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UNIMODAL SEQUENCES AND “STRANGE” FUNCTIONS:
A FAMILY OF QUANTUM MODULAR FORMS

KATHRIN BRINGMANN, AMANDA FOLSOM AND ROBERT C. RHOADES

We construct an infinite family of quantum modular forms from combinato-
rial rank “moment” generating functions for strongly unimodal sequences.
The first member of this family is Kontsevich’s “strange” function studied
by Zagier. These results rely upon the theory of mock Jacobi forms. As a
corollary, we exploit the quantum and mock modular properties of these
combinatorial functions in order to obtain asymptotic expansions.

1. Introduction and statement of results

A sequence of integers {a; }j.zl is called a strongly unimodal sequence of size n if
there exists an integer k such that

(1-1) O<ai<ap<---<ap>as1>-->a3>0

and a; + - - - +a; = n. A number of familiar sequences are strongly unimodal, for
example, the sequence of binomial coefficients {( jf 1)}’]’:% with n even. Attached
to strongly unimodal sequences is a notion of rank, analogous to the well-known
notion of the rank of an integer partition. For more on partition ranks, see for
example original works in [Ramanujan 1919; Dyson 1944; Atkin and Swinnerton-
Dyer 1954], and the more recent joint work of [Bringmann and Ono 2010] related
to mock modular forms. The rank of a strongly unimodal sequence is equal to
s — 2k + 1, the number of terms after the maximal term minus the number of terms
that precede it. For example, there are six strongly unimodal sequences of size 5: {5},
{1,4}, {4, 1}, {1, 3, 1}, {2, 3}, {3, 2}. Their respective ranks are 0, —1, 1,0, —1, 1.
By letting w (resp. w™!) keep track of the terms after (resp. before) a maximal
term, we have that u(m, n), the number of size n and rank m sequences, satisfies

(1-2) Uw;q):=)_ > ulm,n)(—w)"q" =Y (wq; q)a(w 'q: q),4" "

n=1 m=—o0 n=0
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where we set (w; q), 1= ]—[?;(1)(1 —wgq/), for n € Nj.
Recently, Bryson, Ono, Pitman, and the third author [Bryson et al. 2012] studied
this function in the special case w = 1, namely,'

o0

Uig) =Y > (=D"ulm,n)g" =Y ((n) —uy(n))q",

n=1 m=—o0 n=1

where u,(n) (resp. u,(n)) denotes the number of unimodal sequences of size n with
even (resp. odd) rank. They showed that for every root of unity ¢,

U(l; ) =F(¢),

where Kontsevich’s “strange” function is defined by

F(q) =) _(q: .

n=0

Previously, Zagier [2001] proved that this function satisfies the “identity”

< /12

(1-3) F(q)= _%Zn(7)q(n2—l>/24’

n=1
where (—) is the Kronecker symbol. The two sides of (1-3) don’t make sense
simultaneously. Indeed, the right-hand side of (1-3) converges in the unit disk
|g| < 1, but nowhere on the unit circle. The identity (1-3) means that at roots of
unity ¢, F(¢) (which is clearly a finite sum) agrees with the limit as g approaches ¢
radially within the unit disk of the function on the right-hand side of (1-3). Moreover,
Zagier proved that for x € Q \ {0},

(1-4) ¢ (x)+ (—ix)3/2¢(—1) _ Y3 / m(w +x) 72 (w) dw,
X 27'[ 0
where
¢(x) — e—nix/lZF(e—Znix)
and

n(w) — eniw/lZ 10_01(1 _ eZm’nw)

n=1

is the Dedekind eta function. Note that the constant +/3i /27 in (1-4) is given
explicitly in [Bryson et al. 2012]. There, the authors also gave a new proof of
(1-4), using the fact that U (1; g) is a (weak) mixed mock modular form for |g| < 1.
Here, we slightly modify the definition of “mixed mock modular form” given in

INote that the function U (w; q), given in (1-2), is equal to the function U (—w; ¢) as defined in
[Bryson et al. 2012].
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[Dabholkar et al. 2014] to mean functions that lie in the tensor product of the
general spaces of mock modular forms and weakly holomorphic modular forms
(up to possible rational multiples of g powers). In particular, we do not require
these functions to be holomorphic at the cusps, as in [loc. cit.]. Weak mixed mock
modular forms in this sense occur in a variety of areas including combinatorics
[Andrews 2005], algebraic geometry [Vafa and Witten 1994], Lie theory [Kac and
Wakimoto 2001], Joyce invariants [Mellit and Okada 2009], and quantum black
holes [Manschot 2011; Dabholkar et al. 2014].

The similarity between (1-4) and the usual modular transformation formula of a
modular form in part motivated Zagier [2010] to introduce the notion of a quantum
modular form. A quantum modular form of weight k € %Z is a complex-valued
function f on @ such that for all y = (¢ 4) € SL,(2), the complex-valued function
h, defined on @\ y ~!(00) by

(1-5) Iy (x) = f(x)—E(V)(cx+d)"‘f(ax+b>

cx+d
satisfies a “suitable” property of continuity or analyticity. The e(y) in (1-5) are
suitable complex numbers, such as those in the theory of half-integral weight
modular forms when k € %Z \Z.

