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ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE SEQUENCES
ASSOCIATED WITH
FRACTIONAL YAMABE-TYPE EQUATIONS

Y1 FANG AND MARIA DEL MAR GONZALEZ

In this paper, we analyze the asymptotic behavior of Palais—Smale sequences
associated to fractional Yamabe-type equations on an asymptotically hyper-
bolic Riemannian manifold. We prove that Palais—-Smale sequences can
be decomposed into the solution of the limit equation plus a finite num-
ber of bubbles, which are the rescaling of the fundamental solution for the
fractional Yamabe equation on Euclidean space. We also verify the non-
interfering fact for multibubbles.

1. Introduction and statement of results

Let  be a smooth bounded domain in R”, n > 3. Fix a constant A, and consider
the Dirichlet boundary value problem of the elliptic PDE

(1-1)

{—Au—ku =u|u|ﬁ in Q,
u=0 on 0L2.

The associated variational functional of (1-1) in the Sobolev space Wol’z(Q) is
1 -2 n
E() = —/(|Vu|2 —u?)dx — ”—/ |72 dx.
2 Jo 2n Jo

Suppose that the sequence {ug }gen C WO1 2 (2) satisfies the Palais—Smale condition,
{E(Ug)}aen is uniformly bounded and DE (uy) — 0, strongly in (WOI’Z(Q))/,

as @ — +o00, where (Wol’z(Q))’ is the dual space of WOI’Z(SZ). In an elegant paper,
M. Struwe [1984] considered the asymptotic behavior of {uy}qen. In fact, in
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the Wol’2 (£2) norm, u, can be approximated by the solution to (1-1) plus a finite
number of bubbles, which are the rescaling of the nontrivial entire solution of

—Au:u|u|$inR" and u(x) — 0as |x| > +o0.

One may pose the analogous problem on a manifold. Let (M", g) be a smooth
compact Riemannian manifold without boundary. Consider a sequence of elliptic
PDE:s like

N

n+
e

(Eq) —Agu +hqu =u

2
)

where @ € Nand Az denotes the Laplace—Beltrami operator of the metric g. Assume
that /,, satisfies the condition that there exists C > 0 with |h4(x)| < C for any «
and any x € M; also hy — heo in LZ(M) as @« — +oo. The limit equation is
denoted by

n+2

(Eo) —Agu + hoott =un—2.

The related variational functional for (E,) is

1 1 n—2 on_
Eg(u)z §/M|Vu|§ dvg—l—E/Mhauzdvg— P /M|u|n—2 dvg.

Suppose that {ug > 0}gen C W 12(M) also satisfies the Palais—Smale condition.
O. Druet, E. Hebey, and F. Robert [Druet et al. 2004] proved that, in the w2 (M)
sense, Uy can be decomposed into the solution of (E) plus a finite number of
bubbles, which are the rescaling of the nontrivial solution of

nt2
—Au=un—2 inR".

Let (M", g) be a compact Riemannian manifold with boundary dM. Recently,
S. Almaraz [2014] considered the following sequence of equations with nonlinear
boundary value condition:

—Agu=0 in M,
(1-2) 3 o
—5, U +hqu =un—2 on oM,
Ng

where o € N and 7 is the inward unit normal vector to M. The associated energy
functional for (1-2) is
— 1 5 1 5 n—2 2(=1)

foru e HY (M) :={u | Vu € L2 (M), u € L?>(IM)}. Here dvg and doy are the
volume forms of M and dM, respectively. He also showed that a nonnegative
Palais—Smale sequence {1y }oen Of {Eg loen converges, in the H1(M) sense, to
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a solution of the limit equation (the equation replacing /iy by fiso in (1-2)) plus a
finite number of bubbles.

Motivated by these facts and the original study of the fractional Yamabe problem
by M.d.M. Gonzilez and J. Qing [2013] (see also [Gonzdlez 2015]), in this paper
we shall be interested in the asymptotic behavior of nonnegative Palais—Smale
sequences associated with the fractional Yamabe equation on an asymptotically
hyperbolic Riemannian manifold.

Let (X" t1 g+), n > 3, be a smooth Riemannian manifold with smooth boundary
0X"+t1 = M™ A function py is called a defining function of the boundary M" in
X" if it satisfies

px>0in X"t p.=0o0n M", dps#0on M".

We say that a metric g7 is conformally compact if there exists a defining function
o« such that (X7+1 g,) is compact for g« = p2g™. This induces a conformal
class of metrics = Z«|mn when defining functions vary. The conformal manifold
(M, [fz]) is called the conformal infinity of (X" *1, g%). A metric g7 is said to be
asymptotically hyperbolic if it is conformally compact and the sectional curvature
approaches —1 at infinity. It is easy to check then that |dp« ??* =1on M".

Using the meromorphic family of scattering operators S(s) introduced by C.R.
Graham and M. Zworski [2003], we will define the so-called fractional order scalar
curvature. Given an asymptotically hyperbolic Riemannian manifold (X"t gh)
and a representative h of the conformal infinity (M", [h]) there is a unique geodesw
defining function py such that, in M™ x (0,8) in X"+ for small §, g7 has the
normal form

g* = 0. 2(dpi + hp,),
where h,, is a one parameter family of metric on M" such that
hp. =h+hDp, + 0(0).

It is well-known [Graham and Zworski 2003] that, given f € C®°(M") and s € C,
Re(s) > n/2 and s(n — s) is not an L? eigenvalue for —A ¢+ then the generalized
eigenvalue problem

(1-3) —Ag+ii—s(n—s)i=0 inX""!
has a solution of the form

= F(p)" " +G(px)’. F.Ge6®(X"*), Flpmo=f.
The scattering operator on M™ is then defined as

S(s) f = Gpn.
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Now we consider the normalized scattering operators

T'(y)
I'(=y)
Note that P, g™, }Az] is a pseudodifferential operator whose principal symbol is

equal to the one of (—Aj)Y. Moreover, Py[g™, fz] is conformally covariant, i.e., for
any @, w € €*°(X"*1) and w > 0,

Pylgt k] =dyS(E+y), d,=2%

_4 A _n+2y A
(1-4) Pylgt wm h)(p) = w2 Py [g T, hl(we).

Thus we shall call Py[g™, iz] the conformal fractional Laplacian for any y € (0, n/2)
such that n2/4 — y?2 is not an L? eigenvalue for —Ag+.
The fractional scalar curvature associated to the operator Py, [g7, h] is defined as

o = p,[g* (1),

The scattering operator has a pole at the integer values y. However, in such cases
the residue may be calculated and, in particular, when g% is Poincaré-Einstein
metric, for y =1,

n—2

Pilg™ ] = —A; Ri,
1lg™. hl h+ 2 —1) h
which is exactly the so-called conformal Laplacian, and
i n—-2
= Rj.
0= g R

Here, R}, is the scalar curvature of the metric h.

Fory =2, Py[g™, iz] is precisely the Paneitz operator and its associated curvature
is known as Q-curvature [2008]. In general, P[g™, fz] for k € N are precisely the
conformal powers of the Laplacian studied in [Graham et al. 1992].

We consider the conformal change ilw = w* =2V}, for some w > 0; then by
(1-4),

~ ~ n+2y ~
Pylg* hl(w) = Oy wn=>  in (M, h).
If for this conformal change Q)h,”’ is a constant C, on M", this problem reduces to

(1-5) P,lgt hl(w) = Cywi2  in (M".h),

which is the so-called fractional Yamabe equation or the y-Yamabe equation, studied
in [Gonzdlez and Qing 2013].

Throughout the paper, we always suppose that y € (0, 1), and such that the first
eigenvalue for —A, + satisfies A; > n?/4 —y?, as was pointed out in [Case and
Chang 2015; Case 2015].
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It is well known that the above fractional Yamabe equation may be rewritten as
a degenerate elliptic Dirichlet-to-Neumann boundary problem. For that, we first
recall some results obtained by Chang and Gonzélez in [2011] (see also the paper
by J. Case and S.A. Chang [2015]). Suppose that u* solves

(1-6) {—Ag+u*—s(n—s)u* =0 in X*+1

limp, 0 o5 "u* =1 on M™".

