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Dedicated to the memory of Professor Robert Steinberg

In this paper we construct free resolutions of a certain class of closed subva-
rieties of affine space of symmetric matrices (of a given size). Our class cov-
ers the symmetric determinantal varieties (i.e., determinantal varieties in
the space of symmetric matrices), whose resolutions were first constructed
by Jézefiak, Pragacz and Weyman (1981). Our approach follows the tech-
niques developed by Kummini, Lakshmibai, Pramathanath and Seshadri
(2015), and uses the geometry of Schubert varieties.

1. Introduction

This paper is a sequel to [Kummini et al. 2015]. Lascoux [1978] constructed a min-
imal free resolution of the coordinate ring of the determinantal varieties (consisting
of m x n matrices (over C) of rank at most k, considered as a closed subvariety
of the mn-dimensional affine space of all m x n matrices), as a module over the
mn-dimensional polynomial ring (the coordinate ring of the mn-dimensional affine
space).

In [Kummini et al. 2015], the authors construct free resolutions for a larger
class of singularities, viz., Schubert singularities, i.e., the intersection of a singular
Schubert variety and the “opposite big cell” inside a Grassmannian.

J6zefiak, Pragacz and Weyman [1981] constructed a minimal free resolution of the
coordinate ring of the determinantal varieties (in the space of symmetric matrices) as
a module over the coordinate ring of the space of symmetric matrices. In this paper
we construct free resolutions for a certain class of closed subvarieties of the affine
space of symmetric matrices, which includes the symmetric determinantal varieties.
The technique adopted in [Kummini et al. 2015] is algebraic group-theoretic, and
we follow this approach.
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We now describe the results of this paper. Let n be a positive integer. Let
V =C?" and let (-, -) be a nondegenerate skew-symmetric bilinear form on V. Let
H =SL(V)and G =SP(V) = {Z € SL(V) | Z leaves the form (-, -) invariant}.
We take the matrix of the form, with respect to the standard basis of V, to be

0o J
r=[5]
where J is the antidiagonal (1, .. ., 1), in this case of size n. To simplify our notation
we will normally omit specifying the size of J as it will be obvious from the context.
We may realize SP(V) as the fixed point set of the involution o : H — H given
by 0(Z) = F(ZT)"'F~! (cf. [Steinberg 1968]).

Denoting by Ty and By the maximal torus in H consisting of diagonal matrices
and the Borel subgroup in H consisting of upper triangular matrices, respectively,
we have that Ty and By are stable under o and we set Tg = Tf;, Bg = Bj;. Itis
easily checked that T is a maximal torus in G and Bg is a Borel subgroup in G.

Thus we obtain

WG — Wy

where W, Wy denote the Weyl groups of G, H respectively (with respect to
Tc, Ty respectively). Further, o induces an involution on Wy:

w={(ay, - ,ay) €Wy, ow)=(c, - ,cm), ci=2n+1—ay4i-;
and
W =W5.
Thus we obtain

We ={(a1---axy) € Sonlai=2n+1—azy41—;, 1 <i <2n}.

(here, S, is the symmetric group on 2n letters). Thus w = (a; - - - az,) € Wg is
known once (a; - - - a,) is known. We shall denote an element (a; - - - a2,,) in W by
just (ap - - - a,). Further, for w € Wg, denoting by X (w) (resp. X g (w)), the asso-
ciated Schubert variety in G/Bg (resp. H/Bp), we have that under the canonical
inclusion G/Bg «> H/Bpy, Xg(w) = Xg(w) N G/Bg, scheme-theoretically.

Let P = Pj;, the maximal parabolic subgroup of G corresponding to omitting the
simple root «,, the set of simple roots of G being indexed as in [Bourbaki 1968].
Let 1 <k < r < n be positive integers, and let w € Wk, (cf. Notation 3.2). Our
main result (cf. Theorem 3.22) is a description of the minimal free resolution of
the coordinate ring of Yp(w) := Xp(w) N 05/1), the opposite cell of X p(w), as a
module over the coordinate ring of O, /P For this, as in [Kummini et al. 2015], we
use the Kempf-Lascoux—Weyman “geometric technique” of constructing minimal
free resolutions; in fact we use the same notation and description of this technique
as in [Kummini et al. 2015].
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Suppose that we have a commutative diagram of varieties

Z—— AXV —V

(1.1) | It

Y—— A

where A is an affine space, Y a closed subvariety of A and V' a projective variety. The
map ¢ is first projection, ¢’ is proper and birational, and the inclusion Z < A x V
is a subbundle (over V) of the trivial bundle A x V. Let & be the dual of the
quotient bundle on V corresponding to Z. Then the derived direct image Rq.07 is
quasi-isomorphic to a minimal complex F, with

F=@H/(V.N"&)@c R(—i — j).
Jj=0
Here R is the coordinate ring of A; it is a polynomial ring and R(k) refers to
twisting with respect to its natural grading. If ¢’ is such that the natural map
Oy —> Rq.07 is a quasi-isomorphism (for example, if ¢’ is a desingularization
of Y and Y has rational singularities) then F, is a minimal free resolution of C[Y]
over the polynomial ring R.

In applying this technique in any given situation, there are two main steps
involved: one must find a suitable Z and a suitable morphism ¢’ : Z — Y such
that the map Oy —> Rgq, 07 is a quasi-isomorphism and such that Z is a vector
bundle over a projective variety V; and, one must be able to compute the necessary
cohomology groups. We carry this out for opposite cells Yp(w), w € Wk ;.

As the first step, we establish the existence of a diagram as above, using the
geometry of Schubert varieties. We now describe this briefly.

We take A = O /P and Y = Yp(w). Let P be the two- O-step parabolic subgroup
P— . of G, and let w be the minimal representative of wPinw? (that is, the set of
m1n1mal coset representatives in W, under the Bruhat order, of W/ Wg, where Wp is
the Weyl group off;). Letw' :=Gk+1,...,r,n,...,r+1,k,..., 1) G~S,,, the Weyl
group of GL,,. Let Z5(w) :=Yp(w) X x, ) Xp(w) (= (OE/P x P/P)NXgp(w)).
Then it turns out that Z5(w) is smooth (cf. Definition 3.20), and is a desingulariza-
tion of Yp(w). Write p for the composite map Zp(w) — Og/p * P/ﬁ — P/ﬁ
where the first map is the inclusion and the second map is the projection. We have
(cf. Theorem 3.22) that p identifies Z(w) as a subbundle of the trivial bundle
OE/P X Xp/ (w ) over Xp/ (w"), which arises as the restriction (to Xp/ (u)’)) of
a certain homogeneous vector bundle on GL, / P/\ With V=X p/\(w ) we get:

Zp(B)— Og,px V —V

(1.2) l"/ lq

Yp(w)—— Ogp
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In this diagram, ¢’ is a desingularization of Yp(w). Since it is known that
Schubert varieties have rational singularities, we have that the map Oy — Rq,07
is a quasi-isomorphism, so F, is a minimal resolution.

At the second step, we need to determine the cohomology of the bundles /\'&
over V. In the above situation, V = Xp_(w’) — GL,, / P’/?. As can be easily seen,
Xp:_(w') is a Grassmannian, namely, rGILr / Pﬁ?; the bundles NE (on GL, /P”—)
are also homogeneous, but are not of Bott typre_: they are not completely reducible
(so one can not apply the Bott algorithm for computing the cohomology). This
can be resolved in two ways. In [Ottaviani and Rubei 2006] the authors determine
the cohomology of general homogeneous bundles on Hermitian symmetric spaces,
and thus their results can be used to determine H*(V, N'&). Alternatively, using
a technique from [Weyman 2003], we may compute the resolution of a related
space (whose associated homogeneous vector bundle is of Bott type) from which
we retrieve the resolution of the coordinate ring of Yp(w) as a subcomplex.

