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ROBERT STEINBERG (1922-2014): IN MEMORIAM
V. S. VARADARAJAN

He touched nothing that he did not adorn.

The quotation above is by Samuel Johnson, writing about his friend Oliver Gold-
smith. I think it is the most satisfying way to describe the work and legacy of
Robert Steinberg, who passed away on May 25, 2014 on his 92nd birthday. His
towering stature as one of the great masters of the theory of algebraic groups and
finite groups, the vast scope, depth, and beauty of his papers (some key ones were
published in the PJM), and his gigantic presence in the algebraic scene in Southern
California, are the reasons that led the Board of Governors of the PIM to request
that a special volume of the PJM be published in his memory. In this brief essay
I shall try to sketch a portrait of a master who wore his mantle of greatness with
unassuming simplicity and charm.

This is a melancholy task for me, to write about someone who was a good friend
and role model for me for nearly fifty years. In these days of ever multiplying awards,
million dollar grants, medals, and so on, it is refreshing, even humbling, to talk
about a man who never sought the limelight, who worked quietly on the problems
that appealed to him, and evolved into one of the great masters and innovators
of the theory of semisimple algebraic groups. The problems he worked on and
considered important became the central problems of the subject. His influence
on the subject was enormous. Even after he retired he could surprise experts with
new and easier proofs of some of the fundamental theorems of the subject. His
monumental set of lecture notes on Chevalley groups [1968] has been studied by
hundreds of mathematicians (I myself lectured twice on them) and will appear as a
publication of the AMS. In spite of his greatness he was a gentle and modest man,
aware of his gifts certainly, but accepting them and trying to get the job done.

His work is widely available in his Collected papers [1997] and its scope is
extraordinary. It is a very difficult task to present his work in one short essay and I
will not even attempt it, nor do I have the competence for it. But I will describe
some highlights so that most of the readers will get some idea of what he achieved
in his lifetime. I thank Professor Alexander Merkurjev for enlightening me on the
impact of Steinberg’s work on algebraic K-theory and other parts of mathematics.

Keywords: Robert Steinberg, memorial issue.
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He told me that he and his collaborators have used every major theorem of Steinberg
in their work.

I was spiritually close to Steinberg as a mathematician. In his words I was also a
semisimple mathematician, as he said when he first introduced me to his close friend
and collaborator Tonny Springer, a Dutch semisimple mathematician. However I
was more interested in the transcendental aspects of real semisimple Lie groups,
such as infinite dimensional representations and harmonic analysis.

After his beloved wife Maria passed away, he gradually lost the desire and will
to do things, and I became closer to him in those days by visiting him as frequently
as I could. His passing away was traumatic to his nephew and nieces and to all of
his friends and relatives.

He was born in Romania but his parents settled in Canada very soon afterwards.
I am sure he was deeply influenced by the wide open spaces of Canada and thereby
acquired his lifelong love for long hikes and camping trips. He and Maria spent a
part of almost every summer by hiking and camping in the high sierras. Maria’s
strength of mind and decisiveness blended well with his gentle personality, and
they became one soul.

He studied under Richard Brauer and got his doctorate degree in 1948. He came
to UCLA in 1948 and never left it. In 1985 he was given the Leroy P. Steele Prize
of the AMS for lifetime achievement. He was elected to the National Academy
of Sciences in the same year. He wrote a letter to me on that occasion and said
that this proves he still has friends. He was awarded the Jeffery—Williams Prize
of the Canadian Mathematical Society in 1990. He was an avid fan of basketball
and hockey, and the Bruins and Lakers were his favorite teams, and Jerry West his
all-time favorite player. He was generally taciturn but always charming, and could
open up to close friends.

To understand roughly the scope of his achievement, it is essential to know what
simple and semisimple groups are. In 1894, Elie Cartan classified all simple Lie
algebras over C, and found that they fall into four infinite families (the classical
algebras), and five isolated ones (the exceptional algebras). This is the same as the
classification of simply connected complex Lie groups which are essentially simple.
The semisimple groups are, up to a cover, products of simple groups. The classical
groups (so christened by Weyl) are the group of matrices of determinant 1, the orthog-
onal (or spin) groups, and the symplectic groups. These groups have the remarkable
property that they make sense over any field or even any commutative ring with unit.
Over a finite field they become finite groups which are almost simple and these were
studied intensively by Dickson in the late nineteenth century. It is a natural question
to ask if the exceptional groups also make sense over finite fields. In the early 1950s,
Chevalley had started to study algebraic groups over fields of characteristic 0 by
using the exponential map and coming down to the Lie algebras. But this method was
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not very successful and certainly could not touch the case when the field had positive
characteristic. But Borel changed the entire landscape by studying the algebraic
groups directly using algebraic geometric methods, proving the existence of what are
now called Borel subgroups, and their conjugacy, over any algebraically closed field.
Chevalley then used Borel’s work as a starting point and completed the classification
of all semisimple affine algebraic groups by methods of algebraic geometry (up to a
finite cover, semisimple groups are products of simple groups, and reductive groups
are products of semisimple groups and tori). He found that the simple groups are
classified in the same way as Cartan’s. He then discovered the further remarkable
fact that any semisimple group is naturally a group scheme over Z, and hence it
makes sense to look at its points over any field (this is an oversimplification). In
particular it makes sense to speak of the simple groups over finite fields, and this
process led Chevalley to discover new simple finite groups hitherto unknown. The
groups he constructed over any field became known as the Chevalley groups.

In my opinion, the fact that the semisimple groups are really group schemes over
Z accounts for their great importance, depth, and vitality. Over arbitrary fields it
led Borel, Chevalley, Tits, Steinberg, Lusztig, Deligne, Curtis, and others to erect
a beautiful theory of their structure and representations. Over the real and p-adic
fields they become Lie groups on which one could do geometry and analysis, as
Weyl, Gel’fand, Mautner, Harish-Chandra, Mostow, Bruhat, Kazhdan, and others
did. Over the adeles their structure and representation theory led Langlands to
formulate his program linking the harmonic analysis on the adelic groups to the
most fundamental aspects of algebraic number theory, the so-called Langlands
program, which has inspired and animated a huge number of mathematicians of his
and later generations.

Chevalley’s discovery that semisimple groups are group schemes over Z was the
mathematical context when Steinberg started his research. In his words, he wanted
to become a semisimple mathematician, and soon became one. His field was the
entire theory of Chevalley groups and the associated finite groups, their structure
and their linear representations. He had important things to say on all aspects
of these groups. But the striking fact was that he used only elementary methods,
including basic algebraic geometry, and seldom ventured into the cohomological
aspects. I feel he resembled Harish-Chandra in this: he got to where he wanted to
go with very simple ideas and methods.

In his Collected papers, he discussed all his papers, elaborating some fine points
and putting his work within the framework of current knowledge, occasionally
adding some personal reminiscences. About one paper he wrote that it was entirely
worked out in the High Sierras when he was in his sleeping bag looking at the
stars! About another paper he wrote that this was his only paper for which he got
money from the Russians when they translated it, and mentions that the translation
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of his Lectures on Chevalley groups [1975] fetched him no money as it was before
glasnost!!

New finite simple groups. In what follows I shall describe some highlights of his
vast opus. His first major work was a couple of papers starting with the famous
Variations on a theme of Chevalley [1959] in the PIM, where he constructed new
families of finite simple groups not covered by the Chevalley groups and obtained
for them structure properties similar to those of the Chevalley groups. Suzuki and
Ree and others followed him with further families of new finite simple groups,
all of them collectively known as the twisted Chevalley groups. The Chevalley
groups and their twists were called finite simple groups of Lie type, and the great
classification theorem of finite simple groups is just the statement that apart from the
cyclic groups of prime order p, the alternating groups A, (n > 5), and 26 sporadic
groups, a finite simple group is of Lie type.

Generators and relations for Chevalley groups. In the famous paper Générateurs,
relations et revétements de groupes algébriques [1962], Steinberg considers Cheval-
ley groups corresponding to a root system X and field K. They are generated by
unipotent elements g, (¢) with r € X, t € K. Among all the relations between the
generators there are (obvious) ones (R) that can be written uniformly for all ¥, K.
He then considers the abstract group G generated by symbols x,(¢) (r € £, ¢t € K)
subject to the relations (R) and the natural surjective homomorphism

7:G—G.

Thus, Ker(r) describes all the relations between the generators modulo the obvious
relations. Steinberg proves the remarkable result that the covering 7 is central, i.e.,
Ker(7) is contained in the center of G, and that 7 is a universal central extension.
J. Milnor has used Steinberg’s construction in the case of a general linear group over
an arbitrary ring S to define the group K, (.S) that describes the relations between
the elementary matrices over .S modulo the obvious relations. The corresponding
group G is known as the Steinberg group of S. Thus, this paper of Steinberg made
a great impact on the development of higher algebraic K-theory. The kernel of 7
was studied in a profound manner by Moore and Matsumoto over a p-adic field, and
their work led to deep relationships with the norm residue symbol of number theory.
Among other things the work of Moore and Matsumoto highlighted the importance
of the two-fold covering of the symplectic group, the so-called metaplectic group,
over the local fields and the adeles. The adelic metaplectic group was the platform
which Weil used in his reformulation of Siegel’s work on quadratic forms.

Regular elements of semisimple algebraic groups [Steinberg 1965]. This is one of
his most admired and beautiful papers. Here he studies conjugacy classes of regular
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elements in a semisimple group G. For simplicity let us assume that the ground
field is algebraically closed. An element g € G is called regular if the dimension of
the orbit of g under the action of G' by conjugacy has maximal dimension (which is
dim(G) —rank(G)). In this paper he proves that the regular conjugacy classes have
an affine space section in the algebraic geometric sense, for every simply connected
semisimple group. For example, for SL(n) we get the space of companion matrices,
a result that goes back at least to Gantmacher. Actually he does not restrict himself
to the algebraically closed ground field and proves that if G is a simply connected
quasisplit group over a field K (that is, it contains a Borel subgroup defined over
K), then every conjugacy class defined over K contains an element defined over
K. As a consequence of the main result, Steinberg proves that every principal
homogeneous space of a quasisplit semisimple group admits reduction to a maximal
torus. This result yields the solution of the famous Serre conjecture:

If K is a field of cohomological dimension 1, then all principal homoge-
neous spaces of a connected algebraic group over K are trivial.

The result that the regular conjugacy classes have a section in the algebraic
geometric sense led to an interesting interaction between us. I was looking at this
question on a semisimple Lie algebra over C. Kostant had constructed a beautiful
affine cross section for the regular orbits of the adjoint representation (which reduces
to the companion matrices for s[(n)), roughly at the same time as Steinberg’s work.
When I looked at the Lie algebra problem, it occurred to me that by making use of
some ideas of Harish-Chandra I could obtain a proof of many of Kostant’s results
in a very simple way. I had this published in the American Journal of Mathematics
and left a reprint in Bob’s mail box. He then asked me to come to his office and
explained the corresponding global result. I treasure the memory of that discussion
between us which had no element of condescension in it, when I was a young
researcher and he was at the peak of his powers.

The Steinberg representation. The complex representations of the finite Chevalley
groups are difficult to construct, even though Green had quite early worked out the
irreducible characters of GL(n). The final results were obtained by Deligne and
Lusztig who realized the representations using certain étale cohomology spaces.
But Steinberg found one of the most important and ubiquitous ones very early in his
career. It is now called the Steinberg representation, and one can find a masterful
essay on its various incarnations in his Collected papers. For a Chevalley group G
over a finite field, if B is a Borel subgroup, and lg is the representation of GG induced
by the trivial representation of B, then St is the unique irreducible component of
lg which does not occur in any lg where P is any parabolic subgroup containing
B properly. Correspondingly, there is a formula for its character as an alternating
sum of the characters of the lg. Remarkably, this character formula makes sense in
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a p-adic field and its properties play a fundamental role in the harmonic analysis on
the p-adic semisimple groups, as developed by Harish-Chandra, Jacquet, and others.
Borel and Serre proved, using the cohomology of the Bruhat-Tits buildings, that St is
an irreducible square integrable (hence unitary) representation of the p-adic group.

The Steinberg representation also plays a basic role in the Langlands correspon-
dence. For example, an elliptic curve over Q has split multiplicative reduction
at a prime p if and only if the unitary automorphic representation associated to
it by the Langlands correspondence has for its component at p the Steinberg
representation. In general, under the correspondence, ignoring scalar twists by
one dimensional representations, a Steinberg representation at p corresponds to a
Galois representation for which the image of a decomposition group at p contains
a regular unipotent element. !

For lack of time I cannot discuss some of the other major discoveries in his work. I
mention the new and easier proofs of the isomorphism and isogeny theorems of
algebraic semisimple groups, which say that an isomorphism (isogeny) between
semisimple algebraic groups is always induced by an isomorphism (isogeny) of
their corresponding root data and conversely. The other item is his new and simpler
counterexample to Hilbert’s 14th problem, which asks one to prove that the ring
of invariant polynomials of a linear action of any algebraic group is finitely gener-
ated. For semisimple groups over the complex field this was proved for SL(n) by
Hilbert, and for all semisimple groups over a field of characteristic 0 by Weyl, as
a consequence of his famous result that all finite dimensional representations of
a semisimple Lie algebra are direct sums of irreducible representations. In prime
characteristic the Weyl reducibility fails to hold and one needs a weakening of
it, called geometric reductivity, conjectured by Mumford and proved by Haboush.
The finite generation of invariants then follows from geometric reductivity, as was
shown by Nagata. So to find counterexamples to the finite generation of invariants,
one has to leave the category of semisimple or even reductive groups. Nagata
found a counterexample for a finite-dimensional action of a product of the additive
groups. In the late 1990s, Steinberg found much simpler classes of examples in all
characteristics, and made a thorough analysis of the problem, sharpening Nagata’s
construction and relating the examples to plane cubic curves and their geometry.

I know I have given only a brief discussion of a very minute part of Steinberg’s
work which is astonishing in its scope, depth, and beauty. His profound insights
about semisimple groups, and the easy grace and charm of his personality, cannot
ever be forgotten by people who came into contact with him. I have known very
few like him.

I'These remarks on the Steinberg representation and elliptic curves were pointed out to me by
Professor Don Blasius.
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CELLULARITY OF CERTAIN
QUANTUM ENDOMORPHISM ALGEBRAS

HENNING H. ANDERSEN, GUSTAV I. LEHRER AND RUIBIN ZHANG

Dedicated to the memory of Robert Steinberg.

For any ring A such that Z[g*'/2] € A € Q(q"?), let A5(d) be an A-form
of the Weyl module of highest weight d € N of the quantised enveloping
algebra Uy of sl,. For suitable Z, we exhibit for all positive integers r an
explicit cellular structure for End Uz (Azd )®r). This algebra and its cellular
structure are described in terms of certain Temperley—Lieb-like diagrams.
We also prove general results that relate endomorphism algebras of special-
isations to specialisations of the endomorphism algebras. When ¢ is a root
of unity of order bigger than d we consider the U,-module structure of the
specialisation A;(d)®" at ¢ — ¢ of A7(d)®". As an application of these
results, we prove that knowledge of the dimensions of the simple modules
of the specialised cellular algebra above is equivalent to knowledge of the
weight multiplicities of the tilting modules for U, (sl;). As an example, in
the final section we independently recover the weight multiplicities of inde-
composable tilting modules for U; (s,) from the decomposition numbers of
the endomorphism algebras, which are known through cellular theory.

1. Introduction

1A. Notation. Let A be the ring Z[qil/ 2] where g is an indeterminate, and let Uy
be the Lusztig A-form [1988; 1990; 1993] of the quantised enveloping algebra
U, (sly) [Drinfeld 1987; Jimbo 1986; Chari and Pressley 1994], which has basis
consisting of products of “divided powers” of the generators of sl and binomials in
the Cartan generators. Let A 4(d) be the Weyl module for U4 with highest weight
d € N. This has dimension d + 1 and quantum dimension equal to the quantum

number [d + 1], where for any integer n,

q"—q"

[n]=[n], = —.
q _q_l

MSC2010: primary 17B37, 20G42; secondary 81R50.
Keywords: quantum invariants, cellular algebras, tilting modules.
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For any commutative A-algebra A, we write Uj := A®4 Uy, and similarly for
A i(d), etc. For any positive integer r, let E,(d, A) :=Endy; (Ai(d)®").

Let s1, ..., sy—1 be the standard Coxeter generators of Sym . For w € Symy,
write £(w) for its length as a word in the generators s;, and define the left set
L(w) :={i | £(siw) < £(w)}; the right set R(w) is defined similarly.

1B. The main result. Let K = Q(gq'/?) be the field of fractions of A. Writing
B, for the r-string braid group (r a positive integer), it is known that there is an
action of B, on A 4(d)®", in which the standard generators of the braid group act
on successive tensor factors via the R-matrix R. This is evident over K , and from
[Lehrer and Zhang 2006; 2010] and [Andersen et al. 2008] or [Andersen 2012]
(using [Kirillov and Reshetikhin 1990]) in the above integral form. This action
respects the U j-action on the tensor space, and so there is a homomorphism

(1-1) n:AB, — Endy;(Ai(d)®") = E,(d, A).

We define A using ¢!/? instead of g because then, with the usual definitions of Uy,
the R-matrix is defined over A with respect to a basis of weight vectors.

In [Lehrer and Zhang 2006] it was shown that when A=K, n is surjective. This
provides a means of studying the relevant endomorphism algebras. When d = 2
this surjectivity was proved in [Andersen 2012] for most A. We haven’t been able
to establish this result for d > 2. However, inspired in part by the methods used in
[loc. cit.] we show in this paper that the endomorphism algebras have a nice cellular
structure, even though the R-matrix generators satisfy a polynomial equation of
degree d + 1.

We shall work with the Temperley—Lieb algebra TL y (A), which has generators
fi,i=1,..., N —1 and relations

fififi=fi if i —jl=1,
fifi=fifi if i — j| > 1,
ff=@+a i

This has an A-basis consisting of planar diagrams, as explained in [Graham and
Lehrer 1996, §1] (see also [2003; 2004]); these are in one-to-one correspondence
with the set of fully commutative elements of Sym ; see [Fan and Green 1997].

Theorem 1.1. Let d > 1 be an integer. For any A such that [d]! is invertible
in A, the algebra E,(d, A) is isomorphic to a cellular subalgebra of TL,4(A). In
particular, it has an A-basis labelled by planar diagrams D € TL,4(A) such that
L(D),R(D)<{d,2d, ..., (r—1)d}, where the left and right sets L(D) and R(D)
are as in Definition 3.2 below.

We remark that the cellular subalgebra in Theorem 1.1 has an identity different
from that of TL,4(A), and is therefore not a unital subalgebra.
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Note that the planar diagrams are labelled by the set Sym¢; of fully commutative
elements in Sym,;; the requirement in the theorem is equivalent to taking those
w € Symj, such that L(w), R(w) C {d,2d, ..., (r — 1)d} (see [Fan and Green
1997]).

We shall give further details of the cellular structure below, both in terms of
diagrams, and in terms of pairs of standard tableaux.

2. Thecased =1

2A. The Temperley-Lieb action. It is known (see, for example, [Lehrer and Zhang
2010, §3.4]) that in this case, the R-matrix acts on Ak (1)®? with eigenvalues
g'/? and —g3/%. If we adjust the map n of (1-1) by sending the generators to
T; := q'/?R;, where R; is the relevant R-matrix, then 7 factors through the algebra
H,(A) := AB, /((T; +q~")(T; — q)), which is well known to be the Hecke algebra,
and has A-basis {T;, | w € Sym, }. We therefore have, after tensoring with A,

(2-1) w: Hy(A) — Endy(AZ(D®") = E,(1, A).

Moreover it is a special case of the main result of [Du et al. 1998] (see also
[Andersen et al. 2008]) that x is surjective for any choice of A, even when A is
taken to be A. Further, the arguments in [Lehrer and Zhang 2010, Theorem 3.5],
generalised to the integral case, show that the kernel of " is the ideal generated by the
element a3 := ZweSym3( q) '™ T, ; hence, for any A, we have an isomorphism

(2-2) n: Hy(A)/(az) = TL,(A) — Endy; (A1 (1)®) = E,(1, A),

where TL, (A) := H, (A)/{a3) is the r-string Temperley—Lieb algebra. The generator
fi acts as ¢ — T; on Az (1)®". It is easily shown that fl-2 =(q+q~"fi, and that
the other Temperley—Lieb relations are satisfied.

2B. Projection to A f(d). Now it is elementary that
(2-3) Ax(H® = Agd) @ A,

where A’ is the direct sum of simple modules Ag (i) with i < d. We therefore
have a canonical projection p; : A x(D® — Ak (d), which may be considered
an element of E;(1, K) = Endy, (Ax(1)®?).

Lemma 2.1. The projection py is the image under u (see (2-1)) of the element
ea = Pa(@) " X yesym, 4" Tw € Ha(A), where Py(q) = q*“~V/?[d].

Proof. We begin by showing that fori =1,...,d —1,
(2-4) Tipa = paTi = qpa

as endomorphisms of Ak (1)®<.



14 HENNING ANDERSEN, GUSTAV LEHRER AND RUIBIN ZHANG

By symmetry, it suffices to prove (2-4) for i = 1. Now
Ax(D® = Ax (D)@ Ag (1) ® Ag (1)®€@=?
= (Ak(0) B Ak (2) ® Ag (D2
= (Ak(0)® Ak(D® D) @ (Ak(2) ® Ag (D®7?)

But py acts as zero on the first summand (since the highest occurring weight
is d —2) and T} acts as g on the second summand. This proves the relation (2-4).
Now since f; = (g — T;), this shows that p, is the “Jones idempotent” of TL;(K),
defined by the relations f; ps = pqf; =0 for all i.

It follows that if p/, is the unique idempotent in H;(K) corresponding to the
algebra homomorphism T, — ¢‘™), then pg = u( p.;). But this idempotent is
precisely the element e, in the statement. U

The next statement is immediate.

Corollary 2.2. Let A = A[[d]'"']. Then
(2-5) AF(H® = A (D) T,

where T is a U j-submodule, and the corresponding projection p € End,4(1, A)
such that p(Az(1)® ) = Az (d)® is given by p = p?’, where we now consider
pa as an element of E4(1, A) C E4(1, K).

3. Endomorphisms of A j(d)®"

3A. Identification of E,(d, A). Throughout this section we take A to be A =
A[[d]'~"]. Recall that E,(d, A) =Endy;(Ai(d)®"). We are now in a position to
identify E,(d, A) on the nose, as a subalgebra of TL,;(A) = Endy ; (A (1)®"9).
This will lead to the identification of the cellular structure on E, (d, A).

Proposition 3.1. There is an isomorphism E,(d, A) — pTL,4(A)p, where p is
the idempotent p = pf” of TL,4(A) described above.

Proof. For any endomorphism o € E,(d, A) we obtain an endomorphism & of
A ;i (1)® by extending « by zero, using the decomposition (2-5), that is, by defining
& to be zero on I'. The map « +— & is an inclusion E,(d, A) < E,4(1, A), and its
image is clearly the space of endomorphisms f € E,4(1, A) such that ker(8) D T
and Im(B8) C Az(d)®" (as in the decomposition (2-5)). This image is pTer(A) p.

O

3B. Temperley—Lieb diagrams. The key step in proving cellularity is the identifi-
cation of a certain A-basis of pTL,4 (A) p. This will be done in terms of certain
diagrams. The Temperley—Lieb algebra TL,;(A) has A-basis consisting of planar
diagrams from rd to rd, in the language of [Graham and Lehrer 1998]. These
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1 2 3 4 5 6
.\.\_//.

./—\ ./—\
1 2 3 4 5 6

Figure 1. A planar diagram from 6 to 6.

1 i i+1

Dy

¢«

1 i i+1 N

Figure 2. The generator f; as a planar diagram from N to N.

diagrams are in bijection with the set Symy ; of fully commutative elements [Fan
and Green 1997] of Sym, ;, which in turn is in bijection with those elements of
Sym,; which correspond, under the Robinson—Schensted correspondence, to pairs
of standard tableaux with two rows.

We shall describe now how to obtain a pair (S(D), R(D)) of standard tableaux
directly from a planar diagram D. We use the planar diagram from 6 to 6 in Figure 1
to illustrate the description.

Each planar diagram from N to N consists of a set of N nonintersecting arcs.
These may be through-arcs, joining an upper node to a lower node, or upper (top
to top) or lower (bottom to bottom). The latter two are referred to as horizontal
arcs. The diagrams are multiplied in the usual way, by concatenation, with each
closed circle being replaced by [2] = g +¢~!. The generator f; corresponds to the
diagram in Figure 2. Note that if there are ¢ through-arcs, then there are equally
many top arcs and bottom arcs, and if this number is k, then t + 2k = N.

Now to each such planar diagram D, we associate an ordered pair (S(D), T (D))
of standard tableaux with two rows, as follows. Let iy, ..., i be the right nodes of
the upper arcs written in ascending order. Then S(D) has second row iy, ..., i,
and first row the complement of {iy, ..., ix}, written in ascending order. Note that
the first row has ¢ 4k > k elements. The tableau 7' (D) is defined similarly, using
the sequence ji, ..., ji of right ends of the lower arcs. Note that both S(D) and
T (D) correspond to the partition (f 4k, k), and hence the diagram corresponds via
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the Robinson—Schensted correspondence to an element w(D) € Sym p;, which is
fully commutative (see [Fan and Green 1997, Definition 3.3.1]).
Say that a horizontal arc is small if its vertices are i, i + 1 for some i.

Definition 3.2. The left set L(D) of a planar diagram D is the set of left vertices
of the small upper arcs of D. Similarly, the right set R(D) is the set of left vertices
of the small lower arcs of D.

It is well known, and proved in a straightforward way using the Robinson—
Schensted correspondence, that in the notation from Section 1A we have L(D) =
L(w(D)), and similarly R(D) = R(w(D)).

For the diagram D in Figure 1, L(D) = {2}, while R(D) = {2, 5}. The tableaux
S(D) and T (D) are given by

S(D):; j 5[6] and T(D):; z aEl}

Note that if 9(S) := {i | i + 1 is in a lower row than i} is the descent set of a
standard tableau S, then L(D) =%(S(D)) and R(D) = %(T (D)).
4. Proof of the main theorem

In this section we prove Theorem 1.1, and give some of its consequences. We keep
the convention A = A[([d])~'] from Section 3.

4A. A key lemma. We begin by proving the following key result.

Lemma 4.1. The fi-algebra pTLy, (A) p has A-basis given by the set of elements
pDp, where D is a diagram in TLy.(A) such that

L(D)UR(D)Cc {d,2d,...,(r—1)d}.

Proof. The A~—algebra E.d, A) =pTL,y (A) p is evidently spanned by the elements
pDp, where D ranges over planar diagrams from rd to rd. Butfori=1,...,d—1,
we have seen that p, f; = fips = 0. It follows that pDp = 0 unless L(D) and
R(D) are both contained in {d, 2d, ..., (r — 1)d}. Let B(d, r) be the set of planar
diagrams satisfying these conditions. By the above remarks, it will suffice to show
that

4-1) {pDp | D € B(d, r)} is linearly independent.

To prove (4-1) it suffices to work over the field K; in particular we are reduced
to showing that

(4-2) |%B(d, r)| = dimg (Endy (Ag (d)®").
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We shall prove (4-2) essentially by showing that both sides of (4-2) satisfy the same
recurrence. Let us begin with the left side.

Observe that if a diagram D € %B(d, r) has ¢ through-arcs, it may be thought
of as a pair of diagrams D, D,, where the D; are monic diagrams from ¢ to rd.
Recall that a diagram from 7 to N (¢t < N) is monic if it has ¢ through-arcs. One
thinks of D; as the top half of D, and D, as the * of the bottom half of D,
where * is the cellular involution on the Temperley—Lieb category that reflects
diagrams in a horizontal line. It follows that if we write |B(d, r)| = b(d, r) and
B, r;t)| = b(d,r;t), where B(d, r; t) is the set of monic planar diagrams
D :t— rdsuchthat L(D)Z{d,2d, ..., (r —1)d}, then

(4-3) bd.r)= Y bd.r:n.
0<t<dr
Now consider the right side of (4-2). Define the positive integers m(d, r; t) by

dr

(4-4) Ag)® = @md.r; ) Ak ().
t=0

Thus the m(d, r; t) are multiplicities, and m(d, r; t) = 0 unless t = rd (mod 2).
Moreover, we obviously have, if m(d, r) := dimg (EndUK (Ag (d)®" ),

(4-5) m(d,r)= Y m(d,r;1)
0<t=dr

It is clear that in view of (4-3) and (4-5), the lemma will follow if we prove that for
alld, r and ¢,

(4-6) m(d,r;t)=b(d,r;t).
We shall prove (4-6) by induction on r. If r = 1, then
0 ift#d
(4-7) md 1) =bd 1.1 =|° L1#d
1 ift=d.

Now by the Clebsch—Gordan formula, we have, for any integer #,
Ag(d)QAx(M) ZEAx(d+n)DAg(d+n—-2)D---® Ag(|d —nl).

It follows that
t+d
(4-8) md,r+1;t) = Z m(d,r;s),
s=t—d
where m(d, r;s) =0if s <Qorifs > dr.
We shall complete the proof of the lemma by showing that the numbers b(d, r; t)
satisfy a recurrence analogous to (4-8). For this observe that any diagram D in
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1 dr dr+1 dr+i dr+i+1 d(r+1)

k—i

Figure 3. From diagram D to diagram D’.

B(d, r; k) gives rise to a unique diagram in B(d,r + 1; k+d —2i),for 0 <i <
min{d, k}, as depicted in Figure 3, and each diagram D’ € B(d, r + 1; t) arises in
this way from a unique diagram in %B(d, r; k) for a uniquely determined k. In fact,
k =t —d + 2i where i is the number of arcs in D’ whose right vertices belong to
{dr+1,---,d( +1)}. It follows that

t+d
(4-9) bd.r+1:t)= Y b(d.r:s),

s=t—d

where b(d,r;s) =0if s <Oorifs > dr.

Comparing (4-8) with (4-9), and taking into account (4-7), it follows that
m(d,r; k) =b(d, r; k) for all d, r and k. This completes the proof of (4-6) above,
and hence of the lemma. U

4B. Cellular structure.

Proof of Theorem 1.1. We have seen that E, (d, A) = pTer(A) p, and that the
latter algebra has the basis %B(d, r), as stated in the theorem. It remains only to
show that pTer(A) p has a cellular structure. Following [Graham and Lehrer 1996,
Definition 1.1] we need to produce a cell datum (A, M, C,*) for pTL,4 (A) p-

Take A to be the poset {r € Z | 0 <t < dr and dr — t € 27}, ordered as
integers. For t € A, let M(t) := B(d, r; t), the set of monic planar diagrams
D :t—drsuchthat L(D) C€{d,2d, ..., (r —1)d} (see Section 3B and the proof
of Lemma 4.1). Then the map C : LI, AM(t) x M (t) —> pTer(A)p is defined by
C(D1, D) = pD o D p, where o indicates concatenation of diagrams. We shall
henceforth simply use juxtaposition to indicate composition in the Temperley—Lieb
category. Since each diagram D € B(r, d) is expressible uniquely as D = Dy D; for
some t € A and Dy, D> € M(t), it follows from Lemma 4.1 that C is a bijection from
L;caM(t) x M(¢) to a basis of pTL,4 (A) p. Finally, the anti-involution * is the
restriction to pTL, 4 (A) p of the anti-involution on TL, (A), namely, reflection in a
horizontal line. Since p* = p, we have C(D1, Dy)* = (pD1D3p)* = pD,Dip =
C(Dy, Dy).
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If S, T € M(¢), we shall write C(S,T) = Cfv,w and for this proof only, write

sh=pTL.g(A)p and s(<i)= Y  ACL;.
S.TeM())
It remains only to prove the axiom (C3) of [Graham and Lehrer 1996, Definition 1.1].
For this, let S;, S» € M(s) and T}, T, € M (t). Then

(4-10) C3, 5,Cr 1 = pSI(SEpTOTS p,

so that if s < ¢, the left side is in &(< t), and there is nothing to prove. Hence we
take s > ¢.

Now S35 pT is a morphism from 7 to s, and hence is an A-linear combination of
planar diagrams D from ¢ to s. Thus the left side of (4-10) is an A-linear combination
of elements of the form pS;DT) p. If D is not monic, then pS| DT p € sd(< 1);
if D is monic, then clearly pS; DT, p = pS'T," p for some monic " : t — dr.

It follows from (4-10) that modulo sd(< t), Cgl,Sz CITI’T2 = ZSE%(CM;I) a(S)CtS,B,
and a(S) is independent of 75. This proves the axiom (C3), and hence the cellularity
of s{. The proof of Theorem 1.1 is now complete. ]

5. Endomorphism algebras and specialisation

We shall prove in this section results showing how the multiplicities of the indecom-
posable summands of the specialisations of A 4(d)®" corresponding to homomor-
phisms A — k where k is a field, relate to the dimensions of the simple modules
for the corresponding endomorphism rings. It turns out that this is a consequence
of a result on tilting modules which is valid for general quantum groups. Therefore
in Sections 5A and 5B we deal with this general situation. Then in Section 5C we
deduce the explicit consequences in our sl; case where we take advantage of our
cellularity result from Section 4 on the endomorphism rings.

5A. Integral endomorphism algebras and specialisation. We now provide some
rather general base change results for Hom-spaces between certain representations
of quantum groups. So in this section we shall work with a general quantum group
U, over K with integral form U4. We denote by k an arbitrary field (in this section
k may even be any commutative noetherian A-algebra) made into an A-algebra by
specializing g to ¢ € k\ {0} and set U; = Uy ® k. When M is a Us-module we
write M, and M for the corresponding U, - and U, -modules, respectively.

For each dominant weight A we write A, (4), Ax(A) and Ay (1) for the Weyl
modules for U,, Uy and U respectively. Similarly, we have the dual Weyl modules
V4 (), V4(X) and V, (1) respectively. Then it is well known that, writing wq for
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the longest element of the Weyl group,
Ve(A) = Ay (—wor)™,

and similarly for V4(A) and V,(4).

We shall make repeated use of the following result. For any two weights A, u € X,
we have
A ifi=pandi =0,

©-D Exty, (Aa(d), Va(w)) = {0 otherwise.

This is proved exactly as in the corresponding classical case (see, for example,
[Jantzen 2003, Proposition 11.B.4]) by invoking the quantised Kempf vanishing
theorem proved in general in [Ryom-Hansen 2003].

Lemma 5.1. Let M, N be Uys-modules that are finitely generated as A-modules.
If M has a filtration by Weyl modules A 4(A) and N has a filtration by dual
Weyl modules Va(u), then Homy,(M, N) is a free A-module of rank equal to
dimgg) Homy (Mg, N;). Further, we have

HOH’IUC(Mg, N;) ~ HOIHUA(MA, Npy)®ak.
Proof. We have a spectral sequence with E,-terms
E; " =Tor) (Ext{; (M, N), k)

converging to Ext%;p(M;, N¢). By (5-1) we have Ez_p’q = 0 if either ¢ > O or
g =0 < p. Hence the spectral sequence collapses and we can read off the result. []

Corollary 5.2. Let V be a Ug-module which satisfies the assumption
(5-2) V*®a V has a Va-filtration.
Then EndUI(Vf”) ~ Endy,(V®) @4 k.

Proof. We have Endy,(V®") >~ Homy,(A4(0), (V*® V)®") because A4(0) is the
trivial U4-module A. By the assumption (5-2), we may apply Lemma 5.1 to obtain
the statement. (]

As usual we denote by p half the sum of the positive roots. Recall the concept of
strongly multiplicity-free modules from [Lehrer and Zhang 2006]. A U, -module
V, is strongly multiplicity-free if the weights of U, occurring in V, form a chain in
the usual ordering on weights.

There are significant cases where the above result applies:

Proposition 5.3. Suppose V = A 4(X) for some dominant weight L. Assume that
V, is strongly multiplicity-free, and that —woA + p + p is dominant for each weight
wof V. Then V* ® V has a Va-filtration.
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Proof. Recall that Uy has a triangular decomposition Uy = U U2 U}, and each
weight u defines a 1-dimensional representation of the subalgebra U/? U, , which
we also denote by .

We have V* =V, (1) where A’ = —wgA. Moreover V, is realised as the induction
functor Indg’(‘)U,. Hence by a standard property of induction,
ATA

* _ Ua / _ Ua /
ViV = Inde"U;O‘ IV —IndUSUA,()» ®V),

where in this formula the last occurrence of V is its restriction to UX U, . Now the
hypothesis that V, is strongly multiplicity-free implies that the weights of V are
linearly ordered. But the weights of A’ ® V are {A’ + u}, where u runs over the
weights of V. This set is therefore a linearly ordered chain, and accordingly, A’ ® V
has a Ug U, -module filtration

O=FCFC---CF,=MQYV,

where d = dim V,, with the quotients F;/F;_; running over the U/? U, -modules
A"+ w. Our hypothesis, together with (the quantised) Kempf’s vanishing theorem
imply that the higher (degree > 0) cohomology of the corresponding line bundles
vanishes, and hence that induction is exact on this filtration. We therefore have a
corresponding filtration of U,4-modules

OCVA(Fl)C-‘-CVA(Fd):VA()\./®V)=V*®V. O
Corollary 5.4. The conclusion of Proposition 5.3 holds in the following cases.

(1) V is a Weyl module with minuscule highest weight. This includes the natural
modules in types A, C and D (but not type B).

(2) V is any Weyl module for Uy (sly).

(3) V is the Weyl module in type G, with highest weight 2oy + ap, where o and
oy denote the two simple roots, with ay long.

Proof. When V is minuscule, it is well known that for any weight u of V we have
(e, ") = =1 or 0, and hence (1) is clear. The case of sl is evident, while in the
case of type G, the weights of the Weyl module in question are the short roots,
together with 0. This easily gives (3). (I

5B. Multiplicities of tilting modules and dimensions of irreducibles. In this sec-
tion we shall prove some rather general results which will allow us to relate
multiplicities of indecomposable tilting summands in tensor powers of certain
representations of quantum groups to the dimensions of simple modules for the
corresponding endomorphism algebras.
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We note that the results of this section are similar in spirit to those of [Brundan
and Kleshchev 1999, §3], which in turn have their genesis in some aspects of
[Mathieu and Papadopoulos 1999, §3].

Theorem 5.5. Let k be a field, U a k-algebra, and M a finite-dimensional (over k)
U-module. Let E = Endy (M), and assume that for each indecomposable direct
summand M' of M, we have E'/ Rad E’' >~ k where E' =Endy(M"). Then

E
RadE — @M"f ),

where M (k) is the algebra of n x n matrices over k, i runs over the isomorphism
classes of indecomposable U-modules (of course only a finite number occur), and
the d; are the multiplicities of the indecomposable summands of M.

Proof. Let M =M M, - -® M, be adecomposition of M into indecomposables.
Then any endomorphism ¢ € E may be written ¢ = (¢;;)1<;, j<n, Where ¢;; is in
HomU(Mj, Ml').

Now by Fitting’s lemma, any endomorphism of M; is either an automorphism or
is nilpotent. With the notation E; := Endy (M;), it follows that for each i, the set
R; :={y € E; | ¥ is not an automorphism} is a nilpotent ideal of E;. In particular
there is an integer NV; such that R,N =0.

Next, suppose that we have a sequence i =1iy,i2,...,ip41 = i, and ¢; :=
bi;.i;y € Homy(M;,,,, M;;) for j=1,2,..., p. Consider ¥ :=¢1...P,-1¢, in
Homy (M;, M;). We shall show that:

(5-3) Y is an automorphism =
the M;, are all isomorphic, and ¢; is an isomorphism for each j.

To see (5-3), let yj =¢;...¢p¢1...¢j—1 € Hom(M;;, M;;). If ; is an auto-
morphism for each j, then for each j, ¢;_ is injective and ¢; is surjective, whence
each ¢; is an automorphism, and we are done. If not, then there is some j such
that v; is nilpotent. It follows that 1/le =0 for large N, which is a contradiction.
This proves (5-3).

Now let J be the subspace of E consisting of the endomorphisms ¢ such that
¢ij is not invertible for each pair i, j. If

Jij == {¢ij € Homy (M;, M;) | ¢;; is not invertible},

then again by Fitting’s lemma, J;; is an (E;, E;) bimodule, and using the observation
(5-3) above, it is clear that J is an ideal of E. We shall show that J is nilpotent.
LetoM, ..., ¢® bea sequence of elements of J. Then

. D2 ¢
o .. .¢(Z))ij = Z ¢i(kl)¢1£1/)<2 o '¢]Egil]"

ki,k2,....ke—1
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where the sum is over all sequences ki, ko, ..., k¢g—; with 1 <k; <n for all i.
Now we have seen that for any j, if R; = Rad E ;, then there is an integer N; such
that R Ny = =0. If we take £ > N|; + N> + - - - + N,, + 2, then there some index a that
occurs among the k; at least N, + 1 times. Then each summand in the expression for
(WM ... W), ;j contains a product of N, noninvertible elements of E, for some a,
and hence is 0. Thus JV1+-+Nat+2 =,
Finally, it is clear that since E; /R; > k for each i, E/J >~ &7_, My, (k). U

The proof above actually yields the following corollary of the Artin—Wedderburn
theorem.

Corollary 5.6. Let M be as in Theorem 5.5 but drop the assumption on the endo-
morphism rings of direct summands of M. Then there are division rings D; over k

such that
E
7= @ My, (D).
i
Proof. In this case Fitting’s lemma yields that E; /R; is a division algebra D; over k,
and the argument above proves the assertion. U

The application to our situation arises through the following property of finite-
dimensional tilting modules for quantum groups. Let k be a field considered as an
A-algebra via g — ¢ € k' \ {0} and let U, be as in Section 5A.

Proposition 5.7. Let M be a finite-dimensional indecomposable tilting module for
U; and set E =Endy,(M). Then E/Rad E ~ k.

Proof. By the Ringel-Donkin classification [Donkin 1993] (see [Andersen 1992] for
the adaption to the quantum case) of indecomposable tilting modules we get that M
has a unique highest weight A € X and that the weight space M, is 1-dimensional.
Therefore any ¢ € Endy, (M) is given by a scalar a € k on M;. But then ¢ —a idy
is not an automorphism; i.e., ¢ —a idy € Rad E. ]

We denote the indecomposable tilting module for U, with highest weight A
by J; (1) and for an arbitrary tilting module J for U, we write (J : T (1)) for
the multiplicity with which J; (1) occurs as a summand of J. Then Theorem 5.5
together with Proposition 5.7 give the following result.

Corollary 5.8. For any tilting module J for U, and any . € Xt we have
(T 1T, (V) =dimg L (1),

where L ()) is the simple module for E = Endy,(7) corresponding to .
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5C. Multiplicities for U;(slz). We now apply the above general results to sl.
With k and ¢ as above, the indecomposable tilting modules in this case are J; (m)
with m € N. If ¢ is not a root of unity in k then the category of finite-dimensional
U-modules is semisimple and behaves exactly like the corresponding category for
the generic quantum group U,,.

From now on we assume that ¢ is a root of unity; for the specialisation U, etc., we
assume that the homomorphism A — k is given by ¢ — ¢ (so ¢'/? — /) and we set
C=ord(¢?).Ifdisa positive integer with d < £ we have A;(d) = J;(d) and all the
tensor powers T, = A (d)®" are also tilting modules. We set E; (d, r) =Endy (T
By Lemma 5.1 we have

Ec(d,r)=E.(d,A) ®j;k,

where as before A = A[([d])~']. Note that our assumption £ > d ensures that the
specialization ¢, : A — k factors through A making k into an A-algebra.
Our cellularity results from Section 3 imply that

(5-4) Ec(d,r) = p;TLar (k) py,

where p, is the specialisation at g = ¢ of the idempotent p € TLy;, (A). Note that
in TLy, (k) = TLy,; (k) the generators f; satisfy fi2 =+ Hf.

The simple modules for the cellular algebra p.TLg4, (k) p; are parametrised by
the poset A={m e Z |0 <m <dr and dr —m € 27}; see Section 4B. We denote
the simple module associated with m € A by L, (m).

Theorem 5.9. In the above notation, in particular assuming £ = ord(¢?) > d, we
have form € A,
(T : T (m)) =dimy Ly (m).

This multiplicity is the rank of the matrix whose rows and columns are labelled
by B(d, r; m) (see Section 4A) and whose (D1, D;)-entry is the coefficient of the
identity map m — m (in the Temperley—Lieb category) in the expansion of D3 p; D
as a linear combination of diagrams from m to m.

Proof. The equality in the theorem is an immediate consequence of Corollary 5.8.
To see the second statement note that L, (m) is realised as follows: Let W (m) be
the cell module corresponding to m. This has k-basis Cg, S € B(d, r; m), the monic
diagrams D from m to dr such that L(D) C {d, 2d, ..., (r — 1)d}. We may think
of Cg as p;S, and then the E (d, r)-action is by left composition: for x € E;(d, r),
xCs = rep.rm @(T, S)Cr, where

xpeS = Z a(T, D)p;T + lower terms,
TeRB(d,r;m)

where “lower” means “having fewer through-arcs”.
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There is an invariant form (—, —) on W, (m), defined by
(5-5) C?TZ €(Cs,Cr)CSr +Ec(d,r)(<m) for S, T inB(d,r;m).
The radical Rad, (/) of this form is a submodule of W, (m), and
L (m) = W (m)/Rad;(M).

It is therefore evident that dim L, (m) is equal to the rank of the Gram matrix M,, ¢,
whose rows and columns are indexed by %B(d, r; m), and whose (S, T)-entry is
(Cs, Cr).

Finally, since Cngz = pcS(T*p;S)T* p,, and noting that 7*p, S is a linear
combination of diagrams from m to m, it follows from (5-5) that (Cs, Cr) is the
coefficient of id : m — m. ([l

Since dim W, (dr) = 1 and the coefficient of id : d — d in py(¢) is 1, it is
immediate from the theorem that the multiplicity of J;(dr) is 1. We finish this
section with a less trivial example.

Example 5.10. Take k = dr — 2 and recall that d < £. We shall compute the multi-
plicity of J; (k) in Ag(d)g” forany d, r. Here B(d, r; dr —2) ={S1, S, ..., Sr—1},
where S; is as shown in the figure:

1 d (i—l‘d-i-l id id+1 (i+'l)d (r—Dd+1 dr
pd(¢) L pa(¢) pa(§) L pd(¢)

Now by repeated use of the diagrammatic recursion

Pd—1

® — ) -

Pd—1

it is straightforward to compute the Gram matrix M, _» ; of the invariant form (see
the proof above). One shows that

0 if j£iori+£l,

[2],a

[d];
(—DHalt if j=itl

(Si, S) = if j =i,
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Hence the Gram matrix of the invariant form is the (r — 1) x (r — 1) matrix
( s (=14t 0 0
(—1)d+! s (— 1)+ 0 :
0 (—1)d+! s (— 1)+ 0

.. (_1)d+1
0 0 (—1)d+! 5 )

where 8§ = ¢4+ ¢4 =[2]4.
Now it is easily shown by induction that any n x n matrix of the form

(611 by 0 - ... 0 \
1 ap by 0 ---
0 1 a b3 O

bn—l

K() ...... ()]an)

with entries in a principal ideal domain may be transformed by row and column
operations into

(1 0O 0 --- ... 0
0 1 0 O
A= 0O 0 1 0 O ’
.10
K() ...... 0 0 D

where D = det(A). It follows that the rank of the Gram matrix My, > isr — 1 if
det My, >, # 0, while if det My, ; =0, the rank is r — 2.

Now the determinant of [d]; M4, ¢ is easily computed (cf. [Graham and Lehrer
1996, Equation 6.18.2]), and using this, we see that

det Myr—o,c = (=D (@17 D1r) i ga.
It therefore follows that the multiplicity of T (dr —2) in A, (d)®" is

r—1 if [I‘](_l)dﬂgd 75 O,
r —2 otherwise.
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Finally, observe that

[r](_l)dﬁ—lgd =0 <~ §2dr =1.
Hence if we write (using the convention that for any root of unity &£, we denote by
|| or by ord(£) the multiplicative order of &)

1| if |¢] is odd,
1glif [¢| is even,

(5-6) L= {

then ¢ = ||, whence the multiplicity of ¢(dr —2) in Ay (d)®" is given by

r—1 ife1dr,

6D (g”gﬂm_anz{r—ziﬂwdn

This shows also by standard cellular theory that the cell module W, (dr — 2) of
E;(d,r)) is simple if € { dr, while if £ | dr, then W, (dr — 2) has composition
factors L (d, r; dr —2) and L (d, r; dr) (the latter being the trivial module), each
with multiplicity one.

6. Complex roots of unity

In this section we take k = C and fix a root of unity ¢ € C. As before we set £ =
ord(¢?). In this case the structure of the tilting modules 7, ¢ (m) is well understood,
and hence, when £ > d, provides an alternative approach to the computation of
the multiplicities wu,(d, r; m) := (Ag(d)‘g” : J¢(m)), and thus of the dimensions
of the simple modules for the cellular algebra E; (d, r) (see Theorem 5.9). In this
section we demonstrate how this is done. We then show how these results on tilting
modules may alternatively be deduced from results on the decomposition numbers
of the algebras E. (d, r), which are also proved in this section.

6A. Structure of tilting modules.

Proposition 6.1. The indecomposable tilting module T, (m) for U, = U, (sly) with
highest weight m has the following description.

(1) Ifeither m < £ orm = —1 (mod {) then I (m) >~ A (m) is irreducible.
(2) Write m =al +b, wherea>1and 0 <b < € — 1. Then J.(m) is the unique
nontrivial extension

0— Ar(m) — T (m) — Ar(m—2b—-2) — 0.

Proof. This result is certainly well known and follows from the results of [Soergel
1998]. As we haven’t been able to find a reference where this is explicitly stated
we sketch the easy proof.
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Denote by £ (m) the simple U,-module with highest weight m € N (not to
be confused with the simple E;(d, r)-module L;(m)). It follows from the strong
linkage principle [Andersen 2003] (or by direct calculations) that &£, (m) = A, (m)
if and only if m satisfies the conditions in (1); in particular, (1) holds.

So assume m =af~+b with a and b as in (2). The module A(al—1)R@c A (b+1)
has a Weyl filtration with factors A, (m), Ay (m —2),---, A (m —2(b+1)). Note
that the first and the last factors belong to the same linkage class and that none of
the other factors are in this class. Hence by the linkage principle [loc. cit.] there is
a summand J of A;(al — 1) ®c Ay (b+ 1) which has these two Weyl factors, i.e.,
fits into an exact sequence

0— Ar(m) — T — Ar(m—2b—-2) — 0.

By case (1) we see that A (al — 1) ®c Ay (b + 1) is tilting. Hence so is our
summand J. The proof of case (2) will therefore be complete if we prove that &
is indecomposable. This in turn would follow if there were no nontrivial homo-
morphisms J of A;(al — 1) ®c A (b + 1) —> L (m), for if the last sequence
splits, there would be such a homomorphism. To check the last statement, we
need the quantised Steinberg tensor product theorem [Andersen and Wen 1992,
Theorem 1.10] for simple modules, £ (m) =~ £, (al) ® £ (b) (again in the case at
hand this can alternatively be checked by direct calculations).

Using this together with the self-duality of simple modules and the result in (1)
we get

Homuy, (A; (@l — 1) ®c Ay (b+ 1), L, (m))
~ Homy, (¥ (at — 1) ®c £; (b + 1), £ (m))

~ Homvy, (% (@ — D) &c e (€ — 1) ©¢ Lo (b + 1), L (ab) @c F¢ (b))
~ Homy, (% ((a — 1)) ®c L (b+ 1) @c ¢ (b), ¢ (al) ®c L (£ — 1))

~ Homy, (¥;((a — 1)0) ®c L (b+1) @c L (b), £ ((a+1)€ —1)).
The last Hom-space is 0 because, by our condition on b, the weight (a + 1)¢ — 1 is
strictly larger than all weights of £, ((a — 1)) @c £ (b + 1) ®c £, (). O
Since the weights of A;(m) are m,m —2, --- , —m, each occurring with multi-

plicity one, we deduce the following result.
Corollary 6.2. We have

ift=m—2i, 0<i <mincase (1),
ift=m-=2j,b+1<j<m—(b+1)incase(2),
ift=m—2j, withO<j<borm=>j>m—bincase (2),

otherwise.

dim T (m), =

O =N =
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6B. Multiplicities and dimensions. Now the equation
dr
(6-1) A @d)® =P pe(d. rs m)T; (m).

may be used to relate the multiplicit’flezsoto the dimensions of the weight spaces. For
this purpose, we make the following definitions.
Definition 6.3. (1) Let w(d, r; m) := dim(A;(d)@”)m. This is independent of ¢.

) Letan =an(d,r):=|{G1,...,i;) | 0<ij<dforall jand }_;i; =m}|.

Note that a,, = ag,—, for all m.

Lemma 6.4. (1) For 0 <m <dr, m =dr (mod 2), w(d, r; m) = am+dr)2-

(2) We have

(dr—m)/2
w(d,r;m)=puc(d,r;m)+ Z dimIT(m+2j)upue(d, r;m+2j).
j=1

The first statement follows easily from the fact that A, (d)®" has g-character
[d + 17", while the second arises from (6-1) by taking the dimension of the m-weight
spaces on both sides, taking into account that J; (¢) has only weights m that satisfy
m=t—2i,i>0,andrd >m > —rd.

Lemma 6.4(2) may be used to determine the multiplicities j; (d, r; m) recursively.
We shall do this for the case considered in Example 5.10.

Example 6.5. Let us compute pu;(d, r, dr —2). By Lemma 6.4(2),
w(d,r;dr —2)=u,d,r;dr —2)+dim T, (dr)a,—>.
Moreover, it follows from Corollary 6.2 that

2 ifb=0,

dim Ty (dr)ay—» =
i T (dr)ar—2 L,ifb¢0.

Noting that by Lemma 6.4(1) we have w(d, r, dr —2) = a4,—1 = a; =r, we get

r—1 ife1dr,

d,r:dr—2) =
He(d,ridr=2) {r——2 ife | dr,

in accord with (5-7).

Example 6.6. In Example 6.5 we considered multiplicities uu;(d, r; t), where ¢
was large, namely t = dr — 2. We now consider the case where ¢ is small.
Assume ¢t < £. Then we may apply [Andersen and Paradowski 1995, For-
mula 3.20(1)]. Using the notation from Section 4A this formula reads in our
case
peld, rit)y =Y m(d,rit+2j0) =Y m(d,r;2il—t—2).
Jj=0 i>0
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Recall that the multiplicities m(d, r; t) are given by the recursion relation (4-8);
i.e., they may be calculated by induction on r.

In fact this formula is valid in general: maintaining the notation of Example 6.6
(except that the integer ¢ below may now be arbitrary) we have the following result.

Proposition 6.7. Lert € N.
(1) Ift =—1 (mod £) then p(d,r;t) =m(d,r;1).
2) Ift £ —1 (mod £) then, writingt =al +b with0 <b < € —2, we have

ped.rit)y=> "md,rit+2j0)— Y m(d,rit —2b—2+2il)

Jj=0 i>1
= md.rit+2j0)— > md.r;2il—1—2).
Jj=0 i>a+1

Proof. This follows easily from the description of the indecomposable tilting
modules J; (m) in Proposition 6.1 by taking characters in the relation A (d)® =
D,, nd, r; m)T; (m). Let €; be the set of positive integers occurring in case (1)
of Proposition 6.1, and similarly let €, be those occurring in case (2).

If we denote by ¢, the g-character of A, (z), then Proposition 6.1 shows that
if t € 6y, then char(7; (1)) = ¢;, while if t € 6,, then char(J; (1)) = ¢; + ¢;—2p—2.
Now substitute these values and compare coefficients of ¢, in the equation

D omd.ritye; =Y pe(d,rit)char(Tp (1) + > pe(d. i t) char(T, ().
teN te6 te6,
One obtains p(d,r;t) =m(d,r;t) if t = —1 (mod £), while if t = al + b with
a>0and 0 <b <€ —2, we have

(6-2) m(d,r;t) =ucd,r;t)+ucd,r; (a+2)0—b—2).

Now for any integer t = af + b > 0 such that ¢ £ —1 (mod ¢), write g(t) =
(a+2)f—b—2;then g(t) = —1 (mod £), and the relation above reads m(d, r; t) =
pe(d,r;t) 4+ pe(d, r; g(t)). It follows that

pe(d,r;ny =7 m(d,r; g ®) =y md,r; g+ ).
i>0 j=0
The statements (1) and (2) are now immediate. J

As these multiplicities are also dimensions of simple modules for our cellular
algebra from Section 4, we may rewrite these formulae as follows (again using
notation from Section 4A).

Corollary 6.8. Lert € N.
(1) Ift = —1 (mod £) then dim¢ L. () =b(d, r; t).
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(2) Ift £ —1 (mod £) then, writing t = al +b with0 < b < £ —2, we have

dime Le(t) =Y _b(d,rit+2j0)— > b(d.r; 2t —t—2).
j=0 i>a+1

Note that the numbers b(d, r; t) are dimensions of the cell modules of the cellular
algebra pTL,, (A) p that do not change under specialisation.

6C. Decomposition numbers. In this section we shall determine the decomposi-
tion numbers of the cellular algebra E; (d, r), and show how the weight multiplicities
of the tilting modules are determined by these, giving an alternative proof of
Corollary 6.2. The algebra has cell modules W, () as implied in Section 4B and
dim(W, (1)) =b(d,r;t). If L,(¢) is the corresponding simple module, we write
dgy = [W(¢) : L (s)] for the multiplicity of L;(s) in W, (z). It is known by the
theory of cellular algebras that the matrix (ds,) is lower unitriangular.
We have dim(L; (1)) = u¢(d, r; t), and therefore we clearly have

(6-3) bd.rit)=Y dyuc(d.r;s).

s>t

Theorem 6.9. Maintain the notation above. Suppose £ € N is such that £ = ord(¢?)
and £ > d, and write N = Nj LI Ny, where N ={t e N |t = —1 (mod ¢)} and
No=N\WNy. Let g : No —> N7 be the function defined in the proof of Proposition 6.7,
viz. ift =al+bwith) <b <£—2,then g(t) = (a+ 1)+ £ — b —2. Observe that
g)=t+20—b—1)>t+2,and that g(t) =t (mod 2).

(1) Foreacht € Ny such that 0 <t < g(t) <dr and t =dr (mod 2), there is a
nonzero homomorphism 0, : W, (g(t)) —> W, (¢) which is uniquely determined
up to scalar multiplication.

(2) The 6, are the only nontrivial homomorphisms between the cell modules of
E:(d,r).
3) Let t € N be such that 0 <t < dr and t = dr (mod?2). Ift € N, and

g(t) <dr, then W, (t) has composition factors L (t) and L;(g(t)), each with
multiplicity 1. All other cell modules are simple.

(4) The decomposition numbers of E(d, r) are all equal to 0 or 1.
Note that (3) and (4) are formal consequences of (1) and (2).

Proof. We begin by observing that the statement is true when d = 1. In this case
E:(1,r) =TL, ;(C), the structure of whose cell modules (as well as all homo-
morphisms between them) is treated in [Graham and Lehrer 1998]. In particular,
Theorem 5.3 of that reference asserts that (in our notation above) if s # ¢, then L (s)
is a composition factor of W, (¢) if and only if s satisfies both (i) # +2¢ > 5 > ¢
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and (ii) s + ¢ +2 =0 (mod 2¢). It is an easy exercise to show that (i) and (ii) are
equivalent to (iii) ¢ # —1 (mod £) and (iv) s = g(¢). This yields all the statements
of the theorem for this case.

Next recall that E;(d,r) = ps({)TLyrc (C)pa(s), where py(¢) is the spe-
cialisation at ¢ of the idempotent p;. Thus we may define the exact functor
Fq :Mod(TLy, ¢ (C)) —> Mod(E(d, r)) by M — pa(¢)M, where Mod indicates
the category of left modules for the relevant algebra. Now it is evident from the
description in Section 4B of the cell module W (¢) and its basis %B(d, r; t) that
@d(WTLd,‘((C)(I)) = WE((d,r)(l‘) forall t withO <t <dr and t +dr € 27.

Moreover by exactness, for any simple TLy, ; (C)-module L, F,(L) is either
a simple E¢(d, r)-module or zero. Thus it follows (also from the explicit dia-
grammatic description) that F;(Ltv,,(c)(¢)) = LE,(.r)(f) Whenever the latter is
nonzero. Given the description in Section 4B of the cellular structure, and the fact
that TL4, . (C) is quasihereditary when ¢ # {4 = exp(7i/2), %4 does not kill any
nontrivial simple TLg4,,; (C)-module (this may be checked directly when ¢ = &4).
The quasiheredity of TLy, ;. (C) when ¢ # ¢4 is well known, but may be seen as
follows.

Since ¢ + §_1 #0,ift eN, 0 <t <dr,t=dr (mod?2), then for any monic
diagram u : t — dr, we have u*u = (¢ +¢ 1)@ =/2id, #0; hence, if u is thought of
as an element of W (¢), then (u, u) # 0. Thus, for any such ¢, L (¢) # 0. Although
it is not needed for the proof of the theorem, the fact that if Ltr,, ,(c)(#) # O then
Fa(L1L,, (©)(1)) # 0 is verified in the same way, but requires a computation, using
the recurrence (5-6) in Example 5.10 above, to show that for a nonzero element
u=pyD e W, (t), where D :t — dr is a monic diagram, we have (u, u) # 0. That
such elements exist is easily verified.

By the case d = 1 of Theorem 6.9 or, more precisely, [Graham and Lehrer 1998,
Theorem 5.3] applied to TLy, (C),if t e N2, 0 <t < g(¢t) <dr and t =dr (mod 2),
then Wty (c)(¢) has composition factors Ltr,, (c)(t) and Ltr,, c)(g(?)). All
other cell modules for TLg4,.; (C) are simple. It follows from the previous paragraph
that similarly, if 7 € N2, 0 <t < g(t) < dr and t = dr (mod 2), then Wg, (4. ()
has composition factors L, (4,r)(¢) and L, (,r)(g(?)), and that other cell modules
for E.(d, r) are simple. All statements in the theorem are now easy consequences
of standard cellular theory. U

Remark 6.10. (1) From Theorem 6.9 it follows that (6-3) implies (6-2) and the
other statements in Proposition 6.7. Thus the multiplicities . (d, r; t) are
determined by Theorem 6.9.

(2) Since the dimensions w(d, r; t) are known (Lemma 6.4(1)), it follows from
Lemma 6.4(2) that the dimensions of the weight spaces J; (dr),, are determined
by Theorem 6.9.
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(3) There are some analogies between this work and the modular theory developed
by Erdmann [1995]. In the case n = 2, Erdmann dealt only with the 2-
dimensional representation of gl,. Nonetheless, there appear to be some
similarities between her formulae and the Gram determinants of the cell
modules in our situation.
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LOWER BOUNDS FOR
ESSENTIAL DIMENSIONS IN CHARACTERISTIC 2
VIA ORTHOGONAL REPRESENTATIONS

ANTONIO BABIC AND VLADIMIR CHERNOUSOV

Dedicated to the memory of Robert Steinberg

We give a lower bound for the essential dimension of a split simple algebraic
group of “adjoint’ type over a field of characteristic 2. We also compute the
essential dimension of orthogonal and special orthogonal groups in charac-
teristic 2.

1. Introduction

Informally speaking, the essential dimension of an algebraic object can be thought
of as the minimal number of independent parameters needed to define it. Essential
dimension assigns a numerical invariant (a nonnegative integer) to each algebraic
object and allows us to compare their relative complexity. Naturally, the fewer
parameters needed for definition, the simpler the object is.

The notion of essential dimension first appeared in the work of J. Buhler and
Z. Reichstein [1997] in the context of finite groups. Later on, A. Merkurjev
generalized this notion to arbitrary functors from the category of fields to the
category of sets; see [Berhuy and Favi 2003]. For the definition, properties, and
results on essential dimension of algebraic groups and various functors, we refer to
the recent surveys [Merkurjev 2013] and [Reichstein 2010].

In the past 15 years this numerical invariant has been extensively studied by
many people. To the best of our knowledge, in all publications on this topic the
only approach for computing the essential dimension ed(G) of an algebraic group
G consisted of finding its upper and lower bounds. If, by lucky circumstance, both
bounds for G are equal then of course their common value is ed(G). We remark
that this strategy has worked in all cases where ed(G) is known.
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research grant.
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The aim of the current paper is two-fold. We recall that a general method for
computing lower bounds of the essential dimensions of simple algebraic groups
defined over fields of characteristic # 2 via orthogonal representations was devel-
oped in [Chernousov and Serre 2006]. Our first goal is to extend this approach
to characteristic 2. In Section 12, we prove the incompressibility of the so-called
canonical monomial quadratic forms and this result leads us to Theorem 2.1 below,
which says that for any simple split “adjoint group” G defined over a field of
characteristic 2 one has ed(G) > r 4+ 1 where r = rank(G). Second, we show that
for an adjoint split group G of type B, one has ed(G) = r + 1. Thus, this result
indicates that the lower bound r + 1 of the essential dimension in Theorem 2.1 is
optimal for groups of adjoint type in the general case and it seems inevitable that
any future progress, if possible, will be based on case by case consideration.

2. The main theorems

We now pass to the precise description of the main results of the paper. In what
follows, we assume that k is an algebraically closed field of characteristic 2 and all
fields and rings under consideration will contain k.

Let G° be a simple algebraic group over k of adjoint type, and let T be a maximal
torus of G°. Let ¢ € Aut(G®) be such that ¢> =1 and c(¢) = ¢~ for every t € T (it
is known that such an automorphism exists; see, e.g., [SGA 31 1970, exposé XXIV,
proposition 3.16.2, p. 355]). This automorphism is inner (i.e., belongs to G°) if
and only if —1 belongs to the Weyl group of (G, T'). When this is the case, we put
G = G°. If not, we define G to be the subgroup of Aut(G°) generated by G° and c.
We have

e G = G° for types Ay, By, C,, D, (r even), G, Fy4, E7, Eg;

e (G:G°) =2and G = Aut(G°) for types A, (r > 2), D, (r odd), Eg.

Let r = dim(7T) be the rank of G.
Theorem 2.1. If G is as above, we have ed(G) > r + 1.

Our second main theorem deals with orthogonal and special orthogonal groups.
Theorem 2.2. Let g be a nondegenerate n-dimensional quadratic form over k.

(a) Ifn =2r, thened(O(q)) =r + 1.

(b) If n =2r andr is even, then ed(SO(q)) =r + 1.
(¢) If n=2r and r is odd, then r <ed(SO(q)) <r+ 1.
(d) Ifn=2r+1, then ed(O(g)) =ed(SO(g)) =r + 1.
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3. Strategy of the proof of main theorems

For groups of type G, and Fy4 in Theorem 2.1 there is an easy reduction to orthogonal
groups (see Section 14 below). For all other adjoint types, orthogonal and special
orthogonal groups, we follow the same approach as in [Chernousov and Serre 2006].
Namely:

(a) We construct a G-torsor ¢ over a suitable extension K /k with tr. deg, (K) =
r + 1 (see below).

(b) We show that there exists a suitable representation p : G — Oy such that the
image of 65 in H'(K, Oy) is incompressible; this implies that 6 itself is
incompressible, and Theorems 2.1 and 2.2 follow.

For the readers’ convenience, we recall that a class [#] € H!(K, G) is called
incompressible if it doesn’t descend to a subfield F C K of smaller transcendence
degree.

Let us start with part (a) for an adjoint group G. Let R be the root system of G
with respect to 7, and let Ry, be the (sub-) root system formed by the short roots
of R. Let A ={«j, ..., a,} be a basis of Rg,. The root lattices of R and Ry, are the
same; hence A is a basis of the character group X (7). This allows us to identify T
with G, x - - - x G, using the basis A.

Call Ag the kernel of “multiplication by 2” on 7. Let

A=Ay x{l,c)

be the subgroup of G generated by Ag and by the element ¢ defined above. The
group A is isomorphic to @y X -+ X o X Z/2.

Take K =k(ty,...,t,x) where tq, ..., and x are independent indeterminates.
We have

HY(K,A)=H"(K, u») x...x H (K, u) x H' (K, Z/2).
We make the identifications
H'(K, o) ~K*/(K*)* and H'(K,Z/2)~K/p(K)

as usual. Here g : K — K is the Artin—Schreier map given by p (a) =a?+a. Then x
and the #; define elements (x) and (¢;) of H' (K, Z7/2) and H YK, 1), respectively.
Let 64 be the element of H!(K, A) with components ((t1), ..., (t.), (x)). Let g
be the image of 64 in HY (K, G). We will prove in Section 14:

Theorem 3.1. (K, 6¢) is incompressible.

Note that Theorem 3.1 implies Theorem 2.1 since tr. deg K =r+4-1. Its proof relies
on studying properties of the so-called monomial quadratic forms (see Section 10
below) which are also crucial for the proof of Theorem 2.2.
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4. Review: quadratic spaces in characteristic 2

The purpose of this section is to review some properties of quadratic forms in
characteristic 2 needed for construction of a representation of our group G with the
required property explained above. To this end we will introduce the notion of a
“normalization” (or “smoothing”) of a quadratic form which may not be standard.

Let K be an arbitrary field of characteristic 2. Recall that a quadratic space
over K is a pair (V, g) where V is a vector space over K and g is a quadratic form
on V. As usual, for any a, b € K we will denote by [a, b] a 2-dimensional quadratic
form given by [a, b] = ax> + xy + by% The form [0, 0] is called the hyperbolic
plane and is denoted by H. Similarly, for a € K we denote by (a) the quadratic
form ax?.

There is a special class of quadratic forms called n-fold Pfister forms; see [Elman
et al. 2008]. Recall that, by definition, a quadratic form [1, a] where a € K is called
a 1-fold Pfister form and denoted {{(a]]. A quadratic form isometric to

(ar,...,axll:i= a1, ..., an—1))p ® {an]l

for some ay, ..., a, € K is called a quadratic n-fold Pfister form. In this expression,
(ay, ..., an—1))p is a symmetric bilinear form given by

(ar, ....an-1)p=(La)p ® - (L, an—1)p.

Let K/k be a finitely generated field extension of our base field k£ and g a
quadratic form over K. Then, if there exists another quadratic form g defined over
a field L/k satisfying

e kCLCK,
o tr.deg;, L < tr.deg; K, and
*8®LK>q,

we say that g is compressible. Otherwise, it is incompressible.
The bilinear form b, : V x V — K (called the polar form) associated to a
quadratic form g is given by

by(u,v) =qw+u)—qu)—q).
Its radical is
rad(by) ={v eV | b,(v, w) =0 forall w € V}
and the quadratic radical of g is defined as
rad(g) = {v erad(b,) | g(v) =0}.

Obviously, both rad(b,) and rad(g) are vector subspaces in V.
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One says that g is regular if rad(q) = 0 and ¢ is nondegenerate if it is regular
over any field extension L /K. Note that nondegeneracy is equivalent to the property
dim(rad(b,)) < 1.

It is well-known (see [Elman et al. 2008]) that any nondegenerate quadratic
form g of even dimension n = 2m is isometric to @?;1[“:" b;] where a;, b; € K.
In this case the element ¢ = ) a;b; modulo o (K) is called the Arf invariant of q.
If g is nondegenerate and has odd dimension n = 2m + 1, then

g~ @ las, bi] + (c),
i=1

where ¢ € K* is unique up to squares. This element ¢ (modulo (K *)2) is called
the determinant (or discriminant) of q.

Let g : V — K be a quadratic form. We denote V :=V/rad(¢) andlet:V — V
be the canonical map. It is straightforward to check that the mapping 7 : V — K
given by g (v) = g (v) is well defined. Thus, a quadratic space (V, g) gives rise to a
quadratic space (V, 7). We will see in the example below that g is nondegenerate,
but first we state the following definition.

Definition 4.1. We will say that g is the (nondegenerate) normalization of q.

Example. Let g be a quadratic form over k. Since k is algebraically closed, it is
isometric to a quadratic form

0 ---a(0)eHB---®dH or (0)B---d0)B(1)OHSD---BH.
It easily follows from the definition that its normalization is the quadratic form
He---®&H or (1)oH&---dH.
In particular, g is nondegenerate.

Lastly, we want to relate the orthogonal group of a quadratic form ¢ to that of
its normalization. Recall that given a quadratic space (V, q) the orthogonal group
of (V,q) is

O(V,q)={x e GL(V) | g(x(v)) = ¢g(v) for all v € V}.

We define a map
A:0(V, q) — O(V, ).

by x — X, where x(v) =x(v) forall v € V.
Let us first show that x is well defined, i.e., x(rad(g)) C rad(q) or, equivalently,
x(v) € rad(b,) for v € rad(g) (because x preserves length of vectors). Let wg € V.
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Since x is invertible, we have x(w) = wq for some w € V. Then

by (x(v), wp) = q(x(v) + wo) + g (x(v)) + g (wo)
=q(x() +x(w)) +¢q(x(v)) +q(x(w))
=q(x(+w))+qx®)+qxw))
=q(v+w)+qgW) +qw)=by(v, w) =0,

because v € rad(g) C rad(b,). Thus, x(v) € rad(g), as required.
It remains to see that x € O(V, q). Indeed,

q(x®) =g (x(v) = q(x ) =q() =4 ().
Thus, we have the following result:

Lemma 4.2. The canonical map V — V induces a natural morphism

r:0(V, q) — O(V, q).

5. Killing forms of simple Lie algebras over Z

Let G be as in Theorem 2.1 and let G be a universal simply connected covering of
its connected component G°. To construct the required orthogonal representation p
of G (see part (b) of our strategy described in Section 3) we need to know what the
“normalized” Killing symmetric bilinear form XC; (and quadratic form K,) of the
Lie algebra Lie(é) look like.

Since our base field has characteristic 2, we begin by computing K, in a Chevalley
basis of the Lie algebra £ of a split simple simply connected algebraic group defined
over Z. We then pass to k by first normalizing K, i.e., by dividing all its coefficients
by their gcd, and then applying the base change Z — [, = Z/27 — k.

Recall that a Chevalley basis is a canonical basis of £ which arises from a
decomposition of

L=LodP L

into a direct sum of the weight subspaces £, with respect to a split maximal
toral subalgebra H = Ly C L. Note that the set of all nontrivial weights in the
above decomposition forms a simple root system and that for every root @ we have
dim(L,) = 1.

In what follows ® will denote the set of all roots of £ with respect to H, A C &
its basis, and ®* and @~ its positive and negative roots, respectively. It is known
(see [Steinberg 1968]) that there exist elements {Hy, | o; € A} in ‘H and X, € Ly,
o € @, such that the set

(5.0.1) {Hy |0 € AYU{Xy | € DTU{X 4 |a € ®T}
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forms a basis for £, known as a Chevalley basis, and these generators are subject to
the following relations:

e [He,, Hyyl=0;

o [He, Xol = (o, i) Xo3

e Hy:=[X,, X_,]= Za,»eA niHy,, where n; € Z;
0 ifa+p ¢ P,
£(p+1)Xy4p otherwise,

where p is the greatest positive integer such that o« — pf € ®. Here, for two roots
o, B € @, the scalar («, B) is given by

o [Xo, Xg] ={

_2@.p)
BB

where (-, -) denotes the standard inner product on the root lattice. It is in this
Chevalley basis (5.0.1) that we will compute the Killing form &C; of L.

Many people have addressed the computation of Killing forms (see, for example,
[Gross and Nebe 2004; Malagon 2009; Seligman 1957; Springer and Steinberg
1970]), but we could not find in the literature explicit formulas valid in characteris-
tic 2. Below we produce such formulas for the normalized Killing forms for each
type with the use of the following known facts.

Recall that for any X, Y € £ one has

(o, B)

Kp(X,Y)=Tr(ad(X) oad(Y)) and K, (X)=Ky(X,X)

where ad : £ — End(£) is the adjoint representation of L. It is straightforward to
check that

Kp(He;s Xo) =0 and  Kp(Xo, Xg) =0

for all i and for all roots c«, B € ® such that o + 8 # 0; in particular, IC;(X,) =
Kp(Xys, Xo) = 0. Thus, as a vector space L is decomposed into an orthogonal sum
of its subspaces H and (X4, X ), fora € ®™.

It is shown in [Springer and Steinberg 1970] that, for any long root o € P,

(5.0.2) Ky(Hy, Hy) = Tr(ad(Hy) o ad(Hy)) = 4h,

where / is the dual Coxeter number of the given Lie algebra. Also, for any root
o € &, we have

(5.0.3) Kp(Xa, X—o) = 1 Tr(ad(Hy) 0 ad(Hy)).

Lastly, we need one more result from [Malagon 2009]:

20[1‘
(ai, o)

(5.0.4) Kp(Hy,, Hy) =2h(&;, &), where & =
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and (¢, B) is the Weyl-invariant inner product such that (&, &) = 2 for a long root a.
Note that the above formula requires (&, &) = 2 for a long root «, so that for
groups of type C, and G, we will have to multiply the standard inner product by
an appropriate scalar to match this condition.

Combining the above mentioned results, we see that for computation of C, we
need to know only how X, looks on the Cartan subalgebra 7. Indeed, (5.0.3) allows
us to compute the restriction of K, to each 2-dimensional subspace (Xy, X_4).
Furthermore, for each long root @ we know by (5.0.2) that

Kp(Hy, Hy) = 4h.

Similarly, by using (5.0.4) and the fact that the Killing form is W-invariant, where
W is the corresponding Weyl group, we see that IC;,(Hg, Hpg) is a constant value for
all short roots B, but this value will depend on the type of ®. Finally, we remark
that if ;, «j € A C ® are nonadjacent roots, then

Kp(Hy,, Hy,) = Tr(ad(Hy,) o ad(Hy,)) = 0.

Indeed, this is equivalent to saying that (c;, ;) = 0, which is true for nonadjacent
roots.

Below we skip straightforward computations of Kp,(Hy,, Hy,) and KCpp (Hy,;, Hy, )
for each type and present the final result only.

5.1. Type A,. We have:
Tr(ad(Hy,) o ad(Hy,)) =4h and  Tr(ad(H,,) o ad(Hy,,,)) = —2h.

Thus, the Killing quadratic form K, restricted to the Cartan subalgebra H of the
Lie algebra L of type A, is of the form

n n—1
Kyt = 4 (ng) _4fl<2x,~xi+l).
i=1 i=1
and the Killing form on all of £ is
Kq = Kyla +4h (Z yiyi+1>-
ol

To pass to the main field k we first modify (normalize) K, by dividing all
coefficients of Ky by 4h. After doing so, our modified Killing form (still denoted
by K,) becomes

n n—1
2
Kq = E :xi - E XiXit1 + E YiYit1-
i=1 i=1 |

|
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Passing from Z to Z /27, which is a field of characteristic 2, we finally would like
to “diagonalize” our form. Simple computations show that a diagonalization of K,
looks like

(n=1)/2
EB [0,01® (1)® @ [0,0], ifn=1 (mod4);
|DF]
(n=1)/2
Kq = GB [0,01® (0) ® @ [0,0], ifn=3 (mod4);
|DF]
(n=1)/2
@ [0,0]® D [0,0], if n is even.
i=1 |1

Similar arguments work for each type. Below we present the final result only.

5.2. Type B,.
(n—2)/2

P [0,0]1® € [0,0]1 (c) ®m(0), ifn iseven, with ¢ € {0, 1}
i=1 ‘(I)]J(:ng

K= w-np
D 10,01® @ [0,0]®m(0), i 7 is odd,

i=1 |® l(mgl

where m = 2|d>shon| + 1.

5.3. Type C,.
K;~(1)® D [0,01m(0)

1D/
where m = (n — 1) +2|®} |
5.4. Type D,,.
(n—1)/2
b 10,01 (0)® & [0, 0], if n is odd,
= [t
Ky =~
(n—2)/2
B 0,01 (c1) D (c2) ® D [0,0], if nis even, with ¢y, ¢ € {0, 1},
' |DF]

where one of ¢; or ¢; equals 0.

5.5. Type Es.

Ky 210,010,019 [0,01¢ & [0, 0].
[P

5.6. Type E-.

Kq > 10,011[0,0]1[0,0]& (1) & D [0, 0].
||
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5.7. Type Eg.
Ky ~=10,01@[0,0]19[0,0]@[0,0]d P [0, 0].
gl
5.8. Type Fy4.
Ky >=10,01@ & [0,0]® m(0),
| D16

where m =2+ |®}

short!*

5.9. Type G».

Ky =10,01@ & [0, 0].
[P

6. An orthogonal representation

Proposition 6.1. Let G° be a split simple adjoint algebraic group over k of one
of the following types: A,, By, Cy, D,, E¢, E7, Eg. Then, there exists a quadratic
space (V, q) over k, and an orthogonal linear representation

p:G*— O(V,q)
with the following property:

q is nondegenerate;
(%) the nonzero weights of T on V are the short roots;

each nonzero weight occurs with multiplicity 1.
Proof. We treat each root system individually.

Types A,, D,, E¢, E7, Eg. Let W = Lie(é). Then, the adjoint representation
G— O(W, K,) factors through G — G°, so it induces the representation u : G° —
O(W, K,). Let p be the composition of p and the map A : O(W, K,) — oW, IC_(I)
constructed in Lemma 4.2, and let V = W. Inspection of the normalized Killing
form KC; presented in Section 5 shows that p has the required property.

Type B,. We take V to be the standard representation of SO, of dimension 27 +1.

Type C,. The formula for K, presented in Section 5.3 shows that the adjoint
representation doesn’t work. So, instead of the adjoint representation of G = PSp,,,
we consider its representation on the exterior square.

More precisely, let V; be the standard representation of G = Sp,, over Z
equipped with a standard skew-symmetric bilinear form w. Choose a standard basis
{er,...,er,e_r, ..., e_1} of Vi. There is a natural embedding /\Z(Vl) - ViV
givenby vAw - v®@w —w ®v. We extend w to a symmetric bilinear form on
Vi® Vi by

@ (V1 @ vz, w1 @ wr) = w(vy, ww(v2, Wr)
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and take its restriction (still denoted by w) to V, = /\2( V).

Consider the natural action of G on V,. This action preserves w, and thus we
have a natural representation G — O(V», w). Let g2(x) = w(x, x) be the quadratic
form on V; corresponding to w. Denote v; =¢; Ae_;. Alsoif i < j letv;; =e; Ae;j,
w;j=e_jNe_jand u;; =e; ANe_; for all i # j. It is straightforward to check that
the subspaces (v;), (vi;, w;;), (u;j, uj;) of V, are orthogonal to each other and that
g written in the bases v;, v;;, u;j, w;; of V> is of the form

g2 = Z(lez) & 4(2)7,']'2,']').

Note that by dividing all coefficients of ¢, by 2 and passing from Z to Z/2 we
don’t achieve our goal since the resulting quadratic form is “highly degenerate”.
So instead of considering the representation of G on V, we do the following. One
can easily check that any (hyperplane) reflection t : Vi — V; acts trivially on a
1-dimensional subspace of V, spanned by v =wv; +- - - +v,. It follows that Sp,, acts
trivially on (v) and hence so does G. This implies that G acts on the orthogonal
complement V = (v)* (with respect to w). This subspace is spanned by linearly
independent vectors vi — v2, V2 — V3, ..., Up—1| — Uy, Vjj, U;j, w;;. In this basis of
V, the restriction g of g, to V is of the form

g =4(3x7 = Y xixit1) ®4(X yijzif)-

By dividing all coefficients of g by 4 and applying the base change Z — Z/2 C k,
we obtain an orthogonal representation of G over k with the required property. [

7. The Witt group in characteristic 2

In this section we summarize Arason’s results [2006b; 2006a] on the structure of
the Witt group of quadratic forms over complete fields of characteristic 2 used in
our present work.

Let K be a field of characteristic 2, 7 an indeterminate over K, and let K (7))
be the field of formal Laurent series with coefficients in K. If f is a nondegenerate
quadratic form over K ((;r)) of even dimension, we will denote its image in the Witt
group W, (K (())) by fw.

Theorem 7.1. The Witt group W, (K ((r))) is the additive group generated by
the elements o, ™" w and [amr ™, /371_’"+1]W, where m € Z, m > 0, and
o, B € K, with the condition that [, Bt ™" 1w and [t ~), Bt =" 1y are biadditive
as functions of «, B and satisfy the following sets of relations:

(7.1.1a) [o, B’ ™ 1w + [B, ap’nr " lw =0 if mis even,
(7.1.16)  [arw ! Bp*a " Ny + B ap’n "y =0 ifmis even,

(7.1.1¢) [a, Bp e ™ w + (B~ ap?n ™™ w =0 ifmis odd,
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and
(7.1.22) [a, ap’m 2"l + [, pr "] =0,
(7.1.2b) lar ™, ap?n 2" Ny + [ax ™) pr "y =0.

Here m runs through the nonnegative integers and o, B, and p run through K.

Theorem 7.2. Let m > 0 and let W, (K (7)), be the subgroup of W, (K (1))
generated by [a, B~ 1w and [am ™), ,Bﬂ_i+l]w, where i € 7,0 <i < m and
o, B € K. Then:

(@) Wy (K(()))o is isomorphic to Wy (K) & W,(K). A generator [a, Blw of
W, (K (1)) is sent to [a, Blw in the first summand W, (K), but a generator
(oL, Bslw corresponds to [, Blw in the second summand.

(b) If n > 0, then W, (K ((7)))2n/ Wy (K ((77)))20—1 is isomorphic to K ANg2 K @
K A2 K. The class of a generator [a, Bt ~>" |y corresponds to a A B in the
first summand, but the class of a generator [aw ™", B 2"ty corresponds to
o A B in the second summand.

(¢) If n >0, then Wy (K (()))2n+1/ Wy (K (7)) 25 is isomorphic to K @2 K. The
class of a generator [a, B ="ty corresponds to a ® B, but the class of a
generator [amr ™), B~y corresponds to B ® .

The filtration
Wy (K (7))o C Wy (K ()1 C Wy (K((r)))2 C -+

of the group W, (K ((;r))) will be called Arason’s filtration. Note that by the above
theorem,

Wy (K (7))o = Wy (K) & Wy (K),
so that we have two natural projections:
011 Wy (K((mr)o = Wy(K) and 3 : Wy (K((r)))o — Wy (K),

which we will call the first and second residues (of the zero term of Arason’s
filtration).

Using the fact that [ f, g] >~ H for all f, g € K((;r)) such that fg e x K[[], it is
straightforward to show that the zero term of the Witt group of Arason’s filtration
and the first residue don’t depend on the presentation L = K ((r)). In other words,
they don’t depend on a choice of a coefficient field K C L (for the notion of
coefficient fields we refer to Section 9 below) nor of a choice of a uniformizer of L,
and the second residue is defined up to similarity only. We leave the details of the
verification to the reader.
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8. Presentation of quadratic forms in the Witt group

In this section we will work with the Witt group of quadratic forms over a field of
Laurent series K ((;r)), where the coefficient field K is of characteristic 2 and is
finitely generated over k. By Theorems 7.1 and 7.2, given a nondegenerate quadratic
form f defined over K ((;r)), we may decompose its image fw in the Witt group as

(8.0.1) fw=fuwtfoowt -+ fow

where fl/ w € Wy (K ((7r))); is homogeneous of degree i, i.e., a sum of elements of
the form [o, Br ] and [azr ~!, B ~'+!] with «, B € K. Such a decomposition is not
unique. The following lemma allows us to choose the homogeneous components
of fw in a canonical way.

Lemma 8.1. Let {ai}{vzl be a basis for K as a K?-vector space and let f be a
nondegenerate quadratic form over K (()). Then, fw admits a decomposition
Jw = fmw+ fum—1,w+ -+ fo.w satisfying these conditions:

e Ifn is even, then

2 1
fow = _loiufom " lw + Y o™ viam "y,

i<j i<j
whereuj,v; € K.

o Ifnis odd, then

N
2 —
fow = Z loi, uro ;™" lw,

ij=1

where uj € K.

Proof. Take decomposition (8.0.1). Suppose first that n = 2s is even. Write fZ/s,W
in the form

fasw = Z[Pi, g1 lw + Z[pl{n_l’ g5y,

where p;, g;. p!, q, € K. Since {a;}Y | is a basis for K /K> one has

N
= E 62 o
i,j=1

where ¢; ; € K and similarly for the g, p;, g/. Replacing the p,, q;, p}, g/ with
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these expressions and using the biadditivity of [ -, - ]y and the fact that [u v, w] =
[u, v2w] for all u, v, w € K ((1)), we can write fZ/s,W in the form

N

/ 2 -2 2 12 —2s5+1
fzs,W:Z[”a voerr S]W+Z[u o ,vjcxjrr ST w
ij=1 t]_l

[o;, w? o 2w+ Z[our VwPa.x 72y,

|
.MZ

ij%j
i,j=1 i,j=1
where u;, vj,u v € K and w;; —ulvj,wj /.v’.. If i = j, we have
2 —2s5 7.1.2 —s
lo;, wio;m Tw TE [a wi T lw
and
—1 /2 —25+1 (7.1.2b) -1 7 _—s+1
[a;m ™, wijoym lw = o, wym ]
Ifi > j we get
2 —2s7  (7.1L1a) 2 —2s
[o w; ;o7 lw = [a], w;; 0T 1w
and
1,2 —2s+17  (7.11b) 1.2 —2s+1
[o; , Wi TT ] = [ozn wljozn 1w

If n =25 —1 is odd, similar arguments show that fz/s_1 w can be written as a sum
of symbols of the form [«;, uzozjn_2s+1]w where u € K. Collecting all summands
in the above decompositions of all fZ/s,W and f2/5—1,w of the same degree together,
we obtain the required decomposition of fy. ([

The following proposition shows the decomposition above is unique.

Proposition 8.2. Given a quadratic form f, its image in the Witt group can be

decomposed uniquely as fw = fm.w+ fm—1,w+---+ fo.w, where fu w, ..., fow
are as in Lemma 8.1.

Proof. We already know that a decomposition exists, so we only need to prove
uniqueness. Suppose

fw=faw+ fouw+-+ fow=8.w+g-1,w+--+8gw

are two different decompositions of fy. We first claim that n = m. Suppose not, say
m > n. Let us compare the images of these decompositions in the quotient group
Wy (K (($))m/ Wy (K ((5)))m—1. Since n <m, the image of g, w+gn—1,w=+---+8go,w
equals O whereas the other decomposition has image the class of f,, w. We consider
separately the cases when m is even and odd.

When m is even: By Lemma 8.1, write

—1 2 - 1
me—Z[al,MaS mW+Z[a1S ,vjajs m+]W,

i<j i<j
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and by Theorem 7.2,
¢ Wy (K(($))m/ Wa(K(s))m—-1 = K Ag2 K@ K A2 K
be the canonical isomorphism. Then,
¢ (fmw) = (Z i oy Aep), > vi ey Aa,»)‘
i<j i<j
Since {o; A @j}i<j is a basis for K Ag2 K,
(fuw) =0 < u;=v;=0 forall ;.
This would imply that f,,, w = 0, a contradiction.

When m is odd: By Lemma 8.1, write

fmow = Z[a,,u/ajs "]

i,j=1
and by Theorem 7.2,
& Wa(K((s)n/ Wag(K((s))n—1 =~ K Qg2 K.
Then,
N
S (fmw) =Y 10} (o; @)
ij=1

Since {a; ®aj}ff’j:1 is a basis for K Qg2 K,

(fuw)=0 < u;=0 forallj,

a contradiction.
Thus m = n. If m is even, we conclude from ¢ (f,,,.w) = ¢ (gm.w) that

2 12
Douile ney) =) uFe; Ay,

are the corresponding coefficients of g, w, and similarly,

Z vjz(ai Aap) = Z vj’-z(oti Aa;).

This implies that uj2 = uJ’.z and vj2 = vjfz, hence fi,. w = gm.w-. Similarly, we can
easily see that f,,, w = gm. w if m is odd. Then, from the equality

where u}z

(foow+ -+ fu—1,w) + foow = (Gow + -+ &u-1,w) + &n,w,

it follows that

fow+-F fouorw=fow+ -+ fo_iw
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By induction, the proof is completed. U

The same arguments as in the proofs of Lemma 8.1 and Proposition 8.2 lead us
to the following result needed later to establish incompressibility of the so-called
canonical monomial quadratic forms.

Corollary 8.3. Let fw be as in (8.0.1), and assume that fw € W, (K ((r)))o. Then,
Joow T Foiw o+ flw =0

9. Differential bases, 2-bases, the Cohen structure theorem,
and coefficient fields

Let K/k be a finitely generated field extension. Recall that Q. denotes the
K-vector space of Kihler differentials. A differential basis for K /k is a set of
elements {a;};c; of K such that {do;} C Qg is a vector space basis. Recall
also that a set of elements {x; },ca of K is a 2-basis for K over k if the set W of
monomials in the x; having degree < 2 in each x;, separately forms a vector space
basis for K over its subfield k - K> = K> C K. The following facts are well known.

Theorem 9.1. Let B ={xy, ..., x,} C K be a subset. The following are equivalent:
(a) B is a separating transcendence basis for K over k.
(b) B is a 2-basis for K over k.
(c) B is a differential basis for K / k.

Proof. See [Eisenbud 1995, Theorem 16.14]. O

Assume now that K is equipped with a discrete valuation, trivial on k. We denote
its valuation ring by R and the residue field by K. Since our valuation is trivial on k
the residue field K contains a copy of k. Throughout we assume that v is geometric
of rank 1 (for the definition of geometric valuations, see [Merkurjev 2008)), i.e.,
tr.deg, K =tr.deg, K + 1.

Let 7 be a uniformizer and I = (r) C R be the corresponding maximal ideal
in R. Choose ay, ..., a, € R such that their images a1, ..., a, under the canonical
map R — K form a differential basis for K /k. Note that, by Theorem 9.1, we have
tr. degk(l?) =n, hence tr.deg; (K) =n + 1. We now claim that

9.1.1) B={ai,...,a,, 7}

is a differential basis for K / k.

Indeed, it suffices to see that day, .. ., da,, dm is a system of generators of Qx /«
(because the K -vector space 2k has dimension n + 1). For that in turn, it suffices
to show that this is a system of generators for Qg , for formation of differentials
commutes with localization. But this easily follows from the conormal sequence

1/12—d>E®RQR/kﬂ)QE/k—>O
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(see [Eisenbud 1995, p. 389]) and Nakayama’s lemma. Thus, B is a differential
basis for K/ k.

We will say that a differential basis {a, az, ..., a,+1} for K/k comes from K
if there exists a subscript i € {1, 2, ..., n -+ 1} such that g; is a uniformizer in K,
ai,...,qi—1,0i41,-..,0y+] are units in R, and the images of these elements in K
form a differential basis for K /k.

Now, let R be a complete discrete valuation ring containing a field k. Denote
its quotient field by L and residue field by L. We will assume throughout that
the field extension L/ k is finitely generated. It follows from the Cohen structure
theorem [Eisenbud 1995, Theorem 7.7] that R >~ L[[x] and L ~ L((xr)), where 7
is a uniformizer. Such decompositions are not unique. They depend on a choice
of w and a choice of a coefficient field in L, i.e., a subfield of L contained in R
that maps isomorphically onto L under the canonical map R — L. Such coefficient
fields do exist because the field extension L/ k is separable. The following theorem
describe all coefficient fields.

Theorem 9.2. Let R be as above. If B is a differential basis for L]k then there is
one-to-one correspondence between coefficient fields E C R containing k and the
set B C R of representatives for B obtained by associating to each E the set B of
representatives for B that it contains.

Proof. See [Eisenbud 1995, Theorem 7.8]. O

10. Monomial quadratic forms

Let K =k(t1, 12, ..., ty, x) be a pure transcendental extension of k of transcendence
degree n + 1. We say that a nondegenerate quadratic form f over K is monomial if
it is of the form

f=@mwiil.x1oHe---eH,

el

where = (i1, ..., un) € Fy, the t# =1, - - - ;" are monomials in 1, ..., 1,
and my () is the number of times a given summand appears. Note that the multi-
plicity my(u) may be 0. Since

L x]1®tM[1,x]~H®H,

we may assume without loss of generality that my(u) =0 or my(u) = 1.

Let V be the vector subspace of [; generated by all u such that my(u) = 1.
Choose a basis of V, say uy, ua, ..., us. Then, define u; =t# fori =1,...,s. It
is easy to see that uy, ..., u; are algebraically independent over k. Furthermore,
any pu € V can be written as pu = Zle o;u;, where o; = 0 or a; = 1, so that
=uf" - ul
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Thus, f has descent to the subfield K’ = k(u1, ..., us, x) C K, and viewed
over K’, it is of the form

f=ul[l,x]®us[l,x]®- - Du[l, x]® (@Mf(u)u“[l,ﬂ> OH®---dH
nev
where u* are monomials in uq, ..., us of length at least 2. When a monomial
quadratic form f is written in such a way and is viewed over K’, we say that it is a
canonical monomial form. We also say that f has rank s.
For later use we need the following easy observation.

Proposition 10.1. If f is a canonical monomial form without summands isometric
to the hyperbolic plane H, then f is anisotropic.

Proof. The argument is similar to that in [Chernousov and Serre 2006, Proposition 5],
and we leave the details to the reader. (]

Our main result related to canonical monomial quadratic forms is the following.
Theorem 10.2. If f is a canonical monomial form over K, then f is incompressible.

The proof of this theorem will be given in Section 12.

11. Incompressibility of canonical monomial forms in “codimension 2”

In this section we establish an auxiliary result, Theorem 11.3 below, needed later on
to prove Theorem 10.2. Let K =k(x, t1, ..., t,) be a pure transcendental extension
of k of degree n 4+ 1 and v the discrete valuation on K associated to #. It is
characterized by:

v(t;))=1 and wv(h)=0forall h €k(x,tr,...,1,)

Let R C K be the corresponding valuation ring. Note that K2 C K is a finite
field extension of degree 2"*!. As usual, K 2(a,-l, ..., a;) C K denotes the subfield
generated by K2 and elements a;,, ..., a; € K.

Proposition 11.1. Let F C K be a subfield containing k such that tr. deg, (F) <
n + 1. Then there exists a differential basis {ay, ..., ay+1} for K /k coming from K
such that F C K*(ay, ..., a;) withl <tr. deg,(F) <n+1.

Proof. Choose any 2-basis {b1, ..., bs} for F/k. By hypothesis, s = tr. deg, (F) <
n+1.Let L=K?*(by, ..., by). Clearly, L contains F' (because F = F2(by, ..., by)).
Without loss of generality, we may assume that L = K 2(by, ..., b)) wherel <
and the set of all monomials b}' - - -bf’ with ¢, =0 or ¢; = 1 is linearly independent
over K2,

Let us first assume that L contains a uniformizer of v. Modifying the set
by, ..., by of generators of L, if necessary, without loss of generality, we may
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assume that b, is a uniformizer of v. Let Ey= K2 C E| C--- C E,;1=Kbea
chain of quadratic extensions such that

Ei =K*(b)), Ex=K?*(b1,by), ..., El=E;_{(b)) = K*(by, ..., by).

Passing to the residues we have the chain

Ezzﬁl CEzC'“CEn_H =K.
Since [E; : E;_1] = 2, we have [E; : E;_;] < 2. On the other hand, since v is a
geometric valuation of rank 1 we have [K:K?]=2" Ttfollows that [E; : E;_;] =2
for every 2 <i <n.

Now choose elements a; € E; \Ei,l, i > 2. They form a 2-basis of K over k.
Take any lifting a; of a; in E;. Then the set {a;, ay, ..., an+1}, where a; = by, is a
2-basis of K over k, and hence a differential basis for K /k coming from K, and it
has the required property.

The case when L doesn’t contain a uniformizer of v can be treated similarly. [J

Let f be a canonical monomial quadratic form over K given by

(11.1.1) f=@mwiixleHe. - oH,

nel)

where all multiplicities my(w) are 1 or 0. Since f is canonical, it contains summands
ti[l,x]fori=1,...,n.

Below we will be considering two Witt groups: W, (K) and W, (1% ). Here
K ~ k(x,1tz,...,1,)((t1)). There exists a natural map W,(K) — Wq(I%), and if
there is no risk of confusion we will denote the image of f in both groups by fw.

Lemma 11.2. The form (fg)w lives in Wq(Ie)o. Its first residue is a canonical
monomial form of rank n — 1, and its second residue up to similarity is a nontrivial
monomial form of rank <n — 1.

Proof. This follows from the definitions of monomial forms and the first and second

residues. O
Theorem 11.3. There exist no differential basis B ={ay, ..., ay+1} for K /k and
a nondegenerate quadratic form g defined over L = K2(a1, ..., au_1) such that
gxk.w = fw.

Proof. Assume the contrary. Let B and g be the corresponding differential basis and
quadratic form. Arguing as in Proposition 11.1, we may additionally assume that
B comes from K. Then, it gives rise to the coefficient field E C K containing all
units from the set B and a presentation K~E ((t1)). We argue by induction on #.

Case 1: Letay, ..., a,_; be unitsin R. Since L = K?(ay, ..., a,_1), our quadratic
form g can be written in W, (K') as a sum of 2-dimensional quadratic forms of the
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shape
(11.3.1) e a ! uat g
where v;, €; € {0, 1}, u € K, and we use multi-index notation € = (y, ..., €,1).

We now pass to K=E ((#1)) and view g over K. Writing u. in the form

ue =1, " E eejtlj

j=0

with e.; € E and using the fact that [«, Blw =01if o, B € K with v(aB) > 0, we
conclude that (11.3.1) can be written as a sum of symbols of the form

Vn—1

2] 51'.. 6n 1]
n—1> €

[arl - []
withe.; € E.

Thus, gg w can be written as gg w = gn,w + - - - + go,w Where g; w are homo-
geneous of the form

) Vp—1 2] e €n—1
8j,W:Z[a1l“'ann—1v il Leea, w

v,€

with e.; € E. Since gg w = fw, it lives in the zero term of Arason’s filtration
of W, (K), where the filtration is viewed in the presentation K >~ E((#1)). Since
ai,...,ap—1 € E, by Corollary 8.3 we conclude that g, 4 - - - + g; = 0. Therefore,

N V] Vp—1 2 €] 61
fw=g1<,w=go,w=E la,' ---a," |, e;pa) ---a," lw.

v,€

But this implies that the second residue of fy is 0, which contradicts the second
assertion in Lemma 11.2.

Case 2: Assume that ay, ..., a,_» are units in R and a,,_ is a uniformizer for v.
Our arguments below don’t depend on the choice of a uniformizer, so by abusing
notation we will assume that a,_; = #;. Arguing as above we find that gy can be
written as a sum of symbols of the form

[a‘fl . ";n 221,;)}1 1 MZa? . ;n 22116)1 1 ,
where v;, €; € {0, 1} and u. € K. Furthermore, by passing to K=E ((t1)) and taking
expansions of u., we can write gg w as a sum

gRwW =28 w+- - -+8g,w+8go.,w,
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where each homogeneous component g; w is of the form

Vp— 2 €2, —i
giw =) lay a3, afal a5
Jv-€ i Vi, —1 g2 € €2, —i+1
+ Z (lay" ---a," 5t Bojar' a5t lw,
j,U/,G/

with Uejs ﬂe/j cE.

Since gg w lives in the zero term of Arason’s filtration, as above, application
of Corollary 8.3 yields g, + - - - + g1 = 0. Thus, gg, w = go,w is homogeneous of
degree 0, where the component go w is a sum of symbols of the form

/
V1

¢
n—2 Vn—2 €n—2
[a 1

1)1/772 2 Ei —1 Vi 2 €]
A, o, Oggdy a5l lw and [al Ty s ﬂeOal o 'an72]W’
with a9, Beo € E. Then, the first residue of gg w (and hence of fy ) is a sum of
symbols

’
V1 Vn—2 2 €] )
lay ---a,”5, Booay -+~ a,5 1w,

where B € E ~ K.

Now recall that by construction, B = {ay, ..., a,—2, an, ay+1} is a differential
basis for E ~ K over k and that the first residue of f¢ w is a canonical monomial
form of rank n — 1. On the other side, as we have seen above, it comes from the
subfield E2(ay, ..., a,—>2) C E. This contradicts the induction assumption. O

Corollary 11.4. The quadratic form f does not descend to a subfield k C F C K
of transcendence degree <n — 1.

Proof. This follows from Proposition 11.1 and Theorem 11.3. ]

12. Incompressibility of canonical monomial quadratic forms

Proof of Theorem 10.2. We continue to keep the above notation. In particular,
K =k(x,t1,0,...,t,) is a pure transcendental extension of k of transcendence
degree n + 1, equipped with the discrete valuation v associated to ¢; and R the
corresponding discrete valuation ring. As a matter of notation we denote m = #;
and K; =k(ta, ..., ty, x). Thus, K ~ K1((r)) and K ~ K.

Consider a canonical monomial quadratic form f over K given by (11.1.1). The
proof of incompressibility of f will be carried out by induction on rank n. More
precisely, we will prove by induction on #n that the image fw of f in W,(K) is
incompressible. Of course, this would imply incompressibility of f itself. The base
of induction n = 0 is obvious.

Lemma 12.1. If K =k(x) and f =[1, x]®OHG - - - ®H, then fw is incompressible.

Proof. Any subfield of K of transcendence degree 0 over k coincides with k. Hence,
if fw were compressible then it would be represented by a nondegenerate quadratic
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form defined over k, which is automatically hyperbolic. On the other hand, by
Proposition 10.1, fy is represented by an anisotropic form [1, x], a contradiction.
O

Now let n > 0 and suppose that for all canonical monomial quadratic forms
of rank < n their classes in the Witt group are incompressible. Suppose that
fw is compressible. Then, there exists a subfield F C K containing k (which
may be assumed to have transcendence degree n over k by Proposition 11.1 and
Theorem 11.3) and a nondegenerate quadratic form g over F such that (gx)w = fw.

