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CHARLES W. CURTIS

This paper is dedicated to the memory of Robert Steinberg.

This paper contains an algorithm for the structure constants of the Hecke
algebra of a Gelfand—Graev representation of a finite Chevalley group.

1. Introduction

Let G be a Chevalley group over a finite field k = F, of characteristic p (as in
[Chevalley 1955] or [Steinberg 1968]). Let B be a Borel subgroup of G with
U = 0,(B) (the unipotent radical of B), and let T be a maximal torus such that
B =UT. Let W be the Weyl group of G. Then W is a finite Coxeter group with
distinguished generators S = {sy, ..., sy}.

Let ® be the root system associated with W, with {«y, ..., «,} the set of simple
roots corresponding to the generators s; € S, and ®4 the set of positive roots
(respectively, negative roots) associated with them. For each root «, let U, be the
root subgroup of G corresponding to it. The subgroup U is generated by the root
subgroups U,, o > 0.

From [Steinberg 1968, §3], the Chevalley group G has a B, N-pair, with Borel
subgroup B, N the subgroup generated by all elements w,(¢), and B N N equal
to T, the subgroup generated by all elements /4 (7) (see the definitions of w (7)
and /4, (¢) in Section 2). Then N/T = W. (If the field k contains more than three
elements, then N is the normalizer N = Ng(T'); see [Steinberg 1968, p. 36]).

By the Bruhat decomposition, the (U, U)-double cosets are parametrized by the
elements of N, while the (B, B)-double cosets are parametrized by the elements
of W.

We consider induced representations y of the form ¢, for a linear representation
Y of U. Let
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be the primitive idempotent affording ¥ in the group algebra CU of U over the
field of complex numbers. Then y = ¥ is afforded by the left CG-module CGe.
The Hecke algebra of y is the subalgebra H = eCGe of CG, and is isomorphic
to (Endcg CGe)°. These representations and their Hecke algebras were first in-
vestigated by Gelfand and Graev [1962a; 1962b]. In particular, they introduced
the important class of Gelfand—Graev representations of G, which are the induced
representation ¥, for a linear representation v of U in general position, that is,
Y |Uy, # 1 for each simple root subgroup U,,, 1 <i <n, and ¥|U, = 1 for each
positive and not simple root «.

It is known (see [Gelfand and Graev 1962b] for the case of G = SL,, (k) for a
finite field &, and [Steinberg 1968, Theorem 49] for the general case) that the Hecke
algebra H of a Gelfand—Graev representation is a commutative algebra, so that a
Gelfand—Graev representation is multiplicity-free.

A basis for the Hecke algebra H of a Gelfand—Graev representation ¥ ¢ is given
by the nonzero elements of the form ene with n € N. The standard basis elements are
the nonzero elements of the form ¢, = ind(n) ene, where ind(n) = |U :nUn"'NU|.
The structure constants for the standard basis elements, defined by the formulas

Celm = Z[CECm S CnlCns
n
with £, m, n € N*, are algebraic integers (here N* is the set of elements n € N such
that ene # 0).
The structure constants of H are given by the formula

[cecm : cnl = > ¥ ((uur) ),

u@ulznvm*IGUﬁUﬂnUmq m~1

by [Curtis and Reiner 1981, Proposition 11.30], and the fact that ULU NnU,,-1m ™!
is a set of representatives of the left U-cosets in ULU NnU,-1im~'U. As in [Curtis
1988; 2009], U, = U NnU_n"" for n € N. The structure constants are exponential
sums involving the linear character ¢ of U and combinatorial information about
multiplication and intersections patterns of (U, U)-double cosets. The latter infor-
mation is also given at least partially for the algebraic group G (k) over the algebraic
closure k of k corresponding to G, with some questions about the geometry not
completely settled at this time. A main result in the paper is an algorithm given in
Section 4 for the solutions (u, u;, v) of the equation ufu; = nvm =" in the formula
above, so that in some sense the structure constants are computable. The approach
taken here is based on the theory of cells U, developed in [Curtis 1988; 2009]. The
algorithm for the solutions of the equations is a refined version of an algorithm for
them given in [Curtis 2009, Theorem 2.1]. At the end of Section 4, some problems
for further research are mentioned.
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In case /¢ is a Gelfand-Graev representation, the values of the irreducible repre-
sentations of the commutative semisimple algebra H on standard basis elements are
obtained as eigenvalues of matrices giving the regular representation of H and whose
entries are the structure constants [c,c,, : ¢, ]; see [Curtis 2009, Proposition 1.1].

Formulas for the structure constants based on different algorithms and a different
set of representatives of the cosets of U were obtained by Simion [2015].

The irreducible representations of H were obtained in [Curtis 1993] using the
results of Deligne and Lusztig [1976] on representations of G defined on the
¢-adic cohomology of locally closed subsets of the algebraic group G (k) with
Frobenius endomorphism F on which the finite group G acts. The formulas for
the irreducible representations of H in [Curtis 1993] involve a homomorphism of
algebras fr : H — CT for each F-stable maximal torus T of G, proved using the
character formula of Deligne and Lusztig [1976] for the virtual representations Rt g.
The homomorphisms fr provide an approach to the representations of H, and are
of independent interest (see [Bonnafé and Kessar 2008]).

A combinatorial approach to the representations of H based on the structure
constants of the Hecke algebra H and the internal structure of the finite Chevalley
group G is a main objective of this paper.

Two final sections contain examples in which a combinatorial construction of
the homomorphisms fr is obtained. These include the Bessel functions over finite
fields of Gelfand and Graev [1962a], for the groups SL, (k) and k a finite field of
odd characteristic, and a construction of the homomorphisms fr : H — CT for the
split torus T in a general Chevalley group.

