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ON CERTAIN DUAL ¢-INTEGRAL EQUATIONS

OLA A. ASHOUR, MOURAD E. H. ISMAIL AND ZEINAB S. MANSOUR

We consider three different systems of dual g-integral equations where the
kernel is the third Jackson g-Bessel functions. We solve the first system by
applying the multiplying factor method (ansatz solution) and the second by
employing the fractional g-calculus, and we use the g-Mellin transform to
reduce the third system to a Fredholm g-integral equation of the second
kind. Examples are included.
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1. Introduction

Dual integral equations arise in a natural way while solving certain mixed boundary
value problems. See [Sneddon 1966; Sneddon and Lowengrub 1969; Titchmarsh
1986]. Many of the dual integral equations are of the form

/OO ww) AWK (u, x)du =1(x), O0<x<a,
0

/ AWK (u,x)du = u(x), a<x <oo,
0

where w(u) is the weight function, K (x, u) is the kernel function. Several authors
have described various methods to solve dual integral equations, especially when
the kernel is a Bessel function. Busbridge [1938], Tranter [1951], Noble [1955;
1963], Sneddon [1960], Copson [1961], Peters [1961], Williams [1961], Erdélyi and
Sneddon [1962], Nasim [1986] and others have described different methods to solve
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dual integral equations. An account of these methods is given in the introduction of
[Erdélyi and Sneddon 1962] and, at greater length, in [Sneddon 1966, Chapter IV].

We now briefly mention three methods whose g-analogs will be treated in this
work. The first approach, developed by Noble [1955] and Copson [1961], is the
multiplying factor method. This approach involves the application of a certain
multiplying factor, and after some manipulations we can solve the dual integral
equations. The second approach uses fractional calculus to solve dual integral
equations, and was developed by Erdélyi and Kober [1940] and Erdélyi [1951].
Their technique became a standard tool for solving dual integral equations. For
example, see [Erdélyi and Sneddon 1962; Love 1963; Kesarwani 1967]. Finally,
the third approach uses the Mellin transform to reduce the dual integral equations
to a Fredholm equation of the second kind which can then be solved numerically.
See [Williams 1961; Nasim 1986; Titchmarsh 1986].

In this paper, we are interested in solving dual g-integral equations when the
kernel is the third Jackson g-Bessel function defined in (2-14) below and the g-
integral is Jackson’s g-integral. This paper is organized as follows. Section 2
includes the main notions and terminology from g-analysis which we need in
our investigations. It also includes some g-integrals involving the third Jackson
g-Bessel function. Section 3 includes the fractional g-integral operators and their
calculus, which we need in our analysis. In Section 4, we apply the multiplying
factor method to solve certain dual g-integral equations. In Section 5, we solve
certain dual g-integral equations by using the fractional g-calculus method. In the
last section, Section 6, we solve dual g-integral equations by using the g-Mellin
transform introduced in [Fitouhi et al. 2006].

2. Preliminaries; ¢g-notation

In the following, g is a positive number which is less than one. Let A,, B,, and
R, + be the sets defined by

2-1 Ay ={q" :meNy}, By:={g " :meN}, R,;;:=A,UB,,

where Ng = {0, 1,...} and N = {1, 2,...}. We introduce some of the needed
g-notation and results. The g-shifted factorial, see [Gasper and Rahman 2004], and
the multiple g-shifted factorial are defined by

n—1
(@ qo:=1, (aq)n:=]]1-ag",

2-2) k=0

k
(a1, a2, ..., a5 @) := ]_[(aj; Dn-
j=1
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n

The limit lim,,— o (a; q), exists and is denoted by (a; ¢)o. For y € C, aq¥ #q7",
n € N, we define (a; q), to be

(a5 @)oo
@q”; @)oo
The g-hypergeometric series (or basic hypergeometric series) ,¢; is defined by

(2-4) r¢s(al»612»---aar;bth’---»bs;CI»Z)

S .
_ Z (ar,ao,...,ar; q)n Zn(_q(n_1)/2)n(s_r+1)
(qv blv b27 ceey b)a (I)n

(2-3) (a;q)y =

n=0

The series representation for ¢, converges absolutely for all z € C if r < s and
converges only for |z| < 1ifr =s+1.

Lemma 2.1 [Koornwinder and Swarttouw 1992]. If |z| < 1, then form,n € Z,

o0 1
(@ )
Z Zk+n(_—)ool¢1 ©0; qn+k+l§ q, Zz)
k=—00 4> 9) HEH
q" ™5 q)
x M 222 061(0; ¢ g, 22) = S
(45 @)oo

If © € R, a subset A of R is called a u-geometric set if uz € A for all z € A.
Let f be a function, real- or complex-valued, defined on a g-geometric set A. The
g-difference operator is defined by

(2-5) D, f(z):= w, ze€ A\ {0}.
If 0 € A, the g-derivative at zero is defined by
Dy f(0) = lim W, z€ A\ {0},

if the limit exists and does not depend on z. See [Annaby and Mansour 2012]. The
nonsymmetric g-product rule is

(2-6) Dy(fg)(x) =g(x)Dy f(x)+ f(gx)Dyg(x).

A right inverse to Dy, the Jackson g-integration [Jackson 1910], is

z oo
(2-7) / fWdgt:=2(1—9)) q"f(zq"), z€A,
0 n=0
provided that the series converges, and

b b a
/ f@)d,t ::f f(t)dql—/ f@®yd,t, a,beA.
a 0 0
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If A is ¢~ '-geometric, then the g-integration over [z, 00), z € A, is defined by

(2:8) | r0di=3 a0,
< n=1

and defined on (0, co) by

(2-9) fo fOdgt:="Y " q"A=q)f(g").

The g-integration by parts rule is

@10 [ £anDyg0 dyt = f@s@— lim £~ [ Dy f 0 dyt

For n € C and a function f defined on R, ;, we define the spaces
o
LgyRg1):=17:11fllg.n 1=/ [t7 f ()| dyt < oo},
0

1
Lgn(Ag) =171 lag.n :=f0 1" f (1) dgt < oo},

Lgn(Bg) = :1fllB,n 2=/1 11" f ()| dyt <oo},

and
Lq(c) = Lq,O(C)a Ce {Aqa Bq’ Rq,-ﬁ-}'

Clearly, L, ,(R, 1) = Ly ,(Ay) N Ly ,(By).

Lemma 2.2. For a € C, we have

n 200, 2 2k+2. 2
(2_1 1) Z qZka (q s q )n;k(z s q )n—k =1.
P (@7 4 n—k

Proof. The left-hand side of (2-11) is

LIS z": (4™ gD
R AU B N CEr o
— (q20l, qZ)n gljgzqsl(q—Qn’S’ q2—2n—2a; qz’ q2)
2-2n—-2a /pn. 42
P P N B N N
= (g™ g7 lim (2 g, ¢ = lim(g™e; g9, = 1;

here we used [Gasper and Rahman 2004, (1.9), (I1.6)]. This completes the proof. [
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The g-gamma function [Jackson 1904; Gasper and Rahman 2004] is defined by

(2-12) P = LD (| _ oy e gl <1,

(0% @)oo

where we take the principal values of g% and (1 — ¢)!~%. The g-binomial theorem
(see [Andrews et al. 1999, p. 488]) takes the form

(@ , (a2 @)oo
13 ;(q;q)nZ @D 2l <1.

The third Jackson g-Bessel function Jv(3) (z; q) for z € C, (see [Jackson 1905; Ismail
2005]) is defined by

v+1.

Q14 J(zq) = IP @ q) :=% "1610: " g, g2)

B ( ,Q)oo v n(n+1)/2 2n

T @D HX_:( C q)n(q”“,q)n
and satisfies

1—-v_—v

(2-15) Dyl() IO g@) = =TI gz 4.
(2-16) D) TP (5 g)]R) = Z—J(”l(z 7%);

see [Koornwinder and Swarttouw 1992; Swarttouw 1992]. The g-Bessel function
J(-5¢%), v > —1, satisfies
(=47 4D oo(—4* % ) (™ if n >0,

(q% 9% oo g" vt it < 0.

2-17) (g™ ¢>)| <

See [Koelink 1994]. The following identity, which was introduced by Koornwinder
and Swarttouw [1992], is useful in our investigations.

q ) an(t+l)1 (q q )

(q(x t+1.

(2-18) (qe+*1 g
where ¢ and o are complex numbers such that R (¢) > —NR(«w) — 1. We recall that
the functions cos(z; ¢) and sin(z; ¢) are defined, for z € C, by

DN (q2§q2)oo —1/2,1 _ 172 _ 2
COS(z,q)-——(q_qz) (zg~ (A=) " J1pE@(=9)/Vq5 97,

(4% 470

@ G — )\ PNl =q); g7).

sin(z; q) =
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Proposition 2.3 [Koelink and Swarttouw 1994, p. 694]. For %i(v) > —1, x > 0,
and a, b € C\ {0}, we have

(2-19) (@ —b?) / t(aqt; ) dy(bats 4 dyt
0

= —q)q" "xlal,y1(agx; ¢*) ], (bx; %) —bJ,(ax; ¢*) Jyi1(agx; g)].

