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We consider the complex Monge-Ampere equation on compact manifolds
when the background metric is a Hermitian metric (in complex dimension 2)
or a Hermitian metric satisfying an additional condition (in higher dimen-
sions). We prove that the Laplacian estimate holds when F is in W% for
any qg > 2n. As an application, we show that, up to scaling, there exists a
unique classical solution in W34 for the complex Monge-Ampere equation
when F is in W4,

1. Introduction

We consider the regularity problem of the complex Monge—Ampere equation on
some compact Hermitian manifolds. Let (M, g) be a compact Hermitian manifold
of complex dimension n > 2. For a real-valued function F on M, we consider the
Monge—Ampere equation

det(gi; + ¢i7) = e” det(gij),
with (g;;7 +¢;7) > 0, for a real-valued function ¢ such that sup,, ¢ = —1. We write
w=+—lg;dz AdZ/ and &=~/—1§;;dz' AdZ,

where g;; = gi;7 + ¢;7. Thus, the Monge—Ampere equation can be written as

" = ern’
(1-1) d=w+~/—130¢ >0,
sup,, ¢ = —1.
For functions f, 4 and a holomorphic coordinate z = (zl, ..., Z") we write
= o°f — ol AF— i
f'j_W’ Af =g" fij, Af=g"fij.

IVFP=8"fif;, INfP=87fif;, (Vf Vh)=g" fih;.
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We use || fllLrm,0) and V™ flLrm,0) to denote the corresponding norms with
respect to (M, w).

When o is Kéhler, the complex Monge—Ampere equation is very important.
Calabi [1957] presented his famous conjecture and transformed that problem into
(1-1). Yau [1978] proved the existence of the classical solution of (1-1) by using
the continuity method and solved Calabi’s conjecture.

The Dirichlet problem for the complex Monge—Ampere equation is also very
important. Bedford and Taylor [1976; 1982] studied the weak solution. After their
work, weak solutions of the complex Monge—Ampere equation have been studied
extensively. There are many existence, uniqueness and regularity results of the
complex Monge—Ampere equation under different conditions, and we refer the
reader to [Btocki 2005; Demailly and Pali 2010; Dinew 2009; Eyssidieux et al.
2009; Guedj and Zeriahi 2007; Kotodziej 1998; 2008; Zhang 2006].

On the other hand, the classical solvability of the Dirichlet problem was estab-
lished by Caffarelli, Kohn, Nirenberg and Spruck [1985] for strongly pseudoconvex
domains in C". The reader can also see [Krylov 1989; Krylov 1994]. For further
information, we refer the reader to [Phong et al. 2012], which is a survey of some
recent developments in the theory of the complex Monge—Ampere equation.

When w is not Kéhler, the existence of the solution of the complex Monge—
Ampere equation has been studied under some assumptions on w (see [Cherrier
1987; Guan and Li 2009; Hanani 1996; Tosatti and Weinkove 2010b]). For a general
w, Tosatti and Weinkove [2010a] obtained the key C?-estimate. As an application,
they showed that, up to scaling, the complex Monge—Ampere equation on a compact
Hermitian manifold admits a smooth solution when the right hand side F is smooth.

Chen and He [2012] have proved that, on a compact Kédhler manifold of complex
dimension 7, the Laplacian estimate and the gradient estimate hold and there exists
a classical solution in W34 for the complex Monge—Ampgre equation when the
right-hand side F is in W% for any go > 2n.

In this paper, we generalize the work of Chen and He. We use a different method
(we don’t need the gradient estimate to get the Laplacian estimate) to consider
the regularity problem of (1-1) on some compact Hermitian manifolds (including
compact Kihler manifolds).

