group moCj(t).

i=1
Proof. Since {0[};”:_11 generates the group JL7', it suffices to represent [¢] € woC, ()
as a product of {ol-}l'.":_ll. Let C ,(2*) (t) denote the subgroup of Cj(¢) defined by
C}(l*)(t) ={feCn()| f(pgl(*)) = p(jl(*)}. In this proof, by abuse of terminol-
ogy, we use the term “Dehn twist” both for a diffeomorphism and for a mapping class.
The diffeomorphism s - - -Sm_gsli_lsm_z -+ -5 in Diff, (S2, {g:}i",) is isotopic to
the product of Dehn twists !¢ in Figure 6, and it is also isotopic to the Dehn
twist 7, L

Therefore the lift 57 - - - §m_2§3171§m_2 -+ 51 is isotopic to some lift f~1 X = 2
of td_l. Since we can choose the isotopy in Diff , (52, {gi}7_,) so that it does
not move *, the lift f; fixes p~!(x) pointwise. Let D be the closed disk which
is bounded by d and contains %, and let f> denote the lift of 7; which satisfies
supp f> C p~1(D). Since fi f» is a lift of the identity map of S2, and the action
of f> on p~!(*) coincides with that of ¢, we have f] f» =t € Diff, . Since #4 is
isotopic to the identity map in Diff; 3;, we have [ fg] =1e€myCj (). Thus we obtain

Gl G262 (Gma--61=[fil = [fi ol = [t] € moCi(t). O

Figure 6. The curves c, ¢/, d.
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The cobounding function of the cocycles T, q,;. Recall that, for an integer d with
d | m, we have a covering space pg : X — S2. Let g = (m — 1)(m —2)/2. If we
consider the case when d = m, py is the m-cyclic covering on S? whose genus of
the covering surface is g. Thus we identify it with the surface ¥,, and denote the
covering by p: ¥, — S2.

Since the quotient space X,/ (t?) is also a d-cyclic covering of S? with m
branched points, we can identify ¥; = X,/ (t?). Since a diffeomorphism f € C ¢ (1)
induces a diffeomorphism f on X,/ (t?) which commutes with 7, we have a
natural homomorphism @ : 7oC,(t) — 7moC,(¢) which maps [ f] to [f]. Since
H*(mogCp(1); Q) = H*(M]'; Q), and H*(M; Q) is trivial (see [Cohen 1987]
Corollary 2.2), there exists a unique cobounding function of 7, 4 ;. Denote it
by ¢p.a,j : moCr(t) — Q. Since 7, 4,; is bounded, the cobounding function ¢, 4, ;
is a quasimorphism.

Remark 3.5. Gambaudo and Ghys [2005] already constructed almost the same
quasimorphisms on the mapping class groups of pointed disks, called w-signatures.
They calculated the value of their quasimorphisms for an element similar to

0102 -+ - 0r—1 € moCy (1)
in [Gambaudo and Ghys 2005, Proposition 5.2].

Remark 3.6. This construction is also similar to higher-order signature cocycles
in Cochran, Harvey and Horn’s paper [Cochran et al. 2012]. They considered von
Neumann signatures of surface bundles whose fibers are nonfinite regular coverings
on a surface with boundary.

Let us recall a natural homomorphism myCp(¢) — My defined by forgetting
symmetries of mapping classes. It maps a mapping class [ f] € moCj,(¢) to [ f] € My,
and is injective as shown in Birman and Hilden [1973, Theorem 1]. In particular, if
we consider the case when m is even and the double covering p; : ) — S2, this
homomorphism induces isomorphism between oCy,(¢) and ;. In this case, the
eigenspace V! coincides with H;(Xj; C). Thus we have:

Remark 3.7. When m is even, ¢, 2.1 : moCp(t) — Q is equal to the Meyer func-
tion ¢y : #;, — Q on the hyperelliptic mapping class group, under the natural
isomorphism moCj, (1) = #,.

Lemma 3.8. For1 < j<d—1and ¢ € moCy(1),
d)m,m,mj/d (<ﬂ) = ¢m,d,j (@)(w))

Proof. Since H(moC,(t); Q) is trivial, it suffices to show that

Tnm,mjfd (@ W) = T, j (P(@), P(¥))  for ¢, ¥ € moCy ().
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If f:E — P isan oriented X,-bundle with structure group C,(¢), the induced
map f : E/(t%) — P is an oriented X,-bundle with structure group Cp(2). If we
denote the monodromies of f along @ and 8 by ¢ and r, the ones of f are P(¢)
and P ().

Let w be the m-th root of unity exp(27i/m), and let g4 : ¥, — Zg/(td) denote
the projection. To distinguish eigenspaces of H(X,; C) and H{(Z; C) of the
action by ¢, we denote them by (V,)* and (V},)* instead of V<, respectively. The
projection g, induces the isomorphism H;(Z,; C) ) = H,(Z),; C). Moreover we
have (Vg)“’mj/d
Hy(P; (Vo)) and Hy(P; (Vi)"), where (V)
coming from f and f.

Let @, b be loops in Yo —{qi}iL

= (Vh)"j. Hence it also induces a natural isomorphism between

" and (Vh)”j are local systems

™ . We may assume that g, (a) U qd(E) has no
triple point. Then the intersectlon number lga(@)] - [ga (l;)] in X coincides with
[qd_] (ga(a))]-[b] in X,. Hence we have

m/d—1 m/d—1 m/d—1m/d—1

Z[<fd’>*a] Z[U"’)b Z Z (t=Y),al - [b]
- Z[qd‘l(qd(&))] 6] = %[qd@] Tqa(®)].

Therefore the isomorphism H;(Xg; C) )~ g 1(X5; C) induced by the quotient
map qq : ¥y — X, preserves the intersection form up to constant multiple. Thus it
also preserves the intersection forms on H;(P; (Vg)‘“mj/({) and H|(P; (Vh)”j), and
we obtain

mj/d

Tm,m,mj/d(gov W) = Slgn(Hl (P; (Vg)w ))
= Sign(H,(P; (Vi)"))
= Tin.a,; (P(@), P(Y)). U

By Lemma 3.8, it suffices to consider the case when d = m. We shorten 7, ;
and ¢y, . j 10 T,y j and @y, ;.

Lemma 3.9. ¢m,j(§0) = d)m,m—j (</))

m—j

Proof. By taking complex conjugates, we have an isomorphism i : ye xye
Moreover it induces the isomorphism i, : H;(P; V‘_"j) H(P; V"™ j)

Let us denote the hermitian form on H;(P; V') by (, );. By the definition
of the hermitian form, we have (x, y); = mm,j for x,y € H{(P; V“)"),
where 7 is a complex conjugate of z € C. Thus the signatures of the hermitian forms
(,)jand(, ),—; coincide, and the cobounding functions of 7, ; and 7, ,,—; also
coincide. ([l
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4. Defects of homogeneous quasimorphisms

In this section, we will prove Theorems 1.3 and 1.6. On page 336, we give an
inequality between the defects of a quasimorphism and its homogenization when
the quasimorphism is antisymmetric and a class function (Lemma 4.1) and prove
Theorem 1.3(i). On page 337, we prove Theorem 1.3(ii) by giving a lower bound
on the defect of ¢, /2 : moCy (1) — R, which is the cobounding function of the
2-cocycle T, /2. On page 337, we prove Theorem 1.6.

Proof of Theorem 1.3(i). Endo [2000, Proposition 3.1] showed that the Meyer func-
tion ¢ : 9, — Q satisfies the conditions in Lemma 4.1. The quasimorphisms b, j
also satisfy these conditions.

Turaev [1985] defined another 2-cocycle on the symplectic group. Endo and
Nagami [2005, Proposition A.3] showed that Turaev’s cocycle coincides with the
Meyer cocycle up to sign. Since Turaev’s cocycle is defined by the signature on
a vector space of rank less than or equal to m — 2. A similar argument shows
D(¢p, ;) <m —2. Thus Theorem 1.3(i) follows from Lemma 4.1 below.

Lemma 4.1. Let G be a group, and ¢ : G — R a quasimorphism satisfying
PLyx =00, da7H=—dW).

Then we have

D(®) < D(9),

where ¢ is the homogenization of .

Proof of Lemma 4. 1. Without loss of generality, we may assume that the quasimor-
phism ¢ : G — R is antisymmetric:

() =—g(x).
Otherwise pass to the antisymmetrization ¢’ : G — R defined by
/ (X) - (x_l)
§n= 20

which satisfies

D) < D(¢), and ¢’ = ¢.
For any x, y € G, we have

d([x, yD) = ¢ (x, yD) — ¢ (y) + o ()
=1pCyx~ 'y —pyx ) =8 H < D(9).
Thus for any g € [G, G],

|9 ()] = 2cl(g) = 1) D(¢).
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As observed by Bavard [1991, Lemma 3.6],

cl(x"y" (xy)™) = 5

for every n > 0. Therefore we have |¢ (x"y" (xy)™)| < (n — 1)D(¢). Hence

- _ o |G+ 00" ="y
8¢ (x, y)| = lim ‘ -

‘tﬁ(ﬂy (xy)™)

< D(¢). (]

I’l—)OO

Proof of Theorem 1.3(ii). Let m be an even number greater than or equal to 4. By
Remark 3.7, we consider the Meyer function ¢, on the hyperelliptic mapping class
group ¥, instead of ¢y, /2.

Lemma 4.2 [Barge and Ghys 1992, Proposition 3.5]. For any A € Sp(2g; Z),
k
Sign(( , Jat2) = Sign(—f > - A—Z)).
i=1

Let ¢, df ,and d;” denote the simple closed curves in Figure 7. For simplicity,
we also denote by ¢;, a’;“, and d;” the Dehn twists along these curves.
To prove Theorem 1.3(ii), it suffices to show the following.

Lemma 4.3. 8¢g(crcs -~ cap didydydy ---dfdy) = —2g

Proof of Lemma 4.3. Since the pairs (¢;, ¢;), (d;rdi_, d;rdj_), and (c;, d;.rdj_)
mutually commute when i # j, the expression in the lemma equals

by (c3ch - cgg)+¢3g(dl+d;d;d;-.-d+d—)—¢3g(c§d+d—c§d+d— L Ghpdydy)

—Z<¢g<czl)+¢g<d+d ) = bg(c5,dd))).

i=1

Hence it suffices to prove ¢>g (czl)—|—¢>g(d+d )— ¢g(c21d+d )y=—2forl<i<g.

Figure 7. Curves in X.
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Since ,o(dl.+) = p(d;"), we have
e () + ¢’>g<d+d ) — bg(c5d; d;)

— lim —{¢g((02,d+d )") — g ((c3))") — b ((dTdi )™M}

n—1

1
— lim — + k _ + i g+
_nll)n;on;_l:{rg((czld d), 3dd7) —te(c3h, ¢3;) — 1o ((dTd)  dFd))

+ (e di7 )

= k 2 2
= Jim =~ % Az (5@, @) 75, ) — 7 (@D, @)}
k=1
+75(c5, (D).

There exists a mapping class y; such that ;cy; wl._l = ¢y and V; a?;r wi_l = ler

fori =2,..., g. Since the Meyer cocycle satisfies the property
Te(eyx ! xzx T = 14y, 2)

for x, y, z € g, we have

n—1

lim Z (e (5@, 5, d)) — te(e5t, 5) — 1o (@D, (@)
+14(c3;, (7))
n—1
= lim Z (@A, B — 13, ) - (@D, @)
+74(c3, (d)P).
Let us consider the case when g = 1. Since ,o(c )= (0 l) p((d+) )= (7 O)
and p(c3dNH = (5 -3 2) we have

n 2% —2kyy _
_J kg(p(cz )= p(e; 7)) = (0 2n(n+1))

1Y oW~ o)) = (2” (b 0)

k=1

—JZ(p((cz(dﬂ)) p((c3dHH ™)) = Z4k( DY)

k=1 k=1

={(=D"@n+D-1}(7] _)

By Lemma 4.2 we obtain
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n—1 +\2k (7432
(1) lim Z Tg(c CZ) — lim Z Tg((dl ) (dl )7) _1,
n—oo n—oo n
k=1
n—l +\2vk 20 742
) lim Z Tg((cz(dl )", Cz(dl )°) —0
n—o0o n
k=1

When g > 2, the same calculation also shows (1). It is an easy calculation to
show that

t,(c3,dtd;) =0.
Therefore we obtain
b () + bg(dfd ) — Gy (c5:d ) = — O

In the same way as for (1), we have 7, (sé, so) = 1. Hence we obtain

n—1
B (s0) = — lim M 65 (50) = — 1+ 4 (50)

and
¢g (Sh) = ¢g(SO)~
By [Endo 2000, Lemmas 3.3 and 3.5], we have

- 8 - 4h(g —h)
fy,) = ——>—, and y) = — o
¢g(.o) 2g+1 an ¢g(t‘h) 2g+]

Remark 4.4. By Theorems 1.3 and 2.4, ¢_>g gives the lower bounds for scly, (z,)
(j=0,...,g—1) corresponding to ones given in [Monden 2012].

Remark 4.5. By Theorems 1.7 and 2.4 and Remark 4.4, we have scly, (t.) = %
Let p : My =SL(2, Z) — PSL(2, Z) be the natural quotient map. It is easily seen
that for all x € Jl, scly, (x) = sclpsi2,7)(p(x)). Louwsma [2011] determined
sclpsL2,2) (y) = 15 for y = p(te) .

Proof of Theorem 1.6. If x € ¥, satisfies |¢,(x)| = D(¢,) and |¢(x)| < D(¢) for
any homogeneous quasimorphism ¢ : ¥, — R, we obtain scl(x) = % by Bavard’s
duality theorem (Theorem 2.4). We will show that

X = czg+8(d;d2_ . -d;ldg_,l)z(sl X 'Sg—l)f1
satisfies this property.
Firstly we will prove

g—1
Y (s = Z(cb(cz,d, ) — ¢(d;d;"))

j=1 i=1
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for any homogeneous quasimorphism ¢ : %, — R. By Lemma 2.8, we have

(@dfcd)) =51, (df ergdy)* =541,
(dlfC2id;)4 = Si—195; (i = 2, NS 1).
Since ¢p; commutes with S, (Czd;dfCQd;df)z =1, (Cz,‘dfdfé’zid;d;r)z =S;-15;,
and (czgdgd;czgdg*d;)z = sg—1. By Lemma 2.6, ¢yd; d; 2 commutes with
dl._d;r fori=1,..., g, asis easy to check. Therefore (czdl_dfrq)z = sl(dl_dfr)_z,
(coid; d;Fc2)* = si18i(dd) 72, and (copdy dfcag)* = s4-1(dyd}) 2. These
equations give
2¢ (c3d; df) = p(s1) — 20 (d; d}f),
2¢(c3id; di") = ¢ (sio1) + b (s:) —2¢(d; d),
20(chdy df) = ¢ (55-1) = 2¢(d ).

-1
Thus we obtain gz @(sj) = i (p(c3,d7d") — p(dd")).
j=1 i=1

Secondly we will prove ¢_>g x)= D(ng). The curves c, s1, ..., 5,1, d;, dy,...,
d;,l, a’gi1 are mutually disjoint, and ¢; is conjugate to c¢. Hence, by Lemma 2.3(i)
and (ii), we have

g—1 g—1

P =(@+HP()+2) ¢dd) = p(si)

i=2 j=1

8
=Y (¢(c3) + o (dTd7) — p(cy,d d}Y)).
i=l1
In the proof of Lemma 4.3, we showed
g - _ - -
D (@e(c3) + b (dfd) — dg(c3id di)) = =28 = —D ().

i=1

Thus we obtain |¢, (x)| = D(¢,).
Lastly we prove ¢ (x) < D(¢) for any homogeneous quasimorphism ¢ : #, — R:
D($) = 8(c5 -+~ 3gr difdy ---dfdy)
=|p(c5 - 3 )+dldy - -dfd])—d(c5- 5 ditdy - dfdy)]
=|p(c3 -3 +d(dfdy - -dfdy) —d((cadfdy) - (pdidy)]

8
> @)+ dT) — $(EdTdT)| = 1o (). O
i=1
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5. Proof of Theorem 1.7

Let ¢y, ..., c2g42 be nonseparating simple closed curves on X, as in Figure 2 and
let ¢ be a homogeneous quasimorphism on #,. For simplicity of notation, we write
t; instead of #,, By t = !, we have t22g+ltzg cee tztl2 = (tyg- - )11, Since each
of the two boundary components of a regular neighborhood of co Uc3 U ---Ucy, is
c24+2 by Lemma 2.8, we have (tpg - - - 1) = t22g Iy Note that this relation holds
in J¢,. Therefore, by Definition 2.2 and Lemma 2.3, we have

G GGt = =Bl 0) + B0 =~ Pl ).

Applying Lemma 2.3(i) and 2.6(i), we can move the factors with single and double
underlines alternatively as follows.

D (134125 130217) = P (113 4 1 12g -+ - 1312) (by Lemma 2.3)
=134 112" t3it_2) (by Lemma 2.6)
= P (taliy i lg - t4l;t12) (by Lemma 2.3)
= ¢(t_22g+1l‘2g - laptst) (by Lemma 2.6)
= @141l z@ﬁg) (by Lemma 2.3 and 2.6)
= P13, 1105 - t6@t5t3712) (by Lemmas 2.3 and 2.6)
= ¢(t22g+1t2g . -ht?ﬁ@) (by Lemmas 2.3 and 2.6)

= ¢ (13,4112 "+ Islelalatytststy)  (by Lemmas 2.3 and 2.6)

= (13,4 11ag - - Tolalst3l{ Tlelaty)  (by Lemmas 2.3 and 2.6)

2 2
= O((B5gq112g—1 - 151317 (taglrg—a - - 1a12) ).

From Definition 2.2 and Equation (3),

D(@) = 1§ (1344, -~ B3I (tag -+~ 1a12)) — P(U3g 1 -+ 1317) — Pllag -+ - la2)]

’

— ‘—§¢(t2g+2) —¢(t22g+1 1312 — Ptag - - tan)

where D(¢) is the defect of ¢. From Lemmas 2.3, 2.5 and 2.6 we have

D(¢) =

émm g+ D)) + 26| = Qg +3+ §>|¢(zl>|.

By Theorem 2.4 we have scly, (11) < e t311 . This completes the proof
of Theorem 1.7. (2Cg+3+1/8) ]
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Remark 5.1. By a similar argument to the proof of Theorem 1.7, we can show that

1
1 m = f 11 >4
scLigr (01) Sm 1+ 2/m—2)] orall m >

6. Calculation of quasimorphisms

In this section, we prove Theorem 1.1. To prove it, we perform a straightforward
and elementary calculation of the hermitian form ( , )5« ; on the eigenspace ve'

Let p: X, — S? be the regular branched m-cyclic covering on S? with m
branched points as on page 333. Choose a point in p~!(x), and denote it by % € X g
We denote by &; the lift of «; which starts at . Note that &;z(&;41) "' is a loop
in X, while ¢; is an arc. We denote by e; (k) € Hi(Xg; Z) the homology class
represented by K@it (@ip)™ ).

Lemma 6.1. The homology classes {e;(k)}1<i<m—2 form a basis of Hi(X; 7).
0<k<m-—2

Proof. We use the Schreier method. Let 7" denote a Schreier transversal T = {(x{‘ }:”:_01

and § a generating set § = {ai}:nzll of m1(S? — {g;},). Then the subgroup
m1(Z, — {p~'(g)}",) is generated by

— -1 koo k-1 -1
{(rs(rs)” " |reT,seS}t={aja;a, }Zgigmflu{a;n Qiti<i<m—1-
0<k<m-—2

By van Kampen’s theorem, the group 71 (X,) is obtained by adding the relation
a =1tom (X, — {p~! (gi)}:L ). Thus, the set {a’faia;rllal_k},-,k, where from now
through the end of the proof we have 1 <i <m —2 and 0 < k <m — 2, generates
the group 7 (X,). This implies that {e; (k)}; x is a generating set of H;(Zy; Z).
By the Riemann—-Hurwitz formula, H(Xg; Z) is a free module of rank equal to
2g = (m — 1)(m — 2), and this is equal to the order of the set {e; (k)}; x. Therefore

the set {e; (k)}; x is a basis of the free module H;(Zy; 7). O

The intersection form and the action of 6;. Let j be an integer with 1 < j <m—1.
Firstly we find a basis of Ve c Hi(Z ¢: ©) and calculate intersection numbers.

Lemma 6.2. The intersection numbers of {e;(k)}1<i<m—2 are

0<k<m—2
-1 ifi=i—1, -1 ifi=i,
e;j(k)-ei (k) = 1 ifi=i'"+1, eitk)-es(k+1)= 1 ifi=i"—1,
0 otherwise, 0 otherwise,
-1 ifi=i,
ei(k)-ep(k—1)=9 1 ifi=i"+1, ei(k)-en(ky =0 if |k—k'| = 2.
0 otherwise,
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Figure 8. The paths [y, [», ..., I,.

e, (k+1)
Figure 9. Left: the k-th copy. Right: the (k + 1)-th copy.

Proof. We only prove the equality e; (k) - e;+1(k + 1) = 1 since the other cases are
proved in the same way.

Let /; be the paths as in Figure 8. Consider m copies of the 2-sphere cut along
the /;, and number them from 1 to m. (For convenience, copy 1 will also be called
copy m+1.) Gluing the left-hand side of /; in the k-th copy to the right-hand side of /;
inthe (k+1)-thcopyfork=1, 2, ..., m, we obtain a closed connected surface home-
omorphic to X, and it is naturally a covering space on S2. As in Figure 9, the loops
representing e; (k) and e; 1 (k + 1) intersect once positively in the (k + 1)-th copy.

Hence we have ¢; (k) - e¢; 1 (k+1) = 1. O
For 1 <i <m —2, we define w; = Y4~ @ /*e; (k). Since te; (k) = e; (k + 1)
forl<k<m-2ande(m—1)=— kaz—oz e;(k), we have w; € Ve and the

set {wi};”:_l2 is a basis of V¢’

Lemma 6.3. The intersection numbers of {w;}1<i<m—2 are
d(1 —w)) ifi=i"+1,
d—o™/ +o’) ifi=1i,
dlw™ —1) ifi=i"—1,

0 otherwise.

w; - wWjr =

Proof. By Lemma 6.2, we have

d—1d-1
wiwi =Y 3 @ Ve () e =~ + o),
k=0 =0
d—1d-1
wi w1 =) > o eik) e () =d@ = 1),

k=0 =0
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and w; - wy =0 when |i — k| > 2.

Leto =6 --

O

- 6,—1. We next find eigenvectors in V@' relative to the action by o.

Lemma 6.4. Let i be an integer such that 1 <i <m — 1. Then we have

e (k) +ej1(k) f2<i<m-—1l,andl=i-1,
- —e(k—1 if l =i,
Geeity = *D =
ej—1tk—=1)+ek) ifl=i+1,
e (k) ifl#i—1,i,i+1.
Proof. Recall that ¢; (k) is the homology class represented by the loop & o a 10‘1 .
In the fundamental group (8% — {gi }7L 1), we have
(o) s(ei10 ) = Olifla;]l = (aiflai_])(aiai__;_lﬂ,
(o) (ia ) = i1 (o o)™ = o (oD i,
O+ (ip105y) = (o i Dy = o) (o Deir (@i 1ap ).
By lifting these loops to the covering space X,, we obtain what we want. ]

By Lemma 6.4, the matrix representations of the actions of {@H-";ll on V' with
respect to the basis {w;}1<j<m—2 are calculated as

-/ w/ O Ii_1 O 0]
(0] O I,_4 O O I,_i_4
L,_4a O O I
Gu2i=| 0 1 0 |, Gu-i= ( "3 ) :
0 1 —(,()_j 0 —1 + Zk 1 w
where

1 0 0 . m-3  \T

L=|1 -/ o/ :(1,1+a)_",...,2a)_<’k).
0O 0 1 k=0

Let r be an integer with 2 <r <m, and put

el (k) =[a\a,(@ar---a,)~'a; @ay - - a)a

By Lemma 6.4, we have
oxei(k) = ejy1(k),
Guer (k) = —l (k) + e, (k),
Guer_1 (k) = e, k),
G (k)y=ej(k—r+1).

whenl <i <r—2,
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m—1

The sum w) ;= > w‘jke; (k) is contained in v Fori= 1,2,...,r—2, wehave
k=0
m—1 m—1
G W; = O Z w ke (k) = Z w e 1(k) = wit1,
k=0 k=0
m—1
w1 = )0 M er1 (k) + €, (0) = wr—g +w,
k=0
m—1 m—1
&*w; — Z w—Jkel(k —r+1)= Z w‘](k-i—r—l)el(k) —w DJ wy.
k=0 k=0

r—1 ) ) . )
Let ¢ =expmi/r) and v; = Y @~ Dig=k=Diyy 4 o =Dig==Diy’ Then
k=1

r—1
G0 = Z“’(k_l)jf_(k_l)’ (&)swy + DI rDiEy
k=1
r—2
=Y kDI Dlyy U DI Dy g DIy,
k=1

r—I1
— a)ijfi <Z a)(kfl)jé.f(kfl)iwk +w(rl)j;.(rl)iw;)

k=1
= (@ /¢

Hence v; is an eigenvector with eigenvalue w~/¢’ with respect to the action by &.
Note that the subspace generated by {w; }f;ll coincides with one generated by {v; }/_!

i=1"
Since ¢ acts trivially on {w,-};":_rﬁrl, they are also eigenvectors with eigenvalue 0.

Moreover the set {v;}/— U {w;}7-2

i—r41 18 linearly independent.

Lemma 6.5. Ler i, i’ be integers suchthat1 <i <r—1land1 <i' <r —1. Then
we have

AP 4 NP & A i j e
8rdi s1n—s1n—]sm71<——i> ifi=i,
r m room

0 otherwise.

Vi -V =

Proof. Since the action of the mapping class group moC, (¢) preserves the intersection
form,
r—1r—1
R ) D L G
k=0 1=0
r—1r—1

=3 Y iP5y,

k=0 =0
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Thus Lemma 6.3 implies

vi v =0 T s G Tw) @ ¢ — D) (wa - GRwy) + (w2 - Gwy)
o7 = Dwyw) + o™ T LT w67 Py
= r{(w—fg“f)wz wy + (@ T wa - ws 4wy - wa}

= 8rdi sin - sin 7L Tj smrr( i). O
r m r o m

Calculation of w-signatures and the cobounding functions ¢, ;. Lastly we will
calculate the hermitian form ( , );« ; and the w-signature. We have already found
the set of eigenvectors {v,-}{;ll U {w; };":_ril with respect to the action by & which is
linearly independent. Since dim Ve =m —2, we need to find another eigenvector.
rm
Lemma 6.6. > 165, 6) =rm—2\mi —rjl.
k=1

Proof. We first consider the case when rj/m is not an integer. Put

1

r r
1
'BZZw"_;Z 1 —wickk
i=1 k=1

The subspace generated by { v,}“1 and that generated by {wi}lf;ll coincide. Thus
the set {v,-}f;1 B, {w; }l 5 forms a basis of V® when 1 <r <m — 2, and the

set {v,-};":_l2 forms a basis of V¢’ when r = m — 1. We have
r r i
. 1 wlc =k
1
z zvk——z—l_wk
I
! l—wit*

Note that g and {w,-};":_ril are in the annihilator of the hermitian form ( , )
since they have eigenvalue 1 with respect to the action by &.
By Lemma 4.2, we have

1(6*.6) = Zslgn (v, vi)z 5=—Zs1gn(<v, v»Z((w Tehy = (o 4")))

5,6

= —Z sign((vi-w)(l—wfc—')(l—w—f';f)z«w—f';")’—<wf<;—f)l>>.

i=1 =1
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By the equation
k
(I-o/¢HA—07t) Y (@) — @™
I=1
m r m r m = r
and Lemma 6.5, we have

r((&)k, o) = i sign(sinkn <l; — n%) sin(k + l)n(;; — niz))
i=1

Since rj/m is not an integer, i /r — j/m is not zero. Thus we obtain

rm r—1 rm . . . .
Sk~ ; i L_J ) L7
Z t((6)",0) = Z Z 51gn<s1n kn(r m) sin(k + 1) (r m>)
k=1 i=1 k=1
r—1
=Y (rm —2|mi —rj|).
i=1
Next consider the case when rj/m is an integer and 1 <r <m — 1. Denote this
integer rj/m by ip. Then, the eigenvalue of v;, is 1, and v;, and {w,'}g”:_r%rl are in
the annihilator of ( , )« 5. If we put

r
ﬂ'=2wi Z 1— wj; T—wic k'
i=1 1<k<r

k#io

the set of the homology classes {v,}l B Aw L _r+1 forms a basis of V©'. We
have

k
¥ =3 =t T

1<k<r
k#io
Yul Y-ty
Z ! k 1— a)]é‘ 1—wic—Fk Uk
1<k<r 1<k<r
k#ig ki
- 1 1 1
’
= W — —Vj, — — Z—.v: — —Vj,.
Z i - Vlo 1—0)/{7]( k=P S Cio
i=1 lgkgr
k2io

By Lemma 4.2,
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Since the eigenvalues of {vl} ! are different from 1, the intersection v v, =0
for 1 <i <r —1. Since the subspace generated by {w,}i:1 and that generated
by {v,-};:l1 coincide, we also have w; - v;; = 0. Thus we have

B, Bst5=w viyg=w, (w—1 +w,)
r—1

—w, (wr—l S a)(k—r)jwk)

k=0
=(l—oHw, w1 =1 -0 (1 -0')>0.

k(k+ 1)

Moreover since v; - v;, = 0, Lemma 4.2 implies (v;, B')5x 5 =0for 1 <i <r—1.
Therefore we have

rm k
Y (6%, 6) (Z sign((vi, vi)s+ 5) + sign((B', B')sx g))

( 3 31gn(51nkﬂ< >51n(k+1)n( IL))H)

<i<r—
7&[0 r—1
Z (rm 2lmi —rjl)+rm = Z(rm 2lmi —rjl).

i=1

3

<i<r—

i;éto

In the case when r = m, the set {vi}f;lz forms a basis of V¢'. By a similar
calculation, we can also prove what we want. ([

Lemma 6.7. Forr =2,3,...,m,
o= 2 ri [ri] 1Y Pim—j) 1
-t =3 (3-[2]-) -2 )

Proof. t(&k, o) = FX_E sign(sin kn(é — #) sin(k + 1) (;— — é))

i=1

Since we have T (5", 5) = 1(G%, &),
1 rm
()= (F) = — ~k .
G, j(O) — G j(0) = er(a Z(rm 2|mi —rj|)
=N
—r—l——(Z(rj—mz)—l— Z (mz—rJ))
[U]'H

_2(ri il 1\, rhim—j) 1
_ri(m |:m] 2)+ m?2 4}' .
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Proof of Theorem 1.1. Applying Lemma 6.7 to the case when r = m, we have

b B )= G -y = D)
Since
d_)’"’f(gl cOp—1) = %ng,j(((il s amo1)™) =0,
we have
G (G1 -Gy = L),
m

Put(p:&163 Ol v =004 - - - 0,y—2 When m is even, andw:&1&3 02,
W =06204 - 0,,_1, When m is odd. As we saw in Section 5, 61 - - - 6,1 1S Conjugat¢
to ¢yr. By direct computation, if ((p*_1 —he)x + (Y — hg)y=0forx,ye Ve,
we have (go*_l — Ig)x = (Y, — Irg)y = 0. Hence we have 7, (¢, ¥) =0.

In the same way, fori =1,2,...,[(m — 1)/2], we have

Tg(0103 - = 02i 41, 0204 - - - 02i) = T4(0103 * - - 0241, 0204 - - 0242) = 0,
7g(0103 - - 021, 02i 1) = T4(0204 - - - 02;, 02i42) = 0.
Thus
2r =1 jim—j)
m(m—1) )

- - r—1 - -
¢m,j(0) =(r— 1)¢m,j(61) = m@bm,j(al CeOpo1) =
Hence we obtain

Gm, (01 0r—1) = P, j (G)

=, j(G) — (m,;(G) — Pm,; (5))
. . . . 2
B N (1t
r m*(m—1) m m 2 4

By the values of (,Z_Sm,l, we see:

Remark 6.8. Let r be an integer such that 2 < r <m. Then
Gm,1(61 -+ Gr—1) = 0.

However we do not know whether the quasimorphism ¢,, 1 is trivial or not.
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COMPOSITIONS OF BIRATIONAL ENDOMORPHISMS
OF THE AFFINE PLANE

PIERRETTE CASSOU-NOGUES AND DANIEL DAIGLE

Besides contributing several new results in the general theory of birational
endomorphisms of A2, this article describes certain classes of birational en-
domorphisms f : A2 — A? defined by requiring that the missing curves or
contracting curves of f are lines. The last part of the article is concerned
with the monoid structure of the set of birational endomorphisms of A2,

Let k be an algebraically closed field and let A? = A,% be the affine plane over k.
A birational endomorphism of A? is a morphism of algebraic varieties, f : A% — A2,
which restricts to an isomorphism U — V for some nonempty Zariski-open subsets
U and V of A%. The set Bir(A?) of birational endomorphisms of A? is a monoid
under composition of morphisms, and the group of invertible elements of this monoid
is the automorphism group Aut(A2). An element f of Bir(A?) is irreducible if it is
not invertible and if, for every factorization f =hog with g, h € Bir(A?), one of g, h
is invertible. Elements f, g € Bir(A?) are equivalent (denoted f ~ g) if there exist
u, v e Aut(A?) satisfying uo f ov = g. The elements of Bir(A?) which are equivalent
to the birational morphism c¢: A% — A2, ¢(x, y) = (x, xy) are called simple affine con-
tractions (SAC) and are the simplest examples of noninvertible elements of Bir(A?).
It was once an open question whether Aut(A%)U{c} generated Bir(A?) as a monoid
(the question arose in Abhyankar’s seminar at Purdue in the early 1970s); P. Russell
showed that the answer was negative by giving an example of an irreducible element
of Bir(A?) which is not a SAC (this example appeared later in [Daigle 1991a, 4.7]).
This was the first indication that Bir(A2) could be a complicated object.

The papers [Daigle 1991a; 1991b] seem to be the first publications that study
birational endomorphisms of A? in a systematic way (these are our main references).
We know of two more contributions to the subject: a certain family of elements of
Bir(A?) is described explicitly in [Cassou-Nogués and Russell 2007], and [Shpilrain
and Yu 2004] gives an algorithm for deciding whether a given element of Bir(A?)
is in the submonoid generated by Aut(A%) U {c}.

The research of Cassou-Nogues was partially supported by Spanish grants MTM2010-21740-C02-01
and MTM2010-21740-C02-02. The research of Daigle was supported by grant RGPIN/104976-2010
from NSERC Canada.

MSC2010: 14R10, 14H50.

Keywords: affine plane, birational morphism, plane curve.
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The list of references is much longer if we include another aspect of the problem.
Indeed, there is a long history of studying polynomials F' € k[X, Y] which appear
as components of birational endomorphisms of A?. To explain this, we recall
some definitions. A polynomial F € k[X, Y] is called a field generator if there
exists G € k(X,Y) satistying k(F, G) = k(X, Y); in the special case where G
can be chosen in k[ X, Y], one says that F is a good field generator. So a good
field generator is just the same thing as a component of a birational endomorphism
of A2. By a generally rational polynomial' we mean an F € k[X, Y] such that,
for almost all A € k, F — X is an irreducible polynomial whose zero set in A? is
a rational curve (where “almost all” means “all but possibly finitely many”). If
char k = 0, then field generators and generally rational polynomials are one and the
same thing (this is noted in [Miyanishi and Sugie 1980]; see [Daigle 2013] for the
positive characteristic case). The study of these polynomials is a classical subject,
as is clear from considering the following (incomplete) list of references: [Nishino
1968; 1969; 1970; Saitd 1972; 1977; Jan 1974; Russell 1975; 1977; Miyanishi and
Sugie 1980; Kaliman 1992; Artal Bartolo and Cassou-Nogues 1996; Neumann and
Norbury 2002; Cassou-Nogues 2005; Sasao 2006; Daigle 2013; Cassou-Nogues
and Daigle 2013].

This paper is a contribution to the theory of birational endomorphisms of A2
Our methods are those of [Daigle 1991a; 1991b], and we place ourselves at the
same level of generality as in those papers: the base field k is algebraically closed
but otherwise arbitrary.

In [Daigle 1991a; 1991b] and [Cassou-Nogues and Russell 2007], there is a
tendency to restrict attention to irreducible elements of Bir(A?). Going in an
orthogonal direction, the present paper is mainly concerned with compositions
of birational endomorphisms. This choice is motivated by many reasons. First,
the examples given in the three papers above show that Bir(A?) contains a great
diversity of irreducible elements of arbitrarily high complexity; since the task of
finding all irreducible elements is probably hopeless, it seems to us that finding
more examples of them might be less relevant than, say, trying to understand the
monoid structure of Bir(A%). Also, a significant portion of this paper is geared
towards proving Theorem 3.15, which we need in the forthcoming [Cassou-Nogues
and Daigle > 2014] to prove the following fact: Let k be an arbitrary field and
Ag D A1 D --- an infinite, strictly descending sequence of rings such that (i) each
A; is a polynomial ring in 2 variables over k; (ii) all A; have the same field of
fractions; and (iii) the ring R =("); A; is not equal to k. Then R = k[F] for some F,
where F is a good field generator of Ag and a variable of A; for i > 0. Moreover, if

1Generally rational polynomials are sometimes called “rational polynomials” or “generically
rational polynomials”.
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one is interested in field generators and generally rational polynomials, one should
not restrict one’s attention to irreducible endomorphisms. In this respect we point
out that the components of the morphisms described by Theorem 3.15 are precisely
the “rational polynomials of simple type” listed in [Neumann and Norbury 2002].

The paper is organized as follows.

Section 1 contains some preliminary observations on “admissible” and “weakly
admissible” configurations of curves in A2,

Section 2 gives several new results in the general theory of birational endomor-
phisms of A? (in particular Proposition 2.9, Proposition 2.13, Corollary 2.14 and
Lemma 2.17, but also several useful lemmas).

Given f € Bir(A?), let Miss( f) (resp. Cont( f)) be the set of missing curves (resp.
contracting curves) of f; see 2.2 for definitions. Section 3 studies those f € Bir(A?)
satisfying the condition that Miss( f) is a weakly admissible configuration or the
stronger condition that Miss( f) is an admissible configuration or the even stronger
condition that both Miss( f) and Cont( f) are admissible configurations. The main
result of Section 3, Theorem 3.15, gives a complete description of these three
subsets of Bir(A?).

While Sections 2 and 3 are mainly concerned with individual endomorphisms,
Section 4 considers the monoid structure of Bir(A?). The first part of that section
shows, in particular, that if S is a subset of Bir(A?) such that Aut(A2)U S generates
Bir(A2) as a monoid, then {deg f | f € S} is not bounded and |S| = |k| (giving
a very strong negative answer to the already mentioned question of Abhyankar).
The second part shows that the submonoid A of Bir(A?) generated by SACs and
automorphisms is “factorially closed” in Bir(A?); i.e., if f, g € Bir(A?) are such
that go f € A, then f, g € A.

Conventions. All algebraic varieties (in particular all curves and surfaces) are
irreducible and reduced. All varieties and morphisms are over an algebraically
closed field k of arbitrary characteristic (k is assumed to be algebraically closed
from Definition 1.3 until the end of the paper). The word “point” means “closed
point”, unless otherwise specified.

All rings are commutative and have a unity. The symbol A* denotes the set of
units of a ring A. If A is a subring of a ring B and n € N, the notation B = Al"]
means that B is isomorphic (as an A-algebra) to the polynomial ring in n variables
over A. We adopt the conventions that 0 € N, that “C” means strict inclusion and
that “\”” denotes set difference.

1. Admissible configurations of curves in A2

Recall the following terminology. Let k be a field, A = k!?!, and A7 = Spec A. We
abbreviate A,zc to A2, By a coordinate system of A, we mean an ordered pair (F, G)
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of elements of A satisfying A = k[F, G]. A variable of A is an element F € A for
which there exists G satisfying k[F, G] = A.

Let F € A be an irreducible element and let C C A? be the zero set of F
(i.e., the set of prime ideals p € Spec A = A? satisfying F € p); we call C a line if
A/FA = k" and a coordinate line if F is a variable of A. Note that C is a line if
and only if C = Al; given a coordinate system (X, Y) of A, C is a coordinate line
if and only if some automorphism of A? maps C onto the zero set of X. It is clear
that all coordinate lines are lines, and the epimorphism theorem [Abhyankar and
Moh 1975; Suzuki 1974] states that the converse is true if char k = 0. It is known
that not all lines are coordinate lines if char k # 0 (on the subject of lines which
are not coordinate lines, see, e.g., [Ganong 2011] for a recent survey). Coordinate
lines are sometimes called rectifiable lines.

By a coordinate system of A% = Spec A, we mean a coordinate system of A.
That is, a coordinate system of A2 is a pair (X, Y) € A x A satisfying A =k[X, Y].

We adopt the viewpoint that A (or A%) does not come equipped with a preferred
coordinate system, i.e., no coordinate system is better than the others. This may
be confusing to some readers, especially those who like to identify A% with k2,
because any such identification inevitably depends on the choice of a coordinate
system. So perhaps the following trivial remarks deserve to be made:

1.1. Let ¢ denote the set of coordinate systems of A2 (or A).

(a) Given ¢ = (X, Y) € € and an element F € A, one can consider the map
k> > k, (x,y) — F(x,y), defined by first writing F = > jai X Y‘j with
a;j € k (recall that A = k[X, Y]) and then setting F(x, y) = Zi’j a;jx'y’ for
(x,y) € k2. One can then consider the zero set Z(F) C k? of that map F.
We stress that the map (x, y) — F(x, y) and the set Z(F) depend on both F
and ¢; we should write F,(x, y) and Z.(F), but we omit the c.

(b) Let P, Q € k[T1, T2], where P =Y, ;a;;T{T; and Q =Y, ; bi;T{ TJ with
aijj, b,‘j ek.
(i) The pair (P, Q) determines the map k> — k2, (x, y) — (P(x, y), Q(x, y)),
where we define P(x, y) = Zi’j a;jjx'y/ and Q(x,y) = Z[’j bijx'y’.
(i) Choose ¢ = (X, Y) € €. Then (P, Q, ¢) determines the morphism of
schemes f : A2 — A? defined by stipulating that f corresponds to the
k-homomorphism A — A which maps X to P(X,Y) = Zi,j ainin and
Yto Q(X,Y)=), bijX'Y/ (where P(X,Y), Q(X,Y) € A=k[X, Y]).
(c) Suppose that ¢ = (X, Y) € € has been chosen. Then it is convenient to

define morphisms of schemes A> — A? simply by giving the corresponding
polynomial maps k> — k? (this will be done repeatedly in Section 3). To do
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so, we abuse language as follows: given P, Q € k[T, T], the sentence

“f A2 — A? is defined by f(x,y) = (P(x,y), Q(x, y))”

means that f : A> — A? is the morphism of schemes determined by (P, Q, ¢)
as in remark (b). For instance one can define f: A% — A2 by f(x, y) = (x, xy),
always keeping in mind that this f depends on c.

1.2. Lemma. Let F, G € A = k2!, where k is any field, and suppose that each of
F, G is a variable of A. Consider the ideal (F, G) of A generated by F and G.
(@) If (F,G)= A, then G =aF + b for some a, b € k*.
(b) IfA/(F,G) =k, then A=k[F, G].
Proof. Choose Y such that A = k[F, Y] and define X = F. Then A = k[X, Y] and
we may write G as a polynomial in X, Y,say G = P(X,Y).