We hope to extend the results of this paper to Schubert varieties in the orthogonal
Grassmannian. Details will appear in a subsequent paper.

The paper is organized as follows. Section 2 contains notations and conventions
and the necessary background material on Schubert varieties in the flag variety
(Section 2.1) and Schubert varieties in the symplectic flag variety (Sections 2.2
and 2.3) and homogeneous bundles (Section 2.4). In Section 3, we discuss properties
of Schubert desingularization, including the construction of Diagram 1.2. Section 4
is devoted to a review of the Kempf-Lascoux—Weyman technique and completes
step one of the two part process of the geometric technique. Section 5 explains how
the cohomology groups of the homogeneous bundles constructed in step one may
be calculated.

2. Preliminaries

In this section we collect various results about Schubert varieties in the flag variety
and symplectic flag variety, homogeneous vector bundles, and the Bott algorithm.

2.1. Notation and conventions in type A. We collect the symbols used and the
conventions adopted in the rest of the paper here. For details on algebraic groups
and Schubert varieties, the reader may refer to [Borel 1991; Jantzen 2003; Billey
and Lakshmibai 2000; Seshadri 2007].

Let N be positive integer. We denote by GLy (respectively, By, B)) the group
of all (respectively, upper triangular, lower triangular) invertible N x N matrices
over C. The Weyl group W of GLy is isomorphic to the group Sy of permutations
of N symbols and is generated by the simple reflections s;, which correspond to the
transpositions (i,7 + 1), for 1 <i < N — 1. For w € W, its length is the smallest
integer [ such that w = s;, - - -s;, as a product of simple reflections. For every
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1 <i <N —1, there is a minimal parabolic subgroup P; containing s; (thought of as
an element of GLy) and a maximal parabolic subgroup P; not containing s;. Any
parabolic subgroup can be written as P3:=(");,., P; forsome A C {1,..., N —1}.
On the other hand, for A C {1,..., N — 1} write P4 for the subgroup of GLy
generated by P; fori € A. Then P4 is a parabolic subgroup and Py, ny_1pa = P3.

We write the elements of W in one-line notation: (ay, ..., ay) is the permutation
i—a;. Forany AC{1,..., N—1}, define Wp, to be the subgroup of W generated
by {s; :i € A}. By W”4 we mean the subset of W consisting of the minimal
representatives (under the Bruhat order) in W of the elements of W/Wp,. For
1 <i < N, we represent the elements of W’ by sequences (aj,...,a;) with
1 <a; <--- <a; <N since under the action of the group Wp;, every element of
W can be represented minimally by such a sequence.

We identify GLy = GL(V) for some N-dimensional vector-space V. Let A :=
(it <ip <---<i} C{l,..., N —1}. Then GLy /Py is the set of all flags
0=VCViCWV,C---CV,CV of subspaces V; of dimension i; inside V. We
call GLy / Pz aflag variety. If A={1,..., N—1} (ie., Py = By), then we call the
flag variety a full flag variety; otherwise, a partial flag variety. The Grassmannian
Grass;, N of i-dimensional subspaces of V is GLy /P;.

Let P be any parabolic subgroup contalnlng BN and t € W. The Schubert
variety X 5(7) is the closure inside GLy /P of By - e,, where e,, is the coset rP
endowed with the canonical reduced scheme structure. Hereafter, when we write
X p(7), we mean that 7 is the representative in WP of its coset. The opposite
big cell OGL /B in GLy /P is the B -orbit of the coset (id - P) in GLy /P Let
Yp(r) =Xp(r)N 0GL /P,

We will write RT, R~ RJr R, to denote respectively, positive and negative
roots for GLy and for P. We denote by €; the character that sends the invertible
diagonal matrix with 71, ..., t, on the diagonal to ¢;.

we refer to Yp(7) as the opposite cell of X (7).

2.2. Notation and conventions in type C. Below we review the properties of sym-
plectic Schubert varieties relevant to this paper. For a more in-depth introduction
the reader may refer to [Lakshmibai and Raghavan 2008, Chapter 6].

Let n be a positive integer. Let V = C?* and let (-,-) be a nondegener-
ate skew-symmetric bilinear form on V. Let H = SL(V) and G = SP(V) =
{Z € SL(V) | Z leaves the form (-, -) invariant}. We take the matrix of the form,
with respect to the standard basis of V, to be

F:[—Ofﬂ

where J is the antidiagonal (1, ..., 1), in this case of size n. To simplify our notation
we will normally omit specifying the size of J as it will be obvious from the context.
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We may realize SP(V) as the fixed point set of the involution o : H — H given
by 6(Z) = F(ZT)"'F~! (cf. [Steinberg 1968]). That is,
G={ZeSL(V)|ZTFZ =F}
={ZeSL(V) | F'(z")'F =2}
={ZeSL(V) | F(Zz") 'F~1 =2}
=H°.

Denote by Ty and By the maximal torus in H consisting of diagonal matrices
and the Borel subgroup in H consisting of upper triangular matrices, respectively.
It is easily seen that Ty and By are stable under o and we set Tg = Ty}, Bg = Bj;.
It is easily checked that T is a maximal torus in G and B¢ is a Borel subgroup
in G.

Thus we obtain

WG — Wy

where Ws, Wy denote the Weyl groups of G, H, respectively (with respect to
T, Ty, respectively). Further, o induces an involution on Wgy:

w=(ay, - ,am) €Wu, ow)=(c1,---,cm), ¢=2n+1—axy4i1-

and
W = Wj5.

Thus we obtain
W ={(a1---ax) € S |ai =2n+1—as,+1-i, 1 <i <2n}.

(here, S, is the symmetric group on 2n letters). Thus w = (a; - - - az,) € Wg is

known once (aj - - - a,) is known. We shall denote an element (a; - - - ap,) in Wg

by just (a; - - - a,). For example, (4231) € S4 represents (42) € Wi, G = SP(4).
The involution o induces an involution on X (Ty), the character group of Ty:

x € X(Ty), o()(D)=x(c(D)), DeTy.

Let ¢;, for 1 <i < 2n, be the character in X(Ty), €;(D) = d;, the i-th entry in
D € Ty. We have

o(€i) = —€mt1-i
Now it is easily seen that the under the canonical surjective map
¢ : X(Ty) — X(Ts)

we have
@) = —p(emy1-i), 1=<i=<2n.
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Let Ry :={e; — €, 1 <i, j < 2n} be the root system of H (relative to Ty ), and
R; :={e; —€;,1 <i < j < 2n} the set of positive roots (relative to By ). We have
the following:

(a) o leaves Ry (resp. RZ) stable.

(b) Fora, B € Ry, () = ¢(B) < o =0(p).

(c) ¢ is equivariant for the canonical action of W on X (Tx), X (T¢).

(d) RY ={=£(e —€my1-i), 1 <i <n}.

Let Rg (resp. Rg) be the set of roots of G with respect to T (resp. the set of

positive roots with respect to B ). Using the above facts and the explicit nature of
the adjoint representation of G on Lie G, we deduce that

Rc=¢(Ru), R =9(Ry).
In particular, Rg (resp. Rg) gets identified with the orbit space of Ry (resp. R;;)
modulo the action of o. Thus we obtain the following identification:
Rg ={£(e; £¢€j), 1 <i<j<njU{£2¢, i=1,...,n},
RE={(e£ej), 1<i<j<niU{2¢, i=1,...,n}.