Definition 1.1. A compact Hermitian manifold (M, w) of complex dimension n
satisfies condition (x) if, for any ¢ € C 2(M) such that

d=w+v=100¢>0, [llL~mw <A1 and A;'e" <d" < A"
there exists a constant C = C (A1, Ay, M, w) such that

—Ca" <+/—1000"' < Co".
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Remark 1.2. When n = 2, condition (x) is trivial. Since

all compact Hermitian manifolds of complex dimension 2 satisfy condition ().
Remark 1.3. When n =3, if (M, w) is a compact Hermitian manifold satisfying
00w =0,
then we have
300* = 200 A dw,
which implies this Hermitian manifold (M, w) satisfies condition (x).

Remark 1.4. When n > 4, condition (%) is not a very strong restricted condition.
For example, if (M, w) is a compact Hermitian manifold satisfying

(1-2) 90w =0 and 90w?* =0,

then we can conclude that 39w* = 0 for all 1 <k < n — 1 (see, for example, [Fino
and Tomassini 2011]), which implies that 90k =0 forall 1 <k <n—1. Thus,
such a Hermitian manifold (satisfying (1-2)) satisfies condition (x). For example,
the products of a complex curve with a Kéhler metric and a complex surface with
a non-Kéhler Gauduchon metric satisfy (1-2). More examples are constructed in
[Fino and Tomassini 2011].

Remark 1.5. All compact Kihler manifolds satisfy condition (x).
Now, we state our Laplacian estimate as follows.

Theorem 1.6. Let (M, w) be a compact Hermitian manifold of complex dimension n.
Assume that either

(1) n=2,0r
(2) n =3 and (M, w) satisfies condition (x).

For any qo > 2n, if ¢ is a smooth solution of (1-1), then

In+ AdllLoem.w) < C(”F”leqo(M,w)a q0, M, w).

Usually, we need the gradient estimate to derive the Laplacian estimate. However,
the computation on Hermitian manifolds is more complicated due to the existence
of torsion terms. As a result, the gradient estimate is very difficult to obtain. In
order to solve this problem, we introduce a new method to obtain the Laplacian
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estimate directly. By using Moser’s iteration [1960], L? estimates (for example, see
[Gilbarg and Trudinger 1977]) and some interpolation inequalities, we can obtain
the Laplacian estimate without doing any calculations involving the gradient, which
makes the argument simpler and clearer. Therefore, we believe that our ideas can
be applied to other nonlinear equations on compact manifolds.

As an application of Theorem 1.6, we have the following theorem:

Theorem 1.7. Assume that (M, w) satisfies condition (1) or (2) of Theorem 1.6.
Let F be a function in W9 for any qo > 2n. Then there exist a function ¢ € W39
and a constant b such that

o :eF+ba)n
®d=w++/—189¢ > 0,
sup,; ¢ = —1.

2. Some preliminary computations
We need the following CY-estimate from [Tosatti and Weinkove 2010a]:

Theorem 2.1. For any compact Hermitian manifold (M, »), if ¢ is a smooth
solution of (1-1), then we have

Il Lo m,0) < C,
where C = C(supy, F, M, w).
We need the following lemma from [Tosatti and Weinkove 2015]:

Lemma 2.2. Let (M, ) be a compact Hermitian manifold of complex dimension n.
If ¢ is a smooth solution of (1-1), then, for any € > 0, we have

2-1) A(Aq&)—l—(e—l)m—@'z>AF—A(1+1/6)(n+A¢)(n—A¢>)
(n+A¢p) — ’

where A =AM, o, || F|l 1> wM,v))-

Proof. We need the following equation, which is [Tosatti and Weinkove 2015, (9.5)]:

Re(G4 T} (tr, §)p) +
ik 8 [ tl’g g

A(log(try §)) > ( —Citrgg—Cy.

try §)°
where the tensor 7 is the torsion of (M, w) and C1 =C (M, w, || Fl|lL>~mm,0)). After
some calculations, we have

VARPE

=kl i R _ %
n+Ad) =~ (n+ Ag) Re(§“ T (A®)p) + AF — Ca(n+ Ap)(n — Ag),

A(Ag) —
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where Co = C2o(M, w, || F||L~m,0)); We have used that trz g = (n — A(,b) > npeF/n,
By the Cauchy—Schwarz inequality, for any € > 0, we have that