Suppose that (F,G) = A. Then 1 € (F,G) = (X, P(X,Y)) = (X, P(0,Y))
implies P(0,Y) € k*. Writing P(0,Y) = b € k*, we obtain that G — b =
P(X,Y)—P(0,7) is divisible by X; as G — b is irreducible, G —b =aX =aF
with a € k*, and (a) is proved.

To prove (b), we first observe that since G = P(X, Y) is a variable of k[ X, Y]
and P(X,Y) ¢ k[X], we have that P is “almost monic” in Y, i.e.,

) P(X.Y)=aY'+ pi(X)Y*" 4+ pa(X)

withd > 1,a € k* and p;(X) e k[X] fori =1,...,d. Now
k=A/(F,G)=k[X,Y]/(X,P(X,Y))=k[X,Y]/(X, P(0,Y))

implies that deg P(0, Y)=1,s0d=1in(1). Then G =aY + p;(X) and k[ F, G] =

k[X,aY + p1(X)]=k[X, Y] = A. O

Until the end of this paper, we assume that k is an algebraically closed field of
arbitrary characteristic. Consider A% = Ai.

1.3. Definition. Let Cy, ..., C, (n > 0) be distinct curves in A2, and consider the
set S ={Cy, ..., C,}. We say that S is a weakly admissible configuration if

(a) each C; is a coordinate line;

(b) for every choice of i # j such that C; N C; is nonempty, C; N C; is one point
and the local intersection number of C; and C; at that point is equal to 1.

1.4. Lemma. Given distinct curves Cy, ...,C, (n > 0) in A2, the following are
equivalent:
(a) {Cy, ..., Cy}is aweakly admissible configuration.

(b) There exists a coordinate system of A?> with respect to which all C; have
degree 1.
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Proof. We show that (a) implies (b), the converse being trivial. Suppose that (a)
holds. Write A% = Spec A, where A = k121 We may assume that n > 2, otherwise
the assertion is trivial. Let Fy, ..., F, € A be variables of A whose zero sets are
Cy, ..., C, respectively. Condition (a) implies that, whenever i # j, we have
either (F;, F;) = A or A/(F;, Fj) = k. Consider the graph G whose vertex set is
{F1, ..., F,} and in which distinct vertices F;, F; are joined by an edge if and only
it A/(F;, Fj)=k.

In the case where G is discrete, Lemma 1.2 implies that F; = a; F| + b; with
a;,b; ek*fori=2,...,n. Let X = F| and let Y be such that A = k[X, Y]. Then
all F; have degree 1 with respect to the coordinate system (X, Y).

From now on, assume that G is not discrete. Then we may assume that Fy, F»
are joined by an edge. By Lemma 1.2, k[ F|, F>] = A. Let X; = F| and X, = Fy;
then A = k[X, X,] and for each i € {3, ..., n} we have:

« If F;, F) are not joined by an edge, then Lemma 1.2 implies that F; =a; X1+ b;
for some «a;, b; € k*, so F; has degree 1 with respect to (X1, X»).

o If F;, F; are not joined by an edge, then F; = a; X, + b; for some a;, b; € k*,
so F; has degree 1 with respect to (X1, X»).

o If F; is linked to each of Fi, F, by edges, then k[F;, Fi1] = A =k[F;, F;], so
F, =aF; + B(F;) for some a € k* and B(T) € k[T]; then B(F;) = X, —aX;
has degree 1 with respect to (X1, X») and consequently F; has degree 1.

So all F; have degree 1 with respect to the coordinate system (X, X»). U

1.5. Let Cy, ..., C, (n > 0) be distinct curves in a nonsingular surface W. We say
that > *_, C; is an SNC-divisor of W if
« each C; is a nonsingular curve;

» for every choice of i # j such that C; N C; is nonempty, C; N C; is one point
and the local intersection number of C; and C; at that point is equal to 1;

e if 7, j, k are distinct then C; N C; N Cy = @.
If D= Zl’-’zl C; is an SNC-divisor of W, we write §(D, W) for the graph whose

vertex set is {Cy, ..., C,} and in which distinct vertices C;, C; are joined by an
edge if and only if C; N C; # @.

1.6. Definition. Let Cy, ..., C, (n > 0) be distinct curves in A2. We say that the
set {Cq, ..., C,} is an admissible configuration if

(a) each C; is a coordinate line;
(b) D=Y"_, C; is an SNC-divisor of A?;
(c) the graph G(D, A?) defined in 1.5 is a forest.
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1.7. Proposition. Given distinct curves Cy,...,C, (n > 0) in A2, the following
are equivalent:

(a) {Cy,...,Cy}is an admissible configuration.

(b) There exists a coordinate system (X, Y) of A2 such that U:l: 1 Ci is the zero set
of p(X)Y/ for some j € {0, 1} and some ¢(X) € k[X]\ {0}.

Proof. It’s enough to show that (a) implies (b), as the converse is trivial. Assume
that (a) holds. By Lemma 1.4, we may choose a coordinate system which respect
to which all C; have degree 1. As D =Y _"_, C; is an SNC-divisor and §(D, A?)
is a forest, [ J/_, C; must be either

« a union of n parallel lines, or
e a union of n — 1 parallel lines with another line.

Indeed, any other configuration of lines would either contain three concurrent lines
or produce a circuit in the graph. Now it is clear that (b) is satisfied. (]

2. Birational morphisms f : X — Y of nonsingular surfaces
with special emphasis on the case X =Y = A?

Throughout this section, k is an algebraically closed field of arbitrary characteristic
and we abbreviate A,zc to A2, We consider birational morphisms f : X — Y, where X
and Y are nonsingular algebraic surfaces over k (a morphism f : X — Y is birational
if there exist nonempty Zariski-open subsets U € X and V C Y such that f restricts
to an isomorphism U — V). We are particularly interested in the case X = A? =Y.

Essentially all the material given in 2.1-2.8 can be found in [Daigle 1991a].
From 2.9 to the end of the section, the material appears to be new (except 2.13(a)).

21. Let f: X — Y and f': X’ — Y’ be birational morphisms of nonsingular
surfaces. We say that f, f’ are equivalent (f ~ f’) if there exist isomorphisms
x:X—> X andy:Y — Y suchthat yo f = f' ox.

2.2 [Daigle 1991a, 1.2]. Let f : X — Y be a birational morphism of nonsingular
surfaces. A missing curve of f is a curve C C Y whose intersection with the
image of f is a finite set of points. We write Miss( f) for the set of missing curves
of f, q(f) for the cardinality of Miss(f) and go(f) for the number of missing
curves of f which are disjoint from f(X). A contracting curve of f is a curve
C C X such that f(C) is a point. The set of contracting curves of f is denoted
Cont(f), and c(f) denotes the cardinality of Cont( f). The natural numbers g (f),
qo(f) and c(f) are invariant with respect to equivalence of birational morphisms
2.1),1i.e., f~ f = c(f) =c(f’) and similarly for g and g¢. Call a point of ¥ a
Jundamental point of f if itis f(C) for some contracting curve C of f. The set
of fundamental points of f is also called the center of f, denoted cent(f). The
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exceptional locus of f is defined to be exc(f) = f~'(cent(f)) and is equal to the
union of the contracting curves of f.

2.3 [Daigle 1991a, 1.1 and 1.2]. Let f : X — Y be a birational morphism of
nonsingular surfaces. There exists a commutative diagram

Ty Tl
le —_— i e — YO
I
X Y

where “<—” denotes an open immersion and, for each i, 7; : ¥; — Y;_; is the
blowing-up of the nonsingular surface Y;_; at a point P; € Y;_;.

Let n(f) be the least natural number »n for which there exists a diagram (2). Note
that n(f) is invariant with respect to equivalence of birational morphisms.

For each i € {1, ..., n}, consider the exceptional curve E; = 71,-_1 (P;) CY;, and
let the same symbol E; also denote the strict transform of E; in Y. It is clear that
the union of the contracting curves of f is the intersectionof E;U---UE, CY,
with the open subset X of Y,,; thus

3) c(f) =n(f);
(4) each contracting curve is nonsingular and rational, D = ZCECOm( f)C is
an SNC-divisor of X and the graph (D, X) is a forest.>

Given i € {1, ..., n}, consider the complete curve E; C Y,,. Note that if S is a

projective nonsingular surface and pu : Y, < S is an open immersion, the self-
intersection number of ©(E;) in S is independent of the choice of (S, i); we denote
this number by (El.z) v,. Then the following holds by [ibid., 1.2(c)]:

(5) Diagram (2) satisfies n = n(f) if and only if (Eiz) v, < —2 holds for all
ief{l,...,n}suchthat E; C Y, \ X.
In particular, if Diagram (2) satisfies n = n(f), then
(6) cent(f) ={(mo---om_1)(P)|1=<i=<n}.
The following remarks are trivial consequences of 2.3, but are very useful:
2.4. Remarks. Let f : X — Y be a birational morphism of nonsingular surfaces.

(a) Foreach C e Miss(f), we have CN f(X) Ccent(f). In particular, the condition
qo(f) =0 is equivalent to “every missing curve contains a fundamental point”.
(b) Let C C Y be a curve. Then there exists at most one curve C’ C X such that
f(C") is a dense subset of C. Moreover, C’ exists if and only if C ¢ Miss(f).

ZNote that contracting curves are not necessarily isomorphic to Al So, in the case X =AZ =Y,
Cont( f) is not necessarily an admissible configuration in the sense of Definition 1.6.
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2.5. Lemma. IfA? L5 A2 25 A2 are birational morphisms then

n(go f)=n(g)+n(f).
Proof. Follows from [ibid., 2.12]. O

2.6. Lemma. Let f : A> — A? be a birational morphism.

@ q(f) =c(f) =n(f).

(b) f is an isomorphism < n(f)=0 < c¢(f) =0 < q(f)=0.

(¢c) Each missing curve of f is rational with one place at infinity.

(d) Each fundamental point belongs to some missing curve; each missing curve

contains some fundamental point.

(e) If a point P is a singular point of some missing curve of f or a common point
of two missing curves, then P is a fundamental point of f.
Proof. The equality g (f) =c(f) in (a) follows from [ibid., 4.3(a)], and c(f) <n(f)
was noted in (3). Assertion (b) follows from the observation that if n(f) = 0 or
c(f) = 0 then f is an open immersion A < A? and hence an automorphism.
Assertion (c) follows from [ibid., 4.3(c)]. The first (resp. the second) assertion of (d)
follows from [ibid., 2.1] (resp. from the claim that go(f) = 0, in [ibid., 4.3(a)]).
Refer to [Daigle 2010, 1.6] for a proof of assertion (e). O
Several of the above facts are stated in greater generality in [ibid.]. For instance,
if X —L> ¥ —%5 Z are birational morphisms of nonsingular surfaces and go(f) =0,
then (by [ibid., 1.3]) n(g o f) = n(g) + n(f). Also, if X, Y are nonsingular
surfaces satisfying I'(X, Ox)* = k* and CI(Y) = 0, then (by [ibid., 2.11]) every
birational morphism f : X — Y satisfies go(f) = 0. The following generalization
of Lemma 2.6(a) also deserves to be noted:

2.7. Lemma. Let f : X — X be a birational morphism, where X is a nonsingular
surface. Then c(f) = q(f).
Proof. Follows from Remark 2.13 of [ibid.]. O

2.8. Lemma. Let f : X — Y be a birational morphism of nonsingular surfaces
and Iy the union of the missing curves of f. If X is affine then the following hold:

(a) cent(f) CI'.
(b) Y \ 'y is the interior of f(X) and f‘l(Y \I'p) =X \exc(f).

(c) The surfaces X\exc(f) and Y\I'y are affine, and f restricts to an isomorphism
X\exc(f)— Y \TIy.

Proof. Follows from [ibid., Prop. 2.1] and its proof. ([

2.9. Proposition. Let f : A> — A? be a birational morphism. If P is a singular
point of a missing curve of f, then P belongs to at least two missing curves of f.
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Proof. By Lemma 2.6(¢e), P is a fundamental point of f; so it suffices to show that
if a fundamental point P belongs to only one missing curve C, then the multiplicity
(P, C) of C at P is equal to 1. So assume that P is a fundamental point which
belongs to only one missing curve C. Choose a diagram (2) satisfying n = n(f),
and let the notation P;, E;, etc., be as in 2.3. In fact let us choose diagram (2) in

such a way that Py = P and, for some s € {1, ..., n},

(7) P>, ..., P are infinitely near P, but Py, ..., P, are not.

Let us label the missing curves as Cy, ..., C,, where

(8) PileC; < j=1

The diagram (2) together with the ordering (C1, ..., Cy) of the set of missing curves

constitutes a “minimal decomposition” of f, in the terminology of [ibid., 1.2(h)].
This minimal decomposition D determines matrices pp, Ep, ep and 863, defined
in [ibid., 2.8]. These are matrices with entries in N, and the result [ibid., 4.3(b)]
asserts that the product &1, ip is a square matrix of determinant 1. We shall now
argue that the condition det(sgyu@) = =£1 implies that w(Py, C1) = 1 (this will
complete the proof of the proposition). By (7), the n x n matrix Ep has the shape

E’D:(eij)z (((é)o ((?1) (with €ij e N for all 7, j),

where € is an s x s lower-triangular matrix with zero diagonal, and where
the first row is the only zero row of .

Consider the n x n matrix ep, determined by Ep as explained in [ibid., 2.7]. The
already mentioned properties of Ep imply that e is as follows:

0
ep = (&ij) = <8—8‘Z) (with ;; € N for all i, j),

where g is an s x s lower-triangular matrix with diagonal entries equal to 1 and where
all entries in the first column of gy are positive.

Next, 8/9 is the submatrix of ep obtained by deleting the i-th row for each i € J,
where J ={i |1 <i <n, E;NX =& in Y,} in the notation of 2.3 (J is defined in
[ibid., 1.2(h)]). Let jo=|JN{], ..., s}|; then the (n—|J|) x n matrix 893 has the form

where g, is an (s — jo) x s matrix with entries in N and

C)) all entries in the first column of &, are positive.
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Finally, consider the n x ¢ matrix up; by (8),

w(Pr, Cy)
_(£10 here F = : iss x 1
nwp = Gla) where F = : 1S § .
I’L(P57C1>
We have
ey O\ (F|O ey F| 0
10 pup = (-2 = (2 :
(10) ¢DHD <Os;>(GH> (sQGe;H

where the block g, F has size (s — jo) x 1. By (7), (ESZ)Y” =—1;80 Eg € Y, \ X
by (5) and hence s ¢ J by definition of J. It follows that s — jo > 1. In view
of (10), the fact that det(ef,up) = &1 implies that s — jo = 1 and that the unique
entry of e(F is 1. We have {1,...,s} \ J = {s}, so &) = (&1 ... &) and
Zj-:l esjm(Pj, C1) = £1. Since &;; € N for all j and (by (9)) &1 > 1, we get
1< (P, C) <375 &5ju(Pj, C1) = £1, 50 u(Pr, Cy) = 1. O

2.10. Remark. Let ¢ : X — Y be a dominant morphism of nonsingular surfaces.
By a deficient curve of ¢, we mean a curve C C Y satisfying

for almost all points P € C, |f*1(P)| < [k(X) : k(Y)]s

99

where “almost all” means “all except possibly finitely many”, “| - |” denotes cardi-
nality, k(X) and k(Y) are the function fields of X and Y and [k(X) : k(Y)], is the
separable degree of the field extension k(X)/k(Y). Note that ¢ has finitely many
deficient curves and that if ¢ is birational then the deficient curves are precisely the
missing curves.

Then it is interesting to note that Proposition 2.9 does not generalize to all
dominant morphisms A? — A?; i.e., it is not the case that each singular point of a
deficient curve is a common point of at least two deficient curves. This is shown by
the following example, in which we assume that chark = 0.

Choose a coordinate system of A? and define morphisms f, g, & : A2 — A? by

f,y)=0,xy), g, y)=C+yo?—1),y), hx,y) =, y).

Note that f is a SAC and g € Aut(A?). Define g =hogo f : A> - A2 Then ¢
has two deficient curves C; and C,, where

e C;is “y = 0” (the deficient curve of h);
e Cyis “x?> — y(y — 1)> = 0” (the image by / o g of the missing curve of f).
Moreover, (0, 1) is a singular point of C, which is not on Cj.

2.11. Lemma. Let A2 L5 A2 —%5 A2 pe birational morphisms. Then

cent(g o f) = cent(g) U g(cent(f)).
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In particular, every fundamental point of g is a fundamental point of g o f.

Proof. Let X —L> ¥ %> Z be birational morphisms of nonsingular surfaces. The

reader may easily verify that cent(g o f) C cent(g) U g(cent(f)) and g(cent(f)) C
cent(g o f). In order to obtain the desired equality, it remains to show that

(11) cent(g) Ccent(go f).

We claim that (11) is true whenever ¢o(f) = 0. Indeed, consider P € cent(g).
Then there exists a curve C C Y such that g(C) = {P}. If C ¢ Miss(f), then
(by 2.4(b)) there exists a curve C' C X such that f(C’) is a dense subset of C;
in particular, (g o f)(C") = {P} and hence P € cent(go f). If C € Miss(f), then,
since go( f) =0, 2.4(a) implies that some fundamental point Q of f lies on C; then
there exists a curve C’ C X such that f(C’) = {Q}. Then (go f)(C’) = {P} and
hence P € cent(go f).

By [Daigle 1991a, 2.11], the condition go( f) =0 is satisfied whenever CI(Y) =0
and I'(X, Ox)* = k*. In particular, if X = A2 =Y, then qo(f) =0, so (11) holds
and consequently cent(g o f) = cent(g) U g(cent(f)). Ul

2.12. Lemma. Let X —L> Y —%5 Z be birational morphisms of nonsingular surfaces

and let T'y (resp. Iy, I'go ¢) be the union of all missing curves of f (resp. of g, g o f).

(@) Tgor is equal to the union of all 1-dimensional components of 'y U g(I'y),

where g(I'y) denotes the closure of g(I'y) in Z.

(b) If'Y is affine, then I'yo y = T'g U g(I'y); in particular, each missing curve of f
is included in g~ (Tgor).

Proof. To prove (a), it’s enough to show that a curve in Z is not included in I'g, ¢
if and only if it is not included in Iy U g(Tf) Let C C Z be a curve such that
C g ["¢o 7. Then there exists a curve Co C X such that g(f(Cp)) is a dense subset
of C; consequently, the set C; = f(Cp) is a curve in Y and g(Cy) is dense in C, so
C is not a missing curve of g and hence C Z T',. If C C g(Tf), then there exists a
missing curve C| of f such that g(_Ci) = C; however, (] is the only curve in Y
whose image by g is a dense subset of C, and Cj is not a missing curve of f; so
C ¢ g(T'y) and hence C € T'y U g(Ty).

Conversely, let C C Z be a curve such that C ;(_ r,u g(_Ff) Then C SZ Ig, so
there exists a curve C; C Y such that g(C) is a dense subset of C. Note that C| is
not a missing curve of f because C ¢ g(Tf); so there exists a curve Cy C X such
that f(Cy) is a dense subset of C;. Then (g o f)(Cp) is a dense subset of C and
consequently C ¢ Iy, 7. This proves (a).

To prove (b), suppose that Y is affine. If a point P € Z is an irreducible
component of I', Ug(Tf), then {P} = g(C), where C is a missing curve of f, so P
is a fundamental point of g; since Y is affine, Lemma 2.8 implies that cent(g) C I',
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so P € I'y, which contradicts the hypothesis that P is an irreducible component
of 'y U g(I'y). This shows that I'; U g(I'y) is a union of curves, so the equality
Leor =T Ug(I'y) follows from (a). U

Results 2.13 and 2.14 are valid in all characteristics but are particularly interesting
when char k > 0 (recall that not all lines are coordinate lines when char k > 0).

2.13. Proposition. Let f : A> — A? be a birational morphism.

(a) If a missing curve of f is nonsingular, then it is a coordinate line.

(b) If a contracting curve of f has one place at infinity, then it is a coordinate line.

Proof. Assertion (a) follows from [Daigle 1991a, 4.6]. To prove (b), consider a
contracting curve C of f such that C has one place at infinity. We noted in (4) that
C is a nonsingular rational curve, so C = Al is clear.

Let us embed dom( ) = A% in X = P?, and let L be the function field of X and
V the prime divisor of L/k whose center on X is the closure of C in X (i.e., V is the
DVR Oy ¢ where & € X is the generic point of C). Also embed codom(f) = A? in
Y = P2, and note that the center of V on Y is zero-dimensional, since C € Cont( .

Consider the Kodaira dimension « (V) as defined in the introduction of Section 2
of [Ganong 1985]. Then « (V) < 0 by [ibid., 2.1] and the fact that the center of V
on Y is zero-dimensional; so C is a coordinate line by [ibid., 2.4]. O

2.14. Corollary. Let C, C' be curves in A? such that C = A' = C’, and suppose
that there exists a birational morphism f : A> — A? such that f(C) is a dense
subset of C'. Then f(C) = C'. Moreover, if one of C, C' is a coordinate line, then
both are coordinate lines.

Proof. It is a simple fact that every dominant morphism A! — A! is finite, hence
surjective; so f(C)=C".

If C is a coordinate line then there exists a birational morphism g : A> — A? such
that C € Miss(g) (choose a coordinate system (X, Y) such that C = Z(X), and take
g(x,y) = (x, xy)); then C' € Miss(f o g) by Lemma 2.12, so Proposition 2.13(a)
implies that C’ is a coordinate line.

If C' is a coordinate line, then there exists a birational morphism g : A> — A? such
that C’ € Cont(g) (choose (X, Y) such that C' = Z(X) and take g(x, y) = (x, xy));
then C € Cont(g o f), so Proposition 2.13(b) implies that C is a coordinate line. []

2.15. Lemma. Let A2 L5 A2 55 A2 be birational morphisms.

(a) IfMiss(f) € Cont(g), then Miss( f) is admissible.
(b) If Cont(g) € Miss(f), then Cont(g) is admissible.
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Proof. Applying statement (4) in 2.3 to the morphism g gives

(12) D' = Z C is an SNC-divisor of A* and the graph G(D', A?) is a forest.
CeCont(g)

If Cont(g) € Miss( f) then each element of Cont(g) is a nonsingular missing curve
of f, and hence is a coordinate line by 2.13(a); then (12) implies that Cont(g) is
admissible, so (b) is proved.

If Miss(f) € Cont(g) then, by (12), D = ZCeMiSS(f) C is an SNC-divisor
of A? and the graph G(D, A?) is a forest; in particular each missing curve of f is
nonsingular and hence is a coordinate line by 2.13(a); so Miss(f) is admissible
and (a) is proved. O

2.16. Lemma. Let A2 L5 A2 —%5 A2 pe birational morphisms.

(a) If Miss(f) ¢ Cont(g), then q(go f) > q(g).
(b) If Cont(g) Z Miss(f), then c(g o f) > c(f).

Proof. (a) It is clear that Miss(g) € Miss(go f). If C is a missing curve of f which
is not contracted by g, then the closure g(C) of g(C) is a missing curve of g o f
but not a missing curve of g, so Miss(g) C Miss(g o f) and hence g(g) < g(go f).

(b) We have Cont(f) € Cont(g o f). If C is a contracting curve of g which is
not a missing curve of f, then there exists a curve C’ C A? such that f(C’) is a
dense subset of C. Then C’ is a contracting curve of g o f but not one of f, so
Cont(f) C Cont(g o f) and hence c¢(f) < c(go f). [l

In Lemma 2.17 and Proposition 2.18, we write #I" for the number of irreducible
components of a closed set I and I'; = UCeMiSS(T) C for any birational morphism
7 of nonsingular surfaces.

2.17. Lemma. Let f : A> — A? be a birational morphism and T’ a union of missing
curves of f such that

(13) each missing curve of f is either included in T or disjoint from T".

Then #f~Y (') =#I" and f can be factored as A* -5 A? s A2 where g, h are
birational morphisms, 'y =T and I'g Nexc(h) = @.

Lemma 2.17 is an immediate consequence of the next result:

2.18. Proposition. Let f : X — Y be a birational morphism where X, Y are
nonsingular affine surfaces, and let I' C Y be a union of missing curves of f
satisfying (13). Then the following hold:

(@) f can be factored as X 5> W MY, where W is a nonsingular affine surface,
g, h are birational morphisms, Ty, =T, c(h) =#f (") and 'y Nexc(h) = 2.
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(b) If X, Y are factorial with trivial units, then # f ~'(T') = #I" and, in part (a), W
can be chosen to be factorial with trivial units.

(c) If X = A% and Y is factorial, then Y = A% and we can choose W = A? in

part (a).
Proof. (a) We may choose a commutative diagram (2) satisfying n = n(f) and in
which the blowings-up my, ..., m, are ordered in such a way that the points over I
are blown-up first; i.e., there exists m € {0, ..., n} such that

{ie{l,...,n}| P, €l or P; is infinitely near a point of '} = {1, ..., m}.

Refer to 2.3 for the notation. If 0 < j <k <n and D C Y; is a curve or a union
of curves, we write DY+ for the strict transform of D on Y;. Let J be the set of j €

{1, ..., m} such that EJY” N X = & (recall that X is an open subset of Y,,), and define
=Y, 7 Ym
(14) W:Ym\<F UUEj )
=

Then W is a nonsingular surface and f factors as X —5> W M, Y, where g, h are
birational morphisms, I', =I'" and Cont(h) = {El.Y’" NWliell,...,m}\J}; thus

(15) g(h) =#T and c(h) =#f"'(D).

LetI"=CyU---UCy, where Cy, ..., Cs C Y are the missing curves of f not
included in I'; then I'y =T UT" and I' NI = &. Moreover,

(16) Miss(g) = {C/"NW |i=1,...,s}.

Indeed, consider C € Mlss(g) If h(C) is a point, then C = E N W for some j €

{1,...,m}, and, in fact, E X = @ (so j € J) otherwise C Would not be a missing

curve of g; then (14) 1mphes that E NW =&, which is absurd. So 2(C) is a dense

subset of a curve C, C Y. Now C* € Miss(f) by Lemma 2.12, and (14) implies

that C ¢ T, hence C, ¢ T'; so C, € I and consequently C = C " W for some

i €{l,...,s}. This proves “C” in (16), and “DO” easily follows from Lemma 2.12.
From (16), we deduce that I'y Nexc(h) € A=Y Ty Nh~YI), so

17) [y Nexc(h) =9

To prove (a), it only remains to show that W is affine. Since X is affine, Lemma 2.8
implies that W \ I, is affine; as (by (17)) exc(h) C W\ T,

(18) no contracting curve of £ is a complete curve.
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Embed Y, in a nonsingular projective surface Y and enlarge diagram (2) as
follows:

Tn ﬁm-%—l

?n 7m YO
\YJ:n Tty . TTm+1 i.]\m Tt T \20
X s (14 " Y

Let D; =Y;\Y; (0<i <n). Since Y =Y, is affine, Dy is a nonempty connected
union of curves and each irreducible component of I’ meets Dy (where I’ denotes
the closure of T in Y ). It follows that D,, is a nonempty connected union of curves
and each irreducible component of 'Y meets D,,. Let us argue that

(19) W is connected at infinity.

Suppose that (19) is false; then Y,, \ W is not connected, so some connected
component € of ¥, \ W is disjoint from D,,. Then € does not contain any irreducible
component of IRCH By (14),_it followsilat CC Ujej E]Y'"

We have ¥, \(W\T'g) =C " U- - -UC;"U(Y,,\W) by (16); since W\T', is affine,

E_fm U---u a" U (Y, \ W) is connected.

AsY,, \ W is not connected and C is a connected component of it, some C ZY " must
meet C. So there existi € {1, ..., s}and j € J such that 5?’"OFEV;’" #3.AsC; CTI,
this implies that P; € I'" or P; is i.n. a point of I'’; since j < m, we also have
Pj eI or Pjisin.apoint of I'; so ' NI % &, a contradiction. Thus (19) is true.

In view of (18), (19) and the fact that Y is affine, applying [Daigle 1991a, 2.2]
to h : W — Y shows that W is affine and concludes the proof of (a).

(b) Assume that X, Y are factorial and have trivial units; then [ibid., 3.4] gives
qg(h) <c(h),so#I' < #f*I(F) by (15). Since I'" also satisfies (13), it follows that
#I <#£71(1).

By Lemma 2.8 we have cent(f) CTI'y = TUT", so MU FHIY) is ex-
actly the union of all contracting curves of f; as f -Mn f -1 =g, we get
#f_l(F) +#f_1(F’) =c(f). We have c¢(f) = ¢q(f) by [ibid., 2.9], and it is clear
that g(f) =#I" +#I'/, so

#D <#f71(D), #IV <#/7'(1) and #D +#0' =#/"' ) +#f (),
consequently,
(20) #0 =#f~1(I),
(21) q(h) = c(h),
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where (21) follows from (20) and (15). By (21), (19) and [ibid., 3.4], we get that W
is factorial and has trivial units, which proves (b).

If X = A% and Y is factorial then, by (b), W may be chosen to be factorial;
then [ibid., 4.2] implies that W and Y are isomorphic to A2, which proves (c) and
completes the proof of the proposition. ([

2.19. Definition. Let f : X — Y be a birational morphism of nonsingular surfaces.
Consider a diagram (2) satisfying n = n(f) and with notation as in 2.3 (for each
iefl,...,n},letm; :Y; = Y;_; be the blowing-up of Y;_; at the point P; € Y;_1).

(a) Let C be a missing curve of f. Foreachi =0,1,...,n, let CY c Y; denote
the strict transform of C on ¥; (C*0 = C). Then we define the natural number

n(f, C) = cardinality of the set {i |1 <i <n, P; € CY"“}

and note that n( f, C) depends only on ( f, C), i.e., is independent of the choice
of diagram (2). To indicate that n(f, C) = k, we say that “C is blown-up
k times”.

(b) Fori=1,...,n,let P; € Yy be the image of P; by mjo---omi_1:Y;_1 = Yp.
For each P €Y, define the natural number

n(f, P) = cardinality of the set {i | 1 <i <n, P; = P}

and note that n( f, P) depends only on (f, P), i.e., is independent of the choice
of the diagram (2) used for defining it.

2.20. Remarks. Let f : X — Y be a birational morphism of nonsingular surfaces.

(a) Let C e Miss(f). Then n(f,C) =0 CN f(X) =, and n(f,C) =1
implies that there exists exactly one fundamental point of f lying on C. Note
that if X = A? =Y, then each missing curve contains at least one fundamental
point (Lemma 2.6(d)), so each missing curve is blown-up at least once.

(b) Let P € Y. Then n(f, P) > 0 <= P € cent(f), where “<” is obvious and
“=" follows from (6). It is also clear that n(f) =Y p.y n(f, P).

2.21. Lemma. Let X —L5 Y —%5 Z be birational morphisms of nonsingular surfaces,

and assume that n(go f) =n(g)+n(f)or X =Y = Z = A2
(a) Let D € Miss(g); then D € Miss(g o f) andn(g o f, D) =n(g, D).
(b) Let C e Miss(f) \ Cont(g) and let D be the closure of g(C) in Z. Then:
e DeMiss(go f)andn(f,C) <n(go f, D);
e n(f,C) =n(go f, D) = CNexc(g) = @;
e ifg(C)=D or C=A!, then

n(f,C)=n(go f, D) <= CnNexc(g)=2.
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(c) Foreach P € Z, we have n(go f, P) =n(g, P) + Z n(f, Q).
Qeg~l(P)
Proof If X =Y = Z = A?, then n(g o f) = n(g) + n(f) by Lemma 2.5; so

n(go f)=n(g)+n(f) holds in all cases. Let m = n(f) and n = n(g). Choose
commutative diagrams (I) and (II) as follows:

Y, ... 2oy, z, P,
oo |y @
X—— Y Y Z
8
and use them to build the commutative diagram
Zn+m Pn+m o Pn+2 Zn+1 Pn+1 Zn Pn . P1 ZO
(110 Yy —t . 2oy oy,
X ! Y s z

In the three diagrams, “<—” are open immersions, Y;, Z; are nonsingular surfaces,
Y; 2% Y;_; is the blowing-up of ¥;_; at a point P; € Y¥;_; and Z; 2> Z;_, is the
blowing-up of Z;_; at a point Q; € Z;,_;. Moreover, Y;_| < Z,;—1 maps P; on
QO+ (et us simply write P; = Q,,+;). Diagrams (I) and (II) are minimal in the
sense that n(f) =m and n(g) =n; since n(go f) =n(f)+n(g) = m+n, it follows
that (IIT) is also minimal.

(a) Let D € Miss(g); then D € Miss(go f) by Lemma 2.12(a). Let D% C Z; be the
strict transform of D C Zg on Z;. As D" C Z,,\ Yy and cent(p,410- -0 Pyim) =
cent(mwjo---omy,) C Yy, we see that

(22) {i|1<i<n+m, Q,‘EDZ"*I}:{”]Siin’ QieDZi—l}‘

Since n(g o f, D) (resp. n(g, D)) is by definition the cardinality of the set in the
left-hand side (resp. right-hand side) of (22), we have n(g o f, D) =n(g, D).

(b) Let C € Miss(f) \ Cont(g) and let D be the closure of g(C) in Z. Then
D € Miss(g o f) by Lemma 2.12(a). Define D% C Z; as before; then

(23) {i|n+1<i<n+m, Q;e D% YC{i|l<i<n+m, Q; € D%}

Since n(f, C) (resp. n(g o f, D)) is the cardinality of the set in the left-hand side
(resp. right-hand side) of (23), we have n(f, C) <n(g o f, D), and, moreover,

(24) n(f,C) #n(go f, D)
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is equivalent to
(25) lill<is<n QieD*'}#o.

By the minimality of diagram (II) together with (6), (25) is equivalent to

(26) D Ncent(g) # <.
Now
(27) CNexc(g) #9

implies (26) and, if g(C) = D, the converse is true. So we have shown that
(28) n(f,C)=n(go f, D) = CNexc(g) =42,

and that the converse holds whenever g(C) = D. Finally, we observe that if C = Al
then the dominant morphism C —£> D is necessarily finite, hence surjective, so the
converse of (28) is true whenever C = A!. This proves (b).

(c) Define Q; = (p1o---0pi_1)(Q;) € Zo forall i =1, ..., m +n and observe
that the trivial equality (for any P € Z)

{ilQi=P}=|{ili<nand Q;=P}|+|{i|i>n and Q; = P}|

is the desired equality. (]

3. Compositions of simple affine contractions

Let k be an algebraically closed field of arbitrary characteristic, and let A> = A,z(. As
in the introduction, we write Bir(A?) for the monoid of birational endomorphisms
f:A2— A, and we declare that f, g € Bir(A?) are equivalent (f ~ g) if uo fov=g
for some u, v € Aut(A?). The equivalence class of f € Bir(A?) is denoted [ f].
Note that the conditions f ~ f’ and g ~ g’ do not imply that fog~ f'og’.

The aim of this section is to describe the subsets Sy D Sy O Sz of Bir(A2)
defined by

Sw={f¢€ Bir(Az) | Miss(f) is weakly admissible},
S, = {f € Bir(A?) | Miss(f) is admissible},
Sa={f¢€ Bir(Az) | both Miss(f) and Cont( f) are admissible}

(refer to Definition 1.3, Lemma 1.4, Definition 1.6 and Proposition 1.7); note that
these sets are not closed under composition of morphisms. We learn at a relatively
early stage (see Proposition 3.6(c)) that each element of Sy, is a composition of
simple affine contractions (SACs are defined in the introduction and again in
Definition 3.2). However, an arbitrary composition of SACs does not necessarily
belong to Sy (resp. Sa, Saa), s0 in each of the three cases one has to determine
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which compositions of SACs give the desired type of endomorphism. The answer
is given in Theorem 3.15, which is the main result of this section.

The material of 3.1-3.5(a) can be found in [Daigle 1991a; 1991b]; everything
else appears to be new.

As before, we have A% = Spec A, where A = k!?! is fixed throughout, and by a
coordinate system of A2 we mean a pair (X, Y) € A x A satisfying A = k[X, Y]
(see the introduction of Section 1).

3.1. Let € temporarily denote the set of coordinate systems of A2, Given an
element ¢ = (X, Y) of €, consider the k-homomorphism A — A given by X — X
and Y +— XY; this homomorphism determines a morphism A? — A2, which we
denote «.; clearly, o, € Bir(A2). Note that if ¢;, ¢; € €, then o ~ ag) for every
m > 1. So, for each m > 1, the equivalence class [o'] of «" is independent of the
choice of ¢ € €.

3.2. Definition. A birational morphism A? — A? is called a simple affine contrac-
tion (SAC) if it is equivalent to «, for some (hence for every) coordinate system ¢
of A2,

Note that if f isa SAC and ¢ € €, then f ~ o, but f2 need not be equivalent to ozcz.

For readers who like to identify A with k2, we note that a, corresponds to the
map k> — k2, (x, y) — (x, xy) and that the SACs are obtained by composing this
map on both sides with automorphisms. See 1.1.

3.3. Lemma. (a) A birational morphism f : A> — A? is a SAC if and only if
n(f)=1

() If f : A2 — A% is a SAC, then f has one missing curve L and one fundamental
point P; moreover, L is a coordinate line and P € L.

(c) Let L C A? be a coordinate line and P € L a point. Let X > AZ? be the
blowing-up of A> at P and U C X the complement of the strict transform
of L. Then U = A? and the composition A> —> U — X <> A? is a SAC with
missing curve L and fundamental point P.

(d) If f, g : A> = A? are two SAC with the same missing curve and the same
fundamental point then there exists an automorphism 0 : A> — A2 such that

o \/

(e) Let ¢ be a coordinate system ofﬂ2 and o € Bir(A?) as in 3.1. For fe Bir(A?),
q(fH=1 = c(fHi=1 & f~a"D.

% IIZ
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Proof. Assertion (a) is [Daigle 1991a, 4.10] or [Daigle 1991b, 4.1]; assertions (b)—(d)
are trivial; (e) is [Daigle 1991a, 4.11] together with the fact that g (f) = c(f) by
Lemma 2.6(a). ([l

Remark. Assertion 3.3(e) can be phrased as follows: given an integer m > 1 and a
coordinate system ¢ of A2, the equivalence class [«] of o™ is

[0 = {f €Bir(A*) | ¢(f) =1 and n(f) =m}
={f €Bir(A?) | ¢(f) =1 and n(f) =m).

3.4. Corollary. If f € Bir(A?) has a unique missing curve C, then C is a coordi-
nate line.

Proof. This follows from Lemma 3.3(e). It also follows from Proposition 2.13(a)
and Proposition 2.9. O

See Definition 2.19 for the definition of the phrase “L is blown-up only once”.
3.5. Lemma. Let f € Bir(A?).

(a) Suppose that some missing curve L of f is blown-up only once. Then L is
a coordinate line. Moreover, if P € L is the unique fundamental point of
which is on L and y € Bir(A?) is a SAC with missing curve L and fundamental
point P, then f factors as A? T A2 Y A2 with f' e Bir(A?).

(b) Suppose that f factors as A? L A2 Y5 A2 with f', v €Bir(A?), where y is
a SAC. Let L be the missing curve of y. Then L is a missing curve of f which
is blown-up only once.

Proof. Part (a) is an improvement of [Daigle 1991b, 4.6]. The proof of [ibid., 4.6]
shows that P is a nonsingular point of L; then [Daigle 1991a, 4.6] implies that L is
a coordinate line. Choose a diagram (2) for f such that n =n(f) and P; = P. Let
LY C Y; denote the strict transform of L on Y; and define W =Y, \LYI cY. AsL
is a missing curve of f and is blown-up only once, the image of A2 y, 22y
is included in W; so f factors as A2 55w BLIN A2, where g’, h' are birational
morphisms and 4’ is the composition W < Y, Iy Yo = A2, By Lemma 3.3(c),
W = A2 and the composition A2 = W -5 A2 is a SAC with missing curve L and
fundamental point P; so f factors as A2 —£> A2 !5 A2 where g, h € Bir(A2) and
h is a SAC with missing curve L and fundamental point P. By Lemma 3.3(d),
h =y o6 for some 0 € Aut(A?). Then f =y o0 # o g and we are done.

For (b), we know that by Lemma 2.21(a), L is in Miss(f) and n(f, L) =
n(yof',L)y=n(y,L)=1. O
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3.6. Proposition. Let f : A2 — A? be a birational morphism such that
(1) f is not an isomorphism;

(ii) there exists a coordinate system of A? with respect to which all missing curves
of f have degree 1.

Then there exists a missing curve of f which is blown-up only once. Moreover, if L
is such a curve and P € L is the unique fundamental point of f which is on L, then
the following holds:

(a) There exists a coordinate system (X, Y) of AZ? such that L=Z(X) and P=(0, 0),
and such that the union of the missing curves of f is equal to the zero set of
one of the following polynomials in k[ X, Y ]:

1 xynm ]_[:’ZI(X —a;) for somem €{0,1},n>0anday, ...,a, €k,
1) X(x-n" H?ZI(Y—biX)forsome me{0,1},n>0andby,...,b, k.

(b) Ify : A2 — AZ s a SAC with missing curve L and fundamental point P, then
f factors as A? AN RN A2, where f' is a birational morphism such that
Miss( ") is admissible.

(¢) f is a composition of SACs.

Proof. By [Daigle 1991b, 4.7], f = h o g, where g, h € Bir(A?) and 4 is a SAC;
then Lemma 3.5(b) implies that some missing curve of f is blown-up only once.

Let L be a missing curve of f which is blown-up only once, and let P € L be the
unique fundamental point of f which is on L. Choose a coordinate system (X, Y)
of A? such that L = Z(X) and P = (0, 0) and with respect to which all missing
curves of f have degree 1. Define v, : A? — A? by Yo(x,¥) = (x,xy). As y,is a
SAC with missing curve L and fundamental point P, Lemma 3.5(a) implies that f
factors as A2 -L> A2 1o A2 for some f € Bir(A2). Let T (resp. I'') be the union
of the missing curves of f (resp. of f’). Then

(29) ['=Z(X)Up(T7),

by Lemma 2.12. In particular, if C is a missing curve of f’, then y,,(C) is included
into a line of degree 1; from y,,(x, y) = (x, xy), it easily follows that C is either a
vertical line Z (X — a) (for some a € k), a horizontal line Z(Y — b) (for some b € k)
or a hyperbola Z(X (o + 8Y) — 1) (for some «, 8 € k, B # 0), where, in fact, the
last case cannot occur because C has one place at infinity by Lemma 2.6(c). So

(30) each missing curve of ' is either a vertical line or a horizontal line.

In particular, all missing curves of f’ have degree 1. It follows from the first part
of the proof that

(31) if f’ is not an isomorphism, some missing curve of f’ is blown-up only once.
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Let i (resp. v) be the number of missing curves of f” which are horizontal (resp.
vertical) lines. Then min(%, v) < 1, otherwise (by Lemma 2.6(e)) every missing
curve of f’ would contain at least two fundamental points of f”, and hence would
be blown-up at least twice, contradicting (31). Statement (30), together with
min(h, v) < 1, implies that Miss(f”) is admissible, which proves the special case
“y =1y, of assertion (b); in view of Lemma 3.3(d), it follows that (b) is true.