This paper gives an infinite family of quantum modular forms from the “moments”
of the unimodal rank statistic. In general, such moment functions are of both number
theoretic and combinatorial interest. For example, in their celebrated work, Atkin
and Garvan [2003] discovered a partial differential equation relating the bivariate
generating functions for the partition statistics rank and crank, leading to exact
linear relations between rank and crank moments. Andrews [2007] provided a
beautiful combinatorial interpretation of partition rank moments in terms of “k-
marked Durfee symbols”. Andrews [2008] also discovered a relationship between
partition rank moments and the “smallest parts” partition statistic, which has led to
further work by Garvan [2011], for example. In addition to intrinsic combinatorial
interest, moment functions have been shown to satisfy modular properties. For
example, works including [Bringmann et al. 2009; 2010; Alfes et al. 2011] exhibit
relationships to weak Maass forms and mock theta functions.

To state our results, we define for r € Ny the “weighted” moment functions

1

1-6) (0= Gri 30 Y1)l m) @ (= 5)q"

n=1 meZ
where here and throughout we set ¢ := ¢>™* and
(1-7) Q(X. V)= ) ou OXY'eQIX. Y],

O<p=r
0<l<r—u
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the rational coefficients ¢, (u, £) being defined in (1-9). For example, the first few
polynomials (normalized, withY — Y — ﬁ) are given by

Qo(X.Y — %) =-2,

01(X,Y — &) = —4(X +2Y),
02(X,Y — 5) = — 2= (10X + 35X+ 6Y + 180X Y + 108Y?),
03(X,Y — 5;) = — 5363 (7X + 140X> 4 154X° +2Y +420XY

+ 1260X7Y + 120Y* 4 2520X Y* + 7207 ).

Note that in particular the first member of the family ¢, (7) is (up to a constant)
the “strange” function studied by Zagier and Kontsevich discussed above. That
is, ¢o(t) = —Zniq*”z“U(l; q) = —2mi¢(r). It is not difficult to see that the
functions ¢, (7) may also be written in terms of the “twisted”” unimodal moment

functions u,, defined for integers r > 0 by
(o)

ur(q) =y (=1)"u(m,nym’q".
n=1 meZ

The moments ), u(m, n)m" of the unimodal rank statistic are analogous with the
rank and crank partition moments, functions which have drawn wide combinatorial
interest since Atkin and Garvan [2003] famously introduced them. There is a vast
literature on such objects, including asymptotic questions and congruence properties.
While the unimodal rank moments are exponentially large for even r [Bringmann
et al. > 2015], it is surprising that the twisted moments ), (—1)"u(m,n)m’, as a
consequence of our results, are only polynomially large in n. We have chosen to
handle the more complicated expressions ), (—1)"u(m, n)Q, (m?, n— 21—4) because
the generating functions for these numbers have a fixed weight as modular objects
as seen in Theorem 1.1, while the generating function for the twisted moments
will have a mixed weight. To relate these generating functions ¢, (7) to the twisted
unimodal moments u,(7), by symmetry, we note that u,11(q) = O for integers
r > 0. In particular, using (1-6), we find that

r 76 8“ 1
(1-8) ér (1) = (i) ! Z C(z(nLl.)u)'m(uzz(CI)q ),
O<p=r
0<l<r—pu

where we define
—22£+16“F(% +2r — )
U(3+2r)ut O 2r —2pn — 20+ 1)!
The coefficients ¢, (i, £) are indeed in Q, as it is well known for integers k € N, that

r (% +k) € /7 -Q. The twisted moment functions also naturally extend the unimodal
function U (1; ¢) discussed above; namely, ug(q) =U(1; g) = —q1/24(2ni)_1¢0(r).

(1-9) cr(p, 0) =



UNIMODAL SEQUENCES AND QUANTUM MODULAR FORMS 5

To state our first result, we define another polynomial

(1-10) P.(X,Y):= Z b, (N, M)X*N+1yM,

0<N<r
0<M<3r

where the coefficients b, (N, M) are given explicitly in (3-13). Our first theorem
establishes that the unimodal moment functions ¢, are quantum modular forms on
@\ {0}, and that their transformation law also extends to H. The function #, below
is defined in (3-14).

Theorem 1.1. Let r € Ny. If t € HU Q\{0}, we have
3/2-0r 1
A1) ¢ (0) = (—im) g, ()
2/ Pr(w,(—ir)_l)e””wz/
R

where H,(t) = 0 for t € Q\ {0}. In particular, the functions ¢, are quantum
modular forms.

3sinh(z’TTw)

d (1),
cosh(mrw) W Hr (@)

Remarks. (1) The transformation law given in (1-11) in the case T € H essentially
establishes the mock modular properties of the unimodal rank moment functions
¢r (7).

(2) In the course of proving (1-11) in the case T € Q \ {0}, we show that for each
integer r > 0, the function ¢, is defined for t € Q. Moreover, in Theorem 5.1
of Section 5, we pay special attention to the case r = 1, and establish an explicit

finite value for ¢;(h/k) (h, k € Z) as the value of a polynomial in the root of unity
p2mih/k

(3) Our functions naturally arise from mock Jacobi forms. It would be interesting
to investigate whether a theory of quantum Jacobi forms could be developed that
contains functions arising in this paper as special cases.

