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We consider the complex Monge-Ampeére equation on compact manifolds
when the background metric is a Hermitian metric (in complex dimension 2)
or a Hermitian metric satisfying an additional condition (in higher dimen-
sions). We prove that the Laplacian estimate holds when F is in W1 for
any ¢qo > 2n. As an application, we show that, up to scaling, there exists a
unique classical solution in W39 for the complex Monge—-Ampére equation
when F isin W%,

1. Introduction

We consider the regularity problem of the complex Monge—Ampere equation on
some compact Hermitian manifolds. Let (M, g) be a compact Hermitian manifold
of complex dimension n > 2. For a real-valued function F on M, we consider the
Monge—Ampere equation

det(gij + ¢ij) = e det(gi)),
with (g;7 +¢i;) > 0, for a real-valued function ¢ such that sup,, ¢ = —1. We write
w=+—lg;dz AdZ/ and & =~/—1§;;dz' AdZ,

where g;;7 = gi7 + ¢;7. Thus, the Monge—Ampere equation can be written as

" =ef o,
(1-1) d=w+~/—130¢ >0,
supy ¢ = —1.
For functions f, 1 and a holomorphic coordinate z = (z!, ..., ") we write
?f - < i
= 0 Af =g fij, Af=g"fij.

\VfP=g"fif;, \NFIP=87fif;, (Vf Vh) =g fih;.
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We use || fllLrm,0) and |V™ fllLrm,0) to denote the corresponding norms with
respect to (M, w).

When o is Kéhler, the complex Monge—Ampere equation is very important.
Calabi [1957] presented his famous conjecture and transformed that problem into
(1-1). Yau [1978] proved the existence of the classical solution of (1-1) by using
the continuity method and solved Calabi’s conjecture.

The Dirichlet problem for the complex Monge—Ampere equation is also very
important. Bedford and Taylor [1976; 1982] studied the weak solution. After their
work, weak solutions of the complex Monge—Ampere equation have been studied
extensively. There are many existence, uniqueness and regularity results of the
complex Monge—Ampere equation under different conditions, and we refer the
reader to [Btocki 2005; Demailly and Pali 2010; Dinew 2009; Eyssidieux et al.
2009; Guedj and Zeriahi 2007; Kotodziej 1998; 2008; Zhang 2006].

On the other hand, the classical solvability of the Dirichlet problem was estab-
lished by Caffarelli, Kohn, Nirenberg and Spruck [1985] for strongly pseudoconvex
domains in C". The reader can also see [Krylov 1989; Krylov 1994]. For further
information, we refer the reader to [Phong et al. 2012], which is a survey of some
recent developments in the theory of the complex Monge—Ampere equation.

When w is not Kéhler, the existence of the solution of the complex Monge—
Ampere equation has been studied under some assumptions on w (see [Cherrier
1987; Guan and Li 2009; Hanani 1996; Tosatti and Weinkove 2010b]). For a general
w, Tosatti and Weinkove [2010a] obtained the key CP-estimate. As an application,
they showed that, up to scaling, the complex Monge—Ampere equation on a compact
Hermitian manifold admits a smooth solution when the right hand side F is smooth.

Chen and He [2012] have proved that, on a compact Kéhler manifold of complex
dimension 7, the Laplacian estimate and the gradient estimate hold and there exists
a classical solution in W34 for the complex Monge—Ampgre equation when the
right-hand side F is in W% for any go > 2n.

In this paper, we generalize the work of Chen and He. We use a different method
(we don’t need the gradient estimate to get the Laplacian estimate) to consider
the regularity problem of (1-1) on some compact Hermitian manifolds (including
compact Kihler manifolds).