If h < 1, then I is the zero set of (Y — b)" ]_[le(X — a;) for some b € k
and aj, ..., a, € k. Then, by (29), I is the zero set of X (Y — bX)" ]_[le(X —a;).
Replacing the coordinate system (X, Y) by (X, Y —bX), we see that (a-i) is satisfied.

If v < 1, then I'' is the zero set of (X —a)? Hf’zl(Y — b;) for some a € k and
bi,...,b, € k. Then I' is the zero set of X (X —a)? H?:l(Y —b;X). Ifa=0or
v =0, then I is the zero set of X (X — 1)° ]—[?:1 (Y —b; X), so (a-ii) holds; if a # 0
and v # 0, then I" is the zero set of X (X —a) ]_[?:1 (Y — b; X), so (a-ii) holds after
replacing (X, Y) by (a~'X, Y). So assertion (a) is true.

To prove assertion (c), consider the factorization f =y o f’ given by (b). Since
n(y) =1 by Lemma 3.3(a), we have n(f’) =n(f) — 1 by Lemma 2.5. Moreover,
the fact that Miss(f’) is admissible implies, by Proposition 1.7, that there exists
a coordinate system of A2 with respect to which all missing curves of f’ have
degree 1. It is clear that (c) follows by induction on n( f). U

3.7. Remark. We stress that assumption (ii) of Proposition 3.6 is strictly stronger
than “all missing curves are coordinate lines”. Indeed, there exists an irreducible
element f € Bir(A?) with three missing curves, these being the lines Z(X +Y)
and Z(X — Y) and the parabola Z(Y — X?):

A2 L a2 =

(an example of such an f, due to Russell, appeared in [Daigle 1991a, 4.7]). Here,
each missing curve is a coordinate line and hence has degree 1 with respect to a
suitable choice of coordinate system. However, these three lines are not simultane-
ously rectifiable, so f does not satisfy assumption (ii) of Proposition 3.6 (it does
not satisfy the conclusion either: since f is not a SAC and is irreducible, it is not a
composition of SACs).

Also note that by Lemma 1.4, assumption (ii) of Proposition 3.6 is equivalent to
“Miss(f) is weakly admissible”.

3.8. Until the end of Section 3,

we fix a coordinate system ¢ = (X, Y) of A2,
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This allows us to identify A? with k2. See 1.1 for the notation Z(F) and for our
convention regarding the definition of morphisms using coordinates.

3.9. In 3.9.1-3.9.3 below, we define three submonoids of Bir(A?), denoted I,
G, and V, respectively. The subscript ¢ reminds us that these sets depend on the
choice of ¢ made in 3.8. Since c¢ is fixed until the end of this section, there is no
harm in omitting it and writing simply 3, G and V. It is clear from the definitions
below that these three monoids are included in the submonoid of Bir(A?) generated
by SACs and automorphisms.

3.9.1. Given m € N and p € k[Y] such that’ deg p < m, define h,, , € Bir(A?) by
hm,p(x,y) = (xy™ + p(y), y). Observe that h,, , is equivalent to y™, where y is
the SAC given by (x, y) = (xy, y); consequently, n(h,, ,) =n(y™) =mn(y), ie.,

n(hm,p) =m.

Define H=H,. = {h,,,, Im €N, p € k[Y] and deg p < m}. It is easily verified
that 3 is a submonoid of Bir(A?).

3.9.2. Let M be the multiplicative monoid whose elements are the 2 x 2 matrices

M = (,}) withi, j,k.¢ € Nand i¢ — jk = 1. It is easily verified that M

is generated by G| = ((1) i) and G, = ((1)(1)) Given M = (/’{é) € M, define the
morphism yy; : A2 — A2 by (x, y) = (x'y/, x*y%). Note that v, o Yar, = Vs, M
for all My, M, € M, so the set

S=G.={yu | MeM]

is a monoid (under composition) generated by {yg,, vG,}- As yg, is a SAC and yg,
is an automorphism, it follows that G is a submonoid of Bir(A2).

3.9.3. Given a polynomial ¢ € k[X]\ {0}, define v, € Bir(A?) by vy(x,y) =
(x, ¢(x)y). Then let

V=V.={v, | ¢ € k[X]\{0}}.

Note that vy, 0 vy = Vy.yy = vy 0V, for any @, ¥ € k[X]\ {0}, so 'V is a submonoid
of Bir(A?).

3.10. Lemma. For a birational morphism f:A>— AZ, the following are equivalent:

(a) The union of the missing curves of f is included in Z(Y).
(b) There exists (h, 0) € H x Aut(A?) such that f =ho 0:

3we adopt the convention that the zero polynomial has degree —oo; consequently, the condition
deg p < 0 is equivalent to p being the zero polynomial (so hq,;, = h, is the identity map).
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f

AZ:DAZ
9 h

Moreover, if these conditions are satisfied, then the pair (h, 6) in (b) is unique.

Proof. We leave it to the reader to verify that (b) implies (a) and that (%, 8) in (b) is
unique. By induction on n( f), we show that (a) implies (b).

If n(f) =0, then (b) holds with 6 = f and h = hg .

If n(f) > 0O, then f is not an isomorphism, and hence has at least one missing
curve, so Z(Y) is the unique missing curve of f; by Proposition 3.6, this missing
curve is blown-up only once. This missing curve must contain a fundamental point
(c,0) of f;as hy . € H is a SAC with missing curve Z(Y) and fundamental point
(¢, 0), Proposition 3.6 implies that f = h; .o f’ for some birational morphism
f':A? — A2 Ttis immediate that h} |(T) =T, where I' = Z(Y) is the missing
curve of f; so Lemma 2.12 implies that the union of the missing curves of f’
is included in Z(Y). As n(f’) = n(f) — 1, we may assume by induction that
f''=h o6 for some h’ € I and 6 € Aut(A?). Then f = h; .oh’ o6 is the desired
factorization, where we note that i .o h’ € . O

3.11. Lemma. For a birational morphism f:A>— A2, the following are equivalent:

(a) The union of the missing curves of f is included in Z(XY).
(b) There exists (M, h,0) € M x H x Aut(A?) such that f=ymohoo:

f
Pty O Y
0 h Ym

Proof. 1t is easily verified that (b) implies (a). We prove that (a) implies (b) by
induction on n( f). Assume that f satisfies (a).

If n(f) =0, then f is an isomorphism, so (b) holds with 6 = f, h = hp o and
M= (y")

Let n > 0 and assume that the result is true whenever n( f) < n. Now consider f
satisfying (a) and such that n(f) =n.

If g(f) =1, then the missing curve I" of f is Z(X) or Z(Y). Define M = ((1)(1))
(resp. M= ((1) (1))) if '=2Z(Y) (resp. ' = Z(X)). Then yy; o f has a unique missing
curve, and this curve is Z(Y). Applying Lemma 3.10 to yps 0 f gives yyyo f =ho8
for some 0 € Aut(A?) and & € . Noting that yy oy, is the identity, we get
f=ymohoo.

From now on, assume that ¢g(f) = 2. Let I" be the union of the missing curves
of f;ie., ' = Z(XY). By Proposition 3.6, some element L of Miss(f) =
{Z(X), Z(Y)} is blown-up only once. As (0, 0) is a common point of the two
missing curves, it must be a fundamental point of f. For a suitable choice of
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M, e {(é }), (} (1))}, yum, 1s a SAC with missing curve L and fundamental point
(0, 0). Then Proposition 3.6 implies that f =y, o f’ for some birational morphism
f’:A?2 — A2, By Lemma 2.12, the union of the missing curves of f’ is included
in yﬁjlll () =T, so f’ satisfies (a). As n(f’) =n(f) — 1, the inductive hypothesis
implies that f' = yy, o h o 0 for some 6 € Aut(A?), h € H and M> € M. So

f =1v¥m, ovm, oho,and since yu, o Yu, = Ym,M,, WE are done. O
3.12. Let A = A, be the subgroup of Aut(A?) whose elements are of the form
8(x,y) = (x, y+q(x)) with g € k[X].

3.13. Lemma. Let "' = Z(]_[‘ZZI(X — c,-)), where c1, ..., cs (s > 0) are distinct
elements of k. For a birational morphism f : A> — A2, the following are equivalent:

(a) The union of the missing curves of f is included in T.

(b) There exists a commutative diagram

AZ L AZ

AZ — A2
Yy
where § € A, 6 € Aut(A?), ¢ € k[X]\ {0} and where the set of roots of ¢ is
included in {cy, . .., cg}.

Proof. That (b) implies (a) is left to the reader. Suppose that f satisfies (a). We
prove (b) by induction on n(f).

If n(f) =0 then f is an isomorphism, so (b) holds with & = f, ¢ =1 and § =id.

Let n > 0 be such that the result is true whenever n(f) < n. Consider f
satisfying (a) and such that n(f) = n. Then f is not an isomorphism, and hence
has at least one missing curve (so s > 0). By Proposition 3.6, one of the missing
curves (say L = Z(X —c;)) of f is blown-up only once. We know that L contains
a fundamental point (c;, d) of f;let §; € A be defined by §;(x, y) = (x, y—d) and
let fi =810 f. Since L is a missing curve of f which is blown-up only once and
(cj,d) € L is a fundamental point of f, it follows that §; (L) = L is a missing curve
of fi which is blown-up only once and that 6;(c;, d) = (c;, 0) € L is a fundamental
point of fi. Asv(x—;) is a SAC with missing curve L and fundamental point (c;, 0),
Proposition 3.6 implies that f| factors through V(X—c;)- Thus 810 f = V(X—cj) © f
for some birational morphism f’: A> — A2

A2 _f> AZ

q )

2 AZ
U(X*C_/)
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Since 8; maps each vertical line onto itself, the union of all missing curves of fi
is I'; so, by Lemma 2.12, the union of the missing curves of f’ is included in
v(_Xl_Cj)(F) =T, so f’ satisfies (a). As n(f’) =n(f) — 1, the inductive hypothesis
implies that there exists a commutative diagram (ignore the dotted arrows for now)

(32) A? A2 —— A?

with ¢’ € k[X]\ {0} (and all roots of ¢’ are in {c, . .., ¢}), 0 € Aut(A?) and 8, € A
defined by 8> (x, y) = (x, y + g (x)) (for some g € k[ X]). Now if we define 3 € A

by 83(x, y) = (x, y + (x —¢j)g(x)), then
53 o U(Xfcj) = U(X,C].) o 52.

So diagram (32), including the dotted arrows, is commutative. Let § =J§308; € A
and ¢ = (X — cj)(p/(X) (80 V(x—¢j) O Vy = vy); then §, 6, v, give the commutative
diagram displayed in the statement of assertion (b). U

3.14. Lemma. Let " = Z(Y ]_[le(X—ci)), wheres > 1andcy, ..., cs are distinct
elements of k. Let f : A> — A? be a birational morphism such that

(33) the union of the missing curves of f is equal to T'.
Then there exists a commutative diagram

!

A2 A2

el jT

A2 A2 A2 A2
h Ym Vo

where T € Aut(A?) is of the form T (x, y) = (x —c, y) with ¢ € k, 0 is an arbitrary
element of Aut(A?) and (¢, M, h) € (k[X]\{0}) x M x K.

Proof. We first settle the case s = 1. Define T € Aut(A2) by T(x,y)=(x—c1, ).
Then the union of the missing curves of To f is Z(XY), so Lemma 3.11 implies that
there exists (M, h, ) € M x H x Aut(A?) such that Tof=ymohot =v,0yyohot
with ¢ = 1. Thus the result is true when s = 1.
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We proceed by induction on n( f). For f satisfying (33), we have g(f)=s+1>2,
so the least possible value for n(f) is 2. If n(f) = 2, then g(f) <n(f) =2, so
s = 1 and the result is true in this case.

Let n > 2 be such that the result is true whenever n( f) <n. Consider f satisfying
(33) and such that n(f) =n.

By the first paragraph, we may assume that s > 1. By Proposition 3.6, one
of the missing curves (say L) of f is blown-up only once; we choose such an
L. By Lemma 2.6(e), the points (c;, 0), 1 <i <s, are fundamental points of f;
so Z(Y) is blown-up at least s > 2 times and hence L = Z(X — c;) for some
Je{l, ... s} As vix—;) is a SAC with missing curve L and fundamental point
(cj,0), Proposition 3.6 implies that f = v(x_.; o f’ for some birational morphism
f A% = A% Let I = Ucemiss(r)C- By Lemma 2.12, I C gy (I) =T in
fact, it is easy to see (again by Lemma 2.12) that

Z(Y []x —c,-)) cr'c Z(Y ]i[(x —cl-)>,
i=1

iel
where I ={1,...,s}\{j}, so f’ satisfies the hypothesis of the lemma. As n(f’") =
n(f) — 1, the inductive hypothesis implies that T o f" = vy, 0 ypr o h o 6 for some

(Y, M, h) € (k[ X1\ {0}) x M x H and 0, T € Aut(A?), where T is of the form
T(x,y)=(x—c,y) for some c € k. Noting that T OV(X—¢;) = U(X+c—cj) 0T, We get

T o f =To U(X—cj) o) f/ = U(X+c—cj) oT o f/ = U(X—i—c—cj) OVUy O¥M ohof

=vyoyyohoo,
where ¢(X) = (X + ¢ —c¢;))¥(X) € k[X]\ {0}, as desired. [l

Before stating the main theorem of this section, let us recall the assumptions
under which it is valid. Our base field k is an algebraically closed field of arbitrary
characteristic, and A? is the affine plane over k. We fix a coordinate system
¢= (X, Y) of AZ; this allows us to use coordinates for defining morphisms A% — A2
(see Section 1). The choice of ¢ also determines the submonoids V=V, G =G,
and € = K, of Bir(A?) (see 3.9). Then we have the following result:

3.15. Theorem. Let f : A2 — A? be a birational morphism.

(a) The following conditions are equivalent:
(1) Miss(f) is weakly admissible.
(ii) f is equivalent to one of the following elements of Bir(A?):
e af"ovoyoh for some (v,y,h)eVxGxH,mel{0,1}andi € {l,2},
where oy, oy € Bir(A?) are the SACs defined by o1 (x,y) = (xy, y)
and ax(x, y) = (x(1 —y), 1 = y);



COMPOSITIONS OF BIRATIONAL ENDOMORPHISMS OF THE AFFINE PLANE 381

o the morphism (x, y) — (x(p(x)y +qx)), p(x)y +q(x)),f0r some
p,q € k[X] with p #0.

(b) The following conditions are equivalent:

(i) Miss(f) is admissible.
(ii) f is equivalent to voy oh for some (v, y,h) € V x G x H.

(c) The following conditions are equivalent:

(i) Both Miss(f) and Cont(f) are admissible.
(ii) f is equivalent to an element of VU G.

Proof. For each of (a), (b) and (c), we show that (i) implies (ii) and leave the
converse to the reader. We begin with (b).

Suppose that f satisfies (b-i). Let I' = UCeMm(f) C. By Proposition 1.7, there
exists w € Aut(A?) such that w(I") = (Yd ]_[ (X — )) where

de{0,1}, s >0 and cy, ..., ¢ are distinct elements of k.

Note that the union of the missing curves of f; =wo f equals Z(Y* [];_ (X —c));
since f] ~ f, it is enough to prove that f; is equivalent to v o y o i for some
(v, y,h) €V xG xH. So we may as well replace f by f; throughout; so from
now on we assume that

= | c= z(yd H(X —¢ )
CeMiss(f)

If d =0 (resp. s =0), then the desired conclusion follows from Lemma 3.13 (resp.
from Lemma 3.10). So we may assume that d = 1 and s > 1. Then Lemma 3.14
gives the desired conclusion; i.e., we showed that (b-i) implies (b-ii).

Suppose that (a-i) holds. Let I' = (Jccpigs ) C- By Lemma 1.4, f satisfies the
hypotheses of Proposition 3.6. To prove (a-ii), we may assume that Miss( f) is not
admissible (otherwise (a-ii) follows from (b)). Then Proposition 3.6 implies that
there exists w € Aut(A?) such that w (I') = Z(F) with

S S
(34) F=Y[[X=cY) or F=Y¥-D[[X-cY),
i=1 i=1
where s > 2 and ¢y, . .., ¢; € k are distinct. We know, also by Proposition 3.6, that
some missing curve of f (say Co € Miss(f)) is blown-up only once. In the second
case of (34), w(Cy) is necessarily equal to Z(Y); in the first case, we may choose
w in such a way that w(Cy) = Z(Y).

It is clear that we may replace f by w o f throughout. Then we have I' = Z(F),
Z(Y) is a missing curve of f which is blown-up only once and (0, 0) is the unique
fundamental point of f which lies on Z(Y). If F is as in the first (resp. the second)
case of (34), let « = a; (resp. « = ap), where oy, @y € Bir(A?) are defined in the
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statement of (a-ii); then « is a SAC with missing curve Z(Y') and fundamental point
(0, 0). By Proposition 3.6, it follows that f =« o f’ for some f’ € Bir(A?). Let I/
be the union of the missing curves of f’. Using Lemma 2.12, we find

in the first case of (34), Z(f[ (X—c))cI'cz(y 1‘[ (X —c));

i=1 i=1
S S
in the second case of 34), Z(Y [[(X—c))STI"CZ(Y(¥ - D [T(X —c)).
i=1 i=1
In particular, f’ satisfies the hypothesis of Proposition 3.6; by that result,

some missing curve of f’ is blown-up only once, and thus I'" cannot be equal
to Z(Y(Y -DJ[,(X— ci)). It follows that I = Z(G), where

N N
(35) G=[[x-c) or G=Y]](X-cp).
i=1 i=1
First consider the case G = ]_[f:1 (X —¢;); then a = o7 because the first case of (35)
can only happen in the first case of (34). By Lemma 3.13, there is a commutative
diagram

AZL)AZ

A2 — > A?
v

where v € V, 8, 0 € Aut(A?) and § is of the form §(x, y) = (x, y — ¢(x)) for some
g €k[X]. Then f =ajo f'=aj08 'ovol ~ajo8 'ov. Let p € k[X]\ {0}
be such that v(x, y) = (x, p(x)y); then

(@108 ov)(x,y) = (x(p(x)y +g(x)), p(x)y +q(x)),

which shows that (a-ii) holds in this case.
Consider the second case, G =Y ]_[f-:1 (X —c¢;). Here, « may be either one of
oy, ap. By Lemma 3.14, there is a commutative diagram

’

A2 A2
) j l .
A? A2

voyoh

where (v, y,h) € Vx G xH, 0 € Aut(A?), and T € Aut(A?) is of the form
T(x,y)=(x—c, ), withc ek. Now oo T~! =voa, where v € Aut(A?) is given
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by v(x, y) = (x +cy, y). Thus
f:aof’:o{OTfloUO)/O//lOQzvoaovoyohog,\,O{ovoyoh’

showing that (a-ii) holds in this case as well. So (a-i) implies (a-ii).

Let ¢ € k[X]\ {0}, M = (}]) € M and h,, p(x,y) = (xy" + p(y), y) € I,
where m € N and p(Y) € k[Y] are such that deg p < m. As a preparation for the
proof that (c-i) implies (c-ii), we first show:

(36) If Cont(yy o hy,p) is admissible, then yy o hy, , ~ y for some y € G.

(37) IfCont(vy o hy,, ) is admissible, then vy, o hy, , is equivalent to an element

of VUG.
Observe that

(38) (Va0 b, p) (x, ¥) = (3™ + pO)' ¥/, (xy™ + pOr)FyY).

To prove (36), first consider the case ik # 0; then (38) implies that Z(X Y™ + p(Y))
is a contracting curve (or a union of contracting curves) of yy o h,, ,. So, by the
hypothesis of (36), each irreducible component of Z(XY™ + p(Y)) has one place
at infinity. The only way to achieve this is to have p = 0, in which case we have
,p = ymr With M’ = (). Then yp 0 by = yy € G with N = MM’, so (36)
is true in this case.

Cons1der next the case where ik =0. Then M € { (%), (§/)} for some j, £ e N.
itM=(" ) then

(a0 hmp) (2, y) = (v, Y™+ pO)y) = (v, xy" T+ 3y p(y),

which is equivalent to the b1rat10na1 morphism (x,y) — (y, xy"tt), that is,
Ymohu,~yn€Gwith N = ( ) Similarly, if M = (0 1) then yy o by ~
yn € G with N = (™). This completes the proof of (36).

To prove (37), we ﬁrst note that if m = 0, then vy, 0 iy, , = v, 0id = vy, € V.
Likewise, if ¢ € k*, then v, is an isomorphism, s0 vy, 0 Ay, ~ iy p, ~ yn € G With
N = ((1) i ) So we may assume from now on that m > 0 and that ¢ has at least one
root.

If ¢ € k is a root of ¢, then Z(XY™ 4 p(Y) — ¢) is a union of contracting curves
of vy o hy, p. Therefore, by the hypothesis of (37), each irreducible component of
Z(XY"™+ p(Y) —c) has one place at infinity. As m > 0, this implies that p(Y) —c
is the zero polynomial, and this is true for each root ¢ of ¢. So ¢ = a(X — ¢)" for
some a € k* andn > 1, and h,, ,(x,y) = (xy" +c, y). Then (vy0hy ,)(x,y) =
(xy™ + ¢, a(xy™)"y), which is equivalent to (x, y) — (xy™, (xy™)"y); that is,
Voo hy,p,~yny €G with N = (n mn+1) This proves (37).

To prove that (c-i) implies (c-ii), we consider f =wv,0yy oh for some (¢, M, h) €
(k[ X1\ {0}) x M x F(; we assume that Cont( f) is admissible, and we have to prove
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(c-ii). We use the notation M = (,’( fz) € M and h(x,y) = (xy™ + p(y), y), where
m € N and p(Y) € k[Y] are such that deg p < m.
The assumption that Cont( f) is admissible implies, in particular, that

(39) each contracting curve of v, o ¥y has one place at infinity.

Indeed, suppose that C € Cont(v, 0yy) has more than one place at infinity; then, by
Lemma 2.6(c), C is not a missing curve of 4 and consequently there exists a curve
C’ € A? such that 1 (C’) is a dense subset of C. Then C' is a contracting curve of
f = vy 0 ym o h but has more than one place at infinity (because it dominates a
curve with more than one place at infinity). This contradicts the assumption that
Cont( f) is admissible, so (39) is proved.

We claim

(40) ij =0 or o(X) =aX", for some a € k* and n € N.

Indeed, suppose that ¢ is not of the form a X" with a € k* and n € N; then there
exists ¢ € k* such that ¢(c) =0. Then Z(x'y/ —c) isa contracting curve of vy, oy
and, if ij # 0, this curve has more than one place at infinity, contradicting (39). So
(40) is proved.

Consider the case where ¢(X) =aX". Then v, = 6 o yy,, where 6 € Aut(A?)
and My = (19) € M. Then f =v,0ymoh =0o0yu oymoh ~ yuumoh, so (36)
implies that f ~ y for some y € G, and we are done in this case.

There remains the case ij = 0; here we have M e {((1) é), (,1c (1))} for some k, £ € N.

ItM= (llc(l)), then yu = v(xr). SO f = vy 0vxk) 0 hyy p = vy, © Ay, p, Where
o1=X k(p(X ), and (37) implies that f is equivalent to an element of VUG (so we
are done).

IfM= ((1) é), then M = M| M,, where M| = (é (1)) and M, = ((1) (1)) Now yu, =7,
where t € Aut(A?) is defined by t(x, y) = (y, x), and ym, = v(x¢). SO we have

f~ fot=vy0yYm 0V, 0hm poT = (Vyovxet))o(Tohy, poT)=vy o(Tohy poT),
where ¢ = X%¢(X). We have (t 0 by p 0 T)(x, y) = (x, yx"™ + p(x)), s0
(Vg 0(Tohm, o)) (x, y) = (x, 1 (x) (yx" 4+ p(x))) = (x, x" 1 (x) y+¢1 (x) p(x)),

which is equivalent to the birational morphism (x, y) = (x, x"¢1(x)y) = vy (x, y)
with = X"¢. So f ~ vy €V and we have shown that (c-i) implies (c-ii). [

3.16. Corollary. Let f € Bir A2, Suppose that all missing curves of f are lines and
that these are simultaneously rectifiable. Then there exists a coordinate system of
A? with respect to which the configuration of missing curves is one of the following:
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(a) Parallel lines L1, ..., Ly (s > 0).
Ly L Ly
®) Parallel lines L1, ..., Ly (s > 1), plus one line L
‘ ‘ ‘ Lo not parallel to L1, ..., L.
L, L, L,
Ls L2
(©) L, Concurrent lines L1, ..., Lg (s > 3).
Ly L,
Concurrent lines L1, ..., Ly (s > 3), plus one line
(d) L, Lo, where L is parallel to one of the concurrent
lines.
Ly

Conversely, each of the above configurations of lines occurs as the configuration
of missing curves of some f € Bir(A?).

The proof below gives in each of the cases (a)—(d) an example of an f € Bir(A?)
having the desired configuration of missing curves.

Proof of Corollary 3.16. The hypothesis on f is that Miss( f) is weakly admissible,
so f is described by part (a-ii) of Theorem 3.15; it follows that Miss( f) must be
one of the configurations (a)—(d). Note that Miss(f) is admissible in cases (a)
and (b). In cases (c) and (d), Miss( f) is weakly admissible but not admissible.
Conversely, consider the configurations of lines (a)—(d). In each of the four cases
we may choose a coordinate system ¢ = (X, ¥) of A? with respect to which the



386 PIERRETTE CASSOU-NOGUES AND DANIEL DAIGLE

configuration of lines is Z(F'), where

[T (X —c) in case (a),
Fo Yo (X —c) in case (b),
Y Hl_l (X —¢;Y) in case (c),
Y(¥ = D[[Z] (X —¢;Y) in case (d),
where ¢y, ..., ¢g (resp. ¢y, ..., cs—1) are distinct elements of k in cases (a) and (b)

(resp. in cases (c) and (d)). Let us exhibit in each case an f € Bir(A?) such that the
union of all missing curves of f is Z(F). In cases (a) and (b), choose a univariate

polynomial ¢ € k[¢] whose roots are exactly c1, ..., cs, and define f € Bir(A?) by
(x, p(x)y) in case (a),
f&x,y) = .
(xy, ¢(xy)y) in case (b).

Then the union of the missing curves of f is Z(F), as desired. In cases (c) and (d),
first choose g € Bir(A?) such that the union of the missing curves of g is Z(G), where
]_[1_1 (X —¢) in case (c),
Y ]_[l_1 (X —c¢;) 1in case (d)

(we know that g exists by cases (a) and (b)). Then define

_ Jarog incase (c),
" Nazo g incase (d),

where o) and oy are defined in the statement of Theorem 3.15. It follows from
Lemma 2.12(b) that the union of the missing curves of f is Z(F). U

4. Some aspects of the monoid Bir(A?)

Let k be an algebraically closed field and A> = A,zc, and consider the noncommutative
monoid Bir(A?) defined in the introduction. Note that this is a cancellative monoid
since it is included in the group of birational automorphisms of P2,

In view of Lemma 2.5 and Lemma 2.6(b), it is clear that each noninvertible
element of Bir(A?) is a composition of finitely many irreducible elements. In other
words,

the monoid Bir(Az) has factorizations into irreducibles.

Essentially nothing is known regarding uniqueness of factorizations.*

4We do know that Bir(A2) is not a “unique factorization monoid” in the sense of [Johnson 1971],
but this by no means settles the question of uniqueness of factorizations in Bir(A?). Indeed, there
are several nonequivalent definitions of what one might mean by “uniqueness of factorization” in
noncommutative monoids, and the one used in [Johnson 1971] seems to be particularly inadequate in
the case of Bir(Az).
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It is natural to ask whether one can find all irreducible elements of Bir(A?) up
to equivalence. However, considering the examples given in [Daigle 1991a; 1991b]
and [Cassou-Nogues and Russell 2007] and certain facts such as [Daigle 1991a,
4.12], one gets the impression that the irreducible endomorphisms might be too
numerous and too diverse to be listed. The first part of the present section gives
some simple observations (4.1-4.5) that strengthen that impression.

Given f, g € Bir(A?), let us write f | g if there exist u, v € Bir(A?) such that
uo fov=g. By aprime element of Bir(A?), we mean a noninvertible element p
satisfying

for all f, g € Bir(A%), pl(gof) = p|f or plg.

It follows from Lemmas 2.5 and 2.6(b) that every prime element of Bir(A?) is
irreducible. It is natural to ask whether the converse is true, and, in particular,
whether SACs are prime (SACs are certainly irreducible). These questions are open;
we don’t even know if there exists a prime element in Bir(A?).

We say that a submonoid M of Bir(A?) is factorially closed in Bir(A?) if the
conditions f, g € Bir(A?) and go f € M imply f, g € M. It is natural to ask whether
A is factorially closed in Bir(A?), where A is the submonoid of Bir(A?) generated
by SACs and automorphisms.> The main result of this section, Theorem 4.8, states
that A is indeed factorially closed in Bir(A?).

Remark. It is obvious that the only irreducible elements of A are the SACs, that
each noninvertible element of A is a composition of irreducible elements and that A

has the following “unique factorization” property: if xi,..., Xu, V1, ..., Y, are
irreducible elements of A such that x;o---0x,, =yj0---0Y,, then m = n and for
eachi =1, ..., n, we have x; = u; o y; ov; for some invertible elements u;, v; € A.

(However, it is easy to see that A is not a unique factorization monoid in the sense
defined in [Johnson 1971].)

Irreducible elements and generating sets
We write [ f] for the equivalence class of an element f of Bir(A?).

4.1. Lemma. |{[f]] f is an irreducible element of Bir(A*)}| = |k|.

Proof. Fix a coordinate system (X, Y) of A2. For each a € k*, let C, C A? be the
zero set of aY?>(Y — 1)+ X € k[X, Y].

>The question is natural in view of the question of whether SACs are prime and in view of the
following trivial fact: let P be a set of prime elements in a commutative and cancellative monoid N,
and let P be the submonoid of N generated by P and all invertible elements of N; then P is factorially
closed in N.
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Define U = {(a;, a», a3) € k> | a1, as, a3 are distinct and nonzero}. Define an
equivalence relation & on the set U by declaring that (ay, az, az) = (b1, ba, b3) if
and only if there exists 6 € Aut(A?) satisfying 0(Cp UCyy UCpy) = Cp, UCp, UCp,.
The reader may check® that the set U/~ of equivalence classes has cardinality |k|.

Given g > 2 and distinct elements ay, ..., a, € k*, there exists an irreducible
element f € Bir(A2) such that Miss(f) ={Ca, ..., Cq,} and n(f) = q +2 (to see
this, set m =3 and §; = --- = §;,_| = 0 in [Daigle 1991a, 4.13]). In particular,
for each a = (ay, az, az) € U there exists an irreducible f, € Bir(A2) such that
Miss(fa) = {Cq4,, Cay, Coz}. If @, b € U are such that f, ~ fp then there exist
0,6’ € Aut(A?) satisfying 6 o f, = fp00’; then @ (Cyy UC,UC ;) =Cp, UC), UCy,,
so a =~ b. By the preceding paragraph we get |{[fa] |a e U}| = |k|, from which
the desired conclusion follows. O

4.2. Lemma. For any subset S of Bir(A?), the following are equivalent:
(i) Aut(A?)U S is a generating set for the monoid Bir(A?).
(ii) For each irreducible f € Bir(A?), we have [f1N S # @.
Proof. Suppose that S satisfies (i) and consider an irreducible f € Bir(A?). By (),

f=gi10---0g, for some finite subset {g1, ..., g,} of Aut(Az) us.

By irreducibility of f, exactly one element g; of {gy, ..., g,} is not in Aut(A?)
(consequently, g; € S). So f ~ g; € §, which proves that § satisfies (ii).
Conversely, suppose that (ii) holds and consider & € Bir(A?); we claim that

h=gio---o0gy for some finite subset {g{, ..., gn} of Aut(Az) us.

This is clear if & € Aut(A?), so assume that 4 ¢ Aut(A?). Then i = fjo...o f, for
some finite collection { fi, ..., f,} of irreducible elements of Bir(A2) (existence
of a factorization into irreducibles is a consequence of Lemma 2.5). For each
ief{l,...,n}, we have [f;]]1NS # &, so f; = u; os; ov; for some s; € § and
u;, v; € Aut(A?). Then

h=(ujosjovi)o---o(u,08,0vV,) =g10---0gN,
where {g1, ..., gn} C Aut(A%) U S. This proves (i). [l

4.3. Corollary. Let S be a subset of Bir(A?) such that Aut(A?) U S is a generating

set for the monoid Bir(A?). Then |S| = |k|.

Proof. Follows from Lemmas 4.1 and 4.2. U
OThis is a tedious exercise. We leave it to the reader because it is completely elementary and has

nothing to do with the subject matter of this paper.

"Note that in Example 4.13 of [Daigle 1991a] one has Miss(f) = {Cq, ..., Cq}. This doesn’t
seem to be stated explicitly, but it is clear if one reads the construction.
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4.4. Remark. Let f e Bir(A?) and let y = (X, Y) be a coordinate system of A2,
Then f : A? — A? is given by f(x, y) = (u(x, y), v(x, y)) for some polynomials
u,v € k[X,Y]. We define deg, f = max(deg, u, deg, v). We may also define
deg f to be the minimum of deg, f for y ranging over the set of coordinate
systems of A%. Then

2
41) deg f > %
Indeed, if F1y, ..., F, € k[ X, Y] are irreducible polynomials whose zero sets are the
contracting curves of f (so c¢(f) = ¢), then the jacobian determinant of (u, v) with
respect to (X, Y) is divisible by [];_; F;. This implies that deg, f = (c +2)/2,
where the right-hand side is independent of . Statement (41) follows.

4.5. Corollary.® Ler S be a subset of Bir(A2) such that Aut(A?)US is a generating
set for the monoid Bir(A?). Then {deg f | f € S} is not bounded.

Proof. Let n € N. By [Daigle 1991a, 4.13], there exists an irreducible element
g € Bir(A?) satisfying c(g) > 2n. By 4.2, there exists f € S satisfying f ~ g; then
c(f)=c(g) >2n,sodeg f > n by (41). O

Factorial closedness of A in Bir(A2)

Let A be the submonoid of Bir(A?) generated by SACs and automorphisms.

See Definition 2.19 for the definition of n(f, C), where f € Bir(A?) and C €
Miss(f).

4.6. Lemma. Consider A2 %> A2 —L A%, where «, f € Bir(A?) and « is a SAC.
Assume that the missing curve C of « is disjoint from exc(f) and let D be the
closure of f(C) in A2. Then there exist a SAC o’ and some fe Bir(A?) satisfying
foa=a'o f and Miss(a') = {D}. Moreover, if f is a SAC then so is f'.

Proof. By Lemma 2.21(b), we have D € Miss(f oa) and n(foa, D) =n(a,C) =1
(because C Nexc(f) = @ and C = Al). Let P be the unique fundamental point of
f oo which lies on D and let &’ be a SAC with missing curve D and fundamental
point P. Then Lemma 3.5(a) implies that f oo = &’ o f’ for some f’ € Bir(A?).
Then n(f’) =n(f), soif f is a SAC, then so is f”. O

4.7. Definition. Let /1 € Bir(A?) be such that & ¢ Aut(A?). Let C € Miss(h).

(a) Afactorizationof hisatuple f=(hy, ..., h,) of elements of Bir(A?) satisfying
h=hio---oh, (where n > 1). If hy, ..., h, are SACs, we say that f is a
factorization of h into SACs.

8This result answers a question posed by Patrick Popescu-Pampu.
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(b) Given a factorization f = (hy, ..., h,) of h, we define depthf(h, C) to be the
unique i € {1, ..., n} satisfying

there exists a missing curve of h; whose image by hio---oh;_y isa
dense subset of C.

Observe that depthf(h, C) > 1 and that depthf(h, C)=1<«= C e Miss(hy).
(c) If h € A, then we define

depth(h, C) = min{depthf(h, C) | f is a factorization of & into SACs}.

Note that depth(/, C) > 1 and that depth(%, C) =1 is equivalent to the existence
of SACs «y, ..., o, satisfying

h=ajo0---0oa, and Miss(a;)={C}.
4.8. Theorem. If f, g € Bir(A?) satisfy go f € A, then f, g € A.

Proof. We proceed by induction on n(g o f), the result being trivial for n(go f) <2.
Let n > 3 be such that

(x) forall f,geBir(A?), gofeA and n(gof)<n = f gecA.

Consider f, g € Bir(A?) such that go f € A and n(g o f) = n; we have to show
that f, g € A. Since g o f € A, the number depth(g o f, C) is defined for every
C € Miss(g o f). Observe that

(42) there exists C € Miss(g o f) satisfying depth(g o f, C) = 1, and any such
C satisfiesn(go f,C) = 1.

Indeed, for any factorization go f =ajo---ow, of go f into SACs, the missing
curve C of a; satisfies C € Miss(g o f) and depth(g o f, C) = 1, so C exists.
Given any C € Miss(g o f) satisfying depth(g o f, C) = 1, there exists a factor-
ization go f =ojo---ow, of go f into SACs satisfying Miss(a1) = {C}; then
n(gof,C)=n(ajo---oa,, C)=n(x;, C) =1, where the second equality follows
from Lemma 2.21(a). This proves (42).

We now proceed to prove that f, g € A. We first do so in two special cases
(numbered 1 and 2) and then in the general case.

Case 1: there exists C € Miss(g) such that depth(go f, C) = 1.

Then there exist SACs «y, .. ., o, satisfying go f =« 0- - -oa,, and Miss(x1) = {C}.
We note that n(g, C) = n(g o f, C) = 1, where the first equality follows from
Lemma 2.21(a) and the second from (42), and where the assumption C € Miss(g) is
needed for the first equality. As n(g, C) = 1, there is a unique fundamental point P
of g lying on C. Consider the fundamental point P; of «1; then Lemma 2.11 implies
that P and P; are fundamental points of g o f (lyingon C); asn(go f,C) =1, we
have P = Py, so «; is a SAC with missing curve C and fundamental point P. By
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Lemma 3.5(a), there exists g’ € Bir(A?) such that g = o g’. Thenajog’o f =
gof=ajo---oay; canceling o yields g'o f =a0- - -0, €A. Asn(g'of)=n—1,
we get ¢/, f € A by (). Then g = 0g’ € A as well, so we are done in Case 1.

Case 2: n(f)=1.
Note that f is a SAC; let C be its missing curve. By (42), we may consider
Dy € Miss(g o f) satisfying depth(go f, D;) =1 and n(go f, D;) = 1.

By Case 1, we may assume that D ¢ Miss(g). Then (by Lemma 2.12) D is
the closure of g(C); since C = A, we have, in fact, g(C) = Dy (every dominant
morphism A! — C is surjective). Let P be the unique fundamental point of go f on
D and let Q € C be the fundamental point of f; then g(Q) € D is a fundamental
point of g o f by Lemma 2.11, so g(Q) = P.

Since n(g o f, D;) =1 =n(f, C), Lemma 2.21(b) implies that C Nexc(g) = <.
By Lemma 2.8, g restricts to an isomorphism A? \ exc(g) — A?\ 'y, where I,
is the union of all missing curves of g. Since C C A?\ exc(g) and D; = g(C),
it follows that D; C A2 \T'g. Since P € D; C A2 \ T'g and cent(g) € I'y, we
have P ¢ cent(g) and hence n(g, P) = 0; so Lemma 2.21 gives n(go f, P) =
n(g, P)+ ZP,E{Q} n(f, P’) =1 and we have shown

(43) DINTy, =2 and n(gof, P)=1.

Since depth(g o f, D1) = 1, we may choose a factorization go f =wj0- -0y,
of g o f into SACs satisfying Miss(«) = {D;}. We have cent(«;) = { P} because
the fundamental point of «; is a fundamental point of g o f lying on D;. Write
Cont(x;) = {E1}; then by Lemma 2.21,

n(ajo(apo---oay), P)=n(xy, P)+ Z n(opo---oay, P,
P'eE,
where the left-hand side is equal to n(g o f, P) =1 by (43). As n(ay, P) =1, we
have n(ayo0---oa,, P')=0forall P’ € Ey, so cent(oz0---0a,) N E] =@ and, in
particular, cent(oz) N Ey = &. It follows that the missing curve C; of «; is not equal
to E (because cent(az) C C,). So the closure of a1 (C,) in A% is a curve D, such that

D, e Miss(go f)\{D} =Miss(g).

Then D, C Ig,s0 DND =9 by (43). f CoNE| # @, then o (Co) N (Ey) # D,
so P € Dy, contradicting D, N D = &; thus

CoNE| =d.

This allows us to use Lemma 4.6. By that result, there exist SACs «/, ) such that
ajoay =ajoa) and Miss(a}) = {D,}. Since go f =ajoason30---oa, is a factor-
ization of go f into SACs satisfying Miss(«}) = { D>}, we have depth(go f, D) =1.
Since D, € Miss(g), Case 1 implies that f, g € A.
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General case. The result is trivial if n(f) = 0 and follows from Case 2 if n(f) = 1.
So we may assume that n(f) > 2. Consequently, n(g) <n —2.

By (42), we may pick D € Miss(g o f) satisfying depth(g o f, D) = 1 and
n(go f, D) = 1. By Case 1, we may assume that D ¢ Miss(g). Then D is the
closure of g(C) for some C € Miss(f). We have 1 <n(f,C) <n(go f, D) =1,
so n(f, C) = 1. Then Lemma 3.5(a) implies that there exist an SAC « and some
f’ € Bir(A?) such that f =« o f’ and Miss(a) = {C}. On the other hand, the fact
that depth(g o f, D) = 1 allows us to choose a factorization go f =aj0-- oy,
of g o f into SACs satisfying Miss(a1) = {D}. We have D € Miss(g o) and

n(goa, D) "2 n(goao f',D)=n(go f, D) = 1.
Let P be the unique fundamental point of g o« lying on D; then P is a fundamental
point of g o f and hence is the unique fundamental point of go f lying on D. As the
fundamental point of o is a fundamental point of g o f lying on D, it follows that
a1 is a SAC with missing curve D and fundamental point P. Then Lemma 3.5(a)
implies that there exists g’ € Bir(A?) satisfying goa =ajog’.

AZ _f> AZ _g> AZ

Nl

AZ—/>A2
g

Since @jog’o f'=go f=ajo---oay,, canceling oy gives g'o f'=a0- -0, € A.
By (x), we obtain f’, g’ € A.

Since f' € A, it follows that f =« o f' € A.

Since g’ € A, we get goa = a0 g’ € A; we also have n(g o @) < n because
n(g) <n—2;so0 g eAby (x).

So f, g e A. (]
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THE BOCHNER FORMULA FOR ISOMETRIC IMMERSIONS

ALESSANDRO SAVO

We study the Bochner formula for a manifold isometrically immersed into
another and obtain a Gauss-type splitting of its curvature term. In fact, we
prove that the curvature term in the Bochner formula is an operator that
can be explicitly expressed in terms of the curvature operator of the ambi-
ent manifold and the extrinsic geometry (second fundamental form) of the
immersion. Several applications of this splitting are given, namely, eigen-
value estimates for the Hodge Laplacian, vanishing results for the de Rham
cohomology and rigidity of immersions of Kéihler manifolds into negatively
curved spaces.

1. Introduction

Let X" be a Riemannian manifold of dimension n (all manifolds in this paper are
connected, orientable and without boundary) and let w be a differential p-form
on X. The Bochner formula states

(1) Aw=V*Vo+BPly.

