THE CHERN-SIMONS INVARIANTS FOR THE DOUBLE
OF A COMPRESSION BODY

DAVID L. DUNCAN

Volume 280 No. 1 January 2016






PACIFIC JOURNAL OF MATHEMATICS
Vol. 280, No. 1, 2016

dx.doi.org/10.2140/pjm.2016.280.17

THE CHERN-SIMONS INVARIANTS FOR THE DOUBLE
OF A COMPRESSION BODY

DAVID L. DUNCAN

Given a 3-manifold that can be written as the double of a compression
body, we compute the Chern—Simons critical values for arbitrary compact
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1. Introduction

Let G be a Lie group with Lie algebra g. Given a principal G-bundle P — Y over
a closed, oriented 3-manifold Y, one can define the Chern—Simons function

CS: A(P) — R/Z,

where A(P) is the space of connections on P. The set of critical points of CS is the
space of flat connections Ag,(P) C A(P), and the critical values are topological
invariants of Y. In general, computing the critical values of CS is fairly difficult.
Nevertheless, various techniques have been developed to handle certain classes of 3-
manifolds; for example, see [Kirk and Klassen 1993; Auckly 1994; Reznikov 1996;
Nishi 1998; Neumann and Yang 1995; Dostoglou and Salamon 1994; Wehrheim
2006]. Most of these techniques are specific to the choice of Lie group G, common
examples being SU(2), Sp(1) and SL¢(2).

In the present paper we compute the Chern—Simons critical values for any 3-
manifold Y that can be written as a double

Y =HUyy H,
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where H is a compression body, H is a copy of H with the opposite orientation,
and the identity map on d H is used to glue H and H; see Figure 1. For us, the
term compression body means that

e H is a compact, connected, oriented cobordism between surfaces ¥_, ¥,
o H admits a Morse function f:H — [—1, 1] with critical points of index O or 1,
« all critical values of f are in the interior of (—1, 1), and

o fTUED =2k

It follows that, up to homotopy, H can be obtained from X by attaching 2-handles.
These topological assumptions imply that X is connected; there is no bound on
the number of components of X_. (Note that not every 3-manifold can be realized
as the double of a compression body; the Poincaré homology sphere is a simple
counterexample.)

Throughout this paper we work with an arbitrary compact, connected Lie group
G, and we assume the bundle P is obtained by doubling a bundle over H in the
obvious way.

Figure 1. Pictured above are two possibilities for Y. The first has
¥_ = @&, making H a handlebody. In the second figure, ¥_ is connected.

Before stating the main result, we mention that the definition of CS requires a
choice of normalization. When G is simple this choice can be made in an essentially
unique way. However, for arbitrary compact G the situation is not as simple. It
turns out that, in general, this normalization can be fixed by choosing a faithful
unitary representation pg : G — U(W), where W is a finite-dimensional Hermitian
vector space. One upshot of this approach is that certain computations reduce to
the case where G is a classical group; see Remark 2.2. It is convenient to phrase
the main result in terms of a lift CS, : A(P) — R of the Chern—Simons function
CS; this lift can be defined by fixing a flat reference connection a € Agy(P). See
Section 2B for more details.
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Theorem 1.1. Let G be a compact, connected Lie group. There is a positive integer
Ng suchthatif H, P, Y, pg are as above, then all critical values of CS, : A(P) — R
are integer multiples of 1/ Ng.

The dependence of these critical values on the choice of pg is only up to an overall
integer multiple. In particular, if the representation pg has image in SU(W) C U(W),
then all critical values are multiples of 2/ Ng. If po is the complexification of a
faithful orthogonal representation of G (see Remark 2.2), then all critical values
are multiples of 4/ Ng.

Following Wehrheim [2006], the integer Ng appearing in Theorem 1.1 can be
defined explicitly as follows. Consider the integer

ng := sup {|mo(C(G))I},
G'<G

where the supremum is over all subgroups of G, and C(G’) denotes the centralizer
in G. Then ng is finite since G is compact. We define Ng to be the least common
multiple of {1, 2, ..., ng}. Thus Ng > 1 is an integer depending only on G.

The definition of Ng can often be refined if one has certain knowledge about
G or P. In particular, the proof will show that we can take Ng = 1 provided the
following hypothesis holds.

Hypothesis 1. For each connected component S C X._, the identity component of
the gauge group acts trivially on Aga(P|s).

For example, Hypothesis 1 holds trivially when X_ is empty. When X_ is
nonempty, the hypothesis holds when G = SO(3) and the restriction of P to each
component of ¥_ is nontrivial. More generally, this hypothesis is satisfied if
G = U(r) or PU(r) and the integer ¢ (P)[S] is coprime to r for all connected
components S C X_; see [Wehrheim and Woodward 2009]. On the other hand,
Hypothesis 1 is never satisfied if the bundle P is trivial, due to the trivial connection.
That being said, it is perhaps worth mentioning that there are other hypotheses that
allow one to replace Ng by 1. For example, an argument by Wehrheim [2006] can
be used in our proof below to show that when G = SU(2), one can always replace
Nsu(2) by 1 in the statement of Theorem 1.1. We also point out that Hypothesis 1 is
not assumed in Theorem 1.1; our primary motivation for introducing this hypothesis
is to simplify the discussion at various times.

Motivated by the techniques of [Dostoglou and Salamon 1994, page 633] and
[Wehrheim 2006], our strategy for proving Theorem 1.1 is to show that all flat
connections are gauge equivalent to a connection in a certain canonical form. As
a consequence, Theorem 1.1 can be viewed as a statement about the connected
components of Ag,(P). For example, we arrive at the following corollary; see
Remark 3.5.
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Corollary 1.2. Let P — Y be as in Theorem 1.1. Assume Hypothesis 1 is satisfied
and either

o G =U(r) or SU(r) and py is the standard representation, or
o G =PU(r) and py is the adjoint representation.