Our next theorem exploits the automorphic properties given in Theorem 1.1,
and establishes the asymptotic behavior of the moment functions u,. While such
properties are of independent interest, we also point out that these functions are
related to the quantum moment functions ¢, by (1-8). To describe their asymptotic
behavior, we use the Bernoulli polynomials By (x) and Euler polynomials Eg(x),
defined by the generating functions

(1-12) e iB e
. — ()
. i1 k!

2¢%2 oo Zk
(1-13) p :ZEk(x)E.
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Theorem 1.2. For nonnegative integers r, as t — 0%, we have

12y, (e—zm)

37+ & Bk 2r 1Y, s 1 5
:274'1; 0 Z ( n )3 an<§)E2r+l+2k—2n<g)a

0<n<r

In particular, we have

2.6% 2 5
wt/12 =27t B - B = )
e uzr(e’ ) 2r+1( 2r+1(3) + 2r+1<6))

The paper is organized as follows. In Section 2 we provide relevant background
information on modular forms, Jacobi forms, and mock Jacobi forms, as well as
Bernoulli and Euler polynomials. In Section 3 we prove Theorem 1.1, and in
Section 4 we establish Theorem 1.2. In Section 5 we pay special consideration to
the moment function ¢;.

2. Preliminaries

Here, we provide preliminary information on automorphic forms in Section 2A,
and Bernoulli and Euler polynomials in Section 2B.

2A. Automorphic forms. In this section, we recall some fundamental properties
of certain modular and (mock) Jacobi forms. We start with the well-known trans-
formation law for the Dedekind n-function.

Lemma 2.1. Fory = (¢%) € SLy2(Z), we have

(2-1) n(yt) = x () (et +d)' (),

where x(y) is a 24-th root of unity, which can be given explicitly in terms of
Dedekind sums [Rademacher 1973]. In particular, we have

n(—%) = V—itn(r).

Here and throughout the square root is defined by the principal branch of the
logarithm. Moreover, we require the usual Jacobi theta function, defined for z € C
and T € H by

(2’2) ﬁ(z; ‘L’) = Z eﬂiv2f+2niv(z+%).
ve%-ﬁ-l

This function is well known to satisfy the following transformation law [Rademacher
1973, (80.31) and (80.8)]:
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Lemma 2.2. For A, u € Z and y = (f Z) € SL,(Z), we have

ﬂ(z +)\.T +M, T) — (_l))n-i-ltq—)Lz/Ze—Zﬂi)LZﬁ(Z; T),

0( i Vf) = X (et ) e Dy ;7).
cTt+d

In particular,
1 ‘
9 (5; __) = —iv/=ite Y (2 1),

The Jacobi theta function also satisfies the well-known triple product identity
(w= eZm'Z)

[e.¢]
O (z; 1) = —ig Bw1/? 1_[(1 —q”)(l — wq"_l)(l — w_lq”).
n=1

Additionally, we require the following classical Taylor expansion (see for example
[Zagier 1991]):

(Zniz)Zk)

(2-3) 9(z; 1) = =21z (T) exp(—2 kgl: G (7) 250!

Here for even integers k > 2, the Fisenstein series are defined by

B —
G(D) == + ) ok1(mq”,
n=1

where o¢(n) 1= ) dlin d*® and By denotes the k-th Bernoulli number.

We also make use of Zwegers’ functions A,(z1, z2; T) [2010] (see also [Bring-
mann 2008; Andrews et al. 2013]), defined for £ e N, T € H, z, € C, and
721 € C\ (ZTt +7Z) by

(_ I)anfn(n+l)/262nin12

(2-4) Ae(zr, 22 7) =T Y

1— neZnizl
nez q

These functions may be “completed” into nonholomorphic Jacobi forms by setting
Ap(zr, 22 7) 1= Ae(zr, 22 ) + Re(@1, 225 0).

The nonholomorphic completions of these higher-level Appell functions are defined
by

-1
Re(z1, 205 7) 1= % Ze(km)ﬂ(zz +kt + %; Er>R(ZZ1 —z—kt— %; Zr),
k=0

2mix

where e(x) := ¢ and where (with T = u +1iv)
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R(z;7) = Z (Sgﬂ(ﬂ) - E((n + Im(z))«/ﬂ)) (_1)”*%q*n2/2672nirzz’

v
ne%—&—l

with E(z) :=2 fOZ e~ dt. Proposition 2.3 below shows that the so-called “error
to modularity” of the function R(z; ) is the Mordell integral, defined for z € C
and T € H by

em’rwz—anw
(2-5) h(z; t) ::/ —dw
r cosh(mrw)

Proposition 2.3 [Zwegers 2002]. For z € C and T € H, we have

R(z+1;71)=—R(z; 1),
R(E; _l) = V—Zite "IN~ R(z: T) + h(z: T)).

T T

The completed higher-level Appell functions A¢(z1, z2; ) transform as follows.

