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COMPACTNESS RESULTS FOR SEQUENCES OF
APPROXIMATE BIHARMONIC MAPS

CHRISTINE BREINER AND TOBIAS LAMM

We will prove energy quantization for approximate (intrinsic and extrinsic)
biharmonic maps into spheres where the approximate map is in L log L.
Moreover, we demonstrate that if the L log L norm of the approximate
maps does not concentrate, the images of the bubbles are connected without
necks.

1. Introduction

Critical points to the Dirichlet energy

E(u) = %/Q | Dul? dx

are called harmonic maps, and the compactness theory for such a sequence in
two dimensions is well understood. Let & C R? be a bounded domain and N
a smooth, compact Riemannian manifold. For a sequence of harmonic maps
ur € Wh2(Q, N) with uniform energy bounds, Sacks and Uhlenbeck [1981]
proved that a subsequence uj converges weakly to a harmonic #s on 2 and
U —> Uoo In C(Q\ {x1,...,xy}) for some finite £ depending on the energy
bound. For each x;, they showed that there exist some number of “bubbles”, maps
oij : S? — N, that result from appropriate conformal scalings of the sequence
uy near x;. In dimension 2, E(u) is conformally invariant and thus one can ask
whether any energy is lost in the limit. Jost [1991] proved that in fact the energy is
quantized; there is no unaccounted energy loss:
A
Jim E(ue) = E(oo) + 3 ) E(¢ij).

i=1j=1

Parker [1996] provided the complete description of the C° limit or “bubble tree”.
In particular, he demonstrated that the images of the limiting map us, and the
bubbles ¢;; are connected without necks. Around the same time, various authors

Breiner was supported in part by NSF grant DMS-1308420 and an AMS-Simons Travel Grant.
MSC2010: primary 35J60, 35J48; secondary 58E20.
Keywords: harmonic maps, biharmonic maps, bubbling, energy quantization.

59


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2015.276-1
http://dx.doi.org/10.2140/pjm.2015.276.59

60 CHRISTINE BREINER AND TOBIAS LAMM

proved energy quantization and the no-neck property for approximate harmonic
maps [Ding and Tian 1995; Wang 1996; Qing and Tian 1997; Lin and Wang 1998;
Chen and Tian 1999].

In this paper, we are interested in an analogous compactness problem for a
scale-invariant energy in four dimensions. Let (M4, g) and (N¥, ) be compact
Riemannian manifolds without boundary, with N k isometrically embedded in some
R”. Consider the energy functional

Eeult) i= [M |Auf dx

for u € W2(M, N), where A is the Laplace—Beltrami operator. Critical points
to this functional are called extrinsic biharmonic maps, and the Euler—Lagrange
equation satisfied by such maps is of fourth order. Clearly, this functional depends
upon the immersion of N into R”. To avoid such a dependence, one may instead
consider critical points to the functional

Ei(u) = /M|(Au)T‘2 dx,

where (Au)T is the projection of Au onto T, N . Critical points to this functional
are called intrinsic biharmonic maps. The Euler—Lagrange equations satisfied by
extrinsic and intrinsic biharmonic maps have been computed (see, for instance,
[Wang 2004b]). We will be interested in approximate critical points.

Definition 1.1. Let u € W22(B;, N), where B; C R* and N is a C? closed
submanifold of some R”. Let f € Llog L(B,R"). Then u is an f-approximate
biharmonic map if

A%u— A(A(u)(Du, Du)) —2d*(Au, DP(u)) + (A(P(u)), Au) = f.
We call u an f-approximate intrinsic biharmonic map if
A%u— A(A(u)(Du, Du)) —2d*(Au, DP(u))
+ (A(P(u)), Au) — P(u)(A(u)(Du, Du) Dy, A(u)(Du, Du))
—2Aw)(Du, Du)A(u)(Du, DP(u)) = f.

Here A is the second fundamental form of N < R” and P(u) : R” — T, N is the
orthogonal projection from R” to the tangent space of N at u.

Recently, Hornung and Moser [2012], Laurain and Riviere [2013], and Wang
and Zheng [2012] determined the energy quantization result for sequences of
intrinsic biharmonic maps, approximate intrinsic and extrinsic biharmonic maps,
and approximate extrinsic biharmonic maps, respectively. (In fact, the result of
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[Laurain and Riviere 2013] applies to a broader class of solutions to scaling-invariant
variational problems in dimension four.)

As a first result, we demonstrate that when the target manifold is a sphere,
the energy quantization result extends to f-approximate biharmonic maps with
f € Llog L. For the definition of this Banach space, see the appendix.

Theorem 1.2. Let fj € Llog L(B;,R"*1) and u; € W?2(B;,S") a sequence of
Jfr-approximate biharmonic maps with

(1-1) ID?upllp2(m,y) + | Dukcllzepy) + 1 filLiog L) < A < 0.

If uy — u weakly in W22(B;, S"), there exists {x1, ..., x;} C By such that uj — u
. 2,2
in W) (Br \ {x1....,x¢},S").

Moreover, for each 1 < i < { there exists an £; € N and nontrivial, smooth
biharmonic maps w;j € C*°(R*, S") with finite energy (1 < j < {;) such that

L
lim |D2uk|2=/ |D?u|* + / |D?w;; |2,
By () Bry () ; e

k—o0

k—o00

L
lim |Duk|4=f | Du|* + / | Dw;j|*.
By; (xi) By, (x;) ; R4 Y

Here r; = %minlsjsg,j#ﬂxi —xj|, dist(x;, 0B1)}.

As a second result, we demonstrate the no-neck property for approximate bihar-
monic maps with the approximating functions L log L norm not concentrating.

Theorem 1.3. Let f; € Llog L such that the Llog L norm does not concentrate.
For uy. a sequence of fi.-approximate biharmonic maps satisfying (1-1), the images
of u and the maps w;j described above are connected in S™ without necks.

In particular, if f; € ¢ (L), an Orlicz space such that lim; o ¢ (¢) /(¢ log?) = oo,
the theorem holds. For a definition of an Orlicz space, see the appendix.

Remark 1.4. The theorems also hold for u; a sequence of fj-approximate intrin-
sic biharmonic maps. We will prove the theorems in detail for fj-approximate
biharmonic maps, and point out the necessary changes one must make to prove the
intrinsic case.

We consider biharmonic maps into spheres because the symmetry of the target
provides structure for the equation that can be exploited to prove higher regularity.
For an f-approximate biharmonic map into S”, the structural equations takes the
form (see [Wang 2004a])

(1-2) d*(DAunu—AunDu)= f Au,
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and, for an f-approximate intrinsic biharmonic u,
(1-3) d*(DAuAu—AuA Du+2|Dul*Dunu)= f Au.

The structure of the equation for harmonic maps from a compact Riemann surface
into S” was determined independently by Chen [1989] and Shatah [1988]. They
demonstrated that u satisfies the conservation law

d*(Du Au) =0.

Hélein [1990] used the structure of this equation and Wente’s inequality [1969] to
determine that any weakly harmonic u € W 12 was in fact C°.

Li and Zhu [2011] used this additional structure to determine energy quantization
for approximate harmonic maps. In their setting, the equation takes the form
d*(Du Au) =t Au for T € Llog L. Our proof of energy quantization is similar
in spirit to their work and to the recent small-energy compactness result of Sharp
and Topping [2013]. Of critical importance are the energy estimates we prove in
Section 2. The first estimates, from Proposition 2.1, are used in two ways. First, the
L? estimates of (2-2), (2-3) provide sufficient control to determine a small-energy
compactness result away from the bubbles. Second, we use the Lorentz space duality
to prove energy quantization and thus require uniform bounds on the appropriate
Lorentz energies as in (2-1). In Section 3 we prove the energy quantization result.
We point out that since the oscillation bound contains an energy term of the form
| DAug||z4/3, we must also prove this energy is quantized. This point justifies the
necessity of the estimate (2-4). We prove the energy quantization result, under the
presumption of the occurrence of one bubble, in Proposition 3.4.