Ifa,a’ € Apay(P), then there is a gauge transformation u such that u*a and a’ lie
in the same component of Aqa(P). Moreover, two flat connections a, a’ lie in the
same component of Aqa(P) if and only if CS(a) = CS(a’).

Our proof also identifies precisely when flat connections on P exist. To state
this, consider the commutator subgroup [G, G] € G. Then the quotient P/[G, G]
is a torus bundle over Y. For example, if G is semisimple then P/[G, G] =Y, and
if G = U(r) then this quotient is the determinant U (1)-bundle. The next result
follows from the proof of Proposition 3.3 below.

Corollary 1.3. Let P — Y be as in Theorem 1.1. The space Ag,(P) of flat
connections is nonempty if and only if (i) the restriction P /|G, G]|yg is the trivial
bundle, and (ii) for any spherical component S* C dH, the restriction P is the
trivial bundle.

The author’s primary interest in Theorem 1.1 is due to its implications for the
instanton energy values on certain noncompact 4-manifolds; see [Duncan 2013b].
These 4-manifolds are those of the form R x H®°, where

(D H™ := H U,y ([0, 00) x dH)

is obtained from a Riemannian 3-manifold H by attaching a cylindrical end on its
boundary. Given a principal G-bundle P — H, define P*° — H similarly. Then
the “manifold at infinity” of R x H is the double of H (see Section 3C).

Corollary 1.4. Suppose G is a compact, connected Lie group and H is a compact,
oriented 3-manifold with boundary. Let A be any finite-energy instanton on R x
P — R x H™, with the instanton equation defined using the product metric. Then
there is a flat connection a, on H Uyy H such that the energy of A is CSq(ay).

Note that the assumptions on G and H are very general. Corollary 1.4 is proved in
Section 3C using an extension of a standard argument; see [Taubes 1982; Dostoglou
and Salamon 1994; Salamon 1995; Wehrheim 2006; 2005; Nishinou 2010]. See also
[Yeung 1991; Etesi 2013] for similar results on instanton energies and characteristic
numbers for noncompact manifolds.

2. Background

Given a vector bundle E — X, we will write Q*°(X, E) := &Q"(X, E) for the
space of differential forms on X with values in E. We use the wedge product given
by uAv=pu®v—v® u for real-valued 1-forms u, v.
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Let G be a compact Lie group, and pg : G — U(W) the faithful unitary represen-
tation from the introduction. Then define a bilinear form (-, - ) on the Lie algebra
g by setting

2 (o v) = —# Tr((po)ett - (o)1), Vi, v € g,

where the trace is the one on u(W). (The normalizing factor 1/272 is chosen so
that the quantities (4) and (6) below are integers. If py has image in SU(W) then the
more familiar 1/ 47 can be used.) Since we have assumed py is faithful, it follows
that (-, - ) is nondegenerate, and so this defines an Ad-invariant inner product on g.

Suppose 7 : P — X is a principal G-bundle over a smooth n-manifold X; we
assume G acts on P on the right. Given a right action p : G — Diff(F) of G on
a manifold F we will denote the associated bundle by P xg F :=(P x F)/G. If
F =V is a vector space and G — Diff(V) has image in GL(V) C Diff(V), then
P x V is a vector bundle and we will write P(V) := P xg V. Pullback by =
induces an injection

7" QNX,P(V)) = Q*(P,PxYV)

with image the space of forms that are equivariant and horizontal.

We will write P (g) for the adjoint bundle associated to the adjoint representation
G — GL(g). The Lie bracket [ -, - ] on g is Ad-invariant, and so this combines with
the wedge to define a bilinear map u @ v — [ A v] on Q*(X, P(g)), endowing
Q°*(X, P(g)) with the structure of a graded algebra. Similarly, the Ad-invariance
of the inner product (-, -) implies that it induces a fiberwise inner product on the
vector bundle P (g). This combines with the wedge to give a graded bilinear map

QF (X, P(g) ® Q' (X, P(g)) = QT(X), pn®vis (LAv).

2A. Gauge theory. We denote by A(P) the set of all connections on P. By defi-
nition, A(P) consists of the elements of !(P, P x g) that are both G-equivariant
and vertical. It follows that A(P) is an affine space modeled on 7 QN(X, P(g)) =
QY(X, P(g)). We will write A'(P) for the completion of .A(P) with respect to the
H'-Sobolev norm; we will always assume .A' (P) is equipped with the H !-topology.
The space A'(P) is well-defined when X is compact; when X is noncompact the
H'-norm depends on the choice of a smooth reference connection at infinity.

Given any representation p : G — GL(V), each connection A € A(P) determines
a covariant derivative

dap (X, P(V) = QX P(V), pr> (@) (dr*w)+ pu(A) AT* 1),

where d is the trivial connection on P x V. When considering the adjoint repre-
sentation, we will write d4 := d4 aq. The curvature endomorphism curv(dy ,) €
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Q*(X,End(P(V))) is defined by the relation
dapodapp=curv(dy p) A
for all u € Q°(X, P(V)). We define the curvature (2-form) of A by
Fy= (") ""(dA+3[A A A]) € Q*(X, P(g)).

The curvature 2-form F4 recovers the curvature endomorphism curv(dy ,) in any
representation p in the sense that

(3) psFa = CurV(dA,p)'

Taking p = Ad, we therefore have curv(ds) A =[FaAp] forall u e Q*(X, P(g)).
Given any A € A(P), the covariant derivative and curvature satisfy

darp=da+[uA-1,  Fayp=Fa+dap+3unpul

for all € Q'(X, P(g)). We also have the Bianchi identity d4 F4 =0. A connection
A is flat if F4 =0, and we denote the set of all smooth (resp. H') flat connections
on P by Aga(P) (resp. A}ht(P)).