Proposition 2.4 [Zwegers 2010]. For ny,ny,my,my € Zandy = (4 }4) € SL,(2),
we have

Av(z1 4+ 11T 4+my, 22+ naT +my; 1)

= (=) Moz (bny — ny) — m122)q "M Ry (21, 205 T),

~( u 22 c(—€z7 +22122) | ~
Al ——, ———; = d Ay(z1,22; 7).
g(cr—i—d ct+d ’”) (T + )e< 2(ct +d) e@ 22 7)

We further require “dissection properties” of the functions ¢ and R (see [Shimura
1973; Zwegers 2010; Bringmann and Folsom 2013]).

Lemma 2.5. With notation as above, we have for n € N,

n—1
AN (e=251Y@n) 2mi (6251 ) (z+1) _n—1 n—1,
ﬁ(’n>_zq 2 e 2 2y (nz+ L€ > T+ 5 int),

£=0
n—1
AN — (=5 @n) 2 (=51 ) (z+1) _n—1 n—1,
R(z, n)—;_oq 2 e 2 2)R\nz+ (¢ > r+—2 int).

2B. Bernoulli and Euler polynomials. In this section, we recall certain properties
of the Bernoulli polynomials By (x) and Euler polynomials E(x), defined in (1-12)
and (1-13), respectively, as well as their special values

By := By(0), Ep:=2"Ex(3).
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One property we make use of is a “dissection” property of the Bernoulli polynomials
(see [Abramowitz and Stegun 1964, Chapter 23])

m—1
(2-6) Bi(mx) =m*! Z By (x + 3) for m € 2Ny + 1.
m
a=0
Another “splitting” property that we use is
x4y k k
k
2-7) 2 Bk< . )=2(j)(j)8,»(x)Ek_,~(y),
]:

which follows easily from the definition of the Euler and Bernoulli polynomials,
using the fact that

2z - etz ze'? 2e¥?

2—1 =1 et+1

Here and throughout, we let ¢y := e2™/N for N € N. The next lemma expresses
derivatives of secant in terms of Euler polynomials.

Lemma 2.6. With notation as above, we have, for ¢ € Ny,
sec(zc+l)(%) = (—1)”«/§-62"+1E2C+1(%).

Proof. This follows quickly from [Cvijovié¢ 2009, Theorem 2]. Namely, using the
facts that E»._ (%) =—FEj_i (%) and Ep._ (%) =0 gives the claim. O

A fourth property that we use expresses the Euler numbers as integrals. Namely,
it is known (see [Erdélyi et al. 1981, p. 42, Equation (18)] for example) that for
k e No,

w2k
(2-8) / ——dw = 2i) % Eqy.
r cosh(rw)

Note that Ep;_1 =0 for k € N.

3. Proof of Theorem 1.1

Here, we ultimately conclude Theorem 1.1 from Propositions 3.6-3.8 below. In
Section 3A, we establish properties of mock Jacobi forms related to the unimodal
rank generating function; and in Section 3B, we construct mock modular forms from
its Taylor coefficients. In Section 3C, we establish quantum modularity and prove
Theorem 1.1. Until otherwise indicated, throughout this section, we take t € H.
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3A. Mock Jacobi forms and unimodal ranks. Here we establish properties of
mock Jacobi forms associated to the unimodal rank generating function. We begin
by writing U (w; ¢) in terms of the Appell functions A;(u, v; t) defined in (2-4).
Throughout, for w, wy € C, we let

U(wy; wr) :=U(e(wr); e(wr)).

Lemma 3.1. Let w = e(z). With notation as above, we have
1
(w2 = w=12)(g; 9)oo

Proof. Entry 3.4.7 of “Ramanujan’s lost notebook” (see [Andrews and Berndt 2009,
p. 67]) gives witha = —w, b = —w~! that U(z; 7) equals

U(z;T) = (A](Z,—Z;‘L')—w_lA3(Z, —‘L';‘L')).

—1 S q”z
3-1
G- (1—w)(l—w g (wq: @)n(w='q: q)n

1 —1) n(n+l)/2w—n
n - Z (=D"q
(I=w™)(q; @)oo 7= 1 —wg"

We note that the second sum on the right-hand side of (3-1) is easily seen to equal

1
w2 —w=12)(q; 9)

Ai(z, —z; 7).

Using these facts, the result follows after applying the identity (see [Atkin and
Swinnerton-Dyer 1954])

(1w —1)<1— )nZ

}’L2

(wg; q)n(w q; Dn
—1 1

= Asz(z,—1;1). O
w2 —w=12) (¢; ) o 3(, —7i T)

Next we define a normalization of the function U/(z; 7)

(3-2) YHz o) = —(w"?—w )¢ > U@ 1)
=17 (0 (w A3z, —T 1) — A1z, 2 D),
where the second equality follows from Lemma 3.1. Using Proposition 3.3, we

now establish a transformation law for ¥, which is a key step in showing quantum
modularity of the functions ¢,. To state this, we define

H(z; 1) = iﬁ;if;)

2z; 1) —g(z; 1),



UNIMODAL SEQUENCES AND QUANTUM MODULAR FORMS 11
where h(z; T) is given in (2-5), and

2
g(z ‘L’) — / witw?/3— 27rw251nh( nw) dw
f cosh(rw)

Proposition 3.2. With notation as above, we have

37T122/‘L’Y—i-<£ _l) 1 _Y+ T =H T
Tt )=t @) @0

To prove Proposition 3.2 we rather work with a second normalization of the
function U (z; t), namely,

XF (2 1) 1= —e T (w2 — w2 (g: )l (25 T)
= (w_1A3(Z, -1 ‘[) — AI(Z, -z .[))e—37rzz/(2v).