Koornwinder and Swarttouw [1992] introduced the following inverse pair of
g-integral transforms under the side condition f, g € L?I (Ry,+):

(2-20) g(k)Z/O f @) (x; g7)x dyx, f(X)Z/O g, (hx; g hdgh,

where A, x € R, . This pair of g-integral transforms is a g-analog of the Hankel
transform pair

g0 = / T @ ROxdx, f) = / " eI GAdA.
0 0

The following result is a discrete g-analog of the Weber—Schatheitlin integral.

Proposition 2.4 [Koornwinder and Swarttouw 1992, p. 455-456]. Let o, B, and y
be complex numbers and &, p € R, . Then

1 *© — 2 2
— 17V I (Et; g7 g(pt; g7) dyt
1—q Jo
1) (qa—ﬁ-i-]/-i-l’ q2/3+2; qZ)oo
(qetP=r+1 g2 g% oo

2
Ca— _ P _
X 21 <qﬂ o y+l’qﬁ+a y+l;q2;8+2. 2 L g ﬂ+a+y+1>

=Pﬁ$(y_

9q’

52
if
R—B+a+y+1)=>0, p<& or R—PBH+a+y+1)>0, p<§&;
and
1 oo -y 2 2

Pa— "yt g )Jﬁ(pt;q )dqt
l—q Jo

B &_a (y—a—1) (qﬂ—a-i-}/-i-l’ q204+2; qz)oo

s r (gP* 1+l g% gP) oo

_g_ _ g2 _
X2¢1 <qa B y+1’q/3+ot y—H; q2a+2;q2’ ;q a+p+y+1

if

R—a+p+y+1)>0,E<p or R—a+B+y+1)>0, & <p.
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Lemma 2.1 gives us the orthogonality relation

q

o0
1— |
(2-21) fo rfa@r;qZ)Ja(m;qz)dqr:g—zap,g, Ri) > —1,

where p, § are in R, and §, ¢ is the Kronecker delta. The following is a g-analog
of the Sonine—Schafheitlin integral. If in Proposition 2.4 we take y =1 and o = g3,
we obtain

(1—q@)/(A—g**)(p/&)* ifp <&,
(1—q)/(1—g**)E/p)* if& < p.
Corollary 2.5. Leta, B C, p,t € Ry 1. If R(B) > N(a) > —1, then

/ t‘lfa(ét;qz)Ja(pt;qz)dqt={
0

(2-22) f B 1 gD (o 15 ) dyt
0

0 if&>p,

1-B+a
=1 (-9 —¢%) 2 ,
T £ P22 (G2 0% P I E < p.
qz(ﬁ _'a)
Proof. This follows from Proposition 2.4 by taking y = —a — 1. (]

Corollary 2.6. Let m, n be nonnegative integers and v > —n —m — k. Then

00 0 ifm#n,
(2-23) / ™ o2k (15 4D Joomin (4P dgt =1 1—¢ N
0 T m=n.
q
Proof. This result follows by applying Proposition 2.4 with y =1, « = v 4 2m +k,
B=v+2n+k,and& =p=1. 0

The little g-Jacobi polynomial [Gasper and Rahman 2004, p. 27] is defined by

,abq"*'; aq; q, qx).

n

pn(x;a,blq):=201(q
Corollary 2.7. Let R(v) > —1, p,t € R, 4. Then

0
(2-24) / Ty ok (6 gD (0 5 %) dyt
0
0

p>1,

=10 =q)p"(@*" 0% g*" 2 g2 2 D)o o R

w2
(g2 2K 2, v +Imt2 g2 g7y pm(q " 1q7) p<L

Proof. This result follows by applying Proposition 2.4 with y =k—1, « = v+2m+k,
B =v,and & = 1, in addition to the transformation

_ (abz/c; q)o

2p1(a, biciq,2) = —— 201(c/a, c/b; c; q, abz/c). O
(75 @)oo
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Corollary 2.8. Let R(v) > —1, p,t € R, 4. Then

(2-25)  Josomik(t; g%
_ (1 _q)[k(q2m+2k’q2v+2’ q )

(q2v+2m+2; 6]2; qz)oo

1
< / P G207 Pt (ot ) om @ 0% 72 0 6P dyp.
0

Proof. This follows from Corollary 2.7 and the g-Hankel transform pair (2-20). [J

Proposition 2.9. Let x, u, and o be complex numbers. If W(y + B) > —1 and
N(B) > —1, then
X
@20 [ @R P dpturi ) dy
0

_ xy+ﬂ+1uﬁ(1 _q)(q2ﬂ+2’ q2a+y+ﬂ+3; qz)oo
- (q2a+2’ qy+/3+l; q2)

X 202(0, gV TAHL, g2BH2 g2 tv B3, 42 02522,

In particular, if y = B+ 1, then
X
(2-27) / PG /x5 4o Tput; g7 dyt
0
= P T A = ) (1= ) Tp (@ + Dt (xus ¢°).
Proof. According to (2-14), we have

(2-28) [ 17 (g% x%; gD o Jg(ut; ¢*) dyt

(q2,3+2 )oo o0 (_1)qu(k+1)u2k+ﬁ

Y e A U DU DT

X
0

By using (2-3) and the g-binomial theorem with base ¢? instead of ¢ on the inner
series in (2-13), we obtain

* 2k .
(2-29) /0 VPR (G212 Ix%; ) g dyt

_ (1 _q)x2k+y+ﬁ+l(q2. qZ) (q2k+20t+}/+/3+3; qz)oo

(q2a+2 2) (q2k+y+/3+1 2)00

Substituting (2-29) in (2-28) and using (2-4), the desired result follows. The
particular case follows by direct substitution in (2-26) and the definition (2-14). [
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Proposition 2.10. Let v and o be complex numbers such that X(v) > —1. For
x,ue€R, 4,

(2-30) / (2 /1% gB a1t I (tu; %) dyt
= g (1 q)% Toaleu/g; 4.
Proof. Using the ;¢ transformation (see [Gasper and Rahman 2004, p. 29])
(€ D)o0191(0; a: g, 2) = (25 ) o0191(0: 25 ¢, ©)

and (2-14), one can verify that

(q 2)oo q
J(z; — z¥ NGt 1
(zq%) = E (—1)/q C D),

Hence,

o0
(2-31) / 2/t g1 0 (tu; g7 dyt
X

u’ ZOO ‘1j2+j+2vj * 2,2 2 20—1, 2j42,2.2. 2
’ oo . ’ J X
j=0

Using Lemma 2.2, we can prove that

0
(2-32) f 62/ a2 G2 oo dyt
X

—(1-gq) —2a (qzqz)oo —2a]+2a(x2 2 2j

= (2a 2) ,Q)oo

for x,t € R, 4. Substituting (2-32) into (2-31) yields the desired result. O

3. Fractional g-calculus

In this section, we introduce fractional g-integral operators and their properties which
we need in our fractional g-calculus approach for solving certain dual g-integral
equations. A comprehensive study of the fractional g-calculus and equations is
in [Samko et al. 1987; Butzer and Westphal 2000; Annaby and Mansour 2012].
Al-Salam [1966] defined a two-parameter g-fractional operator by

q’?’?
Ly (er)

Ki%(x) = f x/t; a1t " P (1 ) dyt,
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where o #% —1, —2, ... . This is a g-analog of the Erdélyi and Sneddon fractional
operator (see [Erdélyi 1951; Erdélyi and Sneddon 1962])

K™ f(x) =

* a—1,—n—1
F(a)l & —x)*" " f(t) ds.

The following operator is a slight modification of the operator KZ] **, which we
found very convenient in our analysis. This operator, denoted by %', is defined as

=1 yn

(3-1) e =L / (/1 Dart™" Bt diyt,

where o # —1, =2, ... . Using (2-8), the operator J,"“ has the series representation
o ot n ( )" -n

(3-2) WP () = (1—q) Z "(q ") $Lxg™),

n=0
which is valid for all «.

Proposition 3.1. Let n € C. If ¢ € L, _—1(By), then 3{g’a¢(x) exists for all
x € Ry 4 and belongs to L ,,(B,) for any u € C such that R(u) < —N(n) — L.