Suppose X is a closed, oriented 4-manifold. Then associated to the fixed repre-
sentation pg : G — U(W) from the introduction, we obtain a complex vector bundle
P (W) equipped with a Hermitian inner product. In particular, this has well-defined
Chern classes ¢; := ¢;(P(W)) € H* (X, Z). The usual Chern—-Weil formula says

k(P)=«k(P; pg) := (c% —20)[X] = —# / Tr(curv(da,p,) Acurv(da, p)) € Z,
X

for any connection A € A(P); the Bianchi identity shows this is independent of the
choice of A. Here Tr(u A v) is obtained by combining the wedge with the trace on
u(W). Then equations (2) and (3) show

) )= [(FanE.

Remark 2.1. This characteristic number can be equivalently defined as follows. Let
BU(W) be the classifying space for the unitary group, and let k € H*(BU(W), Z)
be given by the square of the first Chern class minus two times the second Chern
class. Then k(P) € H*(X, Z) = Z is obtained by pulling back « under the map
X — BG — BU(W); here the first arrow is the classifying map for P, and the
second is induced by the representation pg : G — U(W).

It follows immediately from the definition that « (P) is even if the mod-2 reduction
of ¢ vanishes. Now suppose pg is obtained by complexifying a (real) orthogonal
representation G — O(V). Then P(W) = P (V)¢ is the complexification of the real
vector bundle P (V) and so ¢ = 0 vanishes. If, in addition, X = S! x Y is a product,
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then a characteristic class argument shows that ¢; is even (e.g., see [Duncan 2013a,
Section 4.3]), and so « (P) is a multiple of 4.

For example, consider the case where G = SO(r) with r > 2, and pg = Ad¢
is the complexified adjoint representation. Then « (P) = 2(r — 2) p1 (P(R"))[X],
where p; (P(R%)) is the Pontryagin class of the vector bundle associated to the
standard representation of SO(r).

As a second example, consider G = SU(r). Then the integers « coming from
the complexified adjoint and standard representations are related by

kK (P; Adc) = 2r « (P; standard).

A gauge transformation on P is a G-equivariant bundle map P — P covering
the identity. The set G(P) of gauge transformations on P forms a group, called
the gauge group. One may equivalently view the gauge group as the set of G-
equivariant maps P — G. Here G acts on itself by conjugation of the inverse,
making it a right action. A third equivalent way to view G(P) is as the space of
sections of the bundle P xg G — X, where P X G is formed using the same
action of G on itself.

Denote by Gy = Go(P) the connected component of the identity in G(P). We
need to specify a topology on G(P) for the term “connected component” to be
meaningful, and we do this by viewing G(P) as a subspace of the space of functions
P — G, equipped with the H>-topology (however, any other Holder or Sobolev
topology would determine the same connected components). We denote by G>(P)
the completion of G(P) in the H2-topology. Note that this depends on a choice of
faithful representation of G (see [Wehrheim 2004, Appendix B]), and we take pg
for this choice.

The gauge group acts on Q°(P, P x g) and A(P) C Q°(P, P x g) by pullback.
When the dimension of X is three or less, this action is smooth with the specified
topologies [Wehrheim 2004, Appendix A]. We note that the action of a gauge
transformation u# on a connection A can be expressed as

(5) uw*A=u""Au+u""du,

where the concatenation on the right is matrix multiplication and du is the lineariza-
tion of u : P — G. In dimensions three or less, Equation (5) combines with the
Sobolev multiplication theorem to show that if u, A and u*A are all of Sobolev
class H', then u is actually of Sobolev class H?.

The group G(P) also acts on Q2°(X, P(g)) by the pointwise adjoint action
(&, u) — Ad(u™hHE. In particular, the curvature of A € A(P) transforms under
ueg(P)by

Fupa=Adu HFy.
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We introduce a notation convention that is convenient when the dimension of the
underlying space X is relevant. If dim X = 4, then we use A, U for connections
and gauge transformations; if dim X = 3, then we use a, u for connections and
gauge transformations; if dim X = 2, then we use «, u for connections and gauge
transformations. For example, this provides an effective way to distinguish between
a path of gauge transformations w : I — G(P) on a surface X, and its associated
gauge transformation u € G(I x P) on the 3-manifold / x X defined by ul(;)xp =

p(t).

2B. The Chern—Simons functional. Fix a closed, connected, oriented 3-manifold Y,
as well as a principal G-bundle P — Y. The space of connections admits a natural
I-form A € Q'(A(P), R) defined at a € A(P) by

Aot T,A(P) —> R, v|—>/(v/\Fa).
Y

The Bianchi identity shows that this is a closed 1-form. Since A(P) is contractible
it follows that A is exact. Fixing a reference connection ag, this exact 1-form
can therefore be integrated along paths from ag to obtain a real-valued function
CSg4 1 A(P) — R. One can compute that CS,, is given by the formula

CSuy(a) := / (Fay AV) + 3{dagv AV) + £ {[v AV] A D),
Y

where we have set v:=a —ag € Q' (Y, P(g)). We will typically choose aj to be flat,
but this is not always convenient. In general, however, changing a¢ changes CS,,
by a constant. Projecting CS,, to the circle R/Z, one obtains the Chern—Simons
function CS : A(P) — R/Z from the introduction; we will refer to the lift CS,, as
the Chern—Simons functional. Moreover, CS,, has a smooth extension from the
smooth connections A(P) to the H'-completion A'(P).

