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Let I" be the fundamental group of the exterior of a knot in the three-sphere.
We study deformations of representations of I' into SL, (C) which are the
sum of two irreducible representations. For such representations we give
a necessary condition, in terms of the twisted Alexander polynomial, for
the existence of irreducible deformations. We also give a more restrictive
sufficient condition for the existence of irreducible deformations. We also
prove a duality theorem for twisted Alexander polynomials and we describe
the local structure of the representation and character varieties.
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1. Introduction

Let K C S be an oriented knot in the three-sphere. Its exterior is the compact
three-manifold X = S3 \ M(K). Set I' = 7;(X) and let ¢ : ' —» Z denote the
abelianization morphism, so that ¢(y) is the linking number in S* between any
loop realizing y € I' and K. Let

a:T'—=SL,(C) and B:T — SL,(C)
be irreducible and infinitesimally regular representations.
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Definition 1.1. A representation « : I' — SL,(C) is called reducible when it pre-
serves a proper subspace of C%, otherwise it is called irreducible. The representation
« is called semisimple or completely reducible if « is a direct sum of irreducible
representations.

In what follows we call a representation « : I' — SL,(C) infinitesimally regular
if H'(I'; 51,(C)ada) =C*L

As we assume that « is irreducible and infinitesimally regular, its character is
a regular point of the character variety of I" in SL,(C) (Proposition 3.6). When
b =1, then B is trivial and hence it is infinitesimally regular.

For a given nonzero complex number A € C* we consider the representation
0. =AY Q@a)® (A% @ B), namely forall y € T’

kb‘p(y)a(y) 0
(D p.(y) = ( 0 AW B(y)

where a +b = n. The representation p; : I' — SL,,(C) is reducible and the following
question then arises:

) € SL,(0),

Question 1.2. When can p; be deformed to irreducible representations?

We give necessary and sufficient conditions in terms of twisted Alexander poly-
nomials. For this purpose we consider the representations

a®p": T — Aut(Maxp(C))

defined by (¢ ® 8*)(y)(A) =a(y)AB(y ") fory €T and A € M, ,,(C). Similarly,
consider

BRa*: T — Aut(Mpy,(C)).
The corresponding twisted Alexander polynomials of degree i are denoted by
AF () =A% (1) and A7 () = APEU ().

Recall that the twisted Alexander polynomial is a generator of the order ideal of
the twisted Alexander module and hence it is unique up to multiplication with
an invertible element of the group ring C[Z] = C[tt", i.e., ct*, with ¢ € C* and
k € Z (see Definition 2.1 for more details). We have A?E(t) =1fori > 2 and
Azi(t) € {0, 1}. We prove in Corollary 4.6 that « ® 8* is a semisimple representation,
hence by Theorem 2.6 we obtain the duality formula (Corollary 4.7):

AF (@) = A7 (1/1).

Here p = ¢ means that p and g are associated elements in C[Z], i.e., there exists
some unit ct* € C[Z] = C[+*'], with ¢ € C* and k € Z, such that p = ctkq. This
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duality formula is a particular case of Theorem 2.6, where we establish a duality
formula for twisted Alexander polynomials provided that the twisting representation
is semisimple. This duality formula can also be deduced from results of Friedl,
Kim, and Kitayama [Friedl et al. 2012].

We shall prove a necessary condition for the deformability of p, to irreducible
representations:

Theorem 1.3. If p, can be deformed to irreducible representations, then
AT =A707") =0.

The theorem also applies when o or 8 (or both) is trivial. When both « and
B are trivial, this is a result obtained in 1967 independently by Burde [1967] and
de Rham [1967]. The key idea is to look at the dimension of the fiber of the
algebraic quotient R(T", SL,(C)) — X (T, SL,,(C)). When p, can be deformed to
irreducible representations, this dimension jumps among characters of reducible
representations, and this translates to the twisted Alexander polynomial by means
of the tangent space and cohomology with twisted coefficients.

The next result is a sufficient condition for the deformability of p, to irreducible
representations:

Theorem 1.4. If Aar()»”) # 0 and A" is a simple root of Afr(t), then p; can be
deformed to irreducible representations.

Again this theorem and the next one apply for o and/or 8 trivial. Theorems 1.4
and 1.5 are due to [Heusener et al. 2001] when both « and 8 are trivial, and
also related results were obtained in [Shors 1991; Frohman and Klassen 1991;
Heusener and Klassen 1997; Heusener and Kroll 1998; Ben Abdelghani 2000;
Ben Abdelghani and Lines 2002; Heusener and Porti 2005; Ben Abdelghani et al.
2010; Heusener and Medjerab 2014].

The outline of the proof of Theorem 1.4 is the following: the hypothesis implies
that there exists a representation p™ € R(T", SL,, (C)) with the same character as p;
but not conjugate to it (see Corollary 5.6). An analysis of the cohomology groups
allows us to prove that p™ is a smooth point of R(I", SL,(C)). Among other tools,
this uses the vanishing of obstructions to integrability of Zariski tangent vectors,
due to [Goldman 1984], a smoothness result of the variety of representations due
to [Heusener and Medjerab 2014], and the nonvanishing of certain cup product
(following the ideas of [Ben Abdelghani 2000]). Once this smoothness result is
established, we realize that the dimension of the space of reducible representations
is less than the dimension of the component of R(I", SL,(C)) containing p™.

Our next result concerns the local structure of the character variety. Let x, €
X (T, SL,(C)) denote the character of p;.
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Theorem 1.5. Under the hypotheses of Theorem 1.4, x, belongs to precisely two
components Y and Z of X (I, SL,(C)), that have dimension n — 1 and meet
transversally at x, along a subvariety of dimension n — 2. The component Y
contains characters of irreducible representations and Z consists only of characters
of reducible ones.

As in [Heusener et al. 2001] and [Heusener and Porti 2005] for SL,(C) and
PSL,(C) respectively, the key idea for Theorem 1.5 is to study the quadratic cone
of the representation p,, by identifying certain obstructions to integrability. Here
we also use Luna’s slice theorem, as in [Ben Abdelghani 2002].

We conclude the paper by an explicit description of the component of the variety
of irreducible characters of the trefoil knot in SL3(C) that illustrates our results.

The paper is organized as follows. Section 2 is devoted to twisted Alexander
modules, and in particular to the duality theorem, Theorem 2.6. In Section 3
we review some preliminaries on the representation varieties and in Section 4
some further preliminaries on twisted cohomology and twisted invariants. Then in
Section 5 we prove Theorem 1.3. The proof of the sufficient condition, Theorem 1.4,
splits in Sections 6 and 7. Theorem 1.5 is proved in Section 8. Finally in Section 9
we compute X (I', SL3(C)) for I" the fundamental group of the trefoil knot exterior.

2. Twisted Alexander modules

The aim of this section is to introduce twisted Alexander modules and Alexander
polynomials, together with their main properties. We also give a new result that
we will require later: a duality theorem for Alexander polynomials twisted by
semisimple representations. It relies on Franz—Milnor duality for Reidemeister
torsion, but it is different, as the torsion is the ratio of the Alexander polynomials. For
further background about twisted Alexander polynomials see [Kirk and Livingston
1999].

A representation of a group I' in a finite-dimensional complex vector space V is a
homomorphism p : I' — GL(V). We say that such a map gives V the structure of a
Imodule. If there is no ambiguity about the map p we call V itself a representation
of I' and we will often suppress the symbol p and write y - v or yv for p(y)(v).
Two representations p : I' — GL(V) and ¢ : I' — GL(W) are called equivalent
if there exits an isomorphism T : V — W such that o(y) o T =T o p(y) for all
y €T, i.e., if the [-modules V and W are isomorphic.

Our main reference for group cohomology is [Brown 1994]. Since we work with
left-modules, for defining homology consider the right action of the inverse, as in
[Kirk and Livingston 1999, (2.1)]. As the knot exterior X is an Eilenberg—MacLane
space, (co)homology groups of I" and X are naturally identified. In what follows,
we will not distinguish between H;(I"; V) and H;(X; V).



KNOT GROUP REPRESENTATIONS AND TWISTED ALEXANDER POLYNOMIALS 317

We give an interpretation of the low dimensional (co)homology groups. The
cohomology group in dimension zero is the module of invariants, i.e.,

HO(T; VV=Vi={veV|yv=vforally eT}.
The homology group in dimension zero is the co-invariant module:
Hy(T; V) EZQur VEV/IV

where I C Z[I'] is the augmentation ideal and /V C V is the subspace generated
by {yv—v|veV,yel}

We will make use of the interpretation of H Lr; v by means of crossed mor-
phisms, it is well suited for our purpose. A crossed morphism d : ' — V is a map
that satisfies d(y1y2) = d(y1) + y1 d(y») for all y;, y» € I'. A crossed morphism
d is called principal if there exists v € V satisfying d(y) = yv—v forall y € I'.
Crossed morphisms are precisely the cocycles of the standard or bar resolution of the
[“module V, and the principal ones are the coboundaries. Thus the set of crossed
morphisms or cocycles is denoted by Z!(I"; V) and the set of principal crossed
morphisms or coboundaries by B!(I"; V). In particular, the first cohomology group
is
) HYT:; vy=z\(T; v)/BY(T; V).

Let p : I' = GL(V) be a finite dimensional representation of I'. If Xoo — X
denotes the infinite cyclic covering, then

Hi(Xoo; V)

is a finitely generated C[Z]-module, because X is compact and V is finite dimen-
sional. Here Z is the group of deck transformations of the covering X, — X. We
will sometimes interpret the elements of C[Z] as Laurent polynomials, by using the
isomorphism C[Z] = C[+*'] that maps the generator 1 of Z to t.

Definition 2.1. The homology groups H;(X~; V) are called the twisted Alexander
modules, viewed as C[Z] = C[t*!]-modules. The corresponding orders are the
twisted Alexander polynomials

AP(t) e C[+™'].

They are unique up to multiplication by a unit ct* € C[t*'], k € Z, c € C*.
Recall that the order of a finitely generated C[¢*!]-module

M =it/ pi@ ']

is [[; pi(¢). In particular the order is nonzero if and only if M is a torsion module.
Notice that this is not the same convention as in [Kirk and Livingston 1999].
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Due to the indeterminacy in the definition of twisted Alexander polynomials, we
shall write

p(1) =q(1)

to denote that the polynomials p(¢), g(¢) € C[Z] are associated, i.e., they are equal
up to multiplication with an element ct* € C[Z], k € Z, ¢ € C*.

Remark 2.2. It follows from a result of M. Wada [1994, Theorem 2] that the twisted
Alexander polynomial of a link exterior twisted by a representation in SL, (C) is
well defined up to powers of X, It is also well known that for n even there is no
sign ambiguity. We shall not need those facts, as we use essentially the structure of
the Alexander module.

Let
VIZ] =V ®cr; ClZ]

denote the [~module via the representation p ® t¥. Then we have a natural isomor-
phism of C[Z]-modules

3) Hi(X; VIZ]) = Hi(Xo0; V)

(see [Kirk and Livingston 1999, Theorem 2.1]). Notice that equivalent repre-
sentations give rise to isomorphic [~modules and hence to associated Alexander
polynomials.

The dual representation p* : ' — GL(V*) is defined in the usual way by

o W) (f)=fop(y) ! forally el and f € V* =Hom(V, C).
The following lemma is straightforward.

