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To the memory of Robert Steinberg

We present a unified parametrisation of £-blocks of quasisimple finite groups
of Lie type in nondefining characteristic via Lusztig’s induction functor in
terms of e-Jordan-cuspidal pairs and e-Jordan quasicentral cuspidal pairs.

1. Introduction

The work of Fong and Srinivasan for classical matrix groups and of Schewe for
certain blocks of groups of exceptional type exhibited a close relation between the
£-modular block structure of groups of Lie type and the decomposition of Lusztig’s
induction functor, defined in terms of ¢-adic cohomology. This connection was
extended to unipotent blocks of arbitrary finite reductive groups and large primes £
by Broué—Malle-Michel [1993], to all unipotent blocks by Cabanes—Enguehard
[1994] and Enguehard [2000], to arbitrary blocks for primes £ > 7 by Cabanes—
Enguehard [1999], to nonquasi-isolated blocks by Bonnafé—Rouquier [2003] and
to quasi-isolated blocks of exceptional groups at bad primes by the authors [2013].

It is the main purpose of this paper to unify and extend all of the preceding results
in particular from [Cabanes and Enguehard 1999] so as to establish a statement in
its largest possible generality, without restrictions on the prime £, the type of group
or the type of block, in terms of e-Jordan quasicentral cuspidal pairs (see Section 2
for the notation used).

Theorem A. Let H be a simple algebraic group of simply connected type with a
Frobenius endomorphism F : H — H endowing H with an F,-rational structure.
Let G be an F-stable Levi subgroup of H. Let € be a prime not dividing q and set
e=ei(q).
(a) For any e-Jordan-cuspidal pair (L, \) of G such that » € E(LY, '), there
exists a unique £-block bgr (L, 1) of G'' such that all irreducible constituents
of RE (1) lie in bgr (L, ).
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(b) The map B : (L, 1) — bgr (L, 1) is a surjection from the set of G -conjugacy
classes of e-Jordan-cuspidal pairs (L, 1) of G such that . € E(LF, ) to the
set of £-blocks of GF.

(c) The map B restricts to a surjection from the set of G* -conjugacy classes of
e-Jordan quasicentral cuspidal pairs (L, ) of G such that » € E(LY, ') to
the set of £-blocks of GF .

(d) For £ > 3 the map E restricts to a bijection between the set of GF -conjugacy
classes of e-Jordan quasicentral cuspidal pairs (L, ) of G with A € E(LF, ¢')
and the set of £-blocks of G* .

(e) The map B itself is bijective if £ > 3 is good for G, and moreover £ # 3 if G¥
has a factor *D4(q).

The restrictions in (d) and (e) are necessary (see Remark 3.15 and Example 3.16).
In fact, part (a) of the preceding result is a special case of the following charac-
terisation of the ¢’-characters in a given £-block in terms of Lusztig induction:

Theorem B. In the setting of Theorem A let b be an £-block of G' and denote
by L(b) the set of e-Jordan cuspidal pairs (L, A) of G such that { x € Irr(b) |
(x, RE(L)) #0} # @. Then

Ir()) NE(GT, ) = {x € E(G, )| I(L, 1) € L(b) with (L, 1) <. (G, x)}.

Note that at present, it is not known whether Lusztig induction Rf is independent
of the parabolic subgroup containing the Levi subgroup L used to define it. Our
proofs will show, though, that in our case bgr (L, A) is defined unambiguously.

An important motivation for this work comes from the recent reductions of most
long-standing famous conjectures in modular representation theory of finite groups
to questions about quasisimple groups. Among the latter, the quasisimple groups of
Lie type form the by far most important part. A knowledge and suitable inductive
description of the £-blocks of these groups is thus of paramount importance for an
eventual proof of those central conjectures. Our results are specifically tailored for
use in an inductive approach by considering groups that occur as Levi subgroups
inside groups of Lie type of simply connected type, that is, inside quasisimple
groups.

Our paper is organised as follows; in Section 2, we set up e-Jordan (quasicentral)
cuspidal pairs and discuss some of their properties. In Section 3 we prove Theorem A
(see Theorem 3.14) on parametrising £-blocks by e-Jordan-cuspidal and e-Jordan
quasicentral cuspidal pairs and Theorem B (see Theorem 3.6) on characterising
¢'-characters in blocks. The crucial case turns out to be when £ =3. In particular, the
whole section on pages 287-289 is devoted to the situation of extra-special defect
groups of order 27, excluded in [Cabanes and Enguehard 1999], which eventually
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turns out to behave just as the generic case. An important ingredient of Section 3
is Theorem 3.4, which shows that the distribution of £’-characters in £-blocks is
preserved under Lusztig induction from e-split Levi subgroups. Finally, in Section 4
we collect some results relating e-Jordan-cuspidality and usual e-cuspidality.

2. Cuspidal pairs

Throughout this section, G is a connected reductive linear algebraic group over the
algebraic closure of a finite field of characteristic p, and F : G — G is a Frobenius
endomorphism endowing G with an [F,-structure for some power g of p. By G*
we denote a group in duality with G with respect to some fixed F-stable maximal
torus of G, with corresponding Frobenius endomorphism also denoted by F.

e-Jordan-cuspidality. Let e be a positive integer. We will make use of the termi-
nology of Sylow e-theory (see for instance [Broué et al. 1993]). For an F-stable
maximal torus T', T, denotes its Sylow e-torus. Then a Levi subgroup L < G is called
e-split if L = C(Z°(L).), and A € Irr(LT) is called e-cuspidal if *R%, _ (1) =0
for all proper e-split Levi subgroups M < L and any parabolic subgroﬁp Pof L
containing M as Levi complement. (It is expected that Lusztig induction is in fact
independent of the ambient parabolic subgroup. This would follow for example if
the Mackey formula holds for Rg, and has been proved whenever G does not have
any component of type 2E6(2), E7(2) or Eg(2), see [Bonnafé and Michel 2011]. All
the statements made in this section using RLG are valid independent of the particular
choice of parabolic subgroup — we will make clarifying remarks at points where
there might be any ambiguity.)

Definition 2.1. Let s € G*I' be semisimple. Following [Cabanes and Enguehard
1999, Section 1.3] we say that x € £(GF, s) is e-Jordan-cuspidal, or satisfies
condition (J) with respect to some e > 1 if

(1) Z°(Cgi(s))e = Z°(G™)e, and

(J2) x corresponds under Jordan decomposition (see [Digne and Michel 1991,
Theorem 13.23]) to the Cg-+(s)-orbit of an e-cuspidal unipotent character
of C2.(s)F.

If L <G is e-split and A € Irr(LF) is e-Jordan-cuspidal, then (L, 1) is called an
e-Jordan-cuspidal pair.

It is shown in [Cabanes and Enguehard 1999, Proposition 1.10] that x is e-
Jordan-cuspidal if and only if it satisfies the uniform criterion

(U): for every F-stable maximal torus T'< G with T, £ Z(G) we have *R? () =0.
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Remark 2.2. By [Cabanes and Enguehard 1999, Proposition 1.10(ii)] it is known
that e-cuspidality implies e-Jordan-cuspidality; moreover e-Jordan-cuspidality and
e-cuspidality agree at least in the following situations:

(1) whene=1;
(2) for unipotent characters (see [Broué et al. 1993, Corollary 3.13]);

(3) for characters lying in an ¢’-series where ¢ is an odd prime, good for G, e is
the order of ¢ modulo ¢ and either £ > 5 or £ =3 € I'(G, F) as defined in
[Cabanes and Enguehard 1994, Notation 1.1] (see [Cabanes and Enguehard
1999, Theorem 4.2 and Remark 5.2]); and

(4) for characters lying in a quasi-isolated ¢’-series of an exceptional type simple
group for £ a bad prime (this follows by inspection of the explicit results in
[Kessar and Malle 2013]).

To see the first point, assume that x is 1-Jordan-cuspidal. Suppose if possible that
x is not 1-cuspidal. Then there exists a proper 1-split Levi subgroup L of G such
that *Rf (x) is nonzero. Then *Rf (x)(1) #£0 as *Rf is ordinary Harish-Chandra
restriction. Hence the projection of *R,(j( x) to the space of uniform functions of
L¥ is nonzero in contradiction to the uniform criterion (U).

It seems reasonable to expect (and that is formulated as a conjecture in [Cabanes
and Enguehard 1999, Section 1.11]) that e-cuspidality and e-Jordan-cuspidality
agree in general. See Section 4 below for a further discussion of this.

We first establish conservation of e-Jordan-cuspidality under some natural con-
structions:

Lemma 2.3. Let L be an F-stable Levi subgroup of G and A € Irr(LF). Let
Lo = LN|[G, G] and let Ay be an irreducible constituent ofResii()\). Lete > 1.
Then (L, L) is an e-Jordan-cuspidal pair for G if and only if (Lg, )»0()) is an e-Jordan-
cuspidal pair for |G, G].

Proof. Note that L is e-split in G if and only if L is e-split in Go. Let ¢ : G — G
be a regular embedding. It is shown in the proof of [Cabanes and Enguehard 1999,
Proposition 1. 10] that condition (J) with respect to G is equivalent to condition (J)
with respect to G. Since : restricts to a regular embeddmg [G, G] — G, the same
argument shows that condition (J) with respect to G is equivalent to that condition
with respect to [G, G]. O
Proposition 2.4. Let s € G*F be semisimple, and G, < G an F-stable Levi
subgroup with G containing Cg+(s). For (Li, A1) an e-Jordan-cuspidal pair
of G| below £(GF | s) define L := Cg(Z°(L).) and A := eLeL,R,I:I(M). Then
Z°(L1)e = Z°(L), and (L1, A1) — (L, A) defines a bijection \I!gl between the set
of e-Jordan-cuspidal pairs of G below E(GT', s) and the set of e-Jordan-cuspidal
pairs of G below £(GF, s).
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We note that the character A and hence the bijection \Ilg , above are independent
of the choice of parabolic subgroup. This is explained in the proof below.

Proof. We first show that \Ing is well-defined. Let (L, A;) be e-Jordan-cuspidal
in G| below (G, 5),s05 € L7. Then L* := Cg+(Z°(L7).) clearly is an e-split
Levi subgroup of G*. Moreover we have

L= CGT(ZO(LT)K) =Cg+(Z°(L))e) NG = L*NGF.
Now s € L7 by assumption, so
Li=L"NG| > L*"NCg+(s) =Cr=(s).

In particular, L} and L* have a maximal torus in common, so L7 is a Levi subgroup
of L*. Thus, passing to duals, L is a Levi subgroup of L = Cg(Z°(L1).).