Moreover we need the completed function

(3-3) Xz 1) = (w4 -1 1) - Az, —z T))e_3’”2/(2”)
= (23(2, 0;7)— A\l (z, —z; .L_))ef37rz2/(2v)’

where the second equality follows from the first transformation in Proposition 2.4.
Using Proposition 2.4, it is not difficult to establish a modularity result for
X (z; 7):

Proposition 3.3. With notation as above, for y = (f Z) € SL,(Z), we have

y(crj—d; )/‘L’) =(ct +d)5(\(z; 7).

From Proposition 3.3, we can establish a transformation property of X (z; 7):

Proposition 3.4. With notation as above, we have that
X+(£; —l)rfl — Xtz 1)
T ,
i ! 1. T\\ —3222/0v)
=50z hQ2z; 1)+ —=n(7) Z ih(z ==K —))e ¢ .
(2 23 < 3’3
Proof. Using Proposition 3.3 we obtain that

()ﬁ(%; —%)‘5_1 Xtz r))Zi = fi(z; )+ folz: ),
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with
. o _l. _é —3772%/Qvt) _—1 £2miz/T p <3Z l _é)
fl(Z,T)-—ﬁ( p T>e T Xi:ie ir -
— /(13 30)e 3T/ N 1 AR (37 13 30,
+
frz; 1) = 0(%; —%)R(%; —%)e‘hzzf/(z”)r_l —9%(z; 1) R(2z; r)e_3’”2/(2”).

We next simplify f; and f>. Firstly, using Lemma 2.2 and Proposition 2.3, we
obtain that

(3-4) Fzi 1) = =0 (2 Qg 1) @),

Next Lemma 2.2 and Proposition 2.3 yield that

0(_1; _é)e—3nzzf/(2vf)t—l Zie:i:ZHiz/tR(?’_Z 1 _§)
T T T T

e Dal(s 545 )
=3¢ B Z:I: e3ig) th(z£31 7))

Now Lemma 2.5, the fact that ¢ (0; 7) = 0, and Proposition 2.3, give that
1z 1/6
ﬁ( 3 3) —2 sm(3) 9 (t; 30),
R(z + 3 5) = _q 5P (D R(3z — 72 31) + R(3z: 37)
_ q—1/6e—2m‘(zi%)R(3Z 1 1:37).

Thus
Z :FR(Z + %; %) =2i sm<23 ) —1/6 Z +e*2"IR(3z F 1; 31),
+
and hence

i} LS VR 1.1\ —3722/0u)
(3-5) filz;T) = Vel ﬁ(r,3t)§:l:h(z:l:3 3) ,

Combining (3-4), (3-5), and the fact that 9 (t; 37) = ~1/6y (1) gives the claim.
O

Proof of Proposition 3.2. First note that

3 :I:h(z + %; %) —=2i/3-g(z; 7).
+
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The result now follows immediately from Proposition 3.4 and Lemma 2.1, using
the fact that
e3nz2 /(2v)
Y'zo=—X"(z1). O
n(7)

3B. Taylor coefficients and unimodal ranks. Using the results from Section 3A,
we next construct mock modular forms from the Taylor coefficients of the unimodal
rank generating function. The functions H(z; t) and Y (z; 7) are holomorphic in
Z, and it is not difficult to see that they are both odd functions in z. So we may write

o0

(3-6) Yo =) ay@® ™,
r=0

(3-7) H(z;7)= Z hay ()22
r=0

The next lemma describes the modularity properties of the Taylor coefficients
ax () of Y (25 7).

Lemma 3.5. With notation as above, we have

37) —J _ .
aZr(—%>(—it)_3/2_2r= Z (37) (=D (=it) T (azj (1) + haj (1)).

0552 !
Proof. Proposition 3.2 directly yields
Y*(i; —%) =ie /i (Y (2 1) + H(z: 7).

T

Inserting (3-6), (3-7), and the Taylor expansion of the exponential function, we
obtain

> (1))

S S ¢ .
=iv=ie ) EEEI S o)+ iy (o)
£=0 ' =0

o0 r—j . .
=iv=it) 27 Y ((in—)j)v(_1)r+j(—it)j_r(02j(f)+h2j(f))'

r=0 0<j<r

2r+1

Equating the coefficients of z gives the claim. ([

To prove the transformation law for the functions ¢,, we define for r € N,

Gai)T (5 +2r — 1)
3-8 by (1) = . .
(3-8) r(@)i= ) —— T 20(®)

O<p=r
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We will later show that ¢, (t) = by, (7). The functions by, (t) transform as described
in the following proposition, a fact which follows as in [Eichler and Zagier 1985],
using Lemma 3.5.

