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THE SECOND CR YAMABE INVARIANT

PAK TUNG HO

Let (M, 0) be a compact strictly pseudoconvex CR manifold of real dimen-
sion 2n + 1 with a contact form 6. Motivated by the work of Ammann and
Humbert, we define the second CR Yamabe invariant, which is a natural gen-
eralization of the CR Yamabe invariant, and study its properties in this paper.

1. Introduction

Let (M, g) be an n-dimensional compact Riemannian manifold where n > 3. The
Yamabe problem is to find a Riemannian metric g conformal to g such that the
scalar curvature of g is constant. Yamabe [1960] claimed to solve it. However,
Trudinger [1968] realized that Yamabe’s proof was incomplete, and he was able to
solve the Yamabe problem when the scalar curvature of g is nonpositive. When the
scalar curvature of g is positive, Aubin [1976] solved the case when n > 6 and M
is not locally conformally flat, and Schoen [1984] solved the remaining cases by

using the positive mass theorem.
4

The method to solve the Yamabe problem was the following. If g = un—2g,
where u € C°°(M) and u > 0, then

n+2
(-1 Lg(u) = Rgun=2,
where & D
n_
Lg = —ﬁAg + Rg.

Here Ag is the Laplacian of g, and Ry and Rj are the scalar curvatures of g
and g. The Yamabe problem is to solve (1-1) with Rz being constant. The Yamabe
invariant Y (M, g) of (M, g) is defined as

Y(M, g)= inf E(u),
( g) u%O,uIEHCOO(M) (Ll)
where
Eu) = faguLg(u)dVy

n n=2"
(fog |uli2 d V) ™
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The key point of the resolution of the Yamabe problem is the following theorem
due to Aubin [1976].

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension n > 3.
If Y(M, g) < Y(S"), then there exists a positive smooth function u satisfying (1-1).
Here Y (S™) is the Yamabe invariant of the sphere S with respect to the standard
metric.

The strict inequality was used to show that a minimizing sequence does not
concentrate at any point. Aubin [1976] and Schoen [1984] proved the following:

Theorem 1.2. Let (M, g) be a compact Riemannian manifold of dimension n > 3.
Then Y (M, g) < Y(S"). Moreover, the equality holds if and only if (M, g) is
conformally diffeomorphic to the sphere.

These theorems solve the Yamabe problem. See also [Brendle 2005; 2007a;
2007b; Chow 1992; Schwetlick and Struwe 2003; Ye 1994] for using the flow
approach to solve the Yamabe problem.

Ammann and Humbert [2006] defined the k-th Yamabe invariant as a general-
ization of the Yamabe invariant. More precisely, let

Ai(g) <Az(g) =A3(g) < =Ax(g)--— 00

be the eigenvalues of L, appearing with multiplicities. Let [g] be the conformal
class of g. For any positive integer k, the k-th Yamabe invariant Yz (M, g) is
defined by
. ~ 2
Yi(M.g) = inf Ar(g) Vol(M, g)n.
gelg]

In particular, Y1(M, g) = Y (M, g) when the Yamabe invariant Y (M, g) is
nonnegative.

One can consider the following CR analogue of the Yamabe problem, the CR
Yamabe problem. Suppose that (M, 6) is a compact strictly pseudoconvex CR
manifold of real dimension 27 4 1 with a contact form 6. The CR Yamabe problem
is to find a contact form 6 conformal to 6 such that the Webster scalar curvature of
6 is constant. Jerison and Lee [1987; 1988; 1989] solved the CR Yamabe problem
when n > 2 and M is not locally CR equivalent to the sphere. The remaining cases,
namely when n = 1 or M is locally CR equivalent to the sphere, were studied
respectively by Gamara and Yacoub [2001] and by Gamara [2001]. See also the
recent work of Cheng, Chiu and Yang [Cheng et al. 2014] and Cheng, Malchiodi
and Yang [Cheng et al. 2013]. See also [Chang and Cheng 2002; Chang et al. 2010;
Ho 2012; Zhang 2009] for using the flow approach to solve the Yamabe problem.

Motivated by the result of Ammann and Humbert [2006], we study the k-th
CR Yamabe invariant in this paper. In Section 2, we define the k-th CR Yamabe
invariant and the generalized contact form. In Section 3, we give the variational
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characterization of Y (M, 6). In Section 4, we derive the Euler-Lagrange equation
for Y, (M, 0). Sections 5 and 6 will be devoted to proving a lower bound and an
upper bound for Y, (M, ) respectively. In Section 7, we study whether Y, (M, 0)
is attained by some contact form or generalized contact form. Finally, in Section 8,
we study the properties of the k-th CR Yamabe invariant Y (M, 0).

2. Definitions

Suppose that (M, 0) is a compact strongly pseudoconvex CR manifold of real
d1mens10n 2n + 1 with a given contact form 8. Let u € C*°(M), u > 0. Then
f = un0 is a contact form conformal to 0, and the Webster scalar curvature R;
of 6 is given by

(2-1) Lo(u) = Ryu'*i.
Here

2
2-2) Lo=~(2+2)Ag+ Rq.

where Ay is the sub-Laplacian of 6 and Ry is the Webster scalar curvature of 6.
The CR Yamabe invariant is defined as

Y(M,0) = inf E(u),
( ) u#O,ulenCOO(M) (u)

where
f ( )|V9U|9+R9u2dV9

(o lu>+5 dvg) ™
It is well known that Ly has discrete spectrum

Spec(Lg) = {A1(6).22(0). .. .},

E(u) =

where the eigenvalues
A (0) <Aa(0) =A3(0) =--- = Ag(0)--- —> 00
appear with multiplicities. The variational characterization of A{ () is given by

24 2)|Voul? + Rou? dV,
u#0,ucC>® (M) fM u? dVg

Let [#] be the conformal class of 6, i.e.,
[0]=1{0 =unf|ueC®M),u> 0}
If Y(M, 0) > 0, then it is easy to check that

(2-3) Y(M,0) = inf A,(8) Vol(M, B)T.
€[]
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Following the definition of the k-th Yamabe invariant in [Ammann and Humbert
2006], we have the following:
Definition. For any positive integer k, the k-th CR Yamabe invariant is defined by

1

(2-4) Yi(M,0) = inf Ag(6) Vol(M,0)n+T.
6€l0]

Then it follows from (2-3) and Theorem 8.2 that

Y(M,0) ifY(M,0)=>0,

11(M.6) = {—oo if Y(M, 0) <0.