; IV(ap)I®
A(AP) = ————
(n+ A¢)

o Vag)r

_6—

(n+ Ag)

where A = A(M, o, || F||L=m.0)) and we have used that (n + Ag) > nef/". 0

— é(n + AP)(n— Ad) + AF — A(n+ Ad)(n — Ad),

Lemma 2.3. Let (M, w) be a compact Hermitian manifold of complex dimension n.
If ¢ is a smooth solution of (1-1), then, for any p > 1, we have

A (n+ Ag)P)
> C1(p)(n+ AP 5T — Ca(p)(n+ Ad)? + pe? @ (n+ Ad)" ' AF,
where
fo(@) =e AP, A=A(IFllL~Mw). M, 0),
Ci(p) =Ci(p, | FllLom,w), M, w), Ca(p)=Co(p, IFllLom,w, M, w).
Proof. By direct calculation, we have
(2-2) A" (n+Ap)P)
= [P P (AP)(n+ AP + (f7+ [l P VoI (n+ Ap)P
+pe? D AAY)(n+ AP+ p(p—De/r DIV (AP (n+ Ap)P
+2pf1e/r D (n+ Ap)P ! Re(§ g (Ad))).
By the definition of f,(¢), we have

{f,ﬁ(¢) = —A(p+3)e APt <0,

(2'3) fl/)/(qs) — Az(p + 3)26*A(P+3)¢ > 0

Thus, by the Cauchy—Schwarz inequality, we have

; SP+ D+ Ap) ~pf, 5
2R ~kl A _ 14 14 v 2 14 v A 2’
e(@ g (Ap)) < L VO + e ag VA9

which implies that

24) 2pfle’" P (n+ Ap)P Re(3pr(Ag))
> —(f7+ [PV (n+ Ap)P
Py

_ 5@ (1 4+ AV -21T(AD)I2.
RS (n+Ap)P7IV(AP)]
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Combining (2-2) and (2-4), we have

AP (n+ Ag)?)
> f,gefp@)(n + AP)P AP + pe!? @D A(AP)(n + Agp)P~!
S 2 2, f(9) P’f pfz
pP— )4 _ 1 .
+ |V(AP)|“(n + A¢) e <p(p ) —f1;2+f1;/)

rfy 1) W(AW)
2+ Ty ) (n+A¢)

> pe!r @ (n+ Ap)"! (A<A¢> + (
+ f,e"r P (n+ Ap)” Ag.
By Lemma 2.2 (take € = pf; /((f;)* + f})), we obtain
2-5) AP (n+ Ap)P)
> f1e7? P (n+ Ap)? Ad + pe!r P (n+ Ap)’ ' AF
() + f;,’>
rfy
— nf;ef”(‘p)(n + AP)P + pefp(¢)(n + Ad))p_lAF

N2 "
L el @ (n 4+ AG)P(n — A¢)<—f; - Ap(l + %))
p

— Ape?? D (n 4+ Ap)F (n — Ag) (1 -

> nf[/,ef}’('b) (n+ Ap)P + pefp(di) (n+ A¢)p_1AF
+ Ae!" D (n+ Ag)P (n — Ag),
where we have used that sup,,; ¢ = —1 and (2-3). It is clear that

det g

tr, g < (trz )"~ ,
¢ & = (trz g) det g

which implies that

(2-6) (n+A¢) < (n—Ag)"~'e".

Combining this with (2-5) and (2-6), the proof is complete. Ul
For convenience, we introduce some notation here: we set

(2-7) u=e"Pm+ Ap).

Thus, by Young’s inequality and Lemma 2.3, we have

(2-8) Au>e"AF - C,

where C = C (|| F || Lxm.0). M, o).
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3. The Laplacian estimate
We remark that in this section our constants may differ from line to line.