We clearly have Z°(L), < Z°(L),. For the reverse inclusion, observe that
Z°(L), < Ly, as L is a Levi subgroup in L, so indeed Z°(L), < Z°(L)e,.

Hence by [Digne and Michel 1991, Theorem 13.25], A := €L€L1R]Ijl (Ay) 1s
irreducible since, as we saw above, L] > Cp«(s). By [Digne and Michel 1991,
Remark 13.28], A is independent of the choice of parabolic subgroup of L containing
L, as Levi subgroup. Let’s argue that A is e-Jordan-cuspidal. Indeed, for any F-
stable maximal torus 7 < L we have by the Mackey-formula (which holds as
one of the Levi subgroups is a maximal torus by a result of Deligne-Lusztig, see
[Bonnafé and Michel 2011, Theorem 2]) that erer,*Rf (A) = *RER[ (A1) is a
sum of L¥-conjugates of *R;‘I(M). As A1 is e-Jordan-cuspidal, this vanishes if
T, £ Z°(Ly). = Z°(L).. So X satisfies condition (U), hence is e-Jordan-cuspidal,
and \Ilgl is well-defined.

It is clearly injective, since if (L, L) = \Ifgl (L2, Ap) for some e-cuspidal pair
(L3, A2) of Gy, then Z°(L1), =Z°(L), = Z°(L3),, Wwhence L1 =Cg,(Z°(L1).) =
Cg,(Z°(L2),) = L1, and then the bijectivity of R,fl on (LT, s) shows that A1 = A,
as well.

We now construct an inverse map. For this, let (L, A) be an e-Jordan-cuspidal
pair of G below £(G¥, 5), and L* < G* dual to L. Set

L} = C61(Z°(L),) = Ce(Z°(L).) NG} = L*N G,
an e-split Levi subgroup of G}. Note that s € L*, so there exists some maximal
torus T* of G* with T* < Cg+(s) < G7, whence L7 is a Levi subgroup of L*. Now

again
LT =L*"NG] > L*NCg+(s) = Cr«(s).

So the dual L; := Cg,(Z°(L),) is a Levi subgroup of L such that €L1€LR1L4
preserves irreducibility on (LY, s). We define A; to be the unique constituent
of *Rfl (1) in the series E(LT, s). Then A, is e-Jordan-cuspidal. Indeed, for any
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F-stable maximal torus T' < L with T, £ Z°(L), = Z°(L). we get that *RIT‘l (A1)
is a constituent of *RE (1) = 0 by e-Jordan-cuspidality of A. Here note that the set
of constituents of *R;.' (), where 7 is a constituent of *RL (A) different from A, is
disjoint from the set of irreducible constituents of *R (kl)

Thus we have obtained a well-defined map *\IIG from e-Jordan-cuspidal pairs
in G to e-Jordan-cuspidal pairs in G|, both below the series s. As the map \IIG
preserves the e-part of the centre, *\IJG o \Ifg is the identity. It remains to prove
that \IJ(G; is surjective. For this, let (M ) be any e-Jordan-cuspidal pair of G
below S(GF s). let (L1, &) =*W§ (M, ) and (L, ») = W& (Ly, A1). Then we
have Z°(M), < Z°(L1). = ZO(L)m so L =Cg(Z°(L).) = CG(Z°(M) )=Mis
an e-split Levi subgroup of M. As L1 <L <M and ¢r,, eMRIZEJ1 is a bijection from
E(LE,s)to E(MF, s), it follows that e ey RM is a bijection between (LY, 5) and
E(MF,5). As A and u are e-Jordan-cuspidal, (J;) implies that Z°(M*), = Z°(L*),,
so M = L, thatis, (M, 1) is in the image of \I!gl. The proof is complete. O

The above bijection also preserves relative Weyl groups.

Lemma 2.5. In the situation and notation of Proposition 2.4 let (L,A) = \IJg 1(L1’ A).
Then NG{’(Ll, M) < Ngr(L, L) and this inclusion induces an isomorphism of
relative Weyl groups WGJIF (L1, 1) = Wgr(L, 1).

Proof. Let g € NGf (L1, A1). Then g normalises Z°(L), and hence also L =
Cg(Z°(Ly),). Thus,

$r=er e R}, (*A1) =€, €L RE, (M) =

and the first assertion follows.

For the second assertion, let g € Ngr(L, A) and let T be an F-stable maximal
torus of L and @ an irreducible character of T such that A; is a constituent of
RIT‘l (0). Since A € E(LT,s), (T, 0) corresponds via duality (between L and L)
to the LTF -class of s, and all constituents of RIT“ (@) are in E(LT, 5). Consequently,
Rli. induces a bijection between the set of constituents of RIT”(H) and the set
of constituents of R% (0). In particular, A is a constituent of R’T‘(G). Since g
stabilises A, A is also a constituent of R’gT(gG). Hence (T, 6) and 8(T, 0) are
geometrically conjugate in L. Let [ € L geometrically conjugate 4(T', 0) to (T, 9).
Since Cg+(s) < G7, we have Ig € G (see for instance [Kessar and Malle 2013,
Lemma 7.5]). Hence F(1)I~' = F(lg)(Ig) "' e G\NL=L,. By the Lang—Steinberg
theorem applied to L, there exists [ € L such that [/ € L. Also, since [ € G,
and g € G, l;lg € GI'. Thus, up to replacing g by /;/g, we may assume that
g€ Gf .

Since L1 = Cg,(Z°(L),), it follows that g € NGIF(Ll), and thus

€L1€LR£| ()\.1) =A=81= €L1€LR£1(g)‘l)-
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Since R,’jl induces a bijection between the set of characters in the geometric Lusztig
series of LIF corresponding to s (the union of series £(LY", t), where ¢ runs over the
semisimple elements of L’fF which are L-conjugate to s) and the set of characters
in the geometric Lusztig series of LY corresponding to s, it suffices to prove that
811 € S(Lf, t) for some ¢ € LTF which is LTF—conjugate tos. Let T, 0 and [
be as above. Since Ig € G| and g € G, it follows that/ € Gy N L = L;. Hence
8(T,0) and (T, 9) are geometrically conjugate in L. The claim follows as $1 is
a constituent of R 7(%0). O

e-Jordan-cuspidality and £-blocks. We next investigate the behaviour of £-blocks
with respect to the map \Ilg]. For this, let £ # p be a prime. We set

¢ ife£2,

:= order of dul
e¢(q) := order of g mo uo{4 ey

For a semisimple ¢'-element s of G*F', we denote by £ (G', s) the union of all
Lusztig series £(G', st), where t € G*I' is an £-element commuting with s. We
recall that the set £ (G, s) is a union of £-blocks. Further, if G| < G is an F-stable
Levi subgroup such that G} contains Cg+(s), then €g, € Rg1 induces a bijection,
which we refer to as the Jordan correspondence, between the £-blocks in £ (GF,s)
and the ¢-blocks in E(GF, s), see [Broué 1990, §2A].

Proposition 2.6. Let { # p be a prime, s € G*F' a semisimple ¢'-element and
G| < G an F-stable Levi subgroup with G containing Cg+(s). Assume that b is
an £-block in (G, s), and c its Jordan corresponding block in E(GT , s). Let
e:=-ep(q).
(a) Let (L, A1) be e-Jordan-cuspidal in G and set (L, )) = \Ing (L1, A1) If all
constituents of Rgl‘ (X1) lie in c, then all constituents of R,(j (A) lie in b.
(b) Let (L, A) be e-Jordan-cuspidal in G and set (L1, A1) = *\Ifgl (L, ™). If all
constituents of Rg (A) lie in b, then all constituents of Rlcil (M) liein c.

Proof. Note that the hypothesis of part (a) means that for any parabolic subgroup
P of G containing L; as Levi subgroup, all constituents of R[lels p(Ap) lieinc. A
similar remark applies to the conclusion, as well as to part (b).

For (a), note that by the definition of \Ilgl we have that all constituents of

eLeL, RY (3) = RE (\1) = RS R (1)

are contained in RG (c), hence in b by J ordan correspondence.

In (b), suppose that n is a constituent of R 1()\1) not lying in c. Then by Jordan
correspondence, RG (n) does not belong to b whence RG (A1) has a constituent
not lying in b, contradlctlng our assumption that all constltuents of RG r) =
RGRL (kl)_eLeLlR (A) are in b. [l
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e-quasicentrality. For a prime £ not dividing g, we denote by £(G', £') the set of
irreducible characters of G’ lying in a Lusztig series £(G', s), where s € G*F
is a semisimple £'-element. Recall from [Kessar and Malle 2013, Definition 2.4]
that a character x € £(GF, £') is said to be of central £-defect if the £-block of G
containing y has a central defect group and y is said to be of quasicentral {-defect
if some (and hence any) character of [G, G1F covered by x is of central ¢-defect.

Lemma 2.7. Let L be an F-stable Levi subgroup of G, and set Lo = LN [G, G].
Let € # p be a prime.

(a) If Lo = Cg,6)(Z(Lo){), then L = Cg(Z(L){).

(b) Let A € E(LF, ¢') and let Ay be an irreducible constituent of ResIL; (A). Then
0
Ao is of quasicentral C-defect if and only if A is of quasicentral £-defect.

Proof. Since G = Z°(G)[G, G] and Z°(G) < L, we have that L = Z°(G)Ly.
Hence if Lo = Cjg,61(Z(Lo)¥), then L = Cg(Z(Lo){) 2 C(Z(L)f) 2 L. This
proves (a). In (b), since A is in an £’-Lusztig series, the index in L of the stabiliser
in LT of A is prime to £ and on the other hand, A extends to a character of the
stabiliser in LY of Aq. Thus, A(1); = A¢(1),. Since [Lo, Ly] =[L, L], the assertion
follows by [Kessar and Malle 2013, Proposition 2.5(a)]. U

Remark 2.8. The converse of assertion (a) of Lemma 2.7 fails in general, even when
we restrict to ey (g)-split Levi subgroups: let £ be odd and G = GL; with F such that
G =GL(q) with £] (¢ —1). Let L a 1-split Levi subgroup of type GL,_; x GL.
Then Z(L)! = Cy x C; and L = Cg(Z(L)}). But Z(Lo)f = C, = Z([G, G))f,
hence Cig,61(Z(Lo)!) =[G, G].

One might hope for further good properties of the bijection of Proposition 2.6
with respect to (quasi-)centrality. In this direction, we observe the following:
Lemma 2.9. In the situation of Proposition 2.4, if (L, A) is of central {-defect
for a prime £ with e;(q) = e, then so is (L, ;) = *\I-’g1 (L, ), and we have
Z(L)E =z}

Proof. By assumption, we have that A(1), = L : Z(L)F|,. Now Z(L) lies in
every maximal torus of L, hence in L, so we have that Z(L)f < Z(Ll)g. As
A= eLleLRfl (A1), we obtain A(1)y = Ay (1) LT : Lf|g, whence

M =r() LT LT |7V = LT |1 Zz()F |t = (LY - Z(Ly)F .