2. Background and preliminary results

For each root «, there is a homomorphism (see [Steinberg 1968, page 46]) ¢ = ¢, :
SL; (k) — G such that ¢ takes

1t 10 0 ¢ t 0
(0 1)—>xa(t), (t 1)—>x_a(t), (_t_l 0)—>wa(z‘)eN, (0 t_l)—>ha(t)eT
for all ¢ € k. The elements w,(¢) and hy(¢) are given by

we (1) :xa(t)xfa(_t_l)xa(t)s he (1) = wot(t)wa(l)_la

by [Steinberg 1968, p.30]. If w = s¢ - - - 51 is a reduced expression of an element
w e W then w =5y - - - §1, with §; = wy, (#;) for some fixed choice of t; € k* =k —{0},
is a representative in N of w which is independent of the choice of the reduced
expression chosen, by [Steinberg 1968, Lemma 83, p.242]. In what follows we
assume that representatives x € N of all elements x € W have been chosen in this
way, for a fixed choice of representatives s; of the generators s; € S.
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()

for a simple root o, 1 <k <n.
Using the homomorphisms ¢,, we obtain the so-called SL,-IDENTITY:

We may assume that

$¢ o, (1)K = X (=) sihgy (D)X, (=17,

for a simple root a; and ¢ € k* (cf. [Curtis 2009, Lemma 2.1]).

As in [Deodhar 1985], a subexpression t of a fixed reduced expression w =
sk - - -s1isasequence T = (1, . .., T1, Tg) of elements of W such that t; ti:11 ef{l,s;}
fori =1,..., k and tp = 1. Then the set of terminal elements t; of subexpressions
of w = s - - - 51 coincides with the set of elements x € W such that x < w in the
Chevalley—Bruhat order. In what follows, the /length of an element w € W in terms
of the generators s; € S is denoted by £(w). A subexpression 7 = (7, ..., T1, 70)
is called a K-sequence relative to the triple w = s - - - 51, x, y of elements of W if
it satisfies conditions (2.10)(a-c) of [Kawanaka 1975]. It is understood that a K -
sequence for the triple (w, x, y) is always given with reference to a fixed reduced
expression w = s ---51. Let J; = {j : rjrj__ll = 5;} U{0}. Then the defining
conditions for a K-sequence state that 7x = y and

L(spTix) < L(Tjx)
for each j € J; and p in the interval between j and the next element in J; (or
simply all p > j if j is the maximal element of J;). For each K-sequence 7, set
Jo={je e lsjTyx) <(tjx)}
where j' € J; is the predecessor of j, and define a pair of nonnegative integers by
a(t)y=J.|,b(x)=k—|J;|+1=card{j >0: rjrj__ll =1}.

For each element w € W, let U,, = U NY U_ where U_ ="° U and wy is the
element of maximal length in W. Then U = U,,U,,,,, and BwB = U,,w B, in both
cases with uniqueness of expression. Let w = si . ..s| be a reduced expression of
w € W. Then U, = Uy, 5k Usk—l---sl‘g‘k_] with uniqueness of expression. An element
of U,, expressed in this way, for a fixed reduced expression of w, is said to be in
standard form (see [Deodhar 1985, Lemma 2.2]), and can be assigned coordinates
in the field k.

Let w, x, y be elements of W, and w, x, y corresponding elements of N. Let

Uw,x,y)={ueUy:uwBNyU 15" £}

Then U (w, x, y) is independent of the choice of representatives w, x, y of w, x, y
in N. Moreover, U, B NyU,1x~! is a set of representatives of the left B-cosets
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in BwBNy(Bx B)~!, and its cardinality is the structure constant [e,e, : e,] of the
standard basis elements e, e,, ey, for w, x, y € W, in the Iwahori Hecke algebra.

The K-sequences were first applied by Kawanaka to prove the following result
[Kawanaka 1975, Lemma 2.14b]. For a finite Chevalley group G over k = F; the
nonzero structure constants of the Iwahori Hecke algebra are given by the formula

lewex s ey] =B BN U1~ | =|Uw,x, )| =) ¢*“Pg— 1"
T
where the sum is taken over all K-sequences t for w, x, ¥, and a(r) and b(7) are
the nonnegative integers defined above.

As a consequence, it follows that U (w, x, y) # & if and only if there exist
K -sequences for w, x, y (see also [Borel and Tits 1972, Remark 3.19], where the
conditions are stated in a different way).

In [Curtis 1988] a geometric version of Kawanaka’s formula was proved. It states
that U (w, x.y), viewed as a subset of the algebraic group G (k), is a disjoint union of
subsets U;, which we shall call (in this paper) cells. The cells U, are subsets of G (k)
parametrized by K -sequences t for w, x, y relative to a fixed reduced expression of
the element w, with corresponding subsets U-, also called cells (defined in [Curtis
1988]), in the finite Chevalley group G = G (k) (see Lemma 3.3 below for a review
of the definition of cells). The result extends Deodhar’s decomposition ([Deodhar
1985], and [Curtis 2009, §4]) of the intersection By B N B_x B, viewed as subsets
of the flag variety G/B in the algebraic group G (k), with B_ the Borel subgroup
opposite to B. Each cell U; is isomorphic (in bijective correspondence as a set, or
isomorphic as a variety in G(k))toa product,

-2 x[]U;
a p

for certain subsets {«} and {8} of cardinalities a(7) and b(7) of the positive root
subgroups determined by 7 and where U ; is the set of nonidentity elements in
Ug. From the decomposition of U(w, x, y) as a union of cells Uy, it follows that
UpwB N yU,-1%~! can be identified with the set of triples (u, b, v) with u € U,
for some 7, b € B, and v € U, satisfying the equation uwb = yvx~! with b and
v uniquely determined by u by [Curtis 2009, Lemma 2.4].

3. Relations between cells

Let £, m, n in N* correspond to elements w, x, y in W. Then £, m, n are multiples
by elements of T of representatives w, x, y in N determined as above. The set
UgtU NnU,,-1m~" will be obtained by an algorithm based on a fixed reduced
expression w = sy - - - 51 of the element w € W in terms of the generators s; € S,
and the theory of cells U, associated with K-sequences t for w, x, y.
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As the cells U, are contained in the set U (w, x, y) each element u € U, satisfies

a structure equation

uwb = yvi~!
with b € B and v € U,-1. The subgroup B is a semidirect product B = UT, so
one has b = us with u; € U, s € T, and it will be important to keep track of these
factors in the discussion to follow.

