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REGULARITY AND ANALYTICITY OF SOLUTIONS
IN A DIRECTION FOR ELLIPTIC EQUATIONS

YONGYANG JIN, DONGSHENG L1 AND XU-JIA WANG

In this paper, we study the regularity and analyticity of solutions to linear
elliptic equations with measurable or continuous coefficients. We prove
that if the coefficients and inhomogeneous term are Holder-continuous in
a direction, then the second-order derivative in this direction of the solution
is Holder-continuous, with a different Holder exponent. We also prove that
if the coefficients and the inhomogeneous term are analytic in a direction,
then the solution is analytic in that direction.

1. Introduction

We study the regularity and analyticity of solutions in a given direction to the
elliptic equation

n n
(1-1) D i@ + ) biuy +e@u = f(x) in
ij=1 i=1
assuming that the coefficients a;;, b;, ¢ and the inhomogeneous term f are smooth
or analytic along the direction, where €2 is a bounded domain in the Euclidean
space R". We assume that the equation is uniformly elliptic, namely, that there
exist positive constants A > A > 0 such that

(1-2) MEP <D aij(0EE < Alg[* forall x € Q.

We also assume that b;, ¢ € L>°(R2), and f € L" ().

The regularity of solutions is a fundamental issue in the study of partial differential
equations. Most regularity theories, such as the Schauder estimate and the W27
estimate, are isotropic; namely, the solution is uniformly regular in all directions.
An interesting question is whether the solution to (1-1) is smooth in a direction if
the coefficients a;;, b;, ¢ and the inhomogeneous term f are smooth in this direction
only. This question can be asked for more general nonlinear elliptic and parabolic
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equations. One may also consider the regularity when the coefficients a;;, b;, ¢ and
the inhomogeneous term f are smooth in a submanifold of high codimensions.

This is a significant problem in partial differential equations as it is not only
stronger than the Schauder estimate but also has applications in areas such as fluid
mechanics, partial differential systems, manifolds with nonsmooth metric tensors,
and other physical problems such as the propagation of singularities [Taylor 2000;
Kukavica and Ziane 2007; Cao and Titi 2008; 2011]. For many PDE systems if
one can first prove the regularity of solutions in a direction, one may be able to
obtain the full regularity. At a first glance, one may feel that an affirmative answer
would be too good to be true, even for an expert in the area. However in this
paper we show that this is indeed true at least in dimension two, and also in higher
dimensions if the coefficients are continuous. At the moment we are not aware
of a counterexample without the continuity. This question is also open for most
nonlinear equations and deserves further investigations.

The analyticity of solutions is also an important topic in the regularity theory of
partial differential equations. For the linear elliptic equation (1-1), it is well known
that if the coefficients a;;, b;, ¢ and the inhomogeneous term f are analytic, then
the solution is also analytic. A similar question is whether the solution is analytic
in a direction if a;;, b;, c and f are analytic only in the given direction.

Let us first state our results on the analyticity of solutions in a given direction:

Theorem 1.1. Let u € W>" () be a strong solution to (1-1). Assume that the
coefficients a;;, b;, ¢ and the inhomogeneous term [ are independent of the variable
Xy,. Then the solution u is analytic in x,.

The proof of Theorem 1.1 is based on the Krylov—Safonov Holder-continuity of
linear elliptic equations. Using the W2 ? estimate, we also have:

Theorem 1.2. Let u € W>" () be a strong solution to (1-1). Assume that the
coefficients a;; are continuous, and a;;, b;, ¢ and f are analytic in the variable x,.
Then the solution u is analytic in x,,.

In Theorem 1.1, we do not assume the continuity of the coefficients a;;, b;, ¢ butin
Theorem 1.2 we do. An interesting question is whether one can remove the continu-
ity of the @;; in Theorem 1.2. An affirmative answer can be given in dimension two:

Theorem 1.3. Let u € W>2(Q2) be a strong solution to (1-1). Assume that n =2 and
ajj, b, c and f are analytic in the variable x,. Then the solution u is analytic in x;.

Our results are stronger than the classical results on the analyticity of solutions
to linear elliptic equations. In the classical theory the coefficients a;;, b;, ¢ and the
inhomogeneous term f are assumed to be analytic in all directions.