Here A = dé§ + &d is the Hodge Laplacian (§ being the adjoint of d), V*V is the
connection Laplacian, and

BIPL: AP (Z) = AP(D)

is a certain symmetric endomorphism of the bundle of p-forms. We call B! the
Bochner curvature term or simply the Bochner operator.

When ¥ is compact, knowing that %P1 is positive at each point implies that any
harmonic p-form must vanish; then, by the Hodge—de Rham theorem, the de Rham
cohomology H? (X, R) must vanish. More generally, a positive lower bound of
the eigenvalues of B! implies a positive lower bound of the first eigenvalue of
the Hodge Laplacian acting on p-forms. All these facts are consequences of the
well-known Bochner method, and will be recalled in Proposition 3.

It is then important to look for estimates of the eigenvalues of 7). It turns out
that B! is simply the Ricci tensor (acting on 1-forms); but for degrees 2 < p <n—2

MSC2010: 58150, 35P15.
Keywords: differential forms, Bochner formula, isometric immersions, vanishing theorems.
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the operator B!7! is more complicated and difficult to control. A breakthrough was
obtained by Gallot and Meyer [1975]. They proved that, forall p=1,...,n—1,

2) B> p(n — p)ys,

where yy. is a lower bound of the eigenvalues of the curvature operator of X.

In this paper, we study the Bochner curvature term of a manifold X” isometrically
immersed in a larger manifold M"*4 by a smooth map f : £" — M”19, The natural
problem we address is to give a new expression of the Bochner curvature in terms
of the extrinsic geometry of the immersion, which would eventually improve the
estimate (2) in this important situation. It turns out that this is in fact possible. In
Theorem 1 we prove a Gauss-type formula and show that 97! splits into the sum
of two operators acting on AP (X):

P =B+ B
We then prove that %ﬁé’s], which depends on the geometry of the ambient manifold M,
is bounded below by the lowest eigenvalue of the curvature operator of M:

BLI > p(n — p)ym,

while the extrinsic part 973([3’;3 is explicitly described in terms of the second funda-

mental form of the immersion. For example, if ¥ has codimension one and S is the
shape operator relative to any of the two choices of the unit normal vector field, then

(3) %[l’] =trS- S[P] _ S[P] o S[P]’

ext

where SIP1: AP(Z) — AP(Z) is the self-adjoint extension of S, acting on the
form w by

)4
(4) SPo(X1, Xa, . Xp) =) o(X1, ..., S(X)), ..., X))
j=1
for all tangent vectors X1, ..., X,. In higher codimensions, one simply sums the

expression (3) over the shape operators of an orthonormal basis of the normal
bundle. We refer to Theorem 1 for the precise statement.

From (3) and (4) one sees that the eigenvalues of %g’;ﬂ can be estimated in terms
of the eigenvalues of S (principal curvatures) and explicit bounds of the extrinsic
part will follow.

Thus, one can bound the Bochner curvature in terms of the curvature operator of
the ambient manifold M and the second fundamental form of the immersion. This
can be done in different ways (see Section 4) and leads to a number of applications.
In particular:
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» We prove an extrinsic, sharp lower bound of the first eigenvalue of the Hodge
Laplacian of ¥, assuming that > has codimension one in M (Theorem 7).

o We prove a vanishing theorem for the de Rham cohomology of X, assuming that
the norm of the traceless second fundamental form of ¥ is bounded above by
a suitable function of the mean curvature (Theorem 8). The condition is sharp
when the ambient manifold is a sphere, in which case we get a rigidity result for
Clifford tori (Theorem 9).

» We prove a lower bound of the first eigenvalue of the Hodge Laplacian of X,
assuming that the norm of its second fundamental form is bounded above by a
suitable constant and that the ambient manifold is positively curved (Theorem 10).
When the ambient manifold is a sphere this reproves a vanishing theorem for the
de Rham cohomology of ¥ due to Lawson and Simons; moreover the limit case
leads to a rigidity result for a certain Clifford torus (Theorem 11).

» We prove that if 3 supports a nontrivial parallel p-form and admits an isometric
immersion into a negatively curved space, then its mean curvature vector has
norm bounded below by an explicit positive constant (Theorem 12). This has
applications to immersions of K#hler manifolds (Corollary 13).

o We classify the compact hypersurfaces of S"*! which support a parallel p-form
(Theorem 4): if n > 3 they are in fact products of spheres (Clifford tori). This
result is perhaps of independent interest, and is needed to prove the rigidity
theorems above.

In conclusion, we hope that this new representation of the Bochner formula
will be useful, and that it will lead to other interesting applications in submanifold
geometry.

The paper is organized as follows. In Section 2 we state the main theorem; in
Section 3 we state the main applications; these will be proved in Section 4, along
with the explicit bounds on the Bochner operator. In Section 5 we prove the main
theorem and in Section 6 we prove Theorem 4.

2. The Bochner curvature term

Let f : ¥" — M"*9 be an isometric immersion with codimension ¢ > 1. The
second fundamental form L of f is defined by the relation

V¥Y =V, Y +L(X,Y),

where X, Y € TX and VMV denote the Levi-Civita connections in M and X,
respectively. Note that L (X, Y) is a vector normal to X, so that L takes values in
the normal bundle of the immersion. If v € T+ X is a normal vector, we denote its
associated shape operator by S,,. It is the self-adjoint endomorphism of 7% defined
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on X,Y e TY by
(S,(X),Y)=(L(X,Y),v).

The mean curvature vector H is defined by H = (1/n) tr L; so, for any orthonormal
basis (e1,...,e,) of TX, one has nH = Z?ZIL(ej, ej). The squared norm of
the second fundamental form is denoted by |S|?. Note that if (v1, ..., V) is an
orthonormal basis in the normal bundle, then

q q
n’|H> =) (rS,)* and [S=)"|S,[%

i=1 i=1

Now extend S, to a self-adjoint operator acting on p-forms, SEP N (X) = AP (D),
as in (4), and let

TP = (tr S,) SV — sl o 1P

Introduce the self-adjoint endomorphism of A”(X)

q
5) Bl =Y = (ws,)s) - sie s,
j=1 j=1

_Q

Then, we have:

Theorem 1. Let f: X" — M" %4 be an isometric immersion. The Bochner operator
acting on p-forms of X splits as

ext»

where the operator APl s defined by (5), and the operator %Eé’j satisfies the bounds

ext
p(n—p)yy < BN < p(n— p)Ty,

where y,, and Ty are respectively a lower and an upper bound on the curvature
operator of M. If M has constant sectional curvature y , then

B = p(n — p)y.

For the definition of %HQ and the proof of Theorem 1, see Section 5. The notation
“res” is chosen because %EQ depends on the restriction of the curvature operator of
M to the submanifold X.

Let us give a more explicit expression of %gﬁ In what follows, § = S, will be
the shape operator associated to a given unit normal vector v. We denote by I, the

set of p-multi-indices

Ip:{{jla---ajp}:1§j1<"'<jp§n}-
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Let (e, ..., e,) be an orthonormal basis of 7% which diagonalizes S; then

S(ej) =kje;j,
where ki, ..., k, are the principal curvatures. If @ = {ji, ..., j,} € I, we define
(6) Ky =kj +---+kj,
and call it a p-curvature of S. Let (61, ..., 6,) be the dual basis of (eq, ..., e,); if
a=1{ji,..., jp} €I, consider the p-form

@aiej,/\---/\ejp.

Then {Og}eer, is an orthonormal basis of A”(X). From the definition (4) one sees
that S is extended as a derivation of A*(X), hence ®, is an eigenform of S (Pl
associated to the eigenvalue K,:

stPle, = K,0,.
In turn, if & = {j1,..., jp} € I, let xa € I,,_, be the multi-index given by the
complement of « in {1, ..., n}:
xo={1,....,0}\{j1,..., Jp}.

Let TP! = (tr S)SIP! — SIP1 o SIP Since Ky + Ky = k1 + - - - + k,,, we have
TOy = (ki + -+ + ki) Ko — K3)Ou = Ko KuaOu

and then ®,, is also an eigenform of TP associated to the eigenvalue Ky K,y. In
conclusion, we have:

Lemma 2. Let S = S, be the shape operator relative to a given unit normal vector
v e T, Let TP : AP(X) — AP(X) be the operator

TPl — (tr S)S[p] — glrl 4 glrl
Then the eigenvalues of T'P! are given by the (;) numbers Ko Ko, where a € I,
runs over the set of p-multi-indices and K, are the p-curvatures defined in (6).

In particular, if ¥ is a hypersurface of M+, and S is the shape operator of ¥
relative to any of the two choices of the unit normal vector, then TP = %L’QE and
7 min Ky K,y < B < max Ky K,qg.

ael,

ext
ael,

In higher codimensions, in order to estimate %E,it] it is enough to estimate the

p-curvatures of the shape operators S,; for an orthonormal frame (vy, ..., vy) in

the normal bundle of the immersion. It will then be possible to bound %(Ef;ﬂ in terms

of |S|> and |H|? (see Section 3).
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Let us briefly explain why Theorem 1 improves the bound (2). For simplicity,
assume that X" is a hypersurface of R"*!, with principal curvatures ki, ..., k,.
It is known that the curvature operator of X has eigenvalues {k;k; : i # j} (see also
Section 5.2). Hence

14> :inf{kikj i ;é J}

Now observe that since %Eé’g =0, we have 3" = %Lﬁﬂ; if @ € I, is a multi-index,

then K, K, is a sum of p(n — p) products of type k;k; with i # j. Then (7) gives
B > min Ko Kuy = p(n— p)ys,

ael,
the expression on the right being the lower bound in (2). Numerical examples show
that the lower bound in (7) is often much better than (2).

2.1. The Bochner method. When the manifold X is compact, lower bounds of the
Bochner curvature lead to lower bounds of the Hodge-Laplace spectrum. Here we
recall the main facts. Let A1, ,(X) be the lowest eigenvalue of the Hodge-Laplace
operator acting on p-forms of X. It is well known that

2 2
led‘f‘” l;f‘"' twe AP(T)\ {0}}.
z

As X is orientable and the quadratic form in (8) is invariant under the Poincaré duality
induced by the Hodge x-operator, we have A; , = A ,—, and so we can assume that
p <n/2. Clearly A1 , =0 if and only if ¥ supports a nontrivial harmonic p-form,
in which case H? (X, R) = H" ?(X, R) # 0 (the Hodge—de Rham theorem).

The next proposition is well known and is often called the Bochner method (the
estimate (iii) follows from a lower estimate of the energy of a form due to Gallot
and Meyer [1975]). We state it in the following form for future reference.

(8) Jp(E) = inf{

Proposition 3. Let X" be a compact, orientable manifold, 1 < p < n/2 and B7]
the curvature term in the Bochner formula (1).

() If BP) > 0 and the strict inequality holds at some point, then we have
HP(Z,R)=H"?P(X,R)=0.

(i) If B! > 0 and HP (2, R) # 0, then any harmonic p-form is parallel. In
particular, X" supports a parallel p-form.

(iii) If B! > p(n — p)A for some A > 0, then
Ap(E) =z p(n—p+DA.

Proof. Let w be a p-form. Taking the scalar product with @ on both sides of (1),
we obtain

©) (Aw, 0) = Vol + (B o, 0) + JAlw]*.
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Integrating on ¥ (with respect to the canonical Riemannian measure), we get
(10) f(Aw, ) =/(|Va)|2+(%[p]w, ).
by by
If we assume that B[P) > 0 and that w is harmonic, we get
0= / (IVol* + (B o, w)) > 0,
by

which implies [Vo| = 0 and (BPlw, w) =0 everywhere. It is well known that a
harmonic form cannot vanish on an open set unless it is zero everywhere. If, at
some point xg € X, the strict inequality B! > 0 holds, we see that «» must vanish
in a neighborhood of xg, hence w = 0 everywhere. This proves (i). Assertion (ii) is
immediate.

We now prove (iii). Let @ be a p-eigenform, so that Aw = Ay ,w. By an
inequality of Gallot and Meyer [1975] we have

5 ldol? |Sw|?
> .
“p+1 n—p+1

Vol

Since p <n/2 we see that p+1 <n— p+ 1, hence

/le|2> dol® + |Sof? _ Mo /lez.
) - b H—p+1 I’l—p+1 )3

Inserting this in (10) and using the lower bound on %!P! we arrive easily at

,\17,,/ lo|* > p(n—p+ 1)A/ o],
b> by
which gives the assertion. U

We already remarked that for p = 1, the Bochner operator %' is simply given by
the Ricci tensor acting on 1-forms. In particular, when n =2, B!l is a scalar operator
and is given by multiplication by the Gaussian curvature K5, of X: 31w = Ky w.

2.2. Rigidity of Clifford tori. For p =1,...,n— 1 and r € (0, 1), consider the
manifold (Clifford torus)

(11) Ty, =SP(r) xS"P(V1-r?)

which is naturally isometrically embedded as a hypersurface in S"*!. Note that
T, supports a parallel p-form, which is the pullback of the volume form of S?(r)
by the projection onto the first factor. We have the following rigidity theorem (when
Y is minimal, it reduces to [Colbois and Savo 2012, Theorem 10]).
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Theorem 4. Let X" be a compact hypersurface of S"*' supporting a (nontrivial)
parallel p-form for some p=1,...,n— 1.

(@) Ifn=2and p =1, then X is a flat 2-torus.
(b) If n > 3, then X is isometric to a Clifford torus Ty, , for some r € (0, 1).

For the proof, see Section 6. The interest in the theorem lies in the case n > 3.
In fact, (a) holds for any compact, orientable surface supporting a parallel 1-form.
We remark that there exist flat 2-tori in S which are not isometric to any Clifford

torus 77, (see [Weiner 1991] for a classification result).
Combining Theorem 4 with Proposition 3(ii), we obtain:

Corollary 5. Let X" be a compact hypersurface of S+ such that H? (X, R) # 0
and B > 0 for some p=1,...,n—1. Then X is a flat torus if n = 2 and, if
n > 3, it is isometric to a Clifford torus T), , for some r € (0, 1).

We also record the following consequence.

Corollary 6. Let X" be a compact hypersurface of S"*! having nonnegative sec-
tional curvature. If n > 3, then either X is a homology sphere (i.e., H? (X, R) =0

forallp=1,...,n—1)or X is isometric to a Clifford torus.
Proof. Let (ey, ..., e,) be an orthonormal basis of principal directions and let
ki, ..., k, be the associated principal curvatures of X. Let i # j. By the Gauss

formula R(e;, e}, e;, ej) =1+ k;k; and then, by our assumptions,
k,’kj > —1.

If o € I, is any multi-index, we observe that K, K, is a sum of p(n — p) products
of type k;k; with i # j. Hence

KyKio > —pn—p),

and by (7) we obtain B! > —p(n — p). As B} = p(n — p) we conclude by

Theorem 1 that BP1 >0 forall p=1,...,n—1.If H?(X, R) # 0 we see that ©
is a Clifford torus by Corollary 5. This completes the proof. O

3. Applications

3.1. Applications in codimension one. Let X" be a hypersurface of M"*! and S
its shape operator. Fix a point x € ¥ and let (ky, ..., k) be the principal curvatures
of X at x. The (scalar) mean curvature is denoted by

H:rll(k1+---+kn).
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For each multi-index a = {ji,..., j,} € Ip, let K4(x) be the corresponding
p-curvature, as defined in (6). Set

R
Bp(x) = Pi—p) ollgi;pKa(x)K*a(x)»

Bp(E) = inf B, (x).

(12)

From (7) we then see that at all points of ¥ one has 9732;3 > pn—p)py(2). If y,,
is a lower bound of the curvature operator of M”*! then %Eé’q] > p(n—p)y, and
then by Theorem 1

(13) B> pn = p) vy + Bp(2)).
From (13) and Proposition 3(iii) we immediately get the following estimate.

Theorem 7. Let X" be a compact hypersurface of M"*', a manifold with curvature
operator bounded below by y,, € R. Let 1 < p <n/2. Then

(14) Ap(E) = pn—p+D(yy +Bp(3),

where B,(X) is defined by (12). If ¥ is a geodesic sphere in a simply connected
manifold of constant curvature y,,, then equality holds.

To verify that the inequality is sharp, let M"*!(c) be the simply connected
manifold of constant curvature ¢ =y,,. Then M n+1(c) is, respectively, the Euclidean
space R"*! when ¢ = 0, the unit sphere $"*! when ¢ = 1 and the hyperbolic space
H"*! when ¢ = —1. If ¥ is a geodesic sphere in M"*!(c) then X is totally umbilical:
K,(x)=pH, K,,(x) = (n— p)H, where H is the mean curvature of . Hence
Bp(x) = H? and (14) becomes

Mp(2)>p—p+ e+ HY).

On the other hand, X is known to be isometric to §"(r), with r = (c + H 2)_%.
Therefore, by a well-known calculation in [Gallot and Meyer 1975],

M p(B)=pn—p+1)(c+H).

This shows that Theorem 7 is sharp. Note also that the condition 8,(X) > —y,,
implies H? (X, R) = H""?(X, R) = 0. For an upper bound of A; ,(%) when M is
a sphere, see [Savo 2005].

We now compare this estimate with the results in [Raulot and Savo 2011]. Let
us say that X is p-convex if we can choose an orientation of X so that all of its
p-curvatures are nonnegative at every point: Ky (x) > 0foralla € I, and x € X.
This is equivalent to asking that the operator SI”! is nonnegative at every point.
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Clearly, if ¥ is p-convex, then it is g-convex for all ¢ > p. In that case, let

H,= 1 inf inf K,(x)>0
P xe¥ acl,
be a lower bound of the mean p-curvatures (note that 3{; is a lower bound of the
principal curvatures, while J{,, is a lower bound of the mean curvature). It is easy to
prove that J{, <, whenever p < g. Using a Reilly-type formula for differential
forms, it is proved in [Raulot and Savo 2011] that if X is the boundary of a domain
in a manifold M"*! with nonnegative curvature operator (Yyy = 0), and if X is
p-convex (for the orientation given by the inner unit normal), then

(15) Al,p(z) = P(” —-p+ 1)3{p3{n—p+1

with equality if and only if ¥ is a sphere in R"*!. Numerical examples show that, in
that situation, (14) is often better than (15). Moreover, (14) applies also in negative
curvature, and for immersions which are not necessarily embeddings. For example,
if M"*! is the hyperbolic space H"*!, it is easy to see that the inequality gives a
positive lower bound whenever J, > 1.

The next application is inspired by the following result of [Alencar and do Carmo
1994]. Assume that X" is a compact hypersurface of $"*! with constant mean
curvature H. Let

d=S-HI

be the traceless second fundamental form of X, and let R(1, H) be the positive
root of the polynomial

nn—2)
Jnn—1)

Alencar and do Carmo [1994] proved that if |®| < R(1, H), then X is either totally
umbilical (|®| = 0) or a Clifford torus

Ti, =S'(r) x S" ' (V1 —=r?)

with 7 > 4/1/n (in which case |®| = R(1, H)). To the best of our knowledge, there
is still no similar characterization of the other Clifford tori 7}, , for2 < p <n —2
among constant mean curvature hypersurfaces of the sphere.

We prove a vanishing result for the de Rham cohomology in degree p assuming
that the norm of the traceless second fundamental form is bounded above by a
suitable function of the mean curvature. When the ambient manifold is the sphere,
this will lead to a topological version of the Alencar-do Carmo result, in which the
assumption of constant mean curvature is replaced by an assumption of nontrivial
cohomology in degree p.

(16) Fi(x)=x>+ |H|x —n(H>+1).
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More precisely, fix real numbers y, H and an integer 1 < p < n/2. Consider the
polynomial function

nln—2p|
v pn(n—p)

Note that F),(x) reduces to (16) when p =y = 1. If y < 0, we assume that
H?+ y > 0. Then, the largest root of F,(x) is nonnegative, and will be denoted by
R(p, H). It is easy to check that for fixed H and y one has

(17) Fp(x) =x>+ |H|x —n(H*+7y).

0<R(,H <RQ2,H)<---< R([g] H)

where [n/2] is the largest integer less than or equal to n/2. If n is even, one has

R(ﬁ H) —Vn(H? + 7).

2 b
We then have the following result.

Theorem 8. Let X" be a compact hypersurface of M+, a manifold with curvature
operator bounded below by y € R. We suppose p <n/2 and H> +y > 0. If

|®| < R(p, H)
everywhere on X and strict inequality holds somewhere, then
HY(Z,R) =0 forallk=p,...,n—p.

Here ® is the traceless second fundamental form of X, and R(p, H) > 0 is the
largest root of (17). In particular, if |®| < R(1, H), with strict inequality somewhere,
then X is a homology sphere.

The proof is given in Section 4.1. Now let =" be a compact hypersurface of S"*!;
we take y = 1 and then consider the polynomial
nin —2p|
v pn(n—p)
We have the following rigidity result, which shows that the conditions in the previous
theorem are sharp.

(18) Fp(x) =x*+ |H|x —n(H*>+1).

Theorem 9. Let X" be a compact hypersurface of S"*!, take 1 < p < n/2 and
denote by R(p, H) the positive root of (18). We also assume n > 3.

(@) Let1 < p<n/2. If
|®| < R(p,H) and HP(Z,R) #0,

then X is isometric to a Clifford torus T, , = SP (r) x S"~F (V 1-— rz)for some
r>./p/n.
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(b) Let n be even and p = n/2. If we assume that
D> <n(1+H?* and HP(Z,R) #0,
then X is isometric to a Clifford torus SP (r) x SP (M)for somer € (0, 1).
For the proof, see Section 4.1.
3.2. Applications in arbitrary codimension. Lawson and Simons [1973] proved

the following vanishing result. If £” is a compact, immersed submanifold of a
sphere S"19 and if at all points of ¥ one has

ISI* < min{p(n — p), 2y/p(n— p)}

forsome p=1,...,n—1,then H? (X, Z) = H""?(X, Z) = 0. The proof depends
on deep results of geometric measure theory, and used the fact that any integral
homology class is represented by a stable current. Taking variations induced by
suitable vector fields (namely, orthogonal projections to X of parallel vector fields
on R"*2), one gets the stated result.

If we limit ourselves to real cohomology theory, we have another proof of this
result by a completely different method (the Bochner method) as follows. Note that
this also gives an explicit lower bound of the spectrum of the Hodge Laplacian and
an associated rigidity result (Theorem 11).

Theorem 10. Let X" be a compact submanifold of M" 4, a manifold with curvature
operator bounded below by y,, > 0, and let 1 < p <n/2. If

ISI> <2y P(n—p)

and strict inequality holds somewhere, then H*(,R) =0 forallk =p, ..., n— p.

More generally, if
ISI? < 2yp v/ p(n = p)(1 = A)
for some A € (0, 1], then Ay ,(£) > p(n — p+ Dy, A.

For the proof, see Section 4.3.
In codimension one the condition is sharp, and our approach gives the following
rigidity result.

Theorem 11. Let X" be a compact hypersurface of S"+', n > 2, such that
ISE <2 /ptn—p) and HP(Z,R)#0

for some 1 < p <n/2. Then X is isometric to the Clifford torus T, , = SP(r) x

S (M) for

= (i)
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In fact, one can check that the Clifford torus of Theorem 11 minimizes |S|?
among the family of Clifford tori {7, , : ¥ € (0, 1)}. The proof is given in Section 4.4.

3.3. Submanifolds with a parallel p-form. In our final application, we study im-
mersions of a manifold supporting a (nontrivial) parallel p-form (our estimates
are local, and so we do not assume compactness). Noteworthy examples of such
manifolds are given by:

o Riemannian products N; x N, (having parallel forms in degrees p = dim Ny,
dim Ny).

¢ Kihler manifolds.

In fact, the Kihler 2-form 2 is parallel. As all powers of 2 are nontrivial
(and parallel), we see that a Kihler manifold supports nontrivial parallel forms in
all even degrees.

It is well known that a Kéhler manifold does not admit any minimal immersion
into a hyperbolic space (see [Dajczer and Rodriguez 1986; El Soufi and Petit
2000]). More generally, in [Grosjean 2004], it is proved that a manifold ¥ with a
parallel p-form does not admit any minimal immersion into a manifold M if certain
curvature conditions on ¥ and M are met. We also refer to [Grosjean 2004] for
other rigidity results on minimal immersions.

Our point of view is to observe that if w is a parallel p-form, then (%[p]a), w)=0
everywhere on . More generally, if w is a harmonic p-form with constant length,
then, from the Bochner formula (9),

(B, w) = —|Vw|? <0.

Using the pointwise bounds on the eigenvalues of B!?! derived in Section 4, we
then obtain pointwise bounds for the extrinsic geometry of X. Precisely:

Theorem 12. Let X" be an immersed submanifold of M"*9 and let p=1, ..., n—1.

(a) If X supports a parallel p-form and M has curvature operator bounded above
by I'yy < 0 then

4p(n—p)
|HI* = =3Iyl and |SI"=2|Twly/p(n—p)

at all points of X.

(b) If X supports a harmonic p-form of constant length (in particular, a parallel
p-form) and M has curvature operator bounded below by y,, > 0 then

IS = 2y/P(n— p)

at all points of X.
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For the proof, see Section 4.5. Assertion (a) is sharp when p = n/2 (see below)
and (b) is sharp for the Clifford torus of Theorem 11.

Now let 2" be a Kihler manifold of complex dimension m > 2. Since X
supports nontrivial parallel forms in all even degrees, we see that it supports a
parallel form of degree m or m — 1 depending on whether m is even or odd.
Applying the previous theorem we immediately get the following estimates.

Corollary 13. Let X" be a Kéhler manifold of complex dimension m > 2 isomet-
rically immersed in the Riemannian manifold M?>"+4.

(a) If M has curvature operator bounded above by I'y; < 0, then at all points of X

|Tarl if m is even,
2
|H| = m2—1
m2

ITym|  ifmis odd.
(b) If M has curvature operator bounded below by yy > 0, then

18] = {ZmyM if m is even,

2yyvm?>—1 ifmis odd.

We remark that if m is even and the ambient space is the hyperbolic space H>"+4
then (a) gives
|HP? = 1,

which is an equality when 2" = R>", embedded in H*"*! as a horosphere.

4. Estimates of the Bochner operator

In this section we first estimate the extrinsic part of the Bochner operator, thanks to
Lemma 2 and some elementary algebra. We then apply these estimates to prove the
theorems of Section 3. Let £" be a submanifold of the Riemannian manifold M"*4.
We start from the following algebraic lemma.

Lemma 14. Let S = S, be the shape operator of X relative to a unit normal vector
veTLE, and let TP = (tr §)SP! — StPl 6 SLPI. Ifky, ..., k, are the eigenvalues
of S, set

(19) nH:ij, |S|2=Zk2., |c1>|2=2(kj—H)2.
j=1 j=1 j=1

Then the following inequalities for T'P! hold. Recall that if ¥ has codimension one,
then T[P] — %[[’]

ext*

(a) —M|S|2 < TPl <

p(n—p) 2
—|5/".
7 7 |S]
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(b) If H =0, then

—M|S|2 < TP <0.
n

2 2 2 2 2

H 1 4 — H
© = el In—2p[|H|+ = p) p)lq)l <7t <220 . :
4 4 n 4

(d) Ifnisevenand p =n/2, then
TP > In?|H|? — In|®|*.

Proof. We know from Lemma 2 that the eigenvalues of T'7! are given by 1, =
K, K.y, where o runs over the set of p-multi-indices. Then, it is enough to show
the inequalities for any such eigenvalue. Fix a multi-index «. After reordering, we
can assume that

(20) hg = (ki 4 A kp) Kpt + - -+ k)

In conclusion, it is enough to show the given bounds for the product (20), given
any set of real numbers &, ..., k, satisfying (19).

Proof of (a). We use the Schwarz inequality and the inequality vab < (a +b)/2
applied to a = k7 + - - ~+k12), b =k1§+1 + -+ k2. We obtain

Il = Vet 4+ eyl s ++ -+ ki
< VP = VI +- VI o+ k2 < 3G pi— ISP,

and (a) follows.

Proof of (b). Since k1 +- - - +ky, = —(k; +- - -+k), the Schwarz inequality yields

ho=—(ki + -+ + kp)? = —p(ki+---+k),
Ao =—(kpp1+... k) = —(n—p)(kyy 4+ k).
Summing the two inequalities, we get
e Mg

p n—p

> —|S|?,

from which the lower bound follows. The upper bound is obvious.

Proof of (¢). As ) (kj — H) =0, we see that, by the lower bound in (b),
j=1

((ky = H) 4+ (kp = H))(kpy1 — H) 4+ -+ (kn — H)) = __p(”n_p)

|
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Hence

|

21 _p(n—p)
n

<(ki+--+kp,—pH)kpy1+-+-+kn—(n—p)H)
= datpn—p)H* = pH(kps1+---+k) = (0= p)H (k1 ++ - +kp).
Substituting k41 +---+k, =nH — (k1 +--- +kp) in (21), we have

(22) —@@F <ha—pPH = (n—2p)H (ki +- - +kp).

Substituting ky +---+k, =nH — (kp41 +--- +k,) in (21), we also have

23) —@@F < ha— (1= PYH 4+ (= 2p)H (k1 + - - -+ k).

We now sum (22) and (23) to obtain

||

24) 20— (P*+ (n—p)*)H*+ @

> (n=2p)H((ki +---+kp) — (kp1+ -+ kn))
> —|n=2p||H||(ki + - +kp) = (kpp1+ -+ k).
Seta=ki+---+kp,b=kpy1+---+k,. As la —b|? = (a+b)*> —4ab, we see that
n>H?> —4xr, > 0,

which is the upper bound in (c), and |a — b| = \/n2 H? — 4),. Substituting in (24),
2 p(n —
(25) 2hg — (p2+(n—p)2)H2+M|<D|2 > _n—2p||H|Vn2H? — 44y,
n

If we set § = /n2H? — 41, > 0, then (25) takes the form

4p(n—p)
n

8% —2|n—2p||H|8 + (n—2p)*H* — @[> <0,

which implies
4p(n—
5 <in—2pl1H 1+ L= g,

Recalling the definition of §, one concludes that

4p(n — 2
4hg =n*H? — <|n—2p||H|+,/¥|¢|) :

which is the lower bound in (c). Finally, (d) is a particular case of (c). O
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4.1. Proofs of Theorems 8 and 9. Let X" be a hypersurface of M"*!, a manifold
with curvature operator bounded below by y € R. Let H be the mean curvature of
¥ and @ its traceless second fundamental form. Recall that

nin—2p|

|H|x —n(H>+y).
pn(n—p)

Fp(x) =x>+

The theorems are a result of the following bound for B[P,
Proposition 15. In the above notation, one has

aplpl > —MFp(M’D-
n

Proof. By Lemma 14(c) we have

W’ HPP 1 4pn=p) .\
%£§’3=T“’]zT—Z(In—2pllHl+ T"“)'

Then, as %L’;j > p(n— p)y and B! = %Eé’j + a7

ext»

4B > 4p(n — p)y + 4B

ext
4pn—p) _\
>4p(n—p)y +n*|H|* — <|n = 2p|IH| +/ ————|®|

4p(n— p)

=4p(n—p)y +4pn— p)|H)> — |
4p(n—p)
—2|n—2p| Tlfbl |H |
4p(n — p) nin —2p|

= —(n(y+ |H|?) — @ — ————=|||H]

n pn(n — p)

4p(n—p)
=——F,(|P))
n
and the assertion follows. O

Proof of Theorem 8. By assumption, |®| < R(p, H), hence F,(|®|) < 0 by the
definition of R(p, H). By Proposition 15 we see that

As the inequality is strict somewhere, we can apply the Bochner method and con-
clude that H” (¥, R) =0. By Poincaré duality, one has also H"~7 (X, R) =0. Since
R(p, H) is nondecreasing in p, we see that |®| < R(k, H) forall p <k <[n/2]
and the conclusion follows. O



412 ALESSANDRO SAVO

Proof of Theorem 9. Under the given assumptions, one has B! >0 and H? (X, R) #
0. Then, X is a Clifford torus by Corollary 5. Conversely, the Clifford torus 7}, ,
obviously satisfies H”(T), ;) # 0. Moreover, T, , is known to have two distinct
principal curvatures given (up to sign) by

2
= lr " with multiplicity p,
(26) r . o
uw= i with multiplicity n — p.
Therefore
2 — 1
\H| = nr—pl 4 || = p(n—p)

nra/1 —r? no or/1—r2
A straightforward calculation shows that if p <n/2 and 72 > p/n, then F »(|P]) =0,

that is, |®| = R(p, H). If p = n/2 then |®| = R(p, H) = /n(1 + H?) for all
r € (0, 1). The proof is complete. (]

4.2. An estimate in higher codimensions.

Proposition 16. Let X" be a submanifold of the manifold M"9 having curvature
operator bounded below by y,,. Then

SZ
aplr] ZP(”-P)(VM—%)

If M has curvature operator bounded above by Uy, then

Rl <p(n—p)(FM+L) and B <p(n—p)l"M-l-’12|H|2
a 2/ pn—p) B 4
Proof. Let (vy, ..., v,) be an orthonormal frame in the normal bundle. We know

from the main theorem that
[p] i
p
Bex =y TP, where TP = (ir ) SI! — 51V o 171,
j=1

q
If A1 (T") denotes the lowest eigenvalue of T,”, we see that B2 > >~ A (Ti)).
From Lemma 14(a) applied to S = S, we obtain j=l

v pn—p)
MT) 2 =18

Summing over j, we get

plr! = _~pn—p)

ext — 2

Nig
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From Theorem 1 and the above,

aplrl — gplp) 4 gyl

res ext

vpn—p)

>p(n—p)yy— 2

SZ
—ro=p (=570

as asserted. The other inequalities are proved similarly, using Lemma 14. O

Ne

4.3. Proof of Theorem 10. 1f

IS <2yy/p(n— p) (1= A).
for some A € [0, 1], we see from the first estimate of Proposition 16 that
B> p(n— p)Ayy.
The assertions follow immediately from the Bochner method (Proposition 3). [

4.4. Proof of Theorem 11. Let n > 3. Together with Proposition 16, the assump-
tions give BP1 > 0; as HP (X, R) # 0, we get immediately that ¥ must be a Clifford
torus T}, , by Corollary 5. On the other hand, it is seen from (26) that the only
Clifford torus satisfying |S|> < 2+/p(n — p) is the one corresponding to the stated
value of r.

Now assume n =2 and p = 1, so that | S|> <2. We know that B[] is multiplication
by the Gaussian curvature Ky of X. From the formula 4 H 2= |S]?+2Kx —2 we
obtain K5y > 2H? > 0. The assumption H' (X, R) # 0 and the Bochner formula
force Ky, = 0, hence ¥ is a minimal flat torus. As such, it is isometric with
S'(1/+/2) x S!(1/+/2) and the assertion follows. O

4.5. Proof of Theorem 12. Assume that o is a parallel p-form. Then BP1w =0
identically and, by the last upper bound in Proposition 16,

2 H 2
0= @70, 0) = (= p)T + "1 P

As |w| is a positive constant, the assertion follows.

Now assume that w is a harmonic p-form with constant length. From the Bochner
formula (9) we see that (BPlw, w) = —|Vw|?> < 0 at every point. Hence, applying
Proposition 16,

0> (Bw, 0) > p(n — p) (yM - L)W,
2y p(n—p)

which implies |§|> > 2y~ p(n — p) everywhere, as asserted. ([l
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5. Proof of the main theorem

Let X" be a Riemannian manifold and R its curvature tensor, defined on tangent
vectors X, Y by

27 R(X, Y)=—vay+VyVX+V[X’y].

The Bochner curvature term acting on p-forms is given by

n p
BPo(X1, ... Xp) =) Y (—DF(R(ej. Xw)(ej. X1. ..., Xpr ... X))
j=1 k=1

where (ey, ..., e,) is an orthonormal frame in 7% and X1, ..., X, are arbitrary
tangent vectors. However, in our proof of Theorem 1, we follow the approach of
[Petersen 1998], which uses the formalism of Clifford multiplication, and allows to
express BLP! directly in terms of the curvature operator (see Theorem 17 below).
Our Theorem 1 follows from Theorem 17 and the splitting of the curvature operator
induced by the Gauss formula. The next section relies on the exposition in [Petersen
1998, Section 7.4], which we follow closely; the only difference is the sign of the
Riemann tensor.

5.1. The Bochner operator in the Clifford formalism. Let A*(X) be the algebra
of forms on X. Given 6 € A! and w € AP, define their Clifford multiplication by

{0-a)=0/\a)—i9#a),
w-0=(—DPOANow+ipw),

where ig+ denotes interior multiplication of a form by 6, the dual vector field of 6.
Note that by demanding that the product be bilinear and associative, the preceding
equalities extend uniquely to define the Clifford multiplication of a p-form by a
g-form. For 1-forms,

O — 1012
28) {9 0 =—101",

01 -0+ 0,601 = =2(0, 62),
hence orthogonal 1-forms anticommute; moreover, any two orthogonal forms satisfy
(29) W)Wy =W \Nwy.

Define the bracket as usual: [w{, W3] = w) - wy — w7 - wy. If 6 is a 1-form and  is
a 2-form, one checks that for all forms w;, w>

(30) {(9‘@1,602):—(601,9-602),

[V, w1], w2) = — (w1, [V, w2]).
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Fix an orthonormal frame (eq, ..., e,) with dual coframe (6, ..., 6,), and define
the Dirac operator on forms D : A*(X) — A*(X) by

n
Do=Y 0; V0.
j=1

n n

Asdw =) 0; ANVe,wand §w = — ) iz#V,,w, one sees that D = d + 8, hence

j=1 j=1"
D>=A,

where A is the Laplacian on forms. Theorem 4.5 of [Petersen 1998] proves that

n
2 * 1
D’w=V'Vo+ .Z]R(e,-,ej)a).ei -0,
i, j=

n
Dza) =V*Vo — % Z 91' 'Qj . R(e,‘, ej)a).
i,j=1
(As already observed, the change of sign in our formula is due to the opposite sign
convention for the Riemann tensor adopted by Petersen.)
As D?’w = Aw, summing the two relations and dividing by 2 we then see

1 n
(31) o= 7 > [R(ei.ej)w. 6; -0;].

ij=1
Now recall that the curvature operator R : A;(¥) — Ay(X) is the self-adjoint
operator uniquely determined by the formula

(32) (RIXAY),ZAT)=R(X,Y,Z, T)=(R(X,Y)Z, T).
for all tangent vectors X, Y, Z, T. Then, we arrive at the following description of
BLP! in terms of R.

Theorem 17. Let ¥ be a manifold, and let BP) be the Bochner operator acting
on p-forms of X. At any point of X, fix any orthonormal basis {&.} of A2(X)
(herer =1, ..., (g)) and let {&,} be its dual basis. Then

B, §) = 1 3R, E)1Er, ), [y, 91),

r,s
where the bracket is relative to Clifford multiplication and R is the curvature
operator of X.

For the proof, we start from [Petersen 1998, Lemma 4.7], which gives

n

1
R(ei,epw =4 h;1<R<eh, ev)ei, ;)0 - O, wl.
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By (31),
1
(33) Bl =23 (Flen Aew). ei Aej)l10h 0k, 1.6, 051,
i<j
h<k

By the adjointness property (30), we see that if ¢ is another p-form,

([[On - Ok, @], 6; - 0;1, @) = —([6; - 0, [0n - Ok, @], @) = ([0h - Ok, @], [6; - 0, D),

and then

B, §) = 13 ien A e, e A es) [0 -Oh, @), 16,65, 6.
i<j

h<k

This is the expression in the orthonormal basis {,} = {e; A ¢;}i<; of Ax(X).
Obviously, the choice of the orthonormal basis is not important and the theorem
follows. U

5.2. A splitting of the curvature operator. Assume that X" is a submanifold of
M"t4. Let R be the Riemann tensor of ¥ and R™ thatof M. For X, Y, Z, T € TX,
the Gauss formula gives

R(Xa Y? Z? T) = RM(X’ Y’ Za T) + Rext(X, Y’ Za T)’

where
Rext(X,Y,Z, T)=(L(X,Z),L(Y,T))—(L(X,T), L(Y, Z))

and L is the second fundamental form. Accordingly, we can split the curvature
operator R of X as the sum of two self-adjoint operators acting on A>(X),

R = %res + %ext,
which are respectively defined on decomposable elements X AY, ZAT in A, (X) by

(Rees( X AY), ZAT) = (RM(XAY), ZAT),

>4) {(%ext(X ANY), ZAT)=(L(X,2),L(Y,T))—(L(X,T), LY, Z)).

Let y,, be the lowest eigenvalue of RM . As (Rpesk, £) = (RME E) > )/M|§|2
for all § € A»(X), we see that R, > y,,. The same remark applies to the largest
eigenvalue Iy, of R . Hence

(35) Yu = Rees < Tyt
Now let (vy, ..., vy) be an orthonormal frame in the normal bundle of ¥. By
the definition of S, we can write Rex; = ;’.:1 %QQ, where

(36) (R(X AY), ZAT) = (Sy,(X), Z){Sy,(¥), T) — (S, (X). T)(S,,(Y), Z).
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In conclusion, one has the splitting
q .
(37) R =Ryes + Z 97{&2
j=1

with Res and thé‘/ 2 respectively given by (34) and (36).

X

5.3. Algebraic lemma. The proof of Theorem 1 depends on the following algebraic
fact. Let S be a self-adjoint endomorphism of 7% and consider the associated
“curvature operator” Rg : Ar(X) — A2(X) uniquely determined by the formula

(38) (Rs(XAY), ZAT) =(S(X), Z)(S(Y), T) = (S(X), T)(S(Y), Z)

forall X,Y,Z, T € TX. Clearly, Ry is self-adjoint. Introduce the self-adjoint
operator Tb[p I, AP(X) — AP(X) such that, on any pair of p-forms w, ¢,

(39) 10, ) = 3 Y (Bt £, 0. 6y, 61,

where {£,} is any fixed orthonormal basis of A;(X) and {é,} is its dual basis.

Lemma 18. In the above notation, the operator TS[p I can be written as
TSEP] — (tr S)S[P] _ S[P] o S[P]’
where SWP) is the self-adjoint extension of S to AP(X).

Proof. Let (ey, ..., e,) be an orthonormal basis which diagonalizes S, so that
S(ej) = kje; forall j = 1,...,n and k; are the associated eigenvalues. Let
(61, ..., 0,) be its dual basis. We refer to the notation in the proof of Lemma 2.
Denote by I, the set of multi-indices {ji, ..., j,} with j; <--- < j,. f o =
{t, ..., Jp), let

Oy =9j1 /\"-/\ij =9j1 9]

P

where the dots in the last term indicate Clifford multiplication. The set {®y 1 € 1),}
is then an orthonormal basis of A”(X). It is enough to show that

(T110,, ©5) =0 ifa # 8.
(T[p]@a’ ®a> =KyKyqo.

In fact, in that case, each ®,, is an eigenform of TS[p I'associated to the eigenvalue
K, K.y, and it is readily seen from the discussion in Lemma 2 that the operator
(tr §)StP1 — §lrl o SIP1 s the only one having that property.

Observe from (38) that the 2-vector e; Ae; with i < j is an eigenvector of R
with associated eigenvalue k;k ;. The set {§,} = {e; Ae;};~; forms an orthonormal
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basis of A>(X). Therefore, by the definition in (39),

1
(40) (T . 9) = 3 D kik;{16: -6, ). [6: -6, 41).
i<j
A straightforward calculation using (28) shows that, for any « € [,
0 ifi, j ea,
(41) [6;-0j,O]1=10 ifi, j € xa,
20;-0; - ©4 otherwise.