Proposition 3.6. With notation as above, for r € Ny, we have

o (=2) (i) oy (@)
o Bri) T (5 +2r — i)
= —(—ir) ¥ 2
OS% T(3+2r)u!
Z (3n)r—u—j(_1)j BRIz
(r—u—j) ot

((—i'c)j*’*“*%hw (T)).

0<j<r—p

Our next proposition shows that the “errors to modularity” 4, are C*°, a fact
we use in the course of establishing the quantum modularity of the unimodal rank
functions ¢, in Theorem 1.1. In doing so, we split the Taylor expansion of H(z; )
into two pieces

(3-9) H(z;t) = Hi(z; ©) + Ha(z; 1),
with
Hi@n) =Y a0 = ””i Dhz o),
r=0

Hy(z;7) = th 2 (0= —g(z D).
r=0

Proposition 3.7. The functions hy, are C*® on R. To be more precise, hi ()
vanishes to infinite order for T € Q, and we extend this function to equal 0 on all
of R. Moreover, for T € HU Q, the function h; », satisfies

. 2r+1 2
i 2m) i /enirw2/3w2r+1 Slnh( ﬂw) dw.

hy o (1) = SBr+ D) sinh(r w)

Proof. Firstly, we have

Hi(z;7)

00 ap ’

[9(z: DA 22 D)z
Z r!

o 3 9
25(v) & 02

P 2 L1 92! 9 o) 92r—2¢ oz o]
_277(T)r:0(2r+1)!K:0 204 1) 72041 5T Zoa 2r—20 25 T)lz=0,
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so that

i r 1 8215-0-1 2r—2¢
h2r(1) = > [9(2; D) ]=07 55711 (22 T)]:=0-
' 2n(7) e 2€+1)! (2r—20)! 9z2¢+1 8 9722

It is not hard to see that £(2z; t) is C*™ as a function of t near z = (. Moreover by
(2-3), we see that
i aZZ-H

2’7(_[) 9720+ — [0z )]=0

gives a linear combination of Eisenstein series multiplied by 1?(z). It is well known
that the Eisenstein series satisfy

Gy (_%) =t*Gr(r) (k> 2, even)
and .
Go(—1) =T2Ga(0) + 1.
T 4

This implies that the function /,,(7) and its derivatives vanish exponentially for

7 € Q. The second claim follows directly by inserting the Taylor expansion of
—2mzx

e . ([

3C. Quantum unimodal ranks. Building from the results in Sections 3A and 3B,

here we prove Theorem 1.1.

Proof of Theorem 1.1. We first relate the Taylor coefficients of ¥ (z; 7) to the
unimodal moments u5,. Using the definition of uy,, it is not difficult to verify that

' i Qriz)¥
(3-10) Uz T) = rXZ(:)qu(Q)W

Using the Taylor expansion of sin(;rz) we find that

YT (z;1) = —21'41_1/24 sin(wz)U(z; T)

uzg(q)qfl/2422572r
=2 2miz)* ,
( mz)Z( miz) O; Q0! (2r—=2¢+1)!
yielding
G-11) ay(t) Z une(q)g /24222
2mi)?rt! Kol QO'2r —2¢+ 1)!‘

Using (3-11), the definition of ¢, (7) in (1-6), or its equivalent formulation given
in (1-8), as well as the definition of b,,(t) in (3-8), it is not difficult to see that for
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each r € Ny, by, (1) = ¢, (7). Combining this with the fact that

h2j(t) = h12;(T) + h2pj(7),
Proposition 3.6 yields

(-12) go(—1) i — ()

i i 1
=—(—it) 3> Z (3”)r1](_1)1’MF(§+2r—M)
o LGH2Np0r—pn—=j)!
0<j<r—u

oM

X o (=) 0 () 4 o ().

By continuation, (3-12) and what follows hold on HU Q@ \ {0}.
We first consider the first summand. We have by Proposition 3.7

oM
(i )
i (27.[)2]-‘,-1

T
_ 2
o 3 P e e G T = X
R4 aTH—t cosh(rw)
a (j+r—p+3)

_ Z(_1)eiu+ln2j+l+u—£22j+l3(—u—% (M)
—~ ) Qj+DIT(j+r—p+3-1)

smh(z’gw)

cosh(mrw)

X (_”.)j-i-r—o—z "w Zf w2]+2u 2£+]€mw /3
R

We now define the numbers
br(i, j, £) ==
i(_1)]+Z+,u22j+17.L_r+j+u+1—£3r+€—u—j—%F(% +2r —M)F(j bt %)
Qi+ DWW (=0l —pn—DIT(3+2r)T(+r—pn+3-1)

’

and let
(3-13) b(N.M)y:= > Y be(u, j. b
O<sp=r O0gjsr—up
0=<fl=u
N=j+pn—L

M=p+L+r—j
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Moreover, we define H, (t) to be

(3-14) (—it)2~ %
3 Br) I (=1)JirT (3 +2r — p) o#
C(3+2r)ulr—p—jt ot

gl
((—imy =3, 25(0)).
O<p=r
O<j<r—u

Note that H,(t) =0 for 7 € @\ {0}. We have thus shown for 7 € HU Q \ {0},
. \—3_2r 1
(i) (—2) — @
. sinh(h—w)
— _ Pr (=i —1 mrwz/3—3d —H, ’
/R (w, (—it) e coshGri) 4 H, (1)

as claimed in (1-11).