Lemma 2.3. The representations p and p* are equivalent if and only if there exists
a nondegenerate bilinear form V Q@ V. — C which is [-invariant.

Example 2.4. For any representation p : I' — SL,(C), the module V = C? has a
skew-symmetric nondegenerate bilinear form defined by the determinant. Namely,
the vectors (x1, x3) and (y1, ») € C? are mapped to

det <x1 yl) .
X2 Y2

In view of Lemma 2.3, p* and p are equivalent and hence Af = Af "

Recall from the introduction (see Definition 1.1) that a representation p : ' —
GL(V) is called semisimple or completely reducible if p is the direct sum of
irreducible representations.

Remark 2.5. A representation p is completely reducible if and only if each subspace
of V stable under p(I') has a p(I")-invariant complement.
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Theorem 2.6. Let p : I' — GL(V) be a completely reducible representation. Then
S *
A?@ = AP ).

Example 2.9 below shows that the hypothesis of complete reducibility is necessary
in Theorem 2.6. This duality formula can also be deduced from results of Fried],
Kim, and Kitayama [2012].

The first step in the proof of Theorem 2.6 is the following:

Lemma 2.7. Let p : I' — GL(V) be a completely reducible representation. The
modules Hy(X oo; V) and Hy(X ; V*) are finitely generated torsion modules. In
addition,

ANy = AL ).

Proof. First notice that if p is irreducible or completely reducible then the dual
representation p* is also irreducible or completely reducible respectively since each
proper invariant subspace of p corresponds to a proper invariant subspace of p* by
the orthogonality relation.

We have that Hy(Xo; V) = V/fV, where I C Clmr1 (X )] is the augmentation
ideal. Hence, Hy(Xoo; V) is a finite dimensional C-vector space and as C[t*]-
module it cannot have a free summand. This proves that Hy(X; V) is a finitely
generated torsion module.

In order to prove the symmetry relation it is sufficient to prove it for irreducible
representations since for p; : I' — GL(V}) and p, : ' = GL(V,) we have

(P ®p)*=pf®p; and AME2 = AP AP

First we will prove that for every irreducible representation p : I' — GL(V) with
dimV > 1 we have

4) Ay =1=A] .

The irreducibility of p and dim V > 1 imply that /V C V is a nontrivial [-invariant
subspace, and hence IV = V. It follows that Hy(I'; V) = 0. Now, for any complex
number A € C* the vector space V becomes a [-module via p®@X?, i.e., for y € I" and
for v e V we have p(y) ® A*@)(v) = 1¢Y) p(y)v. This "module will be denoted
by V. Notice that Vj is also an irreducible I-module since the map v +— AWy is
a homothety of V. Moreover, V, is a nontrivial [-module and hence Hy(I"; V;) =0
for all A € C*. Next, the short exact sequence of [-modules

0— V[Z] -2 V(Z] — Vi — 0
induces a long exact sequence in homology [Brown 1994, I11.§6]:

.= Hy(T'; V[Z]) 4=25 Hy(T; V[Z]) — Ho(T; V3) — 0,
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and Hy(I"; V) =0 implies that the multiplication by (¢ — A) is surjective. Hence for
all L € C*, the module Hy(I"; V[Z]) has no (¢ —)\)-torsion. Hence, Hy(I"; V[Z]) =0
and Ag = 1. Finally, p* is also irreducible and dim V* = dim V > 1. This implies
in the same way that A” =1

Now suppose that dimV =1, i.e., p : ' = GL(V) = C*. Hence p is abelian
and completely determined by a nonzero-complex number A, meaning that for all
y €T and v € V we have p(y)(v) = A*P)v. So we write p = A?. Now

Ho(T; VIZ) = VIZV/IVIZ) = VI (ki = 1),

since A¥ is an abelian representation and factors through Z. Therefore ASW ()=
t — 2~ 1. The dual representation (A#)* is A%, as (A*)*(¥)(f) = f o W)~ =
1790 f where y € I and f € V*. The same calculation as above shows that
Ho(T; V¥[Z]) = V[t*¥']/(""'t — 1) and hence AY" (1) =t — 1. We obtain
A(()m*(t) = A} (t71), which proves the lemma. O

Proof of Theorem 2.6. The knot exterior X has the homotopy type of a 2-dimensional
complex. Therefore H; (X ; V)=0fori >2and H(Xo; V) is a free C[Z]-module.
This implies that Af =1 fori > 2 and Ag € {0, 1}. According to the value of Ag
there are two cases to study.

Assume first that Ag = 0. This is equivalent to H»(X~; V) being a nontrivial
free C[Z]-module. By an Euler characteristic argument, H; (Xoo; V) contains also
a nontrivial free factor of the same rank. In particular A‘l’ =0. Since H;(Xo; V)=
H;(X; V[Z]), the universal coefficient theorem yields that H; (X; V[Z]1®c[7C()) #
0 for i = 1,2. Notice also that the natural pairing V x V* — C extends to a
nondegenerate C(¢)-bilinear form

(&) (VIZ1®ciz1 C1)) x (VF[Z] ®ciz) C(1)) — C(1).

Using this bilinear form and Poincaré duality, H; (X, 0X; V*[Z]®c[z) C(t)) # 0 for
i =1, 2. Since the homology of the 2-torus 9 X with coefficients V*[Z] ®c[z] C(z)
vanishes [Kirk and Livingston 1999, §3.3], H;(X; V*[Z]®c[71C(t)) #0fori =1, 2.
Hence Af* = Ag* =0.

Next we deal with the case Ag = 1. Since this is equivalent to Hy(Xoo; V) =0,
the homology argument in the previous paragraph gives Ag* = 1. For the first
Alexander polynomials we shall use Reidemeister torsion and Franz—Milnor duality.
By Kitano’s theorem [1996] the torsion of X with coefficients V[Z] ®c(z) C(¢) is
the ratio of Alexander polynomials:

A
TOR(X; V[Z] ®ciz; C(t)) = A—};,
0



KNOT GROUP REPRESENTATIONS AND TWISTED ALEXANDER POLYNOMIALS 321

see [Kirk and Livingston 1999, Theorem 3.4] for this precise statement (this is a
version of Milnor’s theorem [1962], see [Turaev 1986]).
Using the bilinear form (5), Franz—Milnor duality for Reidemeister torsion
[Milnor 1962; Franz 1937] gives
TOR(X; VI[Z] ®ciz) C(1)) (1) = TOR(X, 0X; V*[Z] ®ciz) C(1))(7)
. TOR(X; V*[Z] ®ciz) C(1))(3)
TOR(3X; V*[Z] ®ciz1 C(1)) (L)

see [Kirk and Livingston 1999, §5.1]. Since 0 X = S x ', TOR(BX; V*[Z] Qciz]
C(t)) = 1 [Kirk and Livingston 1999, §3.3]. Then the theorem follows from
Lemma 2.7. O

Remark 2.8. Note that every representation p : I' — O(n) is completely reducible
since for each stable subspace W the orthogonal complement W+ is also stable.
Moreover, we have p* = p and hence Af ¢t H= Af (t) is symmetric (see [Kitano
1996, Theorem B]). It follows also from the proof of Lemma 2.7 that Ag (r) =
(t — Dk (¢t + D* where k; = dim{v e R" | p(y)v=v forally € I'} and k_ =
dim{v e R" | p(y)v = (=1)¢W)v for all y € T'}.

It was proved in Hillman, Silver, and Williams [2010] that A?(t™") = Af(2)
holds if p* and p are conjugates.

We finish this section with an example to show that the hypothesis of complete
reducibility is needed in Theorem 2.6:

Example 2.9. We exhibit representations that are not completely reducible and such
that the conclusion of Theorem 2.6 fails. In order to construct such a representation,
we take p : I' — SL,(C) of the form

=(61)(%)

that is not abelian. It is a representation if d € Z'(I"; C;2) and it is nonabelian if
L#=+1landd ¢ B'(I"; C,2), where C,. denotes the ['module given by y -z =12¢")7
for y €T, z € C, see Lemma 5.5. Such a representation exists if and only if A? is
a root of the untwisted Alexander polynomial (in particular A # +1), see [Burde
1967; de Rham 1967; Heusener et al. 2001] for instance, or Lemma 5.5. As p is
not abelian, its restriction to 71 (X ) is nontrivial but

s [(3 9] e<cl

The cohomology module Hy(X; C?) is isomorphic to C?/IC?. Here the subspace
IC? c C? is generated by elements of the form v — p(y)v, with ¥ € 71 (Xs)
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and v € C?, ie, IC? ={({) | c € C}. So, the linear projection C* — C onto the
second coordinate induces a linear isomorphism C?/IC? = C. The action of a
meridian m € T on C?/IC? is multiplication by A~ and hence Hy(Xs; C?) =
Clt*!/(t —2~") as C[Z]-modules. Therefore, A5 (t) =t —A~!. On the other hand,
using that every representation in SL;(C) is equivalent to its dual, see Example 2.4,
A ()=t —2"", and

Ag (t_l) = (t—A) and Ag* (t) are not associated.

Notice that if AS = 1, Franz-Milnor duality (used in the proof of Theorem 2.6)
applies and it holds that A? (:=") /AL (=) = A? (1)/ AL (¢). In particular A? (r~))
and Af ’ (¢) are not associated either.

3. Varieties of representations

In this section we recall some preliminaries on the varieties of representations,
we discuss representations of the peripheral subgroup 7,(0X) = Z & Z, and we
state a regularity result, Proposition 3.3 due to [Heusener and Medjerab 2014].
We also show that infinitesimal regularity implies regularity of the representation
(Corollary 3.5) and its character (Proposition 3.6).

Recall that the set of all representations of I in SL,,(C) is called the variety of
representations or the SL, (C)-representation variety:

R(I", SL,(C)) = Hom(I", SL,, (C)).

It is an affine algebraic set (possibly with several components), as I" is finitely
generated. More precisely, R(I", SL,(C)) embeds in a Cartesian product SL, (C) x
-+ - x SL, (C) by mapping each representation to the image of a generating set, and
SL,(C) is an algebraic group in C". The group relations of a presentation of I
induce the algebraic equations defining R(I", SL, (C)). Different presentations give
isomorphic algebraic sets (see [Lubotzky and Magid 1985], for instance).

The group SL, (C) acts on R(I", SL,,(C)) by conjugation. The algebraic quotient
by this action is the variety of characters or SL, (C)-character variety

X (T, SL,(©)) = R(I', SL,(C)) / SLA(C).

Recall that the GIT quotient exists since SL,, (C) is reductive and the representation
variety is an affine algebraic set. (For more details see [Newstead 1978, 3.§3] or
[Shafarevich 1994].)

To describe the Zariski tangent space to R(I", SL,(C)) and X (T, SL,(C)) we
use crossed morphisms or cocycles.