We next use this stronger energy quantization result for maps into spheres to
prove a no-neck property. Zhu [2012] showed the no-neck property for approximate
harmonic maps with 7 in a space essentially between L? with p > 1 and L log L.
For w a cutoff function of the approximate harmonic map u, Zhu considered a
Hodge decomposition of the 1-form § := Dw A u. (This is actually a matrix of 1-
forms, but we gloss over that point for now.) He bounded || §]| 2.1 by bounding each
component of the decomposition, and used this to bound || Dw||;2.1 by || Du|;2
plus a norm of the torsion term, . Using e-compactness and a simple duality
argument, he showed the oscillation of u is controlled by || Dw||; 2.1, which in turn
implies the desired result.

Like Zhu, we prove the no-neck property by demonstrating that the oscillation
of an f-approximate biharmonic map is controlled by norms that tend to zero in
the neck region. Using a duality argument, we first determine that the oscillation
of u on an annular region is bounded by quantized energy terms plus a third
derivative of a cutoff function w. Our main work is in determining an appropriate
estimate for || DAw| r4/3.1. We determine this bound by considering the 1-form
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B = DAw Au— Aw A Du, and we bound DAw by bounding § via its Hodge
decomposition. In particular, we take advantage of the divergence structure of the
equation for biharmonic maps into spheres to show that 8 not only has good L*/3
estimates but in fact has good estimates in L*/3:1 This second estimate allows
us to prove the necessary oscillation lemma. The proof of the oscillation lemma
constitutes the work of Section 4. Coupling the oscillation lemma with energy
quantization, we prove Theorem 1.3 in Section 5.

Finally, the arguments we use require a familiarity with Lorentz spaces and
the appropriate embedding theorems relevant in dimension four. In the appendix,
we describe the various Banach spaces and collect the necessary embeddings
and estimates.

Many steps of the proof require the use of cutoff functions, so we set:

Definition 1.5. Let¢ € CJ°(By) with¢ =1in By. Forallr >0set ¢, (x) =¢(x/r).

Note added in proof: As we finalized the paper, we noticed a somewhat related
preprint [Liu and Yin 2013], in which the authors claim that the no-neck property
holds for sequences of biharmonic maps into general targets. Their methods are
quite different from ours and we believe our results are of independent interest.

2. Energy estimates

To establish strong convergence away from points of energy concentration, we first
prove the necessary energy estimates. The small-energy compactness result relies
on the fact that in both (2-2) and (2-3) there is an extra power of the energy on the
right-hand side of the inequality. Thus, small energy implies that || Dug| ;4 and
|| D?uy || ;> must converge to zero on small balls. Measure-theoretic arguments in
the next section will then imply strong convergence for these norms to some Du
and D?u respectively.

Proposition 2.1. Ler u € W*2(B,,S") be an f-approximate (intrinsic) bihar-
monic map, where f € Llog L(By, R"*1). Then there exists C > 0 such that

@-1) [|Dullgassapyy + 1D ull 218,y + |1 Dull Lo (p))
< CUID*ul}> (g, + 1Dl 25,y + 1Dull 25y + 1S 1og 18-
Moreover, there exists € > 0 such that, if
ID*ull 28y + 1 Dull Loy < E.
then, for every 0 <r < l,
(2-2) I1D%ull}>(p,y = Cr2ID%ul} s g,
T+ CUDull 2y + DUl ey + 1 12y 1 g 300
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2-3) [ Dulljacg,) = CriiDullis g,
+CUID*ul G55,y + DU a1 17031 L 10g £ (B2

4/3 4/3
@-4) DA} 5, < Cr2ID?ull s
8/3 8/3 1/3
+ CUID2ul 5 g+ 1DUl g s + 11 L g 2By

Remark 2.2. In point of fact, we do not need the full strength of (2-4) in application.
We use instead the estimate

4/3 2 114/3 4/3 11/3 :
||DAL! ”L4/3(Br) = C(”D u ||L2(Bg,~) + ”Du ||L4(BSr) + ”f ”Ll (Bg;) ”f ”LlogL(Bgr))’
which can be immediately proven via the method outlined below.

Proof. First, find v € WOI’Z(BZ, so(n+1))N WZ’Z(BZ, so(n + 1)) such that

Av=Aunu.

Thus, for each i, j € {1,...,n + 1}, Avl = ul Au' — ut Au/. Tt follows from
(1-2) that

A*v = A(AuAu) =2d*(Au A Du)+ f Au.
Next we let ¢ € W02’2(B2, so(n + 1) ® Q!R*) be the solution of
A% = d*(2Au A Du).

Here so(n 4+ 1) ® Q' R* denotes the space of 1-forms tensored with (n+1) x (n+1)-
antisymmetric matrices. Using Calderén—Zygmund theory coupled with interpola-
tion, and using the estimates from Section A.2, we determine that

2-5) 1D*@llarsa(myy + 1D*@ll2a(sy + 1Dl 21 (y)
= C(”Dz””izugz) + ”Dulliqlgz))-

Moreover, letting i € WOZ’Z(BZ, so(n + 1)) be the solution of

A = f Au,
we conclude that
2-6) 1DV lpa1(py) + ID*VllL21(By + 1D Wl arsapy) < €l fL10g L(B2)-

Defining
B:=v—¢—vy
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and using the above equation for v, we conclude that each B/ is a biharmonic
function on B;. Now every biharmonic function satisfies the mean value property

B =a1 ]g B0 f B(y)dy.

B (x)

for every By, (x) C B (see, e.g., [Huilgol 1971]). Hence we estimate

||DZB||L2,1(B3/2) + ||D3B||L4/3’1(Bs/2)
=< c”DB”LZ(Bz)
< C(HDU”LZ(BZ) + ||f||L10gL(Bz) + ||D2u||i2(32) + ||Du||i2(32))-

Since v = 0 on 0B,, we can use the divergence theorem and Cauchy—Schwarz to
show that

/ | Dv¥ |2 = —/ v AV = — DvY - (Du Au)V
B, B> B>

51/ |Dv"f|2+cf | Dul?.
2 /B, B,

|D?B|| 2.1 (B3, T |l D’B lLe/31(85,2)

Thus,

< el Dul 2y + 1 g £0ay + 1201 2y + 1Dl 25,
Now we observe that, since Av = Au Au,
Au= (AuAu).u~+ (Au,u)u = Ava — | Du|?u,
where here 2.1 represents matrix multiplication. Therefore,
A%u = A(Avau — | Dul?u) = d*(DAv.u + Av.Du — D(|Du|*u)).

To get the second- and third-derivative estimates in (2-1), we first observe that
| D20l 2.1y ) + 1 D*ll /3.1 (35

=c(1Dull o gy + 1 I 10g sy + 127Ul 725, + 11 DUlF 2 g,))-

Using the previous estimates and Section A.2, we observe that the 1-form in the
parentheses is in L*/3! Lemma A.3 in [Lamm and Riviere 2008] implies that

ID*ullp20(p,y + 1D ullparsi (s,
= C(||D3v||L4/3,1(B3/2) + ||D2v||iz(32) + ||D2u||22(32) + ”DMHEZ(BZ))

< (1Dl gy + 1S g £imy + 12741225, + 1Dl 5..).
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Finally, Sobolev embedding for Lorentz spaces implies that
IDullps.1(p,y < c(ID*ull 218,y + | DullL2.1(5,))
<c(ID*ullL21(py + 1 DullL2(B,)-

Combining this with the previous estimates finishes the proof of (2-1).
To prove the small-energy estimates, we observe that u satisfies (see, for instance,
[Lamm and Riviere 2008, Equations 1.4 and 1.14])

(2-7) A*u = AV -Du) +d*(wDu) + W - Du + f,
where V¥ = u! Du/ —u/ Du*, w'/ = —d* (V") —2|Dul|?§;;, and
WY = —D(d*(VV)) + 2(Au' Du’ — Au’ Du').

Let M, denote the space of m x m matrices and M;; ® QFR* the space of
k-forms tensored with m x m matrices. Then V € W12(By, M, 11 @ QIR%),
w € L2(By, Myy1),and W € W™12(By, M,y @ QIRY).