Finally, under the translation T — t + 1, it is clear using the definition of ¢, ()
in (1-6) that ¢, (t + 1) = e "/12¢, (7). With the proof of Proposition 3.8 below,
using (1-8), Theorem 1.1 now follows. (|

We are left to show the existence of the moment functions and their derivatives.

Proposition 3.8. For r, n € Ny, the moment functions

" 14
@[q 2 (q)]

are defined for every root of unity g = ¢ and lie in 7[{].

Proof. For ease of notation, we let

Dy =o—,
o= ax
In(w; q) = (wg; Om(w™'q5 q), .
To finish the proof it is enough to show that for m sufficiently large, and every
n, r € Ny, the function

(3-15) Dy (D[ (w; @)lw=1)

vanishes for g = ¢.
It is not difficult to see that for m € N,

Dy, (Jn(w; q)) “ qu " wlg
3-16 Zwemie 1 R ).
( ) Jm(w;q) kizl:l_qu-i_z 1—w lq" m(w CI)
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We further relax notation and let J := J,, (w; ¢), R := R,,(w; g), and R®") := D! R
for r € Ny. Using (3-16), we find that

Dy,J =JR,

Dy J=J(R*+RWM),

D}J =J(R*+3RR"Y +R?),

DYJ = J(R*+4RR® +3(RV)* +6R*R™ + R®),

Note that each D7 J can be expressed as J multiplied by a sum over the partitions of
r. Thatis, given a partition w =€ () - 14+£€o(w)-2+- - -+ L, () - (r =) +£, ()1
of r (where each £ () € Ny), we may assign the product

w .
l<j=r

Conversely, every such product appearing as a summand as above for D’ J corre-
sponds to a partition of r. In general, we have

D Lm(wi @)lumr = @3 )3 3 e [T (04 1Rn(wi@)lus)
wkr 1<j<r

where we sum over all partitions 7 of . The exponents £ (;) correspond to the
number of parts of the partition 7 of r, and the constants c(7) = ¢, (;r) also depend
on the partition v of r. Now using the definition of R, (w; ¢) in (3-16), we may
write

G171 Y e [] (P4 [Ru(w: )ut)”™

Thr 1<j<r
J = Z (q) = Ru.r(q)
]—[] 1(1 . m,r ’

k=(k..

where ¢ = ¢, € N depends only on r, and P, € Z[q]. Next we apply the operator
Dy to (q; q)2, multiplied by R,, ,(¢) in (3-17) above. Using the product rule, we
have (3-15) equals

Y- ()Pi(@: %) 2y R ).
0<j=zn

It is not difficult to see that

((q CI) _ Z

CHA .

=:Tu(q),
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and for [ € N, that

m

Dy (T =)

k=1

Ork,1(q)
(1—gH*

with QO ;(q) € Z[q]. Therefore, we may conclude that (3-15) has the shape

P, .(@q)
. 2 k,r,n
@ D, E I (1 k,.)r+n’
k=(ky,....kq) L Li=1 q

where d = d,,, € N depends only on r and n, and P,;’r’n €Z[q]. Now if ¢ = ¢,

then (g; q)jzw (M € N) vanishes at ¢ = ¢ of order > 2|m /M |. On the other hand,
each term

Pirn@
H?:l (1 _ qkj)r—i-n

vanishes at ¢ = ¢ of order at most d(r 4 n), which is a constant independent of m.
Thus, the claim follows. U

4. Proof of Theorem 1.2

To prove Theorem 1.2, we recall (3-2). It is not difficult to see from Proposition 3.2
that

YH(zin=—Hin+) B0
r>0
with
B (1) & e Mt

for some N > 0. To find the asymptotic expansion of H(z; it), we split as in (3-9)
and bound using (2-3)

hyor(it) < e M/

for some M > 0. Thus we are left to determine the asymptotic expansion of
Hj(z; it). For this, we write
. . 2w
L efntw2/372r[wz Slnh(T)
V3 Jr cosh(rw)
(=22 N (=i /3) / w2 F2+1 ginh (2L
R

i o0
@1 :_ﬁg @+ &= &

Hy(z;it) = — dw

) dw,
cosh(rw)
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where the identity in (4-1) refers to an asymptotic expansion. Thus, to determine
the asymptotic expansion of H,(z; it), we are left to evaluate explicitly for a € Ny,

w2l sinh(Z”Tw)
Cq :=/ dw
R cosh(rw)

_l/ w2a+1(€2nw/3_672nw/3) dw_i (ZTJT)ZrI/ w2a+2r .
2 Jr cosh(rw) o 2r — 1! Jg cosh(rw)

From (2-8), we have that the integral above equals (2i) 24~ E5, 5., yielding

00 2r—1 i
Ca = (=20)72" ‘Z((z ;)  Eaavar = (=207 ‘Z( ) v

The second equality above holds because E; =0 for j odd.
We are thus left to understand ) oo (v"/r!)E, 4 for positive integers b and
v=mi/3. Set

o0

E,
f):= Z er = sech(v),

r=0
where the second equality above is simply the definition of the Euler numbers. Then

o0

E yp
f(”’(v)=2 ;J'r o

r=0

Thus
4-2) Co = (—=2i)72¢" 1 gech®+D (%) — p—2a—1 gocQatl) (%)