Then ([6; - 0;, O], [6; -0, Ogl) is either zero or is equal to
AO; -0 - O, 0;-0; - Op) =4(04, Op)

because (0 - w1, 0 - w2) = (w1, wy) for any 1-form 6 and p-forms w;, w;. In particular
(TP1®,, ®g) = 0 when « # B. It remains to show that (T1P10,, Oy) = Ky K-

After renumbering, we can assume that = {1, ..., p}sothatxa ={p+1, ..., n}.
Then
4 ifi<p,j=p+1,
6 -0, 041> =
188> Oall {0 otherwise,

so that, by (40),

1
(T0q, ©0) = 3 3 kikjll6; -0, Oull®

i<j

= D kikj= (k- Ak kprr -+ k) = KoK
i<p
Jj=p+l1
as asserted. O
5.4. Proof of Theorem 1. Let {£,} be an orthonormal basis of A,(X) with dual

basis {§,}, where r is an index running from 1 to (;) By Theorem 17 and the
splitting given in (37), we have

q
A =algl +3 71
j=1

where, on given p-forms w and ¢,

B, §) = 13 Py, £) ([, 0, [Ey, 91,

r,s

<T"[JP]w’ ¢> = %Z<%gz€r’ &)([éh Cl)]: [§S7 CO])

r,s
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From Lemma 18 applied to § = S, , we get directly that
T\ = (s, )S5 — sl o sLpL.

It remains to show the bounds on %Eéﬁ] Choose {£,} to be an orthonormal basis of
eigenvectors of Ryes. We know from (35) that (Rresér, &) > vy, 16, RE vy forallr.
Then, for any p-form o,

1 2 2.7 2 2
(Biflo, ) = Z(@M E G 0l = L Zusr, ol
Now, the right-hand side does not depend on the choice of the basis {,} of Ax(X);
choosing the basis {0; - 0,}; - ; relative to an orthonormal coframe (0, ..., 6,) of
T, we have

1 2 1

3 2l ol = 7> 116 -6;. 0 = p(n = p)lel,
r i<j

which follows from Lemma 18 applied to S = Id, with eigenvalues k; all equal

to 1. Then %HQ > p(n — p)y,,- The upper bound %Eé’s] < p(n — p)Ty is proved

similarly. U

6. Proof of Theorem 4

Let X" be a compact hypersurface of S"*! and let w be a nontrivial parallel p-form
on X, forsome p=1,...,n—1.

We first take care of the case n =2, p = 1. As Bw = Kz, we see immediately
that Ky =0, hence X is flat. As X is compact and orientable, > must be a flat torus.

We then assume n > 3. Let (e, . .., e,) be alocal orthonormal frame of principal
directions associated to the principal curvatures ki, ..., k, on an open set U and
let (61, ..., 6,) be its dual basis. The following facts have been proved in [Colbois
and Savo 2012, Theorem 9]. As a consequence of the identity R(e;, e;)w = 0 one
obtains, for all i # j,

(42) (1 +kikj)®;; =0,

where ®;; is the p-form ®;; =0; Ai,,0—0; Nig;®. As w is parallel, it never vanishes;
as it is nontrivial we can assume, after renumbering the basis, that w (eq, ..., e,) #0
on U. This implies that for all i < p and j > p + 1 the form ®;; is nonzero, which
forces 1+k;k; =0. One quickly concludes that at each point, there are two principal
curvatures, A (with multiplicity p) and u (with multiplicity n — p); that is,

S(ej)=xe; fori=1,...,p,
S(ej)=pe; forj=p+1,...,n.
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Moreover, one has, on U,
Au=—1.

Now A, p are smooth functions on U. To prove Theorem 4 it is enough to show
that VA =Vu =0on U. In fact, as U is arbitrary and ¥ is connected, A and u
will be constant on X. Therefore X is a compact isoparametric hypersurface with
two principal curvatures, and by a well-known classification result it is isometric to
a Clifford torus.

A result by T. Otsuki [1970] states that if X is a hypersurface in st quch
that the multiplicities of its principal curvatures are constant, then the distribution
D, ={v e TXY : S(v) = Av} relative to a principal curvature A is completely
integrable. Moreover, if the multiplicity of X is greater than one, then A is constant
on each of the integral leaves of the corresponding distribution. When there are
only two principal curvatures (which is our case) this fact was also proved in [Ryan
1969, Proposition 2.3].

We first assume that 2 < p <n — 2. By what we have just said, on U we have

{(VA,e,-):O fori=1,...,p,

(43) :
(Vu,ej) =0 forj=p+1,...,n.

Differentiating A = —1, we see that, on U,
(44) UVA+AVu =0.

Fixi=1,..., p. As (VA,¢e;) =0, we obtain from (44) that (A\Vu, ¢;) = 0; as
A # 0 we then have

Vu(e;)) =0 foralli=1,...,p.

By (43) we see that Viu =0 (hence VA =0) on U.
We now assume that p = 1. Therefore

S(e1) =2ey, S(ej)=pe; forj=2,...,n.
As n > 3, the multiplicity of u is greater than one, and we have
(Vi,ej) =0 for j=2,...,n.
By (44) we also have
(VA,ej)=0 for j=2,...,n.

To prove the theorem, it then remains to show that (VA, e;) =0.
From (42), we see that (1 +k;k;)®;; =0, where ®;; = w(e;)0; — w(e;)0;. Take
i,j>2withi#j. Asl1+kik;=1 + u? # 0, we must have ®;; = 0. Hence

0=<I>,-j(ej)=a)(e,-) fora11i=2,...,n.
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As w(ey) # 0, this gives
SMe(er) =rw(er) and SMw(e;) =0 forall j > 2.

This means that S'Hw = Lw, and that the dual vector field X of w is parallel and is
a principal direction associated to A:

S(X) =rX.

As X has constant length, we can normalize so that X = e¢;. We now compute
div(S(X)) in two ways. Since X is parallel, one has V., (S(X)) = V,;S(X). Then,
by the Codazzi formula,

(45) div(S(X)) = (nVH, X).

On the other hand, since div X =0,

(46) div(S(X)) =div(AX) = (VA, X).

Therefore (nVH — VA, X) = 0. Differentiating the identity nH = A — (n — 1) /A,
we obtain

n—1
AZ

(VA,X)=0 and (VA e)=(VA, X)=0.

The proof is complete. O
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ON SOLUTIONS TO
COURNOT-NASH EQUILIBRIA EQUATIONS ON THE SPHERE

MICAH WARREN

We discuss equations associated to Cournot-Nash Equilibria as put forward
recently by Blanchet and Carlier. These equations are related to an optimal
transport problem in which the source measure is known, but the target
measure is part of the problem. The resulting equation is of Monge-Ampere
type with possible nonlocal terms. If the cost function is of a particular
form, the equation is vulnerable to standard optimal transportation PDE
techniques, with some modifications to deal with the new terms. We give
some sufficient conditions for the problem on the sphere from which we can
conclude that solutions are smooth.

1. Introduction

In this note, we discuss equations associated to Cournot—Nash equilibria as put
forward in [Blanchet and Carlier 2012], a reference we henceforth abbreviate as
[BC]. These equations are related to an optimal transport problem in which the
source measure is known but the target measure is to be determined. A Cournot—
Nash equilibrium (CNE) is a special type of optimal transport: Each individual x
is transported to a point 7'(x) in a way that not only minimizes the total cost of
transportation, but minimizes a cost to the individual x (transportation plus other).
This latter cost may depend on the target distribution, and may involve congestion,
isolation and geographical terms.

Blanchet and Carlier demonstrated how CNE are related to nonlinear elliptic
PDEs, explicitly deriving a Euclidean version of the equation [BC, (4.6)] and
showing that this problem has some very nice properties [BC, Theorem 3.8]. The
fully nonlinear Monge—Ampere equation differs from “standard” optimal transport
equations in that the potential itself occurs on the right-hand side, along with possibly
some nonlocal terms. Here we study the problem on the sphere. Immediately one
can conclude from [BC, Theorem 3.8] and [Loeper 2009] that optimal maps are

I am supported in part by NSF DMS-0901644 and NSF DMS-1161498. This work was completed
while I was at Princeton University.
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continuous with control on the Holder norm. We move this a step further and show
that all derivative norms can be controlled in terms of the data, when the solution is
smooth. When the solution is known to be differentiable enough, one can easily
adapt the estimates of Ma, Trudinger and Wang [Ma et al. 2005]. To make the
conclusion a priori, we must use the continuity method. Closedness follows from
the same estimates, but openness is not immediate and requires some conditions. In
Theorem 6 we give some conditions on the data so that the problem can be solved
smoothly.

2. Background and setup

In this section we briefly recap the setup in [BC]. Given a space of player types X
endowed with a probability measure p, an action space Y, and a cost function

P: X xY xPY)—R,

assume x-type agents pay cost ®(x, y, v) to take action y. Here v € P(Y) is the
probability measure in the action space which is the push forward of u by the map
of actions from X to Y. Supposing that x-type agents know the distribution v, they
can choose the best action y. A Cournot—Nash equilibrium is a joint probability
distribution measure y € P(X x Y) with first marginal @ such that

2-1) y{ ) eXxY: o, y,v)=mindx, z,v)}=1,
€

where v is the second marginal.
We will be interested in a particular type of cost,

Q(x, y,v) =clx, y) +VIvI(y),

where c is the transportation cost. Lemma 2.2 of [BC] shows that a CNE will neces-
sarily be an optimal transport pairing for the cost ¢ between the measures p and v.
They further show that, if V[v] is the differential of a functional £[v], then, at a
minimizer for E[v]+W,(u, v), the optimal transport will necessarily be a CNE (here
W, (e, v) is the Wasserstein distance). In particular, if the cost V,,[v] is of the form

dv
(2-2) Vi [V1(y) = f(ﬁ(ﬁ) +f¢(y, 2)dv(z) +V(y),

where m is a “background” measure and the function ¢ (y, z) is symmetric on
Y x Y, then V,, is a differential, and a solution to the optimal transport is a CNE.
(We will be licentious with notation, letting v denote not only the measure, but
also the density with respect to the background m.) From here on we suppose we
are working with a solution to an optimal transport with cost ¢ between measures
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1 and v which is also a CNE for a total cost ®. We also assume that the manifolds
X and Y are compact without boundary.
One can consider the pair (u, u*) which maximizes the Kantorovich functional

J(u, v) =f—ud,u+fvdv
over all —u(x) +v(y) < ®(x, y). The pair (u, u*) will satisfy
(2-3) —u(x) +u*(y) = @(x, y)

y-almost everywhere, where y is the optimal measure for the Kantorovich problem.
If the cost satisfies the standard Spence—Mirrlees condition (in the mathematics
literature, the “twist”, or [Ma et al. 2005, Section 2, condition (A1l)]) we have,
p-almost everywhere,

(2-4) —u(x) +u*(T(x)) = &(x,T(x)).
The twist condition says that T (x) is uniquely determined by
(2-5) T(x) ={y: Du(x)+ Dc(x, y) =0},
which gives the identity
(2-6) Du(x)+ Dc(x,T(x)) =0.
Note that, fixing an x, the quantity

P (x, y) —u*(y)
must have a minimum at 7' (x); we conclude that

Dy®(x,T (x)) = Du*(T (x)).

Then by condition (2-1), for fixed x,

Q(x, T(x)) = @(x, ),
which implies that
D,®(x,T(x))=0,
from which we conclude that
Du*(y) =0.

Now the pair (u, u*) is determined up to a constant. One can choose the constant
in u or u™ but not both. At this point we simply choose u™ = 0. Having fixed this
choice, we obtain information about u# and the measure v, using (2-2) and (2-4):

—u(x) = c(x,T@) + f(W(T @) + [¢(T(x),2)dv(z) + V(T (x)).
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In particular, the density v(y) must be determined by
2-7) v(T(x))
= 7 (-4 @) = e, T@) = [$T @, T @) dp(@) = V(T (),

having used the change of integration variables 7" between p and v. The optimal
transportation equation (see [Ma et al. 2005]) becomes

det(u,-j(x)—i-cij(x,T(X))) u(x)
(2_8) = = .
det(—cjs(x, T (x))) J7Qx, u))

Here and in the sequel, we use i, j, k to denote derivatives in the source X, and

p, s, t to denote derivatives in the target Y. It will be convenient to assume
that ¢;; is negative definite, which follows if we are assuming condition (A2) of
[Ma et al. 2005] and have chosen an appropriate coordinate system. We will use
bis(x) = —cis(x, T (x)). Also (to keep equations within one line) we abbreviate

Q(x,u) =—u(x) —c(x,T(x)) —f<b(T(X), T(2))du(z) = V(T (x)),

with 7' (x) being determined by (2-5).
Before we say how this fully nonlinear equation is vulnerable, we mention the
“Inada-like” conditions [BC, Section 3.3]

lim+ f(w)=—00 and lim f(v) =400,
(2_9) v—0 V——+00
f'>0 and feC*@R").

If f satisfies these conditions, then several observations are in order. First, as noted
in [BC, Theorem 3.8], on a compact manifold we get bounds away from zero and
infinity for the density v. In the spherical distance-squared transportation cost case,
this immediately gives C*-continuity of the map, by results of Loeper. Secondly,
the right-hand side of (2-8) is strictly monotone in the zeroth-order term — this is
crucial in obtaining existence and uniqueness results, as it will allow us to invert
the linearized operator. Finally, as we will show below, the first derivatives of
this density will be bounded in terms of an a priori constant (depending on the
smoothness of f) and the second derivatives will be bounded by a constant times
second derivatives of u. These estimates will allow us to take advantage of the
Ma-Trudinger—Wang estimates.

We will show an estimate on smooth solutions: If a solution to (2-8) is C*, then
it enjoys estimates of all orders subject to universal bounds. In order to show that
arbitrary solutions are C* and hence smooth, we must use a continuity method.
This method relies on a linearization which requires some discussion, given the
integral terms in the equation.
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The problem here, on a compact manifold with cost function satisfying the
Ma-Trudinger—Wang condition, is quite simpler than the delicate boundary value
problem in [BC]. With or without the nonlocal terms, such a problem may be
approached as in [Liu and Trudinger 2010]. We leave this problem aside for now.

3. Linearization
We take the natural log of (2-8) and then consider the functional
(3-1)  F(x,u, Du, D*u) = Indet(u;; (x) + c;; (x, T (x))) — Indet(b;; (x, T (x)))
—Inpu(x) +1In f7HQ 0, w);

the equation we want to solve is
(3-2) F(x,u, Du, D*u) =0.
Preparing for linearization, consider (2-6) applied to u + tv:

Du(x)+tDn(x)+ Dc(x,T;(x)) = 0.

Differentiate with respect to ¢ to get
N

dT
Dn(x) = bis(x, T(x))——
Linearizing, we obtain

Ln= %F(Hm) =L+ L'y,

where
(3-3) L% =w"nj +wcijsb™ n + b cigpb i

—1 /
(3-4) L'n= M(—cs (x, T )b e —n — Vib™

(%) .
— 6% (x) [ ¢s(T (), T (2) da(2)
— [¢5(T (), T @)D () me(2) din(2)).
Here we are using
wij () =u;j(x) +cij(x, T(x)).

We note also that differentiating (2-6) shows

N

s oT sk
(3-5) I, T(x) = ——= =07 (0, T () wi (%, T (x)).

We take g;;(x) = w;;(x) to define a metric (one can check that it transforms as
such), then write

(3-6) du(x) = e dV,(x),
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where

—a(x) =Inp(x) — 1 Indet w;; (x).
From the definition of F in (3-1) we have
—a(x) = %lndetwij —Indetb+1nv — F,
having introduced
v(x) =In f7H(Q(x, ).
First, we compute the weighted Laplace
Agn=Agn—Va-Vn.

We begin with Agn, differentiating in some coordinate system (see (4-1) for very
similar computations):

(\/detww’.lnj),- — win; + L w P waw 0 — ww 8 weyn
m ij 3 iWa Jj i Wapl]
= w'n;; + wPw (8;wap — Bwia)n; — %wabaiwabwunj
= w'n;; + (W capsb” — w cikb™)n; — Sw" (In det w);n;
=L%— b"scispb”knk — w"jckl‘sbSknj — %wij (Indetw);n;.
Thus

Agn = L% — b ciypbP e — w' b 0 — Sw' (Indet w); n;
+ 1w (Indetw);n; — w" (Indetb);n; + (nv);w"n; — Fw'n;
=1L% + (111\))iwij77j — Fiwijﬁj,
and hence
Ln=Agn+ L' — (Inv);w'n; + Fuw'y;.
Next, we compute

—1 1
(Inv); = (];_1% (—ui(X) — i (0, T(x)) — ¢ (x, T (x)b* wy,
—b%wi @ (T @), T (@) dpn(z) = Vib™ i ).
Noting that —u; (x) — ¢;(x, T (x)) vanishes, and (3-4), we have

)y

L =gy

(== [ 6T, TP @@ dn),
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Next, we compute the integral term in the previous expression. Notice

f(Vqﬁ(y, T(2)), Vi)e @ dV,(z) = fq)s(y, T (2))b*wiin wie ™ v,
= [6:(T(x). T()b*ne(2) dp(z).

Now, integrating by parts, we have

—[¢s(T (), T @)™ mi(2) dpu(2) = [¢(T(x), T (2)) B n(2)e @ d Ve (2).

Combining, we have

(3-7) Ln=Aan—h(x)n(x) —h(X)f¢>(T(X), T'(2)) Aan(2)dp(z) +(VF, Vi),

using the shorthand

()

@

which represents a positive differentiable quantity if f satisfies (2-9). In particular,
if f(z) =Int then i will be identically 1. When F = 0 we have the following.

h(x)

Proposition 1. At a solution of (3-2), the linearized operator takes the form

(3-8) Ln=Aan—h(x)n(x) — h(x)f¢(T(x), T(2)) Aan(z) diu(2).
Lemma 2. Suppose that

(3-9) max h(x)|¢(x, y)| < 1.
(x,y)eXxY

Then the operator (3-8) has trivial kernel.
Proof. To make use of some functional analytic formality, we define operators A,
J, h, and I on the space B = L*(X,du) by

[An](x) = Aan(x),

[Jnl(x) = fd)(T(x),T(z))n(z) dpu(z),

[An](x) = h(x)n(x),

[In](x) = n(x).

Then L=A—h—hJA=(I—-hl)A—h=I—-hJ)(A—I —hJ)"'h).
First, we have the pointwise estimate

[hIn)(x) = [h)(T (), T()n(y) din(y)
< | [T ). T () du)] S linll,5

1/2 1/2
<( max _h@Ilp0 ) < nlly
(x,y)eXxY
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using (3-9). Integrating this quantity over u yields
A <1
as an operator on 3, so (I — hJ) is invertible. Thus we have
Ker L = Ker(A — (I —hJ)™'h).

Now suppose, for purposes of contradiction, that we have nontrivial n € Ker L.
Then

An=(I—hJ)""hn,
thus
(I =hd)~ k. ) = (An. ) = ~[ 1V dp <.

But, as (I — hJ) is invertible, we can let

(I —hJ)w=hn.
Then
(0, "I —hJD)w) = (I —hJ) 'hny,n) <0,
that is,
0> (0, 20— (@, Jo) = —_jjol = |71 o> = (=L = 1]} lo]?.
h max h max h
which is clearly a contradiction if 1 > max Al J]||. O

4. Estimates on the sphere

From here on we specialize to the round unit sphere, with cost function half of
distance squared. Note that this sphere has Riemannian volume nw,.

Oscillation estimates. The following estimates are a version of [BC, Lemma 3.7].
On a compact manifold, the cost function will be bounded. Since the solution u
is c-convex, at its maximum point xp,x, # is supported below by the cost sup-
port function c(x, T (x9)) + A. Hence, at the minimum point xp;,, we have that
U(Xmin) >¢(Xmin, T (Xmax)) + A, which in turn tells us that

oscu <oscc = %nz.
Next we observe that, because the integration of the density v against m gives a
probability measure, the density v must be larger than 1/(nw,) at some point yjy.
Using (2-7), it follows that, at the point xo = 7! (y0),

—c(x0, y0) — (o) — [$ 00, T@) di(@) = Vo) = f(=-),

nwy,
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and similarly, at the point x; where the density v is smallest,

—cxr, y) —uleD) = [, T@) du(z) — Vy) = f(0(x),

Hence,

—c(x0, yo) + c(x1, y1) —u(xo) +u(xy) —f(¢(yo, T@)+¢(1.T(2)du(z)

VOO +VOD 2 £ ) = Foe),

nwy

that is,

foe = f(-)

>—20scc—20sc¢—och > —00.
nwy,

By Inada’s conditions,

vszl(f( !

nwy,

) —? —20sSc¢ —osc V) > 0.
Similarly, an upper bound can be derived:

vSf_1<f($>+n2+2osc¢+oscv> < 00.
n

4.1. Stayaway. Now that v is under control, it follows from the stayaway estimates
of [Delanog and Loeper 2006] that the map 7 (x) must satisfy

distse (x,T(x)) <m —€(f, 1, V, ¢).

In particular, the map stays clear of the cut locus. All derivatives of the cost function
are now controlled.

MTW estimates.

Lemma 3. If the map T is differentiable and locally invertible, then the target
measure density

V(T @) = 7 (=e@, () = u() = [T (), T (@) du(@) = V(T (1))
has first derivatives bounded by a universal constant and has second derivatives
v = C1 + Cu(T™H},
where the bounding constants are within a controlled range.

Proof. Differentiate in the x; direction:
W) = (7 (~er @ T0) = 6 TENT} = g
~ T 6T 0. T @) dp(@) = Vi Ty

= T (= T@) = [T, T (@) di() = Vi(T ().
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As this is true for all k, and DT is invertible, we can conclude that
V(T @) = (7 (=, T0) = [ @ (T (@), T () d(2) = V(T () )
is a bounded quantity. For second derivatives, differentiate this equation in x again:
v T = (S T7 0 (e (6, 7)) = [$(T (0, T () dia2) = Vs(T(x)))
x (=ep(. T = [@p (T (0. T @) di(@) = Vp(T(x)))
+ (7 (e, T (0) = e (x, TN T ()
~ TP @ (700, T (@) da) = T () Vip (T (D)),
that is,
vor = (F 7 (=0 T @) = [T, T @) dp(2) = V(T ()
x (=ep( T0) = [ @p(T (0. T () d() = Vp(T(x)))
+ (7Y (et TENT ™D = e (x, T ()
[T @) T @) dpr(2) = Vep (T (x))).

Now all the terms, with the exception of the (T ~!)* term, are given by controlled
constants, independent of u. We are done. (I

Before we state the main a priori estimate, we recall the Ma—Trudinger—Wang
(MTW) tensor [Ma et al. 2005, p. 154]. For each y in the target, one can define the
MTW tensor as a (2, 2)-tensor on 7, M via

MTWi] (x, ¥) = {(—=Cijpr + Cijs¢™ cmrp)c " Hx, ).
It is by now a well-known fact that, on the sphere,
MTWH & T T) > 8, (1811|712
for a positive §, and all vector—covector pairs such that
§(r)=0.

(For more discussion of the geometry of this tensor, see [Kim and McCann 2010].)

Given a solution, we define an operator on (2, 0)-tensors as follows. Let 4 be a
(2, 0)-tensor. Given vector fields X, X;, we define

(Luh) (X1, Xo) = V;(vVdetww” V;h) —w"’V;aV;h (X1, X»),

1
/detw

—a(x) = % Indetw(x) —Indetb(x) +Inv(x,T (x))

where
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and covariant differentiation is taken with respect to the round metric.

Proposition 4. Let u be a solution of (2-8). If e is a unit direction in a local chart
on S", then

L,w(e,e)

> w' (—Cijpr +CijsChrpc™ )" M wpmewre = C (14w Y wji+ Y w+ 3 w})

Proof. This was proven in the case where densities are known ahead of time by Ma
et al. [2005]. Adapting their proof requires only a small modification somewhere
in the middle, but for completeness (and mostly for fun), we will present the
calculation.

First, we note that

8j( detwwij) iy
—\/(Twu —w-aj;

=0;w" +3w" (Indetw);+w" 3 (Indet w) ; —w" (Indet b) j+w" (In v), T}
= —w"“w”0;wep + w" (Indetw) j — w (b* bytj + b* by, T}) + b* (Inv);

(4-1)

= —wi“wbj(ajwab — uwpj) — wiawbjaawbj + w'/ (In det w);
—wb*bg; — b b* by + b7 (Inv),
= —w"“w (caps T} — cpjs Ty) — w b by — b b* by, + b* (Inv);

= b wh ¢piy — bbby + b (Inv),
using (among others) the relations

(4-2) 0jWap — dqwpj = cans T} — cpjs Ty, W T} =b".

Now

Lyw(ey, er)

1 N N
= V(W detww" Viw)(er, e;) —w" V;aViw(ey, er)

+detw
= wiV;Viw(er, e1) + B w cyis — bbby, + b (Inv)) Viw(ey, e1)
=w' (8,-8jw(el, e1) — V;oiw(er, e1) + 2w(Vy;ye1, e1) —20,w(Vjey, e1)

—28jw(Vl~e1, e+ 2w(VjV,-e1, e1) +2w(Veq, Vjel))
+ (" w cpjs — B b by + b (Inv),) (d;w(er, e1) — 2w (Viey, e1)).

At this point, we choose a normal coordinate system (in the round metric), then
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Lyw(er, er) = (b w ey — b0 by + b (Inv),)d;w(er, er)
+w" (3;9,w(er, er) +2w(V;Viey, e1))
= (b w cpjs — bbby 4+ b (In))dwi
+w (3;0;wiy — 9 wij) +w (8191w;; +2w(V;Vier, e1)).
Again harking back to [Ma et al. 2005], we let
K=CYw'Yw;+CYw +CYwi+C
and note that terms of the following form are K:
K=w'T}, K=@wy—dw;j), K=w'2w(V,;Vie;, e)), K=uw"wy;
so that
Lyw(er, er) = —K + b w? cpjs — b b* by 4+ b (Inv));w

+ w (3;djwiy — d131w;;) + w38 w;;.
Now, differentiating

(4-3) Indetw;; =Indetb;s +Inu —Inv,

we have

(4-4) w” dwi; = b (bist +bist T + (n )1 — (nw) T}
and again

w d wi; + I wVdwi; = K + b b Tf; + (Inv), T) TF — (Inv) T},
Now recall Lemma 3, which gives

C Casi (T HE
(Inv),, 7 75 = Slar + Can i TITS — (Inv);(Inv), T/ TS = K;
V

thus

4-5) wi<’811wij = U)iawbj81 Wapdi wij + K + bSibiStTlll — (Inv)y Tlsl.
Note that differentiating 7, = b**wy; yields

(4-6) T} = b0 wii — b b wii (bapj + bapg T,

in particular
5 = b d1wi — b*bP wit (bapt + bapg T}

Now it follows that

@7) T = b dwi = b @1wir — win) — B DY wit (bapt + bapg TY)
(4-8) =K.
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Bringing in the concavity of the Monge—Ampere equation (4-5) and (4-8), we can
eliminate some terms to see
Lyw(er,e)) > —K +biswbjcbjsaiw11 +wij(8,-8jw11 — 0101 w;;).
Then, using
Ndwij = uijin +cijin +2¢ijs1 T+ cijs Tiy + cijpr TETY
9;0jwn = uriij +cnij +cnsi T +eng T+ cns T+ enpe T T
we have
Lyw(ey, e1)
> —K + (b w cpi)dywi +w (s T+ e TP T — cije Ty = cijpr T T
From (4-6),
w T = w (6™ 0 wii — b D" wii (bapj + bapg T}))
= w b 8wy — hwij + hwij) — b**bP (bapj + bapg T})
= K +b™* 3 (In det w)
=K
by (4-4). Using (4-7) we conclude
Lyw(e,e)) > —K — wbjcbl-sb‘mbpkwklbaqulq - wijcijprTlpTlr,
which is the desired result after reindexing. ([

Corollary 5. Second derivatives of u are uniformly bounded.

Proof. Given the maximum principle estimate, this proof is standard, following
[Ma et al. 2005]. For some more details in the setting of Riemannian manifolds see
[Kim et al. 2012, Theorem 3.5]. U

5. Main theorem

In order to make a precise statement, we define

_ 1
Viower = f 1<f(nw ) —20scc—2|¢llec —0sc V)
n

1
Vapper = f ! (f( ) +20scc+2[¢lloo + 0sc V).
nwy
Similarly, an upper bound can be defined by
Sy

— S M M=l

hmax -
QG[UIOWSHUUPPET] f_l (Q)
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Theorem 6. Suppose that f satisfies the Inada-like conditions (2-9), u and m are
smooth, and ¢ and V are Lipschitz. If

(5-1 f}i’z@ lp(x, y)| <

’
hmax

then there exists a smooth solution to (3-2).

Proof. For existence, we proceed by continuity [Gilbarg and Trudinger 2001,
Theorem 17.6] on (3-2), letting

(5-2) F(t,x,u, Du, D*u)
=Indet(D*u + D*c(x,T(x))) — Indet(—DDc(x, T (x)))
—In(tp(x) + (1 —Hmx) +1n f7H(Q(t, x, T (x))),

where
o, x,T(x)) = —u(x) —c(x,T(x)) — tf(b(T(X), T(z))du(z) —tV(T(x)).

At time ¢t = 0, a solution is given by u = 0: this maps the measure m to itself via the
identity mapping. Thus the interval Z of ¢ for which a solution exists is nonempty.
Notice that the form of (5-2) is the same as of (3-2) up to a scale of the functions ¢
and V and a change of measure, so the estimates from the previous section all hold.
From the theory of Krylov and Evans one can obtain C>“ estimates. Thus 7 is
closed. Lemma 2 with these conditions gives openness, noting that on the sphere
a Laplacian has index zero, and that the linearized operator which has the same
principal symbol has index zero as well. (|

Remark. For uniqueness, the standard PDE trick does not work immediately, even
under assumptions such as those in the theorem. One may be tempted to use
the standard argument [Gilbarg and Trudinger 2001, Theorem 17.1] to obtain a
contradiction. However, the intermediate linearized operator will have the additional
V F term that arises in (3-7) because combinations of # and v are not solutions.
Our proof of invertibility fails for these, so we have no reason to expect that the
proof would remain valid after being integrated. Uniqueness may be more easily
obtained from geometric consideration as in [BC, Section 4]; see also [Villani 2009,
Chapters 15 and 16].

However, if the integral term is not present, we can use the argument [Gilbarg
and Trudinger 2001, Theorem 17.1], making the important note that on the sphere
the set of c-convex functions is convex [Figalli et al. 2011, Theorem 3.2]. In this
case, invertibility of the linearized operator follows easily from standard maximum
principle arguments.
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DOUBLE AND TRIPLE GIVENTAL’S J-FUNCTIONS FOR
STABLE QUOTIENTS INVARIANTS

ALEKSEY ZINGER

We use mirror formulas for the stable quotients analogue of Givental’s J-
function for twisted projective invariants obtained in a previous paper to
obtain mirror formulas for the analogues of the double and triple Givental’s
J-functions (with descendants at all marked points) in this setting. We then
observe that the genus-0 stable quotients invariants need not satisfy the di-
visor, string, or dilaton relations of the Gromov—Witten theory, but they do
possess the integrality properties of the genus-0 three-point Gromov—Witten
invariants of Calabi—Yau manifolds. We also relate the stable quotients in-
variants to the BPS counts arising in Gromov—Witten theory and obtain
mirror formulas for certain twisted Hurwitz numbers.
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1. Introduction

Gromov—Witten invariants of projective varieties are counts of curves that are
conjectured (and known in some cases) to possess a rich structure. In particular,
so-called mirror formulas relate these symplectic invariants of a nonsingular variety
X to complex-geometric invariants of the mirror family of X. In genus O, this
relation is often described by assembling two-point Gromov—Witten invariants (but

MSC2010: 14N35, 53D45.
Keywords: stable quotients, mirror symmetry.
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without constraints on the second marked point) into a generating function, known
as Givental’s J-function, and expressing it in terms of an explicit hypergeometric
series. The genus-0 Gromov—Witten invariants of a projective complete intersection
X are equal to the twisted Gromov—Witten invariants of the ambient space associated
to the direct sum of positive line bundles corresponding to X. The genus-0 mirror
formula in Gromov—Witten theory extends to the twisted Gromov—Witten invariants
associated with direct sums of line bundles over projective spaces; see [Elezi 2003;
Givental 1996; Lian et al. 1999]. By [Cooper and Zinger 2014], the analogue of
Givental’s J-function for the twisted stable quotients invariants defined in [Marian
et al. 2011] satisfies a simpler version of the mirror formula from Gromov—Witten
theory. In this paper, we obtain mirror formulas for the stable quotients analogues
of the double and triple Givental’s J-functions for direct sums of line bundles. We
use them to test the stable quotients invariants for the analogues of the standard
properties satisfied by Gromov—Witten invariants. In the future, we intend to
apply the methods of this paper to show that the stable quotients and Gromov—
Witten invariants of projective complete intersections are related by a simple mirror
transform, in all genera, but with at least one marked point.

1A. Stable quotients. The moduli spaces of stable quotients, Q ¢em(X,d), con-
structed in [Marian et al. 2011] and generalized in [Ciocan-Fontanine et al. 2014],
provide an alternative to the moduli spaces of stable maps, ?ﬁg,m(X ,d), for com-
pactifying spaces of degree-d morphisms from genus-g nonsingular curves with
m marked points to a projective variety X (with a choice of polarization). A stable
tuple of quotients is a tuple

(1-1) Coyt, oty S1CC"®0¢, ..., S, CC"®0O¢),
where C is a connected (at worst) nodal curve, yi, ..., ¥, € C* are distinct smooth
points, and

SlC@nl(X)Oc,...,SPCC””@Oc

are subsheaves such that the quotients C"' ® O¢/Si, ..., C" @ O¢/S, are locally
free at the nodes of C and the marked points yy, ..., y,, and the Q-line bundle

w1+ + ym) @ (APSH @+ @ (A'PSH) > C

is ample for all € € Q; this implies that 2g +m > 2.

In this paper, we are concerned only with the case g =0. Form, dy, ..., d, € 7=9
and ny, ...,n, € Z", the moduli space
(1-2) Qom(P" ™ - x Pl (dy, ..., d)))

parameterizing the stable tuples of quotients as in (1-1) with h'(C, Oc) =0, that is,
C is a rational curve, 1k(S;) =1, and deg(S;) = —d, is a nonsingular irreducible
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Deligne—-Mumford stack and

dim Qg (P" ' x - - x P~ (dy,...,d)))
= +Dni+---+d,+Dn,—p—3+m;

see [Cooper and Zinger 2014, Propositions 2.1, 2.2].
As in the case of stable maps, there are evaluation morphisms,

evi: Qom(P" e x P (dy, L dp)) = P o P,

i=1,2,...,m, corresponding to each marked point. There is also a universal
curve

U QP x - x P (dy, ..., d)y))

with m sections oy, ..., 0, (given by the marked points) and p universal rank-1
subsheaves

S cC"®Oy.
In the case p = 1, we will denote S| by S. Foreachi =1,2,...,m, let
Vi = —(07) € H(Qom(P" ™' - x P~ (dy, ... dp)))

be the first chern class of the universal cotangent line bundle as usual.

The twisted invariants of projective spaces that we study in this paper are indexed
by tuples a = (ai, ..., a;) € (Z*)! of nonzero integers, with [ € Z=°. For each such
tuple a, let

: I
|aI=Z|ak|, (a) = Hak/ Hak’ al — Hak!’ aa:l_[allcakl’
k=1 P

ap>0 ar <0 ar>0
va(@=n—la], €@ =|{k: (EDa >0}, £@=¢*@—L (a).
If in addition n,d € Z ™, let

(1-3) Vi =P RS & @D R'7.(S™) — Qom(P"™', d),

ap>0 ar <0

where 7 : U — Qo,m(ﬂ]’”_l, d) is the universal curve and m > 2; these sheaves are
locally free.
By [Ciocan-Fontanine et al. 2014, Theorem 4.5.2 and Proposition 6.2.3],

Qom(P"=1,d)

m
SQ (et vy em) = / eWiD [ [evix, m=2.dez" ¢; ez,
i=1
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where x € H?(P"~!) is the hyperplane class, are invariants of the total space X,
of the vector bundle

(1-4) @ O[p)nfl (ak)

ar <0

— X,
X”:(ak)ak -0 n; (ak)tzk>0 ’

where X4, -0 C P"~! is a nonsingular complete intersection of multidegree
(ar)aq;>0. If v, (@) =0, that is, X,,.54 is a Calabi—Yau complete intersection, let

d=0
with ng;a(c) = (a) if |c¢| =n —4 — £(a) +m and 0 otherwise.

1B. SQ invariants and GW invariants. In Gromov—Witten theory, there is a natural
evaluation morphism ev : &/ — P"~! from the universal curve

T:U— Sﬁo,m(ﬂ]’”_l, d).
If n,d € Z, the sheaf
(1-5) Vi =@ R*7,ev* Opa-1 (ar) DEP R msev* Opu-i (ar) — Mo (P, ),
ap>0 ai <0

is locally free. It is well known that

Gwz;a(cl, ey Cm) = /

1 a
E):nO.m([FDn_ ,d)

m

eWNDT]evix, m.c; ez d ez,
i=1

are also invariants of X;,.5. If v,(a) =0 and m > 2, let

oo
GW,. "7 (@) =) 0" GWi (1. cn).
d=0

with GWg.a(c) = (a) if |c¢| =n —4 — £(a) +m and 0 otherwise.
Stable quotients invariants and Gromov—Witten invariants are equal in many
cases, but differ for many Calabi—Yau targets, as we now describe. Let

(1-6) Fpa(w,q)
d —apd—1
= iqdwvn(a)d Hak >0 nszl (apw + r)l_[ak <0 Hr:ag (axw —71)
d=0

e Q(w)[q],
17 (w +r)m — wn) la]

1 9F,.a
Io(q) dw (O,q).

(1-7) Io(q) = Fr:a(0,9),  Jualq) =

The term w” in the denominator in (1-6) above is irrelevant for the purposes of the
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main formulas of Sections 1-3. Its introduction is related to the expansion (4-9),
which is used in an essential way in the proof of (3-14) in Section 10.

Theorem 1. Let n,l € Zt and a € (Z*)! be such that v,(a) = 0. Ifm=2,3and
c € (Z=%™, then

(1-8) d*"SQl., () €Z foralld € Z,
(1-9) GWE..(Q) = Io(@)" > SQS.0 (@) — Sm2(a) Jn:a(q).

where 8, > is the Kronecker delta function and Q = ge’»»@ is the mirror map.
Furthermore, the genus-0 three-marked stable quotients invariants of X ., satisfy the
analogue of the dilaton equation of Gromov—Witten theory if and only if £~ (a) > 0,
and of the divisor and string relations if and only if £~ (a) > 1.

The relation (1-9) follows from the explicit mirror formulas for the stable
quotients analogues of the double and triple Givental’s J-functions provided by
Theorem 2 in Section 2 and similar results in Gromov—Witten theory [Popa 2012;
Zinger 2014]; see Section 2 for more details. By [Ciocan-Fontanine and Kim 2013,
Theorem 1.2.2 and Corollaries 1.4.1, 1.4.2], (1-9) holds for m > 3 as well. As the
mirror formulas of Theorem 2 relate SQ invariants to the hypergeometric series
arising in the B-model of the mirror family without a change of variables, (1-9)
illustrates the principle that the mirror map relating Gromov—Witten theory to the
B-model reflects the choice of the curve-counting theory in the A-model and is not
intrinsic to mirror symmetry itself.

The analogue of (1-8) for GW invariants is well known. By [McDuff and Salamon
2004, Proposition 7.3.2], the genus-0 GW invariants of a Calabi—Yau manifold
with 3+ marked points are integer. The m =2 case of (1-8) for GW invariants is
implied by the m = 3 case and the divisor relation. The m = 2, 3 cases of (1-8) for
SQ invariants follow from the m = 2, 3 cases of (1-8) for GW invariants and from
(1-9), since Iy(q), Q(q) € Z[q]; the integrality of the coefficients of Q(g) whenever
¢~ (a) = 0 is a special case of [Krattenthaler and Rivoal 2010, Theorem 1]." Since
(1-9) extends to m > 3 by [Ciocan-Fontanine and Kim 2013], so does (1-8), but
without the d>~" factors.

Since Io(q) = 1if £~ (a) = 0 and J,.a(q) = 0 if £~ (a) = 0, 1, (1-9) gives the
following corollary.

Corollary 1.1. Letn,l € Z" anda € (Z*)! be such that v,(a) =0 and ak,, Ak, <0
for some ky # ky. If m =2, 3 and ¢ € (ZZ°)", then

GW,.,(Q) =5Q;.,().

IThe integrality of the coefficients of Ib (g) and of Q(q) in the cases £~ (a) > 0 is immediate from
their definitions.
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d dGW?. (1, 1) dsQ? (1, 1)
1 2875 6725
2 4876875 16482625
3 8564575000 44704818125
4 15517926796875 126533974065625
5 28663236110956000 366622331794131725
6 53621944306062201000 1078002594137326617625
7 101216230345800061125625 3201813567943782886368125
8 192323666400003538944396875 9579628267176528143932815625
9 367299732093982242625847031250 28820906443427523291443507328125
10 | 704288164978454714776724365580000 | 87086311562396929291553775833982625

Table 1. Some genus-0 GW and SQ invariants of a quintic three-
fold X 5;(5)-

Furthermore, the genus-0 three-marked stable quotients invariants of X,,.5 satisfy
the analogue of the divisor, dilaton, and string equations of Gromov—Witten theory.

By Theorem 2, the conclusions of Corollary 1.1 also apply to the descendant
invariants. Stable quotients replacements for the divisor, string, or dilaton relations
[Hori et al. 2003, Section 26.3] for an arbitrary Calabi—Yau complete intersection
Xy.a are provided by (2-23), (2-24), and (2-25), respectively. For the sake of
comparison, we list a few genus-0 SQ and GW invariants of the quintic threefold
Xs5.5 C P+ in Table 1; these are obtained from (2-33) and (2-34), respectively.

1C. SQ invariants and BPS states. Using (1-9), the genus-0 two- and three-marked
SQ invariants of a Calabi—Yau complete intersection threefold X,., can be expressed
in terms of the BPS counts of GW theory. For example, by the m =2 case of (1-9),

o
(1-10) SQ,a(@) = (a)Jua(q) — > BPSL (1, 1) In(1 — g¥edns@),

d=1

where BPSi a(1, 1) are the genus-0 two-marked BPS counts for X, defined by

GW,.(0) =—Y BPSZ, (1, 1)In(1 — Q%).
d=1

If all genus-0 curves in X,., of degree at most d were smooth and had normal
bundles O(—1) @ O(—1), the number of degree-d genus-0 curves in X,,.; would
be BPSZ;a(l, 1); see [Voisin 1996, Section 1].
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Under the regularity assumption of the previous paragraph, the moduli space
04’y Xniar d) = {u € Q0 2(Xpnia. d) : evyi(u) € Hy, eva(u) € Ho},

where Hy, H, C P"~! are generic hyperplanes, would split into the topological
components:

o é’l (d) of stable quotients with torsion of degree d and thus corresponding to
a constant map to H; N Ho;

. Zé’l (d) of stable quotients with image in a genus-0 curve C C X,,., of degree
dc < d.