We write L%["%(M) ={ue L2+%(M)| u>0,uz#0}. Forue Li"'%(M), we
define Grj/(C*°(M)) to be the set of all k-dimensional subspaces of C°°(M) such
that the restriction operator to M \ u~1(0) is injective. More precisely, we have

span(vy,...,vx) € Gry (C®(M))
< Vilpr\u—1(0)s - - » Vk [ ar\u—1(0) are linearly independent

1 1 . .
< unvy,...,ur vy are linearly independent.

Similarly, replacing C°*°(M) by S 12 (M), we obtain the definition of Gry/ (S 12 (M)).
Hereafter, S IZ(M ) denotes the Folland—Stein space, which is the completion of
C (M) with respect to the norm

1
2
lull 5201y = (/M(|veu|§+u2)dve) .

(For more properties about the Folland—Stein space, see [Folland and Stein 1974].)

Proposition 2.1. Suppose 6 is a contact form conformal to 6. Then we have

~ vLgvdV,
(2-5) @ = inf sup M
VG (ST(M)) ver\{0} [, unv?dVy

Proof. Letu € C®°(M),u>0.Forall f e C*(M), f#0, we set § = un 6 and

fM JLs S dVy
fM fdeé

The operator Ly is conformally invariant in the following sense:

F'(u, f)=

(2-6) WLy f) = Lo(f),



THE SECOND CR YAMABE INVARIANT 375

because

WL ) =—(2+ %)uH%Aé(u_lf) + Rgu' i f)

= —(2+ 2) (g 1)+ 2(Vou, Vo (™" f))s)
+ (—(2 + ’%)Agu + Rgu) W' f)
=—(2+ %)Agf +Rof = Lo(f),
where we have used (2-1) and (2-2). Combining (2-6) with the fact that

2-7) dV; = u®ti dVy,
we get
! _ fM fLéfdvé
(2-8) F(u.f)= T, 1AV
S SR L@/ dVe [y uf)Lo(wf) dVe
S P20 dVy Jag i wf)2dVe

Using the min-max principle, we have
~ vLzvdV;
(2-9) A (0) = inf sup fM—ge
VeGn (S2 (M) verfoy  Jpr V2 AV

Since u > 0, we have Gry, (S12(M)) = Gry (S12 (M)). Therefore, it follows from
(2-8) and (2-9) that

kk(é) = inf sup  F'(u, f).
VeGr (ST(M)) feV\{0}
Now replacing uf by v, we obtain (2-5) by (2-8). O

Now we can define the generalized contact form:

~ ~ 2 .
Definition. The generalized contact form 6 is defined as 6 = un 6, where u is no
. . 2
longer necessarily positive or smooth, but u € L%r"'n (M).

We enlarge the conformal class [6] of 6 by including all the generalized contact
forms conformal to 6, as follows:

[0]=1{6 =un6|ueLitn (M)}

In view of Proposition 2.1, for a generalized contact form 0=u g 0,ue Li"'% (M),
conformal to 0, we define

) LovdV,
(2-10) (@)= inf sup JuavLevdVe nenere.
VEGH (ST (M) veV\{0} [, unv2dVy
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Using (2-10), we can generalize the definition of k-th CR Yamabe invariant to the
generalized contact form by using (2-4).

3. Variational characterization of Y (M, 6)

For all u € Li"'%(M), vE SI2(M) such that u v = (), we set

24 2)|Vav|2 + Rgv2 dV, T
fagunvdVy M

Proposition 3.1. If [0] contains all the contact forms conformal to 9, then

(3-1) Yi(M,0)= inf sup  F(u,v).
ueC>M) yep\{o}
VeGri (SE(M))

Similarly, if [0] contains all the generalized contact forms conformal to 0, then

(3-2) Yi(M,0)= inf sup  F(u,v).
ueL2+7 (M) veV\{0}
VeGri (S (M)

Proof. Using the definition of Yz (M, 6) and the fact that Vol(M, é) =y utad Ve,
we obtain from (2-5) that

Yi(M,0) = inf Ar(f) Vol(M, §)iti
0el0]

1

~ n+1
- inf A0 243 dV)
ueCOOl(ril\l),u>0 k( )(/Mu 0

= inf sup  F(u,v),
ueC*®(M),u>0 veV\{0}
VeGri (S3(M))

which proves (3-1). Similarly, we can prove (3-2) byzusing the same arguments
as above, except we need to replace C°(M) by L3+ (M). O

4. Generalized contact form and the Euler-Lagrange equation

We will need the following:
Lemma 4.1. Letu € L2+%(M) and v € Slz(M) We assume that
4-1) Lov=unv

holds in the sense of distributions. Then v € L2+%+8(M)f0r some € > 0.
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Proof. Without loss of generality, suppose v % 0. We define v+ = sup(v, 0). We
let g € (1, (n 4+ 1)/n] be a fixed number and / > 0 be a large real number which
will tend to +o00. We let B = 2¢ — 1. We then define for x € R,

0 if x <0,
Gi(x)={xP ifo<x<l,
1971 (gl 'x — (g —1)I9) ifx>1,
0 if x <0,
Fi(x) = qx4 if0<x </,

gli 'x —(g—DI19 ifx>1.
It is easy to check that for all x € R,

(4-2) (F/(x))* < ¢qG)(x),
(4-3) (F1(x))? = xG(x),
(4-4) xGj(x) < BG(x).