Without loss of generality we extend f by zero outside of B,. The small-energy
hypothesis implies (see, for instance, [Lamm and Riviere 2008]) that there exist
Ae L®NW22(By,GL,4;) and B € W14/3(B;, My 41 ® Q2R*) such that

DAA+AAV —DAw+ AW = DB

and
A(AAu)
= d*2DAAu—AADu+AwD—DA(V-Du)+AD(V-Du)+ B-Du))+ Af
=d*(K)+Af.
Moreover,
| DAll1.2(5,) + || dist(A. SO + D)l oo (s, + I Bllw 14738,
<c(ID*ull L2y + I Dull La(y)-
First, we determine E, F € WOI’Z(BI) such that
AE =d*(K), AF=Af.
Interpolating on standard L7 theory, we get the estimates
IEllL2.1(B) + IDE|Lassa(p,) = clKllpassipy)
< c(I1D%ul22 g, + 1 Dul2ap,).

Note that the estimate on K comes from considering the form of (2-7) and the
estimates on V, w, W and consequently those on 4, B.
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To determine estimates on F', we first observe that the estimates of Section A.2
imply that for G the fundamental solution to A2G = §,

| Fll 20z = €l DG % (AN 200y < €1/ N1 (y)-
| DFllpars.008,) = €I D*Gllparsco i | 1218)-

Also, since AF = Af € H!(R*), standard theory implies that D?> F € L' (R*) and
thus, by the embedding of W -1 into L*/31 and Sobolev embeddings in R*,

IFN 20y + 1 DFllparsacpyy = el f |l L1og (8-

Using a duality argument, we conclude that

1F 13 25,y < CIFlL20oqm | FllL21 s
=cllf vyl f L 10g L(Bo)
4/3
IDFIY5 5,y < MDY paco ) I DF I Lo/ (ay)

1/3
< I DFI 00y 1 f I 0g (B2

1/3 .
< el AU I Lo LBy

Now, set H = AAu— E—F. Then AH =0 in By, and, using standard estimates

on harmonic functions, we determine that for all 0 < r < %

IHllL2(B,) + IDH | Las3(,) = crlH w1008, ,,) = crllHllL2B,)-
The previous estimates imply that

IH 7205y < cUID?*ull 72 gy + 1Dl acgy F 1 U a1 s 0w 2c82))-
(B1) (B2) (B2) (B2) ¢ L(B>)

Since
Au=A"YE+ F+H),

the estimates for D?u now follow from a standard cutoff argument and the previous
estimates.
We estimate || DAu/| p4/3(p,) by using the previous estimates and noting that

ID(A™Y(E + F + H))ll 438,
<C(lE+ F+ Hl| 2| DAllL+B,) + ID(E + F + H)||L4/3(p,))-

To estimate Du, we first consider « € W22(By), f € W, > N W22(B;, Q'R*)
such that

ADu = da + d*B.
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Then

A?q = Ad*(ADu) = A(AAu+ DA.Du) = d*(K)+ Af on B
and
AB=DAADu on Bj.

Here K is the appropriate modification of K to include the additional term. We
first observe that

IDBlL+(B,) < c(I1D?BllL2(s,) + I DBllL2(B,))-
Standard L? theory implies that
ID*Bll2(p,) < ¢l DAlly1.2cp) | Dullyi.2,)-

Moreover, using a weighted Cauchy—Schwarz inequality and the Poincaré inequality,
we note that

| 10877 =~ [ 87 (DanDuy
B By

< clDA| g, I Dull; + 51 DBl

- L4(By) L4(By) ' 2 L2(By)
Combining this with previous estimates implies that

1DBllLacs,) < DUl 20p,) + 1D 4 5.)-

For the o term, we follow the ideas used to prove (2-1). Indeed, first determine
¢, ¥ € W2 (B,) such that A%¢ = d*(K) and A%y = Af. Then by (2-5), (2-6),
and appropriate duality arguments, we conclude that, for any 0 <r < 1,

1Dl Lacs,) < cUID*ulF 2, + 1 Dull]ag,):
”DW”24(BJ = C”f”zl(Bz)”f“LlogL(Bz)'

Setting B = o — ¢ — ¢, we have A2B = 0 on By, and we use the mean value
property to show that for any 0 < r < %

IDB||L4(B,) = crlIDB|Loo(Bs,4) < T IDBl| 4B, 5)-
Noting that
”DB”;,“(BWE;) = C(”Da”24(37/8) + ”D””;}(Bl) + ”Dzu”izugz)
DU gy + 1712y I L 10 £B):

we combine the previous estimates to get the result for Du. O
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Remark 2.3. When u is intrinsic, the strategy is the same, except for two things.
In the first part of the argument, the equation for u# will have the additional term
—d*(|Du|* Du Au) on the right side. But this term doesn’t change the estimates. In
the second part of the argument, W/ will include the term | Du|?(u! Du? —u’ Du?).
This gives the same value for d* (W), and all estimates going forward are the same.

We will prove the energy quantization results by appealing to Lorentz duality. In
Proposition 2.1, we determined uniform estimates for Lorentz norms of the form
L7, The next lemma provides the necessary small-energy estimates for the L7+
norms on the annular region, presuming small energy on all dyadic annuli:

Lemma 2.4. Let u € W22(B;,S") be an f-approximate biharmonic map with
f € Llog L(B;,R"*1). Given & > 0, suppose that for all p such that By, \ B, C
Bys \ B;/> we have

(2-8) / |Du|* + | D*u|? + |DAu|*? <.
20 \Pp
Then,

| Dullpa.oo B\ B,y + | D2 ttll p2.00(B5\ B,y + | DAUl L4/3.00 B4\ B,)
< C(e¥ + (log(1/8))™1).
Proof. Let ¢y, 1= ¢sk+2,(1 — p—2,) be the annular cutoff supported on Ay :=
Bjk+3;\ Byk—2, which is identically 1 on Byk+2,\ Byk—1,. Let G be the distribution
such that A2G = 8y in R*. Then | DG(x)| = C|x|~!. Note that operator bounds on
D¥*G can be found in the appendix. Let iy := fAk u. Set ity (x) := @y (u—iig ) (x).
Therefore on Byi+1; \ Byk,;
Azftk =(Azik)(u—b_lk)+4DA$k-D(u—ﬁk)+2A$kAu+4D$k-DAu—|—$kAzu.
Using the facts that A2y = A(Au Au.u—|Dul?u) and that A2u Au = f Au, we
note that
GxA*u = d* (px (2Au A Du.u +2Au Au.Du— D(u|Dul?)))
— D¢y - RQAu A Du.u +2Au Au.Du— D(u|Dul?))
+ ¢x (f Auu—2Au A Du.Du— Au A u.Au).
And thus,
A%y = (A?¢p)(u—itg) + 4DAGy - D(u—iig) + 2A¢x Au+ 4Dy - DAu
— Doy - 2Au A Du.u+2Au Au.Du— D(u|Dul?))
+d*(¢x (2Au A Du.u +2Au Au.Du— D(u|Dul?)))
+¢p(f Auu—2Au A Du.Du— Au A u.Au).
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For ease of notation, we let I denote the first four terms above, and Iy, I, IV
denote the last three terms, respectively. Then on each B,k+1; \ By«

| Du(x)] = [ D@ (u = ux)) (X)] = |A*G * D(Pg(u—g)) (x))|
= |DG % A*($y(u— 1)) (x)| = | DG * (I + Mg + T +TVy) (x)].
We consider each of these estimates separately. First, note that
|DG * Ii(x)]
<C

1
/(lec+3t\sz+2,)U(sz—1,\sz—2,) [x — |

x (k)4 —ap) + kO 3D —ag) + QK02 Au+ (20T DAw) dy

<c|| @ Nk w—a) + k)3 Du

A

+ 02 Au+ (2% )T DAW) dy
< c/ Q)| Du| + 2*1) 73| D%u| + %) 72| DA
Ak
< C* )T (|1 Dull s + 1 D*ullz2 + | DAul|4/3)
< C(eV* 4+ &2 4 3% x| 7.
Using the same ideas as previously, we bound

|DG * 1 (x)]
< C(Zkt)_Z/ |2Au A Du.u+ 2Au Au.Du— D(u|Dul?)|

Ag

<C*)7N2Au A Duu+2Au Au.Du— D(u|Dul?)||pas34,)
= CQ@* )T (ID%ull 2| Dull g + | Dull70)
< CEV8 +&3/%)x71