For the restriction w = v|g of v to F there are three possibilities.

Case 1: w is trivial. Write g as a direct sum of 2-dimensional forms [b;, ¢;]
with b;, ¢c; € F C R. Consider Arason’s filtration of W, (I% ) with respect to the
presentation K=K 1((r)). Since b;, ¢; are in R, gw lives in the zero term of
Arason’s filtration; moreover, its second residue is trivial. On the other hand, since
gk.w = fk,w it has nontrivial second residue by Lemma 11.2, a contradiction.

Case 2: w is nontrivial and the ramification index e(v/w) is even. Then, the same
arguments as in Theorem 11.3 show that the second residue of g is trivial, which
is impossible since fg w = g .w. Indeed, arguing as in Proposition 11.1, we can

choose a differential basis B = {ay, ..., a,, 7} for K/k coming from K such that
(12.1.1) FCK*ay,...,ay).
By Theorem 9.2, B gives rise to the coefficient field E C K containing ay, ..., a,

and presentation K~E ((r)). We then fix this presentation and below we consider
the corresponding Arason’s filtration.

We now pass to computing the residues of gg using our presentation K = E((7))
and inclusion (12.1.1). Since g is nondegenerate, it can be written as a direct sum of
2-dimensional forms [b;, ¢;] with b;, ¢; € F. In turn, in view of (12.1.1), b; and ¢;
can be written as sums of elements of the form ()zizlmisct,-lai2 -+ -a;, with Uiy...iy € K.
Then arguing as in Theorem 11.3 we conclude that the image of gg in W, (K) can
be written as a sum of symbols

2
i

! P
[ailaiz C i, o Gy 'ajp] ’
4 w
where ®j..j, €E. Thus, we can write gg w as the sum
gw = 8am + 82(m—1) + - + 8o,

where all homogeneous components g,; have even degree and are sums of symbols
2

s .
. . . Jl"]p . . .
a aj, - - - dig, 2 ajdj---aj,{ >
w
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with o, j, € E. By Corollary 8.3 we obtain g2, + - - - + g2 = 0. Hence, the second
residue of g is trivial.

Case 3: e = e(v/w) is odd. Let n’ € F be a uniformizer for w. Write 7’ = um*®
where u € R*. Our argument below doesn’t depend on a choice of a uniformizer
for v. So, after replacing = with um if necessary, we may assume without loss of
generality that u = v? for some v € R*.

Note that we may assume additionally that the extension F - K?/K? has degree 2",
since otherwise we would be in the “codimension” 2 case and so we could apply
Theorem 11.3. Then, [F - K* : K*] = 2"~! (because the extension K/K? is
unramified and [K : K2] = 2"). This implies that there exists a differential basis

:{alv"'van—lvﬂ/}

for F/k coming from residue field F and a unit a,, € R* such that B = B’ U {a,}
is a differential basis for K/k commg from K.

We now pass to the completions F C K with respect to w and v, respectively.
The differential bases B’ and B for F'/k and K /k give rise to the coefficients field
E’ and E and representations

F=E(n") cK=E()

such that E’ C E. According to Proposition 8.2 our quadratic form g viewed over
F admits a unique decomposition gz w = g, + - - - + go. Taking into account the
facts that E| C E, that 7’ = v?7¢ with odd e, and that g viewed over K lives in
the zero term of Arason’s filtration of the field E((;r)), one can easily see that the
homogeneous components g, ..., g1 are trivial, so that g¢ w can be written as a
sum of symbols

Vn—1 2 €]

Vn—1 2 61‘“ €n l] and [ai)l‘“a 17T vZas' - En 1(77.') 1]

[a;'---a uza
1 n—1- 1

where uc, ve € Ep. It follows that the first residue of gg w = fg w lives in the
subfield E; of K = E of transcendence degree n — 1 over k. On the other side, this
residue is a canonical monomial form of rank n — 1, which is impossible by the
induction assumption. This completes the proof of incompressibility of f. O

13. Orthogonal and special orthogonal groups

Let g be a nondegenerate n-dimensional quadratic form on a vector space V over k,
and let F be any extension of k.

Orthogonal groups. 1t is well known (see [Knus et al. 1998, §29.E]) that if n = 2r
is even, then there exists a natural bijection between H I(F,0(V, g)) and the
set of isometry classes of n-dimensional nondegenerate quadratic spaces (V’, g’).
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Similarly, if n =2r+1 is odd, then H Y(F, 0, £)) is in one-to-one correspondence
with the set of isometry classes of (2r 4+ 1)-dimensional nondegenerate quadratic
spaces (V/, q") over F such that disc(g’) = 1. Note that any such ¢’ is isometric
to a quadratic form of the shape ([a;, b1] D --- @ la,, b,]) ® (1). Then, in both
cases the incompressibility of canonical monomial quadratic forms provides us
with the required lower bound ed(O(V, g)) > r 4+ 1. What is left to finish the proof
of Theorem 2.2 for orthogonal groups is to find a “good” upper bound.

Proposition 13.1. In the above notation, ed(O(V, g)) <r + 1.

Proof. 1t suffices to show that any 2r-dimensional nondegenerate quadratic form
depends on at most 2r parameters. Let 4 be such form over F, and write & =
ai[1,b1]1®---®a,[1, b,]. Each summand [1, ;] corresponds to a unique element
& € H'(F,Z/2). Let H=17/2& --- @ Z/2 be the direct sum of r copies of
the constant group scheme Z/2 and let £ = (§y, ..., & ). Choose any embedding
H — G, 1, which exists because k is infinite. The exact sequence

0—> H —> Gug —2 Gax — 0

gives rise to

F2 F Y HY(F, H) — 1.

Let a € F be such that y(a) = &. It follows that & has descent to the subfield
k(a) of F. This amounts to the fact that there exist b/, ..., b, € k(a) such that
the quadratic form [1, bl’. ] viewed over F is isometric to [1, b;]. Therefore, h is
isometric to the quadratic form A" = ai[1, b{1® - - - ® a,[1, b;] defined over the
subfield k(a, ay, ..., a,) of F of transcendence degree (over k) at most r + 1. [J

Remark 13.2. If 4 has trivial Arf invariant then taking a suitable quadratic extension
of k(a, ay, ..., a;) contained in F, if necessary, we may also assume that 4’ is
defined over a subfield of F of transcendence degree < r + 1 and has trivial Arf
invariant.

Special orthogonal groups. We first find upper bounds.

By [Knus et al. 1998, §29.E], if n = 2r is even, then there exists a natural bijection
between H'(F, SO(V, g)) and the set of isometry classes of (2r)-dimensional
nondegenerate quadratic spaces (V', g’) over F such that the Arf invariant of g’ is
trivial. Therefore, ed(SO(V, g)) <r + 1, by Remark 13.2.

If n =2r+1is odd, then there exists a natural bijection between H L(F, SO(V, g))
and the set of isometry classes of (2r + 1)-dimensional nondegenerate quadratic
spaces (V’, g’) over F such that disc(g’) = 1. As we mentioned above, any such g’
is isometric to a quadratic form of the shape ([a;, b1] @ --- @ la,, b,]) ® (1) for
some a;, b; € F. It follows that ed(SO(V, g)) <r + 1, by Proposition 13.1.
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To find a “good” lower bound, we recall that SO,4+1(g) = O2,41(g)red, the
reduced subscheme of O,,1;(g). Thus, we have a natural closed embedding
SO241(g) <> O2,41(g). Fix a decomposition g ~ h @ (1) where h =H D - - - G H.
It induces a natural closed embedding ¢; : Oy, (h) < SO»,41(g) (because Oy, (h) is
smooth). Furthermore, we can view (1) as a subform of [1, 0] ~H. This allows us to
view g as a subform of a (2r 4-2)-dimensional split quadratic form g =H®---dH
and this induces a natural map

2 :SO241(8) = O2r41(8) = O2-42(q).

The maps ¢; and ¢», in turn, induce the natural maps

Y1 H'(F, 0y, (h)) — H'(F, SO241(g))
and
Y2 H'(F, SOu41(g)) — H'(F, 02,42(q)).

It easily follows from the above discussions that v is surjective. Also, identifying
elements in H'(F, O,,(h)) and H'(F, O5,,2(q)) with the isometry classes of the
corresponding quadratic spaces, the isometry class of a quadratic form €B;_, [a;, b;]
goes to the isometry class of @;_,[a;, b;]® H under the composition ¥, o ;.

Theorem 13.3. If g is a nondegenerate quadratic form of dimension 2r + 1 over k,
then ed (SOz,4+1(g)) =1+ 1.

Proof. Take a pure transcendental extension K = k(x, 1, ..., ) of k of degree
r + 1 and a canonical monomial form f =#[1,x] & --- & t,.[1, x] of dimension
2r. We will show that its image & under | is incompressible. Indeed, if & is
compressible, so is ¥»(§). However, (&) is represented by a canonical monomial
form #[1,x]®--- @t [1, x] ®H, which is incompressible by Theorem 10.2, a
contradiction. Thus, & is incompressible itself, implying ed(SO2,4+1(g)) >r+1. [J

14. Proof of Theorem 3.1

Bypes A,, By, Cy, D,, Eg, E7, Eg. Let p: G°— O(V, g) be as in Proposition 6.1.
As in [Chernousov and Serre 2006], we can extend it to pg : G — O(V, g). Let
6o = pg(6g) be the image of 6 in H' (K, O(V, q)). Consider the quadratic form
go on V corresponding to 6. If dim(gq) is even, then arguing as in [loc. cit.] we
conclude that g is a canonical monomial form of rank r. By Theorem 10.2, g is
incompressible and hence so is 6.

If dim(q) is odd, then we can write it as ¢ = (1) ®¢’, where ¢’ is a nondegenerate
quadratic form of even dimension. The twist gp of g by 6y is then of the form
qgo = (1) ® g, where g is a canonical monomial form of rank r. Finally, the proof
of Theorem 13.3 shows that g is incompressible as well.
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Type G,. Let F be a field of arbitrary characteristic. By [Serre 1995, Théoreme 11],
there is a canonical one-to-one correspondence between H I(F, G») and the set of
isometry classes of 3-fold Pfister forms defined over F, where G, denotes a split
group of type G, over F. Clearly, any 3-fold Pfister form depends on at most 3
parameters implying ed(G,) < 3. Conversely, a generic 3-fold Pfister form is a
canonical monomial form of rank 2, hence incompressible. It follows ed(G») > 3.

Type Fy. Let F be a field of arbitrary characteristic. It is known that there is a
canonical one-to-one correspondence between H'!(F, F;) and the set of isomor-
phism classes of 27-dimensional exceptional Jordan algebras over F, where Fy
denotes a split group of type F, over F. To each such reduced Jordan algebra J
one associates a unique (up to isometry) 5-fold Pfister form f5(J) [Petersson 2004,
§4.1]. Moreover, it is known that any 5-fold Pfister form over F corresponds to
some Jordan algebra J over F. Since a generic 5-Pfister form is incompressible,
we conclude that ed(Fy4) > 5.
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COCHARACTER-CLOSURE AND SPHERICAL BUILDINGS

MICHAEL BATE, SEBASTIAN HERPEL,
BENJAMIN MARTIN AND GERHARD ROHRLE

In memory of Robert Steinberg

Let k be a field, let G be a reductive k-group and V an affine k-variety on
which G acts. In this note we continue our study of the notion of cocharacter-
closed G (k)-orbits in V. In earlier work we used a rationality condition on
the point stabilizer of a G-orbit to prove Galois ascent/descent and Levi
ascent/descent results concerning cocharacter-closure for the correspond-
ing G(k)-orbit in V. In the present paper we employ building-theoretic
techniques to derive analogous results.

1. Introduction

Let k be a field and let G be a reductive linear algebraic group acting on an affine
variety V, with G, V and the action all defined over k. Let Ay be the (simplicial)
spherical building of G over k, and let Az(R) be its geometric realisation (for
precise definitions, see below). In this paper we continue the study, initiated in
[Bate et al. 2013; 2012; 2015], of the notion of cocharacter-closed orbits in V for
the group G (k) of k-rational points of G, and of interactions with the geometry
of Ar(R). The philosophy of this paper is as follows (cf. [Bate et al. 2015]): for
a point v in V, we are interested in Galois ascent/descent questions— given a
separable algebraic extension k’/k of fields, how is the G (k")-orbit of v related to
the G (k)-orbit of v? —and Levi ascent/descent questions — given a k-defined torus
S of the stabilizer G, how is the C;(S)(k)-orbit of v related to the G (k)-orbit of
v? (See [Bate et al. 2015, Section 5, Paragraph 1] for an explanation of the terms
Galois/Levi ascent/descent in this context.) These questions are related, and have
natural interpretations in A (IK).

Our results complement those of [Bate et al. 2015]: they give similar conclusions
but under different assumptions. It was shown in [loc. cit.] (see Proposition 2.6
below) that Galois descent— passing from G (k’)-orbits to G (k)-orbits —is always
MSC2010: primary 20G15; secondary 141.24.
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well-behaved. Certain results on Galois ascent were also proved [loc. cit., Theo-
rem 5.7] under hypotheses on the stabilizer G,. The mantra in this paper is that
when the centre conjecture (see Theorem 1.2 below) is known to hold, one can use
it to prove Galois ascent results, and hence deduce Levi ascent/descent results. The
idea is that when the extension k'/k is separable and normal, questions of Galois
ascent can be interpreted in terms of the action of the Galois group of k’/k on the
building; moreover, if one has such Galois ascent questions under control, then it is
easier to handle Levi ascent/descent because one may assume that the torus S is
split (cf. [loc. cit., Theorem 5.4(ii)]).

When £ is algebraically closed (or more generally when £ is perfect), our setup
is also intimately related to the optimality formalism of [Kempf 1978; Rousseau
1978; Hesselink 1978]. Indeed, one may interpret this formalism in the language
of the centre conjecture (see [Bate et al. 2012, Section 1]). The idea is to study
the G-orbits in V via limits along cocharacters of G: limits are formally defined
below, but given v in V, if we take the set of cocharacters A of G for which the
limit lim,_, ¢ A(a) - v exists, and interpret this set in terms of the set of Q-points
A(Q) of the building of G, then we obtain a convex subset ¥, of A(Q). In case
G - v is not Zariski-closed, one can find a fixed point in the set X, and an associated
optimal parabolic subgroup P of G with many nice properties: in particular, the
stabilizer G, normalises P. It is not currently known in general how to produce
analogues of these optimality results over arbitrary fields (or even whether such
results exist); see [Bate et al. 2013, Section 1] for further discussion. Our first main
theorem gives a rational analogue of the Kempf—Rousseau—Hesselink ideas when
2k, (the points of %, coming from k,-defined cocharacters of G) happens to be a
subcomplex of A(QD), and also answers in this case the ascent/descent questions
posed earlier.

Theorem 1.1. Let v € V. Suppose Xy i, is a subcomplex of Ay (Q). Then the
following hold:

(1) Suppose v € V (k) and G (ky) - v is not cocharacter-closed over kg. Let S be
any k-defined torus of G, and set L = Cg(S). Then there exists o € Yy (L)
such that lim,_.o o (a) - v exists and lies outside G (ky) - v.

(ii) Suppose v € V (k). For any separable algebraic extension k'/k, G(k') - v is
cocharacter-closed over k' if and only if G (k) - v is cocharacter-closed over k.

(iii) Let S be any k-defined torus of G, and set L = Cg(S). Then G(k) - v is

cocharacter-closed over k if and only if L(k) - v is cocharacter-closed over k.

The hypothesis that X, ; is a subcomplex allows us to apply the following
result— Tits’ centre conjecture — in the proof of Theorem 1.1:
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Theorem 1.2. Let ® be a thick spherical building and let X be a convex subcomplex
of ®© such that X is not completely reducible. Then there is a simplex of ¥ that
is fixed by every building automorphism of © that stabilizes . (We call such a
simplex a centre of X.)

For definitions and further details, see [Ramos-Cuevas 2013]; in particular, note
that the spherical building of a reductive algebraic group is thick. The conjecture
was proved by Miihlherr and Tits [2006], Leeb and Ramos-Cuevas [2011] and
Ramos-Cuevas [2013], and a uniform proof for chamber subcomplexes has also
now been given by Miihlherr and Weiss [2013]. The condition that X, is a
subcomplex is satisfied in the theory of complete reducibility for subgroups of
G and Lie subalgebras of Lie(G), and our results yield applications to complete
reducibility (see Theorem 1.4 below).

By [Bate et al. 2015, Theorem 5.7], the conclusions of Theorem 1.1(ii) and (iii)
hold if G, has a maximal torus that is k-defined. Our second main result gives
alternative hypotheses on G, this time of a group-theoretic nature, for the conclu-
sions of Theorem 1.1 to hold, without the assumption that X, ; is a subcomplex.
The proof of this result relies in an essential way on known cases of a strengthened
version of the centre conjecture (this time from [Bate et al. 2012]).

Theorem 1.3. Let v € V (k). Suppose that (a) Gg is nilpotent, or (b) every simple
component of G° has rank 1. Then the following hold:

(1) Suppose G(ky) - v is not cocharacter-closed over ks. Let S be any k-defined
torus of G, and set L = Cg(S). Then there exists o € Yy (L) such that G, (ks)
normalises P,(G®) and lim,_,o o (a) - v exists and lies outside G (k) - v.

(ii) For any separable algebraic extension k' /k, G(k') - v is cocharacter-closed
over k' if and only if G(k) - v is cocharacter-closed over k.

(iii) Let S be any k-defined torus of G, and set L = Cg(S). Then G(k) - v is
cocharacter-closed over k if and only if L(k) - v is cocharacter-closed over k.

The hypothesis in Theorem 1.1(i) that v is a k-point ensures that the subset
¥, is Galois-stable, and it is also needed in our proof of Theorem 1.3 (but see
Remark 4.6). Sometimes, however, one can get away with a weaker hypothesis.
This happens for G-complete reducibility in the final section of the paper, where
we prove the following ascent/descent result:

Theorem 1.4. Suppose that G is connected. Let H be a subgroup of G. Let S be a
k-defined torus of Cc(H) and set L = Cg(S). Then H is G-completely reducible
over k if and only if H is L-completely reducible over k.

Remark 1.5. (i) Theorem 1.4 gives an alternative proof and also slightly generalises
Serre’s Levi ascent/descent result [Serre 1997, Proposition 3.2]; cf. [Bate et al. 2005,



68 MICHAEL BATE, SEBASTIAN HERPEL, BENJAMIN MARTIN AND GERHARD ROHRLE

Corollary 3.21, Corollary 3.22] — for in the statement of Theorem 1.4, we do not
require H to be a subgroup of G (k).

(i) The counterpart of Theorem 1.1(ii) (Galois ascent/descent for G-complete
reducibility) was proved in [Bate et al. 2009].

We spend much of the paper recalling relevant results from geometric invariant
theory and the theory of buildings. Although the basic ideas are familiar, we need
to extend many of them: for instance, the material on quasi-states in Section 3D
was covered in [Bate et al. 2012] for algebraically closed fields, but we need it
for arbitrary fields. We work with the geometric realisations of buildings rather
than with buildings as abstract simplicial complexes; some care is needed when the
reductive group G has positive-dimensional centre.

The paper is laid out as follows. In Section 2, we set up notation and collect
terminology and results relating to cocharacter-closedness. In Section 3, we translate
our setup into the language of spherical buildings; we use notation and results from
[Bate et al. 2012] on buildings, some of which we extend slightly. In Section 4, we
combine the technology from both of the preceding sections to give proofs of our
main results. In the final section we give our applications to the theory of complete
reducibility.

2. Notation and preliminaries

Let k denote a field with separable closure ks and algebraic closure k. LetT :=
Gal(ks/ k) = Gal(k/k) denote the Galois group of ks/k. Throughout, G denotes
a (possibly nonconnected) reductive linear algebraic group defined over k, and V
denotes a k-defined affine variety upon which G acts k-morphically. Let G (k),
G (ks), V(k), V (k) denote the k- and kg-points of G and V'; we usually identify G
with G (k) and V with V (k). If X is a variety then we denote its Zariski closure by
X.

More generally, we need to consider k-points and kg-points in subgroups that are
not necessarily k-defined or k;-defined; note that if £ is not perfect then even when
v is a k-point, the stabilizer G, need not be k-defined. If k’/k is an algebraic field
extension and H is a closed subgroup of G then we set H (k') = H (k) N G (k’), and
we say that a torus S of H is k’-defined if it is k’-defined as a torus of the k-defined
group G. Note that a k;-defined torus of H is a torus of H (ky).

2A. Cocharacters and G-actions. Given a k-defined algebraic group H, we let
Y (H) denote the set of cocharacters of H, with Y, (H) and Y}, (H) denoting the
sets of k-defined and k;-defined cocharacters, respectively. The group H acts on
Y (H) via the conjugation action of H on itself. This gives actions of the group of
k-points H (k) on Y (H) and the group of ks-points H (k) on Y (H). There is also
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an action of the Galois group I" on Y (H) which stabilizes Y;, (H), and the I"-fixed
elements of Y, (H) are precisely the elements of Y;(H). We write ¥ = Y (G),
Yk = Yk(G) and ka = YkS(G)-

Definition 2.1. A function || || : Y — Rx¢ is called a I'-invariant, G-invariant norm
if:
G llg-All=lIM=lly-M|forallAeY, geGandy €T

(i1) for any maximal torus 7 of G, there is a positive definite integer-valued form
(, )on Y(T) such that (A, ) = ||)\||2 for any A € Y(T).

Such a norm always exists: To see this, take a k-defined maximal torus 7" and any
positive definite integer-valued form on Y (7). Since T splits over a finite extension
of k, we can average the form over the Weyl group W and over the finite Galois group
of the extension to obtain a W-invariant I"-invariant form on Y (7"), which defines a
norm satisfying (ii). One can extend this norm to all of Y because any cocharacter
is G-conjugate to one in Y (7T'); this procedure is well-defined since the norm on
Y (T) is W-invariant. See [Kempf 1978] for more details. If G is simple then || ||
is unique up to nonzero scalar multiples. We fix such a norm once and for all.

For each cocharacter A € Y and each v € V, we define a morphism of varieties
dva k* — V via the formula ¢y.1(a) = A(a) - v. If this morphism extends to a
morphism 25,}7 .,k — V, then we say that lim,_.o A(a) - v exists, and set this limit
equal to (}\U, »(0); note that such an extension, if it exists, is necessarily unique.

Definition 2.2. For A € Y and v € V, we say that A destabilizes v provided
lim,_, ¢ A(a) - v exists, and if lim,_.g A(a) - v exists and does not belong to G - v,
then we say A properly destabilizes v. We have an analogous notion over k: if
A € Y then we say that A properly destabilizes v over k if lim,_.g L(a) - v exists and
does not belong to G (k) - v. Finally, if '/ k is an algebraic extension, and A € Y,
then we say that A properly destabilizes v over k" if lim,_,o A(a) - v exists and does
not belong to G (k') - v; that is, if A —regarded as an element of Y}/ (G) — properly
destabilizes v over k’.

2B. R-parabolic subgroups. When V = G and G is acting by conjugation, for
each A € Y we getaset P, :={g € G | lim,;_¢ )L(a)g)»(a)_l exists}; this is a
parabolic subgroup of G. We distinguish these parabolic subgroups by calling
them Richardson-parabolic or R-parabolic subgroups. For basic properties of these
subgroups, see [Bate et al. 2005, Section 6]. We recall here that L, = Cg(Im(}))
is called an R-Levi subgroup of P,, R, (P,) is the set of elements sentto 1 € G
in the limit, and P, = R, (P,) % L,. Further, R,(P;) acts simply transitively on
the set of all L, such that P, = P; (that is, on the set of all R-Levi subgroups of
P,): note that this is a transitive action of R, (P,) on the set of subgroups of the
form L, not on the set of cocharacters for which P, = P;. Most of these things
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work equally well over the field k: for example, if A is k-defined then P,, L, and
R, (P;) are; moreover, given any k-defined R-parabolic subgroup P, R, (P)(k) acts
simply transitively on the set of k-defined R-Levi subgroups of P [Bate et al. 2013,
Lemma 2.5]. Note that if P is k-defined and G is connected then P = P, for some
k-defined X, but this can fail if G is not connected [Bate et al. 2013, Section 2].

When H is a reductive subgroup of G the inclusion Y (H) C Y (G) means that
we get an R-parabolic subgroup of H and of G attached to any A € Y (H). When
we use the notation P;, L,, etc., we are always thinking of A as a cocharacter of
G. If we need to restrict attention to the subgroup H for some reason, we write
P,.(H), L, (H), etc.

2C. The sets Y(Q) and Y (R). Form the set Y (Q) by taking the quotient of ¥ x Ny
by the relation A ~ w if and only if nA = mpu for some m,n € N, and ex-
tend the norm function to Y(Q) in the obvious way. For any torus 7 in G,
Y(T,Q):=Y(T)®z Q is a vector space over (). Now one can form real spaces
Y(T,R) := Y(T,Q) ®g R for each maximal torus 7T of G and a set Y(R) by
glueing the Y (T, R) together according to the way the spaces Y (T, Q) fit together
[Bate et al. 2012, Section 2.2]. The norm extends to these sets. One can define
sets Y (Q), Yk (R), Yi(T, Q), Yi(T, R), Yi, (Q), Yi, (R), Y (T, Q) and Y (T, R)
analogously by restricting attention to k-defined cocharacters and maximal tori,
or kg-defined cocharacters and maximal tori, as appropriate. For the rest of the
paper, KK denotes either of (2 or R when the distinction is not important. The sets
Y (K), Yi(K) and Y, (IK) inherit G-, G(k)-, G (ks)- and I'-actions from those on
Y, Y and Yj,, as appropriate, and each element A € Y (K) still corresponds to
an R-parabolic subgroup P, and an R-Levi subgroup L, of G (see [Bate et al.
2012, Section 2.2] for the case K = R). If H is a reductive subgroup of G
then we write Y (H, @), etc., to denote the above constructions for H instead
of G.

2D. G-varieties and cocharacter-closure. We recall the following fundamental
definition from [Bate et al. 2015, Definition 1.2], which extends the one given in
[Bate et al. 2013, Definition 3.8].

Definition 2.3. A subset S of V is said to be cocharacter-closed over k (for G) if
for every v € S and A € Y such that v' :=lim,_,o A(a) - v exists, we have v’ € S.

This notion is explored in detail in [Bate et al. 2015]. In this section, we content
ourselves with collecting some results from that paper, together with the earlier
paper [Bate et al. 2013]. These results, most of which are also needed in the sequel,
give a flavour of what is known about the notion of cocharacter-closure in the case
that the subset involved is a single G (k)-orbit.
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Remark 2.4. The geometric orbit G - v is Zariski-closed if and only if it is
cocharacter-closed over k, by the Hilbert—-Mumford Theorem [Kempf 1978, Theo-
rem 1.4].

Theorem 2.5 [Bate et al. 2015, Corollary 5.1]. Suppose v € V is such that G (k) - v
is cocharacter-closed over k. Then whenever v' = lim,_,o A(a) - v exists for some
A € Yy, there exists u € R, (Py) (k) such that v = u - v.

Proposition 2.6 [Bate et al. 2015, Proposition 5.5]. Let v € V such that G, (k) is
[-stable and let k' | k be a separable algebraic extension. If G (k') - v is cocharacter-
closed over k', then G (k) - v is cocharacter-closed over k.

Theorem 2.7 [Bate et al. 2015, Theorem 5.4]. Suppose S is a k-defined torus of
G, and set L = Cg(S).

(1) If G(k) - v is cocharacter-closed over k, then L(k) - v is cocharacter-closed
over k.

(i) If S is k-split, then G (k) - v is cocharacter-closed over k if and only if L(k) - v
is cocharacter-closed over k.

We note that, as described in the introduction, one of the main points of this
paper is to show that the converse of Proposition 2.6 holds under certain extra
hypotheses, and that the hypothesis of splitness can be removed in Theorem 2.7(ii)
under the same hypotheses; see also [Bate et al. 2015, Theorem 1.5].

Our final result, a strengthening of Lemma 5.6 of [Bate et al. 2015], follows
from the arguments given in the proof of that lemma.

Lemma 2.8. Let V be an affine G-variety over k and let v € V (k). Suppose there
exists A € Yy, such that A properly destabilizes v. Then there exists |1 € Yy such that
v =1lim,_, g u(a) - v exists, v is not G (kg)-conjugate to v and G, (ks) normalises
Py. In particular, G (k) - v is not cocharacter-closed over k.

Remark 2.9. The hypotheses of Lemma 2.8 are satisfied if A € Y, (Z(GY)) desta-
bilizes v but does not fix v. For if v" :=lim,_,g A(a) - v is G-conjugate to v then v’
is R, (P;)-conjugate to v [Bate et al. 2013, Theorem 3.3]; but R,(P;) = 1, so this
cannot happen.

3. Spherical buildings and Tits’ centre conjecture

The simplicial building A of a semisimple algebraic group G over k is a simplicial
complex, the simplices of which correspond to the k-defined parabolic subgroups
of G ordered by reverse inclusion. See [Tits 1974, §5] for a detailed description.
Our aim in this section is to construct for an arbitrary reductive group G over k,
objects Ax(K) for K = R or Q that correspond to the geometric realisation of
the spherical building of G° over k (or the set of Q-points thereof) when G is
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semisimple. These are slightly more general objects (possibly with a contribution
from Z(G?)) when G° is reductive. Recall that I" denotes the Galois group of k;/ k.
Most of the notation and terminology below is developed in full detail in the paper
[Bate et al. 2012] — we point the reader in particular to the constructions in [Bate
et al. 2012, Sections 2, 6.3, 6.4]. For the purposes of this paper, we need to extend
some of the results in [loc. cit.] (for example by incorporating the effect of the
Galois group I'), but rather than reiterating all the details, we just gather enough
material to make our exposition here coherent.

3A. Definition of Ay (KK). We first form the vector building V;, (IK) by identifying A
in Yy (I€) with u - A for every u € R, (P;) (k). The norm function on Y} (IK) descends
to Vi (K), because it is G-invariant. This gives a well-defined function on V; (IK),
which we also call a norm, and makes Vi (IK) into a metric space.

Definition 3.1. (i) Define Ay (R) to be the unit sphere in Vi (R) and A (Q) to be
the projection of Vi (Q) \ {0} onto Ay (R).

(i) Two points of A (IK) are called opposite if they are antipodal on the sphere
Ar(R).

(iii) It is clear that the conjugation action of G (k) on Y; gives rise to an action
of G(k) on Ax(IK) by isometries, and there is a natural G (k)-equivariant,
surjective map ¢ : Y3 (K) \ {0} — A (K).

(iv) The apartments of Ay (IK) are the sets Ag(T, K) := ¢ (Y (T, IK)) where T runs
over the maximal k-split tori of G.

(v) The metric space Ay (IK) and its apartments have a simplicial structure, because
any point x = £ (A) of Ag(IK) gives rise to a k-defined parabolic subgroup P,
of G (see Section 2C); the simplicial complex consists of the proper k-defined
parabolic subgroups of G, ordered by reverse inclusion. We write A; for
the spherical building of G over k regarded purely as a simplicial complex.
The simplicial spherical buildings of G° and of [G°, G°] are the same. Our
notion of opposite is compatible with the usual one for parabolic subgroups:
if A € Y(G) then P_, is an opposite parabolic to P;.

To avoid tying ourselves in knots, when the distinction is not important to the
discussion at hand, we loosely refer to either of the objects Ay (Q) and Ax(R) as
the building of G over k.

One can make analogous definitions of objects Ay, (IK) and A(K) = Az(K) over
ks and k, respectively, with corresponding systems of apartments and maps ¢. We
write Ay, and A for these spherical buildings regarded as simplicial complexes.

Because we are interested in rationality results, we need to know the relationship
between Ay (IK) and Ay, (). Given a k-defined reductive subgroup H of G, we
also want to relate Ay (H, K) to Ax(K), where Ay (H, K) denotes the building of
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H over k. It is easy to see that the I'-action on cocharacters descends (via ¢) to
I"-actions by isometries on Ay, (KK) and A(K).

Lemma 3.2. (i) There are naturally occurring copies of Ay () inside Ay, (K)
and A(K). We can in fact identify Ay (K) with the set of I'-fixed points of
Ay, (K).

(i) Let H be a k-defined reductive subgroup of G. Then there is a naturally
occurring copy of A (H, K) inside Ay (KK).

Proof. (1) It is clear that Y3 () € Y;, (K) € Y (K), and Y () is precisely the
set of I'-fixed points in Y, (KK). Since R,(Py)(k) acts simply transitively on the
set of k-defined R-Levi subgroups of P, two k-defined cocharacters A and y are
R, (P;)-conjugate if and only if they are R, (P, ) (ks)-conjugate if and only if they are
R, (P;)(k)-conjugate. Following this observation through the definition of Ag(K),
Ay, (<) and A(K) is enough to prove the first assertion of (i). It is clear that A (IK)
is fixed by I'. Conversely, let x € Ag (K) be fixed by I'. Let P be the parabolic
subgroup associated to x. Then P is ks-defined and I"-stable, so P is k-defined.
Pick a k-defined maximal torus 7" of P. There exists A € Y (T, IK) such that P = Py,
[Springer 1998, 8.4.4, 8.4.5]. Each y € I maps A to a R, (P)(k,)-conjugate of A.
Now R, (P) acts simply transitively on the set of Levi subgroups of P, and each
maximal torus of P is contained in a unique Levi subgroup [Springer 1998, 8.4.4],
so R, (P) acts freely on the set of maximal tori of P. But T is I'-stable, so we must
have that I fixes L. Hence x € Ak (IK), as required.

(i1) In analogy with the first assertion of (i) (although it is slightly more subtle), the
key observation is that if A, u € Yx(H) are R, (P;(G))(k)-conjugate, then they are
in fact R, (P, (H))(k)-conjugate (see [Bate et al. 2011, Lemma 3.3(i)]). Observe
also that the restriction of a I'- and G-invariant norm on Y to Y (H) gives a I'- and
H-invariant norm on Y (H). U

Henceforth, we write Ay (IK) € Ay, () € A(K) and Ay (H, ) € Ag(K) without
any further comment. One note of caution: the inclusion Ay (H, ) C Ax () does
not in general respect the simplicial structures on these objects.

3B. Convex subsets. Because any two parabolic subgroups of G contain a common
maximal torus, any two points x, y € A() are contained in a common apartment
and, as long as these points are not opposite each other, there is a unique geodesic
[x, y] joining them. This geodesic does not depend on the apartment we find
containing x and y; in particular, this can be done inside A (K) if x, y € Ax(K)
and inside Ay (H) if x, y € A (H) for some reductive subgroup H of G. This leads
to the following key definitions:
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Definition 3.3. (i) A subset ¥ C A(K) is called convex if whenever x, y € X are
not opposite then [x, y] € 3. It follows from the discussion above that Ay (KK)
is a convex subset of A (K).

(i1) Given a convex subset X of A(K), its preimage C := c~H(Z)U{0} in Y(K) is
a union of cones Cy := CNY (T, K), where T runs over the maximal tori of
G. The subset ¥ is called polyhedral if each Cr is a polyhedral cone and X is
said to have finite type if the set of cones {g - C,-17, | g € G} is finite for all T'.

(iii) A convex subset X of A(K) is called a subcomplex if it is a union of simplices
(that is, if A, u € Y (K) are such that P, = P,, then {(A) € X if and only if
¢(w) € X) and if that union of simplices forms a subcomplex in the simplicial
building A. In such a circumstance, we denote the subcomplex of A arising in
this way by X also; note that ¥ is convex in the sense of part (i) above if and
only if ¥ —regarded as a subcomplex of the simplicial building —is convex
in the sense of simplicial buildings.

The definitions above have obvious analogues for the buildings A (K) and
Ay, (K).

There is an addition operation on the set V (IK), given as follows. Let ¢ : Y (IK) —
V (IK) be the canonical projection. Choose a maximal torus 7 of G and A, u €
Y (T, K) such that ¢(A) = x and ¢(u) = y; we definex +y e V(K) by x +y =
@(A+ ). It can be shown that this does not depend on the choice of 7; moreover,
forany ge G, g-(x+y)=g-x+g-y.

3C. The destabilizing locus and complete reducibility. For this paper, a particu-
larly important class of convex subsets arises from G-actions on affine varieties.
Given an affine G-variety V and a point v € V, set

Yy ={¢) A €Y and lir%k(a) - v exists} € A(Q).

We call this subset the destabilizing locus for v; it is a convex subset of A(Q)
by [Bate et al. 2012, Lemma 5.5] (note that X, coincides with Ey (,)(Q) in the
language of [Bate et al. 2012]). Similarly we write X, x (resp. X, x,) for the image
in Ax(Q) (resp. Ag, (Q)) of the k-defined (resp. ky-defined) characters destabilizing
v. If H is a reductive subgroup of G, then we write X, x(H) for the destabilizing
locus for v with respect to H.

Definition 3.4. A subset ¥ of A(K) is called completely reducible if every point
of ¥ has an opposite in .

Lemma 3.5. Letv € V. Then:
(1) Given A € Yy such that {()) € X, x, A has an opposite in X,y if and only if

there exists u € R, (P,) (k) such that u - A fixes v, if and only if there exists
u € R, (P) (k) such that lim,_or(a)-v=u"""v.
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(1) The subset X, i is completely reducible if and only if G(k) - v is cocharacter-
closed over k.

(iii) The subset %, is completely reducible if and only if the orbit G - v is closed
inV.

Proof. We have that X, (resp. X, ) is completely reducible if and only if for every
A €Y (resp. A € Yy) such that lim,_,g A(a) - v exists, there is some u € R, (P,) (resp.
u € R,(Py)(k)) such that both u - A and —(u - 1) destabilize v. But this is true if and
only if u - A fixes v, which is equivalent to the fact that lim,_oA(a) - v=u""!"v,
by [Bate et al. 2013, Lemma 2.12]. This gives part (i). Part (ii) now follows from

Theorem 2.5, and part (iii) from Remark 2.4. O

3D. The strong centre conjecture and quasi-states. The aim of the paper [Bate
et al. 2012] is to study a strengthened version of Tits’ centre conjecture for Ay ().
Let G denote the group of transformations of A, (K) generated by the isometries
arising from the action of G (k) and the action of I". Note that elements of G map
ky-defined parabolic subgroups of G to ky-defined parabolic subgroups of G, so
they give rise to automorphisms of the simplicial building A;,. Given a convex
subset X of Ay (I€), we call a point x € X a G-centre if it is fixed by all the elements
of G that stabilize ¥ setwise. We can now formulate the original centre conjecture
in our setting.

Theorem 3.6. Suppose £ C Ay (IK) is a convex non-completely reducible subcom-
plex. Then X has a G-centre.

Proof. Theorem 1.2 asserts the existence of a stable simplex in the subcomplex
(note that the simplicial structure on A(IK) does not “see” the difference between G
and G°, or between G° and its semisimple part, so the proof of the centre conjecture
for subcomplexes of spherical buildings still works for the more general class of
objects we have described). Now any element of G that fixes a simplex also fixes
its barycentre (because the action is via isometries), and we are done. O

In the strong centre conjecture [Bate et al. 2012, Conjecture 2.10], one replaces
convex non-completely reducible subcomplexes with convex non-completely re-
ducible subsets. Most of [loc. cit.] deals with the special case when k = k and
considers only the isometries of A (K) coming from the action of G. We need to
take the action of I' into account, so we briefly indicate some of the key changes
that must be made to the constructions in [loc. cit.] in order to make the results go
through; see also the comments in [loc. cit., Section 6.3].

Definition 3.7. We recall the notion of a K-quasi-state E from [Bate et al. 2012,
Definition 3.1]: this is an assignment of a finite set of characters E(7) to each
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maximal torus 7 of G satisfying certain conditions (see [loc. cit.] for a precise
statement).

The groups G and I" act on quasi-states: given a K-quasi-state = and g € G and
y € I' we define new quasi-states g, & and y, E by

GEM) =gE@ 'Te),  rnEM=n(™"-D0),

where for a character x of a torus 7', g, x is a character of the torus g7 g~ ! given by
(g!x)(gtg_l) := x(¢) for all r € T, and similarly y,x is a character of y - T given
by (yx)(y -1):=x(t) forallr € T.

We say a quasi-state is defined over a field k' if it assigns k’-defined characters to
k’-defined maximal tori. Recall also the notions of boundedness, admissibility and
quasi-admissibility for [K-quasi-states, [Bate et al. 2012, Definitions 3.1 and 3.2].

With these definitions in hand, we can extend [loc. cit., Lemma 3.8] as follows:

Lemma 3.8. Let T be a K-quasi-state which is defined over ks and define E :=
Uyer v Y by E(T) := Uyer(y*T)(T)for each maximal torus T of G. Then & is
a K-quasi-state which is defined over kg, and it is bounded (resp. quasi-admissible,
admissible at \) if Y is. Moreover, by construction, E is I'-stable.

Proof. There are two points which need to be made in order for the arguments
already in the proof of [Bate et al. 2012, Lemma 3.8] to go through. First note that
given a k-defined maximal torus 7 of G the set of Galois conjugates of 7 is finite
(because T is defined over some finite extension of k). This means that, because Y
is kg-defined, E(T) is still finite, so E is a [K-quasi-state. Now, for boundedness we
need to check that if Y is bounded then the set UyeF (U ¢€G 8 (y*T)(T)) is finite
for some (and hence all) k;-defined maximal tori 7 of G. Since we can choose any
ks-defined maximal torus 7', we choose one that is actually k-defined, and then

g (M) =g (D T =g (Y (r " (e7'T9))
=a(nY(v "o 'Ter " 9))
=yno X (( ' T ) = ny T D).

Therefore, we can write

U (U(g*(ym)m) -U y!(U(yl -gmm).

yell “geG yell geG

Now, since Y is bounded, the second union on the RHS is finite for every y, and
because Y is ks-defined and the set of Galois conjugates of a ky-defined character
is finite, the whole RHS is finite. This proves the boundedness assertion. The other
assertions follow as in [loc. cit.] O
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Using Lemma 3.8 we can ensure that, when appropriate, the states and quasi-
states constructed during the course of the paper [Bate et al. 2012] are Galois-stable.
In particular, we get the following variant of [loc. cit., Theorem 5.5]:

Theorem 3.9. Suppose ¥ C A(Q) is a convex polyhedral non-completely reducible
subset of finite type contained in a single apartment of A(Q). Then X has a G-centre.
In particular, if ¥ is stabilized by all of T, then there exists a I'-fixed point in X.

Proof. Using Lemma 3.8, one can ensure that the quasi-state constructed in [Bate
et al. 2012, Lemma 5.2] which is used in the proof of [loc. cit., Theorem 5.5] is also
stable under the relevant elements of G. The proofs in [loc. cit.] now go through. [J

Remark 3.10. In our application of Theorem 3.9 to the proof of Theorem 1.3 below,
> is a I'-stable subset of Ay (Q) and we want to show that X has a I'-fixed point.
A striking feature of Theorem 3.9 is that we do not require the apartment containing
Y to be kg-defined: it can be any apartment of the building A () = A ([S).

We note here that, unfortunately, we do not know a priori that any cocharacter
corresponding to the fixed point given by Theorem 3.9 properly destabilizes v.
Moreover, we may need to consider cocharacters of Z(G"), which do not correspond
to simplices of the spherical building at all. These technical issues are at the heart
of many of the complications in the proofs in Section 4 below.

4. Proofs of the main results

Having put in place the building-theoretic technology needed for our proofs, we start
this section with a few more technical results to be used for the main theorems. As
always, V denotes a k-defined affine G-variety, and v € V. One obstacle to proving
Theorems 1.1 and 1.3 is that we need to deal with cocharacters that live in Z(G?),
which are not detected by the simplicial building (cf. the proof of Theorem 3.6). An
extra problem for Theorem 1.3 is that we need to factor out some simple components
of G°. The following results let us deal with these difficulties.

Let N be a product of certain simple factors of G°, and let S be a torus of Z(G).
Let M be the product of the remaining simple factors of G together with Z(GP).
Suppose that N and § are normal in G (this implies that M is normal in G as well),
and that N and S both fix v. Set G; = G/N S and let 7 : G — G be the canonical
projection. Since Z (GY) is ky-defined and kg-split, S is ky-defined, and it is clear
that N is kg-defined. So G and 7 are ky-defined. We have a k,-defined action of
G on the fixed point set VNS (note that VNS is G-stable).

Lemma 4.1. (i) For any p; € Yi,(G1), there exist n € N and p € Yy (M) such
that w o = nuy.

(ii) Let A € Yi,. Then A destabilizes v over ks in V if and only if w o A destabi-

VNS

lizes v over k in . Moreover, if this is the case then lim,_.gA(a) - v =
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lim,_(7 0 1) (a) - v belongs to Ry (Py(G)) (k) - v if and only if it belongs to
Ry (Prop(G1))(ks) - v.

(1) Gy(ky) - v is cocharacter-closed over kg if and only if G(ky) - v is cocharacter-
closed over k.

Proof. (i) Let ;1 € Yi,(G1). Since p is ks-defined, we can choose a k;-defined
maximal torus 77 € G with u; € Y, (T7). Since 7 is separable and k,-defined,
7~ Y(T) € G is ks-defined [Springer 1998, Corollary 11.2.14]. Hence 7 ~!(Ty)
has a k,-defined maximal torus 7. Let 7/ = T N M, a k-defined torus of M. Now
7 (T") = 7 (T) is a maximal torus of G| by [Borel 1991, Proposition 11.14(1)]; but
7 (T’) is contained in T, so we must have 7 (T") = T;. The surjection T/ — T}
induces a surjection Q ®z Y3 (T") — Q ®z Y;(T1) (the map before tensoring maps
onto a finite-index subgroup: e.g., by transposing the injective map on character
groups [Waterhouse 1979, Theorem 7.3]), hence there exist n € N and p € Yz(T”)
such that m o =np1. As u € Yi(T) = Y, (T), 1 is ks-defined as required.

(i1) The first assertion is immediate, as is the assertion that the limits coincide.
Since 7 is an epimorphism, we have 7 (R, (P (G))) = R, (Pr.,(G1)) (see [Conrad
et al. 2010, Corollary 2.1.9]). Moreover, since A normalises NS, the restriction
of m to R, (P, (G)) is separable (see [Conrad et al. 2010, Proposition 2.1.8(3) and
Remark 2.1.11]) and k,-defined, and hence is surjective on ks-points (cf. [Wa-
terhouse 1979, Corollary 18.5]). This implies that if the common limit v’ is in
Ry (Proy(G1)) (k) - v, it is contained in R, (P;(G))(ks) - v. The reverse implication
is clear, since 7 is ky-defined.

(iii) Suppose G (k) - v is not cocharacter-closed over k. Then there exists A € Yj,
such that lim,_,g A(a) - v exists but does not belong to R, (P, (G))(ks) - v. Then
lim,_,¢( o A)(a) - v exists but does not belong to R, (P, (G1))(ks) - v, by part (ii).
Hence G (ky) - v is not cocharacter-closed over kg, by Theorem 2.5.

Now suppose G (ky) - v is not cocharacter-closed over k;. Then there exists
w1 € Y, (Gy) such that v’ := lim,_,o p1(a) - v exists and does not belong to
R, (P, (G1))(ks) - v. Replacing w1 with a positive multiple nj1 of w; if necessary,
it follows from part (i) that there exists u € Y, such that w o u = p1. Then
lim, o u(a) - v is equal to v" and v’ does not belong to R, (P;(G))(ky) - v, by part
(i1). Hence G (k;) - v is not cocharacter-closed over kg, by Theorem 2.5. U

Remark 4.2. We insist in Lemma 4.1(i) that A be a cocharacter of M because we
need this in the proof of Theorem 1.3.

Lemma 4.3. Let G be connected, let S be a kg-torus of G, and set L = C¢(S).
Suppose that for every A, u € Yy, such that P, = P, either both of A and
destabilize v or neither does. Then for every A, u € Yy (L) such that P, (L) = P, (L),
either both of A and | destabilize v or neither does.
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Proof. Let A, u € Yi(L) such that P,(L) = P,(L). We can choose o € Y;(S)
such that L, = L [Bate et al. 2015, Lemma 2.5]. Then Py(L,) = P,(L,) and
there exists n € N such that P54, = Py (Ls)Ry(Ps) and Pyoyy = Py (Lo)R,(Py)
[Bate et al. 2005, Lemma 6.2(i)]. By hypothesis, either both of no 4+ A and no +
destabilize v, or neither one does. In the first case, since o fixes v, both A and u
must destabilize v. Conversely, in the second case neither A nor p can destabilize
v. U

Lemma 4.4. Let T be a maximal torus of G, let 1, ..., u, € Y(T)\{0}, let u =
Y i_ i and assume ju # 0. Suppose g € G and g - ¢ (i) = ¢ (w;) forall 1 <i <r.
Then g - §(1) = S (1).

Proof. Clearly, there is a permutation t € S, such that none of the sums Z;:l Mz (i)
is 0 for 1 <t <r. Consider the special case r = 2 (the general case follows easily
by induction on r). Recall the addition operation 4+ on V () and the canonical
projection ¢ : Y () — V() from Section 3B. Let §: V(IK)\{0} — A(IK) be the
canonical projection. Note that ¢ and & are G-equivariant. Moreover, as g fixes
¢(u1) and g acts as an isometry, g fixes ¢(it1), and likewise g fixes ¢ (o). We
have

g-¢(u)=g-C(u1+u2) =g -§(p(u1 + 12)) =&(g - p(p1 + 12))
=&(g- () +o(n2) =85 o) +g-¢(u2))
= &) +(u2)) =§(p(p1 + u2)) =& (w1 + 12) =¢(w),
as required. (I
We now have everything in place to prove Theorem 1.1.

Proof of Theorem 1.1. For part (i), suppose v € V (k) and G (k;) - v is not cocharacter-
closed over k;. Clearly there is no harm in assuming S is a maximal k-defined torus
of G, so we shall do this. Since the closed subgroup (Tks) generated by G, (ky)
is ky-defined and I'-stable, it is k-defined. Hence S is a maximal torus of G, (k;);
in particular, S is a maximal k;-defined torus of G,. Set H = C5(S). If 0 € Y (H)
and o destabilizes v but does not fix v then o properly destabilizes v over k for G,
by [Bate et al. 2015, Lemma 2.8]. Hence it is enough to prove that such a o exists.

By Theorem 2.7(ii), H (ks)-v is not cocharacter-closed over k;. So we can choose
€ Y, (H) such that u properly destabilizes v over ks for H. If u € Y (Z(H )
then we are done by Lemma 2.8 and Remark 2.9. So assume otherwise. Then
PM(HO) is a proper subgroup of H°. By Lemma 4.3, £, ;. (H) is a subcomplex of
Ay, (H, K). It follows from Lemma 3.5 that 2, ; () is not completely reducible,
since if Q is an opposite parabolic to P, (H 9y in HO then there exists u’ € Y, (H)
such that P, = Q and p’ is opposite to w1, which is impossible. Clearly, X, , (H)
is I'- and H, (ky)-stable, so by Theorem 3.6 there is a I'- and H, (k;)-fixed simplex
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s € Xy k,(H)» corresponding to some proper parabolic subgroup P of H 0 There
exists o € Yy (H) such that P = P, (H") [Bate et al. 2013, Lemma 2.5(ii)], and o
destabilizes v by construction. Now o & Yi (Z(H 9y since P is proper. But every
k,-defined torus of H,(k,) is contained in Z(H?®) (since S is contained in Z(H?)),
so o does not fix v. As o commutes with S, it follows from [Bate et al. 2015,
Lemma 2.8] that v’ :=lim,_,¢ o (a) - v does not lie in H (ky) - v. This completes the
proof of (i).

For part (ii), Proposition 2.6 shows that if G(k) - v is cocharacter-closed over
k' then G (k) - v is cocharacter-closed over k. For the other direction, suppose that
G (k) - v is not cocharacter-closed over k’. Again by Proposition 2.6, we may
assume k' = ky. Applying part (i) with S = 1, we find o € Y} such that o properly
destabilizes v over k. In particular, G (k) - v is not cocharacter-closed over k. This
finishes part (ii).

Part (iii) of Theorem 1.1 follows using similar arguments to those in the proof
of [Bate et al. 2015, Theorem 5.7(i1)]. Let S be a k-defined torus of G, and let
L =Cg(S). First, by the argument of [Bate et al. 2015, Lemma 6.2], we can assume
without loss that v € V (ky) without changing %, ;.. Second, by [Bate et al. 2015,
Lemma 6.3] and the argument of the proof of [Bate et al. 2015, Theorem 6.1], we can
pass to a suitable G-variety W and find w € W (k) such that £, ;, = ﬂyer Y Xk
in particular, X, &, is a subcomplex of A (Q) and ¥, x = X, ;. The arguments of
[Bate et al. 2015, Section 6] also show that S fixes w. Hence we can assume without
loss that v € V (k). As before, Lemma 4.3 implies that X, ; (L) is a subcomplex of
Ak, (L, K). We may thus apply part (ii) and assume k = k. But then S is k-split,
so the result follows from Theorem 2.7. O

Remark 4.5. We do not know how to prove that P, (G%) from Theorem 1.1(i)
is normalised by G, (k;), but the proof does show that P, (GY) is normalised by
Hy (ky).

Proof of Theorem 1.3. For part (i), suppose v € V (k) and G (k) - v is not cocharacter-
closed over k. Recall that a connected algebraic group is nilpotent if and only if
it contains just one maximal torus (see [Humphreys 1975, §21.4 Proposition B]).
Let G; be a simple component of GY. If rank(G;) = 1 and dim(G;), > 2 then
(Gi)g must contain a Borel subgroup B; of G;: but then the orbit map G; — G; - v
factors through the connected projective variety G;/B; and hence is constant, so
(Gi)v = Gi‘

Let N be the product of the simple components of G that fix v, and let K be the
product of the remaining simple components of G° together with Z(G°)°. Then
N and K are I'-stable, so they are k-defined. The next step is to factor out N and
reduce to the case when the stabilizer has nilpotent identity component. As in the
proof of Theorem 1.1, G, (ky) is k-defined and we may assume S is a maximal
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k-defined torus of G, and a k,-defined maximal torus of G, (k,). We can choose
k-defined tori Sy of K and S, of N such that S = §yS,. Note that K S is nilpotent —
this holds by assumption in case (a), and by the above argument in case (b) —so
So 1s the unique maximal k-defined torus of K, (ky).

Let Hy = Ng(So), let H = Ng,(N) and let M = Ck (Sp). Then Hy is k-defined
[Conrad et al. 2010, Lemma A.2.9], so H is k-defined as it is I"-stable and has
finite index in H. Note that H = NM = C;(Sp)°, so N is a product of simple
components of H® and M is the product of Z(H?%)? = 5°Z(G°)° with the remaining
simple components of H. The subgroup M of H is normal, so it is I"-stable and
hence k-defined. Now MY is nilpotent since K0 is, so M? has a unique maximal
torus S’ —in particular, Sy € S’ and Sy is the unique maximal torus of M, (k;).
Since G, (ky) normalises N and K, G, (ky) normalises N and Sy, so G,(k;) C H;
it follows that H, (k;) = G, (k;).

Let HH = H/NSy and let w: H — H; be the canonical projection. We wish
to find A; € Yi, (H;) such that A properly destabilizes v over k; and P;, (H)
is k-defined. Note that no nontrivial k;-defined cocharacter of H; fixes v; for if
0 # A1 € Y, (H)) fixes v then by Lemma 4.1, there exist n € N and A € Y, (M)
such that 7 o A =niy, and (Im(A) U S) is a kg-defined torus of G, (k) that properly
contains S, contradicting the maximality of S. Clearly, (H;)? is nilpotent with
unique maximal torus Si :=7(S"). Since H* =C¢(Sp)?, H (ky)-v is not cocharacter-
closed over kg, by Theorem 2.7(ii) and [Bate et al. 2015, Corollary 5.3]. Hence
Hj (k) - v is not cocharacter-closed over ks (Lemma 4.1). Let A; € Y}, (H;) such
that A1 destabilizes v. By Lemmas 2.8 and 4.1, we can assume A does not properly
destabilize v over k. Therefore, there exists u € R, (P;,(Hy)) such that u - A fixes
v; then u - A; must be a cocharacter of Si. It follows that X,  (Hy) € Ay, (T1, Q),
where 7 is a fixed maximal torus of H, that contains S|. Note that 7} and S}
need not be k-defined, or even k -defined. As Hj(ky) - v is not cocharacter-closed
over kg, X, x, (Hy) is not completely reducible (Lemma 3.5(ii)). Now X, x (Hj) is
stabilized by I" and by (H1),(ks), so it follows from Theorem 3.9 that X, x, (H;)
contains a I'-fixed and (H1), (k;)-fixed point x;. We can write x; = (1) for some
1 € Yy (Hy). Then p destabilizes v but does not fix v; moreover, P, (Hlo) is
I"-stable and is normalised by (H1), (k). In particular, P, (Hlo) is k-defined.

By Lemma 4.1, there exist » € N and u € Y;, (M) such that w o u =np; and p
destabilizes v; note that i does not fix v, because ©| does not. The map 7 gives a
bijection between the parabolic subgroups of M° and the parabolic subgroups of
HIO. So P, (M) is I'-stable — because Py, (HIO) is— and hence is defined over k.
As (H,(ky)) is contained in (H1), (ky) and (H1), (k) normalises P, (HIO), H, (k)
normalises P, (M 0.

After replacing p if necessary with an R, (P, (H O))(ks)—conjugate of i, we can
assume that p is a cocharacter of a k-defined maximal torus T of P, (H 0). Let
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u®, ..., u" be the I'-conjugates of . These are cocharacters of 7', so they all
commute with each other. Set o0 = Y /_; u¥, a k-defined cocharacter of T. Note
that o centralizes S = Sy.5,. Now 7 o o destabilizes v but does not fix v (since
m oo #0), so o does not fix v. This implies by [Bate et al. 2015, Lemma 2.8]
that o properly destabilizes v over k; for G. Since H,(k,) is I"-stable and fixes
c(w), Hy(ky) fixes ¢ (u®) forall 1 <i <r. It follows from Lemma 4.4 that H, (k)
fixes ¢(o): that is, for all # € H,(ky), there exists u € R, (P, (H®))(k,) such that
h-o =u-o. Hence P,(G") is normalised by H,(ks) = G, (ks). This completes
the proof of (i).

Parts (ii) and (iii) now follow as in the proof of Theorem 1.1 (there is no need to
reduce to the case when v is a k-point in (iii) because we already assume this). [

Remark 4.6. It can be shown that Theorem 1.3(iii) actually holds without the
assumption that v is a k-point. Here is a sketch of the proof. It is enough to
prove that Levi ascent holds. Without loss, assume § is a maximal k-defined torus
of G,. As in the proof of Theorem 1.1(iii), we replace v with a k-point w of a
k-defined G-variety W, with the property that 3, x, € X, &, and Xy x, = Zyi,.
By the arguments of [Bate et al. 2015, Section 6], we can assume that § and N
fix w. Suppose G (k) - v is not cocharacter-closed over k. Then G (k) - w is not
cocharacter-closed over &, so L(ky) - w is not cocharacter-closed over k;, by Galois
descent and split Levi ascent. It follows that H;(k,) - w is not cocharacter-closed
over ks, where Hj is defined as in the proof of Theorem 1.3. We do not know
whether hypotheses (a) and (b) of Theorem 1.3 hold for w. The key point, however,
that makes the proof of Theorem 1.3(i) work is that X, x (H;) is contained in
a single apartment of Ay (H;, Q). The analogous property holds for X, x (H1)
since X, x,(H1) € X, (H;). Hence Galois ascent holds and H;(k) - w is not
cocharacter-closed over k. Then H; (k) - v is not cocharacter-closed over k, and the
result follows.

5. Applications to G-complete reducibility

Many of the constructions in this paper, and in the key references [Bate et al. 2013;
2012; 2015], were inspired originally by the study of Serre’s notion of G-complete
reducibility for subgroups of G. We refer the reader to [Serre 2005] and [Bate
et al. 2005] for a thorough introduction to the theory. We simply record the basic
definition here:

Definition 5.1. A subgroup H of G is said to be G-completely reducible over k if
whenever H is contained in a k-defined R-parabolic subgroup P of G, there exists
a k-defined R-Levi subgroup L of P containing H. (We do not assume that H is
k-defined.)
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Theorem 5.2 ([Bate et al. 2015, Theorem 9.3]). Let H be a subgroup of G and let
h € H" be a generic tuple of H (see [Bate et al. 2013, Definition 5.4]). Then H is
G-completely reducible over k if and only if G (k) - h is cocharacter-closed over k,
where G acts on G" by simultaneous conjugation.

Theorem 5.2 allows us to prove results about G-complete reducibility over k
using our results on geometric invariant theory. If G is connected, and h € G" is a
generic tuple for a subgroup H of G, then X, is a subcomplex of Ag(Q), since
for any A € Y, X destabilizes h if and only if H C P, ; this means that we are in the
territory of Theorem 1.1.

Proof of Theorem 1.4. Let h be a generic tuple of H. Then Xj, &, is a subcomplex of
Ag k,, and Cg (H) = Gy, The result now follows from Theorems 5.2 and 1.1(iii). U

This theory has a counterpart for Lie subalgebras of g := Lie(G). The basic
definitions and results were covered for algebraically closed fields in [McNinch
2007] and [Bate et al. 2011, Section 3.3], but the extension to arbitrary fields is
straightforward (cf. [Bate et al. 2011, Remark 4.16]).

Definition 5.3. A Lie subalgebra h of g is G-completely reducible over k if when-
ever P is a k-defined parabolic subgroup of G such that fj C Lie(P), there exists a
k-defined Levi subgroup L of P such that h € Lie(L). (We do not assume that  is
k-defined.)

The group G acts on g" via the simultaneous adjoint action for any n € N. The next
result follows from [Bate et al. 2011, Lemma 3.8] and the arguments in the proofs
of [Bate et al. 2011, Theorems 4.12(iii)] (cf. [Bate et al. 2011, Theorem 3.10(iii)]).

Theorem 5.4. Let by be a Lie subalgebra of g and let h € §* such that the components
of h generate Yy as a Lie algebra. Then Yy is G-completely reducible over k if and
only if G(k) - h is cocharacter-closed over k.

We now give the applications of our earlier results to G-complete reducibility
over k for Lie algebras.

Theorem 5.5. Let ) be a Lie subalgebra of g.

(1) Suppose b is k-defined, and let k' / k be a separable algebraic extension. Then
b is G-completely reducible over k' if and only if b is G-completely reducible
over k.

(i1) Let S be a k-defined torus of Cg(h) and set L = Cg(S). Then by is G-completely
reducible over k if and only if by is L-completely reducible over k.

Proof. Pick h € h" for some n € N such that the components of k generate f as a Lie
algebra. If b is k-defined then we can assume that k € h(k)". Part (i) now follows
from Theorems 5.4 and 1.1(ii), and part (ii) from Theorems 5.4 and 1.1(1ii). U
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EMBEDDING FUNCTOR FOR CLASSICAL GROUPS
AND BRAUER-MANIN OBSTRUCTION

Eva BAYER-FLUCKIGER, TING-YU LEE AND RAMAN PARIMALA

In memory of Robert Steinberg

Let K be a global field of characteristic not 2. The embedding problem for
maximal tori in a classical group G can be described in terms of algebras
with involution. The aim of this paper is to give an explicit description of the
obstruction group to the Hasse principle in terms of ramification properties
of certain commutative étale algebras, and to show that this group is iso-
morphic to one previously defined by the second author. This builds on our
previous work as well as on results of Borovoi. In particular, we show that
this explicit obstruction group can be identified with the group of Borovoi
(J. Reine Angew. Math. 473 (1996), 181-194), where X is the homogeneous
space associated to the embedding functor defined by the second author
(Comment. Math. Helv. 89 (2014), 671-717).

Introduction

Let K be a field of characteristic # 2, and let G be a reductive linear algebraic group
defined over K. The paper [Lee 2014] is concerned with embeddings of maximal
tori into G. In particular, if K is a global field, then results of Borovoi [1999] are
used to show that the Brauer—-Manin obstruction is the only obstruction to the Hasse
principle. More precisely, the paper [Lee 2014] defines a homogeneous space X
over G having the property that the obstruction to the Hasse principle can be seen
as an element of the dual of the group B(X), where 5(X) is the locally trivial
subgroup of the algebraic Brauer group of X (see [Borovoi 1999, p. 493, p. 499]).

If G is a classical group, then the above-mentioned embedding problem can
be described in terms of embeddings of algebras with involution. The aim of the
present paper is to give an explicit description of the obstruction group B(X) in
terms of ramification properties of certain commutative étale algebras.
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We are not aware of similar descriptions in the case of exceptional groups. Note
however that when G is of type G, the group 5(X) vanishes; in particular, the
Hasse principle holds (see [Beli et al. 2015, Proposition 6.1]).

The paper is structured as follows. In Section 1, we recall from [Lee 2014]
the definition of the oriented embedding functor, and we discuss its relationship
with embedding questions of algebras with involution. In Sections 2-5, we assume
moreover that K is a global field. In these sections we give the description of the
obstruction group B, and prove that 5 >~ 5(X) (see Theorem 2.1). Finally, Section 6
discusses Brauer—Manin obstructions to the Hasse principle, and the relationship of
the results of the present paper with those of [Bayer-Fluckiger et al. 2014].

1. Embedding functor, algebras with involution and orientation

1.1. The embedding functor. Let K be a field of characteristic # 2, let K, be a
separable closure of K, and let Ix = Gal(K;/K). Let G be a reductive group
over K. Let T be a torus and let ¥ be a root datum attached to 7' (see [Demazure
and Grothendieck 2011, Exposé XXI, Definition 1.1.1]). For a maximal torus 7’
in G, we let (G, T’) be the root datum of G with respect to T". If ®(G, T')k,
and Wk, are isomorphic, then we say that G and W have the same type.

Assume that G and W have the same type. Let Isom(W¥, ®(G, T")) be the scheme
of isomorphisms between the root data W and ®(G, T’). Define

Isomext(¥, ®(G, T')) = Isom(V¥, ®(G, T'))/W(¥),

where W (W) is the Weyl group of W. The scheme Isomext(¥, ® (G, T')) is inde-
pendent of the choice of the maximal torus 7’, and we denote it by Isomext(W¥, G).
An orientation is by definition an element of Isomext(V, G)(K).

The embedding functor E(G, V) is defined as follows: for any K-algebra C,
let E(G, ¥)(C) be the set of embeddings f : Tc — G¢ such that f is both a
closed immersion and a group homomorphism which induces an isomorphism
fY:We = @(Ge, f(Ic)) suchthat f¥(a) =ao 7! 4., for all the C-roots o
in W¢r for each C-algebra C’ (see [Lee 2014, §2.1]). Given an orientation v in
Isomext(V, G)(K), we define the oriented embedding functor as follows (see [Lee
2014, §2.2]): for any K-algebra C, set

EG, Y, v)(C)={f:Tc — Gc | f € E(G, ¥)(C) and
the image of f\I' in Isomext(V¥, G)(C) is v}.
The oriented embedding functor is a homogeneous space under the adjoint action
of G. For each root datum W, we can associate a simply connected root datum sc(W)

to it (see [Demazure and Grothendieck 2011, Exposé XXI, §6.5.5 (iii)]). Let sc(T)
be the torus associated to sc(W).
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1.2. Algebras with involution and the embedding functor. Let L be a field of
characteristic # 2, and let A be a central simple algebra over L. Let T be an
involution of A, and let K be the fixed field of T in L. Recall that 7 is said to be
of the first kind if K = L and of the second kind it K # L; in this case, L is a
quadratic extension of K. Let dim; (A) =n?. Let E be a commutative étale algebra
of rank n over L, and let o : E — E be a K-linear involution such that o |L = t|L.
An embedding of (E, o) in (A, 7) is by definition an injective homomorphism
f:E— Asuchthat t(f(e)) = f(o(e)) forall e € E.

The unitary groups U(A, t) and U(E, o) are defined as follows. For any com-
mutative K-algebra C, set

UA, 1) ([C)={xe ARk C | xt(x) =1}
and
UE,o0)(C)={x e EQg C |xo(x)=1}.

Let G =U(A, 1)° be the connected component of U(A, t) containing the neutral
element, and let 7 = U(E, 0)° be the connected component of U(E, o) containing
the neutral element.

Set F={ee€ E|o(e) =e}. If L # K, then we have dimg (F) = n (see for
instance [Prasad and Rapinchuk 2010, Proposition 2.1]). If L = K, then let us
assume that dimg (F) = [(n +1)/2].

Then one can associate a root datum W to the torus 7" such that G is of type W
(see [Lee 2014, §2.3.1]). Moreover, except for A of degree 2 with t orthogonal,
there exists a K-embedding from (E, o) to (A, t) if and only if there exists an
orientation v such that E(G, W, v)(K) is nonempty (see [Lee 2014, Theorem 2.15
and Proposition 2.17]).

1.3. Orientations in terms of algebras. Let (E, o) and (A, 7) be as above. As-
sume moreover that (A, t) is orthogonal, and that the degree of A is even. Let
A(E) be the discriminant of the étale algebra E (see [Knus et al. 1998, Chapter V,
§18, p. 290]), and let Z(A, t) be the center of the Clifford algebra of (A, t) (see
[Knus et al. 1998, Chapter II (8.7)]). Then an orientation can be thought of as the
choice of an isomorphism A(E) — Z(A, 7). More precisely:

Proposition 1.3.1. We have an isomorphism
Isom(A(E), Z(A, 1)) >~ Isomext(¥, G).

Proof. Let E; be a maximal t-invariant étale subalgebra of A. Let T, = U(E;, 7)°%;
then 7 is a maximal torus of G. Let ®(G, T;) be the root datum of G with respect
to T;. Then we have a natural map « : Isom((E, o), (E;, 7)) = Isom(¥, ®(G, T7)).
Using the identification of Aut(E, o) and Aut(¥), we see that « is equivariant
under the action of Aut(E, o). Let Iy be the subgroup of Aut(E, o) corresponding
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to the Weyl group of W under this identification. Note that I is the twisted constant
scheme which consists of even permutations in Aut(E, o) C Aut(E). Indeed, by
[Lee 2014, Lemma 2.1.1 (2)] the automorphisms of (E, o) are in bijection with
those of the root datum W. By [Bourbaki 1981, Planche IV, numéro X], these
consist of even permutations. Let us consider the following commutative diagram:

Isom((E, 0), (E7, 7)) —— Isom(W, ®(G, T7))

l l

Isom((E, 0), (Er, 7))/ To —— Isom(W, ®(G, Tr)) /W (V)

Recall that Isom(V¥, ®(G, T3))/W(¥) = Isomext(V, ®(G, T3)), and note that we
have Isom((E, o), (Er, 7))/ To = Isom(A(E), A(E?)).

If we pick another maximal étale subalgebra E. of A invariant by 7, then
the method used for Isomext(W, ¥;) in [Lee 2014, §2.2.1] shows that we have a
canonical isomorphism between Isom(A(E), A(E?)) and Isom(A(E), A(E;)).

Let us fix an isomorphism A(E;) — Z(A, ) as in [Bayer-Fluckiger et al. 2014,
§2.3]. This gives an isomorphism Isom(A(E), A(E;)) — Isom(A(E), Z(A, 1)).
Hence, we have

Isom(A(E), Z(A, 1)) ~ Isomext(¥V, ®(G, T;)) = Isomext(¥, G). U

See [Bayer-Fluckiger et al. 2014, §2] for details concerning the construction and
properties of orientation in terms of algebras with involution.

2. Obstruction groups

Assume now that K is a global field, let (E, o), (A, t) be as in Section 1, and
suppose that t is either orthogonal or unitary. Note that L = K in the first case, and
L # K in the second case. The aim of this section and the following ones is to recall
the definition of the obstruction group to the Hasse principle defined in [Bayer-
Fluckiger et al. 2014, §3, §5.1], and show that it is isomorphic to the obstruction
group of [Lee 2014] (see Proposition 2.2), as well as to the one considered by
Borovoi [1996; 1999] (see Theorem 2.1). As we will see, the group B(E, o) is
defined in terms of ramification properties of the algebra (E, o).

Let us denote by Qg the set of places of K. For all v € Qk, we denote by K,
the completion of K at v. For all K-algebras B, set B = B ®x K.

The commutative étale algebra E is by definition a product of separable field
extensions of L. Letus write E=FE|x---x E,,, witho (E;)=FE; foralli=1, ..., m,
and such that E; is either a field stable by o or a product of two fields exchanged
by o. Recall that F = E°.
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Set I ={1,...,m}. We have F = F| x --- x F,,, where F; is the fixed field
of o in E; foralli € I. Note that either E; = F, =K or E; =F, x F;or E; is a
quadratic field extension of F;.

Let us write

E=E X - XE, XEp4+1 X XEp,

where E;/F; is a quadratic extension for alli =1, ..., m| and where E; = F; X F;
orE;=Kifi=m+1,...,m. Set E'=E; x---xXEy, and I' ={1,...,m}.
If i € I, let &; be the set of places v € Qg such that all the places of F; over v split
in E;. Given an m-tuple x = (x1, ..., Xm,) € (Z/2Z)™", set

ly=Ilx)={i|x;=0}, hL=L&)={i|x=1}
Note that (Io, I;) is a partition of I’. Let S’ be the set

§'= {(xl’ sy Xm) € (2)22)™ ] (mielozi) U (ijIl 2/) = QK},

and set
S=SU@,...,00u(,..., 1.

We define an equivalence relation on S by

¥ty s )~ (] X0 (e ) (o x ) = (1 1)
or (X],.--,xml):(x;""’xll‘lﬂ)'

Let us denote by G(E, o) the set of equivalence classes of S under the above
equivalence relation. It is easy to check that B(E, o) is a group under compo-
nentwise addition (see [Bayer-Fluckiger et al. 2014, Lemma 3.1.1]). Note that
in [Bayer-Fluckiger et al. 2014], the group B(E, o) is denoted by III(E’, o) (see
[Bayer-Fluckiger et al. 2014, §3, §5.1]).

Set X = E(G, W, u). Recall that we are assuming that 7 is either orthogonal (and
L = K) or unitary (and L # K). The group 5(X) is defined in [Borovoi 1999, §3].

Theorem 2.1. The groups B(E, o) and B(X) are isomorphic.

This theorem is a consequence of Propositions 2.2 and 2.3 below.
Proposition 2.2. The groups 111 (K, sc(f)) and B(E, o) are isomorphic.
Proposition 2.3. The groups II1' (K, sc(f’)) and B(X) are isomorphic.

The proofs of these propositions will be given in the next sections. Let us start by
introducing some notation that will be used in both proofs. For any finite separable
field extension N/N’ and any discrete Iy-module M, set I,}, N (M) = Indgz'(M ).
Note that In/n(Z) is the character group of Ryn (Gy,). Let Sy be the character
group of the norm-one torus R(,\};N,(Gm).
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3. Proof of Proposition 2.2 when L = K and t is orthogonal

We keep the notation of the previous sections, and assume that L = K and that 7 is
orthogonal. The aim of this section is to prove Proposition 2.2 in this case. The

proof of Proposition 2.2 when L # K is the subject matter of Section 4.
Let us consider the diagram

1 1

1 —— R (Gpn) —— RY) 4 (Gy) sc(T) 1

(1) 1 —)RF/K(Gm) —>RE/K(Gm)

1 G,, 2 .G,

1 1

where the first row (see [Lee 2014, Lemma 3.16]) and the columns are exact. Then
consider the corresponding diagram of character groups:

0 0

x2

2) gk (Z) —"— Tp/x (Z) — 0

0 — sc(T) — Sg/x Sr/x 0

0 0

Note that we have Ig,x (Z) = @i, Ig,/x (Z) and 1r x (Z) = D, I, /k (2).
The module I,k (Z) can also be written as I, x (I, (Z)). Let d be the degree
map from lg,/r(Z) ~ Z @ Z to Z, which sends (x, y) to x + y. Then on each
I,k (g F;(£)), the map 7 is the map induced by the degree map from I, /r, (Z)
to Z.
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Set I' = I'x. We derive the following long exact sequence from diagram (2):
0— se(M" = Se/x)" = Spx)" = HU(K, se(T)) - H' (K, Sg/x).
Thus we have the exact sequence
0= S/ /7 (Se0)") = HU(K, se(T) - H'(K, Sg/i0).

Note that H2(K, R} (G,)) injects into H2(K, Rg / x(G,,)) by Hilbert’s The-
orem 90. By the Brauer—Hasse—Noether Theorem, I*(K, Rg /k (Gy,)) vanishes,
hence so does II1%(K, R(l) K(Gm)). By Poitou—Tate duality, we have

(K, 8g/x) > (K, RY) ¢ (G))* = 0.

Therefore, 111! (K, sc(f”)) is in the image of (§F/K)r/n((§E/K)F).

Since the F;s are field extensions of K, we have I, x(Z)' ~ 7. Thus, we have
Ik (DT ~ @ g k@) ~ 7", and Sr/x)" ~77/(1, ..., 1).

If E; = F; x F;, then 7w sends I g, x (Z)" ~1F, )k (Z)" x1F, )k (Z)" surjectively onto
IFi/K(Z)F ~7.1f E; = K, then IE[./K(Z) ~ 7~ IF,-/K(Z). If E; is a quadratic field
extension of F;, the map 7 sends I, /x @) ~Zto1p, /K (Z)'" ~ 7 by multiplication
by 2. Recall that m = m| +m,, where m is the number of indices i such that E; is
a quadratic field extension of F;, and m is the number of indices i such that either
E, =F;, x F; or E; = K. Then we have

Sr)T /m(Se)) = @ 2™, ... ).

We claim that the map § : (SF/K) /n((SE/K) ) - HI(K, sc(T)) sends bijec-
tively B(E, o) to ' (K, sc(T))
Let (1o, I1) € B(E, 0), let a be the corresponding element in

Se)" /7 (SeO")

and let x be the image of a in H' (K, sc(f")). We claim that x is in [IT' (K, sc(f")).
It suffices to prove that, for any v € Qk, we have a’ = 0.

For a place v € ﬂldl %;, we have that E} splits over F for all i € I;. Hence,
T maps IEv/K (Z) v IFU/K (Z) @IFL/K (Z)F onto IFL/K (Z) for each i € I,
and so (SF/K)F /JT((SE/K)F) = 0 for each i € I; and @ = 0. On the other hand,
for each i € Iy, we have a; = 0 by definition. T herefore, a’ =0.

For a place v € ﬂieIOEi, we replace (ajy, ..., ay,) by (ai, ..., an)+{1,..., 1).
Note that (ag, ..., am,)+(1,...,1)and (ai, ..., an,) represent the same class a
in (§F/K)F/71((§E/K)F) By the same argument as above, we have a, = 0. Since
(ﬂleloE IS, (ﬂjeh T) = S2k, we have a” = 0 for all v € Qk, which proves that
x is an element of IIT! (K, sc(T))
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This proves that § induces a map B(E, o) — m(x, sc(f")). We already know
that this map is injective. Let us prove that it is also surjective.

Let 0 # x € (K, sc(T)). Let a € (Sr/x)"/m((Sk/x)") be the preimage
of x, let a” be the localization of a at the place v, and let (ay, ..., a;,) be a lift
of a in (Z/27)™' . Let (1y, I1) be the corresponding partition. Now we claim that
(ﬂielo Ti)u (ﬂjell %j) = Qk. Suppose that ([, iU (ﬂjeh ;) # Qk, and let
ve QK\(ﬂido E,-) U (ﬂjeh Ej). Therefore, there exist iy € Iy and i1 € I such that
E} is not split over F}/ and E} is not split over F;. Let F}’ = ]_[;”: | Li j, where
the L; ;s are field extensions of K,,. Let E; = ]—[;”:1 M; ;, where M; ; is a quadratic
étale algebra over L; ;. Set I, = I'y,. Then we have

n;
Lok, @ /7 (U, D) = DL,y x, @D 7 W,y 5, D).
j=1

If M; ; is split over L; ;, then

Ly, k(D" =11, rs 6, @D =11, kD" @1, k(D"

so 7w sends Ly, /x, (Z)" surjectively to Iz, /x, (Z)"™. On the other hand, if M; ; is a
field extension over L; ;, then 7 maps Ly, /k, @)Y ~Z1t02Z C7~ I /k, AR
and we have

Ik, @ /7 (g, k, (D)) ~ 7/27.

Fora; € 1f, k(@) /(g k D" ~7 /27, the localization map sends a; diago-
nally into
Lk, (@) )7 (g, D™~ @D z/22.
J where M; ;
is nonsplit
Let a} be the image of g; in I /k, (Z)" /7 (I /k,(Z)"). By our choice of v,
we have that Iy x, (2)" /7 (Igy /&, (D)") (vesp. Iy k(D" /15y /k, (Z)™) is non-
trivial. In particular, a; is nonzero as g;, is nonzero. Note that

S Q I v Z F" I v Z Fv
DSr )" /7 (S k)™ = D F,-/md) /n(if,. K@%

where 1 denotes the image of the diagonal element of I F/K, ()" in

Ir ik, (D) J7e (g, (D).

Since a” = 0, we have either a = 0 € I/, ()" /7 (Ig2/k,(Z)") for all i, or
al =1€lp k(D% /(g k,(Z)™) for all i. In particular, this implies that ap
and ai”l are either both 0 or both 1, which is a contradiction. Therefore, we have
(M, Zi) U (mjeIl %) =k and (Ip, I)) € B(E, 0). O
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4. Proof of Proposition 2.2 when L # K

We keep the notation of the previous sections and assume that L # K. The aim of
this section is to prove Proposition 2.2 in this case.
In this case, the torus sc(7') fits in the following exact sequence:

3) 1= se(T) > Rp/g (RY) - (G)) = R (G) — 1.
We take the dual sequence of exact sequence (3):
(4) 0—)gL/K;)IF/K(éE/F)—p>SC(T)—>0,

from which we derive the long exact sequence

5
o> H'(K, Sg/x) ~> H' (K, 1r/x S /r)) N H!(K, sc(T)) — HX(K, Sg k).

By Poitou—Tflte duality, we have 1% (K, §E/K) ~ 1" (K, R(El;K(Gm))*. We claim
that II12(K, Se/k) = ' (K, R%}K (G;))* =0. To see this, we consider the follow-
ing exact sequence:

1= RO (Gn) > Rejk (G) = Gy — 1.

By Hilbert Theorem 90, we have H' (K, R(Ll/)K(Gm)) = K*/Ng,g(L*), where
Ny /k is the norm map from L to K. Since the norms of the quadratic extension
L over K satisfy the local-global principle, we have III! (K, R(Ll/) x (Gn)) =0. Hence
1% (K, SL/K) =AO. Therefore, the group m'(K, sc(f“)) is contained in the image

of H'(K, Ir/k (SE/F)).
Let us consider the following exact sequence:

6) 1= Gy = Rk (Gm) > RY) (Gy) — 1,
where 7 (x) = x /o (x). Considering the dual sequence, we get
(7) 0— Sy = k(@) -7 — 0,

where d is the degree map which maps (a,b) € Z® Z ~ 1k (Z) to a + b. Taking
the long exact sequence associated to (7), we have

®) Ik (@) 47 — H'(K, S1/x) — H' (K, 15 (2)) =0,
Since L is a quadratic field extension of K, we obtain

H'(K, S1/x) =~ 2/d (L x (D)) =27/27.
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Similarly, we have

H' (K, 1r/x (Se/r)) =H'(F.Sgp) = [H'(Fi. SE/r).
i=1

If E; = F; x F;, then H' (F,, SE /F;) =0 since d is surjective. If E; is a quadratic
extension of F;, then H! (F;, SE JF;) = Z/2Z. Recall that m = m + m», where m;
is the number of indices i such that E; is a quadratic extension of F;, and m; is the
number of indices i such that E; = F; x F;. Then H' (K, IF/K(§E/F)) ~(Z2/272)™.

The map ¢! : H'(K, §L/K) — H'(K, IF/K(ég/F)) maps Z /27 diagonally into
(Z/27)™. Therefore, we have

I (k, se(T)) € Im(p') ~ (Z/22)™ /(1, ..., 1).

Let us show that p' maps B(E, o) bijectively to III(K, sc(f)).

Let (Iy, I;) be in B(E, 0), and let ¢ in H' (K, IF/K(§E/F)) be the corresponding
element. We want to show that pl(a) is an element of IIT' (K, SC(T)). Let v € Q.
Ifve ﬂjell Zj, then a¥ = 0. Hence, it suffices to prove that, for v € Qg \ ﬂiell %,
we have a¥ = (! (1) = (!(1),. Now, since (ﬂle[o ,) U (ﬂjellZ ) Qk, we have
Ve ﬂleIOE Consequently, Hl(F SEv/Fv) =0 for all i € Iy, and the projection
of ¢ (l) to these components are trivial. For i € I;, we have that a; and the i-th
coordinate of ¢! (1) are both 1, so their images in H! (FY, S ey/ry) are equal. This
proves that a¥ = Lll)(l), hence p!(a¥) =0

We next show that the restriction of the map p! to B(E, o) is surjective onto
' (K, sc(T)).

Leta = (a1, ...,am,) € (Z/22)™" =~ HI(K,IEa/k(ﬁg/F)) and let ([y, I;) be
the associated partition. If a =0 ora = (1, ..., 1), then a is in the image of !
and we have p'(a) = 0 € III' (K, sc(T)). Hence, we may assume that y and I,
are nonempty.

We claim that 0 # p1 (a) e I (K, sc(f”)) if and only if Ip and I; are nonempty
and (e, Z0) V(e ) = -

Suppose 0 # p (a) elI' (K, sc(T)) Letv e Qg \ﬂleIOE Then LY 2 K' x KV
and we have H' (L?, S 1v/k,) =2Z/2Z. Let a’ denote the localization of a at v. Since
pl(a) eI (K, sc(T)), we have a" in the image Oftv, so eithera’ =0ora® = lv(l).
It suffices to show that v € ﬂlell %;. Consider the i-th component of (Z/27)™",
which corresponds to H'(K, IF, /K(SE JF)) = H'(F;, SE /F;). If E; splits over F;
at a place v € Qg, then by the exact sequence (8), the map d is surjective and
H! (FY, S er/Fy) = 0, which means that the i-th component vanishes at place v.
Since v ¢ [); el %;, there exists an i € Iy such that E} is not split over F’. Let
F? =TT}, Li j, where the L; ;s are field extensions of K,. Let E} =[]L, M, j,

1
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where M, ; is a quadratic étale algebra over L; ;. Then

H'(F?, Serpre) = [ [H' (Lijs Sw )
J
By the choice of i, there is a j such that M; ; is not split over L; ;, and hence
HY(L; , gMi,j/Li,j) # 0. Therefore, the projection of ¢! (1) to H'(L; ;, éMi,j/Li.j)
is 1. On the other hand, the projection of a¥ to the same component is O since
i €Ip. Therefore, ¥ = 0 which means that H! (FY, éEiU/F’_U) =0 for all i € I;, hence
ve ﬂiell 3. This proves that a € B(E, o). O

5. The proofs of Proposition 2.3 and Theorem 2.1

We keep the notation of the previous sections. As we will see, Theorem 2.1 follows
from Propositions 2.2 and 2.3, which we’ll now prove.

Proposition 2.3. The groups 111 (K, sc(T)) and B(X) are isomorphic.

For a connected reductive group H, we denote by H'"" the quotient of H by its
derived group. Note that H'"" is a torus.

Proof of Proposition 2.3. Let sc(G) be the simply connected cover of G. Recall
that X = E(G, ¥, u). Since X is a homogeneous space under the adjoint action
of G, we can view X as a homogeneous space under sc(G). Let x be in X (K|)
and let H = Stabgc (), (x) be the stabilizer of x over K;. Then H is isomorphic
to sc(7T)k, (see [Lee 2014, Lemma 3.9]). Let H™ be the K-form of the multiplicative
quotient of H constructed in [Borovoi 1999, §§1.1-1.2, pp. 493-494] (note that
the hypotheses of [Borovoi 1999, §1.1]. are satisfied: (1.1.1) holds since sc(G) is
simply connected, and (1.1.2) is satisfied since H ~ sc(T)k,). We have H™ ~sc(T)
(see [Lee 2014, Lemma 3.9]). Let i : H™ — sc(G)"™" be the morphism of algebraic
groups constructed in [Borovoi 1999, §1.2, p. 494]. Let Am (resp. sc(é)“’r) be the
character group of H™ (resp. sc(G)'"). We view the dual map of i as a complex of
finitely generated Galois modules sc((A;)tor —H ™ where sc((A})“’r is in degree 0 and
H™ is in degree 1. Then we have B(X) = m%(K, sc((A})tor — I:I’"). This follows
from [Borovoi and van Hamel 2012, Theorem 3] (note that the statement was already
proved in [Borovoi 1999, Theorem 3.3] under the condition that X (K,) # @ for all
v € Qk, and that Theorem 3 of [Borovoi and van Hamel 2012] was conjectured in
[Borovoi 1999, Conjecture 3.2]). Since sc(G) is semisimple, we have sc(G)*" = 1.
Therefore, we have IT12(K, sc(CA;)“’r — ﬁm) =I1%(K, 1 — ﬁm). On the other hand,
we have III%(K, 1 — H™) =TI (K, H™) by the definition of hypercohomology.
Recall that H” ~ sc(T). Therefore, B(X) ~ IIT' (K, SC(T)). O

Theorem 2.1. The groups B(E, o) and B(X) are isomorphic.

Proof of Theorem 2.1. By Proposition 2.3 we have G(X) =~ m'(x, sc(f")), and
Proposition 2.2 implies that ' (K, sc(T)) ~ B(E, o). U
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6. Hasse principle and Brauer-Manin obstruction

We keep the notation of the previous sections and assume that K is a global field. In
particular, (E, o) is an étale algebra with involution and (A, 7) is a central simple
algebra with involution, as in Section 2.

The embeddings of (E, o) into (A, T) were investigated in several papers; see
for instance [Prasad and Rapinchuk 2010; Lee 2014; Bayer-Fluckiger et al. 2014].
In particular, Prasad and Rapinchuk proved in [2010, Theorem 5.1] that the Hasse
principle holds if t is symplectic, and they obtained partial results for T orthogonal
and unitary as well (see the introduction of the same paper).

Since the case where 7 is symplectic is covered by the results of Prasad and
Rapinchuk, we henceforth assume that 7 is either orthogonal or unitary.

In [Bayer-Fluckiger et al. 2014] we defined the obstruction group B(E, o) (see
Section 4 of the present paper; note that this group is denoted by III(E’, o) in [Bayer-
Fluckiger et al. 2014, §3, §5.1]). Under the hypothesis that (£, o) can be embedded
into (A, 7) everywhere locally, we also defined an element f = f ((E,o0), (A, 1))
of B(E, o)* which gives a complete obstruction to the Hasse principle:

Theorem 6.1. (E, o) can be embedded into (A, t) if and only if

fUE,0), (A, 1) =0.

This is proved in [Bayer-Fluckiger et al. 2014, Theorem 4.6.1 and Proposi-
tion 5.1.1].

On the other hand, Borovoi [1996] studied the Hasse principle for homogeneous
spaces of connected linear algebraic groups with connected or abelian stabilizers.
If Y is such a space, he defined a group 5(Y) and, provided Y (K,) # & for all
v € Qk, an element my (Y) € B(Y)* such that Y (K) # & if and only if my (Y) =0.

Borovoi’s results were applied to the embedding problem of algebras with
involution in [Lee 2014]. Recall that G = U(A, 1)° and T = U(E, 0)° (see
Section 1), and that X = E(G, W, u) (see Sections 1 and 4). By Theorem 2.1 we
have B(E, o) >~ B(X).

We don’t know whether the isomorphism between B(E, o) and B(X) carries
f ((E,0), (A, 1)) to myg(X). However, these elements vanish simultaneously, and
they both provide complete obstructions to the Hasse principle. More precisely:

Theorem 6.2. Assume that (E, o) can be embedded into (A, T) everywhere locally
(or, equivalently, that X (K,) # @ for all v € Q). Then the following assertions
are equivalent:

(1) (E, o) can be embedded into (A, 1).
(i) X(K) # 2.
(i) f((E,o0), (A, 1)) =0.
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@iv) my(X) =0.

Proof. The equivalence of (i) and (ii) follows from [Lee 2014, Theorem 2.1.5]. The
equivalence of (i) and (iii) is proved in [Bayer-Fluckiger et al. 2014, Theorem 4.6.1
and Proposition 5.1.1]. Finally, the equivalence between (ii) and (iv) follows from
[Borovoi 1996, Theorem 2.2]. O
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ON MAXIMAL TORI OF ALGEBRAIC GROUPS OF TYPE G,
CONSTANTIN BELI, PHILIPPE GILLE AND TING-YU LEE

To the memory of Robert Steinberg

Given an octonion algebra C over a field k, its automorphism group is an
algebraic semisimple k-group of type G,. We study the maximal tori of G
in terms of the algebra C.

1. Introduction

For classical algebraic groups, and in particular for arithmetic fields, the investiga-
tion of maximal tori is an interesting topic in the theory of algebraic groups and
arithmetic groups; see [Prasad and Rapinchuk 2009, § 9; 2010] and also [Garibaldi
and Rapinchuk 2013]. It is also related to the Galois cohomology of quasisplit
semisimple groups by Steinberg’s section theorem; that connection is an important
ingredient of this paper.

Let k be a field, let kg be a separable closure and denote by I'; = Gal(ks/k)
the absolute Galois group of k. In this paper, we study maximal tori of groups of
type G,. We recall that a semisimple algebraic k-group G of type G, is the group
of automorphisms of a unique octonion algebra C [Knus et al. 1998, 33.24]. We
come now to the following invariant of maximal tori [Gille 2004; Raghunathan
2004]. Given a k-embedding of i : T — G of a rank -2 torus, we have a natural
action of I'y on the root system ®(Gg,,i(Tk,)), and the yoga of twisted forms
defines then a cohomology class type(T,i) € H'(k, Wy), which is called the type
of the couple (7,i). Here Wy = 7 /27 x S3 is the Weyl group of the Chevalley
group of type G,. By Galois descent [Knus et al. 1998, 29.9], a Wy-torsor is
nothing but a couple (k’, 1), where k" (resp. [) is a quadratic (resp. cubic) étale
k-algebra. The main problem is then the following: given an octonion algebra C
and such a couple (k’, [), under which additional conditions is there a k-embedding
i:T — G =Aut(C) of type [(k',])] € H'(k, Wp)?

C. Beli and P. Gille were supported by the Romanian IDEI project PCE-2012-4-364 of the Ministry
of National Education CNCS-UEFISCIDI.

MSC2010: primary 20G15, 17A75; secondary 11E57, 20G41.
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We give a precise answer when the cubic extension / is not a field (Section 4.4).
When [ is a field, we use subgroups of type A, of G to relate with maximal tori
of special unitary groups where we can apply results of Knus, Haile, Rost and
Tignol [Haile et al. 1996]. This provides a criterion which is quite complicated (see
Proposition 5.2.6).

The problem above can be formulated in terms of existence of k-points for a
certain homogeneous space X under G associated to k', ; see [Lee 2014, §1] or
Section 2.6. We recall here Totaro’s general question [2004, Question 0.2].

For a smooth connected affine k-group G over the field k and a homogeneous
G-variety Y such that Y has a zero-cycle of degree d > 0, does Y necessarily have
a closed étale point of degree dividing d ?

Starting with Springer’s odd extension theorem for quadratic forms, there are
several cases where the question has a positive answer, mainly for principal homo-
geneous spaces (i.e., torsors). We quote here the results by Totaro [2004, Theorem
5.1] and Garibaldi and Hoffmann [2006] for certain exceptional groups, Black
[2011] for classical adjoint groups and Black and Parimala [2014] for semisimple
simply connected classical groups of rank < 2.

If the base field k is large enough (e.g., Q(¢), Q((¢))), we can construct a homo-
geneous space X under G of the shape above having a quadratic point and a cubic
point but no k-point (Theorem 4.5.3). This provides a new class of counterexamples
to the question in the case d = 1 which are geometrically speaking simpler than
those of Florence [2004] and Parimala [2005].

Finally, in case of a number field, we show that this kind of variety satisfies the
Hasse principle. In this case, our results are effective; that is, we can describe the
type of the maximal tori of a given group of type G,, for example, for the “compact”
G, over the rational numbers (see Examples 6.4).

Let us review the contents of the paper. In Section 2, we recall the notion of
type and oriented type for a k-embedding i : T — G of a maximal k-torus in a
reductive k-group G. We study then the image of the map H!(k, T) — H!(k,G)
of Galois cohomology and relate it, in the quasisplit case, with Steinberg’s theorem
on Galois cohomology. Section 3 gathers basic facts on octonion algebras which
are used in the core of the paper, namely Sections 4 and 5. The number field case
is considered in the short Section 6. Finally, the Appendix deals with the Galois
cohomology of k-tori and quasisplit reductive k-groups over Laurent series fields.

A. Fiori [2015] investigated independently maximal tori of algebraic groups of
type G, and their rational conjugacy classes. Though his scope is different, certain
tools are common with our paper, for example, the definition and the study of the
subgroup of type A, attached to a maximal torus (Proposition 5.5 in [loc. cit.],
§5.1 here).
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2. Maximal tori of reductive groups and image of the cohomology

Let G be a reductive k-group. We are interested in maximal tori of G and also
in the images of the map H!(k,T) — H'(k,G). We shall discuss refinements
of the application of Steinberg’s theorem on rational conjugacy classes to Galois
cohomology.

2.1. Twisted root data.

2.1.1. Definition. In [Lee 2014, 1.3] and [Gille 2014, §6.1], in the spirit of [De-
mazure and Grothendieck 1970a; 1970b; 1970c], the notion of twisted root data is
defined over an arbitrary base scheme S. We focus here on the case of the base
field k and use the equivalence of categories between étale sheaves over Spec(k)
and the category of Galois sets, namely sets equipped with a continuous action of
the absolute Galois group I'y.

We recall from [Springer 1998, §7.4] that a root datum is a quadruple ¥ =
(M,R, MV, RY), where M is a lattice, M" its dual, R C M a finite subset (the
roots), RV a finite subset of M"Y (the coroots), and a bijection & — " of R onto
RY which satisfy the next axioms (RD1) and (RD2).

For each o € R, we define endomorphisms s, of M and s, of M by

sa(m)=m—(m,a")a, s&/(f) =f—(a, fla¥ (meM,feM).
(RD1) Foreach o € R, {a,a¥) = 2;
(RD2) Foreach o € R, s4(R) = R and 5 (RY) = RY.

We denote by W (W) the subgroup of Aut(M) generated by the sq; it is called
the Weyl group of W.

2.1.2. Isomorphisms, orientation. An isomorphism of root data
Wy = (M1, Ri, My, RY) => Wy = (M3, Ry, MY, Ry")

is an isomorphism f : M; => M5 such that f induces a bijection Ry => R;
and f induces a dual isomorphism fV : M, => M/’ such that f" induces a
bijection R,Y => RY. Let Isom(¥;, ¥5) be the scheme of isomorphisms be-
tween W and W,. We define the quotient Isomext(Wy, W,) by Isomext(¥, ¥;) =
W (W;)\ Isom(¥y, W5), which is isomorphic to Isom(W¥q, W,)/ W(¥y).

An orientation u between W1 and W, is an element u € Isomext(¥1, ¥;). We can
then define the set [somint,, (¥, ¥5) of inner automorphisms with respect to the ori-
entation u as the preimage of u by the projection Isom(W, W5) — Isomext(\Wy, ¥5).

We denote by Aut(¥) = Isom(W¥, ¥) the group of automorphisms of the root
datum W, and we have an exact sequence

1 - W) — Aut(¥) — Autext(¥) — 1,
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where Autext(V) = Isomext(\W, W) stands for the quotient group of automorphisms
of W (called the group of exterior or outer automorphisms of W). The choice
of an ordering on the roots permits us to define a set of positive roots W, its
basis and the Dynkin index Dyn(¥) of W. Furthermore, we have an isomorphism
Aut(W, W) = Autext(V) so that the above sequence is split.

2.1.3. Twisted version. A twisted root datum is a root datum equipped with a
continuous action of I'y,. To distinguish from the absolute case, we shall use
the notation W. The Weyl group W(W) is then a finite group equipped with
an action of I'y. If W, W, are two twisted root data, the sets Isom(¥1, ¥»),
Isomext(W¥, ¥5) are Galois sets. An orientation between Wy, W is an element
u € Isomext(V1, Ws)(k), and the set Isomint, (¥1, ¥») is then a Galois set.

2.2. Type of a maximal torus. We denote by Gy the split form of G. We denote
by Tp a maximal k-split torus of G and by Wo = WV (Gy, Tp) the associated root
datum. We denote by W, the Weyl group of ®¢ and by Aut(Wy) its automorphism
group.

Leti : T — G be a k-embedding as a maximal torus. The root datum

V(G i(T)) = W(G(T)g,. i(T)k,)

is equipped with an action of the absolute Galois group I'g, so it defines a twisted
root datum. It is a k-form of the constant root datum Wy and we define the type of
(T, i) as the isomorphism class of

[¥(G.i(T))] € H' (k, Aut(¥p)).

Recall that by Galois descent, those ky/k-forms are classified by the Galois coho-
mology pointed set H ! (k, Aut(¥y)).

If two embeddings i, j have the same image, then type(7,i) = type(T, j) €
H(k, Aut(Wy)). If we compose i : T — G by an automorphism f € Aut(G)(k),
we have type(T,i) = type(T, f oi) € H'(k, Aut(¥y)).

Remark 2.2.1. If G is semisimple and has no outer isomorphism (as is the case for
groups of type G3), Wp = Aut(Wp) and the next considerations will not add anything.

We would like to have an invariant with value in the Galois cohomology of some
Weyl group. The strategy is to “rigidify” by adding an extradatatoi : T — G,
namely an orientation with respect to a quasisplit form of G.

Given a k-embedding i : T — G, we denote by Dyn(G,i(T)) the Dynkin
diagram k-scheme of W(G,i(T)); it is finite étale and then encoded in the Galois
set Dyn(Gy,i(T )k, ). There is a canonical isomorphism: Dyn(G) = Dyn(G, i(T'))
[Demazure and Grothendieck 1970c, XXIV, 3.3]. N o



ON MAXIMAL TORI OF ALGEBRAIC GROUPS OF TYPE G2 105

We denote by G’ a quasisplit k-form of G. Let (T’, B’) be a Killing couple
of G’, and denote by ¥’ = W(G’, T’) the associated twisted root datum and by
W' = Ng/(T")/ T’ its Weyl group, which is a twisted constant finite k-group.

Suppose that G is semisimple simply connected or adjoint; in this case, the ho-
momorphism Autext(G) — Autpy,(Dyn(G)) is an isomorphism [ibid., XXIV, 3.6].
We fix then an isomorphism v : Dyn(G’) => Dyn(G). Together with the canonical
isomorphism Dyn(G) =~ Dyn(G,i_(T)), it induces an isomorphism ¥ : Dyn(G') =>
Dyn(G, i (T)). For G serﬁmple simply connected or adjoint, the ismrphism v
defines equivalently an orientation

u € Isomext(W(G', T")(k), ¥(G,i(T))).

Then the Galois set Isomint, (¥(G’, T"), ¥(G,i(T))) is a right W’-torsor and its
class in H1(k, W’) is called the oriented type of i : T — G with respect to the
orientation v. It is denoted by type, (7, i) and we bear in mind that it depends on
the choice of G’ and on v.

2.3. The quasisplit case. We deal here with the quasisplit k-group G’ and with
the exact sequence 1 — T/ — Ng/(T') Z> W’ — 1. Here we have a canonical
isomorphism id : Dyn(G’) =~ Dyn(G’) and then a natural way to define an orientation
for a k—embeddir@ : E — G’ of a maximal k-torus. Keeping the notations above,
let us state the following result.

Theorem 2.3.1 (Kottwitz). (1) The map
Ker(H'(k, No/(T")) - H'(k,G")) =~ H'(k, W)
is onto.

(2) Foreachy € H(k, W’), there exists a k-embedding j : E — G’ of a maximal
k-torus such that type,y((E, j)) = y.

In [Kottwitz 1982, Corollary 2.2], this result occurs only as a result on embeddings
of maximal tori. It was rediscovered by Raghunathan [2004] and independently
by the second author [Gille 2004]. The proof of (1) uses Steinberg’s theorem on
rational conjugacy classes, and we can explain quickly how one can derive (2)
from (1). Given y € H!(k, W’), assertion (1) provides a principal homogeneous
space P under N’ = Ng/(T") together with a trivialization ¢ : G’ => P AN G’
such that «[P] = y. Then ¢ induces a trivialization at the level of twisted k-groups
¢+ 1 G' = PG’ Now if we twist i’ : T’ — G’ by P, we get a k-embedding

¢
Pi/:PT/_)PG/(lG/,

and one checks that type;(° 77, Fi’) = y.
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2.4. Image of the cohomology of tori. We give now a slightly more precise form
of Steinberg’s theorem [1965, Theorem 11.1]; see also [Serre 1994, 111.2.3].

Theorem 2.4.1. Let [z] € H'(k,G'). Leti : T — .G’ be a maximal k-torus
of the twisted k-group ;G'. Then there exists a k-embedding j : T — G’ and
[a] € H'(k, T) such that j«[a] = [z] and such that type,,,(T.i) = type,y(T, j).

In the result, the first orientation is the canonical one, namely arising from the
canonical isomorphism Dyn(G’) => Dyn(;(G")).

Proof. If the base field is finite, there is nothing to do since H'(k,G’) = 1 by
Lang’s theorem. We can then assume that k is infinite. We denote by P(z) the
G’-homogeneous space defined by z and by ¢ : G’ = P(2)g,, a trivialization
satisfying z, = ¢~ 0 o(¢p) for each oely. It 1nduces a trivialization ¢ : G’ =
(z(G"))y, satisfying int(zy) = ¢~ 0o (¢) for each o € I'.