Definition 1.1. A compact Hermitian manifold (M, w) of complex dimension n
satisfies condition (x) if, for any ¢ € C2(M) such that

d=0+~=103¢ >0, |Pplrome <A1 and A'e" <@" < Ao,
there exists a constant C = C (A, Ay, M, w) such that

—Co" </—1000" ! < Cu".
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Remark 1.2. When n = 2, condition (x) is trivial. Since
300 = 0w,
all compact Hermitian manifolds of complex dimension 2 satisfy condition ().
Remark 1.3. When n =3, if (M, w) is a compact Hermitian manifold satisfying
00w =0,
then we have
300° = 20w A dw,
which implies this Hermitian manifold (M, w) satisfies condition ().

Remark 1.4. When n > 4, condition (x) is not a very strong restricted condition.
For example, if (M, w) is a compact Hermitian manifold satisfying

(1-2) 90w =0 and 90w> =0,

then we can conclude that ddw* = 0 for all 1 < k < n — 1 (see, for example, [Fino
and Tomassini 2011]), which implies that 3d@* = 0 for all 1 < k <n — 1. Thus,
such a Hermitian manifold (satisfying (1-2)) satisfies condition (x). For example,
the products of a complex curve with a Kéhler metric and a complex surface with
a non-Kéhler Gauduchon metric satisfy (1-2). More examples are constructed in
[Fino and Tomassini 2011].

Remark 1.5. All compact Kédhler manifolds satisfy condition ().
Now, we state our Laplacian estimate as follows.

Theorem 1.6. Let (M, w) be a compact Hermitian manifold of complex dimension n.
Assume that either

(1) n=2, 0r
(2) n >3 and (M, w) satisfies condition (x).

For any qo > 2n, if ¢ is a smooth solution of (1-1), then

ln + A¢||L°°(M,w) =< C(”F”Wl’qo(M,w)a q0, M, w).

Usually, we need the gradient estimate to derive the Laplacian estimate. However,
the computation on Hermitian manifolds is more complicated due to the existence
of torsion terms. As a result, the gradient estimate is very difficult to obtain. In
order to solve this problem, we introduce a new method to obtain the Laplacian
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estimate directly. By using Moser’s iteration [1960], L? estimates (for example, see
[Gilbarg and Trudinger 1977]) and some interpolation inequalities, we can obtain
the Laplacian estimate without doing any calculations involving the gradient, which
makes the argument simpler and clearer. Therefore, we believe that our ideas can
be applied to other nonlinear equations on compact manifolds.

As an application of Theorem 1.6, we have the following theorem:

Theorem 1.7. Assume that (M, w) satisfies condition (1) or (2) of Theorem 1.6.
Let F be a function in W9 for any qo > 2n. Then there exist a function ¢ € W34
and a constant b such that

o = eF—&-bwn’

c7)=a)+«/—182_)¢ >0,
sup,; ¢ = —1.
2. Some preliminary computations

We need the following C O_estimate from [Tosatti and Weinkove 2010a]:

Theorem 2.1. For any compact Hermitian manifold (M, w), if ¢ is a smooth
solution of (1-1), then we have

@l Lo Mm,0) < C,
where C = C(supy, F, M, w).
We need the following lemma from [Tosatti and Weinkove 2015]:

Lemma 2.2. Let (M, ) be a compact Hermitian manifold of complex dimension n.
If ¢ is a smooth solution of (1-1), then, for any € > 0, we have

(2-1)  A(AP) + (e — 1)'6@—"”|2 > AF —A(l+1/e)(n+ Ag)(n — Ag)
(n+A¢) — ’

where A =AM, w, | FllL~mM,0))-

Proof. We need the following equation, which is [Tosatti and Weinkove 2015, (9.5)]:

~kI i ~ AF
Re (g™ T;; (trg 8)7) +

A(log(try §)) > —— —Ctr; g —Cy,
trg g

(trg g,)z

where the tensor 7 is the torsion of (M, w) and C1 =C1 (M, w, || F|lr~M,e)). After
some calculations, we have

VAg)P
m+A¢) — (n+A¢)

A(Ag)— Re(GH T (Ad)p) + AF — Ca(n+ A)(n — Ad),



COMPLEX MONGE-AMPERE ON COMPACT HERMITIAN MANIFOLDS 373

where Co = Co(M, w, || F||1(Mm,0)); We have used that trz g = (n — Ad)) >ne F/n,
By the Cauchy—Schwarz inequality, for any € > 0, we have that

- IV(A®)[?