When the coefficients are Holder-continuous in a given direction, we have the
following directional C>“ regularity:
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Theorem 1.4. Let u € W>"(Q) be a strong solution to (1-1). Suppose that aij, bj,
c are C% in the §-direction for some 0 < a < 1 and a;; € C%) and satisfy (1-2).
Suppose f € LP(Q) for some p > n/a. Then for any 0 < B < o —n/p and any
v, 7 € Qs, we have the estimate

(1-3) 19 dxu(y) — g 0xu(z)|

1 d
wrer) wrer)
sCdﬂ[supg|u|+||f||mm+/ te ]+C/ Orelr)
d 0

r

+ Cllaijlice@ (1 f Lo + supg luhd®"/?,

where Q5 = {x € Q | dist(x, 02) > §} and d = |y — z|. The constant C depends on
n,a, B,68, p, A, A and the modulus of continuity of a;;.

In Theorem 1.4, & is a given unit vector, and the notation w is defined at
the beginning of Section 4. The continuity assumption of the a;; is for the use of
the W2? estimate, hence it suffices to assume that the a; ; are in the VMO space
[Chiarenza et al. 1993], or the a;; are continuous in n — 1 variables [Kim and Krylov
2007]. In particular, in dimension two, by the W?2P estimate in the latter reference,
the continuity of the a;; is not needed. Hence we have:

Corollary 1.5. Letu € W22(Q) be a strong solution to (1-1). Assume that n =2
and a;jj, b;, c and f are Holder-continuous in direction §. Then 0z u is Holder-
continuous.

Note that the Holder-continuity of 0¢d,u in Theorem 1.4 and Corollary 1.5 is
uniform in all directions. But the Holder exponent of the second derivative is
smaller than that of the coefficients and we need to assume f € L? for a large p.

Theorem 1.4 improves [Tian and Wang 2010, Theorem 3.2], where the coeffi-
cients a;; were assumed to be Lipschitz in &, and the directional C 2. regularity
was obtained by differentiating (1-1). We point out that Corollary 1.5 was also
obtained in [Dong 2012, Section 6]. By the W?2P estimate [Kim and Krylov 2007],
related result holds in higher dimension too. That is, if u is a strong solution to
(I-1) and if a;;, b;, c and f are Holder-continuous in x' = (x1,...,%,—1), then
3,0, u is Holder-continuous. The C>¢ regularity of solutions in a given direction
was also investigated in [Dong and Kim 2011]. See also [Tian and Wang 2010] for
discussions.

To prove Theorems 1.1-1.3, we introduce appropriate function spaces and es-
tablish related interpolation inequalities. We will prove Theorem 1.1 in Section 2,
Theorems 1.2 and 1.3 in Section 3, and Theorem 1.4 in Section 4. In Section 5, we
give a brief discussion on equations of divergence form.
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2. Proof of Theorem 1.1

For simplicity we assume b; = ¢ = 0; namely, we consider the equation

n
@-1) Llul:= Y aj(xhuj=f(x) in Q,
ij=1
where  is a bounded domain in R", x" = (x1, ..., x,—1), and u;; = Ux;- The

proof is similar if b; # 0 and ¢ # 0, provided they satisfy the conditions specified
in the introduction. We assume that the coefficients a;; are measurable and satisfy
the uniformly elliptic condition (1-2), f € L"(£2), and the a;; and f are analytic in
the x,, variable.

Setu' =uy,,u" =uyy,,

ak
T T
ox,
[ (x) —u(y)|
(a2 = S0P e i | (v =) fen
lx — y|*
and
(2-2) lulera.2 = supg lul + uP)e 0, k=0,1,2,...,
| DFu(x) — D*u(y)|
[+, = supg [u| +supy yeq P ;

where 0 < o < 1 and (y — x)//e, means the vector y — x is parallel to the vector
e, =(0,...,0,1). We also set

k k k
)P4 = supg, oca P UPe 0,0, BER
k k
(2-3) Iull(ffa,g = supg, (ocalr’ ullLx(o, ) +r* P ) o 0,00],
and
Il g

k k
kbt |D*u(y) — D*u(z)|
= SUPg,, (v)ca [rﬁ”””Lm(Qr(x)) + T ﬂsupy,zegru) ly —z|* ’

where Q,(x) denotes the open cube with center x and side-length 2r. We can
extend the above definition to o = 0 by letting