Since Fj and Gy are uniformly Lipschitz continuous functions, F;(v4+) and Gy (v4+)
belong to S12 (M). Let xo € M. Denote by n a C? nonnegative function sup-
ported in B(xq, 26), where § > 0 is a small fixed number such that 0 <5 <1 and
n(B(xg,8)) = {1}. Multiply (4-1) by n>G;(v4) and integrate over M. Since the
supports of vy and G;(v4) coincide, we get

2
@s) (2+2) [ (VovsVarrGrwa Vo + [ Rovar?Gitvs) avy

2
=/ ur v Grvs) d Ve,
M

We are going to estimate the terms in (4-5). In the following, C will denote a
positive constant depending possibly on 1, ¢, 8, &, but not on /. Note that

(4-6) /M(V9v+,V9n2Gl(v+))ng9
- / G1(v4) (Vo Von2)e d Vo + f G Vo2 dVe
M M

— [M G(v)vs Ag() dVg—2 fM 04 Gl (w)1(Vavs. Von)odVe

4 f G (v )7 | Vovs 2 d Vi
M
== [ 0GindVe-2 [ 22 Gi Vol Vi
M M

1
45 [ G 1Voui v,
M
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where the last inequality follows from |(Vgvy, Van)gl < [Von|2 + §|Vovy|3.
Hence, we have

4-7) /M(V9v+,V9n2G1(v+))9 dVy
== [ wGiwndVe-2 [ EGiwolVeldvs
M M

1
5 | Gl Vova Ve
M

v

—C/ v+G1(v+)dV9—2,3/ v+G1(U+)|V0’7|§dV0
M M

1
5 [ G Vovsave
M

A%

1
e / (Fi(va))>dVe+L / (Fl(u)) 12 Vov 2 dVs
M 2q Iy

1
~C [ (FionP dVers [ pIVeFi0 G aYe
M q9/m

A%

c [M(Fl(v+))2dve+ﬁ /M|ve<nFl(v+))|§dve
= /M|ven|§(Fz(v+))2dve

> /M<Fl(v+))2dve+ﬁ [M|ve<nFl(v+))|§dV9,

where the first inequality follows from (4-6), the second inequality follows from
(4-4), the third inequality follows from (4-2) and (4-3), and the fourth inequality
follows from

Vo F1(vi)|5 = | F1(v4)Ven + Ve Fr(v4)|3
< 20%|Vo F1(v4)15 + 2| Vanl3 (Fr(v4))>.

By the Folland-Stein embedding from S 12(M ) into L2+%(M ), there exists a
constant A > 0 depending only on (M, 6) such that

n

2 n+1
[ werwogaviza( [ aneorian)” - [ aneord.
M M M
From this, together with (4-7), we obtain

(4-8) /M (Vovt, Van>G(v4))e d Ve

n

e /M(Fl(v+>>2 Ve + %( /M(nFl(v+))2+% dVe)nH-
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Independently, we choose § > 0 small enough such that

n+1
(4-9) / Wt dvy < ((2 n 2) i) .
B(x0,28) n/8q

Then it follows from (4-3), (4-9) and Holder’s inequality that
(4-10) / w2 G(vs) dVy
M

2
< / uhn(Fy(v1))? d Vg
M

n

1
; n+1 ; }’I-‘rl
< ( / utt dVe) ( / (Fi(vs) 2+ dVe)
B(x0,26) M

< (2+ %)%( fM<nFl(v+))2+ﬁ dVe)"il .

On the other hand, it follows from (4-3) that

(4-11) / R0v+772G1(v+)dV92—(maX|R9I)[ v Gr(vy) dVy
M M M
> —(max | Rg]) [ P (Fi(v1)) dVe
M M
z—c/ (F;(vy))2dV,.
M

Substituting (4-8), (4-10), (4-11) into (4-5), we obtain

C+2)A ([ wrwarian)™ <c [ Ew2av,

Now, by the Folland-Stein embedding, v+ € L2+%(M ). Since 2g <2+ % and C
does not depend on /, the right-hand side of the inequality is bounded when / — oo,
and we obtain

limsup[ (nFl(v+))2+% dVy < o0.
M

[—o0

This proves that v4 € Lq(2+%)(B(x0, 8)). Since x is arbitrary, we get that vy €
Le (2+E)(]\24 ). Doing the same with v_ = sup(—v, 0) instead of vy, we get that
v e LI2+3)(M). This proves Lemma 4.1. O

ogs . A 2 2
Proposition 4.2. For any generalized contact form 6 = un6, u € L%_"'n (M),
conformal to 0, there exist two functions v, w € S 12 (M) with v > 0 such that in the
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sense of distributions
(4-12) Lov =2 (B)unv,
(4-13) Low = A (@)unw.

Moreover, we can normalize v and w such that
(4-14) / unv? dvy =/ urw?dVy=1 and / wnvwdVy = 0.
M M M

Proof. Let (Vi) be a minimizing sequence for A4 (5), i.e., a sequence vy, € S12 (M)
such that 5 5 5
lim fM(2+g)|V0Um|9+R0Ude0
o Jor uh 03 dVe

It is well known that (|v,,|)m, is also a minimizing sequence. Hence we can
assume that v, > 0. If we normalize v, by [}, u%v,zn dVy =1, then (vy)m is
bounded in S 12(M ) and after passing to a subsequence, we may assume that there
exists v € S 12(M ), v > 0 such that v,, — v weakly in S 12(M ) and strongly in
L?(M) almost everywhere. If u is smooth, then

=21(60).