Proposition 1.1 [Chang and Gonzdlez 2011; Gonzalez and Qing 2013]. Suppose
that f € €°°(M). Assume that i, u™ are solutions to (1-3) and (1-6), respectively.
Then p = (u*)Y/"=5) js q geodesic defining function. Moreover, u = ii Ju* = ps "1
solves

17 {—div(pl_ZVVu) =0 in X"t

u=f on M,

with respect to the metric g = p>g™, and u is the unique minimizer of the energy
functional

I(v) = 1-27 vy 12 4
)= [ oIV g

among all the extensions v € WH2(X"T1 p1=27) (see Definition 2.1) satisfying
v|pn = f. Moreover,

h

= 14+ —=Y
p p*(+(n—s)dy

3 + 0(;01))
near the conformal infinity and
7 j d
+ _ . 1.2 i 4,
Pyl BIP) = =d Jim o'+ O£ d =5 >0

provided that Tri, KV = 0 when y (%, 1). Here g\lpn = h, and has asymptotic
expansion

g = dp*[1+ 0(p*")] + h[1 + O (p*)].

We fix y € (0, 1). By Proposition 1.1, one can rewrite the fractional Yamabe
equation (1-5) into the following problem:

—div(p' ™2 Vu) =0 in (X"“A, 2),
(1-8) u=w on (M", h),
—d*1imy_o p1~273 hw = Cw 2y M"h
y p—0 P ,Du+Qyw_ yw on (M", h).

In this paper we consider the positive curvature case C), > 0. Without loss of
generality, we assume that C,, = d;f .
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In the particular case y = %, one may check that (1-8) reduces to (1-2), which
was considered in [Almaraz 2014]. The main difficulty we encounter here is the
presence of the weight that makes the extension equation only degenerate elliptic.

Next, we introduce the so-called y-Yamabe constant [Gonzdlez and Qing 2013].
For the defining function p mentioned above, we set

* - h .
(fM|“|2*d0iz)2T

then the y-Yamabe constant is defined as

(1-9) Ay (M, [h]) = inf{I,[u, g] | u € W"2(X, p'=2)}.

It was shown in [loc. cit.] that in the positive curvature case C, > 0 we must have
Ay(M.[h]) > 0. )

Now we take a perturbation of the linear term Q)}jw to a general —d;," Qlw,
where Q) € €®°(M"), « € N. Suppose that for any & € N and any x € M", there
exists a constant C > 0 such that |Q} (x)| < C. Also assume that Q) — Q% in
L>(M™", iz) as @ — +o0o. We will consider a family of equations

—div(p!™?Vu) =0 in (X"*t1 g),
(1-10) U=w - on (M", h),
—1lim p'™? du + Qlw = w2y on (M" h).
p—0

The associated variational functional to (1-10) is

(1-11) 12%u) = %/

1=2Y1vu)? dv
Xn-Hp | |g 4

1 -2 n

Hyperbolic space (H"*1, gy) is the first example of a conformally compact
Einstein manifold. As (H"T!, gi) can be characterized as the upper half-space
R’f’l endowed with metric g T = y~2(|dx|?> + dy?), where x € R", y € Ry, then
the Dirichlet-to-Neumann problem (1-8) reduces to

—div(y! "2 Vu) =0 in (R%1, |dx|? + dy?),
(1-12) U=w on (R”, |dx|?),
. 1-2y 42y n 2
— lim y dyu = wn=2v on (R”, |[dx|?).
y—0

And the variational functional to (1-12) is defined as

_ n—2]/ 2n
Eu)=- /n+1y1 23’|Vu(X,y)|2 dx dy —2—/ [u(x,0)|"=2v dx.
R+ n R"
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Up to multiplicative constants, the only solution to problem (1-12) is given by the

standard
n—2y

A 2
w(x) = wh(x) = (m)

for some a € R" and A > 0 [Gonzdlez and Qing 2013; Jin et al. 2014]. By the
Poisson formula of L. Caffarelli and L. Silvestre [2007], the corresponding extension
can be expressed as

2
(1-13) UMx.y) = 7 wh (&) d.
a o ([ —EP 1+ y2)arans Va

Here U(f is called a “bubble”. Note that all of them have constant energy.

Remark 1.2. For any ¢ € R" and A > 0, we have

Ewh=Ewh =" [ 1ujeeol™ ax
n Jrn
Now we give some notations which will be used in the following. In the half

space Rﬁ_ﬂ ={(x,y)=(x',....,x" y) e R""1 | y > 0} we define, for r > 0,

B (z0) = {z € R | |z —zo <7, 2o e R,
Dy(x9) ={x e R" | |x —xo| <, xo € R"},
&' B (z0) = B} (z0) NR",
9t B, (z0) = 9B (zo) N R

Fix y € (0, 1). Suppose that (X, g7) is an asymptotically hyperbolic manifold
with boundary M satisfying, in addition, Trj, A)) = 0 when y € (1/2,1). Let p
be the special defining function given in Proposition 1.1 and set g = p?g™ and
h= glm. Also, define

%j(zo) ={zeX|dg(z,z0) <r z0 € X},
Dr(xo)={xeM |djp(x,xo) <r, xo € M},

Now, modulo the definitions of the weighted Sobolev space W 12(X, p!=27) and
of a Palais—Smale sequence (see Section 2), the main result of this paper is the
following fractional type blow up analysis theorem:

Theorem 1.3. Let {ug > 0}qeny C WH2(X, p172Y) be a Palais—Smale sequence
for.{lg,”a}aeN. Then there exists an integer m > 1, sequences {1, > O}gqen and
(X aen C M for j =1,...,m, a nonnegative solution u® € Wh2(X, p'=2%) to
(2-4) and nontrivial nonnegative functions U;j = WI’Z(RT'I, y1=2Y) for some

Aj >0anda; € R" as given in (1-13), satisfying, up to a subsequence,



376 YI FANG AND MARIA DEL MAR GONZALEZ

(1) /,Lé—)OdSOl—)-FOO,fO}’j =1,...,m;
) {xé}aeN converges on M as « — 400, for j =1,...,m;

3) Asa — +o0,

ul(z) = (1

o~ U _Zn(x O[HWIZ(XP] 2)/)_) 0,

where

Ua? (1) "¢} ().

forz egq, J (B (0)) and ¢, ; are Fermi coordinates centered at xa € M with
ro>0 small and ng are cutoﬁ‘ functions such that

¢_1m¢ﬂBmDaw %—OmMWUw%m»
(4) The energies
I7%(ua) = I°0°) —mEUagl) > 0, asa — +o0;
(5) Forany1<i,j <m,i# ],
/’La /’La + dil (xé, X.é)z

> — 400, aso —> +o0.
[ Ma Moy M

Remark 1.4. (i) We call néué abubble for j =1,...,m

(ii) If ug — u® strongly in W12(X, p'=27) as a — 400, then m = 0.

Although the local case y =1 is well known [Druet et al. 2004; Struwe 1984],
the most interesting point in the fractional case is the fact that one still has an energy
decomposition into bubbles, and that these bubbles are noninterfering, which is
surprising since our operator is nonlocal.

We finally recall that in the flat case, compactness problems for the fractional
Laplacian were considered in the nice papers by Palatucci and Pisante [2014; 2015],
and also the paper by Yan, Yang, and Yu [Yan et al. 2015].

This paper is organized as follows: In Section 2, we will first recall the definition
of weighted Sobolev spaces and Palais—Smale sequences. Then we will derive a
criterion for the strong convergence of a given Palais—Smale sequence. At last,
e-regularity estimates will be established. In Section 3, we will extract the first
bubble from the Palais—Smale sequence which is not strongly convergent. In
Section 4, we will give the proof of Theorem 1.3. Finally, some regularity estimates
of the degenerate elliptic PDE are given in the Appendix.
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2. Preliminary results

Most of the arguments in this section are analogous to the results in [Druet et al.
2004, Chapter 3]. For the convenience to the reader, we also prove these lemmas
with the necessary modifications.

From now on we use 2* = 2n/(n —2y), y € (0, 1) for simplicity, and always
assume that Palais—Smale sequences are all nonnegative. Moreover, the notation
o(1) will be taken with respect to the limit & — 400.

Definition 2.1. The weighted Sobolev space W12(X, p!=27) is defined as the
closure of €°°(X) with norm

(2-1) lullw2cx, pr—2vy) = (/X p' = |Vul? dvg +/Mu2da;,)

where dvg is the volume form of the asymptotically hyperbolic Riemannian manifold
(X, g) and doj, is the volume form of the conformal infinity (M, [h]).

Proposition 2.2. The norm defined above is equivalent to the following traditional

norm
%
(2-2) ||u||};/1.2(X,p1—2y) = (/X Pl_zy(|Vu|§ +u?) dvg) .
On one hand, || - || can be controlled by || - ||*. This is a easy consequence of

the following two propositions. The first one is a trace Sobolev embedding on
Euclidean space.

