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Dedicated to the memory of Robert Steinberg

We present several results on disconnected reductive groups, in particular,
on the characteristic-zero representation theory of finite groups of Lie type
coming from disconnected reductive groups in positive characteristic. We
generalize slightly the setting of our 1994 paper on that subject and show
how most of our earlier results extend to the new situation. In particular, we
give a classification of quasi-semisimple conjugacy classes over an arbitrary
algebraically closed field, and over finite fields; we generalize a formula of
Steinberg on the number of unipotent classes to disconnected groups and
a formula for the tensor product of the Steinberg character with a Lusztig
induced character.

1. Introduction

Let G be a (possibly disconnected) linear algebraic group over an algebraically
closed field. We assume that the connected component G is reductive, and then
call G a (possibly disconnected) reductive group. This situation was studied by
Steinberg [1968] where he introduced the notion of quasi-semisimple elements.

Assume now that G is over an algebraic closure Fq of the finite field [, defined
over [, with corresponding Frobenius endomorphism F. Let G' be an F-stable
connected component of G. We want to study (G%)F-class functions on (GH)F;
if G! generates G, they coincide with G’-class functions on (G')*".

This setting, adopted here, is also taken up by Lusztig in his series of papers on
disconnected groups [Lusztig 2003; 2004a; 2004b; 2004c; 2004d; 2004e; 2005;
2006b; 2006a; 2009] and is slightly more general than the setting of our paper
“Groupes réductifs non connexes”, which we will refer to as [DM 1994], where we
assumed that G' contains an F-stable quasicentral element. A detailed comparison
of both situations is done in the next section.

As the title says, this paper contains a series of complements to [DM 1994] which
are mostly straightforward developments that various people have asked us about
and that, except when mentioned otherwise (see the introductions to Sections 4 and
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8) have not appeared in the literature, as far as we know; we thank in particular
Olivier Brunat, Gerhard Hiss, Cheryl Praeger and Karine Sorlin for asking these
questions.

In Section 2 we show how quite a few results of [DM 1994] are still valid in our
more general setting.

In Section 3 we take a “global” viewpoint to give a formula for the scalar product
of two Deligne-Lusztig characters on the whole of G*'.

In Section 4 we show how to extend to disconnected groups the formula of
Steinberg [1968, 15.1] counting unipotent elements.

In Section 5 we extend the theorem that tensoring Lusztig induction with the
Steinberg character gives ordinary induction.

In Section 6 we give a formula for the characteristic function of a quasi-semi-
simple class, extending the case of a quasicentral class which was treated in [DM
1994].

In Section 7 we show how to classify quasi-semisimple conjugacy classes, first
for a (possibly disconnected) reductive group over an arbitrary algebraically closed
field, and then over F,.

Finally, in Section 8 we extend to our setting previous results on Shintani descent.

We thank Gunter Malle for a careful reading of the manuscript.

2. Preliminaries

In this paper, we consider a (possibly disconnected) algebraic group G over [,
(except at the beginning of Section 7 where we accept an arbitrary algebraically
closed field), defined over [, with corresponding Frobenius endomorphism F.
If G! is an F-stable component of G, we define the class functions on (GHF to
be the complex-valued functions invariant under (G°)F-conjugacy (or equivalently
under (G')?-conjugacy). Note that if G! does not generate G, there may be less
functions invariant by G*'-conjugacy than by (G')*-conjugacy; but the propositions
we prove will apply in particular to the G*-invariant functions so we do not lose
any generality. The class functions on (G')F are provided with the scalar product

(f. &) cnr =1(GHFIT Y fhgh).

he(GHF

We call G reductive when G is reductive.

When G is reductive, following [Steinberg 1968], we call an element quasi-semi-
simple if it normalizes a pair T° C B of a maximal torus of G and a Borel subgroup
of G°. Following [DM 1994, définition-théoréme 1.15], we call a quasi-semisimple
element o quasicentral if it has maximal dimension of the centralizer Cgo(o) (that
we will also denote by G°?) amongst all quasi-semisimple elements of G° - o.
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In the sequel, we fix a reductive group G and (except in the next section where
we take a “global” viewpoint) an F-stable connected component G'! of G. In most
of [DM 1994] we assumed that (G')¥ contained a quasicentral element. Here we
do not assume this. Note however that by [DM 1994, proposition 1.34], G' contains
an element ¢ which induces an F-stable quasicentral automorphism of G°. Such
an element will be enough for our purpose, and we fix one from now on.

By [DM 1994, proposition 1.35], if H'(F, ZG°) =1 then (G')¥ contains quasi-
central elements. Here is an example where (G')* does not contain quasicentral
elements.

Example 2.1. Take s = (g (1)), where £ is a generator of [Fj;, take G = SL, and
let G = <G, s> C GL, endowed with the standard Frobenius endomorphism
on GL,, so that s is F-stable and G* = GL,(F,). We take G!' = G- 5. Here
quasicentral elements are central and coincide with G- s N Z G, which is nonempty
since if 1 € F 2 is a square root of £ then (] 2) € G’-sNZG; but G° -5 does not
meet (ZG)F. O

In the above example G' /G is a semisimple element of G/G°. No such example
exists when G'/G" is unipotent:

Lemma 2.2. Let G' be an F-stable connected component of G such that G' /G°
is a unipotent element of G/G°. Then (GY)F' contains unipotent quasicentral
elements.

Proof. Let T° C BY be a pair of an F-stable maximal torus of G° and an F-stable
Borel subgroup of G°. Then N(;F(TO C BY) meets (G, since any two F-stable
pairs T° ¢ B? are (G°)7-conjugate. Let su be the Jordan decomposition of an
element of N(GI)F(TO C BY). Then s € G since G'/G" is unipotent, and u is
F-stable, unipotent and still in N g1~ (T° ¢ BY) thus quasi-semisimple, and so is
quasicentral by [DM 1994, corollaire 1.33]. ]

Note, however, that there may exist a unipotent quasicentral element o which is
rational as an automorphism but such that there is no rational element inducing the
same automorphism.

Example 2.3. We give an example in G = SL5 x<o¢’>, where G° = SLs has the
standard rational structure over a finite field [, of characteristic 2 with ¢ =1 mod 5
and o is the automorphism of G° given by g J’g~'J where J is the antidiagonal
matrix with all nonzero entries equal to 1, so that ¢’ stabilizes the pair T° c B,
where T is the maximal torus of diagonal matrices and B is the Borel subgroup of
upper triangular matrices; hence o’ is quasi-semisimple. Let # be the diagonal matrix
with entries (a, a, a™*, a, a), where a¥ —1 is a nontrivial 5-th root of unity ¢ € [Fy.
We claim that 0 = ro’ is as announced: it is still quasi-semisimple; we have
02 =to'(t) =tt~' =1 so that o is unipotent; we have "o = Ftt~lo = ¢, so that
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o is rational as an automorphism but not rational. Moreover a rational element
inducing the same automorphism must be of the form zo with z central in G° and
z-Fz71 = ¢ 1d; but the center ZG" is generated by ¢ Id and for any z = ¢* Id € ZG°,
we have z- Fz71 = ¢k@=D1d = Id # ¢ 1d. O

As in [DM 1994] we call a Levi of G a subgroup L of the form Ng(L° c P°)
where L is a Levi subgroup of the parabolic subgroup P° of G°. A particular case
is a “torus” Ng(T°, B®) where T° ¢ B® is a pair of a maximal torus of G and a
Borel subgroup of G’; note that a “torus” meets all connected components of G,
while (contrary to what is stated erroneously after [DM 1994, définition 1.4]) this
may not be the case for a Levi.

We define a Levi of G! to be a set of the form L' = L N G', where L is a Levi
of G and the intersection is nonempty; note that if G' does not generate G, there
may exist several Levis of G which have same intersection with G!. Nevertheless
L' determines L° as the identity component of <L!>.

We assume now that L' is an F-stable Levi of G! of the form Ngi (L° c P?). If
U is the unipotent radical of P°, we define Yg ={xeG"|x7 ' Fx e U} on which
(g,1) € GF x L¥ such that gl € G° acts by x > gxl, where L = Ng(L", P°).
Along the same lines as [DM 1994, proposition 2.10] we define the following:

Definition 2.4. Let L' be an F-stable Levi of G of the form Ngi (L° c P and
let U be the unipotent radical of P°. For A a class function on (L")¥ and gec (GHF,
we set

RS (M) = IHFIT D () Trace((g, 171 | HF (YD),
le(LHYF

and for y a class function on (G')¥ and I € (L"F, we set

RE (DO =1GH 17" Y y(g) Trace((g™". 1) | HI (YY)).
ge(GHF

In the above, H* denotes the £-adic cohomology with compact support, where
we have chosen once and for all a prime number £ # p. In order to consider the
virtual character Trace(x | H} (X)) = Zi(—l)i Trace(x | H (X, Qy)) asa complex
character we chose once and for all an embedding @; < C.