Suppose a,a’ € A(P). Any path a(-) : [0, 1] > A(P) from a to a’ can be
interpreted as a connection A on [0, 1] x P — [0, 1] x ¥ by requiring that it restricts
to a(t) on {t} x Y. It follows from the definitions that

1/ (Fa AFy).
2 IxY

In the special case where a’ = u*a, with u € G(P), the connection A descends to a
connection on the mapping torus

P,:=1xP/00,u(g))~({,q),
which is a bundle over S! x Y. Then the above gives

(©6) CSa(ua) — CSup(@) = 5 /S | (EanFr)=k(R) €L,

CSy(a) —CSyy(a) =
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where we used (4) in the second equality. It follows that the value of this depends
only on the path component of u in G(P). Equation (6) also shows that CS,, is
invariant under the subgroup of gauge transformations u with « (P, ) = 0 (the ‘degree
zero’ gauge transformations), and that the circle-valued function CS : A(P) — R/Z
is invariant under the full gauge group G(P).

Remark 2.2. The discussion following Equation (4) shows that if the mod-2 reduc-
tion of ¢;(P,(W)) vanishes, then (6) is even. Similarly, if the fixed representation
0o is the complexification of a real representation, then (6) is a multiple of 4.

For completeness we show that the space of flat connections on P is locally
path-connected. This implies, for example, that the Chern—Simons critical values
are always isolated since the moduli space Agy(P)/G(P) is compact and CS, is
constant on the path components of Aga(P).

Proposition 2.3. The space Aéat(P) of flat connections is locally path-connected.
In particular, the path components are the connected components.

Proof. Rade [1992] used the heat flow associated to the Yang-Mills equations
to show that there is some €p > 0 such that if a € A'(P) is a connection with
| Fy]l;2 < €p, then there is a nearby flat connection

Heat(a) € A}, (P).

Rade shows that the map a — Heat(a) is continuous, gauge equivariant and restricts
to the identity on A}iat(P).

Let ag, a; € A}iat(P). We want to show that if ag and a; are close enough (in
H'), then they are connected by a path in A}lat(P). Consider the straight-line path
a(t) =ap+t(a; —ap). Then

2
Fawy = tda (a1 — ao) + 7 lar —ao Aay —agl,

and so
2 2
| Fayllz2 < llday(ar —ao)ll 2 + llay — aoll 74 < C(llar — aoll g1 + llar — aoll3; ),

where we have used the Sobolev embedding H l'<s L% Then a(¢) is in the realm
of Rade’s heat flow map for all ¢ € [0, 1], provided ||a; — ap|| g1 < min{l1, ep/2C}.
When this is the case, t — Heat(a(t)) A}m(P) is a path from ag to ay, as desired.

O

3. Chern-Simons values and instantons

We prove Theorem 1.1 and Corollary 1.4 in Sections 3B and 3C, respectively. We
take a TQFT approach to the proof of Theorem 1.1 in the sense that we treat each
connection on Y = H U, H as a pair of connections on H that agree on the boundary.
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This reduces the problem to a study of the flat connections on H and d H, which is
the content of Section 3A.

3A. The components of the gauge group and the space of flat connections. In
this section we fix a principal G-bundle P — X, where X is a manifold with
(possibly empty) boundary. Unfortunately, the action of the gauge group is rarely
free. To account for this, it is convenient to consider the based gauge group
Gp = Gp(P) defined as the kernel of the map G(P) — G given by evaluating
u: P — G at some fixed point p € P. If X is connected, then G, acts freely on
A(P) (in general, the stabilizer in G(P) of a connection A € A(P) can be identified
with the image in G of the evaluation map u — u(p)).

Let G — G be the universal cover. We will be interested in the subgroup
H= H(P) of gauge transformations u : P — G that lift to G-equivariant maps
ii : P — G, where the (right) action of G on G is induced by the conjugation action
of G on itself.

Lemma 3.1. The subgroup H is a union of connected components of G(P). In
particular, H contains the identity component Gy of G(P).

Proof. Consider the aforementioned right action of G on G. Use this action to define
abundle P xg G— X , and consider the natural projection P X ¢ G—>P xgG.
Viewing a gauge transformation u as a section of P xg G — X, the defining condi-
tion of H is equivalent to the existence of a section it : X — P xg G lifting u. It fol-
lows from the homotopy lifting property for the covering space P X G—PxgG
that u is an element of H if and only if u can be connected by a path to an element
of H. O

Lemma 3.2. Suppose G is compact and connected, and that X has the homotopy
type of a connected 2-dimensional CW complex. Then H NG, is connected, and the
inclusion G, € G(P) induces a bijection mo(G,) = mo(G(P)). Consequently, H is
the identity component Gy of G(P).

Proof. First we show that NG, is connected. For u € #, let i be a lift as above.
Note that if u € G, then u(p) € Z(é) is in the center and so ii(p)~'i is another
equivariant lift of . In particular, by replacing & with &(p)~'i, we may assume i
has been chosen so that &z (p) =e € G. Moreover, by homotoping # we may assume
that u (hence 1) restricts to the identity on 7~ 1(B), where B C X is some open
coordinate ball around x = 7 (p). The topological assumptions imply that B can be
chosen so the complement X — B deformation retracts to its 1-skeleton. Since G is
connected, the restriction P|y_p — X — B is trivializable. By equivariance, we
may therefore view & simply as a map

ii:(X—B,dB)— (G,e).
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Now we show 74(G,) = mo(G(P)). We may homotope any gauge transformation
u: P — G so that it is constant on 7~ '(B) C P, with B as above. Just as above
Pl — B is the trivial bundle, so gauge transformations on P| 5 are exactly maps
B — G. Since G is connected, we can obviously find a homotopy rel 9B of
u:(B,dB)— (G, u( p)) to a map that sends x € B to the identity. This shows that
u can be homotoped to an element of G,.