A(A¢)——(n+A¢)
> —em—"mz—é(n+A¢)(n—A¢)+AF—A(n+A¢)(n—A¢)
(n+A¢) € ’

where A = A(M, w, | F||L~m,)) and we have used that (n + A¢) > nef/n. O

Lemma 2.3. Let (M, w) be a compact Hermitian manifold of complex dimension n.
If ¢ is a smooth solution of (1-1), then, for any p > 1, we have

AP (n 4+ Ap)P)
> C1(p)(n+ AP 5T — Ca(p)(n+ AD)? + pe? @ (n + Ad)P ' AF,
where
[o(@) = e AP, A=A(IFllL~M0). M, o),
C1(p) = C1(p, | FllL=t.0ps M, ®),  Ca(p) = Co(p, | FllLut.). M, ).
Proof. By direct calculation, we have
2:2) AP (n+A¢)?)
= [P AP (n+ AP + (£ + [ PIVGIP (n+ Ag)P
+pe? D AAG)(n+ AP+ p(p—1)e/r DIV (AP (n+ Ap)P
+2pf1e/7 D (n+ AP Re(§ i (Ad))).
By the definition of f},(¢), we have

fH() =—A(p+3)eAPtI9 <0,
f(@) = A%(p +3)?e~ 470 > 0.

Thus, by the Cauchy—Schwarz inequality, we have

(2-3) {

- (f2+ fHn+ Ap) - —pf} -
7R ~kl Ad): p )4 \V/ 2 p V(A 2’
e(8" pe(Ad))) < v Vo] +(f[/,2+f;,/)(n+A¢)| (Ag)]

which implies that

24) 2pfle”" P (n+ AP Re(pr(Ad)))
= —(f) + e PV  (n+ Ag)”
IS

_ 5@ (4 + AGY21T (AL
e A0V
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Combining (2-2) and (2-4), we have

AP (n+ Ap)P)
> fre? P (n+ AP)’ Ap + pe’r P A(AP) (n+ Ap)P!
Iy
rfy 1) W(AW)
A

+ V(AP (n + Ap)P 2 /v @ (p(p —1)—

> pe!r @ (n+ Ap)"! (A(Aqs) + (
+ f7e!? P (n+ Ap) Ag.
By Lemma 2.2 (take € = pf[’j/((fl/,)2 + f;,/)), we obtain
2-5) AP+ Ap)7)
> f;,ef”(d’)(n + A¢)PA¢ + pefp(¢) (n+ A¢)p_1AF
()2 + f,’,’)
pfy
= nfp e @ (n+ AG)" + pe/r @ (n+ AG)" AF

/N2 /"
p

— Ape!? P (n + Ap)P (n — Ad) (1 -

> nfre!? @ (n+ Ap)P + pe’r P (n+ Ap)P T AF
+ AT P (n+ Ap)P (n — Ag),

where we have used that sup,, ¢ = —1 and (2-3). It is clear that

detg
tr. & < (trs n—1 —°
rgg_(rgg) detg
which implies that
(2-6) (n+A¢) < (n—Ap)"'er.
Combining this with (2-5) and (2-6), the proof is complete. U

For convenience, we introduce some notation here: we set
(2-7) u=e"®n+ Ap).
Thus, by Young’s inequality and Lemma 2.3, we have
(2-8) Au>e"PAF - C,

where C = é(IIFIILM(M,w), M, w).
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3. The Laplacian estimate

We remark that in this section our constants may differ from line to line.