The set Sg of simple roots in Rg is given by
S¢ = {a; =¢€; —€i+1, 1 <i<n-— 1} U{a, = 2¢,}.

Let us denote the simple reflections in W by {s;, 1 <i <n}, namely, s; = reflection
with respect to €; — €;41 for 1 <i <n — 1, and s,, = reflection with respect to 2¢,.
Then we have

(2.2.1)

riron—i, ifl<i<n-—1,

Si = .
! Tn, ifi =n,

where r; denotes the transposition (i,i 4+ 1) in $p, for 1 <i <2n —1.

For w € Wg, let us denote by [(w, Wg) (resp. [(w, Wi)) the length of w as an
element of Wy (resp. Wg). For w = (ay, - - - , az,) € Wy, denote

(2.2.2) m(w) :=#{i <n|a; >n}.
Then for w = (ay, - - - , az,) € Wg, we have [(w, Wg) = %(l(w, Wu) -I—m(w)).

Proposition 2.2.3 [Lakshmibai and Raghavan 2008, Proposition 6.2.5.1]. Let
w € Wg; let Xg(w) (resp. Xg(w)) be the associated Schubert variety in G/Bg
(resp. H/Bp). Under the canonical inclusion G/Bg — H /By, we have X (w) =
X g (w) N G/Bg. Further, the intersection is scheme-theoretic.
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Notation 2.2.4. For the remainder of the paper we fix the following notation. Let
1 <k < r <n be positive integers. Let O = O}, to be the parabolic subgroup of H
corresponding to omitting the root o, and P = P; to be the parabolic subgroup of
G corresponding to omitting the root . Let P be the two- step parabolic subgroup

r/\k” of G. Let Q be the three step parabolic subgroup 0~ A= b in H.

Note that P = Q° and P= Q" Finally, we identify P /P with GL,, /P/\ where
P/\k is the parabolic subgroup of GL,, corresponding to omitting the root Oy

Definition 2.2.5. A square m x m matrix X is persymmetric if JX = X' J. Or,
equivalently, if J X is symmetric.

Remark 2.2.6. We denote by Mat, the space of n x n matrices. Let K be the
subgroup of H consisting of matrices of the form

Id, O
|:Y Idn:|’ Y e Mat,, .

The canonical morphism H — H/Q induces a morphism ¥y : K — H/Q. We
have that iz is an open immersion, and {5 (K) gets identified with the opposite
big cell Ouo in H/Q.

The cell O /0 is o-stable and by [Lakshmibai and Raghavan 2008, Corollary
6.2.4.3], we can identify the opposite big cell O /p as

Ogip=(0pyg)” ={ze K |JYTJ =Y}

So Og, p is the subspace of K with Y persymmetric. Thus we can identify O /P
with the space of symmetric n x n matrices, Sym,,, under the map O P Sym,,

given by
Id, O
|: Y Id, ] — JY.

2.3. Opposite cells in Schubert varieties in the symplectic flag variety. A matrix
z € SL(V) with n x n block form

[ Aan Cn Xn ]

Dl’l Xn Ean

is an element of G if and only if z7 Fz = F, i.e., if and only if the following
conditions hold on the n x n blocks:

(2.3.1) ATJD=D"JA,
(2.3.2) cTJE=ETJcC,
(2.3.3) J=WATJE-DT"JjC)=(ETJA-CTJID).

The following proposition will prove useful throughout the rest of the paper.
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Proposition 2.3.4. Write U}, for the negative unipotent radical of P.

(@) Og4 /p can be naturally identified with U, P/ P
(b) For

Anxn Cl’an}
z= eq,
|:Dn><n Enxn

zP € OE/P if and only if A is invertible.

(¢) The inverse image of O /P under the natural map G/ P—>G / P is isomorphic
10 Og,p X P/ﬁ as schemes. Every element of Og,p % P/ﬁ is of the form

|:An><n 0

dPeG/P.
Dy J(AU”J}““’ <G/

Moreover, two matrices

Anxn 0n><n A;zxn 0n><n
TN—1 and / ITy—1
Dpsn J(AT)™'JT D, .. J(AT™J

in G represent the same element modulo P if and only if there exists a matrix
qe P’/? (as defined in Notation 2.2.4) such that A’ = Aq and D' = Dq.
.

(@ P/ Pis isomorphic to GL,, / PrL_T. In particular, the projection map O /p X
P/P — P/P is given by

[ Anxn 0

P+ Amod P eGL, /P.— = P/P.
Dyxn J(AT)_1J] mod P —> A mod r_keG n/ -~ /

Proof. (a): Note that U, is the subgroup of G generated by the root subgroups
U_, fora e R+\R;F. Under the canonical projection G — G/P, g+ gP, U,
is mapped isomorphically onto its image O p (cf. [Billey and Lakshmibai 2000,
Section 4.4.4]). Thus we obtain the identification of O, p with Up P/P.

(b): Suppose that zP € O, p. By (a) this means that 3 n x n matrices A’, C’, D', E’
such that

Id, 0 _ A C’ . AC
Z1—|:D, Idn]GUP and z2—|:0 E,:|€P with Z_|:DE:|_Z1Z2'

Hence A = A’, and A’ invertible implies A invertible.
Conversely, suppose A is invertible. Let

A C
Z—|:DEi|€G.
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Then A, C, D, E satisfy properties (2.3.1)—(2.3.2). Since A is invertible we may

Write
Z=121%2 Where 1 = 2 =
! ! DA 1 Idn ’ O E_DA lc

We shall now show that z1, zo € G. First, we note that (2.3.1) implies that
(2.3.5) J(DA Y = (DA HT .

Then (2.3.5) shows that z; € Uy, and hence z; € G.

Now z; € G implies zl_l € G, and z € G by assumption. Hence zo = zzl_l €G.
Further, since A is invertible, z, € P. Hence the coset zP = z; P, which in view of
the fact that z; € U, , implies by part (a) that zP € Og/p-

(c): Letz e Up P C G. Then we can write z = z122 uniquely with z; € Uy, z € P.
Suppose that

|: Id, O ]|:Anxn Chxn i| _|: Id, O j||:A;1><n C,’lxni|

ann Idn 0n><n Enxn N D;zxn Idn 0n><n Er/zxn
then A=A, C=C', DA=D'A" and DC + E = D'C’ + E’, which yields that
D' = D (since A = A’ is invertible), and then E = E’. Hence U, xc P =U, P.
Thus for any parabolic subgroup P’ € P, Up x¢c P/P"=Up P/P'. The asserted
isomorphism follows by part (a) from taking P’ = P.
To see the second assertion consider

A}’an Cn><n }
= eG
|: Dn><n Enxn

withzP € O, /p- Note that the n x n block matrices satisfy properties (2.3.1)—(2.3.3)
and by (b), A is invertible.

We have by the first part of (c) that the coset z P is an element of O p X P/ P,
since zP € OE/P.

Claim. We have a decomposition of 7 in G,

A C A 0 Id, A~'C ~
|:D E:|—)’1y2Wh€"€)’1—|:D J(AT)—1J:|€G,)72—[ 0 Id, :|€P-

We first check that z = y;y,. We need the following identity
(2.3.6) JATJ(E—-DA™'C) =1d,,

which follows from
JATJ(E—-DA™'C) =J(ATJE—-ATJDA™'C)
=J(ATJE-DTJAAT'C) (23.1)
=JJ (2.3.3)
=1d,.
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So that
DA 'C+J(AT)Y ' =DA'C+J(AT)Y 'JJATJ(E—-DA'C) (2.3.6)
=DA'C+E—-DA"!C
=E.

With this it is easily verified that z = y; ;.
Itis clear that y; € G. To show y, € G we need to check that J(A~'C)TJ = A~!C.