Lemma 3.1. Let (M, w) be a compact Hermitian manifold. If ¢ is a smooth solution
of (1-1), then, for any f € C*(M), we have

IVfI? < CulVfI%,
where u is defined in (2-7) and C = C (|| F'|| Lo (M, w), M, ).
Proof. By direct calculation, we have
IVFI* < (n+ A9V fI2.
Combining this with (2-7) and Theorem 2.1, the proof is complete. ([

Lemma 3.2. Under the assumptions of Theorem 1.6, for any p > 0, we have

/ V)P
M

§C(p2+1)/ up(1+|VF|2)a)"+Cp/ u”|V¢||VF|a)"+C/ uPt ",
M M M

where u is defined in (2-7) and C = C (|| F|| Lo (M), M, ®).

Proof. By Lemma 3.1 and direct calculation, we have

/ Vuh)Po < a/ ul¥ P
M

M
= Cmp«/—l/ duP Ndu A" !
M

_ C _
:—Clnpv—l/ u? 8814/\5)"_1+£\/—I/ quPT A !
M p+l M

- C _
=_c1pf u? (Au)d'" — ‘"p«/—l/ WP 9560,
M p+1 M

where C1 = Ci (|| Fllz=Mm,0), M, ). Since M satisfies condition (x) (when n =2,
all Hermitian manifolds satisfy condition (x)), we have

_C1nP /—_1f up+1856)n—1<C2/ up-i—lwn’
p+1 M N M

where Cy = Co(|| F|| Lo (m.0), M, ®) (Since n = dim¢ M, we can absorb it into the
constant C,). By (2-8) and @&" = e’ w", we obtain
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—Clp/ uP (Au)d" < Cgp/ uP (C—e "D AF)&"
M M
< C3ép/ ul’a)"—c3pf e @uP (A" )—el |VF [P0
M M
< c4pf uf’(1+|VF|2>w"+csp/ (V(e"PuPy, v (ef))aw"
M M
—V—ngnp/ NP urdel Ao !,
M
where C3 = C3(|| FllLoM,0)» M, @), C4 = C4(|| F || L M,0)» M, ®). It is clear that
Csp / (V(e"PuP) V(e"))o"
M
—Csp / u? (VD) V()" + Cap / NG (T uP), V(eF))o"
M M

§C5p/ u”|VF||V¢|w"+%/ |Vu§|2a)”—|—C5p2/ uP|VF>0",
M M M

where Cs = Cs5(|| F|lLoMm,0), M, w). Here we have used the Cauchy—Schwarz
inequality. We notice that

—«/—1C311p/ 1P yP jet A g ! §C6p[ u?|VF|o",
M M

where Cs = Co(|| F'|| L (M), M, ®) (Since n = dim¢ M, we can absorb it into the
constant Cg). Combining the above inequalities, we complete the proof. ]

Theorem 3.3. Under the assumptions of Theorem 1.6, we have
el onor = Clull, gy, I lytaogar e do- M. @):

Proof. Without loss of generality, we can assume that gy < co. We use the
iteration method (see [Moser 1960]). By the Sobolev inequality (Corollary A.2)
and Lemma 3.2, for p > 1 we have

1
(f,wrer)
M
§C1/ u”a)”—i—Cl/ IV(u?) 2"
M M
§C1/ upa)"+C1p2/ uP (14 |VF?)o"
M M
+C1p/ u”|V¢||VF|a)”+C1/ uPt "
M M

§C1p2/ uP+‘w"+C1p2/ up|VF|2a)"+C1p2/ uP|V||VF|o",
M M M
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where B=n/(n—1) and C; = C (|| F || L>(m.0)» M, ®). Here we have used Young’s
inequality and the inequality p < p®. By the Holder inequality, we have