But clearly A1(1), < |L{ : Z(L1)*|¢, so we have equality throughout, as claimed.
O

Example 2.10. The converse of Lemma 2.9 does not hold in general. To see this,
let G = PGL, with GF = PGL, (9), L = G, and G| < G an F-stable maximal
torus such that GlF is a Coxeter torus of G, of order ®,. Assume that £ | (¢ — 1)
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(so e =1). Then L; = G;. Here, any 1| € Irr(Lf) is e-(Jordan-)cuspidal, and
certainly of central ¢-defect, and |Z (Ll){ | = (®y¢)¢ = £ for £ > 3, while clearly
Z(L)} = Z(G)[ = 1. Furthermore

D =r (DL L{1e = [L" : L{]e,
since A; is linear. Since |Z(L)|, =1 and |Lf|g > 1, it follows that
MDY Z(LD)Ne < IL e,
hence X is not of central £-defect (and not even of quasicentral £-defect).

Example 2.11. We also recall that e-(Jordan-)cuspidal characters are not always of
central £-defect, even when £ is a good prime: let G = SL;2(q) with £ | (g — 1),
s0 e = 1. Then for T a Coxeter torus and @ € Irr(T¥) in general position, Rg ) is
e-(Jordan-) cuspidal but not of quasicentral £-defect.

For the next definition note that the property of being of (quasi)-central £-defect
is invariant under automorphisms of G*'.

Definition 2.12. Let £ # p be a prime and e = e;(q). A character x € £(G*, ¢')
is called e-Jordan quasicentral cuspidal if x is e-Jordan cuspidal and the Cg«(s)’ -
orbit of unipotent characters of C,(s)” which corresponds to x under Jordan
decomposition consists of characters of quasicentral £-defect, where s € G*F
is a semisimple ¢’-element such that x € £(G*,s). An e-Jordan quasicentral
cuspidal pair of G is a pair (L, A) such that L is an e-split Levi subgroup of G
and A € E(LF, ¢') is an e-Jordan quasicentral cuspidal character of L.

We note that the set of e-Jordan quasicentral cuspidal pairs of G is closed
under G -conjugation. Also, note that Lemma 2.3 remains true upon replacing the
e-Jordan-cuspidal property by the e-Jordan quasicentral cuspidal property. This
is because, with the notation of Lemma 2.3, the orbit of unipotent characters
corresponding to A under Jordan decomposition is a subset of the orbit of unipotent
characters corresponding to Ao under Jordan decomposition. Finally we note that
the bijection \Ilgl of Proposition 2.6 preserves e-quasicentrality since, with the
notation of the proposition, A; and A correspond to the same orbit of unipotent
characters under Jordan decomposition.

3. Lusztig induction and £-blocks

Here we prove our main results on the parametrisation of ¢-blocks in terms of
e-Harish-Chandra series, in arbitrary Levi subgroups of simple groups of simply
connected type. As in Section 2, £ # p will be prime numbers, g a power of p and

e=eu(q).
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Preservation of £-blocks by Lusztig induction. We first extend [Cabanes and En-
guehard 1999, Theorem 2.5]. The proof will require three auxiliary results:

Lemma 3.1. Let G be connected reductive with a Frobenius endomorphism F
endowing G with an [F,-rational structure. Let M be an e-split Levi of G' and c an
¢-block of M*. Suppose that

(1) the set {dl'MF (W) | neIrr(c) NEMPE, £} is linearly independent; and
(2) there exists a subgroup Z < Z(M)[ and a block d of Cg; (Z)F such that all

irreducible constituents of RC (,u) where p € Irr(c) NEMF , £, lie in the
block d.

Then there exists a block b of G* such that all irreducible constituents of RS, ar (),
where € Irr(c) NE(MF, £, lie in the block b.

Proof. We adapt the argument of [Kessar and Malle 2013, Proposition 2.16]. Let
x € Irr(GF, ¢') be such that (R (1), x) # 0 for some u € Irr(c) N EMF, ).
Then {u, *RAG,I( x)) # 0. In particular, c. *Rfl (x) # 0. All constituents of *RG (x)
lie in 8(MF £"), so by assumption (1) it follows that arm’ (c. *Rfl (x)) #0. Smce
darm’ (c. *R1(|;/1 (x)) vanishes on ¢-singular elements of M, we have that

(d"M" (R (0), ¢ RGGO) = (@M (. RG G0, d "M (¢ *RG (x))) #0.

If ¢ and ¢’ are irreducible ¢-Brauer characters of M’ lying in different £-blocks
of M¥, then (p, ¢') = 0 (see for instance [Nagao and Tsushima 1989, Chapter 3,
Exercise 6.20(ii)]). Thus,

F F F
(@M (R 00, ¢ Ry O0) = (d"M (e Ry (x0), d" M (¢ Ry (0) =
for all blocks ¢’ of MF different from c. So, (d'"M" (c. *Rf,,( X)), RS (x)) #0 from
which it follows that (d"M" (1), *R$ (x)) # 0 for some p' € Irr(c) NEMF, ¢').
Continuing as in the proof of [Kessar and Malle 2013, Proposition 2.12] gives
the required result. Note that condition (1) of this proposition is not necessarily met

as stated, since u’ may be different from w. However, u and u are in the same
block of M* which is sufficient to obtain the conclusion of the lemma. U

Lemma 3.2. Let G be connected reductive with a Frobenius endomorphism F.
Suppose that G has connected centre and |G, G] is simply connected. Let G = XY
such that either X is an F-stable product of components of [G, G] and Y is the
product of the remaining components with Z(G), or vice versa. Suppose further
that G¥ ) X¥YT is an €-group. Let N be an F-stable Levi subgroup of Y and set
M = XN. Let c be an £-block of M* and let ¢’ be an €-block of N¥ covered by c.
Suppose that there exists a block b’ of YT such that every irreducible constituent of
R}\’,(r) where T € Irr(c)) NE(NT, 0') lies in b'. Then there exists a block b of G
such that every irreducible constituent of Rfl (n) where € Irr(c) NEMFE | ) lies
in b.
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Proof. We will use the extension of Lusztig induction to certain disconnected groups
as in [Cabanes and Enguehard 1999, Section 1.1]. Let

Go=1G,G]=[X,X]x[Y,Y],
My=GoNM=[X,X]x(Y,Y]NN).

Then, Gg Cc XfyFf and M(f C XFNF. Let T be an F-stable maximal torus of
M. Since G and hence also M has connected centre, M = M, FTF and GF =

G T . Further, A:=X Y NTF =X NFNTF and XFYF = GFA =(GoA)",
XFNF MFA (MyA)F. As in [Cabanes and Enguehard 1999 Section 1.1],
we denote by E(XTYFE, ¢ the set of irreducible characters of X7'Y* that appear
in the restriction of elements of £(GF, ¢') to XFYF.

Let x € £(GF, ¢). Since GF /XFYF is an £-group, by [Cabanes and Enguehard
1999, Proposition 1.3(i)], Resgiw (x) is irreducible. Now if x’ € Irr(GF) has
the same restriction to XFY¥ as x, then again since G¥/XFY¥ is an ¢-group,
either x' = x or x’ ¢ E(GF, £'). In other words, the restriction from ZE(G, ¢')
to ZE(XFYF ') is a bijection. Similarly, the restriction from ZE(M¥,¢') to
ZE(XFNT ¢') is a bijection.

In particular, every block of G covers a unique block of X Y. Since GF/ X YT
is an £-group, there is a bijection (through covering) between the set of blocks
of G and the set of blocks of XY ¥. Hence, by the injectivity of restriction
from ZE(GF, ¢') to ZE(XFYF, ¢'), it suffices to prove that there is a block b of
XFYF such that every irreducible constituent of ResS ﬁ(u) as (L ranges over
Irr(c) NEMT, ¢ lies in by.

Following [Cabanes and Enguehard 1999 Section 1.1], we have Res¢ ¥ FYF Rfl =

f,,%ﬁRes xryr on Irr(M £y (where here R A is Lusztig induction in the discon-
nected setting). Thus, it suffices to prove that there is a block by of XY F
such that every irreducible constituent of Rﬁ%ﬁResl)‘(’I: (1) as pu ranges over
Irr(c) NE(MT , ¢') is contained in by.

By the above arguments applied to M” and X* N, there is a unique block
co of X¥ N covered by c. The surjectivity of restriction from ZE(MT, ¢) to
ZE(XFNT, ¢') implies that it suffices to prove that there is a block by of XY F
such that every irreducible constituent of Rz?q?)fx (w) for n € Irr(co) NEXFNE, £)
is contained in by.

The group 7 :={(x,x ) |x € X NYF} < X x Y is the kernel of the multi-
plication map X* x Y — XFY¥ . Identifying XY ¥ with X¥ x YF /I through
multiplication, Irr(XFY F') is the subset of Irr(X ¥ x Y ¥) consisting of characters
whose kernel contains /. Since X" NYF < XNY < Z(G) <M, I is also the kernel
of the multiplication map X7 x N¥ — XF N’ and we may identify Irr(XFY ")
with the subset of Irr(X ¥ x NT) consisting of characters whose kernel contains /.

XFyYyF



280 RADHA KESSAR AND GUNTER MALLE

Any parabolic subgroup of G containing M as Levi subgroup is of the form
[X, X]P, where P is a parabolic subgroup of [Y, Y] containing NN[Y, Y] as Levi
subgroup. Let U := R, (X P) = R,(P) <[Y, Y] and denote by £~ (U) the inverse
image of U under the Lang map G — G given by g — g~ F(g).

The Deligne-Lusztig variety associated to Rﬁ%ﬁ (with respect to X P) is

LY U)NGyA.
Since T' = (T N My)Z(G), U is normalised by T and in particular by A. Hence,
L7NUYNGoA= (L N U)ING)A=[X, X177 ' (U)N[Y,Y]A
=X, X1 AnXxHc ' o)n[y, YDANYH).
For the last equality, note that
A=X'Y'NnT=X"'nTH)@"'NnT)=X"NnAYTNA).

Now, L~'U)NY = (L~ (WU) N [Y,Y]SF for any F-stable maximal torus S
of Y. Applying this with § = T NY, we have LN, YDANYFH) =
L~ U)NY. Also, [X, X1F(ANXT)=XF. Altogether this gives L~ (U)NGyA =
XF(L7YU)NY). Further, L1 (U) NY is the variety underlying RY, (with respect
to the parabolic subgroup P Z(G)). Hence, for any 7y € Irr(XF), 7p € Irr(Y F) such
that 7 is in the kernel of 1,12, we have

G
Ry (1im) = 1 R} ().