Next we deduce from (1-12) that

L __Z 2n(2)(2m~z)2n—1
2 sin( z) 2n)!
Combining the above, we have esta%hshed that the asymptotic expansion of

U(z; it)e™/12 as t — 0T is given by

1 00 k
2r 2 =" (_7”/3)
2(2””) =1’ Z (2n)' (2r—2n+1)vZ [ Gk

0<n<r

Thus, using (4-2), we have the asymptotic expansion as t — 0T,

Q=127 Sk Nk
V3 < k! <__) 2

3
n 2n
% Z (_1) BZn(§)2 sec(2r—2n+2k+1) (Z)
n)!'2r —2n+1)! 3

(4_3) eﬂt/12u2r (6_27”)

0<n<r
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Using Lemma 2.6 together with (4-3), we have

(4_4) eﬂt/12u2r(e—2ﬂt)

32+l 220 Brr)k 2r+1 1 5
= 3_2nB n\ 5 E r =2n\ 7 )
2r+1k22(; k! 2 ( 2n ) 2 (2) k=2 <6>

O<n<r

which concludes the proof of the first statement of Theorem 1.2.
Next we prove the claimed asymptotic for the main term. Since By,+1(1) =0,
we may rewrite the kK = 0 summand of (4-4) as

32r+1

2k 1\, o (1 5
v, 2 (T ) Bn(a)’f%“—"(g)-

0<n<2r+1

(4-5)

Now we use (2-6), which yields that

2
1 _1 1 a
Bn(5> =3" E Bn(6+§>.
a=0
Thus, (4-5) equals
2

Z Z (2r:1>Bn(é+g)E2r+l—n<%>-

a=00<n<2r+1

32

4-6
(4-6) 2r+1

Using (2-7), (4-6) reduces to

2.67 & 1 a
B —+2).
11 ZO 2r+1<2+6)

a=

Noting again that By, (3) =0, we find that as claimed, as t — 07,

2.6 2 5
e Mup. (e ~ 1 (BZr—H (5) + Bory1 (8))

5. An example: the moment function ¢ (7)

In this section, we give an exact value for the quantum moment function

¢1(v) = 4mig7 P "N (=)™ u(m, n)(m* + 2n)q"
(5_1) n=1 me”Z

o 0
— 47%ig ”24(u2<q>—m IEMO(CI))
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To describe this, we define for positive integers n the polynomials

(52 du(q) :=nlg: 9)_14" — 24" (; q>n§ Ja’ l1'[ (1-4¢") e Ziql,
j=l1 k=1
k#j

(5-3)  bulg) :=q""' Zq [T -4") € ziql.
j=1 k=1
ket j

Theorem 5.1. If h, k € N, with gcd(h, k) = 1, we have

2k—1

¢1(%)=8n3zc24k(2d &) Z n(§£)>-

Remark. Theorem 5.1, together with (1-11) in the case T € @\ {0} of Theorem 1.1,
gives an exact value for the integral

/ Pl(w, (_ir)—l)eﬂi1w2/3
R

To prove Theorem 5.1, we first establish Propositions 5.2 and 5.3 below. These
propositions give alternate expressions for the functions defining ¢ (t) (see (5-1)),
which we subsequently evaluate for g = ¢, where ¢ is any root of unity.

sinh(Z”T“’)
cosh(rw)

Pl'OpOSitiOH 5.2. With notation as above, we have
uplq) = 2mi d q).
9 0 — n

Moreover, if gcd(h, k) = 1, we have

—[uo<q) b =2 Zd ).

Proof. The first statement follows by straightforward differentiation, using that
uo(q) = U(0; t), definition (1-2), and the fact that 1/(27wi)(0/0t) = q(d/dq).
To prove the second statement, we observe that d,(q) is of the form d,,(q) =
(g;q9) n_lcin (g), where c?n ({,f‘) < 00. The statement now follows, observing that for
n >k + 1, the factor (¢; ¢),—1 of d,(g) vanishes when g = {,f’. O

Proposition 5.3. With notation as above, we have

82
@r)ua(q) = 55U Dlmo = =227 Y ba(@).

n>1



UNIMODAL SEQUENCES AND QUANTUM MODULAR FORMS 23

Moreover, if h, k € N, with gcd(h, k) = 1, we have

2k—1
Qi) uy(gf) = —2Qmi)* Y ba(g]).
n=1
Proof. The first statement follows by straightforward differentiation, using definition
(1-2), and the fact that 1/(27i)(3/98z) = w(d/dw) for w = >, To prove the
second statement, using the first statement, we see for n > 2k, the j-th summand
defining b, (q) (for any j > 1) contains either the factor (1 — g¥) or (1 —¢%) (or

both), both of which vanish when g = ;,f’. ([

Proof of Theorem 5.1. Theorem 5.1 now follows from the definition of ¢ (7) (see

(5-1)), Propositions 5.2 and 5.3. O
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