Using the estimates from the appendix, we note that

DG g || L4.00(4,)
< C|D*G *¢r(2Au A Du.ut +2Au Au.Du— D(u|Dul?)| pa.co(4,)
< C||¢px2Au A Du.u +2Au Au.Du— D(u|Du|2))||L4/3(Ak)

and

DG %IV || pa.c0(a,) = C||$k(f/\u.u—2Au/\Du.Du—Au/\u.Au)HLl(Ak).
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Thus
[{x : | DG * (Il + V) (x)| > A}|
DG (M + TV [ .00 gty
< Ck_4(||$k(f/\u.u—2Au/\Du.Du—Au/\u.Au)Hil(Al)
+||$k(2AuADu.u+2AuAu.Du—D(u|Du|2))||14/3(Ak))

fcx“‘((/ 5k|Dzu|2)2/5k|Du|4+(/$k|Du|4)3)

+Ck_4||$k(f/\u.u—2Au/\Du.Du—Au/\u.Au)H}tl(Ak).
Thus, if § = 2M¢, then (letting Sy, := Bjk+1, \ Byk, for ease of notation)

[{x € Bs\ B : | Du(x)| > 3A}]
M-1
< Z [{x € Si 1 | Du(x)| > 31}

M—1 M—1
< D> Hx €Sk DG T | > A+ Y [{x € Sk: DG+ | > A}
k=0 k=0

M—1
+ ) [{x €S 1| DG x (I +1Vy)| > A}
k=0

fremict o)

M_
< Z {|DG * (I +1IVy)| > A} + ™

<CA™ (82 + Z lor(f Au. ”)”LI(A 5t Z ((/¢k|D2u|)

(/¢k|Du|) +(/$k|Du|4) +(/$k|Du|4) ))
< C1He2 + (og(1/8) ™ 1 /1 10g (Bay) +€2)-

For the estimate on || f A u.u|;1 we use Lemma A.2, and for the rest of the
L' estimate we just use Cauchy—Schwarz. This proves the estimate for Du. The
estimates for D?u and DAu work in much the same way. In the case of D?u,
the terms like III; and IV}, require the fact that D*G : L*/3 - [2: and DG :
L' — L% are bounded operators, where the operation is convolution. For the
term DAu we observe that D3G : L' — L4/3:% and D*G : L*/3 — L4/3:% are
also bounded operators. O
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3. Energy quantization — proof of Theorem 1.2

We now determine a weak convergence result which will give small-energy com-
pactness and help us complete the proof of the energy quantization. We follow
the ideas of [Li and Zhu 2011; Sharp and Topping 2013], which in turn follow the
arguments of [Evans 1990], with appropriate minor modifications. Throughout this
lemma and its proof, we consider a measurable function f as both a function and a
Radon measure.

Lemma 3.1. Suppose {Vi;} € W*/3(By) is a bounded sequence in By C R*.
Then there exist at most countable {x;} C By and {a; > 0} with ), a; < oo and
Ve W1’4/3(Bl) such that, after passing to a subsequence,

sz —~y? + Zaini
i

weakly as measures.

Proof. As W14/3 embeds continuously into L? in four dimensions, after taking a
subsequence, by Rellich compactness there exists some V € L? such that V, — V
strongly in L? for 1 < p < 2 and Vj — V weakly in L2. Moreover, since
{DV}} is uniformly bounded in L*/3, it follows that DV, — f € L*/3 and f is
necessarily DV.

Set g5 := Vj — V. Then g € L? and Dgy, € L*/3 with uniform bounds. Thus,
in the weak-* topology, both | Dgy, |4/3 and gi converge to nonnegative Radon mea-
sures with finite total mass. (We denote this space by M (B)). Then g,% —~veM(B)
and |ng|4/ 3 ~ 1 € M(B) where v, j are both nonnegative. Now consider
Pe CO1 (B1), and observe that the Sobolev embedding of W'! 4/3 into L2 implies that

(/(qsgk)zdx)z < c(/ D@} dx)“.

Taking k — oo and noting that g5 — 0 in L*/3, we use the weak convergence to

observe that ,
2
/¢2dv§C(/ |¢|‘3‘du) .

Let ¢ approximate x g, (x) for B,(x) C B;. Then

V(B (x)) < C (u(B, (x)))2.

By standard results on the differentiation of measures (see [Evans and Gariepy
1992, Section 1.6]), for any Borel set E

o) = [ Duvdu.
E
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where

Dyv(x) = lim M
r—0 u(Br(x))
Now, as u is a finite, nonnegative Radon measure, there exist at most countably
many x; € By such that i ({x;}) > 0. Moreover, for all x € B such that u({x}) =0,
we note that

for p-a.e. x € R*.

_ o V(Br(x)
PRrCO= I o) =

For every x; such that u({x;}) > 0, set a; = Dy v(xj)u({x;}). Then

v(E)=[ Dyvdp = E aj or v= E ajdx; .
E ,
j

{jIXjGE}

C lim u(By(x))Z = 0.
r—0

Since g,% — v as measures, for ¢ € C(?(Bl),

> ajp(x) = lim / gipdx= lim [ (Vpx—V)*dx.
- k—o0 B; k—o0 B,
J
Since (Ve — V)2 =V2—=V2+2V(V = V) and V — Vj = g — 0 in L?, we have
the result. O

Corollary 3.2. For {V;} as in Lemma 3.1, if

- lim Li 1% =0
G-1) lim ;{rrlsolip 1VkllL2(B, x))
forall x € B, then

Vi — V strongly in L1200(B)-

Proof. Notice the condition (3-1) implies that |Vj|?> — |V |> weakly as bounded
Radon measures. Then, by [Evans and Gariepy 1992, Section 1.9], for any B, (x) C
By, we have ||V llL2B, x)) = IV IIL2(B, (x)) strongly for all B,(x) C B;. Then,
again using the fact that (V3 — V)% = sz —V242V(V —V;) and

f V,f—vzdx+f 2V(V = Vi)dx -0 as k — oo,
By (x) By (x)

we conclude that Vj, — V strongly in L2 (B)). O

loc

We now use the energy estimates of Proposition 2.1 to prove a small-energy
compactness result:

Lemma 3.3. Let uy, be a sequence of fi.-approximate biharmonic maps in B, with
Jfr € Llog L(B,) satisfying (1-1). There exists ey > 0 such that if

| Dukllecp,y + | D*ukcll 28,y < 0.
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then there exists u € VVIOC

(B3) such that
Duy — Du strongly in Lﬁ)C(Bl) and D?uj — D*u strongly in leoc(Bl).

Proof. We will first prove convergence of Duy to Du and D?uj to D?u in leoc

and then use Gagliardo-Nirenberg interpolation to get the L* convergence.
Begin by choosing 0 < g9 < & from Proposition 2.1. First note that the uniform

bounds on uy in W2-2(B,) imply that there exists a u € W (Bz) such that uy — u

in W10C (B3). We now show strong convergence for the derlvatlves indicated.

Pick any xo € B; and 2R € (0, ] Then Bygr(xg) C Bs. Let Up(x) :=
Uy (xo +2Rx) and fk (x):= (2R)4fk (xo +2Rx). Then 7y is an fk approx1mate
biharmonic map on B;. From (2-2), (2-3), we note that, for any r € (0, 2],

I Ditx )| Lacp,y + I Dkl L2,
< Cr(| Dl sy + 1 Dkl 2(8,)
+ C(1 Dkl 4, + 1Dk 225, + (1 Fell L () I il L1og L(B)
+(||fk||L1(32)”fk“LlogL(Bz))Z)-
Using the scaling relations listed in Section A.3 and Lemma A.3 we observe that
| DUl 248,20 T 1 D%kl 228, 2 (xo)

= Cr(IDugllLs(Bg (xop + 1D ukllL2(Bs r (o))
2 2 2
+C(”Duk”L4(BZR(x0)) +1D uk”LZ(BzR(Xo))

1
+ U fxll L1 (B g o)) | f I 10g L(Ba g (x0))) 2
1
FU 1 By e 17 1L t0g LB o)) ) -
Lemma A.2 and (1-1) together imply that

1 \! 1 \~!
I/t (Bag (ko)) = C(log ﬁ) I fxllZ10g L(B2g(x0)) = CA (log ﬁ) .