Proposition 2.3 [Jin and Xiong 2013]. For any u € 6 (R"1!),
2

. 3 B
([ 0f ax)™ < s [ ' 19uce pPdxdy
+

where

1T F(%)(r(n))zny
2 T(A=y) T (22 \T'(5) /)

Using a standard partition of unity argument, one obtains a weighted trace
Sobolev inequality on an asymptotically hyperbolic manifold:

S(n,y)=

Proposition 2.4 [Jin and Xiong 2013]. For any € > 0, there exists a constant C¢ >0
such that

2
E3

" 2
( | do,;) <SGy +o) [ 1 IVul dug + Co [ o727 du.
M X X
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On the other hand, || - ||* can be controlled by || - ||, which is implied by the
following proposition.

Proposition 2.5. For any u € WV2(X, p1=27), there exists a constant C > 0 such

that
/ p! 72 u? du, < C(/ p1_2y|Vu|§, dvg +/ u? d(f,;).
X X M

Proof. We use a contradiction argument. Thus, assume that for any o > 1 there
exists uy satisfying

/ p1—2yué dvg > Ot(/ p1—2V|Vua|§ dvg +/ uﬁ dO;‘l).
X X M

Without loss of generality, we can assume that |, ¥ pl =2y ué dvg = 1. Then we have

1

/ P (|Vugls +ud) dvg <1+ —.
X (07

Then there exists a weakly convergent subsequence, also denoted by {uq}, such

that uy — ug in WH2(X, p!=27 || - |I%).
Since
. 1-2y 2 _ . 2 g
all)n;o 8 P |Vugl|g dug =0 and all)lgo Mua doj, =0,

we get that ug = 0. On the other hand, via the following Proposition 2.6, the

embedding W12(X, p' =27, || - ||*) < L?(X, p'=27) is compact. So we have
/ PP ug dvg = 1,
X
which contradicts the fact that u9 = 0. Then the proof is completed. O

Proposition 2.6 [Jin and Xiong 2013; Kufner 1985; Di Nezza et al. 2012]. Let

l<p<gq<oowith +—>1_1

n+1 )/ q

(i) Suppose2—2y < p. Then WP (X, p'=2Y || - ||*) is compactly embedded in
LA(X, p'=2) if
2-2y 11
_ > — — -,
p(n+2=-2y) p ¢
(ii) Suppose 2—2y > p. Then WHP(X, p'=2Y || - ||*) is compactly embedded in
L4(X, p'=27) if and only if

1 11
—_— > — ——.
n+2-2y) p gq

We will always use the norm in W 1-2(X, p!=27) in the following unless otherwise
stated.



ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE SEQUENCES 379

Definition 2.7. The weighted Sobolev space W12(X, p!=27) is the closure of
65°(X) in WL2(X, p!=27) with the norm

1
2
lullgriex, pr-2v) = (/X p' 7 |Vul; dvg) .

Now we define Palais—Smale sequences for the functional (1-11) precisely.

Definition 2.8. The sequence {1¢ }oeny C WH2(X, p1727) is called a Palais—Smale
sequence for {1)%}gen if:

@ {I g’a (Ug)}aen is uniformly bounded; and
(i) as o — 400,
DI}*(uq) — 0, strongly in wh2(x, pl=27y,

where we have defined W1-2(X, p!=2¥)’ as the dual space of Wwl2(X, p2y—1)’
i.e., forany 8 € Wh2(X, p1=27),

(2-3) DI}%(uq)-0
:/ P72 (Vug, V), dvg—i—/ quoﬂda;l—/ ué*_led(fﬁl
X M M

= o(l0llwr2(x, p1-27)),  as @ — +00.

The main properties of Palais—Smale sequences are contained in the next several
lemmas:

Lemma 2.9. Let {uy}oen C WH2(X, p'=2Y) be a Palais—Smale sequence for the
functionals {13°* }aen, then {uq }aen is uniformly bounded in W12 (X, p1=27).

Proof. We can take 6 = u, € WH2(X, p!=27) as a test function in (ii) of
Definition 2.8. Then, we get

/ p' 7 |Vuy |} dvg+/ QYuy doj, =/ ug doj, +o(luallwiz(x, p1-2v)):
X M M
which yields that

1 _ 1 1 .
17 (ug) = 3 /X p' "2 |Vug |2 dvg + 3 /M Qru2 doj, — 5*/Mu§ doj,

_ %/Mui*daﬁ + o(lutallw2(x. pi—20)).

Since {/ g,’ "*(Ug)}aen is uniformly bounded by (i) of Definition 2.8, there exists a
constant C > 0 such that

/Mug*dajl <C +0(||ua||W1,2(X’pl—2y)),
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which by Holder’s inequality yields

2
2 4 . o .\ 2/2*
/Mua doj, < C(/Mua dO’h) <C+ 0(||ua||W1-2(X,p1—2”))'

Note that since |QJ%| < C for some constant C > 0, we can choose sufficiently
large C; > 0 such that C; + Q) > 1 on M. It follows that

2
||u°‘||W1~2(X,p1—2V)

:/ p' 7 |Vugl? dvg+/ u’ doj,

X M

5/ P! 7 Vgl dvg+/ qugdaﬁcl/ u’ doj,
X M M

* 2/2%*
< [ w2’ doj+ ol x, ) + € + olltaly oy o)

2/2*
< C +o(luallwracx, pr-2v)) + 0(lualgyiax. p-2r)):

from which we conclude that {uy }oen is uniformly bounded in W1-2(X, p1=27)

since 2/2* < 1. O

Remark 2.10. From Lemma 2.9, it is easy to see that there exists a function u? in
WL2(X, p'=27) such that ug — u® weakly in WH2(X, p!=27) as a — +oo.

0

Proposition 2.11. The function u® is nonnegative in X.

Proof. Using Proposition 2.4, we can easily get that ug — u® in L2(M, h) as
o — +00, so we have uy, — u° almost everywhere on M. Noting that #, > 0 on
M, we obtain that u° > 0 on M. On the other hand, by Proposition 2.6 and by
the equivalence of the norms || - || and || - ||*, we have ugq — u® in L2(X, p!1727)
as o — +o0. For any z € X, take d, < dist(z, M); then we also have uy — u°
in LZ(‘BJr (2), p'727). Slnce p'727 is bounded below by a positive constant
in %+ (Z) we get ug — u® almost everywhere in €B+ (), up to passing to a
subsequence Noting that uy > 0 in X, we obtain u° > 0in %+ (z). Since z is
arbitrary in X, we have u® > 0 in X. Combining the above arguments we conclude
that u > 0 in X. O

Next we define the two limit functionals

1 1 x
Ié’,’(u)ZE/X,o1 27’|Vu|gdvg 2*/M|M|2 doj,

and

1 _ 1 1 )
17°) = E/X‘)l Y |Vulg dvg+§/MQ&u2doz—§/Mlu|2 doy,.
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Lemma 2.12. Let {ugloen C WH2(X, p'=27) be a Palais—Smale sequence for
{Ig’a}aeN, and ug — u® weakly in WH2(X, p'=2¥) as a — +o00. We also set
g =ug —u® e WH2(X, p'=2). Then,

(i) u® is a nonnegative weak solution to the limit equation

—div(p'™*Vu) =0 in X,

(2-4) — lim p' ™% 9,u + QY u = u? "' on M;
p—>0

(i) 10%(ue) =1 (ha) + 17 @°) + o(1) as « — +o0;
(iii) {fg }oen is a Palais—Smale sequence for I g .

Proof. (i) As €*°(X) is dense in W12(X, p!=27), we only consider the proof
in €*°(X). Let § € €°(X). Since O} — Q% in L?>(M,h) as « — 400 and
ug — u® weakly in Wh2(X, p1=27) as o — 400,

/ QY uyb doj, = / QY u’0 doj, +o(1).
M M
Passing to the limit in (2-3), we get easily that

/p1—2V<Vu°,v9)gdvg+/ ngqu)da,;:/ @) ~'0 doj,
X M M

i.e., u? is a weak solution to the limit equation (2-4).