A~'O)TT =(A"'C)TJJATI(E-DA™'C) (2.3.6)
=CTJ(E-DA™'C)
=ETJCc-CTJDA™'C (2.3.2)
=(E—-DA'O)TJC (2.3.5)
=(E-DA'C)TJAJJA"IC
= (JATJ(E-DA 'cHTI(A~10)
=J(A™'O) (2.3.6)

Thus y, € G. It is clear additionally that y, € P (in fact y» € Bg).
Hence our claim follows and we have

ACl [A 0 <
|:D E] = [D J(AT)—lJ] mod P.

Anxn On XN A;zxn Onxn D
= P
[Dm J(AT)‘IJ} [D/ Jamy-ty| mod

nxn

Finally,

if and only if there exist matrices g € P//T’ and ¢’ € Mat,, such that
o

A Onxn _ A Onxn q q'

D J( AT g D JIAD T 0pun J(@DH'T|”
which holds if and only if ¢’ =0, A’ = Aq and D’ = Dgq (since A and A’ are
invertible).
(d): There is a surjective morphism of C-group schemes P — GL,:

[A C
0 E i| — A.
This induces the required isomorphism. The element
|:A C |

DE mod P € Og,p X P/P

decomposes uniquely as

d, O A C mod P
DA™ 1d, 0 E—DA"'C

and hence it is mapped to A mod PL_\k. ([
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2.4. Homogeneous bundles and representations. Let Q be a parabolic subgroup
of GL,,. We collect here some results about homogeneous vector bundles on GL,, / Q.
Most of these results are well-known, but for some of them, we could not find a
reference, so we give a proof here for the sake of completeness. Online notes of
G. Ottaviani [1995] and of D. Snow [1994] discuss the details of many of these
results.

Let L and U be respectively the Levi subgroup and the unipotent radical of Q.
Let E be a finite-dimensional vector-space on which Q acts on the right.

Definition 2.4.1. Define GL, x 2E := (GL, xE)/ ~ where ~ is the equivalence
relation (g, e) ~ (gq, eq) for every g € GL,,, g € Q and e € E. Then ng :
GL, x%E — GL, /0, (g, e) — gQ, is a vector bundle called the vector bundle
associated to E (and the principal Q-bundle GL,, — GL,, /Q). Forge GL,,e€ E,
we write [g, e] € GL, x QF for the equivalence class of (g, ¢) € GL,, x E under ~.
We say that a vector bundle 7 : E — GL,, / Q is homogeneous if E has a GL,,-action
and 7 is GL,-equivariant, i.e, forevery y e E, m(g-y) =g -7 (y).

Remark 2.4.2. There is a similar construction in the case when E is a left Q-
module.

In this section, we abbreviate GL,, x 2 E as E. Tt is known that E is homogeneous
if and only if E >~ E for some Q-module E. (If this is the case, then E is the fiber
of E over the coset 0.) A homogeneous bundle E is said to be irreducible (respec-
tively indecomposable, completely reducible) if E is an irreducible (respectively
indecomposable, completely reducible) Q-module. It is known that E is completely
reducible if and only if Uy acts trivially and that E is irreducible if and only if
additionally it is irreducible as a representation of L. See [Snow 1994, Section 5]
or [Ottaviani 1995, Section 10] for the details.

Discussion 2.4.3. For the cohomology group computations in this paper, we will
primarily be interested in the case when GL,, /Q is a Grassmannian. Thus let Q =
P;, with 1 <m <n—1. A weight A is said to be Q-dominant if and only if when we
express A as Z?:l Aj€; (where €;, for 1 <i <n, is the character that sends a diagonal
matrix in 7 to its i-th entry), then Ay > ... > A, and A1 > ... > A,,. We will write
A= (A1,..., A, to mean that A = Zle Ai€;. Every finite-dimensional irreducible
Q-module is of the form H°(Q/B,, L,) for a Q-dominant weight L. Hence the
irreducible homogeneous vector bundles on GL, /Q are in correspondence with
Q-dominant weights. We describe them now. If 0 = P;_\l., then GL,, / Q = Grass; .
(Recall that, for us, the GL,-action on C" is on the right.) On Grass; ,, we have the
tautological sequence

(244) 00— Rl‘ — Cl’l ®©Grassi,n — ani —0



FREE RESOLUTIONS OF SCHUBERT SINGULARITIES 341

of homogeneous vector bundles. The bundle R; is called the tautological subbundle
(of the trivial bundle C"*) and Q,,—; is called the tautological quotient bundle. Every
irreducible homogeneous bundle on Grass; , is of the form Sg,, ... »,_  Qr_; ®
SGu_is1. 2 Ri for some P-—-dominant weight A. Here S, denotes the Schur
functor associated to the partition w (cf. [Fulton and Harris 1991, §6.1]).

A Q-dominant weight is called (m)-dominant in [Weyman 2003, p. 114]. Al-
though our definition looks like Weyman’s definition, we should keep in mind
that our action is on the right. We only have to be careful when we apply the
Borel-Weil-Bott theorem (more specifically, the Bott algorithm). In this paper,
our computations are done only on Grassmannians. If u and v are partitions,
then (u, v) will be Q-dominant (for a suitable Q), and will give us the vector
bundle S, Q* ® S,R* (this is where the right-action of Q becomes relevant) and
to compute its cohomology, we will have to apply the Bott algorithm to the Q-
dominant weight (v, u). (In [Weyman 2003], one would get S, R* ® S, Q* and
would apply the Bott algorithm to (u, v).) (]

We now give a brief description of the Bott algorithm for computing the coho-
mology of irreducible homogeneous vector bundles on GL, /Q [Weyman 2003,
Remark 4.1.5].

Let o = («y, ..., ) be a weight. As in [Weyman 2003, Remark 4.1.5] we
define an action of the permutation v; = (i,i + 1) on the set of weights in the
following way:

(2.4.5) vie = (a1, ..., o1, Qg1 — Lo+ 1, g, o, ).

The Bott algorithm may be applied to our case as follows. Let Q = Py, with
l1<m<n-—1andlet A= (Ay,...,L,;) be a O-dominant weight with associated
homogeneous vector bundle V(1) := S.;,...0,) Q2" @ SGupsr,.... oy R*. We will apply
the Bott algorithm to ' = (Apyt1, ..., Au, AL, ..., Ay) in keeping with the last
paragraph of Discussion 2.4.3.

If A/ is nonincreasing, then H%(GL,, /Q, V(1)) =S, C" and H/(GL, /Q, V(1)) =0
for i > 0. Otherwise we start to apply the exchanges of type (2.4.5) to A/, trying to
move smaller numbers on the left to the right. Two possibilities can occur:

.....

(1) We apply an exchange of type (2.4.5) and it leaves the sequence unchanged.
In this case H'(GL, /Q, V(1)) =0 fori > 0.

(2) After applying j exchanges, we transform A’ into a nonincreasing sequence f.
Then we have H'(GL,,/Q, V (»))=0fori # j and H/ (GL, /Q, V(1)) = SgC".

3. Properties of Schubert desingularization in type C

Recall the following result about the tangent space of a Schubert variety, see [Billey
and Lakshmibai 2000, Chapter 4] for details.
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Proposition 3.1. Let Q be a parabolic subgroup of SLy,. Let T € W2, Then the
dimension of the tangent space of X o(7) at ejq is

#{sy | € R_\Ré and T >s,in W/ Wol.
In particular, X ¢ (t) is smooth if and only if
dim X o (7) = #{sq |01€R_\Ré and T >s,in W/ Wol.