Writing Rgll and *Rfll is an abuse of notation: the definition needs the choice of
a P such that L' = N1 (L° C P°). Our subsequent statements will use an implicit
choice. Under certain assumptions, we will prove a Mackey formula (Theorem 2.6)
which when true implies that Rgl and *Rgl are independent of the choice of P°.

By the same arguments as for [DM 1994, proposition 2.10] (using that (L) is
nonempty and [DM 1994, proposition 2.3]) Definition 2.4 agrees with the restriction
to (G and (L") of [DM 1994, définition 2.2].
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The two maps Rfll and *Rfll are adjoint with respect to the scalar products on
(GHF and (LHF.

We note the following variation on [DM 1994, proposition 2.6] where, for u
(resp. v) a unipotent element of G (resp. L), we set
Trace((u, v) | H*(Yy)) if uv € G,
0 otherwise.

0% (u,v) = {

Proposition 2.5. Let su be the Jordan decomposition of an element of (GY)F and A
a class function on (LY)F .

(1) If s is central in G, we have

R D0 =1L Y 0% v hisv).

ve(LOw)
(1) In general,
hy0 OF
L"NCqg(s :
(Rg] A)(su) = Z | G) | pcw)su "N (su).

LOYF OF | " "L'NCg(s)°-su
(he(GO)F ML) (L2 [1Cq(s)°" |
(iii) Iftv is the Jordan decomposition of an element of (LY)¥ and y a class function
on (GHYF, we have

CRE @) =GO > 0%, vy ().

10,0\ F
ue(G v)ump

In the above we abused notation to write "L > s for <L!> 3 Wl

Proof. Part (i) results from [DM 1994, proposition 2.6(i)] using the same arguments
as the proof of [DM 1994, propsition 2.10]; we then get (ii) by plugging (i) into
[DM 1994, proposition 2.6(i)]. O

In our setting the Mackey formula [DM 1994, définition 3.1] is still valid in the
cases where we proved it: théorémes 3.2 and 4.5 in [DM 1994]. Before stating it
we remark that [DM 1994, proposition 1.40] remains true without the assumption
that (G1F contains quasicentral elements; we need only replace (GYF .o with
(GHF in the proof. Thus any F-stable Levi of G' is (G°)"-conjugate to a Levi
containing o. This explains why we only state the Mackey formula in the case of
Levis containing o.

Theorem 2.6. If L' and M"' are two F-stable Levis of G' containing o then under
one of the following assumptions:

o L0 (resp. M) is a Levi subgroup of an F-stable parabolic subgroup normal-
ized by L' (resp. M"),

e one ole and M is a “torus”,
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we have

*pG' pG! L *p*M!
Ry Ryp = Z RLlrvM' R

(LM ad x,

XE[L(TOF\SGUO (LUO’MO‘O)F/MO‘OF

where Sgoo (L°°, M°%) is the set of elements x € G such that L°°N~*M°° contains
a maximal torus of G°°.

Proof. We first prove the theorem in the case of F-stable parabolic subgroups
P°=L%x U and Q° = M° x V following the proof of [DM 1994, théoréme 3.2].
The difference is that the variety we consider here is the intersection with G° of
the variety considered in [loc. cit.]. Here, the left-hand side of the Mackey formula
is given by Q[(UF\(GYF /VF)?] instead of Q,[(UF\(G*)F.<o>/VF)?]. Nev-
ertheless we can use [DM 1994, lemme 3.3], which remains valid with the same
proof. As for [DM 1994, lemme 3.5], we have to replace it with the following:

Lemma 2.7. For any x € Sgoo(L°°, M°*)F | the map
(LN VE, MO NUT) - “m) = UFlxmV T

is an isomorphism from (L°)¥ /(L® N *VF) x ponsppoyr CMO N U\ (M) 10
U\ (PY)Fx(Q"F ) VE compatible with the following action of (L) x(M")F)~1:
&, = e (MHF x (MYHF) acts by mapping ((L°N*VE), CM°NUF) - *m)
to the class of My~ (LON*VE), CMONUF) - v¥mpu=") withv e (LHYF n*(MH)F
(independent of v).

Proof. The isomorphism of the lemma involves only connected groups and is a
known result (see, e.g., [Digne and Michel 1991, 5.7]). The compatibility with the
actions is straightforward. (]

This allows us to complete the proof in the first case.

We now prove the second case following Section 4 of [DM 1994]. We first notice
that the statement and proof of lemme 4.1 in [DM 1994] don’t use the element
o but only its action. In lemmes 4.2, 4.3 and 4.4 there is no ¢ involved but only
the action of the groups L’ and M on the pieces of a variety depending only on
L, M and the associated parabolics. This gives the second case. (]

We now rephrase [DM 1994, proposition 4.8] and [DM 1994, proposition 4.11]
in our setting, specializing the Mackey formula to the case of two “tori”. Let T;
be the set of “tori” of G'; if T! = Ngi(T°, B®) € T,F" then T is F-stable. We
define Irr((T1)F) as the set of restrictions to (") of extensions to <(T1)F > of
elements of Irr((T%)F).

Proposition 2.8. If T', T"' € TF and 6 € Ir((T")F), 0’ € Irr((T"")F) then
(R 1(9) RTu 0))@G1yr =0
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unless (T, 0) and (T'", 6') are (G°)F -conjugate.
Additionally,
(1) if for some n € N(GO)F(TI) and ¢ # 1 we have "0 = £0 then Rg,l(G) =0
(i) otherwise (Rgf(e), RIG,ll(e))(GI)F = |{n € Ngoyr (TY) | "0 = 0}|/1(THT).

IfT' =T, the above can be written as

(TO)F N (TO)F
(RG6). R Gy = (Ind 8 6. 1nd 85" 6')y  roye

where when A' C B! are cosets of finite groups A° C B° and x is an A%-class
function on A' for x € B!, we set Indfi1 x(x) =]A%! Z{yEBO‘yxeAI} x (x).
Proof. As noticed above Theorem 2.6, we may assume that 7! and T’ contain .
By [DM 1994, proposition 1.39], if T'! and T'! contain o, they are (G°)-conjugate
if and only if they are conjugate under G°°". The Mackey formula shows then that
the scalar product vanishes when T'! and T'! are not (G°)-conjugate.

Otherwise we may assume T'' = T'! and the Mackey formula gives

1 1 —
(REO). RE.(0))gryr = (T > (0.70)1)r
nENGoo (T70)F
The term (6, "6) (THr is 0 unless "6 = ¢,0 for some constant ¢, and, in this last
case, (0, "0)1yr =&y If" ‘0 = ¢,0 then ™0 = "0 = ¢, ,0, and thus the ¢,
form a group; if this group is not trivial, that is, some ¢, is not equal to 1, we have

(R$\(0), RE\(0)) g1y =0,
which implies that in this case Rg:(@) = 0. This gives (i) since by [DM 1994,
proposition 1.39], if T! 5 o then N(goyr(T"') = Ngoo (T - (T*)F, so that if
there exists 7 as in (i), there exists an n € Ngoo(T°%)F with same action on @ since
(T°)F has trivial action on 6.

In case (ii), for each nonzero term we have "6 = 0 and we have to check that the
value [(T))F |7 {n € Ngoo(T?%)F | "0 = 6}| given by the Mackey formula is
equal to the stated value. This results again from [DM 1994, proposition 1.39], writ-
ten as N(goyr (T') = Ngoo(THF - (TF, and from Ngoo(THF N(THF = (T7))F.

We now prove the final remark. By definition we have

N1 (TOHF NG (TOF
(Ind(;;l)ls 9, Ind(;;l)F 0/>NGI(TO)F

=N (THFIH(@H* 1 Y > 6("x)0("x).
x€NGI (TN (n,n'eNg (TOF |nx, "' xeT}
Doing the summation over t = "x and n” =n'n~' € Ngo(T)F, we get

N (TOFIT@hH 12 Y Y > 0O ("'1).

1e(THF neNgI (TN {n"eN gz (TO)F|""teT!}
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The condition n” € Ngo(T%)F, together with "'t € T!, is equivalent to n” €
Ngo(THF, so that we get

(TH Y 0.0 e

n”GNG()(Tl)F

As explained in the first part of the proof, the scalar product (6, ”//9)(T|)F is zero
unless "' = ,»0 for some root of unity &, and arguing as in the first part of the
proof, we find that the above sum is zero if there exists n” such that ,» # 1 and
is equal to [(T")*|~'[{n € Ngoyr (T") | "0 = 6}] otherwise. O

Remark 2.9. In the context of Proposition 2.8, if ¢ is F-stable then we may apply 0
to it and for any n € NGJ()(T”O)F, we have 8("0) =6(0), so forany n € N(GO)F(T])
and ¢ such that "6 = ¢6, we have ¢ = 1. When H!(F, ZG®) = 1, we may choose
o to be F-stable so that { # 1 never happens.