Finally, by Lemma 3.1 we have Gy C H, while the reverse inclusion follows from
the conclusions of the previous two paragraphs. U

Fix x € X as well as a point p € P over x. It is well-known that the holonomy
provides a map hol : Agy(P) — hom(mr(X, x), G). This intertwines the action
of G(P) on Ag,(P) with the conjugation action of G on itself in the sense that if
y 1 (8!, 1) = (X, x) is a smooth loop, then

hol,«4(y) = u(p) ' hola(y)u(p)

for all gauge transformations u € G(P) and flat connections A; see [Kobayashi
and Nomizu 1963, Proposition 4.1] and [Atiyah and Bott 1983]. Moreover, the
holonomy descends to a topological embedding

Afac(P)/Gp < hom(m1 (X, x), G)

with image a union of connected components that are determined by the topological
type of the bundle P. To determine this set of image components for a given
bundle P, it is useful to consider the following variation dating back to Atiyah and
Bott [1983]. Let j : G — P denote the embedding g — p-g~' (recall G acts on P
on the right), and let j, denote the induced map on ;. Consider the universal cover
G — G and denote by t: 7 (G) — Z(é) the natural inclusion into the center of G.
Then there is a homeomorphism

(7 Aﬂat(P)/(ngp) = {,O € hom(w (P, p), a) | PO Ju= L}.
We defer a proof of (7) until the end of this section.

Proposition 3.3. Assume G is compact and connected. Suppose X is either a
closed, connected, oriented surface, or X = H is a compression body. Then the
space of flat connections Ag,(P) is connected when it is nonempty.

Proof. By Lemma 3.2, the group H NG, = Gy NG, is connected. Moreover, it acts
freely on Ay (P) since this is the case with G,. We will show the space on the
right-hand side of (7) is connected. The proposition follows immediately by the
homotopy exact sequence for the bundle Aga(P) — Aga(P)/(HNG)p).

First assume X is a surface of genus g > 0. For g =0, the space Ag(P)/(GoNGp)
is either a single point or empty, depending on whether P is trivial or not. We
may therefore assume g > 1. The bundle P — X is determined up to bundle
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1som0rph1srn by some § e 1, (G) C Z (G) Since G is simply-connected, it follows
that G = G X ...x Gy x R for some simple, connected, simply-connected Lie
groups Gy, ..., Gk. Write § = (61, . .., 8, r) according to this decomposition.
Now we compute (P, p). Let U be the complement in X of a point y, and let
V be a small disk around y. Applying the Seifert—van Kampen theorem to the sets
P|y, Ply C P, one finds a presentation for 7 (P, p) that consists of generators and

relations coming from 71 (G), as well as additional generators ay, B, ..., ag, B,
subject to the relation
g
®) [le). 8] =
j=1

as well as further relations asserting that each element of {c;, 8;}; commutes with
each generator coming from 7| (G). Alternatively, the relation (8) can be viewed as
arising when one compares trivializations of P|y and P|y on the overlap UN V. It
follows that Aga(P)/Go NG, can be identified with the set of tuples (A;;, B;j);,;,
forl <i<k+1land 1 <j <g, where

() Ajj. Bij € Gi, and [5_[Aij, Bij] =6 for 1 <i <k;
(i) Agj, Bij € R, and [1%_,[Ayj, Bijl=r

Since R/ is abelian, the tuples (Ag i» Bkj);j appearing in (ii) can only exist if r = 0.
This shows that Ag,(P) is empty if » % 0, so we may assume r = 0. (Note that
r = 0 if and only if the torus bundle P/[G, G], from the introduction, is the trivial
bundle.)

For 1 <i <k, given any §; € G it can be shown that (a) there always exist
tuples (A;;, B;j); C Gl.zg satisfying Hle[Aij, B;;j]1 = 4;, and (b) the set of such
(Ajj, Bjj); is always connected; see [Alekseev et al. 1998], [Ramadas et al. 1989,
Section 2.1] or [Ho and Liu 2003, Fact 3]. It follows that Aga(P)/Go NG, is a
product of connected spaces and is therefore connected. This finishes the proof in
the case where X is a surface.

Now suppose X = H is a compression body. Then there is a homotopy equiva-
lence H ~ (\/‘l?':1 XV (\/;:l S1) onto a wedge sum of closed, connected, oriented
surfaces ¥; and circles; note that the surfaces can be identified with the components
of the incoming end X_ C dH. It follows from (7) that Aga(P)/Go NG is
homeomorphic to

{pehom(m(Pl), 5) ‘ poj*=L} X...X {pehom(m(Ps), 5) } ,OOj*=L} X(é)t,

where P; — X; is the restriction of P to the surface 3; C H. By the previous
paragraph this is a product of connected spaces, and so is itself connected. (]
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Remark 3.4. The above proof shows that, when H is a compression body, restrict-
ing to the incoming end ¥_ C dH yields a surjective map

Aﬂat(P) N Aﬂat(Pl) % % Aﬂat(Ps)

GoNG,  Go(PDNG, (P) 7 Go(P) NGy (Py)

that is a (trivial) principal G'-bundle. Similarly, restricting to the outgoing end
¥4 C dH yields an injection

Aa(P) Afiat(P1)

GoNGy — Go(P)NGp, (Py)
where Py — X is the restriction of P. In particular, a flat connection on P — H is

determined uniquely, up to Go(P) NG, (P), by its value on the boundary component
Y., and hence by its value on dH.

Now we verify (7). This can be viewed as arising from the G-valued holonomy,
which we now describe. Let A € A(P) be a connection. Given a smooth loop
y :S' =R/Z — P, consider the induced loop in the base 7 oy : S' — X. Use this
to pull P back to a bundle over the circle (m oy )*P — S'. The standard (G-valued)
holonomy determines a lift hol4 (7 o ) of the quotient map [0, 1] — S! = R/Z:

(roy)*P
SO
©) o

-

[0,1] — S!

and this lift is unique if we require that it sends 0 to y (0) € (7 o y)* P. On the other
hand, y determines a trivialization of this pullback bundle

(moy)'PES'xG, y@)— (t,e).