For C C X,,.5 as above, Zé’l(d) consists of the closed subspaces Zélr (d), with
r € Z" and dcr < d, whose generic element has torsion of degree d — dcr. We
note that

dim 25 (d) =2r —2+d —dcr +2=d — (dc - 2)r,

which implies that each Zé’;lr(d) is an irreducible component if dc > 1. When
de=1, Zé’;lr (d) is contained in Zé’;ld (d), but still gives rise to a separate contribution
to SQZ., (1, 1), according to (1-10).

The number SQg; 2(2,0), which arises from the constrained moduli space

003 Xpiar d) = 25°(d) = 2y (d),

is (a) times the coefficient [J,.a(q)]s of g in Jn:a(q); see [Cooper and Zinger
2014, Theorem 1]. The contribution of 2! (d) to SQZ, (2, 0) is the same; this
explains the first term on the right-hand side of (1-10). Under the above regularity
assumption, (1-10) can be rewritten as

o

1-11 SQ? (1, 1) = (a)[ Uy, + L@y
(1-11) Qral. D) = (@) [Jna(@)]a ; ; ol ) PR
where the outer sum is taken over all genus-0 curves C C X,,.5. This suggests that
the contribution of Zé’;lr (d) to SQZ; 2(1,1) s %[[CJ"?*‘(q)]]d—rdc. This contribution
depends on the embedding into P"~!, which is as expected, given the nature of SQ
invariants.

Since the embedding C — P"~! corresponds to an inclusion Opi(—d¢) —

C" ® Op1, each element of Zé’;lr (d) corresponds to a tuple

(C’ Y1, Y25 ScC S/®dca S/ CCZ@OC), where
(€, y1.¥2; SCC*®0¢) € Qo2 (P!, d),  (C,y1,y2: S CC*®Oc) € Q2 (P', 7).
This modular style definition readily extends to arbitrary genus, number of marked

points, and dimension of projective space. The arising deformation-obstruction
theory can be studied as in [Marian et al. 2011, Section 6].
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1D. Outline of the paper. Theorem 1 is a direct consequence of Theorem 2 in
Section 2, which in turn is the nonequivariant specialization of Theorem 3 in
Theorem 3. We adapt the approaches of [Zinger 2009; Popa and Zinger 2014;
Popa 2012] from Gromov—Witten theory, outlined in Sections 5 and 6, to show that
certain equivariant two-point generating functions, including the stable quotients
analogue of the double Givental’s J-function, satisfy certain good properties which
guarantee uniqueness. The proof that these generating functions satisfy the required
properties follows principles similar to the proof of the analogous statements in
[Zinger 2009; Popa and Zinger 2014; Popa 2012] and uses the localization theorem
of [Atiyah and Bott 1984]; it is carried out in Sections 7 and 8.

This approach also implies that certain equivariant three-point generating func-
tions, including the stable quotients analogue of the triple Givental’s J-function,
are determined by three-point primary (without ¥r-classes) SQ invariants. In the
Fano cases, that is, v,(a) > 0, enough of these invariants are essentially trivial for
dimensional reasons to confirm Proposition 3.1 in these cases; see Corollary 9.1.
However, there is no dimensional reason for the vanishing of these invariants to
extend to the Calabi—Yau cases, that is, v,(a) = O; thus, a different argument is
needed in these cases. We employ the same kind of trick as used in [Cooper and
Zinger 2014] to confirm mirror symmetry for the stable quotients analogue of
Givental’s J-function and essentially deduce the Calabi—Yau cases from the Fano
cases. Specifically, we show that the equivariant three-point mirror formula of
Proposition 3.1 is equivalent to the closed formula for twisted three-point Hurwitz
numbers of Proposition 4.1, whenever |a| <n. In Section 9, we show that the validity
of the latter does not depend n; since it holds whenever |a| < n, it follows that it
holds for all a, and so the equivariant three-point mirror formula of Proposition 3.1
holds whenever |a| < n. Along with [Zinger 2014], Proposition 3.1 finally leads
to the mirror formula for the stable quotients analogue of the triple Givental’s
J-function in Theorem 3; see Section 10.

The closed formulas for twisted Hurwitz numbers of Propositions 4.1 and 4.2
are among the key ingredients in computing the genus-1 twisted stable quotients
invariants with 1 marked point. At the same time, this paper and [Zinger 2014]
provide an approach to comparing the (equivariant) genus-g m-fold Givental’s
J-functions,

eV ]
(h] —Wl)"'(hm _wm)
e H* P Hiny', ..., gl

(1-12) qu{evl X o X evm}*[

d=0

in the SQ and GW theories for all g > 0 and m > 1 with 2¢g +m > 2. By
Proposition 6.3 and Lemmas 6.5 and 6.6, in the genus-0 case the restrictions of
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these generating functions to insertions at only one marked point agree whenever
va > 1. In all cases, the approach of [Zinger 2014] can be adapted to show that
(1-12) is a sum over (at least) trivalent m-marked graphs with coefficients that
involve equivariant m’-pointed Hurwitz numbers with m’ < m, which are conversely
completely determined by the stable quotients analogue of the m’-pointed Givental’s
J-function with insertions at only one marked point through relations that do not
involve n. Since these relations hold whenever v, (a) > 0, they hold for all a. We
intend to clarify these points in a future paper.

The Gromov—Witten analogues of Theorem 2 and its equivariant counterpart,
Theorem 3 in Section 3, extend to the so-called concavex vector bundles over
products of projective spaces, that is, vector bundles of the form

I
@ Opni 1y o1 @15 -+ oy G p) — P Pl
k=1
where for each given k = 1,2, ..., [ either ay;1, ..., ar,p € 7=9, with ay.; # 0 for
some i, Or dy.1, ..., ak;p € Z~. The stable quotients analogue of these bundles are

the sheaves

[
(1-13) P SI™ @ @S8,™" > U— QooP" ™ x-- - x P! (dy,....dp))
k=1

with the same condition on ay.;, where S; — U is the universal subsheaf corre-
sponding to the i-th factor. We will comment on the necessary modifications at
each step of the proof.

2. Main theorem

We arrange stable quotients invariants with two and three marked points into
generating functions in Section 2A and give explicit closed formulas for them in
Section 2B. In Section 2C, we use these formulas to relate SQ and GW invariants,
with descendants, and obtain replacements for the divisor, string, and dilaton
relations for SQ invariants.

2A. Givental’s J-functions. For computational purposes, it is convenient to define
variations of the bundle (1-3) by

VO =P R°7. (S (—01) & @) R'mu(S* (=01)) > Qom(P"", d),

ag>0 a <0

VD = P ROm.(5" (~02) & @D R' (S (—02)) = Don(P"~', ),

ap>0 a <0

2-1
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wheren,deZt,m>2,and 7w : U — Qo,m([lj’"_l, d) is the universal curve; these
sheaves are also locally free. Whenever v,(a) > 0, [Cooper and Zinger 2014,
Theorem 1] provides an explicit closed formula for the stable quotients analogue of
Givental’s J-function: the power series

(2-2) Zpa(x, A, q)—1+Zq em[h

where evy : Qo2 (P"~!, d) — P"~! is as before and x € H?(P"~') is the hyperplane
class. In this paper, we obtain a closed formula for the power series
eV,
(2-3) Zna(x, i, q) =1 —1—24] evl*[h wl} e H*®n"q]:
see (2-26).
We also give explicit formulas for the stable quotients analogues of the double
and triple Givental’s J-functions, the power series

(2-4)  Z} (o1, x2, By, B, )

>4 fevi xew) [ ‘O |errs@mt a; g
= X « - €
2 TSR Gy =) (e — ) > 1

(2-5)  Zp,(x1, X2, x3, hiy, By, i3, q)

=3 gl il eVyia ]
= LA SRS ) (a— o) (s — ) |

where x; =7 x is the pullback of the hyperplane class in P"~! by the i-th projection

map and
evy x eva : Qo (P d) > P x Pl
(2-6) -1 1 1 1
evi xevy xevy: Qo3P d) — P x Pl P

are the total evaluation maps. Let

Z.n;a(xl, -xz’ hl7 h2s Q)

S1 .82 7%
§ xllxz >+Zn;a(x1,x2,h1,h2, Q),
$1,52>0
s1+so=n—1

<711 + ho

(2_7) Zn;a(x17x27x3vhl’h25h3v CI)

1
:( Z xiﬁ 52 33)+Zn a(X1, X2, X3, fiy, hip, Bi3, q).

hihioh
172783 $1,52,53>0

$1,82,53<n—1
S1+s2+s53=2n—-2
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For each s € ZZ°, define

e(]}@)eV;xs
ZE)\(x, b, q) = x° +Zq evl*[;a—] H*®"Ha~ 4],
o —
(2-8) (V(d))
. evix
Z,(lf;(x,h,q)—x +Zq ev1*|:e P wZ ]EH*(Pn_l)[h_l][[q]],
1

where evy, evs : QO’Z(P”_l, d) — P!, Thus, Z(O) Zn a, Z(O)

n;a

Zn a, and

(ﬁ @+s) (ﬁ (@)+s)

E@z O hg) =xB @2 (x, 1, q)

for all s > 0, where
¢t (a) = max(¢(a), 0), ¢, (a) = max(—£(a), 0).

By Theorem 2 below, Z ,(1‘;, z ,(l’;, and the stable quotients analogues of the double and
triple Givental’s J-functions, (2-4) and (2-5), are explicit transforms of Givental’s
J-function Zn; a and its “reflection” Z,,; a; this transform depends only on a (and s

in the first two cases).

2B. Mirror symmetry. Givental’s J-function Z'n; a and its “reflection” Zn; a in the
Gromov—Witten and stable quotients theories are described by the hypergeometric
series (1-6) and

(2-9) Fpa(w,q)
_Zq 4 owal Lo [T @cw + 0T, o[, 24 @ = 1)
Hr:l (w+r)" —w")

€Qw)[q].

These are power series in ¢ with constant term 1 whose coefficients are rational
functions in w which are regular at w = 0. We denote the subgroup of all such
power series by P and define

D: Qw)[g] = Qw)[q], M:P—P by
(2-10) B q d _nfHwW, q9)\.
DH(w,q) = {1 +—d—}H<w 9, MH(w,q)zn(m),

the operator D multiplies the coefficient of g¢ by (w +d)/w. If v,(a) = 0 and
s €770, let

(2-11) I(q) =M F,.0(0,q), () = M*F4(0, q).
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For example, I;(q) = 1 if s < £~ (a), I;(q) =1 if s < £T(a),

0@ T, <o (=D (—ard)!
(d@h"

Ir-y(@) = I+ ) (@) = qun

d=0

if v,(a)=0

and more generally I, @) = I +et(q) for all s > 0. If v,(a) > 0, we set
Is(@). L) =1.

It is also convenient to introduce
(2-12) Fpa(w,q)
d
ziqdwvn(a)d 1_[ak>0 Hr l(akw +7) Hak<01_[ 4 aw — 1)
l_[rzl(w + r)n

€Q(w)[q]

and the associated power series I;(g) = M* F},.5(0, ¢) in the v,(a) = 0 case. In the
case 0 < v,(a) < n, we define Cgfis), € Q with d, s, s’ >0 by

(2-13) Z Zc(d),w q* = w'D* Fya(w, g/w" @)
d=0s'=0 wsDH-Z (a)Fn;a(w,C]/wU"(a))
= wsDS+(+(a)ﬁn'a(w9 q/wvn(a))'

(0

Since ¢, = ds.5', the relations

v ()
(2-14) Z Z s(d,"c(d” 84,085, foralld,s' € 7Z°, s’ <s—v,(a)d,

di,dr>0 =0
d+dr=d

inductively define ¢ c ) € Q in terms of the numbers c(

~ (0)

SS

with d; < d. For example,

5.5 and

- n( ) —1 —ar—1
Sia LI +1—[ [Tooo TS (@w +r) [Ty, o [T.25 (axw —r)

58! (w + 1=t @—C @-—s
s'=0

c ws—v,,(a)-i—l@[[w]] ]

() ~(d)

If s" <0orv,(a) =0,n, we set €', = 84,08,,,7. The coefficients T C y are used
to express the power series (2-7) and (2-8) in terms of derivatives of the power
series (2-2) and (2-3); see Theorem 2.
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For sy, 52, 53, d € ZZ° with s1, 52, 53 <n — 1, let

. . . -1 .
[(—a*g)ls (I, (@I (@) ], ifv,(a) =0
2-15) ¢ = 3 .
( ) 51,82,83 Z (aa)do l—[ (d )e,(a) o (@t @) if v, (a) > 0;
do,dy,d,d3>0 =1
do+d+dr+d3=d
where
n—t*(a) n—L{"(a)
(2-16) k=[] & T= J] & §&=n-1-s,
t=s+1 t=s+1

+ 1.
t,(a) = {E_(a) %ft =1;
{~(a) ift=2,3;

and [f(¢)]a is the coefﬁc1ent of g? of f(q) e @[[q]] In particular, [I; =1if

s>n—L¢*()and ¢ = 1if s > n — £~ (a). Since I, = I, ¢~ (@) = I;1¢+(a)> We find
that

I°(q) = (1 —a%q) lif s < €7 (a), [°(q) = (1 —a%q) " lif s < £T(a);

see [Zinger 2014, Proposition 4.4]. This implies that

o]
(2-17) Y e gt =1ifv@ =0, si+sn+s3=2n-2,
d=0

min(sy, 52, 53) < £~ (a).

We use this observation in Section 2C. Slnce c , =8¢, 63(?)52 5 = L.

Finally, we define ©°Z,.a(x, i, q), ©°Z n,a(x, h, q) € H*(P"~1[h][q] for each
s € Z* inductively by

goz.n;a(xs hv CI) - Zn;a(x, hv Q)’

S _ 1 d s—17
D' Zyalx, b, q) = js(q) {x—i—hqdq }@ Zpa(x, h,q),

(2-18) 05 .
D Znalx, h,q) = Zp:ax, 11, q),

e d 15
D' Zpalx, i, q) = {x‘i‘hQE}@ ]Zn;a(x,thI)-

1
Ii(g)
The operator ® first multiplies the coefficient of g¢ by x +d# and then renormalizes

the power series so that the coefficient of x* becomes 1 in the Calabi—Yau cases
(there is no renormalization in the Fano cases).
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Theorem 2. If] € 7=°, n € Z*, and a € (Z*)', the stable quotients analogue of the
double Givental’s J-function satisfies

. 1 . .

(219) ZuaCri, 3o, b1 10, @) = 57— D 2,5 G m ) 2,5 (o, 1o, ).
! 2 s1,52>0
s1+so=n—1
If in addition v, (a) > 0,
(2_20) Zn;a(xls X2, X3, h’la hz’ h3s Q)
1 ~
s D DI L S G I D 125200
172273 d,s,s2,53>0 =2

51,82,53<n—1
s1+s2+s3+v,(a)d=2n—-2

oo s—vy(a)d

~ d _ o >
@21) Zo@ h ) =Y Y @ TP DY 2 B ),
d=0 s'=0

where (Z,0*) = (Z,£7), (Z, €1).

2C. Some computations. The firstidentity in Theorem 2 also holds for the Gromov—
Witten analogues of the generating series Zn a Zf;, and Z,ES;, see [Popa 2012,
Theorem 1.2] for the general (toric) case. If v,(a) > 2 — £~ (a), the analogues of
(2-20), (2-21), (2-26), and (2-27) hold in Gromov—Witten theory as well. Thus, in
this case the double Givental’s J-functions in Gromov—Witten and stable quotients
theories agree. If v,(a) =1 and £~ (a) =0, the analogue of (2-21) in Gromov—Witten
theory holds with {x +/igd/dq} replaced by {alg +x +figd/dg} in (2-18). Finally,
if v,(@) =0 and £~ (a) < 1, the analogue of (2-21) in Gromov—Witten theory holds
with

s~ II(Q) s—1+

Zn'a ’h’ == h Zn'a 7h9
0Tl . 0= 7 D 4005 |0 Znatx. . ©)
o I(q) s

Zn'a 7h7 = = h Zn'a 7h7
0 Zalr . 0= Dr 4105 |0 Zratx . ©)

for all s € Z*+, where Q = ge’»»(@_ The same comparison applies to the equivariant
version of Theorem 2, Theorem 3 in Section 3, and its Gromov—Witten analogue;
see [Popa 2012, Theorem 4.1] for the general toric case. Thus, just as is the case for
the standard Givental’s J-function, the mirror formulas for the double Givental’s
J-function in the stable quotients theory are simpler versions of the mirror formulas
for the double Givental’s J-function in the Gromov—Witten theory. Furthermore,
just as in Gromov—Witten theory, the generating functions fo;, Z}EY;, and Z*
above do not change when the tuple (ay, ..., a;) is replaced by (ay, ..., a;, 1); th1s
is consistent with [Ciocan-Fontanine et al. 2014, Proposition 4.6.1].
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Comparing Theorem 2 and [Cooper and Zinger 2014, Equation (1.7)] with [Popa
2012, Theorem 1.2] and the m = 3 case of [Zinger 2014, Theorem A], we find that

(222) ZZW 1, X B B, Q)

= io(q)’71_ze_1n;a(q)(xl/h1+"'+xm/hm)Z‘n.a(xl’ ey x}’nv hl LA ) hm’ Q)
with Q = ge’=2@ as before and m = 2, 3; we intend to extend this comparison to
m > 3 in a future paper. The same relations hold between the generating series Z,,.,
described below. For m = 2, 3 and by, by, b3, ¢1, ¢z, ¢c3 > 0, let

(a) ifby,by,b35=0,c14+cr+c3=n—1—£(a);

SQU..(Th, €1, ThyC2, ThyC3) = .
mat ol ? ? 0 otherwise:

(@) ifb1,br =0, ci+cr=n—2—4(a);
SQg;a(Tblclyszc2): ? lf {blv b2}={07_l}acl+c2=n_l_£(a);
0 otherwise;

m
SQYL o (ThiCly - ThyCm) = / eWD [ (Wl evix) foralld e Z*,
i=1

QO.m ([p)nfl ,d)

o
d od
SQlx C’"(Q)b],...,bm=2 q° SQ.a(Tp 1y - oy Th, Cm).
d=0

For m = 3, the degree-0 terms are as expected; for m = 2, the degree-0 terms are
chosen to insure the necessary recursivity and polynomiality properties, as outlined
in Section 5. Since GW invariants satisfy the divisor, string, and dilaton relations,
(2-22) leads to modified versions of these relations for SQ invariants:

(2-23) Do) F1(@)SQy™ (@)py.pp0 =

d
q@Ssz (@b, + SQZI;:LCZ (@b —1,p, + SQ;E’;ZH (@)by,br—1,
(2-24) 10SQS! > (@)1 5.0 = SQLa (@)by 1.6y + SQ @)y by 1
(2-25) SQ Dby byt = —Inia(@SQLL @y r.0-

The discrepancy from the corresponding relations of GW invariants is exhibited by
the power series io and [ 1 (or equivalently J,,.a(q)).

By (3-12), (3-9), (1-6), and (2-9)
(2-26)

. F.. h, va ()
Zpa(x, h,q) = maCr/ . 4/x )

Io(q)

Fpa(x/h, q/x""@)

’ Zn;a(xs ha Q) = i (q)
0
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if v,(a) > 0.> These two formulas explicitly determine the basic stable quotients
invariants appearing in (2-2) and (2-3). For s € Z™, define

: Fra(w, q) : 1 g d Vs
DF,a(w,q) = =2 "L DE (w,q) =~ 1+ = — 1D . (w, q),
,a(w q) in(@) ,a(w q) IS(C]){ w dg } ,a(w q)

. Foaw,q) g d | ms1p
D, a(w, q) = =21 DF (w,q) = = 1+ = — D . (w, q).
a(w, q) @) a(w, q) Is(q){ w dg } a(w, q)

Combining (2-26) with (2-19) and (2-21), we find that

(2-27)  Zpa(x1, X2, iy, h2, q)

1 s1 (s [ X1 q s (s) q
— X F,l — — . 2F 2 _*r
R+ ko Z 1 " nia fiy xi),,(a) ﬁz xv,,(a)

51,5220
si+sy=n—1

where
00 s—vp@d x(d) q

(2-28) FO\w. q) = Z Z Vuf*;(“in‘(;)ff(j) D Fra(w, ),

with (F, €*) = (F, £7), (F, €7).3 Thus, (2-26) and Theorem 2 provide closed for-
mulas for the twisted genus-0 two-point and three-point SQ invariants of projective
spaces.

The equivariant versions of the generating functions Z'n; a defined in (2-7) are
ideally suited for further computations, such as of genus-0 invariants with more
marked points and of positive-genus twisted invariants with at least one marked point.
However, for the purposes of computing the genus-0 two-point and three-point
invariants, it is more natural to consider the generating functions
(2-29)

o= S gev o]
(X1, x2, By, Ho, = €V] X €Va}y : s
a2 AT 0= 2O (g (hy — )

Z;lk;a(xl, x2, x3’ hl’ h29 h3’ q) =

i ) e(Vf;)
q“{evy x evy x eV3}*|:(h1 — Y1) (hy — Yr) (B3 — WS)]’

d=1

2The right-hand sides of these expressions should be first simplified in Q(x, /)[¢], eliminating
division by x, and then projected to H*(P"~1)[#][¢].

3The right-hand side of (2-27) should be first simplified in Q(xy, x2, 71, i2)[¢], eliminating
division by x; and x,, and then projected to H*(P"~! x P"~1)[, hs][q].
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where Vr(lfi; is given by (1-3) and the evaluation maps are as in (2-6). In the case
£(a) > 0, (2-27) immediately gives
(2_30) Z;:;a(xls X2, hla hz’ Q)

£(a)
{a)x, 5 2 i) q G2 X2 g
- hl +h2 Z xl X +x1 F hl xvn(a) F h_z’ xvn(a)

$1,82>0 2
s1+so=n—1

and similarly for the three-point generating function in (2-29). In general, (3-28),
(3-30), (3-15), the second identity in (3-12), (3-31), the middle identity in (3-13),
and (2-28) give

(a) e X2 g

* _ 51,52 (@) f~(s2)*

(2-31) Z,.,(x1,x2, iy, hay q) = e g 2 X' x5 F B xvn(a)
81,522

s1+sp=n—1

3(3) bz Gox(X1 4 (Sz) X2 q
+ st F T o F T )
X n;a hl xu,,(a) hg x;"(a)

where £ (w, q) = EC)(w, q) —

An analogue of (2- 31) for the three -point generating function in (2-29) can be
similarly obtained from (3-29), the last identity in (3-13), and (2-17). In particular,
in the Calabi—Yau case, v,(a) =0

(2_32) Z;lk;a(-x] » X2, X3, h15 h27 h3’ Q)

(a) s34-€(a) g (s3)% [ X3
= )
hihohs Z x1 x2 X3 73 q

51,82,83>0
s1,82,53<n—1
S1+852+s3=2n—-2

+x Yz-Hf(a) ng(m*(;z’ q)Fnu;)(h ’q>

3
x .o " x
O @B (3 a) TTE (3 q))
t

=2

+ Z xi1+€(a)x52x:§3 3*| 52,53 (CI) l_[ F(St)( ) }7

s1247(a), 52,5320
51,82,83<n—1
s1+s2+s53=2n—2

where
1

(1 —a3g)ie ()T ()<, (q)

4The right-hand side of (2-31) should be first simplified in Q(x{, x2, /i1, #7)[g¢], eliminating
division by x; and x,, and then projected to H*(P"~! x P"~1)[#y, hs][q].

6S1,52,S3 (Q) = 1 +E:1,S2,S3 (q) =
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This presentation of the three-point formula eliminates division by x;, even if
2(a) < 0, since F,fs;*(w q) is divisible by w* @~ for s < £ (a).

In the Calabi—Yau case, that is, v,(a) = 0, we find that
(2-33)

(a)+g %SQZ‘; (@) =@ es1(@),  SQ (g)= @

(1—a%) [[S I ic(g)

whenever 1, ¢z, c3€ 729, ¢;+c» =n—2—£(a) in the first equation, and c;+cr+c3 =
n — 1 — £(a) in the second equation. The c¢; = 0 case of (2-33) agrees with the
W /| G = X,.a case of [Ciocan-Fontanine and Kim 2013, Corollary 5.5.4(bc)].
By (2-33),

max(ci, o) >n—£7 (@) = SQZ;a(cl, c2)(q) =0 foralld € 7+,

max(cy, ca, c3) >n—LH@) = SQz;a(cl, c2,¢3)(q) =0 foralld e Z™,

as the case should be for intrinsic invariants of X,,.,. On the other hand,

i,
)+ 045GWi7(0) = () S

’

2-34 :
(239 {a)lo(q)

(1—a2) [T 5 15 fe(@)

with the same assumptions on ¢y, ¢, c3 as in (2-33) and Q = ge’#*@ | as before;
see [Popa and Zinger 2014, Equation (1.5)] and [Zinger 2014, Equation (1.7)],
respectively.

In the case of products of projective spaces and concavex sheaves (1-13), the
analogues of the above mirror formulas relate power series:

(2-35)  Fuynpia € Qa1 - g
236) Z e HA P - x P Y gn L g,

Ny

GW,!(Q) =

@37) Z% € HA(@ o x P g gl

with F and Z denoting F, F, F, Z, Z, or Z and m = 2,3. The coefficients
of qf] . 'qu in (2-36) and (2-37) are defined by the same pushforwards as in
(2-4), (2-5), (2-8), and (2-29), with the degree d of the stable quotients replaced
by (di, ...,d,) and x* by xI' - - x,. The coefficients of ¢ - - -qz” in (2-35) are
obtained from the coefficients in (1-6), (2-9), and (2-12) by replacing a;d and aix
by ay,1dy + - - - +ax, pd), and ag.1x1 + - - - + ag. px, in the numerator and taking the
product of the denominators with (n, x, d) = (n;, x;,d;) foreachi =1, ..., p;

Xi,...,Xp € H P x ..o x pre—h
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now correspond to the pullbacks of the hyperplane classes by the projection maps. If
£~ (a) =0, the analogue of (2-30) with (a)xt® replaced by the products of ay.1x1.1+
-+« +ay; px1;p and sums over pairs of p-tuples (s1;1,...,51;p) and (s2;1, ..., 52;p)
with s1.; + s2.; = n; — 1 provides a closed formula for Z;zkl,.‘.,np;a‘ In general, the

relation (2-31) extends to this case by replacing (a)xf @ by the products and ratios
of the terms ay;1X;;1 + - - - + ag; pXi:p-

3. Equivariant mirror formulas

We begin this section by reviewing the equivariant setup used in [Zinger 2009;
Popa and Zinger 2014; Cooper and Zinger 2014], closely following [Cooper and
Zinger 2014, Section 3]. After defining equivariant versions of the generating
functions Z,(f;, Z,(f;, Zjl‘ 2> and Z;;k; o and of the hypergeometric series Fn;a and F’n;a,
we state an equivariant version of Theorem 2; see Theorem 3 below. This theorem
immediately implies Theorem 2. The proof of the two-point mirror formulas in
Theorem 3 is outlined in Sections 5 and 6 and completed in Sections 7 and 8. We
conclude this section with a specialization of the three-point formula of Theorem 3
in Proposition 3.1, which is proved in Section 9 and is a key step in the proof of

the full three-point formula of Theorem 3 in Section 10.

3A. Equivariant setup. The quotient of the classifying space for the n-torus T is
BT = (P*°)". Thus, the group cohomology of T is

Hi=H"(BT)=0Qlay, ..., a,],

where a; =7 c1(y*), y — P> is the tautological line bundle, and 7; : (P*°)" — P>
is the projection to the i-th component. The field of fractions of Hy will be denoted
by
Qp =0y, ..., o).

We denote the equivariant (D-cohomology of a topological space M with a T-action
by H{(M). If the T-action on M lifts to an action on a complex vector bundle
V — M, let e(V) € Hf (M) denote the equivariant Euler class of V. A continuous
T-equivariant map f : M — M’ between two compact oriented manifolds induces
a pushforward homomorphism

fet Hf (M) — Hf(M').
The standard action of T on C",
@, .y (2, ) =@z, e,
descends to a T-action on P"~!, which has » fixed points:

3-1) P =I[1,0,...,0], P=I0,1,0,...,0], ..., P,=][0,...,0,1].
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This standard T-action on P"~! lifts to a natural T-action on the tautological line
bundle y — P"~!, since y € P"~! x C" is preserved by the diagonal T-action.
With

x=e(y*) € Hf (P"")
denoting the equivariant hyperplane class, the equivariant cohomology of P"~! is
given by

(3-2) HiP" Y =QIx, 01, ..., 0] /(X —0t1) - - (X — ).

Letx,; € H{F(([P’"‘l)’") be the pullback of x by the #-th projection map.
The standard T-representation on C” (as well as any other representation) induces
T-actions on Qo,m(ﬂj’"_l, d), U, VD P@D - and Vlg‘f;; see (1-3) and (2-1) for the

n;a’> “n;a’
notation. Thus, V,i‘.i;, V,(ld; and V,Sd; have well-defined equivariant Euler classes

(VD). e(V8). e(Vih) € Hi (Do (P, ).

n;a n;a
The universal cotangent line bundle for the i-th marked point also has a well-defined
equivariant Euler class, which will still be denoted by ;.
Similarly to (2-2) and (2-3), let
. ad e(VD)
Zpa(x. hq) =1+ Zq"evl*[ ] e Hy®" H[r', ql,
d=1 h=v

(3-3) .
(Vi)

h—n

00
én;a(Xs h, Q) =1+ quCVl*[

] e Hr(P"H[a™", q].
d=1

For each s € 720, let
e(l'),(lfl;)evﬁxs
h—n

e(i)f))evixs

o0
Z,if;(x, h,q)=x"+ Z qdevl*[

]e HE (P Y, q].
d=1

(3-4)

o0
> (s) _ d

] e Hy (P H[a !, q].
d=1
Similarly to (2-4) and (2-5), we define
(3-5) Zr.(x1. %2, k1, o, q)

) e(]’}(id))

d n;a # n—Iyp—1 -1

= {ev xev}*|: ]EH(P Why ny . ql,

2 a'ten xend| GGy | S HEETDI A ]

d=1

(3-6)  Zk (X1, %2, X3, 71y, i, B3, q)

o0
= qu{evl X vy X eV3}*|:

d=1

Vi) }
(R — Y1) (ha — Y) (A3 — 3) |



GIVENTAL’S J-FUNCTIONS FOR STABLE QUOTIENTS INVARIANTS 459

with the total pushforwards by the total evaluation maps taken in equivariant coho-
mology. Similarly to (2-7), let

PD(ALL) | .,

Thghy T+ Zmas b g),

PD(AL) )
hihahs

(B-7)  Zpa(X1, X2, Ay, iy, q) =

Zn;a(xl, XZa X3» hlv h27 h3a Q) - + Z:;a(xla XZa X37 hlv h27 h3a Q),

where PD(Agl),l) and PD(Ag},I) are the equivariant Poincaré duals of the (small)
diagonals in P*~! x P"~! and P"~! x P"~! x P"~!, respectively.

The above Poincaré duals can be written as

(3-8)
) P oS1oS2
PD(A[FM—I) = E (=1 X Xy,
1,582,720
s1+s2+r=n—1
3 N _ (2) 51 o523
PD(Aan) = E S, X Xy Xy
$1,82,83,r>0
S1+s2+s3+r=2n—2
rit+ra+r 51 52 53
= E E (_1) e 377rosrlsrzsrle X X3 ’
$1,82,83,r>0 ro,r1,r2,r3>0
51,82,83<n—1 r1<81,r2<8,,r3<83
si+so+s3+r=2n—-2  ro+ri+ratr3=r
2 . C .
where s;, 1, S£ ) e Qlay, .. ., a,] are the r-th elementary symmetric polynomial in
o1, ..., 0y, the sum of all degree-r monomials in ¢y, . . ., «,, and the degree-r term
in (1 —s; +s3 — - --)?, respectively. All three expressions for the Poincaré duals

can be confirmed by pairing them with x|} and x| x7x5, with #1,t, 3 <n — 1,

and using the localization theorem of [Atiyah and Bott 1984] on (P"~!)” and
the residue theorem on S? to reduce the equivariant integrals of x** on P"~! to
the polynomials 7,; these are the homogeneous polynomials in the power series
expansion of 1/(1 —a)(1 — ay)---. The coefficient of x]'x3’x3’ in the second
expression for PD(ASJ,I) is precisely 55{12 53(0), with Es(lr)Sz s; as in Theorem 3;
see the end of Section 3B. This provides a direct check of the degree-0 term in
(3-14).

3B. Equivariant mirror symmetry. The equivariant analogues of the power series
in (1-6) and (2-9) are given by

(3-9) yn;a(X, i, q) = i C]d ]—[ak>;) 1—[1:/\:611 (arx+rh) ]—[ak<0 Hr_:aé‘)d_l(akx —rh)
d=0 I_Ir:1<l_IZ:1(X—ak+rh) —nzzl(x—ak))
€Qlay, ..., an xI[A7 1, q],
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ard—1 ard _
S = $ge ol ot o 1
Hr 1<1—[k | (X —ag+rh) — nk:1(x—ak))
E@[al,...,an,x][[h_l,q]].

The second products in the denominators above are irrelevant for the statements in
this section, but are material to (4 9) and thus to the proof of (3-14) in this paper

Foreach s € Z", we define @SZ,, ax, 7, q), D° Zn a(X, fi, q) € Hf (P"~ N 4]
inductively by

D° Zpa(x, . q) = Zypa(x. 1, q),
S = _ 1 s—1
0 Zyaln hoa) = 7 S ha g |9 Zras o,

(3-10) 03 .
:D Zl’l;a(xv h? C]) = Zn;a(X, h q)

.. 1
D' Zpax, h,q) = =

o g |2 Zra )

The next theorem is the equivariant analogue of Theorem 2. It expresses the equi-
variant stable quotient invariants in (3-5) and (3-6) in terms of the basic equivariant
stable quotient invariants in (3-3).

Theorem 3. If1 € 7=°, n € 7", and a € (Z*)', then

(3-11)  Zpa(x1, X2, fiy, h2, q)

1 . e
= Y s 2 i by ) 202 (%2, 2. ),
s1,82,r>0
s1+s2+r=n—1
where s, € Q is the r-th elementary symmetric polynomial in a1, ..., a,. If in
addition v, (a) > 0,
. X, h X, i
G1)  Zuaxhq=DaERD g gy Y )
Io(q) Io(q)
and there exist Q(rs)/ df?sb% € Qlay, ..., a,1[q] with s, s, s1, 52, 53, 1 € Z=° such
that
(3-13) C)(0) = 80,08,

N( n( )d) ~(d) 'n d — d
[[C vnid (Q)|a Oﬂd = s s [[Cgrs(za?ﬁ)(q)hl O]]d Cé{l )52 $3°
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the coefficients of q? in C ¢ v(q) and C§1 52,53 (q) are homogeneous symmetric poly-
nomials in ay, o2, ..., 0y, ofdegree r —v,(a)d, and

(3-14) Z'n;a<xl,xZ,X3,hl,hz,hg,q)

1 .
=75 2. @25 (i h, q)]_[Z“"(x,,h,,
17273 7,81,82,83>0

s1,52,83<n—1
S1+s2+853+r=2n—2

N

(15 Zaxhg) =) ch @t @ 1D Za(x. 1 ),
r=0 s'=0

where (Z,0%) = (Z,07), (Z, 7).

Setting @ = 0 in (3-11), (3-12), (3-14), and (3-15), we obtain (2-19), (2-26),
(2-20) and (2-21), respectively.

We now completely describe the power series C s(rs), of Theorem 3; it will be
shown in Section 5 that they indeed satisfy (3-15). Let

(3-16) D°V,.a(x, A, q)

i [Tapo [T @ + i) Ty 2 T1% (akx—rm
10(61 o ]_[r ey X — g +rh)

Fors eZ™, let

GAT) DVpatx b ) = 1 [x g |9 Vi hg)

1
I5(q)
ex' +q-Qlay, ..., a, xI[AI[A7, q].
Comparing with (2-12), we find that

(3-18) D Vua(X, b, q)| ,_y = XD’ Fra(x/h, q/x""™),  where
Fp.a(w, q) 1 q d _
QOFn' , — ’a—’ @an' , — 1 1 ¢ @S an. ,
alw.q) == aw )= 0 )

forall s € Z*. Forr, s, s’ > 0, define Csrs) € Qlay, ..., a,][¢] by

00 !

(3-19) Y SO (X T =D Vya(x, B ).

s'=0 r=0

By (3-16), (3-17), and (3-19), the coefficient of qd in Cs(’rs), is a degree-r — v, (a)d
homogeneous symmetric polynomial in «. By (3-17) and (3-18),

0 r
(3-20) O =1, ) =0 fors>s", C)(0)=508s.
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By the first two statements above, the relations

S§—ri

G20 Y Y P @C, @) =bn0ds forrs’ €27, r <5 <5,

ri,r2>0 t=0
ri+ry=r

inductively define EA‘(,rs),_r € Qlay, ..., a,][g] with r <s’ < in terms of the power

series (1“,1) with 7| <rorry=r andt <s' —r. By (3-20) and (3-21),
53(5)3)/ = 05,575 552/ 0) = 37,005,

and the coefficient of ¢¢ in éc(rq), is a degree-r — v, (a)d homogeneous symmetric
polynomial in «. If ' < 0, we set Q(rs)/ = 8,085.5- If v,(a) > 0,

(v (@)d) _ @ d /
Cy |a:0—csﬁs,_vn(a)dq for all s’ > v, (a)d

by (3-19), (3-18), and (2-13). Thus, setting « = 0 in (3-21) and comparing with
(2-14) with s’ replaced by s’ — v, (a)d, we obtain the second identity in (3-13).

We next completely describe the power series 5s(1r)s2 s; of Theorem 3; it will
be shown in Section 10 that they indeed satisfy (3-14). For each r € 7=°, let
pr. H") € Q[z1, z2, .. .] be such that

(3-22) prlan, @, ..y =af+a5+---=H(s1, 80, ...).

For r, v € 729, we define H” € QI[s;, s,, .. J[z] by

(3-23)
(1—2)""! ifv=0,r =0;
HO @) = HAHO (1 -7 s, (1 -2 'sa, . ) ifv=0r=1
A1 st s, 8 — (=12, 804150 ifv >0,

In particular, the coefficient of z¢ in H(z) is a degree-r — vd homogeneous
symmetric polynomial in o,

(3-24) HOO) =n. [H@)| ), =1

The second identity above follows from [Zinger 2014, Lemma B.3]. Using induction
via Newton’s identity [Artin 1991, page 577], the first identity in (3-24) can be
reduced to

r r
DD s =0, Y (=D = On,—ys; = p, forallr e Z*;
t=0 t=0
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these two identities are equivalent to

(1) (I —aou) -+ _
(=) (=) -+

i (1 —oju)(1 —opu)---
dz (1 —aquz) (1 —auz) - - -

1,

oalu (0527

= +
=0 l—amu l—au
Let

(3-25) C. . (q)

51,582,583
(ro) (,a
=y M@ e e,
05 (DU, 4, (@I 1, (@) 2 »

ro,r1,r2,r3>0
r1<8§1,r2<8,r3<83

ro+ri+ratr3=r

where

(3-26) = 1 sr/cs('r—r)’—f*(a),s—r—f*(a) @)
r/’r//zo
r'+r"=r

with (é ) = (C A7), (C" , £1). Since the coefficients of qd in H‘(f) and in 5?3, are
degree-r — v, (a)d homogeneous symmetric polynomials in «, the coefficient of ¢¢
in Es(f)sZ s; 1s also a degree-r — v, (a)d homogeneous symmetric polynomial in o.
The last identity in (3-13) follows from (3-25), the second identity in (3-24), the
middle identity in (3-13), and (2-15).

3C. Related mirror formulas. Similarly to (2-29), we define

. ) e(V(d))
Z*. X , X , h , h s = €v] X eV * n;a }a
na (X1 X2, A1, fia, q) ;q {evi 2} [(hl—wl)(ﬁz—lﬂz)

(3-27) Z,,(x1,%2, X3, A1, iz, 113, q)

o0
= qu{evl X evy X eV3}*[

d=1

e(V,a) }

(hy = Y1) (hy — ¥) (B3 — 3) |

with the evaluation maps as in (2-6). For each s € 779, let

e(Vf;)evﬁxs
=

e(%‘ﬁ)evﬁxs

h—n

o
z;‘j;*(x,h,q)zzqdevl*[ ]e HE P Y[R, 4],
d=1

o
2}5?;*()(, h,q) = Z qdev1*|:

] e Hr P H[a™", q].
d=1
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Since X1, X2 € HFf (P! x P"~1) @qja,,....a,] Qo are invertible, the first equation in

.....

(3-8) gives
@ > (s E0 (0, b g)
s1,82,r>0
si+sybr=n—1 00 e(V(d)) {id x eva}* (PD(Apn-1)x, )
Z {id x ev }4
2 h—n
o *e(V( )) {id x ev @
2 2} (PD(Apn I)Xl )
= Z {id x ev}4
o h—1n
=X X (. b g),
Sl,xz,rZO
S1+s2+r=n—1

where 7, : P! x Qoyz(ﬂj’”_l, d) — Qo,z([lj’"_l, d) is the projection map. Combin-
ing the last identity with (3-11), we obtain

(3 28) Z*a(XI’XZahlvh2,q)

1
(Sz)*
— E (=1)"s, (x]' Z,2" (X2, 12, q)
hy 4+ Ao S1.53 750 r( !
sl+s’z+’r=_n71

+ Z,if;)*(xl, hy, q)z,ff,) (x2, 2, 9)).

Similar reasoning gives

(3 29) Z*a(XI’XZaX’%hl’h2sh3 CI)

1
_ ~(r) 52 (S%)*
= hiiahs E Csi 553 0)x)'x} Z,7"(x3, 113, q)
r,51,52,53>0
51,82,83<n—1
S1+s2+s3+r=2n—2

+Ci i OX) 272 (%2, o, q)z<f3)<X3, h3.q)

Cs(lr)sz 53 (O)Zr(zfl)*(xl hy,q) 1_[ Z(S’)(X,, b, q

+@x; VCOL (@25 (xi. R q) H 280 (%, by, q)),

r)%

where Cs(1 52,53 (Q) = Cs(1 152,53 (Q) és(r,)sz,g (O)
On the other hand, by (3-15) and the first identity in (3-12),

(3-30) 20 (x.h,q)

s Ss—=r

=—(@x @+ @x @Y N0 @B T T D Va(x B g),
r=0s'=0
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where

. j}n' thv
goyn;a(x’hs C]) - M
Io(q)
. 1
D Vpa(X, 1, q) = v~ X+ g 1D " Vya(x, i, q)
15<q>{ dg }
for all s € Z* and (Jv), i) = (37, i), (y, I). By (3-9), (1-6), and (2-9),
(3-31) D Vusa(x, 11, )| ,_y = XD Fysa(x/h, ¢/x"" @), where
. Fra(w, ) y 1 q d 1y
DOF,a(w,q)= 22222 DE . (w,q) =~ 1+ D Fra(w, q)
=T @ g 1s<q>{ wig) i

forall s € Z+, with (V, F, ) = (Y, F, ), (Y, F, I). Simplifying the right-hand
side of (3-30) in Q,(x, 7)[A ", ¢] to eliminate division by x and setting o = 0, we
obtain (2-31).