For the proof of (ii), recall that

/quida,;:/ oY, w®)?*doj, +0(1),
M M

and
I]/,Ot( )_l 1—2y|v |2d +1 Qy 2d A_l 2*d R
g Ug) = 2 XIO Uy g vg 2 M Otua ah 2* Muot Oh»
1 1 1 *
\ 0y _ 1-2 02 0N2 7 . 0\2 .
Iz,’OO(u )_E/Xp Y|Vu |gdvg+§/Mng(u ) dah—Ek/M(u )* doj,
R 1 _ R 1 ok
1) = [ Vil v - 5 [ il do,
where 1ig = uy — u®. Then,
10% (ug) — 1Y u°) — I} (fia)
. 1
:f pl_zy(Vuo,Vua)g dvg—Ek/ by doj, +0(1),
X M

where
Dy = |fiq + u° > —|ia)* = [u°.
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Note that fi, — 0 weakly in W12(X, p!=27) as @ — +o0, thus
1-2y 0 ~
P (Vu”, Vilg)g dvg — 0, asa — oo.
X

On the other hand, it is easy to check that there exists a constant C > 0, independent
of «, such that

- 012% _ |~ 2% 02* A 12%—1).0 02" 1~
e +u® " —lial> = w1 | = C(lial® " ]+ [u®)* ~ial).
As a consequence, since 1, — 0 weakly in L (M, iz) by Proposition 2.4, we have

/ |®y|doj, = 0, asa — +oo.
M

The proof of (ii) is completed.
(iii) For any 6 € €*°(X), by (i) we have

) 0 _
DIY™ ") =0.
Since, in addition,
/ Qlusbdoj, = / nguoe doj, +o([0lw12x, p1-2v))>
M M

then
(2-5) D[g’a(ua) -0 = Dlg,/(ﬁa) -0 —/ v, 0 dO’il + 0(||9||W1~2(X,p1—21’))’
M

where Wy = [lig +u°|2 2(llg + 1) — |fig|? ~21g — [u°|2 210 and it is easy to
check that there exists a constant C > 0 independent of ¢« such that

|We| < C(|”a|2 2 |“0| + |ty |“0|2 2)-

By Holder’s inequality and the fact fiy — 0 weakly in W 12(X, p!=27) as a — +o0,

[\pae doj,
M

(

= 0(1)||9||L2*(M)-

0|2*

IA

|72a|2*_2 |MO|HL2*/(2*—1>(M) + H|7’A‘a| > 2 ”LZ*/@*—”(M)) HQHLZ*(M)
Thus from (2-5),
DI}*(uq) -0 = DI} (i1e) -0 + o()[|0 2 (1)

which implies that Dlg (ig) = 0in WL2(X, p'727) as a — +o0, since {ug }aen
is a Palais—Smale sequence for {/ g Y en.
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Finally, from (ii), we know that {ii, }y4en is a Palais—Smale sequence for 1 g,/ .
This completes the proof of the lemma. O

Now we give a criterion for strong convergence of Palais—Smale sequences.

Lemma 2.13. Let {iiq }aen be a Palais—Smale sequence for 1} such that iiq — 0
weakly in W12(X, p'=27) as @ — +o0. If I (i) — B and

(2-6) B < Bo= 1) T A, (M. (7).

then iy — 0in WH2(X, p172Y) as o — +00.

Proof. By Lemma 2.9 (here Q) = 0), there exists a constant C > 0 such that
[t llw1.2x, pr—2vy < C forall @ € N, so

DI (iig) - tlq = / p' = |Vilg |3 dvg —/ |iie|? doj,
X M
= 0(||1/Ala||W1,2(X,p1—2y)) = 0(1).
Then note that Ig,’(ﬁa) — B as ¢ — 400, S0
(2-7) B+o(l)= I&’,’(fta)

1 1-2y 1w |2 1 A%
ZE/X,) Vital} dvg = 5, | Vil doj
Y

_ _/ I |Viig 2 dvg + (1)
nJx

:Z/ a2 doj, + o(1).
nJm

On the other hand, in the positive curvature case, it was shown in [Gonzélez and
Qing 2013] that the y-Yamabe constant (1-9) must be positive: A, (M, [h]) > 0.
Moreover, by definition,

2
E3

N « 2
(2-8) A,(M, [h])( [M|ﬁa|2 da;,)
fd;‘/ p' T | Vily |} dvg+/ o 42 doj,.

X M

where d;; > 0. We also know that |Q$| < C on M". Note that, by Proposition 2.4,
fig — 01in L2" (M, h) as @ — +00, 50

/ 02 doj — 0, asa — +oo,
M



384 YI FANG AND MARIA DEL MAR GONZALEZ

since the embedding L (M, iz) c L*(M, fz) is compact. So we get from (2-7) and
(2-8) that

2
n 2% A1 R
(58 +0)7 <dfAy (M1 Zp +o()).
Taking o — +00, we must have 8 = 0 because of our initial condition (2-6). [

Note that the Palais—Smale condition (ii) is the weak form of a Dirichlet-to-
Neumann problem for a degenerate elliptic PDE. In fact, as DI g,’ (lg) — 0 in
wh2(X, pl_zy)’, it follows that, for any € wh2(X, pl_zy),

@9 [ P Vit Vil dvg — [ 1" iy doj
X M

= oMY llwizx, p1-27)-
In particular, for any ¥ € Wh2(X, pl=27),

| P17 Vi, V)5 dvg = oI i 120y
which is precisely the weak formulation of the asymptotic equation
(2-10) —div(p'™?’Vilg) = o(1) in X.
Multiplying both sides of (2-10) by ¥ € W1-2(X, p!~27) and integrating by parts,

we obtain

/M gl_f)% Pl_zyapﬁaw dgiz‘i‘/;( Pl_zy(Vﬁa’ Vi)g dug :0(1)||W||W1-2(X,p1—21/)»

which, combined with (2-9), yields that

/ lim p' =3 fiqyr doj, + / i[> it doj, = o[l w1.2(x, p1—27),
M p—>0 M

and this is precisely the boundary equation in the weak sense

2-11) — lim p' "2 3,11y = |iig|* “2lg +0(1) on M.
p—0

For (2-10) and (2-11) with {iiq }qen, We have the following energy estimate, which
will play an important role in the proof of the strong convergence in Section 3. We
use the notation B} instead of B;"(0) for convenience.

Lemma 2.14. (s-regularity estimates) Suppose that {vy }aen satisfies the following
asymptotic boundary value problem

—div(p' ™2 Vug) = 0(1) in X,
(2-12) — lim pl_z”apva = |va|2*_2va +o(1) on M.
0—0



ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE SEQUENCES 385

If there exists small € > 0 depending on n and y such that / v |2 d(r;l <e
uniformly in o for some small r > 0, then o33,

1-2y 2
[ 1Tl g
;

C

fr—z - P72 v2 du, +C/ v doh—i—o(l)/ |ve| dvg.
2r

where C = C(n, ¢, y) independent of «.
Proof. Let n be a smooth cutoff function in X such that 0 <n <1, n=11in B;(0)

and n=0in X\ % ,(0). Multiplying both sides of the first equation in (2-12) by
n?vg, integrating by parts and substituting the second equation in (2-12), we get

/‘:B+ pl_z”(Vva, V(Uzva»g dvg

2r

z_/(‘;/%‘i’ gg}})pl 23/(8 va)n Vo dO']fl—f—o(l)/:B;rnzva d"l)g

=[Pl oo [ rPua s,
'8 D
so we have

/+ 1=2y 2|Vv0,|2 dvg

%Zr

= —/ . p1_2y2nva(vva, vn>g dvg

2r

e Tl 00400 [ 1Pl

1 2 1-2 2 1-2 2.2

2r 2r

e Tl i o) [ 1Pl
which implies that

/+ p' T 0P| Vg 2 dug

%Zr

54/ ,01_2”|Vn|§,v§ dvg +2/ 772|Ua|2*d0i, +o(1)/ 1% |ve| dvg
DIxs 85 D

2r 2r

C *_
5—2/ P12 +2/ (v6)Iva? 2do;;+o(1)/ 7 [val dv.
r<Js ¥85, DI

+
2r 2r
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By Holder’s inequality and our initial hypothesis,

/&)/%*

2r

*

% 222
(nva)zlva|2*_2 dUi, = (/8 ot |nva| dUil) (/3 ot |l)a| del)
2 27
2
2*%—2 . PX3
<g Inve|? doj) .
¥yt

2r

Then it follows from above that

[ v v

‘B2r

<2 [ L P T (V305 + 1 Vval}) dug
2r
2

c 2 >
< p' 7202 dvg + Ce S (/ Inve|® doh) +0(1)/ % vy dvy.
r<Js; B B3

2r

The trace Sobolev inequality on our manifold setting (Proposition 2.4) gives that

Vel dah) <C/ 2V (va) 2 dvg+C/ (nva)? do,.