An infinitesimal deformation of a representation is the same as a Zariski tan-
gent vector to R(I", SL,,(C)). We use André Weil’s construction that identifies
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ZN T 51,(C)aq ») with the Zariski tangent space to the scheme R(I", SL,(C)) at p.
Here sl,(C)ad, is a [module via the adjoint action, i.e., ¥ - x = Ad,(,)(x) for
y € I' and x € s[,(C). Notice furthermore that the algebraic equations defining
the representation variety may be nonreduced, hence there is an underlying affine
scheme R(I", SL,(C)) with a possible nonreduced coordinate ring. Weil’s con-
struction assigns to each cocycle d € Z I(I"; 51,,(C)) the infinitesimal deformation
y = (1+ed(y))p(y) for all y € I', which satisfies the defining equations for
R(T", SL,(C)) up to terms in the ideal (€?) of C[e], i.e., a Zariski tangent vector to
R(T, SL, (C)). Weil’s construction identifies B! (I"; s(,,(C) aq ») with the tangent
space to the orbit by conjugation. See [Weil 1964; Lubotzky and Magid 1985;
Ben Abdelghani 2002] for more details.

Let dim, R(I", SL,(C)) denote the local dimension of R(I', SL,(C)) at p (i.e.,
the maximal dimension of the irreducible components of R(I", SL,(C)) containing
p [Shafarevich 1977, Chapter II]). So we obtain:

(6) dim, R(I', SL,(C)) <dim T,(R(T", SL,(C))) < dim Z(T; sl, (©adp)-

Definition 3.1. Let p : I' — SL,(C) be a representation. We say that p is a regular
point of the representation variety if

dim, R(T, SL,(C)) = dim Z'(T'; 5,(C)ad ).
We call p infinitesimal regular if dim H'(T'; sl,, (©)adp) =n—1.

It follows directly from (6) that a regular point is a smooth point of the represen-
tation variety. There are representations of discrete groups which are smooth points
of the representation variety without being regular, as the scheme R(T", SL,(C))
may be nonreduced. (See [Lubotzky and Magid 1985, Example 2.10] for more
details.)

We also make use of the Poincaré—Lefschetz duality theorem with twisted coeffi-
cients: let M be a connected, orientable, compact m-dimensional manifold with
boundary dM and let p : w1 (M) — SL,(C) be a representation. Then the cup
product and the Killing form b : s[,(C) ® sl,(C) — C induce a nondegenerate
bilinear pairing

(7) H"(M; s1,(C)aq,) @ H" X (M, dM; s1,(C)aq,) =
H™(M, 3M; 51,(C)aap @ 51, (C)ad,) —2> H™ (M, dM; C) =C
and hence an isomorphism
HY(M; 51,(C)aap) = H" 5 (M, dM; 51,(C)aa )",

for all 0 < k < m. See [Johnson and Millson 1987; Porti 1997] for more details.



324 MICHAEL HEUSENER AND JOAN PORTI

Lemma 3.2. For any representation ¢ : Z & Z — SL,(C) we have:
dim H'(Z ® Z; 51,(C)agap) = 2(n — 1).

In addition, dim H'(Z ® Z, s1,(C)) = 2(n — 1) if and only if ¢ is a regular point of
R(Z®Z,SL,(0)).

Recall that a function ¢ : R(I", SL,,(C)) — Z is called upper semicontinuous
if for all k € Z the set ¢! ([k, oo)) is closed. Moreover, it is easy to prove that
for g =0, 1 the function p > dim H9(T"; s(,(C)aq,) is upper semicontinuous (see
[Heusener and Porti 2011, Lemma 3.2], this is a particular case of the semicontinuity
theorem [Hartshorne 1977, Chapter III, Theorem 12.8]).

Proof of Lemma 3.2. Poincaré duality and Euler characteristic give
1dim H'(Z ® Z; 51,(C)adp) = dim H*(Z @ Z; 51,,(C) ag ) = dim 51, (C)*®7.

By a result of Richardson [1979, Theorem C], every representation of Z & Z
into SL,, (C) is a limit of diagonal representations, and for diagonal representations
dim sl,(C)?®? > n—1. The general inequality follows from the upper semicontinuity
of the function ¢ — dim H*(Z @ Z; s, (©)ado)-

For the second statement, Richardson proved in the same Theorem C that the
representation variety R(Z & Z, SL,(C)) is an irreducible algebraic variety of
dimension (n +2)(n — 1). It follows that o € R(Z & Z, SL,,(C)) is a regular point
if and only if dim Z'(Z® Z, s1,(C)) = (n +2)(n — 1).

On the other hand,

dimZ'(Z® 7, 5,(C)=dimH' (Z® 7, s1,(C)) +dim B (Z & Z, s1,(C));
dmB'(Z®7,s1,(C)=n*>—1—dimH*Z & Z, s1,(C));
dmH'(Z®Z, 51,(C)) = 1 dim H' (Z® Z, 51,(C)).

Hence
dimZ'Z &7, 51,(C)) = 1 dim H' (Z & Z, s1,(C)) +n* — 1.
Thus the lemma follows. (See also [Popov 2008].) [l
We will require the following result:

Proposition 3.3 [Heusener and Medjerab 2014, Proposition 3.3]. Let « be a point
in the SL,(C)-representation variety R(I', SL,(C)). If « is infinitesimally regular,
then it is a regular point of R(I", SL,(C)) and belongs to a unique component of
dimension a* +a — 2 — dim H(T'; s, (C)).
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Remark 3.4. For an irreducible representation « : I' — SL,(C), it holds that
HOT; s1,(C)ade) = 0. Indeed, if X € sl,(C) commutes with a(y)forall y €T,
then Schur’s lemma implies that X is a scalar matrix and hence X = 0.

As a corollary we obtain from Proposition 3.3 and Remark 3.4:

Corollary 3.5. If an irreducible representation o : I' — SL,(C) is infinitesimally
regular then it is a regular point of R(T", SL,(C)) of local dimension a> +a — 2.

One has furthermore:

Proposition 3.6. If an irreducible representation « : I' — SL,(C) is infinitesimally
regular, then its character is a smooth point of X (I', SL,(C)) of local dimension
a—1.

Proof. By Corollary 3.5, « is a regular point of R(I", SL,(C)) of local dimension
a’+a —2. As « is irreducible, the fiber of the projection R(I", SL,(C)) —
X (T, SL,(C)) at o has dimension a> — 1. The dimension of this fiber is an
upper semicontinuous function, therefore the dimension of X (I", SL,(C)) at «
is at least a — 1. On the other hand, the dimension of the Zariski tangent space
of X(I", SL,(C)) at « is at most dim H!(I"; s[,(C) aqe) (this follows from Luna’s
slice as « is irreducible, see [Lubotzky and Magid 1985, Theorem 2.15]). Hence
we have equality of dimensions and the proposition follows. ([

4. Twisted cohomology and twisted polynomials

In this section we prove that @ ® 8* and B ® o* are completely reducible represen-
tations, so that the duality theorem (Theorem 2.6) applies to them. Our assumption
that  : I' — SL,(C) and B : I' — SL;(C) are irreducible will be crucial for the
conclusion.

Decomposition of sl,,(C). Consider the action of I" on the space of matrices with
a rows and b columns M., (C):

®) [ x Maxp(C©) = Maxp(©), (v, A) > 2"Va(y) AB(y ™).
The corresponding I=module is denoted by
M = Masp(Cagpraims -
Similarly, we consider the module
M, = Mpxa(C) pgargr—ne.

Notice that those modules occur as factors in the decomposition of s[,(C) as
[~modules via the adjoint action Ad p;,:

51,(C)ad p, = 51a(C)ada @ 515(C)aap ®CH M, & M.
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This can be visualized as

~ (51.(©ada M, bld, O

Duality. For every ) € C* we have a nondegenerate bilinear form
9) WM x M, —>C, (A, B)— tr(AB),

which is T'-invariant: W(A, B) = W(yA, yB) for all y € I'. As an immediate
consequence, we have Poincaré and Kronecker dualities:

(10) Hi(X; M) = Ha—i (X, 0X; ML)
(11) H'(X; M%) = H7H(X, 0X; M)
(12) H;(X; M) = H (X MED)*

The i-th twisted Alexander polynomials of the ["modules M are denoted by
+ a®p* - B®a”
AF = A and A7 = AP®"

1

Taking p = a ® 8%, then p* = B ® o® by (9). In order to apply Theorem 2.6 to
those polynomials, we need to show that p = o ® 8* is completely reducible; this
motivates the next subsection.

Linear algebraic groups. We follow Humphreys’ book [1975] as general reference
for linear algebraic groups. A linear algebraic group G contains a unique largest
normal solvable subgroup, which is automatically closed. Its identity component is
then the largest connected normal solvable subgroup of G; it is called the radical
of G, denoted by R(G). The subgroup of unipotent elements in R(G) is normal in
both R(G) and G; it is called the unipotent radical of G, denoted by R,(G). We
have that R(G)/R,(G) is a torus. Hence R(G) is a torus if and only if R,(G) is
trivial.

Recall that a representation p : I' — SL(V) is called completely reducible if it is
a direct sum of irreducible representations, see Definition 1.1.

Theorem 4.1 [Nagata 1961/1962, Theorem 3]. Let G C GL,(C) be an algebraic
group. Then R, (G) is trivial if and only if each rational representation of G is
completely reducible. ([

Here a representation p : G — GL(V) is called rational if, with respect to a basis
of V, the matrix entries of p(g) are polynomial functions in the n> 4+ 1 coordinate
functions x;; (1 <i,j <n) and 1/det of GL,(C).

Remark 4.2. A nontrivial, connected algebraic group G is called reductive if
R, (G) is trivial. Since the Zariski closure of a matrix group is in general not
connected we will avoid the term reductive in what follows.
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Lemma 4.3. Let I" be a group and let p : " — SL,,(C) be an irreducible representa-
tion. Then the unipotent radical R, (G) of the Zariski closure G of p(I') C SL,(C)
is trivial.

Proof. Suppose that R, (G) C SL,(C) is nontrivial. Every unipotent subgroup of
GL, (C) has a nonzero vector fixed by all elements of the group (see [Humphreys
1975, 17.5]). Then the subspace W C C" of fixed vectors of R,(G) is nonzero. By
normality, this subspace is preserved by G, hence by p(I"), which contradicts the
irreducibility of p. (]

Lemma 4.4. Leta : " — SL,(C) and B : T' — SLy(C) be irreducible. Then the
unipotent radical R, (G) of the Zariski closure G of (a® B)(I') C SL,(C) x SL;(C)
is trivial.

Proof. Let p, : SL,(C) x SL;(C) — SL,(C) denote the projection. Then p,((« &
B)(I)) = a(I") and therefore p,(R,(G)) is contained in the unipotent radical
R, (G,) of the Zariski closure G, of a(I") in SL,(C). (The image of an unipotent
element under a morphism of algebraic groups is unipotent [Humphreys 1975,
15.3].) Now, R,(G,) is trivial by Lemma 4.3 and hence p,(R,(G)) is trivial. It
follows in the same way that p, (R, (G)) is trivial and hence R, (G) = {1}. O

Remark 4.5. The same argument of Lemma 4.4 proves that the Zariski closure of
a completely reducible linear representation has trivial unipotent radical.

Corollary 4.6. The Imodules Mici,, are completely reducible.

Proof. By Lemma 4.4 the unipotent radical R,(G) of the Zariski closure G of
(x® B)(I") € SL,(C) x SLy(C) is trivial. Hence Nagata’s theorem (Theorem 4.1)
implies that every rational representation of G is completely reducible. In particular,
the restriction to G of the rational representation SL, (C) xSLy,(C) — GL(M, «»(C)),
given by

(A,B)-X =AXB™!,
for all (A, B) € SL,(C) x SL,(C) and for all X € M, (C), is completely reducible.
Since (@ @ B)(I') is Zariski dense in G, we obtain that MT is a completely
reducible Imodule. Finally, the actionof y €I on X € ./\/lzr,, given by Equation (8),

and the action y - X = a(y)XB(y ") differ only by a homothety. Therefore, /\/lj{n
is a completely reducible I-module. The proof for M,_, is similar. U

Corollary 4.7. AT =A7@.