Proof. Let m € Z. Since

WG =(1—9)* Y g ”"((q "))”qs( e,
n=0 n
we obtain
‘ _ ﬂi(a); -~ o . ~
(3-3) 9P (g™ < (1 “’)W(qu-Tq) > ™",

Therefore, if m > 0, we obtain
(B-4) |37 %Pg™)

ms ( q @), Q) - — 1
<(1—q)" @ gm0 =" g () [+ ——Nblls,. 1)
@D\ l—gq

If m <0, then

o m N(a mMn ( ) )
(33 PPl <1 —g)" @ g o S Do
(45 9)oo

Consequently, Kg’a (x) exists forall x e R, 1. If u € Cand R () < —NR(n)—1, then

(3-6) / t“%” (1) dyt

(=¢"; q) s
<(1—g)"®" 1—( ol an PMATEED < oo,
q549)x =0
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where R() < —R(n) — 1. Thus K¢ € L, ,.(By). O
Al-Salam [1966, p. 138-139] proved formally the semigroup identity
(3-7) Ky K]l (0) = Ky Po ),

where 7, o, and 8 are complex numbers and without imposing any conditions on
the function ¢. Using the same technique we can prove that the semigroup property

(3-8) HPOHITP P (x) = KPP (x)

holds for x € R,  whenever ¢ € L, _,,_o—1(By), n, &, B are complex numbers and
N(a) < 0. Therefore, if we take f = —a in (3-8) and note that 57{2’0 is the identity
operator, we obtain

(3-9) GO o) =HITC TP (x),  x €Ry 4,

forany ¢ € L, ——o—1(By), and n, o are complex numbers.
Agarwal [1969] defined the two-parameter family

—)’}1

(3-10) 11 (x) = /(q X Qar1"G (D) dgt, @ #£0,—1, =2, ...

Ly (a)
of fractional g-integral operators, which can be written as
s (4% 9)
(3-11) 1990 = (1 — ) Y gD g gm,
= (45 @n

which is valid for all «. The special case [, qo’“ is the g-analog of the Riemann—
Liouville fractional operator introduced in [Al-Salam 1966] and is denoted by /.
Hence,

(3-12)  Ij¢(x):= / (qt/x; Qa—19 (1) dgt, o #0, —

F()

In [Annaby and Mansour 2012, p. 121], the authors solved the g-analog of the
Abel integral equation on a continuous domain of the form [0, a]. In the following
we state without proof a modified version of [ibid., Theorem 4.7] which holds when
the domain of solution is discrete.

Theorem 3.2. The g-Abel integral equation

T, )/ (qt/x; Qa1 (@) dgt = f(x) (0<R(a) <1, x €Ay

has a unique solution ¢ € L,(A,), given by

¢ (x) =Dy 1, f(x),
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if and only if f and Iql_“f are L,(Ay) functions with Iql_"‘f(O) =0

Proof. The proof is similar to the proof of [Annaby and Mansour 2012, Theorem 4.7]
and is omitted. (]

Proposition 3.3. Let n and a be complex numbers. If ¢ € L, ,(A,), then an Yo (x)
exists for all x € R, 4 and belongs to L, ,(Ay) for all i € C such that R(u—n) > 0.

Proof. Assume that ¢ € L, ,(A,). Then

o0
_ (q”; @n—
I7¢(g"™) = (1 — q)%q~THIm Y~ g T g (g,
— (@5 @n-m

Thus, if m > 0, we obtain

g s (—¢"®):; q)
I (g™)] < (1 — )" @g=W+Dme 2 6],
(45 oo

and if m < 0, we obtain

R(w).
|I"’°‘¢(qm)| <(1- Q)q‘(a) —Om+Dm (=45 @)
q J— —

(45 @)oo
(Z qk(s)\(n)+l)|¢(q )| 4+ —||¢||Aq ,7) < o0
k=m
Moreover,
I _ 0@, ©
[ s < gt LD gy, 5 gieen <o,
0 (4; @)oo pars
provided that X(u — n) > 0. This completes the proof. U
Proposition 3.4. Let n and a be complex numbers, and R(a) <0. Ifp€ Ly 1o (Ay)
then
=1 _ pnta,—
(3-13) (L™ =17

Proof. This follows by noting that
(3-14) L1 (x)

00 o. 00

N (+Dk q%; @k m+l+aym\d 5 9)m G % @m k+m

=D gy o CAME S
P @Dk 1= (@5 @m

Make the substitution n = m + k on the inner series of (3-14). This gives

> (@% i q@ % q)
, — . — s 4 )k 1+a)n s Y )n—k n
(B-15) IO p(x) =Y g T Im N gt 2 TR (g ),
S — (q: @k “— (G Dn—k
k=0 n=k
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If N(a) <O and ¢ € L, ;14(Ay), then the double series in (3-15) is absolutely
convergent and we can interchange the order of summation to obtain

_ - @%@ Dk
(3-16) I?],OIIU—H)I, a¢(x) — (?7+1+Ol)n¢( nx) ak
e ;q I gq @5 D (g5 Dk

o0
G % Dn (@75 @n
— Z q('7+l+2a)n¢(qnx) ' L
n=0 (q7 q)l’l (q k) q)l’l

=¢(x),
where we applied [Gasper and Rahman 2004, Equation (IL.6)] to the inner series. [

A direct calculation gives
n.a,.p — Bt
1%xP f(x) =x" 1 f(x),

where 7, a, B are complex numbers, and f € L, ,15(A,). Agarwal [1969] also
proved the following semigroup identity when 5, A, and p are positive constants:

(3-17) LAY (x) = 1P (x) = 1L (x)
T NTR IR — g,
=1L () = 1T R (x).
But, using the same technique introduced in [ibid.], we can prove that
A n+A, S ¢/ NTEDN
(3-18) LT 0 = [P (x),  x € Ry,q,

holds for complex numbers 1, A, and  whenever ¢ € L, ,4,(A,), and R(1) < 0.
It should be mentioned here that in most of the proofs of the semigroup properties
in [Agarwal 1969; Al-Salam 1966], the domain where the fractional integrals and
the related properties hold is not determined precisely.
Let S,'} ** be the operator defined by

x—oz/2 o0
(3-19) Spe == | Y Do (VEY; )9 (3) dy v,
o
=x2 " "D W (Vxg" P ) ().

n=—oo

This operator is a g-analog of the modified Hankel transform operator introduced
by Erdélyi and Kober [1940]; it is also a modification of the g-Hankel transform
operator introduced in [Koornwinder and Swarttouw 1992] and defined by

¥, (f)(x) =/O FO T (xt; g% (xt)/2 dyt.

Proposition 3.5. Let n and o be complex numbers such that R(2n+a) > —1. If ¢ €
Ly, (Ry2 1) then Sq"z’ad)(x) exists for all x € Ry> | and belongsto L (R 1).
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Proof. Let¢p € L2, (R,2 ;). From (2-17), if x € Ry2 ., there exists M > 0 such that

(o.¢]

<M Z g¥ D6 (21| < 00

n=—oo

x
> 4" e (Vrg" g (g™

n=—oo

because ¢ € L2 (R, ). Thus, ST () (x) exists for all x € R,2 4. Now we prove
that Sq"z’“ € Ly pyo(Rp2 ). Indeed,

o
(3-20) /O t"+°‘|Sqnz’a¢(t)|dqzt

o0 o0
-1z | [ a5 N80 ey it
- 0 0

1 & o
<——lol, / 7] sup |y T o (Vi g7 dyat.
l—¢q 0 veR 2,

Using the estimates (2-17), the g-integral on the third line of (3-20) is convergent
when 91(2n + o) > —1, and the proposition follows. ([

Proposition 3.6. Sq"z‘a defines a one-to-one linear operator from L2 ,(R2 ) into
qu,n-H)l(qu,-i-)' AZSO,

(3-21) (B~ =g

Proof. Clearly Sq"ga is linear. To prove that it is one-to-one, assume that there is a
function ¢ € qu,,,([qu’Jr) such that Sq"z’agb(x) =0forall x € [F\qu’Jr. Hence,

o0
(3-22) > 4" V9@ anralq"E P =0 forall x € Ry 4.

n=—oo

Multiplying both sides of (3-22) by & J2,1(q"§; g% (r € 7), calculating the g-
integration for & € (0, co), then applying (2-21), we obtain

oo
D d" Vb S =0,

n=—oo

That is, ¢ (¢>") = 0 for all r € Z, and Sq”z’a is a one-to-one operator. Now we prove
(3-21). From (3-19), for j € Z, we have

o0
SEUSE T @) =a7 Y " Dayaa @ DS D ().
n=—o00

Hence,

(3-23) SEUSLT(qY)

00 o0
=7 Y a" Ira@ D) Y 4 T Dra @ g0 (0.

n=—oo k=—00
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Using (2-17) and ¢ € L, , (R, +), we can prove that the series on the left-hand side
of (3-23) is absolutely convergent. Consequently, we can interchange the order of
summation to obtain

Sqnz’a Sqn2+a’ _a¢ (q 2/ )

00 00
=q77 Y "% @) D 47 hnra(@ " 4D Tania (@ 6.

k=—00 n=—0o0

Therefore, from (2-21),

oo
(324 SESTTe@ N =q7 g7 Y M08 = b (¢,
k=—00

and the desired result follows. (]
The next result gives another sufficient condition for the existence of Sq"z’a.