We denote by (G')*¢ the simply connected cover of DG’ and by f : (G')** — G’
the natural k-homomorphism. Let 7% be (; f)"1(i(T)). Let g% be a regular
element in 7°¢(k) and consider the G'*(ky)-conjugacy class C of ¢~ !(g*) in
(G")*“(ks). This conjugacy class is rational in the sense that it is stabilized by I'y
since (9~ 1(g%)) = z5%(p 1 (g*%))z; ! for each o € I'y. According to Steinberg
[1965, Corollary 10.1] (and [Borel and Springer 1968, 8.6] in the nonperfect case),
CN(G")*(k) is not empty, so there exist g5° € (G')*(k) and h*® € (G")* (k) such
that ¢~ 1 (%) = () "' g{*h*. We put g = f(g%), g1 = f(g¥). h = f(h™),
T1 ZG (gl) and i 1. T1 —> G/.

Since g € (;(G"))(k) and g1 € G'(k), we have h™lg1h =z, (h~g1h)z;! =
zgh_"gl"hz;1 for each s € I'y,, whence

81=ag810;".
where ax = hzgh™° is a 1-cocycle cohomologous to z with values in 77 (kg) =
Zc(g1)(ks). It remains to show the equality on the oriented types. By the rigidity
trick (see the proof of Proposition 3.2 in [Gille 2004]), up to replacing k by the
function field of the T-torsor defined by a, we can assume that [a] = 1€ H!(k, Ty).
We write a;, = b~19b for some b € T;(ks), and we have that z, = (bh)~! %(bh)
and ¢~ (g) = (bh) ™' g1bh.
Putting h> =bh € G’ (ks), we have zo = h5 ' ®hy and 91 (g) = h5 ' g1ho. We get
k-isomorphisms ¢, = ¢oLh51 :G'— P(z) and ¢ = <point(h51) G = (G
such that the following diagram commutes

T1L>G/

lez thpz

T — (G
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Thus type.,, (T, i) = type;y(T1,i1) € Hl(k, w. O

2.5. Image of the cohomology of tori, II. Recall the following well-known fact.

Lemma 2.5.1. Let H be a reductive k-group and T be a k-torus of the same rank
as H. Leti, j : T — H be k-embeddings of a maximal k-torus T. If j = Int(h)oi

for some h € H(kg), then we have h™'°h € i(T)(ks) for all o in the absolute
Galois group T'y.

Proof. Forany o € " and any ¢ € T (ky), we have j(°t) =h-i(°t)-°h~ L. Therefore,
we have j = Int(°h) oi = Int(h)oi, and h~! %h is a ks-point of the centralizer
Cu(i(T))=i(T). O

Lemma 2.5.2. Let H be a reductive k-group and let T be a k-torus of the same
rank as H. Let v be an orientation of H with respect to a quasisplit form H'. Let
i,]: T — H be k-embeddings of a maximal k-torus T which are H (kg)-conjugate.
Then we have Im(ix) = Im(j«) € H'(k, H) and type,(T.i) = type, (T, j).

Proof. Let j =Int(h)oi for some h € H (k). By Lemma 2.5.1, we have h =1 %h €
i(T)(ks). Let [@] € Im(jx) and & be a cocycle with values in j(T (ks)) which
represents []. Define B = h~'a;h. Then B is cohomologous to o and By =
(h Yagh) - (h~1%h) € i(T(ks)). Hence [@] = [B] € Im(ix), which shows that
Im(ix) =Im(jx) € H'(k, H).

Let Ty =i(T) and T, = j(T). Let Transptg (71, T2) be the strict transporter
from 77 to T> [Demazure and Grothendieck 1970a, VIg, Définition 6.1(ii)]. Note
that Transptg (71, T2) is a right NG (71)-torsor. We have a canonical isomorphism

Transptg (T, T2) A Isomint, (¥, ¥(G, T1)) = Isomint, (¥, U(G, T3)).

Since j =Int(h)oi, we have & € Transptg (71, T2)(ks) and h defines a trivialization
¢n : Ng(T1) — Transptg (71, T2) which sends the neutral element to 4. Let
W1 = Ng(Ty)/T:. Since ¢;1 oo (¢p) =h~19h e Ty (ks), the image of the class
of Transptg (71, T2) in H!(k, W) is trivial. Hence Isomint, (¥, ¥(G, T1)) ~
Isomint, (¥, ¥(G, T»)); i.e., type, (T, i) = type, (T, j). O
Proposition 2.5.3. Let T be a k-torus of the same rank as G. Letiy,i» : T — G be
k-embeddings of T in G. Let v be an orientation of G with respect to a quasisplit
form G'. If type, (T, i1) = type,(T.i) € H'(k, W'), then there is a k-embedding
j:T — G suchthat j(T) =i1(T) and j, i are G(ks)-conjugate. In particular,
the images of i1 %, iz, j : H'(k,T) — H'(k, G) coincide.

Proof. Let Ty = i1(T) and T> = i»(T) and again put W; = Ng(T;)/T; fori =1, 2.
Let 7 denote the class of the Ng (T7)-torsor Transptg (71, T2) in H'(k, NG (T1))
and 7 be the image of 1 in H!(k, W;). We have a canonical isomorphism

Transptg (T, T2) A Isomint, (¥, ¥(G, T1)) => Isomint, (¥, U(G, T3)).
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Since type, (T, i1) = type, (T, i), we have
Isomint, (¥', ¥(G, T1)) ~ Isomint, (%', ¥(G, T2)).

Hence 7 is the trivial class in H!(k, W;). Thus the Ng (Ty)-torsor Transptg (T4, 1)
admits a reduction to 7. More precisely, there exist a 77-torsor £ and an isomor-
phism E; ATV Ng(Ty) = Transptg (71, T2) of Ng(T1)-torsors. We take a point
e1 € E1(ks) and consider its image g in G(ks) under the mapping

Ei ATV NG (Th) = Transptg (71, T2) — G.

Then h = g~ ! % is a kg-point of the centralizer Cg(T7) = T} for all 0 € T;. We
define a k-embedding j : T — G as j(t) = (Int(g~1) 0iz)(¢). To see that j is
indeed defined over k, we check as follows:

J1) = (Int(g™") 0i2) (°1)
=Int(g~")(%i2(1))
=h-2((Int(g™") 0iz) () -h™"
=(j ().

By our construction, we have j(T) = i;(T) and ip, j are conjugated. Let f =
(jlr,)"Yoiy. Then f is an automorphism of T and i; = j o f. Hence the images
of i1« and j4« coincide. By Lemma 2.5.2, the images of j and i» « coincide. O

This applies to the quasisplit case and enables us to slightly refine Theorem 2.4.1.

Corollary 2.5.4. With the notations of Theorem 2.4.1, for each class y € H' (k, W'),
choose (by Theorem 2.3.1) a k-embedding i(y) : E(y) — G’ of oriented type y.
Then the map
|| H'®E@)EYS B (k6
yeH (k,W")

is onto.

2.6. Varieties of embedding k-tori. Let T be a k-torus and W be a twisted root
datum of Wy attached to T'; i.e., the character group of T is isomorphic to the
character group encoded in W. In this section, we will define a k-variety X such
that the existence of a k-point of X is equivalent to the existence of a k-embedding
of T into G with respect to W.

We start with a functor. The embedding functor £(G, V) is defined as follows:
for any k-algebra C, £(G,¥)(C) is the set of all f : Tc — G¢ such that f
is both a closed immersion and a group homomorphism which induces an iso-
morphism f¥:Wc => W(Gc, f(Tc)) such that f¥ (o) =ao f_1|f(TC/) is in
Y(Gc¢r, f(Tc)) for all C'-roots « for all C-algebra C’. In fact, the functor £(¥, G)
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is representable by a k-scheme [Lee 2014, Theorem 1.1]. Define the Galois set
Isomext(V¥, G) by Isomext(¥, G) = Isomext(¥, V(G, E)), where E stands for an
arbitrary maximal k-torus of G. Given an orientation v € Isomext(¥, G)(k), we
define the oriented embedding functor as follows: for any k-algebra C,

EG Y )(C)={f:Tc = Gc | f €&(G,¥)(C) and
the image of /¥ in Isomext(¥, G)(C) is v}

We have the following result:

Theorem 2.6.1. In the sense of the étale topology, E(G, ¥, v) is a left homogeneous
space under the adjoint action of G and a torsor over the variety of the maximal
tori of G under the right W(\W)-action. Moreover, £(G, ¥, v) is representable by
an affine k-scheme.

Proof. We refer to [Lee 2014, Theorem 1.6]. O

Remark 2.6.2. The definition of varieties of embeddings is quite abstract but is
simplified a lot if there is a k-embedding i : T — G of oriented type isomorphic
to (W, v). Indeed in this case, the k-variety £(G, W, v) is G-isomorphic to the
homogeneous space G/i(T), and we observe that the map G/i(T) — G/Ng(i(T))
is a Wg (i (T))-torsor over the variety of maximal tori of G.

Remark 2.6.3. We sketch another way to prove Theorem 2.4.1. With the notations
of that result, let z € Z(k, G’) and put G = ,G’. Let T be a maximal k-torus of G
and consider the twisted root data W = W (G, T') attached to 7'. Let v be the canonical
element in Isomext(¥, G)(k) and let v/ = ¢ o v, where ¢ € Isomext(G, G')(k)
corresponds to the canonical orientation Dyn(G) =~ Dyn(G’). We denote by X
(resp. X') the k-variety of oriented embedms of T in G (resp. G”) with respect
to W and v (resp. v"). Note that G’ acts on X’ and we have a natural isomorphism
X => ;X’. Theorem 2.3.1(2) shows that X’(k) # @ and the choice of a k-point
x" of X’ defines a G’-equivariant isomorphism G’/ T => X'. In the other hand,
the embedding i defines a k-point x € X(k). Since X =~ ,X’, we have that
2(G'/T)(k) # @; hence the class [z] € H(k, G) admits a reduction to i’ : T < G’
such that type,,, (T, i) = type,y(T.i") € H'(k, W’).

3. Generalities on octonion algebras

Let C be an octonion algebra. We denote by G the automorphism group of C; it is
a semisimple k-group of type G,. We denote by N¢ the norm of Cj; it is a 3-fold
Pfister form. In particular, N¢ is hyperbolic (equivalently isotropic) if and only if
G is split (equivalently isotropic).
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3.1. Behavior under field extensions. If [/ k is a field extension of odd degree,
the Springer odd extension theorem [Elman et al. 2008, 18.5] implies that C is split
if and only if Cj is split. More generally, we have the following criterion.

Lemma 3.1.1. Let (kj)j=1,...n be a family of finite field extensions such that
g.c.d.([kj:k]) is odd. Then C is split if and only if Cy; is split for j=1,....n. O

Proof. The left implication is obvious. Conversely, assume that Cy ; is split for j =
1,...,n. Then there exists an index j such that [k; : k] is odd, hence C splits. [

Remark 3.1.2. This is a special case of the following more general result by
Garibaldi and Hoffmann [2006, Theorem 0.3] answering positively Totaro’s question.
Let (k;)j=1,...,» be afamily of finite field extensions and put d = g.c.d.([k; : k]). Let
C, C’ be Cayley k-algebras such that Ck; and C ]gi are isomorphic for j =1,...,n.
Then there exists a separable finite field extension K /k of degree dividing d such
that Cx is isomorphic to C.. This is the case of groups of type G in that theorem
which includes also the case of certain groups of type F4 and Eg.

We recall also the behavior with respect to quadratic étale algebras.

Lemma 3.1.3. Let k'/k be a quadratic étale algebra. Then the following are
equivalent:

(i) C ®g k' splits.
(ii) There is an isometry (k',ng/ ;) — (C, Nc), where ny: i - k" — k stands for
the norm map.

(iii) There exists an embedding of unital composition k-algebras k' — C.

Proof. If C is split, all three facts hold so that we can assume that C is not split.

(i) = (ii): Since C is not split, it follows that k is a field. Since N¢ is split over
k’, there exists a nontrivial and nondegenerate symmetric bilinear form B such that
B ®np/ is a subform of N¢ [Elman et al. 2008, 34.8]. Since N¢ is multiplicative,
there is an isometry (k’,ng//x) — (C, Nc¢).

(ii) = (iii): Since the orthogonal group O(Nc¢)(k) acts transitively on the sphere
{x € C | Nc(x) = 1}, we can assume that our isometry (k’,ny/x) = (C, Nc)
maps 1z, to 1¢. It is then a map of unital composition k-algebras.

(iii) = (i): If kK’ = k x k, then N is isotropic and C is split. Hence k’ is a field
and N¢ is k’-isotropic so that Cy/ is split. |

3.2. The Cayley-Dickson process. We know that C, up to k-isomorphism, can be
obtained by the Cayley—Dickson doubling process; thatis, C = C(Q,c) = Q0 & Qa,
where Q is a k-quaternion algebra and ¢ € k™ [Springer and Veldkamp 2000, § 1.5].
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We denote by 0g =trdg —idg the canonical involution of Q and recall that the mul-
tiplicativity rule on C, the norm N¢, and the canonical involution o¢ are given by

(x+ya)(u+va) = (xu+cog(v)y)+ (vx +yogu))a (x,y,u,veQ),
Nc(x+ya) = N(x) —cN(y),
oc(x+ya)=09(x)—ya.

Then Nc is isometric to the 3-Pfister form n g ® (1, —c) and that form determines
the octonion algebra [ibid., Corollary 1.7.3]. Also it provides an embedding j of the
k-group H(Q) = (SL1(Q) x; SL1(Q))/ 2 in Aut(C(Q, ¢)). This map is given by
(g1,82)-(91.92) = (g191 gl_1 , 8242 gl_l). Another corollary of the determination
of an octonion algebra by its norm is the following well-known fact.

Corollary 3.2.1. Let C be a octonion k-algebra and let Q be a quaternion algebra.
Then the following are equivalent:

(i) There exists ¢ € k> such that C = C(Q, ¢).
(ii) There exists an isometry (Q, Ng) — (C, N¢).

Proof. (i) = (ii) is obvious. Assume that there exists an isometry (Q, Ng) —
(C, N¢). By the linkage property of Pfister forms [Elman et al. 2008, 24.1(1)], there
exists a bilinear 1-Pfister form ¢ such that N¢ = Ng ® ¢. Since N¢ represents 1,
we can assume that ¢ represents 1 so that ¢ = (1, —c). Therefore C and C(Q, c)
have isometric norms and are isomorphic. O

Remark 3.2.2. In odd characteristic, Hooda provided an alternative proof, see
[Hooda 2014, Theorem 4.3] and also a nice generalization [ibid., Proposition 4.2].

Lemma 3.2.3. Let C be a nonsplit octonion k-algebra. If D C C is a unital
composition subalgebra and uw € C \ D then D & Du is a unital composition
subalgebra as well.

Proof. Since C is nonsplit, the corresponding norm map N¢ is anisotropic. Let bc
be the polar map of N¢. Since the map x — b¢ (u, x) is linear and the restriction
of bc on D x D is regular, there is v € D such that bc (v, x) = bc (u, x) for all
x €D. Letu' =u—v. We have be (1, x) = bc (v, x) —bc(u, x) = 0 for all
xeD,sou € DL. Since ve D and u ¢ D, we have u’ # 0, so Nc (u') # 0. By
the doubling process [Springer and Veldkamp 2000, Proposition 1.5.1], we have
that D @ Du’ is a unital composition subalgebra of C. Butu’ =u —v and v € D,
so D@® Du' =D & Du. O

3.3. On the dihedral group, I. In this case, Wy = Aut(¥y) and Wy = D¢ =
Z]6Zx7/2Z = Cy x S5 is the dihedral group of order 12. More precisely, C» = (c)
stands for its center. The right way to see it is by its action on the root system
W(Gy, Tp) C YA"O =701 ®Zay =72, as provided by the following picture:
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o
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o2

where o1, @ stand for a base of the root system G, and @ = 30 + 205.

Let {ei}?zl be an orthonormal basis of @3. We can view the root space of G,
as the hyperplane in @3 defined by {Z?:l&' €i | Z?=1 & = 0}, and identify o,
op with €1 — €3 and —2¢; + €3 + €3 respectively [Bourbaki 1981, planche IX]. For
a root «, let s, be the reflection orthogonal to «. Under the above identification,
the element ¢ = 524, 4+a-5x, acts on the roots by —id and S3 = (S, S20;+a>)
acts by permuting the ¢;. Note that although $24, +a,5«, acts on the subspace
{Z?zl Ee | Y _ & = 0} by —id, $2¢,+a»5a, does not act as —id on {¢; }3_,.

Remarks 3.3.1. (a) In the G5 root system, for any long root § and any short root o
orthogonal to 8, we have sy osg = c. Also observe that YA”O is a sublattice of index 2
of the lattice Z% @Zg. This is related to the fact that the morphism SL, x SL, — G
defined by the coroots ¥ and 8" has kernel equal to the diagonal subgroup /5.
(b) The roots a1, & generate a closed symmetric subsystem of type A1 x A1 of G».
Any subroot system (not necessarily closed ) of G, which is of type A; x A; is
a Wp-conjugate of the previous one.

3.4. Subgroups of type A1xA1. Given an octonion k-algebra C, we relate Cayley—
Dickson decomposition to subgroups of G = Aut(C).

Lemma 3.4.1. Let H be a semisimple k-subgroup of G of type A1 X A1. Then
there exists a quaternion algebra Q, ¢ € k™, an isomorphism C =~ C(Q, ¢) and an
isomorphism H => H(Q) such that the following diagram commutes:

H ¢ G

| |

H(Q) 1 Auw(C(Q.¢))

Proof. We start with a few observations on the split case G = G¢ = Aut(Cyp),
where we have the k-subgroup Hy = (SLy x SL,)/ 2 acting on Cy. The root
subsystem ®(Hy, Tp) is Zog b Za so that the first (resp. the second) factor SL, of
Hy corresponds to a short (resp. long) root. We denote by Ho < = SL, (resp. Hp,>)
the “short” subgroup (resp. the “long” one) of Hy. Taking the decomposition
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Co = M1 (k) ® M>(k)y, the point is that we have M>(k) = (Co)Ho-> . In other
words, we can recover the composition subalgebra M (k) of Cp from Hy.

We come now to our problem. We are given a k-subgroup H of G = Aut(C) of
type A1 x Aq. Let T be a maximal k-torus of H. Then the root system ®(Hy, Tk, )
is a subsystem of ®(Gy,, Ty, ) = W of type A1 x Ay; hence Wp-conjugated to the
standard one (Remarks 3.3.1(b)). Since the Galois action preserves the length of a
root, it follows that we can define by Galois descent the k-subgroups H< and H-
of H. We define then Q = (C)H>. By Galois descent, it is a quaternion subalgebra
of C which is normalized by H. It leads to a Cayley—Dickson decomposition
C = Q & L, where L is the orthogonal complement of Q in C. Then L is a right
Q-module and we choose a € L such that L = Qa. The k-subgroup H(Q) of
Aut(C) is nothing but Aut(C, Q) [Springer and Veldkamp 2000, §2.1], so we have
H C H(Q). For dimension reasons, we conclude that H = H(Q) as desired. [

4. Embedding a torus in a group of type G,

We assume that G is a semisimple k-group of type G,. As in Section 2, we denote
its split form by Gy, and Ty, Wy, etc. are defined as before.

4.1. On the dihedral group, II. We continue to discuss the action of the dihedral
group Wy (of order 12) on the root system of type G, started in Section 3.3. Let
@,-3:1261' be a Wy-lattice, where the S3-component of Wy acts by permuting the €;
and the center acts by —id. Note that Gy is of type G, so Gy is both adjoint and
simply connected and the dual group of G is isomorphic to Gy itself. Hence we
have the following exact sequence of Wy-lattices, where Wy acts on Z through its
center Z/27 by —id:

0 To-Ls@? 76 %57 0,

where f(o1) = €1 —ep and f(a2) = —2€1 + €3 + €3. We also consider its dual
sequence

07— @®_Z¢; — 7A"OV ~ To — 0.
4.2. Subtori. Keep the notations in Section 3.3. Let us fix an isomorphism

X:Z/2Z % S3— (¢) X (Sa;» S20;+a2) = Wo,

where y(—1,1)) = ¢, x((1, (12))) = sa; and x((1,(23))) = 520 +a>-
We identify Z/27 x S3 with Wy by y in the rest of this paper. Under this
identification, we have

HY(k,Wo)=H'(k,7/27) x H(k, S3).
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Hence a class of H!(k, Wp) is represented uniquely (up to k-isomorphism) by a
couple (k’,1), where k' is a quadratic étale algebra of k and //k is a cubic étale
algebra of k.

Given such a couple (k’, /), we denote by W 1) = [(k’, ])] Ao the associated
twisted root datum. Let [’ = [ ®j k’ and define the k-torus

’ Ny
T®D = Ker(Rij i (R}, )1 (Gpm1) =25 R} (G 1)).

In the following, we prove that the torus encoded in W/ 7y is indeed T&.D,
However, we should keep in mind that two nonisomorphic root data ¥ may encode
the same torus (Remark 4.2.2).

Lemma 4.2.1. Let T be a k-torus of rank 2 and leti : T — G be a k-embedding
such that type(T,i) = [(k’,1)]. Then:

(1) The k-torus T is k-isomorphic to T&.D,
(2) If there exists a quadratic étale algebra I such that | = k X 5, then there is a
k-isomorphism

T = (R, /1 (Gm) Xk Riy 1 (Gm))/ 112,

where ki,k, are quadratic étale algebras such that ko = k' and [k1] =
(k2] + [l2] € H (k. Z/2Z).

Proof. (1) We have Wy = 7 /27 x S3 and from Section 4.1, we have a Wjy-resolution
07— @®_,Z¢ — To—0.

It follows that T is isomorphic to the Wy-module EB?ZIZGZV /{(1,1,1)).

Let N be the Wj-lattice EB;”:lZe,- /{(1,1, 1)), where S3 acts by permuting the
indices and Z /27 acts trivially. Note that as Z-lattices, we can identify N with Tj.
Let M = N & N and equip M with a Wy-action: S3 acts on N diagonally and
Z/27 acts on M by exchanging the two copies of N. Embed N diagonally into

M and we get the exact sequence of Wy-modules
0>N-LM=NeN--T)—>o0.

where f(x) = (x,x) and g(x, y) = x — y. After twisting the above exact sequence
by the Wy-torsor attached to (k’, /) and taking the corresponding tori, we have

1> T = Ry (R} 1 (G i) =25 R} (G ) — 1.

Hence T is the k-torus T &0,

(2) If | = k x [, then there is an injective homomorphism ¢ : Z/27 — S3 and a
class [z] € im(t« : H(k,Z/27) — H'(k, S3)) such that [ corresponds to [z]. Let
a be a short root such that the corresponding reflection s, is t(—1), and let B be a
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long root orthogonal to «. As we mentioned in Remarks 3.3.1(a), the center of W)
is generated by sy o sg. Therefore, the image of the map

Idxt:Z/2Z xZ)2Z <> ZJ2Z x S5 = Wy

is generated by {sq,sg}. Let us call it W& -2) Let Hy ~ (SLs xx SL2)/ 12 be
the subgroup of G generated by 7y and the root groups associated to £« and
4. Then Hy is of type A1 x A1 and the Weyl group of Hy with respect to Ty is
exactly W "-12) Hence there is [x] eim(H ' (k, Ng,(To)) — H'(k, Go)) such that
(G,i(T))isisomorphic to »(Gg, Tp). Moreover, the embedding i factorizes through
H = ,(Hy). Let the first (resp. second) copy of SLy of Hg correspond to the root
group £f (resp. a). Let w be the projection from Ng, (7o) to Ny, (To)/To =
wK'-12) Since

(k). [l2]) € H' (k. (sg o 5a)) x H' (k. (sa)) = H' (k. w*"P))
is equivalent to
(K. (K1 + [2]) € H' (k. (sp)) x H' (k. (sa)) = H" (k, W &),
we have
ma([x]) = (K] + [l2). [K]) € H' (k. (sq)) x H' (k. (sp)).
Therefore,
T >~ x(Tp) = (R/il/k(Gm) Xk R/iz/k(Gm))/Mza
where [k] = k’ and [k1] = [k2] + [I2]. O

Remark 4.2.2. A natural question is whether the class of [(k’,[)] is determined
by the isomorphism class of the torus T® "D ag a k-torus. It is not the case; there
are indeed examples of nonequivalent pairs (k’, /) and (ké, l4) such that the k-tori
T®D and T4 are isomorphic whenever the field k admits a biquadratic field
extension k1 ®y k2. We put then ky 4 = k> and k, y = k. With the notations of
the proof of Lemma 4.2.1(2), we consider the k-tori

T = (Ry, /1 (Gm) Xk Riy 1 (Gm))/ 112,
1 1
Ty = (Ri, ,/kGm) Xk Ry, /1 (Gm))/ 112
Then the k-tori T and Ty are obviously k-isomorphic. However, the root data
Y1) and \g(ké’ln) are not isomorphic as ko % ky g = k1.

Since the pointed set H!(k, GL,(Z)) classifies two-dimensional k-tori, the map
H'(k, Wy) — H'(k,GL3(Z)) is in this case not injective. It is due to the fact that
the normalizer of C, x (1 x Z/27) in GL;,(Z) is larger than the normalizer in Wj.

We deal now with the Galois cohomology of those tori.
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Lemma 4.2.3. (1) We have an exact sequence
0 — Ker(I* — k) /Ny (Ker (1) 2225 (1)) — H (k, T*"D)

= (K'Y Ny (1)) 25 K Ny (1) = 0,

and the map ny ;. admits a section.
(2) Assume that k' and [ are fields. Then H'(k, (T/(kﬁ))o) =0.
Proof. We put T = &0,
(1) The Hilbert theorem 90 produces an isomorphism
KX/ Nije() = H'(k, R} 11 (Gm,1))-
Combined with the Shapiro isomorphism, we get an isomorphism
(K'Y / Ny jir (1) = HY(K', Rp, )0 (G 1)) => H' (k. Ry (R} 110 (G 1))
Putting these two facts together, the long exact sequence of Galois cohomology is
o= Ker((I') — (K')*) =45 Nuvji s Rer(I* — k™) — HY(k, T)
— (k') Ny (1)) =25 kX Ny e (1) — -

Since k* /Ny (1) is of 3-torsion, half of the “diagonal map” k* /Ny /i (I”) —
(k") /Ny i (1)) provides a section of (k") /Ny pr (1)) =5 RLIN 2 /Niji(1%).

(2) We have an exact sequence
0— 7% — Coind¥ (I/11) 225 115 — 0

of Galois modules, where 1;/; = Ker(Coindk (Z2) — Z). It gives rise to the long
exact sequence of groups

0— HO(k,T% — H°(k, Coind¥ (1} /3)) = HO(k, I /) — -+

— H(k,T% — H'(k, Coind (1} /31)) = H (k, I;3) = -+ .
We consider the exact sequence 0 — [/, — Coindfc (Z) — Z — 0 and the corre-
sponding sequence
0— HO(k, 1;,x) — H°(k, Coind} (2)) — H(k,Z) —

— H'(k, 1) — H'(k, Coind} (2)) — H(k,2).

The group Z = H o(k Coind! (Z)) embeds in Z by multiplication by 3; also
we have H!(k, Comdk (Z)) = HY1,Z) =0 by Shaplro s isomorphism. The
above sequence induces an isomorphism Z/37 = H(k, I, /k)- On the other

hand, we have H!(k, Indk (Il'/k/)) ~ HY(K, Iyr)jr) <= Z/3Z. The norm map
Nrjk - Hl(Comdk Uyjkr)) = H'(k, 17k ) is multiplication by 2 on Z/3Z. Hence
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itis injective. By using the starting exact sequence, we conclude that A ! (k, YA"O) =0
as desired. O

4.3. A necessary condition. There is a basic restriction on the types of maximal
tori of G.

Proposition 4.3.1. (1) Let T be a k-torus of rank two and leti : T — G be a
k-embedding such that type(T,i) = [(k’,])]. Then G x; k' is split.

(2) Assume that | =k x k x k. Then the following are equivalent:

(1) There exists a k-embedding i : T — G of a rank-2 torus T such that
type(7, i) = [(k',k?)].
(i) Gy splits.
(iii) There is an isometry (k',ny /i) = (C, Nc).

Proof. (1) Since G is of type G2, it is equivalent to show that G xj k' is isotropic.
We may assume that 7 = T*".1) We consider first the case when [ = k x [5,
where [, is a quadratic étale k-algebra. Then we have

T xx k' = Ry (G ) <= Riyokr k' (G 1,00k

Hence T x k' is isotropic.

It remains to consider the case when the cubic k-algebra [ is a field. From the
first case, we see that Gy is split. In other words, the k’-group Gy is split by the
cubic field algebra | = ®; k' of k’. Hence Cy is split, and hence C splits.

(2) (i) = (ii) follows from (1).

(i) = (i): If G is split, (i) holds according to Theorem 2.3.1. We may assume that
G is not split, and hence is anisotropic. In particular, & is infinite. Since Gy splits,
k'’ is a field and we denote by o : kK’ — k’ the conjugacy automorphism. We use now
a classical trick. Since G(k') is Zariski dense in the Weil restriction R/ (Gg),
there exists a Borel k-subgroup B of Ry//x(Gg/) such that its conjugate o (B) is
opposite to B. The k-group T = BN o (B) NG of G is then a rank-2 torus. If we
write B = Ry (B’), with B" a Borel k’-subgroup of Gy, then Ty, is a maximal
torus of B’. We denote the natural embedding of the maximal torus 7 by i : T — G.
By seeing i (T}/) as a maximal k’-torus of B’, it follows that the action of o on the
root system W(Gy, T) is by —1. Thus type(7T,i) = (k’, k3) as desired.

For the equivalence (ii) <= (iii), see Lemma 3.1.3. d

Remark 4.3.2. Another proof of (2) is provided by the next Proposition 4.4.1; it is
the case k1 = k».
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4.4. The biquadratic case. In the dihedral group Dg C GL;(Z), it is convenient to
change coordinates by considering the diagonal subgroup (Z/27)* = (c1, c2). The
map (Z/27)? = Cy x (1 x Z/27Z) C Ca x S5 is given by (c1,¢2) —> (c1,c102).

We are interested in the case when the class of (k,[) belongs to the image
of HY(k,7/27) x H (k,7/27) — H'(k,Z/27Z) x H'(k, S3). In terms of étale
algebras, it rephrases by saying that there are quadratic étale k-algebras k1 /k, ko / k
such that k' = k, and [ = k x [, where [k3] = [k1] + [[2]. We call that case the
biquadratic case. In that case, T®"D js k-isomorphic to

(Rlil/k(Gm) x R/iz/k(Gm))/Mz-

Proposition 4.4.1. Let k1, ko be quadratic étale k-algebras and denote by x1, y2 €
H(k,7/27) their classes. We consider the couple (k',1) = (ka,k x [5), where
[[2] = [k1] + [k2]. We denote by ¥ = Y 1), defined in Section 4.2, and by
X = &(G,Y) the K-variety of embeddings defined in Section 2.6.

(a) The following are equivalent:
(1) X(k) # @; that is, G admits a maximal k-torus of type [(k',[)].
(2) C ® kj is split for j =1,2.
(3) C admits a quaternion subalgebra Q such that there exists ¢ € k™ satisfying

[Q] = x1U(c) = x2U(c) € 2Br(k).
(b) If the k-variety X has a zero-cycle of odd degree then it has a k-point.

Proof. (a) If C is split, the statement is trivial since the three assertions hold.
We can then assume that C is nonsplit. We choose scalars ay,a» € k such that
kj=kl[t]/t?—a; for j = 1,2 if k is of odd characteristic and k; = k[t]/t?>+ +a,
in the characteristic-two case.

(1) = (2): We assume that 7 = Tk ~ (R}(l/k(Gm) N R,iz/k(Gm))/uz embeds
in G. Then Tk, is isotropic so that Gk is isotropic, and hence split for j = 1,2.
We conclude that Cy; is split for j = 1,2.

(2) = (3): We shall construct a quaternion subalgebra Q of C which contains k1
and kz. Since Cy; splits for j = 1,2, we know that k; embeds in C as a unital
composition subalgebra (Lemma 3.1.3). If k; = k, then Q can be obtained from
k1 by the doubling process from [Springer and Veldkamp 2000, Proposition 1.2.3].
So we can assume that ky # k». Let x € kp \ k1. Then Lemma 3.2.3 shows that
0 = k1 @ kqx is a unital composition subalgebra of C. It is of dimension 4, so
it is a quaternion subalgebra which contains k; and k,. The common slot lemma
yields that there exists ¢ € k™ such that [Q] = y1 U (¢) = x2 U (¢) € Br(k). In
odd characteristic, a reference for the common slot lemma is [Lam 2005, Chapter
III, Theorem 4.13]. A characteristic-free version is a consequence of a fact on
Pfister forms pointed out by Garibaldi and Petersson [2011, Proposition 3.12]. The
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1-Pfister quadratic forms ny, /x and ng, /i are subforms of the Pfister quadratic
form Ng, so there exists a bilinear quadratic Pfister form 2 = (1, c) such that
No =h®ng,/xk = Ng =h®np, k. Thus [Q] = y1 U (c) = x2 U (c) € Br(k)
according to the characterization of quaternion algebras by their norm forms.

(3) = (1): We have that C = C(Q, ¢), so we get an embedding
(SL1(Q) x SL1(Q))/ 2 = Aut(C(Q, ¢)) = G.

By embedding k; in Q (resp. k» in ), we get an embedding

RE x(Gm) X R 1 (Gp) — SL1(Q) x SL1(Q).
so that

it (R, )3(Gm) X R 1 (Gm))/ 2 — (SL1(Q) X SLi(Q))/pi2 = G

is an embedding. By the computations of the proof of Lemma 4.2.1(2), it indeed
has type [(k',])].

(b) Assume that X has a O-cycle of odd degree; i.e., there are finite field extensions
Ki,....K;, of k suchthat X(K;)# @ fori=1,...,r and g.c.d.([K1:K],...,[K;: K])
is odd. By (a), it follows that Ck, g, k, and Ck, g, k, are splitfori =1, ..., r. Then
there exists an index i such that [K; : k] is odd. If ky = k xk, then C splits over K;;
it follows that C is split by Lemma 3.1.1, whence X (k) # @ by Theorem 2.3.1.
We can then assume that k is a field. Then K; ®y k1 is a field extension of K;
so that Ck, @, k, splits; since [Ki ®p k1 : k1] is odd, Lemma 3.1.1 shows then that
Ck, is split. Similarly Cy, is split, and by (a), we conclude that X (k) # @. d

1

In the following, we consider a special case where k' and [ have the same
discriminant.

Corollary 4.4.2. Let k' / k be a quadratic étale algebra and let | be a cubic étale
k-algebra of discriminant k'. If C admits a maximal k-torus of type [(k’,1)], then
C splits.

Proof. First, assume that / is not a field, so that / = k x k’. Then Proposition 4.4.1
yields that C is split by the quadratic étale k-algebra ki which satisfies [k;] =
[k'] + [I2] = 0, whence C is split.

If [ is a field, the octonion [-algebra C; admits a maximal [-torus of type
[(k' ® 1,1 ®f 1)]. Since | ® I => | x (I @ k'), the first case shows that C; is
split. We conclude that C is split by Lemma 3.1.1. O

Remark 4.4.3. Take k = R and let C be the “anisotropic” Cayley algebra (or we
simply call it a Cayley algebra). We consider the case where (k’,/) = (C, R x C).
By Corollary 4.4.2, there is no R-embedding of a maximal torus of type (k’,[).
However, G splits and this example shows that only the direct implication holds
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in Proposition 4.3.1(1). The only possible type is then [(C, R%)], which is realized
according to Proposition 4.3.1(2).

We can now provide a description of such maximal tori.

Proposition 4.4.4. Let k1, ko be quadratic étale k-algebras. We consider the couple
(k' 1) = (ka, k x 1), where [I] = [k1] + [k2], and we assume that C is split by k;
and k. We put T = (R,il/k(Gm) X Rllcz/k(G’M))/MZ and consider a k-embedding
i : T — G of type [(k',])]. Then there exists a quaternion subalgebra Q of C
containing k1 and ky and a Cayley-Dickson decomposition C = C(Q, c¢) such that
i:T— Gx=Aut(C(Q,c)) factorizes by the k-subgroup (SL1(Q) x SL1(Q))/ 12
of Aut(C(Q, ¢)).

Proof. Consider the case where k1 ®y k» is a field. We denote by ' =2Z7/27x7/27
the Galois group of the biquadratic field extension k1 ®j k». This group acts on
the root system ®(Gy,,i(Tk,)) through a Wy-conjugate of the standard subgroup
Z7/27 x 727 of Wy generated by the central symmetry and the symmetry with the
horizontal axis (see the figure in Section 3.3). It follows that I" stabilizes a subroot
system ®1 of type A1 x A1 of ®(Gy,, Tx,). By Galois descent, the ks-subgroup
generated by the root subgroups of ®; descends to a k-subgroup H of G which is
semisimple of type A1 x A;. Lemma 3.4.1 shows that there is a Cayley—Dickson
decomposition C = Q & Q.a such that H = H(Q). We have then a factorization
ofi : T — G by H(Q) = (SL1(Q) x SL1(Q))/ 2.

The other cases (k; or ko split, k1 = k») are simpler, of the same flavor, and left
to the reader. O

4.5. The cubic field case: a first example. Beyond the previous “equal discrimi-
nant case”, the embedding problem for a given octonion algebra C and a couple
(k’,1) whenever [ is a cubic field is much more complicated. The property to carry
a maximal torus of “cubic type” encodes information on the relevant k-group, and
we shall first investigate specific examples over Laurent series fields. The next fact
is inspired by similar considerations on central simple algebras by Chernousov,
Rapinchuk and Rapinchuk [Chernousov et al. 2013, §2].

Let us start with a more general setting. Let Go be a semisimple Chevalley group
defined over Z, equipped with a maximal split subtorus 7. Denote by Wq the root
datum attached to (Gg, Tp). Let G’/ k be a quasisplit form of G and denote by 7’
a maximal k-torus of G’ which is the centralizer of a maximal k-split torus of G’.
We denote by W’ = Ng/(T')/ T’ the Weyl group of T".

Lemma 4.5.1. Let K = k((¢)). Let E be a W'-torsor defined over k and put T =
EAY'T'. Assume that H' (k, 7\"0) = 0, where TY is the Galois lattice of cocharac-
ters of T. Let z : Gal(Kg/ K) — G'(Kj) be a Galois cocycle and put G = ;G /K.
Assume there is an embedding i : Tk — G satisfying type.,,(i, Tx) = [Elk €
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HY(K,W'). Then [z] is “unramified”; i.e., [z] e Im(H'(k,G') - HY (K, G")). In
particular, there exists a semisimple k-group H such that G = H xj K.

Proof. By our form of Steinberg’s theorem, Theorem 2.4.1, there is a k-embedding
i’ : Tk — G, such that the class [z] € H'(K, G}) belongs to the image of
i, : HY(K,T) - H'(K, G}), and furthermore type.,,(Tx.i) = typey(Tx.i’) =
[Elx € HY(K, W').

On the other hand, we know by Theorem 2.3.1 that there exists a k-embedding
J : T — G’ such that type,4(7, j) = [E]. By Proposition 2.5.3, the images of (i)«
and (jx)« : HY(K,T) - HY(K, G') coincide. It follows that [z] € H(K, G’)
belongs to the image of (jx)« : H'(K,T) — H'(K,G’). We appeal now to the
localization sequence 0 — H(k,T) - HY(K,T) — H(k, YA”O) — 0 provided
by the Appendix (Lemma A.1). Using our vanishing hypothesis H!(k, TO) =0
and the commutative diagram

HYk,T) —— HY(K,T) —— 0

lj*,k lj*[(

H'(k,G') — HY(K,G)
we conclude that [z] comes from H!(k, G'). d

Since every semisimple K-group of type G, is an inner form of its split form,
the following corollary follows readily.

Corollary 4.5.2. Let K = k((t)) and let G/ K be a semisimple k-group of type G».
Consider a couple (k',1) such that k' / k is a quadratic étale algebra and 1/ k is a
cubic field separable extension. Denote by E | k the Wy-torsor associated to (k',1)
and put T/ k = E AWo Ty. If the K-torus T x K admits an embedding i in G such
that type,,(Tx,i) = [(k’,1)], then there exists a semisimple k-group H of type G,
such that G = H xj K.

Proof. We can assume that G = ;(Go)/K, where z : Gal(K;/K) — G(Kj) is a
Galois cocycle. By Lemma 4.2.3(2), we have H!(k, T°) = 0. The corollary then
follows from Lemma 4.5.1 applied to G’ = Go/k and T' = Ty. O

Theorem 4.5.3. Let Q be a quaternion division algebra over k, k" a quadratic étale
subalgebra of Q and l/k a Galois cubic field extension. As before, let K = k((t)),
K' =k'(t), L =1(t). Let C/K = C(Qk,1) be the octonion algebra built out
from the Cayley—Dickson doubling process.

Let ¥ = W (g 1) be as defined in Section 4.2, and let X = £(G, ¥) be the
K -variety of embeddings defined in Section 2.6. Then X(K) = &, X(K') # @ and
X(L) # 2.



122 CONSTANTIN BELI, PHILIPPE GILLE AND TING-YU LEE

Proof. We have Nc = Ng k ® (1,1). Since Ng is an anisotropic k-form, the qua-
dratic form N¢ is anisotropic and cannot be defined over k according to Springer’s
decomposition theorem [Elman et al. 2008, §19]. It follows that the k-group
G = Aut(C) cannot be defined over k; Lemma 4.5.1 shows there is no embedding
of a k-torus with type [(K’, L)], and therefore X (K) = @.

Since K’ splits C, G xg K’ is split so that we have X(K') # & by Theorem 2.3.1.
It remains to show that X (L) is not empty. We have [(K’, L)|®x L = [K'®xk L, L?].
Since K’ splits C, K’ ® g L splits C and Proposition 4.3.1(2) yields X(L) # @. O

Remarks 4.5.4. (a) The requirements on the field k are mild and are satisfied by
any local or global field.

(b) Geometrically speaking, the variety X /K is a homogeneous space under a
k-group of type G, whose geometric stabilizer is a maximal K-torus. As far as we
know, it is the simplest example of homogeneous space under a semisimple simply
connected group with a O-cycle of degree one and no rational points; compare with
[Florence 2004], where stabilizers are finite and noncommutative, and [Parimala
2005], where stabilizers are parabolic subgroups.

5. Etale cubic algebras and hermitian forms

Our goal is to further investigate the cubic case by using results of Haile, Knus,
Rost and Tignol [Haile et al. 1996] on hermitian 3-forms.

Let C be an octonion algebra over k and put G = Aut(C). Leti : T — G be a
k-embedding of a rank-2 torus, and we denote by [(k’, )] its type.

We denote by Rxq the subset of long roots of the root system R = ®(Gy, i (Tx,))-
Then R~ is a root system of type A, and is [';-stable, and hence defines a twisted
datum. We consider the kg-subgroup of Gy generated by Ty and the root groups
attached to elements of R ; it is semisimple simply connected of type A, and de-
scends to a semisimple k-group J(7,i) of G. Our goal is to study such embeddings
(T, i) by means of the subgroup J(7,i).

We shall see in the sequel that such a k-group J(7, i) is a special unitary group
for some hermitian 3-form for k’/ k.

Remarks 5.0.5. (a) J.-P. Serre explained another way to construct the k-subgroup
J(T,1i). Define the finite k-group of multiplicative type

KT ks = Ker(Tks e, ] G’m,ks);

aER>

it descends to a k-subgroup u7 of T. We claim that

J(T,i)=Zg(ur).
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For checking that fact, it is harmless to assume that k is algebraically closed. For
simplicity, we put J = J(T,i); it is isomorphic to SL3. Since ®(J,i(T))) = R~,
we have that u7 = Z(J) [Demazure and Grothendieck 1970c, XIX, 1.10.3]; it
follows that 7 = 3 and that J € Zg(ur). Since J is a semisimple subgroup
of maximal rank of G, Borel and de Siebenthal’s theorem provides a k-subgroup
Un of T such that J = Zg(u,) [Pépin Le Halleur 2012, Proposition 6.6]. Then
Un € Z(J) = s sothat u, = Z(J) = ur. Thus J = Zg(ur).

(b) If k is of characteristic 3, we can associate to 7" another k-subgroup J(7,i) of
type A;. Let R< be the subset of short roots of the root system R = ®(Gy,i(Tk,)).
It is a 3-closed symmetric subset [Pépin Le Halleur 2012, Lemma 2.4], so the k-
subgroup of Gy generated by Ty  and the root groups attached to elements of
R~ define a semisimple ks-subgroup J< of Gy [ibid., Theorem 3.1]; furthermore,
we have ®(J,i(Ty,)) = R<. The kg-group J< descends to a semisimple k-group
J<(T,i). It is semisimple of type A, and adjoint since R~ spans T (ks).

5.1. Rank-3 hermitian forms and octonions. Letk’/k be a quadratic étale algebra.
From a construction of Jacobson [1958, §5] (see [Knus et al. 1994, §6] for the
generalization to an arbitrary base field), we recall that we can attach to a rank-3
hermitian form (E, i) (for k’/ k) with trivial (hermitian) discriminant an octonion
k-algebra C(k’, E, h) = k’ @ E. Furthermore, the k-group SU(k’, E, h) embeds in
Aut(C(k’, E, h)) by g.(x,e) = (x, g.e). We denote by J(k’, E, h) this k-subgroup
and we observe that k’ is the k-vector subspace of C(k’, E, h) of fixed points for
the action of J(k’, E,h) on C(k’, E,h). Also J(k’, E,h) is the k-subgroup of
Aut(C(k’, E, h)) acting trivially on k’.

In a converse way (see [Knus et al. 1998, Exercise 6(b), page 508]), if we are
given an embedding of a unital composition k-algebra kK’ — C, we denote by F
the orthogonal subspace of k’ for N¢. For any x, y € k" and z € E, we have

0=(xy,z)c = (y,0c(x)z)c

by using the identity [Springer and Veldkamp 2000, Lemma 1.3.2], so that the
multiplication C x C — C induces a bilinear k-map k' x E — E. Then E has a
natural k’-structure and the restriction of N¢ to E defines a hermitian form /4 (of
trivial discriminant) such that C = C(k’, E, h).

Furthermore, if we have two subfields k/, k, of C isomorphic to k’, the “Skolem—
Noether” property [Knus et al. 1998, 33.21] shows that there exists g € G(k)
mapping k] to k5. Hence the hermitian forms (E1, h1), (E2, h2) are isometric.

Remark 5.1.1. Of course, in such a situation, 4 can be diagonalized as (—b, —c, bc)
and we have nc s g py = ni/k @ (b, ¢)). If we take (—1,—1, 1), we get one form
of the split octonion algebra Cy and then a k-subgroup Jo = SL3 of Aut(C)).
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Lemma 5.1.2. In the above setting, we put G =Aut(C (k' E, h)) and J = J (k. E , h).

(1) There is a natural exact sequence of algebraic k-groups 1 — J — Ng(J) —
7/27 — 1.

(2) The map Ng(J)(k) — Z/2Z is onto and the induced action of Z /27 on k' is
the Galois action.

Proof. (1) We consider the commutative exact diagram of k-groups

1

!

1— Z(J) J J/Z(J) ——1
! ! 1
1— Zg(J) — Ng(J) Aut(J) 1

!

Autext(J) =2/27

1

1

Let T be a maximal k-torus of J; it is still maximal in G. Then we have Zg(J) C
Zg(T) =T, and hence Zg(J) C Z(J), so that Z(J) = Zg(J). The diagram
provides then an exact sequence 1 — J — Ng(J) — Z/2Z. We postpone the
surjectivity.

(2) Now by the “Skolem—Noether property” [Knus et al. 1998, 33.21], the Galois
action o : kK’ — k' extends to an element g € G(k). Given u € J(k), gug—! is an
element of G (k) which acts trivially on k’, so it belongs to J(k). Since it holds
for any field extension of k, we have that g € Ng(J)(k). We conclude that the
map Ng(J) — Z/27 is surjective and that the induced action of Z/27Z on k'’ is the
Galois action. O

Let C be an octonion algebra, put G = Aut(C) and let J be a semisimple
k-subgroup of type A, of G. Then J is of maximal rank and we can appeal again
to the Borel and de Siebenthal classification theorem [Pépin Le Halleur 2012, Theo-
rem 3.1]. If the characteristic of k is not 3, then J is geometrically conjugated to the
standard SL3 in G, and is then simply connected. If the characteristic k is 3, then J
may arise as in Remarks 5.0.5(b) from the short roots associated to a maximal k-torus
of J; in that case, J is adjoint. We can make a similar statement to Lemma 3.4.1.

Lemma 5.1.3. Let J be a semisimple simply connected k-subgroup of type A, of
G = Aut(C) and we denote by k' | k the quadratic étale algebra attached to the
quasisplit form of J. Then there exists a rank-3 hermitian form (E, h) for k'/ k, an
isomorphism C = C(k’, E, h), and an isomorphism J => J(k’, E, h) such that the
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following diagram commutes

JC G

| |

J(E, hy—L5 Aw(C(K', E. ).

Proof. Given a k-maximal torus T of G, we consider the root system W(Gy, Tk, ).
There are exactly 6 long roots in W(Gyg, , Ty, ) which form an A>-subsystem of
W(Gg,, Tk,). Let H be the subgroup of G, which is generated by Ty and the
root groups of long roots. Since the Galois action preserves the length of a root,
the group H is defined over k. Hence given a k-maximal torus 7', there is exactly
one subgroup H of G which is a twisted form of SL3 and contains 7'. Since all
maximal k-split tori are conjugated over k, the split group G of type G, has one
single conjugacy Gg(k)-class of k-subgroups isomorphic to SL3. It follows that
the couple (G, J) is isomorphic over ks to the couple (G, Jo). In particular, by
Galois descent, the subspace of fixed points of J on C is an étale subalgebra / of
rank 2 which is a unital composition subalgebra of C. We define then the orthogonal
subspace E of / in C. Then E has a natural structure of an /-vector space and carries
a hermitian form 4 of trivial (hermitian) discriminant such that C(/, E,h) = C
(see [Knus et al. 1998, Exercise 6(b), page 508]). But J acts trivially on /, so that
J € J(I, E, h). For dimension reasons, we conclude that J = J(/, E, h). Then
[/ k is the discriminant étale algebra of J, and hence k' = [. O

Remark 5.1.4. Note that in the above proof, we didn’t put any assumption on the
characteristic of k. However, in characteristic # 2, 3, Hooda [2014, Theorem 4.4]
proved the above lemma in a quite different way.

5.2. Embedding maximal tori. From now on, we assume for simplicity that the
characteristic exponent of k is not 2.

Lemma 5.2.1. Let G = Aut(C) be a semisimple k-group of type Go. Let k' (resp. 1)
be a quadratic (resp. cubic) étale algebra of k. Leti : T — G be a k-embedding
of a maximal k-torus such that type(T,i) = [(k’,])] and denote by J(T,i) the
associated k-subgroup of G.

(1) The discriminant algebra of J(T,i) is k' / k.

(2) By Lemma 5.1.3, we can write C = C(k', E, h) and identify J(T,i) with
J(k', E, h). Then there is a k'-embedding f : k' ®; | — M3 (k') such that
fo(o®id) =140 f onk’ ®y I, where ty, is the involution on M3(k') induced
by h.

Proof. (1) We put J = J(T,i). We consider the Galois action on the root system
V(Gg,,i(T)k,) and its subroot system W (Ji ,i(T)x,) = V(Gg,,i(T)k,)>. Itis
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given by amap f : Iy — Z/27 x S5 defining [(k’,[)]. Since the Weyl group of
W (Jk,,i(T)k,) is S3, it follows that the x-action of I'; on the Dynkin diagram A,
is the projection I'y — Z/27. Therefore the discriminant algebra of J(7T,i) is k’/ k.

(2) We have then a k-embedding i : T — J = SU(k’, E, h). Its type (absolute with
respect to J) is [(k’,1)] € H'(k,Z/2Z x S3). By [Lee 2014, Theorem 1.15(2)],
there is a k’-embedding k' ® [ — M3(k’) with respect to the conjugacy involution
0 ®id on k’ ®y [ and the involution 7 attached to A. |

Proposition 5.2.2. Let G = Aut(C) be a semisimple k-group of type G,. Let k'
(resp. 1) be a quadratic (resp. cubic) étale k-algebra. We denote by X the variety
of k-embeddings of maximal tori in G attached to the twist of Wo by (k’,1) (seen as
a Wo-torsor). The following are equivalent:

(1) X(k) # @; that is, there exists an embedding i : T — G of a maximal k-torus
of type [(k'. )].

(ii) There exists a rank-3 hermitian form (E, h) for k' | k of trivial (hermitian) dis-
criminant such that C = C(k’, E, h) and such that there exists a k'-embedding
of k' ® | — Endy/(E) with respect to the conjugacy involution on k' and the
involution 1y, attached to h.

(iii) There exists a rank-3 hermitian form (E, h) for k' k of trivial (hermitian)
discriminant such that C =~ C(k’, E, h) and an element A € [* such that
(I @k k'.t)) = (E,h), where t, (x, y) = ttjgr// kr (AX0 ().

Proof. The implication (i) = (ii) follows from Lemma 5.2.1(2). Conversely, we
assume (ii). Then G = Aut(C(k’, E, h)) admits the k-subgroup J(k', E, h) =
SU(k’, E, k). By [Lee 2014, Theorem 1.15(2)], there is a k-embedding i : T —
SU(k’, E, k) of a maximal torus whose absolute type (with respect to J) is [(k’, ])].
The k-embedding i : T — SU(k’, E, k) — G also has absolute type [(k’,])].

The equivalence (ii) <= (iii) follows from the embedding criterion of k' ®j [ —
Endy/(E) given by [Bayer-Fluckiger et al. 2015, Proposition 1.3.1]. O

Let k’, [ be as in Proposition 5.2.2. Let § € k*/ k** be the discriminant of /
andd € k*/ k** be the discriminant of k’. Let B be a central simple algebra over
k' with an involution o of the second kind. Let Trd be the reduced trace on B.
Let (B, o)+ be the k-vector space of o-symmetric elements of B. Let Q4 be the
quadratic form on (B, o)+ defined by

Qo (x,y) =Trd(xy).
Let us recall some results in [Haile et al. 1996].

Lemma 5.2.3. Assume that k is not of characteristic 2. Let B be a central simple
K-algebra of odd degree n = 2m — 1 with involution o of the second kind. There
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is a quadratic form qq of dimension n(n — 1)/2 and trivial discriminant over k
such that

Qo >~ (1) L (2)- (o) ® g5
Proof. We refer to [ibid., Proposition 4]. O

Theorem 5.2.4. Assume that k is not of characteristic 2 or 3. Let o, T be involutions
of the second kind on a central simple algebra B of degree 3. Then o and t are
isomorphic if and only if Q4 and Q+ are isometric.

Proof. We refer to [ibid., Theorem 15]. O

Let (B,0) be as in Lemma 5.2.3 with degree B = 3 and assume that 6 is invertible
in k. Let by, co € k™ such that g5 >~ (—bg, —cq, boco). Define (B, o) to be the
Pfister form {(d, b, co)). An involution o of the second kind is called distinguished
if w(B, o) is hyperbolic. Let (E, h) be a rank-3 hermitian form over k’ with trivial
(hermitian) discriminant. We can find b, ¢ € k* such that & ~ (—b, —c, bc) .

Now consider the special case where (B, 0) = (Endg/(E), t3). Then we have
gz, = (—b,—c,bc) and w(Endy/ (E), 1) = ((d. b, c)), which is the norm form of
the octonion C(k’, E, h). It is then possible to recover with that method at least the
two following facts.

Remarks 5.2.5. (a) Theorem 2.3.1 for G, i.e., all possible types of tori occur in
the split case: Given a couple (k/, ), we can write the split octonion algebra C as
C(k', E,h) for E = (k’)> h = (—1,—1,1). First we note that / can be embedded
into Endy/(E) since Endg/ (FE) is split. As N¢ is isotropic, we have that tj, is
distinguished. By [Haile et al. 1996, Corollary 18], every cubic étale algebra / can
be embedded as a subalgebra in Endy/(£) with its image in (Endg/(E), t3)+. By
Proposition 5.2.2(2), there is an embedding i : T — G of type [(k’,1)] € H ' (k, W).

(b) Corollary 4.4.2 for the “equal discriminant case”, i.e., the discriminant algebra
of [ is k’: In this case, there is an embedding i : T — G of type [(k’,])] if and
only if N¢ is isotropic. For a proof in the present setting, we assume there is an
embedding i : T — G of type [(k’,1)]. According to Proposition 5.2.2(2), there
exists a 3-hermitian form (E, i) of trivial determinant such that C =~ C(k’, E, h)
and an embedding | ® k' — Endy/(E) with respect to the conjugacy involution
on k’ and the involution 7;, attached to 4. Then (Endy/ (E), 1)+ contains a cubic
étale algebra isomorphic to / whose discriminant is d. By [ibid., Theorem 16(e)],
we have 7 (Endg/(E), 1) = N is isotropic. Thus C is split.

Proposition 5.2.6. Assume that k is not of characteristic 2, 3. Let G = Aut(C) be
a semisimple k-group of type G,. Let k' (resp. 1) be a quadratic (resp. cubic) étale
k-algebra. Then there is a k-embedding i : T — G of type [(k',1)] € H(k, Wy) if
and only if the following two conditions both hold.
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(i) There is a rank-3 k' | k-hermitian form (E, h) of trivial (hermitian) discrimi-
nant such that C ~ C(k', E, h).

(ii) Let b,c € k™ such that (—b,—c,bc)y is isometric to the form h in (i).
Then there is A € 1™ such that Nj;i (L) € k** and the k-quadratic form
{(d) ® (8) - 11/k ((A)) is isometric to {(d ) ® (—b, —c,bc), where 1}/ denotes
the Scharlau transfer with respect to the trace map tr: | — k.

Proof. Suppose that there is a k-embedding i : T — G of type [(k',])] € H'(k, Wp).

By Proposition 5.2.2(2), there is a rank-3 (k’/ k)-hermitian form (E, 1) such that

C ~C(k’, E, h), and there exists an embedding ¢ : k' ® | — Endy (E) with respect

to the conjugacy involution on &’ and the involution t;, attached to 4. By [Haile

et al. 1996, Corollary 12], we can find A € [* such that Ny, x (1) € k> and the dr,
in Lemma 5.2.3 is the k-quadratic form (§) -, ((A)). Since

Qr, =3(1) L(2)-(d)) ® (=b,—c, be),

condition (ii) follows from the Witt cancellation.

Conversely, suppose that (i) and (ii) hold. By Proposition 5.2.2(2), it suffices
to prove that there is a k-embedding of [ into (M3(k’), t3)+. Note that every
cubic étale k-algebra [ can be embedded into M3(k’) as a k-algebra. By [ibid.,
Corollary 14], for every A € [* such that Nj/x(A) € kxz, there is an involution o
of the second kind on M3(k’) leaving [ elementwise invariant such that

Qo =(1.1,1) L (2)- (d)) ® (8) - 11/ ({A))-

Condition (ii) implies that we can choose A so that Q, and Q, are isometric.
By Theorem 5.2.4, the involutions o and tj are isomorphic, and hence there is a
k-embedding of / into (M3(k'), t3) +. O

6. Hasse principle

We assume that the base field k is a number field.

Proposition 6.1. Let (k',1) be a couple where k' is a quadratic étale k-algebra
and 1/ k is a cubic étale k-algebra. Let G be a semisimple k-group of type G, and
let X be the G-homogeneous space of the embeddings of maximal tori with respect
to the type [(k',1)]. Then X satisfies the Hasse principle.

Proof. Since Gy is simply connected, we have H!(k,, Go) = 1 for each finite
place v of k. The Hasse principle states that the map
H'(k.Go)= [] H"(k.Go)
v real place

is bijective. If G is split, X (k) is not empty (Theorem 2.3.1), so we may assume that
G is not split. By [Lee 2014, Proposition 2.8], X (k) is not empty if and only if the
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Borovoi obstruction y € T2 (k, T(k”l)) vanishes. There is a real place v such that
Gk, is not split and then is k-anisotropic. Since there is a k,-embedding of T*"D
in G, the torus T&.D jg ky-anisotropic. By a lemma due to Kneser [Sansuc 1981,
lemme 1.9.3], we know that ITI% (k, T*":)) = 0, so that y = 0. Thus X (k) # @. O

Remark 6.2. Under the hypothesis of Proposition 6.1, the existence of a k-point
on X is controlled by the Borovoi obstruction. It follows from the restriction-
corestriction principle in Galois cohomology that X has a k-point if and only if X
has a 0-cycle of degree one. In other words, examples like those in Theorem 4.5.3
do not occur over number fields.

Corollary 6.3. Let k be a number field and k' (resp. 1) be quadratic (resp. cubic)
étale algebra over k. Let § € kx/k><2 be the discriminant of | and d € kx/k)<2
be the discriminant of k'. Let X be the set of (real) places where G is not split.
Then T*"D can be embedded in G with respect to the type [(k',1)] if and only if
d=—-1e€k)/k ?>and§ =1€k)/k)? foreachv € X.

Proof. According to Proposition 6.1, T® "D can be embedded in G with respect
to the type [(k’, )] if and only if this holds everywhere locally or equivalently (by
Theorem 2.3.1) if and only if this holds locally on X. The problem boils down to the
real anisotropic case where the only type is [(C, R?)], according to Remark 4.4.3. O

Examples 6.4. Keep the notations in Corollary 6.3.

(a) Consider the special case where k is the field of rational numbers Q. Suppose
that G is anisotropic over Q. Since there is only one real place of Q, by
Corollary 6.3, the torus T® "D can be embedded in G with respect to type
[(k’,1)] if and only if k' is imaginary and the discriminant of / is positive.

(b) Let k be a number field. Suppose that G is anisotropic. Note that in this case,
k is a real extension over Q. Let kK’ be an imaginary field extension of k and
let the discriminant of / be [a] € k*/ k** for some positive a € Q. Then by
Corollary 6.3, the torus T® "D can always be embedded in G with respect to

type [(k". D).

Appendix: Galois cohomology of tori and semisimple groups
over Laurent series fields

This appendix first provides a reference for a well-known fact on the Galois cohomol-
ogy of tori in the vein of the short exact sequence computing the tame Brauer group
of a Laurent series field. This fact is used in the proof of Lemma 4.5.1. Secondly
we apply our version of Steinberg’s theorem to Bruhat-Tits theory, answering a
question of A. Merkurjev.

We recall that an affine algebraic k-group G is a k-torus if there exists a finite
Galois extension k’/ k such that G xg k' => (G, x/)". If T is a k-torus, we consider
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its Galois lattice of characters 7 = Homy, ¢, (Tk,, G k,) and its Galois lattice
of cocharacters 79 = Homy, ¢, (G iy Tk, )-

Lemma A.1. We put K = k((t)). Let T/ k be an algebraic k-torus. Then we have
a natural split exact sequence

0> H  T)—> H K. T)-5 H (k,T% — 0.

Proof. Let k' be a Galois extension which splits 7. We put I' = Gal(k’/ k) and
K’ = k’((t)). We have the exact sequence [Serre 1994, 1.2.6(b)]

0— HYI,T(k')— H (k, T) —> H'(K',T).
Since Ty is split, Hilbert’s theorem 90 shows that H ! (k’, T') = 0, whence there is an
isomorphism H (T, T'(k’)) = H!(k, T). Similarly, we have H (T, T(K')) =
HY(K,T). We consider the (I"-split) exact sequence
1 — &) = (K —->Z—-0
induced by the valuation. Tensoring with 79, we get a I"-split exact sequence
1> TE[[) - TK)—>T%—>1.
It gives rise to a split exact sequence
0— HY(T, T('[[1])) — H (T, T(K")) - HY(T, T%) — 0.
Now we use the filtration argument of [Gille and Szamuely 2006, 6.3.1] by putting
U/ ={x e K[ [vr(x—1) = j}

foreach j > 0. The V/ =T°QU filter T (k'[[t]]) and each V7 /V/IT1 = T O, k'
is a k’-vector space equipped with a semilinear action, and hence is I'-acyclic.!
According to the limit fact [Gille and Szamuely 2006, 6.3.2], we conclude that
the specialization map H' (T, T(k'[[t]])) — H'(T, T (k")) is an isomorphism. We
have then a split exact sequence

0—>H\T,T(k') > H (I, T(K')) > H (I, T% — 0.

Since H(k’, T°) = 0, we have H(T, T°) => H!(k, T°), whence the desired
exact sequence. O

Now we relate Bruhat-Tits theory and our version of Steinberg’s Theorem 2.4.1.
Let G’ be a quasisplit semisimple k-group equipped with a maximal k-split subtorus
S’. We denote by W’ the Weyl group of the maximal torus 7" = Cg/(T”) of G’.
Put K = k((¢)) and denote by K}, the maximal unramified closure of K.

ISpeiser’s lemma shows that ¥/ /V/+1 = E; ®j k' for a k-vector space E; on which I' acts
trivially.
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Proposition A.2. Let E be a Gy-torsor. Then the following are equivalent:

() E(Knr) # 2.
(ii) There exists a k-torus embedding iy : Ty — G’ such that [E] belongs to the
image of i : H' (K, To) - H'(K, G).

Proof. We denote by G/K = £ G’ the inner twist of G} by E.

(i) = (ii): Then G is split by the extension K,,/K and the technical condition
(DE) of Bruhat-Tits theory is satisfied [Bruhat and Tits 1984, Proposition 5.1.6]. It
follows that G admits a maximal K-torus j : T — G which is split over K, [ibid.,
Corollary 5.1.2].

In particular, there exists a k-torus Ty such that T = Ty g. We consider now
the oriented type y = type.,,(T, j) € H'(K, W’) provided by the action of the
absolute Galois group of K on the root system ®(Gg,, j(T)k,). Since T and G
are split by K, it is given by the action of Gal(K},/K) = Gal(ks/ k) on the root
system ®(Gg,,, . j(T)k,,) and then defines a constant class yq € H'(k, W’) such
that y = (yo)k-

In the other hand, by the Kottwitz embedding (Theorem 2.3.1), there exists a
k-embedding i : To — G’ of oriented type yo. By Theorem 2.4.1, we conclude
that [E] belongs to the image of ig « : H'(K, To) — H(K,G’).

(ii) = (i): We assume there is a k-embedding ig : Top — G’ such that [E] belongs
to the image of ig.« : H'(K, To) — H'(K,G’). Since Ty g is split by K, the
Hilbert theorem 90 shows that H!(K,,, To) = 0, whence E(K,,) # @. O

Remarks A.3. (a) If k is perfect, we have that cd(K,,) = 1 (by Lang, see [Gille
and Szamuely 2006, Theorem 6.2.11]) so condition (i) is always satisfied
according to Steinberg’s theorem.

(b) If k is not perfect, there exist examples when condition (i) is not satisfied, even
in the semisimple split simply connected case; see [Gille 2002, Proposition 3
and Theorem 1].
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ON EXTENSIONS OF ALGEBRAIC GROUPS
WITH FINITE QUOTIENT

MICHEL BRION

Consider an exact sequence of group schemes of finite type over a field &,
1—N—-G— 0—1,

where Q is finite. We show that Q lifts to a finite subgroup scheme F of G;
if Q is étale and £ is perfect, then F may be chosen étale as well. As applica-
tions, we obtain generalizations of classical results of Arima, Chevalley, and
Rosenlicht to possibly nonconnected algebraic groups. We also show that
every homogeneous space under such a group has a projective equivariant
compactification.

1. Introduction

Consider an extension of algebraic groups, that is, an exact sequence of group
schemes of finite type over a field,

(1) 1 N ¢ 1 0 1.

Such an extension is generally not split, i.e., f admits no section which is a
morphism of group schemes. In this note, we obtain the existence of a splitting in a
weaker sense, for extensions with finite quotient group:

Theorem 1.1. Let G be an algebraic group over a field k, and N a normal subgroup
of G with G/ N finite. Then there exists a finite subgroup F of G suchthat G=N -F.

Here N - F denotes, as in [SGA 3; 1970, VIA.5.3.3], the quotient of the semidirect
product N x F by N N F embedded as a normal subgroup via x — (x, x~!). If
G/N is étale and £ is perfect, then the subgroup F may be chosen étale as well.
But this fails over any imperfect field k, see Remark 3.3 for details.

In the case where G is smooth and k is perfect, Theorem 1.1 was known to
Borel and Serre, and they presented a proof over an algebraically closed field of
characteristic 0 (see [Borel and Serre 1964, Lemma 5.11 and footnote on p. 152]).
That result was also obtained by Platonov [1966, Lemma 4.14] for smooth linear
algebraic groups over perfect fields. In the latter setting, an effective version of

MSC2010: primary 14L.15; secondary 14130, 20G15.
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Theorem 1.1 has been obtained recently by Lucchini Arteche [2015a, Theorem
1.1]; see [Lucchini Arteche 2015b, Proposition 1.1; Chernousov et al. 2008, p. 473;
Lotscher et al. 2013, Lemma 5.3] for earlier results in this direction.

Returning to an extension (1) with an arbitrary quotient Q, one may ask whether
there exists a subgroup H of G such that G =N - H and N N H is finite (when Q
is finite, the latter condition is equivalent to the finiteness of H). We then say that
(1) is quasisplit, and H is a quasicomplement of N in G, with defect group N N H.

When Q is smooth and N is an abelian variety, every extension (1) is quasisplit
(as shown by Rosenlicht [1956, Theorem 14]; see [Milne 2013, Section 2] for a
modern proof). The same holds when Q is reductive (i.e., Q is smooth and affine,
and the radical of Qy is a torus), N is arbitrary and char(k) = 0, as we will show in
Corollary 4.8. On the other hand, the group G of unipotent 3 x 3 matrices sits in a
central extension

1—>Ga—>G—>Gz—>1,

which is not quasisplit. It would be interesting to determine which classes of groups
N, Q yield quasisplit extensions. Another natural problem is to bound the defect
group in terms of N and Q. The proof of Theorem 1.1 yields some information
in that direction; see Remark 3.4, and [Lucchini Arteche 2015a] for an alternative
approach via nonabelian Galois cohomology.

This article is organized as follows. In Section 2, we begin the proof of
Theorem 1.1 with a succession of reductions to the case where Q = G/N is
étale and N is a smooth connected unipotent group, a torus, or an abelian variety.
In Section 3, we show that every class of extensions (1) is torsion in that setting
(Lemma 3.1); this quickly implies Theorem 1.1. Section 4 presents some applica-
tions of Theorem 1.1 to the structure of algebraic groups: we obtain analogues of
classical results of Chevalley, Rosenlicht and Arima on smooth connected algebraic
groups (see [Rosenlicht 1956; 1961; Arima 1960]) and of Mostow [1956] on linear
algebraic groups in characteristic 0. Finally, we show that every homogeneous
space under an algebraic group admits a projective equivariant compactification;
this result seems to have been unrecorded so far. It is well known that any such
homogeneous space is quasiprojective (see [Raynaud 1970, Corollary VI.2.6]);
also, the existence of equivariant compactifications of certain homogeneous spaces
having no separable point at infinity has attracted recent interest (see, e.g., [Gabber
2012; Gabber et al. 2014]).

2. Proof of Theorem 1.1: some reductions

We first fix notation and conventions which will be used throughout this article.
We consider schemes and their morphisms over a field k, and choose an algebraic
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closure k. Given a scheme X and an extension K /k of fields, we denote by X g the
K -scheme obtained from X by the base change Spec(K) — Spec(k).

We use mostly [SGA 3, 1970; SGA 3 1970; SGA 3, 1970], and occasionally
[Demazure and Gabriel 1970], as references for group schemes. Given such a group
scheme G, we denote by eg € G (k) the neutral element, and by G° the neutral
component of G, with quotient map 7 : G — G/G° = m(G). The group law of G
isdenoted by £ : G x G — G, (x,y) — xy.

Throughout this section, we consider an extension (1) and a subgroup F of G.
Then the map

ViNXF—G, (x,y)r—xy

is a morphism of group schemes with kernel N N F, embedded in N x F via
x — (x, x~1). Thus, v factors through a morphism of group schemes

t:N-F— G.

Also, the composition F — G — G/N factors through a morphism of group
schemes
i:F/(NNF)— G/N.

By [SGA 3, 1970, VIA.5.4], ¢ and i are closed immersions of group schemes.
Lemma 2.1. The following conditions are equivalent:

(1) tis an isomorphism.

(i1) 1 is an isomorphism.
(iii) v is faithfully flat.

(iv) For any scheme S and g € G(S), there exists a faithfully flat morphism of finite
presentation f 1§ — Sand x € N(S'), y € F(S') such that g = xy in G(S').

When G /N is smooth, these conditions are equivalent to:
(v) G(k) = N(k)F (k).

Proof. (1) < (ii): Recall from [SGA 3; 1970, VIA.5.5.3] that i factors through an
isomorphism F/(N N F) — (N - F)/N. Thus, we obtain a commutative diagram

N.F —5 G

d /|
F/(NNF) —— G/N
where both vertical arrows are N-torsors for the action of N by right multiplication.

As a consequence, this diagram is cartesian. In particular, i is an isomorphism if
and only if so is ¢; this yields the desired equivalence.
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(i) = (iii): Since v is identified with the quotient map of N x F by N N F, the
assertion follows from [SGA 3; 1970, VIA.3.2].

(iii)) = (iv): This follows by forming the cartesian square

S — 8

| |
NxF ——> G

and observing that v is of finite presentation, since the schemes G, N and F are of
finite type.

(iv) = (i): By our assumption applied to the identity map G — G, there exists
a scheme §’ and morphisms x : & — N, y : 8 — F such that the morphism
vo(x xy):N x F — G is faithfully flat of finite presentation. As a consequence,
the morphism of structure sheaves Og — v, (x X y),(Oy) is injective. Thus, so are
O¢ — v« (OnxF), and hence O — i.(Op.F). Since i is a closed immersion, it must
be an isomorphism.

(ii) < (v): When G/N is smooth, i is an isomorphism if and only if it is surjective
on k-rational points. Since (G/N)(k) = G(k)/N (k) and likewise for F /(N N F),
this yields the desired equivalence. U

We assume from now on that the quotient group Q in the extension (1) is finite.

Lemma 2.2. If the exact sequence 1 - H° — H — mo(H) — 1 is quasisplit for
any smooth algebraic group H such that dim(H) = dim(G), then (1) is quasisplit
as well.

Proof. Consider first the case where G is smooth. Then Q is étale, and hence N
contains G°. By our assumption, there exists a finite subgroup F C G such that
G =G F. In view of Lemma 2.1 (iv), it follows that G = N - F.

If char(k) = 0, then the proof is completed as every algebraic group is smooth
(see, e.g., [SGA 3, 1970, VIB.1.6.1]). So we may assume that char(k) = p > 0.
Consider the n-fold relative Frobenius morphism

F&:G— GP

and its kernel G,. Then F(; is finite and bijective, so that G, is an infinitesimal
normal subgroup of G. Moreover, the quotient G/G,, is smooth for n > 0 (see
[SGA 3, 1970, VIIA.8.3]). We may thus choose n so that G/G, and N/N,, are
smooth. The composition N — G — G /G, factors through a closed immersion
of group schemes N/N, — G/G, by [SGA 3, 1970, VIA.5.4] again. Moreover,
the image of N/N, is a normal subgroup of G/G,, as follows, e.g., from our
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smoothness assumption and [SGA 3, 1970, VIB.7.3]. This yields an exact sequence
l1— N/N,— G/G,— Q' —> 1,

where Q' is a quotient of Q and hence is finite; moreover, dim(G/G,) = dim(G).
By our assumption and the first step, there exists a finite subgroup F’ of G/ G, such
that G/G,=(N/N,)-F’. In view of [SGA 3, 1970, VIA.5.3.1], there exists a unique
subgroup F of G containing G, such that F/G, = F’; then F is finite as well.
We check that G = N - F by using Lemma 2.1 (iv) again. Let S be a scheme, and
g € G(S). Then there exists a faithfully flat morphism of finite presentation §" — §
and x" € (N/N,)(S"), y" € F'(S') such that F(;(g) =x"y"in (G/G,)(S). Moreover,
there exists a faithfully flat morphism of finite presentation S” — S” and x” € N (S"),
y" € F(S") such that F/(x") = x’ and F2(y") = y'. Then y"~'x""!g € G, (5",
and hence g € N(S”)F(S”), since F contains G,,. O

Remark 2.3. With the notation of the proof of Lemma 2.2, there is an exact
sequence of quasicomplements

l1—G,— F— F — 1.
When N = G°, so that G, C N, we also have an exact sequence of defect groups
l1—-G,— NNF— (N/G,)NF — 1.

By Lemma 2.2, it suffices to prove Theorem 1.1 when G is smooth and N = G°,
so that Q =my(G). We may thus choose a maximal torus 7" of G (see [SGA 3 1970,
XIV.1.1]). Then the normalizer Ng(7T') and the centralizer Zg (T') are (represented
by) subgroups of G (see [SGA 3, 1970, VIB.6.2.5]). Moreover, Ng(T) is smooth
by [SGA 3y 1970, X1.2.4]. We now gather further properties of Ng(T):

Lemma24. (i) G=G" Ng(T).

(ii) NG(T)° = Zgo(T).

(iii)) We have an exact sequence 1 — W(GO, T) — m9(Ng(T)) = mo(G) — 1,
where W(G°, T) := Ngo(T)/Zgo(T) = mo(Ngo(T)) denotes the Weyl group.

Proof. (i) By Lemma 2.1 (v), it suffices to show that G (k) = G° (k)N (T) (k). Let
x € G(k), then xTx~! is a maximal torus of G°(k), and hence xTx~! = yTy~!
for some y € GO(k). Thus, x € yNg(T)(k), which yields the assertion.

(ii)) We may assume that k is algebraically closed and G is connected (since
Ng(T)? = Ngo(T)?). Then Zs(T) is a Cartan subgroup of G, and hence equals
its connected normalizer by [SGA 3 1970, XI1.6.6].

(>iii) By (i), the natural map Ng(T)/Ngo(T) — mp(G) is an isomorphism. Com-
bined with (ii), this yields the statement. U
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Remark 2.5. If Ng(T) = Ng(T)° - F for some subgroup F C Ng(T), then by
Lemmas 2.1 and 2.4, G = G°- F. Moreover, the commutative diagram of exact
sequences

1 —Ng(T)°NF— F—my(Ng(T))—> 1

[
l1— G°NF —F— m9(G) —1

together with Lemma 2.4 yields the exact sequence
1 — Ze(T)NF — G'NF — W(G°, T) — 1.

In view of Lemma 2.1 (iv) and Lemma 2.4 (i), it suffices to prove Theorem 1.1
under the additional assumption that T is normal in G. Then T is central in G°, and
hence G is nilpotent by [SGA 3, 1970, XIL.6.7]. It follows that G is nilpotent,
in view of [SGA 3, 1970, VIB.8.3]. To obtain further reductions, we will use the
following:

Lemma 2.6. Let N’ be a normal subgroup of G contained in N. Assume that the
resulting exact sequence 1 — N/N' — G/N' — Q — 1 is quasisplit, and that any
exact sequence of algebraic groups 1 — N’ — G’ — Q' — 1, where Q' is finite, is
quasisplit as well. Then (1) is quasisplit.

Proof. By assumption, there exists a finite subgroup F’ of G/N’ for which
G/N'=(N/N’)- F'. Denote by G’ the subgroup of G containing N’ such that
G'/N’ = F'. By assumption again, there is a finite subgroup F of G’ containing
N’ such that G’ = N’- F. We check that G = N - F using Lemma 2.1 (iv). Let S be
a scheme, and g € G(S); denote by f’: G — G /N’ the quotient map. Then there
exists a faithfully flat morphism of finite presentation S — S and x € (N/N')(S"),
y € F/(§) such that f'(g) = xy in (G/N’)(S’). Moreover, there exists a faithfully
flat morphism of finite presentation S” — S" and z € N(S”), w € G'(S”) such that
f'(z) =x and f'(w) =y. Then w™'z7'g € N'(S”), and hence g € N(S")G'(S"),
as G’ contains N’. This shows that G =N -G’ = N - (N’ - F). We conclude by
observing that N - (N'- F) = N - F, in view of Lemma 2.1 (iv) again. U

Remark 2.7. With the notation of the proof of Lemma 2.6, we have an exact
sequence | - N' — G’ = N'- F — F’ — 1, and hence an exact sequence of
quasicomplements

l1—NNF—F—F —1.

Moreover, we obtain an exact sequence | - N'—> NNG'— (N/N)NF — 1,
by using [SGA 3, 1970, VIA.5.3.1]. Since NNG'=NN(N'-F)=N'-(NNF),
where the latter equality follows from Lemma 2.1 (iv), this yields an exact sequence
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of defect groups
l1—-NNF—NNF— (N/N)NF — 1.

Next, we show that it suffices to prove Theorem 1.1 when G° is assumed in
addition to be commutative.

We argue by induction on the dimension of G (assumed to be smooth, with
GO nilpotent). If dim(G) = 1, then GV is either a k-form of G, or G,,, or an
elliptic curve; in particular, G is commutative. In higher dimensions, the derived
subgroup D(G?) is a smooth, connected normal subgroup of G contained in G°,
and the quotient G / D(G) is commutative of positive dimension (see [SGA 3,
1970, VIB.7.8, 8.3]). Moreover, G/D(GO) is smooth, and JTQ(G/D(GO)) =m9(G).
By the induction assumption, it follows that the exact sequence

1 — G°/D(G% — G/D(G") — 19(G) —> 1

is quasisplit. Also, every exact sequence 1 — D(G") - G’ — Q' — 1, where Q'
is finite, is quasisplit, by the induction assumption again together with Lemma 2.2.
Thus, Lemma 2.6 yields the desired reduction.

We now show that we may further assume G° to be a torus, a smooth connected
commutative unipotent group, or an abelian variety.

Indeed, we have an exact sequence of commutative algebraic groups

1—>T—>GO—>H—>1,

where T is the maximal torus of G°, and H is smooth and connected. Moreover,
we have an exact sequence

l1—H —H— H,— 1,

where H is a smooth connected affine algebraic group, and H; is a pseudoabelian
variety in the sense of [Totaro 2013], i.e., H> has no nontrivial smooth connected
affine normal subgroup. Since H; contains no nontrivial torus, it is unipotent; also,
H; is an extension of a smooth connected unipotent group by an abelian variety
A, in view of [Totaro 2013, Theorem 2.1]. Note that T is a normal subgroup of G
(the largest subtorus). Also, H; is a normal subgroup of G/T (the largest smooth
connected affine normal subgroup of the neutral component), and A is a normal
subgroup of (G/T)/H; as well (the largest abelian subvariety). Thus, arguing
by induction on the dimension as in the preceding step, with D(G®) replaced
successively by T', H; and A, yields our reduction.

When G is unipotent and char(k) = p > 0, we may further assume that G is
killed by p. Indeed, by [SGA 3 1970, XVII.3.9], there exists a composition series
{ec) =Gy C G; C --- C G, = G such that each G; is normal in G, and each
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quotient G;/G;_1 is a k-form of some (G,)"/; in particular, G;/G;_ is killed by
p. Our final reduction follows by induction on 7.

3. Proof of Theorem 1.1: extensions by commutative groups

In this section, we consider smooth algebraic groups Q, N such that Q is finite and
N is commutative. Given an extension (1), the action of G on N by conjugation
factors through an action of Q by group automorphisms, which we denote by
(x,y) — y*, where x € Q and y € N. Recall that the isomorphism classes of such
extensions with a prescribed Q-action on N form a commutative (abstract) group,
which we denote by Ext!(Q, N): see [SGA 3, 1970, XVILApp. I] (and [Demazure
and Gabriel 1970, I11.6.1] for the setting of extensions of group sheaves).

Lemma 3.1. With the above notation and assumptions, the group Ext' (Q, N) is
torsion.

Proof. Any extension (1) yields an N-torsor over Q for the étale topology, since
Q is finite and étale. This defines a map 7 : Ext'(Q, N) — Hé]t(Q, N), which is a
group homomorphism (indeed, the sum of any two extensions is obtained by taking
their direct product, pulling back under the diagonal map Q — Q x Q, and pushing
forward under the multiplication N x N — N; and the sum of any two torsors is
obtained by the analogous operations). The kernel of t consists of those classes
of extensions that admit a section (which is a morphism of schemes). In view of
[SGA 3y 1970, XVIL. App. 1.3.1], this yields an exact sequence

0 — HH?*(Q,N) — Ext'(Q, N) = HL(Q, N),

where HH' stands for Hochschild cohomology (denoted by H' in [SGA 3, 1970;
SGA 3y 1970; SGA 31y 1970], and by Hé in [Demazure and Gabriel 1970]). More-
over, the group Hélt(Q, N) is torsion (as follows, e.g., from [Rosenlicht 1956,
Theorem 14]), and HH?*(Q, N) is killed by the order of Q, as a special case of
[SGA 3, 1970, XVIL5.2.4]. O

Remark 3.2. The above argument yields that Ext'(Q, N) is killed by md if Q
is finite étale of order m, and N is a torus split by an extension of k of degree d.
Indeed, we just saw that HHZ(Q, N) is killed by m; also, Hélt(Q, N) is a direct sum
of groups of the form Hélt(Spec(k/ ), N) for finite separable extensions k' of k, and
these groups are killed by d. This yields a slight generalization of [Lucchini Arteche
2015b, Proposition 1.1], via a different approach.

End of the proof of Theorem 1.1. Recall from our reductions in Section 2 that we
may assume G to be a smooth commutative unipotent group, a torus, or an abelian
variety. We will rather denote G° by N, and 7y(G) by Q.
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We first assume in addition that char(k) = 0 if N is unipotent. Then the n-th

power map
ny:N— N, x+——x"

is an isogeny for any positive integer n. Consider an extension (1) and denote
by y its class in Ext!'(Q, N). By Lemma 3.1, we may choose n so that ny = 0.
Also, ny = (ny)+«(y) (the pushout of y by ny); moreover, the exact sequence of
commutative algebraic groups

1 —— Nin] N 2, N 1

yields an exact sequence

Ext'(Q. N[n)) —— Ext'(Q,N) 2% Ext!(Q, N)
due to [SGA 3y 1970, XVIL.App. 1.2.1]. Thus, there is a class y’ € Extl(Q, N{n))
with pushout y, i.e., we have a commutative diagram of extensions

1 —Nhn]—G—0—1

I
l1— N —G—0—1,

where the square on the left is cartesian. It follows that G’ is a finite subgroup of
G,andG=N-G'.

Next, we consider the remaining case, where N is unipotent and char(k) = p > 0.
In view of our final reduction at the end of Section 2, we may further assume that
N is killed by p. Then there exists an étale isogeny N — N;, where N is a vector
group (see [Conrad et al. 2015, Lemma B.1.10]). This yields another commutative
diagram of extensions

l—N—G—0—1

A

1 —>N1—>G1—>Q—> 1.

Assume that there exists a finite subgroup F; of G| such that G; = Ny - F;. Let F be
the pullback of F; to G; then F is a finite subgroup, and one checks that G = N - F
using Lemma 2.1 (iv). Thus, we may finally assume that N is a vector group.

Under that assumption, the N-torsor G — Q is trivial, since Q is affine. Thus,
we may choose a section s : Q — G. Also, we may choose a finite Galois extension
of fields K/k such that Qg is constant. Then s yields a section s : Ox — Gk,
equivariant under the Galois group 'k := Gal(K /k). So we may view G(K) as
the set of the y s(x), where y € N(K) and x € Q(K), with multiplication

ys@x)y' s(x)=yy*elx, x) s(xx),
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where ¢ € Z2(Q(K), N(K)) . Consider the (abstract) subgroup H C N(K)
generated by the c(x’, x”)*, where x, x’, x” € Q(K). Then H is finite, since N (K)
is killed by p and Q(K) is finite. Moreover, H s(Q(K)) is a subgroup of G(K), in
view of the above formula for the multiplication. Clearly, H s(Q(K)) is finite and
stable under "k ; thus, it corresponds to a finite (algebraic) subgroup G’ of G. Also,
we obtain as above that G = N - G'. This completes the proof of Theorem 1.1. [J

Remark 3.3. If & is perfect, then the subgroup F' as in Theorem 1.1 may be chosen
étale. Indeed, the reduced subscheme Fiq is then a subgroup by [SGA 3, 1970,
VIA.0.2]. Moreover, G (k) = GO(IE) Freq (IE), and hence G = G° - Fyoq in view of
Lemma 2.1 (v).

In contrast, when k is imperfect, there exists a finite group G admitting no étale
subgroup F such that G = G- F. Consider for example (as in [SGA 3, 1970,
VIA.1.3.2]) the subgroup G of G, ; defined by the additive polynomial X Pt tXP,
where p := char(k) and ¢ € k \ k”. Then G has order p? and G° has order p. If
G = G°. F with F étale, then G°NF is trivial. Thus, G = G° x F and F has order p.
Let K :=k(t'/P). Then Fy is contained in (G g )req, Which is the subgroup of Ga.x
defined by the additive polynomial X? —¢!/? X. By counting dimensions, it follows
that Fx = (G k)red, Which yields a contradiction as (G g )req is not defined over k.

Remark 3.4. One may obtain information on the defect group N N F' by examining
the steps in the proof of Theorem 1.1 and combining Remarks 2.3, 2.5 and 2.7. For
instance, if G is smooth, then N N F is an extension of the Weyl group W(G?, T) by
the nilpotent group Zgo(7T) N F, where T is a maximal torus of G. If char(k) =0
(so that G is smooth), then Zs0(T) N F is commutative. Indeed, Z50(T) is a
connected nilpotent algebraic group, and hence an extension of a semiabelian
variety S by a connected unipotent algebraic group U. Thus, U N F is trivial, and
hence Z50(T) N F is isomorphic to a subgroup of S.

Remark 3.5. When £ is finite, Theorem 1.1 follows readily from our first reduction
step (Lemma 2.2) together with a theorem of Lang [1956, Theorem 2]. More specif-
ically, let H be a smooth algebraic group and choose representatives xi, ..., X, of
the orbits of the Galois group I := Gal(lg/ k) in 7o(H) (k). Denote by I'; C T the
isotropy group of x; and set k; := kUi fori =1, ..., m. Then x; € wo(H)(k;), and
hence the fiber T, ! (x;) (a torsor under H,g ) contains a k;-rational point. Consider

the subfield ;
K = l_[ ki C k.
i=1

Then the finite étale group scheme mo(H )k is constant, and m is surjective on
K -rational points. Thus, 7o(H) has a quasicomplement in H: the finite étale group
scheme corresponding to the constant, I"-stable subgroup scheme H (K) of Hg.
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4. Some applications

We first recall two classical results on the structure of algebraic groups. The first
one is the affinization theorem (see [Demazure and Gabriel 1970, 111.3.8] and also
[SGA 3, 1970, VIB.12.2]): any algebraic group G has a smallest normal subgroup
H such that G/H is affine. Moreover, H is smooth, connected and contained in
the center of G°; we have O(H) = k (such an algebraic group is called antiaffine)
and 0(G/H) = 0(G).

Consequently, H is the fiber at e of the affinization morphism G — Spec 0(G);
moreover, the formation of H commutes with arbitrary field extensions. Also, note
that H is the largest antiaffine subgroup of G; we will denote H by G,y. The
structure of antiaffine groups is described in [Brion 2009] and [Sancho and Sancho
2009].

The second structure result is a version of a theorem of Chevalley, due to Raynaud
[1970, Lemma IX.2.7] (see also [Bosch et al. 1990, 9.2 Theorem 1]): any connected
algebraic group G has a smallest affine normal subgroup N such that G/N is an
abelian variety. Moreover, N is connected; if G is smooth and k is perfect, then N
is smooth as well. We will denote N by G 4.

We will also need the following observation:

Lemma 4.1. Let G be an algebraic group, and N a normal subgroup. Then the
quotient map f : G — G /N yields an isomorphism G,/ (Gant N N) = (G /N) ant.

Proof. We have a closed immersion of group schemes Gan/(Gant "N N) = G/N;
moreover, Gy /(Gane N N) is antiaffine. So we obtain a closed immersion of
commutative group schemes i : Gant/(Gant " N) = (G/N)ane. The cokernel of
i is antiaffine, as a quotient of (G/N)an.. Also, this cokernel is a subgroup of
(G/N)/(Gant/(Gant N N)), which is a quotient of G/ Gyt Since the latter is affine,
it follows that Coker(i) is affine as well, by using [SGA 3, 1970, VIB.11.17]. Thus,
Coker(i) is trivial, i.e., i is an isomorphism. O

We now obtain a further version of Chevalley’s structure theorem, for possibly
nonconnected algebraic groups:

Theorem 4.2. Any algebraic group G has a smallest affine normal subgroup N
such that G/ N is proper. Moreover, N is connected.

Proof. 1t suffices to show that G admits an affine normal subgroup N such that
G/N is proper. Indeed, given another such subgroup N’, the natural map

G/(NNN') — G/N x G/N'

is a closed immersion, and hence G /(NNN’) is proper. Taking for N a minimal such
subgroup, it follows that N is the smallest one. Moreover, the natural morphism
G/N° — G/N is finite, since it is a torsor under the finite group N/N° (see
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[SGA 3, 1970, VIA.5.3.2]). As a consequence, G/N" is proper; hence N = N° by
the minimality assumption. Thus, N is connected.

Also, we may reduce to the case where G is smooth by using the relative
Frobenius morphism as in the proof of Lemma 2.2.

If in addition G is connected, then we just take N = G4¢r. In the general case, we
consider the (possibly nonnormal) subgroup H := (G946 then the homogeneous
space G/ H is proper, since G/G" is finite and G/ H is proper. As a consequence,
the automorphism functor of G/H is represented by a group scheme Autg,y,
locally of finite type; in particular, the neutral component Aut((); /g 1s an algebraic
group (see [Matsumura and Oort 1967, Theorem 3.7]). The action of G by left
multiplication on G/H yields a morphism of group schemes

¢:G—> Autg,p.

The kernel N of ¢ is a closed subscheme of H, and hence is affine. To complete
the proof, it suffices to show that G/N is proper. In turn, it suffices to check that
(G/N)? is proper. Since (G/N)? = G°/(G°N N), and G’ N N is the kernel of the
restriction G* — Aut% /u» We are reduced to showing that Aut((); /i 1s proper (by
using [SGA 3, 1970, VIA.5.4.1] again).

We claim that Aut% JH is an abelian variety. Indeed, (G/H)j is a finite disjoint
union of copies of (G°/H)z, which is an abelian variety. Also, the natural morphism
A — Autg is an isomorphism for any abelian variety A. Thus, (Aut((); Jr)i 1S
an abelian variety (a product of copies of (G°/H);); this yields our claim, and
completes the proof. (]

Remark 4.3. The formation of G (for a connected group scheme G) commutes
with separable algebraic field extensions, as follows from a standard argument of
Galois descent. But this formation does not commute with purely inseparable field
extensions, in view of [SGA 3 1970, XVII.C.5].

Likewise, the formation of N as in Theorem 4.2 commutes with separable
algebraic field extensions. As a consequence, N = (G°),¢ for any smooth group
scheme G (since (G°), is invariant under any automorphism of G, and hence is a
normal subgroup of G when k is separably closed). In particular, if k is perfect and
G is smooth, then N is smooth as well.

For an arbitrary group scheme G, we may have N # (G%)u, e.g., when G is
infinitesimal: then N is trivial, while (G°)5 = G.

We do not know if the formations of G, and N commute with arbitrary separable
field extensions.

The structure of proper algebraic groups is easily described as follows:

Proposition 4.4. Given a proper algebraic group G, there exists an abelian variety
A, a finite group F equipped with an action F — Auty and a normal subgroup
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D C F such that D acts faithfully on A by translations and G = (A X F)/D, where
D is embedded in Ax F via x — (x, x~"). Moreover, A = G g and F/D=G/G
are uniquely determined by G. Finally, G is smooth if and only if F /D is étale.

Proof. Note that G,y is a smooth connected proper algebraic group, and hence an
abelian variety. Moreover, the quotient group G/ G,y 1s affine and proper, hence
finite. By Theorem 1.1, there exists a finite subgroup F C G such that G = Gy - F.
In particular, G = (F X Gant)/(F N Gayy); this implies the existence assertion. For
the uniqueness, just note that O(G) = 0(G/A) = O(F /D), and this identifies the
affinization morphism to the natural homomorphism G — F/D, with kernel A.
If G is smooth, then so is G/A = F/D; as F/D is finite, it must be étale. Since
the homomorphism G — F/D is smooth, the converse holds as well. (I

Remark 4.5. The simplest examples of proper algebraic groups are the semidirect
products G = A x F, where F is a finite group acting on the abelian variety A. If
this action is nontrivial (for example, if A is nontrivial and F is the constant group
7/27 acting via x — x*!), then every morphism of algebraic groups f : G — H,
where H is connected, has a nontrivial kernel. (Otherwise, A is contained in the
center of G by the affinization theorem.) This yields examples of algebraic groups
which admit no faithful representation in a connected algebraic group.

Remark 4.6. With the notation and assumptions of Proposition 4.4, consider a
subgroup H C G and the homogeneous space X := G/H. Then there exists an
abelian variety B quotient of A, a subgroup / C F containing D, and a faithful
homomorphism I — Autp such that the scheme X is isomorphic to the associated
fiber bundle F x! B. Moreover, the schemes F/I and B are uniquely determined
by X, and X is smooth if and only if F/I is étale.

Indeed, let K :=A-H,then X =G xX K/H = F x! K/H, where I := FNK.
Moreover, K/H = A/(A N H) is an abelian variety. This shows the existence
assertion; those on uniqueness and smoothness are checked as in the proof of
Proposition 4.4.

Conversely, given a finite group F and a subgroup / C F acting on an abelian
variety B, the associated fiber bundle F x! B exists (since it is the quotient of the
projective scheme F' x B by the finite group /), and is homogeneous whenever F/I
is étale (since (F x! B) % 18 just a disjoint union of copies of Bj). We do not know
how to characterize the homogeneity of F x! B when the quotient F/I is arbitrary.

Returning to an arbitrary algebraic group G, we have the “Rosenlicht decompo-
sition” G = Gyt - Gar When G is smooth and connected (see, e.g., [Brion 2009]).
We now extend this result to possibly nonconnected groups:

Theorem 4.7. Let G be an algebraic group. Then there exists an affine subgroup
H of G such that G = Gy - H. If G is smooth and k is perfect, then H may be
chosen smooth.
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Proof. By Theorem 4.2, we may choose an affine normal subgroup N C G such
that G/N is proper. In view of Proposition 4.4, there exists a finite subgroup F of
G/N such that G/N = (G/N)an: - F, and (G/N)ay is an abelian variety. Let H be
the subgroup of G containing N such that G/H = F. Then H is affine, since it
sits in an extension | - N — H — F — 1. We check that G = G - H by using
Lemma 2.1 (iv). Let S be a scheme, and g € G(S). Denote by g’ the image of g in
(G/N)(S). Then there exist a faithfully flat morphism of finite presentation S — §
and x’ € (G/N)ant(S"), ¥y’ € F(S') such that g’ = x’y’ in (G/N)(S’). Moreover, in
view of Lemma 4.1, x’ lifts to some x” € G (S”), where S” — S’ is faithfully flat
of finite presentation. So gx”~! € G(S”) lifts y’, and hence g € Gan(S”)H (S").
If G is smooth and k is perfect, then N may be chosen smooth by Remark 4.3;
also, F may be chosen smooth by Remark 3.3. Then H is smooth as well. O

We now derive from Theorem 4.7 a generalization of our main Theorem 1.1,
under the additional assumption of characteristic O (then reductivity is equivalent to
linear reductivity, also known as full reducibility):

Corollary 4.8. Every extension (1) with reductive quotient group Q is quasisplit
when char(k) = 0.

Proof. Choose an affine subgroup H C G such that G = G, - H and denote by
R, (H) its unipotent radical. By a result of Mostow [1956, Theorem 6.1], H has a
Levi subgroup, i.e., a fully reducible algebraic subgroup L such that H =R, (H) x L.
Note that R,(H) is normal in G, since it is normalized by H and centralized by
Gant. It follows that G- R, (H) is normal in G, and G = (G- R, (H)) - L. Also,
note that the quotient map f : G — Q sends Gay to eg (since Q is affine), and
R, (H) to eg as well (since Q is reductive). It follows that the sequence

1—>NﬂL—>L—f>Q—>1

is exact, where N = Ker(f). If N N L has a quasicomplement H in L, then H is
a quasicomplement to N in G (as follows, e.g., from Lemma 2.1 (v)). Thus, we
may assume that G is reductive. Since every quasicomplement to N° in G is a
quasicomplement to N, we may further assume that N is connected.

We have a canonical decomposition

G =D(GY - R(GY),

where the derived subgroup D(G°) is semisimple, the radical R(G") is a central
torus, and D(G%) N R(GY) is finite (see, e.g., [SGA 3y 1970, XXI1.6.2.4]). Thus,
G =D(G®) - (R(G®) - F), where F C G is a quasicomplement to G. Likewise,
N = D(N) - R(N), where D(N) C D(G®), R(N) C R(G®) and both are normal
in G. Denote by S the neutral component of the centralizer of D(N) in D(GY).
Then S is a normal semisimple subgroup of G, and a quasicomplement to D(N)
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in D(GY). If R(N) admits a quasicomplement 7 in R(G®) - F, then one readily
checks that S - T is a quasicomplement to N in G. As a consequence, we may
replace G with R(G®) - F, and hence assume that G° is a rorus.

Denote by X*(G) the character group of Gg; this is a free abelian group of
finite rank, equipped with a continuous action of F(k) x I', where I" denotes
the absolute Galois group of k. Moreover, we have a surjective homomorphism
0 X*(G% — X*(N), equivariant for F (k) x T'. Thus, p splits over the rationals,
and hence there exists a subgroup A C X*(G?), stable by F (k) xT", which is mapped
isomorphically by p to a subgroup of finite index of X*(N). The quotient X*(G%)/A
corresponds to a subtorus H C G°, normalized by G, which is a quasicomplement
to N in G°. So H - F is the desired quasicomplement to N in G. (Il

Remark 4.9. Corollary 4.8 does not extend to positive characteristics, due to the
existence of groups without Levi subgroups (see [Conrad et al. 2015, Appendix A.6;
McNinch 2010, Section 3.2]). As a specific example, when k is perfect of charac-
teristic p > 0, there exists a nonsplit extension of algebraic groups

l—V-—G-LsL,—1,

where V is a vector group on which SL; acts linearly via the Frobenius twist of its
adjoint representation. We show that this extension is not quasisplit. Otherwise, let
H be a quasicomplement to N in G. Then so is the reduced neutral component of
H, and hence we may assume that H is smooth and connected. The quotient map
f restricts to an isogeny H — SL,, and hence to an isomorphism. Thus, the above
extension is split, a contradiction.

Next, we obtain an analogue of the Levi decomposition (see [Mostow 1956]
again) for possibly nonlinear algebraic groups:

Corollary 4.10. Let G be an algebraic group over a field of characteristic 0. Then
G = R - S, where R C G is the largest connected solvable normal subgroup, and
S C G is an algebraic subgroup such that S° is semisimple; also, RN S is finite.

Proof. By a standard argument, G has a largest connected solvable normal subgroup
R. The quotient G/R is affine, since R D Gay. Moreover, R/ G,y contains the
radical of G/ G ani, and hence (G/R) is semisimple. In particular, G /R is reductive.
So Corollary 4.8 yields the existence of the quasicomplement S. (I

Remark 4.11. One may ask for a version of Corollary 4.10 in which the normal
subgroup R is replaced with an analogue of the unipotent radical of a linear alge-
braic group, and the quasicomplement S is assumed to be reductive. But such a
version would make little sense when G is an antiaffine semiabelian variety (for
example, when G is the extension of an abelian variety A by G,,, associated with
an algebraically trivial line bundle of infinite order on A). Indeed, such a group G
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has a largest connected reductive subgroup: its maximal torus, which admits no
quasicomplement.

Also, recall that the radical R may admit no complement in G, e.g., when
G =GL, with n > 2.

Finally, one may also ask for the uniqueness of a minimal quasicomplement in
Corollary 4.10, up to conjugacy in R(k) (as for Levi complements, see [Mostow
1956, Theorem 6.2]). But this fails when k is algebraically closed and G is the
semidirect product of an abelian variety A with a group F of order 2. Denote by o
the involution of A induced by the nontrivial element of F; then R = A, and the
complements to R in G are exactly the subgroups generated by the involutions xo
where x € A7 (k), i.e., 0 (x) = x~!. The action of R(k) on complements is given
by yxoy~!
is generally not surjective. This holds for example when A = (B x B)/C, where B
is a nontrivial abelian variety, C is the subgroup of B x B generated by (xg, xo) for
some xg € B(k) of order 2, and o arises from the involution (x, y) — (y~!, x™1)
of B x B; then A™° has 2 connected components.

=xyo (y)~'o; moreover, the homomorphism A — A%, y > yo (y)~!

Another consequence of Theorem 4.7 concerns the case where k is finite; then
every antiaffine algebraic group is an abelian variety (see [Brion 2009, Proposition
2.2]). This yields readily:

Corollary 4.12. Let G be an algebraic group over a finite field. Then G sits in an
extension of algebraic groups

l1—F—AxH—G—1,

where F is finite, A is an abelian variety, and H is affine. If G is smooth, then H
may be chosen smooth as well.