Proof. The corollary follows directly from Theorem 2.6 and Corollary 4.6. U
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5. Necessary condition

The goal of this section is to prove Theorem 1.3. More precisely, we will prove
that if the representation p; = WP Ra)d (LR B), as defined in (1), can be
deformed to irreducible representations, then Af()\”) = 0. Recall that throughout
the paper we assume that o and g are irreducible and infinitesimally regular.

Lemma 5.1. Assume that p; belongs to a component of R(I", SL,,(C)) that contains
irreducible representations. Then

dim Z'(T; 51,(C)agp,) = n*+n—2.

Proof. It is sufficient to prove the inequality for an irreducible representation
p € R(T", SL,(C)), because the dimension of Z!(T; s, (C)adp) is an upper semi-
continuous function on p and because irreducibility is a Zariski-open condition.
We have

dim Z'(T; 51,(C)ag ) = dim H'(T'; 51,(C) aa ) + dim B' (I'; 51,(C) aq )

Now, dim B'(T"; sl,, Oadp) = n? — 1 because p is irreducible.
Next we apply Poincaré duality to the long exact sequence of the pair (X, dX):

(13)  H'(X;5L,(C)ad,) = H'(X; 56,(C)ag,) — H*(X,9X; 56, (C)ad,p)-

Poincaré duality (7) implies isomorphy between H'(X; sl,(C)aq ») and the dual
space H%(X, 8X; 50,(C)aq p)*. Moreover, the maps of (13) are dual to each other.
So:

(14) 1 dim H'(3X; s1,(C)adp) < dim H'(T; 51,(C) ad )-
The claimed inequality of the statement follows from Lemma 3.2. ]
Lemma 5.2. Under the hypothesis of Lemma 5.1 we have
dim H'(T'; M) > dim HO(T'; M)
or
dim H'('; M) > dim H(T; M;,).

We shall see in Remark 5.4 below that we get both inequalities.
Proof. Here we use the decomposition of [*modules (see Section 4):
(15) 50,(C) adp, = 51a(C)ada ®(Caap ®CA M, &M,

We aim to apply Lemma 5.1, so we compute the dimension of the space of 1-cocycles
for each I-module in (15). For each Imodule m, we use the formula

(16) dim Z'(T"; m) = dim H'(T"; m) + dim BY(T"; m)
=dim H'('; m) + dimm — dim H°(I"; m).
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Ordering the terms as they appear in (16):

dim Z'(I'; s14(C)ada) = (@ = 1) + (@® = 1) =0,
dim Z(T; sl,(C)aap) = (b— 1) + (b*> — 1) — 0,
dmZz' (M0 =1+1-1,
dim Z'(T'; M3,) = dim H'(T; ML) +ab — dim HO(T; M5,).
The first two lines use that « and g are irreducible and infinitesimally regular, the

last one that dim Mfﬂ = ab. Adding up the dimensions of the terms in (15) and
using Lemma 5.1 and the fact that a + b = n, we obtain

n?+n—2<n*+n—3+dim H' ([; M) —dim H(T'; M)
+dim H'(T'; M) —dim HO(T'; M}_,),

which proves the lemma. O

For later use we remark on the following computation, made during the last proof.
Notice that it does not use that p, can be deformed to irreducible representations
(but it uses that o and § are irreducible and infinitesimally regular):

(17) dim Z'(T; 51,(C)ad p,) = n*+n—3+dim H'(T'; M},) —dim HO(T"; M)
+dim H'(T'; M_,) —dim H(T'; M_,).

Lemma 5.3. Let p, : ' — SL,,(C) be given by p;, = (A\*? @ a) ® (A~ ® B). Then
dim H'(T'; M%) > dim HO(T'; M3L,) if and only if AT (A¥") = 0.

Proof. Recall that A;—L is the order of H; (X o; Mf) = H; (X, MT[Z]). We have a
short exact sequence of [*modules

(t=27"):

0—> M [Z] M 2] > M, ., —>0

which gives the following long exact sequence in homology [Brown 1994, 111.§6]:
.= H{(T; MT[Z)) “22% H (T3 M (Z]) — Hi (T M) 2>
Ho(T; My [2]) =225 Hy(T; M [Z]) - Ho(T; M,_,) — 0.

Thus A} (A™") =0 if and only if ker d is nontrivial.

Next we claim that ker d is nontrivial if and only if H'(T; Mzﬁl) has higher
dimension than HO(T; an). It follows from Lemma 2.7 and Equation (3) that
the C[Z]-module Hy(I'; M [Z]) is torsion, i.e., it is a finite dimensional C-vector
space. Hence, by exactness, rank d = dim Hy(["; M, _,) and
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dimker 0 = dim H;(T"; /\/l;_n) —rank 0
= dim H,(T'; M;_,) —dim Hy(T'; M;_,)
= dim H'(['; M},) — dim HO(T; M),

by Kronecker duality (12), which proves the claim. Of course the same proof
applies by symmetry for the opposite signs & and F. U

Proof of Theorem 1.3. By Lemmas 5.2 and 5.3 we get that if p, can be deformed to
irreducible representations, then AT(A”) =0or A} (A7") =0. Corollary 4.7 yields
ATOM =AT™) =0. O

Remark 5.4. Notice that in the situation of Theorem 1.3, from Lemma 5.3 and
Corollary 4.7 we get both inequalities

dim H'(T; M%) > dim HO(T; Mj5,).

We will later need the following construction. Given a 1-cochain c € C N(r; /\/lzrn ),
ie,amapc:[ — /\/lj{,,, consider the map p; : I' — SL,(C) given by

Id,
(18) s = W) pn. ver.

Lemma 5.5. The map p5 : I' — SL,(C) given by (18) is a representation if and
only if ¢ is a cocycle, i.e.,c € Z'(T'; ./\/lzrn). For such c, there is equivalence between
these conditions:

(1) pj5 is conjugate to p;..
(ii) c is a coboundary (i.e., c € B'(T'; M;L,,)).
(iii) p5 is completely reducible.

Proof. The equivalence between being a representation and the cocycle condition is
a straightforward computation; so is the equivalence between being conjugate to p;
and the coboundary condition. The equivalence with complete reducibility comes
from the fact that there is a unique orbit of completely reducible representations in
the fiber of the map R(T", SL,(C)) — X (T, SL,(C)) [Lubotzky and Magid 1985].
Hence two completely reducible representations having the same character are
conjugates. ([

The following corollary generalizes a result of G. Burde [1967] and G. de Rham
[1967]:

Corollary 5.6. There exists a reducible, not completely reducible representation
;. 2 I' = SLy(C) such that x,c = X, if and only if A" is a root of the product of
twisted Alexander polynomials AT (1) AS’(I).
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Proof. By Lemma 5.5, such a representation exists if and only if H'(T"; M;ﬁ,) or
H'\(T; M, _,) does not vanish. By Kronecker duality this is equivalent to saying
that H;(T"; Mrn) or Hy(I'; M, _,) does not vanish. Then, the long exact sequence
in the proof of Lemma 5.3 shows that this is equivalent to one of H;(I'; MT[Z])
or Hy(T"; Mf[Z]) to have (r — A*")-torsion. With the duality of polynomials,
Corollary 4.7, this proves the lemma. U

This corollary also applies when « = 8 =1 and A = %1. Since Ag(t) = (t — 1),
the vanishing Ao((£1D?) =0 corresponds to the representations

yr—>:|:<(1) d(ly))’ yel,

where d : I' — (C, +) is any group morphism.

6. Infinitesimal deformations and cup products

Throughout this section and the next one we assume the hypothesis of Theorem 1.4,
namely that A(J)r (A") # 0 and A" is a simple root of AT. By Corollary 4.7, we
also have that Aj(A™") # 0 and A™" is a simple root of A} . Thus the C[Z]-
module Hy(T; Mf[Z]) has no (1 — A*")-torsion and H,(T; Mf[Z]) has a single
C[t*"]/(t — A*")-factor. Furthermore, the following proposition gives more details
on the cohomology.
Proposition 6.1. Assume Aar (M) #£ 0 and ) is a simple root of Af. Then
(i) dim H'(T; ME,) = :1 yr=1.2
0 otherwise.
(ii) The (t — A*")-torsion of H1(T; Mfc[Z]) is zero for g # 2 and cyclic of the
form C[Z]/(t — A*") for g = 2.
Proof. In order to prove the first assertion, we use the long exact sequence in
the proof of Lemma 5.3. The hypothesis on the twisted Alexander polynomials
gives that the (f — A*")-torsion of H;(T; M?[Z]) is zero for i # 1 and t — A*" for
i = 1. The long exact sequence gives that H; (X; ./\/lici,,) has dimension 1 ifi =1, 2
and dimension O otherwise. Hence the first assertion follows from Kronecker
duality, (12).
For the second assertion, we use the universal coefficient theorem for cohomology:
for any representation p : ' — GL(V) we have

(19) HI(X; V*Z])
= Homeyz) (H,y (X; VIZ1), CIZ1) @ Extegz) (Hy—1(X; VIZD), CIZ1),

where H?(X; V*[Z]) denotes the group H9(X; V*[Z]) with the conjugate C[Z]-
module structure. For a detailed argument see pp. 638—639 in [Kirk and Livingston
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1999]. We apply (19) to the representation o ® B* and its dual 8 ® a*. By
the hypothesis on the twisted Alexander polynomials, the (f — A*")-torsion of
H; (T, MT[Z]) is zero fori # 1 and r — AE" for i = 1. Notice that H,(X; MT[Z])
are torsion C[Z]-modules, and the (z — A*")-torsion of H2(X; MT[Z]) is (t —AT").
The claim follows since —fAT" (=1 — AF") = (r — AT"). O

From now on we fix cocycles

dy € Z'(Ty MiL,)

whose cohomology classes do not vanish. Because H'(T"; ./\/licin) =C, the elements

d4 are unique up to adding a coboundary and up to multiplying by a nonzero scalar.
Our next goal is to show that the cohomology class of the cup product ¢ — d+ does
not vanish in H2(T; M;tin). For that purpose we shall use the dual numbers.

Dual numbers. The algebra of dual numbers is defined to be
C. = Cle]/e.
Similarly define C.[Z] = C[Z] ®¢ C, and
Miinie = (MTIZ1®c Cp) /(1 — 1" (1 £ 6)).

Lemma 6.2. If A" € C* is a simple root of Afr such that A(J)r A" # 0, then

dim H' (T3 M gy) = 1.

Proof. Notice that Ay (A™") # 0 and 17" is a simple root of A" by Corollary 4.7.
We have that H'(I'; M{[Z] ® C,) = H!(I'; M[Z]) ® C, since C, is a trivial
Imodule (isomorphic to C2). As before, the short exact sequence

0 — M{[Z]®c C, =0 MT[Z] ®c Co — My e = O

gives a long exact sequence in cohomology (see [Brown 1994, 111.§6]),

- > H'(T; M{[Z]) ® C, L=4-022) HI(T; M[Z) © C,

— H(T; M;(IH)) — HTT; MT[Z]) RC, — ---.