(415) [ wivavi= tim [ i ave =1,
M

m—o0 M

and by standard arguments, v is nonnegative minimizer of the functional associated
to A1(0). ,

We must show that (4-15) still holds if u € L%:rﬁ (M). Let A > 0 be a large real
number and set u4 = inf(u, 4). Then
(4-16)

u%(v,zn —v?) dVy
M

5/ uA|v —v2|dV9+/ " —u’ )(|vm|+|v|) dVy
M

§An/ lv2, —v?|dVy
M n

1
2 2 n+1 n+1
+(f (u"—u,z)"“dve) ([ <|vm|+|v|)2+5dve) :
M M

where we have used Holder’s inequality in the last inequality. Since

2 2 2
n+1 242 1
lu" —ujl <u“"nel (M),
by Lebesgue’s dominated convergence theorem we have

2 2
@17)  lim f (" uA)"+1dV9 / llmw(u”—uj)”+ldVe=0-
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Since (Vi )m is bounded in SIZ(M ), it is bounded in L (M), and hence there
exists C > 0 such that

(@-18) [ ol 410124 avp <.
M
By strong convergence in L2(M),
: 2 _ .2 _
(4-19) mh_r)noo /M lv;,, —v-|dVe =0.

Combining (4-16)—(4-19), we obtain (4-15). Therefore v is a nonnegative minimizer
of the functional associated to A; (). Writing the Euler—Lagrange equation of v,
we find that v satisfies (4-12).

Now we define

1, (6) = ing Lo 24 ) Vol + Row? dVy
! g [w]2 dVy

. . : 1
where the infimum is taken over smooth functions w such that u»w £ 0 and
such that

/ i vw dVy=0.
M

With the same method, we find a minimizer w of this problem that satigﬁes (4-1~3)
with A, (0) instead of A, (0). However, it is not difficult to see that A}, () = A (6)
and Proposition 4.2 easily follows. O

Lemma 4.3. Let u € L%PL%(M) with [y, W2t dVy = 1. Suppose that wy. w, €
Slz(M) \ {0}, wy, wy = 0 satisfy

(4-20) /((2+3)|V9w1|§+R9wf)dV9sz(M,e)/ unw? dVp,
M n M

(4-21) [((2+3)|vaw2|§+R9w§)dV9sYz(M,e)/ unw? dVy,
M n M

and suppose that (M \ wl_1 ) N(M\ w2_1 (0)) has measure zero. Then u is a
linear combination of w1 and w,, and we have equality in (4-20) and (4-21).

Proof. We let i = awq + bw,, where a, b > 0 are chosen such that

2 2 2+2
b [y, unw?dV, w, "dV
(4-22) Jur 1476 _fM 1 6

2 2 9 242 ’
an fM””wz dVy fM w2+" dVy

2 2
(4-23) / @2t dVy =a2+5/ w v +b2+§/ wi AV, = 1.
M M M
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Because of the variational characterization of Y, (M, 6) in Proposition 3.1, we have

(4-24) Y,(M,0) < sup F(i, \wy + pwy).
(A1) ER?\{(0,0)}

By (4-20), (4-21), (4-23), and since (M \ w!(0)) N (M \ w;'(0)) has measure
zero, we obtain
(4-25)
F(u,Awi+pw,)

_ Jar (242) Vo owy +pw)) |24+ Re owy +pwo)* d Ve

Jog it7 Mwy +pw;)2 d Vg
B A2 [or (2+2) IVow 3+ Row? dVo+1u? [1,(242)|Vow, |3+ Row? d Vg
)\.ZfML_l%w%dVQ‘FIszML_l%w%dVQ

A2 [ unw?dVedu? [y, urnw2dV,
< Yy(M.0) fM 14Ve /j“fM 2a4Ve

2 2+2 2 2+2 '
Man [y w " dVe+ulbn [, w, " dVy

By (4-22), the right-hand side of (4-25) does not depend on A and u. Hence we
can choose A = a and p = b on the right-hand side of (4-25) to get

(4-20) sup F(u, Awy + pwy)
(A, u)eR2\{(0,0)}

2 29 2 2 9
a unwy dVyg +b unws dV,
<Y>(M,0) Jm 6 Jm 2776

a2t +7 2+2 247
fM dVe+b fM w, dVy
=Y,(M, 9)/ u%(azwf—i—bzw%)dVg
M

— Yy(M, 9)/ wn it dVy
M

n

1
n+1 n+1
SYZ(M,G)(/ u2+'2ldVg) (f zz”ﬁdvg)
M M

=Y,(M,0),

where we have used (4-23) in the first equality, the assumption that (M \ wi “Loy)n

(M\w3 1(0)) has measure zero in the second equality, Holder’s inequality in the sec-

ond inequality, and the assumption f utind Vo =1 and (4-23) in the last equality.
Combining (4-24) and (4-26), we have

sup F(u, A wy + pwy) = Y2(M, 0).
(A, w)eR?\{(0,0)}
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This implies the equality in Holder’s inequality in (4-26), which implies that there
exists a constant ¢ > 0 such that u = cu almost everywhere. Since f uti d Vo =

fM e dVy =1 by (4-23), we have ¢ = 1, i.e., u = it = aw; + bw,. Also,
equality in (4-25) implies equality in (4-20) and (4-21). This proves the assertion. [

Theorem 4.4 (Euler—Lagrange equation). Assu;ne Y2(M, 0)+# Ozand that Y,(M, 9)
is attained by a generalized contact form 0 = un 0 withu € L2+ n(M). Let v and w
be as in Proposition 4.2. Then u = |w|. In particular,

(4-27) Low = Y,(M, 6)|w|7 w.
Moreover, w has alternating sign and w € C**(M) for all o € [0, 2].

Proof. Without loss of generality, we can assume that [ MU utind Vo = 1. By
assumption and by Proposition 3.1, we have A 2(9) =Y,(M,0). Letv,we S 2(M )
be the functions satisfying (4-12), (4-13), and (4-14).

Step 1. We have A (9) < 1,(6).