Note that the right-hand side goes to zero as R — 0. Therefore, the small-energy
hypothesis implies that

I%ILHO ,lf}) lim (||Duk||L4(B,2R(x0)) + 1 D%k 228, p (x0)))
2
= CSO Rllil)lo }E}I}) kgn;o(“Duk”L“(BzR(xO)) + ”D uk”LZ(BZR(xO)))-

Decreasing &g, if necessary, so that g < 1/C, implies that

. . 2 —
Lim kli)n;o(“D”k”L“(Br(xo)) + 1D ullL2(B, (xo)) = 0
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for all xo € By. Let Vj = D?uy and V = D?u. Since Vj, — V weakly in L? as
measures and V}, satisfies the hypotheses of Lemma 3.1 and Corollary 3.2 on By,
Vi — V strongly in leoc(Bl)-

Since Duj — Du weakly as measures in L?(B,) and

Jim  Tim I-DugllL2(B, (xo)) = Jlim kli)n;or”Duk”L“(Br(xo)) =0

for all xg € B;, Corollary 3.2 again implies that Duy — Du strongly in leoc(Bl).
Now, for any B,(x) C By, we consider the functions

wi = (up —u) — ]L;; ( )(uk—u).

Then, Dwy = D(uy —u) and D?*wy = D?(uy — u). We apply the Gagliardo—
Nirenberg interpolation inequality for wy and then the Poincaré inequality for the
L? estimates on wy to conclude that

IDwillpa(B, ) < CID*wicll 2B, ol PwillL2(B, ¢y + C I Dwill L2(B, (x))-

2 .
ioc and Duy — Du in

we conclude Duy — Du in L]‘t)c(Bl). O

Then, using the strong convergence of D?u; — Du in L
L2

loc?

Finally, we prove the energy quantization result under the presumption of one
bubble at the origin.

Proposition 3.4. Let f; € Llog L(By,R"Y), and let uy, € W*2(B,,S") be a
sequence of fr-approximate biharmonic maps with bounded energy such that

Uy — u in W22(By \ {0}, S"),

loc
(%) = up (gx) = o(x) in W2HRY, "),

loc

Presume further that w is the only “bubble” at the origin. Let

Ar(8, R) :={x : A R < |x| <é}.
Then

. . . 2
R11_>moo 511_% kll)H;O(HD urll 24, 6,8y + 1Dkl L4, 5,R))

+ ”DAuk”L4/3(Ak(8,R))) =0.

The proposition also holds if uy, is a sequence of f.-approximate intrinsic bihar-
monic maps.
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Proof. We first prove that for any ¢ > 0 there exists K sufficiently large and § small
so that, for all k > K and pg > 0 such that By,, \ By, /2 C Ak (3, R),

(3-2) [1D%ukllL2(B,,, \B,,) + | Dtikcll La(Byy \B,, ) + IDAUK L2738, \B,,)
<é&.

Since {0} is the only point of energy concentration, the strong convergence of
D?uj — D?*u in L? and Duy — Du in L* implies that for any ¢ > 0 and any
m € Z* and § sufficiently small, there exists K := K(m) sufficiently large such
that, for all k > K(m),

&
(3-3) ||D2uk||L2(B26\B82_m_1) + 1 Durll s, \Byy 1) = s

Here C is an appropriately large constant determined by the bounds of Proposition 2.1
and I' is the number of balls of radius /32 needed to cover B, \ B,/,. By (2-4),
for any x € B, \ Bsp-m—1 and 0 < r < §27"71,

(3-4)  [1DAuklLar3(8, 35000 = C (1D uillL2(B, 5o + 1 Dtk |l Lo, 50
1/4 3/4
+ “fk”Ll(Br/z(x)) ”fk”LlOgL(Br/Z(x)))

Since Lemma A.2 and (1-1) imply that

1!
(3-5) I /il (B, 2 (x)) = C(log ;) | fxll L 10g L(B, /2(x))>
for sufficiently small 6, (3-3), (3-4), and (3-5) together imply that for k > K(m)

(3-6) | DAuklla/3(By5\By, 1) T 1Ptk L4(Brs\By, 1)

2 1
T D%kl L2(Bos\ By, 1) = 28

A similar argument (perhaps requiring a larger K) implies that

-7 DAkl L4/3Bym; , x\Bsy ) + I PUK N L4(Bym, 2 \Bsy )

2 1
+1D uk”Lz(Bzm/\kR\Bka) =38
Now suppose there exists a sequence #; with Ax R < f; < § such that
2
1D~ ukll 2By \B,) + 1 DUkl L4(Bs,, \By ) T 1 PAUKN L4738y, \B,, ) Z &

By (3-6) and (3-7), txy — 0 and Bs;;, \ By, R/1;, — R*\ {0}. Define vy (x) = uy (tx x)
and fr(x):= Z,j Jr (tex). Then vy is an fi-approximate biharmonic map, defined on
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Btl:l . We first observe that vy — voo wWeakly in ngc’z([R{“, S"). Notice for any R >0

[ )] dx =[ | fe()] ds
BRr

BRtk

|BRiy |
< /0 i) (1) di

—1 ro0
Sc(log(Z—l—RLtk)) /0 (fk)*(t)log(2+;) dt

1 _1
=c| log 2+R_tk I /&l L 10g L(BY)-
By (1-1), fx — 0in L} (R*). Moreover, for all k,

loc
ID*vellr2(8,\By) + |1 DV I L4(B2\By) + 1 DAV L4738\ B,) = &
If vy — Voo strongly in W22(By6\ Bi/16,S"), then vy is a nonconstant bihar-
monic map into S”. Note that by Proposition 2.1 we get
1D vooll2(B5\By) + 1 PVoollL4Bo\ By) > O-

This contradicts the fact that there is only one bubble at {0}. If the convergence is
not strong, then Lemma 3.3 implies that the energy must concentrate. That is, there
exists a subsequence vy such that ||D2vk||Lz(Br ) T 1 DvkllLaB, (x)) = 8(2) for
all » > 0. This also contradicts the existence of only one bubble. Thus, (3-2) holds.

Using the duality of Lorentz spaces and the estimates of Section A.2, we get
the bounds

| D%ugl|s < ClID2uk 200 | D2ugcl 21,
| Dul|a < CllDug || pars.coll D] o
(3-8) < C||Dug |} a.00 | Dutge || L1
I DAw |35 < CIDAUR) 3| oo | DAUE | /3.1
< C|DAu |} wo | DA /3.1

Using (1-1) and (2-1), we observe that
| D%ugll 21 + 1 Dugll ot + | DAug a5 < CA.

Since (3-2) allows us to apply Lemma 2.4, appealing to (3-8) implies the result. [J

The full proof of Theorem 1.2 now follows immediately from the uniform energy
bounds of (1-1), the small-energy compactness results of this section, and standard
induction arguments on the bubbles.
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4. Oscillation bounds

The proof of the following oscillation lemma will constitute the work of this section:
Lemma 4.1. Let u € W*2(B,,S") be an f-approximate biharmonic map for
f € Llog L(B;,R"*1) with

ID*ull 2,y + 1 DullLacpyy + I /L 10g LB < A < 0.
Then for 0 <2t <§/2 < 1/16,

sup lu(x) —u(y)|
X,y€Bs/2\B2;

< C(I1D*ullp2(Bys\By) + 1 DUl L2(By5\B,) + | /1L 10g L(Bag)
+ [|DAu| pas3(Byg\B,) T+ IDAU| Las3.1 By, \ B,y + | Basl)-
The lemma also holds if u is an f-approximate intrinsic biharmonic map.