In this section, it will be shown how elements u € U, € U (w, x, y), with
7= (t,..., 1, 7o) a K-sequence for w, x, y, are related to elements u’ in cells
Uy with t/ = (t4—1, ..., 71, T0) a K-sequence for s;_; - - - s1, x, y', and how the
structure equations for u and u’ are related. We keep in mind that U (w, x, y) # &
if and only if there exist K-sequences for w, x, y.

Lemma 3.1. Let T = (1, ..., 71, Ty) be a K-sequence for w, x,y fork > 1, and
consider T’ = (t4—1, ..., T0).
(i) 1’ is a K-sequence for sk_lw, X, sk_]y iftktk__ll = s, and £(spy) < £(y).

(ii) 1’ is a K-sequence for sk_lw, X,y iftk'ck__ll =1 and C(s;y) < £(y).
(iii) 7’ is a K—sequence for sk_lw, X, sk_ly if £(sgy) > £(y) and ‘L'ktk:ll = 5.
It is understood that To = 1 is a K -sequence for (1, x, x) and that a(ty) = b(tg) = 0.

These sets of conditions are the only possibilities for T’ to be a K -sequence, and
one of them must occur.

We first note that either £(s; y) < €(y) or £(sxy) > £(y), since either y_1 (o) € Dy
or y~!(ax) € ®_. The proof then follows immediately from the definition of
K -sequence (see the proof of Lemma 2.14 of [Kawanaka 1975]). For example, we
verify that the condition £(s;y) > £(y) implies t; # 1x—1, and hence 7% rk__ll = S.
Otherwise Ty = t¢—1, Tk—1X =Y, and k ¢ J;. This implies that £(sgtx—1x) < €(Tp—1x)
by a defining property of K-sequences, and hence €(syy) < £(y), contrary to
assumption.

The next result is background for the relation between cells U, and U/, with t
and 7’ as in the preceding lemma. It is a version of Lemma 2.3 of [Curtis 2009].
(Parts (1) and (i1) were misstated in that article and are corrected here. We also take
the opportunity to correct the statement on page 220 of [Curtis 2009] that the cells
U, are invariant under conjugation by elements of T'; this was not shown there.)

Lemma 3.2. Let w = sy - - - 51 be a reduced expression with k > 1 and let x, y € W.
Then U(w, x, y) is either empty or is related to sets U(sk_1 w, x’, y"), with x" and y’
depending on the K -sequence t associated with w, x, y as follows.
(i) Let £(syy) < £(y) and assume tk'ck__ll = 8. Then ijsk_lws'k_] NU(w, x,y) is
either empty or

s'kUsk—lws'k_1 NU(w, x, y) :s'kU(sk_lw,x, sk_ly)jk_l.
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(ii) Let £(syy) < £(y) and assume rktl:ll = 1. Then the part U(w, x,y)" of
U(w, x,y) not in skU 1, 8¢ ~1 consists of the elements u = xq, (t)skusk 1, with
Xq (1) € U*k and i € Uskl such that 7w (xe, (—t~ Hi) e U(sk w,Xx,y), and
t €k*; here 7w is the projection w : U — U 5w accompanying the decomposition
U= Us;IwUs;Iwwo' The map

co~e] 1\~
U = Xg ()S3utS;  — 7 (Xey, (—1)ih)

from U(w, x, y)” to U(slzlw, X, y) is surjective. There is a bijection of sets
U(w, x, y)b = U;k X U(sk_lw, X, y).

(iii) Let €(syy) > £(y) and rktk__ll = ;. Then
Uw,x,y)= UakikU(s,:Iw, X, s,,:ly)s',:1
and there is a bijection of sets U(w, x, y) = Uy, X U(sk_lw, X, sk_ly).
The proof is included in the proof of Lemma 2.3 of [Curtis 2009].

Lemma 3.3. Let w, x, y be elements of W and let w = sy ---s1 be a reduced
expression for w. Let T = (1, ... 11, Tp) be a K-sequence for w,x,y withtg =1,
and let U; be the corresponding cell, viewed as a subset of U(w, x, y) C U,,. Let
v = (tk_1, ..., T1, To) be a K-sequence for sx_1 ---s1,x’, y' as in one of the cases
in Lemma 3.1, and let U, be the corresponding cell in U (sy_1 ---s1,x',y'). The
construction of the cell U; from Uy, reviewed below, defines a surjective map of
sets A : Uy = Uy, Let Uy (k) and Uy (k) be the corresponding cells in the algebraic
group G (k) over the algebraic closure k of k. Then the map A : U, k) = Uy (k),
defined as in part (1), is a surjective morphism of algebraic sets, defined over k.

The construction of U, (k) from U, (IE) was given in the three cases of Lemma 3.1
in the proof of Theorem 1.6 of [Curtis 1988] and in [Curtis 2009, page 220], and
will be reviewed here in the case of the algebraic group G (k). We abbreviate U, (k)
to U, etc.

() wr,_ 1 = s, and E(sky) < £(y). In this case we have U; C skU 1S and
Up C Uy, 1w X, 8, y) and one has Uy = §; 'u 5. The map X : u — S lusk
is clearly a surjective morphism from U; to U,/ and is defined over k because s
belongs to the finite Chevalley group G (k).

(i1) rkrk__ll =1 and £(s;y) < £(y). This time U is in the part of U (w, x, y) which
is not contained in §j Us;‘ wSk ! and consists of the elements X () SkUS, ! such that
t#0,u¢€ Usk—lw and n(xak(—tk_l)ﬁ) € U/, where 1 is the projection U — Usk—lw
associated with the factorization U = U, Y{le sl wwp- The map

At Xy ()SndlSy " —> 70 (X (—1 i)

is a surjective morphism defined over k from U, to Uy.
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(ii1) TkT/;_ll = st and £(siy) > £(y). In this situation, we have U, = Uakij,rs',;l,
in terms of the factorization: U,, = Uaks'kUsk,l---sljk_], and Uy C U(sk_lw, X, Sky).
Then the map

A xak(l‘k)ikiz.s"_l —u

is a surjective morphism defined over k£ from U; to U, (as the projection from U,, to
SkUsgp_ o8 "in the factorization given above, followed by the inner automorphism
by an element of G (k)). This completes our discussion of the proof of the lemma.