Here is an example where ¢, = —1, and thus RG (0) = 0: we take again the
context of Example 2.1 and take 70 = {(& °,)} and let T!'=TP9.5; let us define 6
on ts € (THF by 6(ts) = —A(t), where X is the nontrivial order-2 character of

(T%F (Legendre symbol); then for any n € N(Go)F(Tl)\TO, we have "6 = —6. [J

We define uniform functions as the class functions on (G') which are linear
combinations of the RG (0) for 6 € Irr((THF). Proposition 4.11 in [DM 1994]
extends as follows to our context:

Corollary 2.10 (of Proposition 2.8). Let pGl be the projector to uniform functions
on (GYHYF. We have

— 1 1
= 1GHIT Y ITHTIRE o *RE,.
T'eTf
Proof. We need only check that for any 6 € Irr((T )F ) such that R 1(9) # 0 and
any class function x on (G")¥, we have (p¢ X, T1(9)>(GI)F = (X, T1(9)>(G])F.

By Proposition 2.8, to evaluate the left-hand side we may restrict the sum to tori
conjugate to T'!, so we get

(P RGO 61y =Nigoyr (THITITHT (R *RGIX RE\(©) 61y
= [Nigoyr (PO ITHT1 (x, RE 0" RE oRGL(0)) g1y
The equality to be proved is true if R?,‘(@) = 0; otherwise by Proposition 2.8, we
have *RGI oR ](9) =|(THF|~! ZHGN(GO o (T "6, whence in that case
RS 0 *RE) o RE(0) = |(TH |7 [N go,r (T RE:(6)
since RG ("0) = TI(Q), and hence the result. O

We now adapt the definition of duality to our setting.
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Definition 2.11.  « For a connected reductive group G, we define the [, -rank as
the maximal dimension of a split torus, and define eg = (—1)Fa2k0f G apd

NG = €G/radG-
o For an F-stable connected component G' of a (possibly disconnected) reduc-

tive group, we define eg1 = £goo and ng1 = 1o, Where o € G' induces an
F-stable quasicentral automorphism of G°.

Let us see that these definitions agree with [DM 1994]: in [DM 1994, défini-
tion 3.6(i)], we define g1 to be ego-, where 7 is any quasi-semisimple element
of G' which induces an F-stable automorphism of G° and lies in a “torus” of the
form Ngi (Ty C By), where both T° and BY are F-stable; by [DM 1994, proposi-
tion 1.36(ii)], a o as above is such a 7.

We fix an F-stable pair (Ty C By) and define duality on Irr((G')F) by

(2.12) Dgi= Y nuRS o*RY,
PO>BO

where in the sum, P° runs over F-stable parabolic subgroups containing B such
that Ng1 (PY) is nonempty, and L' denotes Ngi (L° c PY), where LV is the Levi
subgroup of P? containing T°. The duality thus defined coincides with the duality
defined in [DM 1994, définition 3.10] when o is in (G!)F.

In our context we can define St similarly to [DM 1994, définition 3.16], as
Dgi(Idg1), and [DM 1994, proposition 3.18] remains true:

Proposition 2.13. Stg1 vanishes outside quasi-semisimple elements, and if x €
(GYHYF is quasi-semisimple, we have

Stg1 (x) = eg1€Gry | (GH)P] .

3. A global formula for the scalar product of Deligne-Lusztig characters

In this section we give a result of a different flavor, where we do not restrict our
attention to a connected component G'.

Definition 3.1. For any character 6 of T¥, we define RS as in [DM 1994, défini-
tion 2.2]. If for a “torus” T and « = gG° € G/G° we denote by T'*! or T'8! the
unique connected component of T which meets gG°, this is equivalent to

[9¢]
RE©)(3) = |(TF|/|TF| > RG .0 0)(“g)
{ae[GT /(G)F]|7geTF(G)T}

for g € G¥, where the right-hand side is defined by Definition 2.4 (see [DM 1994,
proposition 2.3]).
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We deduce from Proposition 2.8 the following formula for the whole group G:

Proposition 3.2. Let T, T' be two “tori” of G and let 6 € Irr(TF), 0" € Irr(T'F).
Then (RG(Q) R (0))gr =0if T and T'° are not G -conjugate, and if T® = T'°,
we have

0\F 0\F
(RE(©0), RE.(0)) gr = (Indy ¢" (0), Ind i (6") . oy

Proof. Definition 3.1 can be written
lgl -1
RE(0)(g) = (T")F|/IT"| > RE: (¢ 0)(®)-
{a€[G" /(G |9geT " (GY)T)
So the scalar product we want to compute is equal to
1 |[(TOF (170"
T IGH T (T
G.a a”! G. =1
XD DURGALL(TO@RES (0.

aeGF /GO"
2e(GNHF .«

(RF (6), RT.(6"))gr

where the inner sum runs over a € [GF/(G°)F] such that “a € TT(G®)F and
a' € [GF /(G®F] such that “o € T'F (G°)F . This product can be written

_GOHFL T (T
O IGF] |TF] |TF)

a1
x Z Z (f‘T)laJ )RG T/)V”( )60y .a

aeGF /GO

(RF (6), R7.(6")) gr

where the inner sum is as above. By Proposition 2.8 the scalar product on the right-
hand side is zero unless (¢~ T)[ and ("' T") are (G®)F-conjugate, which implies
that 7% and 77 are (G°)F-conjugate. So we can assume that T° = T'°. Moreover
for each a’ indexing a nonzero summand, there is a representative y € a’~!(G%)"
such that (T = (“_IT )@l This last equality and the condition on a imply
the condition “a € T'F (G°)¥ since this condition can be written (*T")1! £ &.
Thus we can do the summation over all such y € G, provided we divide by
INGoyF ((“71 T)@1)|. So we get, applying Proposition 2.8, that the above expression
is equal to

[(GOF] (TP - o
|GF| |TF||T'F| 2 ) [Ngoyr (¢ D)
@eGF GOT {aclGF /(G)F|%aeT T (G)F}
Ngoo (7 TOF 41 Ngoo (" TOF
x Z (I d (@71l 0,Ind (@ ')l o >NGo_a(T0)F'

YeGF|Tl=("" )L}
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We now conjugate everything by a, take ay as new variable y, set b = “«a and get

(T F?

33) —r
G- ITFTF

D NGy (TPh
beTF /(TO)F
Ngo ,(TF Ngo ,(TF
X > (Ind,. 6 0,Ind, 57" " Y0

Ngo , (TOF
(YEGF|(*THBI=TP1)

since for b € TF /(T%)F, any choice of a € G" /(GOF gives an o = a”'p which
satisfies the condition “a € TF(G%)F.

Let us now transform the right-hand side of Proposition 3.2. Using the definition
we have

0F 0yF
(IndITv‘F;(T) (9),111(11}730) (0)) Ng(TO)F

= 77717 N (1) ! > 0(*n)o' ()
{n,x,x’eNg(TOF |*neT ' neT’}
=|T*17 T |7 N (T
<Y > o )6 o)
b,a,a’E[Na(TO)F/NGO(TO)F][ neNgo (T b | vope@ 1wl }
X0, % ENGo (TOF |50 (@~ r)lb)

@O O] [NGo (T
ITF||T'F| |NG(TO)F|

N o(THF b -1 No(THF b -1
% > (Ind ¢ “"¢,Ind ¢ 0N 10y

(@~ ylbIF (@~ rrywIF
b,a,a’€[NG(T)F /Ngo(T)F]

We may simplify the sum by conjugating the terms in the scalar product by a to get

Ngo(TOF - Ngo(THF b -1
G G aa /
<IndT[“b]F 0, Ind(aa’*lT/)[“b]F )NGO(TO)F“b'

Then we may take, given a, the conjugate b as new variable b, and aa’~" as the
new variable a’ to get
|(T)F] (T
ITF| 17|

Ngo(TOF b Neo(TH"b o1,
Z (IndT[b]F 8’ Ind(a’T/)[bJF 8 )NG()(TO)F[?'
b a/€|: NG(TO)F :|

NGO (TU)F

Now, by Frobenius reciprocity, for the inner scalar product not to vanish, there
must be some element x € Ngo(T OF such that * (“/T NPIF meets T1PIF which,
considering the definitions, implies that (*' T")! = T1%]. We may then conjugate
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the term
Ngo(THFb o,
Ind(a,T,)[b]F 0
by such an x to get

Ngo(THF-b

xa' p/
Ind & 0

and take y = xa’ as a new variable, provided we count the number of x for a
given a’, which is |[Ngo(TP1)F|. We get

[(TOF]|(T'0)F] _
G = ) [No (TPH ™!
be[NG(T*)F /Ngo(TO)F]
N,o(T"F b N o (T"F b
x > (Ind,.Gr 0, Ind, G Y0’ N o (TO)F b

{YeNG(TOF|(T)HPI=T1]}

Since any b € [Ng(T®)F /Ngo(T?)F] such that T'»1F is not empty has a represen-
tative in T, we can do the first summation over b € [T /(T?)F] so that (3.3) is
equal to (3.4). O

4. Counting unipotent elements in disconnected groups

A proof of the following result appeared recently in [Lawther et al. 2014, Theo-
rem 1.1]; our proof given below, that we wrote in February 1994 in answer to a
question of Cheryl Praeger, is much shorter and case-free.