Consider the map u; : By — R"*! such that u;(x) = b + Ax, where b € R"*!
and A is an (n 4 1) x 4 matrix with

A= ][ Du and b:= ][ (u(x)— Ax) dVol(x).
B>/ \B; B>/ \B;
Then by construction
][ u—u; =0, ][ Du—Duy; =0, D¥u;=0 forall k >2.
th\Bt B2t\Bl
Setw = (1—¢;)(u—uy). Let wy : By — R"*1 such that wy (x) = m + N x, where
N = ][ Dw and m:= ][ (w(x)— Nx)dVol(x).
Bs\Bs/» Bs\Bs/>

Let w = (w —wq)¢s/2, S0 W = w —wy on By, and the support of @ is contained
in Bg.
By definition,
sup  |u(x)—u(y)|= sup  |w)—wp)+ui(x)—ui(y)]
X,y€Bs 2\ Ba; X,y€Bs/2\ B2y
= sup  |(@Hup+w)(x)—(@+ui+wi) ()]
X,y€Bs/2\ By
<2 sup |w(x)—w(0)+(A+N)x|.
X€Bs/2\ By

We first observe that, outside of By, w = u —u; so the definition of N implies that

A—{—N:A—{—][ Du—][ A=][ Du.
Bs\Bs,> Bs\Bs,> Bs\Bs/>
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Thus, for x € Bg/,, Holder’s inequality implies that

(4 + N)x| <573 / |Dul = Cl[Dull ;1 5, -
Bs\Bs/»

As before, let G be the distribution in R* such that A2G = §,. Then G(x) =
C log |x|, and recall that DG € L*%°(R*). It is enough to show that:

w(x)— ][ w
R4
Since all of the above quantities are translation-invariant, we may assume x = 0.

Then
a0 - f 7= | [ a260)(70)- f7)avo)

_ ‘/R DG(y)DAlE(y)dV(J’)‘

f C ” DG ||L4'°°(R4) ” DA@||L4/3,1(R4).

Claim 4.2. < C||DAW| /3.1 (R%)-

Using the definition of w,
I DAW| pas3.1 (gay
<C|lw—w|+ 82 D(w—wy)| +87" |D2w|)||L4/3J(B¢;\B§/2)
+ C||[DAw| pas3.1(By)-
Interpolation techniques and Poincaré’s inequality imply that
1672 (w— wi)llLas31(Bs\Bs 2) = Cll§~*D(w— wi)llLa/3.1(Bs\Bs) )
< C||5_1D2w||L4/3-1(B(;\B‘;/2)-

Moreover, the embedding theorems for Lorentz spaces imply that

||5_1 D2w||L4/3,1 (Bs\Bs,2) = CllDzw“Lz(Bg\Bg/z)'
Therefore,

4-1) ||DAIE||L4/3,1(R4) < C”Dzw”LZ(B(;\B(;/Z) + C”DAw||L4/3»1(B5)~
Since D?*w = D?u on Bj \ By, we conclude that
(4-2) oscpy,,\B,, U

< C(IDAW| /3.1 (pg) + 1D ull L2(By\ By ) + | DUl L4(Bs\ By 2))-

The remainder of the proof will be devoted to bounding the DAw term.
We define 8 = DAw Au— Aw A Du. Then

BY :=u/ DAw' —u' DAw’/ — Aw' Du’/ + Aw’ Du' € Q'R*
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fori,j=1,...,n+ 1. By definition 8 = DAu Au— Au A Du in Bg\ By, and
thus d*B = f Au in Bs\ B,;. We will require an L*/3 bound for 8, and to that
end note that
(4-3)  BllL4s3(Brs) = CUIDAW| Las3(Bys) + 1AW A Dutllpa/3(p,y))

= C([|1DAW|[pa/3(p,5) + 1AW L2(Byg) | DUl L4(Bos))

< C(IDAu| Las3(yp\B,) + 1D ullL2(Bog\ B,))-

For the last inequality, || Du||4(p,;) is bounded and is absorbed into the constant.
In addition, we use the definition of w and repeated applications of Poincaré and
Holder to determine
I DAl La/3(By5) < CUD*ull 2By \ B,y + 1 (1 = Pe) DAU| La/3(Byy))-
AWl L2(B,5) < CIID*ullL2(Bys\B,)-
Set
vy :=d*(DA(w—u) Au— A(w —u) A Du).
Then

d*B=fru-+vy, dB = —-2DAw A Du,
AB=(dd*+d*d)B=d(f nu+y)+d*(—2DAw A Du).

We consider a decomposition 8/ = HY 4+ d W/ + d*®" for each component S/,
where H" is a harmonic 1-form and ®, W satisfy appropriate partial differential
equations. Our objective is to bound || DAw||;4/3.1 by ||B]l74/3.1, and to that end
we determine such bounds for dW, d*®, and H.

Remark 4.3. For the intrinsic case, we modify a few definitions. Let f; :=
B+2|Du|? Dwy Au, where wy = (1—¢;)(u—d) and d := fBzr\Bt u. Using the def-
inition of wy, we get the bound || Br (| L4/3(p,s) < 1Bl L4/3(Bys) T C I DUl L4(Bo5\ B))
by using Holder’s inequality and Poincaré’s inequality. We then define yy :=
Y +d* Q2| Du|?> D(w; — u) Au), and thus

d*Br = fAu+yr and dBfy =dB+ D(|Du|*)Dw; Au—|Du|? Dwy A Du.
We now continue with the proof for the extrinsic case:

Proposition 4.4. Let W'/ be a function on By satisfying

AV = fiy) — fiyl 4y in By,
Wi =0 on 0B»g.
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Then

1Y || a3 B,y
< C(ID*ullL2(By\B,) + 1 DullLe B\ B,) + | DAUI L4738\ By)
+ 1 /L 10g L(Bas) + | Basl)-

Proof. We decompose W/ = \Ilij + ‘I’;j so that
AWY =i in B
1 14 m bjg,
W/ =0  ondBy;.
Following classical arguments,
ID*T 21 (Bys) < ClYY gt (Byy)-

Thus the embedding theorems impbf that | DY} lLa/3.1(Byg) = C||yij||H1(st).
Now we consider the %! norm of y*/. By definition,

v =d*(DAW' —u')u/ —DA(w! —u? )i’ —[A(w' —u') Du’ — A(w’ —u’ ) Du'])
= A?(w' —u ) = A?(w! —u ' — (AW —u') Au! —A(w’ —u!)Au').
Recall that w := (1 — ¢¢)(u —uy). So
Aw! —ul) = —A; (! —ui)—2D¢; - D! —u))— ¢ Au’,
Ar(w/ —ul)y = —A%p; (! — u{) — A¢: Au’ —2DAp; D(u’ — u{)
—2A(D¢; - D(u? —ul)) — A Au/ —2D¢; DAU — ¢ A2u/ .

Combining all of the terms, we estimate

[y < C|D*¢| | —uyi| + C|D>¢¢| |D(u—uy)| + C|D*¢| | D?u|
+C| D |(|DAU| + | D —ur)| |Aul) + ||’ A2ud —ul A*u?).

The definition of ¥ implies that y*/ = 0 on R*\ B,; and
/ Y :/ (DA(w—u) Au—Aw—u) A Du)’ -n=0.
R4 ath

The estimate from Lemma A.1 implies that

177 31 (Bag) < c(tlly7 — e (! A2uP —u? A*ud) | pass(p,,
+ e (! A*u' —u' A*u?)|| L 1og L(B,s) + | Basl).
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Repeating techniques used previously, we bound the first three terms of |y/|:
= lu—urllpass o\ By < CtIID(u—uy)l| Las3 By \ By)
< Ct72|D%ullr3By0\B,) = C1 1Dl L2\ B))-

We will preserve the term

1~ I DAulp4/3(B,,\ B,)-
as our energy quantization result implies that this term will vanish when taking limits.
Holder’s inequality and the fact that || D(u —u1) | L4(B,,\B,) = ClIDullL4(B,,\B,))
imply that
1D —uy)Aullpass gy, < CID@—un)lLacs, ) D> ull L2850\ B,)

For the last term, since u is an f-approximate biharmonic map into S",

e (A%u Au)l| L 10g L(Bag) < IS AUllL10g L(Bag) < Il S| L10g L(Bag)-

All of the above estimates imply that

17 11341 (Bys) = C(ID*ull L2y \,) + 1 DUl Lo\ B,)
+ (| DAul|pas3 gy \B,) T | S L 10g L(Bss) + |B45|)'
Finally, consider B
AW = flul —u' f7 in By,
{ \IJ;j =0 on dBs.