We prove this by contradiction. Suppose that A (5) = Az(é) After possibly
replacmg w by a linear combination of v and w, we can assume that the function
unw changes sign. If we define w; = sup(w, 0) and w, = sup(—w, 0), then they
satisfy the assumption of Lemma 4.3 since w satisfies (4-13) and A2(9) =Y,(M,0).
Applying Lemma 4. 3 we find a,b > 0 such that u = aw; + bw,. Now, by
Lemma4.1, w e LHate (M). By a standard bootstrap argument, (4-13) shows that
weC?%(M)forallae(0,1). Since u =aw; +bw, =a sup(w, 0)+b sup(—w, 0),
we have u € C%*(M) for all « € (0, 1).

Since A1(6) = A() and by the definition of A;(f), w is a minimizer of
the functional w — F(u, w) among the functions in S 2(M ) with i £ 0 by
Proposition 3.1. Since F(u,w) = F(u, |w|), we have that |w| is a minimizer for
the functional associated to A; (9) and |w| satisfies same equation as w. As a
consequence, |w| is C2. By the maximum principle, we have |w| > 0 everywhere,
which is false since 7 w changes sign.

Step 2. The function w changes sign.

Assume w does not change sign. Then after possibly replacing w by —w, we can
assume that w > 0. Setting w; = v and w; = w, we have (4-20) and (4-21). Using
(4-14), we can conclude that (M \ wl_l(O)) N(M\ wy 1(0)) has measure zero.
Applying Lemma 4.3, we have equality in (4-20). On the other hand, Step 1 implies
that inequality (4-20) is strict since A; (é) < )\2(5) = Y,(M, 0). This contradiction
shows that w changes sign.

Step 3. There exist a, b > 0 such that u = a sup(w, 0) + b sup(—w, 0). Moreover,
weCH¥(M)and u e CO¥*(M) for all « € (0, 1).
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As in the proof of Step 1, we apply Lemma 4.3 with w; = sup(w, 0) and
wy = sup(—w, 0). We get @, b > 0 such that u = aw; + bw,. As in Step 1, we get
weC>*(M)and u € CO¥*(M) for all a € (0, 1).

Step 4. Conclusion.

Let h € C®° (M) such that supp(h) € M \ u~'(0). For ¢ close to 0, set u; =
|u + th|. Since u > 0 on the support of /, and since u is continuous, we have for ¢
close to 0, u; = u+th. As span(v, w) € Grj (SIZ(M)), by Proposition 3.1 we have

Y,(M,0) < sup F(u;, v+ pw).
(A, ER\{(0,0)}
Note that

(4-28)
F(us, Av + pw)

Jnr @+ 2) Vo v + pw) |3 + Ro (v + p1w)? d Vg ( [ 242 )+
= 2 u; " dVy
Jag ui Qv+ pw)? dvy M
W21 (B) [yg un v d Vg + p2ho(B) [y, un w? dVy (/ e )ll
= u
Aag + Apbs + pleq M ?
A2h1(0) + 1212(6) (/ 242 )il
= u;, "dVy ,
AMap + by + pler \Um
where we have used (4-12), (4-13), and (4-14). Here

2 2 2
a,:/ u}’vdeg, bt=2/ upvwdVy and ct=/ u;’wdeg.
M M M

Note also that the functions a;, b;, and ¢; are smooth for ¢ close to 0. Furthermore,
ag = ¢o = 1 and by = 0 by (4-14). Define f(t,x) = F(uy, sin(a)v + cos(a)w),
which is smooth for small ¢. By (4-28), we have

(4-29)
f(t,a) = F(uy, sin(a)v + cos(a)w)

sin? (@)A1 (0) 4 cos®(a)A2(0) (/ 242 )n-%—l
. .

=" 2 R Uy " dVg
sin“(a)a; + sin(a) cos(a)by + cos2(a)cy

Hence, using A;(f) < A,(6), we can see that £(0, (n + 1)7) is minimum and
f(0,nm) is maximum for any integer n. This implies that

0 A . b4
ﬁf(O,a)—OlfandonlylfaeEZ,
2 2
9 r0.0)<0ifaenZ and 2= f(0.0)>0ifaenZ+x.
da? dar? 2

Applying the implicit function theorem to df/d« at the point (0, 0), we see that
there exists a smooth function ¢ +— «(¢), defined on a neighborhood of 0 with



THE SECOND CR YAMABE INVARIANT 385

a(0) = 0 such that

ft,a(t))=sup f(t,a) = sup F(us, v+ pw),
«€R (A ,w)eR2\{(0,0)}

where the last equality follows from the fact that
F(us,chv+cuw) = F(uy, Av + pw)
for any nonzero constant ¢ by (4-28). Since «(0) = 0, we have
4 ra| = Leostatn] =L@ sinain)
77 Sin a(?) o= 718 a(r) o i (ar sin” a(?)) o
d .
= E(bt sina () cos a(l))|t=0 =0.

Hence, by (4-29), we have
(4-30)

d
g/ we)

_d sin?(a(£))A1(0)+cos?(a(1))A2(0)
- dt sin? (e (¢))a;+sin(ee(¢)) cos(a(t))bs +cos2 (e (t) e

1
2 n+1
X(/ uf—i_" dVg)

M =0

1 1

~ d 2 n+1 242 n+l1
=)\2(9)<(—Ec, )(/Mu”ﬁdvg) +E(/Mu,+"dV9) )

=0 t=0

=xz(é)%(—/Mu—HﬁthdVng/Mu”%hdVe).

By the definition of Y,(M, #) and )\2(9) = Y,(M,0), f admits a minimum at
t = 0 because

S(0,2(0)) = f(0,0) = F(u, w)
and w satisfies (4-13). Since Az(é) =Y,(M, 0) # 0, it follows from (4-30) that

/ w ' hw? dVy =/ W tihd V.
M M
Since / is arbitrary (we just have to ensure that its support is contained in M \u~1(0)),
we get

u R w? =yt
and hence u = |w| on M \ u~1(0). Together with Step 3, we have u = |w|
everywhere. O
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5. Lower bound for Y, (M, 0)

For any compact CR manifold (M, 8) of the real dimension 27 + 1, by the definition
of the CR Yamabe invariant Y; (M, 6), we have

2+ 2)|Voul|? + Rou? dV,
(5-1) Yi(M,0)=  inf Ju 2+ 3l 92|9 Caleady
ueSPMOMOY ([, |u|>F 7 d V)t

Theorem 5.1. We have
(5-2) Yy (M, 0) > 271 Y, (M, 6).