Returning to an arbitrary base field, we finally obtain the existence of equivariant
compactifications of homogeneous spaces:

Theorem 4.13. Let G be an algebraic group, and H a closed subgroup. Then
there exists a projective scheme X equipped with an action of G, and an open
G-equivariant immersion G/ H — X with schematically dense image.

Proof. When G is affine, this follows from a theorem of Chevalley asserting that
H is the stabilizer of a line L in a finite-dimensional G-module V (see [SGA 3,
1970, VIB.11.16]). Indeed, one may take for X the closure of the G-orbit of L in
the projective space of lines of V; then X satisfies the required properties in view
of [Demazure and Gabriel 1970, I11.3.5.2]. Note that X is equipped with an ample
G-linearized invertible sheaf.

When G is proper, the homogeneous space G/H is proper as well, and hence is
projective by [Raynaud 1970, Corollary VI1.2.6] (alternatively, this follows from the
structure of X described in Remark 4.5).
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In the general case, Theorem 4.2 yields an affine normal subgroup N of G such
that G/N is proper. Then N - H is a subgroup of G, and G/(N - H) is proper as
well, hence projective. It suffices to show the existence of a projective scheme
Y equipped with an action of N - H, an open immersion (N - H)/H — Y with
schematically dense image, and a N - H-linearized ample line bundle: indeed, by
[Mumford et al. 1994, Proposition 7.1] applied to the projection G x Y — Y and
the N - H-torsor G — G /(N - H), the associated fiber bundle G x" 7 Y yields the
desired equivariant compactification. In view of Chevalley’s theorem used in the
first step, it suffices in turn to check that N - H acts on (N - H)/H via an affine
quotient group; equivalently, (N - H) e C H.

By Lemma 4.1, (N - H)ay is a quotient of (N X H)ay. The latter is the fiber at
the neutral element of the affinization morphism N x H — Spec O(N x H). Also,
N x H= N x H as schemes, N is affine and the affinization morphism commutes
with products; thus, (N X H)an = Hane- As a consequence, (N - H)ane = Hany; this
completes the proof. O

Remark 4.14. If char(k) = 0, the equivariant compactification X of Theorem 4.13
may be taken smooth, as follows from the existence of an equivariant desingular-
ization (see [Kollar 2007, Proposition 3.9.1, Theorem 3.36]).

In arbitrary characteristics, X may be taken normal if G is smooth. Indeed, the
G-action on any equivariant compactification X stabilizes the reduced subscheme
Xied (since G X X, eq is reduced), and lifts to an action on its normalization X (since
G x X is normal). But the existence of regular compactifications (equivariant or
not) is an open question.

Over any imperfect field k, there exist smooth connected algebraic groups G
having no smooth compactification. Indeed, we may take for G the subgroup of (5, x
G, defined by y? —y —tx? =0, where p :=char(k) and ¢ € k\ k”. This is a smooth
affine curve, and hence has a unique regular compactification X. One checks that X
is the curve (y? — yzP~! —tx? =0) C P2, which is not smooth at its point at infinity.
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One of the important open problems in the theory of central simple algebras
is to compute the essential dimension of GL,, /i, i.e., the essential dimen-
sion of a generic division algebra of degree n and exponent dividing m. In
this paper we study the essential dimension of groups of the form

G = (GLy, x---x GLy,,)/C,

where C is a central subgroup of GL,, x --- x GL,, . Equivalently, we are
interested in the essential dimension of a generic r-tuple (A1,...,A,) of
central simple algebras such that deg(4;) = n; and the Brauer classes of
Ai,..., A, satisfy a system of homogeneous linear equations in the Brauer
group. The equations depend on the choice of C via the error-correcting
code Code(C) which we naturally associate to C. We focus on the case
where ny,...,n, are powers of the same prime. The upper and lower
bounds on ed(G) we obtain are expressed in terms of coding-theoretic pa-
rameters of Code(C), such as its weight distribution. Surprisingly, for many
groups of the above form the essential dimension becomes easier to estimate
when r > 3; in some cases we even compute the exact value. The Appendix
by Athena Nguyen contains an explicit description of the Galois cohomol-
ogy of groups of the form (GL,, x --- x GLp,)/C. This description and its
corollaries are used throughout the paper.

1. Introduction

Let k be a base field. Unless otherwise specified, we will assume that every field
appearing in this paper contains k and every homomorphism (i.e., inclusion) of
fields restricts to the identity map on k.

This paper is based on a portion of Cernele’s Ph.D. thesis completed at the University of British

Columbia. Cernele and Reichstein gratefully acknowledge financial support from the University of

British Columbia and the Natural Sciences and Engineering Research Council of Canada.
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Keywords: essential dimension, central simple algebra, Brauer group, error-correcting code,
Hamming distance.
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We begin by recalling the definition of the essential dimension of a covariant
functor F from the category of fields to the category of sets. Given a field K and an
object & € F(K), we will say that o descends to an intermediate field k C Ko C K
if « lies in the image of the natural map F(Ko) — F(K). The essential dimension
ed(«) of « is defined as the minimal value of trdeg; (Ko) such that o descends to a
subfield k C Ko C K. Given a prime integer p, the essential dimension ed, (o) of
« at p is defined as the minimal value of trdeg; (Ko), where the minimum is taken
over all finite field extensions /K and all intermediate fields k C Ko C L, such
that [L : K] is prime to p and o7, descends to Kj.

The essential dimension ed(F) (respectively, the essential dimension ed, (F)
at p) of the functor F is defined as the maximal value of ed(«) (respectively of
edp(cr)), where the maximum is taken over all field extensions K/ k and all objects
o € F(K).

Informally speaking, ed(«) is the minimal number of independent parameters
required to define «, ed(F) is the minimal number of independent parameters
required to define any object in F, and ed, (), ed,, (F) are relative versions of these
notions at a prime p. These relative versions are somewhat less intuitive, but they
tend to be more accessible and more amenable to computation than ed(c) and ed(F).
Clearly ed(cr) = edp () for each «, and ed(F) = ed, (F). In most cases of interest,
ed(«) is finite for every . On the other hand, ed(F) (and even ed,(F)) can be
infinite. For an introduction to the theory of essential dimension, we refer the reader
to the surveys [Berhuy and Favi 2003; Reichstein 2010; 2012; Merkurjev 2013].

To every algebraic group G one can associate the functor

FG := H'(*,G) : K > {isomorphism classes of G-torsors over Spec(K)}.

If G is affine, then the essential dimension of this functor is known to be finite;
it is usually denoted by ed(G), rather than ed(Fg). For many specific groups G,
H'(K,G) is in a natural bijective correspondence with the set of isomorphism
classes of some algebraic objects defined over K. In such cases, ed(G) may be
viewed as the minimal number of independent parameters required to define any
object of this type. This number is often related to classical problems in algebra.

For example, in the case where G is the projective linear group PGL,,, the objects
in question are central simple algebras. That is,

(1) HYK,PGL,) = {isomorphism classes of
central simple K-algebras of degree n}.

The problem of computing ed(PGL,,) is one of the important open problems in the
theory of central simple algebras; see [Auel et al. 2011, Section 6]. This problem
was first posed by C. Procesi, who showed (using different terminology) that

(2) ed(PGL,) < n?;
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see [Procesi 1967, Theorem 2.1]. Stronger (but still quadratic) upper bounds can
be found in [Lorenz et al. 2003, Theorem 1.1] and [Lemire 2004, Theorem 1.6].

A more general but closely related problem is computing ed(GLj, /t;,), where
m and n are positive integers and m divides n. Note that

(3) H'(K,GL, /i) = {isomorphism classes of central simple K -algebras
of degree n and exponent dividing m}.

In particular, ed(PGL,) = ed(GL;, /t»n)- The problem of computing ed(GL;, /itm)
partially reduces to the case where m = p® and n = p? are powers of the same
prime p and 1 <s <a.

From now on we will always assume that char(k) # p. The inequalities

(a—1)2¢—1 if p=2ands=1,

4 2a—2 a—s >ed,(GL,a s) =
@ p" "+p p(GLpe [ 1ps) (a—1)p®+p?=S  otherwise,

proved in [Baek and Merkurjev 2012] represent a striking improvement on the best
previously known bounds. (Here a = 2.) Yet the gap between the lower and upper
bounds in (4) remains wide. The gap between the best known upper and lower
bounds becomes even wider when ed, (GLpa /jips) is replaced by ed(GLpa / jips).

These gaps in our understanding of ed(GL;, /) will not deter us from con-
sidering the vastly more general problem of computing the essential dimension of
groups of the form

(5) G := (GLy, x-+-xGL,,)/C

in the present paper. Here ny,...,n, = 2 are integers, and C C G}, is a central
subgroup of GL,,, x--- X GL,,.
As usual, we will identify elements (m1,...,m,) of Z" with characters

x:Gh, = Gp, where x:(t1,...,7) > 1 T
The subgroup C C G}, is completely determined by the Z-module
6 X(G,/C)= {(ml,...,mr) eZ" | fi"l et =1V(t1,...,7) € C},

consisting of characters of G}, which vanish on C. The Galois cohomology of G
is explicitly described in the Appendix: by Theorem A.1, H!(K, G) is naturally
isomorphic to the set of isomorphism classes of r-tuples (Aq, ..., A;) of central
simple K-algebras such that

deg(A;) =n; and Ai@ml ®---® A®™r is split over K

for every (my,...,m;) € X(G},/C). (Note that in the special case where r =1,
we recover (1) and (3).) It follows from this description that the essential dimension
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of G does not change if C is replaced by C N w, where

@) M= fpy XX Un,;

see Corollary A.2. Thus we will assume throughout that C C p. Unless otherwise
specified, we will also assume that n; = p%!, ..., n, = p? are powers of the same
prime p. Here ay,...,a, = 1 are integers. Under these assumptions, instead of
X(G},/C) C Z", we will consider the subgroup of

X(w) =(Z/p*'Z)x---x(Z/ p* Z)
given by
8) Code(C):=X(u/C)=
{my,....omp) e X(w) | 7" g =1 ¥(11....,7,) € C}.

In other words, Code(C') consists of those characters of p which vanish on C. The
symbol “Code” indicates that we will view this group as an error-correcting code.
In particular, we will define the Hamming weight w(y) of

y=(my.....mp) €(Z/p*' L) x---x(Z/ p* Z)

as follows. Write m; := u; p¢ with u; € (Z/p% Z)* and 0 < ¢; < a;. Then

,
w(y) =) (ai—ei).
i=1
Our main results relate ed(G) to coding-theoretic invariants of Code(C'), such as its
weight distribution; see also Corollary A.3. For an introduction to error-correcting
coding theory, see [MacWilliams and Sloane 1977].

At this point we should warn the reader that our notions of error-correcting
code and Hamming weight are somewhat unusual. In coding-theoretic literature
(linear) codes are usually defined as linear subspaces of [/, where F, is the field
of g elements. In this paper, by a code we will mean an additive subgroup of
(Z/p*Z) x --- x (Z] p* Z). Nevertheless, in an important special case, where
a; = --- =a, = 1, our codes are linear codes of length r over [, in the usual
sense of error-correcting coding theory, and our definition of the Hamming weight
coincides with the usual definition.

Theorem 1.1. Let p be a prime, G := (GLpa1 X -+ X GLpar)/C, where C C

Mpar X+« X WUpar is a central subgroup, and y1,...,y; be a minimal basis for
Code(C); see Definition 3.2. Then
(@) edp(G) = (Xizy pOD) — p24 —o = p2ar 41 —1,

(b) ed(G) < (Xi_,; p¥OD)—t+ed(G) and edp(G) < (i, p¥D)—t+ed, (G),
where G 1= PGLja; X - -+ x PGLpar.



ESSENTIAL DIMENSION AND ERROR-CORRECTING CODES 159

Although the upper and lower bounds of Theorem 1.1 never meet, for many
central subgroups C C u C G, the term Zf -1 p"01) is much larger than any of
the other terms appearing in the above inequalities and may be viewed as giving
the asymptotic value of ed(G). In particular, note that in view of (2),

(9) edy(G) <ed(G) <ed(PGLpar) + -+ +ed(PGLyar ) < p?@! 4 -+ 4 p2@r.

Under additional assumptions on C, we will determine the exact value of ed(G);
see Theorem 1.2.

The fact that we can determine ed(G) for many choices of C, either asymptoti-
cally or exactly, was rather surprising to us, given the wide gap between the best
known upper and lower bounds on ed(G) in the simplest case, where r = 1; see (4).
Our informal explanation of this surprising phenomenon is as follows. If Code(C)
can be generated by vectors y1, ..., y; of small weight, then Zzt'=1 p¥0i) no longer
dominates the other terms. In particular, this always happens if r < 2. In such cases
the value of ed(G) is controlled by the more subtle “lower order effects”, which
are poorly understood.

To state our next result, we will need the following terminology. Suppose
that 2 <n; <---<nsand z = (z1,...,2r) € (Z/n1Z) x --- x (Z/n,Z), where
Zjys....2j, #O0forsome 1 < jy <---<jg<randz; =0forany j €{j1,.... jr}.
We will say that z is balanced if

(1) nj, < %njlnjz --nj,_, and
i) (mjy,...,nj) #(2,2,2,2),(3,3,3) or (2,n,n) forany n = 2.

Note that condition (i) can only hold if s > 3. In particular, (Z/n1Z)x---x(Z/n;Z)
has no balanced elements if r < 2. In the sequel, we will usually assume that
ni,...,n, are powers of the same prime p. In this situation, condition (ii) is
vacuous, unless p =2 or 3.

Theorem 1.2. Let p be a prime,
G := (GLpa1 x---xGLpar)/C,

where ar = --- = ay = 1 are integers, and C is a subgroup of (., as in (7). Assume
that the base field k is of characteristic zero and Code(C) has a minimal basis
yi = Vi1, ..., Vir), 1 = 1,...,t satisfying the following conditions:

(@ yijj=—1,00r1inZ/p* Z foreveryi =1,....,tand j =1,...,r.

(b) Forevery j =1,...,r, thereexistsani € {1, ...,t} such that y; is balanced
and yij # 0.
Then ed(G) = ed,(G) = (Yi—; p¥O)) — p241 —... — p2ar r —¢.

Specializing Theorem 1.2 to the case where Code(C) is generated by the single
element (1,..., 1), we obtain the following.
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Theorem 1.3. Leta, > a,—1 =--- = a1 = 1 be integers and F : Fieldsy — Sets be
the covariant functor where F(K) is defined as the set of isomorphism classes of
r-tuples (A1, ..., Ar) of central simple K-algebras such that deg(A;) = p% for
alli=1,...,r,and A1 ®---Q Ay is split over K.

(a) Ifar >a1+---+a_1, then Cd(]:) = ed(PGLpal X eeo X PGLparil) and
edp(F) = edp(PGLpar x -+ x PGLpa,—1).

In particular, ed(F) < p?31 4 ... 4 p2ar—1,

(b) Assume that char(k) =0,a, <ay+---+ar—1,and (p?', ..., p?) is not of
the form (2,2,2,2), (3,3,3) or (2,2%,2%) forany a = 1. Then

,
(10) ed(F) =ed,(F) = pMtHar — 3" p2ai r—1.

i=1
©) If (p, ..., p%) =(2,2,2), then ed(F) = edp(F) = 3.

Here part (c) treats the smallest of the exceptional cases in part (b). Note that in
this case p =2,r =3 and a; = ap = a3z = 1. Thus

,
pa1+'"+ar o szai tr—1=-2,
i=1
and formula (10) fails. The values of ed(F) and ed, (F) in the other exceptional
cases, where (p?!,..., p%)=(2,2,2,2), (3,3,3), or (2,2%,2%) for some a = 2,
remain open.

The results of this paper naturally lead to combinatorial questions, which we
believe to be of independent interest but will not address here. For each code
(i.e., subgroup) X C (Z/p*' Z) x---x (Z/ p* 7Z) of rank t, let (wy, ..., w;) be the
minimal profile of X with respect to the Hamming weight function, in the sense
of Proposition 3.1. That is, w; = w(y;), where y1, ..., y; is a minimal basis of X.
Fixing p, a1 <--- < a, and ¢, and letting X range over all possible codes with
these parameters:

e What is the lexicographically largest profile (wy, ..., w;)?
e What is the maximal value of w;?

e What is the probability that w; =--- = w;?

e What is the maximal value of p¥! + ... 4 p¥:?

e What is the average value of p*'! + ...+ p¥r?

e What is the probability that w; > 2a,?
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Note that the expression p¥! + --- + p" appears in the formulas given in
Theorem 1.1. For large p, the condition that w; > 2a, makes p¥! + ...+ p¥? the
dominant term in these formulas. To the best of our knowledge, questions of this
type (focusing on the minimal profile of a code, rather than the minimal weight)
have not been previously investigated by coding theorists, even in the case where
ay=---=a, = 1.

The rest of this paper is structured as follows. In Section 2 we prove general
bounds on the essential dimension of certain central extensions of algebraic groups.
These bounds will serve as the starting point for the proofs of the main theorems.
To make these bounds explicit for groups of the form (GLja; x - -+ x GLpar)/C,
we introduce and study the notion of a minimal basis in Section 3. Theorems 1.1,
1.2 and 1.3 are then proved in Sections 4, 5 and 6, respectively. The Appendix by
Athena Nguyen contains an explicit description of the Galois cohomology of groups
of the form (5). This description and its corollaries are used throughout the paper.

2. Essential dimension and central extensions
Let T = Gy, be a split k-torus of rank r, and
(11) 1-T—-G—-G—1

be a central exact sequence of affine algebraic groups. This sequence gives rise to
the exact sequence of pointed sets

HY(K,G) > HY(K,G)-% H*(K,T)

for any field extension K of the base field k. Any character x: T — G,,, induces
a homomorphism x.: H*>(K,T) — H?*(K,G,;). We define ind*(G, T) as the
maximal index of x, 0 dg (E) € H?(K, T), where the maximum is taken over all
field extensions K /k and over all E € H!(K, G). In fact, this maximal value is
always attained in the case where £ = Eyes — Spec(K) is a versal G-torsor (for a
suitable field K). That is,

(12) ind*(G, T) = ind(x4 0 0g (Evers))

for every x € X(T); see [Merkurjev 2013, Theorem 6.1]. Finally, we set

.
13)  ind(G,T):= min{ Y ind* (G, T) | x1,...,x, generate X(T)}.
i=1

Our starting point for the proof of the main theorems is the following proposition.

Proposition 2.1. Assume that the image of every E € H (K, G) under
: HY(K,G) —> H*(K,T)
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is p-torsion for every field extension K / k. Then
(a) edy(G) = ind(G, T) — dim(G),
(b) ed(G) <ind(G,T) +ed(G) —r and ed,(G) < ind(G, T) +edp(G) —r.

These bounds are variants of results that have previously appeared in the literature.
Part (a) is a generalization of [Brosnan et al. 2011, Corollary 4.2] (where r is taken
to be 1). In the case where T is uy,, rather than Gy, , a variant of part (a) is proved
in [Reichstein 2010, Theorem 4.1] (see also [Merkurjev 2013, Theorem 6.2]) and a
variant of part (b) in [Merkurjev 2013, Corollaries 5.8 and 5.12].

Our proof of Proposition 2.1 proceeds along the same lines as these earlier proofs;
it relies on the notions of essential and canonical dimension of a gerbe (for which we
refer the reader to [Brosnan et al. 2011] and [Merkurjev 2013]), and the computation
of the canonical dimension of a product of p-primary Brauer—Severi varieties
in [Karpenko and Merkurjev 2008, Theorem 2.1]. In fact, the argument is easier for
T =G}, than for ,u;. In the former case (which is of interest to us here), the essential
dimension of a gerbe banded by 7 is readily expressible in terms of its canonical
dimension (see formula (15) below), while an analogous formula for gerbes banded
by p, requires a far greater effort to prove. (For r = 1, compare the proofs of parts
(a) and (b) of [Brosnan et al. 2011, Theorem 4.1]. For arbitrary r > 1, see [Karpenko
and Merkurjev 2008, Theorem 3.1] or [Merkurjev 2013, Theorem 5.11].)

Proof. If K/ k is a field, and E € H'(K, G), i.e., E — Spec(K) is a G-torsor, then
the quotient stack [E/G] is a gerbe over Spec(K) banded by 7. By [Brosnan et al.
2011, Corollary 3.3] and [Merkurjev 2013, Corollary 5.7],

ed(G) = max ed([E/G])—dim(G) and ed,(G)= max ed, ([E/G))—dim(G),
where the maximum is taken over all field extensions K /k and all E € H'(K, G).
On the other hand, by [Létscher 2013, Example 3.4(1)],

ed(G) <ed(G) + max ed([E/G]) and edy(G)<ed,(G)+ max ed, (([E/G));
see also [Merkurjev 2013, Corollary 5.8]. Since dim(G) = dim(G) + r, it remains
to show that

(14) rlr(lag_i ed([E/G]) = rIr(leg_( edy,([E/G]) =ind(G,T) —r.

Choose a Z-basis x1, ..., x; for the character group X(7) ~ 7" and let P :=
Py x---x P, where P; is the Brauer—Severi variety associated to (x;)« 0 d(E) €
H?(K,Gy,). Since T is a special group (i.e., every T-torsor over every field K/ k
is split), the set [E/G](K) of isomorphism classes of K-points of [E/G] consists
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of exactly one element if P(K) # @ and is empty otherwise. Thus
(15) ed([E/G]) =cdim(P) and ed,([E/G]) = cdim,(P),

where cdim(P) denotes the canonical dimension of P. (The same argument is used
in the proof of [Brosnan et al. 2011, Theorem 4.1(a)] in the case where r = 1.)
Since we are assuming that d(F) is p-torsion, the index of each Brauer-Severi
variety P; is a power of p. Thus by [Karpenko and Merkurjev 2008, Theorem 2.1],

,

cdim(P)=cdim,(P) =min{ > ind((xi)*oaK(E)) ‘ X1,...,Xr generate X(T)}—r;
i=1

see also [Merkurjev 2013, Theorem 4.14]. Taking E := E\. to be a versal G -torsor,

we obtain

-

cdim(P) = cdim,(P) = min{ > ind* (G, T)) } X1,...,Xr generate X(T)} -r;
i=1

see (12). By the definition (13) of ind(G, T'), the last formula can be rewritten as

cdim(P) = cdim, (P) = ind(G, T')) — r. Combining these equalities with (15), we

obtain (14). O

Remark 2.2. Our strategy for proving Theorem 1.1 will be to apply Proposition 2.1

to the exact sequence (11) with G = (GLpa1 x---xXGLpar)/C,and T := G}, /C.

The only remaining issue is to find an expression for ind(G, T') in terms of Code(C).
Usually, the term ind(G, T') is computed using the formula

ind*(G, T) = gcd dim(p),

as p: G — GL(V') ranges over all finite-dimensional representations of G such that
7 € T acts on V via scalar multiplication by x (7). See, for example, [Karpenko and
Merkurjev 2008, Theorem 4.4] or [Merkurjev 2013, Theorem 6.1] or [Lotscher et al.
2013, Theorem 3.1]. We will not use this approach in the present paper. Instead, we
will compute the values of ind* (G, T') and ind(G, T') directly from the definition,
using the description of the connecting map d: H!(K,G) — H?*(K, T) given by
Theorem A.1; see the proof of Proposition 4.1 below.

3. Minimal bases

To carry out the program outlined in Remark 2.2, we will need the notion of a
minimal basis. This section will be devoted to developing this notion.

The general setting is as follows. Let R be a local ring with maximal ideal
I C R and A be a finitely generated R-module. We will refer to a generating
set S C A as a basis if no proper subset of S generates A. In the sequel we will
specialize R to Z/p®Z and A to a submodule of (Z/ p*' Z) x---x(Z] p** 7), where
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a = max(ay,...,a,). However, in this section it will be convenient for us to work
over an arbitrary local ring R.

Let m: A — A/IA be the natural projection. We will repeatedly appeal to
Nakayama’s lemma, which asserts that a subset S C A generates A as an R-module
if and only if 7(S) generates A/IA as an R/I-vector space; see [Lang 2002,
Section X.4].

By a weight function on A we shall mean any function w : A — N, where
N denotes the set of nonnegative integers. We will fix w throughout and will
sometimes refer to w(y) as the weight of y € A. For each basis B = {y1,..., ¥¢}
of A, we will define the profile of B as

w(B) = (W(y1)....,w(y) e N,

where y1, ..., y; are ordered so that w(y1) <w(y2) <---<w(y;). Let Prof(4) C N*
denote the set of profiles of bases of A.

Proposition 3.1. Prof(A) has a unique minimal element with respect to the partial
order on Nt given by (a1, ...,0:) < (B1,...,Bs) ifa; < PBi foreveryi =1,...,t.

Note that since every descending chain in (Prof(A4), <) terminates, the unique
minimal element is comparable to every element of Prof(A).

Proof. We argue by contradiction. Set ¢ := dim(A/IA). Suppose X = {x1,...,xs}
and Y ={y1,..., y:} are bases of A such that w(X) and w(Y) are distinct minimal
elements of Prof(A). Let us order X and Y so that w(x;) < --- < w(x;) and
w(y1) <--- <w(yr). Since w(X) # w(Y), there exists an s between 0 and ¢ — 1
such that

w(x;)=w(y;) foralli=1,...,s,

but w(xs4+1) # W(¥s+1). After possibly interchanging X and Y, we may assume
without loss of generality that w(xs4+1) < W(Vs+1)-

Let 7: A — A/IA be the natural projection, as above. By Nakayama’s lemma,
w(x1),...,7(xs4+1) are R/I-linearly independent in A/IA. Choose t —s — 1 ele-
ments of ¥, say yj . ,,...,Vj,,suchthatw(xy),..., 7(Xs+1), T (Vjsyn)s-- - w(V),)
form an R/I-basis of A/IA. After permuting y; ., ..., y;,, we may assume that
W(Yjs12) < -+ < wW(yj,). Applying Nakayama’s lemma once again, we see that
Z ={X1,..., X541+ Vjsqar---+Vj, s i a basis of A.

We claim that w(Z) < w(Y'), where the inequality is strict. Since we assumed
that w(Y) is minimal in Prof(A), this claim leads to a contradiction, thus completing
the proof of Proposition 3.1.

To prove the claim, let zy, ..., z; be the elements of Z, in increasing order of
their weight: w(zy1) < w(zz) <--- < w(zy). It suffices to show that w(z;) < w(y;)
foreveryi =1,...,t, and w(zs4+1) < W(ys+1). Let us consider three cases.



ESSENTIAL DIMENSION AND ERROR-CORRECTING CODES 165

Case 1: i <s. Since

w(xy) = w(y1) S wlxz) =w(y2) <--- S wlx;) = w(yi),

Z has at least i elements whose weight is at most w(y; ), namely xp, ..., x;. Thus
w(zi) < w(yi).

Case 2: i = s+ 1. Z has at least s + 1 elements, namely x1, ..., Xs4+1 Whose
weight is at most w(xs+1). Hence, w(zs41) < W(xg41) < W(Ys+1), as desired.
Case 3: i > s + 1. Recall that both y1, ...,y and y; . ,,...,y;, are arranged in
weight-increasing order. For any i > s 4 2, there are at least # —i + 1 elements
of Y whose weight is at least w(y;;), namely y;;, yj;, ..., yj,. Thus

W(yji) < w(yi)

for any i = s + 2,...,t. Consequently, Z has at least i elements of weight at
most w(y;), namely X1,...,Xs+1,Vjs4n»---»Yj;- Hence, w(z;) < w(y;), as desired.

This completes the proof of the claim and hence of Proposition 3.1. O

Definition 3.2. We will say that a basis y1, ..., y; of A is minimal if its profile is the
minimal element of Prof(A), as in Proposition 3.1. Note that a minimal basis in A
is usually not unique; however, any two minimal bases have the same profile in NZ.

Remark 3.3. We can construct a minimal basis of A using the following “greedy
algorithm”. Select y; € A of minimal weight, subject to the condition that 7z (y1) # 0.
Next select y, of minimal weight, subject to the condition that 7 (y1) and 7 (y2)
are R/I-linear independent in A/IA. Then select y3 of minimal weight, subject to
the condition that 7 (y1), w(y2) and 7 (y3) are R/I-linear independent in A/[A.
Continue recursively. After # = dimg,;(A4/1A) steps, we obtain a minimal basis
Y1,...,ys for A.

Example 3.4. Set R := [, [ := (0), G a finite p-group, D := Z(G)[p] the
subgroup of p-torsion elements of the center Z(G), and A := X (D) the group
of characters of D. For x € A, define w(x) to be the minimal dimension of a
representation G — GL(Vy), such that D acts on V. via scalar multiplication by x. If
{x1....,x;}is aminimal basis of 4, then Vy, @---@ Vy, is a faithful representation
of G of minimal dimension; see [Karpenko and Merkurjev 2008, Remark 4.7].

4. Conclusion of the proof of Theorem 1.1
Recall that we are interested in the essential dimension of the group
G = (GLpal XX GLpar)/C,

where C is a subgroup of j := ppar X -+ X ppar. We will think of the group of
characters X(G},) as Z" by identifying the character x(t1,...,7,) =1; - 77"
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with (m1,...,m;) € Z". Characters of T := G},/C are identified in this man-
ner with the r-tuples (mi,...,m;) € Z" such that t{"'---7;"" = 1 for every
(t1,...,77) € C. The relationship among these character groups is illustrated

by the following diagram:

X(G,/C)—— X(G},) =——=Z x--- X Z (r times)
Code(C) == X(u/C)——— X(u) == (Z/p"' 2) x--- x(Z/ p*r Z)

Here Code(C) is as in (8) and = is the natural projection, given by restricting a
character from G}, to .

Our proof of Theorem 1.1 will be based on the strategy outlined in Remark 2.2.
In view of Proposition 2.1 it suffices to establish the following:

Proposition 4.1. Consider the central exact sequence
(16) 1-T—-G—G—1,

where G = (GLpa1 X -+ x GLpar)/C, C is a subgroup of 1 := ppar X -+ X [Lpar,
T :=G},/C and G := PGLya; x -+ x PGLpar.

(@) If x € X(T) and y = n(x) € Code(C) then ind* (G, T) = p¥O).

(b) ind(G, T) = pVE) .o.q pVE) 4 r ¢ where zy, .. ., z; is a minimal basis
of Code(C).

Proof of Proposition 4.1(a). Consider the connecting map 9: H'(K,G)— H?*(K,T)
associated to the central exact sequence (16). Given a character x: T — Gy,
x(t1,...,1) = r{"‘ ---7/'", ind*(G, T) is, by definition, the maximal value of
ind(x«d(E)), as K ranges over all fields containing k and E ranges over H!(K, G).
In this case, G = PGLja; X --+ X PGLpar, and thus Hl(K, 6) is the set of r-
tuples (A1, ..., A,) of central simple algebras, where the degree of A; is p%.
The group H?(K,G,;,) is naturally identified with the Brauer group Br(K), and
the map x40 takes an r-tuple (A4y,..., A;), as above, to the Brauer class of
A=A @ @ AP
Since deg(A;) = p%, the Brauer class of A depends only on

y = m(x) = (my; mod p®',...,m, mod p?) e (Z)p*'Z)x---x(Z] p* 7).

Moreover, if m; = u; p® (mod p%'), where u; is prime to p and 0 < ¢; < g, then
ind(Al@mi) < p%~¢ . Now recall that w(y) is defined as Y _;(a; — e;). Thus

r r
ind(4) < [ [ ind(4®™) < [ p%~¢ = p*©.

i=1 i=1
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To prove the opposite inequality, we set A; to be the symbol algebra («;, Bi) pai ,
over the field K =k(¢)(x1,...,0r, B1,..., Br), where { is a primitive root of unity

of degree pfm"‘(“1 """ ar) and ay, ... ,0r, B1, ..., Br are 2r independent variables
over k. Writing m; = u; p®, as above, we see that Al@m" is Brauer equivalent to
Bi = (a, ﬂ;’ ")pai—e; over K. An easy valuation-theoretic argument shows that

B := B1 ®k --- ®k B; is a division algebra. (In particular, the norm form of B is
a Pfister polynomial and hence, is anisotropic; see [Reichstein 1999, Theorem 3.2
and Proposition 3.4].) Thus

ind(4) = ind(B) = ind(By) - ----ind(B,) = p@1—eVF+@—en) — pw(),

as desired. We conclude that ind* (G, T) = ind(A4) = pw(y ), thus completing the
proof of Proposition 4.1(a). O

Our proof of Proposition 4.1(b) will rely on the following elementary lemma.

Lemma 4.2. Let p be a prime, M be a finite abelian p-group, and f:7" — M be a
surjective Z-module homomorphism for some n = 1. Then for every basis y1, ..., V;
of M, there exists a Z-basis X1, ..., Xn of Z" and an integer ¢ prime to p such that

fx) =cyr, f(x2) =y2..... f(xe) = yr and f(x141) =--- = f(xn) = 0.

Proof. By [Lang 2002, Theorem III.7.8], there exists a basis eq,..., e, of Z"
such that Ker( f) is generated by p% e; for some integers dj, ..., d; = 0. Since
M has rank ¢, we may assume without loss of generality that dq,...,d; = 1 and
dii1 =---=d, =0. That is, we may identify M with (Z/p@1Z)x---x(Z/ p?' 7)
and assume that

f(ri,....rm) = (1 modpd‘,...,rt modpdf) Y(ri,...,rm) €Z".

It now sulffices to lift c¢yq,...,y; € M to a basis x1,...,x; of Z' for a suitable
integer ¢, prime to p. Indeed, if we manage to do this, then we will obtain a basis
of 7" of the desired form by appending

Xt+1:=€t41,...,Xn :=epn € Ker(f)

to X1, ..., Xx;. Thus we may assume that n = .

Now observe that f: 7" — M, factors as 2" — (Z/p®Z)" — M, where d :=
max(dy,...,d;). Lifteach y; € M tosome y/ € (] p®7)". By Nakayama’s lemma,
Vis..., v, formaZ/ p?Z-basis of (Z/ p? Z)". 1t now suffices to lift cy’, y5, ..., yh
to a basis of Z” for a suitable integer ¢, prime to p. In other words, we may assume
without loss of generality that M = (Z/p®Z)", and f:7" — (Z/p®Z)" is the
natural projection.

Now suppose y; = (yi1,. .., yin) for some y;; EZ/de. Since y1, ..., ym form
a basis of (Z/p?Z)", the matrix A = (y;;) is invertible, i.e., 4 € GL,(Z/p? 7).
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After rescaling y; by ¢ := det(4)~! in Z/ p®Z, we may assume that det(A4) = 1.
The lemma now follows from the surjectivity of the natural projection

SL(2) — SL«(Z/ p“ 7);
see [Shimura 1971, Lemma 1.38]. O

Proof of Proposition 4.1(b). By definition, ind(G, T') is the minimal value of
ind*'(G,T)+---+ind* (G, T), as x1, ..., x, range over the bases of X(7T") C Z".
By part (a), we can rewrite this as

ind(G,T) = min{pw(”(xl)) 4o pVEGD) | x L xyis a Z-basis of X(T)}.

Here, as before, 7(x;) € Code(C) is the restriction of x; from 7' =G}, /C to u/C.
Let zy,...,z; € Code(C) be a minimal basis, as in the statement of the proposi-
tion. We will prove part (b) by showing that

(1) p¥rC) oy pwEGn)) > pwED) g pWED 4 g for every Z-basis
X1,...,xr of X(T), and

(ii) there exists a particular Z-basis X1, ..., x, of X(T') such that p¥T&1) ... 4
pyEan) = pw) oy pw(E) 4y g

To prove (i), note that if xq, .. ., x, form a Z-basis of X(T'), then w(x1),...,w(x;)
form a generating set for Code(C). By Nakayama’s lemma, every generating set
for Code(C) contains a basis. After renumbering xi,...,Xx,, we may assume
that w(x1),...,w(x;) is a basis of Code(C) and w(m(x1)) <--- < w(m(x;)). By
Proposition 3.1, w(z;) < w(m(x;)) foreveryi =1,...,¢. Thus

pW(”(xl))+, . ,+pW(7T(xr))
> pW(Tf(xl))+_ . _+pW(JT(xt))+p0+, . +p0 > pW(Zl)+, . _+pW(Zt)+r_t'
—_———

r—t times

To prove (ii), recall that by Lemma 4.2 there exists an integer ¢, prime to p, and

a Z-basis x1,...,x, of X(T) such that w(x1) = czy1,w(x2) = 22, ..., 7w(x¢) = z¢,
and w(xs4+1) =--- = w(x;) = 0. Since c is prime to p, w(czy) = w(zy). Thus for
this particular choice of x, ..., x,, we have

pw(n(xl))_i_”__{_pw(ﬂ(xr)) —
pW(CZl)+pW(Z2)+_,,+pW(zt)+p0+,_,+p0 — pW(Zl)+,,_+pW(Zt)+r_t’
—_—

r—t times

as desired. O
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5. Proof of Theorem 1.2

Consider the action of a linear algebraic group I" on an absolutely irreducible
algebraic variety X defined over k. We say that a subgroup S C I is a stabilizer
in general position for this action if there exists a dense open subset U C X such
that the scheme-theoretic stabilizer Stabr(x) is conjugate to S over k for every
x € U(k). Here, as usual, k denotes the algebraic closure of k. In the sequel we
will not specify U and will simply say that Stabr (x) is conjugate to S for x € X (k)
in general position. Note that a stabilizer in general position S for a I'-action on X
does not always exist, and when it does, it is usually not unique. However, over k,
S is unique up to conjugacy.

For the rest of this section we will always assume that char(k) = 0. A theorem
of R. W. Richardson [1972] tells us that under this assumption every linear action
of a reductive group I" on a vector space V has a stabilizer S C I' in general
position. Note that in [Richardson 1972], k is assumed to be algebraically closed.
Thus a priori the subgroup S and the open subset U C V', where all stabilizers
are conjugate to S, are only defined over k. However, U has only finitely many
Galois translates. After replacing U by the intersection of all of these translates,
we may assume that U is defined over k. Moreover, we may take S := Stabg (x)
for some k-point x € U(k) and thus assume that S is defined over k. For a detailed
discussion of stabilizers in general position over an algebraically closed field of
characteristic zero, see [Popov and Vinberg 1994, Section 7].

We will say that a I'-action on X is generically free if the trivial subgroup
S = {1r} C I is a stabilizer in general position for this action.

Lemma 5.1. Let I be a reductive linear algebraic group and p: ' — GL(V') be a
finite-dimensional representation. If Stabr (v) is central in T for v € V in general
position, then the induced action of T'/ Ker(p) on V is generically free.

Proof. Let S C T be the stabilizer in general position for the I'-action on V. Clearly
Ker(p) C S. We claim that, in fact, Ker(p) = §; the lemma easily follows from
this claim.

To prove the opposite inclusion, S C Ker(p), note that under the assumption
of the lemma, S is central in I'. Let U C V be a dense open subset such that the
stabilizer of every v € U(k) is conjugate to S. Since S is central, Stabr(v) is, in
fact, equal to S. In other words, S stabilizes every point in U and thus every point
in V. That is, S C Ker(p), as claimed. O

Our interest in generically free actions in this section has to do with the following
fact: if there exists a generically free linear representation G — GL(1') then

(17) ed(G) < dim(V) — dim(G);
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see, e.g., [Reichstein 2010, (2.3)] or [Merkurjev 2013, Proposition 3.13]. This
inequality will play a key role in our proof of Theorem 1.2.

Now set I' := GL,, x---x GL,, and I'" := SL,, x---x SLj,,. Let V; be the
natural n;-dimensional representation, Vi_1 be the dual representation, and ViO be
the trivial 1-dimensional representation of GL,;. For e = (€1, ..., €,), where each ¢;
is —1, 0 or 1, we define pe¢ to be the natural representation of I' on the tensor product

(18) Ve=V'Q - QVS.

Lemma 5.2. Suppose 2 <ni <---<n, < %m “++np—1,and

ni,....nr)#2,2,2,2),(3,3,3) or 2,n,n) foranyn=2.

Ife = (€1,...,€) € {X1}", then the induced action of T/ Ker(pe) on Ve is generi-
cally free.

Proof. By Lemma 5.1 it suffices to prove the following claim: the stabilizer Stabr (v)
is central in I for v € V¢ in general position. To prove this claim, we may assume
without loss of generality that k is algebraically closed.

We first reduce to the case where € = (1, ..., 1). Suppose the claim is true in this
case, and let (€1, ..., €,) € {=1}". By choosing bases of V1, ..., V;, we can identify
V; with Viei (we can take the identity map if ¢; = 1). Define an automorphism

o:I'>T,

(812 8r) > (812 &0)s
where

« )& if€i=1,

87 1T ifg =—1.

Now p(e,,...,e,) 18 isomorphic to the representation p(y, ... 1) © 0. Since the center
of I is invariant under o, we see that the claim holds for p. as well.
From now on we will assume € = (1, ..., 1). By [Popov 1987, Theorem 2],

['/Z(T)=PGL,, x---xPGL,, =T'/Z(T")

acts generically freely on the projective space P(Ve) = V¢ /Z(I"). In other words,
for v € V¢ in general position, the stabilizer in I" of the associated projective point
[v] € P(Ve) is trivial. Hence, the stabilizer of v is contained in Z(I"); see the exact
sequence in [Reichstein and Vonessen 2007, Lemma 3.1]. This completes the proof
of the claim and thus of Lemma 5.2. O

We are now ready to proceed with the proof of Theorem 1.2. We begin by special-
izing n; to p% foreveryi =1,...,r, so that I' becomes GLja; X ---x GLpar. Let

yla-"aytE(Z/palz)x-..x(z/parz)
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be a basis of Code(C) satisfying the conditions of Theorem 1.2. Lift each y; =
(Yits---,Yir) to X; := (X1, ..., Xjr) € Z" by setting x;; := —1, 0 or 1, depending
on whether y;; is —1,00r 1in Z/p% Z. (If p% =2, then we define each x;; to be
0 or 1.) By Nakayama’s lemma, the images of yq, ..., y; are [Fp-linearly indepen-
dent in Code(C)/p Code(C). Thus the integer vectors xi, ..., Xx; are Z-linearly
independent. (Note that, unlike in the situation of Lemma 4.2, here it will not matter
to us whether x1, ..., x; can be completed to a Z-basis of Z".) We view each x;
as a character G, — G,, and set

C:= Ker(x1) N---NKer(x;) C G,.
Since x1, ..., x; are linearly independent,
(19) dim(C) = r —1.

Set G :=T'/C and G :=I'/C. By our construction, C Ny = C. Corollary A.2
now tells us that ed, (G) < ed(G) = ed(G). By Theorem 1.1(a),

t
ed(G) = edy(G) = (Z pw<yi>) _p2a g2 ey

i=1

It thus suffices to show that ed(G) < (ZLI pw(yi)) —p? — . p2ar g,
or equivalently,

t
ed(G) < (Z pw(yi)) —dim(G);
i=1

see (19). By (17), in order to prove the last inequality, it is enough to construct

a generically free linear representation of G of dimension Z W(y i), Such a
representation is furnished by the lemma below.
Recall that x; = (x;1,...,x;r) € Z", where each x;; = —1, 0 or 1, and py; is the

natural representation of I' := GLya; X -+ X GLpar on Vy, := V"' ® --- ® V;"'",
as in (18), with dim(V;) = n; = p%

LemmaS.3. Let V =Vyx, @--- @V, and p:=px, ®---® px,: I' = GL(V). Then
(@) dim(V) = p¥OV 4 ... 4 pvO),
(b) Ker(p) = C, and
(c) the induced action of G=T / ConVis generically free.
Proof. Foreachi =1,...t, we have
dim(Ve) = [ p% = [] p* = p=00®.
xij 70 Yij #0

Since each y;; = —1,0o0r 1, Zyiﬁéo aj = w(y;). Thus dim(Vy,) = pw(yi), and
part (a) follows. '
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Now choose v; € Vy; in general position and set v := (v, ..., v,). We claim
that Stabr (v) is central in T".

Suppose for a moment that this claim is established. Since the center Z(I') = G},
acts on Vy; via scalar multiplication by the character x;: G}, — G, we see that

Ker(p) = Ker(p|gr,) = Ker(xy) N---NKer(x;) = C,

and part (b) follows. Moreover, by Lemma 5.1, the induced action of I'/ Ker(p) on
V is generically free. By part (b), Ker(p) = C and part (c) follows as well.

It remains to prove the claim. Choose v; € Vy, in general position and assume
that g = (g1, ..., gr) stabilizes v := (v1,...,v,) in V for some g; € GL ;. Our
goal is to show that g; is, in fact, central in GLpa ; foreach j =1,...,r.

Let us fix j and focus on proving that g; is central for this particular j. By
assumption (b) of Theorem 1.2, there exists ani =1, ..., ¢ such that y; is balanced
and y;; # 0. Let us assume that y;;,,..., i, = 1 and y;; = 0 for every
h & {j1,...,jry and consequently, x;;,,...,X;;;, = *1 and x;;, = 0 for every
he{ji,...,jr}- By our assumption, j € {ji,..., js}

The representation py; of I' = GLja;1 X --- X GLpar on

Vi, =Vl @...@ Vit = V¥ @...Q V¥is

factors through the projection I' — GLpa_,-1 XX GLyaj, . Thus if g = (g1,....8r)
stabilizes v = (v1,...,v;) € V then, in particular, g stabilizes v; and so (gj,,...,&j,)
stabilizes v; .

Since y; is assumed to be balanced, the conditions of Lemma 5.2 for the action
of GL,,J.1 XX GLy; on Vy, = V¥ ®---® V¥s are satisfied. (Recall that here
n; = p%.) Since (gj,, ..., gj,) stabilizes v; € Vy; in general position, Lemma 5.2
tells us that g;,, ..., g;, are central in GL,, SRERRTLS TP respectively. In particular,
gj 1s central in GLj, as desired. This completes the proof of Lemma 5.3 and thus

of Theorem 1.2. O

6. Proof of Theorem 1.3

Consider the central subgroups Cand C of T = GLpa1 x-+-x GLpar given by
C={(t1.....7)€G |ty 5, =1} and C={(r1.....1,)epn|t-1r=1}.

Set G :=T'/C and G := T'/C. Note that C = C N p. By Theorem A.1 and
Corollary A.2, H'(—,G) and H!(—, G) are both isomorphic to the functor F
defined in the statement of Theorem 1.3. In particular, ed(é) =ed(G) =ed(F)
and ed, ((~}) =ed,(G) = ed,(F). We are now ready to proceed with the proof of
Theorem 1.3.
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(@If 41 ® - ® A, is split over K, then A, can be recovered from Ay, ..., Ar—1
as the unique central simple K-algebra of degree p%" which is Brauer-equivalent to

(A1 ®--® Ar—1)P.

(Here B°P denotes the opposite algebra of B.) In other words, the morphism of
functors

(20) F — H'(—,PGLyar) x ---x H'(—, PGLya,_1)

given by (Ay,...,Ar—1,A4) — (A1,...,Ar—1) is injective. We claim that if
ar = aj + -+ ar—1 (which is our assumption in part (a)), then this morphism is
also surjective. Indeed,

deg(A1 R ® Ar—l) — pa1+...+ar_1

for any choice of central simple K-algebras Ay, ..., A,—1 such that deg(A4;) = p%.
Hence, for any such choice, there exists a central simple algebra of degree p¢r
which is Brauer-equivalent to (A; ® - - ® A,—_1)°P. This proves the claim.

We conclude that if a, = aj + -+ + ar—1 then (20) is an isomorphism and thus

ed(G) = ed(G) = ed(F) = ed(PGLya; x -+ x PGLpa,_1),
edy(G) = edy(G) = edy(F) = edp(PGLya; X -+ x PGLya,_1 ).
The inequality ed(F) < p24! 4 --- 4+ p?%—1 now follows from (9).
(b) Now suppose a, < ajy + -+ + ar—1. Note that Code(C) has a minimal basis
consisting of the single element (1, ..., 1) € (Z/p%' Z)x---x(Z/ p* Z). Moreover,

pér < % p?t .- p =1 and consequently, Theorem 1.2 applies. It tells us that if the
r-tuple (p%,..., p%) is not of the form (2,2, 2,2), (3,3, 3) or (2,2%,24), then

ed(F) = edy(F) = ed(G) = ed,(G) =
.
ed(G) =edp(G) = p“ U =} T p2i 4y -1,

i=1
as claimed.
(c) In the case where (p?1, ..., p%)=(2,2,2), F(K) is the set of isomorphism
classes of triples (A1, A», A3) of quaternion K-algebras, such that A1 ® A, ® A3
is split over K. We will show that (i) ed(F) < 3 and (ii) eda(F) = 3.

To prove (i), recall that by a theorem of Albert [Lam 2005, Theorem I11.4.8], the
condition that A1 ® A» ® A3 is split over K implies that A; and A, are linked over K.
That is, there exist a,b,c € K* such that A1 ~ (a,b) and A, ~ (a,c) over K.
Hence, the triple (A1, A2, A3) € F(K) descends to the triple (B, Bz, B3) € F(Kp),
where Ko =k(a, b, c), By = (a,b), B = (a,c) and B3z = (a, bc) over K. Since
trdeg(Ko/ k) < 3, assertion (i) follows.
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To prove (ii), consider the morphism of functors f: F — H!(—, SO4) given by
(A1, Az, A3) = a,
where « is a 4-dimensional quadratic form such that
abHOH = N(A;) & (—N(Az)).

Here H denotes the 2-dimensional hyperbolic form (1, —1), N(A;) denotes the norm
form of Ay, and —N(A3) denotes the opposite norm form of A, i.e., the unique
4-dimensional form such that N(A4,) & (—N(A3)) is hyperbolic. Since N(A1) and
N(A3) are forms of discriminant 1, so is « (this will also be apparent from the
explicit computations below). Thus we may view « as an element of the Galois
cohomology set H' (K, SOy4), which classifies 4-dimensional quadratic forms of
discriminant 1 over K, up to isomorphism. Note also that by the Witt cancellation
theorem, « is unique up to isomorphism. We conclude that the morphism of
functors f is well-defined.

Equivalently, using the definition of the Albert form given in [Lam 2005, p. 69],
o is the unique 4-dimensional quadratic form such that @ @ H = g, where ¢ is the
6-dimensional Albert form of A; and A,. Here the Albert form of A; and A, is
isotropic, and hence, can be written as o & H, because A and A, are linked; once
again, see [Lam 2005, Theorem II1.4.8].

Suppose A1 = (a,b), A, = (a,c), and A3 = (a, bc), as above. Then

N(Ay) = (—a, b)) = (1,—a,—b,ab),

and similarly N(A43) = (1, —a, —c, ac); see, e.g., [Lam 2005, Corollary I11.2.2].
Thus

N(A1)®(—N(A2))=(1,—-1,—a,a,—b,c,ab,—ac) ~(—b,c,ab,—ac) BHDH,

and we obtain an explicit formula for « = f(A1, A2, A3): @ = (—b, c,ab, —ac).
It is easy to see that any 4-dimensional quadratic form of discriminant 1 over K

can be written as (—b, c,ab, —ac) for some a,b,c € K*. In other words, the

morphism of functors f: F — H!(—, SOy4) is surjective. Consequently,

edx(F) > eda(H ' (—,S04)) = ed»(SO4);

see, e.g., [Berhuy and Favi 2003, Lemma 1.9] or [Reichstein 2010, Lemma 2.2]. On
the other hand, ed;(SO4) = 3; see [Reichstein and Youssin 2000, Theorem 8.1(2)
and Remark 8.2] or [Reichstein 2010, Corollary 3.6(a)]. Thus

ed(F) = edy(SO4) = 3.

This completes the proof of (ii) and thus of part (c) of Theorem 1.3. O
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Appendix: Galois cohomology of central quotients
of products of general linear groups
Athena Nguyen!

In this appendix we will study the Galois cohomology of algebraic groups of the
form

G:=T/C,

where I' := GL,, x---xGL,, and C C Z(I') = G}, is a central subgroup. Here
ni,...,n, =1 are integers, not necessarily prime powers. Let

G :=G/Z(G) =PGLy, x---xPGL,, =T'/Z(T).

Recall that for any field K /k, H'(K,PGL,) is naturally identified with the set of
isomorphism classes of central simple K-algebras of degree n, and

HY(K,G)=H"(K,PGLy,) x---x H'(K,PGL,,)

is identified with the set of r-tuples (A4, ..., A;) of central simple K-algebras
such that deg(A4;) = n;. Denote by d% the coboundary map H Y(K,PGLy,) —
H?(K,G,,) induced by the short exact sequence

1 - G, — GLy;, — PGL,; — 1.

This map sends a central simple algebra A; to its Brauer class [4;]in H?(K, G,,) =
Br(K).
Of particular interest to us will be

X(G),/C) = {(ml,...,mr) eZ" |t =1 V(r1,..., 1) ern},
as in (6). We are now ready to state the main result of this appendix.

Theorem A.1. Let 1: G — G :=PGL,,, x --- x PGL,, be the natural projection
and wy: HY (K, G) — H' (K, G) be the induced map in cohomology. Here K / k is
a field extension. Then:

(@) The map ws: HY(K, G) — HY(K, G) is injective for every field K/ k.

(b) The map s« identifies H'(K,G) with the set of isomorphism classes of
r-tuples (A1, ..., Ay) of central simple K-algebras such that deg(A;) = n;
and A?m' ®---® A2™" is split over K for every (my, . ...m;) € X(G],/C).

I This appendix is based on a portion of Nguyen’s master’s thesis completed at the University
of British Columbia. Nguyen gratefully acknowledges the financial support from the University of
British Columbia and the Natural Sciences and Engineering Research Council of Canada.
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Proof. Throughout, we will identify H?(K,Gl,) with H?(K, G,,)" and X(G,)
with Z". A character x = (m1,...,m;) € Z", i.e., a character x: G}, — G,, given
by (t1,....7) = 17" -+ 7", induces a map x«: H*(K, Gm)" — H*(K,Gy) in
cohomology given by

(2D X*(Oll,...,ot,.):allnl ..... a;"r
Let us now consider the diagram
1 G, r 1‘[ PGL,, — 1

1—>G’/C—>G—>HPGL —1
i=1

Since H!(K,Gl,/C) = {1} by Hilbert’s theorem 90, we obtain the following

diagram in cohomology with exact rows:

.
HY(K, ] PGLy,)
i=1

H?*(K,Gh)

Nx

| —— HY(K,G) - H(K, [] PGLn,) — % H2(K.GL,/C)
i=1

(a) It follows from [Serre 1997, 1.5, Proposition 42] that 74 is injective.

(b) Thus, 774 identifies H (K, G) with the set of r-tuples (Ay, ..., Ay), where A; €
H(K,PGLy,) is a central simple algebra of degree n;, and (8}< (A1),...,0%(4r)) €
Ker(n«). Recall that 0% sends a central simple algebra A; to its Brauer class
[4;] € H?*(K, G,,). In the sequel we will use additive notation for the abelian group
H?*(K,G,,) = Br(K).

Consider an r-tuple o := ([41],...,[A4;]) € H*(K,G,)). Since G/,/C is di-
agonalizable, n«(«) = 0 if and only 1f Xx(Nx()) = 0 for all x € X(G},/C). If
x=(mi,...,my) € X(G,/C), then x4 oy = (m1,...,m;) € X(G},). By (21),
Xx(nx (@) = [Aie’m1 ®---® A2™], and part (b) follows. O

Corollary A.2. LetT':=GL,, x---xGLj,, C1, Cz be k-subgroups of Z(I') =G;,,
G1 =T/Cy and G, = T'/Cy. Denote the central subgroup [ip, X -+ X ln, of T
by .

If C; N = Cy N [ then the Galois cohomology functors H'(—, G1) and
H'(—, G») are isomorphic.
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Proof. By Theorem A.1, H!(K, G;) is naturally identified with the set of r-tuples
(Ay,..., Ay) of central simple algebras such that deg(A4;) = n; and

Ai@ml ®---® A®™r is split over K for every (my,...,m;) € X(Gu/C).

Note that since Al@"" is split for every i, this condition depends only on the image
of (my,...,m;) under the natural projection

7:X(G)) =7" - (Z/mZ)x---x(Z/n,Z) = X(1).

Our assumption that C1 N = Co Ny is equivalent to X (G}, /Cy) and X(G},/C2)
having the same image under 7, and the corollary follows. O

In order to state the second corollary of Theorem A.1, we will need the following
definition. By a code we shall mean a subgroup of X() = (Z/n1Z)x---x(Z/n,7Z).
Given a subgroup C C u, we define the code Code(C) := X(u/C), as in (8).

We will say that two codes are called equivalent if one can be obtained from the
other by repeatedly performing the following elementary operations:

(1) Permuting entries i and j in every vector of the code, for any i, j withn; =n;.
(2) Multiplying the i -th entry in every vector of the code by an integer ¢ prime to n;.
Corollary A.3. Suppose C1 and Cy are subgroups of L := in, X+ X lpn,, G1 =
I'/Cy and G, :=T'/Cy. If Code(Cy) and Code(C») are equivalent, then
(a) the Galois cohomology functors H'(—, G1), H'(—, G,) are isomorphic, and
(b) in particular, ed(G1) = ed(G3) and ed,(G1) = ed,(G2) for every prime p.
Proof. To prove part (a), it suffices to show that H!(—, G1) and H!(—, G;) are
isomorphic if C; is obtained from C; by an elementary operation.
(1) Suppose n; = n; for some i, j = 1,...,r, and Code(C,) is obtained from
Code(Cy) by permuting entries i and j in every vector. In this case C; = a(C1),
where « is the automorphism of I"' = GL,,, x - -+ x GL,, which swaps the i-th and
the j-th components. Then « induces an isomorphism between G; = I'/C; and
G, = I'/ C3, and thus an isomorphism between H!(—, G1) and H!(—, G»).
(2) Now suppose that Code(Cy) is obtained from Code(C,) by multiplying the

i-th entry in every vector by some ¢ € (Z/n;Z)*. The description of H'(K, G/ 1)
given by Theorem A.1 now tells us that

HY(K,Gy) > H' (K. G>),
(Aly-”:Ar)'_) (Al""’Ai—lv[A?C]nivAi+1""’Ar)v

is an isomorphism. Here, by [A;.X’c]ni we mean the unique central simple K-algebra
of degree n; which is Brauer equivalent to A;.X’C.

Part (b) follows from (a), because ed(G) and ed,(G) are defined entirely in
terms of the Galois cohomology functor H!(—, G). d
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NOTES ON THE STRUCTURE CONSTANTS OF
HECKE ALGEBRAS OF INDUCED REPRESENTATIONS OF
FINITE CHEVALLEY GROUPS

CHARLES W. CURTIS

This paper is dedicated to the memory of Robert Steinberg.

This paper contains an algorithm for the structure constants of the Hecke
algebra of a Gelfand—Graev representation of a finite Chevalley group.

1. Introduction

Let G be a Chevalley group over a finite field k = F, of characteristic p (as in
[Chevalley 1955] or [Steinberg 1968]). Let B be a Borel subgroup of G with
U = 0, (B) (the unipotent radical of B), and let T be a maximal torus such that
B =UT. Let W be the Weyl group of G. Then W is a finite Coxeter group with
distinguished generators S = {sy, ..., su}.

Let ® be the root system associated with W, with {«y, ..., «,} the set of simple
roots corresponding to the generators s; € S, and @4 the set of positive roots
(respectively, negative roots) associated with them. For each root «, let U, be the
root subgroup of G corresponding to it. The subgroup U is generated by the root
subgroups U,, @ > 0.

From [Steinberg 1968, §3], the Chevalley group G has a B, N-pair, with Borel
subgroup B, N the subgroup generated by all elements w,(¢), and B N N equal
to T, the subgroup generated by all elements /4 (¢) (see the definitions of wy ()
and /4 (¢) in Section 2). Then N/T = W. (If the field k contains more than three
elements, then N is the normalizer N = Ng(T); see [Steinberg 1968, p. 36]).

By the Bruhat decomposition, the (U, U)-double cosets are parametrized by the
elements of N, while the (B, B)-double cosets are parametrized by the elements
of W.

We consider induced representations y of the form ¢, for a linear representation
Y of U. Let

e=UT" ) Y@ Hu

uel
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be the primitive idempotent affording v in the group algebra CU of U over the
field of complex numbers. Then y = /¢ is afforded by the left CG-module CGe.
The Hecke algebra of y is the subalgebra H = eCGe of CG, and is isomorphic
to (Endcg CGe)°. These representations and their Hecke algebras were first in-
vestigated by Gelfand and Graev [1962a; 1962b]. In particular, they introduced
the important class of Gelfand—Graev representations of G, which are the induced
representation ¢, for a linear representation ¥ of U in general position, that is,
Yr|Uy, # 1 for each simple root subgroup Uy, 1 <i <n, and ¥|U, =1 for each
positive and not simple root o.

It is known (see [Gelfand and Graev 1962b] for the case of G = SL,, (k) for a
finite field k, and [Steinberg 1968, Theorem 49] for the general case) that the Hecke
algebra H of a Gelfand—Graev representation is a commutative algebra, so that a
Gelfand—Graev representation is multiplicity-free.

A basis for the Hecke algebra H of a Gelfand—Graev representation ¥ ¢ is given
by the nonzero elements of the form ene with n € N. The standard basis elements are
the nonzero elements of the form ¢, =ind(n) ene, where ind(n) = |U : nUn~' NU|.
The structure constants for the standard basis elements, defined by the formulas

CeCm = Z[Cﬁcm teplen,
n
with £, m, n € N*, are algebraic integers (here N* is the set of elements n € N such
that ene # 0).
The structure constants of H are given by the formula

[cecm : cal = > ¥ ((uuy) '),

ubuy=nvm='eULUMNU, _1m~!

by [Curtis and Reiner 1981, Proposition 11.30], and the fact that ULU NnU,,-1m ™!
is a set of representatives of the left U-cosets in ULU NnU,,-1m~'U. As in [Curtis
1988; 2009], U, = U NnU_n"" for n € N. The structure constants are exponential
sums involving the linear character v of U and combinatorial information about
multiplication and intersections patterns of (U, U)-double cosets. The latter infor-
mation is also given at least partially for the algebraic group G (k) over the algebraic
closure k of k corresponding to G, with some questions about the geometry not
completely settled at this time. A main result in the paper is an algorithm given in
Section 4 for the solutions (u, u, v) of the equation ufu; = nvm ="' in the formula
above, so that in some sense the structure constants are computable. The approach
taken here is based on the theory of cells U, developed in [Curtis 1988; 2009]. The
algorithm for the solutions of the equations is a refined version of an algorithm for
them given in [Curtis 2009, Theorem 2.1]. At the end of Section 4, some problems
for further research are mentioned.
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In case ¥ is a Gelfand—Graev representation, the values of the irreducible repre-
sentations of the commutative semisimple algebra H on standard basis elements are
obtained as eigenvalues of matrices giving the regular representation of H and whose
entries are the structure constants [c,c,, : ¢, ]; see [Curtis 2009, Proposition 1.1].

Formulas for the structure constants based on different algorithms and a different
set of representatives of the cosets of U were obtained by Simion [2015].

The irreducible representations of H were obtained in [Curtis 1993] using the
results of Deligne and Lusztig [1976] on representations of G defined on the
¢-adic cohomology of locally closed subsets of the algebraic group G (k) with
Frobenius endomorphism F on which the finite group G acts. The formulas for
the irreducible representations of H in [Curtis 1993] involve a homomorphism of
algebras fr : H — CT for each F-stable maximal torus T of G, proved using the
character formula of Deligne and Lusztig [1976] for the virtual representations R g.
The homomorphisms fr provide an approach to the representations of H, and are
of independent interest (see [Bonnafé and Kessar 2008]).

A combinatorial approach to the representations of H based on the structure
constants of the Hecke algebra H and the internal structure of the finite Chevalley
group G is a main objective of this paper.

Two final sections contain examples in which a combinatorial construction of
the homomorphisms f7 is obtained. These include the Bessel functions over finite
fields of Gelfand and Graev [1962a], for the groups SL, (k) and k a finite field of
odd characteristic, and a construction of the homomorphisms fr : H — CT for the
split torus T in a general Chevalley group.

2. Background and preliminary results

For each root «, there is a homomorphism (see [Steinberg 1968, page 46]) ¢ = @y :
SL,(k) — G such that ¢ takes

1t 10 0 ¢ t 0
(01>—>xa(t), (; 1)—>x,a(t), (-;—1 O>—>wa(t)eN, (o t_l)—>ha(t)eT
for all ¢ € k. The elements w, () and k() are given by

W (1) = xo ()Xo (—1 D (1),  he(t) = we(Hwe (1),

by [Steinberg 1968, p.30]. If w = s - - - 51 is a reduced expression of an element
w e W then w =% - - - 51, with §; = wy, (#;) for some fixed choice of t; € k* =k —{0},
is a representative in N of w which is independent of the choice of the reduced
expression chosen, by [Steinberg 1968, Lemma 83, p.242]. In what follows we
assume that representatives x € N of all elements x € W have been chosen in this
way, for a fixed choice of representatives s; of the generators s; € S.
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()

for a simple root oy, 1 <k <n.
Using the homomorphisms ¢, we obtain the so-called SL,-IDENTITY:

We may assume that

$7 oy ()55 = X (=1 ) ithgy (D, (=17,

for a simple root o and r € k* (cf. [Curtis 2009, Lemma 2.1]).

As in [Deodhar 1985], a subexpression T of a fixed reduced expression w =
s - - - s isasequence T = (1, . .., 71, Tg) of elements of W such that t; tl:ll e{l, s;}
fori =1,..., kand 7o = 1. Then the set of terminal elements t; of subexpressions
of w = s; - - - 51 coincides with the set of elements x € W such that x < w in the
Chevalley—Bruhat order. In what follows, the length of an element w € W in terms
of the generators s; € S is denoted by £(w). A subexpression 7 = (7, ..., T1, 79)
is called a K -sequence relative to the triple w = sy - - - 51, x, y of elements of W if
it satisfies conditions (2.10)(a-c) of [Kawanaka 1975]. It is understood that a K -
sequence for the triple (w, x, y) is always given with reference to a fixed reduced
expression w = s;---51. Let J; = {j : rjtjill = s5;} U{0}. Then the defining
conditions for a K-sequence state that tzx = y and

L(spTix) < L(Tjx)
for each j € J; and p in the interval between j and the next element in J; (or
simply all p > j if j is the maximal element of J;). For each K-sequence t, set
Jo={je e l(sjTix) < L(Tjrx)}
where j’' € J; is the predecessor of j, and define a pair of nonnegative integers by
a(t)=|J;7|,b(x) =k —|J|+1=card{j > 0: 7;7; !} =1}.

For each element w € W, let U,, = U N* U_ where U_ ="° U and wy is the
element of maximal length in W. Then U = U,,U,,,,, and BwB = U,,w B, in both
cases with uniqueness of expression. Let w = s ... s be a reduced expression of
w € W. Then Uy, = Uy, 53Uy, ;5,85 ! with uniqueness of expression. An element
of U,, expressed in this way, for a fixed reduced expression of w, is said to be in
standard form (see [Deodhar 1985, Lemma 2.2]), and can be assigned coordinates
in the field k.

Let w, x, y be elements of W, and w, X, y corresponding elements of N. Let

Uw,x,y)= {u e Uy :Mme_)')Ux—l)'C_l #= @}.

Then U (w, x, y) is independent of the choice of representatives w, x, y of w, x, y
in N. Moreover, U, wB NyU, -1x~" is a set of representatives of the left B-cosets
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in BwBN y(BxB)_l, and its cardinality is the structure constant [e, e, : e,] of the
standard basis elements e, e,, ey, for w, x, y € W, in the Iwahori Hecke algebra.

The K-sequences were first applied by Kawanaka to prove the following result
[Kawanaka 1975, Lemma 2.14b]. For a finite Chevalley group G over k = F, the
nonzero structure constants of the Iwahori Hecke algebra are given by the formula

lewey :ey] = BB N U147 | = U, x, )| =Y ¢“Tq -1
T
where the sum is taken over all K-sequences 7 for w, x, y, and a(r) and b(7) are
the nonnegative integers defined above.

As a consequence, it follows that U(w, x, y) # & if and only if there exist
K -sequences for w, x, y (see also [Borel and Tits 1972, Remark 3.19], where the
conditions are stated in a different way).

In [Curtis 1988] a geometric version of Kawanaka’s formula was proved. It states
that U (w, x.y), viewed as a subset of the algebraic group G (k), is a disjoint union of
subsets U;, which we shall call (in this paper) cells. The cells U, are subsets of G (k)
parametrized by K-sequences t for w, x, y relative to a fixed reduced expression of
the element w, with corresponding subsets Uy, also called cells (defined in [Curtis
1988]), in the finite Chevalley group G = G (k) (see Lemma 3.3 below for a review
of the definition of cells). The result extends Deodhar’s decomposition ([Deodhar
1985], and [Curtis 2009, §4]) of the intersection By B N B_x B, viewed as subsets
of the flag variety G/B in the algebraic group G (k), with B_ the Borel subgroup
opposite to B. Each cell U; is isomorphic (in bijective correspondence as a set, or
isomorphic as a variety in G(k))to a product,

U: =] [0« x [V}
« B

for certain subsets {«} and {8} of cardinalities a(t) and b(t) of the positive root
subgroups determined by t and where U ; is the set of nonidentity elements in
Upg. From the decomposition of U (w, x, y) as a union of cells Uy, it follows that
U,wBnN )')Url)'c*l can be identified with the set of triples (u, b, v) with u € U,
for some 7, b € B, and v € U, satisfying the equation uwb = yvx~! with b and
v uniquely determined by u by [Curtis 2009, Lemma 2.4].

3. Relations between cells

Let £, m,n in N* correspond to elements w, x, y in W. Then £, m, n are multiples
by elements of T of representatives w, x, y in N determined as above. The set
UgtU N nU,,-1m~" will be obtained by an algorithm based on a fixed reduced
expression w = si - - - 51 of the element w € W in terms of the generators s; € S,
and the theory of cells U, associated with K-sequences t for w, x, y.
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As the cells U, are contained in the set U (w, x, y) each element u € U, satisfies

a structure equation
uwb = yvx~!

with b € B and v € U,-1. The subgroup B is a semidirect product B = UT, so
one has b = uys withu; € U, s € T, and it will be important to keep track of these
factors in the discussion to follow.

In this section, it will be shown how elements u € U; € U(w, x, y), with
T =(%,..., 1, 7o) a K-sequence for w, x, y, are related to elements u" in cells
Uy with t/ = (t4_1, ..., 71, T0) a K-sequence for s;_; ---s1, x’, ¥/, and how the
structure equations for u and u’ are related. We keep in mind that U (w, x, y) # &
if and only if there exist K-sequences for w, x, y.

Lemma 3.1. Let t = (1, ..., 71, T9) be a K-sequence for w, x,y for k > 1, and
consider T’ = (t4_1, ..., 7).

(1) t’is a K-sequence for s,jlw, X, s,?ly ifrkr,;_ll = s¢ and L(s;y) < £(y).
(ii) 1’ is a K-sequence for sk_lw, X,y ifrkrk__l] = 1and L(s;y) < £(p).
(iii) 7’ is a K—sequence for sk_lw, X, sk_ly if £(sxy) > £(y) and rk'ck__ll = s¢.
It is understood that Ty =1 is a K -sequence for (1, x, x) and that a(tg) = b(tg) = 0.

These sets of conditions are the only possibilities for T’ to be a K -sequence, and
one of them must occur.

We first note that either £(s; y) < £(y) or £(sxy) > £(y), since either y~ ! (a) € (O
or y_l(oek) € ®_. The proof then follows immediately from the definition of
K -sequence (see the proof of Lemma 2.14 of [Kawanaka 1975]). For example, we
verify that the condition £(s;y) > £(y) implies t; # Tx—1, and hence ‘L’k‘E/;_ll = S.
Otherwise 1, = T4—1, Tk—1X =Y, and k ¢ J;. This implies that £(sz Tx—1x) < €(Tp—1x)
by a defining property of K-sequences, and hence €(szy) < £(y), contrary to
assumption.

The next result is background for the relation between cells U, and U/, with t
and 7’ as in the preceding lemma. It is a version of Lemma 2.3 of [Curtis 2009].
(Parts (i) and (ii) were misstated in that article and are corrected here. We also take
the opportunity to correct the statement on page 220 of [Curtis 2009] that the cells
U, are invariant under conjugation by elements of 7'; this was not shown there.)

Lemma 3.2. Let w = sy - - - 51 be a reduced expression withk > 1 and let x, y € W.
Then U (w, x, y) is either empty or is related to sets U(s,?lw, x',y"), with x" and y'
depending on the K -sequence t associated with w, x, y as follows.
(1) Let £(s;y) < €(y) and assume tkr,;_ll = s¢. Then S'kUs;leI:I NU(w, x,y) is
either empty or

S.kUs;le.k_l NU(w, x,y) =§kU(sk_lw, X, sk_ly)s'k_l.
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@i1) Let £(sxy) < £(y) and assume 'ckrk_ | = L. Then the part U(w, x, y)b of
U(w, x, y) not in skU 1,8 ! consists of the elements u = x,, (t)skusk , with
X, (1) € U* and u € U 1, Such that 7w (xe, (=t~ Yi) e U(sk w, x,y), and
t €k™*; here m is the prOJectlon m:U— UAk 1, accompanying the decomposition
U= U -1, U g The map

0
Lo~ — 1\~
U = Xg ()SpitS; ~ —> T(Xey (=1 )t)

from U(w, x, y)° to U(sk_lw, x,y) is surjective. There is a bijection of sets
Uw, x, y)’> = U* X U(sk_]w,x, y).

(iii) Let £(syy) > £(y) and rkrk__ll = si. Then
Uw,x,y)= UakékU(sk_lw, X, sk_ly)jk_l
and there is a bijection of sets U(w, x, y) = Uy, X U(sk_lw, X, sk_ly).
The proof is included in the proof of Lemma 2.3 of [Curtis 2009].

Lemma 3.3. Let w, x,y be elements of W and let w = s --- 51 be a reduced
expression for w. Let T = (1, ... T1, To) be a K-sequence for w, x, y with tg = 1,
and let U, be the corresponding cell, viewed as a subset of U(w, x, y) C Uy,. Let
v = (tk_1, ..., 71, T0) be a K-sequence for sy_1 - --s1,x’, y' as in one of the cases
in Lemma 3.1, and let U, be the corresponding cell in U (sy_1 -+ -s1,x’,y'). The
construction of the cell U; from U, reviewed below, defines a surjective map of
sets A : Uy, — Uy. Let U, (k) and Uy (k) be the corresponding cells in the algebraic
group G (k) over the algebraic closure k of k. Then the map A : U, (k) — Uy (k),
defined as in part (1), is a surjective morphism of algebraic sets, defined over k.

The construction of U, (k) from U, (k) was given in the three cases of Lemma 3.1
in the proof of Theorem 1.6 of [Curtis 1988] and in [Curtis 2009, page 220], and
will be reviewed here in the case of the algebraic group G (k). We abbreviate U, (k)
to Uy, etc.

) wrt,_ 1 = s and E(sky) < £(y). In this case, we have U; C 5 U 1,5, "and
Uy C U(sk w, X, S y) and one has U/_sklU Sx. The map A : u—)sklusk
is clearly a surjective morphism from U; to U, and is defined over k because sy
belongs to the finite Chevalley group G (k).

(i1) ‘L’k‘[k:ll =1 and £(s;y) < £(y). This time Uy is in the part of U (w, x, y) which
is not contained in s U, Yl:lwék_ !and consists of the elements Xy (tk)SkUSy ! such that
t#0,u¢€ Usk_lw and n(xak(—tk_l)ﬁ) € Uy, where 7 is the projection U — Usk_lw
associated with the factorization U = Usk_]wUsk_'wwo‘ The map

At Xy ()Spitsy " — 70 (xg (— 1 i)

is a surjective morphism defined over k from U, to U,.
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(iii) tkrk__ll = s and £(sxy) > £(y). In this situation, we have U, = Uakijffjk_],
in terms of the factorization: U,, = UakikUsk,l...sIS'k_l, and U, C U(sk_lw, X, S;y).
Then the map

A xak(l‘k)ikﬁi_] —u

is a surjective morphism defined over k from U, to U,/ (as the projection from U,, to
SkUsg s 8, "in the factorization given above, followed by the inner automorphism
by an element of G (k)). This completes our discussion of the proof of the lemma.

We now have a reduction process for cells, U; — Uy, as in the preceding
lemma. Let u € U, correspond to u’ € U as in the lemma. Then the structure
equation uwu;s = yvi~! satisfied by u corresponds to the structure equation
u/s'k_lu')u’ls/ = y'vx’~! satisfied by u’, with uniquely determined factors {u, uy, s, v}
and {u’, u}, s, v'}. The next lemma shows how the elements «’, u, v" in U and
s’ € T are related to u, u1, v in U and s € T, using the standard form and facts
about the multiplicative structure of the Chevalley group such as the decomposition
U = U,Uyy, for elements x € W. It is also shown that the process is reversible,
assuming u € U; is known.

Lemma 3.4. Suppose that the cell U; C U(w, x, y) maps onto the cell Uy C
U(sg_1-+-51,x", ) as in cases ()—(iii) of Lemma 3.1, and let the structure equation
satisfied by u € U, be wius = yvx~' with factors u € Uy, u; € U,s € T, and
v € U,-1 uniquely determined by u € U,. Let u — u' = A(u) with u’' € Uy as
in Lemma 3.3, and consider the structure equation satisfied by u' with factors
u'eU,s"eT,uy eU,andv' € U, in each of the cases. Then the factors u’, u';, s’
and v’ are given as in the proof of the lemma. Conversely, assuming u € U is
known, uy, s and v are obtained from u’, s', u/l and V', as shown in the proof of the
lemma.

In case (i), we have ‘L’k‘El;_ll = s, L(sxy) < €(y) and Uy = s',?lU,s'k. Then the
equation satisfied by u € U, is utbu;s = yvx~' with u = 5ku/s'k_1 andu’ e Up. Tt
becomes the equation for u’ € U+ after multiplication by §, ! and the lemma is
proved in this case.

For the proof in case (ii) recall that tk‘r,;ll =1 and £(s;y) < £(y). Then, using
the standard form for u, the structure equation satisfied by u = x, (¢)si s, e U, is

X (O)Sxis buys = yoi !,

with xg, (1) € U;k, e Usk—lw, seT,u;eU,veU,-1. We want to derive an equation

of the form

r.—1 P et e—1
us, wus =yvx

with u' = 7 (xq, (—t~1)it) € Uy, s’ € T, u} € U and v' € U1, where 7 is the
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projection U — USA-lw as in the proof of Lemma 3.3. As

. 1y e—1 .1 1y -

SkXey (—177)S =8 Xy (=17 )8k,

we can multiply the equation for x, (¢)skis, leu, by ssk ! and apply the SL,-
IDENTITY from Section 2 to obtain

. 1y - CIy~e—1 - |
SgXay (=17 ) Sphey (£) Xy (=1 )us,  wurs = yvx .

One has xak(—t_l)ﬁ = Jr(xak(—t_1 Yi)u* for u™ e Usk—l so the equation becomes

wwo
A~ =1 o pe—1 en—1 seo—1 . 1N —1:2 1. ._1
n(xak(—t )u)sk WS, W) uts wuis=yy (skxak(—t )8, skhak(t)) yux

where (jk_lu'))_lu*ik_lw € U because u* € Uyk—lwwo. Note also that 5,fhak ) =

he, (—t), and that the right side of the equation is

1 1

397 (e (=0) 7 397 5k (v (=7 )i o

1

Because £(s;y) < £(y), one has y~ s'kxak(—t_l)s'k_ljz € U, and we consider first

the case where j/_ls'kxak (—t‘l)jk_ ! y € U,-1. Then the equation above becomes the
1

structure equation for u’ € Uy with u’ = 77 (xo, (—t ~)ii), Uy = (s',:lw)*lu*S,: wuy,

e a1yl
' =52y (e (1) 357,
and v’ is
1. TN D
y lsk(xak(_t 1)) sklyveUx_l

conjugated by y~!hy, (—t)~'y. Note that y~'h, (—t)~'y € T, and that we have
conjugated this element past yvx ~! and brought the result to the left-hand side as a
factor of s”. We have also used the fact that U,-1 is invariant under conjugation by
elements of 7.

For the reversibility, consider u’, u, s, v' and u = xq, (t)$xits, "in U,. Then
Xop (17 i =u'u*, s0 u* = (') (xq (—t7")it). Then s =" (XY~ h (—1)yx ™),
wy = (G ")~ uts )~ ) and

1. BT IR e e .
v= (37 Sexe (~1 DY) T ey (<0 T VY ey (<1)3 € Uy,
completing the proof of reversibility in this case, using the fact again that U,-1 is

invariant under conjugation by elements of 7.

Now we have to discuss the case y_likxak(—t_l)sk_ly ¢ U,-1. Then we obtain
a new formula for v’ as follows. We have

-1 —1y—1 ~1 o
YV SiXe (—1T) T s yv=vv,

with uniquely determined factors v’ € U,-1 and v’ € U,-1,,. Then v"x7! =
1 1”e—1

7 1%v”x 7! with xv”%~! € U. Then the structure equation in this case for u’ =
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7 (Xg, (—t~1)it) has as factors uy = (jk_]u'))_lu*s_lu')uls’()év”fc_l)_l(s/)_l, s" as
in the first case, and v’ as defined at the beginning of this paragraph, conjugated by
¥ e (=) 71y

For the reversibility in this case, suppose we have u = xg, (¢)sgus; le U.,
u' = n(xak(—t_l)ﬁ), and u, s’, and v’ as above. We have to solve for uy, s, and v.
Then, after reversing the conjugation by y =1k, (—#)~'y, we obtain

1. 1. —1 -1 s —
(y lskxak(_t l)sk ly) U/ZU(U) 1.

Then v is the projection of the left-hand side in U,-1. Then from

wh = G ) s g s’ G T ) T
we can express u* as the projection of x,, (—1~ i in U, g and (xv”x~ 1!
from x4, (—¢~!) and v', so we recover u,. Finally the element s is computed as in
the first case. Therefore we have obtained u1, s, and v, completing the proof of
reversibility in this case.
In case (iii), the structure equation satisfied by u = x, (t)$gus; Leu, is

Xo (0)S1815, buys = yvi ™!
as in case (ii). This time £(sxy) > £(y), s0 y x4, (t)y € U and the structure
equation for & € U,;» becomes

sy urs = $ 93 g, () T v
and the rest of the proof is handled as in case (ii), depending on whether y !

U,-1 or not. This completes the proof of the lemma.

Xo, (1)y €

4. Solution of the structure equation

Let £, m, n € N* be representatives of w, x, y in W, and let w = sy - - - 51 be a fixed
reduced expression of w. From the Introduction, the structure constants of standard
basis elements c¢, ¢, ¢, of the Hecke algebra H of an induced representation
y =¥ of G are given by the formula

[cecm : cal = > ¥ ((uuy) '),

wlu=nvm=! eUZUﬂnUmflm—'

where ULU NnU,,-1m~" is the set of elements u € U, u; € U, v € U,,-1 satisfying
the equation

ulu, = nom =\,
The elements ¢, m, n are multiples of w, X, y by elements of T, £ = s, m = xs’,
etc. for elements s, s’, s” in 7. The equations ufu; = nvm™' as above can be
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rewritten in the form uwi§ = yox ! foru e U, § =sGs”(s)"'xHleT, i, =
sups~ e U, b =s"v(s")~! € U,-1, using the fact that the subsets Uy, for x € W,
are invariant under conjugation by elements of 7. Each element u € U satisfying
the equation above belongs to the set U (w, x, y), and consequently # € U, for a
cell U; defined by a K-sequence t for the elements {w, x, y} in W. An algorithm
for the solutions u, it1, v of these equations is the main result of this section.

As u € U, is known in terms of the root subgroups from the main result of [Curtis
1988], the problem is to calculate i; and 0 in terms of a given expression of u.

The following remarks may throw some light on these problems. Let T be a
K -sequence for w, x, y in W, and let U; be the corresponding cell in U (w, x, y).
Each element u € U, satisfies a structure equation

uwb = yvx~!

with b € B and v € U,-1. It is known that the elements b and v in the structure
equation are uniquely determined by u [Curtis 2009, Lemma 2.4]. A main theorem
in [Curtis 2009] was an inductive construction of the solutions of the structure
equation. Theorem 4.1 below gives more information, and in a sense, calculates b
and v from an expression of u in standard form using a fixed reduced expression
of w. In particular, this result determines, for each element u € U,, the solutions
(u1, v), of the equations ufu; = nvm ' withu e Uy, u; eU,and v € U,-1, needed
for the structure constants of H.

Theorem 4.1. Let w, x, y be elements of W, and let U, be a cell associated with a
K -sequence t for w, x, y, and a fixed reduced expression w = sy - - - 51 for w. The
algorithm given below determines the set of elements s € T,u; € U and v € U,
satisfying the equation uus = yvx ™', for a given element u € U,. The possibility
that the set of solutions is empty is not excluded.

Let w, x, y, the cell U,, and w = s - - - 51 be as in the hypothesis of the theorem.
Let u be a fixed element of U,. With these as a starting point, the algorithm gives the
elements s € T, u; € U and v € U,-1 satisfying the equation stated in the theorem.
It is proved by induction on £(w).

We begin with the case £(w) =1, so w = §; and let T = (71, 7p) be a K-sequence
for (s, x, y) corresponding to one of the three cases in Lemma 3.1.

Case (i). 1 = s1, £(s1y) < £(y). Then U, =1, U, =$1Uroifl =1,s;x =yand
it is easily proved using Lemma 83 of [Steinberg 1968] that s;x = y. Then there is
a unique solution, namely (1, 1, 1), of the structure equation us;b = Sixv(x) L

Case (ii). T; = 19, and £(s1y) < £(y). In this case the definition of K-sequence
implies x = y. We also have (by part (ii) of the proof of Lemma 3.3) U = Uy, . First
assume £(x) = 1. Then the assumptions imply that x = 51, X = y = §1, and for each
element u € Uy, there is a unique solution of the structure equation us|b = s;jvs| !
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by the SL,-IDENTITY, so that quadruples (u, s, u;, v) withu e U;, b =us € B,
and v € U,-1 satisfying the equation exist, and are known. Now let £(x) > 1; then
£(s1x) < £(x) implies x = s1x; with £(s1x;) > £(x1). For each v € U;l one has

lv)'cl € U because £(s1x1) > £(x1). Moreover

X
e el e Ne—la=1 o .—]
s1x1(x; vxp)x, s, =svs; € U=

1 1

s0 x; vx; € U,-1. The unique solution of the structure equation us\b = sjvs,
with u € Uy, from the case £(x) = 1 now yields the unique solution (u, b, x|~ hx1)
of the structure equation for (s1, x, y), namely

usrh = yi; vii !
1

= &1_1. Note that in case (ii) there is no solution of the
1

as yi; ' = 3§ and &%~
structure equation u$1h = yvx ™" in case u = 1 and x = y as this would contradict the
fact that By~'§; B # Bx~! B by the uniqueness part of the Bruhat decomposition.

Case (iii). 71 = 51, and £(s1y) > £(y). In this case U; = U,, and the unique
solution of the structure equation us|b = yvx~! foru e Uy, 1s

(, hey (—1), Y~ uy),

for each u € Uy,, noting that y~'uy € U, 1, and yi~! = s'l_1 = §1hq,(—1) by

[Steinberg 1968, Lemma 83] again. This completes the discussion of the solutions
of the structure equation for the case £(w) = 1.

We now proceed to the general case, with £(w) > 1. Let t be a K-sequence for
w, x,y and let u € U,. Let u correspond to u’ = A(u) € U (as in Lemma 3.3) for
the K-sequence t’ for sg_1...s1, x’, ¥’ in one of the three cases of Lemma 3.1,
and let

/ /i AN
usg—1...51u18 =y v'x

be the structure equation satisfied by «’. By the induction hypothesis, the factors
u', s', and v’ of the structure equation for u” are determined by u’. As u’ = (u), the
elements u, s, and v satisfying the equation uwb = uwu;s = yvx ' are determined
by u, using Lemma 3.4. This completes the proof of the theorem.

At the beginning of the section, it was explained how the solutions u € U, u; € U,
and v € U, of the equations ufu; = nom =L, for £, m,n € N*, required for the
formulas for the structure constants are obtained from the solutions u € U;,u; € U,
s € T,v € U1 of the equations uwuis = yvxi~' solved by the algorithm in
Theorem 4.1. For this step, it is necessary to determine the elements z,¢',¢t” in T
such that £ = wt, m = xt’, n = yt”, in order to transform the first set of equations
to the second by the algorithms for multiplication the Chevalley group. This
information can be obtained from Steinberg’s proof of Theorem 49 in [Steinberg
1968, §141], in case ¥ C is a Gelfand—Graev representation. The theorem states that
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the Hecke algebra H of a Gelfand—Graev representation is a commutative algebra,
and the proof is obtained by constructing a certain antiautomorphism f of the
Chevalley group G whose extension to the group algebra is at the same time an
antiautomorphism of the group algebra and whose restriction to the Hecke algebra
H is the identity. As shown in [Steinberg 1968], the representatives £ € N* of the
basis elements of H have the form tw for elements w € W such that w = wow,,
where wy is the element of maximal length in W and w;, is the element of maximal
length in the subgroup of the Weyl group generated by the reflections taken from a
subset 7 of the set of simple roots, and ¢ is an element of T such that 7w is fixed
by the antiautomorphism f. From the discussion on page 262 of [Steinberg 1968],
it follows directly that wt, with w = wow, as above, represents a basis element
of H, fixed by the antiautomorphism f, whenever ¢ commutes with w;,.

We recall the connection between the solutions of the equation ufu; = nvm™!
and the solutions of the equation uwii|§ = yox~! with £ = s, m = xs', n = ys”,
s,s',s" €T and ity =su;s~' e U, D =s"v(s")"' € U,-1, for u € U. For a solution
ueU, wehaveu € U(w, x, y) sou € U, for a K-sequence t for w, x, y. We can
now state a formula for the structure constants [cyc;, : ¢, ] based on Theorem 4.1.

Corollary 4.2. The structure constants are given by the formula

[coem el =Y Y Yl(uu)'v)

T uelU;

where for each K -sequence t for w, x, y, the sum is taken over solutions of the equa-
tion uwi§ = y0x " obtained by Theorem 4.1, withu € U, and i1y, 0, § satisfying the
conditions iy =su1s~ ' €U, 0 =s"v(s") ' €U, and § =s(is"(s)'x HleT.
If there are no solutions satisfying these conditions, then the structure constant
is zero.

We end this section with two problems for further research.

1. The first problem is to apply the algorithm obtained in Theorem 4.1 and
Corollary 4.2 to obtain formulas for the structure constants [c¢c;, : ¢;,] which can
be used to give a combinatorial proof of the existence of the homomorphisms fr
mentioned in the Introduction.

2. The second problem is to develop a theory of cells for Chevalley groups over
a p-adic field K, using the Bruhat decomposition for these groups obtained by
Iwahori and Matsumoto [1965].

5. Example: application to SL; (k)

Let G be the Chevalley group SL;(k) for a finite field k of odd characteristic, and
let H be the Hecke algebra of a Gelfand—Graev representation of G. Gelfand and
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Graev [1962a] stated formulas for the structure constants of the standard basis of H,
and calculated the irreducible representations of H.

As an application of the ideas in Section 4, we shall calculate the structure
constants of H relative to the standard basis of the Hecke algebra, and apply them
to give a self-contained proof, different from the one obtained by Gelfand and
Graeyv, of formulas for the irreducible representations of H (for another approach,
using the Deligne-Lusztig character formula, see [Curtis 1993, §5]).

We begin with a Gelfand—Graev character Y9 of G = SL;(k), for a linear
character ¥ of U in general position. Then we may assume that

() ) =x@. (§%)ev. ack

for a nontrivial additive character x on k. The standard basis elements of the Hecke
algebra H of 1/ are the elements

0 A
Cp =(qgeynyey, n),= (_)\_1 0) . A#0, g=Ik|
together with the identity element ey, and one other basis element e_; = ey, ( _(1) 7?)@1”,
where

ey =UIT' Y g Hu

uelU
as in the Introduction.
Lemma 5.1. The algebra H is commutative with identity element ey. One has

ezl =ey,and e_ic, = c_,, for each A # 0. The other nonzero structure constants
of H for the standard basis elements are as follows. For cy, ¢, ¢, as above one has

1

[crcp i)l = X()»,uvfl +Au" v+ )fl;w),

and
[cichie_1l=gq, [cacoy:eyl=q,
for A, u,v#0ink,and g = |k|.
The structure constants are computed using the formula at the beginning of §4
and the solutions of the structure equation
ulu; = nv(m)_1

with £, m,n € N (see [Curtis 2009, §3] for more details).

The group G = SL, (k) can be viewed as the group of fixed points by the usual
Frobenius endomorphism F of the semisimple algebraic group SL;(k), over the
algebraic closure k of k. There are two conjugacy classes of F-stable maximal
tori in SLy(k) with representatives in the finite group G given by the split torus
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0
isomorphic to the set C of elements & of norm 1 in the quadratic extension of k, that

is, £7! = 1. The main theorem on the representations of the Hecke algebra H of a
Gelfand—Graev representation of G states that the irreducible representations of H
factor through the group algebra of one of the maximal tori of G. More precisely,
one has:

Ty consisting of the matrices (“ ;ﬁ‘) with & # 0 in k, and the Coxeter torus Ti,

Theorem 5.2. Each irreducible representation f of the Hecke algebra H of a
Gelfand—Graev representation of G can be factored as

f=0o/fr,

where fr is a homomorphism, independent of 6, of H into the group algebra of a
maximal torus T of G, and 0 is an irreducible representation of the group algebra
of the maximal torus. The homomorphisms from H into the group algebras of the
two types of maximal tori are given as follows. For the split torus Ty, consisting of
diagonal matrices with entries in k*, the homomorphism fr,: H — CTy is given by

frten =Y x0a+N() 2), rek and fren=(") ).
t

where c,_is a standard basis element of H as above. For the Coxeter torus, the
homomorphism fr, : H — CC is given by

@)@ =—xE+E7), §€C and frile-) =61,
where &_1 is the unique element in C of order two.

Lemma 5.3. Leta, b € k. Then:

(i) > x(ar) =—1+gdap.
tek*
(ii) D xtat+bt7) =" x(t+abt™") + 840850
tek* tek*

(iii) For the Coxeter torus C, we first note that € + £~ € k because £91" = 1 for
£ € Cimpliesthatt + &' =&+ &9 ek LetEeC,ne Fyo. Then

D oxEn+EH == x+m't) 48,04

teC tek*

We refer to [Chang 1976, Lemma 1.2]. Part (iii) is proved using an analysis of
quadratic equations over k. The result, and extensions of it to F'-stable maximal tori
in general finite reductive groups, are suggested by the Davenport—-Hasse Theorem
on Gauss sums.
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For the proof that f7, is a homomorphism, let ¢;, ¢, ¢, be standard basis ele-
ments of H as above. Then

Ccp = Z [eacy s cvley + 65 uqe—1 + 65, —pqey,

v

with the structure constants as in Lemma 5.1. We have

Fro(e) fr(cp) = Z Z KOs + 17157 x (s —I—s’l))((t) t91>

tek* sek*

=3 > x(Gr+ms+ e + w7 (g t(_)l)

=3 Y a0+ e+ D) () )

s

by Lemma 5.3(ii), and have to show this is equal to

Z Z [cicy Cu]fTo(Cv)([)((t) t91) +5A,uq(_(1) _(1)) + ‘SA’_“qG) (1))
t v

= Z Z x(aev T a2 v +17h) ((t) tg),

t v

etc. The result is clear, by another application of Lemma 5.3(ii), in case A # £ .
Now let A = . The expressions to be checked agree except possibly at (_(1) 70).

1
At (_(1) _(1)), the first expression becomes

D ox(e+Ds a0 + s

N

with = —1, which is ¢ — 1 by Lemma 5.3. The second expression at (7, _!)
becomes

D ox(v++ 2T +g=—1+¢

v

by Lemma 5.3 again, completing the proof in this case. The proof in case A = —u
is similar and will be omitted.
For the homomorphism from H into the group algebra of C, we first have

fre) fre) =YY x(hEn+ED ™ +um+n")E

EeC neC

=33 X (G +wn+GE T Y)E
&

==Y ) x(t+OE+wOET+ i ")E

& tek*
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by Lemma 5.3(ii). We have to show that this is equal to

DO v T AT ) £ (c0)E+8uq fr (e 1)+ 81— uq fri (ey)
EeCvek*

== > xWEFHE T AT W) AT AR E485 wq fr (e- D) 485 g fr, (ey)
EeCvek*

==Y 3 (0 +V T EFEDI AN+ 1))E+8r uq fr (e-1) +85 g fr, (ey).
£
where we have used Lemma 5.3(ii) and Lemma 5.1 for the structure constant
formula. Together, these formulas prove the multiplication formula in case A # +pu.
In case A = p, it is only necessary to check the expressions at £ = £_;, where
&_, is the unique element of C such that 531 =1, 1#1,s06_;=—11in Fp.
The contribution from the first expression is

Y ox(EAHDNHAME + D) == x(t+ @A +ATEL+E D)) +g
n tek*

by Lemma 5.3(iii). As &_1 + ézl = —2in Fp, this expression is equal to 1 + ¢ by

Lemma 5.3. For the second expression at £_; we obtain

=2 (VO THEHE DR+ 22) Hg =g + 1,
U/
completing the proof in this case.
For the remaining case A = —p it is only necessary to check both expressions at
& =1 and this is immediate.

Corollary 5.4. The formulas for the irreducible representations of the Hecke
algebra H are

fle) =00 fric) =Y x(Ae+1D)0(),  fle) =6(-1)

teT

for the split torus T, and an irreducible representation 6 of T, and

fley=mofre)==> x(E+EN)TE), fle)=n(-1)

teC
for the Coxeter torus Ty represented by C, and an irreducible representation w of C.

The fact that all the irreducible representations of H are obtained in this way
follows by a counting argument.

Gelfand and Graev [1962a] obtained these formulas, and pointed out that they
are similar to the integral formulas for Bessel functions over C (see [Whittaker and
Watson 1927, Chapter XVII]). They mentioned that the formulas in Corollary 5.4
can be called Bessel functions over finite fields.
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The group G = SL,(k), for ¢ = |k| odd, has two classes of Gelfand—Graev
representations. For a determination of the irreducible characters of G, and how
they appear in the Gelfand—Graev representations, including for example the subtle
cases of those of degree %(q + 1) and %(q — 1), see [Gelfand and Graev 1962a, §4]
and [Digne and Michel 1991, §15.9].

6. Example: the homomorphisms fr associated with principal series
representations of finite Chevalley groups

We return to the set-up described in the Introduction, with G a Chevalley group
over a finite field k, with a Borel subgroup B = UT containing the torus 7', and
Weyl group W. Let ¢ be a Gelfand—Graev representation of G, and H = eCGe
the Hecke algebra associated with it, with

e=|UI"" Y v Hu

uelU

(remember that H is a commutative algebra!). In this section, we give a character the-
oretic construction of a homomorphism fr : H — CT and the resulting irreducible
representations of H. An open problem is to find a combinatorial construction of ho-
momorphisms fr for twisted tori 7. Such a result would define a family of functions
associated with the Hecke algebra H and maximal tori in G, starting from the Bessel
functions over k in the case of SL,(k) and the Coxeter torus C. A proof would
require information about the structure constants, and extensions of Lemma 5.3(iii),
which would be of independent interest. Homomorphisms f7 : H — CT from
a Gelfand—Graev Hecke algebra H to the group algebra of a maximal torus are
known to exist, for a connected reductive algebraic group G defined over a finite
field, with Frobenius endomorphism F ([Curtis 1993] and [Bonnafé and Kessar
2008]), and are derived using the trace formula in £-adic cohomology.

We are concerned with the principal series representations of G. These are the
induced representations AC, where A is a linear character of the Borel subgroup
B with U in its kernel, and the irreducible representations of G which occur as
constituents of A® for some choice of lambda. We require the following result of
Kilmoyer [1978, Proposition 6.1].

Lemma 6.1. Let ¥© be a fixed Gelfand—Graev character of G. Each induced
character \C, as above, contains a unique irreducible constituent &, which appears
with multiplicity one in both \¢ and the Gelfand—Graev character ¥ ©.

As in [Curtis 1993], we introduce the notation a for the element of the group
algebra CG given by
a=>) a(g g

geG
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for a complex valued function o on G. If « is an irreducible character of G, then a
is a multiple of the central primitive idempotent in the group algebra associated
with «.

Theorem 6.2. Let l; and x) be the elements of the group algebra corresponding to
the induced character A¢ and the irreducible character &, as in Lemma 6.1. Then

el)tzex,\ 750

and affords an irreducible representation fg, : H — C* of H of degree one, such
that

h(ex;) = fg, (h)ex;,, heH.

The representation f, is the restriction to H of the unique irreducible character of
the group algebra CG obtained from the character &), of G as in Lemma 6.1.

By Lemma 6.1, the class function /; = x; + y where y is a linear combination of
central primitive idempotents corresponding to irreducible characters of G which do
not appear in the Gelfand—Graev representation ¥¢. Then ey =0, so el), = ex; #0
and ex; is a nonzero multiple of the primitive central idempotent in H affording the
irreducible representation f¢, of H of degree one, as in the statement of the theorem,
by [Curtis and Reiner 1981, Corollary 11.26 and Theorem 11.25]. The last statement
of the theorem also follows from [Curtis and Reiner 1981, Theorem 11.25].

Theorem 6.3. Let A be an irreducible character of B with U in its kernel. Let &,
be the irreducible character of G which appears with multiplicity one in \S and in
the Gelfand—Graev character ¥, and let fe, : H — C be the irreducible repre-
sentation of the Hecke algebra H of the Gelfand—Graev representation ¢ defined
in Theorem 6.2. There exists a unique homomorphism of algebras fr : H — CT,
independent of 1, such that, for each linear character A of T, one has

fe,(h) =1%o fr(h),heH,

where X is the extension of . : T — C to the group algebra CT. The homomorphism
fr is given by the formula fr(c,) = ZteT fr(cy)(®)t, where

fr(e,)(t) =indn|B|~'U|™! > Y,

geG,ucl,gung='=tu’

for a standard basis element ¢, of H and gung™" =tu’,t € T, u’ € U, is an element

of B which projects onto the element t € T by the homomorphism B — T. If there
are no solutions to the equation gung~" = tu’, then fr(c,)(t) =0.

By the proof of Theorem 6.2, the representation f;, of the Hecke algebra H is
the restriction to H of the unique irreducible character (see Lemma 6.1) &, extended
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to the group algebra CG. Moreover, the proof of Theorem 6.2 shows that
fe(ly=2%h), heH,

with A¢ extended to the group algebra, because el, = ex; and ex; affords the
representation f;, of H =eCGe C CG. In more detail, 4 lies in H, and is viewed
as an element of the group algebra CG. Then A (k) is the trace of the action of / on
a module M affording the induced character A°. As he = h, the trace is computed
on the module eM, which is one dimensional, and affords the representation f,
of H, by Theorem 6.2.

For a standard basis element ¢, of H, we have

cn:indnene:|U|_1 Z w(ul_luz_l)ulnuz,
uinueUnU

by [Curtis and Reiner 1981, Proposition 11.30(i)]. Then, with A¢ extended to the
group algebra, we obtain

K=" Y v uyHnl winu) =ind nlU17 Y ¢ HAC n).
unu,eUnU uel

We have used the fact that the double coset UnU contains ind n one sided cosets.

For the induced character we have, by [Curtis and Reiner 1981, 10.3],

29 @un) = |B|™" Y (g™ ung),
geG

where A(x) =0 if x ¢ B. Then A(g~'ung) # 0 only if g~ 'ung = u't withu’ € U
and 7 € T, and in that case, A(g~'ung) = A(¢). Therefore

2 =indnlBITHUITN YD Y0 Y hHa).

teT g*lung:u’[

Then, fort e T,
fre)@ =indn|B|7" U™ Yy

g lung=u't

is independent of X, and we have

fe,(h)=ho fr(h), heH.

The facts that fr : H — CT is a homomorphism of algebras and is a uniquely
determined linear map with the factorization property stated in the theorem both
follow from the orthogonality relations for the linear characters A of T. This
completes the proof of the theorem.

It is a nice exercise to derive the formula for the homomorphism f7, : H — CTy
given in Theorem 5.2 from the statement of the preceding theorem.
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Theorem 6.3, for principal series representations of finite Chevalley groups, is a
special case of Theorem 4.2 in [Curtis 1993] for representations R7 g of connected
reductive algebraic groups defined over finite fields. The point of including it here
is that in the special case of principal series representations, it is possible to give a
combinatorial proof of the existence of the homomorphisms f7.
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COMPLEMENTS ON DISCONNECTED REDUCTIVE GROUPS

FRANCOIS DIGNE AND JEAN MICHEL

Dedicated to the memory of Robert Steinberg

We present several results on disconnected reductive groups, in particular,
on the characteristic-zero representation theory of finite groups of Lie type
coming from disconnected reductive groups in positive characteristic. We
generalize slightly the setting of our 1994 paper on that subject and show
how most of our earlier results extend to the new situation. In particular, we
give a classification of quasi-semisimple conjugacy classes over an arbitrary
algebraically closed field, and over finite fields; we generalize a formula of
Steinberg on the number of unipotent classes to disconnected groups and
a formula for the tensor product of the Steinberg character with a Lusztig
induced character.

1. Introduction

Let G be a (possibly disconnected) linear algebraic group over an algebraically
closed field. We assume that the connected component G is reductive, and then
call G a (possibly disconnected) reductive group. This situation was studied by
Steinberg [1968] where he introduced the notion of quasi-semisimple elements.