Then classical results give ||\IJIZJ w21B,5) = CIS N1 (Brs) = CINS L 10g L(Bss)-
Thus

||d\I’12j w118, = CllSIL10g L(Bas)

and the embedding theorems in R* imply that

1495 | La3.1 (Bag) < C LS L 10g L(Bos): O
Remark 4.5. For the intrinsic case, we define
vi =y +d*Q2|Du|® D(wy —u) Au)
=y —2¢:d*(|Du|® Duru)+2|Dul*(A¢;(d —u) Nu— D¢ - Du(d +u))
+2D|Du|?*- D¢ (d —u) Au.

We bound ||y ||l;1 by making some observations: First, —2¢,d*(|Du|?> Du A u)
is added to the term —¢; A%u A u that appears in the expansion of y. We then
make the substitution —¢; A u as in the extrinsic case. Second, using Poincaré’s
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inequality, Holder’s inequality, and the global energy bound for u, the L*/3 norm of
what remains is bounded by C¢™! (I Dullpa(B,\B,) + ”D2””L2(th\3z))' Finally,
observe that, by construction, yy is supported on B,; and fR4 yr =0, so the estimate
used for ||y |41 still applies.

Proposition 4.6. Ler ® € Q2R* be the solution to the system
A® = 2(DAw Du/ — DAw’ Du') in By,
O =0 on dB,s.
Then
@-4)  [|d*®Y | pass1 (g5 < CUIDullr2(p,,\B,) + I DAUI L4s3(B,5\ B,))-

Proof. Using the same techniques and estimates as in the previous proposition,
we note that

1D || La/3.1(B,5) < CIDAW A Dutlg1 (g,
= C||DAw||pa/3(pgs) I Dutll L4(Bog)
< C(ID*ull2(py,\B,) + I DAU 473 (B,5\ B,))- O

Remark 4.7. In the intrinsic setting the steps of the proof are the same, though the
equation for AleIJ includes the terms D (| Du|?) Dwj Au—|Du|*> Dwy A Du. Since
| Dwr || pa(B,5) = C || Dullp4(B,5\ B,)> On€ can quickly show the intrinsic bound has
the form

ld* ®rllparsa(pyy) = Nd* @l Lass.1(py5) + CllDull La(Bos\B,)-
Now consider the harmonic 1-form
HY = ,Bij —d*®V — dwi
Propositions 4.4 and 4.6, along with (4-3), imply that
IH 473 (Bag) < I1BNlLa/3(Bag) + 1A @l Lar3(By5) + 1AW L4738y
< C(II1D?ull2(pyy\ B,y + 1 DUl L2 (Bos\ B,)
+ IDAull a/3(Bys\ B,y + | f | L10g L(Bss) + | Basl)-

The mean value property and Holder’s inequality together imply that

y C
I HY | cocpy) < 8_3(||D2“”L2(325\Bt) + | DullLa(B,5\B))
+ DAl L473(Boy\ B,y + 1 I L10g L(Bos) + | Basl)-
Moreover, a straightforward calculation implies that

IHY || pa/3.1(8y) < C8* I HY || cocgy).
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Thus,

1BllLas31(s) < C(ID*ullL2(Bo5\B,) + | DUl L4 B\ B,
+ 1 DAul L4735\ B,) + 1/ | L1og L(Bss) + | Basl).

Using the appropriate harmonic 1-form Hy, we produce an identical estimate for fj.
We now use the definitions of w and f to determine a bound on || DAw|| p4/3.1(gy)-
First we consider the function on B,;

I DAW||pas3.1(B,,)
<ICElu—uy|+ 17| D(u—up)|+ 17" [D?ul)| La/3.1(B,\ By)
+ [|(1 —¢¢) DAu|[pas3.1(p,,)
< C||D*ullp2(,\B,) + CI DAUl| L4313, \ B,)-

On Bs\ By, w = u—uy so DAw = DAu. We first decompose DAu into
tangential and normal parts with tangency relative to the target manifold $”. Then

DAu = DAuT + DAuN = DAuAuu+ (DAu, u)u.

Here we define (Dv,u) := Zi,k(avk/ax,-)uk dx;. On Bs\ By;, DAuAu =
B+ Au A Du, and thus
(DA | < |B| + | Aul| Dul.
Since
(DAu,u) = D{Au,u) — (Au, Du) = D(d*(Du,u) —|Du|*) — (Au, Du)
= —D|Du|* — (Au, Du),

we estimate
| DAw| L4/3.1(Bs\B,))
< CllBliLass1(y) + CID*ull 2B\ Bopy I Dtell L4 B\ By
< C(IID*ullL2(B,5\B,) + | DullLa(By5\B,) + I DAUIl L4733\ B,
+ I S IL 108 L(Bag) + | Basl)-
Thus,

IDAWI|Las3.1(ps) < CUID*ull2(By5\8,) + 1Dl L4(Bo5\ B,y + IS | L10g L(Bs)
+ (| DAul|pas3.1(B,\B,) + 1 DAU L4/3(B,5\B,) T | Basl)-

Inserting this inequality into (4-2) proves the oscillation lemma.
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Remark 4.8. To complete the proof in the intrinsic case, observe that, on Bs\ By;,
DAw Au = DAuAu=p+ AuA Du+2|Du|> Du A u. This changes the L™
estimate for |(DAu)T | on Bs \ By, but using embedding theorems for Lorentz
spaces we note that the L*/31 estimate is unchanged.

5. No-neck property — proof of Theorem 1.3

The proof of the no-neck property now follows easily from combining the energy
quantization and the oscillation bounds.

Proof. As we may use induction to deal with the case of multiple bubbles, we
prove the theorem for one bubble. Let A; be such that @y (x) := up(Arx) —

w(x) € ngc’z(R“, S™). Since each of the uy € W22(By,S") are f;-approximate

biharmonic maps with f; € Llog L(B;,R"*!) and have uniform energy bounds,
Lemma 4.1 implies that

sup Juge (o) — uge (¥)]
X,y€Bs/2\ B2y, R

= C(“Dzuk”Lz(Bza\Bka/z) + ”Duk”L“(st\Bka/z)
1 kllL1og L(Bas) + | DAuk Lar3.1(B,  \B,, &)
T I DAkl L4/3(By5\B), r/2) T | Bys]).

Theorem 1.2 implies that

. . . 2
blgl}) Rh—1>noo klgr;o(”D uk”Lz(BZ‘S\B/\kR/Z) + ”Duk|lL4(st\Bka/2)
+ ”DAuk”L““(Bza\BAkR/z)) =0.

Further, (2-1) and Holder’s inequality imply that
|| DAuk ||L4'/3=1 (B)‘kR\B)‘kR/Z) = C(” Duk “L4(BZ)LkR\BAkR/4)
+ ||D2uk||L2((Bzka\Bka/4) + kL 10g (B2, 2))-

Since we presume the L log L norm of f}, does not concentrate,

lim lim lim =0.
Jim lim  lim I /1L 10g L(Bss)

Therefore,

Iim lim lim ||DAu 4/3.1 =0.
§—0 R—o00 k—>00 ” k ”L (Br R\By; R/2)

Taking all of the estimates together implies that

lim lim lim sup lug (x) —ug ()| = 0.
§—0 R—o00 k—o00 x,€Bs/2\ B2, R

Thus, no neck occurs in the blowup. O
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Remark 5.1. For f;, € ¢(L), we use the estimate

I S22 10g L(Bas)

=/ |fk|1og(2+|fk|)dx+/ el log@ + | fil) dx
BosN{| fie|<é6—1} | fic|>8—1
tlog(2 +1¢
< C8 log(2+6~1) + sup 1082 FD &1 fil) dx
r>s—1  P@) | fic|>6-1

tlog(2+¢
<C8 log2+ 871 + sup tlog@ +1)
t>8—1 ¢(Z)

Since we presumed lim; o0 ¢ (¢)/(¢ log?) = 0o, we determine

lim =0.
Jim sip I /x|l L 10g L(B2s)

Appendix: Necessary background
A.1. Hardy spaces, Lorentz spaces, L log L, and Orlicz spaces. Let
T:={® e C®R*) :spt(®) C By, VP ooy < 1}.
For any ® € T, let ®;(x) :=t"*®(x/t). For each f € L1(R*), let

Jx(x) = sup sup [(®; * f)(x)].