2
+ - + g +
a/%2;* %Zr a/%2r

Therefore,

1-2 2
[ v v

%Zr
C 1-2y.2 2 1-2 2
<5 T [0V dog
2r 2r
252
+Ceg 2 / (nva) d(rh—i-o(l)/ n |va|dvg

2*%—2
Now, fix 7 > 0 small such that ¢ is small enough to satisfy Ce 2* < % Then,

/ ol 2”|Vvo¢|§,dvg
< 1— 2)/ 2 v (‘/ U2 los 0(1)/ |v |dv
) o g - o 40p 57 o g

%Zr 2r
3. The first bubble argument

In this section, we focus on the blow up analysis of a Palais—Smale sequence
which are not strongly convergent. In particular, using the e-regularity estimates
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(Lemma 2.14), we can figure out the first bubble. We will also show that the Palais—
Smale sequence obtained by subtracting a bubble is also Palais—Smale sequence
and that the energy is splitting.

Lemma 3.1. Let {iiq}qen be a Palais—Smale sequence for 1} such that iiq — 0
weakly in WV2(X, p'=27), but not strongly as &« — +oo. Then, there exists a
sequence of real numbers {|{tq > O}gen, Lo — 0 as o — 400, a converging
sequence of points {xq }aen C M, and a nontrivial solution u to the equation

—div(y'™2’Vu) =0 in R+
(3-1) — lim yl_zyayu = |u|2*_2u on R",
y—0

such that, up to a subsequence, if we take

80(2) = la(2) — e (Ding "7 Uiz 031 (2)), 2 € puy (B3 (0)),

where ro, 1o(z), and ¢x, (z) are the same as in Theorem 1.3, then we have the
following three conclusions:

(1) Dy — 0 weakly in WH2(X, p1=2Y) as a — +00;
(2) {Vq}aen is also a Palais—Smale sequence for I Y.
(3) 1) (ba) = I} (iq) — E(u) + 0(1) as a — 4-o0.

Proof. Without loss of generality, we assume that i, € €°°(X). By the proof of
Lemma 2.13,

[Y(ig) = L | p'™2 |Vitg|2 dvg +o(1) = L | |ia|* doj, + o(1).
g nJy g g nJy

Note that {fiy }qen is uniformly bounded in W12(X, p!=27) by Lemma 2.9, so
there exist a subsequence, also denoted by {14 }4en and a nonnegative constant S,
such that

I} (lle) =B +o(1), asa— +oo.

Since 71y — 0 weakly in W12(X, p!=27) but not strongly as @ — +o00, again by
Lemma 2.13,

lim ig* doj, =28 >"p,.
a—>+oo/M| al h )/'B_Vﬂo
We will decompose the rest of the proof into several steps:

Step 1. Pick up the likely blow up points.

Claim 1. For any ty > 0 small, there exist xo € M and ey > 0 such that, up to a

subsequence,
~ *
[ lfia|?" doj, > £o.
gto(x())
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Proof. If the claim is not true, then there exists # > 0 small, such that for any x € M,

/ |ﬁa|2*d0;l -0, o— +oco.
Di(x)

On the other hand, since (M, h) is compact and M C (J,cpr D1 (x), there exists
an integer N > 1 such that M C Ul_l”Dt (x7). Thus,

[ tial” — [ Jiafdoi 0. a— e

i=1 1(xi)
which is a contradiction. O

For t > 0, we set

wa(t) = max/ |iig|? doj,.
D¢(x)

Then, by Claim 1, there exists x, € M such that
a2%
outt) = [ Jial? doj = e0.
Qt() Xo

Note that
/ |ﬁa|2*d(7;l—>0, ast — 0.
gt(xoz

Hence, for any ¢ € (0, g¢), there exists #, € (0, zp) such that

(3-2) £ = / |ii|? do.
Ql(x (-th)

Step 2. At each likely blow up point, we will establish weak convergence of a
Palais—Smale sequence after properly rescaling.

For r¢g > 0 small, consider the Fermi coordinates at the likely blow up point
Xa €M, @y, : 2r0(0) — X. Here we restrict ro to ro < ig(X)/2, where iz (X) is
the injectivity radius of X. Then, for any 0 < pq <1, we define

fia(z) = pI7220, (0x, (Ra2)),

8a(2) = (5, 8)(1a?),
ha(x) = (@} 1) (1ax),

if z € B-1,,(0) and x € &' B,_1,,(0).
Given zg € [R "tland r > 0 such that |zo| +7 < g 110, we have

12y |9~ |2 _ 12y 19 12
0 |Viig|5 dvs —/ 0 |Viig % dv,,
/Br+(20) * o B g (e B (20)) £8
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where
Ba(2) = g P(¢xy (HaZ))

and |dpe|g, =1 0on &' B, (zo) since |dp|lg =1 on M.
On the other hand, if zg € R", and |zo| +r < uy ' ro, then

f |ﬁa|2*d% :/ |iie|? doj, 5/ |iie|?" doi,.
Dy (z0) Pxa (e Dy (20)) ©2uar(¢xa (Maz0))

Here we have used that ¢y, (1ta Dr(20)) = @xo (Duyr (Mazo)), and for x, y € R,
with [x| < ro. [y] < ro, we have 1[x — | < dg (9x, (x). 9x, (1)) < 2| — .

Next, take r € (0, rg) and choose ¢y in Claim 1 such that 0 < ¢y < 2r. For any
e € (0, &9), with € to be determined later, and ¢, € (0, tp), let

< L 1 < 1.

1
0<pog=s5r 3

Then, by the definition of & from (3-2), if |zo| + 7 < g, 'ro,

(3-3) / gl dor <e.
VBF o) e

Note that ¢y, (3’ B e (0)) = Dy, (xg), we have

A 2% 4 ~ 2% g,
e:/ lig|” doj, :/ N lig|” doj,
gta(xa) (pxa(a/BZrMa (0))

A 2* R ~ 2*
=/ . [t | d0h=/ . |t | daﬁa.
Pxa(ad' B, (0)) 9'B;,.(0)

This rg > 0 can be chosen smaller again, such that for any 0 < & < 1 and any
Xo € M, we can assume that

1 1-2y 2 -2y |y
(3-4) E/RT'ly |Vul|“dx dy < it ,oxO, A% u|gx Mdvgxou

< 2/ y 172 |Vu|? dx dy,
Rn+1

where u € WL2(RYH, 52030, supp(u) € B —1,(0), fg.u(2) = 110 (0 (12)),
and gy (2) = (¢, 8)(1z). Andforu e L! (IR”) such that supp(u) C 8’ B, —1,,(0),
we can also assume that

1
—/ |u|dx§f lu| doj; 52/ lu| dx,
2 R" R” X0, 1 R7

where l;xo,u(x) = (<p;0iz)(ux).
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Letn e %SO(RTFI) be a cutoff function satisfying 0 <7 <1,

. 1, 1nB1+/4(O)
0, 1nR”+1\B3/4(0),

and set 7y (z) = ﬁ(ro_luaz).
Claim 2. {fqfiq}aen is uniformly bounded in W12(RH, y1727),

Proof. Note that
fR o1 Pa IV (i) 3, dvg, + /R o P (i) dvg,
+ +

E/RHI ,5;‘27(2|V’7a|§a +ﬁ§)ﬁ§ dvg, +2/ p‘; 2y 2|V“a|2 dvg,
+ R

< c/ 0 72702 dvg + c/ p' = |Vilg |2 dvg < C,
X X
since {fly}aen is uniformly bounded in W1-2(X, p!=2¥). Combining this with
(3-4), we get that {fjailq }aen is uniformly bounded in W1L2(R%H, y1727). O

Due to the weak compactness of Wl’z([R:’LJr ! y1727), there exists some u in
Wl’z(Ri+1, y1727) such that figliq — u in Wl’z(R'_fl, y1727) as @ — +oo.

Step 3. The weak convergence is in fact strong via e-regularity estimates.

Claim 3. Letr; = %’. Then, there exists €1 = €1(y, n) such that for any 0 <r < ry,
0 < & <min{eg, 1}, we have gty — U in W1’2(B2+r(0), Y172y as a — +o0.

Proof. Given r sufficiently small, to be determined later, for any zg € [R{f"_ﬂ, let
¥ € 6P (B, (z0) N WI2(RIT, y1727), Let

~ _n=2y 1 —
Va(2) =g 2 V(g ¢x,(2) forz € px, (B (20)).
Since {1y} satisfies the asymptotic equation (2-10),
0(1)||W||W1,2(R1+l’yl—2y) =o(1) ||1;&ot||W1,2(X,pl—2y)

/ o P (Vi Vg g
Oxo M Dy (Z0

= fB +(Zo)wglp)l‘”<V(ﬁwﬁw),vwga dvg,.

since 7) is supported in B3 | 4(0) and 7 17 =1lin B1 ) 4(0). Also, note that since ﬁo, (Z) =

n(pary 17), we have 7o, = 1 in B, thus, we need |zg| + 7 < 4,u,a

1/4pz'ro ’
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It is easy to check that u;'p — y as @ — 400 since |d(u;1p)|ga =1onR"
and g4 — (|dx|? + dy?). Then we have the asymptotic equation

(3-5) —div(y' "' V(faila) = o(1) in B (z0).
Since fyilq — u weakly in W12(R%, y1727), we simultaneously get that
(3-6) —div(y!™?’Vu) =0 in B (z9).