Proposition 3.7. Let n and o be complex numbers satisfying R(2n +«) > 0. Let ¢
be a function defined on R 2 .. If there exists u € C such that

Blas € Loy(Ap),  ln, € Lo (Bp),
then Sqnz’aqS(x) exists forall x € R .
Proof. Let x € R,2 . From (2-17), there exists M > 0 such that
| 2o (Vxq"; g < Mg™ ®7 for all m € Ny.

Since ¢|A,,z € L, ,(Ap2), then

(e8]
(3-25) <MY g™ < oo

n=0

o0
> 4" Dy e (Vxq": 4P (g™

n=0

From (2-17), there exists K > 0 such that
[ ara (VX" g2 < K =@t forall p e 77,
Since ¢|qu €L, ,(B), then

o0

> g o (VEg T gD (g

n=1

(3-26)

0
<K Zq72n(75ﬁ(77+a)+1/2)+n2|¢(q72n)| < 00,

n=1

Combining (3-25) and (3-26), we can then conclude that Sq"z’aqﬁ(x) exists for all
X € qu,"{" D
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Proposition 3.8. Let o, B, and A be complex numbers such that R(2n + o) > —1.
Ifp e qu,n(qu,_,_), then

7P () = (1 - o) (xeRp ).
Proof. Let x € R,2  be fixed. Using definitions (3-10) and (3-19) we get

—n—a—1
(1—¢>T,2(B)
X fo (q%t/x; gHp_1t"te/? /O "2 D a WY 4P (0) dpy d ot

From (2-17), there exists M > 0 such that

(3-27) 1P (x) =

| Jopta (V15 gD < M) forall y, t e Ry .

Consequently,

1 x 5 ) w oo o ,
FZ,(IB)/O @1/%; 49" fo Y e (V1Y 4D () dpydgpt

#llq2,1

< ZL /X(qzt/x; qP) -1t d ot
ICZ(B)I 0

M
= ——— @l X" B (B, 20 + o+ 1)] < 00,
2 q-,n q
IT2(B)|

since M(2n + ) + 1 > 0. Hence, the series is absolutely convergent, and we can
interchange the order of summation to obtain

—n—a—1
LB —g?)
x /0 Y P (y) /0 (@°1/x: gD 11" D a (W13 gD dypt d oy

(3-28) 1P (x) =

Using

(3-29) / fd, 2t— — tf(t /x)dgt
0

and (2-27), we obtain

X
(3-30) / @2t/33 G Doy e (T ) dpt dpy
0

l+¢q 2. 2 2nta+l1 Y. 2
1+n+a/2/ (q /X;Q)ﬁ—ltn T el t ;:q dyt

= (1—g*)Py PRI 2 (8) Byt p (VY3 7).
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Substituting (3-30) into (3-28) yields the desired result and completes the proof. []

Proposition 3.9. Let «, B, and n be complex numbers. If ¢ € L2 1o, (Ry2 1) for
some y € C, N(y) > max{0, N(x)}, then

(3-31) HHESE P px) = (1= g)* K g (x)
Jorallx e Ry

Proof. Using definitions (3-2), (3-19), (2-8), and (2-9) we get
(3-32)

HIT ST ( e
42 g2 x)—

/ (/15 ¢%)am 1(S"+a Po)(q? 1) dgt

f @°x/1; q)a—1(S)5 Po)(1) d,ot
z(oz)

= | (@x/1:¢P)qrt7"TP2
(1- qz)rqz«x) /q< :
o0
X / y_6/212n+2(x+ﬂ (\/y_l‘, 612)¢(y) dqzy) dqzt-
0
Setc:=—1—-N2n+ B +2a —2y). From (2-18), there exists C > 0 such that

(3-33) [Jant2atp(q s gD < Cq™" TV (r € ).

Hence,

o0 o0
/ ] (@%x/t; P g1t 1 17F2 /0 Y P D208 (VYT PP () d2y d ot
q X
< Clllg2yray @5/ 1: gPam1t*7 " dpt] < 00

whenever 9i(y) > (). Hence, the double q2—integration in (3-32) is absolutely
convergent, and we can interchange the order of ¢*-integration to obtain

_xn

qu(oz)
o0 o0

X / y Py / @10t P Dy g g (V3T ) dgpy dypy
0 q°x

KLl (x) =

Using

/a / (”dqz’:T/a () dat
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and Proposition 2.10, one finds that
o
fz @2/t qDa1t" PR Dy a0 s (VYT GP) dg2
qx

o0 _ L t y
= (1+q)(g*x)"F2 / (q*x* /1% qP)gort 217! ﬂJz,,mw(i;f) dy,
2y q\/)_C

q

= (1 +q)y~*x7"" ("‘+’9)/2((q 4 ))oo Jopra (VX5 6.

Hence,

[e.8]
KRSl p(x) = (1—gh)ex@hr f Y PG (3) P (V331 47) g2y
0
= (1 =)y (x). 0

Proposition 3.10. Let n, o, and B be complex numbers satisfying H(B +a) > 0
and N2n+a) > —1. If p € qu’n(qu’Jr), then

IS () = (1 =) P o) (reRp ).
Proof. Let x € R,2  be fixed. Using definitions (3-10) and (3-19) we get

—-B/2 o0
X _
(3-34) SHPSLG(x) = / (t CE Doy s2arp (V13 ¢7)

1-¢%? )y
o0
x f Y 2 oy 1a (VY5 ¢ (Y) dqzy) dt
0
From (2-17), there exists M > 0 such that
| Popra (VY gD < M@y)" 2 forall y, t € R,z

Consequently,

0 o0
/ O e (VX g7) f Y e (V1 gD (V) d 2y d ot
0 0

00
f t”_ﬂ/2J2n+za+ﬂ(\/tx; qz) dqzl‘

0

=M}l 2., < 00.

Hence, the series is absolutely convergent, and we can interchange the order of
summation to obtain

o o x PP +q) [ —a
9’:; ’ﬂSqnz’ ¢(X)=W A (y /2¢()’)

00
X / tl_ﬁ_aj2n+2a+ﬂ(\/3_ct; qz)-]2n+oc(«/§t; qz) dqt) dqzy'
0
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Therefore, applying Corollary 2.5 with R(8+«) > 0 and R(2n+a) > —1, we obtain
(1—g>)Fex )
Lp(B+a)
= (1=¢) " P ). O

X
D S (x) = | @y 901 dpy
0

Proposition 3.11. Let n, o, and B be complex numbers satisfying H(B +a) > 0
and R2n+a) > =1 Ifp € L2 1o (Rp2 ), then

SRS P ) = (1= ) PH o) (xreRp ).
Proof. Let x € R,2  be fixed. Using definitions (3-10) and (3-19) we get
—a/2
(1—g??

X /0 Y P dy 2t (V1Y 4B () dqzy) dpt.

oo
(3-35) SHUSL g () = / (r—<“+ﬁ>/212n+awrx;q2)
0

From (2-17), there exists M > 0 such that

| P20 (V1Y: g < M(1y)" P2 forall y, 1 e Ry .

Consequently,

o o
/0 t‘“+ﬁ)/zlzn+a(vtx;q2)/0 Y P Dyiaars (V1Y )P (¥) dpy dot

o0
/ t”+“/2lzn+a(\/tx; q%) dpt
0

< Q.

= M{¢ll42,n+a

Hence, the series is absolutely convergent, and we can interchange the order of
summation to obtain

—ot/l(l +q) [e's)
g)rlyOlSU-HX,,B (.X') — X— ( —B/2 ( )
q2 q2 ¢ (1 _q2)2 0 y ¢ y

o
X/ P a0 p (U5 @) Jansa (VXL ) dqf) dgy.
0

Therefore, applying Corollary 2.5 with X(8+4«) > 0 and R(2n+a) > —1, we obtain

(1—gh)~F g7 "x"
[ B+a)
= (1—g») P (x). 0

oo
PRSP (x) = / VNG Parp19(@7y) dgpy
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4. The multiplying factor method

Titchmarsh [1986, p. 334-339] solved the dual integral equations

/ EXY(E)J,(pE) dE = f(p), (0 < p < 1),
4-1) 0

oo
/ V() J,(p§)dE =0, (1 < p),
0
for & > 0 by using difficult analysis involving Mellin transforms. His techniques
were extended to the case « > —1 by Busbridge [1938]. Sneddon [1960] used the
Abel integral formula to solve the system in the case when v =0 and o = j:%. The

technique was generalized by Copson [1961] for any « satisfying —1 <o < 1, o #0,
and v > —1. In this section, we introduce and solve a g-analog of Copson’s result.