Further, 17, € E(XF N, ¢') if and only if 71 € (X, ¢') and 1, € E(NT, /).

To conclude note that ¢’ is the unique block of N¥ covered by cq and ¢y = d¢’,
where d is a block X7. Let b be the block of Y7 in the hypothesis. Then, setting
by = db’ gives the desired result. U

We will also make use of the following well-known extension of [Enguehard
2008, Proposition 1.5].

Lemma 3.3. Suppose that q is odd. Let G be connected reductive with a Frobenius
endomorphism F. Suppose that all components of G are of classical type A, B, C
or D and that Z(G)/Z°(G) is a 2-group. Let s € G*I' be semisimple of odd order.
Then all elements of E(GF, 5) lie in the same 2-block of G

Proof. Since s has odd order and Z(G)/Z°(G) is a 2-group, Cg=(s) is connected.
On the other hand, since all components of G* are of classical type and s has odd
order, Cg.(s) is a Levi subgroup of G. Thus, Cg+(s) is a Levi subgroup of G*
and by Jordan correspondence the set of 2-blocks of G which contain a character
of £(GT, 5) is in bijection with the set of unipotent 2-blocks of C¥', where C is a
Levi subgroup of G in duality with Cg=(s). Since all components of C are also of
classical type, the claim follows by [Enguehard 2008, Proposition 1.5(a)]. U
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We now have the following extension of [Cabanes and Enguehard 1999, Theorem
2.5] to all primes.

Theorem 3.4. Let H be a simple algebraic group of simply connected type with a
Frobenius endomorphism F : H — H endowing H with an F,-rational structure.
Let G be an F-stable Levi subgroup of H. Let £ be a prime not dividing q and
set e = ey(q). Let M be an e-split Levi subgroup of G and let ¢ be a block of M .
Then there exists a block b of G such that every irreducible constituent of Rf,, (n)
for every u € Irr(c) NEMPF , ¢') lies in b.

Proof. Let dim(G) be minimal such that the claim of the theorem does not hold. Let
s € M*F be a semisimple ¢'-element with Irr(c) NE(M ¥, €'y C E(MF | 5). Then all
irreducible constituents of RS (1) where pu € Trr(c) NEMF, £) are in E(GF, 5).

First suppose that s is not quasi-isolated and let G| be a proper F-stable Levi
subgroup of G whose dual contains Cg+(s). Let M™* be a Levi subgroup of G* in du-
ality with M and set M| =C G (Z°(M*),). Then, as in the proof of Proposition 2.4,
M7 is an e-split Levi subgroup of G7 and letting M be the dual of M} in G, M,
is an e-split Levi subgroup of Gi. Further, M} > Cp+(s). Hence there exists a
unique block say ¢ of M{ such that Irr(c;) NEMT, ¢y CEM, 5) and such that
c1 and ¢ are Jordan corresponding blocks.

By induction our claim holds for G and the block c; of M. Let b; be the block of
G such that every irreducible constituent of Rf,,ll (w) where € Irr(c))NEMFE , )
lies in b1 and let b be the Jordan correspondent of b; in GF.

Now let u € Irr(c) NE(MF, 5) and let x be an irreducible constituent of Rf,, ().
Let 1 be the unique character in Irr(MF, s) with p = :I:Rf“ll1 (u1). Then, u; €
Irr(cq) and

Ri; (1) = R (R}, (1) = RG, (Ry (11)).

All irreducible constituents of Rl(‘;‘l (1) lie in by. Hence, by the above equation and
by the Jordan decomposition of blocks, x lies in b, a contradiction.

So, we may assume from now on that s is quasi-isolated in G*. By [Cabanes
and Enguehard 1999, Theorem 2.5], we may assume that £ is bad for G and hence
for H. So H is not of type A. If H is of type B, C or D, then £ =2 and we have a
contradiction by Lemma 3.3.

Thus H is of exceptional type. Suppose that s = 1. By [Broué et al. 1993,
Theorem 3.2] G* satisfies an e-Harish-Chandra theory above each unipotent e-
cuspidal pair (L, A) and by [Enguehard 2000, Theorems A and A.bis], all irreducible
constituents of R? () lie in the same £-block of GF.

So we may assume that s = 1. We consider the case that G = H. Then by
[Kessar and Malle 2013, Theorem 1.4], G satisfies an e-Harish-Chandra theory
above each e-cuspidal pair (L, A) below £(G*, s) and by [Kessar and Malle 2013,
Theorem 1.2], all irreducible constituents of Rf () lie in the same ¢-block of GF'.
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So, we may assume that G is proper in H. If H is of type G,, F4 or Eg, then
£ =2, all components of G are of classical type. For G, and F; we have that Z(H)
and therefore Z(G) is connected. If H is of type Eg, since 2 is bad for G, G has a
component of type D,, n > 4. By rank considerations, [G, G] is of type D4 or Ds.
Since |Z(H)/Z°(H)| =3 it follows again that Z(G) is connected. In either case
we get a contradiction by Lemma 3.3.

So, H is of type E7 or Eg. Since G is proper in H, 5 is good for G, hence £ =3
or 2. Also, we may assume that at least one of the two assumptions of Lemma 3.1
fails to hold for G, M and c.

Suppose that £ = 3. Since G is proper in H and 3 is bad for G, either [G, G]
is of type Eg, or H is of type Eg and [G, G] is of type E¢+ A; or of type E7. In
all cases, Z(G) is connected (note that if H is of type E7, then [G, G] is of type
E¢, whence the order of Z(G)/Z°(G) divides both 2 and 3). If G = M, there is
nothing to prove, so we may assume that M is proper in G. Let

C:=CyZM)E)>M.

We claim that there is a block, say d, of C such that for all e Irr(c)NE(M | £'),
every irreducible constituent of Rf,, (w) lies in d. Indeed, since M is proper in G
and since Z(G) is connected, by [Cabanes and Enguehard 1993, Proposition 2.1]
C is proper in G. Also, by direct calculation either C is a Levi subgroup of G or 3
is good for C. In the first case, the claim follows by the inductive hypothesis since
M is also e-splitin C. In the second case, we are done by [Cabanes and Enguehard
1999, Theorem 2.5].

Thus, we may assume that assumption (1) of Lemma 3.1 does not hold. Hence,
by [Cabanes and Enguehard 1999, Theorem 1.7], 3 is bad for M. Consequently,
M has a component of nonclassical type. Since M is proper in G, this means that
[G, G]isof type E¢+ A or of type E7 and [M, M] is of type E¢. Suppose [G, G]
is of type E¢+ Aj. Since [M, M] is of type Eg, and since 3 is good for groups of
type A, the result follows from Lemma 3.2, applied with X being the component
of G of type Eg, and [ibid., Theorem 2.5].

So we have [G, G] of type E7 and [M, M] of type Es. Suppose that s is not
quasi-isolated in M*. Then c is in Jordan correspondence with a block, say ¢’ of a
proper F-stable Levi subgroup, say M’ of M. The prime 3 is good for any proper
Levi subgroup of M, hence by [ibid., Theorem 1.7] condition (1) of Lemma 3.1
holds for the group M’ and the block ¢’. By Jordan decomposition of blocks, this
condition also holds for M and c, a contradiction. So, s is quasi-isolated in M*.
Since as pointed out above, G has connected centre, so does M whence s is isolated
in M*. Also, note that since s is also quasi-isolated in G*, by the same reasoning s
is isolated in G*. Inspection shows that the only possible case for this is when s has
order three with Cg=(s) of type As+ Az, Cp=(s) of type 3A,. Since s is supposed
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to be a 3’-element, this case does not arise here.

Now suppose that £ =2. Since Z(H)/Z°(H) has order dividing 2, by Lemma 3.3
we may assume that G has at least one nonclassical component, that is we are in one
of the cases [G, G] = E¢, or H = Eg and [G, G] = Eq+ A or E7. Again, in all
cases, Z(G) is connected and consequently Cg+(s) is connected and s is isolated.

Suppose first that [G, G] = E7. We claim that all elements of & (GF, s) lie
in the same 2-block. Indeed, let s be the image of s under the surjective map
G* — [G, G]* induced by the regular embedding of [G, G] in G. By [Kessar and
Malle 2013, Table 4], all elements of £([G, G]7, ) lie in the same 2-block, say d
of [G, G]F. So, any block of G’ which contains a character in £(G*, s) covers d.
By general block theoretical reasons, there are at most |G’ /[G, G |» 2-blocks of
G' covering a given d. Now since s is a 2'-element, Ci6.61+(5) is connected. Thus,
if © € £(G, G1F, 5), then there are |GF /[G, G]¥ |, different 2'-Lusztig series of
G’ containing an irreducible character covering . Since characters in different
2/-Lusztig series lie in different 2-blocks, the claim follows.

By the claim above, we may assume that either [G, G] = Eg or [G, G] = Eg+A|.
Since s is isolated of odd order in G*, by [Kessar and Malle 2013, Table 1] all
components of Cg=(s) are of type A or A;. Consequently, all components of
Cy-+(s) are of type A. Suppose first that M has a nonclassical component. Then
[M, M]is of type Eg, and [G, G] = Eg+ A;. This may be ruled out by Lemma 3.2,
applied with X equal to the product of the component of type E¢ with Z(G) and Y
equal to the component of type Aj.

So finally suppose that all components of M are of classical type. Then, Cps+(s) =
Cjy+(s) is a Levi subgroup of M with all components of type A. Hence, the first
hypothesis of Lemma 3.1 holds by the Jordan decomposition of blocks and [Cabanes
and Enguehard 1999, Theorem 1.7]. So, we may assume that the second hypothesis
of Lemma 3.1 does not hold. Let

C:=Cg(Z(MF)y).

Since M is a proper e-split Levi subgroup of G, and since Z(G) is connected, by
[Cabanes and Enguehard 1993, Proposition 2.1] C is proper in G. By induction,
we may assume that C is not a Levi subgroup of G. In particular, the intersection
of C with the component of type Eg of G is proper in that component and hence
all components of C are of type A or D. If all components of C are of type A, then
2 is good for C and the second hypothesis of Lemma 3.1 holds by [Cabanes and
Enguehard 1999, Theorem 2.5]. Thus we may assume that C has a component of
type D. Since all components of C are classical, by Lemma 3.3, we may assume
that Z(C)/Z°(C) is not a 2-group and consequently C has a component of type
Ay, with n =2 (mod 3). But by the Borel-de Siebenthal algorithm, a group of type
E¢ has no subsystem subgroup of type D,, + A, withn > 1 and m > 4. U
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Characters in £-blocks. Using the results collected so far, it is now easy to charac-
terise all characters in ¢’-series inside a given £-block in terms of Lusztig induction.