Note that for u # A", u € C, multiplication by ¢ — A"(1 + ¢) induces an au-
tomorphism of C.[Z]/(t — w)k. Therefore, we are interested in the (r — A")-
torsion of H4(I"; MT[Z]) described by Proposition 6.1: it vanishes for g # 2
and it is C[Z]/(t — A") for ¢ = 2. Hence, multiplication by (t — A"(1 + ¢€)) on
H(T; ./\/lfr [Z]®C,) is an isomorphism for i # 2. In order to understand the effect of
the multiplication on H 2(T; MT[Z] ® C,) it is sufficient to consider multiplication
by (t —A"(14¢€)) on

C[Z]/(t —A") @ C, = C[Z]/(t — \") ® eC[Z]/(t — A™).
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Since ¢ — A" vanishes in this ring, multiplication by (¢ — A" (1 + ¢)) is equivalent
to multiplication by —e\” on C, = C & ¢C. Therefore, its kernel and cokernel have
C-dimension 1, which proves dim¢ H'(T'; M;,(HS)) =1.

By symmetry the same argument yields dime¢ H'(T'; ./\/l;,n(l_g)) =1. ]
Cup product and Bockstein homomorphism. Let A;, A, and A3 be I-modules.

The cup product of two cochains ¢; € C I(T; A;), i =1, 2 1is the cochain ¢] — ¢; €
C*(I'; A ® A») defined by

(20) cr~ v, y2) i=c1(y) @ yica(y2).

Here A; ® A, is a [-module via the diagonal action.
It is possible to combine the cup product with any [-invariant, bilinear map
b:A; ® A, — Asz. So we obtain a cup product

po tCHI AN ® CL(T; Ay) = CL(T; A ® Ay) B> C2(T; Ay).

For details see [Brown 1994, V.3]. In what follows we are mainly interested in the
case where the bilinear form is simply the matrix multiplication, i.e.,

([: ® M):t:in — M;Ltj:n or 5[a (C) ® M}Tn —> M}Tn-

. 9

Hence we will write simply “~” for such a cup product when no confusion can
arise.

Letb: A ® Ay — Az be bilinear and let 7 : A, ® A1 —> A ® A, be the twist
operator. Then for ¢; € C'(I"; A;), i = 1, 2, we define the cup product

por— : CH(T; A)) @ CH(T; Ay) — CA(T; A3).

Again we are mainly interested in matrix multiplication and we will write simply

113

" for such a cup product when no confusion can arise.
T

Example 6.3. Let ¢, € C'(T'; 51,(C)) and d € C!(I'; M,) be given. Then

ca~dn, v2) = ca(y)y1 d(y2) = X, (y)a () d(y2) B(y1) ™!

and

d r ca(y1, 2) = vica(2) d(y1) = a(y)ca(y)a(y) " d(n).

Remark 6.4. If z, € Z'(I"; s1,(C)) and d, € Z'(T; M;Cl) are cocycles, then for
f:T — M, given by f(y) = z4(y)d(y) we have

8f(, v2) +za~di(n1, v2) +di o~ z2a(y1, ¥2) =0,

ie., dy 24~ —24~d in C*(I'; M,).
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Lemma 6.5. Consider the nonsplit exact sequence of I'-modules
&
0 - M)"j:n - M}\in(]ig) — M)"j:n

Then the image of the cohomology class represented by di (in H'(T; M)Lin))
under the Bockstein homomorphism is represented by the cup product d+ — ¢ (in
H>(T; ML),

Proof. In order to calculate the Bockstein homomorphism b : H!(T'; ./\/tj,,) —
H(T; /\/lk,,) we proceed as follows (according to the snake lemma): given a
cocycle d; € Z\(T; Mm) we choose a cochain d € C'(T; /\/l "(14e)) which

projects onto d,. and then we calculate 8,d, € C2(I'; M3, wn(14¢)) Where &, denotes

the coboundary operator of C*(T"; M3, W (14e)) Since d is a cocycle we obtain

(1+a
8edy = € - z for a 2-cocycle z € Z2(I'; M A,,) which represents the image of the
Bockstein map. By abusing notation, we also denote the map constructed in this way
by b: Z\(T; /\/l ) — Z2(T; M ), even if it is only well defined in cohomology In

particular b(d) ~ z. In order to calculate z € Z 2(I'; M Ar,) we choose d+ =dy+e-0:

8ed1(v1, v2) = vids (y2) —d (1y2) +di(v1)

=11+ ep(y))a()dy ()BT —di (iy2) +di(v1)
=ecp(YDyid+(y2) =¢-@~di(y1, 2).

Therefore, b(d;) ~ ¢ — d. The calculation for b(d_) ~ ¢ — d_ is similar. [l

Corollary 6.6. Assume dimg H'(I'; M3L,) = 1, HO(T; MW) =0and let d €
ZN T M )Lin) be not cohomologous to zero. Then dim HY\(T; ME Akn (14 8)) =1ifand
only if the cup product ¢ ~ d+ does not vanish in H*(T'; M /\in)

Proof. Consider the nonsplit exact sequence of [-modules
0 — M;a, = Mki"(lis) — M =0

and the corresponding long exact sequence in cohomology:

(21) 0_)H (F M)»in) _) H (F M)»i"(lis))_)H (F M}»in)gHz(F M}»in)

The lemma then follows from the sequence (21), as by Lemma 6.5 b(dy) ~
@—ds and dim H'(T"; /\/lki,,)_l. O

Combining Proposition 6.1, Lemma 6.2, and Corollary 6.6, we deduce:

Corollary 6.7. Under the hypothesis of Theorem 1.4, the cup product ¢ — di does
not vanish in H 2(F M /\in)
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7. A not completely reducible representation p*

In this section we construct a p* € R(I", SL,,(C)) that has the same character as p;
but is not completely reducible. We show that pT is a smooth point of R(I", SL,,(C))
and that it can be deformed to irreducible representations. This proves Theorem 1.4,
because the orbit by conjugation of o accumulates to p;,.

Assume throughout this section that the hypotheses of Theorem 1.4 hold true.
Namely (using Corollary 4.7), A(j)m (A*") # 0 and A*" is a simple root of Ali.
Recall we have fixed d, € Z'(T"; M;r,,), a cocycle not homologous to zero. Let

4 Id, d+
o= ( 0 1 db) Pa-

By Lemma 5.5, p* is not completely reducible, hence it is not conjugate to py,
even if it has the same character. We shall prove that p* is a regular point of
R(T", SL,(C)) and that the local dimension is dimSL,(C) +n — 1 =n?>+n — 2.
Then we will argue that the reducible representations around p, form a Zariski
closed algebraic set of dimension n% 4+ n — 3, which will prove Theorem 1.4.

Let P* = ({ %) C SL,(C) be the maximal parabolic subgroup that preserves
C* @ 0. Its Lie algebra is denoted by p™ C sl,(C). We have two short exact
sequences of ["modules via the action of Ad p™:

(22) 0— M, > pt > D—0,
where

(23) D =5l,(C) ®sl,(C) @ C,
and

(24) 0—p* — sl,(C) > M, > 0.

We will use the corresponding long exact sequences in cohomology to compute
H'(T; 50,(C)aq o+). The first step is the following lemma.

Lemma 7.1. H°(T'; p*) = 0.

Proof. The long exact sequence associated to (22) starts with
0=H("; M,) — HO(; pt) — HOD: D) > H'(T; M.

The group H%(I"; D) = C is generated by the invariant element (_bold" a?d;,) eD'.
A similar calculation as in the proof of Lemma 6.5 using the snake lemma gives
b(fbold“ a?db) ~ nd,. Therefore b : H'(I'; D) - H\(T; M;rn) is injective and
hence HO(T"; p*) = 0. O
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We continue the long exact sequence in cohomology associated to (22):
0— C— H'(T; M},) — H\(T; p™) — H'(T; D) 2 BT M.
Since H (T'; ./\/l;rn) = C for i = 1, 2 by Proposition 6.1, it shortens to
0— H' (s ph) - H'(: D) > BT M),

Next we aim to compute b : H'(I'; D) — H*(I"; M},). For this we use the
decomposition (23). Every element in H!(I"; D) is represented by a cocycle

2 0 —bld, 0
2 -
(2) v (0 zb>+w( 0 aIdb)

where z, € Z!(T'; s1,(C)), z» € Z'(T'; 5,(C)), and z € C.
Lemma 7.2. For a cocycle & € Z'(I'; D) as in (25),
b(@) ~za—wdy +dy—zp+zndy — .

Proof. As in Lemma 6.5 we compute b(¢}) by using the snake lemma. Namely,
let 81 be the coboundary operator of C*(I"; pt), and let 9 € C'(I"; pt) be the
composition of ¢ with the inclusion D < p*. Then

5 (1. y2) = (8 —1za(y2)d (y1) + d+(V12))’IZb(V2) + znd+()/1)<p(yz)>

and hence b(9) ~ —d4 o~ z4 +dy ~ zp + zndy — @.
Finally, Remark 6.4 proves the lemma. (]

Since ¢ — d is not cohomologous to zero (Corollary 6.7) and H 2(T; ./\/lzr,,) =C
(Proposition 6.1), we deduce:

Corollary 7.3. The cohomology group H'(I'; p) = C"~2 is naturally identified to
the kernel of the rank one map:

HY(I'; D)= HY(T'; 51,(C)) ® H'(T'; s1,(C)) ® C-% H*(; M},) =C.
Next we consider the long exact sequence corresponding to (24):
(26) 0— H'(T;p") — H'(T; 5L,(C)agpr) - H'(T; M.
Hence

27)  dim H'(I'; 51,(C)ad p+) < dim H'(T; p™) +dim H'(T; M)
=n—-24+1=n-1.
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On the other hand we apply Poincaré duality to the long exact sequence of the pair
(X, 0X) (see (13)) and we obtain as in Equation (14):

(28)  dim H'(3X; 5L,(C)aap+) <2dim H' (I 51,(C)aap+) < 2(n — 1).
Proposition 7.4. p™ is a regular point of R(T", SL,,(C)) of dimension n> +n — 2.

Proof. The dimension inequality of Lemma 3.2 and the inequality (28) yield
dim H(T; 5[,(C)adp+) =n — 1, and we apply Proposition 3.3. U

Before proving that the irreducible component of R(I", SL,(C)) containing p™
also contains irreducible representations, we need a remark and two lemmas.

Remark 7.5. It follows from the proof of Proposition 7.4 that inequalities (27)
and (28) are equalities, therefore (26) becomes a short exact sequence:

0— H'(T;p") — H'(I;51,(C)ad ) = H'(T; M) — 0.
Lemma 7.6. The representation p™ is a smooth point of R(T', P™).

Proof. The key tool here is the vanishing of Goldman’s obstructions [1984] to
integrability, which relies on the naturality of these obstructions and the vanishing
for sl,(C). (In our proof of Proposition 7.4 this vanishing is also used implicitly,
since our Proposition 3.3 is taken from [Heusener and Medjerab 2014], where the
vanishing is invoked.)