Notation 3.2. For an integer { with 1 <i < n we define i’ =2n + 1 —i. Let
1 <k <r <n. Then

k+1,....r,0, ..., + D K,...., 1) e WP, ifr<n,

We,r = .
. :(k—i-l,...,r,k’,...,l’)eWP, if r = n.

Let 1 <k <r <nbe integers. Let w € W, with w its minimal representative in W‘I7 .
Proposition 3.3. The Schubert variety X 5(w) in H/ é is smooth.

Proof. Let wyax € Wy (= Sz,) be the maximal representative of w. Then

S (Ir, k+ 11V, KT+ 1, 0 1ln, (r + DK, NG+ 1), 7'7), ifr <n,
" (U k100, Kk I+ 1), 7). if r =n.

To see this we need to show that pr (Wmax) = Xp; (w) fori =r—k, n,2n—(r—k) and
that wpax is the maximal element of Wy with this property. But this follows from the
fact that for t = (¢, ..., c3,) € Wy and 1 <i < 2n we have that pr(l') = pr(l'/)
where t/ € W¥i is the element with ¢y, ..., ¢; written in increasing order.

Thus Xp, (l;Uvmax) is the inverse image of X é(zl)) under the natural morphism
H/Byg — H/Q. As wpx is a 4231 and 3142 avoiding element of Wy we have
that X p,, (Wmax) is nonsingular (see [Billey and Lakshmibai 2000, 8.1.1]). Since the
morphism H/By — H/é has nonsingular fibers (namely é/BH), X 5(w) must
be smooth. O

Proposition 3.4. The Schubert variety X g(w) in G/ P is smooth .

Proof. Let wpax be as in the proof of Proposition 3.3. Then clearly wpyx is in
W¢ and X g, (Wmax) is the inverse image of X 5(w) under the natural morphism
G/Bg — G/P.

Claim. Xp,(Wmax) is smooth.

Note that the claim implies the required result (since the canonical morphism
G/Bg — G/ P is a fibration with nonsingular fibers (namely, P/B¢)). To prove the
claim, as seen in the proof of Proposition 3.3, we have that X p, (Wmax) is smooth.
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We conclude the smoothness of Xp,(wWmax) using the following two formulas
[Lakshmibai 1987, §3(VI), Remark 5.8]:

(M 16(0) = 511 (0) +m(©)],

where we let 0 € Wg, say, 0 = (ay, - --a,). Withm (@) =#{i, 1 <i <m|a; > m}
(cf. (2.2.2)), we have

) dim Tia(6, G) = 3[dim Tia(6, H) +c(6)],

where c(0) =#{1 <i <m | 6 > s}, and T;4(0, G) (resp T;q(f, H)) denotes
the Zariski tangent space of Xp,(6) (resp Xp, (0)) at e;q. Note that s,, is just the
transposition (i, i") (cf. (2.2.1)). Now taking 6 = wp,x, we have, ¢(Wmax) = m (Wmax).
Hence we obtain from (1), (2) that dim Tig(wmax, G) = lG(Wmax), proving that
X B, (Wmax) 1s smooth at ejq, and hence is nonsingular (note that for a Schubert
variety X, the singular locus of X, Sing(X), is B-stable implying ejq € Sing(X) if
Sing(X) # 9). Thus the claim (and hence the required result) follows. O

Remark 3.5. We have that X 5(w) is the fixed point set under an automorphism of
order two of the Schubert variety X 5(w) and thus is smooth, provided char K # 2
([Edixhoven 1992, Proposition 3.4]).

Discussion 3.6. To give a characterization of Y@(ﬁ)) we first need a review of the
structure of 0;1 ~ and its Pliicker coordinates.

Recall that for the Pliicker embedding of the Grassmannian Grass, ,,, the Pliicker
coordinate p;(U), U € Grassy , and i = (i1,...,ig) with 1 <i) < ... <iy <n,
is just the d x d minor of the matrix A,y with row indices (i1, ..., ig) (here the
matrix A, represents the d-dimensional subspace U with respect to the standard
basis).

The cell 0, 5 can be identified with the affine space of lower-triangular matrices
with possible nonzero entries x;; at row i and column j where (i, j) is such that
there exists an/ € {r —k, n,2n — (r —k)} such that j <l <i < N. To see this, note
that we are interested in those (i, j) such that the root €; — €; belongs to R\ Ré.
Since Ré = Réﬁ NRp, N RQan(r\—k)’ we see that we are looking for (i, j) such
that ; —€; € R™ \ Réi’ for some [ € {r — k,n,2n — (r — k)}. For the maximal
parabolic subgroup P;, we have, R™\ Réi ={e—€j|1<j=<l<i=<N} We
have dim O;I/Q =|R™\ R5|.

Thus we have the following identification

Id, ¢ 0 0 0
- A’ Id,—(—1) 0 0
3.7 OH/Q | D D, Id,—¢—xy O

D3 Dy E’ Id, _;
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where the block matrices have possible nonzero entries x;; given by

Xr—k)+1 1 « -+ Xor—k)+1 r—k Xon—(r—k)+1 n+1 - -+ X2n—(r—k)+1 2n—(r—k)

A= o E=l : ,
Xn 1 cee Xn r—k L Xon n41 oo Xon 2n—(r—k)

i Xn+1 1 oo Xntl r—k I Xn+1 r=k)+1 -+ Xndlan
D= s D)= s

_in,(r,k) 1 oev Xon—(r—k) r—k _erlf(rfk) (r—k)+1 -+ X2n—(r—k) n

-_x2n7(r7k)+1 1 oees Xon—(r—k)+1 r—k _x2n7(r7k)+l (r=k)+1 -+ X2n—(r—k)+1 n
Dy= : : » Da=

Xon 1 s Xon r—k L X2n (r—k)+1 S X2n n

We may break the Pliicker coordinates we want to understand into several cases.

Case 1: Fori > r, j <r —k the Pliicker coordinate p(l ) ) on the Grassmannian
H/Q. — lifts to a regular function on H/ Q Its restriction to O H/D is the r —
kxr— k minor of (3.7) with column indices {1, 2, ..., — k} and row indices
{1,...,j—1,j+1,...,r—k,i}. This minor is the determinant ofanr—kxr—k
matrix with the top (r — k) — 1 rows equal to Id,_; omitting the j-th row, and the
bottom row equal to the first » — k entries of the i-th row of (3.7). The determinant
of this matrix is thus (—1)"—%— fx .Thus fori >r, j <r—k:

(3.8) gj)"wo, = ()",

Case 2: Fori >2n—(r —k), n < j <2n— (r —k) the Pliicker coordinate pgi’;)_(r_k))

on the Grassmannian H / anf(‘; 5 lifts to a regular function on H/ Q. Its restriction
to OI; ~ 1s the 2n — (r — k) x 2n — (r — k) minor of (3.7) with column indices
{1,2,...,2n— (r —k)} and row indices {1, ..., j—1,j+1,...,2n — (r — k), i}.

This minor is the determinant of

1d, 0 0
A’ 1d,— ) 0
(3.9) 5, B, 7

(i1 Xkl [Xi =41 - - - Xin] [Xing1 .- Xi2n—@—i)]

where ﬁl, 132, and E are equal to, respectively, Dy, D;, and Id,,_—¢) with their
(j — n)-th rows omitted. The determinant of (3.9) is equal to the determinant of

[Xi nt1 -+ Xi2n—r—i) ]|
As above this is just an identity matrix with a single row replaced and so its

determinant is just (—1)>*~=0=Jx;;. Thus fori > 2n—(r—k),n < j <2n—(r—k):

2n—(r—k —(r—k)—j
(3.10) pgl_’r;) G ))‘0;@:(_1)2;1 (r—k) Txij.
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Case 3: Fori > 2n — (r —k), r —k < j < n the Pliicker coordinate pEl.zy;.)_(r_k)) on
the Grassmannian H/ QZn_/(r\_ 5 lifts to a regular function on H/Q. Its restriction
to 0;1 ~ 18 the 2n — (r — k) x 2n — (r — k) minor of (3.7) with column indices
{1,2,...,2n— (r —k)} and row indices {1, ..., j—1,j+1,...,2n— (@ — k), i}.