B

lul e =supg, el llulli=o,cp + P W) g,0] if k>0,

( .
|u|0/?5)2 = Suszr(x)CQ r’3||u||Loc(Qr(x)) if k=0.
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We point out the equivalence of the norm |u|,(<’i)a o given in (2-3) and the norm

KebatB 1, Ky

® .
[l .0 =3P, cocalr’ lull =g cp +7 00,01,

where o > 0 is a constant. Namely,

CMul 0 Sl o = Clul, o,

for some constant C depending only on #n, k, @, 8 and o. To prove the above
inequalities, it suffices to divide the cube Q3,/> into 2" disjoint smaller cubes if
o€ [% 2], and divide into more, smaller cubes for other o. Note that if g = —k,
the constant C is independent of k.

We also point out three differences between our definition of the norms |u|,(€'jr)mQ
and the usual one [Gilbarg and Trudinger 1998]. That is, (i) the derivative in the
former one is taken only on the x,-direction; (ii) in the Holder seminorm (2-2) we
assume that (y — x)//e,; and (iii) the supremum in (2-3) is taken among all cubes
0, (x) satisfying the condition Q,,(x) C €2. The reason of choosing the cubes with
the property Q,,(x) C 2 is that the norm is homogeneous under rescaling.

First we prove an interpolation inequality for the norm ||u ||,((’i)a o

Lemma 2.1. Suppose that j+ 8 <k+a, where j,k=0,1,2,... and0<a, B <1.
Assume that u € C*%(Q). Then there exists a positive constant C depending on j,
k, o, B, such that

(2-4) ||u||§?:r)ﬁ’Q < C[lluIII(C):F)Q,Q](j+ﬁ)/(k+“)[||u||(()’Y’g)2]1_(j+’3)/(k+"‘),

Proof. 1t is well known [Hormander 1976] that there is a positive constant C =
C(j, k, a, B) such that

2-5)  Nullj45.010) < CUlutllira,0,0) Y TP/ ET (lull Lo (0, 0) '~V EH,
For any Q,(x) C 2, by rescaling, we obtain
(2-6) llullze,xp + 7' P {D7u)p,0, ()
< ClullLec,x)
x (lull L@, en + (D tt)a, 0, (x))

)1—(j+;3)/(k+01)

(J+B)/ (k+a)

That is,

Y lull Lo,y + 1 TPV (DIu) g 0, )
< Cr |lull L (g, o)~V Akt

G+B)/ keta)
< (r7 ull Lo (g, oy + 7 (D U)o, 0,6)) .

Taking the supremum of all cubes Q, (x) with Q,,(x) C 2, we obtain (2-4). [

Next we extend the inequality (2-4) to the norm |u |,(£)a’92
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Lemma 2.2. Suppose that j+ B <k+a, where j,k=0,1,2,... and0<a, 8 <1.
Assume that u € L () and u® e C*(Q). Then there exists a positive constant C
depending on j, k, o, B, such that

j k 1—(j k
|”|5')f|-)ﬁ,9 < C[|M|](€72a’g](1+ﬁ)/( +a)[|u|(()3fs)2] G+B)/ tk+e)

Proof. By the rescaling argument in the proof of Lemma 2.1, it suffices to prove
@7 uljp.010) = Culra,0,) Y (el (g, o) YT,
By the definition (2-3), it suffices to prove

28) ()50, = Cllitlera,0,0) I (Jull (g o)~V EF.
Again, by the definition of (2-3), there exists x/, such that

|u(j)(-x(/)a xn) - u(j)(-x(/)a )’n)|
| _yn|ﬁ
=2(u"(xg, ) p.1,

(u(j))ﬂ,Ql(0)§2sup{ —1<xn,yn<1}

where I = (—1, 1) C R! is the unit interval. By (2-5) in the one-dimensional case,
the right-hand side is bounded by

(W (s N por < (g ) i, DV Quag, )l osry) '~ 0 HER)
< (e 0,0) T (] oo 0, 09)) ~IFAEF, O
Theorem 2.3. Letu € W*"(2) be a strong solution of (2-1), where the coefficients
a;j are measurable and independent of x,, and satisfy the uniformly elliptic condition

(1-2). Assume that f is analytic in x,. Then there exists a constant C = C(n, A, A)
such that, for any Qg (xo) C 2, the following inequality holds:

Ck\*
(2-9) 1 o)l = (55 ) Uellzmnceon + 1.