We now have a reduction process for cells, U; — Uy, as in the preceding
lemma. Let u € U, correspond to u’ € U, as in the lemma. Then the structure
equation uwuis = yvi~! satisfied by u corresponds to the structure equation
u’ék_lu')u’ls’ = y'vx’~! satisfied by u’, with uniquely determined factors {u, uy, s, v}
and {u’, u}, s’, v'}. The next lemma shows how the elements u’, u, v’ in U and
s’ € T are related to u, u;, v in U and s € T, using the standard form and facts
about the multiplicative structure of the Chevalley group such as the decomposition
U = UyUyy, for elements x € W. It is also shown that the process is reversible,
assuming u € U; is known.

Lemma 3.4. Suppose that the cell U, C U(w, x, y) maps onto the cell Uy C
U(sg—1---51,x",y) asin cases ()-(iii) of Lemma 3.1, and let the structure equation
satisfied by u € U; be uwus = )'m)%fl with factors u € U;,uy € U,s € T, and
v € U,-1 uniquely determined by u € U;. Let u — u' = A(u) with u’ € Uy as
in Lemma 3.3, and consider the structure equation satisfied by u’' with factors
u'eU,s"eT,uy eU,andv' € Uy in each of the cases. Then the factors u’, u', s’
and v’ are given as in the proof of the lemma. Conversely, assuming u € U is
known, u1, s and v are obtained from u’, s', u'y, and v', as shown in the proof of the
lemma.

In case (i), we have kak__ll = s, L(spy) < £(y) and Uy = s'k_lUf&k. Then the
equation satisfied by u € U, is utbuis = yvx ' with u = jku’ilzl andu' eU,. It

1, and the lemma is

becomes the equation for u’ € U+ after multiplication by §,
proved in this case.
For the proof in case (ii) recall that 77, _ _11 =1 and £(sty) < £(y). Then, using

the standard form for u, the structure equation satisfied by u = x4, (¢)sg s, le U, is
Xop (0)SyiES; buys = yvi~!,

with xq, (1) €U, , i € Usk—lw, s€T,u;elU, veU,-1. We want to derive an equation

of the form

/.—1 P e fe—1
u's, wuys =yvx

with u' = 7 (xy, (=t~ Vi) € Uy, s € T, uy € U and v' € U,-1, where 7 is the
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projection U — Us;‘w as in the proof of Lemma 3.3. As
. | .1 1y .
Skxak(—f )Sk =S8 Xoy (_t )Sk,

we can multiply the equation for x, (¢)skits, '€ U, by sisi ™" and apply the SL;-
IDENTITY from Section 2 to obtain

. 1N - Iy~ e—1 - R
SiXay (=17 )Skchey (1) Xy (=1 )UsS,  wuys = yvx™ .

One has x4, (-t Ha= 7T (Xg (=t Ha)u* foru* e US,:lw , SO the equation becomes

w

v~ e —1 e e—] e — JR I . 1N e—1- 1. ._
n(xak(—t 1)u)sk w(s, w) lLt”‘sk WU S=yy 1(skxo,k(—t 1)sk s,%hak(t)) YUX !
where (&,:lw)*lu*s*,:lw € U because u* € Usk—lwwO. Note also that j,%hak ) =
he, (—t), and that the right side of the equation is

. “1.._q. TS N
39 (e (=) 7 39 S (v (=775 wd T

Because £(s;y) < £(y), one has y_ljkxak(—t_l)s'k_ly € U, and we consider first

the case where y~!§; x4, (—fl)s',: 1)'7 € U,-1. Then the equation above becomes the

1

structure equation for u’ € Uy with 1’ = 7 (xy, (—t ~1)ii), u) = (ik_] u'))_lu*jk_ Wiy,

- —1ae—1\—1
s/:s(xy Y (=) 'y ]) )

and v’ is
3 (x (—t ) TS v € U

conjugated by y !4, (—t)~'y. Note that y~'h,, (—1)~'y € T, and that we have
conjugated this element past yvx~! and brought the result to the left-hand side as a
factor of s’. We have also used the fact that U,-1 is invariant under conjugation by
elements of 7.

For the reversibility, consider u', u}, s, v" and u = x, (t)jkﬂjk_l in U;. Then
Xep (=t Dt =u'u*, so u* = (u') " (xo (—171)it). Then s = 5" () ho (—1)yx ™),
up = ((&k_lw)_lu*s'k_lw)_lu/l and

1. T R e e .
v=_(y USxg (=115, 1y) Y g (=) 0y g, (—1)y € Uy,
completing the proof of reversibility in this case, using the fact again that U, is

invariant under conjugation by elements of 7.

Now we have to discuss the case 3 $xxg (—t~")s; 'y ¢ U,-1. Then we obtain
a new formula for v’ as follows. We have

- 1. B TN R N rn
Y SkXey (7)) s yv=vv",

with uniquely determined factors v’ € U,-1 and v € U,
1

"e—1 __
we- Then v'x™" =

%~ 'xv”%~! with xv”%~! € U. Then the structure equation in this case for u’ =
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7 (Xg (—t~1)i0) has as factors u} = (5, ') u*s; buys'Giu” k)T (s) L s as
in the first case, and v’ as defined at the beginning of this paragraph, conjugated by
y_lhak(_t)_l)}'

For the reversibility in this case, suppose we have u = xg, (t)siis;, Leu,,
u' = 1 (xXg, (—t~1)it), and u’, s’, and v’ as above. We have to solve for uy, s, and v.
Then, after reversing the conjugation by y~'A,, (—2)~!y, we obtain

1. 1~ 21 .\—1 _
(v Ui X (=t~ 1)sy 1y) v =v@") L

Then v is the projection of the left-hand side in U,-1. Then from
uh = G ) T s s G T ) T

we can express u* as the projection of xg, (—1~ Bi in U 5w and (xv"x~H~!

from xq, (—1~ 1y and v, so we recover u;. Finally the element s is computed as in

the first case. Therefore we have obtained u, s, and v, completing the proof of

reversibility in this case.