Theorem 4.1. Let o and v be complex numbers such that R(v) > —1 and let f be
a function defined on A,. Consider the dual g-integral equations

4-2) fo E(E) 1, (0E: O)dgk = (o). p € Ag,

4-3) /0 VE) I (0k: P)dgE =0, peB,.

We consider three cases:

Case I. Ifa =0, R(v) > —1, then the g-integral equations (4-2)—(4-3) (which are
now not dual) have a solution of the form

1
(4-4) lﬁ(é):lETq/O 20y (56 47) F (1) dyt,

provided that t"T' £ (t) € Lp(Ap).

Case II. If0 < N() < 1 and R(v + «) > 0, the dual g-integral equations (4-2)—
(4-3) have a solution of the form

(4-5) ¥(&)
1—a 1
=0z q)i(l — fo TV e 685 ¢ LI L (VDN dyt,
provided that

4-6) I5[(-)"2 f (S DI(P?) and IS ()2 f(V)1(p?) are Ly2(Ap) functions.

Case III. If —1 < N(x) < 0 and N(v + o) > —1, the dual g-integral equations
(4-2)—(4-3) have a solution of the form
gl—a

1
R _ 1—v—a a2 T \V/2 3 2
47 ‘“5)‘<1—q)(1—q2)a/0t Jora €1 g LA F (V1) dyt,




ON CERTAIN DUAL ¢g-INTEGRAL EQUATIONS 83

provided that
@-8) I3[()"2f (VDI and I f(V)(p?) are Ly (Ag2) functions.

Proof. Let ¢ € Ly ,1o—2(Ay) be a function which shall be defined later on. Define
the function ¥ on R, ; by

(49) Y(E) =€~ fo SO a4 dyt.

Hence v is a well-defined function. We now prove that i satisfies (4-3). Indeed,

(4-10) fo T OR8¢ dyt |
=/0°osl—“fv(ps;q2>/o ¢ (1) Jysa(Et; q7) dyt dyt.

From (2-17), there exists M > 0 such that

|vra(E 15 ¢%)| < MI(E 1) T

forall §,7in R, ;. Also, ¢ € Ly ,14—2(A,) implies that ¢ € L, ,14(A,). Conse-
quently,

‘/0 V(&) (pE; g dyE

o0
< M||¢||Aq,v+af E (0 & )] dgk < 00
0

whenever R(v) > —1, where we applied again (2-17). Therefore, the double
g-integration in (4-10) is absolutely convergent and we can interchange the order
of g-integration to obtain

@-11) /0 VET(pE: ) dyE
1 00
= /0 o (1) /0 E (08 gD JuraEt; gD dyE dyt.

Thus, by replacing «, 8 by v, v + «, respectively, and applying Corollary 2.5,
the g-integration in (4-11) vanishes, and this proves (4-3). In the following we
prove (4-2). We distinguish among three cases.

Case I. « =0 and R(v) > —1. By (4-11), (2-21), Equation (4-2) is reduced to

1—¢q 1
(“12) > /0 (D80 dyt = £ (p),
that is,
2
(4-13) p(p) = 2L
l—¢q

Substituting (4-13) in (4-9), we obtain (4-4).
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Case II. 0 < () < 1 and R(v + ) > 0. From (2-15), we obtain

1
Y(E) =—q" (1 —q)E /O PO TID, [ T T a1 (T E gD dy 2

Applying the g-integration by parts rule (2-10), we obtain

YE) =(1—-q)E " /O | Dy [t o1 ™" Ty a1 (E1: ¢7) dyt
— (L =)g" e ¢ (D) Jyra-1(g & %)
+(1=q)g" " 7E™ lim ¢(g")oran1(q" 81 ).
Since ¢ € Ly v1o4-2(Ay), we have
lim qn(v+a—1)¢(qn) —0.

n—-oo
Therefore,

1
4-14) yE =0—q)E ™" /0 Dy [t ()1 T T Ty o1 (B2 ¢P) dyt
~(1 =g " Ep () yta—i1(q &5 g).
Substituting (4-14) into (4-2), we obtain

@-15) f(p)=—1—q)g" " '¢(1) /O E% Jyva1(q 7 &5 ) o (0E; ¢ dyE

00 1
+(1—¢q) / £ f Q)1 e 1E8 ¢7) )0 (05 q7) dyt dyE,
0 0
where for the convenience of the reader, we set

(4-16) @(t) 1= Dy " 'p(n)] (€A,

Since p € Ay, then from Corollary 2.5, the first g-integral in (4-15) vanishes. As for
the second double g-integral, the conditions on ¢ imply that ¢ € L, (A,). Therefore,
under the conditions on v and «, the double g-integration is absolutely convergent;
and we can interchange the order of g-integration to obtain

1 00
Fo)=(1—q) /0 (D) /0 £ a1 (€8 g2V (pE: @) dyf dyt.

But under the conditions that R () < 1 and R(v 4+ «) > 0, we have

fo E% Jyya1 (185 7)o (pE; q7) dyE

== 0y
= qu(l — Ot)
0 otherwise.

P (g 0% qP) e T p =1,
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Therefore,
1— 2 1— 2\a P
@1 f)=" qu)(l(_a?) p /O @/ 9% 4D -ap(t) dyt
q
I R o Al KPP v/
= (T, (1 —a) f (q°t/p”q47) - i dpt.

Now, we apply the g-Abel integral (Theorem 3.2) under the conditions in (4-6).
This gives

o)  (I+g)
(1-¢9)*(1—-¢?)
From (4-16) and the fact that ¢ € Ly ,1¢—1(A4), we obtain

(4-18)

2 (Dplp) (0%, g(0*) = p"f(p), p € Ay.

¢ () Zt_”+"_1/0 ©(p) dyp.

Thus, from (4-18),

1+qg)tl-v—o t
(4-19) ¢ (1) = (1(_q)?(t1 = /0 p(DAIE) (0P dyo
tl—v—a 2 .
- (1— q)z(] — qZ)a /(; (qulng)(p) dqu
tl—v—a

— o 2
= U2 (L28)(t7).

Hence, ¥ (-) is given by (4-9).
Case III. —1 < N(a) <0 and RN(v+«a) > —1. We substitute (4-9) in (4-2) to obtain
00 1
(4-20) f(p)= / got! / b () Tv1a(El: ¢°) 10 (0E; q7) dyt dgé.
0 0
If ¢ € Lyvia(Ay) and R(v + a) > —1, the double g-integration in (4-20) is

absolutely convergent. Therefore, we can interchange the order of g-integration
to obtain

1 0
fp)= /0 o) fo £ Ty (Et; gD o (pE; g dyE dyt.

Since N(a) < 0, then R(v) > R(v + o) > —1. Thus applying Corollary 2.5 yields

—v—2a-2 2 2
_ Y (1 _Q) p q t_ 2 (v+a—1)/2
flp) = e <_,02 i q )—a—lt P (V1) dpt.
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Since f satisfies (4-8), we can apply the g-Abel integral (Theorem 3.2) to obtain

1—v—a

P
(I-g)(1—g*)*
pl—v—a

T (g —g)
where p € A,. Thus, substituting (4-21) into (4-9) gives (4-7) and completes the
proof of the theorem. O

$(p) =

D2 2 157 ()2 £ (V)10
(4-21)

141 F (D1,

Example 4.2. If v = % and @ = 4—11, then the solution of the system

12 /T 42
/ w@sm( & ,q>ds Fp). peA,
Fz( ) l1—¢q
2/1—¢q
/ S‘Z¢(S)Sln< P ;qz)dq§=0, p € By,
qz( ) _q
is
g3/4 ! 1/4 RN 7 Sy 2
V()= I—a2(—q 2)1/4/ 1734615 q )qu ()T 7 W) dyt,

where 1”4 ()Y £/ and 1‘3/4[( )4 £GP are Lo (A,2) functions.
In partlcular if (1) =12, then

£, (3/2) :
v(é) = (I_Q)2(1_22)1/4qu(7/4)/0 14 ya(Et; ¢ dyt,

and by (2-16), we obtain

[2(3/2)
_ q ~1/4 a2,
V(&) (1—q)(1—q2)1/4f‘q2(7/4)§ 7/4(8397)
Example 4.3. [f v=2and o = —%, then the solution of the system

/0 E Y E) o ) dyE = f(0). pe A,

/O V() (pE; ¢P)dyE =0, pe By,

is
%-3/2(1 _ q2)1/2

1
VO =T /0 2 e gD ) U ONE) dyt,

where 13'2[() (/)1 and T%[(+) £ (/)12 are La(A,2) functions.
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In particular, if we take f(¢) =1~! then
21 -¢»)'PT(3/2) /1 |
—1/2 .2
1730815 q7) dyt,
(1-q) 0 / ’
and by applying (2-15), we can see that

q(1—¢*Tp(3/2) (q—ls, )
— sin ;q)—&.
T,2(1/2) l—gq

V(€)=

V(€)=

5. The fractional g-calculus approach

In this section, we solve certain dual g-integral equations by using the fractional
g-calculus approach. Peters [1961] solved the dual integral equations

/0 ETW(E)J,(2pE)dE =F(p) (0<p<1),

o¢]
/ ETPW(E) T, (2p6)dE =G(p) (p>1),
0
by using fractional calculus. Here we give a g-type analog of Peters’ problem.
Theorem 5.1. Let o, B, u, and v be complex numbers and let

r=1u+v)—(@—p) > -1

Assume that
Nwp) >-1, RAWw)>-1, RA)>-1, and RA—u—2a)>0.