Proof. As the coefficients a;; are independent of x,, and u is a strong solution, one
sees that

1
us = g(u(x +8e,) —u(x))

is a strong solution to L[u] = f;, where L is the elliptic operator in (2-1). Hence
the Krylov—Safonov Holder estimate holds for u, uniformly in §. Similarly,

1
us = 8—2(u(x +8e,) +u(x —8e,) —2u(x))

is a strong solution to L[u] = fj’, and is uniformly Holder-continuous as § — 0.
Sending § — 0, we see that u” is Holder-continuous. By induction, we see that for
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any k > 0, u® is Holder-continuous, and

(2-10) U ) g, 0000 < C (1P N0 peen + 1F P (01 2000)

forall k=1,2,..., and the constant C is independent of k.
Set Qo = Qr(x0). Let Oz, (x) C Qr(xo) be any given cube. Then there exist
X1, X2 € Q,(x) with (x, — x1)//e;, such that

Lo U (x2) — U/ (x1)]
[x2 — x1]¥

U 0,6 < 2r

If |x) —x1| > }Tr, then, by Lemma 2.2 with j =1, 8=0,k =1,
Q1) ") 0,6
<2-4%|u'(x1) —u'(x2)]

1
<4 | o0, )

1/(1+ )(x/(l-i-oz)

< C(r ) a 0,0 + el oo, i) T Uil g, oy
< Cl0 U a, 0,60 Ul L0, )™ M + llull (g, o )-
If |x, — x| < §r, then, by (2-10) and Lemma 2.2,
2-12) U)o 0, <27 U )0, 0, )
< Clrlu'llL(g,n0ay + I o0, jain]
< C{" ™ W)a,0,,60) O (MUl (0, p ) T
+ el L0,y + 71 (0,00 }-

Taking the supremum among all the cubes Q, (x) with Q»,(X) C Qg (xo), we obtain
from the above estimates (2-11) and (2-12) that

0 0
(W), < CLU) D) I (el oo (00)) M + llatll oo @) + RILF o0 }-
which implies
0
1l 00 < Clull oo + RIF I (0n)-
By Lemma 2.2 it follows that
C
' | L (Q g ja(ro)) < E(”M”LW(QO) + R f'l(00))-

Hence we obtain
C
(2-13) |u’ (x0)| < E(”u”LOO(QO) + R £/l (00))

C
< E(||u||L°°(Q0)+1)7

where we used the analyticity of f in x,,.
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Next we estimate higher derivatives of u at xo. Suppose by induction that

C k
(2-14) u® o)l = (%) K Ul op + 1)

By (2-13), (2-14), and observing that for any x € Qr/x+1)(x0), Qkr/k+1)(x) C
Or(xp), we have

D (x0)| = |(u®) (x0)]
R

k+1
K+ 1 ”f( )||L°°(QR/(k+1)(X0))>

< (e +
= "R L®(QRryk+1)(x0))
k+1

Clk+1) c \ ., R
< k 0 1 | FREDy
== {<k-kHR) (1l oo 0q) + )+k+1||f lL=(00)

k+1
< (E) (k+ D (lull gy + 1.

In the last inequality we used the analyticity of f in x,,. ([

Theorem 2.4. Let u € W>" () be a strong solution to (2-1). Assume that the
coefficients a;; are measurable and independent of x, and satisfy (1-2). Assume
that f is analytic in x,. Then the solution u is analytic in x,.