Proposition 4.1. Assume G'/G° is unipotent and take o € G unipotent F-stable
and quasicentral (see Lemma 2.2). Then the number of unipotent elements of (G")F
is given by [(G")F 2 |G| /1(G")F).

Proof. Let x,, be the characteristic function of the set of unipotent elements of (GHF.
Then [(G") ]| = (G {xy- 1d) g1y~ and

(Xy0> Id) (g1yr = (D1 (xy)> Dg1 (Id)) (g1yr = (Dg1(x0), Stg1) g1y »

where the first equality holds since D¢ is an isometry by [DM 1994, corollaire 3.12].
According to [DM 1994, proposition 2.11], for any o-stable and F-stable Levi
subgroup L° of a o-stable parabolic subgroup of G, setting L! = L°.o, we have
RS (m.xylwyr) = RS (7). xy, and *RE (). x| wyr = *RE (9.x,,). Thus, by
(2.12), Dg1 (7w ;) = Dg1 (7). xs in particular, Dgi1 (x;,) =Dg1 (Id). x,, = Stg1 . xy-
Now, by Proposition 2.13, the only unipotent elements on which Stg1 does not vanish
are the quasi-semisimple (thus quasicentral) ones; by [DM 1994, corollaire 1.37],
all such elements are in the G*" -class of & and, again by Proposition 2.13, we have
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Stgi (o) = [(G°*)F|,. We get
I(GHF|(Dg1 (x2)s Stg1 ) (61yr = (G (Stg1 - Xy St ) 61y F
={G""

whence the proposition. ([

Example 4.2. The formula of Proposition 4.1 applies in the following cases where o
induces a diagram automorphism of order 2 and ¢ is a power of 2:

* G =50, (G"")" =80s,-1(Fy);

* G* =GLy,, (G =Sp,,(F,);

¢ G =GLayyi1, (G7)' =S02,41(Fy) 2= Sp,, (Fy);
« G' = Es, (G = Fu(F);

And it applies to the case where G = Sping, where o induces a diagram
automorphism of order 3 and ¢ is a power of 3, in which case (G°NHF = Ga(Fy).

5. Tensoring by the Steinberg character

Proposition 5.1. Let L' be an F-stable Levi of G'. Then, for any class function y
on (GHF, we have

INF
*Rgl (y &g Stg1) = e Sty Resggl))F V.

Proof. Let su be the Jordan decomposition of a quasi-semisimple element of
G' with s semisimple. We claim that u is quasicentral in G*. Indeed su, being
quasi-semisimple, is in a “torus” T'; thus s and u also are in T. By [DM 1994,
théoréeme 1.8(iii)], the intersection of T N G* is a “torus” of G*; thus u is quasi-
semisimple in G°, and hence quasicentral since unipotent.

Let tv be the Jordan decomposition of an element / € (L')F, where ¢ is semisimple.
Since St;: vanishes outside quasi-semisimple elements, the right-hand side of the
proposition vanishes on / unless it is quasi-semisimple, which by our claim means
that v is quasicentral in L. By the character formula Proposition 2.5 the left-hand
side of the proposition evaluates at [ to

R (v 261 SteND =GO Y 08w, vy (tweg Ste (1),

10 F
ue(G v)unlp

By the same argument as above, applied to Stgi, the only nonzero terms in the
above sum are for u quasicentral in G’. For such u, by [DM 1994, proposition 4.16],
Qg:; (u, v~1) vanishes unless « and v are (G'*)F -conjugate. Hence both sides of
the equality-to-prove vanish unless u and v are quasicentral and (G'°)-conjugate.
In that case, by [DM 1994, proposition 4.16] and [Digne and Michel 1991, (**),
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p. 98], we have Q%) (u, v™") = 0%, (1, 1) = egueLn](G')F |,/ |(L)F| . Taking
into account that the (G'?)-class of v has cardinality |(G'®)¥|/|(G'®)F| and that
by Proposition 2.13 we have Stgi (/) = egooggn| (G'%F) p» the left-hand side of the
proposition reduces to v (I)e Lml(L’O)F | p, which is also the value of the right-hand

side by applying Proposition 2.13 in L. O
By adjunction, we get the following:

Corollary 5.2. For any class function ) on (L")T , we have
RS Weg Stgr = Indgg';; (e Sty A).

6. Characteristic functions of quasi-semisimple classes

One of the goals of this section is Proposition 6.4 where we give a formula for the
characteristic function of a quasi-semisimple class which shows, in particular, that
it is uniform; this generalizes the case of quasicentral elements given in [DM 1994,
proposition 4.14].

If x € (G")F has Jordan decomposition x = su, we will denote by d, the map
from class functions on (G")¥ to class functions on (Cg(s)? - u)¥ given by

(e f)(v) = {f (sv) if v e (Cg(s)" u)F is unipotent,

otherwise.
Lemma 6.1. Let L' be an F-stable Levi of G'. If x = su lS the Jordan decomposi-
tion of an element of (L"), we have d, o *Rg] = *RSG((f))O “od,.

Proof. For v unipotent in (Cg(s)? - )" and f a class function on (G")F, we have
0, 0.
(ARG [)() = CRE f)sv) = (RSN f)(sv) = (CREEC ) dy f)(w),
where the second equality is by [DM 1994, corollaire 2.9] and the last is by the
character formula Proposition 2.5(iii). [l

Proposition 6.2. If x = su is the Jordan decomposition of an element of (G')F , we
have d, o pG1 = pCG(S)O'” od,.

Proof. Let f be a class function on (G")f. For v € (Cg ()0 w)F unipotent, we
have

1 1 —
@ p® )= pC fs0)=1GHT™' Y (THTIRE 0 *RE, f)(sv),
T'eT
where the last equality is by Corollary 2.10, and which by Proposition 2.5(ii) is

Z Z |hT0mCG(S)OF| (RCG(S)°~SM oh*RGlf)(sv)
|(GO)F| |CG(S)0F| hTNCg(5)0-su T! :
T'eTF (he(GO)F|"T>s)
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. 1 1 . .
Using that h*Rgl f= *RhGT . f and summing over the "T'!, this becomes

TN Ce ()| | cois)su G
Z OF (ermcc(x)o‘su o "Ry f)(sv).
(T'eTF|T>s) €6 ()™
1

Using that by Proposition 2.5(i) for any class function x on T! N Cg ()0 -suF,

C 0, _ G* 0 _
(R8O =1TNCe) 17 Y~ 0w, v )x(sv)
ve(TNCa()0u)f

unip

Cg(5)°-
= RyE0) 1 do) ),

and using Lemma 6.1, we get

F _ s 0F C 0, C 0,
Ca)°su |70 D" (T I(RGES) b, o *REES. M di f) (),
{T'eTF|T>s}

which is the desired result if we apply Corollary 2.10 in Cg(s)? - u and remark that
by [DM 1994, théoreme 1.8(iv)], the map T ' TNCg(s)? - u induces a bijection
between {T'! € 7," | T > s} and F-stable “tori” of Cg(s)? - u. O

Corollary 6.3. A class function f on (GY)F is uniform if and only if for every
x € (GYF, the function d, f is uniform.

Proof. Indeed, f = pGlf if and only if for any x € (G), we have d, f =

depC' f = pCc@™uq, £ where the last equality holds by Proposition 6.2. O
For x € (GHF, we consider the class function 7&' on (G defined by
I 0 if y is not conjugate to x,
78 (y) = o e
|Coo(x)"| ify=ux.
Proposition 6.4. For a quasi-semisimple x € (GY)F', the function JTXG Lis uniform,
given by
1 . 1 1
78 =egulCe®’, Y. epRE @)
{T'eT,F|T 5x}
_ . Ce(x)° 1 Ce1(Tw)
=WlWI™ Y dim R Ad) RE g (r T,
weWO(x)

where in the second equality W°(x) denotes the Weyl group of Cg(x)° and T,
denotes an F-stable torus of type w of this last group.