Let f € Ly ypia(Ag2) and g € Loy piq—1(By2). Then the dual q>-integral
equations

£ f P V(P (VP& qDdpp = f(E)  (E € Ap),
(5-1)

0
£t fo D PY (D) I (PE: P)dyop = g€) (& € By,
have the solution
1
Y (&) = (1 — gHrvH2e2gh/2on/2ta /O B/ o&: gL f(p)dypap

o0
+(1—q2)k_”_2$”2_"/2+“/ 5/ o&: aH LT g0y dypp,
1

in qu,u/Z—a(qu,—i—) N qu,v/z—ﬂ(qu,—i-) N qu’v/z_ﬂ_y(qu,_,_),for Y satisfying
(5-2) 14+9%W) > R(y) > max{0, R —1)}.
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Proof. We shall extend the domain of the functions f and g in (5-1) to be R, , by
introducing the functions f; and g;, where

fi=fonA, and fi=0on B,

g1=0onA, and g3 =gon By,
respectively. From (3-19), (5-1) can be written as

2—a,2

(I=g)S " @) = f(6) (€ Ap),
(=S PPy =g®) (¢ eBp).

Under the conditions on the functions i, f, and g, we can apply Propositions 3.8
and 3.9 to obtain

24a,1— 24a,A— 2—a,2
N B e e 19
(1—g2i-ntt (1 —g?)rn+!

(5-3)

— Sq;;/Z—a,)»—u-‘rZaw(%_)

and

w/2—a,v—A n/2—o,v—A qv/2—B,28
I g(&) B I Sy ¥ (é) _ guraiont 2y o)
(1- qZ)u—AH - (1— q2)v—k+1 - Mg :
Thus, the last two identities can be described b
y
(5-4) SETEITIR Yy @) = h(E) (€ € Rp ),
where # is the function defined by
wey e |0 g p @) s e Ap,
&)= v
(1 —qz)k—”—lafj/z “The(€) if& € Bp.

Thus, applying the inversion formula in Proposition 3.6 yields

w(%_) _ Sq—zu/2+a+)~,—)~+u—2ah(s).

In other words,
1
(5-5) W(§) = (1 —g*)'rra2ghiamnizte /0 5/ 0E: g f(pydyap

o
e _ 2—v/2—B.v—
(1= g2y f BPE: LT g (o) d .
1

From (2-18), the qz-integral on [1, co) in (5-5) is absolutely convergent, and from
Proposition 3.3, one can verify that if (A — 1 — 2a) > O then the ¢-integral on
[0, 1] in (5-5) is absolutely convergent. Hence, the function y is well defined. Also,
using (2-18),

S qu,pL/Z—O[(qu,-‘r) N qu,v/Z—ﬁ (qu,-l-) N qu,v/2—ﬁ—y (Rq2,+)
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when y satisfies the condition in (5-2), 0
Example 5.2. If v = % p=—5a=0,and g = %, then A = % and the solution of
the system
1-g2p Vapk
TI/Z)/ £” 1/410(5)008( — )a’zg Fp), peAp,
gl JPE
T/Z)/ £~ 3/41//(5)51n( q; q) dpt =g(p), peBp,
18
g1 “1/4 o [ VPE —1/4,1
= —; I : d
V(§) (1—g2)T,2(1/2) sin =g q)L. " f(p)dgp
s/ * . (VPE
- d2p.
+ 1- q2)3/2rq2(1/2) P sin - q)g(p)dzp

The solution is in L2 _1,4(Ry2 ()N Ly _y/4—, (Ry2 1), where 0 < M(y) < %
In particular, if f(p) =g(p) = p~1/4, then

gl / («/_/0 >
= ; d
Ve (-1 —grpG/2 Jo - \1=q 7) %"

+ ¢ foo sin(@'q>d 0;
(1 —g)V/1—g’T,(1/2) )i L—q ")

and by applying (2-15) and Proposition 2.10, we obtain

—1/4 3/2 —1/4
Y€)= § |: l — ! :|cos( Ve ;q)+ d .
V1= LTp(1/2) T,G/2) (I-9)vg ") JT=grp(1/2)

6. g-Mellin transform method

Nasim [1986] showed that the dual integral equations
oo
/ T2 LDl +w®)]g@)dt = f(x), O0<x<l,
0

/ 7P, (xt)p (1) dt = g(x), 1 <x < o0,
0

where w is an arbitrary weight function, can be reduced to a single (rather com-
plicated) Fredholm equation of the second kind by using the Mellin transform. In
this section we give a g-analog of Nasim’s problem where we employ the g-Mellin
transform to reduce certain dual g-integral equations into a Fredholm g-integral
equation of the second kind.
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First, we write down some definitions and results which we use later on. Fitouhi
et al. [2006] defined a g-analog of the Mellin transform through the identity

My (f)(s) ::/O 7 () dyt.

Let o« and B be real numbers and Jl/LZ’ﬂ be the space of all functions defined on R, 1
such that

f|Aq € Lq,a—l(Aq) and f|Bq € Lq,B—l(Bq)-

The next lemma includes a sufficient condition for the existence of the g-Mellin
transform which is slightly different from the one introduced in [Fitouhi et al. 2006].

Lemma 6.1. Let o, B be real numbers such that « < B. If f € JIAZ’ﬁ , then the
q-Mellin transform of the function f exists on the strip a < N(s) < B.

Proof. Assume that f € M2?. Then, using that

1 00
Jl/tqf(s)zf t‘*‘lf(t)dqt—i-/ 7 ) dyt,
0 1
and the inequalities

|| <t* for M(s) > and all ¢ € [0, 1],

and
115 <t?  for M(s) < B and all t € [1, 00),
we obtain
1 o0
iy £ (s)] < / £ )] dyt +/ 51 £ ()] dyt < 00,
0 1
and the desired result follows. O

By (ay, ¢, By, r) we mean the fundamental (largest) strip on which the g-Mellin
transform exists for s € C such that , r < R(s) < By, 7.

Lemma 6.2. Let «, B be real numbers such that « < B. If f € Jl/LZ’ﬁ , then
My f(s) is an analytic function on the simply connected domain defined by the

strip (otg, , By, 1)-
n
Proof. If we set F,(s) := (1 — q)qu“'f(qk), we can verify that:

—n
(1) F,(s) is an entire function for each n € Ny;

(2) Fy(s) tends uniformly to ., f(s) as n tends to oo for N(s) € (g, 1, By, f)-

Hence, Jl, f (s) is an analytic function in the domain defined by the strip R(s) €
(g, £+ Bg.f)- g
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A direct consequence of the previous lemma is that

/Cx_sﬂ/tqf(s) ds=(1—q) Z f(qk)/cx_sqks ds

for any contour that lies in the interior of the domain defined by the strip N(s) €
(ag,f» By, ). Fitouhi et al. [2006] chose C to be the contour that connects the
points ¢ —im/log(q) and ¢ +im/log(q), where ¢ € (ay, ¢, By, f), to introduce and
prove the g-Mellin inversion formula

log(q) c+in/log(q)

(6-1) fx) =

= My ()(s)x ds, xeR, 4.
2im(l —q) c—im/log(q) ! "

In addition, they introduced a g-Parseval’s formula for the Mellin transform, under
suitable conditions on the functions f and g,

log(q) c+in/log(g)

(6-2) /0 fxt)g(t)dyt = Mg (f)(s)Mg(8)(1—5)x" ds,

2i77(1 - CI) c—im/log(q)
where c is in the fundamental strip of defining f, g. They also proved:
Theorem 6.3. Let K and g be a pair of functions defined on R, y such that the
strip Ig.o = (By k- 0g, k) V(1 — By g, 1 — g o) is not empty. If
o
fx)= f g(N)K(xt)dyt,
0
then

Mg (f)(s) = Mg (K)($) Mg ()X —5), 5 €Ik

The g-Mellin transform of the third Jackson g-Bessel has been calculated in [Fi-
touhi et al. 2006] by using the identity of Koornwinder and Swarttouw [1992, p. 449]:

M = ifnznwld)l(o' 24.4"h
(lZ;C])oo 00 (q;Q)oo o |

where ¢ and z are complex numbers such that 0 < |¢| < lz| 7L Using the same
technique, we can prove that

(6-3) My (2P Jo(z; g7 (5))

={1—-¢g)1 _q2)5+ﬂ—1 qu(%(a +s5s4+8))

TpGla—s—B+2)

R(s) > —R(a + B).