Proof. For any given point x, = (x;, X, ,) in , let ry = [—idist(xo, 0€2). Consider
the Taylor expansion of u in Q,,(xo)

n

(k) (n+1) (.7
(2-15)  u(xg, xp) = Z u™ (xo) (X — X0 + u (X0, §)

X n+1)! (xn _xO,n)n—H,

where & = txp , + (1 — t)x, for some ¢ € (0, 1). By Theorem 2.3, we know that

k
1u® (x0)] < (C—k) M,
ro

D (xg. )] < (—) M,
1o
where M := |ullL> (@, (xo) + 1. By Stirling’s formula we have

(k+ DHEED < ke 4 1,

Hence when |x — xg| <r9/2Ce we have

(k)
u(x M
%lxn—xo,nlkfz—keo as k — oo.

Hence u is analytic in the x,, direction. (]
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3. Proof of Theorem 1.2

In this section we prove the analyticity of solutions in x,, to the equation

n

(3-1) Llul:= ) a;j(x)u;j = f(x) in Q,

i,j=1

where the coefficients a;; also depend on x,. We assume that the a;; are in C 0(Q2)
and satisfy (1-2) and f € LP(2) (p > n). We also assume that g;; and f are
analytic in x, and satisfy

(3-2) |85, aij + 10y, f| < B!
for all k > 1, where B > 0 is a constant. 9y

As before, we set u’ = u,,, u” = uy,,, and u® = Tk for all integer k > 1. In
this section we also set n

[ulw2r (@) = Z ID*ullLr (o),

|s]=2
(3-3) 0)1(B) _ EH2—n/p+Br (0)
[ T2 @) = SUPQ, (1) ce Do, () [ w2 (0, (1)
0B C—n/p+By (€
115y = 5uPg, oca do, " N OllLro, s

for£=0,1,2,... and B € R, where dg () = dist(Q,(x), 92).
By the W2? estimate, we have:

Lemma 3.1. Let u € W2"(Q) be a strong solution to (3-1). Assume that the a;j are
in C%Q) and satisfy (1-2), f € LP(Q2) (p = 1), and Qr(xgp) C 2. There exists a
constant C such that, if 0 <r <r 468 < R, then

1
(3-4) lullwr (g, (o) = C{ sz 1llLr@pason 1 Lr(@rastron } :

where C depends only on n, p, A, A and the moduli of the continuity of the
coefficients a;;.

Proof. When r < 8, by the W>? estimate for elliptic equations [Gilbarg and
Trudinger 1998] and a rescaling argument, we have

C

(3-5) nD%mﬂ@m»sywwm@wm»+v+mﬂﬂu&wmm

1
< C(8—2||”||L"(Qr+s(xo)) + ||f||L”(Qr+a(x0)))'
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When § < r, we choose m > 2 such that r/m <& < r/(m — 1), and equally divide
the cube Q,(xp) into smaller cubes with side-length r/m. Then

2 P _ 2 : 2P
||D u”LP(Q,(xo)) - ||D u”LP(Qr/m(xi))'
i

By (3-5),

1
2. 1P P p
GO 1D = (Tt + 1 W)

Note that for each Q,/,,(x;) there are at most 3" cubes of the form Qo (x;)
intersecting with it. Hence, summing up, we obtain

(3-7) I D*ully <C Lllullp + 1117
LP(Qr(x0)) — 82p LP(Qr+s(x0)) LP(Qr4s(x0)) )"
We obtain (3-4). O

We remark that in Lemma 3.1 the assumption u € W>" () implies that f €
L™ (2). But the inequality (3-4) holds for all p > 1.

Theorem 3.2. Let u € W>" () be a solution to (3-1). Assume that the ajj are in
C%UQ) and satisfy (1-2). Assume also that the a; j and f are analytic in x, and
satisfy (3-2). Then u is analytic in x,,.

Proof. By (3-1), we have

(3-8) > aij(x+Sen)lusliy = — Y laijlyuij + £,
where uy = (1/8)[u(x + e,) — u(x)], [a;;15 = (1/8)[a;j(x + Se,) — a;j(x)], and
e, =(0,...,0,1) is the unit vector on the x,-axis. Since the g;; are continuous,

by the W2? estimate, we see that uy € WP (Q') (p = n) for any Q' C Q. Sending
§ — 0, we obtain that u’ € Wli’cp(Q) and is a solution to L[u'] = f' — alfjuij.
Similarly u® e Wli’cp (€2) and is a solution to

k
(3-9) Liu®]= f® —Z<i)a§f>u§f‘” =f®_¢ inQ,

where () = k!/(€!(k — O)!).