3D. Other three-point generating functions. The main step in the proof of the
mirror formula (3-14) for the stable quotients analogue of the triple Givental’s
J-function involves determining a mirror formula for the generating function

(d)
e(V,..)
332) 200 h,q) _1+§ :q ev1*|:h wl

} e Hr(P"H[a ", q].

where ev; : Qo 3(P"!, d) — P"! is the evaluation map at the first marked point;
the meaning of the superscript (0, 1) is explained in (6-7). By (3-33), the SQ
invariants do not satisfy the string relation [Hori et al. 2003, Section 26.3] in the
pure Calabi—Yau cases, v,(a) =0 and £~ (a) = 0 (when io(q) # 1), even though
the relevant forgetful morphism, f> 3 below, is defined. Since in these cases the
twisted invariants of P"~! are intrinsic invariants of the corresponding complete
intersection X,,.,, this implies that the construction of virtual fundamental class in
[Ciocan-Fontanine et al. 2014] does not respect the forgetful morphism

f3:003(Xniar d) = 00.2(Xnias d),
at least in the Calabi—Yau cases.

Proposition 3.1. If1 € 7Z° n e 7", and a € (Z*)! are such that v, (a) > 0, then

Zn; (X’h’ )
r(loal%(x h,q) = a q ‘
Io(q)

In principle, this proposition is contained in [Ciocan-Fontanine and Kim 2013,
Corollary 1.4.1]. We give a direct proof, along the lines of [Cooper and Zinger
2014]. In the process of proving this proposition, we establish the mirror formula
for equivariant Hurwitz numbers in Proposition 4.1. This in turn allows us to

(3-33)
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derive (3-14) from (3-11) and (3-15) following the approach of [Zinger 2014]; see
Section 10.
Similarly to (3-32), let

(334 200k, q)_1+Zq
d=1

f2*3e<1>,54;>]
5 5 c H*([Fpn—l) h_l, ,
|: h— T [ q]
where ev : Qo,g(ﬂj’”_l, d) — P! is the evaluation map at the first marked point
and

3 Q03P d) — Qoa(P" !, d)

is the forgetful morphism. By the proof of the string relation [Hori et al. 2003,
Section 26.3],

(3-35) 200, 0, q) =h" Zpa(x, B, q).

We use this identity to establish the mirror formula for Hurwitz numbers in
Proposition 4.2.

As stated in Section 1, Theorem 3 generalizes to products of projective spaces
and concavex sheaves (1-13). The relevant torus action is then the product of the
actions on the components described above. If its weights are denoted by «;; ;, with
i=1,...,pand j=1,...,n;, the analogues of the above mirror formulas relate
power series

(3_36) :-)v)nl np'aGQ[al'ls""ap;npsxlv"'sXp][[h_17ql7"'squ|7
(3-37) Z0 ”) e HEP" T xx PN g1 g,
(3-38) Z:lwnp;a € Hi(P" V- ox P ym[ayt, o hyt s qrs - gl

with JVJ and Z denoting ), y j}, Z,Z, or Zand m = 2, 3. The coefficients
of qfl . qi" in (3-37) and (3-38) are defined by the same pushforwards as in
(3-4), (3-5), (3-6), and (3- 27) w1th the degree d of the stable quotlents replaced
by (di, ...,dp) and X° by X1 xp . The coefficients of q1 qp in (3-36) are
obtained from the coefficients in (3-9) and (3-16) by replacmg axd and aix by
ag;1dy + -+ -+ ag; pdp and ag;1Xy + - - - + ay; pXp in the numerator and taking the
product of the denominators with (n, X, d) = (n;, X;,d;) foreachs =1, ..., p; in
the i-th factor, «y is also replaced by «;.x;

Xi,...,Xp € H{F([P’"'_1 X -+ x Pl

now correspond to the pullbacks of the equivariant hyperplane classes by the
projection maps. The statements of Theorem 3, (3-28), and (3-29) extend by
replacing the symmetric polynomials by products of symmetric polynomials in the
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p different sets of variables and (a)x‘® by the products and ratios of the terms
ax;1X1 + - - - + ag; pX; our proofs extend directly to this situation.

4. Equivariant twisted Hurwitz numbers

The fixed loci of the T-action on Qo’m(ﬂj’”_l, d) involve moduli spaces of weighted

curves and certain vector bundles, which we describe in this section. As a corollary

of the proof of Theorem 3, we obtain closed formulas for Euler classes of these

vector bundles in some cases. These formulas, described in Propositions 4.1 and

4.2 below, are a key ingredient in computing the genus-1 stable quotients invariants.
A stable d-tuple of flecks on a quasistable m-marked curve is a tuple

(4_1) (valv"'aym;.?l""’j}d)a

where C is a connected (at worst) nodal curve, yi, ..., y, € C* are distinct smooth
points, and y1, ..., yg € C* —{y1, ..., ym}, such that the Q-line bundle

weci+-+ym+eQi+---+3a) > C

is ample for all € € Q™ ; this again implies that 2g +m > 2. An isomorphism

S (Coyiseey Yy Vo ees 3a) = (C Yooy Vs Tl ey I)

between curves with m marked points and d flecks is an isomorphism ¢ : C — C’
such that

p(yi) =y foralli=1,....m, ¢@;)=3; forall j=1,...,d.

The automorphism group of any stable curve with m marked points and d flecks
is finite. For g, m,d € Z=°, the moduli space M ¢,m|ld parameterizing the stable
d-tuples of flecks as in (4-1) with 4!'(C, Oc) = g is a nonsingular irreducible
proper Deligne-Mumford stack; see [Cooper and Zinger 2014, Proposition 2.3]. If
m>m' >2,let
fm’,m : Mo,m\d - Mo,m/ld-i-m—m/,
Coyisee s Y3 1o ee s J) > €Y1 ooy Yoy D1s ooy Ids Y ds -5 Ym),

be the morphism converting the last m — m’ marked points into the last m — m’

flecks and contracting components of C if necessary.
Any tuple as in (4-1) induces a quasistable quotient

Oc(=F1— - —3a) COc=C'® Oc.

For any ordered partition d =d; +---+d, withd;, ... ,d, € 7=9 this correspon-
dence gives rise to a morphism

Memia = QP x - xP° (dy,...,dp)).
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In turn, this morphism induces an isomorphism
42) ¢ Mema/Sa <+ xSa, > QgmP’ x - x P, (d,....dp)),

with the symmetric group Sy, acting on M ¢,m|a by permuting the points y1, ..., Yq,,
Sy, acting on M, ;¢ by permuting the points Yy, 41, . .., Yd,+d, €tc.
There is again a universal curve

iU —> Mg mia
with sections o1, ..., 0, and &1, ...0,. Let
N A2 2,754
Y = _77*((7,' ), ¥i = —JT*(O‘I- )eEH (Mg,mld)

be the first chern classes of the universal cotangent line bundles. For m > 2,
d',deZ* withd <d,andr=(r1,...,rs) € (ZZ°)7, let

Se=0(=61—+—6a—q — MNby—ars1 — - —ra6a) > U —> Mo mia.
If B € H2, denote by
(4-3) SE(B) = U — Mo mpa
the sheaf S with the T-action so that
e(SH(B)) = B x 1+1 x e(S)) € HYU) = H ® H*U).

Similarly to (2-1), let

(4-4)
Vil (B) = EP R°7.(S;(B)™ (—on)) & @D R'm(S;(BY™ (—01)) = Momia-
ar>0 ar <0
VLB = D RO (S; ()™ (—02)) & €D R' (S5 (BY* (—02)) — Momia-
ar>0 ar <0

where 7 : U — /\_/lo,mw is the projection as before; these sheaves are locally free.
Ifm eZt,2<m' <m,andr e (ZZ%)"" let

45 VOB = £ .02 B VDB = £ Vi (B) - Moma-

m’,m " a;r ,m Y ar

In the case m’ = m, we will denote the bundles V)(8) and V% (8) by Vi (8)
and ]')éd) (B), respectively. ’ ’

The equivariant Euler classes of the bundles V;‘? (B) and V;dr) (B) enter into the
localization computations in Sections 7-9. As a corollary of these computations, we
obtain closed formulas for the Euler classes of these bundles in the case m = 3; see
Propositions 4.1 and 4.2 below. These formulas are a key ingredient in computing
the genus-0 three-point and genus-1 SQ invariants.
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If f € Qylg] and d € Z=°, let [ f]4:a € Qu denote the coefficient of ¢¢ in f.
If f = f(2) is a rational function in z and possibly some other variables, for any
z0 € P! D Clet

(4-6) ENCESCY FICTS

where the integral is taken over a positively oriented loop around z = zo with no other
singular points of f dz, denote the residue of the 1-form fdz. If zy, ..., zx € P! is
any collection of points, let

4-7

(4-7) R @)= Z R f@)

be the sum of the corresponding residues.
For any variable y and r € Z=°, let s, (y) denote the r-th elementary symmetric
polynomial in {y — ot }. We define power series L:a, &1:a € Qu[X][g] by

Lya € x+¢Qu[xl[q].  $0(Lua(x. 9)) —ga®Lua(x, ) =s,(x),
O g a@ulNlal, x+ q%sn;a(x, 9) = Lua(%, ).
By [Zinger 2014, Remark 4.5], the coefficients of the power series
e 5@ DR Y, (i 1, q) € Qulh][g]

are regular at # = 0. Thus, there is an expansion
(4-9) e @ DM Y, aloy, B g) = Z AL

with q'Dfl?L(x, q)—1, CiJS;;(X, q), dD,(lz;;(x, q), - € qQ4[x][gq]. Furthermore,

(4-10) &) (x. )

£(a)+1

=( X - Sp—1(X) ) ( na(x 6])) 2 5
Lya(X, @) Su—1(Ln:a(X, q)) — |alga®L,.a(x, ¢)! X '

Proposition 4.1. If1 € 7Z° n € 7T, and a € (Z*)!, then for everyi =1, ..., n

Z / e’ (@)
Mo g €V (0 — ) (= 91) (ha — ) (hs — ¥3)

eén;a(aisq)/hl‘i‘grl:a(aiyq)/h2+$n;a(0‘[sq)/h3 1 1 1
= '(0) G@a[[h ,hz ,Fl3 ,q]]
hihohis @, 5 (ai, q)

5Only the case £~ (a) = 0 is explicitly considered in [Zinger 2014], but the argument is the same
in all cases.
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Proposition 4.2. If] € 77 neZ*,anda e (Z*), then foreveryi =1,...,n

- (d RV

qd / e(V;;r)(a,‘))l//f %hzo(hh%[[yn;@(ai, h, Q)]]q;rqr

oS Mo T e (@ — ) (= Y1) (ha — 42)
e‘fn;a(aisq)/hl+$n:a(ai’q)/h2

hyho

e Qun, " 1yt q].

5. Outline of the proof of Theorem 3

The first identity in (3-12) is the subject of [Cooper and Zinger 2014, Theorem 3].
The proof of the remaining statements of Theorem 3 follows the same principle as
the proof of [Popa and Zinger 2014, Theorem 4]; it is outlined below. However, its
adaptation to the present situation requires a number of modifications. In particular,
the twisted stable quotients invariants are not known to satisfy the analogue of the
string relation of Gromov—Witten theory (in fact, by Proposition 3.1, in general they
do not). This requires a direct proof of the key properties for the stable quotients
analogue of double Givental’s J-function described in Lemmas 6.5 and 6.6 below; in
Gromov—Witten theory, these properties are deduced from the analogous properties
for three-point invariants, which simplifies the argument. We thus describe the
argument in detail.

Let Q,[[#]] = Qu[A '] 4+ Qq[#] denote the Q,-algebra of Laurent series in /™!
(with finite principal part). We will view the Q,-algebra (U, (%) of rational functions
in /i with coefficients in Q, as a subalgebra of Q,[[#]] via the embedding given by
taking the Laurent series of rational functions at A~ = 0. If

Fh,g)=Y_ Y FOUDh"q" € Quf[n]|[q]

d=0r=—Ny

for some N, € Z and F)(d) € Qy, we define
oo p—l1

Fhog)=) > FOA™ (mod h™7),

d=0r=—Ny,

that is we drop /i ~” and higher powers of A~ instead of higher powers of /.
For1 <i,j<nwithi # jandd € Z™, let

(5-1)
d j— —apd—1 j—0t
& @y = Hazo [0 (@t 7 257) Tl o L2067 (e =r 257)
/ - (Y o
l dnf=1 HZ:l(ai —otr a'lda[)
(rk)#d,j)
ard—1 ) oi—o —ard N
Q:,](d) = 1_[a/<>0 nr:O (akal +r jd ) l_[ak<0 nr:l (akal r ]d ) = @a.

AT Tl (o — o+ r )
(r.k)#(d, )
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We will follow the five steps in [Zinger 2009, Section 1.3] to verify (3-11), the
second statement in (3-12), and (3-15):

Ma) if F, 7' € Hx(P""YH[aT[q].
Fx=a;,h,q) € Quh)[q] C Quflfi]l[g] foralli=1,2,...,n

F' is recursive in the sense of Definition 6.1, and F and F’ satisfy a mutual
polynomiality condition (MPC) of Definition 6.2, then the transforms of F” of
Lemma 6.4 are also recursive and satisfy the same MPC with respect to F;

(Mb) if F, F' € HF (P H[aT[q],
Fx=ow,h,q)€Q)+q-Quh)|q] C Quf[Aa][g] foralli=1,2,...,n

F’ is recursive in the sense of Definition 6.1, and F and F’ satisfy a fixed
MPC, then F' is determined by its “mod ~! part”;

(Mc) the two sides of the second identity in (3-12) and the Z case in (3-15) are
¢-recursive in the sense of Definition 6.1 with € as in (5-1), while the two
sides of the Z case in (3-15) are ¢-recursive in the sense of Definition 6.1 with
¢ as in (5-1);

(Md) the two sides of each of the equations in (3-12) and (3-15) satisfy the same
n-MPC (dependent on the equation) with respect to J'/,l; ax, i, q);

(Me) the two sides of each of the four equations in (3-12) and (3-15), viewed as
elements of H; (P"~H[[A] [¢], agree mod A"

The first two claims, (Ma) and (Mb), sum up Lemma 6.4 and Proposition 6.3,
respectively By Lemmas 6.5 and 6.6, the stable quotients generating functions

(S) and Z (S) are €-recursive and €-recursive and satisfy MPCs with respect to

n;a(x, h, q). Along with the first identity in (3-12), the latter implies that they
satisfy MPCs with respect to 37”; a- It is immediate from (3-4) that

>(s) Z(s) ~ -1 >0
52 20 hq), Z80x. hq) =x* (mod h7Y) for all s € 72"

By the proof of the first 1dent1ty in (3-12), as well as of its Gromov—Witten analogue,
the power series yn als ¢-recursive and satisfies the same MPC with respect to y,, a
as Zr(f;, see [Cooper and Zinger 2014, Lemma 5.4]. A nearly identical argument
shows that the power series y,, als ¢-recursive and satisfies the same MPC with
respect to yn a as Z,(l ;, see [Popa and Zinger 2014, Section 4.3] for the £~ (a) =
case. Since

Vua(X, i, q) =1 (mod i1,

this establishes the second identity in (3-12). Along with (3-12), the admissibility
of transforms (i) and (ii) in Lemma 6.4 implies that both sides of the Z equation in
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(3-15) are ¢-recursive and satisfy the same MPC with respect to )7,,; a, NO matter
what the coefficients Es(rs), are. Similarly, both sides of the zZ equation in (3-15) are
¢-recursive and satisfy the same MPC with respect to 37”; a- By (3-10), (3-12), (3-9),
(3-21), (3-19), (3-17), and (3-16),

s S§—r

Z Z ésr_)z—(a),s/—z—(a) (q) hs_r_S/Qs,Zn;a(X, i, q) =x’ (mod h_l)’
r=0s'=0

s S—=r

DD @@ T D Zpa(x B ) =X (mod 7).
r=0 s'=0

(5-3)

Thus, (3-15) follows from (Mb).
The proof of (3-11) follows the same principle, which we apply to a multiple of
(3-11). Foreachi =1,2,...,n,let

(5-4) ¢ =] [x—aw) e HF @ ).
ki

By [Atiyah and Bott 1984, localization theorem], ¢; is the equivariant Poincaré
dual of the fixed point P; € Pr—1: see [Zinger 2009, Section 3.1]. Since X|p, = o,

(5-5) Zupalay, o, ki, 2, q)

=/ Zpa(X1, X2, By, H2, q)
P,'XPj

:f Zpa(X1, X0, iy, By, Q)i X b
Pn—1xpn—1

‘5(d
e(Va) evigi evio;

1 > d/
— o)+ :
hi+ho 1_[(05, %) Zq 0o @1,y (B1 — Y1) (2 — ¥2)

ki d=1

the last equality holds by the defining property of the cohomology push-forward
[Zinger 2009, Equation (3.11)]. By Lemmas 6.5 and 6.6, Zn;a(xl, X3, fiy, hia, q) is
¢-recursive and satisfies the same MPC as Zn;a with respect to Zn;a(x, h, q) for
(x,h) = (x1, 1) and X, = @ fixed.” It is also C-recursive and satisfies the same

MPC as 2"n;a with respect to Zn;a(x, h, q) for (x, h) = (xo, ip) and x| = «; fixed.

OThe left-hand side of (3-21) with s replaced by s — £~ (a) is the coefficient of A%x~" (x/h)’ @
in the first identity in (5-3) if s > ¢~ (a); The left-hand side of (3-21) with s replaced by s — £7 (a) is
the coefficient of #*x~" (x/h)* T¢" @ in the second identity in (5-3) if s > ¢+ (a).

"In other words, the coefficient of every power of h; Lin Zn;a(x, aj, h, by, q)is ¢-recursive and
satisfies the same MPC as Z,.,(x, 71, q) with respect to Z,,.5(X, i, q).
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By (Ma) and (Mb), it is thus sufficient to compare

(5-6) (hy + h2) Zya(X1, %2, iy, B, q)  and
D s Z) i ) 202 (%0, 1o )
s1,52,r>0
s1+sa+r=n—1
for all x| = a; and x, = «j with i, j =1,2,...,n modulo hl_lz

(1 +12) Zyalei, @), 1y, o, ) »
e(V}E ;)evﬂl‘¢>iev§¢j'

00
~ S| s d :
= 3 e [ S

s1,82,5>0 d—=1 Qo2(P"—1.d) 2 2
s1+so+r=n—1

D G VAR CIN TR F-AC T8 P

s1,82,7 >0 -
S1+s2+r=n—1 = E (—l)rSrOl;I Z,ES;) (C(j, Flz, q)
51,52,r>0
s1+s2+r=n—1

In order to see that the two right-hand side power series are the same, it is sufficient
to compare them modulo 7, L,

oo
Y sale?+ )y g f

“(d
e(VIS;;)eVT@-eV;(ﬁj

51,52,7>0 d=1 Qo2(P"~".d) hy =¥
S1+s2+r=n—1 s s
= E (=D'sre;' e
s1,52,r>0
s1+s2+r=n—1
r 51 5(s2) ~ r 51,82
E (=D'sra; Zn;a (aj, iz, q) = E (=D'sra; .
s1,82,7>0 51,852,720
s1+sy+r=n—1 s1+sr+r=n—1

From this we conclude that the two expressions in (5-6) are the same; this proves
(3-11).

By Proposition 6.3 and Lemmas 6.5 and 6.6, the stable quotients analogue of
triple Givental’s J-function is determined by the primary three-point SQ invariants.
Since all such invariants are related to the corresponding GW invariants by [Ciocan-
Fontanine and Kim 2013, Theorem 1.2.2 and Corollaries 1.4.1, 1.4.2], a version
of (3-14) can be proved by comparing it to its GW analogue provided by [Zinger
2014, Theorem B]. We instead prove (3-14) directly in Section 10 by reducing the
computation to the two-point formulas of Theorem 3 and the mirror formula for
Hurwitz numbers in Propositions 4.1. In the process, we obtain a precise description
of the equivariant structure coefficients appearing in (3-14), which is not done in
[Zinger 2014].
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6. Recursivity, polynomiality, and admissible transforms

This section describes the algebraic observations used in the proof of Theorem 3. It
is based on [Zinger 2009, Sections 2.1, 2.2] and [Popa and Zinger 2014, Section 4.1].
Let

[n]1={1,2,...,n}.

Definition 6.1. Let C = (C :] (d))q.i,jez+ be any collection of elements of Q. A
power series F € Hi (P"~1)[[i] [¢q] is C-recursive if the following holds: if d* € Z=°
is such that

[Fx=ai i, )], 4—q € Qu(h) C Qq[[7i]] foralld € [d], i € [n],
and [F(ai, i, q)],., is regular at & = (o — ;) /d for all d < d* and i # j, then

& ¢l
6-1) V@ﬁﬂmmfZE:EI;ZEQV@Mﬂ%W%b@ww

d=1 j#i
€ Qulh, i1 C Qu[[A].

Thus, if F € Hf (P"~")[[A][¢] is C-recursive, for any collection C, then
Fx=a;,h,q) € Quh)|q] C Qu[i]|[q] foralli € [n],
as can be seen by induction on d, and

(6-2) Flai,h, 61)

00 J
—XjZFWWW+Z§j Ci () —— = F(aj. (@j—a)/d. q)

d=0r=—N, d=1 j#i —(@j—ai)/d

for all i € [n], for some F/ (d) € Q. The nominal issue with defining C-recursivity
by (6-2), as is normally done, is that a priori the evaluation of F(«;, i, q) at
h = (a; — ;) /d need not be well defined, since F(«;, /i, q) is a power series with
coefficients in Q, [~ ']); a priori they may not converge anywhere. However, taking
the coefficient of each power of g in (6-2) shows by induction on the degree d that
this evaluation does make sense; this is the substance of Definition 6.1.

Definition 6.2. Let n € Q4 (x) be such that n(x = «;) € Q, is well defined
and nonzero for every i € [n]. For any F = F(x,h,q), F = F(X,h,q) €
Hy (P H[aT[q], let

(6_3) q)_r;:,]-‘/(h’ <, CI)

"L ()t

=Y ——————F(a;, h, qe")F (i, =1, ) € Qo [[1][2, q].-
i l_[k#i(ai —ay)
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If F, F' € H¥(P"~") [k [¢]. the pair (F, F') satisfies the n mutual polynomiality
condition (7-MPC) if @’ ,, € Q,[4][z, q].

If 7, 7 € Hf(P" ) [h] [¢] and
(6-4) Fx=a;, h,q), F(x=a;, h,q) € Qu(h)[q] forallie[n],

then the pair (F, F) satisfies the n-MPC if and only if the pair (F', F) does; see
[Zinger 2009, Lemma 2.2] for the n = 1, £*(a) = 1, £~ (a) = 0 case (the proof
readily carries over to the general case). Thus, if (6-4) holds, the statement that F
and F' satisfy the MPC is unambiguous.

Proposition 6.3. Let n € Q,(x) be such that n(x = «;) € Qy is well defined and
nonzero for every i € [n). If F, F' € Hf (P H[a 4],

Fx=a;,h,q) € Qi +q-Qu)|q] C Quf[ATl[g] foralli € [n],

F' is recursive, and F and F' satisfy the n-MPC, then F' =0 (mod ii~') if and
only if F/ = 0.

This is essentially [Zinger 2009, Proposition 2.1], with the assumptions corrected
in [Popa and Zinger 2014, Footnote 3]. The proof in [Zinger 2009], which treats
the n = 1 case, readily extends to the general case; see also the paragraph following
[Popa and Zinger 2014, Proposition 4.3].

Lemma 6.4. Let C = (Cij (d))a.i,jez+ be any collection of elements of Qy and
n € Qg (X) be such that n(x = ;) € Qy is well defined and nonzero for every i € [n].

If F, F' e H P H[aNq],
Fx=a;,h,q) € Quh)|q] C Qu[]|[q] foralli € [n],
F'is C-recursive (and satisfies the n-MPC with respect to F), then
(i) {x+hqd/dq}F is C-recursive (and satisfies the n-MPC with respect to F);
(i) if f € Qulhl]q], then fF' is C-recursive (and satisfies the n-MPC with respect
to F).

This lemma is essentially contained in [Zinger 2009, Lemma 2.3]. The proof in
[Zinger 2009], which treats the n = 1 case, readily extends to the general case; see
also the paragraph following [Popa and Zinger 2014, Lemma 4.4].

The next two sections establish Lemmas 6.5 and 6.6 below, the m = 2 cases of
which complete the proofs of (3-11), the second statement in (3-12), and (3-15).

The m = 3 cases of these lemmas are used in the proof of Proposition 3.1 and 4.1
in Section 9. If m > m’ > 2, let

(6-5) Fwrm: QomP" 1 d) — Qow(P"", d)
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denote the forgetful morphism dropping the last m — m’ points; this morphism is
defined if m" > 2 or d > 0. With the bundles

V(d) V(d)—> QOm(Pn 1 d)

n;a’

defined by (2-1), let
B Vs = Qom P, d).

,m "~ n;a

d (d d
66 VD L =fh VO VD~

Forb= (bs,...,by) € Z=)"'and w = (w3, ..., wy) € HE (P "1, let
(6-7)

Sb.o) eVran) T b, s oI p—1
Z0m(x.h,q) = Zq evl*[ s H(w/evjw,o}eHT(P" )~ "1lq].
j=2

]_m

e( idim)
Z07) (x, 1, q) = Zq evl*[ H(W ev; ZUJ):| e Hi (P""H[n™[q].
=

where ev; : Qo,m(l])"_l, d) — P"~! is the evaluation map at the j-th marked point
and the degree-0 terms in the m’ = 2 case are defined by

e(Viny).e(Vin,) =1 ifm >3,
e(V, (O) a:2)

ev e(V(O) )

1% h_ l// h_ TI’
Lemma 6.5. Letl € ZZ°, m,m’',n € Z* withm > m’ > 2, and a € (Z*). For all
be (7= and w e H*([P’” 1)"‘ U the power series Z( w)/ an dZ(b @) o defined
by (6-7) are ¢ and E-recursive, respectively.

— 2 (b ev’z“wz)i|,evl*|: (2 evng)]:(—h)bzm if m=2.

Lemma 6.6. Let [ € 7Z%, m,m',n € Z*+ withm >m’ > 2, a € (Z*),

n(x) = (a)x‘®, i) =1
Forallbe (ZZ" ' and w € HT*([P’”*I)’”*I, the power series

220« hg) and R"TEZ®7) (x, b, g)

nam nam

satisfy the n and ij-MPC, respectively, with respect to the power series Z,, a(X, hi, q)
defined by (3-3).

By Lemma 6.5, the power series Z (s ) and Z (s ) defined by (3-4) are €- and
¢-recursive, respectively. Furthermore, the power serles Z,, .a defined by (3-7) is
¢-recursive for (x, i) = (x1, 1) and xo = «; fixed and is ¢-recursive for x,h) =
(x2, ir) and x; = «; fixed. By Lemma 6.6, Zr(f; and Z,EY; satisfy the 7- and 7j-
MPC, respectively, with respect to the power series Z,.a(X, /i, g) defined by (3-3).
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Furthermore, the power series Zn;a defined by (3-7) satisfies the 7n-MPC with respect
to Zn;a(x, h, q) for (x, i) = (x1, ii1) and X, = «; fixed and the 7j-MPC with respect
to Zn;a(x, h, q) for (x, 1) = (x2, fix) and x| = «; fixed.

In the case of products of projective spaces and concavex sheaves (1-13), the

.. . ) d
above Definition 6.1 becomes inductive on the total degree d;+- - -+d, of qfl gy
The power series F is evaluated at (X1, ..., X,) = (a1, - - -, Apii,) for the purposes

of the C-recursivity condition (6-1) and (6-2). The relevant structure coefficients,
extending (5-1), are given by

(s;d)
l Lp
) A;sd P Qe i—t —ag;sd—1 p e
[T 11 ( > QksiOlpsi, + 1 = Sh) [T I <Zak;t0lt;i, —r—s”d S”S>
ag;1>0 r=1 t=1 ax;1<0 r=0 t=1
= d ng s
Qy; j — ;i
‘1l T (o, — o i)
r=1k=1
rO#(d, )
(s;d)
l Ldp
1- ak:sd—l )4 e i —at —ak;sd p o
l_[ l_[ (Zaktatl,+r $iJ Tlé)l_[ H(Zak,a”l_ _V’]d&l_y)
ag1=0 r=0 \ =1 i1 <0 r=1

- ’

d ng -
d H H (O‘S:is — Ok +7’W)
r=1k=1
(rly#d, j)
with s € [p] and j # i;. The double sums in these equations are then replaced by

triple sums over s € [p], j € [ng] — iy, and d € Z", and with F evaluated at

ag,; ift=s; Oy, j — O,
Xt = . 1=————
apq, it #s; d
The secondary coefficients /' (d) in (6-2) now become f " (dl, ..., dp), with
is € [ns] and dy; € ZZ°. In the analogue of Definition 6. 2 77 e R(x1,...,Xp) is
such that the evaluation of n at (a1, ..., ®p;,) for all elements (i1, ..., ip) of
[n1]x --- x [np] is well defined and not zero, ® r is a power series in 7y, ..., 2,
and qy, ..., qp, the sum is taken over all elements (i, ..., i,) of [n1] X --- X [n,],

the leading fraction is replaced by

n(iy, - -, Olp;ip)ea"*”Zl+"'+a1"il’zl’

1_[5:1 Hk;ﬁiJ (0ts;iy — Qsik) ’

and the ge”*-insertion in the first power series is replaced by g;e
Lemma 6.6 holds with

hz1

h
. qpe"r

l_[ak;lzo Zf:] ak;SXS
Hak;|<0 Zf:l Afe; s X5

X, ..., Xp) =
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7. Recursivity for stable quotients

In this section, we use the classical localization theorem [Atiyah and Bott 1984] to
show that the generating functions Zr(:;zf, and Zflbaa;) defined in (6-7) are recursive.
The argument is similar to the proof in [Cooper and Zinger 2014, Section 6] of
recursivity for the generating function Zn; a defined by (3-3), but requires some
modifications.

If T acts smoothly on a smooth compact oriented manifold M, there is a well-
defined integration-along-the-fiber homomorphism

/ : Hf (M) — Hy
M

for the fiber bundle BM — BT. The classical localization theorem of [Atiyah
and Bott 1984] relates it to integration along the fixed locus of the T-action. The
latter is a union of smooth compact orientable manifolds F; T acts on the normal
bundle A'F of each F. Once an orientation of F is chosen, there is a well-defined
integration-along-the-fiber homomorphism

/ . Hi(F) — H.
F

The localization theorem states that

_ nlr .
(7-1) /MH_XF:/Fe(NF) € Q, forall ne Hi(M),

where the sum is taken over all components F of the fixed locus of T. Part of the
statement of (7-1) is that e(N F) is invertible in Hj (F) ®qyq,,....a,] Qq- In the case
of the standard action of T on P"~!, (7-1) implies that

.....

(7-2) nle =f 1n<z>,- € Qqy
Pr—=
forall n € Hy(P"™Y),i=1,2,...,n, with ¢; as in (5-4).

7A. Fixed locus data. The proof of Lemma 6.5 involves a localization computation
on Qo,m(l])"*l, d). Thus, we need to describe the fixed loci of the T-action on
Qo,m (P!, d), their normal bundles, and the restrictions of the relevant cohomology
classes to these fixed loci.

As in the case of stable maps described in [Hori et al. 2003, Section 27.3], the
fixed loci of the T-action on Qq,(P"~', d) are indexed by decorated graphs,

(7_3) I'= (Vera Edg’ M, aa 29)9
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where (Ver, Edg) is a connected graph that has no loops, with Ver and Edg denoting
its sets of vertices and edges, and

w:Ver— [n], 0:VeruEdg— 77°, and ¥: [m] — Ver
are maps such that
(7-4) w(vy) # u(vy) if {vy, v} € Edg, 0(e) #0 forall e € Edg,
val(v) = |9 ' (v)| + |{e € Edg: v € e}| + 0(v) > 2 for all v € Ver.

In Figure 1, the vertices of a decorated graph I' are indicated by dots. The values
of the map (u, 0) on some of the vertices are indicated next to those vertices.
Similarly, the values of the map 0 on some of the edges are indicated next to them.
The elements of the sets [m] are shown in bold face; they are linked by line segments
to their images under . By (7-4), no two consecutive vertices have the same first
label and thus j #1i.

With I" as in (7-3), let

ITl= )" 2w+ Y ae)

veVer ecEdg
be the degree of I'. For each v € Ver, let
E,={ecEdg:vee}

be the set of edges leaving from v. There is a unique partial order < on Ver that
has a unique minimal element vy, such that vy, = 9 (1) and v < w if there exist
distinct vertices vy, ..., vx € Ver such that

U € {Umin, V15 - .., U1}, W =1, and
{vmin» Ul}’ {U], vz}a e {Uk_], vk} € Edga

in other words, v lies between vy, and w in (Ver, Edg). If e = {vy, v} € Edg is
any edge in I' with v| < vy, let

FE = ({vlv U2}7 {e}a /’LE’ 069 06)7
be the decorated graph as in (7-3) given by
He=le, 0e(€e)=0(e),0.]e=0, U.:{1,2}—e, V.(1)=v1, D(2)=012;

see Figure 2.
With m’ < m as in Lemmas 6.5 and 6.6, let

Ver,y = {v € Ver: v < 9 (i) for some i € [m']},

Edg,, = {{vi, v2} € Bdg: vi, v € Ver,, }.
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1 2 1 2 2
N d S d d
@0 (4,0 @0 (,2 (G, dy) (,0) (k,5)
F,‘j(d) 3 d() ezZ*

Figure 1. Two trees with val(vpi,) = 2 and a tree with val(vpi,) > 3.
1 2 1 2
w W

@0 (J,0) (,0) (k, 0)

Figure 2. The subtrees corresponding to the edges of the last graph
in Figure 1.

In particular, the graph (Ver,, Edg,,) is a tree; it is obtained from the original
graph (Ver, Edg) by discarding the branches that do not end at a vertex with a
marked point labeled by i < m’. For each v € Ver,,, define

Tmv By _Edgm/ — 7+ by me;v({v, U/}) = Z o({vr, ) + Z o(w),

{v1,v2}€Edg weVer
v <vy v <w
W @)=+ D Fmn(e).
ecE,—Edg,/

This construction increases the degree d(v) of a vertex v € Ver,, by the total degree
of all branches of I" cut off at v to form the graph (Ver,,, Edg,,). The motivation
for this construction is described at the end of the next paragraph.

As is described in [Marian et al. 2011, Section 7.3], the fixed locus Qr of
Q0. (P"~1,|T'|) corresponding to a decorated graph I' consists of the stable quo-
tients

Coy1seeesym; SCC'®Oc)

over quasistable rational m-marked curves that satisfy the following conditions. The
components of C on which the corresponding quotient is torsion free are rational and
correspond to the edges of I'; the restriction of S to any such component corresponds
to a morphism to P"~! of the opposite degree to that of the subsheaf. Furthermore,
if e = {v1, v} is an edge, the corresponding morphism f, is a degree-0(e) cover of
the line

P}L(Ul)sﬂ(vz) cpr!

passing through the fixed points P, ) and Py, (y,); it is ramified only over P, (,,) and
P (vy)- In particular, f, is unique up to isomorphism. The remaining components
of C are indexed by the vertices v € Ver of valence val(v) > 3. The restriction
of S to such a component C, of C (or possibly a connected union of irreducible
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components) is a subsheaf of the trivial subsheaf P, ) C C" ® O¢, of degree —0(v);
thus, the induced morphism takes C, to the fixed point P, € P"~!. Each such
component C, also carries |9~ (v)| + |E,| marked points, corresponding to the
marked points and/or the nodes of C; we index these points by the set 9~ (v) UE,
in the canonical way. Thus, as stacks,

Or~ 1_[ QO,|19*1(U)|+\EU\([FD07a(v))X l_[ Or,

veVer ecEdg
val(v)>3
~ 1_[ Mo 191 )| +IE, [p0) / Sow) X l_[ Or,
(7'5) veVer ecEdg
val(v)>3
*( [1 Mo,ﬂ'(v>|+|Ev|a(v)/§a<v>)/ [ 2o
veVer ecEdg
val(v)>3

with each cyclic group Zy() acting trivially. For example, in the case of the last
diagram in Figure 1,

Or~ (/\_/IO,ZIdo/Sdo X /\_40,2|5/55)/Zd X 2y

is a fixed locus in Qg2 (P"~!,dy+5+d +d’). If m' < m is as in Lemmas 6.5 and
6.6, the morphism f;, ,, in (6-5) sends the locus Qr of Qo,m(ﬂ:"”_l, d) to (a subset
of) the locus Qr , of Qo,m/([P’”_l, d), where

L = (VCI'm/, Edgm’; ,U/|Verm/a O/, 19|[m’])a

as fm.m contracts the ends of the elements of Qo’m/([P’"_l, d) that do not carry any
of the marked points indexed by the set [m].

If v € Ver and val(v) > 3, for the purposes of definitions (4-4) and (4-5) we identify
[|® ' (v)| + |E,|] with the set ® ~'(v) LUE, indexing the marked points on C, so that
the element 1 in the former is identified with 1 € [m] if ¢ (1) = v and with the unique
edge e, = {v_, v} with v~ < v separating v from the marked point 1 otherwise.
Similarly, if v <9 (2), we associate the element 2 of [0~ (v)| +|E,|] with 2 € [m]
if ¥(2) = v and with the unique edge e = {v, v4} with v} < ¥(2) separating v
from the marked point 2 otherwise. Finally, if m’ < m is as in Lemmas 6.5 and 6.6
and v € Ver,,, we associate the |E, — Edg,,| largest elements of [19~ " (v)] + [Eyl]
with the subset E,, — Edg,,,, of ¥~ (v) UE,.

If I' is a decorated graph as above and e = {vy, v2} € Edg with v; < v, let

T Qr — Or, C Qo2 (P"", 0(e))

be the projection in the decomposition (7-5) and

2
We:y; = _77:1#1» We:v, = _nZWZ € H°(Qr).
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Similarly, for each v € Ver such that val(v) > 3, let

Ty Or —> MO,W"(v)|+|EUHD(v)/§D(U)
be the corresponding projection and
Ve =5y, € H*(Qr) forall v € E,.
By [Hori et al. 2003, Section 27.2],

07 ) — O .
(7-6) e, = % i=1,2.

By [Marian et al. 2011, Section 7.4], the Euler class of the normal bundle of Qr in
Qo.m(P"~1,|T"|) is described by

e(NVOr)
e(TM(Umin) [FDH*])

=[1 TI7re0 @uw—a)] [rre(H (£ TP" @ O(=y1)/C)

(7-7)

veVer k;ﬁu(v) ecEdg
val(v)>
X | | <§ CUe;v) | | (l |(w8;v_‘pv;e))»
veVer ecE, veVer “e€E,
val(v)=2,9 " (v)=2 val(v)>3

where C ¢ H( fIXTP" ® O(—y1)) denotes the trivial T-representation. The terms
on the first line correspond to the deformations of the sheaf without changing the
domain, while the terms on the second line correspond to the deformations of the
domain. By (6-6), (2-1), (4-4), and (4-5),

arn @) *50(¢)
e(Vn a; m/) 1_[ T e(Va Font (al/«(v))) ’ 1_[ n:e(vn;a )’
veVer,, ecEdg,,/
val(v)>3
(IFI) @) D(e)
(7-8) e( nam/) 1_[ (Var/ (ot )) 1_[7[ e(V
- veVer, ecEdg,
val(v)>3
(D(U)) 0(e)
X l_[ nve( ar,. (O{M( ))) 1_[ nee(vn,a )
veVer,,, —Ver ecEdg, —Edg,
val(v)>3

By [Hori et al. 2003, Section 27.2], for all e = {vy, vy} with v; < vy

e(Va(e)) .
/ 5 : L2 (e)),
or, e(HO(f;TP"® O(—y1)/C)

e(VS;(S)) _gn
/Qre e(HO(f+TP" ® O(—y1))/C) uion @(€)),

(7-9)
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with €402 (2(e)) and &4+ (d(e)) given by (5-1).

7B. Proof of Lemma 6.5. We apply the localization theorem to

) ° e(l.)@. Devigp M,
2P (i h,q) = qd/ —nam 717 T evior),
n;a;m i L; Qo,m(P”_l,d) h_wl 11:[2 J JjJ
7-10
( ) 0 w)( b i d/ e(\.},(ﬁl;.m,)ev’fqbi ﬁ(lﬂbj .
oo,y q) = q _ evimi),
s = Jopetay = ;o

j=2
where ¢; is the equivariant Poincaré dual of the fixed point P; € P"~!, as in (5-4),
and the degree-0 terms in the m = 2 case are defined by

(d) «

eV, am)eVidi

/ L(%ze@wz) = (—h)bzwzlpi,
QoaP-10)  h—1n

(d) *
/ M(%’Zev;m) = (=) p,.
Goo@-10) =

Since ¢;|p; = 0 unless j = i, a decorated graph as in (7-3) contributes to the
two expressions in (7-10) only if the first marked point is attached to a vertex
labeled i, that is, i (vmin) = i for the smallest element vy, € Ver. We show that,
just as for Givental’s J-function, the (d, j)-summand in (6-2) with C = ¢, ¢ and
F = Z(b’w),, é(b’w),, that is,

n;a,m n;a;m
D
mzn:ésm/(ai’ (¢j —a;)/d,q) and
(7-11)
¢ (d)q?

mzn(?;?n)r(aj, (aj—ai)/d, q),

respectively, is the sum over all graphs such that p(vni,) = i, that is, the first
marked point is mapped to the fixed point P; € P"=1 v, is a bivalent vertex, that
is, 0(Vmin) = 0, ¥ ' (vmin) = {1}, the only edge leaving this vertex is labeled d,
and the other vertex of this edge is labeled j. We also show that the first sum on
the right-hand side of (6-2) is the sum over all graphs such that u(vyi) =i and
val(vmin) > 3.

If I' is a decorated graph with p(vmin) =i as above,

(7-12) evigily. = [(@i — o) = (TP ™.
ki

Suppose in addition that val(vpyin) = 2 and |E,_, | = 1. Let v; = (vpmin)+ be the
immediate successor of vpiy in I and e; = {vnin, v} be the edge leaving vpiy. If
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1 2 1

Nd
(i, 0) (j, 0) (Jj,2)
Fl FZ 3

Figure 3. The two subgraphs of the second graph in Figure 1.

|Edg| > 1 or val(vy) > 2, that is, I" is not as in the first diagram in Figure 1, we
break I' at v; into two “subgraphs’:

(1) I't =T, consisting of the vertices vyin < v1, the edge {vmin, v1}, with the
0-value of O at both vertices, and a marked point at v and vy;

(i) I'; consisting of all vertices, edges, and marked points of I', other than the
vertex vnmin and the edge {vmin, v1}, and with the marked point 1 attached at vy;

see Figure 3. By (7-5),
(7-13) Or ~ Qr, X Or,.

Let my, m2 : Or — Or,, Or, be the component projection maps. By (7-7) and
(7-8),

e(NQr) *< eNOr) ) ' *< e(NOr,)

—_——— =7 S A
e(Tp P~ "' \e(TpP1)) "2 \e(Tp,, P

) . (a)e;vl - n;wﬂ,

eV ) o, = mre(VI") - mye(VIR) ),
eV )y, = mie(VI) - mze(VI2D).