By Remark 7.5, the long exact sequence in cohomology associated to (24) yields
an injection

0— H*(T; ph) — H*(I'; 51,(C)ad p+)-

Now Goldman’s obstructions to integrability are natural for the inclusion p™ —
5[,(C). In addition, the obstructions of a cocycle in p* remain in p*, because
pT — sl,(C) is a subalgebra (closed under the Lie bracket) and a I-submodule of
5l,(C). Since p™T is a smooth point of R(I", SL,(C)), for any cocycle in ZNT; ph)
the infinite sequence of obstructions to integrability in H>(T"; 5[, (C)aq p+) vanish,
so the infinite sequence of obstructions to integrability in H>(I'; p*) also vanish.
This establishes that any infinitesimal deformation is formally integrable and it
follows from Artin’s theorem [1968] that it is actually integrable, which proves the
lemma. (]

Let 1 <k <nandlet R, C R(T", SL,(C)) denote the subset of representations p
such that p(I") preserves a k-dimensional subspace of C”.

Lemma 7.7. Forall 1 <k < n, the subset Ry C R(I", SL,,(C)) is Zariski-closed.

Proof. The assertion is clear for kK = n since R, = R(I", SL,,(C)). Hence suppose
that 1 <k <n andlet P (k) C SL, (C) denote the parabolic subgroup which preserves
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Ck x {0} ¢ C". The set R(T", P(k)) C R(T', SL,(C)) is Zariski-closed since it is
given by a finite number of equations. Moreover, we have

Ry =SL,(C) - R(T', P(k)) =SL,(C)/ P (k) - R(T", P(k))

since P (k) preserves R(I", P(k)). Finally, Ry is Zariski-closed since the quotient
SL,(C)/ P (k) is complete (see [Humphreys 1995, §0.15]). O

Lemma 7.8. The unique proper invariant subspace of p*(I') is C* x {0}.

Proof. We compute the possible nonzero invariant subspaces of p*(I") by taking a
nonzero vector v € C" and considering the linear span of its orbit (o™ (I")v). When
v e C% x {0}, then (p™(I")v) = C* x {0} because « is irreducible. So we assume
that the projection of v to the quotient C* /C* x {0} does not vanish, and since 8 is
irreducible, the projection of the linear span (o™ (I")v) is the whole C"/C* x {0}. In
particular the dimension of (o™ (I")v) is at least b. Notice that dim¢ (o™ (I")v) = b
cannot occur, because this would yield a direct sum C" = C* x {0} & (o™ (I")v);
by Lemma 5.5 this would contradict the choice of p™* and the nontriviality of the
cohomology class of d, . Therefore dimg(p™(I")v) > b, so that (p*(I")v) contains
at least a nontrivial vector in C* x {0} (the kernel of the projection). Irreducibility
of a gives now (p*(I')v) = C". O
Let S be the component of R(I", SL, (C)) that contains p . In particular, dim S =
n?+n—2.
Proposition 7.9. S contains irreducible representations.

Proof. We prove the proposition by contradiction, hence assume that there is a
Zariski neighborhood U C S C R(T", SL,(C)) of p* so that all representations in
U are reducible. By Lemmas 7.7 and 7.8, the choice of the U can be made so that
the representations in U have only an a-dimensional invariant subspace.

In particular every representation in U is conjugate to a representation in P+ =
P(a). Therefore given any Zariski neighborhood U™ C R(T", P*) of p*, U can
be chosen so that every representation in U is conjugate to a representation in U™
As p™ is a smooth point of R(T", PT) by Lemma 7.6, p* is contained in a single
irreducible component S* of R(I", PT), and we may chose U™ C S*. This yields
the inclusion

U CSL,(C)-UT CSL,(C)-S*.

Now we reach the contradiction by computing dimensions. Using that P stabilizes
St we get

dimU < dim(SL,(C) - §7) < dim(SL,(C)/PT) +dim S+,
where dim(SL,(C)/PT) =n*>—1—dimp™, and
dim T =dim H'(I"; p*) + dimp* —dim HO(; p*) = n — 2+ dimp™ —0.
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This yields dim U < n? 4+ n — 3, contradicting Proposition 7.4, which asserts that
dimU =dim S =n%+n—2. O

8. The neighborhood of y;

The aim of this section is to prove Theorem 1.5, i.e., we determine the local structure
of the character variety X (I', SL, (C)) at x,, the character of the representation p;
given by (1). For this purpose we will identify the quadratic cone of X (I", SL,(C))
at x, by means of algebraic obstructions to integrability. Moreover, we will describe
these obstructions geometrically.

Before discussing the components of the variety of characters, we need to discuss
the components of the variety of representations. In Section 7 we have constructed
S a component of R(I", SL,(C)) of dimension n? +n — 2 that contains p* and
irreducible representations (Propositions 7.4 and 7.9).

Next we discuss a component of reducible representations. The representation
variety R(I", SL,(C)) contains

R(T", SL,(C)) x R(T, SLy(C)) x R(I", C*)
where the inclusion is given by
(@, B, 2) > (W) @) ® ()7 ) ® 8.

Our hypothesis on infinitesimal regularity implies that « € R(I", SL,(C)) and
B € R(T", SL,(C)) are smooth points which are contained in unique components
Vo C R(I', SL4(C)) and Vg C R(T', SL,(C)) respectively. Hence we obtain an
embedding

Vo X Vg x R(T', C*) = R(T", SL,(C)).

Lemma 8.1. There exists a unique component T of R(I", SL,,(C)) that contains
Vo X Vg x R(T', C¥).

Moreover, we have dim T = n?+n — 3.

Proof. By the hypothes1s of Theorem 1.5 we have Ao@ﬂ (M) #0and A" is a
simple root of A v®p* (t). Hence for all A" # A which are sufficiently close to A
we have AO@‘3 ((A )") # 0 for ¢ =0, 1. Hence, by the argument in the proof of
Proposition 6.1 we obtain H9(["; M(,\/)ﬂ) =0forg=0,1.

Now consider the representation

P = ()’ @) ® (W)™ @ B) € Vo x Vg x R(I', C¥)
and the corresponding decomposition of [, (C)ad,, as [-module:

56,(C)adp, =51 (C)ada D 5H(C)aap ®CD Ma,)n O M ;)n-
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Hence
dim Z'(T'; 51,(C)adp,,) = dim H'(T'; 51,(C)ad ) + dim B! (I'; 51, (C)ad )
=a—14+b—14+14+n*—1-1=n’>4+n-3.
On the other hand, for the SL, (C)-orbit of V,, x Vg x R(I", C*) we have:
SL,(C) - (Vg x Vg x R(I", C*)) =SL,(C)/PT - (UT -V, x Vg x R(T", C*))

where UT = {(i%" ifi(b) | Xe Ma,)n}. Now the action of U™ on V, x Vg x R(I", C*)
is generically free since H(T'; Ma,)n) = 0 and hence

dim SL,(C) - (V, x Vg x R(T',C*)) > ab+ab+a*+a—2+b*+b—2+1
=n’4n-3.

Therefore, p, is a smooth point of R(I", SL, (C)) which is contained in a unique
n* + n — 3-dimensional component 7. Note that T is the Zariski closure of the
orbit SL,, (C) - (Vo x Vg x R(I', C¥)). O

Let Y and Z denote the components of the character variety that contain the
characters of S and T respectively. We have dim ¥ = dim S —dim SL,,(C) =n — 1.
In additiondimZ >a—1+b—1+1=n—1since T contains V, x Vg x R(I", C¥).
Notice that the generic dimension of the orbit of (&', g, 1) € V, x Vg x R(T', C*¥)
is n2 — 2. Hence, dimZ < dim T — (n2 —2)=n—1. Hence dimZ =n — 1 and
dim7T =n?+n—3.

Let Z, C X(I', SL,(C)) and Zg C X(I", SL(C)) denote the irreducible compo-
nents that contain the respective projections of V,, and Vz. We have a commutative
diagram

Vo x Vg x R(I', C*) —— T C R(I", SL,(C))

| !

Zy x Zg x C* — ZC X[, SL,(C))
The top row is injective but not the bottom one, as conjugation can realize permuta-
tions of rows and columns. In general those permutations are difficult to describe,
but if we restrict to irreducible characters, this is simpler.

Lemma 8.2. There exists a Zariski dense subset Z C Z such that:
— If Zy # Zg (in particular if a # b), then 7= Zir x Z}ig" x C*.
- If Zy = Zg, then 7= Zir x ZZ’ x C*/ ~, where the relation is defined by
(Xas Xbs 2) ~ (Xbs Xas A~ for (Xa, xps 2) € Z" x Z§" x C*.

Here Z g " denotes the set of irreducible characters in Z,. We use similar notation
for other components of characters and representations.
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Proof. Recall from the proof of Lemma 8.1 that T is the Zariski closure of the
orbit SL,(C) - (V, x Vg x R(I', C*)). As VO’[" and Vé” are dense in V;, and Vj,
SL,(C) - (Virr x Vé” x R(I", C*)) is dense in T'. Its projection Z to Z is the image
of ZZ’ X Z ’ﬂ’ " x C*, which is Zariski dense. To determine this image, we use that
each point in X (I", SL,(C)) is the character of a semisimple representation, unique
up to conjugation [Lubotzky and Magid 1985]. This uniqueness implies that for
Zy # Zpg this is an injective map, and for Z, = Zg we quotient by the permutation
of components, with the corresponding transformation for A. U

Remark 8.3. When a = b =1, then Z, = Zg consists of a single point and Z is
the quotient of C* by the involution A + 1/A. Hence Z = C and it is the variety of
abelian characters in SL,(C). The ring of functions invariant by this involution is
generated by A 4+ 1/A, i.e., the trace of a diagonal matrix with eigenvalues A and
1/X (corresponding to the character evaluated at a meridian).

We aim to show that S and T are the only components that contain p,. For this

purpose we consider the quadratic cone Q(p;) which is defined by the vanishing
of an obstruction to integrability of 1-cocycles. Let

[.~.]: HY(T; 56, (C)adp,) ® H' (T; 51,(C)agp,) = H*(T; 51,(Caa )

denote the cup bracket, which is the combination of the cup product with the Lie
bracket 51, (C)®sl, (C) L= 51, (C). The quadratic cone Q(p;) CZ' (T;51,(C)ad )
is defined by

0(py) = (¥ € Z'(T; 51,(C)ad ) | [¥ — 8]~ 0}.

Goldman [1984] showed that if ¥ € Z'(T"; s1,,(C) aq 0,) 18 integrable then the cup
bracket [} « ] is a coboundary. In what follows we will compute the projections
of this obstruction, for the projections

pro o H2(T's 8Ly (C)aap,) — HA (T3 M),
Here we use the decomposition of I=modules:
50, (C)adp, =D B M, ® M;_, =51,(C) ®5,(C) dCH M, d M.

Recall that I acts of s, (C), s[,(C) and sl;(C) via the adjoint representation Ad p,,,
Ad o and Ad g respectively. For the rest of this section we will understand these mod-
ules with this action. Recall also that, by the hypotheses of Theorem 1.5, A(J)r A" #£0
and A" is a simple root of Af. By Proposition 6.1 we have dim H'(T; Mj\tﬂ) =1
and we fix dy. € Z1(T; ./\/lkiin) which represent nontrivial cohomology classes.