Moreover, if M is connected and if Y,(M, 0) is attained by a generalized contact
form, then this inequality is strict.

Proof. The functional

2+ 2)|Vgu|2 + Rgv2 dV, AT
F(u,v):fM( ”)l 92 8 0 0(/ u2+»21dV9)
fMuﬁvdeg M

is continuous on L%,_+%(M) X (SIZ(M) \ {0}). As .a consequence, I(u,V) =
sup,ep\foy £(u, v) depends continuously on u € L%,_JFZ (M) and1 V eGr) (Slz(M)).
To prove Theorem 5.1, it suffices to show that I(u, V) > 2#+1Y; (M, 6) for all
smooth # > 0 and V' € Gry (Slz(M )) thanks to Proposition 3.1. Without loss of
generality, we can assume that

(5-3) / WAV, = 1.
M

The operator
2\ 1 _1 _2
v P(v) = —(2—1—;)u nAg(u"nv)+ Rou nv

is self-adjoint with respect to the L2-scalar product and elliptic. Hence, P has

discrete spectrum A1 < A, < --- and the corresponding eigenfunctions ¢y, @2, .. .
. 1 .

are smooth. Setting v; = u™ » ¢;, we obtain

2 2 _1 _1
(5-4) (—(2—|—E)A9+R9)(v,~):—(2+z)A9(u 7 0i) + Rou~ 7 g;
1 1 2
=un P(g;) = Ajun ; = Ajunv;
and
[ urztvivjdV(;:/ (pigojdV9=0ifi7éj.
M M

The maximum principle implies that an eigenfunction to the smallest eigenvalue A
has no zeros. Hence, A1 < A, and we can assume that v{ > 0.
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We define wy = a4 sup(vy,0) and w— = a— sup(—v,,0), where ay,a_ > 0
are chosen such that

(5-5) / uiwidw:/ unw? dVy =1.
M M
We let Q_ = {v; <0} and Q4 = {v, > 0}. By Holder’s inequality, we have

(5-6) 2=/Mu5widvg+[MuﬁwidV9

n

1
n+1 2 n+1
f(/ w2t dVg) (/ wfj” dV@)
Q4 M

1 n

n+1 n+1
+ (/ u2+% dVg) (/ w3+% dVg) .
_ M

Using the inequality (5-1), we get

n

1

1 1 2+2 nt
/ unw+P(unw+)dV92Y1(M,9)(/ W "dVg) ,
M M

which implies that

1
aFT
(5-7) (/ utn dVg) (/ uliw+P(ufl1w+)dV9)
Q+ M n 1
2 n+1 n+1
> Y, (M, 9)(/ wi dVg) (/ u2ts dVg)
M QL

> Y, (M, 9)[ unw? dVy =Y, (M.0),
M

where we have used Holder’s inequality in the last inequality, and (5-5) in the last
equality. Similarly, we have

2 ﬁ 1 1
(5-8) (/ u*ti dVe) (/ unw_P(unw_)dVg) >Y1(M,0).
M

Adding (5-7) and (5-8) together, we obtain

+i
(5-9) 2Y1(M,9)§(/ u”idvg) (/ u$w+P(u:‘1w+)dV9)
Q4 M

1

n+1
+([ u?ta dV@) (/ ufliw_P(uliw_)dVg).
_ M
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Since w—, respectively w4, are multiples of v, on Q_, respectively 24, they
satisfy the same equation as v,. Hence, we obtain from (5-4) and (5-9) that

1
n+1
(5-10) 2Y;(M,0) < (/ uta dVg) (/ dounw? dVg)
Q4 M
nil 2
+(/ u?ti dVg) (/ AzunwEdVg)
_ M
. .

Zkz((/g u2+% dVg) +(/ u2+% dVg) ),

+ -

where the last equality follows from (5-5). Now, for any nonnegative numbers
a, b > 0, Holder’s inequality yields

a+b<2m(g"t! —i—b”“)ﬁ.

Applying this inequality with

1 1

n+1 n+1
a= (/ u2ts dVg) and b= (/ uti dVe) .
Qi _

we derive from (5-10) that

1

n+1
2Y,(M, §) < hy2T (/ u2+5dV9)+(/ u2+5dV9)
Q4 _
i
:Azznil(/ u2+'21dV9) = A2,
M

where the last equality follows from (5-3). This implies that A, > Qi Y1(M, 0).
Since A, = I(u, span(vy, v;)), this finishes the proof of the first part of Theorem 5.1.

Moreover, if M were connected and if Y, (M, 6) were attained by a generalized
contact form, then inequality (5-9) would be an equality and we would have that
w4 or w— is a function for which equality in (5-1) is attained. By the maximum
principle, we would get that w4 or w— is positive on M, which is impossible. []

6. Upper bound for Y, (M, 6)
Hereafter, we denote Y (S?"*!) the k-th Yamabe invariant of (S2"*!, Ogant1),
where 0g21+1 is the standard contact form on S27+1 given by

n+1
952;14-1 =+—-1 Z(Zj dfj —Zj de),

j=1

where (z,...,z,41) € ST c C* L,
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Theorem 6.1. Suppose (M, 0) is a compact CR manifold of real dimension 2n + 1
with Y1(M,0) > 0. Then

_1
(6-1) Y2(M.0) = (Yi(M, )" + Yy (St

when Y1 (M,0) > 0andn > 3,0r Y1(M,0) =0 and n > 4. On the other hand, the
inequality in (6-1) is strict when

() Y1(M,0)>0,n>7and M is not locally CR equivalent to S*"*1, or
(i) Y1 (M,0) =0,n >4 and M is not locally CR equivalent to S*"+1.
To prove Theorem 5.4, we have the following:
Lemma 6.2. For any o > 2, there exists a constant C > 0 such that
la +b|% <a® +b* +C@@* b +ab*™ 1)
foralla,b > 0.