Proof. First, using Corollary 6.3 we prove that ﬂf ' is uniform. Let su be the
Jordan decomposition of x. For y € (G!)¥, the function d,7 ¢ " is zero unless the
semisimple part of y is conjugate to s. Hence it is sufficient to evaluate dyzrxG 1 v)
for elements y whose semisimple part is equal to s. For such elements, dynxG 1 (v)
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is up to a coefficient equal to 7E60" " This function is uniform by [DM 1994,
proposition 4.14], since u being the unipotent part of a quasi-semisimple element
is quasicentral in CG (s) (see the beginning of the proof of Proposition 5.1).
G' — =p 7TG We use this to get the formula of the proposmon
We start by using Proposition 2.13 to write nG Stgl = gg1eGn|(G*)F |p ,
or equivalently, 7 x G' = = egi1ego|(GYO)F I, lpG] (nG Stg1). Using Corollary 2. 10
Gl
);

Thus we have

and that by Proposition 5.1 we have *RGl (7r St(;l) =¢gg1er1 Sty Res(Tl)F (€
we get

1 1 _ 1
p€ @8 Ste1) = e 1(GH 171 Y (THF e RE (St Res'S,), (28)).
TleTl
The function Sty: is constant equal to 1. Now we have
GI F _ 1
Resi), 28 =197~ Y #l.
{ge(GN)F|sxeT}
To see this, do the scalar product with a class function f on (T!)F:
Gl 1 1 —
Res' ) 8" Fgye = (€ 10dE) frgne =IO S fsa).
{ge(GYF |8xeT!)
Using that [(T%)F| = [(T1)¥], we then get
1 1 _ 1 1
P (& Stg) =eal(GH 7" Y Y epREGL).

T'eT {ge(GY)F|sxeT!}
. -1 . .
Taking ¢ T as summation index, we get

PO @l Stgy=eqr Y. epRG @I,
{T'eT T 5x)
and hence
78 = el GO Y epREG (T,
{(T'eTF|T' 5x}
which is the first equality of the proposition.

For the second equality of the proposition, we first use [DM 1994, théoreme 1.8(iii)
and (iv)] to sum over tori of Cg(x)?: the T! € TIF containing x are in bijection
with the maximal tori of Cg(x)? by T' - (T'")? and conversely S — Cgi(S).
This bijection satisfies e71 = eg by the definition of .

We then sum over (Cg(x)")F -conjugacy classes of maximal tori, which are
parameterized by F-conjugacy classes of W(x). We then have to multiply by
|(Cg(x)O)F|/|N(CG(x)o)(S)Fl the term indexed by the class of S. Then we sum
over the elements of W%(x). We then have to multiply the term indexed by w
by |CW0(x)(wF)|/|W0(x)| Using [Ncg0) (871 = [SF[ICyoy(wF)|, and the
formula for dim RCG )° (Id) we get the result. O



COMPLEMENTS ON DISCONNECTED REDUCTIVE GROUPS 219

7. Classification of quasi-semisimple classes

The first items of this section, before Proposition 7.7, apply for algebraic groups
over an arbitrary algebraically closed field k.

We denote by C(G') the set of conjugacy classes of G', that is, the orbits under
G'-conjugacy, and denote by C(Gl)qss the set of quasi-semisimple classes.

Proposition 7.1. For T' € T;, write T' = T° - o, where o is quasicentral. Then
C(Gl)qSS is in bijection with the set of NGo(Tl)-orbits in T', which itself is in
bijection with the set of W -orbits in C(TY, where W = NGo(TO)/TO. We have
C(T" ~ Tl/EU(TO), where L is the map t — t~.°¢t.

Proof. By definition, every quasi-semisimple element of G! is in some T' € T;
and 77 is a single orbit under G°-conjugacy. It is thus sufficient to find how classes
of G! intersect T'. By [DM 1994, proposition 1.13], two elements of T are
G'-conjugate if and only if they are conjugate under Ngo(T?). We can replace
Ngo(T®) by Ngo(T") since if 8(ot) = ot’, where g € Ngo(T?), then the image of
g in W lies in W?. By [DM 1994, définition-théoreme 1.15(iii)], elements of W&
have representatives in G°°. Write g = su, where w is such a representative and
s € TY. Then *¥(to) = L, (s~ ") ¥to, whence the proposition. O

Lemma 7.2. T =1°°.£,(TY).

Proof. This is proved in [DM 1994, corollaire 1.33] when o is unipotent (and then the
product is direct). We proceed similarly to that proof: T°° N £, (T°) is finite since
its exponent divides the order of o (if o (t~'%¢) = t~'9¢ then (+~'91)* =¢~1°"¢
for all n > 1), and dim(T°°) 4+ dim(L, (T?)) = dim(T°) as the exact sequence
1 - T% - T° = £,(T°% — 1 shows, using that dim(7°%) = dim T°°. O

It follows that T°/L, (T°) ~ T°°/(T°° N £, (T°)); since the set C(G)s of
semisimple classes of G°° identifies with the set of W7 -orbits on 770, this induces
a surjective map C(G°%)gs — C(G 1) gss-

Example 7.3. We will describe the quasi-semisimple classes of G° - o, where
G° = GL,, (k) and o is the quasicentral automorphism given by o (g) = J' g_l J L

where, if n is even, J is the matrix (2) _OJ °) with

0 1
J(): s
1 0

and if n is odd, J is the antidiagonal matrix
0 1
J = -
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(any outer algebraic automorphism of GL,, is equal to o up to an inner automor-
phism).

The automorphism o normalizes the pair 7° C B®, where T is the diagonal torus
and BY the group of upper triangular matrices. Then T! = N1 (T c B) =T° .o
is in 77. For diag(xy, ..., x,) € T°, where x; € k>, we have o(diag(xy, ..., x,)) =
diag(x;!, ..., x;"). It follows that £, (T°) = {diag(xy, x2, ..., x2, x1)} — here
Xm+1 1S a square when n = 2m + 1 but this is not a condition since k is al-
gebraically closed. As suggested above, we could take as representatives of
T°/L, (T the set T?°/(T°° N L, (T?)), but since T°° N L, (T°) is not trivial
(it consists of the diagonal matrices with entries =1 placed symmetrically), it is
more convenient to take for representatives of the quasi-semisimple classes, the set
{diag(x1, x2, ..., X|ns2), 1, ..., )}o. In this model, the action of W€ is generated
by the permutations of the [n/2] first entries, and by the maps x; — x;” ! so the
quasi-semisimple classes of G° - o are parameterized by the quasi-semisimple
classes of G°°.

We continue the example, computing group of components of centralizers.

Proposition 7.4. Let so = diag(xy, x2, ..., X|z2), 1,..., D)o be a quasi-semi-
simple element as above. If chark = 2 then Cgo(so) is connected. Otherwise,
if nis odd, A(so) = CGo(sa)/CGo(scr)0 is of order two, generated by —1 €
ZG" = ZGL, (k). If n is even, A(sc) # 1 if and only if for some i, we have
x; = —1; then x; — xi_1 is an element of W which has a representative in Cgo(so)
generating A(so), which is of order 2.

Proof. We will use that for a group G and an automorphism o of G, we have an
exact sequence (see, for example, [Steinberg 1968, 4.5])

(7.5) 1> (ZG)° - G° - (G/ZG)° — (Lo (G)NZG)/L;(ZG) — 1.

If we take G = G° = GL,,(k) in (7.5) and so for o, since on ZG" the map L, = Lo
is z — z2, hence surjective, we get that G**7 — PGL;? is surjective and has kernel
(ZG%? = {£1).

Assume n odd and take G = SL, (k) in (7.5). We have Z SL, = {1} so that we
get the following diagram with exact rows:

1 (£1} GL:® PGLY" — > 1

1 SLs° PGL}” — 1

This shows that GL;° / SL)° ~ {£1}; by [Steinberg 1968, 8.1], SL° is connected,
hence PGL'? is connected. Thus GL'? = (GLS?)° x {#£1} is connected if and only
if chark = 2.
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Assume now that n is even; then (T°)? is connected, and hence —1 € (GLfl‘T)0
for all s € T°. Using this, the exact sequence 1 — {£1} — GL! — PGL}" — 1
implies A(so) = G* /G7 = GL:? /(GL?)? ~ PGL’ /(PGL!?)°. To compute
this group we use (7.5) with SL,, (k) for G and so for o:

1 — {x1} - SL}” — PGL,” — (L4 (SL,)NZSL,)/L,(ZSL,) — 1,
which, since SL;” is connected, implies that
A(so) = (Lyo (SL,) N ZSL,)/Ls(Z SL,)

is nontrivial (of order 2) if and only if £, (SL,) N Z SL,, contains an element which
is not a square in Z SL,;; thus A(so) is trivial if char k = 2. We assume now that
chark # 2. Then a nonsquare is of the form diag(z, ..., z) with z” = —1 if we set
m=n/2.