The following two lemmas are needed in the sequel.
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Lemma 6.4. If9i(s) < v+ 2«x and

*':Jl/t_1< T2(3v—13s+a) )
! T \pGu-ts+8+1))

then
(1 + q)x—v—Qa
T2 (—3v+iu—a+p+1)

(6-4) hi(x)= @ /554D v pinrarp *ERGL).

Proof. Applying (6-1) we obtain

log(q) c+in/log(q)

hi(x) My (A7) (s)x ™ ds

~ 2im(1— q) Je—in108(q)
__log(q) ctin/log(q) - T2(3v—%s+a)
2in(1 = q) Je—in/ro08(g) To(Gu—3s+B8+1)
_ log(q)(1 — g2)r/2=v/2—atp+1 /c+iﬂ/log(q) B (qhs2B+2, g2y
2in (1 —gq) ¢

= ds
—in/log(q) (qv—s+2a; q2)oo

Applying the g-binomial theorem (2-13) with z = ¢g"~*2* and for R(s) < v + 2a,
we obtain

log(q) (1 — g?)“2V 2P S (@222 0% g
2in(l—q) —~ (@ ¢*)n

c+im/log(q)
X / (¢"x)"% ds.
c—in/log(q)

hi(x) =

Therefore, if x := g™ (m € 7),

/c-i-in/log(q) q—s(n+m) s — {2”-[/]0g(q) ifm=—n,
c—in/log(q) 0 if m 75 —n.
Hence, h](g™) = 0 for m € N; and for m € —Nj,

q—m(v+2a)(1 _q2)p./2—v/2—ot+ﬁ+l (qu—u—2a+2ﬁ+2; q2)

hi(g™) = —
! l—¢q (4% 4%)-m
q—m(v+2cx)(1 +q) - )
= @ " g pj2—v2—atp-
ToGu—tv—a+p+1) premee
Thus A7 (x) is given by (6-4) forall x € R, ;. ([l
Lemma 6.5. If R(s) > —v+ 20+ 2 and
1 1
B = (qu(jvlJr S 1))
LpGu+3s—p)
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then, for x € R, 4,

(1 +q)xv—2a—2
To(—sv+in+a—pB+1)

(6-5) i(x) = (@X% 4yt prrap

Proof. The proof is similar to the proof of Lemma 6.4 and is omitted. ]

In the following, we use the g-Mellin transform to reduce the dual g-integral
equations

/ w2 Y @ +w)ld, (up; ¢*) dgu = f(p), p € Ag,
(6-6) °

o0
fo u= Py (), (up; g*) dyu = g(p), p € By,

to a Fredholm g-integral equation of the second kind. Before we start our mission,
we set the following notation. Let {H, H;'} and {H>, H;} be the pair of functions
defined by

qu(%v + %s —o)

TGv—is+a+1)

H(s) := My ™2, (u; g*))(s) = (1 — g)(1 — g 2!

1 1
v/ 2P LGy —3s+a+1)
LpGu—3s+B+1)
where 20 — v < N(s) <2+ 2o + v and

Hi(s):=(1-g%

qu(%/’l“"l_ %S _ﬁ)

Ho(s) i= M, (=2 T, (u: ¢ — (1 — V(] — g2y —26-1 ’
2(s) q(u w3 g)(s) =1 —g)(1—g°) qu(%u—%s+,3+1)

qu(%v + %s —a)
(it 35 —B)

where N (s) > max{28 — u, 2« — v}. It is worth noting that for

HZ*(S) = (1 _qZ)V/Z—;L/Z—Ol-Fﬂ

max{2c — v, 28 —u} < N(s) <2420+,

we have
(6-7) Hy(s)H{ (s) = Ha(s)H; (s) = K (),
where K (s) is the function defined for M (s) > 2a — v by
K(s) 1= dlg(k@)(s), k@) :=u"> 72000 aip(us ).
Theorem 6.6. Let o, B, v, and v be real parameters satisfying

v>0 and max{2a0—v,28—u} <242a+v.
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Let f and g be functions defined on A, and By, respectively. Let fi and g\ be the
extensions of f and g defined on R, | by

fi=()f(-)onA, fi=0o0nB,,
g1=0o0n Ay, glz(-)*zﬁg(-)oan.

Assume that the q-Mellin transforms of the functions ¥, Yw, f1, and g| exist on
Q1, Q21 # ¢, where

Ql = (aq,flv ,Bq,ﬁ)m(aq,gp ,Bq,g|)m(1 _IB(/,‘//’ l—aq"p)ﬂ(l _,Bq,ww’ l_aq’ww)'
Set
ni=—gutiutie+ 3l Ai=v—p—20-26-2.

Then the system (6-6) can be reduced to a Fredholm q-integral equation of the form

Y (1) = A(t) — (H/27v/2retbel f T v Y ) wu)L(t, u) dyu,
0

where
A([) — (1 _ qZ)U/Z—M/Z-HY—,B-Fl
2= y—/24+u)2—
X SpH(H (L= p)p #7222 £ ()(07))
+ (1 _ q2)l)/2—,u,/2+0£—/3+1
X SPH(H(p =g Hp 2Pag 2o B R g (7L (7))
H (x — a) is the Heaviside function defined to be 1 if x > 0 and 0 otherwise; and

1— v/24+pu/2—a+p
Lt u) = (1—-q)q

2,2
X [t dv/2i/2—atpi1 (3 @) Topripso—asp (@™ 1 )
— wdy a2t et (U5 @) o r—arp(@ 't 612)]-

Proof. Assume that ¥, @, F|, and G| are the g-Mellin transform of the functions
¥, Yyw, f1, and gj, respectively, on ;. Let

Q) :={s € C:Ns € 2 and Rs > max{2a — v, 28 — v}}.
Applying Theorem 6.3 gives
(6-8) Hi($)[W(=s5)+P(1—s5)]=Fi(s), Hs)¥(l—s5)=Gi(s).
Multiplying the first equation in (6-8) by H,*(s) and the second by H;(s) yields

K(s)W(1—s) = H{(s)[Fi(s) — Hi($)®(1 —5)],

(6-9)
K(s)W(1—s) = H;(s)G1(s),
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for N(s) €e Q:=QN{s € C: max{2a — v, 28 — u} < N(s) <242+ v}, where
we used (6-7).
In the following we calculate the value of the g-integral

(6-10) /0 KpDU O dyt (pERy).

We distinguish two cases:

Case 1. p € A,. In this case, from (6-2) and (6-9), we obtain

(6-11) /0 k(o) (1) dgt

1 c+im/log(q)
_ o) K($)W(l—s)p™" ds,
2it(1 = q) Je—izn/l08(9)

1og(q) c+in/log(q) -
__ogl9) HY (5)[Fi(s) — Hi(5)®(1 — 5)]p ™" ds.
2in(1 = q) Je—in/108(q)

Substituting

l—¢g
—s __ —v—2a+1 v—s+2a
p = 1— qv—s+2u Dq,pp

into the third line of (6-11), we obtain

(6-12) fo k(oW (1) dyt

B log(q)p "~ 2e+! b
- 2im(l — q2)—v/2+u/2—a+ﬂ+l q.p
c+in/log(g) ToGv—1ts+a)
< / LF1(s) — Hi(5)®(1 —5)]pV>+2 2"
c—in/log(q) FpoGu—3s+B+1)
o —v—20+1
g(CI)p Dq’ppv—&—Za

= 2im(l — q2)—v/2+u/2—a+ﬂ+l

c+in/log(q)
Xf [F1(s) — L(s)]#[(s)p " ds
c—im/log(q)

(1 _q)p_u_2a+l V2« o * 1Y 1
= (1 — g2)—v/2+n/2—a+p+1 Dqpp /(; LA @ =11 (?)? dqt

qu(%v — %s + o)
TGu—3s+B+1’
[(p) = Mg (Hi(5)®(1 = 5)).

where 9] (s) :=

hi(x) is given by Lemma 6.4, and
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On the other hand, using the g-Mellin transform inversion formula and the
g-Parseval relation in (6-2), we obtain

1Og(q) c+im/log(q)

L(p) Hi(s)®(1—s5)p~" ds

o 2in (1 —gq) c—in/log(q)

=p /0 WY Wyw W) g, (ups g°) dgu.