In case (iii), the structure equation satisfied by u = xq, (¢)Skus; leU, is

Xop (0)S1815, " buys = yoi ™!

as in case (ii). This time £(s;y) > £(y), so j}‘l

equation for &z € U, becomes

Xq (1)y € U and the structure

s Mbuys = 5 93 xg (0 v
and the rest of the proof is handled as in case (ii), depending on whether v 1 xg ()ye
U,-1 or not. This completes the proof of the lemma.

4. Solution of the structure equation

Let £, m, n € N* be representatives of w, x, y in W, and let w = sy - - - 51 be a fixed
reduced expression of w. From the Introduction, the structure constants of standard
basis elements c¢, ¢, ¢, of the Hecke algebra H of an induced representation
y = %Y of G are given by the formula

[cecm : eal = > ¥ ((uuy) '),

wluy=nvm=! eveunnU,, m~!

where ULU NnU,,-1m~! is the set of elements u € U, u; € U, v € U,,-1 satisfying
the equation

uluy = nom ™.
The elements ¢, m, n are multiples of w, X, y by elements of T, £ = ws, m = x5,
etc. for elements s, s, s” in 7. The equations ufu; = nvm~' as above can be
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rewritten in the form uwi§ = yox ! foru e U,§ =sGs"(s)"'xHleT, i, =
sups~' e U, b =s"v(s")~! € U,-1, using the fact that the subsets Uy, for x € W,
are invariant under conjugation by elements of 7. Each element u € U satisfying
the equation above belongs to the set U (w, x, y), and consequently u € U, for a
cell U; defined by a K-sequence t for the elements {w, x, y} in W. An algorithm
for the solutions u, i1, 0 of these equations is the main result of this section.

As u € Uy is known in terms of the root subgroups from the main result of [Curtis
1988], the problem is to calculate it and v in terms of a given expression of u.

The following remarks may throw some light on these problems. Let t be a
K-sequence for w, x, y in W, and let U; be the corresponding cell in U (w, x, y).
Each element u € U, satisfies a structure equation

uwb = yvx~!

with b € B and v € U,-1. It is known that the elements b and v in the structure
equation are uniquely determined by « [Curtis 2009, Lemma 2.4]. A main theorem
in [Curtis 2009] was an inductive construction of the solutions of the structure
equation. Theorem 4.1 below gives more information, and in a sense, calculates b
and v from an expression of u in standard form using a fixed reduced expression
of w. In particular, this result determines, for each element u € U, the solutions
(u1, v), of the equations ufu; = nvm~ ' withu e U,,u; €U, and v e U,-1, needed
for the structure constants of H.

Theorem 4.1. Let w, x, y be elements of W, and let U, be a cell associated with a
K-sequence t for w, x, y, and a fixed reduced expression w = sy - - - s1 for w. The
algorithm given below determines the set of elements s € T,u; € U and v € U,
satisfying the equation uius = yvx ', for a given element u € U;. The possibility
that the set of solutions is empty is not excluded.

Let w, x, y, the cell U,, and w = s - - - 51 be as in the hypothesis of the theorem.
Let u be a fixed element of U,. With these as a starting point, the algorithm gives the
elements s € T, u; € U and v € U,-: satisfying the equation stated in the theorem.
It is proved by induction on £(w).

We begin with the case £(w) =1, so w = s§; and let T = (71, 7p) be a K-sequence
for (s1, x, y) corresponding to one of the three cases in Lemma 3.1.

Case (i). 71 = s1, £(s1y) < £(y). Then Uy, = 1, Uy = §;Ur,$7 ' =1, 51x =y and
it is easily proved using Lemma 83 of [Steinberg 1968] that s;x = y. Then there is
a unique solution, namely (1, 1, 1), of the structure equation us;b = Sixv(x) L

Case (ii). T = 19, and £(s1y) < £(y). In this case the definition of K -sequence
implies x = y. We also have (by part (ii) of the proof of Lemma 3.3) U = Uy, . First
assume £(x) = 1. Then the assumptions imply that x = s;, x = y = §1, and for each
element u € U, there is a unique solution of the structure equation us|b = s'lvﬁl_1
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by the SL,-IDENTITY, so that quadruples (u, s, u;, v) withu e U, b =us € B,
and v € U,-: satisfying the equation exist, and are known. Now let £(x) > 1; then
£(s1x) < £(x) implies x = §1x; with £(s;x;) > £(x1). For each v € U;l one has

X, 1w'c] € U because £(s1x;) > £(x1). Moreover
s oo el e ne—la—l e .-
s1x1(x; vxpx; 8, =sv8; e U=

SO X 'vx1 € U,-1. The unique solution of the structure equation us;b = S1vsy !
with u € Ug‘l from the case £(x) = 1 now yields the unique solution (u, b, )'cl_lw'c])
of the structure equation for (s, x, y), namely

usrh = yi; lvii !

as yi; ' =3$; and 1%~ = 5. Note that in case (ii) there is no solution of the
structure equation ;b = yvx ! in case u = I and x = y as this would contradict the
fact that By~'5 B # Bx~' B by the uniqueness part of the Bruhat decomposition.

Case (iii). 71 = s1, and £(s1y) > £(y). In this case U; = U,, and the unique
solution of the structure equation us;b = yvx~! for u € Uy, is

@, hoy (—1), 3 uy),

for each u € U,,, noting that y~'uy € U, 1, and yx~' = 57 = §1h4,(—1) by

[Steinberg 1968, Lemma 83] again. This completes the discussion of the solutions
of the structure equation for the case £(w) = 1.