Now, let ¥ € W12(BF(z0), y'727). Then, multiplying both sides of (3-5) by
¥ and integrating by parts, we get

- = i 1=2y9 (5 7 -
(3-7) o(1) “w”WLZ(B;’_(zo),yl—ZV) = /B/B;"(zo) )}I—IPOy 0y (Natla) ¥ d(fha

[ YT Gatia). V), du,.
B (z0)
On the other hand, using (2-10), (2-11), and the definition of Vg,

3-8) [ yIT(V(iatla). V¥)g, dvg,
B, (z0)

P 2 (Vitg, Viig) g dvg

/wxa (1ta B/ (20))

_ _/M lim o2 @pite) Y dojy + () [allwr 2x,p1-27)

= /Mlﬁa|2*—2ﬁa¢(x dO’fl +0(1)||1}a||W1.2(X’p1—2y)

=/5;B+( )|7~]a1/~la|2 —z(f]aﬁa)w dO'};a +0(1)||1/Afa||W1,2(X’p172y)‘
"B, (z0

Since ”w”WLZ(B,T"(zo),yl*zV) = ||1ﬁa||W1,z(X,p1—2y), combining expressions (3-7)
and (3-8) yields

U I Pre— | i S Gt dor,
r 0

+ / aiial? 2 (ladia)¥ do .
¥ B/ (20) *
i.e.,

= lim y1729, (faila) = \afia|* "2 (faiia) + 0(1) on &' B} (zo).
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Meanwhile, since 7iyilq — u weakly in W1-2 (IRTFI, y1727), the same argument
as above gives that

— 1im y'28,u = [u|> 2u  on 8B} (20).
y—)

If we denote by

Lo = |ﬁaf‘a| (Uaua)—|u| “_|77auoc_u| (ﬁaﬁa—“)’
then
—div(y' "2V (flalla —u)) = 0(1) in B;* (o).
(3-9) 1 — lim y'729) (faiiq —u)
y—0

= |fiatiq —u|*" “2(fqliq —u) + To +o(1) on & B (zo).
We have proved in (3-3) that for any r > 0 and ¢; > 0, there exists a sequence
{ita Jwen such that, if |zo| +7r < 7o < g 'ro, then

/ a2 dx < 1.
& B/ (z0)

Therefore, we can also choose r small enough such that, if |z¢| + 37 < rp, then

/ aio — ul?"dx < 1.
¥ B/ (z0)

We claim that Ty = o(1) in the sense that for any § € W12 ([RR'_:_Jr Lyl=2yy,

/83+( )|F0l0|do—il = 0(1)”9||L2*(3/B+(Z()))’ as @ — +o00.
'Bt(zo .

We can use the same arguments as in the proof of Lemma 2.12 to show this claim.

Then by the e-regularity estimates and the compact embedding of the weighted
Sobolev space, we can prove that fjgiiq — u in W12(B;F(z¢), y1727). Then, by
the finite covering we can prove that 7 iiq — u in W 2(B . (0), y1=27), O

Applying Claim 3, noting that fjgile — u in W1 2(32r (0), y1727) and that

na—11H331/4M—1 since 0 < (g < 1and 2r < 22 e

e = liig|? do =/ |iic|? dos 52/ [u?" dx + o(1),
/3f32t(o) * ha 9 B3 (0) o he ¥ B3 (0)

where we used figiiq — u in L2 (B’th (0), |dx|?) as & — +oo by Proposition 2.4.
So, u # 0.

Claim4. Ilim po =0.

a—>+00

In fact, if g — po > O, then figiiq — 0 in WL2(BSF (0), y172) since figy — 0 in
WL2(X, p'=27). But, u # 0, which is a contradiction.



ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE SEQUENCES 393

Claim 5. For any 0 < ug < 1, tiq — u strongly in Wb 2(B 1(0) y1=2¥) as
o — 400, and u is a weak solution of (3-1).

Proof. Let 0 < o < 1. By Claim 4, we know that 0 < gy < o for a large. Then,
(3-3) holds for |zo| +r < ,ualro. By the same arguments, it is easy to check that
ﬁaﬁa —Uu ln Wl 2(B2r“/_ (O) yl zy)

For « large, fjy = 1 in B;rm—l (0), so we have
g —>u in Wb 2(Bzm—1(()) y1727)
strongly as o — +o00.
Finally, we claim that u solves the boundary problem

{ —div(y'™2’Vu) =0 in R,

(3-10) ~tim y" 28 = u* 2 on R™.
y—0

Since 0 < 1o < 1 is arbitrary, iy — u strongly in W1 2(BJF(O) y1727) for any
large R > 0. Without loss of generality, let ¢ € 65°(R'} 1) and supp ¥ C B (O)
for some Ry > 0. Set

_n=2y -1 _-1
Ve (2) =1y 2 Y (g ¢x, (2))-
For « large enough,
/Xpl_zy(Vﬁa,V%z)g dvg :/H 1 2V (V (figiia), Vv)z, dvsg, .
R

+
and

/ |ﬁa|2*_2ﬁa1ﬂadvg:/ |ﬁaﬁa|2*_2(ﬁaﬁa)wd0§a-
M R”

Note that gy — |dx|?> + dy? in ‘GI(BIJQ(O)) as a — +00, {iiy} is a Palais—Smale
sequence for Ig,’ and 7glig — U in Wl’z(Bl_ér (0)) for any R > 0. Then, we have

fn+,y1‘2V<Vu, V) dx dy —/ ul> "2uy dx dy =0,
R+ R7

which yields our desired result. O

Step 4. The Palais—Smale sequence minus a bubble is still a Palais—Smale sequence.

Define

G ;wa )=o)tz Fruugerl (), 7 € o, (B, 0),
We(z) =0, otherwise,

where 7o is a cut-off function satisfying 7o = 1 in goxa (Bj(') (0)) and 7y = 0 in

M\ ¢x, (BZr0 (0)). Here we have %;‘0 (Xa) = @x, (Bzr0 (0)). Let Ug, = tlg — Wg.

We claim:
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(i) D¢ — 0in Wh2(X, p!=27) as a — +o0;

(i) DIY (D) — 0in W2(X, p1727) as @ — +o0;
(iti) 1) (Dg) = 17 (lig) — E(u) + 0(1) as @ — +o00;
(iv) {Uq}aen is also a Palais—Smale sequence for 1 g,/ .

The remainder of the proof of Lemma 3.1 consists of proving these claims.

(i) Since iig — 0 in W12(X, p1=27) as @ — +o0, it suffices to prove 1y — 0
in WH2(X, p'=2¥) as @« — +o0. First, we prove that [y Wa¥ doj, = o(1) as
o — +oo for any ¥ € €*°(X). Given R > 0,

(3-12) / Wo ¥ doj, = / We Y doj, +/ We doj,.
M EE® M\D,,, p(xa)

Note that fig (x) = (go;kafz)(uax). Using (3-11),

N ~ _n—2y _ _
/ Do doj, = / s Uiy 92 ()Y (x) do
QMQR(X(X)

QMQR(xa)

n4+2y

=1 [ R 10000 ¥, 100 o,
Dgr(0)

"“Vf lu(x)| dx.
Dgr(0)

< ClyliLee ) e 2
Similarly, we can deal with the second term in the right hand side of (3-12):

/M\D,U«D(R(xa) :‘32]‘0 (xa)\g,uaR(xQ)

n+2y

= Cll¥llzooar i

[ ()] dx
D2r0ual (O)\DR (O)

1
n+2y * 2%
< ClY ey s ( [ ()2 dx)
D2r0/.l,&1 (0)\DR (O)

n+2y

2n
2 O,U.al(o)\DR(O)
1

* 2%
< CI¥ ) ( / (o) a’x) .
Daryugz ! (00\Dr(0)

Since u € L2" (R", |dx|?) and e — 0 as o — +00, taking R large enough we get

/ﬁ)O,Wdo;,=0(1) as o — +00.
M
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Next, we will show that