Every element in H!(T"; s,(C)) is represented by a cocycle

_ Za M+d+ —bIda 0
29) ﬁ-(u_d_ . )+z<p< )
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where z, € Z!(T"; 51,(0)), 2, € Z!(T"; 51,(C)) and uy, z € C.
Lemma 8.4. For ® € Z'(T"; s1,(C)) as in (29) we have
pry [0~ P ~2u,(zs~dy+dy ~zp+zndy — @),
pr_[0— 9] ~2u_(d_~z,+zp~d_ —znd_ — @),
where ~ denotes being cohomologous.

Proof. The lemma follows from Remark 6.4 and a direct calculation of

[9~ (1, y2) =[P (v, 1P (2)]. O

In order to understand the cup products appearing in Lemma 8.4 we introduce the
complex number /4 (z,, z») € C. Consider a one-parameter analytical deformation

s oy @By of a® P in V, x Vg tangent to (z4, 75). Notice that the coefficients of

@y depend analytically on s. By the implicit

a®p*
A1

the twisted Alexander polynomial A‘f

function theorem and since A" is a simple root of
A ®.B;k
A

, there is an analytical path
s = ri of roots of with rj” = A". Similarly there is a path s > r;~ of roots
of AP®% with ry = 47", We define

1+(za, 2p) = - 0logrsi.

§=l

Lemma 8.5. The following relations hold in Z L(r; Mkiin):

Za~dy+dy~zp~ —11(24, 2p)dy ~ @,
d-~za+zp~d-~—1 (24, 2p)d- .

Proof. We know that z, -~ d + d; - z; is cohomologous to xd, - ¢ for some
xeC,as HX(T; MI) = C and dy — ¢ # 0 (see Proposition 6.1 and Corollary 6.7).
Hence by Lemma 7.2 the cocycle

_ [ Za 0 X —bIda 0 1 .
5_(0 Zb)+n(p( 0 aIdb>EZ(F’D)

satisfies b(¢) ~ 0 where b : H'(T"; D) i) H(T; ./\/lj,,) is the Bockstein operator of
the exact cohomology sequence associated to (22).

Furthermore, by Corollary 7.3 ¢ is cohomologous to the restriction of a cocycle
¢t e ZNT;pt). As pt is a smooth point of R(I', P*) (Lemma 7.6), we may
consider a path s — p, in R(I", P™) tangent to ¢+ at p*, which we write as

(1 (a0
=0 1) o o)
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In particular, by the definition of ¢ we have that s — o is a deformation of «
tangent to z,, s — B, is a deformation of B tangent to z, and A; = A(1 — jl—‘s +o(s?)).
By semicontinuity d; is a cocycle not cohomologous to zero because dy = d, hence
by Lemma 5.3 we obtain A?‘@ﬁ g (A7) = 0. Therefore, as

X ké d
—_—=— = — log Ag,
n o Ao ds|_g

x equals minus the derivative of the logarithm of the root of A?@ﬁ v (]

Lemmas 8.4 and 8.5 give:
Corollary 8.6. For ® € Z'(T'; s1,,(C)) as in (29):
prol[v — 0]~ 2us(—li(z4, 2p) £ 20)ds ~ @.
Since A%®% (1) = AP (1/1) by Corollary 4.7,
l+(Za, Zb) = _l—(Zav Zb)

Hence the vanishing of the obstructions to integrability of Corollary 8.6 is equivalent
to

(30) up (=l (za, 2p) +zn) =0 and  u_ (=14 (24, 2p) +2n) =0.
Since As z can be interpreted as the derivative of the logarithm of A, we view

as the derivative of the difference between the logarithm of the root of the Alexander
polynomial and the logarithm of A".
Recall that by (29) every cocycle ¢ € ZN(T'; s1,(C)) is of the form

(o uidi+by —bld, 0
1) 0_<ud+b Z )+Z‘p( 0 aldy)

where z, € Z'(I"; s1,(C)) and z, € Z'(T'; 5[, (C)) are cocycles, uy,z € C, and
by € BI(T; ./\/lici,,) are coboundaries. Notice that this formula differs from (29)
because here the coboundaries are also considered.

Proposition 8.7. The Zariski tangent spaces at p; are
T, S ={9 € Z'(I'; s1,(0)) | =11 (24, 2) + 21 =0},
T,, T ={9 € Z'([;51,(C)) | uy =u_ =0},

using the notation of (31) for a cocycle 9 € Z'(T'; s1,(C)). In particular S and T
are smooth and transverse at p;,.
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Proof. First at all, notice that u is not identically zero on 7,, S, by considering the

tangent vector to the path
1s d+
(ad ( 0 1 ) P

Then (30) implies —/1 (24, z2p)+zn=00n T, S. Furthermore, we know that dim § =
n?+n—2 and, by (17) and Proposition 6.1, the dimension of Z (T s0,(C) aq 0,) 18
n®> +n — 1. This shows the equality for T,, S and proves that p, is a smooth point
of S.

We follow the same lines to prove the equality for 7, 7. Notice that — (z4, zp)+
zn is not identically zero on 7, T, by considering deformations of A that keep o
and B constant. Hence uy =u_ =0o0n 7, T. Moreover, dim T = n+n-3. 0

We next compute the tangent space to character varieties at x,. Since the
representation p, is completely reducible, its orbit by conjugation is closed, hence
we can apply Luna’s slice theorem as in [Ben Abdelghani 2002] or [Heusener and
Porti 2005, Section 9]. As a consequence of the slice theorem, since the centralizer
of p, is C*:

T,,X (T, SL,(C)) = TO(HI(F; s0,(C)) / C*).
The action of C* can be seen on the coordinates 1 : an element ¢ € C* maps u+
to ¢ u.. Hence we define a new coordinate

U=usu_
and the obstructions (30) become
(32) u(—14(zq, zp) +zn) =0.

Notice that even if z, and z;, are cocycles, the logarithmic derivative —I (z,, zp)
only depends on the cohomology class of (z4, z) in H!(T'; sl,(C) ®s(,(C)). Also,
z is the scalar that describes a cohomology class z¢ € H'(I'; C) = Z!(I"; C) = C.
Similarly for u4 € C and the cohomology class ui[d+] € HY\(T: Mfin) = C. Thus
we have the following:

Remark 8.8. The obstruction in (32) is well defined in H'(T"; s1,,(C)) / C*.
Corollary 8.9. The Zariski tangent spaces to Y and Z are:

T, Y ={[v]eT, XT,SL,(C)) | =4+(24, 2) +2n =0},

T,,Z ={[v]eT, XT,SL,(C)) | u=0}.
In particular Y and Z are smooth and transverse at x;.

Proof. The proof is similar to that of Proposition 8.7: we need to show that u does
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not vanish on the Zariski tangent space to Y and —/(z4, z») + zn does not vanish
on the Zariski tangent space to Z. For the first assertion, we start with the cocycle

0= (do_ dg) € Z'(T; 51,(0)).
Following the notation of (31), since z,, z, and z vanish for ¢}, Proposition 8.7
implies that ¥ € T,, S. In particular the projection of its cohomology class ¥ in
H'(T'; s1,(C)) / C* is a vector tangent to Y for which u % 0. The proof that
—14(z4, 2p) + zn is not identically zero on T, Z is the same as in Proposition 8.7.
Then one concludes by using the dimension estimates. (]

Notice that Corollary 8.9 and the computations of dimensions yield that y; is a
smooth point of both Y and Z, and that Y and Z intersect transversally at x;,. In
particular their intersection is a variety of dimension n — 2. Since characters in this
intersection must satisfy the condition on Alexander polynomials, we have:

Corollary 8.10. There is a neighborhood y; € U C X(I", SL,,(C)) such that

Y h2)NU ={(xa, xp. ) €ZNU | A?/®(ﬂ/)*((k’)") =0}.

9. An example
Let K C S° be the trefoil knot and I = 7 (S> \ V(K)). We use the presentation
[=(x,ylx*=y%),

in particular the center is the cyclic group generated by z = x> = y3. The abelian-
ization map ¢ : I' — Z satisfies ¢(x) = 3, ¢(y) = 2 and a meridian of the trefoil is

given by m = xy~!.

Lemma 9.1. Every irreducible representation in R(I", SL,(C)) is conjugate to o,
where

(33) 0, (x) = (; _Ol) and oy (y) = (g ’7;">,

for a unique s € C and for n € C a primitive sixth root of unity. Moreover, o is
irreducible if and only if s # 0, 2i.

Proof. Let o : " — SL,(C) be an irreducible representation. Then by Schur’s lemma
a(x?) = a(y3) lies in the center {#1id»} of SL,(C). If we had a(x)? = id,, then we
would get o(x) = £1id> and o would be reducible, hence a(x)? = oz(y3) = —idy.
Furthermore, as a(y) # —id», the eigenvalues of «(y) are primitive sixth roots of
unity. The eigenspaces of «(x) and «(y) determine four points in P!. These four
points are distinct since « is irreducible and by conjugation we can assume that
Eq(x)(—=i) =[0: 1] is the point at infinity, Eq(,)(n) = [1:0] and Eq () =[1:1].
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The last eigenspace Ey(y)(—i) =[2i : s]=[1: —is/2] determines the representation
o up to conjugation. Hence there exists s € C such that « is conjugate to o;.
Moreover, the eigenspace E, (r)(—i) coincides with an eigenspace of «,(y) if and
only if s € {0, 2i}. ([

For any representation & € R(I", SL,(C)) we consider the induced action on C?,
as well as the action o ® 1# on C?[t*!]. We aim to compute the twisted Alexander
polynomials A§ and AY, the orders for the homology of o ® t¥. The quotient
AT/ Agx has been calculated in a different way in [Kitano and Morifuji 2012,
Example 4.3].

Lemma 9.2. For any irreducible o € R(I", SL,(C)), we have
A% =1 and AY =1*+1.

Proof. First, we have Ag = 1 since « is irreducible and dim C? > 1 (see (4) in the
proof of Lemma 2.7).
In order to calculate A} we will use the amalgamated product structure of I

and the corresponding Mayer—Vietoris exact sequence in group homology [Brown
1994, VII.9]. We start computing some of the terms. Since (z) = Z, the groups
H,((z), C*[t*']4q) are the homology groups of the complex

0— Ct L et — o.

Hence a presentation matrix of Hy({z), Cz[til]o@tw) is

—5—1 0
0 —°-1)

The presentation matrices for Hy((x), C*[t*']qe) and Ho((y), C* [t o) are
similarly given by (respectively)

it—1 0 q eT2—1 0
0o -—it—1) M 0 eF2-1)

Since Hy({x), Cz[ti]]a@,,qz) and Hy((y), Cz[til](X@[(ﬂ) are torsion modules it fol-
lows that H ((x), C? [t agw) = H1((y), C* [t 4@ ) = 0. Hence Mayer—Vietoris
gives a short exact sequence
0— H(T; Clt* lagie) = Ho((2), Clr* ugre) —

Ho((x), C*[t™ lagse) @ Ho((y), C*[1* lagre) — 0.
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Using this sequence and the presentation matrices we obtain

6 2
°+1
A‘f: ( + )ni —mi :t2+1 D
B+ —i)(t2—e5)(12—e)
It follows that Theorems 1.4 and 1.5 apply for « irreducible and A € C satisfying
1% = —1. Namely Theorem 1.4 yields:

Corollary 9.3. When o € R(I', SL,(C)) is irreducible and A% = —1,

AMRa)® (L ¥®1): I - SL3(C)

can be deformed to irreducible representations.