Definition 3.5. As in [Cabanes and Enguehard 1999, Section 1.11] (see also [Broué
et al. 1993, Definition 3.1]) for e-split Levi subgroups M, M, of G and u; €
Irr(Ml.F), we write (M, 1) <. (M>, uy) if My < M, and ., is a constituent of
R%lz(m) (with respect to some parabolic subgroup of M, with Levi subgroup M).
We let <<, denote the transitive closure of the relation <,.

As pointed out in [Cabanes and Enguehard 1999, Section 1.11] it seems rea-
sonable to expect that the relations <, and <, coincide. While this is known to
hold for unipotent characters (see [Broué et al. 1993, Theorem 3.11]), it is open in
general.

We put ourselves in the situation and notation of Theorem A.

Theorem 3.6. Let b be an £-block of G and denote by L(b) the set of e-Jordan-
cuspidal pairs (L, 1) of G such that there is y € Irr(b) with (x, Rg (A))Y #0. Then

Irr()) NE(GT, ) = {x € E(G, )| I(L, 1) € L(b) with (L, ») <. (G, x)}.

Proof. Let b be as in the statement and first assume that y € Irr(b) N E (GF, 0.
If x is not e-Jordan-cuspidal, then it is not e-cuspidal, so there exists a proper
e-split Levi subgroup M| such that x occurs in Rl?/ll (1) for some pu; € EMFE, 0.
Thus inductively we obtain a chain of e-split Levi subgroups M, < ... < M| <
My, := G and characters u; € é’(MiF, £") (with po := x) such that (M,, u,) is
e-Jordan cuspidal and such that (M;, u;) <. (M;_1, ni—1) fori =1, ..., r, whence
(M, u,) <. (G, x). Let b, be the £-block of M,F containing u,. Now Theorem 3.4
yields that for each i there exists a block, say b;, of MiF such that all constituents
of RAA;:" (&) lie in b;_; for all ¢; € Irr(b;) NE(MF, ¢'). In particular, x lies in by,
S0 bg = b, and thus (M., i) € L(b).

For the reverse inclusion, let (L, ) € £(b) and x € Irr(GF, ¢) such that
(L, A) <. (G, x). Thus there exists a chain of e-split Levi subgroups L = M, <
...< My =G and characters u; € Irr(Ml.F) with (M;, ;) <. (M;_1, n;—1). Again,
an application of Theorem 3.4 allows us to conclude that x € Irr(b). (]

L-blocks and derived subgroups. In the following two results, which will be used
in showing that the map E in Theorem A is surjective, G is connected reductive
with Frobenius endomorphism F, and G := [G, G]. Here, in the cases that the
Mackey formula is not known to hold we assume that Rg? and Rf are with respect
to a choice of parabolic subgroups Py > Lg and P > L such that Pp = Gy N P.

Lemma 3.7. Let b be an {-block of G and let by be an £-block of Gg covered
by b. Let L be an F-stable Levi subgroup of G, Lo = L N\ Gq and let Ay € Irr(Lg).
Suppose that every irreducible constituent of Rf(? (o) is contained in by. Then
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there exists A € Irr(LT) and x € Irr(b) such that Lo is an irreducible constituent of
F
ResIL‘ F (X) and x is an irreducible constituent of Rf (A).

Proof. Since G = Z°(G)Gy, by [Bonnafé 2006, Proposition 10.10] we have that
F
RGIndL (ko) = Indg R{° (1)

Note that the result in [Bonnafé 2006] is only stated for the case that G has connected
centre but the proof does not use this hypothesis. The right hand side of the above
equality evaluated at 1 is nonzero. Let x’ € Irr(G”) be a constituent of the left
hand side of the equality. There ex1sts NS Irr(LF ) and yq in Irr(GF ) such that X is
an irreducible constituent of Ind L (ko) x' is an irreducible constituent of RG(A)
X0 18 an irreducible constituent of R 0()\0) and yx’ is an irreducible constituent of
Ind¢ Gt F( X0). Since xg € Irr(bg), x hes in a block, say b, of G which covers by.
Since b also covers bo and since G* / G is abelian, there exists a linear character,
say 0 of GF /GE such that b =b'®6 (see [Kessar and Malle 2013, Lemma 2.2]).
Now the result follows from [Bonnafé 2006, Proposition 10.11] with x = x’®6. O

Lemma 3.8. Let b be an £-block of GF and let L be an F-stable Levi subgroup of
G and ) € Irr(LF) such that every irreducible constituent of RG (A) is contamed inb.
Let Lo = LN Ggyand let Ao € Irr(LF) be an irreducible constituent ofResLF()\)
Then there exists an £-block by of GF covered by b and an irreducible character X0

of G0 in the block by such that x is a constituent of R L(()) (Ap).

Proof. Arguing as in the proof of Lemma 3.7, there exist x € Irr(G"), )J elrr(LF)
and o in Irr([G, G1F) such that A’ is an irreducible constituent of Indf LE (AO) X is
an irreducible constituent of RG(A ), Xo s an irreducible constituent of R G G]()\, )
and x is an irreducible constituent of Ind[G Gl ~(x0). Now, A =0\ for some
linear character 6 of L/ LF By [Bonnafé 2006, Proposition 10.11], 6 ® x is an
irreducible constituent of RG(A) and hence 0 ® x € Irr(b). Further, 6 ® x is also a

constituent of Ind[GF GIF (x0), hence b covers the block of [G, G]F containing xo. U

Unique maximal abelian normal subgroups. A crucial ingredient for proving in-
jectivity of the map in parts (d) and (e) of Theorem A is a property related to the
nonfailure of factorisation phenomenon of finite group theory, which holds for the
defect groups of many blocks of finite groups of Lie type and which was highlighted
by Cabanes [1994]: for a prime ¢, an £-group is said to be Cabanes if it has a
unique maximal abelian normal subgroup.

Now first consider the following setting: let G be connected reductive. For
i =1,2, let L; be an F-stable Levi subgroup of G with A; € €(Lf, £"), and let
u; denote the ¢-block of LIF containing ;. Suppose that Cg(Z (LI.F )¢) = L; and
that A; is of quasicentral £-defect. Then by [Kessar and Malle 2013, Propositions
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2.12, 2.13, 2.16] there exists a block b; of G* such that all irreducible characters
of Rﬁ_ (A;) lie in b; and (Z(LF)¢, u;) is a b;-Brauer pair.

Lemma 3.9. In the above situation, assume further that for i = 1, 2 there exists a
maximal b;-Brauer pair (P;, c¢;) such that (Z(Lf)g, u;) <(P;, c;), and such that P;
is Cabanes with Z(LZF )¢ as the unique maximal abelian normal subgroup of P;. If
by = b; then the pairs (L1, A1) and (L, Ay) are GF-conjugate.

Proof. Suppose that by = b,. Since maximal b;-Brauer pairs are G’ -conjugate,
it follows that g(Z(Lf)g, uz) < 8(Py, c3) = (Py, 1) for some g € G''. By trans-
port of structure, §Z (Lg )¢ is a maximal normal abelian subgroup of P;, hence
$Z(LY)¢ = Z(LT),. By the uniqueness of inclusion of Brauer pairs it follows that
8(Z(L5)¢, u2)=(Z(L1)} , uy). Since L; =Cg(Z(LF),), this means that $L,=L.
Further, since A; is of quasicentral £-defect, by [Kessar and Malle 2013, Proposition
2.5(f)], A; is the unique element of E(Lf, £ NIrr(u;). Thus 8uy = uy implies that
8 > = Ay and (Lq, A1) and (L, Ay) are GF—Conjugate as required. O

By the proof of Theorems 4.1 and 4.2 of [Cabanes and Enguehard 1999] we also
have:

Proposition 3.10. Let G be connected reductive with simply connected derived
subgroup. Suppose that £ > 3 is good for G, and £ # 3 if GT has a factor 3D4(q).
Let b be an £-block of G* such that the defect groups of b are Cabanes. If (L, 1) and
(L', \) are e-Jordan-cuspidal pairs of G such that . € E(LF ¢, ) € E(L'F, ¢)
with bgr(L,\) =b =bgr (L', '), then (L, ») and (L', )) are G* -conjugate.

Proof. This is essentially contained in Section 4 of [Cabanes and Enguehard 1999];
all references in this proof are to this paper. Indeed, let (L, A) be an e-Jordan-
cuspidal pair of G such that A € E(LT, ¢'). Let T*, T, K = C%(Z(L)f), K* M
and M™ be as in the notation before Lemma 4.4. Let Z = Z(M) 5 and let Ag and
Ay be as in Definition 4.6, with A replacing ¢. Then Z < T and by Lemma 4.8,
M = C(Z). The simply connected hypothesis and the restrictions on £ imply that
Ce(2)=Cg(Z)=M. Letbz = l;Z be the ¢-block of M ¥ containing A,;. Then by
Lemma 4.13, (Z, by) is a self centralising Brauer pair and (1, bgr (L, 1)) <(Z, bz).
Further, by Lemma 4.16 there exists a maximal b-Brauer pair (D, bp) such that
(Z,bz) < (D, bp), Zisnormal in D and Cp(Z) = Z. Note that the first three con-
clusions of Lemma 4.16 hold under the conditions we have on £ (it is only the fourth
conclusion which requires £ € I' (G, F)). By Lemma 4.10 and its proof, we also have

(1, bgr (L, 2) < (Z(L); . bgr (L, 1)) < (Z, bz).
Suppose that N is a proper e-split Levi subgroup of G containing C¢(z) = Cg(2)

for some 1 #z € Z(D)G,N Gp. Then N contains L, M and Z by Lemma 4.15(b).
Since L N Gp = K N Gp by Lemma 4.4(iii), it follows that N also contains K and
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K = Cn(Z(LF)). Thus, replacing G with N in Lemma 4.13 we get that
(1, byr(L, 1)) < (Z(L){ ,bgr(L, 1)) < (D, bp).

Let (L', 1) be another e-Jordan-cuspidal pair of G with A’ € (L'F, ¢') such
that bgr(L,A) =b = bgr(L’,)"). Denote by K', M’, D’ etc. the corresponding
groups and characters for (L', 1'). Up to replacing by a G/ -conjugate, we may
assume that (D', bp) = (D, bp).