Assume now that G is over an algebraic closure Eq of the finite field F,, defined
over [, with corresponding Frobenius endomorphism F. Let G' be an F-stable
connected component of G. We want to study (G°)-class functions on (G')F;
if G' generates G, they coincide with G*-class functions on (G")F.

This setting, adopted here, is also taken up by Lusztig in his series of papers on
disconnected groups [Lusztig 2003; 2004a; 2004b; 2004c; 2004d; 2004e; 2005;
2006b; 2006a; 2009] and is slightly more general than the setting of our paper
“Groupes réductifs non connexes”, which we will refer to as [DM 1994], where we
assumed that G' contains an F-stable quasicentral element. A detailed comparison
of both situations is done in the next section.

As the title says, this paper contains a series of complements to [DM 1994] which
are mostly straightforward developments that various people have asked us about
and that, except when mentioned otherwise (see the introductions to Sections 4 and

MSC2010: primary 20G15; secondary 20G40, 20C33, 20G05.
Keywords: nonconnected reductive groups.
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8) have not appeared in the literature, as far as we know; we thank in particular
Olivier Brunat, Gerhard Hiss, Cheryl Praeger and Karine Sorlin for asking these
questions.

In Section 2 we show how quite a few results of [DM 1994] are still valid in our
more general setting.

In Section 3 we take a “global” viewpoint to give a formula for the scalar product
of two Deligne-Lusztig characters on the whole of G*'.

In Section 4 we show how to extend to disconnected groups the formula of
Steinberg [1968, 15.1] counting unipotent elements.

In Section 5 we extend the theorem that tensoring Lusztig induction with the
Steinberg character gives ordinary induction.

In Section 6 we give a formula for the characteristic function of a quasi-semi-
simple class, extending the case of a quasicentral class which was treated in [DM
1994].

In Section 7 we show how to classify quasi-semisimple conjugacy classes, first
for a (possibly disconnected) reductive group over an arbitrary algebraically closed
field, and then over F,.

Finally, in Section 8 we extend to our setting previous results on Shintani descent.

We thank Gunter Malle for a careful reading of the manuscript.

2. Preliminaries

In this paper, we consider a (possibly disconnected) algebraic group G over [,
(except at the beginning of Section 7 where we accept an arbitrary algebraically
closed field), defined over [, with corresponding Frobenius endomorphism F.
If G! is an F-stable component of G, we define the class functions on (GHF to
be the complex-valued functions invariant under (G°)-conjugacy (or equivalently
under (G')?-conjugacy). Note that if G! does not generate G, there may be less
functions invariant by G*'-conjugacy than by (G')*-conjugacy; but the propositions
we prove will apply in particular to the G*-invariant functions so we do not lose
any generality. The class functions on (G')" are provided with the scalar product

(f. & @yr =I1(GH 1™ DY fgh).

he(GHF

We call G reductive when GV is reductive.

When G is reductive, following [Steinberg 1968], we call an element quasi-semi-
simple if it normalizes a pair T° C B® of a maximal torus of G° and a Borel subgroup
of G°. Following [DM 1994, définition-théoréme 1.15], we call a quasi-semisimple
element o quasicentral if it has maximal dimension of the centralizer Cgo(o) (that
we will also denote by G°?) amongst all quasi-semisimple elements of G° - o
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In the sequel, we fix a reductive group G and (except in the next section where
we take a “global” viewpoint) an F-stable connected component G'! of G. In most
of [DM 1994] we assumed that (G')F contained a quasicentral element. Here we
do not assume this. Note however that by [DM 1994, proposition 1.34], G' contains
an element o which induces an F-stable quasicentral automorphism of G°. Such
an element will be enough for our purpose, and we fix one from now on.

By [DM 1994, proposition 1.35], if H'(F, ZG") =1 then (G')¥ contains quasi-
central elements. Here is an example where (G')* does not contain quasicentral
elements.

Example 2.1. Take s = (g (1)), where £ is a generator of [F;, take G = SL, and
let G = <G, s> C GL, endowed with the standard Frobenius endomorphism
on GL,, so that s is F-stable and G¥ = GL,(F,). We take G' = G- 5. Here
quasicentral elements are central and coincide with G- s N Z G, which is nonempty
since if 1 € F 2 is a square root of £ then (] 2) € G’-sNZG; but G° -5 does not
meet (ZG)F. O

In the above example G'! /G is a semisimple element of G/G". No such example
exists when G'/G" is unipotent:

Lemma 2.2. Let G' be an F-stable connected component of G such that G' ) G°
is a unipotent element of G/G°. Then (GY)F contains unipotent quasicentral
elements.

Proof. Let T° C B be a pair of an F-stable maximal torus of G° and an F-stable
Borel subgroup of G°. Then NGF(TO C BY) meets (G, since any two F-stable
pairs T° ¢ B? are (G°)7-conjugate. Let su be the Jordan decomposition of an
element of NG~ (T° c BY). Then s € G° since G'/G" is unipotent, and u is
F-stable, unipotent and still in Ng1yr (T° c BY) thus quasi-semisimple, and so is
quasicentral by [DM 1994, corollaire 1.33]. ]

Note, however, that there may exist a unipotent quasicentral element ¢ which is
rational as an automorphism but such that there is no rational element inducing the
same automorphism.

Example 2.3. We give an example in G = SLs x<¢’>, where G° = SLs has the
standard rational structure over a finite field [, of characteristic 2 with ¢ =1 mod 5
and o is the automorphism of G° given by g J’g~'J where J is the antidiagonal
matrix with all nonzero entries equal to 1, so that o’ stabilizes the pair T° c B,
where T is the maximal torus of diagonal matrices and B is the Borel subgroup of
upper triangular matrices; hence o’ is quasi-semisimple. Let # be the diagonal matrix
with entries (a, a, a™*, a, a), where a? —1 is a nontrivial 5-th root of unity ¢ € [Fy.
We claim that 0 = ro’ is as announced: it is still quasi-semisimple; we have
o2 =to'(t) =tt~' =1 so that o is unipotent; we have "o = Ftt~lo = ¢, so that
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o is rational as an automorphism but not rational. Moreover a rational element
inducing the same automorphism must be of the form zo with z central in G° and
z-Fz71 = ¢ 1d; but the center ZG" is generated by ¢ Id and for any z =¢* I1d € ZGP,
we have z- Fz7 1 = ¢k¥@=D1d = Id # ¢ 1d. a

As in [DM 1994] we call a Levi of G a subgroup L of the form Ng(L° c P°)
where L is a Levi subgroup of the parabolic subgroup P° of G°. A particular case
is a “torus” Ng(T°, B®) where T° ¢ B® is a pair of a maximal torus of G” and a
Borel subgroup of G’; note that a “torus” meets all connected components of G,
while (contrary to what is stated erroneously after [DM 1994, définition 1.4]) this
may not be the case for a Levi.

We define a Levi of G to be a set of the form L' = L N G', where L is a Levi
of G and the intersection is nonempty; note that if G' does not generate G, there
may exist several Levis of G which have same intersection with G!. Nevertheless
L' determines L° as the identity component of <L!>.

We assume now that L' is an F-stable Levi of G! of the form Ngi (L° c P?). If
U is the unipotent radical of P°, we define Yg ={xeG’|x7 ' Fx e U} on which
(g,]) € GF x L¥ such that gl € G° acts by x > gxl, where L = Ng(L", P°).
Along the same lines as [DM 1994, proposition 2.10] we define the following:

Definition 2.4. Let L' be an F-stable Levi of G' of the form Ngi (L° c P and
let U be the unipotent radical of PP, For A a class function on (L")¥ and gec (GHF,
we set

RS (M) = IHFIT D () Trace((g, 171 | HF (YD),
le(LHF

and for y a class function on (G")¥ and [ € (L")F, we set

RE (O =1GH 17" Y y(g) Trace((g™". 1) | HX (YY)).
ge(GHF

In the above, H} denotes the £-adic cohomology with compact support, where
we have chosen once and for all a prime number ¢ # p. In order to consider the
virtual character Trace(x | H} (X)) = Zi(—l)i Trace(x | H (X, Qy)) asa complex
character we chose once and for all an embedding @, < C.

Writing Rfll and *Rfll is an abuse of notation: the definition needs the choice of
a PO such that L' = N1 (L C P°). Our subsequent statements will use an implicit
choice. Under certain assumptions, we will prove a Mackey formula (Theorem 2.6)
which when true implies that Rfll and *Rgl are independent of the choice of P°.

By the same arguments as for [DM 1994, proposition 2.10] (using that (L) is
nonempty and [DM 1994, proposition 2.3]) Definition 2.4 agrees with the restriction
to (GHF and (L") of [DM 1994, définition 2.2].
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The two maps Rgl and *Rfll are adjoint with respect to the scalar products on
(GHF and (LHF.

We note the following variation on [DM 1994, proposition 2.6] where, for u
(resp. v) a unipotent element of G (resp. L), we set
Trace((u, v) | H(Yy)) if uv € G,
0 otherwise.

0% (u,v) = {

Proposition 2.5. Let su be the Jordan decomposition of an element of (G')F and A
a class function on (LY)F .

(1) If s is central in G, we have

RE D0 =1L Y 0% v hiGsv).

ve(LOw)l,
(i1) In general,
hr O OF
G! _ | L mCG(S) | Cg(5)0su h
(RL‘ A)(su) = Z I(LO)F| |CG(S)0F| hL'ﬂCc(s)0~su( A)(su).

{he(G"F|hL>s)

(iii) Iftv is the Jordan decomposition of an element of (LYY and y a class function
on (GHYF, we have

CRE @) =G > 0% vy ().

10,0\ F
ue(G v)unip

. . —1
In the above we abused notation to write "L > s for <L!> 3" .

Proof. Part (i) results from [DM 1994, proposition 2.6(i)] using the same arguments
as the proof of [DM 1994, propsition 2.10]; we then get (ii) by plugging (i) into
[DM 1994, proposition 2.6(i)]. O

In our setting the Mackey formula [DM 1994, définition 3.1] is still valid in the
cases where we proved it: théorémes 3.2 and 4.5 in [DM 1994]. Before stating it
we remark that [DM 1994, proposition 1.40] remains true without the assumption
that (G1F contains quasicentral elements; we need only replace (GYF .o with
(GHF in the proof. Thus any F-stable Levi of G' is (G°)"-conjugate to a Levi
containing o. This explains why we only state the Mackey formula in the case of
Levis containing o'.

Theorem 2.6. If L' and M" are two F-stable Levis of G' containing o then under
one of the following assumptions:

o L0 (resp. M) is a Levi subgroup of an F-stable parabolic subgroup normal-
ized by L' (resp. M"),

e one ole and M is a “torus”,
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we have

*pG' pG! L *p*M!
Rp Ryp = Z RleM' R

(LM ad x,

XE[LUOF\SGUO (L(TO’M{TO)F/M{TOF

where Sgoo (L°%, M°0) is the set of elements x € G°° such that L°°N*M°° contains
a maximal torus of G°°.

Proof. We first prove the theorem in the case of F-stable parabolic subgroups
P°=L%x U and Q° = M° x V following the proof of [DM 1994, théoréme 3.2].
The difference is that the variety we consider here is the intersection with G° of
the variety considered in [loc. cit.]. Here, the left-hand side of the Mackey formula
is given by Q[(UF\(GYF /VF)?] instead of Q;[(UF\(G*)F.<o>/VF)?]. Nev-
ertheless we can use [DM 1994, lemme 3.3], which remains valid with the same
proof. As for [DM 1994, lemme 3.5], we have to replace it with the following:

Lemma 2.7. For any x € Sgoo(L°°, M°)F | the map
(L N*VE), MO NUT) - “m) > UFlxmVF

is an isomorphism from (L°)¥ /(L® N *V) x ponspyoyr CMO N U\ (MO)F 10
UA\(PHFx(Q"F ) VE compatible with the following action of (L) x(M")F)~1:
&, = e (MHF x (MYHF) acts by mapping ((L°N*VE), CM°NUF) - *m)
to the class of Ay~ " (LON*VE), CMONUF) - vimpu=") withv e (LHYF n* (M) F
(independent of v).

Proof. The isomorphism of the lemma involves only connected groups and is a
known result (see, e.g., [Digne and Michel 1991, 5.7]). The compatibility with the
actions is straightforward. (]

This allows us to complete the proof in the first case.

We now prove the second case following Section 4 of [DM 1994]. We first notice
that the statement and proof of lemme 4.1 in [DM 1994] don’t use the element
o but only its action. In lemmes 4.2, 4.3 and 4.4 there is no ¢ involved but only
the action of the groups L’ and M on the pieces of a variety depending only on
L, M and the associated parabolics. This gives the second case. (]

We now rephrase [DM 1994, proposition 4.8] and [DM 1994, proposition 4.11]
in our setting, specializing the Mackey formula to the case of two “tori”. Let T;
be the set of “tori” of G'; if T! = Ngi(T°, B®) € T,F" then T is F-stable. We
define Irr((T1)F) as the set of restrictions to (T'")F of extensions to <(T1)F > of
elements of Irr((T%)F).

Proposition 2.8. If T', T"' € TF and 6 € Irr(T")F), 0’ € Ir((T"")F) then
(R 1(9) RTH @) g1yr =0
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unless (T, 0) and (T'", 6") are (G°)F -conjugate.
Additionally,
(1) if for some n € N(GO)F(TI) and ¢ # 1 we have "0 = {0 then R?:(G) =0
(ii) otherwise (Rgf(e), R?f(@))ml)F = |[{n € Ngoyr (TY) | "0 = 0}|/1(THT).

IfT! =T, the above can be written as

(TO)F N (TO)F
(RG(©). RGE) Gy = (Ind 8 6. 1nd 8" 6') oy

where when A' C B! are cosets of finite groups A° C B° and x is an A%-class
function on A' for x € B!, we set Indﬁ1 x(x) =]A%"! Z{yEBO‘yxeAl} x (x).
Proof. As noticed above Theorem 2.6, we may assume that 7' and T’ contain o.
By [DM 1994, proposition 1.39], if T'! and T'! contain o, they are (G°)-conjugate
if and only if they are conjugate under G°°". The Mackey formula shows then that
the scalar product vanishes when T'! and T'! are not (G°)-conjugate.

Otherwise we may assume T'' = T'! and the Mackey formula gives

1 1 —
(REO). RE.(0))g1yr = (T Y (0.70)1)r.
nEN oo (T70)F
The term (6, "6) (THr is 0 unless "6 = ¢,0 for some constant ¢, and, in this last
case, (0, "0) 1y = gy If" 9 = g0 then nn'g — "0 = &y &,0, and thus the ¢,
form a group; if this group is not trivial, that is, some ¢, is not equal to 1, we have

(RE\(0), RE\(0)) g1y =0,
which implies that in this case Rg;(@) = 0. This gives (i) since by [DM 1994,
proposition 1.39], if T! 5 o then N(go)r(T"') = Ngoo (T - (T*)F, so that if
there exists 7 as in (i), there exists an 7 € Ngoo(T?°)F with same action on 6 since
(T°)F has trivial action on 6.

In case (ii), for each nonzero term we have "6 = 0 and we have to check that the
value [(T))F|7!{n € Ngoo(T?%)F | "0 = 6}| given by the Mackey formula is
equal to the stated value. This results again from [DM 1994, proposition 1.39], writ-
ten as N(goyr (T') = Ngoo(THF - (TF, and from Ngoo(THF N(T)F = (T7))F.

We now prove the final remark. By definition we have

N1 (TOF N1 (TOF
(Ind ), * 6.Ind 50 0)w,, royr

=N (THFIH(@H* 1 Y > 6("x)0("x).
X€NGI (T (n,n'eNgi (TO)F|"x, " xeT}
Doing the summation over t = "x and n” =n'n~! € Ngo(T?)F, we get

NG (TOFIT@H 12 Y Y > 0(NO("'1).

te(THF neNg (T {(n"eN 4o (TO)F|""teT !}
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The condition n” € Ngo(T%)F, together with "'t € T!, is equivalent to n” €
Ngo(THF, so that we get

TH Y 0.0 e

n"eNgo(ThF

As explained in the first part of the proof, the scalar product (6, ”//9)(T|)F is zero
unless "' = ¢,+0 for some root of unity £, and arguing as in the first part of the
proof, we find that the above sum is zero if there exists n” such that ,» # 1 and
is equal to [(T")F|7'|{n € Noyr (T") | "6 = 6}| otherwise. O

Remark 2.9. In the context of Proposition 2.8, if ¢ is F-stable then we may apply 0
to it and for any n € NGJO(TUO)F, we have 8("0) =6(0), so forany n € N(GO)F(T])
and ¢ such that "0 = ¢6, we have ¢ = 1. When H!(F, ZG") = 1, we may choose
o to be F-stable so that { # 1 never happens.

Here is an example where ¢, = —1, and thus RG (0) = 0: we take again the
context of Example 2.1 and take 70 = { (& °,)} and let T!'=T9.5; let us define 6
on ts € (TYHF by 6(ts) = —A(¢), where X is the nontrivial order-2 character of

(T%F (Legendre symbol); then for any n € N(Go)F(Tl)\TO, we have "6 = —6. [J

We define uniform functions as the class functions on (G')¥ which are linear
combinations of the RG (0) for 6 € Irr((THF). Proposition 4.11 in [DM 1994]
extends as follows to our context:

Corollary 2.10 (of Proposition 2.8). Let pGl be the projector to uniform functions
on (GYHYF. We have
— 1 1
= 1GHIT Y ITHTIRG o *RE,.
TleTf
Proof. We need only check that for any 0 € Irr((T )F ) such that R 1(9) # 0 and
any class function x on (G")F, we have (p¢ X, T1(9)>(G1)F = (X, T1(9)>(GI)F.

By Proposition 2.8, to evaluate the left-hand side we may restrict the sum to tori
conjugate to T'!, so we get

1 1 _
(P%x, RE(0)) g1yr = IN(goyr (THII(TH T (R *R‘%x RS/ (0)) g1y
= [Ngoyr (THI 71T Y| (x, RG/0*RE oRE, 0)) (g1 r-

The equality to be proved is true if R?:(@) = 0; otherwise by Proposition 2.8, we

have *RGI oR ](9) =|(THF|~! ZﬂENGO)F(TI) "9, whence in that case

RG! o *RE o RE(6) = (T |7 |N(goyr (T RE/(6)
since RG ("0) = TI(G), and hence the result. O

We now adapt the definition of duality to our setting.
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Definition 2.11.  « For a connected reductive group G, we define the [, -rank as
the maximal dimension of a split torus, and define eg = (—1)Fa2k0f G apd

NG = €G/rad G-
o For an F-stable connected component G' of a (possibly disconnected) reduc-

tive group, we define eg1 = £go0 and ng1 = 1o, Where o € G' induces an
F-stable quasicentral automorphism of G°.

Let us see that these definitions agree with [DM 1994]: in [DM 1994, défini-
tion 3.6(i)], we define g1 to be ggo-, where 7 is any quasi-semisimple element
of G' which induces an F-stable automorphism of G° and lies in a “torus” of the
form Ngi (Ty C By), where both T 0 and BY are F-stable; by [DM 1994, proposi-
tion 1.36(ii)], a o as above is such a 7.

We fix an F-stable pair (Ty C Bp) and define duality on Irr((GYHF) by

(2.12) Dgi= Y RS o*RE,
PO>BO

where in the sum, P° runs over F-stable parabolic subgroups containing B such
that Ng1 (PY) is nonempty, and L' denotes Ngi (L° ¢ PY), where LV is the Levi
subgroup of P? containing T°. The duality thus defined coincides with the duality
defined in [DM 1994, définition 3.10] when o is in (G')*".

In our context we can define St similarly to [DM 1994, définition 3.16], as
Dgi1(Idg1), and [DM 1994, proposition 3.18] remains true:

Proposition 2.13. Stgi vanishes outside quasi-semisimple elements, and if x €
(GYHF is quasi-semisimple, we have

Stg1 (x) = eg1&Gry (G .

3. A global formula for the scalar product of Deligne-Lusztig characters

In this section we give a result of a different flavor, where we do not restrict our
attention to a connected component G'.

Definition 3.1. For any character 6 of TF, we define R? as in [DM 1994, défini-
tion 2.2]. If for a “torus” T and a = gG° € G/G" we denote by T'*! or T'8! the
unique connected component of T' which meets gG°, this is equivalent to

[9¢]
RE©)(3) = |(TF|/|TF| > RG 0 (0)(“)
{aelGT /(G)F]|7geTF(GN)T}

for g € G¥, where the right-hand side is defined by Definition 2.4 (see [DM 1994,
proposition 2.3]).
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We deduce from Proposition 2.8 the following formula for the whole group G:

Proposition 3.2. Let T, T' be two “tori” of G and let 6 € Irr(TF), 6" € Irr(T'F).
Then (RG(G) R (0 gr =0if T® and T'° are not G -conjugate, and if T® = T'°,
we have

0\F 0\F
(RE(0), RE(0")gr = (Ind ¢ 0), Indp ™ (0)) . oy

Proof. Definition 3.1 can be written

lgl -1
RE0)(g) = (T")F|/|T"| > RE (T 0)(®).
{a€[G" /(G |9geT (GY)T)
So the scalar product we want to compute is equal to
1 [(TO)" (1"
T IGH T (T

(RF (6), RT.(6")) gr

—1 —
XD DR (TR (0.
aeGF /GO"
2e(GNHF o

where the inner sum runs over a € [GF/(G®)F] such that %« € TF(G%F and
a' € [GF /(G%F] such that “a € T'F(G®)F. This product can be written

_GOHFL T (T
~|GF] |TF |T/F|

! G.a a='yr
x Z Z T)lOIJ )’ R(n/’lT/)[aJ( 0 )>(GO)F.0[’

aeGF /GO

(RF (6), R7.(6")) gr

where the inner sum is as above. By Proposition 2.8 the scalar product on the right-
hand side is zero unless (¢~ T)[ and ("' T") are (G®)F-conjugate, which implies
that 7% and 77 are (G°)F-conjugate. So we can assume that T° = T'°. Moreover
for each a’ indexing a nonzero summand, there is a representative y € a’~!(G%)F
such that (T = (“_IT)["‘]. This last equality and the condition on a imply
the condition “a € T'F (G°)¥ since this condition can be written (*T")1*! £ &.
Thus we can do the summation over all such y € G, provided we divide by
[N (Goyr ((aflT)["‘])l. So we get, applying Proposition 2.8, that the above expression
is equal to

[(GOF] (TP - o
|GF| |TF||T'F| 2 ) [Ngoyr (¢ D)
aeGF/GOF {a€[GT /(GO F|%aeTT (GO}
-1
GO (a TU)Fa GO (a TO)Fy ,
x Z (I d (@ 1)l 0,Ind (@7 7)lel 0 >NGo_a(T0)F'

YeGF T =(""T)l))
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We now conjugate everything by a, take ay as new variable y, set b = “«a and get
|(T9)F|?

33) ——"Fr
G- ITFNTF|

D INGoyr(TPh
beTF /(TOYF
Ngo ,(TOF Ngo ,(TF
x > (Ind,. G 0,Ind, 57" " Y0

NgO‘b(TO)F
(yeGF|OT ) =T10)

since for b € TF /(T%)F, any choice of a € G' /(G)HF gives an o = ™' which
satisfies the condition a € TF(G%)F.

Let us now transform the right-hand side of Proposition 3.2. Using the definition
we have

0F 0y F
(IndITvﬁ(T) (9),Ind1¥f§(T) () Ng(TO)F

= 771717 N (1) | > 6(*n)o’ (n)
{n,x,x’eNg(TOF |*neT ' neT’}
=TI T |7 N (1)
DS )3 g(on) g (o
b,a,a’e[NG(TO)F/NGO(TO)F][ neNgo (T b | ope(@ 1yt }
x0,%)ENGo (T %0 e(a~ 7y lb)

(TOF] (T INgo(TO)F|
ITF] |T'F| |Ng(TO)F|

Ngo(TOHF b -1 Ngo(TO b -1,
x > (Ind 21 e @ 0. dnd 20 oy

b,a,a'€[NG(T%)F /Ngo(T)F]
We may simplify the sum by conjugating the terms in the scalar product by a to get

Ngo(TO)F-4p Ngo(T)F % g1
G G aa 4
<Il’ldT[a1,]F 0, Ind(aa/—lT,)[ab]F )NG()(TO)F"b'

Then we may take, given a, the conjugate b as new variable b, and aa’~! as the
new variable a’ to get
[(T)F] 1T
\TF 1T'F|

N o(THF-b N o(TOHF-b
Yo (mdyge e md e )

(a’T/)[I;JF

N, (TO>F

b,a'e| —C
[NG0<T°>F]

Ngo(TO)F b

Now, by Frobenius reciprocity, for the inner scalar product not to vanish, there
must be some element x € Ngo(T 0F such that * (“/T "NPIF meets T1P1F which,
considering the definitions, implies that (**' T")?! = T1%]. We may then conjugate
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the term
Ngo(TO b o,
Ind(a/T/)[b]F 0
by such an x to get

Ngo(TOF b

xa' p/
Ind, & 0

and take y = xa’ as a new variable, provided we count the number of x for a
given a’, which is |[Ngo(TP1)F|. We get

[(TOF) [(T"0)F _
G = ) [Neo (TPH !
be[NG(TO)F/NGo(TO)F]
N o (T"F b N o(THF b
x > (Ind, Gr 0, Ind, G Y0’ N o (TO)F b

{yeNG(TO)F|(T")PI=Tb1}

Since any b € [Ng(T®)F /Ngo(T?)F] such that T'™»1F is not empty has a represen-
tative in T, we can do the first summation over b € [T /(T?)F] so that (3.3) is
equal to (3.4). O

4. Counting unipotent elements in disconnected groups

A proof of the following result appeared recently in [Lawther et al. 2014, Theo-
rem 1.1]; our proof given below, that we wrote in February 1994 in answer to a
question of Cheryl Praeger, is much shorter and case-free.

Proposition 4.1. Assume G'/G° is unipotent and take o € G' unipotent F-stable
and quasicentral (see Lemma 2.2). Then the number of unipotent elements of (G")F
is given by [(G7)F 2 |G| /(G0 ).

Proof. Let x,, be the characteristic function of the set of unipotent elements of (GHF.
Then [(GY)E | = 1(G)F|(xy,, 1d) g1yr and

(x> Id) (g1yr = (D1 (xy)» Dg1 (Id)) (g1yr = (Dg1(x0), Stg1) Gy »

where the first equality holds since D¢ is an isometry by [DM 1994, corollaire 3.12].
According to [DM 1994, proposition 2.11], for any o-stable and F'-stable Levi
subgroup LY of a o-stable parabolic subgroup of G, setting L! = L°.o, we have
RS (mxylwyr) = RS (7). x4y, and *RE (). x| wyr = *RE (9.x,). Thus, by
(2.12), D1 (. x;,)) = Dg1 (7). x» in particular, Dg1 (x,,) =Dg1 (Id). x,, = Stg1 . x,-
Now, by Proposition 2.13, the only unipotent elements on which Stg1 does not vanish
are the quasi-semisimple (thus quasicentral) ones; by [DM 1994, corollaire 1.37],
all such elements are in the G*" ~class of & and, again by Proposition 2.13, we have



COMPLEMENTS ON DISCONNECTED REDUCTIVE GROUPS 215

Stgi (o) = [(G°*)F],. We get
I(GH (D61 (x0)s Ste1 ) (61yr = (GHF (St - Xy St ) 61y F
=(6""

whence the proposition. (I

Example 4.2. The formula of Proposition 4.1 applies in the following cases where o
induces a diagram automorphism of order 2 and ¢ is a power of 2:

*+ G =50, (G")" =80s,-1(Fy);

¢ G’ =GLy,, (G°*)F =Sp,,(Fy);

¢ G =GLayyi1, (G =S02,11(Fy) == Sp,, (Fy);
« G* = Es, (G = Fu(F,);

And it applies to the case where G° = Sping, where o induces a diagram
automorphism of order 3 and ¢ is a power of 3, in which case (GNHF = Ga(Fy).

5. Tensoring by the Steinberg character

Proposition 5.1. Let L' be an F-stable Levi of G'. Then, for any class function y
on (GHF, we have

INF
*Rgl (y -eg1 Stg1) = e Sty Resgfl))F V.

Proof. Let su be the Jordan decomposition of a quasi-semisimple element of
G' with s semisimple. We claim that u is quasicentral in G*. Indeed su, being
quasi-semisimple, is in a “torus” T'; thus s and u also are in T. By [DM 1994,
théoreme 1.8(iii)], the intersection of T N G* is a “torus” of G*; thus u is quasi-
semisimple in G*, and hence quasicentral since unipotent.

Let tv be the Jordan decomposition of an element / € (L')F, where ¢ is semisimple.
Since St;: vanishes outside quasi-semisimple elements, the right-hand side of the
proposition vanishes on / unless it is quasi-semisimple, which by our claim means
that v is quasicentral in L’. By the character formula Proposition 2.5 the left-hand
side of the proposition evaluates at [ to

RS (y - ea1 StenO =G 171 Y 0% vy (tu)eg St (1u).

10 F
ue(G v)Lmlp

By the same argument as above, applied to Stgi, the only nonzero terms in the
above sum are for u quasicentral in G’. For such u, by [DM 1994, proposition 4.16],
Qf,’fj (u, v~1) vanishes unless « and v are (G'*)F -conjugate. Hence both sides of
the equality-to-prove vanish unless # and v are quasicentral and (G'?)-conjugate.
In that case, by [DM 1994, proposition 4.16] and [Digne and Michel 1991, (**),
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p. 98], we have Q%) (u, v™") = 0%, (1, 1) = egueLn](G')F |,/ |(L)F|,. Taking
into account that the (G'®)-class of v has cardinality |(G'®)¥|/|(G'®)F| and that
by Proposition 2.13 we have Stgi (/) = egooegn| (G'%F) p» the left-hand side of the
proposition reduces to y (/)& Lzol(Llo)F | p, which is also the value of the right-hand

side by applying Proposition 2.13 in L'. O
By adjunction, we get the following:

Corollary 5.2. For any class function A on (L")T, we have

IWF
RS (Wegi Stgr = Ind({) )r (1 Sty 2).

6. Characteristic functions of quasi-semisimple classes

One of the goals of this section is Proposition 6.4 where we give a formula for the
characteristic function of a quasi-semisimple class which shows, in particular, that
it is uniform; this generalizes the case of quasicentral elements given in [DM 1994,
proposition 4.14].

If x € (G")F has Jordan decomposition x = su, we will denote by d, the map
from class functions on (G")¥ to class functions on (Cg(s)? - u)¥ given by

s f)(0) = {f (sv) ifve (Ca(s)?-w)" is unipotent,

otherwise.
Lemma 6.1. Let L' be an F-stable Levi of G'. If x = su lS the Jordan decomposi-
tion of an element of (L"), we have d, o *Rgl = *REG((f))O “od,.

Proof. For v unipotent in (Cg(s)? - )" and f a class function on (G")F, we have
1 1 0, 0.
(dRE () = CRYY F)(sv) = CREEL S f)(sv) = (RS My ) (),
where the second equality is by [DM 1994, corollaire 2.9] and the last is by the
character formula Proposition 2.5(iii). [l

Proposition 6.2. If x = su is the Jordan decomposition of an element of (G")F, we
have d, o pG1 = pCG(S)O'” od,.

Proof. Let f be a class function on (G")f. For v € (Cg(s)? - u)¥ unipotent, we
have

1 1 —
(d:p® ) = pC fs0) = 1(GHTT' Y (THTIRE 0 *RE, £)(s),
T'eT
where the last equality is by Corollary 2.10, and which by Proposition 2.5(ii) is

Z Z |hT0mCG(S)OF| (RCG(S)O~SM oh*RGlf)(sv)
|(GO)F| |Cg(s)0F| hTNCg(5)0-su T! :
T'eTF (he(GO)F|"T>s)
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. 1 1 . .
Using that h*Rgl f= *R,?Tl f and summing over the "T'!, this becomes

TN Ca()* ] cais)su * pG!
Z OF (RTlmcG(s)O.suo RTlf)(S”)-
(T'eTF|T>s) ICo ()™
1

Using that by Proposition 2.5(i) for any class function x on T' N Cg (5)°- suF,

C 0, _ G* 0 _
(Rp% =, O =1TNCe) 17 Y~ 0F @, v Hx(sv)
v e(TNCq (s)0-u)F

unip

Cg(5)°-
= RyE0) o (do) ),

and using Lemma 6.1, we get

F _ s0F C 0, C 0,
Ca) - su |70 3" (T I(RGES) M, o *REES U di f) (),
{T'eTF|T>s}

which is the desired result if we apply Corollary 2.10 in Cg(s)? - # and remark that
by [DM 1994, théoreme 1.8(iv)], the map T'!' — T N Cg(s)° - u induces a bijection
between {T'! € 7,7 | T > s} and F-stable “tori” of Cg(s)? - u. O
Corollary 6.3. A class function f on (GY)F is uniform if and only if for every
x € (GYF, the function d, f is uniform.

Proof. Indeed, f = pGlf if and only if for any x € (G)F, we have d, f =

depC' f = pCe®@™uq, f where the last equality holds by Proposition 6.2. O
For x € (GH)F, we consider the class function 7&' on (G defined by
I 0 if y is not conjugate to x,
78 () = o e
|Ceo(x)"| ify=ux.
Proposition 6.4. For a quasi-semisimple x € (GY)F', the function TL'XG Lis uniform,
given by
1 _ 1 1
78 =egolCe®’, Y. epRE @)
{T'eT,F|T 5x}
_ . Ce(x)° 1 Ce1 (Tw)
=WoWI™ Y dim RS Ad) RE (g (r T,
weWO(x)

where in the second equality W°(x) denotes the Weyl group of Cg(x)? and T,
denotes an F-stable torus of type w of this last group.

Proof. First, using Corollary 6.3 we prove that nf ' is uniform. Let su be the
Jordan decomposition of x. For y € (GYHYF, the function dynxG " is zero unless the
semisimple part of y is conjugate to s. Hence it is sufficient to evaluate dynxG : )
for elements y whose semisimple part is equal to s. For such elements, dyyrxG 1 (v)



218 FRANCOIS DIGNE AND JEAN MICHEL

is up to a coefficient equal to 7E60"*  This function is uniform by [DM 1994,
proposition 4.14], since u being the unipotent part of a quasi-semisimple element
is quasicentral in CG (s) (see the beginning of the proof of Proposition 5.1).

Thus we have nf =p JTG We use this to get the formula of the proposmon.
We start by using Proposition 2.13 to write nG Stg1 = 86186A0|(GXO)F|,,71 ,
or equivalently, nx G' = = E£GIEGr o|(Gxo)F| 1pGl(nG Stg1). Using Corollary 2.10
and that by Proposition 5.1 we have *RG (71 St(;u) =¢gg1er1 Sty Res(Tl)F (nGl)
we get

1 1 _ 1
p% @8 Ste) = a1 (GHT 171 Y (Y e RE (St Res'S,), (28)).
TleTl
The function Sty: is constant equal to 1. Now we have
GI F _ 1
Resgp)r 7l =117 > al.
{ge(G)F|sxeT"}
To see this, do the scalar product with a class function f on (T1)F:
G F 1 1 —
(Res') 8" Fgiye = (€ 1dE) frgne =1XOFIT > fsa).
{ge(GYF |8xeT!)
Using that [(T%)F| = [(T1)¥], we then get
1 1 _ 1 1
pe @l S =eqlGHTT Y Y epRE @),

T'eT {ge(GY)F|sxeT!}
. -1 . .
Taking ¢ T'! as summation index, we get

P @l Stgy=eqr Y. epRG @I,
{T'eTF T 5x)
and hence
78 = el GO Y epREG (),
{T'eTF|T' 5x}
which is the first equality of the proposition.

For the second equality of the proposition, we first use [DM 1994, théoréme 1.8(iii)
and (iv)] to sum over tori of Cg(x)?: the T! € TIF containing x are in bijection
with the maximal tori of Cg(x)? by T' +— (T'")? and conversely S — Cgi(S).
This bijection satisfies e71 = g by the definition of .

We then sum over (Cg(x)")F
parameterized by F-conjugacy classes of W(x). We then have to multiply by
|(CG(x)O)F|/|N(CG(x)o)(S)F| the term indexed by the class of S. Then we sum
over the elements of W%(x). We then have to multiply the term indexed by w
by |CW0(x)(WF)|/|W0(X)| Using [N(cg0) (871 = [SF[ICyoy(wF)|, and the
formula for dim RCG )° (Id) we get the result. O

-conjugacy classes of maximal tori, which are
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7. Classification of quasi-semisimple classes

The first items of this section, before Proposition 7.7, apply for algebraic groups
over an arbitrary algebraically closed field k.

We denote by C(G') the set of conjugacy classes of G', that is, the orbits under
G'-conjugacy, and denote by C (Gl)qss the set of quasi-semisimple classes.

Proposition 7.1. For T Ve 71, write T' = T° - o, where o is quasicentral. Then
C(Gl)qSS is in bijection with the set of NGo(Tl)-orbits in T', which itself is in
bijection with the set of W -orbits in C(TY, where W = NGo(TO)/TO. We have
C(T" ~ Tl/E(,(TO), where L is the map t — t~!.°¢t.

Proof. By definition, every quasi-semisimple element of G! is in some T'! € T;
and 77 is a single orbit under G°-conjugacy. It is thus sufficient to find how classes
of G! intersect T'. By [DM 1994, proposition 1.13], two elements of T are
G°-conjugate if and only if they are conjugate under Ngo(T?). We can replace
Ngo(T®) by Ngo(T1) since if 8(ot) = ot’, where g € Ngo(T?), then the image of
g in W lies in W?. By [DM 1994, définition-théoreme 1.15(iii)], elements of W&
have representatives in G°°. Write g = s, where w is such a representative and
s € TO. Then *¥(to) = L, (s~ ")"to, whence the proposition. O

Lemma 7.2. T° =1°°.£,(TY).

Proof. This is proved in [DM 1994, corollaire 1.33] when o is unipotent (and then the
product is direct). We proceed similarly to that proof: 7°° N £, (T°) is finite since
its exponent divides the order of o (if o (t~'%¢) = t~'9¢ then (r~'91)* =¢~1°"¢
for all n > 1), and dim(T°°) 4+ dim(L, (T°)) = dim(T°) as the exact sequence
1 - T% - T° = £,(T°% — 1 shows, using that dim(7°%) = dim T°°. O

It follows that T°/L, (T°) ~ T°°/(T°° N £, (T°)); since the set C(G) of
semisimple classes of G°° identifies with the set of W7 -orbits on 770, this induces
a surjective map C(G%)gs — C(G 1) gss-

Example 7.3. We will describe the quasi-semisimple classes of G° - o, where
G’ = GL,, (k) and o is the quasicentral automorphism given by o (g) = J' g_1 J

where, if n is even, J is the matrix (})O _OJ °) with

0 1
Jo: s
1 0

and if n is odd, J is the antidiagonal matrix
0 1
J = -
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(any outer algebraic automorphism of GL, is equal to o up to an inner automor-
phism).

The automorphism o normalizes the pair 7° C B, where T is the diagonal torus
and B the group of upper triangular matrices. Then T! = N1 (T c B) =T° .o
is in 77. For diag(xy, ..., x,) € T°, where x; € k>, we have o(diag(xy, ..., x,)) =
diag(x;!, ..., x;"). It follows that £,(T°) = {diag(xi, x2, ..., X2, x1)} — here
Xm+1 1S a square when n = 2m + 1 but this is not a condition since k is al-
gebraically closed. As suggested above, we could take as representatives of
T°/L,(T?) the set T°°/(T°° N L, (T?)), but since T7° N L, (T°) is not trivial
(it consists of the diagonal matrices with entries £1 placed symmetrically), it is
more convenient to take for representatives of the quasi-semisimple classes, the set
{diag(x1, x2, ..., X|ns2), 1, ..., )}o. In this model, the action of W€ is generated
by the permutations of the |n/2] first entries, and by the maps x; — x;” ! so the
quasi-semisimple classes of G° - o are parameterized by the quasi-semisimple
classes of G°°.

We continue the example, computing group of components of centralizers.

Proposition 7.4. Let so = diag(xy, x2, ..., X|a/2), 1, ..., 1)o be a quasi-semi-
simple element as above. If chark = 2 then Cgo(so) is connected. Otherwise,
if nis odd, A(so) := CGo(scr)/CGo(scf)O is of order two, generated by —1 €
ZG" = ZGL, (k). If n is even, A(sc) # 1 if and only if for some i, we have
x; =—1; then x; — x;” is an element of W which has a representative in Cgo(so)
generating A(so ), which is of order 2.

Proof. We will use that for a group G and an automorphism o of G, we have an
exact sequence (see, for example, [Steinberg 1968, 4.5])

(7.5) 1 - (ZG)’ — G° - (G/ZG)° — (L(G)NZG)/Ls(ZG) — 1.

If we take G = G° = GL,,(k) in (7.5) and so for o, since on ZG" the map L, = Lo
is z — z2, hence surjective, we get that G*°° — PGL;? is surjective and has kernel
(ZGY)? = {£1).

Assume n odd and take G = SL, (k) in (7.5). We have Z SL, = {1} so that we
get the following diagram with exact rows:

1 (£1} GL:® PGLY — > 1

1 SLs° PGL}” — 1

This shows that GL;° / SL)° ~ {%1}; by [Steinberg 1968, 8.1], SL}° is connected,
hence PGL'? is connected. Thus GL'? = (GLS?)° x {#1} is connected if and only
if chark = 2.
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Assume now that n is even; then (T°)? is connected, and hence —1 € (GLi[’)O
for all s € T°. Using this, the exact sequence 1 — {£1} — GL!° — PGL}" — 1
implies A(so) = G* /G”7 = GL:? /(GL?)? ~ PGLS® /(PGL?)°. To compute
this group we use (7.5) with SL,, (k) for G and so for o:

1 — {£1} - SL}* — PGL,” — (Lsx(SL,)NZSL,)/L,(ZSL,) — 1,
which, since SL;” is connected, implies that
A(so) = (Lyo(SL,) N ZSL,)/Ls(Z SL,)

is nontrivial (of order 2) if and only if £, (SL,) N Z SL,, contains an element which
is not a square in Z SL,;; thus A(so) is trivial if char k = 2. We assume now that
char k # 2. Then a nonsquare is of the form diag(z, ..., z) with 7" = —1 if we set
m=n/2.

The following lemma is a transcription of [Steinberg 1968, 9.5].

Lemma 7.6. Let o be a quasicentral automorphism of the connected reductive
group G which stabilizes the pair T C B of a maximal torus and a Borel subgroup:;
let W be the Weyl group of T and lets € T. Then

TN L(G) =Ly |we W} Ly (T).

Proof. Assume t = L, (x) for t € T, or equivalently xt = *°x. Then if x is in the
Bruhat cell BwB, we must have w € W?. Taking for w a o-stable representative w
and writing the unique Bruhat decomposition x = ujwt u;, where up e U, 1, € T
and u; e UNYU™, where U is the unipotent radical of B and U™ the unipotent
radical of the opposite Borel, the equality x¢ = *°x implies that w#,r = *? (wt;), or
equivalently, t = £,,-1 (s L, (1), whence the lemma. O

We apply this lemma taking SL, for G and T'® = T° N SL,, for T: we get
L (SL)NZSL, ={L,(™") |we W} L,(T"°) N ZSL,. The element

diag(xy, x2, ..., xp, 1, ..., Do

is conjugate to

so =diag(y1, y2, ..+, Ym, y,;l, e yl_l)a e (T"%° .0,

where yi2 =x;. It will have a nonconnected centralizer if and only if for some w € W°
and some r € T'%, we have £,,(s™1)- L, (1) = diag(z, ..., z) with " = —1, and then
an appropriate representative of w (multiplying if needed by an element of Z GL,,)
will be in Cgo(so) and have a nontrivial image in A(so’). Since s and w are o -fixed,
we have £, (s) € (T'%)?; thus it is of the form diag(ay, ..., am, al ...al_l). Since

m

Lo (T'%) = {diag(ty, ..., tws tms - 1) | 112+ - 1y = 1},
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we getz =ait) =axtp = - =apty = anjltm =...= al_ltl; in particular, a¢; = +1
for all i and ajay---a, = —1. We can take w up to conjugacy in W¢ since
Ly (s™H = ”Ew(”_ls_l) and L, (T'°) is invariant under W -conjugacy. We see
W? as the group of permutations of {1, 2, ...,m, —m, ..., —1} which preserves
the pairs {i, —i}. A nontrivial cycle of w has, up to conjugacy, either the form
(I, =or(1,=2,3,..., (=D, =@+ 1), =(+2), ..., —k,—1,2,=3,...,k)
with 0 <i <k <mandi odd, or (1,—=2,3,..., (=D, i+ 1,i+2,...,k)
with 0 <i < k < n and i even (the case i = 0 meaning that there is no sign
change). The contribution to a; - - - a,, of the orbit (1, —1) is a; = ylz, and hence

is 1 except if yl2 = x; = —1. Let us consider an orbit of the second form. The &
first coordinates of £, (s~ ') are V1Y2, s YiYitls Yi+1/Yi+2, - -5 Y&/¥1). Hence
there must exist signs ¢; such that y, = &1/y1, y3 =¢€2/y2, ..., yit1 = &/y; and
Vid2 = Eit1Vitls - -» Yk = Ek—1Vk—1, Y1 = EkYk. This gives

_|er---ekyr ifiis even,
=N er - en/yn ifi s odd.

The contribution of the orbit to aj---a,, is € ---& and thus is 1 if i is even
and x; = yl2 if i is odd. Again, we see that one of the x; must equal —1 to get

ai---an =—1. Conversely if x; = —1, for any z such that z” = —1, choos-
ing ¢ such that £, (¢) = diag(—z, z, 2, . . ., 2, —z) and taking w = (1, —1), we get
L, NL, (1) =diag(z, ..., z) as desired. O

We now go back to the case where k = H_:q, and in the context of Proposition 7.1, we
now assume that T'' is F-stable and that o induces an F-stable automorphism of G°.

Proposition 7.7. Let T'™ = {s € T' | 3n € Ngo(T"), "F's = s5}; then T '™ is stable
by T°-conjugacy, which gives a meaning to C(T ™). Then ¢ — ¢ N T" induces a
bijection between (C(Gl)qSS)F and the W -orbits on C(T ™).

Proof. A class c € C(G! )gss 18 F-stable if and only if given s € ¢, we have Fsec. If
we take s € cNT'! then Fs € cNT', which as observed in the proof of Proposition 7.1
implies that ©'s is conjugate to s under Ngo(T'!), that is, s € '™, Thus c is F-stable
if and only if c N T = ¢ N T The proposition then results from Proposition 7.1,
observing that T'™ is stable under Ngo(T')-conjugacy and that the corresponding
orbits are the W7 -orbits on C(T ™). O

Example 7.8. When G' = GL, (Fq) -0 with o as in Example 7.3, the map

diag(x1,x2, ..., Xn20, 1, ..., 1)Hdiag(xl,xz,...,xtn/zj,T,xL:ll/ZJ,...,xz_l,xl_l),

where T represents 1 if n is odd and an omitted entry otherwise, is compatible with
the action of W as described in Example 7.3 on the left-hand side and the natural
action on the right-hand side. This map induces a bijection from C(Gl)qSS to the
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semisimple classes of (GLZ)0 which restricts to a bijection from (C (Gl)qSS)F to
the F-stable semisimple classes of (GLZ)O.

We now compute the cardinality of (C (G! )qSS)F .

Proposition 7.9. Let f be a function on (C (Gl)qss)F . Then

Yoo fo=wrt Y fw).

ce(C(G)gss) T weWwe

where f(w) =Y, f(s), where s runs over representatives of leF/EU(TO)’UF
inT!"".

Proof. We have

e = | {s£o(T°) € T /L, (T°) | 5L, (T°) is wF-stable}.

weWe

The conjugation by v € W° sends a w F-stable coset sLo(T°) to a vwFv~!-
stable coset; and the number of w such that s£, (T°) is w F-stable is equal to
Nwo (sLo (T?)). Tt follows that

Yo fo=wort Yy > f(Lo(T).

cE(C(G)gs) " WEW? 5L, (TO)e(T! /L, (TO)"F
The proposition follows since, because £, (T°) is connected, we have
(T' /Lo (TO)F =T /£, (TO)F . O
Corollary 7.10. We have |(C(G")gs0)"'| = 1(C(G7%) ) .

Proof. Let us take f = 1 in Proposition 7.9. We need to sum over w € W? the
value [T1"" /£, (T)*F)|. First note that |T'"" /£, (T®)*F| = |TO"" /£, (TO)"F).
By Lemma 7.2 we have the exact sequence

1> T°°NL (T > T x £, (T - T > 1,
whence the Galois cohomology exact sequence is
1= (T°°N £, (TO)"F = 77" (£, (T%)*F
S 1" S HYWwF, (T°°N £, (T%)) — 1.

Using that for any automorphism 7 of a finite group G we have |G| = |H'(z, G)|,
we have

(T°0N Lo (TO)YF| = |H (wF, (T°° N L, (T?)))).
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owF

Together with the above exact sequence, this implies that |T°°" /£, (T?)*F| =

F
|T°9""|, whence

_ F
(C(Ghgs) 1= IW = YT,
weWe
The corollary follows by either applying the same formula for the connected
group G°Y, or referring to [Lehrer 1992, Proposition 2.1]. ([

8. Shintani descent

‘We now look at Shintani descent in our context; we will show it commutes with
Lusztig induction when G' /G is semisimple and the characteristic is good for G°°.
We should mention previous work on this subject: Eftekhari [1996, 11.3.4] has the
same result for Lusztig induction from a torus; he does not need to assume p good
but needs ¢ to be large enough to apply results of Lusztig, identifying Deligne—
Lusztig induction with induction of character sheaves; Digne [1999, 1.1] has the
result in the same generality as here apart from the assumption that G' contains
an F'-stable quasicentral element; however, a defect of his proof is the use without
proof of the property given in Lemma 8.4 below.

As above, G' denotes an F-stable connected component of G of the form G.o,
where o induces a quasicentral automorphism of G commuting with F.

Applying Lang’s theorem, one can write any element of G' as x - °Fx~1o for
some x € G°, oras o - Fx~!. x for some x € G°. Using that o, as an automorphism,
commutes with F, it is easy to check that the correspondence x-°x~lo - o Fx~1.x
induces a bijection 1 f , r from the (G°)F-conjugacy classes of (G')T to the G"".
conjugacy classes of (G')°F and that |GOUF| lc]= (G| |n F/oF(c)| for any (GNF-
class ¢ in (G")F. Tt follows that the operator shr/, r from (G F-class functions on
(GH to G*°"class functions on (G1)°F defined by shr /o r(X)(F/eFx) = X (X)
is an isometry.

The remainder of this section is devoted to the proof of the following:

Proposition 8.1. Let L' = Ngi(L° C P°) be a Levi of G' containing o, where
LY is F-stable; we have L' = L° - o. Assume that o is semisimple and that the
characteristic is good for G°°. Then

G! G! G! G!
ShF/aF O*RLI = *RLI OShF/UF and ShF/aF ORLI =RL' OShF/gF.

Proof. The second equality follows from the first by adjunction, using that the
adjoint of shr/, F is sh;}(I p- Let us prove the first equality.

Let x be a (G%)F-class function on G' and let olu = uol be the Jordan de-
composition of an element of (L')° with u unipotent and o/ semisimple. By the
character formula Proposition 2.5(iii) and the definition of Qf,tg for t =ol, we have



COMPLEMENTS ON DISCONNECTED REDUCTIVE GROUPS 225

(RS shr/or () (olu)
=16 TS shpser (0 (olv) Trace((v, u™ Y HE (Yy o 7)),

oF
ve(GoNO7 L

where v (resp. u) acts by left- (resp. right-) translation on
Yoor ={x € (G™) |x~-"Tx e U},

where U denotes the unipotent radical of P; in the summation, v is in the identity
component of G°! since, o being semisimple, u is in G° and hence in (G°')° by
[DM 1994, théoreme 1.8(i)] since o/ is semisimple.

Letus write /= A71-A with A € L?, so that 6/ =n /s p(I'c), where ' = 1-°F3 71,

Lemma 8.2. Forv e (GUI)OUF

unip> We have

olv=npr(cl-v)""*),

where V' = ns /o v € (G‘”)OUF is defined by writing v = n-n~', where n €
(G°"° and setting v/ =n~' .7y,
Proof. We have
clv=0clTy-n7 ' =Tpoln™' = Fmr"Han™";
thus olv = nF/gF(()\,T]_l) -9F(nx~"o). And we have
()\‘7]71) . UF(n)Lfl)o_ — )\,U/GF)\,710’ — F)\,ZU/O'F)\.il — (O_lv/)O'F)Lfl;
thus shr o (x)(olv) = x (alv))? ). O

Lemma 8.3. (i) We have (c1)°"*" =1o.

.. . . Fy-l . . o
(ii) The conjugation x — x° *  maps G°" and the action of o F on it to G'° with
the action of F on it; in particular, it induces bijections

o ’ F
67" = (6" and Yy.r = Yur,
where Yy r = {x € (G') | x~'Fx e U).

Proof. Part (i) is an obvious computation and shows that if x € G°/ then x leglo.
To prove (ii), it remains to show that if x € G°! then F(x° ' *') = (°Fx)°"*". From
o = xI" =y we get x24T = x*7', whence F(x°* ) = (Fx)"* ' =

— (UFX)UF)FI‘ O

X
(“Fx)%)
Applying Lemmas 8.2 and 8.3 we get
(RS, shpjor (X)) (0lu) =
ol\09F — oA~ oA~ o "ATIN— *
G T X (@) ) Trace (074, @ )T | HE (Yu.p).

oF
ve(GH0p

F)\fl
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Lemma 8.4. Assume that the characteristic is good for G°°, where o is a quasi-
central element of G. Then it is also good for (G*)°, where s is any quasi-semisimple
element of G° - o.

Proof. Let X, (resp. ;) be the root system of G (resp. (G*)"). By definition, a
characteristic p is good for a reductive group if for no closed subsystem of its root
system the quotient of the generated lattices has p-torsion. The system X is not
a closed subsystem of X, in general, but the relationship is expounded in [Digne
and Michel 2002]: let X be the root system of G with respect to a o-stable pair
T C B of a maximal torus and a Borel subgroup of G°. Up to conjugacy, we may
assume that s also stabilizes that pair. Let ¥ denote the set of sums of the o-orbits
in X, and X’ the set of averages of the same orbits. Then X’ is a nonnecessarily
reduced root system, but X, and X are subsystems of X’ and are reduced. The
system X is reduced, and the set of sums of orbits whose average is in X, (resp.
%) is a closed subsystem that we denote by o (resp. ).

We now need a generalization of [Bourbaki 1981, chapitre VI, §1.1, lemme 1]:

Lemma 8.5. Let L be a finite set of lines generating a vector space V over a field
of characteristic 0; then two reflections of V which stabilize L and have a common
eigenvalue ¢ # 1 with ¢ -eigenspace the same line of L are equal.

Proof. Here we mean by reflection an element s € GL(V) such that ker(s — 1) is
a hyperplane. Let s and s’ be reflections as in the statement. The product s~'s’
stabilizes £, so it has a power which fixes £, and thus is semisimple. On the other
hand, s~'s’ by assumption fixes one line L € £ and induces the identity on V/L,
and thus is unipotent. Being semisimple and unipotent, it has to be the identity. [J

It follows from Lemma 8.5 that two root systems with proportional roots have
the same Weyl group, and thus the same good primes; therefore:

« ¥, and X, have the same good primes, as well as X, and To.

o The bad primes for X are a subset of those for X, since it is a closed subsystem.

It only remains to show that the good primes for X are the same as for X, which can
be checked case by case: we can reduce to the case where X is irreducible, in which
case these systems coincide except when X is of type A»,; but in this case, X is of
type B, and X, is of type B, or C,, which have the same set {2} of bad primes. []

Since the characteristic is good for G°°, hence also for (G°!)" by Lemma 8.4,
the elements v’ and v are conjugate in (G"Z)OGF (see [Digne and Michel 1985,
IV, corollaire 1.2]). By Lemma 8.3(ii), the element v® 2" runs over the unipotent

’ F F . .
elements of (G'?)°" when v runs over (G )Oﬁnip. Moreover, using the equality
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GO = 1(G')0T), we get

() CRE shrjor(x))(olu) =
— LY ywilo) Trace(@r, @YY HE (Y ).
(Gl'o)0T| ; ’

’
u1€(G! “)Ounip

On the other hand, by Lemma 8.2 applied with v = u, we have
1 1 —1
(shrjor "RE CO)(olu) ="RE GO (olu)” )
= RS ) Wo -u”™ 7,

where the second equality holds by Lemma 8.3(i). By the character formula this is
equal to the right-hand side of formula (*). (Il
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EXTENDING HECKE ENDOMORPHISM ALGEBRAS

JIE DU, BRIAN J. PARSHALL AND LEONARD L. SCOTT

We dedicate this paper to the memory of Robert Steinberg.

The (Iwahori-)Hecke algebra in the title is a ¢g-deformation # of the group
algebra of a finite Weyl group W. The algebra # has a natural enlargement
to an endomorphism algebra .A = End4 (7)) where 7 is a ¢g-permutation
module. In type A, (ie., W = &,,,), the algebra A is a ¢g-Schur algebra
which is quasi-hereditary and plays an important role in the modular rep-
resentation of the finite groups of Lie type. In other types, .A is not always
quasi-hereditary, but the authors conjectured 20 year ago that 7 can be
enlarged to an -module 7t so that AT =End4, (7") is at least standardly
stratified, a weaker condition than being quasi-hereditary, but with “strata”
corresponding to Kazhdan-Lusztig two-sided cells.

The main result of this paper is a “local” version of this conjecture in
the equal parameter case, viewing H as defined over Z[t, t~!], with the
localization at a prime ideal generated by a cyclotomic polynomial @5, (%),
e # 2. The proof uses the theory of rational Cherednik algebras (also known
as RDAHAs) over similar localizations of C[¢, t~!]. In future papers, the
authors hope to prove global versions of the conjecture, maintaining these
localizations.

1. Introduction

Let ¢ = {G(gq)} be a family of finite groups of Lie type having irreducible (finite)
Coxeter system (W, S) [Curtis and Reiner 1987, (68.22)]. The pair (W, S) remains
fixed throughout this paper. Let B(g) be a Borel subgroup of G(g). There are index
parameters ¢y € Z, s € S, defined by

[B(q): *B(g) N B(g)]=4q%, se€S.

Research supported in part by the Australian Research Council and National Science Foundation.
MSC2010: primary 20C08, 20C33; secondary 16S50, 16S80.
Keywords: Hecke algebra, Cherednik, root of unity, stratified, quasi-hereditary.

229


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2015.279-1-2
http://dx.doi.org/10.2140/pjm.2015.279.229

230 JIE DU, BRIAN J. PARSHALL AND LEONARD L. SCOTT

The generic Hecke algebra # over the ring Z = Z[¢, t~'] of Laurent polynomials
associated to ¢ has basis Ty, w € W, subject to relations

Tow, SW > w,

1.1 I,T, =
(1.1) Y {IZCSTsw+(t2°‘—1)Tw, sw<w,

for s € S, w € W. This algebra is defined just using 2 but it is convenient to have its
square root ¢ available. We call H a Hecke algebra of Lie type over Z. It is related
to the representation theory of the groups in ¢ as follows: for any prime power ¢,
let R be any field (we will shortly allow R to be a ring) in which the integer ¢ is
invertible and has a square root ,/q. Let Hr = H ®z R be the algebra obtained by
base change through the map Z — R, t — ,/q. Then Hg = EndG(q)(indg((qq)) R).
Thus, the generic Hecke algebra H is the quantumization (in the sense of [Deng
et al. 2008, §0.4]) of an infinite family of important endomorphism algebras.

In type A,, i.e., when 4 = {GL,+1(q)}, one can also consider the g-Schur

algebras, viz., algebras Morita equivalent to

(1.2) Sk = Endyy,, (@ indj* IND]).
JCS§

In this case, Sy is a quasi-hereditary algebra whose representation theory is closely
related to that of the quantum general linear groups. The g-Schur algebras have his-
torically played an important role in representation theory of the finite general linear
groups, thanks to the work of Dipper, James, and others. More generally, although
the definition (1.2) makes sense in all types, less is known about its properties or
the precise role it plays in the representation theory or homological algebra of the
corresponding groups in ¢. The purpose of this paper, and its sequels, is to enhance
Sk in a way described below, so that it does become relevant to these questions.

1A. Stratifying systems. At this point, it will be useful to review the notion of a
strict stratifying system for an algebra. These systems provide a framework for
studying algebras similar to quasi-hereditary algebras. They appear in the statement
of the first main theorem. Although the algebras in Theorem 5.6 below are shown
later to be quasi-hereditary, the theory of stratifying systems is useful both in
providing a framework and as a tool in obtaining the final results.

First, recall that a preorder on a set X is a transitive and reflexive relation <. The
associated equivalence relation ~ on X is defined by setting, for x, y € X,

x~y << x=<yand y<x.

A preorder induces an evident partial order, still denoted <, on the set X of equiva-
lence classes of ~. In this paper, a set X with a preorder is called a quasi-poset.
Also, if x € X, let X € X be its associated equivalence class.
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Now let R be a Noetherian commutative ring, and let A be an R-algebra, finitely
generated and projective as an R-module. Let A be a finite quasi-poset. For each
A € A, it is required that there is given a finitely generated A-module A(A) and
a finitely generated projective A-module P (M) together with a fixed surjective
morphism P (i) — A(X) of A-modules. The following conditions are required:

(1) For A, u € A,
Homs(P(A), A(u)) #0 = A=< p.

(2) Every irreducible A-module L is a homomorphic image of some A(A).

(3) For A € A, the A-module P(A) has a finite filtration by A-submodules with
top section A(X) and other sections of the form A(u) with i > A.

When these conditions all hold, the data {A(A)},ea 1S a strict stratifying system
for A-mod. It is also clear that A(A) g/, P(A) g, ... is a strict stratifying system for
Ag-mod for any base change R — R’, provided R’ is a Noetherian commutative
ring. (Notice that condition (2) is redundant if it is known that the direct sum of the
projective modules in (3) is a progenerator — a property preserved by base change.)

Anideal J in an R-algebra A as above is called a stratifying ideal provided that
J is an R-direct summand of A (or equivalently, the inclusion J < A is R-split),
and for A/J-modules M, N inflation defines an isomorphism

(1A.1) Ext} (M, N) = Ext}(M,N), foralln > 0.

of Ext-groups. A standard stratification of length n of A is a sequence 0 = Jy C
J1 € - C J, = A of stratifying ideals of A such that each J;/J;_ is a projective
A/J;—1-module. If A-mod has a strict stratifying system with quasi-poset A, then it
has a standard stratification of length n = |A|; see [Du et al. 1998, Theorem 1.2.8].

In the case of a finite dimensional algebra A over a field &, the notion of a strict
stratifying system {A(X)},ea for A-mod simplifies somewhat. In this case, it can be
assumed that each A (1) has an irreducible head L (1), that A #= u = L(A) 22 L(w),
and that P(}) is indecomposable. Two caveats are in order, however: (i) it may be
necessary to enlarge the base set A to be able to index all the irreducible modules,
though A can remain the same; (ii) it may be easier to verify (1), (2), and (3) over
a larger ring and then base change. The irreducible head versions of the A(X) can
then be obtained as direct summands of the base-changed versions.

When the algebra A arises as an endomorphism algebra A = Endg(T), there
is a useful theory for obtaining a strict stratifying system for A-mod. In fact, this
is how such stratifying systems initially arose; see [Cline et al. 1996; Du et al.
1998]. This approach is followed in the proof of the main theorem in this paper.
For convenience, we summarize the sufficient conditions that will be used, all taken
from [Du et al. 1998, Theorem 1.2.10].
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Theorem 1.1. Let B be a finitely generated projective R-algebra and let T be a
finitely generated right B-module which is projective over R. Define A :=Endg(T).
Assume that T = @,ca Ty, where A is a finite quasi-poset. For A € A, assume there
is given a fixed R-submodule S, C T, and an increasing filtration F; : 0 = Ff -

Fxl c...C FA’(M = T, satisfying the following conditions:

(1) For A € A, F; has bottom section F,&/FA0 = S, and higher sections Fi“/Fi
(1 <i<t)—1)ofthe formS, withv > A.
(2) For A, € A,Homp(S,,T;) #0 = A < pu.
(3) For» € A, Exty(T; /F,T) =0 foralli.
Let A =Endp(T) and, for A € A, define A()) :=Homp (S, T) € A-mod. Assume

that each A()\) is R-projective. Then {A(M)},ep is a strict stratifying system for
A-mod.

It is interesting to note that these sufficient conditions are not, in general,
preserved under base change, though the resulting strict stratifying systems are
preserved (becoming strict stratifying systems for the base-changed version of the
algebra A).

1B. Cells and q-permutation modules. We assume familiarity with Kazhdan—
Lusztig cell theory for the Coxeter systems (W, S). See, for instance, [Deng
et al. 2008; Lusztig 2003]. In Conjecture 1.2 below and in Theorem 5.6, the set A
will be the set Q2 of left Kazhdan—Lusztig cells for (W, S). For each w € €2, let

(1B.1) S(w) :=H=L?/H~L? € H-mod

be the corresponding left cell module. It is known that S(w) is a free Z-module
with basis corresponding to certain Kazhdan—Lusztig basis elements C., x € ;
see Section 2. The corresponding dual left cell module is defined

(1B.2) S, :=Homz(S(w), Z) € mod-H.

It is regarded as a right H-module. Because S(w) and hence S, are free over Z, if
R is a commutative Z-module, we can define

Sg(w) :=S(w) ®z R,
Sa),R =5,®zR = HomR(SR(a)), R)

For the special choice R = 2 —see (1C.1) below for the definition of 2 — we also
use the notations

(1B.3) {f(w) = So(w),

So = Sw. 2, w € Q.
In addition, for A € S, let W, be the parabolic subgroup of W generated by the

s € A, and put x;, = ZweW,\ T,,, with T,, as in (1.1) above. The induced modules
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X, H (also called g-permutation modules) have an increasing filtration with sections
S,, for various w € Q (precisely, those left cells w whose right set Z(w) contains
A).

Let T =D, xaH, and A:=Endy (7). For w € Q, put A(w) :=Homy(S,, T) €
A-mod. The algebra A is very well behaved in type A, a g-Schur algebra; a theme
of [Du et al. 1998] was that suitable enlargements, appropriately compatible with
two-sided cell theory, should have similar good properties for all types.

Each two-sided cell may be identified with the set of left cells it contains, and
the resulting collection © of sets of left cells is a partition of Q. There are various
natural preorders on €2, but we will be mainly interested in those whose associated
equivalence relation has precisely the set Q as its associated partition. We call such
a preorder strictly compatible with Q.

1C. A conjecture. Now we are ready to state the following conjecture, which is a
variation (see the Appendix) on [op. cit., Conjecture 2.5.2]. We informally think of
the algebra A™ in the conjecture as an extension of A as a Hecke endomorphism
algebra (justifying the title of the paper).

Conjecture 1.2. There exists a preorder < on the set 2 of left cells in W, strictly

compatible with its partition Q into two-sided cells, and a right H-module X such
that the following statements hold:

(1) X has an finite filtration with sections of the form S,,, w € Q.
(2) Let T :=T & X and put

{A+ :=Endy (7)),
At (w) :=Homy(S,, T1), foranywe Q.

Then, for any commutative, Noetherian Z-algebra R, the set {AT(w)g}weq is a
strict stratifying system for A;-mod relative to the quasi-poset (2, <).

The main result of this paper, given in Theorem 5.6, establishes a special “local
case” of this conjecture. A more detailed description of this theorem requires some
preliminary notation. Throughout this paper, e is positive integer (# 2 in our main
results). Let ®,,.(¢) denote the (cyclotomic) minimum polynomial for a primitive
2eth root of unity /¢ = exp(2wi/2e) € C. Fix a modular system (K, 2, k) by
letting

2:=Q[t, 71, where p = (D2 (1));
(1C.1) K = Q(@), the fraction field of 2;
k:=2/m=Q(/C), theresidue field of 2.

Here m denotes the maximal ideal of the DVR 2. With some abuse of notation,
we sometimes identify /¢ with its image in k. (Without passing to an extension
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or completion, the ring 2 might not have such a root of unity in it.) The algebra
Ha) is split semisimple, with irreducible modules corresponding to the irreducible
modules of the group algebra QW. The 2-algebra

(1C.2) H=H®:2

has a presentation by elements 7, ® 1 (which will still be denoted T,,, w € W)
completely analogous to (1.1). Similar remarks apply to %y, replacing > by ¢.
Then Theorem 5.6 establishes that there exists an 7-module X which is filtered by
dual left cell modules §w such that the analogues of conditions (1) and (2) over 2
in Conjecture 1.2 hold. The preorder used in Theorem 5.6 is constructed as in
[Ginzburg et al. 2003] from a “sorting function” f, and is discussed in detail in the
next section.

With more work, it can be shown, when e # 2, that the 2-algebra At := A,
is quasi-hereditary. This is done in Theorem 6.4. Then Theorem 6.5 identifies the
module category for a base-changed version of this algebra with a RDAHA-category
O in [Ginzburg et al. 2003]. Such an identification in type A was conjectured in
[loc. cit.], and then proved by Rouquier in [2008] (when e # 2).

Generally speaking, this paper focuses on the “equal parameter” case, i.e., all
¢s = 1 in (1.1), which covers the Hecke algebras relevant to all untwisted finite
Chevalley groups. We will assume this condition unless explicitly stated otherwise,
avoiding a number of complications involving Kazhdan—Lusztig basis elements and
Lusztig’s algebra 7. In this context, the critical Proposition 3.1 depends on results of
[Ginzburg et al. 2003] which, in part, were only determined in the equal parameter
case. Nevertheless, much of our discussion applies in the unequal parameter cases.
In particular, we mention that the elementary, but important, Lemma 4.3 is stated
and proved using unequal parameter notation. This encourages the authors to believe
the main results are also provable in the unequal parameter case, though this has
not yet been carried out. Note that all the rank 2 cases are treated in [Du et al.
1998], leaving the quasisplit cases with rank > 2. All these quasisplit cases have
parameters confined to the set {1, 2, 3}.

2. Some preliminaries

This section recalls some mostly well-known facts and fixes notation regarding cell
theory. Let W be a finite Weyl group associated to a finite root system & with a
fixed set of simple roots IT. Let S := {s, | @ € [1}. Let H# be a Hecke algebra over
Z defined by (1.1). We assume (unless explicitly noted otherwise) that each ¢; = 1
for s € S. Thus, (W, S) corresponds, in the language of the introduction, to some
types of split Chevalley groups, though we will have no further need of that context.
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Let
C =l Z

where the Py ,, is a Kazhdan-Lusztig polynomlal in q :=t% Then {C/ }yew is
a Kazhdan-Lusztig (or canonical) basis for . The element C), is denoted ¢, in
[Lusztig 2003], a reference we frequently quote. Let h, y . € Z denote the structure
constants. In other words,

C,CL=>"h,, .CL

zeW

Using the preorders <; and <g on W, the positivity (see [Deng et al. 2008, §7.8])
of the coefficients of the A, , , implies

(2.3) hx,y,z #0 = z=<py and z <px.

The Lusztig function a : W — N is defined as follows. For z € W, let a(z) be
the smallest nonnegative integer such that r*@p, v,z € N[t] for all x, y € W. It may
equally be defined as the smallest nonnegative integer such that = h, , . e N[+~1],
as used in [Lusztig 2003] (or see [Deng et al. 2008, §7.8]). In fact, each Ay, ; is
invariant under the automorphism Z — Z sending ¢ to ¢~ L. It is not difficult to see
that a(z) = a(z™!). For x, y, z € W, let yx.y.. be the coefficient of 4@ in h, , ,-1.
Also, by [Lusztig 2003, Conjectures 14.2(P8) and 15.6],

(2.4) Vaye 20 = x~py L y~pzh oz aTh

The function a is constant on two-sided cells in W, and so can be regarded as a
function with values in N on (a) the set of two-sided cells; (b) the set of left (or right)
cells; and (c) the set Irr(QW) of irreducible @ W-modules.! In addition, « is related
to the generic degrees dg, E € Irr(QW). For E e Irr(QW), let dg = bt +- - -+ctAE,
with ag < Ag and bc # 0, so that t“£ and tAE are the smallest and largest powers
of ¢ appearing nontrivially in dg, respectively. Then ag = a(E); see [Lusztig 2003,
Proposition 20.6]. Also, as noted in [Ginzburg et al. 2003, §6], Ag = N —a(E ®det),
where N is the number of positive roots in ®. Following [Ginzburg et al. 2003, §6],
we will use the “sorting function” f : Irr(QW) — N defined by

(2.5) f(Ey=ag+Ag=a(E)+ N —a(E @det).

The function f is also constant on two-sided cells: if E is an irreducible QW-
module associated to a two-sided cell ¢, then £ ® det is an irreducible module
associated to the two-sided cell woc. See [Lusztig 1984, Lemma 5.14(iii)].

The function f is used in [Ginzburg et al. 2003] to define various order structures
on the set Irr(QW) of irreducible @W-modules. Put E < s E’ (our notation) provided

It is well known that @ is a splitting field for W [Benard 1971].
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f(E) < f(E’). There are at least two natural ways to extend < s to a preorder. The
first way, which is only in the background for us, isto set £ <y E' <= E = E’
or E < E'. This gives a poset structure, and is used, in effect, by [Ginzburg et al.
2003] for defining a highest weight category O; see [op. cit., §2.5, §6.2.1].

We use < here to define a preorder < on the set 2 of left cells: First, observe
that the function f above is constant on irreducible modules associated to the same
left cell (or even the same two-sided cell) and so may be viewed as a function on
Q. We can now define the (somewhat subtle) preorder < on 2 by setting  <r '
(for , @' € Q) if and only if either f(w) < f(@'), or w and &' lie in the same
two-sided cell. Note that the “equivalence classes” of the preorder < identify with
the set of two-sided cells — thus, < is strictly compatible with the set of two-sided
cells in the sense of Section 1. Also,

(2.6) E<irE = E' </E

see [op. cit., Lemma 6.6]. Here E, E’ are in Irr(QW), and the notation E <y g E’
means that the two-sided cell associated with E is strictly smaller than that associated
with E’, with respect to the Kazhdan—Lusztig order on two-sided cells. A property
similar to (2.6) holds if <y is replaced with <, defined similarly, but using left
cells. In terms of €2, this left cell version reads:

2.7) w, 0 e€Q, w<r = f(w)> f(o).

Notice that (2.7) follows from (2.6) using [Lusztig 1987a, Corollary 1.9(c)]. (The
latter result implies that w, @’ on the left in (2.7) cannot belong to the same two-
sided cell.) Thus, the preorder < ¢ is a refinement of the preorder Eczp on 2, and <y
induces on the set of two-sided cells a refinement of the partial order S(ZPR. For
further discussion, see the Appendix.

3. (Dual) Specht modules of Ginzburg-Guay-Opdam-Rouquier

The asymptotic form J of H is a ring with Z-basis {j, | x € W} and multiplication

JxJy = Z Yay, o Jz-

Z

This ring was originally introduced in [Lusztig 1987a], though we follow [Lusztig
2003, §18.3], using a slightly different notation.

3A. The mapping w and its properties. As per [op. cit., §18.9], define a Z-algebra
homomorphism

(BA.1) wH—>Jz=T®Z, Cyr> > Y hudzie

zeW deD
a(d)=a(z)
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where D is the set of distinguished involutions in W. Also, for any Z-algebra R,
there is an algebra homomorphism @wg : Hg = H® =z R — Jr = Jz @z R, obtained
by base change. In obvious cases, we often drop the subscript R from wp.

In particular, wg() becomes an isomorphism

(BA.2) o = o) - How = Jaw)-

See [Lusztig 1987a]. Also, & induces a monomorphism

(3A.3) @ =gy, Hopen < Jop- = Jo®QL 17
Moreover, base change to Q[z, 1 /(t — 1) induces an isomorphism
(3A.4) o =wq: QW = Jg

(compare [Lusztig 1987b, Proposition 1.7]). This allows us to identify irreducible
QW-modules with irreducible j@—modules.2

For the irreducible (left) Jg-module identified with E € Irr(QW), the (left)
Hgyr ~1)-module

S(E) :=w*(E®Q[t,t ') =& *(Egy 1)

is called here a dual Specht module for Hgy, ,-1;; compare [Ginzburg et al. 2003,
Corollary 6.10].> Note that S(E) = Eqpi-1yasa Q[t, t~']-module. Therefore,
S(E) is a free Q[z, ~']-module. Putting Sg = Hom@[t’,_ul(S(E), Q[z, 7', define

(3A.5) {S(E) = S9(E),

Sg =38k, 2,
where, in general, for base change to a commutative, Noetherian Q[¢, t~!]-algebra R,

{SR(E) = S(E) Qqpr.1] R,
Se.R:=SE Qa1 R = Homg(Sg(E), R).

2The map @ is the composition ¢ o |, where ¢ and | are defined in [Lusztig 2003, §18.9] and
[op. cit., §3.5], respectively. The numbers 71, appearing there (which are £1 by definition in [op. cit.,
§18.8]) are all equal to 1, because of the positivity (see [op. cit., §7.8]) of the structure constants
appearing in [op. cit., 14.1]. This @ is not the same one as defined in [Ginzburg et al. 2003, p. 647],
where the C-basis was used. Nevertheless, the arguments of [op. cit., §6] go through, using the
C’-basis and our @ (see Remark 5.2 below), so [op. cit., Theorem 6.8] guarantees the modules S¢(E)
defined below using our setup are the same, at least up to a (two-sided cell preserving) permutation
of the isomorphism types labeled by the E, as the modules S(E) defined in [op. cit., Definition 6.1]
with R = C. The proof of [op. cit., Theorem 6.8] also establishes such an identification of the various
modules Sg(E) when R is a completion of Cl[z, fl].

3In [Ginzburg et al. 2003, Definition 6.1], the module S(E) there is called a standard module. Our
choice of terminology is justified by the discussion following the proof of Lemma 5.1 below.
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The following proposition is proved using RDAHAsS, and it is the only ingredient
in the proof of Theorem 5.6 where these algebras are used.

Proposition 3.1. Assume that e # 2. Suppose E, E’ are irreducible QW-modules.
IfE 2 E' and
Homyy, (Sy(E), Sk(E')) # 0,

then f(E) < f(E’). Also, Homy, (Sx(E), Sx(E)) = k.

Proof. Without loss, we replace k in the statement of the proposition by C, using
the analogous definitions of Sc(E). In addition, the statement of the proposition
is invariant under any two-sided cell preserving permutation of the labeling of the
irreducible modules. After applying such a permutation on the right (say) we may
assume, by [Ginzburg et al. 2003, Theorem 6.8] and taking into account note 1 on
page 235, that
KZ(A(E)) = Sc(E),

where

(1) A(E) is the standard module for a highest weight category O given in [op. cit.],
having partial order </ (see [op. cit., Lemma 2.9, §6.2.1]) on its set of isomorphism
classes of irreducible modules, which are indexed by isomorphism classes of
irreducible QQW-modules. We take ky 1 = 1/e > 0 in [op. cit.] above Theorem 6.8
and in Remark 3.2 there.

(2) The functor KZ: ©® — O is naturally isomorphic to the quotient map M — M in
[op. cit., Proposition 5.9 and Theorem 5.14], the quotient category there identifying
with Hc-mod.

Using [Ginzburg et al. 2003, Proposition 5.9], which requires e # 2, we have,
for any irreducible CW-modules E and E’,

Homp (A(E), A(E")) = Homg(A(E), A(E")) = Homy, (Sc(E), Sc(E")).

If E 22 E', then A(E) 2 A(E") and Homp (A(E), A(E")) # 0 implies that E < E’,

ie., f(E) < f(E).
On the other hand, if E = E’, then Homp (A(E), A(E’)) = C. This implies

Homy (Sc(E), Sc(E')) = C.

Returning to the original k = Q(+/¢), we may conclude the same isomorphism
holds in the original setting as well. (]

Corollary 3.2. Assume e # 2. Let E, E' be irreducible QW-modules. Then
Ext, (S(E), S(E) #0 = f(E) < f(E").

In particular, Ext%(S(E), S(E)) =0.
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Proof. In (1C.1) let m = ®,,.(¢) be the generator of the maximal ideal m of 2, and
consider the short exact sequence

0—> S(E'") = S(E") —> Si(E") —> 0.
By the long exact sequence of Ext, there is an exact sequence
0 — Homy (S(E), S(E")) = Homy(S(E), S(E")) —> Homy, (Sc(E), Sc(E")
—> Exty, (S(E), S(E)) = Bxty,(S(E), S(E"))
— Exty, (Sk(E), Sk(E").
Because Hoq) = 7:[@(1) is semisimple,
Extl (S(E). S(E")aw = Extly,, (S(E)aw. S(E)aq) =0.
In other words, if it is nonzero, Ext;:[(S’ (E), S (E")) is a torsion module, so the map
Ext}, (S(E), S(E")) = Exty,(S(E), S(E"))
is not injective. Thus, it suffices to prove that when f(E) # f(E’), the map
(3A.6) Homy;(S(E), S(E)) —> Homy, (Sk(E), Sc(E"))

is surjective. If E 2 E’, Proposition 3.1 gives Homy, (Sk(E), S (E")) =0 implying
the surjectivity of (3A.6) trivially. On the other hand, if E = E’, the proposition
gives Homy, (Sk(E), Sk(E’)) = k. This also gives surjectivity of the map in (3A.6),
since it becomes surjective upon restriction to 2 C Homﬂ(g (E), S(E")) (taking
E'=E). O

4. Two preliminary lemmas

Let R be a commutative ring and let 4" be an abelian R-category. For A, B € @, let
Ext}g(A, B) denote the Yoneda group of extensions of A by B. (We do not require
the higher Ext-groups in this section.) Let M, Y € ¢, and suppose that ExtC};(M ,Y)is
generated as an R-module by elements €1, ..., €,. Let x :=®;¢; € Ext}g(M em y)
correspond to the short exact sequence 0 — ¥ — X — M®" — 0.

Lemma 4.1. The map Ext}K(M ,Y) — Ext}g(M , X), induced by the inclusion
Y «— X, is the zero map.

Proof. Using the “long” exact sequence of Ext®, it suffices to show that the map
in the sequence

Homy (M, X) —> Homg (M, M®™) —> ExtL(M, Y)



240 JIE DU, BRIAN J. PARSHALL AND LEONARD L. SCOTT

is surjective — equivalently, that each €; € Ext%g,(M , Y) lies in the image of §. Let
0—Y— X; > M — 0 correspond to ¢; € Extclg(M, Y). By construction, ¢; is the
image of x under the natural map

j* ExtL(M®™" Y) — ExtL(M, Y),

which is the pull-back of the inclusion j; of M into the i-th summand of M®™. So
there is a natural commutative diagram:

0 Y X MO®" — 0
[ Ji
0 Y X; M — 0

There is a corresponding commutative diagram

Homy (M, X) —— Homy (M, M®") —>— ExtL(M,Y)

S 1 |

Homy (M, X;) ——> Homg(M, M) —— BxtL(M,Y)

where each row is part of a “long” exact sequence. Then §;(1,7) = ¢;. Therefore,
the commutativity of the right hand square in (4.7) immediately says that ¢; lies in
the image of 6. U

This lemma together with the additivity of the functor Ext% gives immediately
the following.

Corollary 4.2. Maintain the setup above. If Ext}g(M, M) =0, then Ext}g(M, X)=
0.

Next, let R be a commutative ring which is a Z-algebra and write ¢ =t - 1, the
image in R of 2 € Z. We allow general parameters ¢; and s € S in (1.1) for the
rest of this section.

Lemma 4.3. Let )t C N be left ideals in Hy, with each spanned by the Kazhdan—
Lusztig basis elements C ; that they contain. Let s € S be a simple reflection and
assume either =0 or that ¢ +1 is not a zero divisor in R. Suppose 0 #x € M /N
satisfies

(4.8) T, -x =q%x.

Then x is represented in YN by an R-linear combination of Kazhdan—Lusztig basis
elements C}, with sy <'y.

Proof. Let [m] denote the image in 2t/ of m € 9N. Note that 9, J1, and MM /N
are all R-free, since the C; which belong to 2t and 91 form a basis for 99t and 1,
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respectively. The R-module 971/ has a basis consisting of all [C;] # 0 with
CyeM.
Write x = Zy ay[C;] with ay[C;] #0and C; € M. Observe that, forye W, s € S,

4.9) sy <y=>TSC/,=qCSC;.

Therefore, in the above expression for x, it may also be assumed that sy > y for
each nonzero term a,[C ;]. Let a,[C,,] # 0 be chosen with w maximal among
these y. In general, for sy > y, we have

T,C,=—C,+Cl,+ Y _b.C]

<y
§7<Z

for various b, € R. Equating coefficients of [C,,] gives by (4.8) that (¢* + 1)a,, =0,
since C), does not appear with any coefficient in the expressions 7,C| with y # w
and sy > y. Now the hypothesis on zero divisors forces a,, = 0, a contradiction. [J

Remark 4.4. As observed in (4.9) above, elements x € 91/ satisfying the conclu-
sion of Lemma 4.3 also satisfy its hypothesis (4.8). Next, suppose that A C § and
£ is any Hg-module. By Frobenius reciprocity, the R-module Homy, , (Hgx)., £)
identifies with the R-submodule & C £ consisting of all x € £ satisfying (4.8) for
all s € A. Suppose £ can be realized as £ = /91, with I, 1 as in the statement
of Lemma 4.3. If g + 1 is invertible in R for all s € A, then the lemma implies
that X’ has an R-basis consisting of all nonzero [C;] in £ with sy < y for all s € A.
Thus, if R’ is an R-algebra, then the R"-module Homy o (Hrxy, £r) has essen-
tially the “same basis.” This fact will be used in proving the following corollary.

In the result below, we allow ¢y # 1. In case ¢; = 1, assumption (2) is satisfied
for R = 2 if and only if e # 2.

Corollary 4.5. Suppose R is a commutative domain with fraction field F, and
assume that R is also a Z-algebra. Let A C S. Assume that

(1) HF is semisimple;
(2) g% + 1 isinvertible in R, for each s € \.
Then, for any dual left cell module S, g over R,
EX'[;LR(SQ),R, X Hg) =0.

Proof. Put S :== S, g. Using condition (1) and [Du et al. 1998, Lemma 1.2.13], it
suffices to prove, for each R = R/(d) (d € R), that the map

Homy,, (S, x; Hr) —> Homy,, (Sk', xa Hr')

is surjective. Here Sgr = S Qg R’.
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By [op. cit.,, Lemma 2.1.9], the left Hg-module (x;Hg)* := Hompg (x3Hg, R)
is naturally isomorphic to Hgx;. By hypothesis, S = L£* is the dual of a left cell
module £, R-free by definition. Thus, £ = S§*; also, (Hgx;)* = x;Hg. There
are similar isomorphisms for analogous R-modules (for which we use the same
notation (—)*). The functor (—)* provides a contravariant equivalence from the
category of finitely generated R-free left H z-modules and the corresponding right
Hg-module category. A similar statement holds with R replaced by R’. Finally,
there is a natural isomorphism (—)* ®g R’ => (— Qg R')*.

Consequently, it is sufficient to prove that

HOH’IHR (Hgxy, L) — HOIIlHR, (Hrxy, Lr)

is surjective. (Here L/ denotes the left cell module in H s defined by the same left
cell as £ for H.) However, viewing £ and Ly’ as cell modules (over Hg and Hg,
respectively), hypothesis (2), Lemma 4.3, and Remark 4.4 give the “same basis”
(over R and R/, respectively). (]

5. The construction of X » and the main theorem

In this section, we prove the main result of the paper (Theorem 5.6).

Let 2 be as in (1C.1). Recall that H denotes the 2-algebra H ® z 2. In general,
modules for 7{ are decorated with a “tilde” (e.g., X). In particular, we recall from
(1B.3) the notations 5(0)) and S’w.

5A. Preliminaries. Consider a left cell w and let 7, = Zye wZJjy.- Then (2.4)
implies that 7, is a left 7-module. Using the monomorphism @ in Section 3, form
the left #-module @ *(J, ® Z), the restriction of the Jz-module 7, ® Z to H.

Lemma 5.1. There is an H-module isomorphism
0 : o (Jp® 2) —> S(w) :=HZLP/H=L®

induced by the map o : Jz — H, jy C;. In particular, S(w) is a direct sum of
modules S(E) for some E € Irr(QW).

Proof. This is a refinement of [Lusztig 2003, §18.10]. We first observe that the map
o clearly induces a Z-module isomorphism. It remains to check for y € w that

o (@ (Cy)jy) = C;C; mod H=t¥, (x e W)
The proof of [op. cit, §18.10(a)]* gives the left hand equality in the expression
(5A.1) o(w(C;)jy) :o( Z hx,y,uju) = Z hyyuC = c;c; mod H =LY
u

a(y)y=a(u) a(y)=a(u)

4The main ingredient is [op. cit, §18.9(b)]. As previously noted, the 72; may be set equal to 1.
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The middle equality is just the definition of o. Finally, the right hand congruence
follows from the fact that, when A, , ,C, is nonzero mod H=:“, u must belong to
the same left cell w as y, and hence have the same a-value. O

If W is of type A and w is the left cell containing the longest word wy ; for a
partition A. Then @ *(J, ® Z) is isomorphic to the left cell module whose dual
is the Specht module ;. So S(E) above could be called a “dual Specht module,”
with S (E)* a “Specht module.” The modules Sw are also candidates for the name
“Specht module” [Du et al. 1998, p. 198].

Remark 5.2. A completely analogous result to Lemma 5.1 holds if the Kazhdan—
Lusztig C-basis (instead of the C’-basis here) is used, as in [Ginzburg et al. 2003].
First, it follows from [Lusztig 1985, (3.2)] that the map (which we call t) Z — Z,
sending ¢ — —t, takes the coefficients A, , , to analogous coefficients for the
C-basis. Extend 7 to an automorphism, still denoted 7, of Jz, taking j, to its
C-analogue; we may put 7(j,) = (—l)f(x)jx. Thus, any expression A, y . j, is sent
to a C-basis analogue. In particular, @ (C..) is sent to @ (C,), where the latter @
is taken in the C-basis set-up. Now it is clear from (5A.1) that the analogue of
Lemma 5.1 holds in the C-basis set-up. Note the resulting left cell modules in ‘H
do not depend on which canonical basis is used. This allows an identification of
the module S(w) in Lemma 5.1 with its C-basis counterpart.

An analogous result holds for two-sided cells, e.g., the H-module @ *(J. ®7 Z)
in [Ginzburg et al. 2003, Corollary 6.4] does not depend on the whether the C-basis
is used (as in this paper) or the C-basis is used (as in [op. cit]). We do not
know, however, if the base-change of the automorphism t to Jg) preserves the
isomorphism types of irreducible Jg()-modules, though their associated two-sided
cells are preserved. This leads to the “permutation” language used in footnote 2.
In particular, we do not know if the bijection noted below [Ginzburg et al. 2003,
Definition 6.1] depends on the choice of C- or C’-basis set-up, and could result
in one choice leading to an identification which is a (two-sided cell preserving)
permutation of the other.

Corollary 5.3. Assume that e # 2. For left cells w, o', we have
Exty (S0, S) #0 = f(0) > f().
Proof. By Lemma 5.1 and Corollary 3.2 (which requires e # 2),
Em%ﬂd)ﬂ@»#O:: fw) > f(o). O

For A C §, the induced (right) #-module x;H (see Section 1B) has an increasing
filtration

(5A.2) F;: 0=F CF'c...cF"
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with sections Fi“/Fi = S,, and bottom section Fxl = F)\l/FA0 = S, where w;
is the left cell containing the longest word w; ¢ in the parabolic subgroup W,. If
i > 1, then | > w;; see [Du et al. 1998, (2.3.7)]. The indexing w; of (some of)
the left cells depends on A, and is formally “opposite” (in reverse order) to that
used in [op. cit]. We write w, := w; to denote its dependence of the latter cell on A.

Lemma 5.4. In the filtration (5A.2), if i > 1, then f(w;) > f(w;).

Proof. This follows from (2.7), since w; > w; for all 2 <i <m,, as noted above. [

5B. First construction of a module X, Let w € Q be a fixed left cell. The
construction of X, relies on Corollary 5.3.

We iteratively construct an -module X, filtered by dual left cell modules, such
that S w C X » 18 the lowest nonzero filtration term, and

Ext;l(S‘w/, X,) =0 for all left cells o'

It will also be a consequence of the construction that every other filtration term S,
v € Q, satisfies f(v) > f(w).
For j e N, let

Qj={eQ|f)=j}

Fix i = f(w). Suppose Ext1 (5 - Sw) #0 for some t € Q2. Then, by the Corollary 5.3,
f() > f(w) =i. Assume f(z) = j is minimal with this property. Since 2 is
a DVR and Ext. (S s Sw) is finitely generated, it follows that ExtL (S s w) is a
direct sum of m,(> 0) nonzero cyclic 2-modules. Let Y, be the extensmn of S€er
by S, constructed as above Lemma 4.1 (using generators for the cyclic modules).
Then by Lemma 4.1, Corollary 4.2, and Corollary 5.3,

Ext;:[(fr, Y.)=0
Let
Qiw={eQ| Extl;t(S,,, S,) # 0}.

IfveQ,)\{r), then Ext;q(gv, S,) = Ext;l(gv, Y,) by Corollary 5.3, together
with the long exact sequence for Ext.’

Thus, if f/w denotes the corresponding extension of S’?’”” by Y, (again using
the construction above Lemma 4.1), then

EXt;:l(gw’y ?r,v) =0 foro' = T, V.

SWe also use the fact that f(v) # f(t) implies that HomH(Sv Sf) = 0 since Homg(SV ST) and
hence Homyy (SV Sf)) are free O-modules. Thus, if Homq_[(Sv ST)) # 0, then it remains nonzero
upon base change to K. This is impossible since v and T belong to different two-sided cells and H g
is semisimple.
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From the general identity
1 1 ~ Byrl
Ext;; (A, C) @ Ext (B, C) =Ext;(A® B, ),

one sees that f/w is isomorphic to the “sum” extension of 5?’”’ &) 5‘?’"” by S,

Continuing this process, we obtain an extension f/j of P, Q. S‘?mr by S, with

Ext}, (S, V) =0 forall o' €| J .
L<j
Thus, Ext (Su, Y /) # 0 implies that f () > j.
Contmumg the above construction with the role of S, replaced by Y; ;1 with

j1 = Jj, we obtain a module Y}, , such that j; < j» and

Exty (So, Yj, ) =0 forall o' e U <.
L<j
Let m be the maximal f-value. This construction will stop after a finite number
r =r(w) of steps, resulting in an H-module X, :=Y; ;, . j such that

.....

flwy<ji<jp<---<j-<m, and Ext;%(gw/, Xw) =0 forall o' € Q.

5C. A second construction of a module X,. The construction will generally lead
to a larger module X w» SO 1s not as “efficient” as the first construction above, in
some sense. Nevertheless, the construction has similar properties, is cleaner, and
has the very considerable advantage that it first builds an #-module X, then sets
X w=Xp,2:=(Xy)e. Both X, and X are built with the requirement e # 2, this
condition being needed in the supporting Proposition 5.5(3) below.

As before, 2 denotes the set of all left cells of W, and Q; ={w € Q2| f(w) =i}
fori e N.

Fix w € ©, and put ig = f(w). Foreachi € Z, put X, ; =0if i < iy (we use
these terms only as a notational convenience), and put X, ;, = S,. Next, we give
a recursive definition of X, ; for all j > ip, with the case j = ip just given. If
X, j has been defined, define X, ;11 as follows: Let M denote the direct sum
(possibly zero) of all H-modules S; with f(r) = j + 1. Using the category H-mod
for ¢ in the construction above Lemma 4.1, and Y = X, ;, put X,, j4+1 = X in that
construction (making some choice for the generators Extlrt (M, Y) that are used).
For j sufficiently large, we have ; =0 for all i > j, and so X,,; = X,, j. Thus,
we set X, := X,, ; for any such sufficiently large ;.

Proposition 5.5. The H-module X, and the increasing filtration {X, i}iez, con-
structed above, have the following properties:

(1) The smallest index of a nonzero section X, i/ Xw.i—1isi = f(w) = ig, and the
section is S,, in that case.
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(2) All sections X .i/ Xw.i—1 are direct sums of modules S;, T € 2, with varying
multiplicities (possibly 0), and with f(t) =1.

) Ife £2, then Extl;L(Sv,g, Xw.2)=0forallv,we Q.

Proof. Properties (1) and (2) are immediate from the construction of X,,.

To prove (3), fix v and w € 2. We will apply Corollary 5.3 several times. First,
it shows the vanishing in (3) holds section by section of X, o, unless f(v) > f(w).
So assume that f(v) > f(w).

Put j = f(v) — 1 and let M be the H-module used above in the construc-
tion of X, j11 from ¥ = X, ;. Lemma 4.1 implies the map Ext}_[(M, Y) —>
ExtH (M, X, j+1) is the zero map. Applying the flat base change from Z to 2,
we find that the map ExtH(MJ, Y9) > Extk (Mag, X 9) is zero, with X = X, j11.
However, Corollary 5.3 implies Ext1 (M o, M 2) = 0. Now the long exact se-
quence argument of Corollary 4.2 shows that ExtH(M 2, X9) =0. Since S, is
a direct summand of M (by construction, since f(v) = j + 1), it follows that
Ext};[(sv,,@, X5)=0

However, X,/ X,,, j+1 is filtered by modules S; with f(7) > j+1= f(v). So

Exty; (Sv,2, (Xo/Xo,j+1)2) =0

by Corollary 4.2 again. Together with the conclusion of the previous paragraph,
this gives the required vanishing Ext;l(S,,, 2, Xw.2)=0. O

To complete the second construction, set X, = X, .

5D. The main result. Let Q' be the set of all left cells that do not contain the
longest element of a parabolic subgroup. Put
T = @x,{;’:{ and X = @ X,.
ACS weQ
Here and in the theorem below, objects (modules, algebras, etc.) are decorated with

a tilde ~ because they are taken over the DVR 2 in (1C.1).
We are now ready to prove the following main result of the paper.

Theorem 5.6. Assume that e # 2. Let T+ =T @ X, A* = End;(T"), and
A(w) =Homy/(S,, T for w € Q. Then {A(w)}weq is a strict stratifying system
for the category A -mod with respect to the quasi-poset (2, < <7

Proof. For each left cell w, put T, = x,’H if  contains the longest element w;
of W,, where A C §. If there is no such A for w, put Ta, = X as constructed in
Section 5B. (One can use the X, from Section 5C with slight adjustments, left to
the reader.) In the first case, Tw has a filtration by dual left cell modules, and §w
appears at the bottom. Moreover, f(w) < f (') for any other filtration section Sos
by Lemma 5.4. This same property holds also in the case T, = X,, by construction.
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Put T = D, T, and note 7+ = T. We will apply Theorem 1.1 to 7 and the
various Tw, where H plays the role of the algebra B there, 2 plays the role of
R there, S,, is S;, etc. We are required to the check three conditions (1), (2), (3)
in Theorem 1.1. The construction in Section 5B of dual left cell filtrations of the
various T, is precisely what is required for the verification of (1).

Condition (2) translates directly to the requirement

Hom;(S,, T,) #0 = o <;pu

for glven I, o. However, if HomH(S 1 Tw) = 0, then there must be a nonzero
HomH(S [ S «') for some filtration section S of T In particular, f(@") > f(w).
Also, (S,)k and (S ')k must have a common irreducible constituent, forcing the
two-sided cells containing u and ' to agree. This gives f(u) = f(@') > f(w);
so (2) holds.

Finally,

(5D.1) Ext;L(SM, T,) =0 forall u,w.

This follows from the construction Section 5B for Tw =X » and by Corollary 4.5
in case T, = x;H. The conclusion of Theorem 1.1 now immediately gives the
theorem we are proving here. (Il

6. Identification of A* = End (7 ™)

The constructions in Section 5B of the modules X » in the previous section work
just as well using the modules Sg = S(E)* for E € Irr(QW) defined in (3A.5)
to replace the dual left cell modules .§w. This results in right #-modules Xg. As
in the case of X, we have the following property, with the same proof. In the
statement of the following proposition, Xg can be defined using either of the two
constructions.

Proposition 6.1. If e # 2, then Ext%(SE/, Xp)=0 forall E, E' € Irr(QW).

If we use the first construction given in Section 5B, the modules Xz have strong
indecomposability properties, which the modules X,,, € €2, generally do not have
with either construction. In the following proposition, we assume that X is defined
by the first construction Section 5B.

The following result can be argued without using RDAHA, but it is faster to quote
Rouquier’s 1-faithful covering theory, especially [Rouquier 2008, Theorem 5.3],
which applies to our e # 2 case, over %, where

Z = (Clt, 171 _yp)"
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is the completion of the localization C[z, t‘l](,_ Jo at the maximal ideal (t — /7).
Note that & is a 2-module via the natural ring homomorphism 2 — %. Note also
that the set Irr(QW) corresponds naturally to the set Irr(W) := Irr(CW) in [op. cit].

Proposition 6.2. Assume that e # 2. The right H-modules X are indecomposable,
as is each Xg ® k. The endomorphism algebras of all these modules are local with
radical quotient k.

Proof. 1t is clear that X E% = =X E ® 9 % can be constructed from SE 2 1n the same
way that X is constructed from Sz, again using the method of Section 5B. Also, the
proof of [op. cit, Theorem 6.8] shows that the #-dual of S £.2 1s the KZ-image of
the standard module A 4(E) in the Z-version of O. (Recall the issues in footnote 2.)

Consequently, by the 1-faithful property, (X E.2)" 1s the image of a dually con-
structed module P under the functor KZ, filtered by standard modules, and with
Exté(P, — ) vanishing on all standard modules. Such a module P is projective in
O, by [op. cit, Lemma 4.22]. (We remark that both O and KZ would be given a
subscript £ in [Ginzburg et al. 2003] though not in [Rouquier 2008].)

If we knew P were indecomposable, we could say X E.z 1s indecomposable.
However, the indecomposability of P requires proof.® We do this by showing P is
the projective cover in O of the standard module A(E) = Ap(E). We can, instead,
inductively show the truncation P;, associated to the poset ideal of all E’ € Irr(QW)
with f(E’) <, is the projective cover of A(FE) in the associated truncation O;
of O. This requires A(E) to be an object of O;, or equivalently f(E) <.

If f(E)=1i,then P; = A(FE) is trivially the projective cover of A(E). Inductively,
P;_4 is the projective cover of A(E) in O;_1 for some i > f(E). Let P’ denote
the projective cover of A(E) in O;. The truncation (P’); _; to O;_1 of P’ —that is,
its largest quotient which is an object of O;_; —is clearly isomorphic to P;_;. Let
0 : P’ — P; be ahomomorphism extending a given isomorphism v : (P");_; — P;_;
and let T : P, — P’ be a homomorphism extending ¥ ~!. Let M, M’ denote
the kernels of the natural surjections P; - P;_; and P’ — (P’);—;. The map
76 : P’ — P’ is surjective and, consequently, it is an isomorphism. It induces the
identity on (P’);_;. Therefore, the induced map

TmOly M — M’

is an isomorphism, and M = M'@® M" for some object M" in O. By construction, M
is a direct sum of objects A(E"), with f(E’) =i, each appearing with multiplicity
m g = rank Ext}9 (P;, A(E")). However,

Ext}o(Pi_l, A(E")) =Homp(M', A(E")).

A similar point should be made regarding the uniqueness claim in [Rouquier 2008, Proposi-
tion 4.45], which is false without a minimality assumption on Y (M) there.
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It follows that M” = 0 and P; = P’ is indecomposable.

In particular, P is indecomposable and consequently X E.z 1s indecomposable,
as noted. In turn, this implies Xg is indecomposable. The O-faithfulness (or just
the covering property itself) of the cover given by O and KZ imply

ndy;  (Xp ) =ZEndy (X} )% = Endo(P).
Thus, the base-changed module P ® 4 C has endomorphism ring
Endo (P ®% C) = Endo(P) ®4 C,

where Oc is the C-version of O. This is a standard consequence of the projectivity

of P. By [Rouquier 2008, Theorem 5.3], the C versions of KZ and O give a cover for

HzRC. So Endy; (X £.2QC)P =ZEndp. (P ®C) is local, with radical quotient C.
However, we have

(XEQ®o k) C=Xp 4 ®C.

In particular, Xr ®okis indecomposable since (by endomorphism ring consider-

ations) the H 2 ® C-module X £.2 ® C is indecomposable. So the endomorphism

ring of XE ®9 k over the finite dimensional algebra H ® 4k is local. The radical

quotient is a division algebra D over k with base change — ®; C to a semisimple

quotient of End;_ (X £.z ® C), which could only be C itself. Consequently, D = k.
Finally, the vanishing Ext (Xg, Xg) = 0 implies

End;;(Xp) ® ok =Endy, (Xp @2 k).
So the ring Endg()? £) is local with radical quotient k. This completes the proof. [J
Lemma 6.3. Assume e # 2. Let E € Irr(QW). Then X is a direct summand of T,

Proof. Suppose first that S(E ) is a direct summand of a left cell module §(a)) =
(S,)* where w contains the longest element of a parabolic subgroup Wy, for A C S.
This implies S~w is the lowest term in the dual left cell module filtration of xﬂ?{,.
Consequently, there is an inclusion w Sg <> x,\’z’:[ with cokernel filtered by
(sections) SE/ E' e¢Irr(QW). Thus, w W(SE) — XE may be extended to a map
¢ : x,H — Xg of H-modules. Similarly (using e # 2 and Corollary 4.5), there is
amap 7 : Xg — x; 7 extending y. The composite t¢ restricts to the identity on
Sg C XE.
On the other hand, restriction from X E to §E defines a homomorphism

End;;(Xg) —> Endj;(Sg)

since (5’ £)k 1s a unique summand of the (completely reducible) #H ® » K-module
Xg®9K. (Observe Sg = XgN(SE) g, since the 2-torsion module (XgN(Se)kx)/SE
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must be zero in the 2-torsion free module Xg/Sg.) Thus, td) is a unit in the local
endomorphism ring End (X E), SO Xg is a summand of x; H, and hence of 7.