We will prove Theorem 3.2 by induction. There is no loss of generality in
assuming that 2 = Qy is the cube of side-length two centered at the origin. By the
definition of [u](‘;,éf,)( 00)’ there exists a cube Q,,(x0) C Qo such that

(n/p) 2
[M]W2~!’(Q0) =< 2d0 [u]Wz’p(QrO(XO))’
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where dy = dist(Q,,(xo), Qo). We may assume that the center of Q,, is the origin;
otherwise we may replace Q,,(xo) by the larger cube Q1_4,(0). Therefore the last
inequality becomes

(3-10) [u ]%I,?(Q y =20 —ro)*[uly P(Qry)?

where Q,, is centered at the origin. Thanks to Lemma 3.1, there is a constant C
independent of rg such that

[ulw2r(g,) < CA —ro)lullLrcgy) + 1 fllrcgy))
< Cl4 = ro)ullrcgy + I fllLrcon):

where Q) = Qry+(1-rp)/2 C Qo- Hence we obtain

(3-11) [l o) < ClullLrcoy + 11 £ llLron)-
Next we consider the W27 estimate for «’. Similarly to (3-10), there exists a
cube Q,,, centered at the origin, such that

w ](v%l;)(Q <20 ) [l Q)

By (3-9) and Lemma 3.1,

9 n
[ lw2r(g,,) < {(1 )ZIIM’IILP<Q’,1>+ 1 ey + Z |Ia£juij||Lp<Q;l>},
i, j=1

where Q) = Oy +(1-r)/3 is @ cube centered at the origin. By the interpolation
inequality, the right-hand side of the above formula is

<C{A=r)Nullzegy ) +A=rD~ ID%ullecgy )+ f e, ) +BID?ulleo))
< CBU —r) H{lullrioy + I ey +ulgih) o )
Therefore we obtain

(n/p)
[u ]vf,zl;(Q ) = CB(lullLrge) + 1 fllLrge + 1),

where the number 1 arises in || f'||zr(0y)-
By induction, let us assume for £ =0, 1,2, ..., k that

(3-12) [ OTD o) < ALl ooy + 1 FlLrcop + 1.

Then, similarly to (3-10), there exists a cube Q,,,, C Qo, centered at the origin,
such that

k+1)1(n/p) k+3 e+l
(3-13) [ut Iy2r g = 21 = rks1) )]WZP(Qrk )
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1—
where O, is a cube with center at the origin. By Lemma 3.1, with § = #,
(I- rk‘H)k+3[u(k+l)]W2’”(Qrk+1)

(k+3)*
(1 —ri41)?

k+1
Y () s, )

i,j=1m=0

where O}, = O +(1-r.)/k+3)- Note that dist(Q;, |, 3 Qo) =
We have

k
<ca —rk+1)k+3{ e “)nu(g;} DI gy

Vk+1

m( — Tkt1)-

k+3)*A = ree ) T N oo

’k+l

<6+ ()T (20 ) T g,
<4(k+32 g

Similarly,

(1= re) P laf " ul oy )

Tk+1

k41—
< llagy ™" e (= ree)" 2™ lweagy )

k+1
< 4 ool o0

Hence for fixed i, j, by the induction assumptions,

k
s mo\Gerlem oy
(I =70) Z(k+1>”"i1 iy leecgy,

m=0
k
m (k+1—m) (n/p)
=422 (5 e e e ™1 g
m=0

<4k + DA™ B (lull ooy + I flLecog + 1)
<4k + DIA*B(llullLrgy) + 1 flLr (o) + 1.
Hence by (3-13) we obtain

(k+1)(n/p) (k—1)1(n/p) (k+1)
[ ]W2 P(Qo ) = {(k + 3) [M ]WZ,p(QO) + ||f ||L°°(Q0)

+ (k+ DIA*B(lullLr o) + I flLr 00 + D}

By (3-2) and the induction assumption (3-12), we then obtain

DY) < Clk+ DUA + ACB 4+ B (lull ooy + 1 £ lzrcon +1).