This minor is the determinant of

Id, _ 0 0
A’ I 0
3.11
G-11) D D, Id,——x)

[(Xi1 - Xir—k] X —ty+1 -« Xin] [Xint1 .o Xion—(—n)]

where A’ and E are equal to, respectively, A" and Id,,_ (i) with their j — (r —k)-th
rows omitted. The determinant of (3.11) is equal to the determinant of
I 0
(3.12) D, Id,——x)
[Xi ¢—t)+1 « - Xin] [Xin41-- Xi2n—(r—b)]
To calculate this, shift the bottom row so that it becomes the j — (r — k)-th row

of E Let M =2n — (r — k) — j. Then the determinant of (3.12) will be (—1)™
times the determinant of

L Z
3.13 ,
G139 [Dz Idn—(r—k)]

where I3 is Id,,—(—¢) with the j — (r —k)-th row replaced by [x; (-—x)+1 . .. X; »] and
Z is the zero matrix with the j — (r — k)-th row replaced by [x; 541 ... Xi 20— (r—i)]-
Since the lower right block matrix of (3.13) commutes with its lower left block
matrix we have that the determinant of (3.13) is equal to the determinant of I3 —ZD.
We have that ZD; is equal to the zero matrix with its j — (r — k)-th row replaced by

[xi ¢—k)+1 - - - Xi 1 Do
And thus I3 — ZD; is equal to Id,, () with the j — (r — k)-th row replaced by
[ ¢—)+1 - - Xin] = [Xi ¢=t) 41 - - - Xi n] D2

And so the determinant of I3 — ZD, is merely equal to the j — (r — k)-th entry of
Iz — ZD, which is
Xij — X ettt « - X Xt j - - Xon— it 17 -

Combining all our steps, we finally have that fori > 2n — (r — k), r —k < j <n:

2n—(r—k
(3.14) Péi,’;‘) v ))‘0;/62(—1)M(Xij_[)Ci(r—k)-i-l...)C,‘n][xn+1j...x2n_(r_k)j]T). O
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Theorem 3.15. The opposite cell Y5(w) can be identified with the subspace of
O~ given by matrices of the form

H/O
Id,_; 0 0 0
A Iy O 0
0 Dy Idy_giy O

0 ED E Id_;

with Dy € Mat,_—ky, A" € Mat,_—k)xr—k with the bottom n —r rows of A" all
zero, and E' € Mat,_gxn——k) with the left n — r columns of E’ all zero.

Proof. For j <r —k < i the reflection (i, j) equals (1,2,...,j—1,j+1,...,r—
k,i) and w equals (k+1,...,r) in W/WQA Thus fori > r and j <r —k,
the reflection (i, j) is not smaller than w in W/ Wo . so the Pliicker coordinate
pg )k) vanishes on X (). We saw in (3.8) that for such (i, j) we have pgj)k) =
(— l)(’ —k)— /x,j and thus x;; =0 on Y5 (w).

For j <n < i the reflection (i, j) equals 1,2,...,j—1,j+1,...,n,i) and
wisequalto (k+1,....r,n',...,(r+ 1), k',..., 1) in W/Wy,. Thus there is
no choice of (i, j) such that (i, j) is not smaller than w in W/ Wg..

For j <2n—(r—k) <i thereflection (i, j) equals (1,2, ..., j—1, j+1,...,2n—
(r —k),i) and w equals (1,...,n,n',...,(r +1),k',..., 1) in W/Wan?rikf
Thus for i > 2n — (r — k), and j <2n — r the reflection (i, j) is not smaller than w
in W/ Wan — . We break these into two cases, ignoring those j <r — k as we
have already shown above that for j <r —k and i > 2n — (r — k) we have x;; =0

on Y5 (w).
The first case is for (i, j) withi > 2n — (r — k), and n < j < 2n —r. The fact
that (i, j) is not smaller than w in W/ WQ2 — 1mpl1es that the Pliicker coordinate

2n—(r—k))

vanishes on X 5 (w) We saw 1n (3.10) that for such (i, j) we have

pif’;) r=k) (—1)2”*(’*")*1')@-]- and thus x;; = 0 on Y5 (D).
The second case is for (i, j) withi > 2n—(r —k) and r —k < j <n. The reflection

(i, j) is not smaller than w in W/ WQ2 —— implies that the Pliicker coordinate

(21 ==k yanishes on X Q(w) We saw in (3.14) that for such (i, j) we have

J)
2 k
pglrj) = - =(= I)M(xl] —[xi (r—k)+1---Xi nllXn+1 jooe e X2n—(r—k) J] ) Combining

these two facts we get Xij = [x; (r—k)+1 -+« - Xj n][x,H_]j e X2n—(r—k) j]T.

As [x; (r—k)+1- - .Xin]is the 2n—(r—k)—i)-throw of E’and [xn-l-lj .. .x2,1_(r_k)j]T
is the (2n — (r — k) — j)-th column of D;, it is clear that on Yé(zl)) we have
xij = (E'X) @n—¢r—k)—i) @n—(r—k)— )~

On the other hand note that the reflections (i, j) with i > r and j < r —k,
and i > 2n — (r — k) and r — k < j < 2n — r are precisely the reflections
sq with o € R‘\Ré and W # s, in W/Wg. Since Xg(w) is smooth this im-
plies by Proposition 3.1 that the codimension of Yg(w) in 0, 5 is equal to
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#{Gi, j)|i>rand j <r—k,ori>2n—(r—k)andr —k < j <2n—r}. Above
we have shown that for each such (7, j), x;; either vanishes, or is completely
dependent on the entries of E’X. Thus Y, (W) is the subspace of 0, /5 defined by
the vanishing of {x;; |i >rand j <r—k,ori >2n—(r—k)andn < j <2n—r}
and Xij = (E/X)(Qn_(r_k)_i) Qn—(r—k)—Jj) fori >2n—(r—k)andr —k < j <n. O

Example 3.16. Letk =2,r =4,andn=5. Then 0 = Q5 5 3. w = (3,4,6,9, 10),
and i = (3,4, 6,9, 10, 1,2, 5). Then

xg1 Xxg» Xxg3 xg4 xgs O O 1
X9| X932 X93 X94 Xo5 Xog X97 Xog
| X101 X102 X103 X104 X105 X106 X107 X108

1 0o 0 O0O O 0O O 0 0O

o 1 0 o O 0 O o0 00O

x33 x3 10 0 O O O0 0O

X41 X42 0 1 0 0 0 0 00

0~ - — X51 X352 0 0 1 0 0 0 00
H/Q X61 X62 X633 Xed4 X65 1 0 0 00
X711 X2 x73 x74 x75 0 1 0 00

00

10

01

And Yp(w) will be the subspace of 0, /5 given by

1 0 0 0 0 0 0 0 00
0 1 0 0 0 0 0 0 00
X31 X32 1 0 0 0 0 0 00
X41 X42 0 1 0 0 O 0 00
0 0 0 0 1 0 0 0 00
0 0 X63 Xo4 X65 1 0 0 00
0 0 X73 X74 X75 0 1 0 00
0 O Xg3 Xg4 X85 0 0 1 00
0 0 Xxo7x73 +XogXg3  Xo97X74 + XogXgs X97X75 + XogXgs O Xo7 xog 1 O
| 0 0 x107X73 +X108%83 X107X74 + X108X84 X107X75 + X108 O X107 X108 O 1|