/ P! 72 (Viby, Vi) g dvg = 0(1)  as @ — +00
X

for any ¢ € €°°(X). Let f)a(z) = Na(Pxy (Ha?))s Palz) = Mo_zlp(goxa(ﬂaz))
Noting that g =0in X \ %2r0 (x¢), then for any R > 0 and o large

(3-13) fp1—2V<vwa,w)g dvg :/
X

L P (Vibg, V) dig
%zro(xoz)

Lo P Vi VY dug
%2”0 (xa)\%Rua(xa)

H L P (Vi VY dug
B e (Ke)
=11+ 1.
By Holder’s inequality and the fact that u € W1-2(R"FL y1-27)

1
2
n=([, PV i)
2r0(x01)\%Rua(xa)

2
X (/ p1_2y|V1ﬂ|é2, dvg)
2r0(x01)\%Rua(xa)

1

2
ALV o) 2, dvg )
(/B+ _1(0)\B+(0) ¢ s

1
2
. ( L. P12 |7y 2 dvg) — B(R).
gB2,()(3%()\XBRMO[(XCX)

where

(3-14) lim lim supB(R)=0.
R—+400 a—>+o0

The previous limit is estimated because u € W12(R"!, y1727), 5o for any o, R

(/s

2
ALY ()2 dv~) < Cllully 1o s
ga — 1.2 (R’ 1—2y)°
2rouy 1(0)\B+(0) iR Y

and for any € > 0 and any « large, there exists Rg > O such that for R > Ry,

1
2
(f p' V|2 dvg) <e.
2r0(x0l)\%Rua(x0‘)
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Meanwhile,

1
2 2
I, < (/ N p1—2V|VuA)a|§ dvg) (/ . p1—2y|vw|§ dvg)
SBRMO[(X“) %Rua(xot)

1 1
2 2
([, 2w, ae) ([, oIV an) o),
BR(O) %Rua(%‘)

uniformly in R as ¢ — +o00. To see this, for any R > 0,

1
2
([, A2 19Gn, dvs,) < Clully o o,
B#(0)

also in Claim 4 we have proved that

lim pe =0

oa—>+00

and note that v € W12(X, p!=27). Since R > 0 is arbitrary, (3-13) implies that

/ P! (Vi VY )¢ dvg = 0(1)
X
as o — +o00.

(i) For any ¢ € W12(X, p'=27), the proof of (i) and Propositions 2.4 and 2.6
imply that

doj — 0, asa— +o0.

On the other hand, we have
DIY () ¥ = [ P72V VW) dvg = [ [l 2500 do

= DI ) ¥ = DIY () v~ [ @ doj,
M
where
Do = |lig — Wa|* 2(lia — Wa) + |Wal? 20 — e .
Following the same argument of [Druet et al. 2004, pp. 39-40], we can prove that
/ ®yy doj, -0, aso — +oo.
M

Then, we get that Dlg(ﬁa) —0in WH2(X, p'727) as a — +o00, since {iig }aen
is a Palais—Smale sequence for g .



ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE SEQUENCES 397

(iii) Note that Uy = g — Wy and Wy = 0 in X \ ‘B;ro (x¢). Given R > 0, for «
large,

(3-15) /Xpl‘”lwa@, dvg

_ 1=2yvn |2 1-2y|vn |2
- P12 Vi dug + | P2 Vit dug
/%;,O(xa) ¢ X\ B3, (xa) ¢

_ 1—2y19n |2 1-2y 194 |2
— P12 Vi dvg + | P12 Vi 2 dv
/%,takua) ¢ B3, (ra)\B;F () ¢
4 / P2 Vit 2 dvg
X\, () ¢
—hi b [ Vi du.

X\B, (¥a)

Since figilq — u in WH2(R%H, y172Y) as a — +00 because of Claim 5,
=[PV i) di
%MQR(XQ)

— ~1-2y ~ 2 B

= [ AVl w)l2, dvg,

/B;(O) o @ 8a &
<2 VP drdy =o(1). asa— +.

B3 (0)

where we have used that 7, = 1 in B; (0) for « large.
On the other hand, direct computations give that

1—2y 9. (2 _ ~1-2y 2 ~
0 Vg dvg—[ 0 |Vulz dvg,
/%;O(xa)\%,tak(xa) ¢ B, =1 O\BE(©) fa
52/ Y172\ vu|?dx dy
B uz1 (O\BE (0)
= B(R),

since u € Wl’z([R{TLl, y172¥) and pg — 0 as o — +oo, where B(R) is defined as
in (3-14). Hence, we get

I, = / pl_zy(wﬁﬂz + |Vidg|2 —2(Vila, Vﬁ)a)g) dvg
B3, (xa)\ B 1 (¥a) ¢ y

_ 1-2y 1w |2
= 0 |Vilg|z dvg + B(R).
/a%j,o(xa)\%,jaR(xa) ¢



398 YI FANG AND MARIA DEL MAR GONZALEZ

Here we have used Holder’s inequality and the fact that {tiy } is uniformly bounded
in Wh2(X, p1727) to get

/ + + p' T (Vilg, Vibg) g dug = B(R).
%Zro(xa)\%MaR(xa)

Therefore, noting that i, — u in WI’Z(R:’LH, yl_zy) as @ — 400, by (3-19),
| P15l av,
X

= / p' 7 |Vily| dv, —/ p' 7 |Vilg|} dvg + B(R) + o(1)
X %IO[R(X(X)

:/ p' 7 |Vily | dv, —/ pa” Y |Vitg|3 dvg, + B(R) +o(1)
e B (0)

R

=/Xp1—2V|vaa|§, dvg—/B+ )y1—2V|Vu|2dx dy + B(R) +o(1)

r(

=/Xp1—2V|vaa|§dvg—/ +1y1_2y|Vu|2dxdy—|—,3(R)+0(1).
Rn
+

In a similar way,

f |0 |* doj, = / liia|? doy, —/ u|*"dx + B(R) +o(1).
M M R
These imply that
1Y (b) = 17 (ie) — E(u) + B(R) + o(1).
Since R > 0 is arbitrary, we get conclusion (iii).

(iv) It is a direct consequence of (ii) and (iii). O

4. Proof of the main results

Proof of Theorem 1.3. From Remark 2.10, we have ug — u® in Wh2(X, p1=27)
as @ — +00. And ug — u® a.e. on M as o — +o00. Then, u® > 0 on M since
Uy > 0. Also, fig = ug —u? satisfies the Palais—Smale condition and

Ig(ﬁa) = Ig’“(ua) - Ig’oo(uo) +o(1).

If iy — 0in WH2(X, p'=27) as @ — +o0, then the theorem is proved. If ilg — 0
but not strongly in W12(X, p!=27) as @ — 400, then, using Lemma 3.1, we can
obtain a new Palais—Smale sequence {fi}}yen satisfying

12 () = 1) (iie) — E(u) + 0(1).
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Now, either flé — 0in W12(X, p=2¥) as @ — 400, in which case the theorem
holds, or @1} — 0 but not strongly in W12(X, p!=2¥) as & — +00, in which case
we again use Lemma 3.1.

Since {/ g o (Uq)}aen 18 uniformly bounded, after a finite number of induction
steps, we get the last Palais—Smale sequence (for m > 1)

{LA{?}QGN with Ig(ﬁ;n) — ,3 < ,30.
Then, by Lemma 2.13, we can get that
am -0 in WhH2(X, p* 1) as @ — +oo0.

Applying Lemma 3.1 in the process, we can get that {u/ }7‘:1 are solutions to (3-1).

We will prove the positivity of u/, j =1,...,m, in Lemma 4.2, and the relation (5)
of Theorem 1.3 in Lemma 4.1.
For the regularity of u/, we can use Lemmas A.1 and A.2. O

Lemma 4.1. For any integer k in [1, m], and any integer [ in [0, k — 1], there exist
an integer s and sequences (v Yaen C M and (AL > Olqen, j = 1,...,5, such
that di,(x{;, yé)/,u]o‘[ is bounded, Aé/,uffl — 0 asa — 400, and for any R, R’ > 0,

l
ﬁa—Zuix—uf;

i=1

2*
doj, = o(1) + &(R),

(4-1) / .
Dk N U 21 D, 7 00)

where

lim lim supe(R’) =0,

R’'—+o00 a—>+00

and {ufx} is derived from the rescaling of u* we obtained in the above proof of
Theorem 1.3, and {x(lx} is the i-th likely blow up points sequence.