Lemma 3.1. Let (M, w) be a compact Hermitian manifold. If ¢ is a smooth solution
of (1-1), then, for any f € C*°(M), we have

IVfI? < CulVfI,
where u is defined in (2-7) and C = C(|| F||L=m,0), M, ®).
Proof. By direct calculation, we have
VI <m+Ap)IVFP.
Combining this with (2-7) and Theorem 2.1, the proof is complete. U

Lemma 3.2. Under the assumptions of Theorem 1.6, for any p > 0, we have
f V() o
M
SC(pZ—i—l)/ ul’(1+|VF|2)wn+Cp/ up|V¢||VF|a)"+C/ uP o,
M M w

where u is defined in (2-7) and C = C(|| F || LM, 0), M, w).

Proof. By Lemma 3.1 and direct calculation, we have
[ wahrer e [ uvahper
M M

:Cmp«/—l/ uP Ndund" !

M
_ C _
=—C1npv—1/ u? 88u/\d)nl+£v—1/ duPt Aot
M p+1 M

Clnpm/ WP 95!
p+1 M ’

= —Clp/ u? (Au)d" —
M

where C1 = C1(|| FllL>~M,0), M, ). Since M satisfies condition (*) (when n = 2,
all Hermitian manifolds satisfy condition (x)), we have

—Clan—_lf uP* 93" ! §C2/ uPtlo",
p+1 M M

where Cy = Co(|| Fll LM ,0), M, ) (Since n = dim¢ M, we can absorb it into the
constant C;). By (2-8) and &" = efw", we obtain
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—Clp/ uP (Au)d" < C3p/ uP (C—e" @ AF)&"
M M
< Cgép/ upcD"—C3p/ eN@yuP(A(eT)—ef |VF1?)o"
M M
< Cyp / u? (14+|VF[))o"+Csp / (Ve PuP), V(e"))w"
M M
—«/—1C3np/ 1P uPhel Ao !,
M
where C3 = C3(|| F |l oM, w), M, 0), Cs = C4(|| F || Lo (M, ), M, w). It is clear that
Cp f (V(e/"PuP), V(e"))o"
M

=Csp f u?(V(e"@), V()" + C3p f MOV WPy, V(eF))o"
M M

gcsp/ u”|VF||V¢|a)”+%/ |Vu‘z’|2a)”+C5p2/ uP|VF 2",
M M M

where Cs = Cs(|| F||L~M,0), M, w). Here we have used the Cauchy—Schwarz
inequality. We notice that

—v—1C3npf eN@yur §ef A 9! §C(,p/ u?|VF|o",
M M

where C¢ = Co(|| F'll L>(M ), M, ) (Since n = dim¢ M, we can absorb it into the
constant Cg). Combining the above inequalities, we complete the proof. (|

Theorem 3.3. Under the assumptions of Theorem 1.6, we have

lull Loom,n < C(llull

1% ||F||W1J40(M,w), q0, M, 0))

(M.0)’
Proof. Without loss of generality, we can assume that gy < co. We use the
iteration method (see [Moser 1960]). By the Sobolev inequality (Corollary A.2)
and Lemma 3.2, for p > 1 we have

1

()

§C1/ upa)”+C1/ V()"
M M
§C1/ upw”+C1p2/ uP(1+|VFP)a"
M M
-I—C]p/ up|V¢||VF|a)"—|—C1/ uPtle"
M M

sclpzf uf’+1w”+clp2/ u”|VF|2w"+clp2/ WP V||V Fl,
M M M
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where B =n/(n—1) and C; = C{ (|| F || L>~(M.0), M, ). Here we have used Young’s
inequality and the inequality p < p>. By the Holder inequality, we have

/up|VF|2w"§</ u‘”%)) (/ [VF|?w )
M
and
1 1 1
o q0 a0
/u”|V¢||VF|a)”§</ u’”"w”) (f |v¢|40w") (/ |VF|‘10a)"> ,
M M M M

where 1/rg+2/qo = 1. Combining the above inequalities, when prg > p+1 (that is,
p > (go —2)/2), we obtain
p+l
el at.or < C2pP AV L0ty + DIF (I s gy o + el 70 01.00)

ptl

1
< (C2p* IVl Lwoat.) + 1)) 7 el oo 1,0

where C) = C2(||F||W1,40(M,w), qo, M, w). By Lemma A.6, we have

IVOll om0y < Callue]l  2ng9 +Cs
L2n+q0 (M, w)