Compose the lift in (9) with this isomorphism and then with the projection to the
G-factor in S! x G to get a map

(10) hol (o y): [0, 1] — G,

which we denote by the same symbol we used for the standard holonomy. Then the
map in (10) sends O to the identity e € G and the value at 1 recovers the standard
holonomy for A around y. Viewing G—Gasa covering space, holy (r o ) lifts
to a unique map hol a(@@oy):[0,1] — G that sends 0 to e. Then we declare the
G-valued holonomy of A around y to be the value at 1:

hol€ () := hol ( o y)(1) € G.

As with the standard holonomy, one can check that this is multiplicative under
concatenation of paths y. Similarly, this is equivariant in the following sense.
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Suppose u € H and so u lifts to a G-equivariant map it : P — G. Setting g :=u(p),
we have

holS. , () = g ' hol§ (y)g.

Next, suppose A is a flat connection. Then holg(y) depends only on the homo-
topy class of y. It follows from the above observations that the G-valued holonomy
defines a map Agy (P) — hom(( (P, p), 5), and this intertwines the actions of H
and G. Moreover, from the definition of G » we have that the G-valued holonomy
is invariant under the action of # N G,. We therefore have a well-defined map
Agat(P)/H NG, — hom(m(P), 5). It follows from the definitions above that
the image lies in the right-hand side of (7). That this map is a homeomorphism
follows from the analogous argument for the standard holonomy, together with the
commutativity of the following diagram.

Ana(P)/(HNGp) — {p € hom(mr1(P), G) | po ju =1}

Apat(P)/G(P) —— hom(7,(X), G)/G

3B. Proof of Theorem 1.1. Write Y = H Uy H, where H is a compression body.
Fix a collar neighborhood [0, €) x 0 H < H for d H, and use this to define the
smooth structure on Y. This smooth structure is independent, up to diffeomorphism,
of the choice of collar neighborhood, see [Milnor 1965, Theorem 1.4]. The product
structure of this collar neighborhood can be used to define a vector field v on Y
that is normal to 0 H and that does not vanish at 0 H. Moreover, we assume v has
support near d H, and so v lifts to an equivariant vector field on P that we denote
by the same symbol.

Restriction to each of the H factors in ¥ = H Uyy H determines an embedding

blon = clon, }

Al (P) > |, 0) € Al (Pl) x Al (Pli) _
—wblon = wclon

given by

(1D ar— (alg, aly).

A few comments about the defining conditions in the codomain are in order: (i) we
are treating v = v| g as a vector field on H, viewed as the second factor in H Usy H;
(i1) the negative sign is due to the reversed orientation of the first factor; and
(iii) restriction to the hypersurface 94 C Y extends to a bounded linear map
HY(Y) — L*(3H) (see, e.g., [Adams 1975, Theorem 6.3]), and so these equalities
should be treated as equalities in the L? sense.
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Suppose (b, ¢) is in the codomain of (11). These define a connection a on Y
by setting a|7 = b and a|, = b. It is straightforward to check that if b and ¢ are
both smooth, then « is continuous and of Sobolev class H' on Y. Since the smooth
connections are dense in .A!, it follows that (11) is surjective, and so we may treat
(11) as an identification.

The bijection (11) singles out a preferred subspace that we call the diagonal

(12) [, b) € A (Plp) x A (P11) | tblam = 0} C Ay (P).

It is convenient to consider a slightly larger space C C A}iat(P) defined to be the set
of flat connections that can be connected by a path to an element of the diagonal (12).

Claim. The diagonal (12) is path-connected. In particular, C is also path-connected.

To see this, consider diagonal elements (bg, bg), (b1, b1). It suffices to prove the
claim under the assumption that by, b; are both smooth and satisfy

(13) Lwboly = t,b1ly =0

on some neighborhood U of 3 H (this is because the H'-completion of the space
of these connections recovers (12) and the path-components are stable under com-
pletion). By Proposition 3.3 there is a path of flat connections t + b; € Aga(P|g)
connecting by and b;. We will be done if we can ensure that ¢,b; |35 = 0 for all
t €10, 1]. We will accomplish this by putting b, in a suitable ‘v-temporal gauge’,
as follows. Restrict attention to the bicollar neighborhood (—€,€¢) x 0H C Y
obtained by doubling the collar neighborhood from the beginning of this section.
Let s denote the variable in the (—e¢, €)-direction and fix a bump function 8 for U
that is equal to 1 on d H. For each ¢ € [0, 1], define a gauge transformation u, at
(s, h) € (—e, €) x dH by the formula

S
i (s, h) = exp( - / uionbilo, h) do ).
0
Then u, depends smoothly on all variables, and a computation shows
Ly (uby) =0.

Moreover, it follows from (13) that u, is the identity gauge transformation when
t =0, 1. The claim follows by extending u, to all of Y using a bump function.

It follows from the claim that the Chern—Simons functional is constant on C,
since CSy, is locally constant on its critical set Aéat(P). Suppose Hypothesis 1
holds. We will show that every flat connection in .Ailm(P) is gauge equivalent to
one in C; Theorem 1.1 will then follow immediately from Remark 2.2. In fact,
by another density argument, it suffices to show that every smooth flat connection
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is gauge equivalent to one in C. So we fix a € Agy,(P). As in the proof of the
claim, by applying a suitable gauge transformation, we may assume that ¢,a = 0.
Use (11) to identify a with a pair (b, c) € Aga(P|y) X Aga(Plg). Then b, ¢
agree on the boundary, so by Remark 3.4, there is some gauge transformation
u € Go(Plg) NG, (P|n) for which u*c = b. Here we have chosen p € H to lie in
¥4 C dH, and we are thinking of the H that appears here as the second factor
in Y = H Uyy H. Our immediate goal is to show that u restricts to the identity
gauge transformation on the boundary 0 H = ¥, U X_. Since p € X, it follows
that the restriction u|y, lies in G,(P|x, ), which acts freely. Since b and c agree
on X, it must be the case that u|yx_ is the identity. Turning attention to X_, for
each component ¥’ C X _, the restriction u|y- lies in the identity component of the
gauge group. In particular, by Hypothesis 1 we have that u|35 = e is the identity.
At this point we have that u is a gauge transformation on H C Y that is the identity
on all of H. Then u extends over H C Y by the identity to define a continuous
gauge transformation u!) = (e, u) on P. This is of Sobolev class H'. We also
have (u")*a € C, since under (11) the connection (u")*a corresponds to the pair
(b, b) = (b, u*c) and we have assumed t,a = 0. Finally, since u", a and (uV)*a
are all H', it follows from (5) that u" is H?. This finishes the proof of Theorem 1.1
under Hypothesis 1.