Combining the above splittings with (7-6), (7-9), and (7-12), we find that

eV yevrg, i=m 1
IT| n;a;m 171 ?_,ev%w.
K /Q h— J-llw’] ! J))Qre(NQr)

_ M @e)g e
—h— (o) — i) /0(er)

j=m

*5(IT21) *
e(V .2 )evig , 1
(o] [ SR Moo os ] L)
or, h— ik e(MQr,) h= O

the same identity holds with V replaced by V and Qif* (vl)(O(el)) by Qfﬁ‘ (U‘)(D(el)).
By the first equation in (7-10) with i replaced by w(v1) and the localization formula
(7-1), the sum of the last factor above over all possibilities for I',, with I'; held
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fixed, is

by
, ) .
Zn am’ (Om(vl), () —ai)/der), q) — Sm,Z(Tl)l) D2 Py

if V is replaced by V, then the sum becomes

by
b, & — Xpvr)
Z,,( aa:n) () @uy) — i) /d(er), q) — Sm,Z(I—M) D2 Py -

0(eq)

In the m = 2 case, the contributions of the one-edge graph I';,(»,)(0(e;)) such as
0(vy) =0, as in the first diagram in Figure 1, to the two expressions in (7-10) are

éffl(vl)(0(6’1))610(61) & — o)\
w2|PM(v1) and
Ry — (o) — ;i) /0(er) 0(ey)

éﬁl(vl)(b(el))qb(el) (ai _au(vl))bz 2|
Py
Ry — (@u) —ai)/0(er) 0(er) nen)

respectively. Thus, the contributions to the two expressions in (7-10) from all graphs
" such that 9(vmin) =0, u(vy) = j, and 0(e;) = d are given by (7-11), that is, they
are the (d, j)-summands in the recursions (6-2) for Z(b w), and Zr(lbaa,;)

Suppose next that I" is a graph such that u(vpni,) = i and val(vpyi,) > 3. If
|Ver| > 1, that is, I is not as in the first diagram in Figure 4, we break I' at vy,

into “subgraphs”:

(1) o consisting of the vertex {vmin} only, with the same x and d-values as in I,
with the same marked points as before, along with a marked point e for each
edge e € E,_ . from vpy;p;

Umin
(ii) for each e € E, , , I'c. consisting of the branch of I' beginning with the edge
e at vy, with the 0-value of vy, replaced by 0, and with one marked point at

Umins

see Figure 4 and 8. By (7-5),

(7-14)  Or~0r, x [] Qr.. = Moo /Sowmn) X [ | Cre-

ecE ecE

Ymin Ymin

where  mg = | (Vmin)| + |Eu,. |-

Let o, 7. be the component projection maps in (7-14). Since ¥1|g. = wiv1, T
acts trivially on Mo oo (wmin)»

U1 =1 x ¥y € Hf (Momgpom) = Hi @ H* (Mo mojo ()
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(i, do) @0 (.0 (k5
IﬂO Fc;e

Figure 4. The two subgraphs of the last graph in Figure 1.

that is, T acts trivially on the universal cotangent line bundle for the first marked
point on Mo o /o(um)» and the dimension of Mo oo (ua) 1S 720 + 0 (Vmin) —

mo+0(Vmin)—3

Z h_(r"'l)ﬂglﬁf.

r=0

h—
Since mg~+0(Vmin) <m—+|I'| and I" contributes to the coefﬁcient of ¢/"in (7-10), it
follows that (6-2) holds with  replaced by 2. and Z7) with Ny =m+d -2,

Cl.j (d)= Cl] (d) in the first case, and Cij d) = (’:{ (d) in the second case.
The argument in this section extends to products of projective spaces and concavex
sheaves (1-13) as described in [Cooper and Zinger 2014, Section 6].

8. Polynomiality for stable quotients

In this section, we use the classical localization theorem [Atiyah and Bott 1984] to
show that the generating functions 7”227 and A"~2Z™®) defined in (6-7)

n;a, m’ n;a, m’
satisfy specific mutual polynomiality conditions of Definition 6.2 with respect to

the generating function Zn; a defined in (3-3). The argument is similar to the proof
in [Cooper and Zinger 2014, Section 7] of self-polynomiality for the generating
function Z,., defined in (3-3), but requires some modifications.

8A. Proof of Lemma 6.6. The proof involves applying the classical localization
theorem [Atiyah and Bott 1984] with (n + 1)-torus

T=C*xT,

where T = (C*)" as before. We denote the weight of the standard action of the
one-torus C* on C by #. Thus, by Section 3A,

HE ~Qlh],  Hi ~Qlh, ay, ..., o).

Throughout this section, V = C @ C denotes the representation of C* with the
weights 0 and —/%. The induced action on PV has two fixed points:

q1=[1,0], ¢2=10,1].
With y; — PV denoting the tautological line bundle,
(8-1) e(yf‘)!ql =0, e(yl*)|q2 =—h, eT,PV)=h, eT,PV)=-h;
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this follows from our definition of the weights in [Cooper and Zinger 2014, Sec-
tion 3].
For each d € ZZ°, the action of T on C"* ® Sym?V* induces an action on

X, =P(C"®SymiV*).
It has (d + 1)n fixed points:
Piry=[P@u’™"v"], ielnlre{0}Uld],

if (u, v) are the standard coordinates on V and 15,- € C" is the i-th coordinate vector
(so that [P;] = P; € P"1). Let

Q=e(y*) € H (X))

denote the equivariant hyperplane class.
Foralli € [n] and r € {0} U[d],

d n
82 Qpep =ait+rh,  e(TppXa) = i TTI] ©@-o- sh)}
s=0k=1 Q=0;+rh
(s.k)#(r,i)
Since
BX; =P(B(C"®@ Sym?V*)) - BT and
d n
c(B(C"@Sym?v*) =[] - (e +sh)) € H*(BT),
s=0k=1
the TT—equivariant cohomology of X, is given by
B _ d n
HZ (Xq) = H*(BXg) = H*BDIR1 [ T[] (@ - (@ +sm)
s=0k=1
d n
~@[sz,h,a1,...,an]/]_[]_[(sz—ak—sh)

s=0k=1

d n
C Qulh, Q]/l—[l—[(Q—ock —sh).

s=0k=1

In particular, every element of H%‘ (X,) is a polynomial in  with coefficients in
Qg [#] of degree at most (d + 1)n — 1.
For each d € 779, let
(8-3)
X =1{be QomPV xP" ' (1,d):evi(b) € g1 x P" ' eva(b) € ¢ x P71}
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A general element of b of X/, determines a morphism
(f.8):P'— ®V,P"™D,
up to an automorphism of the domain P'. Thus, the morphism
gof l:PV - pr-!

is well defined and determines an element 6 (b) € X4. By [Cooper and Zinger 2014,
Section 7], this morphism extends to a T-equivariant morphism

9:94:%21—>§d.8
If d € 7, there is also a natural forgetful morphism
F:X,— Qou(P" ', d),
which drops the first sheaf in the pair and contracts one component of the domain if
necessary. If in addition m > m’ > 2, f, » is as in (6-5), and fo; is as in (1-3), let

y@

n;a;m’

= £5 VD = Qg P d).

n;a

From the usual short exact sequence for the restriction along oy, we find that

(8-4) eV )= (a)evix'@e(V\) ) e H{ (Qom(P"", d)).

n;a;m
In the case d = 0, we set

Fre(W" )= (@)evi(l x x‘®) e H*(Qon(PV x P"~!, (1,0))),

n;aim

Fre(VY) ) =1€ H*(QomPV x P"~!, (1,0))).

n;a;m

Lemma 8.1. Let [ € ZZ°, m,m',n € Z* withm > m’ > 2, and a € (Z*)'. With

Zpay 200 ZOD) 40 in (3-3) and (6-7),

n;a;m’? “n;a;m’

8-5) (=m" 2L, (h2,9)

—
n;a;m’ >y a 0/

o m
* v.(d b b;
= qu / el Q)ZF*e(V,i;;;m,) V) evr 1_[ wj’evj(e(yl*)zzrj).
X/ ,
d=0 d j=3

with (2, V., 7) = (2, V. 1), (£, V. ).
Since the right-hand sides of the above expressions lie in H[z, ¢] C Qu[#1[z, 4],

this lemma is a more precise version of Lemma 6.6.

8This morphism is the composition of the morphism 6, defined in [Cooper and Zinger 2014] in
the m = 2 case with the forgetful morphism

Qom(PV xP""1 (1, d)) = Qp2(PV x P! (1,a)).
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1 3

N 4 e S

(L4) 0.0 L2 (.0 (1.3
Figure 5. A graph representing a fixed locus in X/,; i # 1, 3.

8B. Proof of Lemma 8.1. We apply the localization theorem of [Atiyah and Bott
1984] to the T-action on %;,. We show that each fixed locus of the T-action on
X/, contributing to the right-hand sides in (8-5) corresponds to a pair (I'y, I'2) of
decorated graphs as in (7-3), with I'; and I'; contributing to the two generating
functions in the subscript of the corresponding correlator ® evaluated at x = «; for
some i € [n].

Similarly to Section 7, the fixed loci of the T-action on Qo, n(PV <P (d' d))
correspond to decorated graphs I' with m marked points distributed between the
ends of I'. The map 0 should now take values in pairs of nonnegative integers,
indicating the degrees of the two subsheaves. The map p should similarly take
values in the pairs (i, j) with i € [2] and j € [n], indicating the fixed point (g;, P;)
to which the vertex is mapped. The p-values on consecutive vertices must differ by
precisely one of the two components.

The situation for the T-action on

X, C Qom(PV x P! (1,d))

is simpler, however. There is a unique edge of positive PV -degree; we draw it as a
thick line in Figure 5. The first component of the value of ? on all other edges and
on all vertices must be 0; so we drop it. The first component of the value of x on
the vertices changes only when the thick edge is crossed. Thus, we drop the first
components of the vertex labels as well, with the convention that these components
are 1 on the left side of the thick edge and 2 on the right. In particular, the vertices
to the left of the thick edge (including the left endpoint) lie in ¢; x P"~! and the
vertices to its right lie in go x P"~!. Thus, by (8-3), the marked point 1 is attached
to a vertex to the left of the thick edge and the marked point 2 is attached to a vertex
to the right. By the localization formula (7-1) and the first equation in (8-1), I does
not contribute to the right-hand sides in (8-5) unless the marked points indexed
by j > 3 are also attached to vertices to the right of the thick edge. Finally, the
remaining, second component of y takes the same value i € [r] on the two vertices
of the thick edge.

Let A; denote the set of graphs as above so that the j.-value on the two endpoints
of the thick edge is labeled i; see Figure 5. We break each graph I" € A; into three
subgraphs:

(1) I'y consisting of all vertices of I" to the left of the thick edge, including its left
vertex v with its 0-value, and a new marked point attached to vy;
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Iy Ty I

Figure 6. The three subgraphs of the graph in Figure 5.

(i) I'o consisting of the thick edge ey, its two vertices v; and v, with d-values set
to 0, and new marked points 1 and 2 attached to v; and v,, respectively;

(iii) I'; consisting of all vertices to the right of the thick edge, including its right
vertex vy with its 0-value, and a new marked point attached to vy;

see Figure 6. From (7-5), we then obtain a splitting of the fixed locus in X,
corresponding to I':

(8-6)

Or ~ Qr, x Qr, x Qr, € Qo2(P"™", IT1]) x Qo2(PV. 1) x Qo (P" ™, T2]).

The exceptional cases are |I'{| =0 and m = 2, |I';| = 0; the above isomorphism
then holds with the corresponding component replaced by a point.

Let 7y, 7, and m, denote the three component projection maps in (8-6). By
(7_7)7

(8-7) e(NQr)

e(Tpi [|:Dn—l)
e(NQr,) e(NQr,)
:”*<e<rpuﬂm—'1>>'”*(e<rppn—21> (@i =Y @y =m3Y1).
Since for every j =m’ + 1, ..., m the closest vertex of Ver,, lies to the right of
the thick edge, by (7-8) and (8-4),
rp r 21
wn  CeOMg = ieome( eV,
) F*e (V(\FI) ) = i) (V(Irl\))n*e(v(\rzl) )
n;a;m’ 77 i) e 2 n;a;m’

Since Qr, consists of a degree-1 map, by the last two identities in (8-1)
(8-9) Weg:vy =N, Wepivy, = —Hi.

The morphism 6 takes the locus Qr to a fixed point Py (r) € X,. It is immediate
that k = i. By continuity considerations, r = |I'{|. Thus, by the first identity in
(8_2)7

(8-10) G*Q\Qr =q; + ||k

Combining (8-7)—(8-10) and the second equation in (8-1), we obtain
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8-11) ¢! / e(e*sz)zF*e(Vr(ll;l;jL,) ‘/fgzeV§ZU2 1—1?23 w,b-jerf ey w))
! Or e(NQr)
(—h)™ 25 (o )e%i* { Ty [hz |F1/ e().)r(llgl;ll))evﬁqbi 1 }
[ (i = ) or, h—=1» or, e(N Qr,)
X{ F2|‘/ e(v'glil;?flr)l/)evT¢i HTzz(wf/ CV7Wj) 1 }
! or, (=h) —yn Or, E(NQFZ) ’

This identity remains valid with [I";| = 0 and/or m = 2, [I';| = O if we set the
corresponding integral to 1 or to /i”a| p,, respectively.

We now sum up the last identity over all I' € 4;. This is the same as summing
over all pairs (I'y, I'y) of decorated graphs such that

(1) T'y is a 2-pointed graph of degree d; > 0 such that the marked point 2 is
attached to a vertex labeled i;

(2) ' is an m-pointed graph of degree d» > 0 such that the marked point 1 is
attached to a vertex labeled i.

By the localization formula (7-1) and symmetry,

O.}(‘,Fll))eV*(,bi
1 hz |r1|{/ €Vnia 2 }
F L@ ], B eV

> e(i}(fi))ev’z‘d)i .
=1+ (ge")" / —hey, = Zmalei b qe™);
i Qo.2(P~1,d) 2

“5(IT2]) * m bj  x
S 2k 7|5 +qu2|{/ eV am)eVidi [ [ (¥ erwf)}
’ o or, e(NQOr,)(—h — )

- (I b
/ e, eV [T/ (0 evim))
Qom(P"="d) (=h—y1)

00
= 8m,2thZD2|pi + Z C]d
d=max(3—m,0)

= Z‘(byW)/ (O(ia _h7 Q)-

n;a;m

Combining with this with (7-1), we obtain

o0 m

d * d b bj
> g //e(e Dpre(V N Urevion [ v evie)m))
=0 “Y%Xa j=3

e ile)et hzy 2 (b.m)
= (—h)" 2 E —Z a0y, B, qge"Z 7" (g, —H,
o = [l (@i — ) aleis 1 GE) S (€ D

D 2]
— (—h)m cbgma,z.(b,. /

niaim

(A, z,q),
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as claimed in the Z identity in (8-5).

From (8-7)—(8-10), we also find that (8-11) holds with V and V replaced by
V and n by #j, with the same conventions in the |[I'j| = 0and m =2, || =0
cases. We then sum up the resulting identity over all pairs (I'y, I'2) of decorated
graphs as in the previous paragraph. The sum of the terms in the first curly brackets
over all possibilities for '} is exactly the same as before, while the sum of the
terms in the second curly brackets over all possibilities for I'; is described by the
same expression as before with Vlill;z,z, and Z,i[;’;fn), replaced by V,E“;Z,Q/ and Z}Ebau;)
respectively. Thus,

e m

* ©(d b b
qu/x/ e Q)ZF*e(VrE;;;m') vy evamn | | Wj]erf(e()/l*)wj)
d=0 d i=3

n . .
B Y nia;)e”s . hzy 5(b.w)
= D e ey e 10 Z e

- (_h)m_ZanZn;a,Z(b'm) (h’ Z q)’

n;a;m’

as claimed in the Z identity in (8-5).
In the case of products of projective spaces and concavex sheaves (1-13), the
spaces

Qom(PV xP"' (1,d)) and X,;=P(C"®Sym’V*)
are replaced by

Qo,m(IPV x Pl o x I]J’"P_l, (1,dy,...,dp)) and
P(C" @ Sym™ V*) x -+ x P(C" ® Sym“r V*),

respectively. Lemma 8.1 extends to this situation by replacing z and ¢ in (8-5)
withzy. ...z, and 1. ... qp. g with g - gy, X with X}, . e®"%9) with
e@" QD21++0"2)2p and the indices d and n on the bundles V, V with (dy, . . ., dy)
and (ny,...,np,), and summing over dy, ..., d, > 0 instead of d > 0. The vertices
of the thick edge in Figure 5 are now labeled by a tuple (iy, ..., i,) with is € [n,],
as needed for the extension of Definition 6.2 described at the end of Section 6. The
relation (8-10) becomes

Q*Qs’Qr = ;i + |Fl|sh,

where |I'|; is the sum of the s-th components of the values of 0 on the vertices
and edges of I'; (corresponding to the degree of the maps to P™»~!). Otherwise,
the proof is identical.
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9. Stable quotients vs. Hurwitz numbers

Our proof of Propositions 4.1 and 4.2 that describe twisted Hurwitz numbers on
./\_/lo,3|d is analogous to the proof of [Cooper and Zinger 2014, Theorem 4], which
describes similar integrals on /\_/lO,Z\d- In particular, we show that it is sufficient
to verify the statements of Propositions 4.1 and 4.2 for each fixed a and for all n
sufficiently large (compared to |a|). For v,(a) > 0, we obtain the statements of
Propositions 4.1 and 4.2 by analyzing the secondary (middle) terms in the recursion
(6-2) for the three-point generating functions Z,(loal; and Z,E()al% defined in (3-32) and
(3-34), respectively. We also use (3-35) and (3-33). The latter is the string equation
for stable quotients invariants; in Proposition 9.3, we show that it is equivalent
to Proposition 4.2 whenever v,(a) > 0. In Proposition 9.2, we show that (3-33)
is equivalent to Proposition 4.1 whenever v,(a) > 0. We confirm Proposition 4.1
whenever v, (a) > 0 using Proposition 6.3; see Corollary 9.1. Since it is sufficient
to verify the statement of Proposition 4.1 with v,(a) > 0, the v,(a) = 0 case of
Proposition 4.1 then concludes the proof of (3-33).

9A. Proof of Propositions 3.1, 4.1, and 4.2. With n and a as in Propositions 4.1
and 4.2 and by, by, by, r € 729, let

]_-(bl,bz,hg)(a_ 7) =iﬁf e(f/éd)(oti))llffu//é’zwén
A" Jion T eV (@1 — )

5(d) by by b3
]:(bl,bz,bz)(w q) = i ﬂ / e(Va;r (i)Y' 221&3%
q: Iy - o . .
- = dY Mo [Tisi e(Vl(d) (i —ayg))
By [Cooper and Zinger 2014, Remark 8.5],

. b1+br+b3
(b1,b2,b3) ;- _ Ena(@i, q)
9-1) Foa (@i, q) = PP

0,0,0
FolO (@i, q);
thus, it is sufficient to show that

(9-2) frig;o’o) (i, q) = —+—.
; )
D, (i, q)

By the same reasoning as in [Cooper and Zinger 2014, Remarks 8.4, 8.5],

b1+by
by.bab Ensalay, )7 0,0,b
]:’(l.;.rz 3)(0[!_, q) = “l—}—r(rav 3)(011‘, 9):
;a; by b, a

thus, it is sufficient to show that

00 IRV
O3 DY FO (@, q) R {(hb—ﬁl[[yn;@(ai, h, q)ﬂq;rq’} 1.

h=0
b=0 r=0
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Corollary 9.1. Letl € 72°,n € 7+, and a € (Z*)'. If v,(a) > 0,
20D & h, ) = h7" Zpax, b q) € HEE" D[, q].

Proof. By Lemma 6.4(ii) and Lemmas 6.5 and 6.6, the series hZéoaI% (x, h, g) and

Zn; a(X, i, q) are C-recursive and satisfy the n-MPC with respect to Zn; a(x, h,q),
no matter what n and a are. It is immediate that

Zpa(X, 1, q) =1 (mod A7),
If v,(a) >0and d € Z,

dim Qo3(P"~', d) —tkV s = vy@d + (n — 1) > n — 1 = dim P"~".
s ;3

Thus,
hZ00x, h,g) =1 (mod A7),
whenever v, (a) > 0. The claim now follows from Proposition 6.3. U

Proposition 9.2. Ifl € 7Z% n e Z*, and a € (Z*)! are such that v,(a) > 0, then

Zpa(X, 1,
O4)  Z0Bwh g = Zra D)
lo(q)

if and only if (9-2) holds for all i € [n].

e (Hy (P [r!, ¢]

Proposition 9.3. If/ € 7Z% n e Z*, and a € (Z*)! are such that v,(a) > n, then
(9-5) 200, q) =07 Zpa(x, h,q) € (HF P q]
if and only if (9-3) holds for all i € [n].

For any ¢,¢' € [d] with t £ 1/, let A,y € Hz(ﬂo,mw) denote the class of the
diagonal divisor

{[C’ yla sym’ 5}1’ 75)d] E/Wg,mldzj\]t =§)l/}‘

A, = ZA”/.

t'>t

For any t € [d], let

We denote by s, 57, ... the elementary symmetric polynomials in

Bt ={(i —ar) ™"k #i}

for any given number of formal variables f;. Let

ay Ay —ay ,—ag Aa(ai)
Aae) = [ [ @af) T @ a7 ™, Anal) =

a;>0 ar <0
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Proof of (9-2). By (1) in the proof of [Cooper and Zinger 2014, Proposition 8.3],

[Fra @i @lgia

(9-6)
A (@)
d Ay )\‘& A d —dk—l )\‘1/} A
T =224 20 T T (14 55+ 27)
_/ a>0t=1r=1 a0/ g 20r=1 =0 arc; o
Moz I ﬁ(l i LA )
ki 1=1 O =0 O — 0k
=Ha;d(ai_la519 ---95d)
for some Ha.q € Q[y, 51, ...,54] dependent only on a and d, but not on n.’
Similarly, for any d, d’ € 7Y there exists Va:a.ar € Qly, 51, ..., 54], independent

of n, such that
9-7) 7 [Vsa(etis By @) gsalnsa = AZ;a(ai)j)a;d,d/ (y,51,...,54).

Thus, by (4-9), there exist &,.4, Cbg?)d € Qly, s1, ..., s4], independent of n, such
that

[Enaei. @)]g:a = R og Va(@i b, gz = Ay @wa(@ ' 51, 5a-1),
[[cbr(z(;);(ai, D]gia = hgjo%ﬂe—én;a(%q)/h j}n;a(‘xi’ i, @)]g.a
= AL () D) (" 51, ... 5q).
We conclude that (9-2) is equivalent to

> Haa, @), =64, foralld € Z7°.
dy,d»>0
d+dr=d

By Corollary 9.1 and Proposition 9.2, these relations hold whenever v,(a) > 0;
since they do not involve n, they thus hold for all pairs (7, a). ]

Proof of (9-3). For t € [d + 1] and r € Z=°, we define v, A]., € H*(Mo 3/4) by

(i‘— 1)f2*;3A,,d+1 ift <d;

A/: >(< A’ A, = *A
U = fo30n v = f23 t+{0 ift=d+1.

9Whatever polynomial works for n > d works for all n; this can be seen by setting the extra i ’s
to 0.
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Similarly to (1) in the proof of [Cooper and Zinger 2014, Proposition 8.3],

rag

a>0 = e(v;?r(a,))—]'[]'[(akal—wt+akA, 2 | [ =23, )

t=1 =1 r=1
—ai—1 —rag—1
a <0 = e(v;fL(a,))—]_[ [ ] (i + 2, + e,y - [T ares + 24,
t=1 A=0 A=0

Thus, similarly to (9-6),

0,0,b
[[]:rE ar )(a,, ‘1)]]4:61 2 ®
Apza(oi) Aaey)” Hacra

(', s1,...,54)

for some ’Hgi;d € Q[y, 51, ..., s4] dependent only on a, r, b, and d, but not on n.
Thus, by (9-7) with a = &, (9-3) is equivalent to

o0
Z Z(_l)bH;?;z;dl y@§d2742+b =3dq,0 foralld € 7>°.
dy,d>»>0 b=0
di+dy=d
By (3-35) and Proposition 9.3, these relations hold whenever v, (a) > 0; since they
do not involve n, they thus hold for all pairs (n, a). O

9B. Proof of Proposition 9.2. We study the secondary (middle) terms in the recur-
sions (6-2) for

1 Zn;a(X, n,q)
ly(q)

We show that (9-4) implies (9-2) by considering the r = —1 coefficients in these
recursions. Conversely, if (9-2) holds, we show that the r = —1 coefficients
in these recursions are described in the same degree-recursive way in terms of
th(eoclg)rresponding power series; Proposition 6.3 and Lemma 6.5 then imply that
Z 2, 10

é\';n;a(X,th) = and Z(O 1%(X n,q).

n;a;3 —
By Lemmas 6.4 and 6.5,
9-3)
Zn;a(ai’ h, Q)
oo Ng—1 J
S _ ¢/ (d)g?
=Y Y Eualj(@h +ZZ Eya—— Zpaloy, (a; —a)/d. q),
d=0r=0 d=1 j#i aj —a /

10The same argument, with slightly more notation, can be used to show that all secondary
coefficients are described in the same degree-recursive way, thus bypassing Proposition 6.3 and
Lemma 6.5.
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Zpalai h,q)
oo N,
d @’(d)ez
= {Zn ali (d)h™ ’qd+ Zpalaj, (a; —a)/d, q),

for some Ny € Zt and {Z,. ali (d), (Z, na); (d) € Qq. It is immediate that

In(@) Y 1 Znall @g* =Y {Zual (d)g"

d=0 d= 0
¢! (d)q?
=_ZZ( _ )/d n;a(Olj,(Olj—Oll‘)/d,q)
d= lj;él oj =
:_ZZ R {n~ Zn ala, , q)}
A=l jAi h=(aj—a;)/d

L0 et @)} = R0 Za(en b)) — 1
the first and second equalities above follow from the first equation in (9-8), while
the third from the residue theorem on P! and (9-8) again, which implies that the
coefficients of qd in Zn;a(ai, h, q) are regular in /i away from /i = (a; — ;) /d
withd € Z" and j #i and h = 0, co. Combining the last identity with the first
statement in (3-12), and (4-9), we obtain

©09) S (Zall@a’ = (O)(Q)—Zg”(q) {(h”b Zyaloi,h, q)}
By Lemma 63,

200 @i h.q)

=ZNZ{Z,§";;} [(d)h™ ’q"+22 &’ 200 (@) (aj—ai)/d.q).

_ na3
d=0r=1 d=1 j#i — (aj—ei)/d

for some Ny € Z* and {Z ©. 1;}’ (d) € Q. By Section 7B, the secondary coefficients
{Z(0 1%}’ (d) arise from the contributions of decorated graphs I' as in (7-3) such
that the vertex Umin to which the first marked point is attached is of valence 3 or
higher. In this case, there are four types of such graphs, as shown in Figure 7:
(i) single-vertex graphs;
(ii) graphs with either marked point 2 or 3, but not both, attached to vy, that is,
|l9_1(vmin)| =2
(iii) graphs with two edges leaving vpip, that is, |E

(iv) graphs with |9~ (vmin)|, |E

Umin | = 29

| = 1, but 9(vmin) > O.

Umin



498 ALEKSEY ZINGER

1 1 3
d
2 (l» dO) (lv d()) .
(J> %)
3 2
1 (J2, *) s 1 5
d>
(iv dO) d3 (lv d()) (]s *)
R 3 d() ezZ* 3
(J3, %)

Figure 7. The four types of graphs determining the secondary
coefficients {Z(0 1%} d).

By (7-7), (7-8), and (7-12), the contribution of the graphs of type (i) to the sum
SalolZ @ s

X g4 Hd)
(9-10) Z q_‘ / e(V'a(d)(Ol,)) — FOLO (G o,
1—0 d! Jam, 3ld Hk;éi eV, (o —ayg)) '

In the three remaining cases, we split each decorated graph I" into subgraphs as on
page 485; see Figure 8. Let 7, .., denote the projection maps in the decomposition
(7-14). By (7-7) and (7-8),

(9-11)
VO s piob e(NOr,,) .
e(TP’_u])n—l) —’gﬂoe(vl (a; Otk)) eel;[ nce—e(T pr 1)( e:vmin — 00 Ye) |
(V(lrl))|Qp V(\Fol)(a ) l_[ ”c ee V(\l“cel) .
eeElmln

Thus, the contribution of I" to ZZOZO{Z ©. 1%} (d)g? is
e )evig,
(9-12) qr'/ Vria JeVi#rlor
or e(NOr) »
> (qdo / eV @) [Neeg, Ve
o' J Mongay Tles € V1 (@ — )

be (Z20%)Evmin

(T ciel)
X l_[ qlrc;ea)_(b”+l)/ €Viia )CVT¢1'>
€; Unmin Qr*c:e e(NQ[‘C;e) )

e€Ey .

where mo = |9~ (Vmin)| + |E,, .| (which equals 3 if I" is of type (ii) or (iii), or 2 if
I" is of type (iv) above) and dy = 0(Vmin)-
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; ! 3 1 1 —OAO—O— 2
0 0.
2% (i, do) \LO—O/ p) (i. do) (1,0) (j2, %)
@ 0) (., %) ; 4
(i,0) (j3, %)

Figure 8. The subgraphs of the second and third graphs in Figure 7.

We now sum up (9-12) over all possibilities for I' of each of the three types. For
each e € E, . , let v, € Ver denote the vertex of e other than vp;,. By (7-6) and
Section 7B, the sum of the factor corresponding to e € E,, . over all possibilities
for ', with 0(e) =d, and u(v.) = j. fixed is

Umin

—DPrt o m Gt 2oy, 1, ),
(-1 he(a; —Dli/de){ (o q) }
where Z = Zn;a in cases (ii) and (iii) and Z= Zr(llao; in case (iv). Thus, by the
residue theorem on P! and Lemma 6.5, the sum of the factors corresponding to
e € E, ,, over all possibilities for I, is

(9-13) ) .
Z(ai, h, q) b Z(a;, h,q) 8b,,0 1n cases (ii), (iii);

—pbe gy J 20T D pyhegp | 20T DO O

=D h:O,oo{ fibet] } =D { fibet! } {0 in case (iv).

Combining (9-12) and (9-13) with (9-1), the first equation in (3-12), and (4-9), we
find that the contribution to Zf,io{Zéoal%} (d)g“ from all graphs I of types (ii)
and (iii) above is given by

0. (—Enalei, 9)" 1
For o g) Y oy [T(% o Znialeis 1) =850

be(Z0)Evmin e€Ey .
1 Sn:a@i9) |E”min|
0,0,0 _
=2 (B e e 1)
L) B |
@, (@i, q) Eumin
=P (S )
’ lo(q)
with |E,, | = 1 in (ii) and |E,,, | = 2 in (iii). Using [Cooper and Zinger 2014,

Theorem 4] instead of (9-1), we find that the contribution to Y"5° ({Z\%}}! ()¢
from all graphs I of type (iv) above is given by

>\ (—Epalai, @))PF!
g Dy hmo{hbﬂzm*(a”h’@}

Z%’ a(az,CI) 1{(—1) rgoal%( h. q)}

b
b=1 h
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Putting this all together and taking into account that there are two flavors of type (ii)
graphs, we conclude that

(0

®' (o1, 9)?

o
©O-14) Y 200N @q! = F? (i, )"
= lo(q)

00 a(cts, )b _]b .
3 b o |1 s ).

b! h=0
b=1
This is the same degree-recursive relation as (9-9) if and only if (9-2) holds.

9C. Proof of Proposition 9.3. We next apply the same argument to the power

series
Zra @) =h"" Za(x, i q) and 2D (x, 1, q).
In this case, (9-9) becomes
o ci)(())(q) 00 f ( )b (—1)b~
9-15 Z dyg? = 2Ly Smad 9%! Z, o, b, }
(9-15) ;{ ali@q’ =75 ; oD T a1 0)

The graphs contributing to {Zn; a); (d) are the same as before, as are the decom-
position (7-14) and the first splitting in (9-11). However, the second splitting in
(9-11) changes. For graphs I' of type (i) and (ii) with ©(3) = vpn, it becomes

(U] (ITol) 5 (Cciel)
e(Vn;a;Z) | Or = ﬂge(Va;OO (Ot,')) : n:;ee(vn;a )

with the second factor being 1 for the graphs of type (i) and e € E,, . denoting the

unique element for the graphs of type (ii). For graphs of type (ii) with ©#(2) = vin,

graphs of type (iii), and graphs of type (iv), it becomes

e(Vra)lor = moe(Va i (@),

e, = oL, ) 201,

eVl = o™V @) - e(V5").
respectively. 00
' Thus, like (9-10), the contribution of the graphs of type (i) to EO{Z'YE?;;}} (d)qd
is =

i q° / eV @)
=0 d! J o3 nk;ﬁi e(l.)fd)(oti —ag))

00 ( 1)b

0,0,b — 7

= E :}-;E;a;o )(ai’ q)hDEO{W[[Z";Z(ai’ B, q)]]q;oqo}-
b=0
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Similarly to (9-13), the sum of the factor corresponding to an edge e € E,_. in the

analogue of (9-12) over all possibilities for I', is

Umin

hs)%o{ W} 8.0 in case (ii) with 9 (3) = vpin, (iii) with e = e3;

(1] | Z@ b0 5, i case (i) with 9(2) = vy, (i) with e = ex;
AN i, . .
hﬂ_ﬁio{ % } in case (iv).

Thus, the contribution to 2310{2,5‘;’;;}} (d)q“ from all graphs I of types (ii) with

¥ (3) = Vmin and 9 (2) = vpin 1S

o0 h s
(0,0,0) (—én.a(ai, q)) Zy.alag, b, q)
Fromo @)Y - RN = — 85,0
b=0

X0)
®, .., q)
- (—a ‘ —1)]—",5?;?60)(%,61)
l(q)

and
Zoo Zoo (0,0,b) o DL
Uy r
L L Fn;a;r (aia q)hg:{(){ hb+1 IIZI’!;Q(ab h» Q)]]q;rq }a

respectively. Similarly, the contribution from all graphs I' of type (iii) is

0o 00 b :
0,0,b3) (_Sn;a(ai» q))” Zn;a(aia n,q)
Z Focar (@ Q)( by! hgjo pb2t1 ~ 8.0

by,b3>0 r=1

(D™ ,
X hf)jo Wﬂzmﬁ(aia h@)]g:rq

O a) ) S (—1)
n;ar"h (0,0,b) , r
= (#q) — 1) Z Z]:n;a;, (ot Q)hiﬁo{w[[zn;@(ai, h,@)]g:ra }

b=0 r=1

Finally, the contribution from all graphs I' of type (iv) is given by

= n;a\&j, b -1 b 3
_ZS, (@i, q) 9‘{{( )Z,g?;%(a,-,h,q)}.

b! =1 b
b=1 h

Putting this all together and using the first equation in (3-12), but now with a = &
and thus io =1, we conclude that
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o0

Z{Z(o 1%} (d)q
d=0 (0)
(I) (Clz,LI) 0.0.5) {(_1)b ' r}
%, q 1 WWn; i h, -
10(61) ;ZOF’”” (e ERO Pyl [Vo:olai, b, q)]g:rq

N Epalai, q)° (=P (0 D
_Z b! hgjo{ Z, w2 (@is s Q)}'

b
b=1 h

This is the same degree-recursive relation as (9-15) if and only if (9-3) holds.

10. Proof of (3-14)
The equivariant cohomology of P"~! x P"~! x P"~! is given by

HT*(Pn_l % I]:Dn—l % Pn_l)
n n n
= @[als <oy Oy, X1, X0, X3]/{1_[(X1 _ak)7 H(X2 _ak)’ H(X3 _ak)}
k=1 k=1 k=1

Thus, by the defining property of the cohomology pushforward [Zinger 2009,
Equation (3.11)], the three-point power series Z,., in (3-3) is completely determined
by the 1> power series

(10_1) Zﬂ;a(ail’ai27ai3ahl7h2ah3yq)

o0

= qd / e(vr[zl;a> eVT¢i1 ev;¢i2 ev§¢,~3
Dos®@1.ay (B — Y1) (i — ) (3 — ¥3)

The localization formula (7-1) reduces this expression to a sum over decorated
trees as in Section 7. Each of these trees has a unique special vertex vg: the vertex
where the branches from the three marked points come together (one or more of the
marked points may be attached to this vertex). We compute this sum by breaking
each such tree I at vy into up to 4 “subgraphs”:

d=0

(1) I'o consisting of the vertex vg only, with 3 marked points and with the same p
and 0-values as in I';

(i1) for each marked point r = 1, 2, 3 of I with ¥ (¢) # vg, I'; consisting of the
branch of I" running between the vertices ¢ (¢#) and vy, with the d-value of vg
replaced by 0 and with one new marked point attached to vo;

see Figure 9. The contribution of the vertex graphs (i) is accounted for by the
Hurwitz numbers of Proposition 4.1, while the contribution of each of the strands
is accounted for by the SQ analogue of the double Givental’s J-function computed
by (3-11), (3-12), and (3-15). Putting these contributions together, we will obtain
(3-14).
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Figure 9. The four subgraphs of the second graph in Figure 1,
with label i replaced by i;.

Leti = (vg) and dy =0(vg). Foreacht =1, 2, 3 with 9 (¢) # v, let e; = {vg, v}
be the edge leaving vy in the direction of ¥ (¢). By (7-5),

3 3
(10-2) Or ~ Or, x [ | @r, = Mo3ia,/Sap) x [ | Or.-
t=1 t=1
where the z-th factor is defined to be a point if #(¢) = vg. Let 7, ..., 73 be the
component projection maps in (10-2). By (7-7) and (7-8),
(10-3)
3
e(NQr) - (do) - e(NQr,)
W = gﬂge(yl 0 (Oli —ak)) . E njm(a)g,;vo —_ nglﬁt) .
3

(V)| 5, = eV @) - re(VIE).
=1

with the r-factor defined to be 1 if 9 (¢) = vy. Thus, the contribution of I" to (10-1)
is

(10-4)
1 3 (q_do f eV @) [Ty "
ITk#iﬁxi__ak)bthb3zo dO! ﬁﬂaﬂq)ITk¢ie(i§¢”(ai——ak))

3

*(IT1]) % * ‘(1T ) * *
X q'r‘]a)_(blﬁ‘li/‘ e(Vn;al )€V1¢ileV2¢i l_[qrya)_(br-‘rlf/ e(Vn;a )eV1¢i th ¢ir)
w0 Jo eV Or) (i —¥1) 1 Jor oW Or) (e —y) )1

=2

where the ¢-th factor on the second line is defined to be 7/, Gt g D (1) = vp.
We next sum up (10-4) over all possibilities for I'. Let

Zn§a(ai17ai’hlath) 1ft=1,

Z.‘ h, [ ,h 5 = >
l( al[ ! q) {Zn;a(ai»ainh» ht’ q) 1ft=2’ 3
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By (7-6) and Section 7B, the sum of the factor in (10-4) corresponding to each
t =1, 2,3 over all possibilities for I'; with 0(e;) = d; and p(v,) = j; fixed is

— 1)l R F— D) 2. h o, by, )

O R iR, i, ey )
Thus, by the residue theorem on P! and Lemma 6.5, the sum of the factor in (10-4)
corresponding to each ¢t =1, 2, 3 over all possibilities for I'; nontrivial is

{Z',-m, ai,, hy, q) }

b
D7 2 bt

h=0,00,—H,

Zi(h,oz,-,,h s ) —(b,
= (—l)b'hi)jo{—fq} —h " T @, —aw).

bit1
h ki

Since the last term above is the contribution from the trivial subgraph I';, the sum
of the factor in (10-4) corresponding to each r = 1, 2, 3 over all possibilities for I';
with w(vg) =i fixed is

' Zi(h, i, By, q)
(10-5) Z [t-factor in (10-4)] = (_1)brh§§0{ Tl’q };

Iy

this takes into account the graphs I with 9 (¢) =i.
By (10-4), (10-5), and Proposition 4.1,
(10_6) Z.ﬂ;a(ailsaiZ’ai3ahl’EZshSaq)
n 1 3
=) : I1, 0{ —5":a<“f*q)/hzi<h,a,-,,rm)}.

0
i=1 snfl(ai)cb,(l;;(ai’ [:1

By (3-11), (3-15), (3-12), and (4-9),

U e on ,
ﬁo{ﬁe g";a(a“whzﬂh’aiwhwﬂ}: 2 <(—1)’rsr;

s7,8¢,17>0
s{+si+ri=n—1
s/ Ci)(o) (o . s;—r;
a(@is @) Lpa(ai, )"
I N e AT )
S st lo(q) -~ Iy (q)
/=

for t =2, 3. Combining this with (3-26), [Popa 2013, Proposition 4.4], and (2-16),
we find that

(10-7) % {%e—é‘n;a(ai,q)/ﬁ Zi(h’ o, by, q)}

—1 § + (0 5,
e, <I>f,;3(a,~,q>Ln-a<ai,q)* ¢

=226 @

A T D)
s;=0r;=0 s,+r, (f])
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for t =2, 3. By the same reasoning,

(10-8) R {%e—&:a(““‘”/h Zi(h, oy, iy, q)}

n—1 § C'I'D(O) (i , §1—r1
. iy @) Lya(ai, q) .
=Y Y GV 200 (@i L q),
s1=0r;=0 |]S1+r1 (q)
where
. Lyaai, )\ @ .
(10-9) b)) (@i, q) = (—) &) (@, ).
1

On the other hand, by (4-10) and (4-8),

+ (0 _
" 0 (@, 9) Lyalei, q)° (Ln;a(ai, q)) @
o

= sum1(@) (@i q)
n

1 _jajdL

=_§ Lpaag, q) ==

at i=1 (@i ) dg

1d

lnl_[?=1 Ln;a(‘xi,CZ) if s =|a| —1;
~atdg

s++_|a| Y Lya(ei, @) ™71 otherwise.

The collection {L,.a(;, g)~'} is the set of n roots y of the equation
1—s1y+---+(=1)"s,y" —a?qy"® = 0.

Thus, if s >0and s + 1 < |a|,

n
d _
- E L.. . s+1—a
dq < nia(Qi, q)

— i’H(Ial—s—l) (_ Sn—1 , Sn—2 e, (_l)lal—s—l Svn(a)+s+l) =0,
dg Si Su Sn

where H") is as in (3-22). If |a| = n, {Ly.a(;, q)} is the set of n roots y of the
equation

Yy —(1—2a*) 's1y" '+ (1—a%q) sy 2 — -+ (=1)"(1 —a*q) " 's, = 0.

Thus, if s+ 1 < |a| =n,

- ) —| \d_L . (s+1—n)
(10-10) D Lualei, @) MG = a"H, 7" @),

vy ()
i=1
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where ’H.(f) is as in (3-23). If |a] < n, {L,.a(@;, q)} is the set of n roots y of the

equation

Y =siy" T e (DO s gy 4 (=)@ (s, — (1) Pa’q )y
+ (=@ YT e (- 1)s, = 0.

Thus, if s + 1 < |a] < n, (10-10) still holds. Combining the equations in this
paragraph, we find that

" (o, ) Lusaleti, q)° (Ln;a(oei, q))—“a)

: (0
= sm1(@) ) (@i q)

o
_ 5igl)7n)(aaq) ifs>n—1;
0o ifo<s<n—1.

Combining this with (10-6)—(10-9) and (3-25), we obtain (3-14).
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