To illustrate Theorem 1.5, we discuss next the variety of characters.

Varieties of characters. The variety of characters X (I', SL,(C)) has two compo-
nents, the abelian one and the one that contains irreducible representations, denoted
by Xo(T', SLy(C)). Let x; € Xo(I', SL»(C)) denote the character of o, defined
in (33). The following is well known but we provide a proof for completeness and
because it is quite straightforward from Lemma 9.1.

Lemma 9.4. The map s — x; defines an isomorphism C = X(T", SL,(C)).

Proof. Using Lemma 9.1, the regular map f : C — Xo(I', SL,(C)) given by
f(s) = x; restricts to a bijection between {s € C | s #0, 2i} and the set of characters
of irreducible representations X" C X (T, SLo(C)). A direct calculation gives for
the meridian m = xy~! that x,(m) = iij 4+ s(ij — 1) is a linear function in s. Hence
there exists a regular map g : Xo(I", SL2(C)) — C such that g o f =idc. Since the
image of f contains X", f ogo f = f implies

f o glyir =1idyir .
Both f and g are regular morphisms (defined on the whole variety, not only on an
open subset), hence density yields:
fog=idx,rsL©)
establishing the isomorphism. (]
Forany A e C*themapa —> (WY Qa) & (A~2* ®1) induces an embedding

i) Xo(I', SLy(C)) — X(I', SL3(C)).

Let X, = i, (Xo(I', SL»(C))) denote its image, that consists of characters of re-
ducible representations. We know that when A® = —1, X, is contained in a two
dimensional component that contains irreducible characters. Before describing the
global structure of X (I', SL3(C)), we discuss the incidence between the X; when
A0 =—1.
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Let o : R(I", SL,(C)) - R(T", SL,(C)) be the involution such that

o(@)(x)=—a(x) and o(a)(y)=a(y),

for every a € R(T", SL(C)), namely 6 («) = (—1)¥ ® «. Denote by o the induced
involution on X((I", SL,(C)). A straightforward computation gives

G@) > (RS H RN =((-) @) &L )1

and hence i3 oo =i_,. It follows that X, = X _,. Notice also that & («y) is conjugate
to o —g.

Lemma 9.5. For ) # £ satisfying A.° = (V)% = —1, X, and X,/ intersect at a
single point i) (xs), with s € {0, 2i}. In particular X, N X,/ is the character of a
diagonal representation.

This gives a configuration of three lines X ~i/s, X;, X sxiss, that intersect pairwise
at one point. We shall prove that there is a single component of X (I', SL3(C)) that
contains irreducible representations, and we shall describe how the three lines meet
in this component.

Irreducible characters in X (T', SL3(C)). Let p € R(T", SL3(C)) be an irreducible
representation. We denote p(x) = A and p(y) = B. The matrix A2 = B? is a central
element of SL3(C) because p is irreducible. The center of SL3(C) consists of three
diagonal matrices {id3, wids, w?ids}, where w*> +w + 1 =0.

Lemma 9.6. A? = B3 =1ids.

Proof. We need to exclude the cases A> = B® = wid; or equal to w? id3. Seeking
a contradiction, assume A2 = B® = wid;. The equality A> = wids implies that
one eigenvalue of A has multiplicity at least two. Of course multiplicity three
is not compatible with irreducibility, thus A has a two-dimensional eigenspace.
On the other hand, B3 — wid; = 0 combined with det(B) = 1 yields that the
minimal polynomial of B has also degree two. Hence B has also a two dimensional
eigenspace. The intersection of the two dimensional eigenspaces of A and B is a
proper invariant subspace, contradicting irreducibility. The same argument applies
to A2 = B3 = w?ids. O

By the discussion in the proof of the previous lemma, the minimal polynomial
of A is A?> —id; = 0 and the minimal polynomial of B is B® —id3 = 0. Therefore,
the matrices A and B are conjugate to

1 1
A~ -1 and B~ w ,
—1 w?
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where w? + w + 1 = 0. The corresponding eigenspaces are the plane E4(—1)
and the lines E4(1), Eg(1), Eg(w) and Ep(w?). The eigenspaces determine the
representation, as they determine the matrices A and B, that have fixed eigenvalues.
Of course Eo(1)NE4(—1)=0and Eg(1), Eg(w) and E g(«?) are also in general
position. Since p is irreducible, the five eigenspaces are in general position. For
instance E4(1) N (Eg(1) & Ep(w)) = 0, because otherwise Eg(1) ® Ep(w) =
EA(1)® (EA(—1)N(ER(1) ® Ep(w))) would be a proper invariant subspace.

In order to parametrize the conjugacy classes of the irreducible representations,
we fix some normalizations of those eigenspaces. The invariant lines correspond
to fixed points in the projective plane P2. The first normalization is that E4(—1)
corresponds to the line at infinity, so that the 4 invariant lines are points in the
affine plane C? in general position. We further fix the three fixed points of B,
corresponding to an affine frame. Then the fourth point (the line E 4 (1)) is a point
in C? that does not lie in the affine lines spanned by any two of the fixed points
of B. This gives rise to the subvariety {p;.; € R(I", SL3(C)) | (s, 1) € C?}, where
the representation oy ; is given by

1 0 0 lw—1 o?*—1
B4 px)=|s -1 0 and o5, (y)=|0 0
r 0 —1 0 0 w?

Here o is a primitive third root of unity, i.e., w*> +w + 1 = 0. The eigenspaces of B
determine points of P

Ep(1)=[1:0:0], Eg(w)=[1:1:0] and EB(a)2) =[1:0:1].
The eigenspaces of A determine a projective line (at infinity) and a point:
Es(—1)=(0:1:0],[0:0:1]) and E4(1) =[2:s:1].
Lemma 9.7. For (s, t) € C2, the representation p;.; is reducible if and only if s = 0,
t=0,0ors+t=2.

Proof. The representation p,, is constructed so that the points in P? fixed by
B = p, ;(x) and the line E4(—1) C P2 are fixed. So Ps.¢ 18 reducible if and only if
the projective point E 4 (1) belongs to one of the lines spanned by two of the fixed
points of B. This condition is equivalent to one of the three equations s =0, t =0
or s +¢t =2, one for each line. O

It follows from the proof that, when E 4(1) equals one of the fixed projective
points of B, then A preserves also the two lines through that point that are B-
invariant. More precisely, we have:

Remark 9.8. If two of the equations {s = 0}, {# = 0} and {s + ¢ = 2} hold true,
then p, , preserves a complete flag in C3 and therefore it is conjugate to an upper
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triangular representation. Notice that it has the same character as a diagonal
representation.

Lemma 9.9. Let R C R(T, SL3 (©)) denote the subset of irreducible represen-
tations. Then the Zariski closure R C R(T", SL3(C)) is an irreducible affine
variety.

Proof. The variety C? x SL3(C) is irreducible and the map « : C* x SL3(C) —
R(T", SL3(C)) given by «(s, t, D) = D,os,tD_1 is a regular map. The image of «
contains the irreducible representations and every representation in the image of «
is the limit of irreducible representations. Hence

R C K((EZ X SLg(C)) C R

and K(Cz x SL3 (C)) = R follows. Now the assertion of the lemma follows since
the closure of the image of an irreducible variety under a regular map is irreducible.
O

Theorem 9.10. The GIT quotient X = R / SL(3, C) is isomorphic to C?. More-
over, the Zariski-open subset R is SL(3, C)-invariant and its GIT quotient is
isomorphic to the complement of three affine lines in general position in C2.

Proof. By Lemma 9.9 the affine algebraic set R is irreducible. Since it is SL(3, C)-
invariant, the GIT quotient 7 : R — X exists and X is also an irreducible affine
algebraic variety. Let X" C X denote the projection of R", which is Zariski-open
and hence dense.

Consider the regular morphism f : C> — X that maps (s, t) € C? to the character
Xp,,- By construction, the image of f contains X irrbecause py; realizes every
irreducible representation up to conjugacy.

There is also a regular morphism R(I", SL3(C)) — C? given by

P (tr,o(m), tr,o(m_l))
where m = xy~! is a meridian of the trefoil knot, which induces (after restriction)
a regular map X — C2, by invariance. A direct computation gives:

trpog(m) \ _ (2 =1 w—1 K
(35) (trps,,(ml)) - (2) + <a)— 1 o®— 1) (z) '

Thus, after composing with a linear map, we have a regular morphism g : X — C?
that satisfies

gof:idcz.

Since the image of f contains X", f o go f = f implies

f (¢] glxirr = idXirr .



KNOT GROUP REPRESENTATIONS AND TWISTED ALEXANDER POLYNOMIALS 351

Both f and g are regular morphisms (defined on the whole variety, not only on an
open subset), hence density yields

fog=idy,
establishing the isomorphism. O

Remark 9.11. It follows from Theorem 9.10 that the set of reducible characters
in X = C? consists of three lines that intersect pairwise. Those are characters of
representations (A "¢ ® o) @ (A2? ®1), with « € R(T, SL»(C)) irreducible except
at the intersection points, that correspond to diagonal representations.

Notice also that there is a symmetry of order three, as the center of SL3(C) has
order three. The symmetry group is generated by

R, SL5(C)) — R(I', SL3(C)), ar 0o’ Q®a,

where w is a primitive third root of unity. This symmetry maps the character with
coordinates (s, 1) to (2—s —1, ), i.e., tr(p(m™1)) to ! tr(p(m™")). Its fixed point
has coordinates s =t =2/3 (i.e., tr(p (m*')) = 0) and corresponds to the character of
an irreducible metabelian representation. This irreducible metabelian representation
is obtained by composing the surjection I' — A4 with the 3-dimensional irreducible
representation of A4 (see [Serre 1978]). Note that irreducible, metabelian repre-
sentations of knot groups into SL, (C) were studied by H. Boden and S. Friedl in a
series of papers [2008; 2011; 2014a; 2014b].

Remark 9.12. It is possible to combine any representation p : I' — SL;(C) with
the irreducible 3-dimensional rational representation of r3 : SL,(C) — SL3(C) of
SL,(C) (for more details see [Springer 1977] and [Heusener and Medjerab 2014]).
This induces a regular map

(r3)x : Xo(I', SL2(€)) — X(I', SL3(C)).

It follows from [Heusener and Medjerab 2014, Proposition 3.1] that the image of
(r3)4 is contained in the component X C X (I', SL3(C)). Notice that for every matrix
A € SL,(C) the equality tr(r3(A)) = tr(r3(A)~!) holds. Then Equation (35) implies
that the image of (r3), is contained in the diagonal {s =t} C C*> = X. Moreover, the
map (r3), factors through Xo(I", PSL,(C)) since Ker(r3) = {Zid} is the center of
SL,(C). Hence (r3) is a two-fold branched covering onto its image. The branching
set is the character of the binary dihedral representation dg : I' — Dg C SL,(C).
Notice also that the restriction of r3 onto Dg becomes reducible, 3 0dg ~ p1.1, Since
dihedral groups have only one and two-dimensional irreducible representations (see
[Serre 1978]).

Remark 9.13. The same argument as in Theorem 9.10 applies to torus knots
T (p,2), p odd, to prove that the variety of irreducible SL3(C)-characters consist
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of (p — 1)(p — 2)/2 disjoint components isomorphic to C> and the components of
reducible characters.
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