/ uP|\VF*o" < (/ uPo " > (f |VF|%q )
M
and
1 1 x
o 0 q0
/ uf|Vo||VF|o" < (/ upr"a)") </ |V¢|q°w"> (/ |VF|q°a)”>
M M M M

where 1/ro+2/qo = 1. Combining the above inequalities, when pro > p+1 (that is,
p = (o —2)/2), we obtain
=
letllomianr = (C2p*UAVG L0 + DI (14, ) F Nl o0 1,00

ptl

< (C2p* VPl Lo ) + D)7 11l oo 41,09

where Cp = Co(1F llwrao (.)» 905 M, ). By Lemma A.6, we have

IVOllLom,w) = Callull 200 +C3
L2n+q0 (M,w)

< C3||M||L‘170(M o) + Cs,

where C3 = C3(qo, || Flloo, M, ®). Thus, for any k > 0, we have

b
(3_1) ||Lt||kaﬁ(M’w) < ak”u”LkPk’o(M,w)’

where
1
ar = (Capi(lull 5 +1))7%. Co=CallFllwigot.w: do. M, @),
(M,w)
pr+1 90—2(E>k

by = , Pk =
Dk 2 ro

Here we point out that gp > 2n implies that ﬂ /ro > 1. By (3-1), we have

b b
(3-2) el Lot vty < KGR - Hlu ||LPO’O(M )

Without loss of generality, we can assume that a; > 1 for kK > 0. We observe that
[Tr2o bx and ]2, ax are convergent. In (3-2), letting k — 0o, we obtain

||”||L°°(M,w) (””” ”F”WL‘JO(M,w)’ q0. M, CU) O

L2(M w)’

Lemma 3.4. Under the assumptions of Theorem 1.6, for any p > 1, we have

/up+'l|1wnSC(P)/ uP—I|V¢||VF|w"+C<p)/ w1V F o + C(p),
M M M

where C(p) = C(p. | Fllz= (.00, M. o).
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Proof. Starting with Lemma 2.3 and then integrating over (M, @), for any p > 1
we obtain

/ AP (n+ Ap)P)d"
M
> Ci(p) f uP TG — Co(p) / uld" + p / @ (n 4 AP AF T ",
M M M

where C1(p) = Ci(p, | FllL>m.0), M, ®) and C2(p) = Co(p, || F |l LM .w)s M, @).
Here we have used (2-7) and Theorem 2.1. Since M satisfies condition (*), we have

/ A" (n+ Ap)P)d" :n«/—_I/ 30(e? P (n+ Ap)P) A"
M M
:n\/—_I/ efp(¢)(n—|—A¢)p 900" !
M
< C3(P)f ul”,
M

where C3(p) = C3(p, | FllLoM,0), M, @) (Since n = dim¢ M, we can absorb it
into the constant C3). Combining the above inequalities, we compute that

/up+fvlla)”
M
< C4(p) / e!r @ (n+ Ap)P I (VF 2l — A(eF))o" + Cs(p) f ulo"
M M
< Cs(p) / WP VEPW" + Cy(p) f (VD (1 + Ap)P), VeF 1o
M M
—C4(p)n«/—1/ e’r(n+ Ap)P~! éeFAaw"—1+c5(p)/ ul o'
M M
SCS(P)/ uf’w"+c5<p>/ uﬂ—1|VF|2w"+cs(p>f WPV |0
M M M
+C5(P)/ |V<up—1>||VF|w"+cs<p>f WP VG|V,
M M
where C4(p) = Ca(p, || FllLoM.0), M, @) and Cs(p) = Cs(p, || F|lLoM,w)> M, @)

(Since n =dim¢ M, we can absorb it into the constant Cs). By the Cauchy—Schwarz
inequality, we have

p—1

7 |VF|o"

cs<p>f V@)V Flo" = CS(P)/ V" u
M M

ECs(p)f |V(u”2'>|2w”+c5<p>/ u?\VFP".
M M
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Combining this with the above inequalities and Lemma 3.2, we get