Suppose first that there isa 1 #z € Z(D)G, N Gp. By Lemma 4.15(b), there is a
proper e-split Levi subgroup N containing C(z). Moreover, N contains D, L', M,
K’ and G, and we also have

(1, byr (L', 3)) < (Z(LN{ , byr (L' 1)) < (D, bp).
By the uniqueness of inclusion of Brauer pairs it follows that by (L, ) =byr (L, 1).
Also D is a defect group of byr (L, A). Thus, in this case we are done by induction.
So, we may assume that Z(D) < G, hence D < G,. From here on, the proof of

Lemma 4.17 goes through without change, the only property that is used being that
Z is the unique maximal abelian normal subgroup of D. U

We will also need the following observation:

Lemma 3.11. Let P = P} x P, where P and P, are Cabanes. Suppose that Py is
a normal subgroup of P such that w;(Py) = P;,i = 1,2, where it; : Py X P, > P,
denote the projection maps. Then Py is Cabanes with maximal normal abelian
subgroup (A1 x Ap) N Py, where A; is the unique maximal normal abelian subgroup
of Pi,i=1,2.

Proof. Let A= A| x A,. The group AN Py is abelian and normal in Py. Let S be a
normal abelian subgroup of Py. Since m;(Py) = P;, m;(S) is normal in P; and since
S is abelian, so is m;(S). Thus, m;(S) is a normal abelian subgroup of P; and is
therefore contained in A;. So, S < (m1(S) X1 (S))NPy < (A1 xA))NPy=ANP,
and the result is proved. U

Linear and unitary groups at £ = 3. The following will be instrumental in the
proof of statement (e) of Theorem A.

Lemma 3.12. Let g be a prime power such that 3 | (¢ — 1) (respectively 3 | (g + 1)).
Let G = SL,,(q) (respectively SU,(q)) and let P be a Sylow 3-subgroup of G. Then
P is Cabanes unless n =3 and 3 | (g — 1) (respectively 3 || (g + 1)). In particular,
if P is not Cabanes, then P is extra-special of order 277 and exponent 3. In this case
N¢ (P) acts transitively on the set of subgroups of order 9 of P.

Proof. Embed P <SL,(g) <GL,(g). A Sylow 3-subgroup of GL,(¢) is contained
in the normaliser C,_1:&,, of a maximally split torus. According to [Cabanes 1994,
Lemme 4.1], the only case in which &,, has a quadratic element on (C ;‘_1 )3NSL, (q)
is when n =3 and 3 || (g — 1). If there is no quadratic element in this action, then
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P is Cabanes by [Cabanes 1994, Proposition 2.3]. In the case of SU,,(¢), the same
argument applies with the normaliser C,41:S,, of a Sylow 2-torus inside GU, (g).

Now assume we are in the exceptional case. Clearly |P| = 27. Let P;, P, < P
be subgroups of order 9, and let u; € P; be noncentral. Then u; is G-conjugate
to diag(1, ¢, ¢?), where ¢ is a primitive 3rd-root of unity in F, (respectively [F,2).
In particular, there exists g € G such that $u; =uy. Let " : G — G/Z(G) denote
the canonical map. Then £(it;) = ii». Since the Sylow 3-subgroup P of G is
abelian, there exists h € NG(P) with h(ul) =iiy. Then h € Ng(P) and "P, = P,
as Pl' = (Z(G), ui). O

Lemma 3.13. Suppose that 3 | n and 3 || (g — 1) (respectively 3 | (g + 1)). Let
G = GL,, G = SL, and suppose that GF = GL, (g) (respectively GU, (q)). Let
s be a semisimple 3'-element of G such that a Sylow 3-subgroup D of Cgr(s)
is extra-special of order 27 and let Py, P, < D have order 9. There exists g €
Ngr(D)NCgr(Cgr (D)) such that 8§ Py = P,.

Proof. Setd = 5. Identify G with the group of linear transformations of an n-
dimensional [ -vector space V with chosen basis {e; , | 1 <i <d, 1 <r < 3}. For
g€ G write a(g);,r, j,s for the coefficient of ¢; , in g(e; ;). Let w € G be defined
byw(e,r)_el+1r, 1<i<d,1<r<3.Forl<i<dletV; be the span of
{ei1,ein, e 3} and G = GL(V;) considered as a subgroup of G through the direct
sum decomposition V =, _; ., Vi

Up to conjugation in G We_ruay assume F = ad,, o Fy, where Fy is the standard
Frobenius morphism which raises every matrix entry to its g-th power in the linear
case, respectively the composition of the latter by the transpose inverse map in the
unitary case. Note that then each Gl- 1s Fy-stable.

Thus, given the hypothesis on the structure of D, we may assume the follow-
ing up to conjugation: s has d distinct eigenvalues 8y, ..., 8y with §;41 = 8q
(respectrvely J; ~9: V; is the §; elgenspace of s, and Cg(s) = ]_[l | G Further
F(Gl) = G;41 and denoting by A : G1 — ]_[ —1 G,, x> xF(x)--- FI=1(x), the
twisted diagonal map we have Cgr(s) = A(GF ). Here, GF Gf" is isomorphic
to either GL3 (qd ) or GU3 (qd ). Note that GUj; (qd) occurs only if d is odd.

Cons1der G Fo < G £ . Let U be the Sylow 3-subgroup of the diagonal matrices in
G of determlnant 1 and let o € G o e defined by oi(er)=er 41 forl <r <3.
Then D, :=(Uy, o1) is a Sylow 3- subgroup of G o Since by hypothesis the Sylow
3-subgroups of Cgr (s) have order 27, D := A(Dl) is a Sylow 3-subgroup of Cgr ()
with A(Uj) = U, elementary abelian of order 9. Note that A(oq)(e; ) = ;41 for
l1<i<dand1l<r <3.

Let¢ € Eq be a primitive third root of unity. Let #; € U; be such that u;(e; ) =
¢"ey,forl <r <3.Forl<r <3, let W, be the span of {e; ,, ..., eq,}. Then W,
is the ¢"-eigenspace of A(u;), whence
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C(D) < Cg(AWUN) = Ca(Aw) = [ GLW,).
1<r<3

Since A(o1)(W,) =W, 11, and A(oy) acts on Cg(A(Uy)), it follows that Cg (D) =
A’(GL(Wy)), where A" : GL(W;) = [, <, -3 GL(W,), x > x%x o’ x, is the twisted
diagonal. o

We claim that A(Gf“) centralises Cz(D). Indeed, note that g € A(Gf") if
and only if a(g);, js =0if i # j and a(g); s = a(F(’);l(g))Lr,l,s =a(g@)irl.s
for all i and all r, s. Also, h € Cg(D) if and only if a(h);,,js =0if r # s and
a(h)ir,jr=a(h);1, 1 foralli, j and all r. The claim follows from an easy matrix
multiplication.

Let H = [Gfo, Gf"] and note that D; < H. By Lemma 3.12 applied to H any
two subgroups of D; of order 9 are conjugate by an element of Ny (D). The
lemma follows from the claim above. U

Parametrising £-blocks. We can now prove our main theorem, Theorem A, which
we restate. Recall Definition 2.1 of e-Jordan (quasicentral) cuspidal pairs.

Theorem 3.14. Let H be a simple algebraic group of simply connected type with a
Frobenius endomorphism F : H — H endowing H with an F,-rational structure.
Let G be an F-stable Levi subgroup of H. Let € be a prime not dividing q and set

e=eu(q).
(a) For any e-Jordan-cuspidal pair (L, \) of G such that » € E(LY, '), there
exists a unique £-block bgr (L, 1) of GT' such that all irreducible constituents
of RE ()) lie in bgr (L, 1.).
(b) The map B : (L, A) > bgr(L, ) is a surjection from the set of G' -conjugacy
classes of e-Jordan-cuspidal pairs (L, 1) of G with . € E(LF, £) to the set of
2-blocks of GF.

(c) The map B restricts to a surjection from the set of G* -conjugacy classes of
e-Jordan quasicentral cuspidal pairs (L, 1) of G with . € E(LT, £') to the set
of £-blocks of GF.

(d) For £ > 3 the map E restricts to a bijection between the set of G -conjugacy

classes of e-Jordan quasicentral cuspidal pairs (L, 1) of G with » € E(LF | ¢')
and the set of £-blocks of G .

(e) The map B itself is bijective if £ > 3 is good for G, and moreover £ # 3 if G
has a factor *D4(q).

Remark 3.15. Note that (e) is best possible. See [Enguehard 2000; Kessar and
Malle 2013] for counterexamples to the conclusion for bad primes, and [Enguehard
2000, p. 348] for a counterexample in the case £ =3 and G =3D4(g). Counterex-
amples in the case £ = 2 and G of type A, occur in the following situation. Let
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G =SL,(g) with 4| (g +1). Then e = 2 and the unipotent 2-(Jordan-)cuspidal
pairs of G' correspond to 2-cores of partitions of n — 1 (see [Broué et al. 1993,
§3A]). On the other hand, by [Cabanes and Enguehard 1993, Theorem 13], G has
a unique unipotent 2-block.

Also, part (d) is best possible as the next example shows.

Example 3.16. Consider G = SL,, with n > 1 odd, G= GL,, and let GF =SL,(g)
be suchthatg =1 (mod n) and 4 | (g+1). Then for £ =2 we have e = e5(g) =2, and
[, contains a primitive n-th root of unity, say . Let s =diag(l1, ¢, ..., " e GHF
and let s be its image in G* = PGL,,. Then C¢.(s) is the maximal 1-torus consisting
of the image of the diagonal torus of G*. Thus, (Cg.(s))2 =1 = Z°(G*)s.

As |Cg+(s)F : Cg.(s)T| =n we have |E(GT, s)| = n, and all of these characters
are 2-Jordan quasicentral cuspidal. We claim that all elements of £(GF, s) lie in
the same 2-block of G, so do not satisfy the conclusion of Theorem 3.14(d).

Let T be a maximal torus of G in duality with Cg.(s) and let 0 e Irr(f" yin
duality with 5. Let T =T NG, and let & = f|+. Since § is regular, A := RG(G) €
Irr(GF) and E(GF 5) = {A} Further, A covers every element of £(GF, s) By
[Bonnafé 2005, Proposition 10.10(b*)],

RE(0) =Res$; RS (§) = ResC. (0).

Thus, every element of £(GY, s) is a constituent of RG(G) On the other hand,
since T is the torus of diagonal matrices, we have T = C(;(TF ) by explicit compu-
tation. Hence by [Kessar and Malle 2013, Propositions 2.12, 2.13(1), 2.16(1)], all
constituents of R? (6) lie in a single 2-block of G¥.

Proof of Theorem 3.14. Parts (a) and (b) are immediate from Theorem 3.4 and
the proof of Theorem 3.6. We next consider part (e), where it remains to show
injectivity under the given assumptions. By [Cabanes and Enguehard 1999, Theorem
4.1 and Remark 5.2] only £ = 3 and G of (possibly twisted) type A, remains to be
considered. Note that the claim holds if 3 € I'(G, F) by [Cabanes and Enguehard
1999, Section 5.2]. Thus we may assume that the ambient simple algebraic group H
of simply connected type is either SL,, or Eg, and 3 ¢ I'(G, F). By Proposition 3.10
the claim holds for all blocks whose defect groups are Cabanes.