Proof. Dividing both sides by a, without loss of generality, we can assume that
a = 1. Then we set for x > 0,

[T+ x|*—(14x%)
Sfx) = po :
by + X

By L’Hopital’s rule, we have

1 a—1 _ a—1
lim f(x)= lim o +x) akad =a,
x—0+ x>0t (@—1)x¥2+1
1 a—1 _ a—1
lim f(v)= Jim G0 e
X—>00 x—oo  (a—1)x%"2 41

Since f is continuous, f is bounded by a constant C on (0, c0). Clearly, this
constant is the desired C is the inequality of Lemma 6.2. O

Proof of Theorem 6.1. For u € SIZ(M) \ {0}, let
fM(2 + %)|V9u|§ =+ Rgu2 dVg
(far luP+5 dve) ™

The solution of the CR Yamabe problem provides the existence of a smooth positive

E(u) =

minimizer v of E, and we can assume

(6-2) / VR dvy = 1.
M

Then v satisfies the CR Yamabe equation

(6-3) Lo(v) = Y, (M, )v'+i.



390 PAK TUNG HO

Let xo € M be fixed and choose pseudohermitian normal coordinates (z, ¢) near xy.
Let § > 0 be a fixed number. If 0 is well chosen in the conformal class and if xq
is well chosen in M, it was proved by Jerison and Lee [1989, Theorem 4.1] that
when n > 3, there exists a function v, > 0 with supp(v.) € B(xg, 26) such that

(6-4) E(ve) = Y1 (ST —e(M)&* + 0(°),

where ¢(M) > 0 is a positive constant. In fact, c(M) is the square of the norm of
the Chern tensor at xo up to a dimensional constant. Therefore, we can assume that
the constant ¢(M) in (6-4) satisfies

(6-5) c(M)>0
if (M, 0) is not locally CR equivalent to S?"* 1. It follows from (6-4) that

(6-6) 1im0 E(vg) = Y (S*"),
E—>

More precisely, v, is given by (see [Jerison and Lee 1989, p. 326])

g2 2
”SZCS"(z2+(|z|2+eZ)2) ’

where 7 is a smooth cut-off function such that

1 if x € B(xg,9),

O< <1’ =
=n=l @) {0 if x & B(xo, 26),

and C; > 0 is a constant chosen such that
242
(6-7) v, "dVy=1.
M
It follows from [Jerison and Lee 1989, Proposition 4.2] that
(6-8) Ce = c(n) + O(e*)

for some positive constant ¢(n) depending only on #. In the following, C will
denote a positive constant depending possibly on §, 7, but not on ¢. Let

8e(z.1) = (2, €21).

Note that

1 B 1
(i) =)
EN12 4 (62 + |2|2)2 12+ (1+1z]%)2
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and 8} dz dt = ¢*"*2 dz dt. Hence,
e"P dz dt
/{Wsza} (12 + (2 +2[)2) 7
_ CP/ e2n+2-np - 4y
{{2HzR =26} (12 +(1+2[2)2) 7

6-9) /M lvel? dVy < C7

copama [ ([T
- f {|z|=<28/&} —ool+[2 (1+|Z|2)np—2

— Cspj_[82n+2—np/ de —
{lz|<28/e} (1 +|z|*)"P

_ C82n+2—np /25/8 p2n—1 g,
o (L+rnmr=2
where we have used (6-8). Note that for ¢ << 1,

28/e 2n—1 28/e
e dr < / p2nt3=2np g o ¢
0 (1 +r2)ynr=2 = J, = g2n+4—2np

if p<1+ 5, and

28/¢ p2n=1 g, - er”_ldr+ 28/¢ dr
0 (1+r2)np—2 - 0 1 y2np—2n—3

1 28/¢ d 1
=/ rz”_ldr—i—/ —r=——|—loge
0 1 r 2n

if p=1+ % Combining these with (6-9), we obtain
Ce"™2  ifp <1+,
(6-10) [ wlravg= o5 =
M Ce'loge if p=1++.
Similarly, for ¢ <« 1, we have
"P dz dt
610 [ lrave=cz | L
M {24218} (124 (2 +2]2)2) 2
p/ 82n+2—np dz dt
{4/2HzP<s/s) 12+ (14 ]212)D) 7

391

>Cp82n+2—np/ (/5/26 di ) dz
-t (lz1<8/2e} \J—8/2¢ 1 + 12 ) (1 + |z|?)"P

d
> 2CP tan™! (§/2)e2" 2P / =
{z1<8/2¢} (1 + |z[*)"P
8/2¢e p2n=1 4,

— C82n+2—np/ ,
0 1+ 1’2)"1’
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where we have used

24+ A+ [z <A+ )0+ 272

(12| < 8/28) N {|1] < 6/2¢} C {;‘/zz Tzt < 5/8}

in the second inequality, and (6-8) in the last equality. Note that for ¢ < 1,

§/2¢ r2n—1 dr 1 }’2”_1 dr §/2¢ r2n—1 dr C
/ - | [ =t
0 (1 +r2)np 0 onp 1 (2r2)np g2n—2np

and

if <1—4-., and

§/2¢ p2n=1 g, 1,21 g 8/2¢ p2n—1 g,
- " > - -
/0 (1+r2)np _/o 2np /1 (2r2)np
1 : 2n—1 o2 dr 2n
_ - Y = p—2n
Zznp (/0 r dr+/1 r2np—2n+1)_C+C8

if p > 1. Combining these with (6-11), we obtain

Cehpt2 if p<1—4L,
(6-12) [ tdrave= 1 =t
M Ce2nt2=mp if p > 1.