1
/ up-‘rﬁa)n
M

< Co(p) [ uPal+Cotp) [ wr I VOIVFI6 + Cop) [ wr VPO
M M M
where Cs(p) = Co(p, | FllL>~Mm,0), M, ). Using Young’s inequality, we complete
the proof. O
Now, we are in a position to prove Theorem 1.6.
Proof of Theorem 1.6. Without loss of generality, we assume that gg < oc. By
Lemma 3.4 and F € Wl for any p > 1, we have
[ wr et i [ IVaIVE +Cip) [ ar 9ERS 4 Cip)
M M M
p—1 2 n (P—l)% n
=Ci(p) | u" 7 |IVo[ro"+Co(p) | u™ "07w" + Ca(p),
M M
where C1(p) =C1(p, | FllL>m,0), M, @), C2(p) = Co(p, 1 Fllwiaom,w) 90- M, @)
and we have used the Holder inequality in the last line. When p > 1 satisfies that

qp—2  qo

2n—2 2’

1
p+——>(p— l)i, or equivalently p <
n—1 qo—2
we can use Young’s inequality to get the inequality
+ 1L 5 —1 2. n
/ uPTiTe" < Ca(p)/ u? Vol " + C3(p),
M M

where C3(p) = C3(p, | F ly190 (a1.0)> 90- M, 0). Now, we take p=¢qo/2—1/(n—1),
we obtain

/u?w"§C4/ unO_ﬁ|V¢|2w"+C4
M M

1 (2P 5% B on
<5z u?® T0F"+Cq | [VO|F " +Cy,
2 M M

where C4 = C4([| Fllyy1.40 (a1, 0)> 90, M, @) and B =n/(n — 1). It then follows that

2
3‘3 u q <C \V/ B +C
(3-3) Il 5., S CAVOy - +Co

By Lemma A.7, we have

1
3-4 VoI 4 < Csllull? 4 +Cs,
LP (M,w) L2 (M,w)
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where Cs = Cs5(qo, || F |l L 1,0), M, w). Combining (3-3), (3-4) and 8 > 1, we get

”””L%O §C6(||F||W11q0(M,w)7QO7M, w).

(M,w)

By Theorem 3.3, we complete the proof. ([

4. The Holder estimate of second order, and solving the equation

We note that when F is in W4, for any ¢o > 2n, Sobolev embedding implies that
F € C%, where ag = 1 —2n/qo. By Theorem 1.1 of [Tosatti et al. 2014], we have
the following theorem:

Theorem 4.1. Let (M, w) be a compact Hermitian manifold. If ¢ is a smooth
solution of (1-1) and F € C®°, then there exists a constant o € (0, 1) such that

&l crem,w) = C,

where a and C depend only on ||| LM o), IAP | Lom.w)- @0, | Fllceom,w)» g0, M
and w.

Now we are in a position to prove Theorem 1.7.

Proof of Theorem 1.7. Our argument here is similar to the argument in [Chen and
He 2012]. Let F € W% on M such that | Fllwtao(pr.e) < A for some positive
constant A. Let { F}} be a sequence of smooth functions such that F; — F in whao,
In particular, we can assume that || Fy || yy1.49 Mw) S A+ for any k. By [Tosatti and
Weinkove 2010a], there is a unique smooth solution ¢ and constant b; such that

det(gi7 + (r)i7) = eF o det(g; ),

and such that (g;; + (¢x);;7) > 0 with normalized condition sup,, ¢, = —1. By the
maximum principle, we have

4-1) 1be] < Crl FicllLoo (M), M, ).

By Theorem 1.6, Theorem 2.1 and Theorem 4.1, there exists a constant « € (0, 1)
such that

9k llc2em.w) < CoUl Ficllwrao a1,y 90- M @)
To get a W39 -estimate, we can localize the estimate as follows. Let d denote an

arbitrary first-order differential operator in a domain €2 C M. Since we have a
C?%-estimate, we compute that

Ag (3gy) = d(Fr +log(det(gi7))) — (gr)'7 dgi7
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in 2, where (gr)i;7 = gi; + (¢r)i;. Since Agk is a uniform elliptic operator, by L?
estimates (for example, see [Gilbarg and Trudinger 1977]), for any Q' C Q we have

||8¢k||W2~qO(Q’7w) S C3(Qs Q/s QOs Aa Cl)),

which implies
(4-2) ||¢k||W3,f10(M,w) = C4(||F||W1¢10(M,w)a q0, A, M, 0).