We now proceed to the general case, with £(w) > 1. Let t be a K-sequence for
w, x,y and let u € U;. Let u correspond to u’ = A(u) € U (as in Lemma 3.3) for
the K-sequence 7’ for sg_1...s1, x’, y' in one of the three cases of Lemma 3.1,
and let

u'sp—y .. .osiuys’ = yv'E

be the structure equation satisfied by u’. By the induction hypothesis, the factors
u’, s', and v’ of the structure equation for u" are determined by u’. As u’=(u), the
elements u1, s, and v satisfying the equation uwb = uu s = yvx ! are determined
by u, using Lemma 3.4. This completes the proof of the theorem.

At the beginning of the section, it was explained how the solutions u € U, u; € U,
and v € U,-1 of the equations ufu; = nvm~!, for £,m,n € N*, required for the
formulas for the structure constants are obtained from the solutionsu € U, u; € U,
s € T,v € U1 of the equations uwu;s = yvi~' solved by the algorithm in
Theorem 4.1. For this step, it is necessary to determine the elements z, ¢/, ¢” in T
such that £ = wr, m = xt’, n = yt”, in order to transform the first set of equations
to the second by the algorithms for multiplication the Chevalley group. This
information can be obtained from Steinberg’s proof of Theorem 49 in [Steinberg
1968, §14], in case wG is a Gelfand—Graev representation. The theorem states that
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the Hecke algebra H of a Gelfand—Graev representation is a commutative algebra,
and the proof is obtained by constructing a certain antiautomorphism f of the
Chevalley group G whose extension to the group algebra is at the same time an
antiautomorphism of the group algebra and whose restriction to the Hecke algebra
H is the identity. As shown in [Steinberg 1968], the representatives £ € N* of the
basis elements of H have the form 7w for elements w € W such that w = wowy,
where wy is the element of maximal length in W and w;; is the element of maximal
length in the subgroup of the Weyl group generated by the reflections taken from a
subset 7 of the set of simple roots, and ¢ is an element of T such that 7w is fixed
by the antiautomorphism f. From the discussion on page 262 of [Steinberg 1968],
it follows directly that wt, with w = wow, as above, represents a basis element
of H, fixed by the antiautomorphism f, whenever ¢ commutes with w;,.

We recall the connection between the solutions of the equation ufu; = nvm™
and the solutions of the equation uwi § = yox~! with £ = s, m = xs', n = ys”,
s,s',s" €T and iy =su;s~' eU, 0 =s"v(s")"! e U,1, for u € U. For a solution
ue U, wehave u € U(w, x, y) sou € U, for a K-sequence t for w, x, y. We can

1

now state a formula for the structure constants [cyc;, : ¢, ] based on Theorem 4.1.

Corollary 4.2. The structure constants are given by the formula

[cecm eal =D D Yr(uur)~'v)

T uelU;

where for each K -sequence T for w, x, y, the sum is taken over solutions of the equa-
tion uwi§ = yox ! obtained by Theorem 4.1, withu € U, and i1y, 0, § satisfying the
conditions ity =suys ™' €U, 0 =s"v(s") ' eU,-1 and § =s(is"(s) i HleT.
If there are no solutions satisfying these conditions, then the structure constant
is zero.

We end this section with two problems for further research.

1. The first problem is to apply the algorithm obtained in Theorem 4.1 and
Corollary 4.2 to obtain formulas for the structure constants [c;c,, : ¢;] which can
be used to give a combinatorial proof of the existence of the homomorphisms fr
mentioned in the Introduction.

2. The second problem is to develop a theory of cells for Chevalley groups over
a p-adic field K, using the Bruhat decomposition for these groups obtained by
Iwahori and Matsumoto [1965].

5. Example: application to SL; (k)

Let G be the Chevalley group SL,(k) for a finite field k£ of odd characteristic, and
let H be the Hecke algebra of a Gelfand—Graev representation of G. Gelfand and
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Graev [1962a] stated formulas for the structure constants of the standard basis of H,
and calculated the irreducible representations of H.

As an application of the ideas in Section 4, we shall calculate the structure
constants of H relative to the standard basis of the Hecke algebra, and apply them
to give a self-contained proof, different from the one obtained by Gelfand and
Graeyv, of formulas for the irreducible representations of H (for another approach,
using the Deligne-Lusztig character formula, see [Curtis 1993, §5]).

We begin with a Gelfand—Graev character wG of G = SL,(k), for a linear
character ¥ of U in general position. Then we may assume that

oo =xn (35)ev. wes

for a nontrivial additive character ¥ on k. The standard basis elements of the Hecke
algebra H of ¥© are the elements

0 A

_)\‘71 0)7 )"7&0’ q:|k|

C)y = qewn,xe‘/,, n), = <
together with the identity element ey, and one other basis elemente_; =ey, (_(1) _? )ey.
where

ey =1UIT Y v

uel

as in the Introduction.

Lemma 5.1. The algebra H is commutative with identity element ey,. One has
62_1 =ey,and e_ic; = c_; for each ) # 0. The other nonzero structure constants

of H for the standard basis elements are as follows. For cy, ¢, ¢, as above one has

1

[ercu el = x Oy~ +ap™ v+ 27 wv),

and
[cacrie1]l=¢q, [crc—n:ieyl=gq,
for A, w,v £0ink,and g = |k|.
The structure constants are computed using the formula at the beginning of §4
and the solutions of the structure equation
ulu; = nv(m)_1

with £, m,n € N (see [Curtis 2009, §3] for more details).