®eT t>0

Then f is in the Hardy space H'(R*) if f, € L'(R*) and

1/ 130 ey = I fll L1 ey

Thus, one has the continuous embedding #! < L!.
For a measurable function f : Q — R, let /™* denote the nonincreasing rearrange-
ment of | /| on [0, |2]) such that

{x e Q: /()] = s} = [{r €(0,[Q)): fF(1) = s}].
Let

Kk L 1 ! *
rrwi=g [ e
For p € (1, 00), let

[ tVPT @y de  ifg =1,
sup,s.o 1M/2f** () if g = oo.

1/ e = {
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We will also occasionally exploit the fact that one may understand || f'||zr.cc by
understanding instead its seminorm

s sup A [ ()] > AP,
>0

We define the Banach spaces

L2 = {f | flLra < o0}

The spaces L?>! and L?>® are examples of Lorentz spaces, and can be thought of
as interpolation spaces between the standard L7 spaces. For example, one observes
that the following embeddings are all continuous

L"(By) < L?'(By) < L??(By) = L?(By) < L?*(B;) < L(By)

for all ¢ < p < r [Hélein 1990].
We define

LlogL := {f:/|f(x)|log(2+|f(x)|)dx<oo}.

Since this is nonlinear, we will use the following seminorm which is equivalent to
the norm for L log L

1/ o L = / Frwtog(2+ 1) ar.

We also note that L”(B;) < Llog L(B;) < L'(B)) are continuous embeddings
for all p > 1. Finally, we say f isin H!(B;) if

(f— ) dx)x& e n! @Y.

B

We record here the often-used estimate

(A-1) I/l cByy = ClLS L 10g L(BY)-

Finally, for any increasing function ¢ : [0, c0) — [0, co) we define the Orlicz space

o(L) = {f: /o= [ 607D dx < oo}.

Examples include the L2 spaces for ¢ () =t? and L log L when ¢ (¢) =1 log(2+1).
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A.2. Embeddings and estimates for Lorentz spaces. We will frequently use the
following facts about Lorentz spaces:

(1) LP4.LP"4 continuously embeds into L™ for 1/p 4+ 1/p’ < 1 where

with
I /gllLrs = Cl fllLrallgllpr.a-
(2) For f € L? and g € W12,

I /gllparsa = Cllfliz2llg w2
(3) WLL(R?*) — L4/31(R*) and W 1-2(R?*) — L*2(R*) are continuous embed-
dings.
(4) L*! and L2 are dual spaces, as are L*°, L4/3:1 gnd 141, [4/3:00,

(5) Forall 0 < p,r < oo and 0 < g < oo (see [Grafakos 2008], Section 1.4.2),

L/ zea =1/ Iz rar-

6) Let f € LP4(R*) and g € L?9 (R*) with 1/p +1/p’ > 1. Then h =
fxge L™ (R*) where 1/r =1/p+1/p’—1 and s is a number such that
1/q +1/q" > 1/s. Moreover,

120 Lrs @y = el fllLra@ayllgllLe.a ey

For a proof, see [Ziemer 1989].
Let G be the distribution such that A2G = §y. Then, D>G € L>*®°(R*)
and D3G € L*/3:°°(R*). Moreover, DG € L**°(R?).
Using (6), and considering D?G, D3*G as operators by convolution, we
have:
(7) D*G : L*3Y(R*) — L*'(R*) and D3G : L¥3'(R*) — L*1(R*) are
bounded operators.

A.3. Scaling and estimates for L log L and 7. We first prove an essential but
technical lemma that is probably well known, though we have not found a reference
in the literature. (We prove the lemma for our particular setting, though a more
general result is true.)

Lemma A.1. Let f = fi + f», where f; € L*/3(Bg) and f> € Llog L(BR), be
a compactly supported function with spt(f) C Bg and [ga f(x)dx = 0. Then
f € HY(BR) and there exists C > 0 such that

(A-2) /a1 (Bry = CRI f1llLar3BR) + I /2L 10g L(BR) T | B2R])-
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Proof. First note that
(A3) Il = [ Awdrs [ A
B>Rr R*\BsR

Since f; € L*/3(R*) and f> € L log L(R*), we see that f € LIIOC(R4) and therefore
fe(x) < cMf(x) for every x € R*. Here M f : R* — R is the maximal function
defined by

Mf(x)=sup ———
r>0 | Br(x)] B (x)

| f(»]dy.

Using the above, Holder’s inequality and the estimates || M f1||z4/3 < c|| f1llp4/3
and [|M /211 (B, ) = €N /2llL10g L(Bog) T €¢I B2RI,

(A-4) /B Sex) dx <cRI(fD)xllzars + 1)l
* <cR|M fillpars +cl|M fal

<cR| fillpass +cll f2llLrog L + | B2Rrl.

Now we calculate for ¢ € T and x € R*:

0% £()] = ‘ /B (=) f () dy‘
- ‘ /B Ge(x— ) — (0N L) dy‘

< [Vl 1oo / IO .

Bgr

where we used the mean value theorem and the cancellation property [ f(y) dy =
0. Since ||V ||roo < 1/t3, for t > 0, we estimate

(A-5) b % S ()] < Zf; /B 1y

cR? cR
< —\/fillpars + <l f2llL10g L-
t5 t5

Assuming now that |x| > 2R, we can apply a technical result to get

cR? cR
(A-6)  fulx)=sup sup |¢;* f(X)| = —=/illgass + 5l /2llL 100 L-
beT 1>|x|/2 | x| x|
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Inserting (A-4) and (A-6) into (A-3), we conclude that

(A7) N fsllpr = eRl fillpass +cll f2lliog L + ¢| B2l
R il + R flsn) [

< cR| fillpass +cll f2llLiog L + | B2rl.
This concludes the proof. O

Bar IXI

We also note two important inequalities (with proofs following those of [Sharp
and Topping 2013]):

Lemma A.2. Let f € Llog L(B,(xg))forr €(0,1/2]. There exists C >0 such that
(A-8) I/ 2B, Gy < CU0g(1/M) ™M f | L 10g LB, (xo)-

Proof. Start by observing that

| B1]
0<r* X t)log(2+ )dl
0

1B, (x0)] 4
:/ f*(s)log(Z—i——) ds
0 S

| B/ (xx0)] | B (x0)I 2 1
= / f*(s)log(r*) ds + / S*(s) log(—4 + —) ds
0 0 r S

= —4log(1/ M)l fllL1 (B, (xo)) + CIIS I L10g LB, (x0))-
The last inequality follows from the fact that there exists a fixed C such that

2 1 2w4+1 1\¢
—4-< <(2+-=
r S S S

for all s < war?. O

Let u be an f-approximate biharmonic map on B; with f € Llog L(B;). For
Xp € By and R > 0 such that Br(xo) C By, define i(x) := u(xo + Rx) and
f (x) := R* f(xo+ Rx). Then 7 is an f -approximate biharmonic map. Moreover,
we note that for any r € (0,1), p>1,and k = 1,2, 3:

(1) | D¥atl| pasncp,y = I D*ull sk (B, (xo))-
@) [ £lLe,) = R*XCYP| fllLe(B,rxo))-

Lemma A.3. Let f € Llog L(By(xg)), where r € (0,1/2] and define f'(x) =
r* f(xo + rx). Then there exists C > 0 such that

I/ lL10g LB < CllS L 10g L(B: (x0))-
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Proof. First note that, using the definition of f , one can immediately show that
f*(@) =r* f*(r*r). Thus,

|B1] 1 |B1] 1
F*(0) log(2 + ;) dt = / r* X (rte) log(2 + ;) dt
0
| B, (x0))| 4
:/ f*(s)log(2+—) ds
0 S

|Br(x0)| 1
5/ f*(s) 10g(2+—) ds. O
0 S
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