< Cslull g, +Ca.

where C3 = C3(qo, || Flloo, M, w). Thus, for any k > 0, we have

b
(3-1) ||u||L1’kﬁ(M’w) = ak”“”Lkpkro(M,w)’

where
1

ag = (C4P1%(||”||L‘170(M " +1))7%, Cs=Cs(lIFllwi.goM.c 90, M, ),

pr+1 _610—2(,3>k

ro

bk= k] pk_
Pk 2

Here we point out that gy > 2n implies that 8 /ro > 1. By (3-1), we have
b )
(3-2) el e ot < Ay - el Forag -

Without loss of generality, we can assume that a; > 1 for k > 0. We observe that
[T72o bx and []:2, ax are convergent. In (3-2), letting k — oo, we obtain
||”||L°°(M ) <C(””||L"20( ||F||W1,40(M,w)a‘IOaM, CU)- (]

Lemma 3.4. Under the assumptions of Theorem 1.6, for any p > 1, we have

fuf”nilw"sc(p)/ u”—1|V¢>||VF|w"+C<p)/ u?VF " +C(p),
M M M

where C(p) = C(p, | FllL>m.w)» M, ).
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Proof. Starting with Lemma 2.3 and then integrating over (M, @), for any p > 1
we obtain

/ A(efp(d’)(n_i_A(p)p)d)n
M
ZC](p)/ Mp+"l'67)n—C2(p)/ btpcf)"—}—p/ efp(@(n—l—Aqb)p*lAFer"’
M M M

where C1(p) = Ci1(p, |1 FllLoM,0), M, @) and Co(p) = Co(p, | FllLom,0)» M, o).
Here we have used (2-7) and Theorem 2.1. Since M satisfies condition (), we have

/ A(ef}’(‘z’)(n+A¢)p)o~)”:n\/—_1/ 33" P (n+ Ap)P) A"
M M
:n«/—l/ PP (n+ Ap)P 990" !
M
§C3(p)/ uf ",
M

where C3(p) = C3(p, | FllLow,0), M, w) (Since n = dim¢ M, we can absorb it
into the constant C3). Combining the above inequalities, we compute that

/up"rnlla)”
M
< Cu(p) / e? @ (n+ Ap)P I (IVF[2eF — A(eF))o™ + Cs(p) / u’o"
M M
< Cs(p) f uP " VFPo" + Ca(p) f (V"D n+a¢)r™h, Vel)o"
M M
—C4(p)n«/—1/ efp(n+A¢)P—1éeFAaw"—1+c5(p)/ uPo"
M M
SCS(P)/ Mpwn-l-Cs(P)/ uf’—1|VF|2w"+c5(p>/ u?~ |V F|o"
M M M
+C5(P)/ |V(u”—1)||VF|w"+c5(p)/ u?~\Vo||VF|o",
M M
where C4(p) = C4(p, || FllLoM,w), M, w) and Cs5(p) = Cs(p, | FllL~m,w), M, )

(Since n =dimg¢ M, we can absorb it into the constant Cs). By the Cauchy—Schwarz
inequality, we have

CS(P)/ V)|V Flo" = Cs(p)/ V@ u'T |Vl
M M

sc5<p>/ |V(u”z'>|2w”+cs<p>/ W VP,
M M
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Combining this with the above inequalities and Lemma 3.2, we get