Choosing A >> B, we obtain (3-12) for k + 1.
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From (3-12), we obtain that
[ DT y2000, 0 < 2 A e+ DUl Lrcog) + 1 Lrcoy + -
By the Sobolev embedding and since p > n, we have
1D (0)] < €28 AR (k4 1)1,
Hence u is analytic in x,, at the origin. (]

As we remarked in Section 1, the continuity assumption on the g;; can be relaxed.
The continuity is used for the W ? estimate; it suffices to assume that the g; j are
continuous in any n — 1 variables [Kim and Krylov 2007]. In particular, in the
dimension-two case, we can remove the continuity of a;; in Theorem 1.2, as the
analyticity of a;; automatically implies that they are continuous in one variable.
Therefore, for the equation

2
(3-14) Y a(Xuij=f(x) in Q,

i,j=1
where the coefficients a;; satisfy the uniformly elliptic condition (1-2), we have:

Theorem 3.3. Let u € W>2(Q2) be a strong solution to (3-14). Assume that the ajj
satisfy (1-2) and assume that a;; and f are analytic in x;. Then under the above
conditions, u is analytic in x».

4. Proof of Theorem 1.4

Let 2 be a bounded domain in R”. Let £ be a unit vector in R" and ¢ a function
defined in 2. Set

wp&(r) =sup{|¢p(x) —p(x +15)[ | x, x +15 € Q, || =r}.

We say ¢ is Holder-continuous in the & direction with Holder exponent « if wy ¢ €
C%, and write ¢ € Cg(Q), with the norm

W, (1)
I¢llce@ = supeq 140 +supi.o —2—-

To prove Theorem 1.4, we assume for simplicity that b; = ¢ = 0 and consider
the equation

n

(4-1) Llu]:= ) aj(xu; = f(x) in Q,

i,j=1

where the coefficients a;; satisfies the uniformly elliptic condition (1-2). The proof
below is based on a perturbation argument and follows closely that of [Wang 2006].
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Proof of Theorem 1.4. Without loss of generality we assume § =e; = (1,0, ...,0)
and 2 = B;(0), the unit ball. We set

BkIBz—k(O), &ij(x)zaij(O, )Cz,...,xn), f(x):f(O, xz,...,xn).

Fork=0,1,2,...,let u; be the solution of

Z &ij(x)(uk)xixj = f(X) in Bk,

(4-2) “
i,j=1

Up=1u on 0B;.
Then

n

n
D )k —w)x;= > (@i (1) =i ()tgx, + f ()= f(x) in By,
(4-3) o ij=I
Up—u = 0 on 3Bk.
Hence, by the Alexandrov maximum principle, for k > 1,
(4-4) supp, [u — ug|

1/n
< cz—k[ | (@i (xX) = @i (X)), " dx] +C2 w275
By

1/n
sczknai,-ncg(gk)[ /B |x|"“|ux,.x,.|"dx] +C2 % w27
k

x (p—n)/p n/pql/n
<C2™ ||aij||cg(3k) |:(/ |x|ﬂa17/(P—n) dx) ( |ux,-x,- |P dx) :|
By By

+C2%*w e (275
< C2 Mlaijllce sy @7 TP ullwan gy + C2 H w275
< C(A- Q7 Fy2en/p 407 %g . (27F)),
where
A = llullw2r sy llaijllcz -

Since the a;; are continuous and satisfy the uniformly elliptic condition, by the
W2P estimate,
A < C(lullr@ + I fllr@) llaijlicg -

Hence

(4-5) itk — i1l Loy, < CLA- Q7P 4072k, (270))
=C27MA- @ L wpe(27Y).
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Since wy 1= ux41 — uy satisfies
&ij(x)wx,-xj- =0

in By1, where the coefficients a;;(x) are independent of x, by differentiating the
equation and by the W27 estimate, we have

185 wellw2r(5,,y) < C2* lwell Lo,y forall p> 1.
Hence by the Sobolev embedding theorem,

19g willc1(5s) < C2* 2 llwill s,y forall B e (0, 1).

Therefore by rescaling,

19 By willLe(y.p) < CIA- Q7P +wpe 2791,
(4-6) 19 e wll s (,.p) < C2PLA- Q7O ™P +wpe 7).

As the coefficients a;; are continuous, the solution can be approximated by smooth
solutions. Hence, to prove Theorem 1.4, we may assume that u is smooth, so that

D?u;(0) = D*u(0).