The group G = SL,(k) can be viewed as the group of fixed points by the usual
Frobenius endomorphism F of the semisimple algebraic group SL(k), over the
algebraic closure k of k. There are two conjugacy classes of F-stable maximal
tori in SL, (k) with representatives in the finite group G given by the split torus
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Ty consisting of the matrices (’é u(i') with u # 0 in k, and the Coxeter torus Tj,
isomorphic to the set C of elements & of norm 1 in the quadratic extension of k&, that
is, £7! = 1. The main theorem on the representations of the Hecke algebra H of a
Gelfand—Graev representation of G states that the irreducible representations of H
factor through the group algebra of one of the maximal tori of G. More precisely,
one has:

Theorem 5.2. Each irreducible representation f of the Hecke algebra H of a
Gelfand—Graev representation of G can be factored as

f=00o/fr,

where fr is a homomorphism, independent of 6, of H into the group algebra of a
maximal torus T of G, and 0 is an irreducible representation of the group algebra
of the maximal torus. The homomorphisms from H into the group algebras of the
two types of maximal tori are given as follows. For the split torus Ty, consisting of
diagonal matrices with entries in k*, the homomorphism fr, : H — CTy is given by

fren =Y xGa+ (5 %) ek, and fren=("y ),

where c;,, is a standard basis element of H as above. For the Coxeter torus, the
homomorphism fr, : H — CC is given by

fre)@=—xAE+E), &eC, and  fr(e_1)=£1,
where &_1 is the unique element in C of order two.

Lemma 5.3. Leta, b € k. Then:

Q) > x(at)=—1+qéqp.
tek*
(ii) D xat+bt7) =" x(t+abt™") +qd4.085.0.
tek* tek*

(iii) For the Coxeter torus C, we first note that &€ + &' € k because €91 =1 for
£eCimpliesthatE +E ' =& 4+&9ck LetEeC,ne Fy2. Then

D xEn+EMD) == x+mit™")+8,0q.

EeC tek*

We refer to [Chang 1976, Lemma 1.2]. Part (iii) is proved using an analysis of
quadratic equations over k. The result, and extensions of it to F'-stable maximal tori
in general finite reductive groups, are suggested by the Davenport—-Hasse Theorem
on Gauss sums.
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For the proof that f7, is a homomorphism, let ¢;, ¢, ¢, be standard basis ele-
ments of H as above. Then

CrCpy = Z [CAC/L tevley + 5A,/Lqe—1 + 5A,—1Lqel//a
v
with the structure constants as in Lemma 5.1. We have

fr(en) fry(ep) = Z Z x (s + 071 Th) x (s +57h) ((t) IE)I)

tek* sek*

=S > (Ge s+ s (0 2)
t N
=SS 02+ e+ ) (5 )
t s/
by Lemma 5.3(ii), and have to show this is equal to

Z; fonci CU]fTO(C”)(t)<(t) tgl) +8A,u‘1(_(1) —?) +8x,7u‘1<(1) (1)>
:ZZX(M”_I+’\“_1"+V1W+v(t+t“))<(t) ,(_)1),
14 v

etc. The result is clear, by another application of Lemma 5.3(ii), in case A # £ u.
Now let 1 = . The expressions to be checked agree except possibly at (7} _Y).
At (7é _(1)), the first expression becomes

D ox(+Ds a0+ s

N

with t = —1, which is ¢ — 1 by Lemma 5.3. The second expression at (_(1) _(1))
becomes

D ox(+ @2+ 2 ) +g=—1+¢

by Lemma 5.3 again, completing the proof in this case. The proof in case A = —u
is similar and will be omitted.
For the homomorphism from H into the group algebra of C, we first have

fre) fre) =Y Y x(xEn+EDH+um+nh)E

£eC neC

=Y ) x(CE+wn+ g +wn e
§ n

==Y ) x(t+OE+WOET+ i ")E

& tek*
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by Lemma 5.3(ii). We have to show that this is equal to

DO x(aev™ ap T oA ) fry (€0))E+80 w1 (e-1) 85 —ug fri (ey)
EeCvek*

==Y ) xE+HE AT AT W) T ) E+ 85 g fri (- 1) 85 —ug fri (ey)
EeCvek*

==Y Y (0 +V T EFEDA AN+ 1D))E+ 80 uq fr (e-1) 85— g fr, (ey),
& v
where we have used Lemma 5.3(ii) and Lemma 5.1 for the structure constant
formula. Together, these formulas prove the multiplication formula in case A # +p.
In case A = p, it is only necessary to check the expressions at £ = &_;, where
&_, is the unique element of C such that SEI =18 1#1, 5061 =—1in Fp.
The contribution from the first expression is

Y x(EAHDNHAES + D) == x (@R EL+E D)) +g
n tek*

by Lemma 5.3(iii). As é_; + &7, = —21in F2, this expression is equal to 1 +¢ by

Lemma 5.3. For the second expression at £_; we obtain

= x (VO EHE D +20) +g =g +1,

U/
completing the proof in this case.

For the remaining case A = —p it is only necessary to check both expressions at
& =1 and this is immediate.

Corollary 5.4. The formulas for the irreducible representations of the Hecke
algebra H are

flen=00frc) =Y x(ht+17H)0@), fle-)=06(-1)

teT

for the split torus T, and an irreducible representation 6 of T, and

fle)y=mofrc)==) x(ME+EN)TE), flee)=m(-1)

EeC
for the Coxeter torus Ty represented by C, and an irreducible representation m of C.

The fact that all the irreducible representations of H are obtained in this way
follows by a counting argument.

Gelfand and Graev [1962a] obtained these formulas, and pointed out that they
are similar to the integral formulas for Bessel functions over C (see [Whittaker and
Watson 1927, Chapter XVII]). They mentioned that the formulas in Corollary 5.4
can be called Bessel functions over finite fields.
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The group G = SL,(k), for ¢ = |k| odd, has two classes of Gelfand—Graev
representations. For a determination of the irreducible characters of G, and how
they appear in the Gelfand—Graev representations, including for example the subtle
cases of those of degree %(q + 1) and %(q — 1), see [Gelfand and Graev 1962a, §4]
and [Digne and Michel 1991, §15.9].