Next consider the case in which SE is a summand of a dual left cell module S
(this always happens for some w), but w does not contain the longest element of any
parabolic subgroup. In this case, X, is one of the summands of X by construction.
The argument above may be repeated with X, playmg the role of x; . In the same
way, X £ 18 a direct summand of X > and thus of X.

In both cases, we conclude that X £ 18 a direct summand of Tex=7t. O

Theorem 6.4. Assume that e # 2. The 2-algebra A% is quasi-hereditary, with
standard modules A(E) = Homy; (S, T1), E € rr(QW), and partial order <.

Proof. We have already seen that this algebra is standardly stratified with strict
stratifying system {A(a))}weg. Clearly, A(a)) is a direct sum of various A(E ), and
every A(E) arises as such a summand.

Put P(E) = (Xg)° := Hom(Xg, T1), E € Irr(@W). Then P(E) is a direct
summand of A = End (7T™), viewed as a left module over itself. Thus, P(E)
is projective as an A*-module, and ]~’(E)o = Homﬁ(f’(E), T is naturally
isomorphic to Xg. In particular, the contravariant functor (—)© gives an isomorphism

End 1 (P(E)) = (Endy (Xp)*™.

Consequently, i’(E ) also has a local endomorphism ring with radical quotient k,
as does End A+(P(E ) ®9 k). It follows that P(E ) is an indecomposable projective
At-module Wlth a irreducible head. (The arguments in this paragraph are largely
standard, many taken from [Du et al. 1998].)

By (5D.1), Ext1 (Sw, TT) = 0 for all dual left cell module S,,. Consequently,
a similar Vamshmg holds with S,, replaced by any module Sz, E’ € Irr(QW). It
follows that the restriction map

P(E) = Homg(Xg, TT) —> Homy(Sg, T) = A(E)

is surjective. Hence, A(E) has an irreducible head. Also, repeating the argument
for filtered submodules of Xg, we find that the kernel of the above map has a
filtration with sections A(E’), E’ € Irr(QW) (rather than X itself), satisfying

FE") > f(E). ) o )

Next, we claim that A(E)® :=Hom 3, (A(E), T *) is naturally isomorphic to Sg.
More precisely, we claim that the natural map ev : Sg — (Sg)°° is an isomorphism.
We showed above that the sequence

0 — (Xp/Sp)” — (Xp)° — (5p)° — 0
is exact. Applying (—)¢ once more, we get an injection

0 —> (Sp)°° — (Xp)*°
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with Xz hie (XE)®° an isomorphism. This gives inclusions
Se Zev(Sp) € (Sp)°° S (Xp)*° =
If (—) ®29 K is applied, the first inclusion becomes an isomorphism. This gives
(Se)°° € (Xp)** N (Sp)k = Sk

identifying Xz with (X£)°® and Sg with its image in (Xz)°°. Consequently,
ev(Sg) = (Sg)°°, proving the claim.

Finally, we suppose E % E’ € Irr(QW) and HomA+(13(E’), A(E)) # 0. Using
the identifications P(E") = (X g)°, A(E)=(Sg)®, P(E")°= X, and A(E)° = Sg,
we have

0 # Hom 3, (P(E"), A(E)) = Homy;(Sg, X ) € Homy, (Se ®2 K, X ® 2 K).

This implies f(E’) < f(E). It follows now from [Du et al. 1998, Theorem 1.2.8] (in
the context of stratified algebras), [Du and Scott 1994, Corollary 2.5], or [Rouquier
2008, Theorem 4.16] that AT is quasi-hereditary over 2. O

We are now ready to establish the category equivalence mentioned in the intro-
duction. Again, we use the covering theory of [Rouquier 2008].

Theorem 6.5. Assume that e # 2. The category of left modules over the base-
changed algebra
f(} = A" Ro %

is equivalent to the Z-category O of modules, as defined in [Rouquier 2008] for the
RDAHA associated to W over %.

Proof. Continuing the proof of the theorem above, the projective indecomposable
At-modules are the various P(E) = (Xg)°. Consequently, 7+ = (AT)° is the
direct sum of the modules, X £, each with nonzero multiplicities. The modules X E.%

remain indecomposable as observed in the proof of the indecomposability of the
modules Xz above. By construction, ExtL (SE/ XE) Oforall E, E' e rr(QW).

Thus, there is a similar vanishing for S E % and X E%> and — in the reverse order —
for their #Z-linear duals. Observe that (SE// V= S(E) Qo % is KZ(A(E")), taking
A(E") = Ao (E’) to be the standard module for the category O over # as discussed
in [loc. cit.] together with KZ for this category.

Put
Y = @(XE,,%’)*
E

and set Y(S‘Z )= (}N( £.2)". This notation imitates that of [op. cit, Proposition 4.45].
The first part of this proposition is missing a necessary minimality assumption
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on the rank of Y (M), in the terminology there.” However, this is satisfied for

M = (SE’,%)* and Y(M) = ()?E,%)* because ()?E,gg)* is indecomposable. Several
other corrections, in addition to the minimality requirement, should be made to
[op. cit, Proposition 4.45]:

o A’ should be redefined as Endg (Y)°P;
e P’ should be redefined as Hompg (Y, B)°P.

In addition, B in [op. cit, §4.2.1] should be redefined as End4 (P)°P. The instances
of “op” here and above insure action on the left, and consistency with [Ginzburg
et al. 2003, Theorems 5.14 and 5.15]. The definition of P’ is given to be consistent
with the basis covering property End 4/ (P’)°P = B, as in [loc. cit.]—we do not
need this fact below.

With these changes, [Rouquier 2008, Theorem 5.3, Proposition 4.45, and Corol-
lary 4.46] guarantees that A-mod is equivalent to O, where A" = Endy; (Y). (All
we really need for this are the 0- and 1-faithfulness of the O version of the KZ
functor.) However, Endy;_(Y) = Endﬂﬂ(Y*)OP, and Y* is the direct sum P, X E.%-
Hence,

Y* = P(Xea) =P P(E)®o %
E E

Recall that ()2 Ez)C = X E.%, SO that the analogous property holds for Y'*. Thus,
Endy (Y"Hor= EndA% (Y*).

Since the module Y*° as displayed above is clearly a projective generator for A},
there is a Morita equivalence over Z of A}, with A Hence, A},-mod is equivalent
to O, as Z-categories. U

Appendix: comparison with [Du et al. 1998, Conjecture 2.5.2]

Conjecture 1.2 in this paper retains the most essential features of [Du et al. 1998,
Conjecture 2.5.2], but is more flexible. In particular:

(1) Conjecture 1.2 does not specify the preorder <, only requiring that it be strictly
compatible with the partition of 2 into two-sided cells. This allows the use of
the preorder <, defined in Section 2 above. [Du et al. 1998] specifies for < the
preorder SZPR built from the preorder <y g originally used by Kazhdan-Lusztig
to define the two-sided cells. In both cases, the set © of “strata” is the same,
identifying with the set of two sided cells.

"The proposition claims uniqueness for a pair (Y (M), p). However, one gets another pair by
adding a direct summand F (P) to the kernel of p;;, where P is any finitely generated module in the
highest weight category .
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(2) Conjecture 1.2 concerns the Hecke algebra # (defined by the relations (1.1)
over Z = Z[t, t~'], whereas [Du et al. 1998, Conj. 2.5.2] uses Hecke algebras over
Z[t? t~2). Largely, this change has been made to conform to the literature, which
most often uses the former ring. There is an additional advantage that the quotient
field Q(r) is almost always a splitting field for the Hecke algebra Hg(. Note that
Q(¢) is always a splitting field in case the rank is greater than 2. In the rank 2 case
of 2Fy, Hay splits after V/2 is adjoined. The conjecture in all rank 2 cases follows
from [Du et al. 1998, §3.5].

(3) The role of A; in Conjecture 1.2 is played by Endy, (TRJF) in [Du et al. 1998,
Conjecture 2.5.2]. The two R-algebras are the same whenever R is flat over
Z =7[t,t~']. While it is an interesting question as to whether or not such a base
change property holds for any Z-algebra R, it seems best to separate this issue from
the main stratification proposal of the conjecture.

Finally, we mention that the original conjecture [Du et al. 1998, Conjecture 2.5.2]
was checked in that paper for all rank two types (in both the equal and unequal
parameter cases), and checked later in type A for all ranks; see [op. cit]. These
verifications show also that Conjecture 1.2 is true in these cases.

References

[Benard 1971] M. Benard, “On the Schur indices of characters of the exceptional Weyl groups”, Ann.
of Math. (2) 94 (1971), 89-107. MR 45 #6939 Zbl 0202.02903

[Cline et al. 1996] E. Cline, B. Parshall, and L. Scott, Stratifying endomorphism algebras, Mem.
Amer. Math. Soc. 591, 1996. MR 97h:16012 Zbl 0888.16006

[Curtis and Reiner 1987] C. W. Curtis and I. Reiner, Methods of representation theory, vol. 2, Wiley,
New York, 1987. MR 88f:20002 Zbl 0616.20001

[Deng et al. 2008] B. Deng, J. Du, B. Parshall, and J. Wang, Finite dimensional algebras and quantum
groups, Mathematical Surveys and Monographs 150, American Mathematical Society, Providence,
RI, 2008. MR 2009i:17023 Zbl 1154.17003

[Du and Scott 1994] J. Du and L. Scott, “Lusztig conjectures, old and new, I, J. Reine Angew. Math.
455 (1994), 141-182. MR 95i:20062 Zbl 0840.17009

[Du et al. 1998] J. Du, B. Parshall, and L. Scott, “Stratifying endomorphism algebras associated to
Hecke algebras”, J. Algebra 203:1 (1998), 169-210. MR 99e:20006 Zbl 0920.20008

[Ginzburg et al. 2003] V. Ginzburg, N. Guay, E. Opdam, and R. Rouquier, “On the category O for ra-
tional Cherednik algebras”, Invent. Math. 154:3 (2003), 617-651. MR 2005f:20010 Zbl 1071.20005

[Lusztig 1984] G. Lusztig, Characters of reductive groups over a finite field, Annals of Mathematics
Studies 107, Princeton University Press, 1984. MR 86j:20038 Zbl 0556.20033

[Lusztig 1985] G. Lusztig, “Cells in affine Weyl groups”, pp. 255-287 in Algebraic groups and
related topics (Kyoto/Nagoya, 1983), edited by R. Hotta, Adv. Stud. Pure Math. 6, North-Holland,
Amsterdam, 1985. MR 87h:20074 Zbl 0569.20032

[Lusztig 1987a] G. Lusztig, “Cells in affine Weyl groups, 117, J. Algebra 109:2 (1987), 536-548.
MR 88m:20103a Zbl 0625.20032


http://dx.doi.org/10.2307/1970736
http://msp.org/idx/mr/45:6939
http://msp.org/idx/zbl/0202.02903
http://dx.doi.org/10.1090/memo/0591
http://msp.org/idx/mr/97h:16012
http://msp.org/idx/zbl/0888.16006
http://msp.org/idx/mr/88f:20002
http://msp.org/idx/zbl/0616.20001
http://dx.doi.org/10.1090/surv/150
http://dx.doi.org/10.1090/surv/150
http://msp.org/idx/mr/2009i:17023
http://msp.org/idx/zbl/1154.17003
http://dx.doi.org/10.1515/crll.1994.455.141
http://msp.org/idx/mr/95i:20062
http://msp.org/idx/zbl/0840.17009
http://dx.doi.org/10.1006/jabr.1997.7325
http://dx.doi.org/10.1006/jabr.1997.7325
http://msp.org/idx/mr/99e:20006
http://msp.org/idx/zbl/0920.20008
http://dx.doi.org/10.1007/s00222-003-0313-8
http://dx.doi.org/10.1007/s00222-003-0313-8
http://msp.org/idx/mr/2005f:20010
http://msp.org/idx/zbl/1071.20005
http://msp.org/idx/mr/86j:20038
http://msp.org/idx/zbl/0556.20033
http://msp.org/idx/mr/87h:20074
http://msp.org/idx/zbl/0569.20032
http://dx.doi.org/10.1016/0021-8693(87)90154-2
http://msp.org/idx/mr/88m:20103a
http://msp.org/idx/zbl/0625.20032

254 JIE DU, BRIAN J. PARSHALL AND LEONARD L. SCOTT

[Lusztig 1987b] G. Lusztig, “Cells in affine Weyl groups, 111", J. Fac. Sci. Univ. Tokyo Sect. IA Math.
34:2 (1987), 223-243. MR 88m:20103b Zbl 0631.20028

[Lusztig 2003] G. Lusztig, Hecke algebras with unequal parameters, CRM Monograph Series 18,
American Mathematical Society, Providence, RI, 2003. MR 2004k:20011 Zbl 1051.20003

[Rouquier 2008] R. Rouquier, “g-Schur algebras and complex reflection groups”, Mosc. Math. J. 8:1
(2008), 119-158. MR 2010b:20081 Zbl 1213.20007

Received June 15, 2015. Revised September 25, 2015.

JIE DU

SCHOOL OF MATHEMATICS AND STATISTICS
UNIVERSITY OF NEW SOUTH WALES
SYDNEY, NSW 2052

AUSTRALIA

j-du@unsw.edu.au

BRIAN J. PARSHALL
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF VIRGINIA
CHARLOTTESVILLE, VA 22903
UNITED STATES

bjp8w @virginia.edu

LEONARD L. SCcOTT
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF VIRGINIA
CHARLOTTESVILLE, VA 22903
UNITED STATES

lIs21@virginia.edu


http://msp.org/idx/mr/88m:20103b
http://msp.org/idx/zbl/0631.20028
http://msp.org/idx/mr/2004k:20011
http://msp.org/idx/zbl/1051.20003
http://www.ams.org/distribution/mmj/vol8-1-2008/abst8-1-2008.html
http://msp.org/idx/mr/2010b:20081
http://msp.org/idx/zbl/1213.20007
mailto:j.du@unsw.edu.au
mailto:bjp8w@virginia.edu
mailto:lls2l@virginia.edu

PACIFIC JOURNAL OF MATHEMATICS
Vol. 279, No. 1-2, 2015

dx.doi.org/10.2140/pjm.2015.279.255

PRODUCTS OF PARTIAL NORMAL SUBGROUPS
ELLEN HENKE

In memory of Robert Steinberg.

We show that the product of two partial normal subgroups of a locality (in
the sense of Chermak) is again a partial normal subgroup. This generalizes
a theorem of Chermak and fits into the context of building a local theory of
localities.

1. Introduction

Localities were introduced by Andrew Chermak [2013], in the context of his proof of
the existence and uniqueness of centric linking systems. Roughly speaking, localities
are group-like structures which are essentially the “same” as the transporter systems
of Oliver and Ventura [2007]; see the appendix to [Chermak 2013]. As centric
linking systems are special cases of transporter systems, the existence of centric
linking systems implies that there is a locality attached to every fusion system. It
is work in progress of Chermak to build a local theory of localities similar to the
local theory of fusion systems as developed by Aschbacher [2008; 2011]. In fact, it
seems often an advantage to work inside of localities, where some group theoretical
concepts and constructions can be expressed more naturally than in fusion systems.
Thus, one can hope to improve the local theory of fusion systems, once a way of
translating between fusion systems and localities is established. The results of this
paper can be considered as first evidence that some constructions are easier in the
world of localities. We prove that the product of partial normal subgroups of a
locality is itself a partial normal subgroup, whereas in fusion systems the product of
normal subsystems has only been defined in special cases; see [Aschbacher 2011,
Theorem 3]. It is work in progress of Chermak to show that there is a one-to-one
correspondence between the normal subsystems of a saturated fusion system F
and the partial normal subgroups of a linking locality attached to F in the sense of
[Henke 2015, Definition 2]. This is one reason why our result seems particularly
important in the case of linking localities. Another reason is that the concept of a
linking locality generalizes properties of localities corresponding to centric linking
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systems and is thus interesting for studying the homotopy theory of fusion systems;
see [Broto et al. 2003; 2005; 2007; Henke 2015]. It is however crucial for our
proof that we work with arbitrary localities, since our arguments rely heavily on
the theory of quotient localities introduced by Chermak [2015], and a quotient of a
linking locality is not necessarily a linking locality again. Thus, we feel that the
method of our proof gives evidence for the value of studying localities in general
rather than restricting attention only to the special case of linking localities.

To describe the results of this paper in more detail, let £ be a partial group as
defined in [Chermak 2013, Definition 2.1; 2015, Definition 1.1]. Thus, there is an
involutory bijection L — L, f+— f —1 called an “inversion”, and a multivariable
product IT which is only defined on certain words in £. Let D be the domain of the
product; i.e., D is a set of words in £ and IT is a map D — L. Following Chermak,
we call a nonempty subset % of £ a partial subgroup of £ if h~' € H forall h € H
and IT(v) € H for all words v in the alphabet H with v € D. A partial subgroup N
is called a partial normal subgroup if x/ :=TI(f~!, x, f) € N for all x € A and
f € L for which (f~!, x, f) € D. Given two subsets M and N of £, the product
MN is naturally defined by

MN ={Il(m,n): me M, neN, (m,n) € D}.

The problem is however to show that this is again a partial normal subgroup if M
and A\ are partial normal subgroups. Indeed, as we show in Example 2.3, this is not
true in general if £ is an arbitrary partial group. It is true however in the important
case that (£, A, S) is a locality. Chermak [2015, Theorem 5.1] proved this in a
special case and we build on his result to prove the general case. More precisely,
we prove the following theorem:

Theorem 1. Let (L, A, S) be a locality and let M, N be partial normal subgroups
of L. Then MN = NM is a partial normal subgroup of L and (MN)N S =
M N SYWN NS). Moreover, for every g € MN there exists m € M andn € N
such that (m,n) € D, g =Tl(m, n), and Sg = S(n n)-

To understand the technical conditions stated in the last sentence of the theorem,
we recall from [Chermak 2013; 2015] that

Se={seS: (g",s, g €D and s e S}

for any g € L. Moreover, for a word v =(gy, ..., g,) in L, S, isthe setof all s € S
such that there exist xg, ..., x, € S with s = xg, (gi_l, Xi—1,8) € D and xfil =X;
fori =1,...,n. By [op. cit, Proposition 2.6 and Corollary 2.7], the sets S, and
S, are subgroups of S, S, € A for any g € £, and S, € A if and only if v € D.
Therefore, the condition Sg = S, stated in the theorem is crucial for proving that
certain products are defined in £. This is particularly important for the proof of our
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next theorem which concerns products of more than two partial normal subgroups.
Given subsets N1, Ny, ..., N of L define their product via

NNy - Np={Il(ny,n, -~ ,my): (ny,na,...,n) €D, njeN;forl <i<lI}.
We prove:

Theorem 2. Let N1, N>, ..., N be partial normal subgroups of a locality (L, A, S).
Then NiN> - - - Ny is a partial normal subgroup of L. Moreover, the following hold:

(D) MNy - Np= N1 - Ni) N1 - - - V) forevery 1 <k <.
2) MiNs - N; = NigNao - - - Ny for every permutation o € ).

(3) For every g € N ...N there exists (ny, ...,n;) € D with n; € N; for every
i=1,...,1, g=ny,...,n),and Sg = S, ,...n))-

As already mentioned above, it is work in progress of Andrew Chermak to show
that for every fusion system F and a linking locality (£, A, §) attached to F there
is a one-to-one correspondence between the normal subsystems of F and the partial
normal subgroups of £. When this work is complete, our results will imply the
existence of a product of an arbitrary finite number of normal subsystems of F.

In this text only relatively few demands will be made on understanding the
concepts introduced in [Chermak 2013; 2015]. In Section 2, we point the reader to
the few general results needed about partial groups, give a concise definition of a
locality and review some basic facts about localities. In Section 3, we summarize
what is needed about partial normal subgroups and quotient localities.

2. Partial groups and localities

We refer the reader to [Chermak 2013, Definition 2.1] or [Chermak 2015, Defini-
tion 1.1] for the precise definition of a partial group, and to the elementary properties
of partial groups stated in [2013, Lemma 2.2] or [2015, Lemma 1.4]. Adapting
Chermak’s notation we write W (L) for the set of words in a set £, @ for the empty
word, and v; ovp o - - - o v, for the concatenation of words vy, ..., v, € W(L).

For the remainder of this text let L be a partial group with product T1 : D — L
defined on the domain D C W (L).

Again following Chermak’s notation, we set 1 = I1(&). Moreover, given a
word v = (f1, ..., fu) € D, we write f| f>... f, for the product IT(v). Recall the
definitions of partial subgroups and partial normal subgroups from the introduction.
Note that a partial subgroup of £ is always a partial group itself whose product is
the restriction of the product IT to W (#) N D. Observe furthermore that £ forms a
group in the usual sense if W (L) = D; see [op. cit., Lemma 1.3]. So it makes sense
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to call a partial subgroup H of £ a subgroup of L if W(H) C D. In particular, we can
talk about p-subgroups of £ meaning subgroups of £ whose order is a power of p.

We will need the Dedekind lemma [Chermak 2015, Lemma 1.10] in the following
slightly more general form:

2.1 (Dedekind lemma). Let H, K, A be subsets of L such that A is a partial
subgroups of L and I C A. Then AN(HK) = (ANH)K and AN(KH) =K(ANH).

Proof. Clearly, (ANH)K C AN (HK). Taking h € H and k € K with (h, k) € D
and hk € A, we have (h,k,k~') € D by [op. cit, Lemma 1.4(d)] and then & =
h(kk=") = (hk)k~' € Aas K € A and A is a partial subgroup. Hence, h € ANH
and hk € (ANH)K. The second equation follows similarly. O

Before we continue with more definitions, we illustrate the concepts we men-
tioned so far with examples. For this purpose we say that two groups G and G,
form an amalgam, if the set-theoretic intersection G| N G, is a subgroup of both
G and G, and the restriction of the multiplication on G to a multiplication on
G 1N Gj is the same as the restriction of the multiplication on G, to a multiplication
on G1 N Gz.

Example 2.2. Let G; and G, be groups which form an amalgam. Set L= G UG
and D = W(G1) U W(G,). Define a partial product I1 : D — L by sending
v="_(f1,..., fu) € W(G;) to the product f;... f, in the group G; fori =1, 2.
Define an inversion £ — £ by sending f € G; to the inverse of f in the group
G; fori =1,2. Then £ with these structures forms a partial group. (For readers
familiar with the concept of an objective partial group as introduced in [Chermak
2013, Definition 2.6] or [Chermak 2015, Definition 2.1] we mention that, setting
A:={G1, G2}, (L, A) is an objective partial group if G| NG, is properly contained
in G| and G».)

Let K be a subset of £. Then K is a partial subgroup of £ if and only if LN G; is
a subgroup of G; for each i =1, 2. The subset K is a subgroup of £ if and only if
KC is a subgroup of G; for some i = 1, 2. Moreover, K is a partial normal subgroup
of Lifand only if (KN G;) <G, fori =1, 2.

We use the construction method introduced in the previous example to show that
the product of two partial normal subgroups of a partial group is not in general
itself a partial normal subgroup.

Example 2.3. Let G| = C; x C4 and let G, be a dihedral group of order 16. Choose
G and G such that G| and G, form an amalgam with G{ N G, = C, x C, and
®(G1) = Z(Gy). Let M and N be the two cyclic subgroups of G; of order 4.
Form the locality £ as in Example 2.2. As G is abelian, a subgroup K of G is
normal in G and thus a partial normal subgroup of £ if and only if LN G, < G».
As G1NGy = Cy x Cy and M and NV are cyclic of order 4, we have M NG, =



PRODUCTS OF PARTIAL NORMAL SUBGROUPS 259

NNGy;=®(G1) = Z(Gy) < G,. Thus M and N are partial normal subgroups
of £. The product MN in £ is the same as the product MN in G and thus equal
to G1. However, as G, does not have a normal fours subgroup, G; N G, is not
normal in G, and thus MN = G is not a partial normal subgroup of L.

The previous example shows that the concept of a partial group (and even the
concept of an objective partial group) is too general for our purposes. Therefore,
we will focus on localities. We give a definition of a locality which, in contrast
to the definition given by Chermak [2013; 2015], does not require the reader to
be familiar with the definition of an objective partial group and can easily seen
to be equivalent to Chermak’s definition. For any g € £, D(g) denotes the set of
x € £ with (g7!, x, g) € D. Thus, D(g) denotes the set of elements x € £ for
which the conjugation x& :=T1(g~!, x, g) is defined. If g € £ and X C D(g) we
set X8 :={x8:x € X}. If we write X8 for some g € £ and some subset X C L, we
will always implicitly mean that X € D(g).

Definition 2.4. We say that (£, A, S) is a locality if the partial group L is finite
as a set, S is a p-subgroup of £, A is a nonempty set of subgroups of S, and the
following conditions hold:

(L1) S is maximal with respect to inclusion among the p-subgroups of L.

(L2) A word (f1,..., fn) € W(L) is an element of D if and only if there exist
Py, ..., P, € A such that

(*) P1SD(f) and Pl =P
(L3) For any subgroup Q of S, for which there exist P € A and g € £ with
P C D(g) and P¢ < Q, we have Q € A.

If (£, A, S)isalocality and v = (f1, ..., fn) € W(L), then we say that v € D via
Py, ..., P, (orveDvia Py), if Py, ..., P, € A and (*) holds.

From now on let (L, A, S) be a locality.

Note that P = P! < S forall P € A. As A # @, property (L3) implies thus
S € A. For any g € L, write ¢g for the conjugation map

ce:D(g)— L, x — x&,

Recall the definitions of S, and S, from the introduction. Note that S, € D(g). For
any subgroup X of £ set

Ne(X):={f eL: XS D(f), X/ =X}.
2.5 (Important properties of localities). The following hold:
(@) Nz(P) is a subgroup of L for each P € A.
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(b) Let P € A and g € L with P C Sg. Then Q := P8 € A (so in particular Q is a
subgroup of S). Moreover, No(P) € D(g) and

cg : Nc(P) — Nz(Q)

is an isomorphism of groups.

(c) Let w=(g1,...,8n) € Dvia (Xo, ..., Xn). Then
Cg1 O 0Cg, = Cry(w)

is a group isomorphism Ny (Xo) = Nz (Xp).
(d) Forevery g € L, S, € A. In particular, Sq is a subgroup of S.
(e) Foranywe W(L), S, is a subgroup of Stiw), and Sy, € A if and only if w € D.!
Proof. Properties (a)—(c) correspond to statements in [Chermak 2015, Lemma 2.3]
except for the fact stated in (b) that Q € A. This is however true by [op. cit., Propo-
sition 2.6(c)]. Property (d) is true by [op. cit., Proposition 2.6(a)] and property (e)
is stated in [op. cit., Corollary 2.7]. (]

3. Partial normal subgroups and quotient localities

In this section we continue to assume that (£, A, S) is a locality. The following
theorem is a special case of Theorem 1 and will be used to prove the more general
theorem.

Theorem 3.1. Let M, N be partial normal subgroups of L such that MNON = 1.
Then MN = NM is a partial normal subgroup of L. Moreover, for any f € MN
there exists m € M and n € N such that (m,n) € D, f =mn, and Sy = Sin n).

Proof. As M NN C S, it follows from [Chermak 2015, Lemma 5.3] that M
normalizes A’ N S and A normalizes M N S. So by [op. cit., Theorem 5.1],
MN = NM is a partial normal subgroup of £. Moreover, by [op. cit., Lemma 5.2],
for any f € MN there exist m € M and n € N such that (m,n) € D, f = mn,
and Sf = S(,,Ln). O

To deduce Theorem 1 from Theorem 3.1, we need the theory of quotient localities
developed in [Chermak 2015]; see also [Chermak 2013, Sections 3 and 4]. For the
convenience of the reader we quickly summarize this theory here. After that we
state some more specialized lemmas needed in our proof.

Throughout let KC be a partial normal subgroup of Land T = SN K.

3.2. (a) T is strongly closed in (L, A, S); that is, t8 € T for every g € L and every
t €T NS, Inparticular, TS =T forany g € Lwith T C S,.
(b) T is maximal in the poset of p-subgroups of N.

IRecall the definition of S(g] an) from the introduction.

.....
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Proof. Letge Landt € TNS,. Then t8 € S and, as V is a partial normal subgroup,
t8 e N. Hence, t8 € SNN =T. This proves (a). Property (b) is proved in [Chermak
2015, Lemma 3.1(c)]. O

We write 1 for the relation 4 introduced in [op. cit., Definition 3.6], but with
the partial normal subgroup A replaced by K. Thus 1 is a relation on the set
Lo A of pairs (f, P) € L x A with P < §¢. For (f, P),(g, Q) € Lo A, we
have (f, P) 1k (g, Q) if there exist x € Nx(P, Q) and y € Nx(P/, Q%) such
that xg = fy. We say then (f, P) 1x (g, Q) via (x, y). One easily sees that 1
is reflexive and transitive. Moreover, (f, P) 1 (f, Sy) via (1,1). An element
f € Lis called 1 x-maximal if (f, Sy) is maximal with respect to the relation 1x

(i.e., 1if (f, Sy) Tk (g, Q) implies (g, Q) Tk (f, Sy) for any (g, Q) € Lo A). We
summarize some important technical properties of the relation 1 in the following
lemma.

3.3. The following hold.:

(a) Every element of Np(S) is txc-maximal. In particular, every element of S is
1 c-maximal.

(b) If f € L is txc-maximal, then T < Sy.

(c) (Stellmacher’s splitting lemma) Let (x, f) € D such that x € K and f is
txc-maximal. Then S ry = Syy.

Proof. Property (a) is [Chermak 2015, Lemma 3.7(a)], (b) is [op. cit., Proposi-
tion 3.9], and (c) is [op. cit., Lemma 3.12]. ]

The relation 1 is crucial for defining a quotient locality £/ somewhat analo-
gously to quotients of groups. A coset of K in L is of the form

Kf=1{kf:kek, (k, f) e D}

for some f € L. A maximal coset of K is a coset which is maximal with respect to
inclusion among the cosets of K in £. The set of these maximal cosets is denoted
by L/K.

3.4. The following hold.:

(@) f € Lis 1 x-maximal if and only if K f is a maximal coset.

(b) The maximal cosets of K form a partition of L.

Proof. This is [op. cit., Proposition 3.14(b),(c),(d)]. O

The reader might note that what we call a coset would be more precisely called
a right coset. The distinction does however not matter very much, since we are
mostly interested in the maximal cosets and, by [op. cit., Proposition 3.14(a)], we
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have K f = fK for any 1x-maximal element f € £. By 3.4(b), we can define a
map
p:L—L:=L/K

sending f € L to the unique maximal coset of X containing f. This should be
thought of as a “quotient map”. We adopt the bar notation similarly as used for
groups. Thus, if X is an element or a subset of £, then X denotes the image
of X under p. Furthermore, if X is an element or a subset of W(£) then X
denotes the image of X under p*, where p* denotes the map W (L) — W (L) with

(f1,---» fwpe*=(fip, ..., fup). In particular,
D = Dp*.
We note:
3.5. Let f, g € L such that g = f and f is }xc-maximal. Then g € K f.

Proof. By 3.4(a), Kf is a maximal coset, so g = f = Kf by the definition of p.
Hence, again by the definition of p, g € Kf. (]

Recall the definition of a homomorphism of a partial groups from [Chermak 2013,
Definition 3.1] and [Chermak 2015, Definition 1.11]. By [op. cit., Lemma 3.16],
there is a unique mapping IT: D — £ and a unique involutory bijection f > f~!
such that £ with these structures is a partial group and p is a homomorphism of
partial groups. Since p is a homomorphism, we have T1() = M(vp*) = I(v)p =
I (v) for ve D and f~! = f~! by the definition of a homomorphism of partial
groups and by [op. cit., Lemma 1.13]. In particular, 1 = I1(@) is the identity
element in £. So p has kernel ker(p) = {f € £: f =1} = K1 = K. By [op. cit.,
Proposition 4.2], (L, A, S)isa locality for A := {P: P e A}. We will use this
important fact throughout without further reference. We remark:

3.6. Let v = (f1,..., fn) € W(L) such that each f; is 1-maximal and v € D.
Then v € D and TI(v) = I (v).

Proof. As v € D, there is u = (g1, ..., g,) € D such that i = v. Then g; = f; for
i=1,...,n,ie., g € Kf; by 3.5. Now by [op. cit., Proposition 3.14(e)], v € D.
As seen above, since p is a homomorphism of partial groups, T1(v) = T(v). O

There is a nice correspondence between the partial subgroups of £ containing X
and the partial subgroups of L.

3.7. Let $ be the set of partial subgroups of L containing K.
(a) Let H € $). Then the maximal cosets of K contained in H form a partition of ‘H.

(b) Write $ for the set of partial subgroups of L. Then the map $) — $3 with H > H
is well defined and a bijection. Moreover, for any H € $), we have H < L if and
only if H L.
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Proof. Property (a) is [Chermak 2015, Lemma 3.15]. The map p is a homomorphism
of partial groups and (Z, A, S) is a locality. From the way D and A are defined,
it follows that p is a projection in the sense of [op. cit., Definition 4.5]. Hence,
property (b) is a reformulation of [op. cit., Proposition 4.8]. (I

3.8. For any subset X of L and for any partial subgroup H of L containing K,
XNH=XNH.

Proof. Clearly, X N € X NH. Let now x € X such that ¥ € 7. Then there exists
h € H such that X = & and, by 3.7(a), we may choose / such that /& is a maximal

coset. By the definition of p, this means x € Xh € H and hence x € X NH. Thus
X e XNH,proving XNH C X NH. O

39. Let R<S. Then{f € L: f € R}y =KR.

Proof. Clearly, f € R for any f € KR, as K is the kernel of p. Let now f € £
and r € R with f =7r. As every element of § is 1x-maximal by 3.3(a), it follows
from 3.5 that f € Kr C KCR. This proves the assertion. (I

3.10. Let T <R <S. Then R={s € S:5 € R} and Ng(R) = Ns(R).

Proof. By 3.9 and the Dedekind lemma (2.1), we have {s € S : 5 € E} =SN(KR)=
(SNK)R = TR = R. Moreover, for any element ¢t € S with 7 € Ng(ﬁ) and any
reR,wehaver' =F' € R,sor' € {s€S:5€R}=R. Hence, Ng(ﬁ) < Ns(R). As
p is a homomorphism of partial groups, Ng(R) C Ng(l_?), so the assertion holds. [J

3.11. Forevery f € L such that f is 1 -maximal, we have @ = S‘f

Proof. Set P = §f and Q = P/. As p is a homomorphism of partial groups,
one easily observes that P C 5]7. As (L, A, S)is a locality, Sf is a p-group. So
assuming the assertion is wrong, there exists a € § such that a € Ngf,_(P)\P. As
fis f-maximal, T < P = §; by 3.3(b). Hence, by 3.10 applied with P in the
role of R, @ € Ng(P). So by 3.10 now applied with Ng(P) in the role of R,
a € Ng(P). Using 2.5(a),(b), we conclude that A := P(a) is a p-subgroup of the
group N, (P) and that A/ is a p-subgroup of the group N£(Q). As Al C S, we
have A/ C Ng(Q). By 3.2(a), T =T/ < Q. Thus, by 3.10, A/ C Ns(Q). Now 3.9
yields A/ € (KNg(Q)) N Nz(Q) = N (Q)Ns(Q), where the last equality uses the
Dedekind lemma (2.1). Recall that N-(Q) is a finite group. Clearly, Nx(Q) is
a normal subgroup of N, (Q). It follows from 3.2(b) that T € Sylp(N;C(Q)). So
Ns(Q) € Sylp(NK;(Q)NS(Q)) and by Sylow’s theorem, there exists ¢ € Nx(Q)
such that A/¢ < Ng(Q). Then (f, P) 1x (fc, A) via (1, ¢) contrary to f being
1 k-maximal. Il

3.12. Suppose that f, g € L such that f =g, Sy =S, and f is 1 c-maximal. Then
g is M -maximal and Kf = Kg.
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Proof. As f is 1x-maximal and f = g, we have g € Kf by 3.5, i.e., there exists
k € K with (k, f) € D and g = kf. By Stellmacher’s splitting lemma 3.3(c), we
have Sg = Skf = S(k,f). Hence, Sf = Sg = S(k’f) and thus k € NL(Sf). By 2.5(C),
k~! e Ne(Sp) and (kL k, f) € D as via Sy. Hence, (k7!, g) = (kL kf) € D,
kg =k (kf) =k""kf = (k™'k) f = f and §F = ij. This shows that (f, S¢) 1xc
(g, Sy) via (k~1,1). We conclude that g is 4x-maximal as f is }x-maximal and
1 is transitive. By 3.4, Kg and K f are both maximal cosets, and the maximal
cosets of I form a partition of £. So it follows that Lf = Kg. U

4. Proof of Theorem 1
Throughout this section assume the hypothesis of Theorem 1. Set
K:=MnNN.
Observe that K is a partial normal subgroup of £. As in Section 3, let
p:L—L:=L/K

be the quotient map sending f € £ to the unique maximal coset of K containing f,
and use the bar notation as introduced there. Set

T :=KnNS.

41. MNN =1.

Proof. As K is contained in M and N, this is a special case of 3.8. O
4.2. We have MN = NM, and M N is a partial normal subgroup of L. Moreover,
forany x € MN, there exist m € M and i € N such that (im, i) € D,x =mn and
Sx == S(m’ﬁ).

Proof. By 3.7(b), M and A are partial normal subgroups of £. By 4.1, MNAN = 1.

Hence, the assertion follows from Theorem 3.1. |

4.3. Let x € MN. Then there exist m € M and n € N with (m, n) € D such that
m, n, and mn are 1 -maximal, x = mn = mn and Sy, = S n)-

Proof. By 4.2, there exist in € M, n € N such that (i, ) € D, x =m#n, and S, =
5(,7,,7). By 3.7(a), we may furthermore choose preimages m € M and n € N of m
and 7 such that m and n are 1 x-maximal. Then, by 3.2(a) and 3.3(b), m, n € N.(T).
By 3.6, (m,n) € D and mn = mn. It remains to prove that S,,, = S¢.,) and that
mn 18 -maximal. As an intermediate step we prove the following two properties:

(4-1) S¢ C Sgu,n for every f € £ with f = x.

4-2) S¢ = S(m,n) for every 1 x-maximal element f € £ with f=x.
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For the proof of (4-1) and (4-2) note first that, by 3.11, Sii =S, and S; =S, asm
and n are 1 x-maximal. Hence,

S, =Sam=15:5€8m, " eSa}={5:s€ Sy, " €S,

If s € S, then, by definition of S,,,, (m~!,s,m) € D and s™ € S. Moreover, as p is
a homomorphism of partial groups, s” = 5. So §” € S, is equivalent to s™ € S|,
by 3.10 since T < S,,. Hence,

S, =1{5:5€Su 5" €S} =Smn-

Asm,n € Np(T), T < Sou,ny. Clearly, Ev C S, for every f € L with f =x. If
such f is in addition 1x-maximal, then Sy = Sy and T < Sy by 3.11 and 3.3(b).
Now (4-1) and (4-2) follow from 3.10. As mn =mn = x, (4-1) yields in particular
Smn € Sim,n) and thus S,,,, = Sn.n) by 2.5(e). Choosing f € L to be 1-maximal
with f = x, we obtain from (4-2) that St = Sn,n) = Smn- SO mn is 1 x-maximal
by 3.12 completing the proof. (I

4.4. Let f € Lwith f € MN. Then f € MN and there exist m € M, n € N with
(m,n) € D, f =mn, and Sy = S n).

Proof. By 4.3, we can choose m € M and n € N with (m, n) € D such that mn is
4 c-maximal, f =mn and S;,; = S(n.ny- Then there exists k € K with (k, mn) € D
and f =k(mn). As Spn = Sgn,n), it follows that S un) = Sck,m,n) and (k, m,n) € D
by 2.5(e). Hence, (km,n) € D and f = (km)n by the axioms of a partial group.
As K € M, we have km € M and so f = (km)n € MN. It is now sufficient
to show that Sq,, ) = Sy. As mn is 1 x-maximal, it follows from Stellmacher’s
splitting lemma 3.3(c) that Sy = Sknn) = Stk,mn) = Stk,m,n) S Stkm,ny- By 2.5(e),
Stkm,ny € Stkmyn = S¢. SO S = S(km,n)» proving the assertion. O

Proof of Theorem 1. By 4.2 and 3.7(b), there exists a partial normal subgroup H of
L containing K such that H = MA = N M. Then for any f € £ with f € MA,
there exists 4 € H with f = h. By 3.7(a), we can choose /4 to by 4x-maximal. So
by 3.5, f € Kh € H. Thisshows H={f € L: f € MN}.

We need to prove that = MN = NM. As the situation is symmetric in M and
N, it is enough to prove that H = MN. Since p is a homomorphism, for any m € M
and n € N with (m, n) € D, we have mn = mn € MN and thus mn € . Hence,
MN C H. By 4.4, we have H C MWN, so H = MN. Moreover, 4.4 shows that
for every f € MN, there exists m € M and n € N such that (m,n) € D, f =mn,
and S = Su,n). So it only remains to prove that SN (MN) = (SN M)(SNN).
Clearly, (SN M)(SNN) C SN (MN). Let now s € SN (MN). By what we just
said, there exists m € M and n € N with (m,n) € D, s = mn, and S; = Sgu.p).
As S; = S, it follows that m, n € G := N.(S). By 2.5(a), G is a subgroup of L.
Furthermore, property (L1) in the definition of a locality implies that S is a Sylow
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p-subgroup of G. Note that X := GNM and Y := G NN are normal subgroups of
G. Hence, s =mn e (XY)NS=(XNSHY¥ NS)=MNS)(NNS) completing
the proof. ([

5. The Proof of Theorem 2

Throughout, let (£, A, S) be a locality with partial normal subgroups N, ..., N].
We prove Theorem 2 in a series of lemmas.

5.1. Let 1 < k < [ such that the products NN - - - Ni, and Ny 1Nyyo - - - Nj are
partial normal subgroups. Suppose furthermore that for any f € N --- Ny and
any g € N1+ -+ Nj there existu = (ny, ..., 1), v = (Nyy1, ..., ) € D such that
nieN;fori=1,...,1, f =Tl(), g =T(v), Sy =S8, and Sg = S,. Then

NNy - Np = (NN, -+ - Ni) Wi iNgg2 -+ ND)

is a partial normal subgroup of L, and for every h € N, ..., N| there exists
w=(ny,...,n;) €D suchthatn; e N; fori =1,...,1, h =T1(w), and Sy = Sy,.

Proof. By Theorem 1, (M{N; - - - Ni) (N1 Niyo - - - N) is a partial normal sub-
group of L. If w = (ny,...,n;) € D withn; e N; fori =1,...,1, then u =
(nl, ...,nk),v: (nk+1, ...,nl) € D, and

M(w) = I (), M(v)) € MN2 -+ N) Ny 1Niq - - - ND).

This proves that NN -+ - N; € (MIN2 -+ Ni) Wi 1Nisa - - - Np). To prove the
converse inclusion, let

he NNy - Ni) N 1iNig2 - - - ND).

Then by Theorem 1, there exist f € Nj--- Ny and g € Nyyq--- N such that
(f.g)eD, h= fg,and S, = S(s,¢). By assumption, there exist u = (ny, ..., ny)
and v= (ny1,...,n) € Dsuchthatn; e N; fori=1,...,1, f =TI(u), g=T1(v),
Sy =S4, and S, = S,. Then S}, = S(f,4) = Suov, uov € D via S, and

h= fg=T(I(u), M) =(uov) e NTNy -+ N,
proving the assertion. O

5.2. (a) The product N\iN, ---Nj is a partial normal subgroup, and for every
feMN; - N there exists w=(n1, ...,n;) € D suchthatn; eN; fori=1,...,1,
f=Tl(w), and Sy = S,

(b) Forevery 1 <k <1, we have
NNy - Nip = NNz - Ni) Ny 1iNiga - - D).
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Proof. We prove this by induction on /. Clearly, the claim is true for / = 1. Assume
now [ > 1. Then there exists always 1 <k <. For any such £, it follows by induction
(one time applied with N7, ..., N} and one time applied with A1, ..., A in place
of NV, ..., NV}) that the hypothesis of 5.1 is fulfilled, so the assertion follows. [J

5.3. Let o € S be a permutation. Then NN - - - Nj = N1o Nag -+ - Nig.

Proof. We may assume that 0 = (i,i + 1) for some 1 <i <[, as §; is generated
by transpositions of this form. Note that A - -+ N;_1, MjN;iq1 and Njyo -+ - N are
partial normal subgroups by 5.2(a), where it is understood that A, - - - Ny = {1} if
r > s. By Theorem 1, we have MN = NM for any two partial normal subgroups.
Using this fact and 5.2(b) repeatedly, we obtain

NNz Np= N1 - Nic D NN 1) Nz - - ND)
= WM Nic D Wit N Wi - - - N

:NIO‘NZO‘"'MU' O

Proof of Theorem 2. 1t follows from 5.2(a) that \V; - - - V; is a partial normal subgroup

and that (c) holds. Property (a) is 5.2(b), and property (b) is 5.3. [l
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LUSZTIG INDUCTION AND ¢-BLOCKS OF FINITE
REDUCTIVE GROUPS

RADHA KESSAR AND GUNTER MALLE

To the memory of Robert Steinberg

We present a unified parametrisation of £-blocks of quasisimple finite groups
of Lie type in nondefining characteristic via Lusztig’s induction functor in
terms of e-Jordan-cuspidal pairs and e-Jordan quasicentral cuspidal pairs.

1. Introduction

The work of Fong and Srinivasan for classical matrix groups and of Schewe for
certain blocks of groups of exceptional type exhibited a close relation between the
£-modular block structure of groups of Lie type and the decomposition of Lusztig’s
induction functor, defined in terms of £-adic cohomology. This connection was
extended to unipotent blocks of arbitrary finite reductive groups and large primes £
by Broué—Malle-Michel [1993], to all unipotent blocks by Cabanes—Enguehard
[1994] and Enguehard [2000], to arbitrary blocks for primes £ > 7 by Cabanes—
Enguehard [1999], to nonquasi-isolated blocks by Bonnafé—Rouquier [2003] and
to quasi-isolated blocks of exceptional groups at bad primes by the authors [2013].

It is the main purpose of this paper to unify and extend all of the preceding results
in particular from [Cabanes and Enguehard 1999] so as to establish a statement in
its largest possible generality, without restrictions on the prime £, the type of group
or the type of block, in terms of e-Jordan quasicentral cuspidal pairs (see Section 2
for the notation used).

Theorem A. Let H be a simple algebraic group of simply connected type with a
Frobenius endomorphism F : H — H endowing H with an F,-rational structure.
Let G be an F-stable Levi subgroup of H. Let € be a prime not dividing q and set
e=eu(q).
(a) For any e-Jordan-cuspidal pair (L, A) of G such that » € E(LY, '), there
exists a unique £-block bgr (L, 1) of GT' such that all irreducible constituents
of RE (1) lie in bgr (L, 1.

The second author gratefully acknowledges financial support by ERC Advanced Grant 291512.
MSC2010: 20C15, 20C20, 20C33.
Keywords: finite reductive groups, £-blocks, e-Harish-Chandra series, Lusztig induction.
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(b) The map B: (L, 1) — bgr (L, L) is a surjection from the set of G' -conjugacy
classes of e-Jordan-cuspidal pairs (L, 1) of G such that . € E(L*, ) to the
set of £-blocks of GF.

(c) The map B restricts to a surjection from the set of G* -conjugacy classes of
e-Jordan quasicentral cuspidal pairs (L, \) of G such that » € E(LY, ') to
the set of £-blocks of GF.

(d) For £ > 3 the map B restricts to a bijection between the set of GF -conjugacy
classes of e-Jordan quasicentral cuspidal pairs (L, ) of G with A € E(LF, ¢')
and the set of L-blocks of GF.

(e) The map B itself is bijective if £ > 3 is good for G, and moreover £ # 3 if G
has a factor *D4(q).

The restrictions in (d) and (e) are necessary (see Remark 3.15 and Example 3.16).
In fact, part (a) of the preceding result is a special case of the following charac-
terisation of the ¢’-characters in a given £-block in terms of Lusztig induction:

Theorem B. In the setting of Theorem A let b be an £-block of G' and denote
by L(b) the set of e-Jordan cuspidal pairs (L, A) of G such that { x € Irr(b) |
(x, RE(L)) #0} # . Then

Irr()) NE(GT, ) = {x € E(G", )| I(L, 1) € L(b) with (L, 1) <. (G, x)}.

Note that at present, it is not known whether Lusztig induction Rf is independent
of the parabolic subgroup containing the Levi subgroup L used to define it. Our
proofs will show, though, that in our case bgr (L, A) is defined unambiguously.

An important motivation for this work comes from the recent reductions of most
long-standing famous conjectures in modular representation theory of finite groups
to questions about quasisimple groups. Among the latter, the quasisimple groups of
Lie type form the by far most important part. A knowledge and suitable inductive
description of the £-blocks of these groups is thus of paramount importance for an
eventual proof of those central conjectures. Our results are specifically tailored for
use in an inductive approach by considering groups that occur as Levi subgroups
inside groups of Lie type of simply connected type, that is, inside quasisimple
groups.

Our paper is organised as follows; in Section 2, we set up e-Jordan (quasicentral)
cuspidal pairs and discuss some of their properties. In Section 3 we prove Theorem A
(see Theorem 3.14) on parametrising £-blocks by e-Jordan-cuspidal and e-Jordan
quasicentral cuspidal pairs and Theorem B (see Theorem 3.6) on characterising
¢'-characters in blocks. The crucial case turns out to be when £ =3. In particular, the
whole section on pages 287-289 is devoted to the situation of extra-special defect
groups of order 27, excluded in [Cabanes and Enguehard 1999], which eventually
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turns out to behave just as the generic case. An important ingredient of Section 3
is Theorem 3.4, which shows that the distribution of ¢’-characters in £-blocks is
preserved under Lusztig induction from e-split Levi subgroups. Finally, in Section 4
we collect some results relating e-Jordan-cuspidality and usual e-cuspidality.

2. Cuspidal pairs

Throughout this section, G is a connected reductive linear algebraic group over the
algebraic closure of a finite field of characteristic p, and F : G — G is a Frobenius
endomorphism endowing G with an [F,-structure for some power g of p. By G*
we denote a group in duality with G with respect to some fixed F-stable maximal
torus of G, with corresponding Frobenius endomorphism also denoted by F.

e-Jordan-cuspidality. Let e be a positive integer. We will make use of the termi-
nology of Sylow e-theory (see for instance [Broué et al. 1993]). For an F-stable
maximal torus 7', T, denotes its Sylow e-torus. Then a Levi subgroup L < G is called
e-split if L = C(Z°(L).), and A € Irr(LT) is called e-cuspidal if *RY, _ (1) =0
for all proper e-split Levi subgroups M < L and any parabolic subgroﬁp Pof L
containing M as Levi complement. (It is expected that Lusztig induction is in fact
independent of the ambient parabolic subgroup. This would follow for example if
the Mackey formula holds for Rg, and has been proved whenever G’ does not have
any component of type 2E6(2), E7(2) or Eg(2), see [Bonnafé and Michel 2011]. All
the statements made in this section using Rf are valid independent of the particular
choice of parabolic subgroup — we will make clarifying remarks at points where
there might be any ambiguity.)

Definition 2.1. Let s € G*I' be semisimple. Following [Cabanes and Enguehard
1999, Section 1.3] we say that x € £(GF, s) is e-Jordan-cuspidal, or satisfies
condition (J) with respect to some e > 1 if

(1) Z°(Cg:(s))e = Z°(G™)., and

(J2) x corresponds under Jordan decomposition (see [Digne and Michel 1991,
Theorem 13.23]) to the Cg-(s)-orbit of an e-cuspidal unipotent character
of C2.(s)F.

If L <G is e-split and A € Irr(LF) is e-Jordan-cuspidal, then (L, 1) is called an
e-Jordan-cuspidal pair.

It is shown in [Cabanes and Enguehard 1999, Proposition 1.10] that x is e-
Jordan-cuspidal if and only if it satisfies the uniform criterion

(U): for every F-stable maximal torus T'< G with T, £ Z(G) we have *R? () =0.
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Remark 2.2. By [Cabanes and Enguehard 1999, Proposition 1.10(ii)] it is known
that e-cuspidality implies e-Jordan-cuspidality; moreover e-Jordan-cuspidality and
e-cuspidality agree at least in the following situations:

(1) whene=1;
(2) for unipotent characters (see [Broué et al. 1993, Corollary 3.13]);

(3) for characters lying in an ¢’-series where ¢ is an odd prime, good for G, e is
the order of ¢ modulo ¢ and either £ > 5 or £ =3 € I'(G, F) as defined in
[Cabanes and Enguehard 1994, Notation 1.1] (see [Cabanes and Enguehard
1999, Theorem 4.2 and Remark 5.2]); and

(4) for characters lying in a quasi-isolated ¢’-series of an exceptional type simple
group for £ a bad prime (this follows by inspection of the explicit results in
[Kessar and Malle 2013]).

To see the first point, assume that x is 1-Jordan-cuspidal. Suppose if possible that
x is not 1-cuspidal. Then there exists a proper 1-split Levi subgroup L of G such
that *Rf (x) is nonzero. Then *R,(j( x)(1) #£0 as *Rf is ordinary Harish-Chandra
restriction. Hence the projection of *R,(f( x) to the space of uniform functions of
L¥ is nonzero in contradiction to the uniform criterion (U).

It seems reasonable to expect (and that is formulated as a conjecture in [Cabanes
and Enguehard 1999, Section 1.11]) that e-cuspidality and e-Jordan-cuspidality
agree in general. See Section 4 below for a further discussion of this.

We first establish conservation of e-Jordan-cuspidality under some natural con-
structions:

Lemma 2.3. Let L be an F-stable Levi subgroup of G and A € Irr(LF). Let
Lo = LN[G, G] and let Ay be an irreducible constituent ofResii()\). Lete > 1.
Then (L, L) is an e-Jordan-cuspidal pair for G if and only if (Ly, )»0()) is an e-Jordan-
cuspidal pair for |G, G].

Proof. Note that L is e-split in G if and only if Lg is e-splitin Go. Let ¢ : G — G
be a regular embedding. It is shown in the proof of [Cabanes and Enguehard 1999,
Proposition 1. 10] that condition (J) with respect to G is equivalent to condition (J)
with respect to G. Since ! restricts to a regular embeddmg [G, G] — G, the same
argument shows that condition (J) with respect to G is equivalent to that condition
with respect to [G, G]. O
Proposition 2.4. Let s € G*F be semisimple, and G|, < G an F-stable Levi
subgroup with G containing Cg«(s). For (Li, A1) an e-Jordan-cuspidal pair
of G| below £(GT | s) define L := Cg(Z°(L).) and A = eLeL,R,I:I (A1). Then
Z°(L1)e = Z°(L)e, and (L1, A1) — (L, A) defines a bijection \I!gl between the set
of e-Jordan-cuspidal pairs of G below E(GT, s) and the set of e-Jordan-cuspidal
pairs of G below £(GF, s).
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We note that the character A and hence the bijection \Ilg , above are independent
of the choice of parabolic subgroup. This is explained in the proof below.

Proof. We first show that \Ilg1 is well-defined. Let (L, ;) be e-Jordan-cuspidal
in G; below £(GT, s5),s05 € L7. Then L* := Cg+(Z°(L7).) clearly is an e-split
Levi subgroup of G*. Moreover we have

L= CGT(ZO(LT)C) =Cg+(Z°(L))e) NG} =L*NGF.
Now s € L} by assumption, so
Li=L"NG] > L*"NCg+(s) =Cr=(s).

In particular, L} and L* have a maximal torus in common, so L7 is a Levi subgroup
of L*. Thus, passing to duals, L; is a Levi subgroup of L = Cg(Z°(L1).).

We clearly have Z°(L), < Z°(L),. For the reverse inclusion, observe that
Z°(L), < Ly, as L is a Levi subgroup in L, so indeed Z°(L), < Z°(L)e,.

Hence by [Digne and Michel 1991, Theorem 13.25], A := eLeLlR,’:1 (Ay) 1s
irreducible since, as we saw above, L] > Cp«(s). By [Digne and Michel 1991,
Remark 13.28], A is independent of the choice of parabolic subgroup of L containing
L, as Levi subgroup. Let’s argue that A is e-Jordan-cuspidal. Indeed, for any F-
stable maximal torus 7 < L we have by the Mackey-formula (which holds as
one of the Levi subgroups is a maximal torus by a result of Deligne-Lusztig, see
[Bonnafé and Michel 2011, Theorem 2]) that erer, "Ry (A) = *RER[ (A1) is a
sum of L¥-conjugates of *R;“(M). As A is e-Jordan-cuspidal, this vanishes if
T, £ Z°(L1). = Z°(L).. So A satisfies condition (U), hence is e-Jordan-cuspidal,
and lI’gl is well-defined.

It is clearly injective, since if (L, A) = \Ilgl (L2, Ap) for some e-cuspidal pair
(L2, Ap) of Gy, then Z°(Ly), = Z°(L), = Z°(L3),, whence L| =Cgq,(Z°(L1).) =
Cg,(Z°(L2),) = L1, and then the bijectivity of R,I:I on (LT, s) shows that A1 = A,
as well.

We now construct an inverse map. For this, let (L, A) be an e-Jordan-cuspidal
pair of G below £(G', 5), and L* < G* dual to L. Set

L} = C;(Z°(L").) = Ca(Z°(L)) N G} = L*N G,

an e-split Levi subgroup of G7. Note that s € L*, so there exists some maximal
torus T* of G* with T* < Cg+(s) < G7, whence L7 is a Levi subgroup of L*. Now
again

LT =L*"NG] > L*NCg+(s) = Cr«(s).

So the dual L; := Cg,(Z°(L),) is a Levi subgroup of L such that €L1€LR1€1
preserves irreducibility on (LY, s). We define A; to be the unique constituent
of *Rlil (A) in the series (LY, s). Then A, is e-Jordan-cuspidal. Indeed, for any
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F-stable maximal torus T < L with T, £ Z°(L), = Z°(L). we get that "‘RITJl (A1)
is a constituent of *RE (1) = 0 by e-Jordan-cuspidality of A. Here note that the set
of constituents of *R;.' (), where 7 is a constituent of *RL ()L) different from A, is
disjoint from the set of irreducible constituents of *R (kl)

Thus we have obtained a well-defined map *\IIG from e-Jordan-cuspidal pairs
in G to e-Jordan-cuspidal pairs in G|, both below the series s. As the map IIJG
preserves the e-part of the centre, *\IJG o \Ifg is the identity. It remains to prove
that \IJ(G; is surjective. For this, let (M w) be any e-Jordan-cuspidal pair of G
below 6(GF s), et (L1, &) =*W§ (M, ) and (L, ») =W (Ly, A1). Then we
have Z°(M), < Z°(L1). = ZO(L)e7 so L =Cg(Z°(L).) = CG(Z°(M) )=Mis
an e-split Levi subgroup of M. As L; <L <M and ¢, eMR% is a bijection from
E(LT,s)to E(MF,5), it follows that e ey RM is a bijection between £(LF, 5) and
E(MF,s). As A and p are e-Jordan-cuspidal, (J;) implies that Z°(M*), = Z°(L*),,
so M = L, that is, (M, ) is in the image of \I/gl. The proof is complete. O

The above bijection also preserves relative Weyl groups.

Lemma 2.5. In the situation and notation of Proposition 2.4 let (L,A) = \I/g ] (L1, A9).
Then ch(Ll, M) < Ngr(L, L) and this inclusion induces an isomorphism of
relative Weyl groups WGIF (L1, 1) = Wgr(L, L).

Proof. Let g € NGf (L1, A1). Then g normalises Z°(L), and hence also L =
Cg(Z°(Ly),). Thus,

Sh=ep,eLRef (Sh1) = €L e, RE (A1) = A

and the first assertion follows.

For the second assertion, let g € Ngr(L, A) and let T be an F-stable maximal
torus of L and @ an irreducible character of T such that A; is a constituent of
RIT‘l (0). Since A € E(LT, s), (T, 0) corresponds via duality (between L and L)
to the L’fF -class of s, and all constituents of RIT“ (@) are in E(LT, 5). Consequently,
R,’:I induces a bijection between the set of constituents of RIT”(@) and the set
of constituents of RIT‘(Q). In particular, A is a constituent of R’T‘(G). Since g
stabilises A, A is also a constituent of R%T(gé). Hence (T, 60) and 8(T, 0) are
geometrically conjugate in L. Let [ € L geometrically conjugate 4(T', 0) to (T, 9).
Since Cg+(s) < G7, we have Ig € G (see for instance [Kessar and Malle 2013,
Lemma 7.5]). Hence F(1)I~' = F(lg)(Ig) '€ G\NL=L,. By the Lang—Steinberg
theorem applied to L, there exists /; € L such that [;/ € L. Also, since I; € G;
and g € G, l;lg € GI'. Thus, up to replacing g by /;/g, we may assume that
g€ Gf .

Since L1 = Cg,(Z°(L),), it follows that g € NGIF(L]), and thus

€L1€LR£| ()\.1) =A= g)\. = ELleLRil(g)‘l)-
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Since Rfl induces a bijection between the set of characters in the geometric Lusztig
series of LIF corresponding to s (the union of series £ (LIF , 1), where t runs over the
semisimple elements of LTF which are L-conjugate to s) and the set of characters
in the geometric Lusztig series of LY corresponding to s, it suffices to prove that
81 € S(Lf, t) for some ¢ € LTF which is LTF—conjugate tos. Let T, 0 and [
be as above. Since Ig € G| and g € Gy, it follows that/ € G N L = L. Hence
8(T,0) and (T, 0) are geometrically conjugate in L. The claim follows as 81 is
a constituent of R!‘ 7(20). O

e-Jordan-cuspidality and £-blocks. We next investigate the behaviour of £-blocks
with respect to the map \IJ(G;I. For this, let £ # p be a prime. We set

¢ ife#2,

:= order of dul
e¢(q) := order of g mo uoi4 ey

For a semisimple ¢'-element s of G*F', we denote by £ (G, s) the union of all
Lusztig series £(G', st), where t € G*I' is an £-element commuting with s. We
recall that the set £ (G, s) is a union of £-blocks. Further, if G| < G is an F-stable
Levi subgroup such that G} contains Cg+(s), then €g, € Rg1 induces a bijection,
which we refer to as the Jordan correspondence, between the £-blocks in £ (GF, s)
and the ¢-blocks in E(GF, s), see [Broué 1990, §2A].

Proposition 2.6. Let { # p be a prime, s € G*F' a semisimple ¢'-element and
G| < G an F-stable Levi subgroup with G containing Cg+(s). Assume that b is
an £-block in (G, s), and c its Jordan corresponding block in £,(GT | s). Let
e:=e(q).
(a) Let (L, A1) be e-Jordan-cuspidal in G and set (L, \.) = \Ing (L1, Ay). If all
constituents of R,le‘ (A1) lie in c, then all constituents of Rf (A) lie in b.
(b) Let (L, A) be e-Jordan-cuspidal in G and set (L1, A1) = *\I’gl (L, A). If all
constituents of Rg (A) lie in b, then all constituents of Rlci' (M) liein c.
Proof. Note that the hypothesis of part (a) means that for any parabolic subgroup
P of G containing L; as Levi subgroup, all constituents of RSI‘S p(Ap) lieinc. A

similar remark applies to the conclusion, as well as to part (b).
For (a), note that by the definition of \Ilgl we have that all constituents of

eLer, RE (1) = RE (M) = RS RY1(M1)

are contained in RG (c), hence in b by Jordan correspondence.

In (b), suppose that n is a constituent of R 1()\1) not lying in c. Then by Jordan
correspondence, RG (n) does not belong to b whence RG (A1) has a constituent
not lying in b, contradlctlng our assumption that all constltuents of RG r) =
RGRL (M) = eLeLlR (A) are in b. [l
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e-quasicentrality. For a prime £ not dividing g, we denote by £(G', £') the set of
irreducible characters of G’ lying in a Lusztig series £(G', 5), where s € G*F
is a semisimple ¢'-element. Recall from [Kessar and Malle 2013, Definition 2.4]
that a character x € £(G, £') is said to be of central £-defect if the £-block of G
containing y has a central defect group and y is said to be of quasicentral £-defect
if some (and hence any) character of [G, G1F covered by x is of central ¢-defect.

Lemma 2.7. Let L be an F-stable Levi subgroup of G, and set Lo = LN [G, G].
Let £ # p be a prime.

(a) If Lo = Cg,6)(Z(Lo){), then L = Cg(Z(L){).

(b) Let A € E(LF, 0') and let Ly be an irreducible constituent of Resii (A). Then
0
Ao is of quasicentral C-defect if and only if A is of quasicentral £-defect.

Proof. Since G = Z°(G)[G, G] and Z°(G) < L, we have that L = Z°(G)Ly.
Hence if Lo = Cjg,61(Z(Lo)¥), then L = C¢(Z(Lo){) 2 C(Z(L)f) 2 L. This
proves (a). In (b), since A is in an ¢’-Lusztig series, the index in L’ of the stabiliser
in LT of A is prime to £ and on the other hand, A extends to a character of the
stabiliser in LY of Ag. Thus, A(1); = A¢(1),. Since [Lg, Ly] =[L, L], the assertion
follows by [Kessar and Malle 2013, Proposition 2.5(a)]. (]

Remark 2.8. The converse of assertion (a) of Lemma 2.7 fails in general, even when
we restrict to ey (g)-split Levi subgroups: let £ be odd and G = GL; with F such that
G =GL(q) with £] (g —1). Let L a 1-split Levi subgroup of type GL,_; x GL.
Then Z(L)} = Cy x Cyand L = Cg(Z(L)f). But Z(Lo)} = C, = Z([G, G)f,
hence Ci,61(Z(Lo)!) =[G, G].

One might hope for further good properties of the bijection of Proposition 2.6
with respect to (quasi-)centrality. In this direction, we observe the following:

Lemma 2.9. In the situation of Proposition 2.4, if (L, A) is of central {-defect
for a prime £ with e;(q) = e, then so is (L{, 1) = *lIng (L, )), and we have
Z(IL)F =zw@l.

Proof. By assumption, we have that A(1), = ILF : Z(L)F|,. Now Z(L) lies in
every maximal torus of L, hence in L, so we have that Z(L)f < Z(Ll)f. As
A= €L1€LR]I:1 (A1), we obtain A(1)y = Ay (1)¢| LT : Lflg, whence

M= x| LT LY |7V = LT 1 z()F |t = LY - Z(Ly)F .

But clearly A1(1), < |L{ : Z(L1)"|¢, so we have equality throughout, as claimed.
O

Example 2.10. The converse of Lemma 2.9 does not hold in general. To see this,
let G = PGL, with GF = PGL, (9), L = G, and G| < G an F-stable maximal
torus such that GlF is a Coxeter torus of G, of order ®,. Assume that £ | (¢ — 1)
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(so e =1). Then L; = G;. Here, any A € Irr(Lf) is e-(Jordan-)cuspidal, and
certainly of central ¢-defect, and |Z (Ll){ | = (®y), = £ for £ > 3, while clearly
Z(L)} = Z(G)[ = 1. Furthermore

D =r (DL L{1e =[L" : L{]e,
since A; is linear. Since |Z(L¥)|; =1 and |Lf|,g > 1, it follows that
MDA Z(LD)Ne < IL e,
hence X is not of central £-defect (and not even of quasicentral £-defect).

Example 2.11. We also recall that e-(Jordan-)cuspidal characters are not always of
central £-defect, even when £ is a good prime: let G = SL2(q) with £ | (g — 1),
s0 e = 1. Then for T a Coxeter torus and @ € Irr(T¥) in general position, R? 0) is
e-(Jordan-) cuspidal but not of quasicentral £-defect.

For the next definition note that the property of being of (quasi)-central £-defect
is invariant under automorphisms of G*'.

Definition 2.12. Let £ # p be a prime and e = e;(q). A character x € £(G*, ¢')
is called e-Jordan quasicentral cuspidal if x is e-Jordan cuspidal and the Cg«(s)’ -
orbit of unipotent characters of C,(s)" which corresponds to x under Jordan
decomposition consists of characters of quasicentral ¢-defect, where s € G*F
is a semisimple ¢'-element such that x € £(G*,s). An e-Jordan quasicentral
cuspidal pair of G is a pair (L, A) such that L is an e-split Levi subgroup of G
and A € E(LF, ¢') is an e-Jordan quasicentral cuspidal character of L.

We note that the set of e-Jordan quasicentral cuspidal pairs of G is closed
under G -conjugation. Also, note that Lemma 2.3 remains true upon replacing the
e-Jordan-cuspidal property by the e-Jordan quasicentral cuspidal property. This
is because, with the notation of Lemma 2.3, the orbit of unipotent characters
corresponding to A under Jordan decomposition is a subset of the orbit of unipotent
characters corresponding to Ao under Jordan decomposition. Finally we note that
the bijection lI’gl of Proposition 2.6 preserves e-quasicentrality since, with the
notation of the proposition, A; and A correspond to the same orbit of unipotent
characters under Jordan decomposition.

3. Lusztig induction and £-blocks

Here we prove our main results on the parametrisation of ¢-blocks in terms of
e-Harish-Chandra series, in arbitrary Levi subgroups of simple groups of simply
connected type. As in Section 2, £ # p will be prime numbers, g a power of p and
e =



278 RADHA KESSAR AND GUNTER MALLE

Preservation of £-blocks by Lusztig induction. We first extend [Cabanes and En-
guehard 1999, Theorem 2.5]. The proof will require three auxiliary results:

Lemma 3.1. Let G be connected reductive with a Frobenius endomorphism F
endowing G with an [F-rational structure. Let M be an e-split Levi of G' and c an
¢-block of M*. Suppose that

(1) the set {dl’MF (W) | neIrr(c) NEMPE, £} is linearly independent; and
(2) there exists a subgroup Z < Z(M)( and a block d of Cg; (Z)F such that all

irreducible constituents of RC (,u) where p € Irr(c) NEMF , £, lie in the
block d.

Then there exists a block b of G* such that all irreducible constituents of R, (),
where p € Irr(c) NE(MF, £, lie in the block b.

Proof. We adapt the argument of [Kessar and Malle 2013, Proposition 2.16]. Let
x € Irr(GF, ¢') be such that (RS (1), x) # 0 for some u € Irr(c) N EMF, ).
Then {u, *RAG,, (x)) # 0. In particular, c. *Rf‘;l (x) # 0. All constituents of *RAG,, (x)
lie in €(MF £'), so by assumption (1) it follows that arm’ (c. *Rf,l (x)) #0. Since
darm’ (c. *RI(‘;,, (x)) vanishes on ¢-singular elements of M, we have that

(d" M (R (), ¢ RGGO) = (@M (. RG (0)), d"M (¢ *RG (x))) #0.

If ¢ and ¢’ are irreducible ¢-Brauer characters of M’ lying in different £-blocks
of M¥, then (p, ¢') = 0 (see for instance [Nagao and Tsushima 1989, Chapter 3,
Exercise 6.20(ii)]). Thus,

F F F
(@M (R 00, ¢ Ry (0) = (@M (€ R (x0), d" M (¢ R (0) =
for all blocks ¢’ of MF different from c. So, (d'"M" (c. *RI(l;/I(X)) *R$ (x)) #0 from
which it follows that (d'"M" (1), *R$ (x)) # 0 for some p’ € Irr(c) NEMF, 0)).
Continuing as in the proof of [Kessar and Malle 2013, Proposition 2.12] gives
the required result. Note that condition (1) of this proposition is not necessarily met

as stated, since u’ may be different from . However, u and w’ are in the same
block of M* which is sufficient to obtain the conclusion of the lemma. U

Lemma 3.2. Let G be connected reductive with a Frobenius endomorphism F.
Suppose that G has connected centre and |G, G] is simply connected. Let G = XY
such that either X is an F-stable product of components of [G, G] and Y is the
product of the remaining components with Z(G), or vice versa. Suppose further
that GF ) X¥YT is an €-group. Let N be an F-stable Levi subgroup of Y and set
M = XN. Let ¢ be an £-block of M* and let ¢’ be an €-block of N* covered by c.
Suppose that there exists a block b’ of YT such that every irreducible constituent of
RK,(T) where T € Irr(c)) NE(NT, 0') lies in b'. Then there exists a block b of G
such that every irreducible constituent of Rf,, (w) where € Irr(c) NEMFE | ) lies
in b.
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Proof. We will use the extension of Lusztig induction to certain disconnected groups
as in [Cabanes and Enguehard 1999, Section 1.1]. Let

Gy=1[G,G]=[X,X]x[Y,Y],
My=GoNM =X, X]x(Y,Y]NN).

Then, Gg C XFyFf and M(f C XFNF. Let T be an F-stable maximal torus of
M. Since G and hence also M has connected centre, M = M, FTF and G =
G{T". Further, A:=X Y NTF =X NFNTF and XFYF = GFA = (GoA)",
XFNF = M(fA = (MyA)¥. As in [Cabanes and Enguehard 1999 Section 1.1],
we denote by E(XTYT, £) the set of irreducible characters of X*Y ¥ that appear
in the restriction of elements of £(GF, ¢') to XFYF.

Let x € £(GF, ¢). Since GF /XFYF is an £-group, by [Cabanes and Enguehard
1999, Proposition 1.3(i)], Resg,iYF (x) is irreducible. Now if x’ € Irr(GF) has
the same restriction to XfY¥ as x, then again since G¥/X¥Y¥ is an £-group,
either x' = x or x’ ¢ E(GF, £'). In other words, the restriction from ZE(GF, ¢')
to ZE(XFYF ') is a bijection. Similarly, the restriction from ZE(MF,¢') to
ZE(XFNT 2') is a bijection.

In particular, every block of G covers a unique block of X Y. Since GF/XF YT
is an £-group, there is a bijection (through covering) between the set of blocks
of G and the set of blocks of XY ¥, Hence, by the injectivity of restriction
from ZE(GF, ¢') to ZE(XFYF, ¢'), it suffices to prove that there is a block b of
XFYF such that every irreducible constituent of ResS ﬁ(u) as | ranges over
Irr(c) NEMFE, £) lies in by.

Following [Cabanes and Enguehard 1999 Section 1.1], we have Res¢

XFyF

G()AR F XFYF ch‘;l N
Mo aAResy v on Irr(M ") (where here R A is Lusztig induction in the discon-
nected setting). Thus, it suffices to prove that there is a block by of X FyF
such that every irreducible constituent of RﬁgiResg‘(’I: NF (n) as pu ranges over
Irr(c) NE(MY, ') is contained in by.

By the above arguments applied to M* and X* N, there is a unique block
co of X¥ N covered by c. The surjectivity of restriction from ZE(MT, ¢) to
ZE(XFNT, ') implies that it suffices to prove that there is a block by of XY F
such that every irreducible constituent of Rf,,‘())ﬁ (w) for n € Irr(co) NEXFNE, £))
is contained in by.

The group 7 :={(x,x ) |x € X NYF} < X x Y is the kernel of the multi-
plication map X* x Y — XFY¥ . Identifying XY ¥ with X¥ x YF /I through
multiplication, Irr(X FyFy is the subset of Irr(XF x YF) consisting of characters
whose kernel contains 7. Since X" NY* < XNY < Z(G) <M, I is also the kernel
of the multiplication map X x N¥ — XF N’ and we may identify Irr(X7Y ")
with the subset of Irr(X ¥ x NT) consisting of characters whose kernel contains /.
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Any parabolic subgroup of G containing My as Levi subgroup is of the form
[X, X]P, where P is a parabolic subgroup of [Y, Y] containing NN[Y, Y] as Levi
subgroup. Let U := R, (X P) = R,(P) <[Y, Y] and denote by £~!(U) the inverse
image of U under the Lang map G — G given by g — g~ F(g).

The Deligne—Lusztig variety associated to Rﬁ%ﬁ (with respect to X P) is

LY U)NGyA.
Since T = (T N My)Z(G), U is normalised by T and in particular by A. Hence,
L7NUYNGoA= (L N U)NG)A=[X, X]17 (7' (U)N[Y,Y]A
=X, X1 AnxHc ' o)n[y, YDANY ).
For the last equality, note that
A=X'Y'NnT=X"'nTH@"NT)=X"NnAYTNA).

Now, L' (U)NY = (L' (WU) N[Y,Y])SF for any F-stable maximal torus S
of Y. Applying this with § = T NY, we have LN, YDANYFH =
LN U)NY. Also, [X, X]F(ANXTF)=XF. Altogether this gives L~/ (U)NGyA =
XY (U)NY). Further, L~ (U)NY is the variety underlying RK, (with respect
to the parabolic subgroup P Z(G)). Hence, for any 7y € Irr(XF), 1, € Irr(Y F) such
that 7 is in the kernel of 711, we have

G
Ry (nim) = 1 Ry ().

Further, 117, € E(XF N, ¢') if and only if 71 € (X, ¢') and 1, € E(NT, /).

To conclude note that ¢’ is the unique block of N¥ covered by cq and ¢y = d¢’,
where d is a block X7 Let b be the block of Y ¥ in the hypothesis. Then, setting
by = db’ gives the desired result. U

We will also make use of the following well-known extension of [Enguehard
2008, Proposition 1.5].

Lemma 3.3. Suppose that q is odd. Let G be connected reductive with a Frobenius
endomorphism F. Suppose that all components of G are of classical type A, B, C
or D and that Z(G)/Z°(G) is a 2-group. Let s € G*I' be semisimple of odd order.
Then all elements of E(GF, 5) lie in the same 2-block of G .

Proof. Since s has odd order and Z(G)/Z°(G) is a 2-group, Cg+(s) is connected.
On the other hand, since all components of G* are of classical type and s has odd
order, Cg.(s) is a Levi subgroup of G. Thus, Cg+(s) is a Levi subgroup of G*
and by Jordan correspondence the set of 2-blocks of G which contain a character
of £(GT, 5) is in bijection with the set of unipotent 2-blocks of C¥', where C is a
Levi subgroup of G in duality with Cg=(s). Since all components of C are also of
classical type, the claim follows by [Enguehard 2008, Proposition 1.5(a)]. U
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We now have the following extension of [Cabanes and Enguehard 1999, Theorem
2.5] to all primes.

Theorem 3.4. Let H be a simple algebraic group of simply connected type with a
Frobenius endomorphism F : H — H endowing H with an F,-rational structure.
Let G be an F-stable Levi subgroup of H. Let £ be a prime not dividing q and
set e = eq(q). Let M be an e-split Levi subgroup of G and let ¢ be a block of M .
Then there exists a block b of G such that every irreducible constituent of Rf,, (n)
for every u € Irr(c) NEMPF , £') lies in b.

Proof. Let dim(G) be minimal such that the claim of the theorem does not hold. Let
s € M*F be a semisimple ¢'-element with Irr(c) NE(M ¥, €'y C E(MF | 5). Then all
irreducible constituents of RS (1) where p € Trr(c) NEMF, £) are in E(GT, 5).

First suppose that s is not quasi-isolated and let G| be a proper F-stable Levi
subgroup of G whose dual contains Cg+(s). Let M™* be a Levi subgroup of G* in du-
ality with M and set M{ =C G (Z°(M*),). Then, as in the proof of Proposition 2.4,
M7 is an e-split Levi subgroup of G7 and letting M be the dual of M} in G, M,
is an e-split Levi subgroup of G;. Further, M} > Cy+(s). Hence there exists a
unique block say ¢ of M{ such that Irr(c)) NEMT, ¢y CEM, 5) and such that
c1 and c are Jordan corresponding blocks.

By induction our claim holds for G and the block c¢; of M. Let b; be the block of
G such that every irreducible constituent of Rfjl (w) where € Irr(c))NEMYE , )
lies in by and let b be the Jordan correspondent of b; in GF.

Now let u € Irr(c) NE(MF, 5) and let x be an irreducible constituent of Rf,, ().
Let 141 be the unique character in Irr(MF, s) with p = :I:R%l(m). Then, u; €
Irr(cq) and

Ri; (1) = R (Ryf, (1) = RG, (RY (111)).

All irreducible constituents of Rflll (1) lie in by. Hence, by the above equation and
by the Jordan decomposition of blocks, x lies in b, a contradiction.

So, we may assume from now on that s is quasi-isolated in G*. By [Cabanes
and Enguehard 1999, Theorem 2.5], we may assume that £ is bad for G and hence
for H. So H is not of type A. If H is of type B, C or D, then £ =2 and we have a
contradiction by Lemma 3.3.

Thus H is of exceptional type. Suppose that s = 1. By [Broué et al. 1993,
Theorem 3.2] G* satisfies an e-Harish-Chandra theory above each unipotent e-
cuspidal pair (L, A) and by [Enguehard 2000, Theorems A and A.bis], all irreducible
constituents of R? (M) lie in the same £-block of GF.

So we may assume that s = 1. We consider the case that G = H. Then by
[Kessar and Malle 2013, Theorem 1.4], G* satisfies an e-Harish-Chandra theory
above each e-cuspidal pair (L, 1) below £(G*, s) and by [Kessar and Malle 2013,
Theorem 1.2], all irreducible constituents of R,(j (1) lie in the same ¢-block of GF.



282 RADHA KESSAR AND GUNTER MALLE

So, we may assume that G is proper in H. If H is of type G,, Fy or Eg, then
£ =2, all components of G are of classical type. For G, and F; we have that Z(H)
and therefore Z(G) is connected. If H is of type Eg, since 2 is bad for G, G has a
component of type D,, n > 4. By rank considerations, [G, G] is of type D4 or Ds.
Since |Z(H)/Z°(H)| = 3 it follows again that Z(G) is connected. In either case
we get a contradiction by Lemma 3.3.

So, H is of type E7 or Es. Since G is proper in H, 5 is good for G, hence £ =3
or 2. Also, we may assume that at least one of the two assumptions of Lemma 3.1
fails to hold for G, M and c.

Suppose that £ = 3. Since G is proper in H and 3 is bad for G, either [G, G]
is of type Eg, or H is of type Eg and [G, G] is of type E¢+ A; or of type E7. In
all cases, Z(G) is connected (note that if H is of type E7, then [G, G] is of type
E¢, whence the order of Z(G)/Z°(G) divides both 2 and 3). If G = M, there is
nothing to prove, so we may assume that M is proper in G. Let

C:=CL(ZM)i)>M.

We claim that there is a block, say d, of C¥ such that for all € Irr(c)NE(MF, '),
every irreducible constituent of Rf,,(,u) lies in d. Indeed, since M is proper in G
and since Z(G) is connected, by [Cabanes and Enguehard 1993, Proposition 2.1]
C is proper in G. Also, by direct calculation either C is a Levi subgroup of G or 3
is good for C. In the first case, the claim follows by the inductive hypothesis since
M is also e-splitin C. In the second case, we are done by [Cabanes and Enguehard
1999, Theorem 2.5].

Thus, we may assume that assumption (1) of Lemma 3.1 does not hold. Hence,
by [Cabanes and Enguehard 1999, Theorem 1.7], 3 is bad for M. Consequently,
M has a component of nonclassical type. Since M is proper in G, this means that
[G, G]is of type E¢+ A or of type E7 and [M, M is of type E¢. Suppose [G, G]
is of type Eq+ Aj. Since [M, M] is of type E¢, and since 3 is good for groups of
type A, the result follows from Lemma 3.2, applied with X being the component
of G of type Eg, and [ibid., Theorem 2.5].

So we have [G, G] of type E7 and [M, M] of type E¢. Suppose that s is not
quasi-isolated in M*. Then c is in Jordan correspondence with a block, say ¢’ of a
proper F-stable Levi subgroup, say M’ of M. The prime 3 is good for any proper
Levi subgroup of M, hence by [ibid., Theorem 1.7] condition (1) of Lemma 3.1
holds for the group M’ and the block ¢’. By Jordan decomposition of blocks, this
condition also holds for M and c, a contradiction. So, s is quasi-isolated in M*.
Since as pointed out above, G has connected centre, so does M whence s is isolated
in M*. Also, note that since s is also quasi-isolated in G*, by the same reasoning s
is isolated in G*. Inspection shows that the only possible case for this is when s has
order three with Cg+(s) of type As+ A,, Cpr+(s) of type 3A,. Since s is supposed
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to be a 3'-element, this case does not arise here.

Now suppose that £ =2. Since Z(H)/Z°(H) has order dividing 2, by Lemma 3.3
we may assume that G has at least one nonclassical component, that is we are in one
of the cases [G, G] = E¢, or H = Eg and [G, G] = Eq+ A or E7. Again, in all
cases, Z(G) is connected and consequently Cg+(s) is connected and s is isolated.

Suppose first that [G, G] = E7. We claim that all elements of & (GF, s) lie
in the same 2-block. Indeed, let s be the image of s under the surjective map
G* — [G, G]* induced by the regular embedding of [G, G] in G. By [Kessar and
Malle 2013, Table 4], all elements of £([G, G]7, §) lie in the same 2-block, say d
of [G, G]F. So, any block of G’ which contains a character in £(G*, s) covers d.
By general block theoretical reasons, there are at most |G’ /[G, G]¥' |, 2-blocks of
G’ covering a given d. Now since s is a 2'-element, Ci6.G1+(5) is connected. Thus,
if © € £(G, G1F, 5), then there are |GF /[G, G]¥ |, different 2'-Lusztig series of
G’ containing an irreducible character covering . Since characters in different
2/-Lusztig series lie in different 2-blocks, the claim follows.

By the claim above, we may assume that either [G, G] = Eg or [G, G] = Eg+A;.
Since s is isolated of odd order in G*, by [Kessar and Malle 2013, Table 1] all
components of Cg=(s) are of type A, or A;. Consequently, all components of
Cyp+(s) are of type A. Suppose first that M has a nonclassical component. Then
[M, M]is of type Eg, and [G, G] = Eg+ A;. This may be ruled out by Lemma 3.2,
applied with X equal to the product of the component of type E¢ with Z(G) and Y
equal to the component of type Aj.

So finally suppose that all components of M are of classical type. Then, Cps+(s) =
Cjy+(s) is a Levi subgroup of M with all components of type A. Hence, the first
hypothesis of Lemma 3.1 holds by the Jordan decomposition of blocks and [Cabanes
and Enguehard 1999, Theorem 1.7]. So, we may assume that the second hypothesis
of Lemma 3.1 does not hold. Let

C:=Cg(Zz(MF),).

Since M is a proper e-split Levi subgroup of G, and since Z(G) is connected, by
[Cabanes and Enguehard 1993, Proposition 2.1] C is proper in G. By induction,
we may assume that C is not a Levi subgroup of G. In particular, the intersection
of C with the component of type Eg of G is proper in that component and hence
all components of C are of type A or D. If all components of C are of type A, then
2 is good for C and the second hypothesis of Lemma 3.1 holds by [Cabanes and
Enguehard 1999, Theorem 2.5]. Thus we may assume that C has a component of
type D. Since all components of C are classical, by Lemma 3.3, we may assume
that Z(C)/Z°(C) is not a 2-group and consequently C has a component of type
Ay, with n =2 (mod 3). But by the Borel-de Siebenthal algorithm, a group of type
E¢ has no subsystem subgroup of type D,, + A, withn > 1 and m > 4. U
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Characters in £-blocks. Using the results collected so far, it is now easy to charac-
terise all characters in ¢’-series inside a given £-block in terms of Lusztig induction.

Definition 3.5. As in [Cabanes and Enguehard 1999, Section 1.11] (see also [Broué
et al. 1993, Definition 3.1]) for e-split Levi subgroups M, M, of G and pu; €
Irr(Ml.F), we write (M, 1) <. (M>, uy) if My < M, and ., is a constituent of
R%lz(m) (with respect to some parabolic subgroup of M, with Levi subgroup M).
We let <, denote the transitive closure of the relation <,.

As pointed out in [Cabanes and Enguehard 1999, Section 1.11] it seems rea-
sonable to expect that the relations <, and <, coincide. While this is known to
hold for unipotent characters (see [Broué et al. 1993, Theorem 3.11]), it is open in
general.

We put ourselves in the situation and notation of Theorem A.

Theorem 3.6. Let b be an £-block of G and denote by L(b) the set of e-Jordan-
cuspidal pairs (L, 1) of G such that there is y € Irr(b) with (x, Rg (A)) #0. Then

Irr()) NE(GT, ) = {x e E(G", )| I(L, 1) € L(b) with (L, 1) <. (G, x)}.

Proof. Let b be as in the statement and first assume that y € Irr(b) N E (GF, 0.
If x is not e-Jordan-cuspidal, then it is not e-cuspidal, so there exists a proper
e-split Levi subgroup M| such that y occurs in Rl(t;ll (1) for some pu; € EMF, 0.
Thus inductively we obtain a chain of e-split Levi subgroups M, < ... < M| <
My := G and characters u; € S(M,.F, £ (with pg := x) such that (M,, u,) is
e-Jordan cuspidal and such that (M;, u;) <. (M;_1, ni—1) fori =1, ..., r, whence
(M., u,) <. (G, x). Let b, be the £-block of M,F containing u,. Now Theorem 3.4
yields that for each i there exists a block, say b;, of MiF such that all constituents
of R%’f" (&) lie in b;_; for all ¢; € Irr(b;) N E(Ml.F, ¢'). In particular, x lies in by,
S0 bg = b, and thus (M., 1) € L(b).

For the reverse inclusion, let (L, ) € £(b) and x € Irr(GF, ¢) such that
(L, A) <. (G, x). Thus there exists a chain of e-split Levi subgroups L = M, <
...< My = G and characters u; € Irr(Ml.F) with (M;, ;) <. (M;_1, ni—1). Again,
an application of Theorem 3.4 allows us to conclude that x € Irr(b). (]

L-blocks and derived subgroups. In the following two results, which will be used
in showing that the map E in Theorem A is surjective, G is connected reductive
with Frobenius endomorphism F, and G := [G, G]. Here, in the cases that the
Mackey formula is not known to hold we assume that Rg? and RS are with respect
to a choice of parabolic subgroups Py > Lg and P > L such that Pp = Gy N P.

Lemma 3.7. Let b be an {-block of G'' and let by be an (-block of Gg covered
by b. Let L be an F-stable Levi subgroup of G, Lo = L N\ Gq and let Ay € Irr(Lg).
Suppose that every irreducible constituent of Rf(? (o) is contained in by. Then
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there exists A € Irr(LT) and x € Irr(b) such that Lo is an irreducible constituent of
F
Res’i F (A) and x is an irreducible constituent of Rf (A).

Proof. Since G = Z°(G)Gy, by [Bonnafé 2006, Proposition 10.10] we have that
F
RGIndL (ko) = Indg R7° (1)

Note that the result in [Bonnafé 2006] is only stated for the case that G has connected
centre but the proof does not use this hypothesis. The right hand side of the above
equality evaluated at 1 is nonzero. Let x’ € Irr(G”) be a constituent of the left
hand side of the equality. There ex1sts NS Irr(LF ) and yq in Irr(GF ) such that A is
an irreducible constituent of Ind LE (ko) x' is an irreducible constituent of RG(A)
FORS an irreducible constituent of R 0()»0) and x' is an irreducible constituent of
Ind¢ G! F( X0). Since xg € Irr(bg), x hes in a block, say b, of G which covers b.
Since b also covers bo and since G* / G is abelian, there exists a linear character,
say 0 of GF /GE such that b =b"®6 (see [Kessar and Malle 2013, Lemma 2.2]).
Now the result follows from [Bonnafé 2006, Proposition 10.11] with x = x’®6. O

Lemma 3.8. Let b be an £-block of GF and let L be an F-stable Levi subgroup of
G and ) € Irr(LF) such that every irreducible constituent of RG (A) is contamed inb.
Let Lo = LN Ggand let Ao € Irr(LF) be an irreducible constituent of ResLF (A).
Then there exists an £-block by of GF covered by b and an irreducible character X0

of G0 in the block by such that x is a constituent of R L(()) (Ap).

Proof. Arguing as in the proof of Lemma 3.7, there exist x € Irr(G"), A’ € Irr(LY)
and o in Irr([G, G1F) such that A’ is an irreducible constituent of IndL (Xo), x 1s
an irreducible constituent of RG(A ), Xo is an irreducible constituent of R G G](X )
and x is an irreducible constituent of Ind GF Gl +(x0). Now, A =0 Q1 for some
linear character 6 of L/ LF By [Bonnafe 2006, Proposition 10.11], 8 ® x is an
irreducible constituent of RG(A) and hence 0 ® x € Irr(b). Further, 6 ® x is also a

constituent of Ind[ GF GIF (x0), hence b covers the block of [G, G]F containing xo. U

Unique maximal abelian normal subgroups. A crucial ingredient for proving in-
jectivity of the map in parts (d) and (e) of Theorem A is a property related to the
nonfailure of factorisation phenomenon of finite group theory, which holds for the
defect groups of many blocks of finite groups of Lie type and which was highlighted
by Cabanes [1994]: for a prime ¢, an £-group is said to be Cabanes if it has a
unique maximal abelian normal subgroup.

Now first consider the following setting: let G be connected reductive. For
i =1,2, let L; be an F-stable Levi subgroup of G with A; € 8(Lf, 2", and let
u; denote the ¢-block of LIF containing ;. Suppose that Cg(Z (Ll.F )¢) = L; and
that A; is of quasicentral £-defect. Then by [Kessar and Malle 2013, Propositions
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2.12, 2.13, 2.16] there exists a block b; of G such that all irreducible characters
of Rﬁ_ (A;) lie in b; and (Z(LF)¢, u;) is a b;-Brauer pair.

Lemma 3.9. In the above situation, assume further that for i = 1, 2 there exists a
maximal b;-Brauer pair (P;, c¢;) such that (Z(Lf)g, u;) (P, c;), and such that P;
is Cabanes with Z(LLF)@ as the unique maximal abelian normal subgroup of P;. If
b1 = by then the pairs (L1, A1) and (L, A) are GF-conjugate.

Proof. Suppose that by = b,. Since maximal b;-Brauer pairs are G’ -conjugate,
it follows that g(Z(Lg)g, uz) < 8(Py, c3) = (Py, 1) for some g € G''. By trans-
port of structure, §Z (Lg )¢ is a maximal normal abelian subgroup of Pj, hence
$Z(LY)¢ = Z(LT),. By the uniqueness of inclusion of Brauer pairs it follows that
8(Z(L5)¢, u2)=(Z(L1)} , uy). Since L; =Cg(Z(LF),), this means that $L,=L;.
Further, since A; is of quasicentral £-defect, by [Kessar and Malle 2013, Proposition
2.5(f)], A; is the unique element of S(Lf, £y NIrr(u;). Thus 8uy = uy implies that
8X» = A1 and (L, Ay) and (L,, Ay) are GF—conjugate as required. O

By the proof of Theorems 4.1 and 4.2 of [Cabanes and Enguehard 1999] we also
have:

Proposition 3.10. Let G be connected reductive with simply connected derived
subgroup. Suppose that £ > 3 is good for G, and £ # 3 if GT has a factor 3D4(q).
Let b be an £-block of G* such that the defect groups of b are Cabanes. If (L, A) and
(L', \) are e-Jordan-cuspidal pairs of G such that . € E(LF ¢, ) € E(L'F, ¢')
with bgr(L,A\) =b =bgr (L', 1), then (L, 1) and (L', \") are G* -conjugate.

Proof. This is essentially contained in Section 4 of [Cabanes and Enguehard 1999];
all references in this proof are to this paper. Indeed, let (L, 1) be an e-Jordan-
cuspidal pair of G such that A € E(LT, ¢'). Let T*, T, K = C%(Z(L)f), K* M
and M* be as in the notation before Lemma 4.4. Let Z = Z(M) 5 and let A and
Ay be as in Definition 4.6, with A replacing ¢. Then Z < T and by Lemma 4.8,
M = C,(Z). The simply connected hypothesis and the restrictions on £ imply that
Ce(2)=Cg(Z)=M. Letbz = l;Z be the ¢-block of M ¥ containing A,;. Then by
Lemma 4.13, (Z, by) is a self centralising Brauer pair and (1, bgr (L, 1)) <(Z, bz).
Further, by Lemma 4.16 there exists a maximal b-Brauer pair (D, bp) such that
(Z,bz) < (D, bp), Zisnormal in D and Cp(Z) = Z. Note that the first three con-
clusions of Lemma 4.16 hold under the conditions we have on £ (it is only the fourth
conclusion which requires £ € I' (G, F)). By Lemma 4.10 and its proof, we also have

(1, bgr (L, 2) < (Z(L); . bgr (L. 1)) < (Z, bz).
Suppose that N is a proper e-split Levi subgroup of G containing Cg(z) = Cg(2)

for some 1 #z € Z(D)G,N Gp. Then N contains L, M and Z by Lemma 4.15(b).
Since L N Gp = K N Gp by Lemma 4.4(iii), it follows that N also contains K and
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K = Cn(Z(LF)). Thus, replacing G with N in Lemma 4.13 we get that
(1, byr (L, 1)) < (Z(L)f, bgr (L, 1)) < (D, bp).

Let (L', ") be another e-Jordan-cuspidal pair of G with A’ € E(L'F, ¢') such
that bgr(L,A) =b = bgr(L’, )'). Denote by K', M’, D’ etc. the corresponding
groups and characters for (L', 1'). Up to replacing by a G -conjugate, we may
assume that (D', bp)) = (D, bp).

Suppose first that there isa 1 # z € Z(D)G,N Gp. By Lemma 4.15(b), there is a
proper e-split Levi subgroup N containing C¢(z). Moreover, N contains D, L', M,
K’ and G, and we also have

(1, byr (L', 1)) < (Z(L")] , byr (L)1) < (D, bp).
By the uniqueness of inclusion of Brauer pairs it follows that by (L, ) =byr (L, 1).
Also D is a defect group of byr (L, 1). Thus, in this case we are done by induction.
So, we may assume that Z(D) < G, hence D < G,. From here on, the proof of

Lemma 4.17 goes through without change, the only property that is used being that
Z is the unique maximal abelian normal subgroup of D. U

We will also need the following observation:

Lemma 3.11. Let P = P} x P, where P and P, are Cabanes. Suppose that Py is
a normal subgroup of P such that w; (Py) = P;,i = 1,2, where w; : P X P, — P;
denote the projection maps. Then Py is Cabanes with maximal normal abelian
subgroup (A1 x Ap) N Py, where A; is the unique maximal normal abelian subgroup
of Pi,i=1,2.

Proof. Let A= A| x A,. The group AN Py is abelian and normal in Py. Let S be a
normal abelian subgroup of Py. Since 7;(Py) = P;, m;(S) is normal in P; and since
S is abelian, so is m;(S). Thus, m;(S) is a normal abelian subgroup of P; and is
therefore contained in A;. So, S < (M1 (S) X 12 (S) NPy < (A1 X Ap)NPy=ANP
and the result is proved. U

Linear and unitary groups at { = 3. The following will be instrumental in the
proof of statement (e) of Theorem A.

Lemma 3.12. Let g be a prime power such that 3 | (g — 1) (respectively 3 | (g + 1)).
Let G =SL,,(q) (respectively SU,(q)) and let P be a Sylow 3-subgroup of G. Then
P is Cabanes unless n =3 and 3 | (g — 1) (respectively 3 || (g + 1)). In particular,
if P is not Cabanes, then P is extra-special of order 277 and exponent 3. In this case
N¢ (P) acts transitively on the set of subgroups of order 9 of P.

Proof. Embed P <SL,(g) <GL,(g). A Sylow 3-subgroup of GL,(¢) is contained
in the normaliser C,_1:&,, of a maximally split torus. According to [Cabanes 1994,
Lemme 4.1], the only case in which &,, has a quadratic element on (C (’;_1 )3NSL, (q)
is when n =3 and 3 | (g — 1). If there is no quadratic element in this action, then
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P is Cabanes by [Cabanes 1994, Proposition 2.3]. In the case of SU,,(¢), the same
argument applies with the normaliser C,41:&,, of a Sylow 2-torus inside GU, (q).

Now assume we are in the exceptional case. Clearly |P| =27. Let P;, P, < P
be subgroups of order 9, and let u; € P; be noncentral. Then u; is G-conjugate
to diag(1, ¢, ¢2), where ¢ is a primitive 3rd-root of unity in F, (respectively [F,2).
In particular, there exists g € G such that $u; =u5. Let " : G — G/Z(G) denote
the canonical map. Then £(it;) = ii>. Since the Sylow 3-subgroup P of G is
abelian, there exists & € NG(P) with h(ul) =iiy. Then h € Ng(P) and "P, = P,
as Pl' = (Z(G), M,'). O

Lemma 3.13. Suppose that 3 | n and 3 || (g — 1) (respectively 3 | (g + 1)). Let
G = GL,, G = SL, and suppose that GF = GL, (g) (respectively GU, (q)). Let
s be a semisimple 3'-element of G’ such that a Sylow 3-subgroup D of Cgr(s)
is extra-special of order 27 and let Py, P, < D have order 9. There exists g €
Ngr(D)NCgr(Cgr (D)) such that $ Py = P,.

Proof. Setd = 5. Identify G with the group of linear transformations of an n-
dimensional [ -vector space V with chosen basis {e; , | 1 <i <d, 1 <r < 3}. For
g€ G write a(g);,r, j,s for the coefficient of ¢; , in g(e; ). Let w € G be defined
byw(e,,)_e,+1r, 1<i<d,1<r<3. Forl<i<dletV; be the span of
{ei1,ein, €3} and G = GL(V;) considered as a subgroup of G through the direct
sum decomposition V =, _; ., Vi

Up to conjugation in G We_ruay assume F = ad,, o Fy, where Fy is the standard
Frobenius morphism which raises every matrix entry to its g-th power in the linear
case, respectively the composition of the latter by the transpose inverse map in the
unitary case. Note that then each Gi is Fy-stable.

Thus, given the hypothesis on the structure of D, we may assume the follow-
ing up to conjugation: s has d distinct eigenvalues 8y, ..., 8 with §;41 = 8‘]
(respectrvely J; ~1y; V; is the §; elgenspace of s, and Cals) = ]_[l | G Further
F(G,) = G;41 and denoting by A : G1 — ]_[ _1 Gi, x> xF(x)--- FI~1(x), the
twisted diagonal map we have Cgr(s) = A(GF ). Here, GF G i is isomorphic
to either GL3 (qd ) or GU3 (qd ). Note that GUj; (qd ) occurs only if d is odd.

Consrder G Fo < G i . Let U be the Sylow 3-subgroup of the diagonal matrices in
G of determlnant 1 and let o) € G o e defined by oi(er)=er 41 forl <r <3.
Then D, :=(Uy, o1) is a Sylow 3- subgroup of G o Since by hypothesis the Sylow
3-subgroups of Cgr (s) have order 27, D := A(Dl) is a Sylow 3-subgroup of Cgr (s)
with A(U;) = U, elementary abelian of order 9. Note that A(oq)(e; ) = ;41 for
l1<i<dandl1l <r <3.

Let¢ € Eq be a primitive third root of unity. Let u; € U; be such that u;(e; ;) =
{"ep, forl1 <r <3.Forl<r<3,let W, be the span of {ey ,, ..., es,}. Then W,
is the ¢"-eigenspace of A(u;), whence
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C4(D) < Cg(AWUD) = Ca(Awn) = [] GLW,).
1<r<3

Since A(o1)(W,) =W, 11, and A(oy) acts on Cg(A(Uy)), it follows that Cg (D) =
A'(GL(Wy)), where A" : GL(W;) = [, <, -3 GL(W,), x > x % x o®x, is the twisted
diagonal. o

We claim that A(GIFO) centralises C (D). Indeed, note that g € A(Gf") if
and only if a(g);, ;s = 0if i # j and a(g)i,is = a(Fy (@11 = a(@)1.r1.s
for all i and all r, s. Also, h € Cg(D) if and only if a(h); ;s = 0 if r # s and
a(h)ir,jr=a(h); 1, foralli, j and all r. The claim follows from an easy matrix
multiplication.

Let H = [Gfo, (;11”0] and note that D; < H. By Lemma 3.12 applied to H any
two subgroups of D of order 9 are conjugate by an element of Ny (D). The
lemma follows from the claim above. U

Parametrising £-blocks. We can now prove our main theorem, Theorem A, which
we restate. Recall Definition 2.1 of e-Jordan (quasicentral) cuspidal pairs.

Theorem 3.14. Let H be a simple algebraic group of simply connected type with a
Frobenius endomorphism F : H — H endowing H with an F,-rational structure.
Let G be an F-stable Levi subgroup of H. Let € be a prime not dividing q and set

e=eu(q).
(a) For any e-Jordan-cuspidal pair (L, A) of G such that » € E(LY, '), there
exists a unique £-block bgr (L, 1) of GT such that all irreducible constituents
of R (1) lie in bgr (L, 1.
(b) The map B : (L, \) > bgr(L, ) is a surjection from the set of G' -conjugacy
classes of e-Jordan-cuspidal pairs (L, 1) of G with . € E(LY, £) to the set of
2-blocks of GF.

(c) The map B restricts to a surjection from the set of G* -conjugacy classes of
e-Jordan quasicentral cuspidal pairs (L, 1) of G with . € E(LT, £') to the set
of £-blocks of GF.

(d) For £ > 3 the map E restricts to a bijection between the set of G -conjugacy
classes of e-Jordan quasicentral cuspidal pairs (L, )) of G with » € E(LF | ¢')
and the set of £-blocks of G .