Corollary 3.17. The opposite cell Y5 (W) can be identified with the subspace of
0

G /B given by matrices of the form

1d,_; 0 0 0
A T 0 0
0 D, Id, 5 O

0 —JANTID, —J(ANTT 1d,—
with JD, € Sym ry and A" € Mat, _(, k) x,— with the bottom n —r rows of A’

all zero.

n—(r—
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Proof. Let y € Yp(w) = (Y5(w))? C Yg(w). So y is just an element of Y5 (w) that
is fixed under the involution o . That is, an element which satisfies (2.3.1)—(2.3.3).
Theorem 3.15 gives us that y is of the form

Id_; 0 0 0
A Wy gy O 0
0 D, Idn—(r—k) 0
0 ED E 1d_

with D, € Mat,_—k), A’ € Mat,_ k) xr—k With the bottom n — r rows of A’ all
zero, and E’ € Mat, g ,—(—k) With the left n —r columns of E’ all zero. We must
now check what restrictions on y are required for it to satisfy (2.3.1)—(2.3.3). For y
to satisfy (2.3.3) we know that

d, 0 7170 J][ld—x 0 [T T+IE T
A Wy o] 7 O] B 1] \T J 0

must equal
0J
J 0
which implies that E' = —J (AT J.
Any y clearly satisfies (2.3.2). And finally for y to satisfy (2.3.1),

0 D "To JI[1d,x 0 o o
0 —JANJD,| [J 0] A Idy—¢—i| \" |0 DIy

must equal

d., o 71 JoJ]f0o D, o o
A dy—on] |J 0][0 —JANTID, |\ [0 JD,

which implies that JD, = DZT J, or equivalently JD; € Sym,,_(,_y. U

n—(r

Remark 3.18. We may identify O_ 5 With O under the map

GLy /P

A 0
[0 J(AT)—‘J]HA‘

Remark 3.19. Let V,, be the linear subspace of Sym,, givenby x;; =0if j <r —k
ori <n—(r—k). And let V;, be the linear subspace of O, given by x;; =0
ifi >rand j <r—k.

Consider the map § : Yp(w) — OG/P = 0g/p X OP/P = Og,p X Og, /P
where the first map is inclusion, the second is simply the product decompositiof,

GL, /P~
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and the final map is from Remark 3.18. This map is given explicitly by

Id, ¢ 0 0 0
A Id,— -k 0 0 _
0 D, Id,— -k 0
0 —JANTIDy, —J(ANTT 1d,_

Id, ¢ 0 0 0
0 (P 0 0 |:Id,_k 0 ]
—D,A’ D, Id,——xy O LA Idy——p
JANTIDA —J(ANTID, 0 Id,4
Consider the isomorphism y: O, /pX OC;L,, / P,ﬁ(—)Symn X OC;L,, / P/fk(Cf' Remark 2.2.6)

given by

d, 07 [id,x 0 D ( , [Id,_k 0 D
, — [ (LN)" JN, .
([L Id,,:| [ N 1dyop (LN) N 1d—¢-p

We have that under the map y o8, Y (w) gets identified with V,, x V. This follows
by a simple computation and Corollary 3.17.

DeﬁNnition 3.20. Now let Zp(w) :=Yp(w) X x,w) X p(w). Then Zp(w) = (05/1D X
P/P)N Xp(w). Hence Zp(w) is smooth, being open in the smooth X 5(w) (cf.
Proposition 3.3).

Write p for the composite map Zz(w) — 0(_;/P X P/F—) P/F (=EGL, /Pr{\k)
where the first map is the inclusion and the second map is the projection. Using
Proposition 2.3.4(c) and (d) we see that

A 0 S0\ /
Note that A is invertible by 2.3.4(b).

Using the injective map

A Oan

AceB
© ”H[om J(AT)"1]

:|EB(;,

B, can be thought of as a subgroup of Bs. With this identification we have the
following proposition.

Proposition 3.21. Z3(w) is B,-stable for the action on the left by multiplication.
Further p is B, equivariant.

Proof. Let z € SP,,, such that PeZ 7(w). Then by Proposition 2.3.4(c) we may

write
A 0 ~
- P
¢ |:D J(AT)_lj} mod P,
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such that z P € Zp(w). Since X, (W) — X p(Ww) is surjective, we may assume that
z (mod Bg) € Xp, (W), i.e., z € BcwBg. Then for every A’ € By:

A Opn B A'A 0 L
O xn J(A/T)fl‘] 1= J(A/T)flJD J(A/T)fl(A/T)flJ =z

Then 7’ € BGwBg, so 7/ (mod ﬁ) € X(w). By Proposition 2.3.4(b), we have that
A is invertible, and hence AA’. This implies again by Proposition 2.3.4(b) that
7/ (mod P) € Zp(w). Thus Zp(w) is B, stable. Also p(A'z) = p(z) = A'A =
A’ p(z). Hence p is B,-equivariant. O

Theorem 3.22. With notation as above, let w':=(k+1,...,r,n,...,r+1,k,..., 1)
be an element of S,,, the Weyl group of GL,,. Then:

(a) The natural map X (W) —> X p(w) is proper and birational. In particular,
the map Zp(w) —> Yp(w) is proper and birational. And therefore, Z (W) is
a desingularization of Yp (w).
(b) Xp_ (') is the fiber of the natural map Z3(w) —> Yp(w) at eig € Yp(w).
r—k
© X prA(w/ ) is the image of p. Further, p is a fibration with fiber isomorphic to V.

(d) p identifies Z(w) as a subbundle of the trivial bundle OG/P X XP/ (w/)
which arises as the restriction of the vector bundle on GL,, / P/? associated

to the P/\-module Vw (Which, in turn, is a P/\-submodule of Og / p)

Proof. (a): The map X p(w) — G/ P—>G / P is proper and its (scheme-theoretic)
image is X p(w), hence X 5(w) — X p(w) is proper. Birationality follows from the
fact that w is the minimal representative of the coset wh.

(b): The fiber at ejq € Yp(w) of the map Yp(w) — Yp(w) is 0 x V,, inside
Vw x V,, = Yp(w). Since Zz(w) is the closure of Y5 (w) inside OG/P X P/P
and Xpr (w’ ) is the closure of V,, inside P/ P (note that as a subvariety of O PP
Y P (w/ ) is identified with V), we see that the fiber at ejq (belonging to Yp (w))
of ZP(w) —> Yp(w) is XPA(w’)

(¢): From Remark 3.19 we have p(Yp(w)) =V, C XP/ (w’) Since Y5 (w) is
dense inside Z 3 (w) and XPA(w’) is closed in GL,, /P/T We see that p(Z 3 (w)) C
XP’ (w/) The other inclusion Xp _(w") € p(Z3(w)) follows from (b). Hence,

(Z P(w)) =Xp P k(w’ ). To prove thke second assertion of (c¢) we shall show that
for every A € GL with A mod P/\ eX P (w ), we have that p~1(A modP/\)
is isomorphic to V.