6. Example: the homomorphisms fr associated with principal series
representations of finite Chevalley groups

We return to the set-up described in the Introduction, with G a Chevalley group
over a finite field k, with a Borel subgroup B = UT containing the torus 7, and
Weyl group W. Let ¥¢ be a Gelfand—Graev representation of G, and H = eCGe
the Hecke algebra associated with it, with

e=|UI"" ) v Hu

uel

(remember that H is a commutative algebra!). In this section, we give a character the-
oretic construction of a homomorphism fr : H — CT and the resulting irreducible
representations of H. An open problem is to find a combinatorial construction of ho-
momorphisms f7 for twisted tori 7. Such a result would define a family of functions
associated with the Hecke algebra H and maximal tori in G, starting from the Bessel
functions over k in the case of SL;(k) and the Coxeter torus C. A proof would
require information about the structure constants, and extensions of Lemma 5.3(iii),
which would be of independent interest. Homomorphisms fr : H — CT from
a Gelfand—Graev Hecke algebra H to the group algebra of a maximal torus are
known to exist, for a connected reductive algebraic group G defined over a finite
field, with Frobenius endomorphism F ([Curtis 1993] and [Bonnafé and Kessar
2008]), and are derived using the trace formula in £-adic cohomology.

We are concerned with the principal series representations of G. These are the
induced representations A®, where X is a linear character of the Borel subgroup
B with U in its kernel, and the irreducible representations of G which occur as
constituents of A® for some choice of lambda. We require the following result of
Kilmoyer [1978, Proposition 6.1].

Lemma 6.1. Let € be a fixed Gelfand—Graev character of G. Each induced
character AC, as above, contains a unique irreducible constituent &, which appears

with multiplicity one in both \® and the Gelfand—Graev character ¥©.

As in [Curtis 1993], we introduce the notation a for the element of the group
algebra CG given by
a=>Y a(g g

geG
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for a complex valued function o on G. If « is an irreducible character of G, then a
is a multiple of the central primitive idempotent in the group algebra associated
with o.

Theorem 6.2. Let l; and x, be the elements of the group algebra corresponding to
the induced character M and the irreducible character &, as in Lemma 6.1. Then

€l)\ = ex) 750

and affords an irreducible representation fz, : H — C* of H of degree one, such
that

h(exk) = fgk(h)exk, heH.

The representation f, is the restriction to H of the unique irreducible character of
the group algebra CG obtained from the character &, of G as in Lemma 6.1.

By Lemma 6.1, the class function I, = x; + y where y is a linear combination of
central primitive idempotents corresponding to irreducible characters of G which do
not appear in the Gelfand—Graev representation ¥¢. Then ey =0, so el), = ex) #0
and ex; is a nonzero multiple of the primitive central idempotent in H affording the
irreducible representation fg, of H of degree one, as in the statement of the theorem,
by [Curtis and Reiner 1981, Corollary 11.26 and Theorem 11.25]. The last statement
of the theorem also follows from [Curtis and Reiner 1981, Theorem 11.25].

Theorem 6.3. Let A be an irreducible character of B with U in its kernel. Let &)
be the irreducible character of G which appears with multiplicity one in \S and in
the Gelfand—Graev character ©, and let fe, : H — C be the irreducible repre-
sentation of the Hecke algebra H of the Gelfand—Graev representation € defined
in Theorem 6.2. There exists a unique homomorphism of algebras fr : H — CT,
independent of A, such that, for each linear character A of T, one has

fe, (W) = o fr(h),h e H,

where X is the extension of A : T — C to the group algebra CT. The homomorphism
fr is given by the formula fr(c,) =) ,cr fr(c,)(t)t, where

fr(c,)(®) =indn|B||U|™! > Y™,

geG,ucl,gung~'=tu’

for a standard basis element ¢, of H and gung™" =tu’,t € T, u’ € U, is an element

of B which projects onto the element t € T by the homomorphism B — T. If there
are no solutions to the equation gung~' = tu’, then fr(c,)(t) =0.

By the proof of Theorem 6.2, the representation fg, of the Hecke algebra H is
the restriction to H of the unique irreducible character (see Lemma 6.1) &, extended
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to the group algebra CG. Moreover, the proof of Theorem 6.2 shows that
fa(my=29(), heH,

with A¢ extended to the group algebra, because el, = ex; and ex, affords the
representation f;, of H =eCGe C CG. In more detail, & lies in H, and is viewed
as an element of the group algebra CG. Then A (k) is the trace of the action of / on
a module M affording the induced character A®. As he = h, the trace is computed
on the module eM, which is one dimensional, and affords the representation f,
of H, by Theorem 6.2.

For a standard basis element ¢, of H, we have

c,l=indnene=|U|7l Z lﬁ(ul_luz_l)ulnuz,

unueUnlU

by [Curtis and Reiner 1981, Proposition 11.30(i)]. Then, with A¢ extended to the
group algebra, we obtain

e =1UI"" > wi uy YA nug) =ind n|U|7' Yy HAC un).

uinueUnU uelU

We have used the fact that the double coset UnU contains ind n one sided cosets.
For the induced character we have, by [Curtis and Reiner 1981, 10.3],

2Cun) =|BI7" Y (g ung),
geCG
where A(x) =0 if x ¢ B. Then A(g'ung) # 0 only if g~ 'ung = u't with u’ € U
and ¢t € T, and in that case, X(g_lung) = A(t). Therefore

M) =indn|BIUIT Y Y0 v Hr).

teT g=lung=u't

Then, fort e T,
frie)@ =indn|B|7' U™ Yy

g lung=u't

is independent of XA, and we have

fe,(h)=ho fr(h), heH.

The facts that fr : H — CT is a homomorphism of algebras and is a uniquely
determined linear map with the factorization property stated in the theorem both
follow from the orthogonality relations for the linear characters A of 7. This
completes the proof of the theorem.

It is a nice exercise to derive the formula for the homomorphism f7, : H — CTy
given in Theorem 5.2 from the statement of the preceding theorem.
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Theorem 6.3, for principal series representations of finite Chevalley groups, is a
special case of Theorem 4.2 in [Curtis 1993] for representations R7 ¢ of connected
reductive algebraic groups defined over finite fields. The point of including it here
is that in the special case of principal series representations, it is possible to give a
combinatorial proof of the existence of the homomorphisms f7.
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