The following lemma is a transcription of [Steinberg 1968, 9.5].

Lemma 7.6. Let 0 be a quasicentral automorphism of the connected reductive
group G which stabilizes the pair T C B of a maximal torus and a Borel subgroup:;
let W be the Weyl group of T and lets € T. Then

TNL(G) =Ly |we W} Ly (T).

Proof. Assume t = L, (x) for t € T, or equivalently xt = *°x. Then if x is in the
Bruhat cell BwB, we must have w € W?. Taking for w a o-stable representative w
and writing the unique Bruhat decomposition x = ujwt uy, where up e U, t; € T
and u; e UNYU™, where U is the unipotent radical of B and U™ the unipotent
radical of the opposite Borel, the equality x¢ = *°x implies that wt,r = *? (wt), or
equivalently, t = £,,-1 (s~ L, (1), whence the lemma. U

We apply this lemma taking SL, for G and T'® = T° N SL,, for T: we get
Lo (SL)NZSL, ={L,(™") |we W} L,(T"%) N ZSL,. The element

diag(xy, x2, ..., X, 1, ..., Do

is conjugate to

so =diag(y1, y2, ..+, Ym, ynjl, e, yl_l)cr e (T .0,

where yl.2 =x;. It will have a nonconnected centralizer if and only if for some w € W°
and some t € T'%, we have £,,(s™1)- L, (1) = diag(z, ..., z) with 2" = —1, and then
an appropriate representative of w (multiplying if needed by an element of Z GL,,)
will be in Cgo(so) and have a nontrivial image in A(so’). Since s and w are o -fixed,
we have £, (s) € (T'%)?; thus it is of the form diag(ay, ..., an, anjl, ...al_l). Since

Lo (T'%) = {diag(ty, ..., tys tms - .o 1) | 112+ - 1y = 1},
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we getz=aity =axtp =+ - =aply = anjltm =...= al_ltl; in particular, a¢; = +1
for all i and ajas---a, = —1. We can take w up to conjugacy in W? since
Lypp1(s™hH = ”ﬁw(”_ls_l) and L, (T'°) is invariant under W -conjugacy. We see
W? as the group of permutations of {1, 2, ...,m, —m, ..., —1} which preserves
the pairs {i, —i}. A nontrivial cycle of w has, up to conjugacy, either the form
A, —Dor(1,=2,3,..., (=D, =G +1), =i +2),..., =k, —1,2,=3,...,k)
with 0 <i <k <mandi odd, or (1,—=2,3,..., (=D, i+ 1,i+2,...,k)
with 0 <i <k < n and i even (the case i = 0 meaning that there is no sign
change). The contribution to a; - - - a,, of the orbit (1, —1) is a; = ylz, and hence

is 1 except if yl2 = x; = —1. Let us consider an orbit of the second form. The &
first coordinates of £, (s~ ') are (V1Y2, s YiYitls Yi+1/YVi+2, - -5 Y&/¥1). Hence
there must exist signs ¢; such that y, = &1/y1, y3 =¢€2/y2, ..., Yit1 = &;/y; and
Vid2 = Eit1Vitls - - -» Yk = Ek—1Vk—1, Y1 = ExYk. This gives

_|er---ekyr  ifiis even,
= er - en/yr ifi s odd.

The contribution of the orbit to aj---a,, is € ---& and thus is 1 if i is even
and x| = yl2 if i is odd. Again, we see that one of the x; must equal —1 to get

ap---ay =—1. Conversely if x; = —1, for any z such that 7 = —1, choos-
ing ¢ such that £, (¢) = diag(—z, z, 2, . .., z, —z) and taking w = (1, —1), we get
L, (™YL, (1) =diag(z, ..., z) as desired. O

We now go back to the case where k = Fq, and in the context of Proposition 7.1, we
now assume that T'' is F-stable and that o induces an F-stable automorphism of G°.

Proposition 7.7. Let T'™ = {s € T' |3n € Ngo(T"), "F's = s}; then T'™ is stable
by T°-conjugacy, which gives a meaning to C(T'™). Then ¢ — ¢ N T" induces a
bijection between (C(Gl)qSS)F and the W -orbits on C(T ™).

Proof. A class c € C(Gl)qSS is F-stable if and only if given s € ¢, we have ©s € c. If
we take s € cNT! then F's € cNT', which as observed in the proof of Proposition 7.1
implies that ©'s is conjugate to s under Ngo(T'!), that is, s € '™, Thus c is F-stable
if and only if c N T'! = ¢ N T, The proposition then results from Proposition 7.1,
observing that T'™ is stable under Ngo(T')-conjugacy and that the corresponding
orbits are the W7 -orbits on C(T ™). O

Example 7.8. When G' = GL, (Fq) -0 with o as in Example 7.3, the map
diag(x1,x2,...,X[n/20, 1, ..., 1) > diag(xy, x2, ..., X|n/2), T,xL_nl/ZJ, ...,xz_l,xl_l),

where T represents 1 if n is odd and an omitted entry otherwise, is compatible with
the action of W as described in Example 7.3 on the left-hand side and the natural
action on the right-hand side. This map induces a bijection from C (Gl)qSS to the
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semisimple classes of (GLZ)0 which restricts to a bijection from (C (Gl)qSS)F to
the F-stable semisimple classes of (GLZ)O.

We now compute the cardinality of (C (G! )qSS)F .
Proposition 7.9. Let f be a function on (C (Gl)qSS)F . Then

Yo fo=wt Y fw).

ce(C(G)gss)F weWwe

where f(w) =Y, f(s), where s runs over representatives olewF/EU(TO)“’F
inT"".

Proof. We have

ey = | {s£o(T°) € T /L, (T°) | 5L, (T°) is wF-stable}.

weWe

The conjugation by v € W° sends a w F-stable coset sL, (T?) to a vwFv~!-
stable coset; and the number of w such that s£, (T°) is w F-stable is equal to
Nwo (sLo (T?)). Tt follows that

Yo fo=wort Yy > f(Lo(T).

ce(C(GN)ge)” WEWT L, (TO)e(T /Ly (TO)"F
The proposition follows since, because £, (T°) is connected, we have
(T' /Lo (TO)?F =T /£, (TO)F . a
Corollary 7.10. We have |(C(G')qss) 7| = 1(C(G7%)) .

Proof. Let us take f = 1 in Proposition 7.9. We need to sum over w € W? the
value [T1"" /£, (T°)*F)|. First note that [T'"" /£, (TO)»F| = |TO"" /£, (TO)"F.
By Lemma 7.2 we have the exact sequence

1> T°°NL (T > T x £, (T - T > 1,
whence the Galois cohomology exact sequence is

1= (T°°N £, (TY)"F — 19" % (£, (T%))*F
1" 5 HYWF, (T7° N £, (T))) — 1.

Using that for any automorphism 7 of a finite group G we have |G*| = |H(z, G)|,
we have

(T°0N Lo (PO F| = |H (wF, (T°° N L (TO)))).
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owF

Together with the above exact sequence, this implies that |T7°°" /£, (T?)*F| =

F
|T°9""|, whence

_ F
(C(Ghgs) 1= IW I~ YT,
weW?
The corollary follows by either applying the same formula for the connected
group G°Y, or referring to [Lehrer 1992, Proposition 2.1]. ([

8. Shintani descent

We now look at Shintani descent in our context; we will show it commutes with
Lusztig induction when G' /G is semisimple and the characteristic is good for G°°.
We should mention previous work on this subject: Eftekhari [1996, 11.3.4] has the
same result for Lusztig induction from a torus; he does not need to assume p good
but needs g to be large enough to apply results of Lusztig, identifying Deligne—
Lusztig induction with induction of character sheaves; Digne [1999, 1.1] has the
result in the same generality as here apart from the assumption that G' contains
an F-stable quasicentral element; however, a defect of his proof is the use without
proof of the property given in Lemma 8.4 below.

As above, G' denotes an F-stable connected component of G of the form G0,
where o induces a quasicentral automorphism of G commuting with F.

Applying Lang’s theorem, one can write any element of G' as x - °Fx~1o for
some x € G°, oras o - Fx~!. x for some x € G°. Using that o, as an automorphism,
commutes with F, it is easy to check that the correspondence x-°Fx 1o+ o Fx~1.x
induces a bijection 1, r from the (G°)F-conjugacy classes of (G')T to the G"”".
conjugacy classes of (G')°F and that |GOJF| lc] = (G| |nF/q F(c)| for any (GYF-
class ¢ in (G")F. Tt follows that the operator shr/, p from (G F-class functions on
(GHT to G*"class functions on (G defined by shr /o r(X)(F/eFx) = X (X)
is an isometry.