By (4-1) and (4-2), we know that there is a subsequence {(¢x,, bx,)} of {(¢x, bi)}
such that {b,} converges to b and {¢y,} weakly converges to ¢ € W34 such that
(gij +®ij) > 0, which defines a W90 Hermitian metric. Since the Sobolev embed-
ding W34 < C? is compact, the subsequence {¢y,} converges to ¢ in C2. Hence
¢ with constant b is a classical solution of the complex Monge—Ampere equation.
The uniqueness follows from Remark 5.1 in [Tosatti and Weinkove 2010b]. O

Appendix

Let gr denote the Riemannian metric induced by g; thus (M, gr) is a Riemannian
manifold of real dimension 2n. In this appendix, we deduce some interpolation
inequalities on the Hermitian manifold (M, w) by using some fundamental inequal-
ities on the Riemannian manifold (M, gr).

Let us recall the definition of gg first. For any local holomorphic coordinates
(zl, ..., 7" with 7/ = x! +\/—_1yi, (xl, o x! yl, ..., y") forms a smooth local
coordinate system. We define

a 0 a a 2Re(g: )
—, | = s - | = €&ij),
R axi 9x) R dyl” Byl 8ij

d 0 o1 i
8R axi oyl ) m(g;i;).

For the Riemannian metric gr, let Vg and d Vi denote the Levi-Civita connection
and the volume form, respectively. By direct calculation, we have

while

(A-1) dVr = la)".
n!
For convenience, we introduce some notation. For any function f € C*°(M), let
Vi f and Ag f denote the m-th covariant derivative and the Laplacian of f with
respect to gr. Let || fllLr (v, g5) and |V f Il Lr(m,gr) denote the corresponding norms
with respect to (M, gr).-
Thus, by (A-1) and some calculation, we have the following lemma:



382 JIANCHUN CHU

Lemma A.l. Forany f € C*(M), we have

I fllLrm,gey = Cr(PI fllLrm,wy  and Ve fllLrv,gey = C2PIIV fllLr(M,0),
where C1(p) = Ci(p,n) and C(p) = C2(p, n).
Corollary A.2. For any f € C*°(M), we have the Sobolev inequality

( /M fzﬁw”)éfC /M " +C /M 1 £ P

where f =n/(n—1) and C = C(M, w).
Proof. By the Sobolev embedding W'2(M, gg) < L?*#(M, gr), we have

1
% ave) <cC 2d 2
f R|] <Cs| fdVr+Cs | |VrfI"dVg,
M M M

where C; = C4(M, gr). Thus, combining this with Lemma A.1, we complete
the proof. ([

Since (M, gr) is a Riemannian manifold of real dimension 2n, we have the
following interpolation inequality (for example, see [Aubin 1998]):

Theorem A.3. Let q, r be real numbers such that 1 < q,r <400 and j, m integers
such that 0 < j < m. Then there exists a constant

C=CM,gr.m, j,q,r )
such that, for all f € C*°(M) with fM fdVr =0, we have

(A-2) IVAS et < CIV™ F1% at o 1L 1o g
where
LIS SAW/E S PPN
p—zn—i-a Pl + (1 oz)q

for all a in the interval j/m < o < 1, for which p is nonnegative. If r =
2n/(m — j) # 1, then (A-2) is not valid for « = 1.

Corollary A4. Let f € C*(M); forany € > 0and 1 < p < 00, we have
IVRf o M.gr) < €NVRLILe.g) + CE PN FIlLr i, g
where C(e, p) = C(e, p, M, w).