Remark 3.5. Continue to assume Hypothesis 1, and suppose a, a’ are flat connec-
tions. Then the construction of the previous paragraph shows that there is a gauge
transformation w € H(P) such that w*a and a’ lie in the same path component. If
we further assume that CS,, (@) =CS,4, (@), then it follows that k (P,) = 0. In many
cases, if w € H and k (P,) = 0, then w necessarily lies in the identity component.
For example, this is well-known when G = U(r) or SU(r) and pg : G — U(C") is
the standard representation [Freed and Uhlenbeck 1991, page 79], or if G = PU(r)
and py is the adjoint representation [Duncan 2013a]. In such cases, it follows that
a and d’ lie in the same component of Ag,(P).

To prove the theorem without Hypothesis 1, we follow a strategy of Wehrheim
[2006]. Let ng be as in the definition of Ng. Without Hypothesis 1 it may not be the
case that u € G(P| ) restricts to the identity on X_. Write ¥_ = X, U---UX; in
terms of its connected components and write P; for the restriction of P to ¥; C 0 H.
Since G is compact, the stabilizer subgroup in G(P;) of each restriction b|x, has
only finitely many components, and so there is some integer n < ng for which
u"|x, lies in the identity component of the stabilizer group for b|x,. For simplicity
we assume u" |y, = e is the identity for each i; one can check that the following
argument can be easily reduced to this case.

View H as a cobordism from X_ to X, (we may assume X_ is not empty,
otherwise Hypothesis 1 is satisfied), and define a manifold Y™ by gluing H to
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itself 2n times:

N T,
H “H
(14) 5 9
D L
CnU H

Define a bundle P — Y™ similarly. Then a = (b, ¢) determines a continuous
flat connection on P by the formula

a™ = (b,c,b,c,...,b,0).

The notation means that the k-th component lies in the k-th copy of H in (14).
Similarly, the reference connection ag defines a reference connection a(()") on P™,
and the gauge transformation u determines a continuous gauge transformation on
P™ by

u™ = (e,u,u, wou?, ot u).

Let CS™ denote the Chern—Simons functional for P defined using a(()"). Then
(6) and the additivity of the integral over its domain give

S (@™y*a™) =c8™ (a"™) + k (Pymw) = nCSuy(@) + k (Pym).

In addition, the pullback of @™ by u™ is (b, b, u*b, u*b, ..., W"~")*b, (u"~1)*b),
and so

CS(n)((u(n))*a(n)) — ncgao(a/) +k,, ky:= %n(n —Dk(P,) eZ,

where a’ € C is the connection corresponding to (b, b) under (11). Combining these
gives CSyy(a) — CSay(a') € 27 € -7,

3C. The energies of instantons. Let P — H™ be as in Corollary 1.4, and let g
be the cylindrical end metric on H*°. Equip the 4-manifold R x H* with the product
metric, and denote by O — R x H® the pullback of P> under the projection
R x H>* — H®. The energy of a connection A € A(Q) is defined to be

1 1
S IFall2@x) = 5/ (FanxFy),
RxH®

where * is the Hodge star coming from the metric. We will always assume the
energy of A is finite. We say that A is an instanton if xF4 = £ F4. It follows that
the energy of any instanton is given, up to a sign, by

(15) %/R AFAnE).

In this section we will prove Corollary 1.4 by showing that (15) is equal to CS,, (ap)
for some flat connections a,, ag on Y := H U,y H. First we introduce some notation.
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Recalling the decomposition (1), there is a projection
(16) Rx H® - H

to the upper half-plane, sending {s} x H to (s, 0) € H, and sending each element
of {(s,7)} x 0H to (s, t). (This projection is continuous, but not differentiable.)
Note that for each 7 € (0, 00), the inverse image under (16) of the semicircle

{(t cos(@), Tsin(A)) |0 €[0, 7]} CH
is the closed 3-manifold
Y: := H Up)xon ([0, T] X 0H) Uprnyxon H.
In the degenerate case T = 0, we declare Y to be the inverse image under (16) of
the origin; so Yp = {0} x H. Then we have
Rx H® =Y.
>0
Moreover, for each T > 0, there is an identification Y; = Y; induced from the
obvious linear map [0, tz] = [0, 7]. This identification is continuous, but when
T # 1 this identification is not smooth due to the directions transverse to {0, 7} x 0 H
in Y;. We note also that we can identify Y; with the double Y; however we find
it convenient to work with Y; rather than Y at this stage. In summary, we have
defined a continuous embedding
IM:(0,00)x Y] - Rx H®

with image the complement of Yj; this map is not smooth. We think of IT as
providing certain “polar coordinates” on R x H*.
Fix a connection A. Then we can write the pullback under IT as

M"A =a(r) + p(r)dr,
where t is the coordinate on (0, 00), a(-) is a path of connections on Yy, and p(-)

is a path of O-forms on Y;. Fixing 7, the failure of IT to be smooth implies that the
connection a(t) will not be continuous on Y, unless

(17) WA =0.