The remainder of this section is devoted to the proof of the following:

Proposition 8.1. Let L' = Ngi(L° C P°) be a Levi of G' containing o, where
LY is F-stable; we have L' = L° - o. Assume that o is semisimple and that the
characteristic is good for G°°. Then

G! G! G! G!
ShF/aF O*RLI = *RLI OShF/GF and ShF/aF ORLI =RL1 OShF/gF.

Proof. The second equality follows from the first by adjunction, using that the
adjoint of shr /. F is sh;} o p- Let us prove the first equality.

Let x be a (G%F-class function on G' and let olu = uol be the Jordan de-
composition of an element of (L')° with u unipotent and o/ semisimple. By the
character formula Proposition 2.5(iii) and the definition of Qf,’ﬁ for t = ol, we have
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("R shr o r () (@ lu)
=16 1" Y shrser(0(01v) Trace((v, u™ D HE (Yy o).

oF
ve(GNO00

where v (resp. u) acts by left- (resp. right-) translation on
Yoor ={x € (G™) |x~-"Tx e U},

where U denotes the unipotent radical of P; in the summation, v is in the identity
component of G°! since, o being semisimple, u is in G° and hence in (G°')° by
[DM 1994, théoreme 1.8(i)] since o/ is semisimple.

Letus write /= A~"1-A with A € L%, so that 6/ =n /s p ('), where ' = 1-°F 371,

oF
Lemma 8.2. Forv e (Gal)ounip’

we have
olv=nper((cl-v)" ),

1

where V' = ns /o v € (G"I)OUF is defined by writing v = °Fn-n~!, where n €

(G°"° and setting v/ =n~'. 7y,
Proof. We have

clv=clTy-n7 ' =Tpoln™ =cFmr~Han™";

thus olv = nF/Up((An_l) -9F(nxa~No). And we have

O - Fma Yo = ' Fa o = Falv'e Fa! = (olv)?
thus shr/o r(X)(0lv) = x ((alv)) 7). O
Lemma 8.3. (i) We have (c1)°"*" =10.

.. . . Fy-1 . . o
(ii) The conjugation x — x° *  maps G°' and the action of o F on it to G'® with
the action of F on it; in particular, it induces bijections

o ’ F
G°)7" = (6" and Yy.r <> Yur,
where Yy r = {x € (G')O | x~'Fx e U).

Proof. Part (i) is an obvious computation and shows that if x € G°/ then x° leglo,

To prove (ii), it remains to show that if x € G°/ then F(x°'*') = (°Fx)°"*". From

—1 -1 F Fq—1 —1
x® =x7 =x*""4 we get x°* = x*, whence F(x

((JFX)J)F)FI — (UFX)UF)FI‘ O

Fq—-1 Fqy—1
UA):(FX)A —

Applying Lemmas 8.2 and 8.3 we get
CRE shrjor(O)(olu) =
G ST x (i) ) Trace (0L @) | HE (Vg ).

oF
ve (Ga[ )Ouuip
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Lemma 8.4. Assume that the characteristic is good for G°°, where o is a quasi-
central element of G. Then it is also good for (G*)°, where s is any quasi-semisimple
element of G° - 0.

Proof. Let X, (resp. ;) be the root system of G (resp. (G*)"). By definition, a
characteristic p is good for a reductive group if for no closed subsystem of its root
system the quotient of the generated lattices has p-torsion. The system ¥ is not
a closed subsystem of X, in general, but the relationship is expounded in [Digne
and Michel 2002]: let X be the root system of G with respect to a o-stable pair
T C B of a maximal torus and a Borel subgroup of G°. Up to conjugacy, we may
assume that s also stabilizes that pair. Let ¥ denote the set of sums of the o -orbits
in X, and X’ the set of averages of the same orbits. Then X’ is a nonnecessarily
reduced root system, but X, and X are subsystems of X’ and are reduced. The
system X is reduced, and the set of sums of orbits whose average is in X, (resp.
%) is a closed subsystem that we denote by o (resp. ).

We now need a generalization of [Bourbaki 1981, chapitre VI, §1.1, lemme 1]:

Lemma 8.5. Let L be a finite set of lines generating a vector space V over a field
of characteristic 0; then two reflections of V which stabilize L and have a common
eigenvalue ¢ # 1 with ¢ -eigenspace the same line of L are equal.

Proof. Here we mean by reflection an element s € GL(V) such that ker(s — 1) is
a hyperplane. Let s and s” be reflections as in the statement. The product s~'s’
stabilizes £, so it has a power which fixes £, and thus is semisimple. On the other
hand, s ~'s” by assumption fixes one line L € £ and induces the identity on V/L,
and thus is unipotent. Being semisimple and unipotent, it has to be the identity. [J

It follows from Lemma 8.5 that two root systems with proportional roots have
the same Weyl group, and thus the same good primes; therefore:

« ¥, and X, have the same good primes, as well as X, and To.

o The bad primes for X are a subset of those for X, since it is a closed subsystem.

It only remains to show that the good primes for X are the same as for X, which can
be checked case by case: we can reduce to the case where X is irreducible, in which
case these systems coincide except when X is of type A»,; but in this case, % is of
type B, and X, is of type B, or C,, which have the same set {2} of bad primes. [J

Since the characteristic is good for G°°, hence also for (G°!)" by Lemma 8.4,
the elements v’ and v are conjugate in (G”l)OUF (see [Digne and Michel 1985,
IV, corollaire 1.2]). By Lemma 8.3(ii), the element v® %" runs over the unipotent

’ F F . .
elements of (G''?)°" when v runs over (G’ )Oznip. Moreover, using the equality
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1GTHO7F| = 1(G")0T), we get
() CRE shrjor())(olu) =
m > F X (u1l'o) Trace((u1, w® )" H Yy ).

’
ujp E(Gl {T)Ounip

On the other hand, by Lemma 8.2 applied with v = u, we have
1 1 —1
(shrjor "RE CO)(olu) ="RE GO (olu)” )
=*RS )W -u”™ 7,

where the second equality holds by Lemma 8.3(i). By the character formula this is
equal to the right-hand side of formula (*). U

References

[Bourbaki 1981] N. Bourbaki, Eléments de mathématique: Groupes et algébres de Lie, Chapitres 4,
5 et 6, Masson, Paris, 1981. MR 83g:17001 Zbl 0498.12001

[Digne 1999] F. Digne, “Descente de Shintani et restriction des scalaires”, J. London Math. Soc. (2)
59:3 (1999), 867-880. MR 2001a:20081 Zbl 0947.20025

[Digne and Michel 1985] F. Digne and J. Michel, Fonctions L des variétés de Deligne—Lusztig et
descente de Shintani, Mém. Soc. Math. France (N.S.) 20, Société Mathématique de France, Paris,
1985. MR 87h:20071 Zbl 0608.20027

[Digne and Michel 1991] F. Digne and J. Michel, Representations of finite groups of Lie type,
London Mathematical Society Student Texts 21, Cambridge Univ. Press, 1991. MR 92g:20063
Zbl 0815.20014

[Digne and Michel 2002] F. Digne and J. Michel, “Points fixes des automorphismes quasi-semi-
simples”, C. R. Math. Acad. Sci. Paris 334:12 (2002), 1055-1060. MR 2003;:20081 Zbl 1001.20043

[DM 1994] F. Digne and J. Michel, “Groupes réductifs non connexes”, Ann. Sci. Ecole Norm. Sup.
(4) 27:3 (1994), 345-406. MR 95f:20068 Zbl 0846.20040

[Eftekhari 1996] M. Eftekhari, “Faisceaux caracteéres sur les groupes non connexes”, J. Algebra 184:2
(1996), 516-537. MR 98a:20047 Zbl 0870.20027

[Lawther et al. 2014] R. Lawther, M. W. Liebeck, and G. M. Seitz, “Outer unipotent classes in
automorphism groups of simple algebraic groups”, Proc. Lond. Math. Soc. (3) 109:3 (2014), 553—
595. MR 3260287 Zbl 06355609

[Lehrer 1992] G. L. Lehrer, “Rational tori, semisimple orbits and the topology of hyperplane comple-
ments”, Comment. Math. Helv. 67:2 (1992), 226-251. MR 93e:20065 Zbl 0816.20037

[Lusztig 2003] G. Lusztig, “Character sheaves on disconnected groups, I”, Represent. Theory 7
(2003), 374-403. MR 2006d:20090a Zbl 1072.20052

[Lusztig 2004a] G. Lusztig, “Character sheaves on disconnected groups, I, Represent. Theory 8
(2004), 72-124. MR 2006d:20090b Zbl 1073.20036

[Lusztig 2004b] G. Lusztig, “Character sheaves on disconnected groups, III”, Represent. Theory 8
(2004), 125-144. MR 2006d:20090c Zbl 1074.20031