Let first H =SL,,, and G < H be an F-stable Levi subgroup. As3 ¢I'(G, F) we
have 3 | (¢ — 1) when F is untwisted. We postpone the twisted case for a moment.
Embed H < H = GL,,. Then G = GZ(H) is an F-stable Levi subgroup of H,
s0 has connected centre. Moreover, as H is self-dual, so is its Levi subgroup G.In
particular, 3 € I'(G, F). Now let b be a 3-block of G¥ in &(GF, 5), with s € G*F
a semisimple 3’-element. Let b be a block of G covering b, contained in 83(GF ,5),
where § is a preimage of s under the induced map G* — G*. Since 3 | (g — 1),
Cg (5) has a single unipotent 3-block, and so by [Cabanes and Enguehard 1999,
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Proposition 5.1] a Sylow 3-subgroup D of C G () is a defect group of b. Thus,
D:=DNG = DN H is a defect group of b.

Now Cg(5) is an F-stable Levi subgroup of G, so also an F-stable Levi subgroup
of H = GL,,. As such, it is a direct product of factors GL,, with Zi m; =
m. Assume that there is more than one F-orbit on the set of factors. Then by
Lemma 3.11 the Sylow 3-subgroup Dof C G (5)F has the property that D = DNH
is Cabanes and we are done. Hence, we may assume that F has just one orbit on
the set of factors of Cg (s). But this is only possible if F has only one orbit on the
set of factors of G. This implies that G’ =GL, (g™'™) and G = SL,,(¢™/™) for
some n | m.

Exactly the same arguments apply when F is twisted, except that now 3 | (g +1).
So replacing g by ¢™/" we may now suppose that G = SL, with 3 & I'(G, F).
Assume that the defect groups of b are not Cabanes. Let (L, 1) be an e-Jordan-
cuspidal pair for b with A € E(LT,s) and let L= Z°(G)L There exists an
irreducible character A of L¥ covering A, an irreducible constituent ¥ of RG(A) and
an irreducible constituent, say X of RG(A) such that x covers . By Lemma 2.3,
(L, ) is e-Jordan- cuspidal. Let b be the block of GF associated to (L, A), contained
in &(GF,5). So, b covers b.

As seen above Cg (5)F has a single unipotent 3-block and a Sylow 3-subgroup D
of Cg (5)F is a defect group of band D:=DNG is a defect group of b. Moreover F
has a single orbit on the set of factors of Cg (5). By Lemma 3.12, Cg (5)F =GLs (q %)
or GU3(g7), 3 does not divide 53 and D is extra-special of order 27 and exponent 3.
Also, L is an e-split Levi subgroup isomorphic to a direct product of 3 copies of GL:.

Let U = Z(L)% and let ¢ be the 3-block of L¥ containing A. From the structure
of L given above, |U| =9 and L = Cg(U). Thus, by [Cabanes and Enguehard
1999, Theorem 2.5], (U, c) is a b-Brauer pair. Let (D, f) be a maximal b-Brauer
pair such that (U, ¢) < (D, f).

Let (L', 1) be another e-Jordan-cuspidal pair for b with A" € LT s). Let
U'= Z(L/)ép and let ¢’ be the 3-block of L'" containing A’, so |U’'|=9 and (U, ¢’) is
also a b-Brauer pair. Since all maximal b-Brauer pairs are G -conjugate, there exists
h € GF such that "(U’, ¢’) < (D, f). Thus, U and "U’ are subgroups of order 9
of D. By Lemma 3.13, there exists g € Ngr (D)NCgr (Cgr (D)) such that thy'=U.
Since g centralises Cgr (D), &f = f and since g normalises D, ¢ D = D. Hence

(U, 8"y = s"U’, ¢y < $(D, f) = (D, f).

By the uniqueness of inclusion of Brauer pairs we get that ¢"(U’, ¢’) = (U, ¢).
Thus ¢"L’ = L and ¢"¢’ = c. Since U is abelian of maximal order in D, (U, ¢) is
a self-centralising Brauer pair. In particular, there is a unique irreducible character
in ¢ with U in its kernel. Since A € E(LF, ¢'), U is contained in the kernel of A.
Hence ¢")/ = A and injectivity is proved for type A.
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Finally suppose that H is of type Eg. By our preliminary reductions we may
assume that G has only factors of type A and 3 ¢ I'(G, F). Thus G must have at
least one factor of type A, or As. The remaining possibilities hence are: G is of
type As, 2A, + Ay, or 2A,. Note that for G of type 2A, + Ay, the A-factor of the
derived subgroup [G, G] splits off, and that 2A; is a Levi subgroup of As. So it
suffices to show the claim for Levi subgroups of this particular Levi subgroup G of
type As. Since H is simply connected, [G, G] = SLg and thus virtually the same
arguments as for the case of G = SL,, apply. This completes the proof of (e).

Part (d) follows whenever £ > 3 is good for G, and £ # 3 if G' has a factor *D4(q),
since then by (e) there is a unique e-Jordan-cuspidal pair for any ¢-block, and
its (unipotent) Jordan correspondent has quasicentral ¢-defect by [Cabanes and
Enguehard 1994, Proposition 4.3] and Remark 2.2. So now assume that either £ > 3
is bad for G, or that £ =3 and G* has a factor 3D4(q).

Note that it suffices to prove the statement for quasi-isolated blocks, since then it
follows tautologically for all others using the Jordan correspondence, Proposition 2.4
and the remarks after Definition 2.12. Here note that by Lemma 2.5 the bijections
of Proposition 2.4 extend to conjugacy classes of pairs. We first prove surjectivity.
For this, by Lemma 3.7, Lemma 2.7 and by parts (a) and (b), we may assume that
G =[G, G]. Further, since [G, G] is simply connected, hence a direct product of
its components, we may assume that G is simple. Then surjectivity for unipotent
blocks follows from [Enguehard 2000, Theorems A and A.bis], while for all other
quasi-isolated blocks it is shown in [Kessar and Malle 2013, Theorem 1.2] (these
also include the case that G¥ = 3D, (@)).

Now we prove injectivity. If G = H, then the claim for unipotent blocks follows
from [Enguehard 2000, Theorems A and A.bis], while for all other quasi-isolated
blocks it is shown in [Kessar and Malle 2013, Theorem 1.2] (these also include the
case that GF =3Dy (¢)). Note that in Table 4 of [Kessar and Malle 2013], each of the
lines 6, 7, 10, 11, 14 and 20 give rise to two e-cuspidal pairs and so to two e-Harish-
Chandra series, but each e-Jordan cuspidal pair (L, A) which corresponds to these
lines has the Cabanes property of Lemma 3.9, so they give rise to different blocks.

So, we may assume that G # H, and thus ¢ = 3. Suppose first that G has a
factor 3D4(q). Then H is of type E¢, E7 or Eg, there is one component of [G, G]
of type D4 and all other components are of type A. Denote by G, the component
of type D4, and by G the product of the remaining components with Z°(G). We
note that Z(G)/Z°(G,) is a 3'-group. Indeed, if H is of type E; or Eg, then
Z(G)/Z°(G) is of order prime to 3, hence the same is true of Z(G1)/Z°(G) and
if H is of type E¢, then G| = Z°(G).

Now, G = G¥ x G%. So, the map (L1, A1), (L2, A2)) = (L1Lp, 2A2) is a
bijection between pairs of e-Jordan cuspidal pairs for Gf and Gf and e-Jordan
cuspidal pairs for G*. The bijection preserves conjugacy and quasicentrality. All
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components of G are of type A and as noted above 3 does not divide the order
of Z(G1)/Z°(G1), hence by [Cabanes and Enguehard 1999, Section 5.2] we may
assume that G = G,, in which case we are done by [Enguehard 2000, Theorem
A] and [Kessar and Malle 2013, Lemma 6.13].

Thus, G has no factor 3D4(q). Set Gy :=[G, G]. Since 3 is bad for G, and G
is proper in H, we are in one of the following cases: H is of type E7 and Gy is
simple of type Eg, or G is of type Eg and Gy is of type E¢g, Eg+ Ay or E7. In all
cases, note that Z(G) is connected,

Let s € G*! be a quasi-isolated semisimple 3'-element. Let 5 be the image of s un-
der the surjection G* — Gg. Since Z(G) is connected, s is isolated in G* and conse-
quently s is isolated in G{. In particular, if G has a component of type A1, then the
projection of 5 into that factor is the identity. Since s has order prime to 3, this means
that if G has a component of type Eg, then CGS (5) is connected. We will use this
fact later. Also, we note here that s 7 1 as otherwise the result would follow from [En-
guehard 2000] and the standard correspondence between unipotent blocks and blocks
lying in central Lusztig series. Finally, we note that by [Kessar and Malle 2013, The-
orem 1.2] the conclusion of parts (a) and (d) of the theorem holds for Gg as all com-
ponents of G are of different type (so e is the same for the factors of Gg as for GF).

Let b be a 3-block of G*" in the series s and (L, A) be an e-Jordan quasicentral
cuspidal pair for b such that s € L*F and A € E(LF, 5). Let Ly = L N Gy and let
Ag be an irreducible constituent of the restriction of A to L(I; . By Lemma 3.8 there
exists a block by of Gg covered by b, and such that all irreducible constituents of
Rf(? (%p) belong to b. By Lemma 2.3 and the remarks following Definition 2.12,
(Lo, Ap) is an e-Jordan quasicentral cuspidal pair of Gg for by.

First suppose that Cg,(s) is connected. Then all elements of £ (GE,5) are GF-
stable and in particular, by is G* -stable. Now let (L, ') be another e-Jordan
quasicentral cuspidal pair for b. Let L, = L' N Gy and A{ be an irreducible
constituent of the restriction of A’ to LL)F . Then, as above (L, ;) is an e-Jordan
quasicentral cuspidal pair for by. But there is a unique e-Jordan quasicentral cuspidal
pair for by up to Gg -conjugacy. So, up to replacing by a suitable Gg -conjugate we
may assume that (Lo, 1) = (L, Ay), hence L = L', and A and A" cover the same
character Ag = A, of L(I; =LyF.