Here, v is the normal vector to the hypersurface R x 0 H C R x H*°. However,
by performing a suitable gauge transformation to A, we can always achieve (17).
(See the previous section for a similar construction; also note that the action of the
gauge group on A does not change the value of (15).) When (17) holds it follows
that the connection a(t)

e is continuous everywhere on Y1,
e is smooth away from the hypersurface {0, 7} x dH C Y;, and

« has bounded derivative near this hypersurface.
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In particular, a(t) is of Sobolev class H Lonv,.

Now we introduce a convenient reference connection ag on Y| with which we
will define CS,,. This reference connection will depend on the given connection A;
we continue to assume that (17) holds. Define g on the first copy of H in Y| by
declaring it to equal Aly,, where we are identifying Yy with H in the obvious way.
Define ay on the second copy of H to also equal Aly,. It remains to define a¢ on
the cylinder [0, ] x 0 H, and there is a unique way to do this if we require that ag
is (i) continuous and (ii) constant in the [0, 7 ]-direction. It follows from (17) that
ag is of Sobolev class H'. Moreover,

lim a(t) = ay,

t—0*t
where this limit is in the H!-topology on Y; (this is basically just the statement
that A is continuous at Yo C R x H®). Note that this choice of ap may not be flat.
However, it turns out that CS,, = CS,, for some flat connection a; (in fact, any flat
connection in the diagonal (12) will do); see Remark 3.6.

Now we prove Corollary 1.4. At this stage the argument follows essentially as
in [Wehrheim 2006, Theorem 1.1]; we recall the details for convenience. Let A be
any finite energy connection on R x H°°, and assume it has been put in a gauge so
that (17) holds. Use the identity Fr=4 = F, +dt A (d:a —d, p) to get

II*(Fo A Fa) =dt A (Fy A (3:a — dap)).

Integrate both sides and use the fact that the image of IT has full measure in R x H*
to get

(18) %/R (FAAFA>=fOOO/ dt A (F, A 3.a)
x H® Yy

= foo iC(S'ao(a(t)) dt
0 dt

= lim CS, (a(r)) — lim CS, (a(r)),
T—00 =0+

where we used the Bianchi identity to kill off the d, p-term, and then used the
definition of CS,,. From the definition of ag, we have

lim CSay(a(r)) = CS4(a0) =0,

so it suffices to consider the limit at oco.

Notice that (18) shows that lim,_, o, CS4,(a (7)) exists. The goal now is to show
that this limit equals CS,,(a,) for some flat connection a,. Endow Y; with the
metric induced from ds* + g via the inclusion ¥; C R x H™. Then it follows from
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the definitions that

oo
2 2
fl ”Fa(r)”LZ(Yl) = ”FAHLZ(IRXHOO)'

Since the energy of A is finite, the integral over [1, o) on the left converges and
so there is a sequence 7; € R with

”Fa(fi)”iZ(Yl) 50 and T AN
By Uhlenbeck’s weak compactness theorem [1982], we can find
» a subsequence of the {a(t;)}, denoted by {a;},
« a sequence of gauge transformations {u;}, and

¢ a flat connection aoo,

for which {u}a;} converges to a,, weakly in H ! and hence strongly in L*. This
convergence is enough to put each u?q; in Coulomb gauge with respect to aqo
[Wehrheim 2004, Theorem 8.1], so by redefining each u#; we may assume this is
the case. Then u}a; converges to a strongly in H !, Since CS,, is continuous in
the H'-topology, we have

lim CSy,(ufa;) = CSyy(aoo)-
1—> 00
On the other hand,
CSy(ufai) —CSyy(ai) =k(Py,) €Z

for all i. Since CSg,(u?a;) and CS,,(a;) both converge, it follows that k (P,,) is
constant for all but finitely many i. By passing to yet another subsequence, we may
assume that « (P,,) is constant for all i. Then there is some gauge transformation u
such that « (P,) =k (P,,) for all i (just take u to be one of the u;). This gives

1/ (Fa A Fp) = lim CSyy(ar) = lim CSu(uar) — k(Py)
RXHOO 11— 00 1—> 00

2
= CS4y(Ao0) — K (Py) = CSay (™ ") an).

So taking a; := (") *an finishes the proof.

Remark 3.6. Here we address the fact that the reference connection ag, constructed
in the proof above, may not be a flat connection. We address this from two different
angles. First of all, the quantity (15) is independent of the choice of connection
A, provided that one restricts to connections with the same asymptotic behavior at
infinity. In particular, one can always modify the connection A so that its restriction
to Yy is flat. This forces ag to be flat.

Secondly, the argument of the previous paragraph suggests that the value CS,,(a)
is somehow independent of ag. It is interesting to see this explicitly without
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modifying the original connection A. There is an obvious Z, actionon Y = HUyy H
given by interchanging the two H -factors. Call a form or connection on Y symmetric
if it is fixed by this action. For example, all elements of the diagonal (12) are
symmetric. The key observation here is that ag is symmetric. Then we claim
that function CS,, is independent of the choice of ag from the class of symmetric
connections. Indeed, suppose a; is a second connection that is symmetric. We want
to show that CS,,(a) = CS,, (a) for all connections a. From the definition of the
Chern—Simons functional we have

CSay(@) —CSa) (@) = —CS(ag) +CSular).

Note that the right-hand side is actually independent of a, since changing the
connection a changes CS, by a constant. We can therefore replace a with ag on
the right-hand side to get

CSay(@) — CSy (@) = CSyp(ar) = / (Fay A) + 3{dagv AV) + £ ([v AV] A D),
Y

where v := a; —ag. Let csq4,(v) denote the integrand on the right. Now use the
following facts: (i) ¥ decomposes into two copies of H, (ii) the two copies of
H have opposite orientations, and (iii) cs,,(v) is symmetric (it is made up of the
symmetric ag, a;). These allow us to compute

s+ [ e == [ s+ [ et =0
H H H

H

CSu@) €Sy @) = |
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