Proof. We prove this lemma by iteration on /. For any integer k (1 < k < m), if
[ = k — 1, then combining the above proof of Theorem 1.3 with Lemma 3.1 and

Proposition 2.4,
/5‘3 Ruk (x&)

so (4-1) holds for s = 0.
Suppose that (4-1) holds for some /, 1 <[ <k — 1, we need to show that (4-1)
holds for [ — 1.

k—1 2%
g — Z ul, —ukl doj =o0(1),

i=1
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Case 1: dj, (xé, xéj) -+ 0 as o — 400. Then, for any R > 0, up to a subsequence,
QRMQ (xé) N ’DRM/& (xéj) = &, so we have

112% 5 . 112 5 .
[ kPdgs [ kP doj
DRMIé(xa)\Uj=l DR,A({[()’&) M\QEIA{X(XO‘)
k
§C/ |ul|2 doj,
R"\Dx o) ¢

< C/ |ul|2* dx.
R"\Dg(0)

Since R > 0 is arbitrary and u! € L2 (R"),

(4-2) / ) |uf¥|2*da;l =o(l), asa— +oo.
o)

Ruk Cc\Uj=, QR/,\-‘{, &)
So by the induction hypothesis for / and (4-2), we obtain

-1
g —Zufx —u]o‘l

i=1

2*
doj,

/s,mg CEONUiZ1 D, 7 0d)

R'AL
l 2%
g — E ul —uk| doj,

i=1

+22*—1/ k¥ doy,
D

k E (-
R,u,g (xoz)\U;‘=l QR’AC{,()}[;)

< 22*—1/
k N J
QRMI&(xa)\Uj=1 QR’A({; (yoz)

=o(1) + &(R).
Thus we have proven that (4-1) holds for / — 1.

Case 2: dj, (xé, xéf ) — 0 as @ — +o00. Let rq be sufficiently small such that for any
PeM, x,yeR" and |x],|y| < ro,

x =yl <dilpp(x), pp(y)) <2|x —yl.
Let &, = (uf)™ "¢ ¢ (xf) and Jg = (ug) ™9 (va). Then,

2

(4-3) _j P .
ngé/ﬂlé(yé) - ('ulac!) l(px(/; (:DR)Lé (ygt)) - D2RA(j);/M(])(t (y({t)-

Given R > 0, from Lemma 3.1, Proposition 2.4, and the proof of Theorem 1.3,

(4-4) /
Qléutlx (xl])()

. 2*
doj, = o(1).
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By the assumption for 1 </ <k —1, i.e.,

!
Pk

g — Y U, —u

/ PN 2 e e

i=1
combined with (4-4),

2*
daoj, = o(1) + &(R),

- (vd)
R

/ , . g doj, = o(1) + (R'),
(9,0 GENUT 1 Dy, 5 G N D1 ()

so using (4-3) we arrive at

(4-5) k¥ doj, = o(1)+e(R),

[D (0)\U; 1DR/A J k(ya)]le/ZRu /Mk(xot)

Next, we consider two scenarios: first, assume that dj, (x(lx, x§ )/ MI(; — 400 as
o — +o00. We claim that dj (x.,, x¥)/ul, — 400 as & — +oo. If not, then (4-5)
with R large enough yields that u(lx / M’é — 0 as @« — +00. Moreover,
diy(xg. xg) _ diy(xf, x§) 11
uh nE b

so we can choose R > 0 such that CDI?;L{;; (ng) N gﬁufx (xé) = @, which reduces to
the previous Case 1; as a consequence, (4-1) holds for / — 1.

Second, if dh(xa,xk)/,ua -+ 400 as @ — 400, then, up to a subsequence,
dh(xa,xk)/ua converges. So, (4-5) implies that ,ua/,ua — +00. Set yit! = xé
and AST1 = ul,. Then,

l 2%
Ug — Z ul, —ukl doj =0(1) +&(R)

i=1

/m k s+1 (v
:DRMI& (xoz)\szl QR’)\({((J}‘Y)

and

| 2 do < [ L[ doj
R k(xtx)\Uj IQR/A/ (ytx) M\QR’M{X(%‘)

< c/ ! |?" dx < e(R'),
R”7 \DR/(O)

which yield that

-1 2%
g — Z ul —ukl doj =o0(1) +&(R).

i=1

/ Wk EON\ULID,, 5 0d)

In particular, (4-1) holds for [ — 1, as desired. The iteration process is thus completed.
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Moreover, we have also shown that for any i £ j
&—k&—kw—)—i—oo as o — +00;
1y HMa [y e
compare [Almaraz 2014; Druet et al. 2004; Struwe 1984]. Note that this convergence
contains two kinds of bubbles: one case is that /'fo = O(ud) when o — +00; then
the two blpw up _points are far away from each other. The other case is that
,u& =o(u) or pl = o(u('x) when a — +o0; then the distance of the two blow up
point cannot be determined. Also we get that 12,/ ;,La — 0 as o — +o0. O

Lemma 4.2. The u' (fori =0,1,...,m) that we get in the Theorem 1.3 are all
nonnegative. In particular, fori > 1, u' is of the form Uji" for some A; > 0 and
a; € R", where Uy is as in (1-13).

Proof. First of all, note that u® > 0 in X by Proposition 2.11. So, we just need to
prove the positivity of u’ for i > 1. For any k € [1,m], taking [ = 0 in Lemma 4.1,

(4-6) ity — UX1?" doj, = o(1) + &(R)

/@Rué GO\Uj=1 Dy, 0)
where
U () = ()™ 2w () Mot (¥)) for x € D (x5)

is called a bubble. Since uy = tig + u®, for x € D
same as the one mentioned in Theorem 1.3,

ro/uk (0) C R", where ry is the

uk () = ik (x) + ad* (x),

where
uk () = (18) " ua (g, (1),
ik (x) = (uk) =" ua(soxk(uax))
%% (x) = (1) T U (g ().
Then, (4-6) implies that
(4-7) f itk —uk? dx = o(1) + &(R'),
DRO\Uj=1D, 7,k Fa)

where ya = (,ua) ¢ kl (ya) Since {dh(xa,ya)/ua}aeN is uniformly bounded
by Lemma 4.1, {y; }aeN is bounded and there exists a subsequence, also denoted
by {ya} such that 3 — 7/ as @ — 400 for j = 1,...,s. Combining (4-7) with
)Lé//ﬂoj — 0 as @ — +o0, we get

ii* > u* in L2 (Dr(0)\Y),
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asa — +ooforY = {ﬁj}jzl, o)

ﬁfl —u* ae. in R",

since R > 0 is arbitrary.

Also note that
f W doj :/ 302" oy
Dk () Dr(0) “
Mo

where E’é(x) = (wjkiz)(uléx). Then, M’é —0asa — +ooand u® € L2 (M, iz)
yield that “

%% 0, in L?"(Dg(0). |dx|?)

as @ — 400, SO

1% 50 ae. inR"

since R > 0 is arbitrary.

In particular, we have shown that X — 1* almost everywhere on R” as o — +o0.
Note that u, is nonnegative by definition, so uloi > 0 on R”. We conclude that
uk > 0 on R™. Then by the maximum principle, it follows that uk > 0in [F\R” +
Due to the previous arguments, uk is of the form Ua)L . for some Ag >0 and ay € [R{”
where Uak is as in (1-13). O

Appendix

We will prove the 6°° estimates from the L°° estimates by the Harnack inequality.
The two important lemmas are given here.

Lemma A.1 [Gonzélez and Qing 2013]. Let R > 0 and u be a weak solution of

—div(y'™2"Vu) =0 in B (0),

A-8 *
(A-8) —limy—o Y1727 0yu = f(x)u+ g(x)[u|*> 2u on D2g(0).

Here, f and g are smooth functions on D, g(0). Assume that

A= [u|?" dx < oo.
D> (0)
Then, for any p > 1, there exists a constant C, = C(p, A) such that

n+2—72y

sup |u| + sup |u| < Cp(R™

lell, gt on + B2 1ullLr(Dar(oy)-
B} (0) Dy (0) (B2 (0) 2K
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Lemma A.2 [Jin et al. 2014]. Let a(x), b(x) € 6*(D>(0)) for some 0 <« ¢ N and
letu e WI’Z(B;'(O), y172Y) be a weak solution of

—div(y'"2"Vu) =0 in B3 (0),
—limy—0 y'72Y0yu = a(x)u +b(x) on D2(0).

If2y +a ¢ N, then u(-,0) is of €2 +%(D(0)), and

(A-9)

luC- Ol c2vtep o)) = CUMN oo g oy F 1Pl (D 0))

where C > 0 depends only onn, y, a, and ||a| ¢« (p,(0))-
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