Proof. Set f = f —1/Vol(M, gr) [, f dVi; then [,, f dVg = 0. By Theorem A.3
we have

1 1
_ - -
IVR llLrong < CLIVET 0ot e T 1ot g
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where C1(p) = C1(p, M, gr). Thus, by the Cauchy—Schwarz inequality, for any
€ > 0 we obtain

IV fllrot.gn) < €IVRFILra.ge + Ca(e. P FllLr . gp)-
where C (€, p) = C» (€, p, M, gr). By the definition of f, the proof is complete. [

Lemma A.5. Let (M, w) be a compact Hermitian manifold of complex dimension n.
If ¢ is a smooth solution of (1-1), then, for any 1 < p < oo, we have

ARl Lr(M.0) < CL(PIIAD I Lr(m.0) + C2(P),
where C; = Cy(p, n) and C2(p) = Co(p, | FllL>M.0), M, ®).
Proof. After some calculations, we have
(A-3) IARP I Lr (M, g) < 201 A Lr (M, gr) + C3(PIIIVROIILr (M, gr) s

where C3 = C3(p, M, w). For (A-3), one can find more details in [Tosatti 2007]
(Lemma 3.2 there shows the exact relation between Ag and 2A). By Corollary A.4
we obtain

(A-4) C3(PI VROl Lr(0.g0) < 51 ARPI Lo (0. g) + Ca(PIIDN Lo (M. g5)
where C4 = C4(p, M, ). Combining this with (A-3) and (A-4), we obtain
IARG N Lrm.gp) < AP Lr . gr) + C5(PIP I Lr (M, gg) >

where C5 = C5(p, M, ). By Theorem 2.1 and Lemma A.1, the proof is complete.
O

Lemma A.6. Under the assumptions of Theorem 1.6, for any 1 < p < 2n we have
VOl 20 =CPllullerm,w) +C(p),
L2n—p (M’w)
where u is defined in (2-7) and C(p) = C(p, || F LM, 0), M, ®).
2n,
Proof. By the Sobolev embedding W>? (M, gg) —> whas (M, gr), we have

VROl 2m
L2=P (M,gR)

< Ci(PIVEDI Lrv.ge) + CLP) VRO N Lo (00w + CL(PID | Lo (M g5)»

where C1(p) = C1(p, M, gr). Combining this with Corollary A.4, we have

V91 e < CADIVaD bt + Co(P)IBlr o 500

n=p (M, gr

where C,(p) = C2(p, M, gr). By Theorem 2.1 and L? estimates, we have

||V¢||L 2np = G(PIIARD I Lr (M, gr) + C3(P),

=P (M, gR
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where C3(p) = C3(p, |Fllz~wMm,0), M, gr). By Lemma A.1 and Lemma A.S,
we have

VAN 20 < Ca(PIIAG| Lr(m.0) + Ca(p),
L2n—p (M, w)

where C4(p) = Ca(p, | FllLoom.0), M, gr). By (2-7) and Theorem 2.1, the proof
is complete. U

Lemma A.7. Let p, r be real numbers such that 1 < p,r < 0o. Under the assump-
tions of Theorem 1.6, we have

IV@llLrmw) < C(p, llullf +C(p, 1),

where C(p,r) =C(p,r, |FllL=M v, M, w) and

for « in the interval % <a<l.

Proof. Set ¢ = ¢ — 1/Vol(M, gg) [,, ¢ dV&; then [,, ¢ dVg = 0. By Theorem 2.1,
Lemma A.1 and Theorem A.3, we have

VRl Lr.g0) < C1(ps DIVERDIT (v1.gr)-

which implies that

VRGN Lr .5y < C1(P: DIVRANG (410
where Ci(p,r) = Ci(p,r, |FllL~mm.w), M, @) and

2n — p)r
o0=—.
2n—2r)p

Combining Lemma A.1, Lemma A.5, (2-7) and L? estimates, the proof is complete.
O
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