If u € E(G, 5), then there are |GF /GE|3 different 3'-Lusztig series of G con-
taining an irreducible character covering pt. Since characters in different 3’-Lusztig
series lie in different 3-blocks, there are at least |G’/ Gg |3 different blocks of
G' covering by. Moreover, if b’ is a block of G’ covering by, then there exists a
linear character, say 6 of GF/Gg = LF/Lg of 3’-degree such that (L, 6 ® A) is an
e-Jordan quasicentral cuspidal pair for " and ¢ appears in the restriction of 6 ® A
to L(’; . Since there are at most |L’/ Lg ly = |GF/ G(’; |3 irreducible characters of
L in 3'-series covering Ao, it follows that A = A’
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Thus, we may assume that Cg, (5) is not connected. Hence, by the remarks above
Gy is simple of type E7. Further s corresponds to one of the lines 5, 6, 7, 12, 13,
or 14 of Table 4 of [Kessar and Malle 2013] (note that s is isolated and that e-Jordan
(quasi-)central cuspidality in this case is the same as e-(quasi-)central cuspidality).

By [Kessar and Malle 2013, Lemma 5.2], Ly = CGO(Z(L5)3). In other words,
(Lo, Ag) is a good pair for by in the sense of [Kessar and Malle 2013, Defini-
tion 7.10]. In particular, there is a maximal bg-Brauer pair (Py, cg) such that
Z (Lg )3, b Lt (X0))<( Py, cp). Here for a finite group X and an irreducible character
n of X, we denote by bx(n) the £-block of X containing 5. By inspection of the
relevant lines of Table 4 of [Kessar and Malle 2013] (and the proof of [Kessar and
Malle 2013, Theorem 1.2]), one sees that the maximal Brauer pair (Py, cg) can be
chosen so that Z (Lg )3 is the unique maximal abelian normal subgroup of Py.

By [Kessar and Malle 2013, Theorem 7.11] there exists a maximal b-Brauer pair
(P,c) and v € E(LT, ¢') such that v covers Ag, Py < P and we have an inclusion
of b-Brauer pairs (Z(LF)s3, byr(v)) < (P, c). Since A also covers Ao, A =T Qv
for some linear character v of LT /Lg =Gy Gg . Since tensoring with linear
characters preserves block distribution and commutes with Brauer pair inclusion,
replacing ¢ with the block of Cgr (Py) whose irreducible characters are of the form
T® @, ¢ € Irr(c), we get that there exists a maximal b-Brauer pair (P, c¢) such that
Py < P and (Z(LF)3,bpr(3)) <(P, ¢).

Being normal in G, Z(G"); is contained in the defect groups of every block
of GF, and in particular Z (G); < P. On the other hand, since G has centre
of order 2, PyZ(G")3 is a defect group of b whence P is a direct product of
Py and Z(GF)3. Now, Z (L(I)r )3 is the unique maximal abelian normal subgroup
of Py. Hence, Z(LF)3 = Z(G"); x Z(Lg)3 is the unique maximal normal abelian
subgroup of P (see Lemma 3.11). Finally note that by Lemma 2.7, X is also of
quasicentral £-defect. By Lemma 3.9 it follows that up to conjugacy (L, A) is the
unique e-Jordan quasicentral cuspidal pair of G* for b.

Finally, we show (c). In view of the part (d) just proved above, it remains to
consider the prime £ =2 only. Suppose first that all components of G are of classical
type. Let s € G*F be semisimple of odd order and let b be a 2-block of G* in
series s. By Lemma 3.17 below there is an e-torus, say S of C2.(s) such that
T := CCE*(S)(S) is a maximal torus of Cg.(s). Let L* = Cg+(S) and let L be a
Levi subgroup of G in duality with L*. Then L is an e-split subgroup of G and
T*=Cj.(s). Let A € Irr(LF, s5) correspond via Jordan decomposition to the trivial
character of T*F'. Then (L, 1) is an e-Jordan quasicentral cuspidal pair of G.

Let G < G be a regular embedding. By part (a), Lemmas 3.3 and 3.8, there
exists g € G’ suchthat b= bgr (8L, 81). Now since (L, A) is e-Jordan quasicentral
cuspidal, so is (8L, 8A). In order to see this, first note that, up to multiplication by
a suitable element of G’ and by an application of the Lang—Steinberg theorem, we
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may assume that g is in some F'-stable maximal torus of Z° (G)L. Thus 8L =L, and
A and &A correspond to the same Cp« (s)F orbit of unipotent characters of Cj . s)F.

Now suppose that G has a component of exceptional type. Then we can argue
just as in the proof of surjectivity for bad £ in part (d). ([

Lemma 3.17. Let G be connected reductive with a Frobenius morphism F : G — G.
Let e € {1, 2} and let S be a Sylow e-torus of G. Then Cg(S) is a torus.

Proof. Let C :=[Cg(S), Cg(S)] and assume that C has semisimple rank at least
one. Let T be a maximally split torus of C. Then the Sylow 1-torus of T, hence
of C is nontrivial. Similarly, the reductive group C’ with complete root datum
obtained from that of C by replacing the automorphism on the Weyl group by its
negative, again has a nontrivial Sylow 1-torus. But then C also has a nontrivial
Sylow 2-torus. Thus in any case C has a noncentral e-torus, which is a contradiction
to its definition. O

4. Jordan decomposition of blocks

Lusztig induction induces Morita equivalences between Jordan corresponding
blocks. We show that this also behaves nicely with respect to e-cuspidal pairs
and their corresponding e-Harish-Chandra series.

Jordan decomposition and e-cuspidal pairs. Throughout this subsection, G is a
connected reductive algebraic group with a Frobenius endomorphism F : G — G
endowing G with an [,-structure for some power g of p. Our results here are
valid for all groups G* satisfying the Mackey-formula for Lusztig induction. At
present this is known to hold unless G has a component H of type E¢, E7 or Eg
with Hf € {2E6(2), E;(2), Eg(2)}, see Bonnafé—Michel [2011]. The following is
in complete analogy with Proposition 2.4:

Proposition 4.1. Assume that G¥ has no factor 2E¢(2), E7(2) or Eg(2). Let
s € G*F, and G|, < G an F-stable Levi subgroup with G containing Cg«(s).
For (L1, \) an e-cuspidal pair of G| below E(GF | s) define L := Cg(Z°(L).)
and A\ = 6L6L1R£1 (A1). Then (Ly, A1) — (L, X) defines a bijection \Dgl between
the set of e-cuspidal pairs of G| below £(GY , s) and the set of e-cuspidal pairs of
G below E(GF, s).

Proof. We had already seen in the proof of Proposition 2.4 that L is e-split and
Z°(Ly). = Z°(L).. For the well-definedness of \Dgl it remains to show that A is
e-cuspidal. For any e-split Levi subgroup X < L the Mackey formula [Bonnafé
and Michel 2011, Theorem] gives

eLer,"RE () ="RERE ) =D R¥nep, Ryrir, 05
8
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where the sum runs over a suitable set of double coset representatives g € L. Here,
X NE&L; is e-splitin L; since L1 N X% = L1 NCL(Z°(X%),) = CL,(Z°(X%),).
The e-cuspidality of A1 thus shows that the only nonzero terms in the above sum
are those for which L1 N X8 = L1, i.e., those with L{ < X&. But then Z°(L), =
Z°(L1). = Z°(X8),., and as X is e-split in L we deduce that necessarily X = L if
*Rg‘( (X)) #0. So A is indeed e-cuspidal, and lI’gl is well-defined.

Injectivity was shown in the proof of Proposition 2.4, where we had constructed
an inverse map with L} := L* N G7 and A the unique constituent of *Rlil (A) in
E(LF,s). We claim that A is e-cuspidal. Indeed, for any e-split Levi subgroup
X <LiletY :=Cr(Z°(X),), an e-split Levi subgroup of L. Then *R;}l (Ap)isa
constituent of

*REL) ="RYREO) =0

by e-cuspidality of A, unless Y = L, whence X =YNL =LNL;=L,.

Thus we have obtained a well-defined map *lI'gl from e-cuspidal pairs in G to
e-cuspidal pairs in G, both below the series s. The rest of the proof is again as for
Proposition 2.4. O

Jordan decomposition, e-cuspidal pairs and -blocks. We next remove two of the
three possible exceptions in Proposition 4.1 for characters in £'-series:

Lemma 4.2. The assertions of Proposition 4.1 remain true for G¥' having no factor
Eg(2) whenever s € G*Fisa semisimple {'-element, where e = ey(q). In particular,
\Ilg1 exists.

Proof. Let s be a semisimple ¢’-element. Then by [Cabanes and Enguehard 1999,
Theorem 4.2] we may assume that £ < 3, so in fact £ = 3. The character table
of G*F =2E4(2).3 is known; there are 12 classes of nontrivial elements s € G*
of order prime to 6. Their centralisers Cg+(s) only have factors of type A, and
are connected. Thus all characters in those series £(GY, s) are uniform, so the
Mackey-formula is known for them with respect to any Levi subgroup. Thus, the
argument in Proposition 4.1 is applicable to those series. For G = E7(2), the
conjugacy classes of semisimple elements can be found in [Liibeck]. From this one
verifies that again all nontrivial semisimple 3’-elements have centraliser either of
type A, or of type 2D4(q)A1(q) P4, or *D4(q) P P3. In the latter two cases, proper
Levi subgroups are either direct factors, or again of type A, and so once more the
Mackey-formula is known to hold with respect to any Levi subgroup. ([

Remark 4.3. The assertion of Lemma 4.2 can be extended to most ¢'-series of
G’ = E3(2). Indeed, again by [Cabanes and Enguehard 1999, Theorem 4.2] we
only need to consider £ € {3,5}. For £ = 3 there are just two types of Lusztig
series for 3’-elements which can not be treated by the arguments above, with
corresponding centraliser Eq(2)®3 respectively 2Dg(2)d4. For £ = 5, there are
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five types of Lusztig series, with centraliser 2E¢(2)%45(2), E7(2)®,, 2D7(2) s,
Es(2)®3 and 2D5(2) D, g respectively. Note that the first one is isolated, so the
assertion can be checked using [Kessar and Malle 2013].

Proposition 4.4. Assume that G* has no factor Eg(2). Let s € G*F' be a semisimple
U'-element, and G| < G an F-stable Levi subgroup with G} containing Cgx(s).
Assume that b is an £-block in £(GT,s), and c is its Jordan correspondent in
E(GF | 5). Let e = e4(q).

(a) Let (L1, A1) be e-cuspidal in Gy, where (L, 1) = \IJG (L, A1). If all con-
stituents of R ()Ll) lie in c, then all constituents of RG(A) liein b.

(b) Let (L, \) be e-cuspidal in G, where (L1, )»1) = *\IIG (L, )). If all constituents
of RG(A) lie in b, then all constituents ofR (Al) lze inc.

The proof is identical to the one of Proposmon 2.6, using Proposition 4.1 and
Lemma 4.2 in place of Proposition 2.4.
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