1
/ up-i-mwn
M

< Cs(p) / u’o" + Cé(p)/ P~ V||V F|o" + c6(p)/ u’|VF P,
M M M
where Cs(p) = Co(p, | FllLo(M,0)» M, ®). Using Young’s inequality, we complete
the proof. ([
Now, we are in a position to prove Theorem 1.6.
Proof of Theorem 1.6. Without loss of generality, we assume that gg < co. By
Lemma 3.4 and F € W4, for any p > 1, we have
/ uP T < cl(p)f P~ |Vg||VF|o" +c1(p)f u’!|VFPo" 4 Ci(p)
M M M
p—1 2. n (P—l)% n
=Ci(p) [ u"IVol"0"+Co(p) [ u w2 w" + Cap),
M M
where C1(p) =C1(p, | FllLeM.0)s M, @), C2(p) =Co(p, | Fllyiaoar. 0> 90, M, @)
and we have used the Holder inequality in the last line. When p > 1 satisfies that

q—2  qo

2n—-2 2’

1
p+——>(p— 1)i, or equivalently p <
n—1 qo—?2

we can use Young’s inequality to get the inequality
/ uP T < C3(p) f uP~ V" +C3(p),
M M

where C3(p) =Cs(p, 1 F Nl wiao v,y 905 M, ). Now, we take p=qo/2—1/(n—1),
we obtain

/ u? " < C4f uq707ﬁ|v¢|2a)"+C4
M M
< 1/ u(qzoﬁ)q(fozmuqf V| o + Ca,
2 Ju M
where C4 = C4(||F||W1,40(M,w), qgo, M, w) and B =n/(n — 1). It then follows that

2
3-3 < C4|IVo|” Cs.
(3-3) I, 0y S CIVONTy  +C
By Lemma A.7, we have
1
(3-4) IVl 4 < Csllull® 4 + Cs,
LP (M) L2 (M,w)
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where Cs = Cs(qo, || F || L (m,0), M, ). Combining (3-3), (3-4) and 8 > 1, we get

”MlquTO(M,w) = C6(||F||W1‘qo(M,w), q0, M, o).

By Theorem 3.3, we complete the proof. O

4. The Holder estimate of second order, and solving the equation

We note that when F is in W4, for any go > 2n, Sobolev embedding implies that
F € C%, where og = 1 —2n/qo. By Theorem 1.1 of [Tosatti et al. 2014], we have
the following theorem:

Theorem 4.1. Let (M, w) be a compact Hermitian manifold. If ¢ is a smooth
solution of (1-1) and F € C®, then there exists a constant @ € (0, 1) such that

¢l crem,w) = C,

where o and C depend only on || ¢ || L m,0), | AP || LM ,w)> @0, | F |l coo(m,w)» g0, M
and w.

Now we are in a position to prove Theorem 1.7.

Proof of Theorem 1.7. Our argument here is similar to the argument in [Chen and
He 2012]. Let F € W% on M such that 1 F llwiaopm. < A for some positive
constant A. Let { F} be a sequence of smooth functions such that F;y — F in W ldo,
In particular, we can assume that || Fy ”Wl,qO(M’w) < A +1 for any k. By [Tosatti and
Weinkove 2010a], there is a unique smooth solution ¢ and constant by such that

det(gi7 + (r)i7) = eF o det(gi),

and such that (g;; + (¢);7) > 0 with normalized condition sup,, ¢, = —1. By the
maximum principle, we have

(4-1 bl < CLll Fell Lo m,0), M, @).

By Theorem 1.6, Theorem 2.1 and Theorem 4.1, there exists a constant « € (0, 1)
such that

Pkl c2ear,w) < Co(ll Fillwiaom,w)> 90, M, o).
To get a W39 -estimate, we can localize the estimate as follows. Let 8 denote an

arbitrary first-order differential operator in a domain 2 C M. Since we have a
C>“-estimate, we compute that

Ag (3gy) = d(Fi +log(det(gi7))) — (gr)'7 dgi;



COMPLEX MONGE-AMPERE ON COMPACT HERMITIAN MANIFOLDS 381

in 2, where (gr)i; = gi7 + (dx)ij. Since A ¢ 18 a uniform elliptic operator, by L”
estimates (for example, see [Gilbarg and Trudinger 1977)), for any ' C Q we have

106 w205y < C3(R, 2, g0, A, @),

which implies
(4-2) ||¢k||w3<qo(M,w) = C4(||F”W]-‘IO(M’Q))= q0, A, M, ).