On simplifying (6-12), using (6-4), we obtain, for p € A,

(1 _ q2)v/2—u/2+a—ﬁp—v—2a+l

To(—v+in—a+B+1)

61y [ Ky (1) dyt = »
x /Op T2 o2 (1) — 1)) (%12 p*; qz)—u/2+u/2—a+,3 dyt.

Hence,

/ k(o0 (1) dyt

(1_q2)v/2—u/2+a—ﬁp—v—2a+l o . vy g o
= : OGP q7) - —aipdgt
qu(—%v+%u—o{+13+1) g '0|:/0 v/2+u/2—a+p “q

o 00
—/0 "1 (g?% ) p*; qZ)U/ZJrWZ(Hﬁ/(; u” 2y (wyw () J, (ut; g*) dgu dqt].

Since v > 0, we can apply Proposition 2.9 to obtain

o
/0 NG 0% 4 o srarp It 47) dyt

B pZVMU(l _q)(qu+v—2a+2/3+2; qz)oo
- (1— qu)(qu—v—Za—i-Zﬂ—i-Z; q2)oo
X 2¢2(0,q2‘); q2U+2’qU+M*2a+2ﬁ+2; qz’q2p2u2).

Therefore,

(6-14) /O k(O () dgt =m1(0) = I — I,

where

I (1_qZ)U/qu/%HthﬂpfvaaJrl b P o q2t2 . p
1-= F 1 1 q,p 2 q f(t) qt
p2(—yv+au—a+B+1) 0

2
P >—v/2+u/2—oz+ﬂ
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and

X 1-v-2«

_ (1 _q)(qv+u—2a+2ﬁ+2; q2)
(1—92")(¢% 9P

o
X Dy pp”’ / w2 Y W w )2 (0, g*; g7, g TN g2 02 p%uP) dyu.
0

121

Using (2-14) and (2-12), we obtain
Dq,pp2vz¢2(0, q2v; q2v+2’ qv+u—2a+2ﬁ+2; qz’ quzuz)
B (qZ; q2)00(1 _ QQV)IO?:V/Z—/L/Z-HZ—,B—IM—U/Z—;L/z-‘r()l—ﬁ

J, _ ; 2.
@+ 1= 2026 +2 (- q) (P

Thus,

o
L= p"Prep f w" PR B ) w () Sy 2wt p (P15 G7) dgut
0

Applying [Annaby and Mansour 2012, Lemma 1.12], one can verify that

P
(6-15) Dq,p/ VT (—2;q) f(®)d,t
0 P —v/24p/2—a+p
Lo >,
:f " Dq,p(—z;q> f@)dgt.
0 o —v/24-pn/2—a+p
-2 1— 20
Since Dy p(c/p% ¢ = T~ —1—(c/p* ¢*)u1 and
’ p? l—q
P 1 /72 t
[ rwan=r— [ o,
0 I+qJo WVt

we obtain
242 ‘

P
(6-16) D, / ! ("—2 qz) FW1)dyt
0 p —v/24u/2—a+B

1— q7v+M72a+2ﬂ 02 ) q2t )
= I 7 3 / v/ <—2§C]) f(\/;)quL
(1=g)p 0 P /24 ) 2—atB—1

Hence, from (3-12),

— B —nu-28-25—v/2 2—
I = (1= )" PH/PHesd pri 2B 2 p VR 2 £ ()P

The g-integral in (6-14) is now

(6-17) m(p) = (1 — g2/ /4o B pmu=2p =2 WZRUEZCHB ()02 £ (/7)) (0?)

@]
— pVAmnrmah / PR B Y w () oy 2wt p (015 G7) dyut.
0
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Case 2. p € B,. From (6-2) and (6-9), we obtain

log(q) c+im/log(qg)

(6-18) /00 k(pt)y(t)dyt = K@)V (l—s)p*ds
0

2in(1 —gq) c—im/log(q)

o ( ) c+im/log(q) B
:% Hi(s)G1(s)p " ds.
in(l1—q) c—im/log(q)

Substituting

l—gq
—s _ v=2a—-1 —s—v+20+2
po=p 1— q—s—v+2a+2 Dq*p

in the second line of (6-18), we obtain

(6-19) /0 k(pt) Y (1) dgt = ma(p)

log(q)qv—Za—va—Za—l

T 2im (1 — g2)—v/2+n/2+e—p+1

c+im/log(q)

X Dq,p,O_UJ’_ZOH_Z/ Gl(s)%z(s)qsp—s ds
c—in/log(q)
— _(1 _ q)(l _ qZ)V/Z*/L/Z*OH’/S*lqv72a72pl)720{71

* P 1
% quop—v-‘rZOH-Z/‘ gl(t)hi(_>_dql,’
0 qt/t

where €3 (s) = qu(%v + %s —a— 1)/qu(%u+ %s — B) and h3(p) is given by
Lemma 6.5. On simplifying (6-19), using (6-5), we get

(1— q2)v/2—,u/2—oz+ﬂpv—2a—l

ma(p) = —
To(—3v+ipn+a—B+1)

0 2
g(u) pP” . 2
X Dq,p/ V20421 (ﬁ’ q dqu.
P —v/24+u/2+a—p

In similar steps as in simplifying /; and by (3-1), we obtain

(6-20) ma(p)
- (- q2)v/2—u/2—a+ﬂp—2f3 3{;2/2—a+ﬂ,—1)/2+u/2+a—ﬂ[g(q—lf)](pz).
If we set m(p) to be
mi(p) if p € Ag,
may(p) if p € By,
then combining (6-17) and (6-20) gives

m(p) = {

oo
(6-21) p/2mHiEmeh / 1R ek p (013 4)Y (1) dgt = m(p).
0
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Hence, from (2-20) and (6-21), we obtain
(6_22) w(t) — t—v/2+/L/2+Ol+ﬂ+]

oo
XA p—v/2+ll/2+0l+ﬂ+1 JU/2+M/270(+,3(,0t; qZ)m(p) dqp

Substituting for m(p) in (6-22), we obtain
1
V(t) = t_v/2+“/2+a+ﬂ+1/ p VAP  r—arp (0t ¢ () dyp
0
o0
+t—v/2+u/2+a+ﬁ+1/ p—v/2+u/2+(x+,3+1JU
1

Ptns2—atp (015 g Yma(p) dygp.
Returning to (6-17) and (6-20), we obtain

Y (t) = Ni+ N> — N3,
where

Nl - (1 _qZ)v/2—ﬂ/2+06—/3t—v/2+,lt/2+0£+/3+1

1
X/O‘ ,O_V/z_u/z—‘ra_ﬂ_lJv/2+u/2—a+ﬂ(,0t;qz)
—p/2 o
x [ IR (D107 dy
Ny = _(1 _ qZ)v/Z—u/2—a+ﬁt—v/2+u/2+a+/3+1
o
Xﬁ /0_‘)/2+M/2+a_ﬂ+1Jv/2+u/2fa+ﬁ(,0f§612)
2— ,—Vv/2 24a— —
X AP o (7L (0P dy
N3 = t—v/2+u/2+tx+ﬁ+l

1 0
X / (Pfu/2+u/2—a+/s(m;qz) / w22 B g (wyw ()
0 0

X Jvp24p2—atp (ou; qZ) dq”) dqp-

Assuming that the weight function w satisfies Yy w € L}I (R4,+), then the double
g-integrals defining N3 is absolutely convergent, and therefore we can interchange
the order of g-integration to obtain

(o.¢]
(6-23) Y(1) = A() — 127Vt / w"PRREO By wyw () L (2, w) dyu,
0
where L(¢, u) comes from (2-19). Thus, the solution of the single integral equation
in (6-23) gives us the value of the unknown function (¢), which is the solution of
the dual g-integral equation in (6-6), as well. U
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In particular, if we replace o by —« in (6-6), and set w = g =0, 8 =0, and
v = [, we obtain the dual g-integral equations (4-2)—(4-3), and from Theorem 6.6,
its solution is given by

tl—a 1 o
624) v =G0 f P oot GBI F(VOI0P) dyp.
- 0
This coincides with the result of Section 4.
Example 6.7. If v = % w=—5a=p= _le’ then the solution of the system
VI=g?p™ 2

/qu(u)[l +w)] Sm(ﬂ; q)dyu=f(p), peA,
Le(1/2) I—gq

/1 1/2
z<1/p2> / () cos( 5

takes the form

)dq” =g(p), p€By,

V() = At

(1-¢q) /OOO uy (w)w(w)L(t, u) dyu,

where

L(t,u)=

[t (gD Jolq ™ us g% — udy (us: ¢*) Jo(g ™' 15 ¢7)]

and
1
AN =( —qz)”[fo o™ doot; gL PO D10 dyp

- / Joot; gH L eV )]<p2>dqp].
1
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