[Lusztig 2004c] G. Lusztig, “Character sheaves on disconnected groups, IV”, Represent. Theory 8
(2004), 145-178. MR 2006d:20090d Zbl 1075.20013


http://msp.org/idx/mr/83g:17001
http://msp.org/idx/zbl/0498.12001
http://dx.doi.org/10.1112/S0024610799007516
http://msp.org/idx/mr/2001a:20081
http://msp.org/idx/zbl/0947.20025
http://www.numdam.org/item?id=MSMF_1985_2_20__1_0
http://www.numdam.org/item?id=MSMF_1985_2_20__1_0
http://msp.org/idx/mr/87h:20071
http://msp.org/idx/zbl/0608.20027
http://dx.doi.org/10.1017/CBO9781139172417
http://msp.org/idx/mr/92g:20063
http://msp.org/idx/zbl/0815.20014
http://dx.doi.org/10.1016/S1631-073X(02)02407-X
http://dx.doi.org/10.1016/S1631-073X(02)02407-X
http://msp.org/idx/mr/2003j:20081
http://msp.org/idx/zbl/1001.20043
http://www.numdam.org/item?id=ASENS_1994_4_27_3_345_0
http://msp.org/idx/mr/95f:20068
http://msp.org/idx/zbl/0846.20040
http://dx.doi.org/10.1006/jabr.1996.0272
http://msp.org/idx/mr/98a:20047
http://msp.org/idx/zbl/0870.20027
http://dx.doi.org/10.1112/plms/pdu011
http://dx.doi.org/10.1112/plms/pdu011
http://msp.org/idx/mr/3260287
http://msp.org/idx/zbl/06355609
http://dx.doi.org/10.1007/BF02566498
http://dx.doi.org/10.1007/BF02566498
http://msp.org/idx/mr/93e:20065
http://msp.org/idx/zbl/0816.20037
http://dx.doi.org/10.1090/S1088-4165-03-00204-8
http://msp.org/idx/mr/2006d:20090a
http://msp.org/idx/zbl/1072.20052
http://dx.doi.org/10.1090/S1088-4165-04-00238-9
http://msp.org/idx/mr/2006d:20090b
http://msp.org/idx/zbl/1073.20036
http://dx.doi.org/10.1090/S1088-4165-04-00239-0
http://msp.org/idx/mr/2006d:20090c
http://msp.org/idx/zbl/1074.20031
http://dx.doi.org/10.1090/S1088-4165-04-00240-7
http://msp.org/idx/mr/2006d:20090d
http://msp.org/idx/zbl/1075.20013

228 FRANCOIS DIGNE AND JEAN MICHEL

[Lusztig 2004d] G. Lusztig, “Character sheaves on disconnected groups, V”, Represent. Theory 8
(2004), 346-376. MR 2005h:20111 Zbl 1076.20031

[Lusztig 2004e] G. Lusztig, “Character sheaves on disconnected groups, VI, Represent. Theory 8
(2004), 377-413. MR 2005h:20112 Zbl 1077.20058

[Lusztig 2005] G. Lusztig, “Character sheaves on disconnected groups, VII”, Represent. Theory 9
(2005), 209-266. MR 2006e:20089 Zbl 1078.20047

[Lusztig 2006a] G. Lusztig, “Character sheaves on disconnected groups, IX”, Represent. Theory 10
(2006), 353-379. MR 2008e:20078 Zbl 1161.20039

[Lusztig 2006b] G. Lusztig, “Character sheaves on disconnected groups, VIII”, Represent. Theory 10
(2006), 314-352. MR 2008f:20122 Zbl 1160.20038

[Lusztig 2009] G. Lusztig, “Character sheaves on disconnected groups, X", Represent. Theory 13
(2009), 82—140. MR 2010i:20058 Zbl 1233.20041

[Steinberg 1968] R. Steinberg, Endomorphisms of linear algebraic groups, Mem. Amer. Math. Soc.
80, Amer. Math. Soc., Providence, R.1., 1968. MR 37 #6288 Zbl 0164.02902

Received March 3, 2015. Revised March 5, 2015.

FRANCOIS DIGNE

LABORATOIRE AMIENOIS DE MATHEMATIQUE FONDAMENTALE ET APPLIQUEE
UNIVERSITE DE PICARDIE JULES VERNE

CNRS UMR 7352

80039 AMIENS CEDEX

FRANCE

digne @u-picardie.fr

JEAN MICHEL

INSTITUT DE MATHEMATIQUES DE JUSSIEU - PARIS RIVE GAUCHE
UNIVERSITE DENIS DIDEROT

BATIMENT SOPHIE GERMAIN

75013 PARIS

FRANCE

jean.michel @imj-prg.fr


http://dx.doi.org/10.1090/S1088-4165-04-00251-1
http://msp.org/idx/mr/2005h:20111
http://msp.org/idx/zbl/1076.20031
http://dx.doi.org/10.1090/S1088-4165-04-00252-3
http://msp.org/idx/mr/2005h:20112
http://msp.org/idx/zbl/1077.20058
http://dx.doi.org/10.1090/S1088-4165-05-00278-5
http://msp.org/idx/mr/2006e:20089
http://msp.org/idx/zbl/1078.20047
http://dx.doi.org/10.1090/S1088-4165-06-00315-3
http://msp.org/idx/mr/2008e:20078
http://msp.org/idx/zbl/1161.20039
http://dx.doi.org/10.1090/S1088-4165-06-00314-1
http://msp.org/idx/mr/2008f:20122
http://msp.org/idx/zbl/1160.20038
http://dx.doi.org/10.1090/S1088-4165-09-00348-3
http://msp.org/idx/mr/2010i:20058
http://msp.org/idx/zbl/1233.20041
http://msp.org/idx/mr/37:6288
http://msp.org/idx/zbl/0164.02902
mailto:digne@u-picardie.fr
mailto:jean.michel@imj-prg.fr

PACIFIC JOURNAL OF MATHEMATICS

msp.org/pjm

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Silvio Levy, Scientific Editor, production@msp.org

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY
INST. DE MATEMATICA PURA E APLICADA
KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

PRODUCTION

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY
UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

UNIV. OF CALIFORNIA, LOS ANGELES
UNIV.
UNIV.
UNIV.

OF CALIFORNIA, RIVERSIDE
OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

Daryl Cooper

Department of Mathematics
University of California
Santa Barbara, CA 93106-3080

coop!

er @math.ucsb.edu

Jiang-Hua Lu

Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Paul Yang

Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

UNIV.

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

. OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2015 is US $420/year for the electronic version, and $570/year for print and electronic.

Subscriptions, requests for back issues and changes of subscribers address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

nonprofit scientific publishing

http://msp.org/

© 2015 Mathematical Sciences Publishers

:l mathematical sciences publishers


http://msp.org/pjm/
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:blasius@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:yang@math.princeton.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Notes on the structure constants of Hecke algebras of induced representations of finite Chevalley groups
CHARLES W. CURTIS

Compl on discc d reductive groups

FRANCOIS DIGNE and JEAN MICHEL
Extending Hecke endomorphism algebras
JIE DU, BRIAN J. PARSHALL and LEONARD L. SCOTT

Products of partial normal subgroups
ELLEN HENKE

Lusztig induction and £-blocks of finite reductive groups
RADHA KESSAR and GUNTER MALLE

Free resolutions of some Schubert singularities

MANOJ KUMMINI, VENKATRAMANI LAKSHMIBAI, PRAMATHANATH SASTRY and C. S. SESHADRI

Free resolutions of some Schubert singularities in the Lagrangian Grassmannian
VENKATRAMANI LAKSHMIBAI and REUVEN HODGES

Distinguished unipotent el and multiplicity-free subgroups of simple algebraic groups
MARTIN W. LIEBECK, GARY M. SEITZ and DONNA M. TESTERMAN

Action of longest element on a Hecke algebra cell module
GEORGE LUSZTIG

Generic stabilisers for actions of reductive groups
BENJAMIN MARTIN

On the equations defining affine algebraic groups
VLADIMIR L. PoPov

Smooth representations and Hecke modules in characteristic p
PETER SCHNEIDER

On CRDAHA and finite general linear and unitary groups
BHAMA SRINIVASAN

‘Weil representations of finite general linear groups and finite special linear groups
PHAM Huu TIEP

The pro-p Iwahori Hecke algebra of a reductive p-adic group, V (parabolic induction)
MARIE-FRANCE VIGNERAS

Acknowledgement

181

203

229

255

269

299

329

357

383

397

423

447

465

481

499

531

0030-8730(2015)279:1;1-1



	1. Introduction
	2. Preliminaries
	3. A global formula for the scalar product of Deligne–Lusztig characters
	4. Counting unipotent elements in disconnected groups
	5. Tensoring by the Steinberg character
	6. Characteristic functions of quasi-semisimple classes
	7. Classification of quasi-semisimple classes
	8. Shintani descent
	References
	
	