By (4-1) and (4-2), we know that there is a subsequence {(¢x,, bx,)} of {(¢x, bx)}
such that {by,} converges to b and {¢y,} weakly converges to ¢ € W34 such that
(gi7 +¢i7) > 0, which defines a W19 Hermitian metric. Since the Sobolev embed-
ding W34 < C? is compact, the subsequence {¢y,} converges to ¢ in C2. Hence
¢ with constant b is a classical solution of the complex Monge—Ampere equation.
The uniqueness follows from Remark 5.1 in [Tosatti and Weinkove 2010b]. U

Appendix

Let gr denote the Riemannian metric induced by g; thus (M, gr) is a Riemannian
manifold of real dimension 2n. In this appendix, we deduce some interpolation
inequalities on the Hermitian manifold (M, w) by using some fundamental inequal-
ities on the Riemannian manifold (M, gg).

Let us recall the definition of gr first. For any local holomorphic coordinates
(', ..., ) withzd =x' +/—=1y", (x!, ..., x", y!', ..., y") forms a smooth local
coordinate system. We define

d Gl a 0 2Re(g: )
— Y, —— | = —, T | = €&ij),
&R ax' ox/ SR ayt dy/ 8ij

d 0
gIR(W, W) = ZIm(g;.,*).

For the Riemannian metric g, let Vi and d V denote the Levi-Civita connection
and the volume form, respectively. By direct calculation, we have

while

1
(A-1) dVp = —o".
n!

For convenience, we introduce some notation. For any function f € C*(M), let
Vg f and Ag f denote the m-th covariant derivative and the Laplacian of f with
respect to gr. Let || fllLr(m,g5) and ||V f Il Lr(m,gz) denote the corresponding norms
with respect to (M, gr).

Thus, by (A-1) and some calculation, we have the following lemma:
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Lemma A.1. Forany f € C*(M), we have

I fllLrm,gey = CL(PINfllLrim,wy and Ve fllLr,ge) = C2(PIV fllLr(m,e)
where C1(p) = C1(p, n) and C2(p) = C2(p, n).
Corollary A.2. For any f € C*°(M), we have the Sobolev inequality

1
B
([ r#ar) <c [ sarsc [ 1vrper,
M M M
where B =n/(n—1) and C = C(M, w).
Proof. By the Sobolev embedding W12(M, ggr) < L*#(M, gr), we have

1
B av, "<c 2av, 2
R)] <Cs| fdVg+Cs | |Vrf|"dVg,
M M M

where C; = C3(M, gr). Thus, combining this with Lemma A.1, we complete
the proof. U

Since (M, gr) is a Riemannian manifold of real dimension 2n, we have the
following interpolation inequality (for example, see [Aubin 1998]):

Theorem A.3. Let q, r be real numbers such that 1 < q,r <400 and j, m integers
such that 0 < j < m. Then there exists a constant

C:C(M,gR,m,jvq’r’a)

such that, for all f € C*°(M) with fM fdVr =0, we have

(A-2) IVES ey < CIV™ FISr g 1 1 ity
where

1 (1 m > 1

— =L - 1—a)—

p 2n to r 2n +( a)q

for all « in the interval j/m < a < 1, for which p is nonnegative. If r =
2n/(m — j) # 1, then (A-2) is not valid for « = 1.

Corollary A4. Let f € C*(M); forany € > 0and 1 < p < 00, we have
VRS N Lr o) < €NIVRS Lo, ga) + C (€ PIIFIlLou o
where C(e, p) = C(e, p, M, w).