(e) The map B itself is bijective if £ > 3 is good for G, and moreover £ # 3 if GF
has a factor *D4(q).

Remark 3.15. Note that (e) is best possible. See [Enguehard 2000; Kessar and
Malle 2013] for counterexamples to the conclusion for bad primes, and [Enguehard
2000, p. 348] for a counterexample in the case £ =3 and G =3D4(g). Counterex-
amples in the case £ = 2 and G of type A, occur in the following situation. Let
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G =SL,(g) with 4| (g +1). Then e = 2 and the unipotent 2-(Jordan-)cuspidal
pairs of G' correspond to 2-cores of partitions of n — 1 (see [Broué et al. 1993,
§3A]). On the other hand, by [Cabanes and Enguehard 1993, Theorem 13], G has
a unique unipotent 2-block.

Also, part (d) is best possible as the next example shows.

Example 3.16. Consider G = SL,, with n > 1 odd, G= GL,, and let GF =SL,(g)
be suchthatg =1 (mod n) and 4 | (¢+1). Then for £ =2 we have e = e3(g) =2, and
[, contains a primitive n-th root of unity, say ¢. Let s =diag(1, ¢, ..., " e GHF
and let s be its image in G* = PGL,,. Then C,. (s) is the maximal 1-torus consisting
of the image of the diagonal torus of G*. Thus, (Cg.(s))2 = 1 = Z°(G™),.

As |Cg+(s)F : Cg.(s)| =n we have |E(GT, s)| = n, and all of these characters
are 2-Jordan quasicentral cuspidal. We claim that all elements of £(GF', s) lie in
the same 2-block of G, so do not satisfy the conclusion of Theorem 3.14(d).

Let T be a maximal torus of G in duality with Cg.(s) and let 0 e Irr(T yin
duality with §. Let T =T NG, and let & = |+ Since § is regular, A := RG(H) €
Irr(GF) and S(GF 5) = {A} Further, A covers every element of £(GF, s) By
[Bonnafé 2005, Proposition 10.10(b*)],

RE(0) =Res$; RS (§) = Res (3).

Thus, every element of £(G', s) is a constituent of RG(Q) On the other hand,
since T is the torus of diagonal matrices, we have T = Co (T} ) by explicit compu-
tation. Hence by [Kessar and Malle 2013, Propositions 2.12, 2.13(1), 2.16(1)], all
constituents of R? (6) lie in a single 2-block of G¥.

Proof of Theorem 3.14. Parts (a) and (b) are immediate from Theorem 3.4 and
the proof of Theorem 3.6. We next consider part (e), where it remains to show
injectivity under the given assumptions. By [Cabanes and Enguehard 1999, Theorem
4.1 and Remark 5.2] only £ = 3 and G of (possibly twisted) type A, remains to be
considered. Note that the claim holds if 3 € I'(G, F) by [Cabanes and Enguehard
1999, Section 5.2]. Thus we may assume that the ambient simple algebraic group H
of simply connected type is either SL,, or Es, and 3 ¢ I'(G, F). By Proposition 3.10
the claim holds for all blocks whose defect groups are Cabanes.

Let first H =SL,, and G < H be an F-stable Levi subgroup. As3 ¢I'(G, F) we
have 3 | (¢ — 1) when F is untwisted. We postpone the twisted case for a moment.
Embed H < H = GL,,. Then G = GZ(H) is an F-stable Levi subgroup of H,
s0 has connected centre. Moreover, as H is self-dual, so is its Levi subgroup G.In
particular, 3 € F(G, F). Now let b be a 3-block of G¥ in Sg(GF, s), with s € G+’
a semisimple 3’-element. Let b be a block of G covering b, contained in 83(GF ,5),
where § is a preimage of s under the induced map G* — G*. Since 3 | (g — 1),
Cg (5)F has a single unipotent 3-block, and so by [Cabanes and Enguehard 1999,
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Proposition 5.1] a Sylow 3-subgroup D of C G () is a defect group of b. Thus,
D:=DNG = DN H is a defect group of b.

Now C(5) is an F-stable Levi subgroup of G, so also an F-stable Levi subgroup
of H = GL,,. As such, it is a direct product of factors GL,, with Zi m; =
m. Assume that there is more than one F-orbit on the set of factors. Then by
Lemma 3.11 the Sylow 3-subgroup Dof C G (5)F has the property that D = DNH
is Cabanes and we are done. Hence, we may assume that F has just one orbit on
the set of factors of Cg (s). But this is only possible if F has only one orbit on the
set of factors of G. This implies that G =GL, (g™/™) and G = SL,,(¢g™/™) for
some n | m.

Exactly the same arguments apply when F is twisted, except that now 3 | (g +1).
So replacing g by ¢™/" we may now suppose that G = SL, with 3 & I'(G, F).
Assume that the defect groups of b are not Cabanes. Let (L, 1) be an e-Jordan-
cuspidal pair for b with A € E(LT,s) and let L= Z°(G)L There exists an
irreducible character A of L¥ covering A, an irreducible constituent ¥ of R G(A) and
an irreducible constituent, say X of RG(A) such that x covers . By Lemma 2.3,
(L, %) is e-Jordan- cuspidal. Let b be the block of GF associated to (L, 1), contained
in &(GF,5). So, b covers b.

As seen above Cg (5)F has a single unipotent 3-block and a Sylow 3-subgroup D
of Cg (5)F is a defect group of band D := DNG is a defect group of b. Moreover F
has a single orbit on the set of factors of Cgz (5). By Lemma 3.12, C $F =GLs(q %)
or GU3(g7), 3 does not divide 53 and D is extra-special of order 27 and exponent 3.
Also, L is an e-split Levi subgroup isomorphic to a direct product of 3 copies of GL.

Let U = Z(L)% and let c be the 3-block of L¥ containing A. From the structure
of L given above, |U| =9 and L = Cg(U). Thus, by [Cabanes and Enguehard
1999, Theorem 2.5], (U, c) is a b-Brauer pair. Let (D, f) be a maximal b-Brauer
pair such that (U, ¢) < (D, f).

Let (L', ") be another e-Jordan-cuspidal pair for b with A" € ST s). Let
U'= Z(L’)g and let ¢’ be the 3-block of L'" containing A’, so |U’'|=9 and (U, ¢’) is
also a b-Brauer pair. Since all maximal b-Brauer pairs are G -conjugate, there exists
h € GF such that "(U’, ¢’) < (D, f). Thus, U and "U’ are subgroups of order 9
of D. By Lemma 3.13, there exists g € Ngr (D)NCgr (Cgr (D)) such that thy'=U.
Since g centralises Cgr (D), 8f = f and since g normalises D, ¢ D = D. Hence

(U, 8"y = MU', ¢y < $(D, f) = (D, f).

By the uniqueness of inclusion of Brauer pairs we get that ¢"(U’, ¢') = (U, ¢).
Thus ¢"L’ = L and ¢"¢’ = c. Since U is abelian of maximal order in D, (U, ¢) is
a self-centralising Brauer pair. In particular, there is a unique irreducible character
in ¢ with U in its kernel. Since A € E(LF, ¢'), U is contained in the kernel of A.
Hence ¢")/ = A and injectivity is proved for type A.
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Finally suppose that H is of type Es. By our preliminary reductions we may
assume that G has only factors of type A and 3 ¢ I'(G, F). Thus G must have at
least one factor of type A, or As. The remaining possibilities hence are: G is of
type As, 2A, + Ay, or 2A;. Note that for G of type 2A, + Ay, the A-factor of the
derived subgroup [G, G] splits off, and that 2A; is a Levi subgroup of As. So it
suffices to show the claim for Levi subgroups of this particular Levi subgroup G of
type As. Since H is simply connected, [G, G] = SL¢ and thus virtually the same
arguments as for the case of G = SL,, apply. This completes the proof of (e).

Part (d) follows whenever £ > 3 is good for G, and £ # 3 if G' has a factor *D4(q),
since then by (e) there is a unique e-Jordan-cuspidal pair for any ¢-block, and
its (unipotent) Jordan correspondent has quasicentral ¢-defect by [Cabanes and
Enguehard 1994, Proposition 4.3] and Remark 2.2. So now assume that either £ > 3
is bad for G, or that £ =3 and G* has a factor 3D4(q).

Note that it suffices to prove the statement for quasi-isolated blocks, since then it
follows tautologically for all others using the Jordan correspondence, Proposition 2.4
and the remarks after Definition 2.12. Here note that by Lemma 2.5 the bijections
of Proposition 2.4 extend to conjugacy classes of pairs. We first prove surjectivity.
For this, by Lemma 3.7, Lemma 2.7 and by parts (a) and (b), we may assume that
G =[G, G]. Further, since [G, G] is simply connected, hence a direct product of
its components, we may assume that G is simple. Then surjectivity for unipotent
blocks follows from [Enguehard 2000, Theorems A and A.bis], while for all other
quasi-isolated blocks it is shown in [Kessar and Malle 2013, Theorem 1.2] (these
also include the case that G¥ = 3D, (@)).

Now we prove injectivity. If G = H, then the claim for unipotent blocks follows
from [Enguehard 2000, Theorems A and A.bis], while for all other quasi-isolated
blocks it is shown in [Kessar and Malle 2013, Theorem 1.2] (these also include the
case that GF =3Dy (¢)). Note that in Table 4 of [Kessar and Malle 2013], each of the
lines 6, 7, 10, 11, 14 and 20 give rise to two e-cuspidal pairs and so to two e-Harish-
Chandra series, but each e-Jordan cuspidal pair (L, A) which corresponds to these
lines has the Cabanes property of Lemma 3.9, so they give rise to different blocks.

So, we may assume that G # H, and thus ¢ = 3. Suppose first that G has a
factor 3D4(q). Then H is of type E¢, E7 or Eg, there is one component of [G, G]
of type D4 and all other components are of type A. Denote by G, the component
of type D4, and by G the product of the remaining components with Z°(G). We
note that Z(G)/Z°(G,) is a 3'-group. Indeed, if H is of type E; or Eg, then
Z(G)/Z°(G) is of order prime to 3, hence the same is true of Z(G1)/Z°(G) and
if H is of type E¢, then G| = Z°(G).

Now, G = G¥ x G%. So, the map (L1, A1), (L2, A2)) = (L1Lp, 2A2) is a
bijection between pairs of e-Jordan cuspidal pairs for Gf and Gg and e-Jordan
cuspidal pairs for G*'. The bijection preserves conjugacy and quasicentrality. All
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components of G are of type A and as noted above 3 does not divide the order
of Z(G1)/Z°(G1), hence by [Cabanes and Enguehard 1999, Section 5.2] we may
assume that G = G», in which case we are done by [Enguehard 2000, Theorem
A] and [Kessar and Malle 2013, Lemma 6.13].

Thus, G has no factor 3D4(q). Set Gy :=[G, G]. Since 3 is bad for G, and G
is proper in H, we are in one of the following cases: H is of type E7 and Gy is
simple of type Eg, or G is of type Eg and Gy is of type E¢, Eg+ A or E7. In all
cases, note that Z(G) is connected,

Let s € G*! be a quasi-isolated semisimple 3'-element. Let 5 be the image of s un-
der the surjection G* — Gg. Since Z(G) is connected, s is isolated in G* and conse-
quently s is isolated in G{. In particular, if G has a component of type A1, then the
projection of 5 into that factor is the identity. Since s has order prime to 3, this means
that if G has a component of type Eg, then C Gy (5) is connected. We will use this
fact later. Also, we note here that s 7 1 as otherwise the result would follow from [En-
guehard 2000] and the standard correspondence between unipotent blocks and blocks
lying in central Lusztig series. Finally, we note that by [Kessar and Malle 2013, The-
orem 1.2] the conclusion of parts (a) and (d) of the theorem holds for Gg as all com-
ponents of G are of different type (so e is the same for the factors of Gg as for GF).

Let b be a 3-block of G*" in the series s and (L, A) be an e-Jordan quasicentral
cuspidal pair for b such that s € L*F and A € E(L, 5). Let Lo = L N Gy and let
Ao be an irreducible constituent of the restriction of A to L(I; . By Lemma 3.8 there
exists a block by of Gg covered by b, and such that all irreducible constituents of
R,(i? (%) belong to b. By Lemma 2.3 and the remarks following Definition 2.12,
(Lo, Ao) is an e-Jordan quasicentral cuspidal pair of Gg for by.

First suppose that Cg, (s) is connected. Then all elements of £ (GE,5) are GF-
stable and in particular, by is G* -stable. Now let (L, ') be another e-Jordan
quasicentral cuspidal pair for b. Let L = L' N Gy and A{ be an irreducible
constituent of the restriction of A’ to L;)F . Then, as above (L, ;) is an e-Jordan
quasicentral cuspidal pair for by. But there is a unique e-Jordan quasicentral cuspidal
pair for by up to Gg -conjugacy. So, up to replacing by a suitable Gg -conjugate we
may assume that (Lo, 1) = (L, Ay), hence L = L', and A and A" cover the same
character Ao = A, of Lg =LyF.

If u € E(G, 5), then there are |GF /GE|3 different 3'-Lusztig series of G con-
taining an irreducible character covering p. Since characters in different 3’-Lusztig
series lie in different 3-blocks, there are at least |G''/ Gg |3 different blocks of
GT covering by. Moreover, if b’ is a block of G’ covering by, then there exists a
linear character, say 6 of G''/ Gg =LY/ Lg of 3/-degree such that (L, 6 ® 1) is an
e-Jordan quasicentral cuspidal pair for 5" and ¢ appears in the restriction of 6 ® A
to L(’; . Since there are at most |L7/ Lg Iy = |GF/ G(’; |3 irreducible characters of
L¥ in 3'-series covering A, it follows that A = A",



294 RADHA KESSAR AND GUNTER MALLE

Thus, we may assume that Cg, (5) is not connected. Hence, by the remarks above
Gy is simple of type E7. Further s corresponds to one of the lines 5, 6, 7, 12, 13,
or 14 of Table 4 of [Kessar and Malle 2013] (note that s is isolated and that e-Jordan
(quasi-)central cuspidality in this case is the same as e-(quasi-)central cuspidality).

By [Kessar and Malle 2013, Lemma 5.2], Lo = CGO(Z(L5)3). In other words,
(Lo, Ag) is a good pair for by in the sense of [Kessar and Malle 2013, Defini-
tion 7.10]. In particular, there is a maximal byg-Brauer pair (Py, cg) such that
(Z (Lg )3, b Lr (XA0))<( Py, cp). Here for a finite group X and an irreducible character
n of X, we denote by bx(n) the £-block of X containing 5. By inspection of the
relevant lines of Table 4 of [Kessar and Malle 2013] (and the proof of [Kessar and
Malle 2013, Theorem 1.2]), one sees that the maximal Brauer pair (P, cg) can be
chosen so that Z (Lg )3 is the unique maximal abelian normal subgroup of Pjy.

By [Kessar and Malle 2013, Theorem 7.11] there exists a maximal b-Brauer pair
(P,c) and v € E(LT, ') such that v covers Ag, Py < P and we have an inclusion
of b-Brauer pairs (Z(L)3, brr(v)) < (P, c). Since XA also covers Ao, A =T Qv
for some linear character v of LT/ L(’; =Gl Gg . Since tensoring with linear
characters preserves block distribution and commutes with Brauer pair inclusion,
replacing ¢ with the block of Cgr (Py) whose irreducible characters are of the form
T ® @, ¢ € Irr(c), we get that there exists a maximal b-Brauer pair (P, c¢) such that
Py < P and (Z(LF)3,bpr(3)) < (P, ¢).

Being normal in G¥, Z(G*); is contained in the defect groups of every block
of GF, and in particular Z (G"); < P. On the other hand, since G has centre
of order 2, PyZ(G")3 is a defect group of b whence P is a direct product of
Py and Z(GF)3. Now, Z (L10D )3 is the unique maximal abelian normal subgroup
of Py. Hence, Z(LF)3 = Z(G"); x Z(Lg)3 is the unique maximal normal abelian
subgroup of P (see Lemma 3.11). Finally note that by Lemma 2.7, A is also of
quasicentral £-defect. By Lemma 3.9 it follows that up to conjugacy (L, A) is the
unique e-Jordan quasicentral cuspidal pair of G* for b.

Finally, we show (c). In view of the part (d) just proved above, it remains to
consider the prime £ =2 only. Suppose first that all components of G are of classical
type. Let s € G*F be semisimple of odd order and let b be a 2-block of G* in
series s. By Lemma 3.17 below there is an e-torus, say S of Cg2.(s) such that
T* := CCE*(S)(S) is a maximal torus of Cg.(s). Let L* = Cg+(S) and let L be a
Levi subgroup of G in duality with L*. Then L is an e-split subgroup of G and
T*=Cj.(s). Let A € Irr(L", s5) correspond via Jordan decomposition to the trivial
character of T*/". Then (L, 1) is an e-Jordan quasicentral cuspidal pair of G.

Let G < G be a regular embedding. By part (a), Lemmas 3.3 and 3.8, there
exists g € G' suchthat b= bgr (8L, 81). Now since (L, A) is e-Jordan quasicentral
cuspidal, so is (8L, 8A). In order to see this, first note that, up to multiplication by
a suitable element of G/ and by an application of the Lang—Steinberg theorem, we
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may assume that g is in some F'-stable maximal torus of Z° (G)L. Thus L =L, and
X and ¢ correspond to the same Cp«(s)" orbit of unipotent characters of Ci- )F.

Now suppose that G has a component of exceptional type. Then we can argue
just as in the proof of surjectivity for bad ¢ in part (d). (I

Lemma 3.17. Let G be connected reductive with a Frobenius morphism F : G — G.
Let e € {1,2} and let S be a Sylow e-torus of G. Then Cg(S) is a torus.

Proof. Let C :=[Cg(S), Cg(S)] and assume that C has semisimple rank at least
one. Let T be a maximally split torus of C. Then the Sylow 1-torus of T, hence
of C is nontrivial. Similarly, the reductive group C’ with complete root datum
obtained from that of C by replacing the automorphism on the Weyl group by its
negative, again has a nontrivial Sylow 1-torus. But then C also has a nontrivial
Sylow 2-torus. Thus in any case C has a noncentral e-torus, which is a contradiction
to its definition. O

4. Jordan decomposition of blocks

Lusztig induction induces Morita equivalences between Jordan corresponding
blocks. We show that this also behaves nicely with respect to e-cuspidal pairs
and their corresponding e-Harish-Chandra series.

Jordan decomposition and e-cuspidal pairs. Throughout this subsection, G is a
connected reductive algebraic group with a Frobenius endomorphism F : G — G
endowing G with an [, -structure for some power g of p. Our results here are
valid for all groups G* satisfying the Mackey-formula for Lusztig induction. At
present this is known to hold unless G has a component H of type E¢, E7 or Eg
with Hf € {2E6(2), E;(2), Eg(2)}, see Bonnafé—Michel [2011]. The following is
in complete analogy with Proposition 2.4:

Proposition 4.1. Assume that G¥ has no factor 2E¢(2), E7(2) or Eg(2). Let
s € G*f, and G|, < G an F-stable Levi subgroup with G containing Cg«(s).
For (Ly, \) an e-cuspidal pair of G| below E(GF | s) define L := Cg(Z°(L).)
and A 1= eLeLlRf1 (A1). Then (Ly, A1) — (L, X) defines a bijection \Ilgl between
the set of e-cuspidal pairs of G| below £(GY , s) and the set of e-cuspidal pairs of
G below E(GF, 5).

Proof. We had already seen in the proof of Proposition 2.4 that L is e-split and
Z°(Ly). = Z°(L),.. For the well-definedness of \IJg] it remains to show that A is
e-cuspidal. For any e-split Levi subgroup X < L the Mackey formula [Bonnafé
and Michel 2011, Theorem] gives

eLer,"RE (W) ="RERE ) =D R¥nep, Ryrir, 05
8
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where the sum runs over a suitable set of double coset representatives g € L. Here,
X NE&L; is e-splitin L; since L1 N X% = L1 NCL(Z°(X%),) = CL,(Z°(X¥),).
The e-cuspidality of A; thus shows that the only nonzero terms in the above sum
are those for which L; N X8 = L1, i.e., those with L{ < X&. But then Z°(L), =
Z°(L1)e = Z°(X8),, and as X is e-split in L we deduce that necessarily X = L if
*Rg‘( (X)) #0. So A is indeed e-cuspidal, and \Ilgl is well-defined.

Injectivity was shown in the proof of Proposition 2.4, where we had constructed
an inverse map with L} := L* N G} and A, the unique constituent of *Rlil (A) in
E(LF,s). We claim that A is e-cuspidal. Indeed, for any e-split Levi subgroup
X<LiletY :=Cr(Z°(X),), an e-split Levi subgroup of L. Then *Rg‘(l (Ap)isa
constituent of

*REL) ="RYREO) =0

by e-cuspidality of A, unless ¥ = L, whence X =YNL =LNL;=L,.

Thus we have obtained a well-defined map *lIng from e-cuspidal pairs in G to
e-cuspidal pairs in G, both below the series s. The rest of the proof is again as for
Proposition 2.4. U

Jordan decomposition, e-cuspidal pairs and €-blocks. We next remove two of the
three possible exceptions in Proposition 4.1 for characters in £'-series:

Lemma 4.2. The assertions of Proposition 4.1 remain true for G¥' having no factor
Eg(2) whenever s € G*Fisa semisimple {'-element, where e = e¢(q). In particular,
\Ifgl exists.

Proof. Let s be a semisimple ¢’-element. Then by [Cabanes and Enguehard 1999,
Theorem 4.2] we may assume that £ < 3, so in fact £ = 3. The character table
of G*F =2E4(2).3 is known; there are 12 classes of nontrivial elements s € G*
of order prime to 6. Their centralisers Cg+(s) only have factors of type A, and
are connected. Thus all characters in those series £(GY, s) are uniform, so the
Mackey-formula is known for them with respect to any Levi subgroup. Thus, the
argument in Proposition 4.1 is applicable to those series. For G = E7(2), the
conjugacy classes of semisimple elements can be found in [Liibeck]. From this one
verifies that again all nontrivial semisimple 3’-elements have centraliser either of
type A, or of type 2D4(q)A;(q) P4, or Dy(q) P P3. In the latter two cases, proper
Levi subgroups are either direct factors, or again of type A, and so once more the
Mackey-formula is known to hold with respect to any Levi subgroup. U

Remark 4.3. The assertion of Lemma 4.2 can be extended to most ¢'-series of
G’ = Eg(2). Indeed, again by [Cabanes and Enguehard 1999, Theorem 4.2] we
only need to consider £ € {3,5}. For £ = 3 there are just two types of Lusztig
series for 3’-elements which can not be treated by the arguments above, with
corresponding centraliser Eq(2)®3 respectively 2Dg(2)®4. For £ = 5, there are
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five types of Lusztig series, with centraliser 2Eg(2)%45(2), E7(2)®,, 2D7(2) s,
Es(2)®3 and 2D5(2) d, g respectively. Note that the first one is isolated, so the
assertion can be checked using [Kessar and Malle 2013].

Proposition 4.4. Assume that G* has no factor Eg(2). Let s € G*F' be a semisimple
U'-element, and G| < G an F-stable Levi subgroup with G| containing Cg-(s).
Assume that b is an £-block in £(GF,s), and c is its Jordan correspondent in
E(GF | 5). Let e = e4(q).

(a) Let (L1, A1) be e-cuspidal in Gy, where (L, 1) = \IJG (L1, A1). If all con-
stituents ofR ()»1) lie in c, then all constituents of RG(A) liein b.

(b) Let (L, A) be e-cuspidal in G, where (L1, )»1) = *\IIG (L, )). If all constituents
of RG(A) lie in b, then all constituents ofR '(A1) lle in c.

The proof is identical to the one of Proposition 2.6, using Proposition 4.1 and
Lemma 4.2 in place of Proposition 2.4.
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Dedicated to the memory of Professor Robert Steinberg.

In this paper we construct free resolutions of a class of closed subvarieties of
affine spaces (the so-called “opposite big cells’’ of Grassmannians). Our class
covers the determinantal varieties, whose resolutions were first constructed
by A. Lascoux (Adv. in Math. 30:3 (1978), 202-237). Our approach uses
the geometry of Schubert varieties. An interesting aspect of our work is its
connection to the computation of the cohomology of homogeneous bundles
(that are not necessarily completely reducible) on partial flag varieties.

1. Introduction

A classical problem in commutative algebra and algebraic geometry is to describe
the syzygies of the defining ideals of interesting varieties. Let k <n < m be positive
integers. The space Dy of m x n matrices (over a field k) of rank at most & is a
closed subvariety of the mn-dimensional affine space of all m x n matrices. When
k = C, a minimal free resolution of the coordinate ring K[ D;] as a module over
the coordinate ring of the mn-dimensional affine space (i.e., the mn-dimensional
polynomial ring) was constructed by A. Lascoux [1978]; see also [Weyman 2003,
Chapter 6].

In this paper, we construct free resolutions for a larger class of singularities, viz.,
Schubert singularities, i.e., the intersection of a singular Schubert variety and the
“opposite big cell” inside a Grassmannian. The advantage of our method is that it is
algebraic group-theoretic, and is likely to work for Schubert singularities in more
general flag varieties. In this process, we have come up with a method to compute
the cohomology of certain homogeneous vector bundles (which are not completely
reducible) on flag varieties. We will work over k = C.

Let N =m+n. Let GLy = GLy (C) be the group of N x N invertible matrices.
Let By be the Borel subgroup of all upper-triangular matrices and By the opposite
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Borel subgroup of all lower-triangular matrices in GLy. Let P be the maximal
parabolic subgroup corresponding to omitting the simple root ¢y, i.e., the subgroup
of GLy comprising the matrices in which the (i, j)-th entry (i.e., in row i and
column j) is zero, if n+1 <i < N and 1 < j < n; in other words,

P:{[Anxn Cnxmi| GGLN}.

Omxn EI’I’IXWI

We have a canonical identification of the Grassmannian of n-dimensional subspaces
of k¥ with GLy /P. Let W and Wp be the Weyl groups of GLy and of P, respec-
tively; note that W = Sy (the symmetric group) and Wp = S, x S,,,. For w € W/ Wp,
let Xp(w) € GLy /P be the Schubert variety corresponding to w (i.e., the closure
of the By -orbit of the coset wP € GLy /P, equipped with the canonical reduced
scheme structure). The By -orbit of the coset (id-P) in GLy /P is denoted by
OgL, /p» and is usually called the opposite big cell in GLy / P; it can be identified
with the mn-dimensional affine space. (See Section 2.2.)

Write W7 for the set of minimal representatives (under the Bruhat order) in W
for the elements of W/ Wp. For 1 <r <n — 1, we consider certain subsets W, of
WP (Definition 3.3); there is w € W,_x such that Dy = Xp(w) N OELN/P- Note
that for any w € WP, Xp(w) N OgL, /p 18 a closed subvariety of Og, ,p. Our
main result is a description of the minimal free resolution of the coordinate ring
of Xp(w) N Ogy,, ,p as a module over the coordinate ring of Og, , ,p for every
w € W,. This latter ring is a polynomial ring. We now outline our approach.

First we recall the Kempf-Lascoux—Weyman “geometric technique” of construct-
ing minimal free resolutions. Suppose that we have a commutative diagram of
varieties

Z——AXV —V

(1-1) q’t lfl

Y——A

where A is an affine space, Y a closed subvariety of A and V a projective variety
and ¢ is the projection to the first factor. Suppose further that the (necessarily
proper) map ¢’ is birational, and that the inclusion Z <> A x V is a subbundle
(over V) of the trivial bundle A x V. Let & be the dual of the quotient bundle on V
corresponding to Z. Then the derived direct image Rg, 07 is quasi-isomorphic to a
minimal complex F, with

Fi=@H v, N8 @c R(—i— j).
j=0

Here R is the coordinate ring of A; it is a polynomial ring and R(k) refers to
twisting with respect to its natural grading. If ¢’ is such that the natural map
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Oy — Rq 0z is a quasi-isomorphism, (for example, if ¢’ is a desingularization of
Y and Y has rational singularities), then F, is a minimal free resolution of C[Y]
over the polynomial ring R.

The difficulty in applying this technique in any given situation is two-fold: one
must find a suitable morphism ¢’ : Z — Y such that the map Oy — Rq,07 is a
quasi-isomorphism and such that Z is a vector bundle over a projective variety V;
and, one must be able to compute the necessary cohomology groups. We overcome
this for opposite cells in a certain class (which includes the determinantal varieties)
of Schubert varieties in a Grassmannian, in two steps.

As the first step, we need to establish the existence of a diagram as above. This
is done using the geometry of Schubert varieties. We take A = Og, ,p and

Let P be a parabolic subgroup with By, € P C P. The inver~se image of Og  /p
under the natural map GLy /P — GLy /P is Og, ,p x P/P. Let w be the repre-
sentative of the coset wP in W¥. Then X p(w) CGLy/ P (the Schubert subvariety
of GLy /P associated to i) maps properly and birationally onto Xp(w). We may
choose P to ensure that X 5(w) is smooth. Let Z5(w) be the preimage of Yp(w) in
Xp(w). We take Z = Z(w). Then V, which is the image of Z under the second
projection, is a smooth Schubert subvariety of P/P. The vector bundle £ on V that
we obtain is the restriction of a homogeneous bundle on P/P. Thus we get:

Zp(0) > OGp, jp X V —=V

(1-2) l"/ lq

Yp(w)——= O~

See Theorem 3.7 and Corollary 3.9. In this diagram, ¢’ is a desingularization of
Yp(w). Since it is known that Schubert varieties have rational singularities, we have
that the map Oy — Rq, 07 is a quasi-isomorphism, so F, is a minimal resolution.

As the second step, we need to determine the cohomology of the homogeneous
bundles \'& over V. There are two ensuing issues: computing cohomology of
homogeneous vector bundles over Schubert subvarieties of flag varieties is dif-
ficult, and furthermore, these bundles are not usually completely reducible, so
one cannot apply the Borel-Weil-Bott theorem directly. We address the former
issue by restricting our class; if w € W, (for some r) then V will equal P/P.
Regarding the latter issue, we inductively replace P by larger parabolic subgroups
(still inside P), such that at each stage, the computation reduces to that of the
cohomology of completely reducible bundles on Grassmannians; using various
spectral sequences, we are able to determine the cohomology groups that determine
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the minimal free resolution. See Proposition 5.5 for the key inductive step. In
contrast, in Lascoux’s construction of the resolution of determinantal ideals, one
comes across only completely reducible bundles; therefore, one may use the Borel—-
Weil-Bott theorem to compute the cohomology of the bundles N'&. The idea of
using P! -fibrations for the computation of cohomology on flag varieties and their
Schubert varieties goes back to M. Demazure [1968; 1974]; see also the related
“one-step construction” of Kempf [1976].

Computing cohomology of homogeneous bundles, in general, is difficult, and is
of independent interest; we hope that our approach would be useful in this regard.
The best results, as far as we know, are due to G. Ottaviani and E. Rubei [2006],
which deal with general homogeneous bundles on Hermitian symmetric spaces.
The only Hermitian symmetric spaces in Type A are the Grassmannians, so their
results do not apply to our situation.

Since the opposite big cell Og;  ,p intersects every By-orbit of GLy /P, the
variety Yp(w) captures all the singularities of Xp(w) for every w € W. In this
paper, we describe a construction of a minimal free resolution of C[Yp(w)] over
ClOgy., /p]- We hope that our methods could shed some light on the problem of
construction of a locally free resolution of Oy, () as an OgL, ,p-module.

The paper is organized as follows. Section 2 contains notations and conven-
tions (Section 2.1) and the necessary background material on Schubert varieties
(Section 2.2) and homogeneous bundles (Section 2.3). In Section 3, we discuss prop-
erties of Schubert desingularization, including the construction of Diagram (1-2).
Section 4 is devoted to a review of the Kempf-Lascoux—Weyman technique and
its application to our problem. Section 5 explains how the cohomology of the
homogeneous bundles on certain partial flag varieties can be computed; Section 6
gives some examples. Finally, in Section 7, we describe Lascoux’s resolution in
terms of our approach and describe the multiplicity and Castelnuovo—Mumford
regularity of C[Yp (w)].

2. Preliminaries

In this section, we collect various results about Schubert varieties, homogeneous
bundles, and the Kempf—Lascoux—Weyman geometric technique.

2.1. Notation and conventions. We collect the symbols used and the conventions
adopted in the rest of the paper here. For details on algebraic groups and Schubert
varieties, the reader may refer to [Borel 1991; Jantzen 2003; Billey and Lakshmibai
2000; Seshadri 2007].

Let m > n be positive integers and N = m +n. We denote by GLy (respectively,
By, By) the group of all (respectively, upper-triangular, lower-triangular) invertible
N x N matrices over C. The Weyl group W of GLy is isomorphic to the group
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Sy of permutations of N symbols and is generated by the simple reflections s;,
for 1 <i < N — 1, which correspond to the transpositions (i, + 1). For w € W,
its length is the smallest integer / such that w =s;, - - - 5;, as a product of simple
reflections. For every 1 <i < N — 1, there is a minimal parabolic subgroup P;
containing s; (thought of as an element of GLy) and a maximal parabolic subgroup
P; not containing s;. Any parabolic subgroup can be written as P; :=( ), P; for
some A C {1, ..., N —1}. On the other hand, for A C {1, ..., N — 1} write P4 for
the subgroup of GLy generated by P;, i € A. Then P, is a parabolic subgroup and
P, .Nn—1pa = Pa.
The following is fixed for the rest of this paper:

(a) P is the maximal parabolic subgroup P; of GLy;

(b) forl <s<n-1, P, is the parabolic subgroup Py . s—1,n41,..n—1) =i P;
of GLN;

.....

We write the elements of W in one-line notation: (ay, ..., ay) is the permutation
i a;. Forany A C{l,..., N —1}, define Wp, to be the subgroup of W generated
by {s; : i € A}. By W™ we mean the subset of W consisting of the minimal
representatives (under the Bruhat order) in W of the elements of W/Wp,. For
1 <i < N, we represent the elements of W’ by sequences (ay, ..., a;) with
I <ay; <--- <a; < N since under the action of the group Wp,, every element of
W can be represented minimally by such a sequence.

For w = (a1, aa, ..., a,) € WP, let r(w) be the integer r such thata, <n < a,y;.

We identify GLy = GL(V) for some N-dimensional vector-space V. Let A :=
{iyn<ir<---<i}<{l,..., N—1}. Then GLy/Pj is the set of all flags

0=VCVicWhe -V, CV

of subspaces V; of dimension i; inside V. We call GLy /P4 a flag variety. If
A={1,...,N — 1} (ie., Pi = By), then we call the flag variety a full flag
variety; otherwise, a partial flag variety. The Grassmannian Gr; y of i-dimensional
subspaces of V is GLy / P;.

Let P be any parabolic subgroup containing By and © € W. The Schubert
variety X 5(t) is the closure inside GLN/ﬁ of By - e; where e, is the coset 7 P,
endowed with the canonical reduced scheme structure. Hereafter, when we write
Xp5(t), we mean that 7 is the representative in W7 of its coset. The opposite
big cell Og ;5 in GLy /P is the By -orbit of the coset (id-P) in GLy /P. Let
Yp(7) := Xp(r) N Ogy,, ,p; We refer to Y (7) as the opposite cell of Xp(7).

We will write Rt, R, Rg , Rp, to denote, respectively, positive and negative
roots for GLy and for P. We denote by ¢; the character that sends the invertible
diagonal matrix with 71, ..., t, on the diagonal to #;.
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2.2. Précis on GL,, and Schubert varieties. Let P be a parabolic subgroup of
GLy with By € P C P. We will use the following proposition extensively in the
sequel.

Proposition 2.2.1. Write Ug for the negative unipotent radical of P.
() Ogy,,p can be naturally identified with Uy P/ P.
(b) For

_ |:Anxn Crxm
7=

e GLy,
Dyxn Emm] N

zP € Ogy,, ,p if and only if A is invertible.

(¢) For 1 <s < n — 1, the inverse image of Ogy, ,p under the natural map
GLy /P, — GLy /P is isomorphic to OGLy /P X P/Pg as schemes. Every
element of Ogy, ,p X P/ P is of the form

|:An><n Onxm

Dyun 1L, :| mod P; € GLy / Ps.

Moreover, two matrices

Anxn Onxm] |:A/ 0nxmi|
and nxn
|:Dm><n Im D;nxn Im

in GLy represent the same element modulo P if and only if there exists a matrix
q € Qg such that A" = Aq and D' = Dq.

(d) For1<s<n—1, P/P; is isomorphic to GL, /Qs. In particular, the projection
map Ogy,, /p X P/P — P/ P; is given by

|:An><n Onxm

] mod P; —> A mod Q € GL, /Q ~ P/ P;.
Dlan Im

Proof. (a) Note that U is the subgroup of GLy generated by the (one-dimensional)
root subgroups Uy, « € R~ \ Rj and that Us P/P = By P/ P. Hence under the
canonical projection GLy — GLy /P, g — gP, the subgroup U, is mapped onto

Og, /p- It is easy to check that this is an isomorphism.
C/

nxm?

(b) Suppose that zP € Ogy,, ,p- By (a), we see that there exist matrices A;
D),...and E/,  such that

nxn’

mxn> mxm
71 = [ /In 0n><mj| c U;, 70 1= [A;'an C;zxm] c P
Dmxn Im OmX" mem

A}’le’l Cnxm
and z = =2122.
Dmxn Eme
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Hence A = A’ is invertible. Conversely, if A is invertible, then we may write
Z = 2122 Where

= ey and — A ¢
= pat g, P 2710 E—pa-'C|"

Since z € GLy, zo € P.

()LetzeUp P C GLy. Then we can write z = z1z2 uniquely with z; € Up and
zp € P. For, if

|: In Onxm:| [Anxn Cnxmj| . [ In 0n><mi| |:A;z><n Cr/zxm:|
Dyxn In Om><n Ensm B Dl/nxn Iy Omxn Er/nxm '
then A=A, C=C', DA=D'A’,and DC + E = D'C’' + E’, which yields that
D' = D (since A = A’ is invertible, by (b)) and E = E’. Hence Up x¢c P =Up P.
Therefore, for any parabolic subgroup P’ € P, U, x¢c P/P' = U, P/P’. The
asserted isomorphism now follows by taking P’ = P;.

For the next statement, let

An><n Cnxm:|
e GL
|:Dm><n mem N
with A invertible (which we may assume by (b)). Then we have a decomposition
(in GLy)
ACT [A Ouen |[ In A~lc
D E| |D I, ||Own E-—DA™'C]|"
Hence
AC| _ |A Ouxm ~
[D Ei| = |:D I, ] mod Py.
Finally,

Ansn Opsm _ A;lxn 05 xm 5
[Dmxn | = o, | Medh

mxn

if and only if there exist matrices g € Qy, and G, x, in GL,, such that

/
anm’

A0l [AO q 4

D I| |DI||0uxn gl
which holds if and only if ¢’ =0, g = I,,, A’ = Aq, and D' = Dgq (since A and A’
are invertible).
(d) There is a surjective morphism of C-group schemes P — GL,,

[AI’an Cnxmi| — A

Omxn El’l’le
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This induces the required isomorphism. Notice that the element

|:An><n Cnxm

mod P, € O, x P/P
Dmxn mem] * GLn/P / :

decomposes (uniquely) as

ot 2] ([0 &) o)

Hence it is mapped to A mod Q; € GL, /Q;. Now use (c). [l

Discussion 2.2.2. Let P = P;; 7, with 1 <ij <--- <i; < N — 1. Then using
Proposition 2.2.1(a) and its proof, Og, ,5 can be identified with the affine space of
lower-triangular matrices with possible nonzero entries x;; at row i and column j
where (i, j) is such that there exists [ € {iy, ..., i;} such that j <! <i < N. To see
this, note (from the proof of Proposition 2.2.1(a)) that we are interested in those
(i, j) such that the root €; —€; belongs to R~ \ Rp. Since R = 02:1 R;@’ we see
that we are looking for (i, j) such that ¢, —€; € R™\ R;i for some [ € {iy, ..., i;}.
For the maximal parabolic group P;, we have R~ \R;i ={€—€;j|1<j<I<i=<N}
Hence dim O, ;5 = IR\ Rp|.

Leta =¢; —€¢; € R\ Rp and [ € {iy, ..., i;}. Then the Pliicker coordinate
pgy) on the Grassmannian GLy / P; lifts to a regular function on GLy / P, which we
denote by the same symbol. Its restriction to O, is the [ x [-minor with column
indices {1, 2, ...,/} and row indices {1, ..., j—1, j+1,...,1,i}. In particular,

(2.2.3) Xij = pg)loaﬂ5 foreverya =¢; —€; € R~ \ Rp.

Example 2.2.4. Figure 1 shows the shape of O, ,p, for some 1 <s <n—1. The
rectangular region labelled with a circled D is Og; , ,p. The trapezoidal region
labelled with a circled A is Op 5 . In this case, the x;; appearing in (2.2.3) are
exactly those in the regions labelled A and B.

Remark 2.2.5. X3 (w) is an irreducible (and reduced) variety of dimension equal
to the length of w. (Here we use that w is the representative in WF.) It can be
seen easily that under the natural projection GLy /By — GLy /P, X By (w) maps
birationally onto Xz (w) for every w € WP, 1t is known that Schubert varieties
are normal, Cohen—Macaulay and have rational singularities; see, e.g., [Brion and
Kumar 2005, Section 3.4].

2.3. Homogeneous bundles and representations. Let Q be a parabolic subgroup
of GL,,. We collect here some results about homogeneous vector bundles on GL,, / Q.
Most of these results are well known, but for some of them, we could not find a
reference, so we give a proof here for the sake of completeness. Online notes of
Ottaviani [1995] and of D. Snow [1994] discuss the details of many of these results.
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I

®

0 0

® .

Figure 1. Shape of Og, , /5 -

Let Ly and Uy be respectively the Levi subgroup and the unipotent radical
of Q. Let E be a finite-dimensional vector-space on which Q acts on the right; the
vector-spaces that we will encounter have natural right action.

Definition 2.3.1. Define GL, x2E := (GL, x E)/ ~, where ~ is the equivalence
relation (g, e) ~ (gq,eq) for every g € GL,, g € O, and e € E. Then ng :
GL, x2E — GL, /0, (g,e)— g0, is a vector bundle called the vector bundle
associated to E (and the principal Q-bundle GL, — GL,,/Q). For g e GL,,, e € E,
we write [g, e] € GL, x 2E for the equivalence class of (g, ¢) € GL, x E under ~.
We say that a vector bundle 7 : E — GL,,/Q is homogeneous if E has a GL,,-action
and & is GL,-equivariant, i.e., forevery y € E, n(g-y) =g - 7w (y).

In this section, we abbreviate GL,, x 2E as E. It is known that E is homogeneous
if and only if E ~ E for some Q-module E. (If this is the case, then E is the fibre
of E over the coset Q.) A homogeneous bundle E is said to be irreducible (respec-
tively, indecomposable, completely reducible) if E is an irreducible (respectively
indecomposable, completely reducible) Q-module. It is known that E is completely
reducible if and only if Uy acts trivially and that E is irreducible if and only if
additionally it is irreducible as a representation of L. See [Snow 1994, Section 5]
or [Ottaviani 1995, Section 10] for the details.

Let o : GL,/Q — E be a section of 7g. Let g € GL,; write [h, f]=0(gQ).
There exists a unique g € Q such that h = gq. Let e = fq~'. Then [g, e] = [h, f].
If [h, f'] = [h, f], then f' = f, so the assignment g +> e defines a function
¢ : GL, — E. This is Q-equivariant in the following sense:

(2.3.2) ¢(gq) =¢(g)g, foreveryqge Q and g e GL,.
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Conversely, any such map defines a section of 7. The set of sections H*(GL,, /Q, E)
of g is a finite-dimensional vector-space with (a¢)(g) = a(¢(g)) for every a € C,
¢ a section of g, and g € GL,,.

Note that GL, acts on GL,, /Q by multiplication on the left; setting & - [g, e] =
[hg, e] for g, h € GL, and e € E, we extend this to E. We can also define a natural
GL,,-action on H(GL, /0, E) as follows. For any map ¢ : GL, — E,setho¢ to
be the map g — ¢ (h~'g). If ¢ satisfies (2.3.2), then for every g € Q and g € GL,,

(ho¢)(gq) = ¢(h~"gq) = ($(h"g))g = ((h o $)(8))q, s0 h o ¢ also satisfies
(2.3.2). The action of GL,, on the sections is on the left:

(hah1)op =g ¢(h'hy' 91 =[g > (hio¢)(hy'g)l=hao (hi o).

In fact, H (GL, /0, E) is a GL,-module for every i.
Suppose now that E is one-dimensional. Then Q acts on E by a character A; we
denote the associated line bundle on GL,,/Q by L;.

Discussion 2.3.3. Let O = P, with 1 <i) <--- <i; <n—1. A weight
X is said to be Q-dominant if when we write A = Y _, a;jw; in terms of the
fundamental weights w;, we have, a; > 0 for all i ¢ {iy, ..., i}, or equivalently,

the associated line bundle (defined above) L, on Q/B, has global sections. If we
express A as Z?:l Ai€;, then A is Q-dominant if and only if for every 0 < j <,
ij+1 = dijg2 = o0 = gy where we set ig = 0 and i, = n. We will write
A= (A1,...,A,) to mean that A = Z?:l Ai€;. Bvery finite-dimensional irreducible
Q-module is of the form H°(Q /By, L) for a Q-dominant weight A. Hence the
irreducible homogeneous vector bundles on GL, /Q are in correspondence with
Q-dominant weights. We describe them now. If Q = P,~, then GL,,/Q = Gr; .
(Recall that, for us, the GL,-action on C" is on the right.) On Gr; ,, we have the
tautological sequence

(2.3.4) 0—->R; - C'"®0g,, = Qi — 0

of homogeneous vector bundles. The bundle R; is called the tautological subbundle
(of the trivial bundle C") and Q,_; is called the rautological quotient bundle.
Every irreducible homogeneous bundle on Gr; , is of the form S¢, .. 1, ) @r_; ®
SGu_ivtsnin) Ry for some P,~;-dominant weight A. Here S, denotes the Schur
Junctor associated to the partition . Now suppose that O = P, with 1 <
i1 <---<i; <n—1. Since the action is on the right, GL, /Q projects to Gr,_; »
precisely when i = i; for some 1 < j <. For each 1 < j <, we can take the
pullback of the tautological bundles Rn—i; and Q;; to GL, /Q from GL, / P;. The

irreducible homogeneous bundle corresponding to a Q-dominant weight X is

SGuteeriy) Uis ®SGu 11,0iy) (Ru—iy [Ru—in)*®

@St Rn—iv [ Ru=i)* @ Saiy 1) Run—i)™

in
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See [Weyman 2003, Section 4.1]. Hereafter, we will write If; = QF. Moreover,
abusing notation, we will use R;, Q;, U; etc. for these vector bundles on any (partial)
flag variety on which they would make sense.

A Q-dominant weight is called (i, ..., i,)-dominant in [op. cit., p. 114]. Al-
though our definition looks like Weyman’s definition, we should keep in mind
that our action is on the right. We only have to be careful when we apply the
Borel-Weil-Bott theorem (more specifically, Bott’s algorithm). In this paper, our
computations are done only on Grassmannians. If p and v are partitions, then
(u, v) will be Q-dominant (for a suitable Q), and will give us the vector bundle
S, Q*®S, R* (this is where the right-action of Q becomes relevant) and to compute
its cohomology, we will have to apply Bott’s algorithm to the Q-dominant weight
(v, ). (In [op. cit.], one would get S, R*®S,, Q* and would apply Bott’s algorithm
to (u, v).) See, for example, the proof of Proposition 5.4 or the examples that
follow it.

Proposition 2.3.5. Let Q| C Q; be parabolic subgroups and E a Q-module. Let
f:GL,/Q1 — GL, /Q> be the natural map. Then for everyi > 0,

R f.(GL, x2'E) = GL, x 2 H'(Q2/Q1,GL, x?'E).

Proof. For Q, (respectively, Q1), the category of homogeneous vector bundles on
GL, / Q> (respectively, GL, /Q1) is equivalent to the category of finite-dimensional
Q,-modules (respectively, finite-dimensional Q-modules). Now, the functor f*
from the category of homogeneous vector bundles over GL,/Q, to that over
GL, /Q; is equivalent to the restriction functor Resgf. Hence their correspond-
ing right-adjoint functors f, and the induction functor Indgf are equivalent; one
may refer to [Hartshorne 1977, 11.5, p. 110] and [Jantzen 2003, 1.3.4, “Frobenius
Reciprocity”] to see that these are indeed adjoint pairs. Hence, for homogeneous
bundles on GL, /Q1, R'f, can be computed using R’ IndQ2 On the other hand,
note that IndQZ( ) is the functor HO(QZ/Ql, GL, x91—) on 0 1-modules, which
follows from [op cit., 1.3.3, Equation (2)]. The proposition now follows. ]

3. Properties of Schubert desingularization

This section is devoted to proving some results on smooth Schubert varieties in
partial flag varieties. In Theorem 3.5, we show that opposite cells of certain smooth
Schubert varieties in GLy /P are linear subvarieties of the affine variety Og; N/ P
where P = Py for some 1 < s <n — 1. Using this, we show in Theorem 3.7 that if
Xp(w) € GLy /P is such that there exists a parabolic subgroup P C P such that
the birational model X5 (w) C GLN/P of Xp(w) is smooth (we say that Xp(w)
has a Schubert desingularization if this happens) then the inverse image of Yp (w)
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inside X 5(w) is a vector bundle over a Schubert variety in P/ P. This will give us
a realisation of Diagram (1-2).

Recall the following result about the tangent space of a Schubert variety; see
[Billey and Lakshmibai 2000, Chapter 4] for details.

Proposition 3.1. Let T € WP, Then the dimension of the tangent space of Xp(7)
at ejq is
#{so la € R\ Rp and T > 5o in W/ Ws}.

In particular, X 5(t) is smooth if and only if
dim Xp(t) =#{so |l € R™ \ Rp and t > 5o in W/ Ws}.

Notation 3.2. We adopt the following notation: Let w = (ay, a, . .., a,) € WF. Let
r =r(w), i.e., the index r such that a, <n <a,y;. Let 1 <s <r. We write P=P,.
Let w be the minimal representative of w in WP Let Cr+1 > -+ > ¢, be such that
{crat, .. ent={1,....n}\{a1,...,a };letw :=(ay, ..., ar, Cri1,...,Cn) €Sy,
the Weyl group of GL,,.

Our concrete descriptions of free resolutions will be for the following class of
Schubert varieties.

Definition 3.3. Let 1 <r <n —1. Let
Wr:{(n—r+1,...,n,arH,...,an,l,N)eWP:n<ar+1<---<an,1<N}.

The determinantal variety of (7 x n) matrices of rank at most k can be realised as
Yp(w), w=®k+1,...,n, N—k+1,...N) € W,_, [Seshadri 2007, Section 1.6].

Proposition 3.4. Xp (W) is smooth in the following situations:
(a) w e WP arbitrary and s = 1 [Kempf 1971].
b)) weW, forsomel <r<n—1lands=r.

Proof. For both (a) and (b): Let wyax € W (= Sy) be the maximal representative
of w. We claim that

Wmax = (aS7aS71s <o, Ay, dg41, s 42, -~~’ansbn+ls ,bN) eW.

Assume the claim. Then wp,x is a 4231- and 3412-avoiding element of W; hence
X B, (Wmax) 1s smooth; see [Lakshmibai and Sandhya 1990; Billey and Lakshmibai
2000, 8.1.1]. Since wpayx is the maximal representative (in W) of W P, we see that
X, (Wmax) 18 a fibration over X py(u?) with smooth fibres P, / By ; therefore X PT(‘I’)
is smooth. » »

To prove the claim, we need to show that X p, (Wmax) = X p; (w) forevery s <i <n
and that wp,yx is the maximal element of W with this property. This follows, since
for every 7 :=(cy,...,cy) € W and forevery 1 <i <N, Xp,(t) = Xp,(t') where
7/ € WPi is the element with ¢, ..., ¢; written in the increasing order. O
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Theorem 3.5. Identify Og,p with Og,p X Op,p as in Figure 1, with Og ,p thought
of as My, ., the space of all m x n matrices. If w € W is arbitrary and s = 1 (see
Proposition 3.4(a)) then we have an identification of Y (W) with V,, X V), where
Vy is the linear subspace of Og ,p given by

1<j=<r(w), or

rwy+1<j<n—1and aj—n<i<m.

xij=0 if :
and V), is the linear subspace of Op,p given by
x;j=0 forevery 1 <j <r(w) and forevery i > max{a;+1,s+1}.

On the other hand, if w e W, for some 1 <r <n—1and s =r (see Proposition 3.4(b))
then we have an identification of Yp(w) with Vyy x Op,p, where V,, is the linear
subspace of Og,p given by
N A N .
r+1<j<n—1and aj—n<i=<m.

Proof. Consider the first case: w arbitrary and s = 1. Since a; < --- < a,, we
see that for every j <n and for every i > max{a; + 1, s + 1}, the reflection (i, j)
equals (1,2,...,j—1,i)in W/Wp], while w equals (ay, . - aj). Hence (i, j) is
not smaller than w in W/ Wp,, so the Pliicker coordinate p(l.{ N vanishes on X ().
Therefore for such (i, j), x;; =0 on Yz (w), by (2.2.3).

On the other hand, note that the reflections (i, j) with j <n and i > max{a; +1,
s + 1} are precisely the reflections s, with @ € R~ \ Ry and w # s, in W/ W;.
Since X5 (w) is smooth, this implies (see Proposition 3.1) that the codimension of
Yp(w) in Ogy, /5 equals

#{(i,j)|j <n and i > max{a; +1,s+1}}
s0 Yp(w) is the linear subspace of Og; /5 defined by the vanishing of
{xij1j<n and i >max{a; +1,s+1}}.

This gives the asserted identification of Y3 (w).

Now the second case: w € W, forsome 1 <r <n —1 and s = r. Note that
Xg,(w') = GL, /B,, because of the choice of w and s. Therefore, an argument
similar to the one above, along with counting dimensions, shows that Y3 () is
defined inside Og,p by
1<j<r or

x,-j=0 if . .
r+1<j<n—1and aj—n<i=<m.

This gives the asserted identification of Y5 (w). U
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Let Zs() := Yp(w) X xp(w) Xp(0) = (Ogy,,,p X P/P)NX s(i). Write p for
the composite map

Zp(w) = Ogr,,p X P/P— P/P,

where the first map is the inclusion (as a closed subvariety) and the second map is
projection. Using Proposition 2.2.1(c) and (d), we see that

An Xn Onxm:| ~>
mod P )=A mod Q.
P ([Dmxn In Os
(A is invertible by Proposition 2.2.1(b).) Using the injective map
A Ol’l xm]

mxn Im

B, — By, A|—>|:O

B, can be thought of as a subgroup of By. With this identification, we have the
following Proposition:

Proposition 3.6. Z;(w) is B,-stable (for the action on the left by multiplication).
Further, p is B,-equivariant.

Proof. Let

7= |:An><n Onxm
' Dysn I

]GGLN

be such that zP € Zs(w). Since X g, (w) — Xp(w) is surjective, we may assume
that z (mod By) € X, (W), i.e., z € BywBy. Then for every A’ € B,

[ A onxm] . [A/A 0 ] .
Thenz' € BywBy, soz' (mod P) e Xp(w). By Proposition 2.2.1(b), we have that A
is invertible, and hence A A’ is invertible; this implies (again by Proposition 2.2.1(b))

that 7/ (mod P) € Z5 (). Thus Z (i) is By-stable. Also, p(A'z) = p(z) =A'A=
A’ p(z). Hence p is Bj-equivariant. O

Theorem 3.7. With notation as above,

(a) The natural map Xp(w) — Xp(w) is proper and birational. In particular, the
map Zs(w) — Yp(w) is proper and birational.

(b) Xop,(w') is the fibre of the natural map Zs(w) — Yp(w) at eiq € Yp(w) (with w’
as in Notation 3.2).

(c) Suppose that w and s satisfy the conditions of Proposition 3.4. Then X (w') is
the image of p. Further, p is a fibration with fibre isomorphic to V,,.
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(d) Suppose that w and s satisfy the conditions of Proposition 3.4. Then p identifies
Zp(w) as a subbundle of the trivial bundle Ogy , ,p X Xo,(w"), which arises as
the restriction of the vector bundle on GL,, / Q associated to the Qs-module V),
(which, in turn, is a Q-submodule of OGLN/P)-

We believe that all the assertions above hold without the hypothesis that X5 (w)
is smooth.

Proof. (a) The map Xs(w) < GLy/ P — GLy /P is proper and its (scheme-
theoretic) image is Xp(w); hence X(w) — Xp(w) is proper. Birationality fol-
lows from the fact that @ is the minimal representative of the coset wP (see
Remark 2.2.5).

(b) The fibre at ejq € Yp(w) of the map Y3 (w) — Yp(w) is {0} x V,, (contained in
Vi x V,, = Ys(w)). Since Zp(w) is the clos~ure of Y5 (w) inside OG_LN/P X P/ﬁ
and X (w’) is the closure of V;, inside P/P (note that, as a subvariety of Op 5,
Yo (w’) is identified with V), we see that fibre of Zs (W) — Yp(w) at ejg € Yp(w)
is Xo,(w").

(c) From Theorem 3.5 it follows that

Yp) = || Amen Onsn | g ‘ AeV, and D eV,t.
Dmxn Im

Hence p(Yp(w)) =V, € Xg,(w'). Since Y;(w) is dense inside Z3(w) and Xp (w’)
is closed in GL, /Q;, we see that p(Zp,(w)) € Xp,(w'). The other inclusion
Xop,(w') € p(Zp,(w)) follows from (b). Hence, p(Zp,(w)) equals Xp (w’).

Next, to prove the second assertion in (c), we shall show that for every A € GL,,
with A mod Q; € X (w'),

A Onxm

b } mod P ‘ Devw}.

(3.8) p~ (A mod Q;) = {[

Towards proving this, we first observe that p~!(eiq) equals V,, (in view of
Theorem 3.5). Next, we observe that every B,-orbit inside X (w’) meets V,,
(which equals Yy (w’)); further, p is B,-equivariant (see Proposition 3.6). The
assertion (3.8) now follows.

(d) First observe that for the action of right multiplication by GL,, on Og,p (being
identified with M,, ,, the space of m x n matrices), V), is stable; we thus get the
homogeneous bundle GL,, x %y, — GL, /Qs (Definition 2.3.1). Now to prove
the assertion about Zp (w)) being a vector bundle over X (w’), we will show that
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there is a commutative diagram given as below, with ¥ an isomorphism:

DN

(GLn XQJVw)lXQS(w/) - GLn XQSVw

L,k

XQs(w/) GLn/Qv

The map « is the homogeneous bundle map and 8 is the inclusion. Define ¢ by

Zp,(w)

p

. A Onxm o
o [D I ] mod P — (A, D)/ ~.
Using Proposition 2.2.1(c) and (3.8), we conclude the following: ¢ is well defined
and injective; 8- p = « - ¢; hence, by the universal property of products, the map
Y exists; and, finally, the injective map ¥ is in fact an isomorphism (by dimension
considerations). U

Corollary 3.9. If X (w) is smooth, then we have the following realisation of the
diagram in (1-2):

Zp(W)— Ogp, ,p x Xo,(w) — Xg (W)

T

Yp(w)—— OgL, P

Example 3.10. This example shows that even with r = 5, X (w’) need not be
smooth for arbitrary w € WP Letn=m=4and w=(2,4,7,8). Then r = 2; take
s = 2. Then we obtain wpy.x = 4, 2,7, 8,5, 6, 3, 1), which has a 4231 pattern.

4. Free resolutions

The Kempf—Lascoux—Weyman geometric technique. We now summarise the geo-
metric technique of computing free resolutions, following [Weyman 2003, Chap-
ter 5]. Consider (1-1). There is a natural map f : V — Gr, 4 (Where r =rky Z and
d = dim A) such that the inclusion Z € A x V is the pullback of the tautological
sequence (2.3.4); here rky Z denotes the rank of Z as a vector bundle over V,
ie, tkyZ =dimZ —dimV. Let £ = (f*Q)* Write R for the polynomial ring
C[A] and m for its homogeneous maximal ideal. (The grading on R arises as
follows. In (1-1), A is thought of as the fibre of a trivial vector bundle, so it has
a distinguished point, its origin. Now, being a subbundle, Z is defined by linear
equations in each fibre; i.e., for each v € V, there exist s := (dim A —rky Z) linearly
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independent linear polynomials £, 1, . .., £, s that vanish along Z and define it. Now
Y ={y € A | there exists v € V such that £, 1(y) =--- = £, s(y) =0}. Hence Y is
defined by homogeneous polynomials. This explains why the resolution obtained
below is graded.) Let m be the homogeneous maximal ideal, i.e., the ideal defining
the origin in A.

Theorem 4.1 [Weyman 2003, basic theorem 5.1.2]. With notation as above, there
is a finite complex (F,, d,) of finitely generated graded free R-modules that is
quasi-isomorphic to Rq, 0z, with

Fi=H (V. NY&) ®c R(—i — j),

Jj=0
and 9; (F;) C mF;_1. Furthermore, the following are equivalent:

(a) Y has rational singularities; i.e., Rq, 07 is quasi-isomorphic to Oy;

(b) F, is aminimal R-free resolution of C[Y], i.e., Fy~ R and F_; =0 forall i > 0.

We give a sketch of the proof because one direction of the equivalence is only
implicit in the proof of [op. cit., 5.1.3].

Sketch of the proof. One constructs a suitable g.-acyclic resolution $* of the Koszul
complex that resolves Oz as an Op, y-module so that the terms in g, $* are finitely
generated free graded R-modules. One places the Koszul complex on the negative
horizontal axis and thinks of $° as a second-quadrant double complex, thus to
obtain a complex G, of finitely generated free R-modules whose homology at
the i-th position is R~ q+0z. Then, using standard homological considerations,
one constructs a subcomplex (F,, d,) of G, that is quasi-isomorphic to G, with
d; (F;) S mF;_| (we say that F, is minimal if this happens), and since H; (G,) =0
for every |i| > 0, F; =0 for every |i| > 0. Now using the minimality of F,, we see
that R'q,0z = 0 for every i > 1 if and only if F_; =0 for every i > 1. When one of
these conditions holds, then F, becomes a minimal free resolution of ¢.0z which
is a finitely generated Oy-module, and therefore ¢,.0; = Oy if and only if ¢,07 is
generated by one element as an Oy-module if and only if ¢,.07 is a generated by
one element as an R-module if and only if Fj is a free R-module of rank one if
and only if Fy = R(0) since HO(V, /\Oéf) ® R is a summand of Fj. O

Our situation. We now apply Theorem 4.1 to our situation. We keep the notation
of Theorem 3.7. Theorem 4.1 and Corollary 3.9 yield the following result:

Theorem 4.2. Suppose that Xp (W) is smooth. Write U,, for the restriction to
Xo,(w’) of the vector bundle on GL,, /Q, associated to the Q s-module (OELN/P/VW)*.
(This is the dual of the quotient of Ogy,, ,p X Xo,(w') by Zp (0).) Then we have a
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minimal R-free resolution (F,, d,) of C[Yp(w)] with

Fi = P W (Xo,w). N thy) ®c R(—i — j).
j=0

In the first case, Q; = B, so p makes Z pl(ﬁ)) a vector bundle on a smooth
Schubert subvariety X (w') of GL,, /B,. In the second case, w’ is the maximal
word in §,,, so XQr(w’) = GL, /Q,; see Discussion 4.3 for further details.

Computing the cohomology groups required in Theorem 4.2 in the general
situation of Kempf’s desingularization (Proposition 3.4(a)) is a difficult problem,
even though the relevant Schubert variety X Bn(w’ ) is smooth. Hence we are forced
to restrict our attention to the subset of W* considered in Proposition 3.4(b).

The stipulation that, for w € W,, w sends n to N is not very restrictive. This
can be seen in two (related) ways. Suppose that w does not send n to N. Then,
firstly, Xp(w) can be thought of as a Schubert subvariety of a smaller Grass-
mannian. Or, secondly, U/, will contain the trivial bundle I/, as a summand, so
HO(GLn/Q,, &) #£0,1i.e., R(—1) is a summand of F;. In other words, the defining
ideal of Yp(w) contains a linear form.

Discussion 4.3. We give some more details of the situation in Proposition 3.4(b)
that will be used in the next section. Let

w=m—-r+1l,n—r+2,...,0n,a04+1,...,a,-1, N) € W,.

The space of (m x n) matrices is a GL,-module with a right action; the subspace
Vy is Q,-stable under this action. Thus V,, is a Q,-module, and gives an associated
vector bundle (GL, x2¢rV,,) on GL, /Q;. The action on the right of GL,, on the
space of (m x n) matrices breaks by rows; each row is a natural n-dimensional
representation of GL,,. For each 1 < j <m, there is a unique » <i; <n— 1 such that
aj; < j+n < a;+1. (Note that a, =n and a, = N.) Inrow j, V,, has rank n —i;,
and is a subbundle of the natural representation. Hence the vector bundle associated
to the j-th row of V), is the pullback of the tautological subbundle (of rank (n —i;))
on Grn_,-j, n- We denote this by Rn—i;- Therefore (GL,, x 27V,) is the vector bundle
Ry = @]’.”:1 Ru-i;- Let Qy = @;":1 Q;. where Q;; is the tautological quotient
bundle corresponding to Rn—i;- Then the vector bundle ¢/, on GL, /Q, that was
defined in Theorem 4.2 is Q.

5. Cohomology of homogeneous vector bundles

It is, in general, difficult to compute the cohomology groups H/ (GL,,/Q,, N,) in
Theorem 4.2 for arbitrary w € W,. In this section, we will discuss some approaches.
We believe that this is a problem of independent interest. Our method involves
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replacing Q, inductively by increasingly bigger parabolic subgroups, so we give
the general setup below.

Setup 5.1. Let 1 <r <n—1. Let m,, ..., m,_; be nonnegative integers such
that m, +--- 4+ m,_1 = m. Let Q be a parabolic subgroup of GL, such that
Q C P; for every r <i <n — 1 such that m; > 0. We consider the homogeneous
vector bundle £ = @'~ U on GL,/Q, We want to compute the vector-spaces

H/(GL,/0,, N&).

Lemma 5.2. Let f : X' — X be a fibration with fibre some Schubert subvariety Y
of some (partial) flag variety. Then f,0x' = Ox and R' f,0x: =0 for everyi > 1. In
particular, for every locally free coherent sheaf L on X, H (X', f*L) =H!(X, L)
for everyi > Q.

Proof. The first assertion is a consequence of Grauert’s theorem [Hartshorne 1977,
I11.12.9] and the fact (see, for example, [Seshadri 2007, Theorem 3.2.1]) that

C ifti=0,

H'(Y,0y) =
(¥: Or) {O otherwise.

The second assertion follows from the projection formula and the Leray spectral

sequence. Il

Proposition 5.3. Letm;,r <i <n —1 be as in Setup 5.1. Let

0'= () P

Then H*(GL, /Q, \N€) = H*(GL, /Q', N &) for every t.

Proof. The assertion follows from Lemma 5.2, noting that /\'€ on GL, /Q is the
pullback of A\'& on GL,,/Q’, under the natural morphism GL,,/Q — GL,/Q’. O

Proposition 5.4. Forall j, H' (GL,/Q, &) =0.

Proof. We want to show that H/(GL, /O,U;) =0 forevery r <i <n—1 and for
every j. By Lemma 5.2 (and keeping Discussion 2.3.3 in mind), it suffices to show
that H/ (Gry—in,U;) =0forevery r <i <n—1 and for every j. To this end, we
apply the Bott’s algorithm [Weyman 2003, (4.1.5)] to the weight

a:=(,...,0,1,0,...,0).
[ — L —

n—i i—1

Note that there is a permutation o such that o - ¢ = «, yielding the proposition. [J
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An inductive approach. We are looking for a way to compute H*(GL, /Q, N'&)
for a homogeneous bundle
§=Pu™

icA
where A C{r,...,n—1} and m; > O for every i € A. Using Proposition 5.3, we
assume that Q = Pj4. (Using Proposition 5.8 below, we may further assume that
m; > 2, but this is not necessary for the inductive argument to work.)

Let j be such that Q C P; and Q; (equivalently ;) be of least dimension; in
other words, j is the smallest element of A. If Q = P; (i.e., |A| = 1), then the /\té is
completely reducible, and we may use the Borel-Weil-Bott theorem to compute the
cohomology groups. Hence suppose that Q # P;; write Q = Q' N P; nontrivially,
with Q' being a parabolic subgroup. Consider the diagram

GL,/Q —~GL,/P;

lpl
GL,/Q’

Note that /\t:‘;: decomposes as a direct sum of bundles of the form (p)*n ®
( pz)*(/\tlufamj ) where 1 is a homogeneous bundle on GL,, /Q’. We must compute

H*(GL,/Q. (p)*n® (p2)* (N'U™)).

Using the Leray spectral sequence and the projection formula, we can compute this
from

H*(GL, /Q', n® R*(p1)«(p2)* (N'U™)).
Now A u/.@mj, in turn, decomposes as a direct sum of S, 2/}, so we must compute
H*(GL, /Q', n1® R*(p1)«(p2)* S, ;).

The Leray spectral sequence and the projection formula respect the various direct-
sum decompositions mentioned above. It would follow from Proposition 5.5 below
that for each p, at most one of the R”(p1).(p2)* S, U is nonzero, so the abutment
of the spectral sequence is, in fact, an equality.

Proposition 5.5. With notation as above, let 6 be a homogeneous bundle on
GL, /P;. Then Rip1,p2*0 is the locally free sheaf associated to the vector bundle

GL, x¢ H (Q'/Q, p2*0l¢/0) over GL, /Q’.
Proof. This proposition follows from Proposition 2.3.5. (]

We hence want to determine the cohomology of the restriction of S, ¢4; on Q'/ Q.
It follows from the definition of j that Q’/Q is a Grassmannian whose tautological



FREE RESOLUTIONS OF SOME SCHUBERT SINGULARITIES 319

quotient bundle and its dual are, respectively, Q;|o//0 and U;| /0. We can therefore
compute H'(Q'/Q, S, Uj| o//0) using the Borel-Weil-Bott theorem.

Example 5.6. Suppose that n = 6 and that Q = P73. Then we have the diagram

GLs/Q — > GLg /P;

|

GL¢ / P;

The fibre of pj is isomorphic to P;/Q which is a Grassmannian of two-dimensional
subspaces of a four-dimensional vector-space. Let & = (w1, 2) be a weight. Then
we can compute the cohomology groups H*(P;/Q, S, U>|p; /o) applying the Borel-
Weil-Bott theorem [Weyman 2003, (4.1.5)] to the sequence (0, O, w1, t2). Note that
H*(P;/Q, S, Uzl p;/0) 1s, if it is nonzero, S; W where W is a four-dimensional
vector-space that is the fibre of the dual of the tautological quotient bundle of
GL4 /P; and A is a partition with at most four parts. Hence, by Proposition 5.5, we
see that R’ (p1)s«(p2)* S, U is, if it is nonzero, Sy Uy on GL¢ / Pj.
We summarise the above discussion as a theorem:

Theorem 5.7. For w € W, the modules in the free resolution of C[Yp(w)] given in
Theorem 4.2 can be computed.

We end this section with some observations.

Proposition 5.8. Suppose that there exists i such thatr +1 <i <n — 1 and such
that & contains exactly one copy of U; as a direct summand. Let

E=U_19® @Ui,-
j=1
ij#i
Then H*(GL, /Q, N &) = H*(GL, /Q, \N'&') for every 1.

Proof. Note that &’ is a subbundle of & with quotient I; /U4; ;. We claim that
Ui /Ui—1 = Lo, —w;» Where for 1 < j < n, w; is the j-th fundamental weight.
Assume the claim. Then we have an exact sequence

0— N —->Ne—>N"E®Lyy_, 0, — 0

Q'= () P

r<l<n—1

I#i
then Q = Q' N P;. Let p: GL,/Q — GL, /Q’ be the natural projection; its fibres
are isomorphic to Q'/Q ~ GL, /By ~ P'. Note that /\'_15’ ® L,,_, is the pullback
along p of some vector bundle on GL, /Q’; hence it is constant on the fibres of p.

Let
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On the other hand, L,, is the ample line bundle on GL,, / P; that generates its
Picard group, so L_,, restricted to any fibre of p is O(—1). Hence the bundle
/\’715;“’ ® Ly,_,—w on any fibre of p is a direct sum of copies of O(—1) and
hence it has no cohomology. By Grauert’s theorem [Hartshorne 1977, 111.12.9],
Rip* (/\t_lé’ ® Ly, _,—w;) =0 for every i, so, using the Leray spectral sequence, we
conclude that H*(GL,,/Q, /\t_lé "® L, ,—w;) =0. This gives the proposition.

Now to prove the claim, note that If; /U; 1 >~ (Ry—i+1/Ru—i)* Letey, ..., e, be
a basis for C" such that the subspace spanned by ¢;, ..., e, is By-stable for every
1 <i <n. (Recall that we take the right action of By on C".) Hence R,,—i1+1/Rn—i
is the invertible sheaf on which By acts through the character w; — w;_, which
implies the claim. U

Remark 5.9 (determinantal case). Recall (see the paragraph after Definition 3.3)
that Yp(w) =Dy ifw=(k+1,...,n,N—k+1,...N) € W,_. In this case,

n—1
Uy =20 P u.
i=n—k+1
Therefore

H*(GL,,/Qu—t, N'€) = H(GLy / Qnk, NU) =H*(GL, / Pii, NUY)

where the first equality comes from a repeated application of Proposition 5.8 and
the second one follows by Lemma 5.2, applied to the natural map f :GL,/Q —
GL,, / P;=x. Hence our approach recovers Lascoux’s resolution of the determinantal
ideal [Lascoux 1978]; see also [Weyman 2003, Chapter 6].

6. Examples

We illustrate our approach with two examples. Firstly, we compute the resolution
of a determinantal variety using the inductive method from the last section.

Example 6.1 (n x m matrices of rank < k). If k=1,thenw =2, ...,n,n+m),
and, hence, & = L{,?_”i. Since this would not illustrate the inductive argument, let us
take k = 2.

Consider the ideal generated by the 3 x 3 minors of a 4 x 3 matrix of indeterminates.
It is generated by four cubics, which have a linear relation. Hence minimal free
resolution of the quotient ring looks like

(6.2) 0— R(—4H)% — R(-3)®* — R —0.

Note that w = (3, 4, 6,7) and & = UP* @ Us. Write G = GL4 and Q = P3).
Then j =2, Q'=P;and Q'/Q ~GL3 /P5 [P2. Now there is a decomposition

Ne=@P Sy C @S, N s

[l =<t
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Hence we need to consider only p = (1, 2) < (2,2). On Q'/Q >~ GL3 / P5, we
would apply the Borel-Weil-Bott theorem [op. cit., (4.1.5)] to the weight (0, w1, ©2)
to compute the cohomology of S, ¢;. Thus we see that we need to consider only
n=1(0,0), u=(2,0) and & = (2, 1). From this, we conclude that

O/ p; if i=0 and p = (0, 0),

. Nt if i=1 and p=(2,0)
Rl * S (]:2 ®S U) = ) )
(P«(p2)"(Su ) NuD®? ifi=1and u=@2, 1),

0 otherwise.

We have to compute the cohomology groups of (R’ (P« (P2)* (S C’® S lth)®
/\"'“'L@ on G/P;. Now, H*(G/P;, /\'U3) = O for every i > 0. Further

N @Us ~ Nts ® Sy U5 forp=(2,0)andr =3,
NUs @ NUs ~ So11 Us B Sa2 Uz for w=(2,0) and t = 4,

N3 & Ny = S0, Us for (0= (2,0)0r pu=(2,1)) and =5,
N @Us ~Sy1.1Us forp=(2,1)and t =4,
Nis & Nl ~ S0 Us for = (2,1)and =6.

Again, by applying the Borel-Weil-Bott theorem [loc. cit.] for G/ P3, we see that
S2.2U3, Sz.2.1 Uz and S; .2 Uz have no cohomology. Therefore we conclude that

Nce4 if t=0 and j =0,

. N e if t=3 and j=2

H‘I G , t — )

(G710, ) (N'C®H®3 if 1 =4 and j =2,
0 otherwise.

These ranks agree with the expected ranks from (6.2).

Example 6.3. Let n =6, m =6, k =4 and w = (5,6, 8,9, 11, 12). For this,
Q= Py3 5 and Uy, = uzeaz DU D L{fz @ Us. After applying Propositions 5.3

and 5.8, we reduce to the situation Q = P32 and § = %@3 ® Z/lfﬁ. Write £ =
(C3 ®@clh) ® (C* ®Uy). Now we project away from GLg / P;.

GLs /Q —>>GL /P;
l[’l
GLs /P;

The fibre of p; is isomorphic to P;/Q which is a Grassmannian of two-dimensional
subspaces of a four-dimensional vector-space. We use the spectral sequence

(6.4) H/(G/P;, Ripy NE) = HT(G/0, N&).
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Observe that \'& = @D, N'(C? @ch) @ N "(C? ®c Us); the above spectral
sequence respects this decomposition. Further, using the projection formula, we
see that we need to compute

H/(G/P;, (R'p1,\'(C ®clh)) @ N™"(C* ®c Us)).
Now, Rip;, /N (C? ®c U,) is the vector bundle associated to the P;-module
H'(P3/Q. N' (€’ ®@clh)lp;0) =H (P/Q. N'(C’ ®clhlr; ).

Note that 4| p; /¢ is the dual of the tautological quotient bundle of P;/Q ~GLy4 / P3;
we denote this also, by abuse of notation, by U». Note, further, that A" (C3 ®c i) =
D, S C*®S,, Up. We need only consider < (3, 3). From the Borel-Weil-Bott
theorem [Weyman 2003, (4.1.5)], it follows that

N@©®) if i=0 and = (0,0),
AN(C®y if i=2 and pn=(3,0),
A@©®) ifi=2and u=@3, 1),
0, otherwise.

H' (P;/Q, S, lbh) =

Therefore we conclude that

@GL4/PQ if i=0 and #, =0,

, N if i=2and =3
Ripi N'(C @clh) = |
0 otherwise.

Therefore for each pair (7, #1) at most one column of the summand of the spectral
sequence (6.4) is nonzero; hence the abutment in (6.4) is in fact an equality.
Fix a pair (¢, ;) and an integer /. Then we have

H(G/Q, N&) =H\(G/P;, N(C ®@Us))
SH2(G/P;, Ny @ N7(C* @)
SH2(G/P;, NuUp® @ N HC* @uUy)).
Write i’ (—) = dimg H' (—). Note that /\'(C* @ Uy) ~ P,,, S C* ® Sy Uy, by the

Cauchy formula. Write d,; = dim¢ S,/ C®3. Thus, from the above equation, we
see, that for every / and for every ¢,

6.5 h'(N§ =) duh'(Suth)
ukt

+ 3 dyh PN U ® S, Ua) +3 Y durh' AN U ® S, Us)
ukt=3 ukt—4
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(Here the cohomology is calculated over GLg /Q on the left-hand-side and over
GL¢ / P; on the right-hand-side.) For any u, if d,v # 0, then u; < 3. Any u that
contributes a nonzero integer to the right-hand-side of (6.5) has at most four parts
and m < 3. Further, if S; Uy is an irreducible summand of a representation on the
right-hand-side of (6.5) with nonzero cohomology, then A has at most four parts
and is such that A; < 4. Therefore for A < (4, 4, 4, 4), we compute the cohomology
using the Borel-Weil-Borel theorem:

N (C®) ifi =0and A =0,
SGa—2.1, 1302500 (C®O) ifi =2, 41 € (3,4},

. d O, Az o) < (1.1, 1),
H (G/P;, S;.Us) = | and (A2, A3, 24) = ( )

5(2’2’2’2’A3’A4)(C@6) ifi=4,A =1 =4,
and (A3, Aq) < (2,2),
0 otherwise.

We put these together to compute 4! (/\'£); the result is listed in Table 1. From this
we get the following resolution:

R(_5)36
R(—6)'0 ® R(=3)¥ R(-2)%
0= R(—12)®=R(-1D)® > @& —=R-D¥*—> & — & —=R—0.
R(—10)!53 ® R(=5)% R(-4)'
R(_9)7O

Note, indeed, that dim Yp (w) = dim Xp(w) =4+4+5+ 546+ 6 =30 and that
dim Ogy, ,p = 66 = 36, so the codimension is 6. Since the variety is Cohen—
Macaulay, the length of a minimal free resolution is 6.

7. Further remarks

A realisation of Lascoux’s resolution for determinantal varieties. We already saw
in Remark 5.9 that when Yp (w) = Dy, computing H*(GL,, /Q,,_x, /\€) is reduced,
by a repeated application of Proposition 5.8 to computing the cohomology groups
of (completely reducible) vector bundles on the Grassmannian GL,, / P;=;. We thus
realise Lascoux’s resolution of the determinantal variety using our approach.

In this section, we give yet another desingularization of Dy (for a suitable choice
of the parabolic subgroup) so that the variety V of (1-2) is in fact a Grassmannian.
Recall (the paragraph after Definition 3.3 or Remark 5.9) that Yp(w) = Dy if
w=k+1,....,n, N—k+1,...N) € W,_. Let P = Py, —n) € GLy. Let  be
the representative of the coset w P in wP

Proposition 7.1. X (w) is smooth and the natural map X (W) — Xp(w) is proper
and birational, i.e., X (W) is a desingularization of Xp(w).
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t | BONE) hYNE) nANE) h¥NE) h*(NgE) h3(NE) hS(NE)
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
3 0 0 20 0 0 0 0
4 0 0 45 0 0 0 0
5 0 0 36 0 18 0 0
6 0 0 10 0 53 0 0
7 0 0 0 0 36 0 0
8 0 0 0 0 0 0 0
9 0 0 0 0 0 0 70
10 0 0 0 0 0 0 153
11 0 0 0 0 0 0 90
12 0 0 0 0 0 0 26

Table 1. Ranks of the relevant cohomology groups.

Proof. The proof is similar to that of Proposition 3.4. Let
Wmax =(k+1,....n,N—k+1,... N N—k,....n+1,k, ..., 1) e W.

Then Xp, (wmax) is the inverse image of Xs(w) under the natural morphism
GLy /By — GLy /P, and that wp,y is a 4231 and 3412-avoiding element of
W = Sy. O

We have P/P = GL, /P;,~%. As in Section 3, we have the following. Denoting
by Z the preimage inside Xs(w) of Yp(w) (under the restriction to Xz (w) of
the natural projection G/P — G/P), we have Z C O~ x P/P, and the image
of Z under the second projection is V := P/ P (= GL, /P;=%). The inclusion
Z < O~ x V is a subbundle (over V) of the trivial bundle O~ x V. Denoting
by & the dual of the quotient bundle on V corresponding to Z, we have that the
homogeneous bundles /\iﬂ & on GL,, / P, are completely reducible, and hence
may be computed using Bott’s algorithm.

Multiplicity. We describe how the free resolution obtained in Theorem 4.2 can
be used to get an expression for the multiplicity mult;q(w) of the local ring of the
Schubert variety Xp(w) € GLy /P at the point ejg. Notice that Yp(w) is an affine
neighbourhood of ejq. We noticed in Section 4 that Yp (w) is a closed subvariety of
OgL, s p defined by homogeneous equations. In Ogy  ,p, €id is the origin; hence
in Yp(w) it is defined by the unique homogeneous maximal ideal of C[Yp(w)].
Therefore C[Yp (w)] is the associated graded ring of the local ring of C[Yp(w)] at
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eiqd (which is also the local ring of Xp(w) at ejq). Hence multjg(w) is the normalised
leading coefficient of the Hilbert series of C[Yp (w)].

Observe that the Hilbert series of C[Yp(w)] can be obtained as an alternating
sum of the Hilbert series of the modules F; in Theorem 4.2. Write h/(—) =
dime H/ (X o, (w"), —) for coherent sheaves on Xy (w’). Then the Hilbert series of
ClYp(w)] is

1 mn dim X, (w”)
- _1Nipi Nt i+j
(7.2) T Z Z (=D R (N ) £,
i=0 j=0
We may harmlessly change the range of summation in (7.2) to —oco < i, j < 00;
this is immediate for j, while for i, we note that the proof of Theorem 4.1 implies
that b/ (N U, = 0 for every i < 0 and for every j. Hence we may write the

summation in (7.2) as (with k =i + j)

00 00 rk Uy,
(7.3) DR DI (N = (D (Nt o
k=0 Jj=0 k=0

Since /\"uw is also a T;,-module, where T, is the subgroup of diagonal matrices
in GL,,, one may decompose /\"uw as a sum of rank-one 7,-modules and use the
Demazure character formula to compute the Euler characteristics above.

It follows from generalities on Hilbert series (see, e.g., [Bruns and Herzog 1993,
Section 4.1]) that the polynomial in (7.3) is divisible by (1 — ¢)¢ where ¢ is the
codimension of Yp(w) in Og, ,p. and that after we divide it and substitute 7 = 1
in the quotient, we get mult;q(w). This gives an expression for ejq(w) apart from
those of [Lakshmibai and Weyman 1990; Kreiman and Lakshmibai 2004].

Castelnuovo—-Mumford regularity. Since C[Yp(w)] is a graded quotient ring of
g’[ngg_{w spl, it defines a coherent sheaf over the corresponding projective space

Let F be a coherent sheaf on P". The Castelnuovo—Mumford regularity of F
(with respect to Op= (1)) is the smallest integer r such that H (P", FQO0p:(r—i))=0
for every 1 <i < n; we denote it by reg F. Similarly, if R = K[xo, ..., x,] is a
polynomial ring over a field kK with degx; = 1 for every i and M is a finitely
generated graded R-module, the Castelnuovo—-Mumford regularity of M is the
smallest integer r such that,(Hixo,...,xn)(M))r+1—i =0forevery0<i<n-+1; we
denote it by reg M. (Here H’()CO ..... 1,y (M) is the i-th local cohomology module of M,
and is a graded R-module.) It is known that

reg F =reg (@ H(P", F ® Op» (i)))

ieZ
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for every coherent sheaf F and that if depth M > 2, then reg M = reg M. See
[Eisenbud 2005, Chapter 4] for details.

Proposition 7.4. In the notation of (1-1), reg C[Y] = max{j : H/ (V, \*€) # 0}.
Proof. Let R = C[A]. It is known that

reg M = max{j : ToriR(k, M);;; #0 for some i};
see [loc. cit.] for a proof. The proposition now follows from noting that

Tor®(C, C[Y1)iy; ~ H/ (V, NT¢)
by Theorem 4.2. (]

Nowletw=m—-r+1,n—r+2,...,0n,ar41,...,0,-1, N) € W,. We would
like to determine reg C[Yp (w)] = max{; : H/ (GL,/Q,, N'U,) #0}. Leta, =n
and @, = N. Forr <i <n —1, define m; = a;+1 — a;. Note that U; appears in
U, with multiplicity m; and that m; > 0. Based on the examples that we have
calculated, we have the following conjecture.

Conjecture 7.5. With notation as above,

n—1

reg C[Yp(w)] = > _(m; — D).

i=r

(Note that since Yp(w) is Cohen-Macaulay, reg C[Yp (w)] = reg Oy, ().) Consider
the examples in Section 6. In Example 6.1, my =2, m3 = 1, and reg C[Yp (w)] =
(2—1)240=2. In Example 6.3, m, =mq =2 and m3 =ms =1, soreg C[Yp(w)] =
2—-124+0+ @2 —1)440= 6, which in deed is the case, as we see from Table 1.
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FREE RESOLUTIONS OF SOME SCHUBERT SINGULARITIES
IN THE LAGRANGIAN GRASSMANNIAN

VENKATRAMANI LAKSHMIBAI AND REUVEN HODGES

Dedicated to the memory of Professor Robert Steinberg

In this paper we construct free resolutions of a certain class of closed subva-
rieties of affine space of symmetric matrices (of a given size). Our class cov-
ers the symmetric determinantal varieties (i.e., determinantal varieties in
the space of symmetric matrices), whose resolutions were first constructed
by Joézefiak, Pragacz and Weyman (1981). Our approach follows the tech-
niques developed by Kummini, Lakshmibai, Pramathanath and Seshadri
(2015), and uses the geometry of Schubert varieties.

1. Introduction

This paper is a sequel to [Kummini et al. 2015]. Lascoux [1978] constructed a min-
imal free resolution of the coordinate ring of the determinantal varieties (consisting
of m x n matrices (over C) of rank at most k, considered as a closed subvariety
of the mn-dimensional affine space of all m x n matrices), as a module over the
mn-dimensional polynomial ring (the coordinate ring of the mn-dimensional affine
space).

In [Kummini et al. 2015], the authors construct free resolutions for a larger
class of singularities, viz., Schubert singularities, i.e., the intersection of a singular
Schubert variety and the “opposite big cell” inside a Grassmannian.

J6zefiak, Pragacz and Weyman [1981] constructed a minimal free resolution of the
coordinate ring of the determinantal varieties (in the space of symmetric matrices) as
a module over the coordinate ring of the space of symmetric matrices. In this paper
we construct free resolutions for a certain class of closed subvarieties of the affine
space of symmetric matrices, which includes the symmetric determinantal varieties.
The technique adopted in [Kummini et al. 2015] is algebraic group-theoretic, and
we follow this approach.

The authors thank the referee for some useful comments; they also thank Manoj Kummini for helpful
discussions. Lakshmibai was supported by NSA grant H98230-11-1-0197 and NSF grant 0652386.
MSC2010: primary 20G20; secondary 14F05.

Keywords: Schubert varieties, Lagrangian Grassmannian, free resolutions.
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We now describe the results of this paper. Let n be a positive integer. Let
V =C?" and let (-, - ) be a nondegenerate skew-symmetric bilinear form on V. Let
H =SL(V) and G = SP(V) = {Z € SL(V) | Z leaves the form (-, -) invariant}.
We take the matrix of the form, with respect to the standard basis of V, to be

0 J
r=[5]
where J is the antidiagonal (1, .. ., 1), in this case of size n. To simplify our notation
we will normally omit specifying the size of J as it will be obvious from the context.
We may realize SP(V) as the fixed point set of the involution o : H — H given
by 0(Z) = F(ZT)"'F~! (cf. [Steinberg 1968]).

Denoting by Ty and By the maximal torus in H consisting of diagonal matrices
and the Borel subgroup in H consisting of upper triangular matrices, respectively,
we have that Ty and By are stable under o and we set Tg = T, Bg = Bj;. Itis
easily checked that T is a maximal torus in G and Bg is a Borel subgroup in G.

Thus we obtain

WG — Wy

where Wg, Wy denote the Weyl groups of G, H respectively (with respect to
Tc, Ty respectively). Further, o induces an involution on Wy:

w=(ai,- - ,am) €Wu, ow)=I(c1,---,cm), ¢ =2n+1—axyt1-;
and
We =W,
Thus we obtain

We ={(ar---ay) € Sonlai=2n+1—ay11—;, 1 <i <2n}.

(here, S, is the symmetric group on 2n letters). Thus w = (a; - - - az,) € Wg is
known once (a; - - - a,) is known. We shall denote an element (a; - - - a2,,) in W by
just (ap - - - ap). Further, for w € W, denoting by X (w) (resp. X g (w)), the asso-
ciated Schubert variety in G/Bg (resp. H/Bp), we have that under the canonical
inclusion G/Bg > H/By, Xg(w) = Xy (w) N G/Bg, scheme-theoretically.

Let P = Pj;, the maximal parabolic subgroup of G corresponding to omitting the
simple root «,, the set of simple roots of G being indexed as in [Bourbaki 1968].
Let 1 <k < r < n be positive integers, and let w € Wk, (cf. Notation 3.2). Our
main result (cf. Theorem 3.22) is a description of the minimal free resolution of
the coordinate ring of Yp(w) := Xp(w) N OE/P’ the opposite cell of X p(w), as a
module over the coordinate ring of O, /P For this, as in [Kummini et al. 2015], we
use the Kempf—Lascoux—Weyman “geometric technique” of constructing minimal
free resolutions; in fact we use the same notation and description of this technique
as in [Kummini et al. 2015].
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Suppose that we have a commutative diagram of varieties

Z—— AXV —V

(1.1) | It

Y—— A

where A is an affine space, Y a closed subvariety of A and V' a projective variety. The
map ¢ is first projection, ¢’ is proper and birational, and the inclusion Z <> A x V
is a subbundle (over V) of the trivial bundle A x V. Let & be the dual of the
quotient bundle on V corresponding to Z. Then the derived direct image Rq,07 is
quasi-isomorphic to a minimal complex F, with

F=@H/(V.N"&)@c R(—i — j).
Jj=0
Here R is the coordinate ring of A; it is a polynomial ring and R(k) refers to
twisting with respect to its natural grading. If ¢’ is such that the natural map
Oy —> Rq.07 is a quasi-isomorphism (for example, if ¢’ is a desingularization
of Y and Y has rational singularities) then F, is a minimal free resolution of C[Y]
over the polynomial ring R.

In applying this technique in any given situation, there are two main steps
involved: one must find a suitable Z and a suitable morphism ¢’ : Z — Y such
that the map Oy —> Rgq, 07 is a quasi-isomorphism and such that Z is a vector
bundle over a projective variety V; and, one must be able to compute the necessary
cohomology groups. We carry this out for opposite cells Yp(w), w € Wk ;.

As the first step, we establish the existence of a diagram as above, using the
geometry of Schubert varieties. We now describe this briefly.

We take A = O /P and Y = Yp(w). Let P be the two- O-step parabolic subgroup
P— . of G, and let w be the minimal representative of wPinw? (that is, the set of
mmlmal coset representatives in W, under the Bruhat order, of W/ Wp, where W5 is
the Weyl group of ﬁ). Letw' :=k+1,....,r,n,...,r+1,k, ..., 1) €~S,,, the Weyl
group of GL,,. Let Z5(w) :=Yp(w) X x,) Xp(w) (= (05/13 x P/P)NXp(w)).
Then it turns out that Z5(w) is smooth (cf. Definition 3.20), and is a desingulariza-
tion of Yp(w). Write p for the composite map Zp(w) — Og,p X P/IB — P/ﬁ
where the first map is the inclusion and the second map is the projection. We have
(cf. Theorem 3.22) that p identifies Zp(w) as a subbundle of the trivial bundle
OE/P X Xp/ (w’) over Xp/ (w"), which arises as the restriction (to Xp/ (w )) of
a certain homogeneous vector bundle on GL, / P/\ With V=X P (w ) we get:

Zp(@)— Og,p x V —V

(1.2) lq' lq

Yp(w)—— Og p
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In this diagram, ¢’ is a desingularization of Yp(w). Since it is known that
Schubert varieties have rational singularities, we have that the map Oy — Rq,07
is a quasi-isomorphism, so F, is a minimal resolution.

At the second step, we need to determine the cohomology of the bundles /\'&
over V. In the above situation, V = Xp_(w’) — GL,, / P//? As can be easily seen,
Xp:_(w') is a Grassmannian, namely, rGILr / Pﬁ?; the bundles NE (on GL, /P”—)
are also homogeneous, but are not of Bott typre_: they are not completely reducible
(so one can not apply the Bott algorithm for computing the cohomology). This
can be resolved in two ways. In [Ottaviani and Rubei 2006] the authors determine
the cohomology of general homogeneous bundles on Hermitian symmetric spaces,
and thus their results can be used to determine H*(V, \'&). Alternatively, using
a technique from [Weyman 2003], we may compute the resolution of a related
space (whose associated homogeneous vector bundle is of Bott type) from which
we retrieve the resolution of the coordinate ring of Yp(w) as a subcomplex.

We hope to extend the results of this paper to Schubert varieties in the orthogonal
Grassmannian. Details will appear in a subsequent paper.

The paper is organized as follows. Section 2 contains notations and conventions
and the necessary background material on Schubert varieties in the flag variety
(Section 2.1) and Schubert varieties in the symplectic flag variety (Sections 2.2
and 2.3) and homogeneous bundles (Section 2.4). In Section 3, we discuss properties
of Schubert desingularization, including the construction of Diagram 1.2. Section 4
is devoted to a review of the Kempf-Lascoux—Weyman technique and completes
step one of the two part process of the geometric technique. Section 5 explains how
the cohomology groups of the homogeneous bundles constructed in step one may
be calculated.

2. Preliminaries

In this section we collect various results about Schubert varieties in the flag variety
and symplectic flag variety, homogeneous vector bundles, and the Bott algorithm.

2.1. Notation and conventions in type A. We collect the symbols used and the
conventions adopted in the rest of the paper here. For details on algebraic groups
and Schubert varieties, the reader may refer to [Borel 1991; Jantzen 2003; Billey
and Lakshmibai 2000; Seshadri 2007].

Let N be positive integer. We denote by GLy (respectively, By, B)) the group
of all (respectively, upper triangular, lower triangular) invertible N x N matrices
over C. The Weyl group W of GLy is isomorphic to the group Sy of permutations
of N symbols and is generated by the simple reflections s;, which correspond to the
transpositions (i,7 + 1), for 1 <i < N — 1. For w € W, its length is the smallest
integer [ such that w = s;, - - -s;, as a product of simple reflections. For every



FREE RESOLUTIONS OF SCHUBERT SINGULARITIES 333

1 <i < N —1, there is a minimal parabolic subgroup P; containing s; (thought of as
an element of GLy) and a maximal parabolic subgroup P; not containing s;. Any
parabolic subgroup can be written as Pg:=(");., P; forsome A C {1,..., N —1}.
On the other hand, for A C {1,..., N — 1} write P4 for the subgroup of GLy
generated by P; fori € A. Then P4 is a parabolic subgroup and Py nv—1p\a = P3.

We write the elements of W in one-line notation: (ay, ..., ay) is the permutation
i—a;. Forany AC{1,..., N—1}, define Wp, to be the subgroup of W generated
by {s; :i € A}). By W”4 we mean the subset of W consisting of the minimal
representatives (under the Bruhat order) in W of the elements of W/Wp,. For
1 <i < N, we represent the elements of W% by sequences (a,...,a;) with
1 <a; <--- <a; <N since under the action of the group Wp;, every element of
W can be represented minimally by such a sequence.

We identify GLy = GL(V) for some N-dimensional vector-space V. Let A :=
(it <ip <---<i} C©{l,..., N —1}. Then GLy /Py is the set of all flags
0=VCViCWV,C---CV,CV of subspaces V; of dimension i; inside V. We
call GLy / Pz aflag variety. If A={1,..., N—1} (ie., Py = By), then we call the
flag variety a full flag variety; otherwise, a partial flag variety. The Grassmannian
Grass;, N of i-dimensional subspaces of V is GLy /P;.

Let P be any parabolic subgroup contalnlng BN and t € W. The Schubert
variety X 5(t) is the closure inside GLy /P of By - e,, where e,, is the coset rP
endowed with the canonical reduced scheme structure. Hereafter, when we write
X (1), we mean that 7 is the representative in W% of its coset. The opposite
big cell OGL /B in GLy /P is the B -orbit of the coset (id - P) in GLy /P Let
Yp(r) =Xp(r)N 0GL /P,

We will write R*, R~ RJr R5, to denote respectively, positive and negative
roots for GLy and for P. We denote by €; the character that sends the invertible
diagonal matrix with 71, ..., t, on the diagonal to f;.

we refer to Yp(7) as the opposite cell of X (7).

2.2. Notation and conventions in type C. Below we review the properties of sym-
plectic Schubert varieties relevant to this paper. For a more in-depth introduction
the reader may refer to [Lakshmibai and Raghavan 2008, Chapter 6].

Let n be a positive integer. Let V = C>* and let (-,-) be a nondegener-
ate skew-symmetric bilinear form on V. Let H = SL(V) and G = SP(V) =
{Z € SL(V) | Z leaves the form (-, -) invariant}. We take the matrix of the form,
with respect to the standard basis of V, to be

0o J
F =
o)
where J is the antidiagonal (1, .. ., 1), in this case of size n. To simplify our notation
we will normally omit specifying the size of J as it will be obvious from the context.
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We may realize SP(V) as the fixed point set of the involution o : H — H given
by 6(Z) = F(ZT)"'F~! (cf. [Steinberg 1968]). That is,
G={ZeSL(V)|ZTFZ =F}
={ZeSL(V)|F 'z 'F=2)
={ZeSL(V) | F(Zz) 'F~ 1 =2}
=H°.

Denote by Ty and By the maximal torus in H consisting of diagonal matrices
and the Borel subgroup in H consisting of upper triangular matrices, respectively.
It is easily seen that Ty and By are stable under o and we set Tg = Ty}, Bg = Bj;.
It is easily checked that T is a maximal torus in G and Bg is a Borel subgroup
inG.

Thus we obtain

WG —> WH

where Ws, Wy denote the Weyl groups of G, H, respectively (with respect to
T, Ty, respectively). Further, o induces an involution on Wy:

w=(ar,- - ,am) €Wu, ow)=I(c1,---,cm), ¢i=2n+1—axy4i1-;

and
W = W5.

Thus we obtain
W ={(a1---ax) € S |ai =2n+1—az,+1-i, 1 <i <2n}.

(here, S, is the symmetric group on 2n letters). Thus w = (a; - - - az,) € Wg is

known once (a; - - - a,) is known. We shall denote an element (a; - - - ap,) in Wg

by just (a; - - - a,). For example, (4231) € S4 represents (42) € Wi, G = SP(4).
The involution o induces an involution on X (Ty), the character group of Ty:

x € X(Ty), o()(D)=x(c(D)), DeTy.

Let €;, for 1 <i < 2n, be the character in X (Ty), €;(D) = d;, the i-th entry in
D € Ty. We have

o(€;) = —€mti-i
Now it is easily seen that the under the canonical surjective map
¢: X(Tu) — X(Ts)

we have
@) = —p(ey1-i), 1=<i=<2n.
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Let Ry :={e; —€j, 1 <i, j < 2n} be the root system of H (relative to Ty ), and
R;LI :={e; —€;,1 <i < j < 2n} the set of positive roots (relative to By ). We have
the following:

(a) o leaves Ry (resp. R;) stable.

(b) Fora, B € Ry, () = ¢(B) < o =0(p).

(c) ¢ is equivariant for the canonical action of W on X (Tx), X (T¢).

(d) Ry ={£(e; —€my1-i), 1 <i <n}.

Let Rg (resp. Rg) be the set of roots of G with respect to T (resp. the set of

positive roots with respect to Bg ). Using the above facts and the explicit nature of
the adjoint representation of G on Lie G, we deduce that

Rc=¢(Ru), R =9(Ry).
In particular, Rg (resp. Rg) gets identified with the orbit space of Ry (resp. R;)
modulo the action of ¢. Thus we obtain the following identification:
Rg ={£(ei £¢€j), 1 <i<j<njU{£2¢, i=1,...,n},
RE={(e£ej), 1<i<j<n}U{2¢, i=1,...,n}.

The set Sg of simple roots in Rz;r is given by
S¢ ={a; =¢€; — €41, 1 <i<n-— 1} U{a, = 2¢,}.

Let us denote the simple reflections in W by {s;, 1 <i <n}, namely, s; = reflection
with respect to €; — €41 for 1 <i <n —1, and s,, = reflection with respect to 2¢,,.
Then we have

(2.2.1)

riran—i, lflflfl’l_l,
Si = AP
' T'n, ifi =n,

where r; denotes the transposition (i,i 4+ 1) in Sy, for 1 <i <2n —1.

For w € Wg, let us denote by I(w, Wg) (resp. [(w, Wi)) the length of w as an
element of Wy (resp. Wg). For w = (ay, - -+ , az,) € Wy, denote

(2.2.2) m(w) :=#{i <n|a; >n}.
Then for w = (ay, - - - , a»,) € Wg, we have [(w, Wg) = %(l(w, Wu) +m(w)).

Proposition 2.2.3 [Lakshmibai and Raghavan 2008, Proposition 6.2.5.1]. Let
w € Wg; let Xg(w) (resp. Xg(w)) be the associated Schubert variety in G/Bg
(resp. H/Bp). Under the canonical inclusion G/Bg — H/Bpg, we have X (w) =
X g (w) N G/Bg. Further, the intersection is scheme-theoretic.
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Notation 2.2.4. For the remainder of the paper we fix the following notation. Let
1 <k <r <n be positive integers. Let Q = Q; to be the parabolic subgroup of H
corresponding to omitting the root «;, and P = P; to be the parabolic subgroup of
G corresponding to omitting the root a,.. Let P be the two- step parabolic subgroup

/_\’ﬁ of G. Let Q be the three step parabolic subgroup 0~ A== - in H.
Note that P = Q° and P= Q" Finally, we identify P /P with GL,, /P/\ where

P/? is the parabolic subgroup of GL, corresponding to omitting the root .

Definition 2.2.5. A square m x m matrix X is persymmetric if JX = X' J. Or,
equivalently, if J X is symmetric.

Remark 2.2.6. We denote by Mat, the space of n x n matrices. Let K be the
subgroup of H consisting of matrices of the form

[Id,, 0

v Idn:|’ Y € Mat,, .

The canonical morphism H — H/Q induces a morphism ¥y : K — H/Q. We
have that iz is an open immersion, and {5 (K) gets identified with the opposite
big cell On/o in H/Q.

The cell Oy /0 is o-stable and by [Lakshmibai and Raghavan 2008, Corollary
6.2.4.3], we can identify the opposite big cell Og/p as

Ogip=(0pyg)” ={z€ K |JYTJ =Y}

So Og p is the subspace of K with Y persymmetric. Thus we can identify O /P
with the space of symmetric n x n matrices, Sym,,, under the map O P Sym,,

given by
Id, O
|: Y 1d, ] — JY.