To prove this we first observe that pil(eid) is isomorphic to V,, in view of
Remark 3.19. Next observe that every B,-orbit inside X pr(w’) meets V,, (which
equals Yp_(w’)); further p is Bj-equivariant by Proposmokn 3.21 and hence every
fiber is 1s01§10rphlc to the fiber at ¢4, i.e., isomorphic to V.
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(d): Define a rlght action of GL,, on OG p(identified with Sym,, as in Remark 2.2.6)

as gov = glvg for g € GL,, v € Sym,,. This induces an action of P/\k on Og/p
o

under which V,, is stable. Thus we get the homogeneous bundle

GL, x "7V, —> GL, /P

Now to prove the assertion about Z(w)) being a vector bundle over X p_(w’),
we will show that there is a commutative diagram given as below, with Y an
isomorphism:

Zp(w)

P P
(GL, x 7 Vw)|XP//\(w’) — GL, x 7V,

L

Xp_(w) ———— GL, /P~
r—k r—

The map « is the homogeneous bundle map and g is the inclusion map. Define ¢ by

. A Onxn D T
¢ : |:D J(AT)—IJ:| mod P+— (A, D" JA)/ ~.
Using Proposition 2.3.4(c) and Remark 3.19 we conclude the following: ¢ is well-
defined and injective; 8 - p = « - ¢; hence, by the universal property of products,
the map ¥ exists; and, finally, the injective map 1 is in fact an isomorphism (by
dimension considerations). U

As an immediate consequence of Theorem 3.22 we have

Corollary 3.23. We have the following realization of Diagram 1.2:

Zp(w)—— 05/}, X Xp{?(w’) — XP{T(w/)

L
Yp(w)——— Og p

Proposition 3.24. (1) The Schubert variety X P (w’ ) is isomorphic to the Grass-

mannian GL, / P S where P/\k is the parabolzc subgroup in GL, obtained
by ommmg .

(2) (GL, x = =V, )|X (w)_(GL X g kV )oL, /P =GL, x = kV as homo-

geneous vector bunc?les

Proof. (1): This is clear.
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(2): Consider the embedding i : GL, — GL,, given by

R O
R|—>|:O Idn—r:|'

Define the action of GL, on Sym,, as the action induced by this embedding. This
induces an action of P —on Sym,,. As z(PL) C P/\, the P/\ stability of V,,
implies the P stablhty of V,,. Hence our result follows ]

Corollary 3.25. We have the following realization of Diagram 1.2:
Zp(w)— Og,p x GL, /P’/’_I—> GL, /P

oo
Yp(w)——— Ogp

4. Free resolutions

Kempf-Lascoux—Weyman geometric technique. We summarize the geometric tech-
nique of computing free resolutions, following [Weyman 2003, Chapter 5].

Consider Diagram 1.1. There is a natural map f : V — Grass, 4 (Where
r =r1ky Z and d = dim A) such that the inclusion Z € A x V is the pull-back of the
tautological sequence (2.4.4); here rky Z denotes the rank of Z as a vector bundle
over V,ie,rky Z=dimZ —dim V. Let £ = (f*Q)*. Write R for the polynomial
ring C[A] and m for its homogeneous maximal ideal. (The grading on R arises as
follows. In Diagram 1.1, A is thought of as the fiber of a trivial vector bundle, so it
has a distinguished point, its origin. Now, being a subbundle, Z is defined by linear
equations in each fiber; i.e., for each v € V, there exist s := (dim A —rky Z) linearly
independent linear polynomials £, 1, . . ., £, s that vanish along Z and define it. Now

= {y € A : there exists v € V such that £, 1 (y) =--- = £, 5(y) =0}. Hence Y is
defined by homogeneous polynomials. This explains why the resolution obtained
below is graded.) Let m be the homogeneous maximal ideal, i.e., the ideal defining
the origin in A. Then:

Theorem 4.1 [Weyman 2003, Basic Theorem 5.1.2]. With notation as above, there
is a finite complex (F,, d,) of finitely generated graded free R-modules that is
quasi-isomorphic to Rq, 0z, with
Fi=@H/ (V.N"&) ®c R(—i — j),
j=0

and 0; (F;) C mF;_y. Furthermore, the following are equivalent:

(a) Y has rational singularities i.e., Rq, 07 is quasi-isomorphic to Oy,

(b) F, is a minimal R-free resolution of C[Y], i.e., Fy ~ R and F_; = 0O for

everyi > 0.
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A sketch of the proof is given in [Kummini et al. 2015, Section 4], and [Weyman
2003, 5.1.3] may be consulted for a more comprehensive account.

Our situation. We now apply Theorem 4.1 to our situation. We keep the notation
of Theorem 3.22. Theorem 4.1 and Corollary 3.25 yield the following result:

Theorem 4.2. Write & for the homogeneous vector bundle on GL, / P/\k associ-
ated to the Pﬁ?—module (OG/P/V )* (this is the dual of the quotient of OG p X
GL, /Pﬁ\ by Zp(w)). Then we have a minimal R-free resolution (F,, 8) of
C[Yp(w) wzth
i+j
Fi=@ H/GL, /P, \ &) ®c R(—i — ).
j=0

Computing the cohomology groups required in Theorem 4.2 in the general
situation is a difficult problem. Techniques for computing them in our specific case
are discussed in the following section.

5. Cohomology of homogeneous vector bundles

We have shown in Theorem 4.2 that the calculation of a minimal R-free resolu-
tion of C[Yp(w)] comes down to the computation of the cohomology of certain
homogeneous bundles over GL, / P . In particular we need to calculate

(5.1) H'(GL, /P~ NE)

for arbitrary t.

The Pﬁ?—module (Og /P / Vi)™ is not completely reducible (the unipotent radical
of Pﬁ\ does not act trivially), and thus we can not use the Bott algorithm to
compute its cohomology. In [Ottaviani and Rubei 2006] the authors determine the
cohomology of general homogeneous bundles on Hermitian symmetric spaces. As
GL, / P%\k is such a space their results could be used to determine (5.1). In practice,
proceeding along these lines is possible though extremely complicated.

Another approach to the calculation of these cohomologies comes from using
a technique employed in [Weyman 2003, Chapter 6.3]. There the minimal R-free
resolution of a related space is computed and the minimal R-free resolution of
C[Yp(w)] can be seen as a subresolution. In [Weyman 2003] this method is used for
the case when n =r. That is, the case where Yp(w) is the symmetric determinental
variety. In this case the authors assume that k = 2u (the odd case can be reduced to
this even case). They look at the subspace T;, of Sym, given by symmetric matrices

of block form
[On—u Xn—u R ]
RT SM Xu '
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Let P/\ be the parabolic subgroup of GL, omitting the root «,,—,, then T, is
a P/\—module under the same action. If Z,, is the homogeneous vector bundle
associated with T, we have the following diagram

Zy“~—— Sym, xGL, /P/— —— GL, /P/—
n—u n—u

T

Y& Sym,

They show that the resolution of C[Yp(w)] can be realized as a subresolution of
the resolution of C[Y]. In this case, the P/\—module (Sym,, /T,)* (this is the
dual of the quotient of Sym,, x GL,, / P/\ by Zw) is completely reducible and thus
the cohomology of the corresponding homogeneous vector bundles A\’ & may be
computed using the Bott algorithm, leading to this:

Theorem 5.2 [Weyman 2003, Theorem 6.3.1(c)]. The i-th term G; of the minimal
free resolution of C[Yp(w)] as an R module is given by the formula

G; = @ SyvC" ®c R.
reQy—1(21)
rank A even
i:t—k% rank A
Here Qx_1(2t) is the set of partitions A of 2¢ which in hook notation can be
written as A = (ay, ..., as|b1, ..., bs), where s is a positive integer, and for each j
we have aj = bj+ (k—1). And 1" is the conjugate (or dual) partition of A. And
finally, rank A is defined as being equal to /, where the largest square fitting inside
Aisofsizel x1.
Similar methods may be used to compute a closed form formula for the minimal
free resolution of C[Yp(w)] as an R module in the case r # n.
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