Proof. Set f = f —1/Vol(M, gr) [, f dVi; then [,, f dVg = 0. By Theorem A.3
we have

1 1
_ - -
1R F e .60 < CLIVRF N niat a1 o at e
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where Ci(p) = Ci(p, M, gr). Thus, by the Cauchy—Schwarz inequality, for any
€ > (0 we obtain

Ve fllLr . < €IVRFILrt, g + C2(€, PIILF (g
where Ca (e, p) = Ca(e, p, M, gr). By the definition of f, the proof is complete. [J

Lemma A.5. Let (M, w) be a compact Hermitian manifold of complex dimension n.
If ¢ is a smooth solution of (1-1), then, for any 1 < p < 0o, we have

ARG Lr(M.0) < CL(PIAGILr(M,0) + C2(p),
where C1 = Cy(p, n) and C2(p) = C2(p, | FllLom,0), M, ®).
Proof. After some calculations, we have
(A-3) AR Lr (M. g5) = 2 APIILr (M. g5) + C3(PIIVRA N Lo (M, gg)

where C3 = C3(p, M, w). For (A-3), one can find more details in [Tosatti 2007]
(Lemma 3.2 there shows the exact relation between Ag and 2A). By Corollary A.4
we obtain

(A-4) C3(P) VRSl Lr(w1,60) < ARSI Lo (0. g5) + Ca(PI DIl Lo 0050
where C4 = C4(p, M, ). Combining this with (A-3) and (A-4), we obtain

ARG Lr (M, g0) < 4HIAGILr M, gr) + Cs(P DN Lr (M, gr)

where Cs = Cs(p, M, ). By Theorem 2.1 and Lemma A.1, the proof is complete.
O

Lemma A.6. Under the assumptions of Theorem 1.6, for any 1 < p < 2n we have
||V¢|| e = CPlullLrm,w) +C(p),
r(M,w)
where u is defined in (2-7) and C(p) = C(p, | F|lLoM,w0), M, ®).
2n,
Proof. By the Sobolev embedding W>? (M, gg) —> whats (M, gr), we have
IVeoll 20
L21=p (M, gRr)

< CiP)IVEDllLr.gn) + C1(P) VRS Lr(11.g0) + CLPIG | Lr (11,2

where C(p) = C1(p, M, gr). Combining this with Corollary A.4, we have

||V¢||L22np : < Co(PIVESN Lo,y + Co(PI DN L0 (01, 5)

n P 9g|R

where Ch(p) = C2(p, M, gr). By Theorem 2.1 and L? estimates, we have
IIV¢II Do = GPIIARS I LrM,gr) + C3(P),

n=p (M, gr)
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where C3(p) = C3(p, || FllLeMm.0), M, gr). By Lemma A.1 and Lemma A.5,
we have

IVl 2w
L=n—

2n=p (M ,w

) < Cs(PIAD| Lr(M,0) + Ca(p),

where C4(p) = Ca(p, | F||Loem,0), M, gr). By (2-7) and Theorem 2.1, the proof
is complete. (]

Lemma A.7. Let p, r be real numbers such that 1 < p, r < 0o. Under the assump-
tions of Theorem 1.6, we have

IV@llLrm,w) < C(p, Nllullz- +C(p,r),

where C(p,r) =C(p,r, |Fllr~wMm,0), M, w) and
L]

for « in the interval % <a<l.

Proof. Set ¢ = ¢ — 1/Vol(M, gg) [,, ¢ dVg; then [,, ¢ dVg = 0. By Theorem 2.1,
Lemma A.1 and Theorem A.3, we have

) .
IVRlLr g0 < C1(ps IIVEBIE: (41 g0

which implies that

VRl Lrat.g0) < C1(P: DIIVEDIT (1.0
where Cl(p, I") = CI(P, r, ”F“LOO(M,(H)’ M’ 6()) and

2n — p)r
0= —.
2n—=2r)p

Combining Lemma A.1, Lemma A.5, (2-7) and L? estimates, the proof is complete.
O
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