For y near 0, let m > 1 be such that

27m74 27m73 ]

<hl<

Then

(4-7) 10 0xu(y) =0 0xu(0)| < [9g dxttyn (y) — g x4y (0)[ 40 Ox 1t (0) — ¢ e (0) |

+ |a$axu(y) - 8§axum(y)|~
We have

oo
(4-8) |0 0x 1t (0) — 9 0xu (0)| < Z |0 Ox 14k (0) — Og Ox 41 (0)|

k=m

<CYTA-QH P fwpe(27H)]
k=m

< C{A L@ myenle 4 /'“V' wre(r) }
0

’
]
< C{A-lyl“‘”/”+/ —wff(r)}.
0 r
Similarly,

r

AR (r)
|9 Bt (y) — Bg xttm ()] SC{A‘IyI“_"/P—kf et £ A4 }
0
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By (4-6) we have

4-9) |30, wi (y) — gy wr(0)] < (19 dxwill ety V17
< ClylP2*[A- @7 P fwre 7).
Write

m—1
Uy =U1 + Z Wy.
k=1

We have, for 8 <o —n/p,

(4-10) |9 Oxttm (y) — O Oxttm (0)]
m—1

< [0 dxu1 (y) — 9 dxu1 (0)| + Z |0 0x wi (y) — 9z 0wy (0)]
k=1

m—1

<Clylf (Ilm o)+ D 2% (A-@7Fy /P + wf,g(z—")))
k=1

Yore(r)
SClylﬁ(llullm(m+||f||u(sz)+/ %)
[yl

This completes the proof of Theorem 1.4. O

5. Equation of divergence form
We consider the following linear elliptic equation of divergence form:
(5-1) Lu =div(A(x)Vu(x)) =div f(x) in €,

where the coefficient matrix A(x) = (a;; (x))nxn satisfies the uniformly elliptic condi-
tion (1-2) and f(x) = (f1(x), fo(x), ..., fu(x)) € [LP(2)]" for p > 1. We assume
also that @;; and f are analytic in x,, and that there exists a constant B > 0 such that

(5-2) |05 aij| + 195 f1 < B*k!
forall k > 1.

Definition 5.1. Let 1 < p < co. We say that u is a solution to (5-1) if u € Wlﬁ;f(sz)
and satisfies

/aij(x)uxj¢x,- dx:/ Fx)y dx
o Q

for all ¢ € C;°(Q2).
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dku _
As before, we set u' =u,,, u" =u,,,, and u® = —— for all integers k > 1. We
also define n
[ulwir@) = |1 DullLr (),
ky 1 (B) k+l—n/p+p (k
(5‘3) ||l/l( )”Wl.p(Q) = SupQr(x)CQ dQ,(x) [I/l( )]Wl'p(Qr(x))’
k—n/p+p

(k) “(ﬁ)

k
1 ® 1y = s5uPg, wcadg, iy Mt® I Lro, ),

where do, () = dist(Q,(x), 0€2), k is a nonnegative integer, and p > 1 is a constant.
By the WP estimate for the divergence form (5-1) in [Di Fazio 1996], we have:

Lemma 5.2. Let u be a solution to (5-1). Assume that the a;; satisfy (1-2),
felL?(Q)) (p > 1) and Qr(xg) C Q. There exists a constant C such that,
if0<r <r+686 <R, then

1 n
G4 lulwriro, o = C{ s lllLr@, e + Dol ||L”(Qr+a(x0))}’

i=1
where the constant C depends only on n, p, A, A.
By Lemma 5.2 we then have:

Theorem 5.3. Let u be a solution to (5-1). Assume that the a;; satisfy (1-2) and
fe[LP()]" (p > n). Assume that the a;; and [ are analytic in the variable x,,.
Then u is analytic in x,,.

The proofs of Lemma 5.2 and Theorem 5.3 are similar to those in Section 3 and
are omitted here. Note that the assumption p > n in Theorem 5.3 is for the use of
Sobolev embedding; namely, by the estimate ||u® | wir(0,0) < C one infers that
u® )] < C.
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