2.3. Opposite cells in Schubert varieties in the symplectic flag variety. A matrix
z € SL(V) with n x n block form

[ Aan Cn Xn ]

Dn Xn Ean

is an element of G if and only if z/ Fz = F, i.e., if and only if the following
conditions hold on the n x n blocks:

(2.3.1) ATJD=D"JA,
(2.3.2) c'JE=E"JcC,
(2.3.3) J=ATJE-D"JC)=(ETJA-CTJD).

The following proposition will prove useful throughout the rest of the paper.
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Proposition 2.3.4. Write U}, for the negative unipotent radical of P.

(a) 0(_;/13 can be naturally identified with U, P/ P
(b) For

Aan Cl’le’l }
z= eqG,
|: Dn><n Enxn

zP € OE/P if and only if A is invertible.

(c) The inverse image of O /P under the natural map G/ P—>G / P is isomorphic
10 Og,p X P/f; as schemes. Every element of Og,p % P/ﬁ is of the form

[ AIZXI’I 0

dPeG/P.
Dy J(AT)—‘J}“‘O <G/

Moreover, two matrices

Anxn 0n><n Cll’ld AI,’an 0n><n
Dyxn J(ATY™1J D . JATYJ

nxn

in G represent the same element modulo P if and only if there exists a matrix
q e P’/? (as defined in Notation 2.2.4) such that A’ = Aq and D' = Dyq.
7

(@ P/ Pis isomorphic to GL,, / PrL_T. In particular, the projection map O /p X
P/P — P/P is given by

[ Anxn 0

P+ Amod P eGL, /P.— = P/P.
Dyyxn J(AT)_1J] mod P —> A mod r_keG n/ -~ /

Proof. (a): Note that U, is the subgroup of G generated by the root subgroups
U_, fora e R+\R;. Under the canonical projection G — G/P, g+ gP, U,
is mapped isomorphically onto its image O p (cf. [Billey and Lakshmibai 2000,
Section 4.4.4]). Thus we obtain the identification of O, p with Up P/P.

(b): Suppose that zP € O, p. By (a) this means that 3 n x n matrices A’, C’, D', E’
such that

Id, 0O _ A C’ . AC
Z1—|:D, Idn]EUP and 22—|:O E,:|€P with Z_|:DE:|_Z1Z2'

Hence A = A’, and A’ invertible implies A invertible.
Conversely, suppose A is invertible. Let

A C
Z—|:DEi|€G.
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Then A, C, D, E satisfy properties (2.3.1)—(2.3.2). Since A is invertible we may

write
= where _| I 0 _|4 ¢
Z=1Z112 1= DA_1 Id, » L2 = 0 E—DA_IC

We shall now show that z1, zo € G. First, we note that (2.3.1) implies that
(2.3.5) J(DA Y = (DA HTJ.

Then (2.3.5) shows that z; € U, and hence z; € G.

Now z; € G implies zl_l € G, and z € G by assumption. Hence z, = zzl_] eG.
Further, since A is invertible, z, € P. Hence the coset zP = z1 P, which in view of
the fact that z; € U, implies by part (a) that zP € O /p-

(c): Letz e Up P C G. Then we can write z = z122 uniquely with z; € Uy, 2 € P.
Suppose that

|: Id, O ]|:Anx,, Chuxn i| :|: Id, O ][A;X,, C,’ZX”i|

ann Idn Onxn Enxn Dr/zxn Idn On><n Er/zxn
then A=A, C=C', DA=D'A" and DC + E = D'C’ + E’, which yields that
D' = D (since A = A’ is invertible), and then E = E’. Hence U, xc P =U, P.
Thus for any parabolic subgroup P’ € P, U, xc P/P'=Up P/P’. The asserted
isomorphism follows by part (a) from taking P’ = P.
To see the second assertion consider

An><n Cnxn:|
z= eG
|:Dn><n Enxn

withzP € O, /p- Note that the n x n block matrices satisfy properties (2.3.1)—(2.3.3)
and by (b), A is invertible.

We have by the first part of (c) that the coset z P is an element of O p X P/ P,
since zP € 05/13.

Claim. We have a decomposition of 7 in G,

A C A 0 Id, A~'C ~
|:D E :| = y1y2 where y; _[D J(AT)—IJ:| GG,yz—[ 0 1d, :|€P-
We first check that z = y;y,. We need the following identity
(2.3.6) JATJ(E-DA™'C) =14,
which follows from
JATJ(E—-DA™'C) =J(ATJE—-ATJDA™'C)
=JATJE-DTJAAT'C) (2.3.1)

=JJ (2.3.3)
=1Id,.
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So that
DAT'C+J(ATY '] =DA'C+JAD'JJATJ(E-DA'C) (2.3.6)
=DA'C+E—-DA"!C
=E.

With this it is easily verified that z = y; y».
Itis clear that y; € G. To show y, € G we need to check that J(A~'C)TJ = A~!C.

A~'O)TJ =(A"'C)TJJATI(E - DA™'C)  (2.3.6)
=CTJ(E-DA™'C)
=ETJCc-CTJDA™'C (2.3.2)
=(E-DA'O)TJC (2.3.5)
=(E—-DA'C)TJAJIJAIC
=JATJ(E-DA7'C)HTI(A1O)
=J(A710) (2.3.6)

Thus y, € G. It is clear additionally that y, € P (in fact y» € Bg).
Hence our claim follows and we have

ACl [A 0 =
|:D E]Z[D J(AT)—lJ] mod .

Anxn On><n A;zxn Onxn D
= P
|:an,, J(AT)_IJi| [D/ Jamy-ty | med

nxn

Finally,

if and only if there exist matrices g € P//T, and ¢’ € Mat,, such that
o

A’ O xn _ A O xn q q/

D J( AT D JATT || 0uxn J@DHT|”
which holds if and only if ¢’ =0, A’ = Aq and D’ = Dgq (since A and A’ are
invertible).
(d): There is a surjective morphism of C-group schemes P — GL,:

[A C
0 E ] — A.
This induces the required isomorphism. The element
|:A C |

DE mod P € Og,p X P/P

decomposes uniquely as

d, O A C mod P
DA™ 1d, 0 E—DA"!C

and hence it is mapped to A mod PL_\k. (I
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2.4. Homogeneous bundles and representations. Let Q be a parabolic subgroup
of GL,,. We collect here some results about homogeneous vector bundles on GL,, / Q.
Most of these results are well-known, but for some of them, we could not find a
reference, so we give a proof here for the sake of completeness. Online notes of
G. Ottaviani [1995] and of D. Snow [1994] discuss the details of many of these
results.

Let L and U be respectively the Levi subgroup and the unipotent radical of Q.
Let E be a finite-dimensional vector-space on which Q acts on the right.

Definition 2.4.1. Define GL, x2E := (GL, xE)/ ~ where ~ is the equivalence
relation (g, e) ~ (gq, eq) for every g € GL,, g € Q and e € E. Then ng :
GL, x%E — GL, /Q, (g, e) — gQ, is a vector bundle called the vector bundle
associated to E (and the principal Q-bundle GL,, — GL, /Q). For ge GL,, e € E,
we write [g, e] € GL, x QF for the equivalence class of (g, e) € GL,, x E under ~.
We say that a vector bundle 7 : E — GL,, / Q is homogeneous if E has a GL,,-action
and 7 is GL,-equivariant, i.e, forevery y e E, n(g-y) =g -7 (y).

Remark 2.4.2. There is a similar construction in the case when E is a left Q-
module.

In this section, we abbreviate GL,, x 2E as E. Tt is known that E is homogeneous
if and only if E >~ E for some Q-module E. (If this is the case, then E is the fiber
of E over the coset 0.) A homogeneous bundle E is said to be irreducible (respec-
tively indecomposable, completely reducible) if E is an irreducible (respectively
indecomposable, completely reducible) Q-module. It is known that E is completely
reducible if and only if Uy acts trivially and that E is irreducible if and only if
additionally it is irreducible as a representation of L. See [Snow 1994, Section 5]
or [Ottaviani 1995, Section 10] for the details.

Discussion 2.4.3. For the cohomology group computations in this paper, we will
primarily be interested in the case when GL,, /Q is a Grassmannian. Thus let Q =
P;, with 1 <m <n—1. A weight A is said to be Q-dominant if and only if when we
express A as Z?:l Ari€; (where €;, for 1 <i <n, is the character that sends a diagonal
matrix in 7 to its i-th entry), then A1 > ... > A, and A1 > ... > A,,. We will write
A= (A, ..., A,) to mean that A = Z?Zl Ai€;. Bvery finite-dimensional irreducible
Q-module is of the form H°(Q/B,, L,) for a Q-dominant weight L. Hence the
irreducible homogeneous vector bundles on GL, /Q are in correspondence with
Q-dominant weights. We describe them now. If 0 = Pn/_\l., then GL,, / Q = Grass; .
(Recall that, for us, the GL,-action on C" is on the right.) On Grass; ,, we have the
tautological sequence

(244) 00— Ri — q:l’l ®©Grassi,n — ani — 0
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of homogeneous vector bundles. The bundle R; is called the tautological subbundle
(of the trivial bundle C") and Q,,_; is called the tautological quotient bundle. Every
irreducible homogeneous bundle on Grass; , is of the form Sg,, ... »,  Qr_; ®
SGu_is1. 2 Ri for some P-—-dominant weight A. Here S, denotes the Schur
functor associated to the partition w (cf. [Fulton and Harris 1991, §6.1]).

A Q-dominant weight is called (m)-dominant in [Weyman 2003, p. 114]. Al-
though our definition looks like Weyman’s definition, we should keep in mind
that our action is on the right. We only have to be careful when we apply the
Borel-Weil-Bott theorem (more specifically, the Bott algorithm). In this paper,
our computations are done only on Grassmannians. If u and v are partitions,
then (u, v) will be Q-dominant (for a suitable Q), and will give us the vector
bundle S, Q* ® S,R* (this is where the right-action of Q becomes relevant) and
to compute its cohomology, we will have to apply the Bott algorithm to the Q-
dominant weight (v, i). (In [Weyman 2003], one would get S, R* ® S, Q* and
would apply the Bott algorithm to (u, v).) O

We now give a brief description of the Bott algorithm for computing the coho-
mology of irreducible homogeneous vector bundles on GL, /Q [Weyman 2003,
Remark 4.1.5].

Let o = («y, ..., a,) be a weight. As in [Weyman 2003, Remark 4.1.5] we
define an action of the permutation v; = (i,i + 1) on the set of weights in the
following way:

(2.4.5) vie = (a1, ..., o1, Qg1 — Lo+ 1, g, oo, Q).

The Bott algorithm may be applied to our case as follows. Let Q = Py, with
l1<m<n-—1andlet A= (Ay,...,A,) be a O-dominant weight with associated
homogeneous vector bundle V(1) := S.,,...0,) Q" @ SGupsr,.... k) R*. We will apply
the Bott algorithm to ' = (Apyt1, ..., Au, AL, ..., Ay) in keeping with the last
paragraph of Discussion 2.4.3.

If 2/ is nonincreasing, then H%(GL,, /Q, V(1)) =S, C" and H/(GL, /Q, V(1)) =0
for i > 0. Otherwise we start to apply the exchanges of type (2.4.5) to A/, trying to
move smaller numbers on the left to the right. Two possibilities can occur:

(1) We apply an exchange of type (2.4.5) and it leaves the sequence unchanged.
In this case H' (GL, /Q, V(1)) =0 for i > 0.

(2) After applying j exchanges, we transform A’ into a nonincreasing sequence f.
Then we have H'(GL,,/Q, V (*))=0fori # j and H/ (GL, /Q, V(1)) = SpC".

3. Properties of Schubert desingularization in type C

Recall the following result about the tangent space of a Schubert variety, see [Billey
and Lakshmibai 2000, Chapter 4] for details.
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Proposition 3.1. Let Q be a parabolic subgroup of SL,,. Let t € W2, Then the
dimension of the tangent space of X o(t) at ejq is

#{sy | € R_\Ré and T >s,in W/ Wol.
In particular, X o(t) is smooth if and only if
dim X o (7) = #{sq |a€R_\R§ and T >s,in W/ Wol.

Notation 3.2. For an integer { with 1 <i < n we define i’ =2n + 1 —i. Let
1 <k <r <n. Then

k+1,....r0, ..., 0+ D K, .... 1) e WP, ifr<n,

We,r = .
“ i(k—i—l,...,r,k’,...,1’)eWP, if r = n.

Let 1 <k <r <nbe integers. Let w € W, , with w its minimal representative in Wﬁ .
Proposition 3.3. The Schubert variety X 5(w) in H/ é is smooth.

Proof. Let wyax € Wy (= S2,) be the maximal representative of w. Then

S (Ir, b+ 101V, KT + 1Y, n'1in, (r + DIk, TGk + 1), 1), ifr <n,
" (U k1000, Kk 11K+ 1), 7). if r =n.

To see this we need to show that Xp; (Wmax) = XP[, (w) fori=r—k,n,2n—(r—k) and
that wpax is the maximal element of Wy with this property. But this follows from the
fact that for t = (¢, ..., c2,) € Wy and 1 <i < 2n we have that Xp?(‘l,') = Xp;(r/)
where ' € Wi is the element with ¢y, ..., ¢; written in increasing order.

Thus Xp, (lﬂmax) is the inverse image of X é(d)) under the natural morphism
H/Byg — H/Q. As wpx is a 4231 and 3142 avoiding element of Wy we have
that X p,, (Wmax) is nonsingular (see [Billey and Lakshmibai 2000, 8.1.1]). Since the
morphism H/By — H/ é has nonsingular fibers (namely é /Br), X 5(w) must
be smooth. O

Proposition 3.4. The Schubert variety X g(w) in G/ P is smooth .

Proof. Let wpax be as in the proof of Proposition 3.3. Then clearly wpy,x is in
W¢ and X g, (Wmax) is the inverse image of X 5(w) under the natural morphism
G/Bg — G/P.

Claim. Xp,(Wmax) is smooth.

Note that the claim implies the required result (since the canonical morphism
G/Bg — G/ P is afibration with nonsingular fibers (namely, P/Bg)). To prove the
claim, as seen in the proof of Proposition 3.3, we have that X p, (Wmnax) is smooth.
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We conclude the smoothness of Xp,(wmax) using the following two formulas
[Lakshmibai 1987, §3(VI), Remark 5.8]:

(D I6(0) = 511 (0) +m(©)],

where we let 0 € Wg, say, 0 = (ay, - --a,). Withm (@) =#{i, 1 <i <m|a; > m}
(cf. (2.2.2)), we have

2) dim T (0, G) = 3[dim Tig (0, H) +c(0)],

where c(0) =#{1 <i <m | 6 > s}, and T;4(6, G) (resp T;q(6, H)) denotes
the Zariski tangent space of X, (0) (resp Xp,, (€)) at eiq. Note that s.,, is just the
transposition (i, i’) (cf. (2.2.1)). Now taking 6 = wmax, We have, ¢(Wmax) = m (Wmax)-
Hence we obtain from (1), (2) that dim Tig(wmax, G) = lG(Wmax), proving that
X B; (Wmax) 1s smooth at ejq, and hence is nonsingular (note that for a Schubert
variety X, the singular locus of X, Sing(X), is B-stable implying ejq € Sing(X) if
Sing(X) # 9). Thus the claim (and hence the required result) follows. O

Remark 3.5. We have that X 5(w) is the fixed point set under an automorphism of
order two of the Schubert variety X 5(w) and thus is smooth, provided char K # 2
([Edixhoven 1992, Proposition 3.4]).

Discussion 3.6. To give a characterization of Y Q(u?) we first need a review of the
structure of 0; ~ and its Pliicker coordinates.

Recall that for the Pliicker embedding of the Grassmannian Grass, ,, the Pliicker
coordinate p;(U), U € Grassy , and i = (i1,...,ig) with 1 <i) < ... <iy <n,
is just the d x d minor of the matrix A, «ys with row indices (iy, ..., ig) (here the
matrix A;xq represents the d-dimensional subspace U with respect to the standard
basis).

The cell 0, 5 can be identified with the affine space of lower-triangular matrices
with possible nonzero entries x;; at row i and column j where (i, j) is such that
there exists an/ € {r —k, n,2n — (r —k)} such that j <l <i < N. To see this, note
that we are interested in those (i, j) such that the root €; — €; belongs to R\ R:.
Since R~ = RéAﬂ Rg;NRg, — ,we see that we are looking for (i, j) such
that ¢; — ej € R™ \RQ , forsome [ € {r —k,n,2n — (r — k)}. For the maximal
parabolic subgroup P;, we have, R~ \R ={e—€j|1<j=<l<i=<N} We
have dlmOH/Q |R \RQ|

Thus we have the following identification

Id, ¢ 0 0 0
- A’ Id,——1) 0 0
3.7 OH/@ | D D, Id,—¢—y O

Ds Dy E’ Id, _;
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where the block matrices have possible nonzero entries x;; given by

Xr—k)+1 1 -+ Xor—k)+1 r—k Xon—(r—k)+1 n+1 - -+ X2n—(r—k)+1 2n—(r—k)
A=l A - : ,
L Xn 1 cee Xn r—k | Xon n41 R X2n 2n—(r—k)

i Xn+11  «oo Xnl r—k [ Xn+1 (r—k)+1 -+« Xptln
D= ) D,= ,
_xan(rfk) 1 - X2n—(r—k) r—k _erlf(rfk) (r=k)+1 -+ X2n—(r—k) n
}2n7(r7k)+1 1 oees Xon—(r—k)+1 r—k _-x2nf(r7k)+l (r=k)+1 -+« X2n—(r—k)+1 n
Dy= : : » Da=
Xon 1 cee Xon r—k | Xon (r—k)+1 e Xon n

We may break the Pliicker coordinates we want to understand into several cases.

Case 1: Fori > r, j <r —k the Pliicker coordinate p(l ) on the Grassmannian
H/Q— lifts to a regular function on H/ Q Its restrlctlon to O H/D is the r —
kxr— k minor of (3.7) with column indices {1, 2, ...,r — k} and row indices
{1,...,j—1,j+1,...,r—k,i}. This minor is the detenninant ofanr—kxr—k
matrix with the top (r — k) — 1 rows equal to Id,_; omitting the j-th row, and the
bottom row equal to the first » — k entries of the i-th row of (3.7). The determinant

of this matrix is thus (—1)" =%~ fx . Thusfori >r, j <r—k:

(r—Fk) —k)—
(3-8) Pip oy, = (=D ;.
Case 2: Fori >2n—(r —k), n < j <2n— (r —k) the Pliicker coordinate pg';) (r=h)
on the Grassmannian H/Q, —— o hfts to a regular function on H/ Q Its restriction
to 0;1/5 is the 2n — (r — k) x 2n — (r — k) minor of (3.7) with column indices
{1,2,...,2n— (r —k)} and row indices {1, ..., j—1,j+1,...,2n — (r — k), i}.
This minor is the determinant of

1d, 0 0
A 1d,— ) 0
(3.9) 5, B, 7

(i1 Xkl [Xi =41 - - - Xin] [Xing1 o Xizn—@—i)]

where @1, 132, and ﬂ are equal to, respectively, Dy, D;, and Id,,——x) with their
(j — n)-th rows omitted. The determinant of (3.9) is equal to the determinant of

[Xint1 - Xizn—G—i0] ]

As above this is just an identity matrix with a single row replaced and so its
determinant is just (—1)>*~" =0 =Jx;;. Thus fori > 2n—(r—k),n < j <2n—(r—k):

2n—(r—k —(r—k)—j
(3.10) pél_";) G ))‘0;@:(_1)2;1 (r—Fk) Txij.
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Case 3: For i > 2n — (r —k), r —k < j < n the Pliicker coordinate péiz"})_(r_k)) on
the Grassmannian H/ QZn—/(r\— 5 lifts to a regular function on H/Q. Its restriction
to OI; ~ 1s the 2n — (r — k) x 2n — (r — k) minor of (3.7) with column indices
{1,2,...,2n— (r —k)} and row indices {1, ..., j—1,j+1,...,2n— (@ — k), i}.

This minor is the determinant of

Id, 0 0
A’ 53 0
3.11
G-11) D D, Id,——x)

[(Xi1 - Xir—k) [Xi —ty+1 -+ - Xin] [Xint1 -0 Xion—@—n)]

where A’ and E are equal to, respectively, A" and Id,,_ (k) with their j — (r —k)-th
rows omitted. The determinant of (3.11) is equal to the determinant of
I 0
(3.12) D Id,—(r—k)
[Xi r—t)+1 - - Xin] [Xin+1- - Xi2n—(r—i)]
To calculate this, shift the bottom row so that it becomes the j — (r — k)-th row

of E Let M =2n — (r — k) — j. Then the determinant of (3.12) will be (—1)¥
times the determinant of

L Z
3.13 ‘ :
G139 [Dz Idn—<r—k>]

where I3 is Id,—(—) with the j — (r —k)-th row replaced by [x; (-—x)+1 . .. X; »] and

Z is the zero matrix with the j — (r — k)-th row replaced by [x; 541 ... Xi 20— (r—i)]-

Since the lower right block matrix of (3.13) commutes with its lower left block

matrix we have that the determinant of (3.13) is equal to the determinant of I3 —ZD.

We have that ZD; is equal to the zero matrix with its j — (r — k)-th row replaced by
[xi ¢—k)+1 - - - Xi 1 Do

And thus I3 — ZD; is equal to Id,, () with the j — (r — k)-th row replaced by

(% r—)+1 - - Xin] = [Xi ¢=t)41 - - - Xi n] D2
And so the determinant of I3 — ZD, is merely equal to the j — (r — k)-th entry of
Iz — ZD, which is
Xij = [Xi ety td -+ - Xi nXn1 j - o Xon—r—i) 717 -

Combining all our steps, we finally have that fori > 2n— (r — k), r —k < j <n:

2n—(r—k
(3.14) Péi,r;') v ))‘0;/§=(—1)M(xij—[xi(r—k)+1...x,-n][anj...x2n_(,_k)j]T). O
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Theorem 3.15. The opposite cell Y5(w) can be identified with the subspace of
0

1,5 8iven by matrices of the form

Id,_; 0 0 0
A Iy O 0
0 Dy Idygpy O
0 ED E I

with Dy € Mat,_—ky, A" € Mat,_—k)xr—k with the bottom n —r rows of A" all
zero, and E' € Mat, _gxn——k) with the left n — r columns of E’ all zero.

Proof. For j <r —k < i the reflection (i, j) equals (1,2,...,j—1,j+1,...,r—
k,i) and w equals (k+1,...,r) in W/WQﬁ. Thus fori > r and j <r —k,
the reflection (i, j) is not smaller than w in W/ Wo . so the Pliicker coordinate
pg;)k) vanishes on X (). We saw in (3.8) that for such (i, j) we have p((lr;)k) =
(—1)(’_k)_jx,-j and thus x;; =0 on YQ('J)).

For j <n < i the reflection (i, j) equals (1,2,...,j—1,j+1,...,n,i) and
wisequalto (k+1,....r,n' ..., (r+ 1), k',..., 1) in W/Wy,. Thus there is
no choice of (i, j) such that (i, j) is not smaller than w in W/ Wg..

For j <2n—(r—k) <i thereflection (i, j) equals (1,2, ..., j—1, j+1,...,2n—
(r —k),i) and w equals (1,...,n,n',...,(r +1),k,..., 1) in W/Wanf(;k)'
Thus for i > 2n — (r — k), and j < 2n — r the reflection (i, j) is not smaller than
in W/ WQ%?M' We break these into two cases, ignoring those j <r —k as we
have already shown above that for j <r —k and i > 2n — (r — k) we have x;; =0
on Y@(u?).

The first case is for (i, j) withi > 2n — (r — k), and n < j < 2n —r. The fact
that (i, j) is not smaller than w in W/ Wan::;o implies that the Pliicker coordinate

(l.zr]’.)_(r_k)) vanishes on X 5(i). We saw in (3.10) that for such (i, j) we have
pgz’]’.;(kk” = (=1)2==P=jx;; and thus x;; =0 on Y5().

The second case is for (i, j) withi > 2n—(r—k) and r —k < j <n. The reflection
(i, j) is not smaller than w in W/ Wanf(r\_k) implies that the Pliicker coordinate

El.zr]’.)_(r_k)) vanishes on X 5(i). We saw in (3.14) that for such (i, j) we have
Jit=(r—k))

p(i,j) = (—1)M(xl~j — [x,- r—k)+1---Xi n][anj e X2n—(r—k) j]T). Combining
these two facts we get Xij = [x; (r—k)+1 « - .xin][anj e X2n—(r—k) j]T.

As [x; (r—k)+1-- .Xin]is the 2n—(r—k)—i)-throw of E’and [xn+1j. . .in_(r_k)j]T
is the (2n — (r — k) — j)-th column of D; it is clear that on Y@(u?) we have
xij = (E'X) @n—r—k)—i) @n—(r—k)— )~

On the other hand note that the reflections (i, j) with i > r and j < r —k,
and i > 2n — (r — k) and r —k < j < 2n — r are precisely the reflections
sq with o € R‘\Ré and W # s, in W/Wg. Since Xg(w) is smooth this im-
plies by Proposition 3.1 that the codimension of Yg(w) in 0, 5 is equal to
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#{(i, j)li>rand j <r—k,ori>2n—(r—k)andr —k < j <2n—r}. Above
we have shown that for each such (7, j), x;; either vanishes, or is completely
dependent on the entries of E’X. Thus Y5 (w) is the subspace of 0, /5 defined by
the vanishing of {x;; |i >rand j <r—k,ori >2n—(r—k)andn < j <2n—r}
and Xij = (E/X)(zn_(r_k)_i) @n—(r—k)—j) fori >2n—(r—k)andr —k < j <n. O

Example 3.16. Letk =2,r =4,andn=5. Then 0 = Q5 5 3. w = (3,4,6,9, 10),
and i = (3,4, 6,9, 10, 1,2, 5). Then

xg1 Xxg» Xxg3 xg4 xgs O O 1
X9| X932 X93 X94 X95 Xo¢ X97 Xog
| X101 X102 X103 X104 X105 X106 X107 X108

1 0 0 o O 0O O 0 0O

o 1 o0 o0 O O O 000

x33 x3 1 0 0 O O O0 00

X41 X42 0 1 0 0 0 0 00

0~ - — X51 X352 0 0 1 0 0 0 00
H/Q X61 X62 X633 Xe4 X65 1 0 0 00
x71 X72 x73 x74 x75 0 10 00

00

10

01

And Yp(w) will be the subspace of 0, /5 given by

1 0 0 0 0 0 0 0 00
0 1 0 0 0 0 0 0 00
X31 X32 1 0 0 0 0 0 00
X41 X42 0 1 0 0 O 0 00
0 O 0 0 1 0 0 0 00
0 0 X63 X64 X65 1 0 0 00
0 O X73 X74 X75 0 1 0 00
0 O Xg3 Xg4 X85 0 0 1 00
0 0 Xxo7x73 +XogXg3  Xog7X74 + XogXgs X97X75 + XogXgs O Xo7 xog 1 O
L O 0 Xx107x73 + X108%83 X107X74 + X108X84 X107X75 + X108 O X107 X108 O 1 |

Corollary 3.17. The opposite cell Y5(Ww) can be identified with the subspace of
0

G /B given by matrices of the form

1d,_; 0 0 0
A e 0 0
0 D, Id, 5 O

0 —JANTID, —J(AHTT 1d,_;

with JD, € Sym, ., and A" € Mat,_ (- _k)x,—k with the bottom n —r rows of A’
all zero.
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Proof. Let y € Yp(w) = (Y5(w))? C Yg(w). So y is just an element of Y5 (w) that
is fixed under the involution o . That is, an element which satisfies (2.3.1)—(2.3.3).
Theorem 3.15 gives us that y is of the form

Id_; 0 0 0
A Iy gy O 0
0 D, Idn—(r—k) 0
0 ED, E 1d_;

with D, € Mat,,_(-—x), A’ € Mat,_—k)x,—x With the bottom n — r rows of A’ all
zero, and E' € Mat, g x,—(—k) With the left n —r columns of E’ all zero. We must
now check what restrictions on y are required for it to satisfy (2.3.1)—(2.3.3). For y
to satisfy (2.3.3) we know that

d, 0 7170 J][d—x 0 [ATT+IE T
A My o] L7 O] B W] \T J 0

must equal
0J
J 0
which implies that E' = —J (AT J.
Any y clearly satisfies (2.3.2). And finally for y to satisfy (2.3.1),

0 D "To JI[1d, 0 o o
0 —JAYJD,| [J 0] A Idy—¢—n|\ |0 DIy

must equal

., o0 1 JoJ]fo D o o
A Idy—-r] |J 0][0 —JANTID, |\ [0 JD;,

which implies that JD, = DZT J, or equivalently JD; € Sym,,_(,_y. (]

n—(r

Remark 3.18. We may identify 0_ 5 With O under the map

GL, /P’

A 0
[o J(AT)“J}_)A'

Remark 3.19. Let V,, be the linear subspace of Sym, givenby x;; =0if j <r —k
ori <n—(r—k). And let V,, be the linear subspace of O, given by x;; =0
ifi >rand j <r—k.

Consider the map § : Yp(w) — OG/P = Og/p X OP/)D = Og,p X Og, /P
where the first map is inclusion, the second is simply the product decompositiof,

GL, /P~
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and the final map is from Remark 3.18. This map is given explicitly by

1d, _x 0 0 0
A I p 0 0 |
0 D, Idy—¢—y O
0 —JANTID, —J(ANTT 1d,_4

Id, _; 0 0 0
0 1d,——p) 0 0 [Id,_k 0 ]
—Dy A’ D, gty 0 |"| A Idygp
JANTIDA —J(ANT D, 0 Id, ¢
Consider the isomorphism y: O, /pX 08Ln / P{?—>Symn X OG_Ln / P{?(cf. Remark 2.2.6)

given by

d, 07 [ld,x 0 D ( , [Id,_k 0 D
, — { (LN)" JN, .
([L Id,,:| [ N 1d, ¢ (LN) N 1d,¢p

We have that under the map y o8, Y () gets identified with V,,, x V. This follows
by a simple computation and Corollary 3.17.

DeﬁNnition 3.20. Now let Zp(w) :=Yp(w) X x,pw) X p(w). Then Zp(w) = (05/,, X
P/P)N Xp(w). Hence Zp(w) is smooth, being open in the smooth X z(w) (cf.
Proposition 3.3).

Write p for the composite map Zz(w) — 05/P X P/f; — P/F (EGL, /P,//J)
where the first map is the inclusion and the second map is the projection. Using
Proposition 2.3.4(c) and (d) we see that

A 0 S0\ /
Note that A is invertible by 2.3.4(b).

Using the injective map

A On Xn

AeB
© "H[Onxn J(AT)"1]

:|€BG,

B, can be thought of as a subgroup of Bs. With this identification we have the
following proposition.

Proposition 3.21. Z3(w) is B,-stable for the action on the left by multiplication.
Further p is B, equivariant.

Proof. Let z € SP,,, such that PeZ 7(w). Then by Proposition 2.3.4(c) we may

write
A0 ~
— P
¢ |:D J(AT)_lj} mod P,
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such that z P € Zp(w). Since X p, (W) — X (W) is surjective, we may assume that
z (mod Bg) € Xp, (W), i.e., z € BcwBg. Then for every A’ € By:

A" Opn 3 A'A 0 L
Onxn J(A/T)fl‘] Z= J(A/T)flJD J(A/T)fl(A/T)flJ =z

Then 7’ € BgwBg, so 7/ (mod ﬁ) € X5(w). By Proposition 2.3.4(b), we have that
A is invertible, and hence AA’. This implies again by Proposition 2.3.4(b) that
7/ (mod P) € Zp(w). Thus Zp(w) is B, stable. Also p(A'z) = p(z) = A'A =
A’ p(z). Hence p is B,-equivariant. O
Theorem 3.22. With notation as above, let w':=(k+1,...,r,n,...,r+1,k,..., 1)
be an element of S, the Weyl group of GL,,. Then:

(a) The natural map X (W) —> X p(w) is proper and birational. In particular,
the map Zp(w) —> Yp(w) is proper and birational. And therefore, Z (W) is
a desingularization of Yp (w).
(b) Xp_ (') is the fiber of the natural map Z3(w) —> Yp(w) at eig € Yp(w).
r—k
© X P w') is the image of p. Further, p is a fibration with fiber isomorphic to V,,.

(d) p identifies Z(w) as a subbundle of the trivial bundle OG/P X XP/ (w/)
which arises as the restriction of the vector bundle on GL,, / P/? associated

to the P/\-module Vw (Which, in turn, is a P/\—submodule of Og / p)

Proof. (a): The map X p(w) — G/ P—>G / P is proper and its (scheme-theoretic)
image is X p(w), hence X 5(w) — X p(w) is proper. Birationality follows from the
fact that w is the minimal representative of the coset wPp.
(b): The fiber at e;qg € Yp(w) of the map Yp(w) — Yp(w) is 0 x V,, inside
Vw x V,, = Yp(w). Since Zz(w) is the closure of Y5 (w) inside OG/P X P/P
and Xpr (w’ ) is the closure of Vv, inside P/ P (note that as a subvariety of O PP
YP/ (w/ ) is identified with V), we see that the fiber at e;q (belonging to Yp (w))
of ZP(w) —> Yp(w) is XPA(w’)
(¢): From Remark 3.19 we have p(Yp(w)) =V, C Xp/\(w’) Since Y (W) is
dense inside Z 3 (w) and Xp/ (w’) is closed in GL,, /P/? We see that p(Z 3 (w)) C
X P (w/ ). The other inclusion X P (w') € p(Z 5(w)) follows from (b). Hence,
(Z P(w)) =X P k(w/ ). To prove the second assertion of (c) we shall show that
for every A € GL,, with A mod P eX P (u/) we have that p~1 (A modP'—)
is isomorphic to V.

To prove this we first observe that pil(eld) is isomorphic to V,, in view of
Remark 3.19. Next observe that every B,-orbit inside X pr(w’) meets V,, (which
equals Yp (w’)); further p is By,-equivariant by Proposmokn 3.21 and hence every
fiber is 1soﬁ10rphlc to the fiber at eyq, i.e., isomorphic to V.
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(d): Define a rlght action of GL,, on OG p(identified with Sym,, as in Remark 2.2.6)

as gov = glvg for g € GL,, v € Sym,,. This induces an action of P/\k on Og/p
i

under which V,, is stable. Thus we get the homogeneous bundle

GL, x "7V, —> GL, /P

Now to prove the assertion about Z 3 (w)) being a vector bundle over X p_(w’),
we will show that there is a commutative diagram given as below, with Y an
isomorphism:

Zp(w)

P P
(GLn X r—k Vw)|XP//\(w’) E— GLn X r—k Vw

L

Xp_(w) ————— GL, /P
r—k r—

The map « is the homogeneous bundle map and g is the inclusion map. Define ¢ by

. A On xXn D T
¢ |:D J(AT)—IJ:| mod P+—— (A, D" JA)/ ~.
Using Proposition 2.3.4(c) and Remark 3.19 we conclude the following: ¢ is well-
defined and injective; 8 - p = « - ¢; hence, by the universal property of products,
the map ¥ exists; and, finally, the injective map 1 is in fact an isomorphism (by
dimension considerations). O

As an immediate consequence of Theorem 3.22 we have

Corollary 3.23. We have the following realization of Diagram 1.2:

Zp(@) —— Og,p x Xpr_ (W) —— Xpr_(w))

L
Yp(w)——— Og p

Proposition 3.24. (1) The Schubert variety X P (w’ ) is isomorphic to the Grass-
mannian GL, / P S where P/\k is the pamboltc subgroup in GL, obtained
by omlmng .

2) (GL, x = TV, )X, (w/)_(GL X = kV )oL, /P =GL, x = kV as homo-

geneous vector bunc?les

Proof. (1): This is clear.
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(2): Consider the embedding i : GL, — GL, given by

R O
R|—>|:O Idn—r:|‘

Define the action of GL, on Sym,, as the action induced by this embedding. This
induces an action of P —on Sym,,. As z(PL) C P/\, the P/\ stability of V,,
implies the P stablhty of V,,. Hence our result follows (]

Corollary 3.25. We have the following realization of Diagram 1.2:
Zp(w)— Og,p x GL, /Pﬂ_\k—> GL, /P

oo
Yp(w)—— Og)p

4. Free resolutions

Kempf-Lascoux—Weyman geometric technique. We summarize the geometric tech-
nique of computing free resolutions, following [Weyman 2003, Chapter 5].

Consider Diagram 1.1. There is a natural map f : V — Grass, 4 (wWhere
r =r1ky Z and d = dim A) such that the inclusion Z € A x V is the pull-back of the
tautological sequence (2.4.4); here rky Z denotes the rank of Z as a vector bundle
over V,ie.,rky Z=dimZ —dim V. Let £ = (f*Q)*. Write R for the polynomial
ring C[A] and m for its homogeneous maximal ideal. (The grading on R arises as
follows. In Diagram 1.1, A is thought of as the fiber of a trivial vector bundle, so it
has a distinguished point, its origin. Now, being a subbundle, Z is defined by linear
equations in each fiber; i.e., for each v € V, there exist s := (dim A —rky Z) linearly
independent linear polynomials £, 1, . . ., £, s that vanish along Z and define it. Now

= {y € A : there exists v € V such that £, 1 (y) =--- = £, s(y) =0}. Hence Y is
defined by homogeneous polynomials. This explains why the resolution obtained
below is graded.) Let m be the homogeneous maximal ideal, i.e., the ideal defining
the origin in A. Then:

Theorem 4.1 [Weyman 2003, Basic Theorem 5.1.2]. With notation as above, there
is a finite complex (F,, d,) of finitely generated graded free R-modules that is
quasi-isomorphic to Rq, 0z, with
Fr=@H/ (V.N"&) ®c R(—i — j),
j=0

and 0; (F;) C mF;_y. Furthermore, the following are equivalent:

(a) Y has rational singularities i.e., Rq, 07 is quasi-isomorphic to Oy,

(b) F, is a minimal R-free resolution of C[Y], i.e., Fy ~ R and F_; = O for

everyi > 0.
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A sketch of the proof is given in [Kummini et al. 2015, Section 4], and [Weyman
2003, 5.1.3] may be consulted for a more comprehensive account.

Our situation. We now apply Theorem 4.1 to our situation. We keep the notation
of Theorem 3.22. Theorem 4.1 and Corollary 3.25 yield the following result:

Theorem 4.2. Write & for the homogeneous vector bundle on GL, / P/\k associ-
ated to the P%—module (OG/P/V )* (this is the dual of the quotient of OG p X
GL, /Pﬁ\ by Zp(w)). Then we have a minimal R-free resolution (F,,d,) of
ClYp (w) wn‘h
i+j
Fi=@H/GL, /P~ \ & & R(=i— ).

Jj=0

Computing the cohomology groups required in Theorem 4.2 in the general
situation is a difficult problem. Techniques for computing them in our specific case
are discussed in the following section.

5. Cohomology of homogeneous vector bundles

We have shown in Theorem 4.2 that the calculation of a minimal R-free resolu-
tion of C[Yp(w)] comes down to the computation of the cohomology of certain
homogeneous bundles over GL, / P . In particular we need to calculate

(5.1) H'(GL, /P NE)

for arbitrary ¢.

The Pﬁ?—module (0g /P / Vi)™ is not completely reducible (the unipotent radical
of Pl\ does not act trivially), and thus we can not use the Bott algorithm to
compute its cohomology. In [Ottaviani and Rubei 2006] the authors determine the
cohomology of general homogeneous bundles on Hermitian symmetric spaces. As
GL, / P%\k is such a space their results could be used to determine (5.1). In practice,
proceeding along these lines is possible though extremely complicated.

Another approach to the calculation of these cohomologies comes from using
a technique employed in [Weyman 2003, Chapter 6.3]. There the minimal R-free
resolution of a related space is computed and the minimal R-free resolution of
C[Yp(w)] can be seen as a subresolution. In [Weyman 2003] this method is used for
the case when n = r. That is, the case where Yp(w) is the symmetric determinental
variety. In this case the authors assume that k = 2u (the odd case can be reduced to
this even case). They look at the subspace T;, of Sym, given by symmetric matrices

of block form
Ol’l—Ll Xn—u R
RT SM Xu '
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Let P/\ be the parabolic subgroup of GL, omitting the root «,_,, then T, is
a P/\—module under the same action. If Z,, is the homogeneous vector bundle
associated with T, we have the following diagram

Z,—— Sym, x GL, /P/\—>GLn /P

n—u
lq’ lq

Y& Sym,

They show that the resolution of C[Yp(w)] can be realized as a subresolution of
the resolution of C[Y]. In this case, the P/\—module (Sym,, /T,,)* (this is the
dual of the quotient of Sym,, x GL,, / P/\ by Y/ w) is completely reducible and thus
the cohomology of the corresponding homogeneous vector bundles A\ & may be
computed using the Bott algorithm, leading to this:

Theorem 5.2 [Weyman 2003, Theorem 6.3.1(c)]. The i-th term G; of the minimal
free resolution of C[Yp(w)] as an R module is given by the formula

G; = @ S,vC" ®c R.
reQy—1(21)
rank A even
i:t—k% rank A
Here Q_1(2t) is the set of partitions A of 2¢ which in hook notation can be
written as A = (ay, ..., as|b1, ..., bs), where s is a positive integer, and for each j
we have aj = bj+ (k—1). And 1" is the conjugate (or dual) partition of A. And
finally, rank A is defined as being equal to /, where the largest square fitting inside
Misof size ]l x 1.
Similar methods may be used to compute a closed form formula for the minimal
free resolution of C[Yp(w)] as an R module in the case r # n.
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DISTINGUISHED UNIPOTENT ELEMENTS
AND MULTIPLICITY-FREE SUBGROUPS
OF SIMPLE ALGEBRAIC GROUPS

MARTIN W. LIEBECK, GARY M. SEITZ AND DONNA M. TESTERMAN

In memory of Robert Steinberg, whose elegant mathematics continues to inspire us.

For G a simple algebraic group over an algebraically closed field of charac-
teristic 0, we determine the irreducible representations p : G — I (V), where
I1(V) denotes one of the classical groups SL(V), Sp(V), SO(V), such that p
sends some distinguished unipotent element of G to a distinguished element
of I(V). We also settle a base case of the general problem of determining
when the restriction of p to a simple subgroup of G is multiplicity-free.

1. Introduction

Let G be a simple algebraic group of rank at least 2 defined over an algebraically
closed field of characteristic 0 and let p : G — I(V) be an irreducible representation,
where (V) denotes one of the classical groups SL(V), Sp(V), or SO(V). In this
paper we consider two closely related problems. We determine those representations
for which some distinguished unipotent element of G is sent to a distinguished
element of 7(V). Also we settle a base case of the general problem of determining
when the restriction of p to a simple subgroup of G is multiplicity-free.

A unipotent element of a simple algebraic group is said to be distinguished if
it is not centralized by a nontrivial torus. Let u € G be a unipotent element. If
o (u) is distinguished in /(V) then u must be distinguished in G. The distinguished
unipotent elements of (V) can be decomposed into Jordan blocks of distinct sizes.
Indeed they are a single Jordan block, the sum of blocks of distinct even sizes, or
the sum of blocks of distinct odd sizes, according to whether /(V) is SL(V), Sp(V),
or SO(V), respectively; see [Liebeck and Seitz 2012, Proposition 3.5].

Now u can be embedded in a subgroup A of G of type A; by the Jacobson—
Morozov theorem; given u, the subgroup A is unique up to conjugacy in G. If
p(u) is distinguished, then p(A) acts on V with irreducible summands of the
same dimensions as the Jordan blocks of «, and hence the restriction V | p(A) is

MSC2010: primary 20G05; secondary 20G07, 22E46.
Keywords: algebraic groups, unipotent elements, multiplicity-free representations.
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multiplicity-free — that is, each irreducible summand appears with multiplicity 1.
Indeed, V | p(A) is either irreducible, or the sum of irreducibles of distinct even
dimensions or of distinct odd dimensions.

Our main result determines those situations where V | p(A) is multiplicity-free.
In order to state it, we recall that a subgroup of G is said to be G-irreducible if
it is contained in no proper parabolic subgroup of G. It follows directly from the
definition that an A; subgroup of G is G-irreducible if and only if its nonidentity
unipotent elements are distinguished in G. If these unipotent elements are regular
in G, we call the subgroup a regular A; in G.

Theorem 1. Let G be a simple algebraic group of rank at least 2 over an alge-
braically closed field K of characteristic zero, let A = Ay be a G-irreducible
subgroup of G, let u € A be a nonidentity unipotent element, and let V be an
irreducible K G-module of highest weight .. Then V | A is multiplicity-free if and
only if .. and u are as in Tables 1 or 2, where A is given up to graph automorphisms
of G. Table 1 lists the examples where u is regular in G, and Table 2 lists those
where u is nonregular.

Theorem 1 is the base case of a general project in progress, which aims to
determine all irreducible K G-modules V and G-irreducible subgroups X of G for
which V | X is multiplicity-free.

The answer to the original question on distinguished unipotent elements is as
follows.

Corollary 2. Let G be as in the theorem, and let p : G — 1(V) be an irreducible
representation with highest weight A, where I(V') is SL(V), Sp(V), or SO(V). Let
u € G be a nonidentity unipotent element, and suppose that p(u) is a distinguished
element of 1(V).

1) If 1(V)=SL(V), then G = A, B, Cy, or Gy, and . = w; (or w, if G = Ap);
moreover, u is regular in G.

@Gi) If I(V) =Sp(V) or I(V) = SO(V), then A and u are as in one of the cases
in Tables 1 or 2, for which V. = Vg (L) is a self-dual module (equivalently,
A = —wo(A), where wy is the longest element of the Weyl group of G). Con-
versely, for each such case in the tables, p(u) is distinguished in 1(V).

The layout of the paper is as follows. Section 2 consists of notation and prelim-
inary lemmas. This is followed by Sections 3, 4, 5, where we prove Theorem 1
in the special case where A is a regular A; subgroup of G. Then in Section 6 we
consider the remaining cases where A is nonregular. There are far fewer examples
in that situation. Finally, Section 7 contains the proof of the corollary.
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G A
An wlv a)29 20)17 a)l +C()n,
w3 (5 <n<7),
3w (n <5), 4wy (n <3), Sw; (n < 3)
As 110
Ar cl, c0
B, w1, 3, 2wy,
w, (n <8)
B3 101, 002, 300
B, b0, 0b (1 <b <)), 11, 12, 21
C, w1, w2, 201,
w3(3<n<5),
wy (n=4,5)
Cs 300
C, b0, 0b (1 <b <5), 11, 12, 21
D, (n>4) w1, wr (n =2k +1), 2w (n = 2k),
wy (n<9)
Eg w1, @
E; w1, w7
Eg wg
Fy w1, w4
G 10, 01, 11, 20, 02, 30

Table 1. V | A multiplicity-free, u € G regular in G.

G A class of u in G
B,, C,, D, w] any
D,5<n<T7) wy, regular in B,,_» B
Fy w4 Fy(ay)

Eg w] Eg(ay)

E; w7 Eq(ay) or E7(az)
Eg w3 Eg(ay)

Table 2. V | A multiplicity-free, u € G distinguished but not regular.

359

For many of the proofs we need to calculate dimensions of weight spaces in
various G-modules. When the rank of G is small, such dimensions can be computed

using Magma [Bosma et al. 1997], and we make occasional use of this facility.
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2. Preliminary lemmas

Continue to let G be a simple algebraic group over an algebraically closed field
K of characteristic zero. Let A = A| be a G-irreducible subgroup of G, let u be
a nonidentity unipotent element of A, and let 7 < A be a 1-dimensional torus
such that the conjugates of # under 7' form the nonidentity elements of a maximal
unipotent group of A.

We fix some notation that will be used throughout the paper. Let T < T, where
T is a maximal torus of G and let [1g ={«y, ..., o, } denote a fundamental system
of roots. We label the nodes of the Dynkin diagram of G with these roots as in
[Bourbaki 1968, p. 250]. Write s; for the reflection in «;, an element of the Weyl
group W(G). When G = D,, we assume that n > 4 (and regard D3 as the group Asz).

The torus T determines a labelling of the Dynkin diagram by Os and 2s (see
[Liebeck and Seitz 2012, Theorem 3.18 and Table 13.2]), which gives the weights
of T on fundamental roots. When u is regular in G these labels are all 2s.

Denote by wy, ..., @, the fundamental dominant weights of G. For a dominant
weight A = ) c;w;, let V(1) be the irreducible K G-module of highest weight A.
For A = A and a nonnegative integer r, we abbreviate the irreducible module
Va(r) by V, or just r. More generally we frequently denote the module V(1) by
just the weight A, or the string c; - - - ¢; (where [ is the rank).

Let V = Vg (X)) and let A afford weight » when restricted to 7. Since all weights
of V can be obtained by subtracting roots from the highest weight, the restriction of
each weight to T has the form r — 2k for some nonnegative integer k. If V | A is
multiplicity-free, then V | A=V, +V,, + V., +---, wherer =r; >rp>r3>---.
Then the 7T-weights on V are

(rlsrl_27"'9_r1)’ (r2$r2_27~“s_r2)’ (r3ar3_27~-'s_r3)7

Note that weight r, respectively r — 2, arises as the restriction of A — ¢; for those i
having label 0, resp. 2, and with ¢; > 0. Therefore, if ¢; > 0 then «; has label 2,
and there can be at most two values of i with ¢; > 0.

We often use the following short hand notation. We simply write A — i*jYk* - - -
rather than A — xa; — yoj — zotg — - - -

. T . 2 1 3
Lemma 2.1. If V | A is multiplicity-free, then dimV < (% + 1) or (%)(%),
according as r is even or odd, respectively.

Proof. If V | A is multiplicity-free, then V | A is a direct summand of the module
r+(r —2)4+ (r—4)+---. The assertion follows by taking dimensions. O

Lemma 2.2. Assume V | A is multiplicity-free.

(1) If ¢ = 1 then the T-weight r — 2c occurs with multiplicity at most one more
than the multiplicity of the T-weight r —2(c — 1).
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(i) For c > 1, the T-weight r — 2c occurs with multiplicity at most ¢ + 1.

(iii) If the T-weight r — 2 occurs with multiplicity 1, e.g., if all labels are 2 and
A=bw;, and if c > 1, then the T-weight r —2c occurs with multiplicity at most c.

Proof. Suppose i is maximal with r — 2¢ in the weight string r;, ..., —r;. Then
T-weight r —2¢ occurs with the same multiplicity as does T-weight r;. And weight r;
occurs with multiplicity at most one more than weight r;_; as otherwise there would
be two direct summands of highest weight ;. Now (i) follows as does (ii). Part (iii)
also follows, since the assumption rules out a summand of highest weight r —2. [J

Lemma 2.3. Assume V | A is multiplicity-free and that .. = bw; with b > 1.
(1) Then «; is an end-node of the Dynkin diagram.
(i1) If G has rank at least 3, then the node adjacent to «; has label 2.

Proof. (i) Suppose that «; # oy both adjoin «; in the Dynkin diagram. If both
these roots have label 0, then T-weight r — 2 is afforded by each of A —i, A —ij,
A—ik, A —ijk, contradicting Lemma 2.2(ii). Next assume «; has label 2 and o
has label 0. Here we consider r — 4 which is afforded by A — P20 —i%k, A —i%k2,
A—ij, again contradicting Lemma 2.2(ii). If both labels are 2, then r —4 is afforded
by A —i%, A—ij, A —ik. But here r — 2 only occurs from A — q;, so this contradicts
Lemma 2.2(iii1).

(ii) Assume G has rank at least 3. By (i) «; is an end-node. Let «; be the
adjoining node. We must show «; has label 2. Suppose the label is 0 and let o
be another node adjoining «;. If oy has label 0, then r — 2 is afforded by each of
A—i,A—ij, A —ijk, acontradiction. Therefore o has label 2. But then r — 4 is
afforded by each of A — 20— izj, A— izjz, A —ijk, a contradiction. |

The next lemma will be frequently used, often implicitly, in what follows.

Lemma 2.4. If c > d > 0 are integers, then the tensor product c @ d of A1-modules
decomposes asc®@d = (c+d)D(c+d—-2)D--- D (c—d).

Proof. This follows from a consideration of weights in the tensor product. U

Lemma 2.5. Suppose that .. = w; + w; with j > i and that the subdiagram with
base {a;, ..., a;} is of type A, or is of rank at most 3, or is of type Fs. Then the
Tg-weight A —i(i + 1) - - - j occurs with multiplicity j —i + 1.

Proof. Since the weight space lies entirely within the corresponding irreducible for
the Levi factor with base {o;, ..., «j}, we may assume that G is equal to this Levi
factor; that is, i = 1 and j = n. Then the hypothesis of the lemma implies that G is
Ay, Ba, B3, C», C3, G, or Fy. For all but the first case the conclusion follows by
computation using Magma.

Now suppose G = A,,. Then w; ® w, = A & 0. In the tensor product we see
precisely n + 1 times the weight A —o«; — - - - — &, by taking weights of the form
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(w1 —1--- Q@ —(+1)---n) for 1 <j <n—1, together with the weights
w1 @ (w, —1---n)and (w; —1---n) ®w,. Each occurs with multiplicity 1, so the
conclusion follows, as A —oy — -+ - —a, =0. O

Lemma 2.6. Assume that there exist i < j with ¢; #0 # ¢j and that V |, A is
multiplicity-free.

(i) Then ¢y, =0fork #1, j.

(i1) Nodes adjoining a; and o have label 2.
(iii) Either ¢; =1 or ¢j = 1. Moreover, ¢; = ¢; = 1 unless «; and o; are adjacent.
(iv) Either a; or «; is an end-node.

(v) Ifeither c¢; > 1 or ¢; > 1, then G has rank 2.

(vi) If a;, a; are nonadjacent and if all nodes have label 2, then both «; and o; are
end-nodes.

Proof. (i) This is immediate, as otherwise A —i, A — j, A — k all afford T-weight
r — 2, contradicting Lemma 2.2(ii).

(ii) Suppose (ii) is false. By symmetry we can assume oy, adjoins «; and has label 0.
Then A —i, A — j, A —ik all afford r — 2, a contradiction.

(iii) By (i1), nodes adjacent to «; and «; have label 2. Consider T-weight r — 4
which has multiplicity at most 3 by Lemma 2.2. Suppose ¢ > 1 for k=i or j. Then
A —k? and A —ij both afford weight r — 4. Assume «; and «a; are not adjacent. We
give the argument when the diagram has no triality node. The other cases require
only a slight change of notation. With this assumption we also get r — 4 from
A—i(i+1)and A — (j — 1), a contradiction. So ¢, > 1 implies that «;, «; are
adjacent. If both ¢; > 1 and ¢; > 1, then we again have a contradiction, since r — 4
is afforded by A — i, A — j2, and A — ij, and the latter appears with multiplicity 2
by [Testerman 1988, §1.35].

(iv) Suppose neither o; nor «; is an end-node. We give details assuming there is no
triality node. The remaining cases just require a slight change of notation. Consider
weight r — 4. This is afforded by A —ij, A — (@ — 1)i,and A — j(j +1). If ¢; > 1
then A — i? also affords r — 4. This forces ¢; = 1, and similarly ¢; = 1. If j =i +1,
then A —ij has multiplicity 2 by Lemma 2.5, again a contradiction. And if j > i1,
then A —i(i + 1) and A — (j — 1) afford weight r — 4. In either case r — 4 appears
with multiplicity at least 4, contradicting Lemma 2.2.

(v) Suppose ¢ > 1 for k =i or j. By (iv) we can assume ¢; is an end-node. If
G has rank at least 3, let o; adjoin «;, where [ # i. Then (ii) implies that r — 4 is
afforded by A —ij, A —k%, A — jl. If a; is adjacent to «; then the first weight occurs
with multiplicity 2 by [loc. cit.]. Otherwise there is another node o, adjacent to o;
and A — im affords r — 4. In either case we contradict Lemma 2.2.
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(vi) As above we treat the case where the Dynkin diagram has no triality node. By
(iv) and symmetry we can assume ¢; is an end-node. Suppose j < n. Then r — 4 is
afforded by eachof A —i(i +1),A—(j —1)j, A —j(j+ 1), A —ij, contradicting
Lemma 2.2. Therefore, j = n. (I

Lemma 2.7. Suppose A = w; and the Dynkin diagram has a string o;_3, ..., ®;+3
for which each node has T-label 2. Then r — 8 occurs with multiplicity at least 5. In
particular V | A is not multiplicity-free.

Proof. The T-weight r — 8 arises from each of the following weights:

A—i@+DGE+2)((+3), A—G-Di(i+1)E+2), rA—-(-2)@—-DiG+1),
A—(=3)i—=2)(i—1i, r—(@G—1)i%@(i+1);

the last is a weight as it is equal to (A — (i — 1)i(i + 1))%. This proves the first
assertion and the second assertion follows from Lemma 2.2(iii). U

The final lemma is an inductive tool. Let L be a Levi subgroup of G in our
fixed system of roots, and let i be the corresponding highest weight of L/, namely,
u=7Y_ cjwj, where the sum runs just over those fundamental weights corresponding
to simple roots in the subsystem determined by L.

Lemma 2.8. Fix ¢ > 1 and let s denote the sum of the dimensions of all weight
spaces of Vi () for all weights of form p— " dja;j such that )" d; = ¢ and each «;
such that d; # 0 has label 2.

) If s >c+1,then V | A is not multiplicity-free.

(i) If T-weight r —2 occurs with multiplicity 1 (e.g., if all labels are 2 and A = bw;)
ands > c,then 'V | A is not multiplicity-free.

Proof. This is immediate from Lemma 2.2, since 7 < L and the weight i — ) _ d;«;
corresponds to a weight A — ) djc; which affords T-weight r — 2c. (I

3. The case where A is regular and A # cw;

As in the hypothesis of Theorem 1, let G be a simple algebraic group of rank
at least 2, let A = A; be a G-irreducible subgroup, and let V = Vs ()), where
A=) c¢;X;. This section and the next two concern the case of Theorem 1 where A
is aregular A; of G (recall that this means that unipotent elements of A are regular
in G). In this case all the 7T-1abels of the Dynkin diagram of G are equal to 2. In
this section we handle situations where ¢; > 0O for at least two values of i.

If V | A is multiplicity-free, A # cw;, and G has rank at least 3, then Lemma 2.6
implies that A = w; + wj;, where either «;, a; are both end-nodes, or one is an
end-node and the other is adjacent to it.
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Proposition 3.1. Assume V | A is multiplicity-free. Then there exist at least two
values of i for which ¢; > 0 if and only if G and ) are in the following table, up to
graph automorphisms.

G A

A> cl

Az 110

B>, C> 11, 12, 21
G, 11

Bj 101

A, 10---01

The proof will be in a series of lemmas.
Lemma 3.2. Suppose G = Ay and A =cl forc>1. Then V | A is multiplicity-free.

Proof. Assume G = A,. The weight c1 —a1 —ap = (c—1)0 occurs with multiplicity 2
in the module c1 and multiplicity 3 in c0 ® 01. A dimension comparison shows
that cO® 01 =c1 + (¢ — 1)0.

Now c0 = $(10), so weight considerations show that for ¢ even, S°(10) | A =
2002 -4 DRc—8)@---®0and S'(10)=QRc—2)DQRc—6)P---B2.
Therefore, Lemma 2.4 implies that

(0®01) | A=(Q2c+2)+2c+R2c—2)+(2c—=2)+ 2c—4)+ (2c—6))
4+ 4+ (6+442)+2,

and it follows from the first paragraph that V | A is multiplicity free. A similar
argument applies for ¢ odd. ([

Lemma3.3. (i) IfG=Cyand V =Vg(A) withA=clorlcforc>1,thenV | A
is multiplicity-free if and only if . = 11,21, or 12.

()IfG=Goand V =Vg(A) withh=cl orlcforc>1,then V | A is multiplicity-
free if and only if A = 11.

Proof. (1) Let G = C,. We first settle the cases which are multiplicity-free. A
Magma computation shows that 10® 01 =11+ 10, and hence 11 | A=7+5+1,
which is multiplicity-free. Next consider A = 12. First note that 10® 02 =124 11
and 02 = S%(01) — 00. It follows that

120A=3®(S*@) —-0)—(T+5+1)=30@8+4) —(7+5+1)
=1 +94+7+5+T+54+3+1) - T+54+D)=114+9+7+5+3

and V | A is multiplicity-free. Finally, consider A = 21. In this case 20 ® 01 =
21420401. Now 20 |, A = §?(3) =6+2, so that (20®01) | A= (6+2) @4 =
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(104+84+6+4+2)+(6+4+2). It follows that 21 | A=10+8+6+4+2 and
V | A is multiplicity-free.

If x=1bfor b >3, thenr =3+4b and dimV = %(b + Db+ 3)(2b + 4).
Similarly, if A = b1 for b > 3, thenr =3b+4 and dimV = %(ZH- D®+3)b+5),
Now Lemma 2.1 shows that V || A cannot be multiplicity-free.

(ii) Let G = G». First consider A = 11. A Magma computation yields 10 ® 01 =
11 +20 + 10. Also, 10 { A =6 and 01 | A = 10 4+ 2. Using the fact that
$2(10) = 20 + 00, we find that V || A = 16 + 14 4+ 10 4 8 4 6 + 4, which is
multiplicity-free.

If A =cl withc > 1, thendimV = %(c 4+ D(c+3)(c+5(c+T)(2c+8) and
r = 6¢ + 10. Similarly, if A = 1c with ¢ > 1, then r = 10c + 6 and dimV =
6—10(6 + D(c+3)2c+4)(Bc+5)(Bc + 7). In either case, Lemma 2.1 shows that
V | A is not multiplicity-free. (Il

Lemma 3.4. Suppose G has rank at least 3 and A = w; + w;j, where a;, a; are
adjacent and one of them is an end-node. Then V | A is multiplicity-free if and
only if G = As.

Proof. First assume that G = A,,, B,,, C,, or D,, and A = w; + w;. If n > 4, then the
weights A — 123 = (A — 12)%, A =234, A — 122 = (A —2)*, A — 122 = (L — 1)*2 occur
with multiplicities 2, 1, 1, 1 and all afford T weight » — 6. Hence this weight occurs
with multiplicity at least 5, and Lemma 2.2 shows that V | A is not multiplicity-free.
If G = B3 or Cs, then of the above weights only A —234 does not occur; however the
weight A —23% = (A —2)% or A —223 = (1 —23)* occurs, respectively, affording T
weight r — 6, which again gives the conclusion by Lemma 2.2. And if G = A3, then
100®010=110+001, and restricting to A we have 3Q (4+0)=(7+5+3+1)+3.
Therefore, 110 || A =745+ 3 4 1 which is multiplicity-free, as in the conclusion.

Next consider G = B,, or C;, with A = w,,—| + w,. For B,,, the weight r — 6 is
afforded by A—(n—2)(n—n, A—(n—1)n> = (A—(m—1)n)*, and (A—(n—1)n) =
(A — n)*—1, Moreover the first two weights occur with multiplicity 2, and so r — 6
appears with multiplicity 5, so that V | A is not multiplicity-free. A similar
argument applies for C,,.

For G = F4, the conclusion follows by using Lemma 2.8, applied to a Levi
subgroup B3 or C3. Likewise, for D, (n > 5) with A = w, + w,—3 or w,—1 + wW,—2,
or for G = E,, we use a Levi subgroup A, with r > 4. Finally, for D4 the result
follows from the first paragraph using a triality automorphism. ]

Lemma 3.5. Assume n >3 and G = Ay, By, Cy, or D, and . = w; + w;, where
a;, a; are end-nodes. Then 'V |, A is multiplicity-free if and only if A = w| + w, and
G = A, or Bs.

Proof. First consider G = A,,, B,, C,. By Lemma 2.6(vi) we have A = w| + w,.
IfG=B,withn>=4,then A — 123, A—(n—2)(n—D)n, A—1(n— )n, A — 12n,
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and A — (n — Dn> = (A — (n — Dn)* all restrict tor —6 on T, so V | A is
not multiplicity-free by Lemma 2.2. We argue similarly for G = C,, with n > 4,
replacing the last weight by A — (n — D2n=0—@m—Dn). Andif G = A,,
then V | A is just (n @ n) — 0 and hence is multiplicity-free.

Now suppose n = 3 and A = 101. If G = B3, then Magma gives 100 ® 001 =
101 +001. Restricting to A, the left side is 6 ® (6 + 0) and we find that 101 | A =
124+ 104 8 + 6 +4 4 2, which is multiplicity-free. For G = C3, Magma yields
100®001 =1014-010, /\2(100) =0104-000, and /\3(100) =0014-100. Restricting
to A and considering weights we have 101 | A =14+ 1241048+ 6> +4+2,
which is not multiplicity-free.

Finally, consider G = D,, with n > 4. First consider A = | +w,—_;. The T-weight
r—2m—1)isaffordedby A —1---(n—1),A—2---n, A —1---(n—2)n, which,
using Lemma 2.5, occur with multiplicities n — 1, 1, 1 respectively, giving the
conclusion by Lemma 2.2. A similar argument applies if A = w| + w,. Finally
assume A = w,_| + w,. Here, T-weight r — 6 is afforded by A — (n —2)(n — 1)n,
A—m—=3)(n—-2)(n—1), A — (n—3)(n —2)n, with multiplicities 3, 1, 1, so again
Lemma 2.2 applies. U

Lemma 3.6. Assume G = E¢, E7, Eg, or Fy and A = w; + wj, where a;, o; are
end-nodes. Then V | A is not multiplicity-free.

Proof. First assume G = F,4. Then A = 1001 and we consider T-weight » — 8 which
is afforded by weights A — 1234, A — 1232 = (A — 12)%, 1 —23%4 = (A — 234)%,
occurring with multiplicities 4, 1, 1, respectively, giving the result by Lemma 2.2.

So now assume G = E,. If » = w; + w, then the weights A — 134 -..n,
A—1234...(n—1),A—23 - nall afford T-weight r —2(n—1) and, by Lemma 2.5,
occur with multiplicities n — 1, 1, 1 respectively, and now we apply Lemma 2.2. If
A = w1 + wy, we argue similarly using weights A — 1234, A — 1345, A —2345. And
if A = wy + w,, we use weights A —245---n, A —345---n, A —23.--(n—1). U

This completes the proof of Proposition 3.1.

4. The case where A is regular and A = bw;, b > 2

Continue to assume that G is a simple algebraic group, A is a regular A; in G,
and V = V5 (A). In this section we prove Theorem 1 in the case where A = bw;
for some i and some b > 2. In this case, the T-weight r — 2 appears in V with
multiplicity 1 and Lemma 2.2(iii) applies. Also Lemma 2.3 implies thatif V | A is
multiplicity-free then ¢; is an end-node.

Proposition 4.1. Assume ) = bw; with b > 1. Then V | A is multiplicity-free if
and only if G and A are as in the following table, up to graph automorphisms of A,,
or Dy.
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A G

2w A,, By, C,, D, (n=2k), G,

3w A, (n<5), B,(n=2,3), C,(n=2,3), Gy
4wy, Swq A, (n=2,3), By, C;

bwy (b > 6) A>

bwy (b <5) C

20)3 B3

2602 Gz

The proof is carried out in a series of lemmas.

Lemma 4.2. Assume that A =2w;. If G = A,, By, or Cy,, then 'V |, A is multiplicity-
free. If G = D,,, then V |, A is multiplicity-free if and only if n is even.

Proof. If G = A,, then V | A is just $%(n) and a consideration of weights shows
that this is 2n 4+ (2n —4) + (2n — 8) + - - -, hence is multiplicity-free. If G = B,, or
C,, we can embed G in A,, or Aj,_1, respectively. In each case A acts irreducibly
on the natural module with highest weight 2n or 2n — 1, respectively, and the
conclusion follows from the first sentence.

Now consider G = D,,. In this case A acts on the natural module w; for G, as
(2n —2)+0. Now S*(w;) =V +0andhence V | A = S*2n —2)+ (2n —2) =
(4n—4)+@n—8)+---)+ (2n —2). If n is odd, we find that 2n — 2 appears
with multiplicity 2, while if n is even, V | A is multiplicity-free. U

Lemma 4.3. Assume that G = B, (n > 3), C,, (n > 3), or D,, (n > 4) and that
A=bw; withb > 1andi > 1. Then V | A is multiplicity-free if and only if G = Bj
and A =2w3 or G = Dy and A =2w; fori =3 or4.

Proof. By Lemma 2.3 we can assume that ¢; is an end-node, so we may take i = n.
First consider C,,. If b > 3, then the weight r — 6 occurs with multiplicity at least 4
(fromA—(n —2)(n— Dn, A — (n— Dn?, A —n>, A — (n — 1)’n = (A — n)*1)
and so V | A is not multiplicity-free. For b = 2 first consider G = C3. We have
$2(001) = V +200. As 001 | A =9+ 3, it follows that V | A contains 6% Next
suppose that G = C,, with n > 4 and b = 2. This case essentially follows from the
C3 result. We need only show that there are at least two more weights » — 12 than
weights r — 10. For n = 4 the only weights r — 10 that do not arise from the C3
Levi are A — 123%4, A — 12342, Correspondingly, there are new r — 12 weights,
A — 122324, » — 12342, Similar reasoning applies for Cs, where A — 12345 is the
only weight » — 10 not appearing for C4 and we conjugate by s4 to get a new weight
r —12. And for n > 6 there are no r — 10 weights that were not present in a Cs
Levi factor.

Now let G = B,,. If b > 3 we find that T weight r — 6 appears with multiplicity
at least 4. Indeed, for the B, Levi the module 0b = S”(01) and this yields weights



368 MARTIN W. LIEBECK, GARY M. SEITZ AND DONNA M. TESTERMAN

r—n3 L — (n— Dn? the latter with multiplicity 2. Also A — (n —2)(n — 1)n affords
T-weight r — 6, which yields the assertion.

Now assume b = 2. First consider G = B3, so that A = 002. The module 001
for B3 is the spin module where A acts as 6 + 0. We have $2(001) = 002 4 000,
and it follows that V | A =12 + 8 + 6 +4 + 0, which is multiplicity-free. Now
assume n > 3. Here we show that T-weight r — 8 occurs with multiplicity 5. The
above shows that r — 8 occurs with multiplicity 4 just working in the B3 Levi. As
A—(@m—3)(n—2)(n — 1)n affords r — 8 the assertion follows.

Finally, consider G = D,,. If b > 3 then T-weight r — 6 occurs with multiplicity 4
(from A —nd A —(n —2)n%, A — (n — 1)(n — 2)n, A — (n — 3)(n — 2)(n)), and so
V | A is not multiplicity-free by Lemma 2.2(iii). Now assume b = 2. Applying
a graph automorphism if necessary, we can assume n > 5 (the conclusion allows
for D4 using Lemma 4.2). Then T-weight » — 8 occurs with multiplicity at least 5
(fromrA—n—dHn—-3)n—-2n,r—mn—-3)n—-2)(n—Dn, A —(n—3)(n—2)n?
A —(n—1)(n—2)n% A — (n—2)*n?). Therefore, V | A is not multiplicity-free. [J

Lemma 4.4. Assume that G = A,, B, (n >3),C,, (n >3) or D,, (n > 4), and that
A =bw; withb > 3. Then V | A is multiplicity-free only for the cases listed in rows
2 to 4 of the table in Proposition 4.1.

Proof. Firstlet G = A,,so V = Vg(bw) = S?(wy). First consider b = 3, so that
r =3n. If n > 6, then T-weight 3n — 12 occurs with multiplicity at least 7 and
V | A cannot be multiplicity-free. Indeed, independent vectors of weight 3n — 12
occur as tensor symmetric powers of vectors of weights (i, j, k), where (i, j, k)
isone of (n,n,n —12), (n,n —2,n —10), (n,n —4,n —8), (n,n —6,n — 6),
n—2,n—2,n—8),n—2,n—4,n—6),or (n—4,n—4,n—4). On the other
hand, for n < 5 the restriction is multiplicity-free.

Next consider b =4, so that r =4n. If n > 4, then 4n — 8 appears with multiplicity
at least 5 and hence V | A is not multiplicity-free. Indeed, independent vectors arise
from symmetric powers of vectors of weights (n,n,n,n—38), (n,n,n —2,n —6),
n,n,n—4,n—-4), (n,n—2,n—-2,n—4), n—2,n—2,n—2,n—2). And
for n < 3 a direct check shows that S? (w1) | A is multiplicity-free. If b > 5,
n >3, and (b, n) # (5, 3) then a similar argument shows that the weight bn — 12
occurs with multiplicity at least two more than does bn — 10; hence V | A is not
multiplicity-free in these cases. And if (b, n) = (5, 3) one checks that V | A =
$°(3) =154 11+ 9+ 7+ 5+ 3, which is multiplicity-free.

The final case for G = A, is when n = 2. We first note that the multiplicity of
weight 2/ in S?(2) is precisely the multiplicity of weight 0 in S?=/(2). Indeed, if
we write 2°0¢(—2)¢ to denote a symmetric tensor of ¢ vectors of weight 2, d vectors
of weight 0 and e vectors of weight —2, then a basis for the 2 j-weight space is given
by vectors 270777 (=2)0, 2/+10P=7=2(=2)!, 2/+20b=/=%(—2)2, ... and ignoring the
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first j terms in each tensor we obtain the assertion. The multiplicity of weight O in
§b=7(2) is easily seentobe (b — j+1)/2if b— jisodd and (b— j+2)/2if b— j
is even. From this information we see that S?(2) =2b+ 2b—4)+ (2b—8) + - - -
and hence V | A is multiplicity-free.

Now consider G = B,,, C,,, or D,,. The C,, case follows from the A,,_; case
since V = S?(w)); see [Seitz 1987]. If G = D, withn >4, then A < B,_; < G. If
the corresponding module for this subgroup is not multiplicity-free, then the same
holds for G since it appears as a direct summand of V.

So assume G = B,. If b > 4, then T-weight » — 8 occurs with multiplicity at
least 5. Indeed, if n > 4 this weight arises from A — 1234, A — 1223, A — 1222,
A — 132, & — 1*; whereas, if n = 3 replace the first of these weights by A — 123% =
(L — 12)%. Now consider b = 3. If n = 4, then S3(A;) = 3000 + 1000 and one
checks that T-weight r — 12 = 12 occurs with multiplicity 7, and so V | A is not
multiplicity-free. And for n > 4 we apply Lemma 2.8 to get the same conclusion.
Finally, if n = 3 then S3(A;) = V + 100, and a direct check of weights shows
that S3(A1) | A = 18 4+ 14 4 124 10 + 8 4 6> + 2, which implies that V | A is
multiplicity-free.

The only remaining case is when G = D4 and b = 3, since here the module
300 | A for Bj is multiplicity-free. As a module for G we have S3(w)) =3w D w,
sothat V | A = S3(6+0) — (6 +0), which one easily checks is not multiplicity-
free. ]

Lemma 4.5. Assume that G = B;, Cy, or G and .. = bw; (withb >?2). Then'V | A
is multiplicity-free if and only if one of the following holds:

(1) G=ByorCyand X =00,0b (b <5).

(i) G = Gy and X =20, 30, or 02.

Proof. (i) Let G = B,. Then 0b = S?(01), which restricts to A as S”(3). Therefore,
the assertion follows from the A3 result which has already been established.

Now assume A = b0. Here dim(b0) = (b + 1)(b 4+ 2)(2b + 3) /6 and the highest
weight of V' | A is 4b. If the restriction were multiplicity-free, then weight 4b — 2
would only occur with multiplicity 1, and the restriction with largest possible
dimension would have composition factors 4b 4 (4b —4) 4+ (4b—6)+---+24+0
which totals 452 + 2. For b > 7, this is less than the above dimension of »0 and
so the restriction cannot be multiplicity-free. And for b < 3, V is a summand of
SP(4) which we have already seen to be multiplicity-free. This leaves the cases
b=4,5,6.
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A computation gives the following decompositions of symmetric powers of the
G-module 10:

S°(10) = 60 440 +20 + 00,
$3(10) = 50 + 30+ 10,
§*(10) = 40 420 + 00,
$3(10) = 30+ 10,

52(10) = 20 + 00.

It follows that 40 |, A=164+12+104-8+4 and 50 | A =204-16+14+124104+8+4,
so these are both multiplicity-free. Also S®(4) =244-20+18+16>+14+123 4. ..,
This and the above imply that 60 | A is not multiplicity-free. This completes the
proof of (i).

(i1) It follows from [Seitz 1987] that Vg, (500) is irreducible upon restriction to G,
with highest weight b0, and also a regular A in B3 lies in a subgroup G,. So for
i = 1 the assertion follows from our results for B3. Now assume i = 2. Then

dim(0b) = I—;O(b +1D(B+2)2b+3)B3b+4)(3b+5),
and the highest 7-weight is 10b. First let b =2. Then V | A is a direct summand
of $2(01) | A =20+ 16+ 12>+ 10+ 82442+ 0% We have $?(01) = V 20400
and hence V | A =20+416412+ 104844+ 0, which is multiplicity-free. On the
other hand if b > 3, then Lemma 2.1 implies that V | A is not multiplicity-free. [J

Lemma 4.6. If G = E, and A = bw; withb > 1, then V | A is not multiplicity-free.

Proof. By Lemma 2.3, we can take «; to be an end-node. Firstassumei =1. If b=2
one checks that r — 6 is only afforded by A — 134, A — 123, while r — 8 is afforded
by A — 1234, A — 1345, A — 1234, 1 — 1232, so that V | A is not multiplicity-free by
Lemma 2.2(ii). Similarly for » > 3 as T-weight r — 6 appears with multiplicity 3
(from A — 134, A — 123, A — 13), but r — 8 appears with multiplicity at least 5 (from
A — 1345, 1 — 1234, A — 1234, A — 1222, A — 133).

If i =2, we see that weight » — 8 appears with multiplicity at least 5, since it is
afforded by each of 1 — 2345, A — 1234, A — 2456, A — 2234, 1. —2%45.So V | A
is not multiplicity-free by Lemma 2.2(iii).

Finally, assume that i =n. For n =6, V is just the dual of Vg (){), so suppose
G = E;7 or Eg. If b > 4 it is easy to list weights and verify that 7-weight r — 8
appears with multiplicity at least 5, so Lemma 2.2(iii) shows that V | A is not
multiplicity-free. And if b = 2 or 3, we see that 7-weight r — 12 appears with
multiplicity at least 2 more than T-weight r — 10. (]
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Lemma4.7. If G = Fy and A = bw; with b > 1,then V | A is not multiplicity-free.

Proof. As usual we can take ¢; to be an end-node. First assume i = 1. If b = 2,
then T weight r — 6 occurs with multiplicity 2 (from A — 123, A — 122); whereas,
r — 8 occurs with multiplicity 4 (from A — 1234, A — 1232 = (A — 12)%, A — 1223,
A — 1222). If b > 3, then the weight r — 6 appears with multiplicity 3 due to the
additional weight A — 13. But we also get an additional weight » — 8 from A — 132.
In either case, Lemma 2.2 implies that V | A is not multiplicity-free.

Now assume i = 4. First assume b = 2. Then $2(0001) = V + 0001 + 0000.
Moreover, a consideration of weights shows that 0001 | A = 16 4+ 8, and we
conclude that V | A is not multiplicity-free as there is a summand 20>

Finally, assume b > 3. The T-weight r — 6 occurs with multiplicity 3 (from
A —234, 1 —34%, A —4%), whereas T-weight r — 8 occurs with multiplicity at least 5
(from A — 1234, A — 2324 = (1 —234)%, A — 2342 A — 3242 1 —34%). O

This completes the proof of Proposition 4.1.

5. The case where A is regular and A = w;

Continue to assume that G is a simple algebraic group, A is a regular A; in G, and
V =V (X). In this section we prove Theorem 1 in the case where A = w; for some i.

Proposition 5.1. Assume that A = w; for some i. Then V | A is multiplicity-free if
and only if G and A are as in the following table, up to graph automorphisms.

A G

w1, w2 A,, B, C,, D,(n=2k+1), G,
w3 Ap(n=<T7), C,(n<5)

om Cy, Cs

w1, @ Eg

w1, W7 E7

ws Eg

w1, W4 Fy

The proof is carried out in a series of lemmas.
Lemma 5.2. Assume that A = w;.
(1) Then V | A is not multiplicity-free if G = Ay, By, C, or Dy and 4 <i <n—3.
() IfG=A,,i=3,andn >5,then V | A is multiplicity-free if and only if n <17.

(i) IfG=A,, B,, Cy, Dy,or Gy andi =1 or2,then V | A is multiplicity-free
except when G = Dy, i =2, and n even.
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Proof. (i) This follows from Lemma 2.7.

(i1) Assume G = A, and i =3 withn > 5. Then V = /\3 (w1) and a computation
using Magma shows that V | A is multiplicity-free for n = 5,6,7. If n > 8
one checks that T-weight » — 12 occurs with multiplicity at least 7. Indeed, here
r=3n—6,and r — 12 = 3n — 18 is afforded by the wedge of tensors of weight
vectors for each of the following weights:

nn—2)(n—16), nn—4)(n—14),
nn—6)(n—12), nm—8)(n—10), @H—-2)(n—4)(n—12),
n—-2)y((n—6)(n—10), (m—4H)n—6)(n—38).

Hence V | A is not multiplicity-free for n > 8 by Lemma 2.2(iii).

(iii) If G = A,, then A is irreducible on the natural module (i.e., w;) for G with
highest weight n. And if i =2, then V | A = /\z(n) is a direct summand of
n®n=2n+2n—-2)+2n—4)+---+0, and hence V | A is multiplicity-free.
Now consider G = B,,, C,,, D, embedded in X = A»,, Ay,_1, Azs—1. In the first
two cases A acts irreducibly on the natural module, Vx (w;), and in the third case
A acts as 2n —2)+0. So V | A is obviously multiplicity-free for i = 1. Now
consider i = 2. Then Vx(wy) | G =V if G = B, or D, [Seitz 1987] and equals
V +0if G = C, (the fixed space corresponds to a fixed alternating form). Therefore,
V I A= N@n), N((2n —2) +0), or \*(2n — 1) — 0, respectively. So V | A is
multiplicity-free if G = B, or C,,. But if G = D,, then

VIA=N(2n—2)+0)=2n—2)+ @1 —6)+ (@dn—10)+---

and this is multiplicity-free only if » is odd. Finally consider G = G, viewed as a
subgroup of Ag. Then A is irreducible on the natural 7-dimensional module Vg ().
Also Vg (w») is a direct summand of /\Z(VG (w1)). So V | A is multiplicity-free in
both cases. U

Lemma 5.3. Suppose that G = B,, C, or D,, that .. = w; fori > 3 and that V is
not a spin module for B, or D,. Then V | A is multiplicity-free if and only if one
of the following holds:

(i) i=nand G = C4 or Cs.

(i) i=3and G=C, forn=3,4,5.
Proof. If G = B, or D,, then V = N (w1) and the result follows from the A,, or
Aj,—1 part of Lemma 5.2. Indeed, if G = B,, then A is regular in A,, while if

G =D,, A < B,_1 < D,. Therefore, we may assume that G =C,. I[f4 <i <n-—3
then V | A is not multiplicity-free by Lemma 5.2.
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Suppose i > 4. By the previous paragraph we can assume that i > n — 3. If
i =n—2, then T-weight r — 8 occurs with multiplicity at least 5 as it is afforded by

A—(0-3)0@-2)G—-1i, A—G-2)G—DiG+1),
A—(G—=Di+D3+2), r—G—-Di*(+1),
A—i(i 4+ +2) = A —i(i+1)(+2))",

so V | A is not multiplicity-free by Lemma 2.2(iii).

Next assume i = n — 1. First consider n = 5, where /\4 (w1) = w4+ wyr+0. Here
r = 24 and a computation shows that » — 12 = 12 occurs with multiplicity 9 in
/\4(w1) but it only occurs twice in /\z(a)l) = w, + 0. Therefore, this weight occurs
with multiplicity 7 in V and hence V | A is not multiplicity-free by Lemma 2.2(iii).
Now return to the general case with i =n — 1. Then an application of Lemma 2.8(ii)
to a Cs Levi subgroup shows that T-weight r — 12 appears with multiplicity at
least 7, against Lemma 2.2.

A similar argument settles the case where n =i. If n =4 or 5, then a Magma
computation shows that V | A is multiplicity-free. If n = 6, weights 24 =r — 12
and 26 = r — 10 occur with multiplicities 6 and 4 respectively, and so Lemma 2.2(i)
implies that V | A is not multiplicity-free. For n > 6 we also compare weights
r — 10 and r — 12. These must already be weights of the C¢ Levi subgroups, so
again this contradicts Lemma 2.2(i).

Now assume i =3 with G = C,,. Then /\3 (w1) =V 4+ wy. Also A is irreducible
on the natural module for A;,_;. In the proof of Lemma 5.2(ii) we saw that for
n > 5 the weight r — 12 = 6n — 21 occurs in A (w1) with multiplicity at least 7.
If n > 6, then all these weights occur within V, so V | A is not multiplicity-free.
This leaves n = 3, 4, 5. In these cases, a simple check of weights shows that V | A
is multiplicity-free. O

Lemma 5.4. Assume V is a spin module for B,, or D,,. Then V |, A is multiplicity-
free if and only if n <8 for B,, and n <9 for D,,.

Proof. If G = D,,then A < B,,_| < G and B, _ is irreducible on V, so it will suffice
to settle the G = B, case. In terms of roots, w, = > (ie;)/2, so that r =n(n+1)/2.
As dim V = 2" Lemma 2.1 shows that V | A is not multiplicity-free if n > 10. If
n =9 then dim V =22 = 512, while the sum in Lemma 2.1 is 552. However, V JA
does not contain a summand of highest weight r —2 =43, so dim V <552—44 =508.
So here too, V | A fails to be multiplicity-free. This leaves the case n < 8.
Consider the restriction V |, L, where L = GL,, is a Levi subgroup. One checks
(see [Liebeck and Seitz 2012, Lemma 11.15]) that the restriction to SL,, consists of
the natural module and all its wedge powers together with two trivial modules. For
example, when n = 8 the restriction to A of the weights A, A —8, A —78% = (A—8)*7%,
A — 67283 = (A — 7825758 afford the modules 0, w7, wg, ws, ... for the A7
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factor. However, the T-weights are shifted in accordance with the number of
fundamental roots subtracted. In the above example, the T-weight of 0O is just that
of A, namely 36 and the T-weights of w; are 34, 32, ..., 20, etc.

Here we indicate some of the decompositions for V | A for later use.

n decomposition
8 36 +30+26+424+4224204+184164144+124+104+8+6+0
7 28+224+184+16+144+10+8+4
6 21+154+1149+3
5 15+945
4 10+4
3 6+0
Carrying out the above we obtain the conclusion. ([

Lemma 5.5. Assume that G = E,, or Fy. Then V | A is multiplicity-free if and
only if A is as in the following table.

G A

Es w1, w2, We
E; w1, w7

Eg wg

Fy w1, Wa

Proof. First assume G = F4 and A = wy. It is straightforward to list the first few
weights and see that V | A = 16+ 8. [Liebeck and Seitz 1996, Propositions 2.4
and 2.5] show that V | A is multiplicity-free for each of the remaining cases listed
in the table.

It remains to show that all other possibilities fail to be multiplicity-free. To do
this, we use Lemma 2.1 along with the dimensions of V = V (w;), which can be
found using Magma; the values of r can be calculated using the expressions for w;
in terms of roots, given in [Bourbaki 1968, p. 250]. O

This completes the proof of Proposition 5.1

6. The case where A is nonregular

Assume that G is a simple algebraic group, and A = A; is a G-irreducible subgroup
of G. Recall from the introduction that this means that a nonidentity unipotent
element u of A is distinguished in G. In this section we prove Theorem 1, classifying
G-modules V = Vg (A) such that V | A is multiplicity-free, in the case where u is
distinguished, but not a regular element of G. Such elements exist for G of type
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B,, m >4), C,, (n >3), D,, (n >4), Eg, E7, Eg, Fy or G,. We shall see that
there are relatively few examples; they are listed in Table 2 of Theorem 1.
We begin with the analysis of the classical groups.

Proposition 6.1. Assume that G = B,,, C,, or D, and u is distinguished but not
regular. Then up to graph automorphisms of D,,, Vg (A) | A is multiplicity-free if
and only if one of the following holds:

(i) A= wi.

(i) G=D, with5 <n <7,A=wy,and A < B,,_»B1, projecting to a regular A,
in each factor.

For the next four lemmas assume the hypotheses of Proposition 6.1. The nat-
ural G-module, when restricted to A, is a direct sum of irreducible modules of
distinct highest weights, and we first discuss the corresponding 7-labelling of the
Dynkin diagram of G. A full description can be found in [Liebeck and Seitz 2012,
Theorem 3.18]. As an example, consider G = Cis with A acting as 15 + 9 + 3.
The T-weights are 15, 13, 11, 92 7% 52 33, 13 plus negatives. The corresponding
labelling of the Dynkin diagram is 222020202002002. So the labelling begins with
an initial string of 2s, then a number of terms 20, several of type 200, and so on.
For C,, the end-node «, has label 2, and for B, it has label 0. For D, both of
on—1, oy have the same label; it is 2 or 0, according to whether there are just two
summands for A or more than two, respectively.

As in previous sections, let V = Vi (1), of highest weight A = ) ¢;w; affording
T-weight r.

Lemma 6.2. Assume V | A is multiplicity-free. Then the following hold.:
(1) ¢; =0 ifa; has label 0.
(i1) ¢; =0 if a; has label 2 and «; is adjacent to two nodes having label 0.
(iii)) A = bw; for some i.
(iv) If A =bw; withb > 1, theni = 1.
V) A £ w, if G=B, or Cy.
Proof. (i) Assume «; has label 0 but ¢; # 0. Then A — «; is a weight affording
T-weight r, which implies that 72 is a summand of V | A, a contradiction.

(i) Next suppose that o; has label 2 but nodes on either side have label 0. If we
label these nodes «o;, «j, o, then A —i, A —ij, A — ik all afford T-weight r — 2,
contradicting Lemma 2.2.

(iii) Assume ¢; #0 # ¢;. Then A —i and A — j afford the only T-weights r —2. This
implies that neither «; nor «; can be adjacent to a node with 0 label, as otherwise
r — 2 would occur with multiplicity at least 3. Therefore, both occur in the initial
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string of 2s, and within this string we can argue exactly as in the regular case.
Indeed, the argument of parts (iv), (v), and (vi) of Lemma 2.6 implies that i =1,
J =2, and ¢; = ¢; = 1. Then the first paragraph of the proof of Lemma 3.4 implies
that the initial string of 2s has length 3. But then T-weight r — 4 is afforded by
A — 12 (multiplicity 2), A — 23, and A — 234, contradicting Lemma 2.2.

(iv) Assume A = bw; with b > 1. By Lemma 2.3(i), ¢; is an end-node. Suppose
i =n. Then G # B, as otherwise o, has label 0, against (i). If G = C,, then A —n,
r=n(n—1),r—nn—12%=(x—n(m—1))*"" all afford r — 2. And for D,,, r — 4
is afforded by A —n% A —n’(n —2), A—n’(n —2)2, A —n(m —2)(n—1). Thisis a
contradiction. A similar argument applies if G = D,, andi =n — 1.

(v) Suppose A = w,. The last argument of the previous paragraph also shows that
V | A is not multiplicity-free if G = C,. And if G = B, then «, has label 0,
contradicting (i). O

Lemma 6.3. Suppose G = D, withn > 5, and .. = w,. Then V | A is multiplicity-
free if and only if n <7 and A < B,,_3 By, projecting to a regular A in each factor.

Proof. Assume G = D,, and A = w,. Then the labels of «,_; and «,, are both 2, and
A has two irreducible summands on the natural G-module. The label of «;,,_; is O.

Suppose that V | A is multiplicity-free. If «,_3 also has label 0, then A — n,
A—m—=2)n, A —(n—3)(n—2)n all afford r — 2, a contradiction. Therefore, o, _3
has label 2. Next consider o, _4. If «,,_4 has label O, then n > 6 and «,,_5 must
have label 2. Hence r — 6 is afforded by each of

A—n=3Yn—-2)(n—n, rA—m—4Hm-3)(n—-2)(n—1)n,
r—n=3)n=2’(n—Dn, r—m—-4n-3)n—-2)>(n—"n,
A—nm—=5n—-4m-3)(n—2)n,

again a contradiction. Therefore, o, _4 has label 2. This forces the full labelling to
be 22 - --22022.

Hence A acts on the natural G-module as (2n —4) 4- 2 and so lies in a subgroup
B,,_» By, which acts on V as the tensor product of spin modules for the factors.
Thatis, V | A = X ® 1 where X is the restriction of the spin module of B, _;
to a regular A;. As we are assuming V | A to be multiplicity-free, this forces X
to be multiplicity-free. Applying Lemma 5.4 we see that this implies n —2 < 8.
Moreover, at the end of the proof of Lemma 5.4 we listed the decompositions of X
when this occurs. Tensoring these with 1 it is immediate from Lemma 2.4 that the
V is multiplicity-free if and only if n < 7. O

Lemma 6.4. (i) Assume A = bw| with b > 1. Then V | A is not multiplicity-free.
(1) Assume A = wy. Then V | A is not multiplicity-free.
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Proof. (i) First suppose b =2. Note that S*(w;) =V if G = C,,, while §?(w;) =V 40
if G = B,, or D,,. Let A act on the natural module for G as ¢ +d + --- , where
¢ >d > ---. Note that if d = 0, then u is a regular element of B,_; and is hence
regular in G = D,,, which we are assuming is not the case. Hence d > 0.

Now S%(w;) | A contains direct summands S?(c) = 2¢ + (2c —4) +--- and
c®d=(c+d)+(c+d—-2)+---.If c—d =4k, then 2¢ — 4k = c +d is common
to both summands. And if c —d =4k — 2, then 2¢ — 4k = ¢+ d — 2 is common to
both summands. In either case we see that V | A is not multiplicity-free.

Now assume that b > 3 and that V | A is multiplicity-free. We first settle some
special cases. If the T- labelling is 202. . ., then r — 4 is afforded by A — 12, 1 — 122,
A — 1222 ) — 123, a contradiction. Similarly, if the labelling is 2202. .., then r — 4
is afforded by A — 12, A — 123, A — 12, which contradicts Lemma 2.2(iii). And if the
labelling is 22202 ..., then r — 8 is afforded by A — 12345, A — 1223, » — 172234,
A — 1222, X — 1°2, again contradicting Lemma 2.2(iii).

Now suppose that the initial string of 2s has length at least 4. If b > 4, the weights
A —1234, 1 —1223, A — 1222, A — 132, A — 1* all afford r — 8, against Lemma 2.2(iii).
So assume b = 3. Then S3(w;) =V or V+w; according to whether or not G = C,,.
One checks S3(w) to see that » — 12 occurs with multiplicity at least 7in V | A,
and hence V | A is not multiplicity-free.

(i1) The argument is similar to the b = 2 case in (i). Assume A acts on the natural
module as c+d+- - -, where ¢ > d > - - -. Note that d > 0, as otherwise u would be a
regular element of G = D,,. Then N (w1) =V or V 40 according to whether or not
G is an orthogonal group. So N (1) | A contains N(0) =(2c—2)+Q2c—6)+-- -,
aswellas c®d =(c+d)+(c+d—2)+-- -, as direct summands. If c—d =4k +2,
then 2c —2 — 4k =c+d and if ¢ —d = 4k, then 2¢ — 2 — 4k = ¢ +d — 2. In either
case V | A is not multiplicity-free. O

Lemma 6.5. Assume A = w; for 3 <i <n and V is not a spin module for D,,. Then
V | A is not multiplicity-free.

Proof. Assume V |, A is multiplicity-free. By Lemma 6.2(ii) we know that ¢; is in
the initial string of 2s. Suppose the end of this string is at «;. First assume i > 4. If
in addition, i < j — 3, then the result follows from Lemma 2.7. So we now consider
situations where i > j — 3 (still with i > 4).

Suppose i = j. Then «; 11 has label 0. If n =i + 1, then G = B,, and each of
A—i,A—i((+ 1D, A —i(i +1)2= (A —i(i 4+ 1))%+ afford r — 2, a contradiction.
Therefore n > i + 1. If o;5» has label O we obtain the same contradiction from
A—i, A—i(i+1),A—i(@+1)(i+2). So suppose ;4> has label 2. Then r — 4
is afforded by eachof A — (i — )i, A— (i — 1)i(i + 1), . —i(i + 1)(i +2), which
is not yet a contradiction. If n =i 42, then G = C,, and we also get r — 4 from
A—i(i + D2 +2) = —i(i + 1)@ +2))%+ And if n > i +2, either a; 13 has
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label O or else G = D;3. In either case we get an extra weight affording r — 4,
which does contradict Lemma 2.2.

Therefore i < j. Then r — 2 appears with multiplicity 1 and Lemma 2.2(iii)
applies. By assumption, « ;41 has label 0. Suppose i = j — 1. Then r —4 is afforded
by eachof A — (i —1)i, A —ij, A—1ij(j+1) a contradiction. And if i = j —2, then
r — 8 is afforded by each of

A—G—=3)i—-2)(i—Di, r—@G—-2)(G—-Di@+1),
A—(—DiG+1D3E+2), A—G—Di+D3E+2)(i+3),
A—(@—1Di%@+1),

contradicting Lemma 2.2(iii).

Now assume i = 3. Then /\3 (w1) equals V or V + w; depending on whether
or not G is an orthogonal group. Write w; | A=a+b+--- witha >b > ---
We know that o3 is in the initial string of 2s, and this forces a — b > 6 so that
r =3a — 6. If G is an orthogonal group, then a, b, ... are even and so a > 8 (note
that b > 0 as A is not regular). Then V | A contains /\3 (a) as a direct summand
which is not multiplicity-free by Lemma 5.2(ii). Indeed, there is a direct summand
of highest weight r — 12 = 3a — 18 appearing with multiplicity 2. Now consider
G = C,,. The same argument applies provided 3a — 18 > a. So it remains to consider
a <9. The cases are (a, b) = (7, 1), (9, 3), (9, 1). Then A\*(w1) | A contains A ()
and /\’(a) ® b as direct summands. As A’(a) = (3a —6) + (3a — 10) +- - - and
/\z(a) ®b=Q2a—2+4+b)+(2a—4+b)+---, it follows that in each case, 3a — 10
occurs with multiplicity at least 2 and is not present in w;. (]

This completes the proof of Proposition 6.1.

It remains to consider the exceptional groups. Here we label the distinguished
nonregular classes as in [Liebeck and Seitz 2012]. For convenience we reproduce
the list in Table 3.

Proposition 6.6. Assume G is an exceptional group and u is distinguished but not
regular. Then up to graph automorphisms of E¢, Vg(X) | A is multiplicity-free if
and only if » and u are as in the following table.

G u A
Fy Fa(ay) w4
Es Eg(ay) w1

E7 E7(ay) or E7(a2) w7
Eg Eg(ay) w3
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G classes labellings

G» Ga(ar) 02

Fy Fy(a1), Fu(az), Fy(az) 2202, 0202, 0200

Es Es(ar), Ee(as) 222022, 200202

E; E7(a1), E7(a2), E7(a3), 2220222, 2220202, 2002022,
E7(aq), E7(as) 2002002, 0002002

Eg Eg(a1), Es(az), Eg(as), 22202222, 22202022, 20020222,
Eg(as), Es(as), Eg(ae), 20020202, 20020020, 00020020,
Eg(a7), Es(bs), Eg(bs), 00002000, 20020022, 00020022,
Eg(be) 00020002

Table 3. Distinguished nonregular classes in exceptional groups.

Lemma 6.7. Proposition 6.6 holds if G = G, or Fj.

Proof. First consider G = F4. Suppose V | A is multiplicity-free. If there exist
i # j with ¢; # 0 # ¢;, then either «; or «; is adjacent to a node with label 0,
contradicting Lemma 2.6(ii). Therefore A = bw; for some i. From the diagrams
in Table 3, and considering the multiplicity of » — 2 using Lemma 6.2(ii), we see
that u cannot be in the class Fy(a3), and that if u = F4(ap) then i = 4. But then
A —234, ) — 1234, . — 2324, ). — 1234 all afford r — 4, contradicting Lemma 2.2.

Now consider u in class Fa(a;). If i =2, then A — 2, A — 23, A — 232 all afford
r — 2, a contradiction. If i = 1, then r — 2 appears with multiplicity 1, but A — 12,
A — 123, A — 1232 all afford r — 4, contradicting Lemma 2.2(i). Therefore i = 4.
If b > 1, r — 4 appears with multiplicity 4, which is impossible. And if A = w4 it
follows from [Seitz 1991, Table A, p. 65] and the tables at the end of [Liebeck and
Seitz 1996] that A < By, and w4 | B4 = 100040001 4 0000. Using the information
at the end of the proof of Lemma 5.4, we find that V | A =8+ (10+4) 4+ 0 and
hence V | A is multiplicity-free.

Finally consider G, where the only labelling is 02. Hence A = bw,. Then A — 2,
A —12, & — 132 all afford r — 2, a contradiction. |

Lemma 6.8. Proposition 6.6 holds if G = E,,.

Proof. Assume G = E, and V | A is multiplicity-free. First suppose that there
exist i > j with ¢; # 0 # ¢;. Lemma 2.6 shows these are the only two such nodes,
that neither can adjoin a node with label 0, that at least one must be an end-node,
and that ¢; = ¢; = 1. Suppose j = 1. Then a3z must be labelled 2 and from the
list of possible labellings in Table 3 we see that a4 has label 0. This forces i > 6.
But then r — 4 is afforded by A — 13, A — 134, A — 1i, A — (i — 1)i, a contradiction.
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Therefore, j # 1 and hence i = n. If j % n — 1, then we must have G = Eg, j =6,
and u = Eg(a;). But here we see that r — 4 occurs with multiplicity at least 5, a
contradiction.

Suppose i =n, j =n—1. If a,_3 has label 2, then r — 6 occurs with multiplicity
at least 5 from A — (n — 2)(n — 1)n (multiplicity 2), A — (n — )?n = (A —n)%,
r—(n—Dn’>=0r—n—-1))", A—(n—-3)(n—2)(n—1). We get the same contradiction
if a3 has label 0, by replacing the last weight with A — (n —3)(n —2)(n — D)n,
(it even appears with multiplicity 2).

Hence A = bw; for some i. Suppose b > 1. Then Lemma 2.3 implies that «; is
an end-node with label 2 and that the adjacent node has label 2. Therefore i = 1 or
i=n.Ifi =1, then r — 6 is afforded by A — 1234, » — 1345, A — 123, A — 1234,
contradicting Lemma 2.2(iii).

Next consider i = n where we can assume n = 7 or 8 since the E¢ case follows
from the above via a graph automorphism. If «,,_, has label 0, then r —4 is afforded
byA-(n—1Dn,A—(n—-2)(n—1Dn, A— n, contradicting Lemma 2.2(iii). Therefore,
o> has label 2. The only possibilities satisfying these conditions are u = E7(ay),
Eg(ay), Eg(az). If u = Eg(a;), then r — 12 arises from

A — 1345678,
A — 2345678,
A — 23425678,
A — 3456782,
A — 2456782,
A —567%82,

A — 627282,

a contradiction. A similar argument applies to E7(a;) and Eg(a3), using the weight
r—2_8.

At this point we have A = w;. As in the proof of Lemma 5.5, we use Lemma 2.1
to reduce to the cases (G; i) = (Eg; 1,2, 6), (E7; 1,7), and (Eg; 8). The action of
A on L(G) is given in [Seitz 1991, Table A, p. 65 and Table 1, p. 193]. This settles
all but the 27 dimensional modules w;, wg for Eg and the 56 dimensional module
w7 for E7.

Suppose G = Eg. From p. 65 of that reference we see that u is a regular element
in C4 or A As according to whether u = E¢(a;) or E¢(az). Then [Liebeck and Seitz
1996, Propositions 2.3 and 2.5] show that only the first case is multiplicity-free.

Finally assume that G = E7 and A = w5. [loc. cit., Proposition 2.5] shows
that V | A is multiplicity-free if u = E7(a;). Butif u = E7(a), then A < A1 Fy
by [Seitz 1991, p. 65], and [Liebeck and Seitz 1996, Proposition 2.5] shows that
V] A=(1®({16+8))+3, which is multiplicity-free. If u = E7(a4) or E7(as), then
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both a5 and o have label 0 so that r — 2 occurs with multiplicity 3, a contradiction.
This leaves u = E7(a3), in which case [Seitz 1991, p. 65] shows that A < A Bs <
A1 Dg. Then [Liebeck and Seitz 1996, Proposition 2.3] shows that V | A;Dg =
1 ® w; +0Q® ws. Applying the decomposition at the end of the proof of Lemma 5.4,
we see that this is not multiplicity-free. ]

This completes the proof of Theorem 1.

7. Proof of Corollary 2

Now we prove Corollary 2. Let G be a simple algebraic group of rank at least 2,
let u € G be a distinguished unipotent element, and let A be an A; subgroup of
G containing u. Let p : G — I(V) be an irreducible representation with highest
weight A.

If I(V) = SL(V), then p(u) is distinguished in /(V) if and only if V | p(A) is
irreducible, so the conclusion goes back to Dynkin [1957], but see also [Seitz 1987,
Theorem 7.1] where the result is given explicitly. Alternatively it is easy to check
in Tables 1 and 2 of Theorem 1, that except for w; for A,, B,, C,, and 10 for G,
the subgroup acts reducibly on V().

Now suppose 1(V) = Sp(V) or SO(V). If p(u) is distinguished in /(V), then
V | p(A) is multiplicity-free, and so A is as in Tables 1 or 2 of Theorem 1. Moreover
V is self-dual, so that A = —wg(A). Conversely, for all such X in the tables, V | p(A)
is multiplicity-free, and so p(u#) has Jordan blocks on V of distinct sizes, hence is
distinguished. This completes the proof.
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