First we assume that Y7 (M, 0) > 0. We set
ug = E(g)2vs + Y1 (M, 0) 2 0.

Let us find estimates for F(ug, Ave + uv). Let (A, ) € R\ {(0,0)}. Then
(6-13)
F(ug, Ave + pv)

_ A% [i veLove d Vo + pu? 1, vLov dVg +2Ap [3, veLogvdVy U
Jag lael 7 (vg + pv)? d Vg

_ APE(ve) + 1Y (M, 6) + 2ApY1 (M. 0) [y, v v dVy

2 o luel P02 AV + 12 [y luelF o2 dVe + 20t fyy el Fuev Ve

U9

where U = (fM u§+2/" dVg)mnH) and where we have used (6-2), (6-3) and
(6-7). Using the definition of u., we have

(6-14) us > E(ve)2v, and u, > Y, (M,0)2v,
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which implies that
(6-15) AZ/ lug|nv2 dVp +M2/ |u8|5v2dV0+2wf lug|nvev d Vg
M M M

2 247 2 2+2

>AEW) | ve "dVe+pu Y1 (M, 0) | viTrdVy
M M
+2k,u/ |u8|%v8vdV9
M

=x2E<vs)+M2Y1<M,e>+2wf el 3 vsv d Vi,
M

where the last equality follows from (6-2) and (6-7).
If A > 0, then we have

6-16)  2ip /M lug| 7 Vv d Vg > 20 Y1 (M, 0) /M v v, dVy
by (6-14). Therefore, (6-15) and (6-16) imply that

W2E(ve) + 21 (M, 0) + 20uY1 (M, 6) [y, v ive dVy -
A2 [y luelT02 d Vg + 2 [y luelniv? dVe + 2 [y luelnvevdVy
If A < 0, then

2
n

n n 2 2
el < (E(ve)3ve + Y1(M, 0) 3v)" < E(uo)vd + Y1 (M, 6)v
when 7 > 2. Combining this with (6-14) and (6-15), we get

2 [ luelio2 aVsi® [ udi? dve s 2 [ oo v
M M M
2
zsz(v8)+u2Y1(M,9)—C(/ v81+"vdV9+/ v1+r21vedV9)
M M

2
ZAZE(v8)+u2Y1(M,9)—C(/ v§+"dvg+f vgdvg),
M M

where C > 0 is a positive real number independent of &. This, together with (6-10),
gives

2 [ luelio? @Vsi® [ udi? dve s 2 [ usliueo ave
M M M
> A2 E(ve) + n2Y1 (M, 0) — O(e" log e) — O(e"2).
This, together with the assumption that A < 0, implies that

M2E (o) + 12 Y1 (M, 0) 42411 (M, 0) [, v T ved Vg
A2 [ el iv2 d Vot [y luelnv2 dVo+2hp [y luelnvevd Ve

<14+0("?).
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In any case, we have
(6-17)
WEE (o) + 12 Y1 (M, 0) 42411 (M, 0) [, v i ve d Vg

Sup 2 2 2
1) eR\{(0,003 A2 [ |ue 7 v2 dVo+p? [y |uelnv2dVo+2Ap [y luelnvevdVy
<140("?).

On the other hand,
2 n n
[ withave= [ E@otunionotoiav,
M M

2
§E(v£)”+1/ v§+"dV9+Y1(M,9)"+1f ViR dv,
M M

2
—I—C(/ v;+”vdV9+/ v1+5vedVg)
M M

2
=E@)" 141, (M,Q)"'H—i—C(/ v;+” UdV9+/ v1+5v8dV9),
M M
where the first inequality follows from Lemma 6.2 with
a=E(v)2ve and b=Y;(M,0)2v,

and the last equality follows from (6-2) and (6-7). This, together with (6-4) and
(6-10), implies that

1
2 n+1
(6-18) (/ u§+"dvg)
M

< (Y (ST Ly (M, 0)" Tyt — o(M)e* + o(e*) + 0" 7).
If ¢ > 0 is small enough, it follows from (6-13), (6-17), and (6-18) that

(6-19)  Y>(M,0)

= sup F(ug, Ave+pv)
(A,1w)eR2\{(0,0)}

< (Yl (§2n+1)n+1+Y1 (M’e)n-i-l)n_%_] —C(M)84+0(84)+0(8n_2).

Since n > 3, (6-1) follows from (6-19) by letting & go to zero. On the other hand, if
(M, 6) is not locally CR equivalent to S?"*1 then (6-5) holds. Hence, if n > 7,
the strict inequality in (6-1) follows from (6-19) by letting ¢ go to zero.
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Now we assume that Y7(M,0) = 0. We set ug = v,. Then we obtain for
(A, 1) € R*\ {(0,0)},
(6-20)  F(ug, Ave + juv)
2 1
~ W2E@e)(fyg ve " dVg)TH
- 2
A2 [y velnv2 dVg + p? [y vi 02 dVg + 201 [y [velnvev d Vg
)VZE(US)
- 2 142
A2+ p? [ vdv2dVe+ 20 [, v v dVy
by (6-7) and (6-13). Let A¢, e such that A2 + 2 = 1 and

F(ug, Aeve + pev) = sup F(ug, Mg + uv).
(A, ER\{(0,0)}

If A, = 0, we obtain that F(ug, A;ve + V) = 0 and the theorem would be proved.
Then we assume that A; # 0 and we can write
E(ve)

F(ug, Aevg + Lgv) = ,
(g, AgVg + L) 1+2x8bg+x§a8

where x; = (g/Ae and
n 1+2 n—1
Ce §b8=/ ve "vdVy =Ce" " loge ase—0,
M
2
a8=/ viv2dVy>Ce* ase—0
M

by (6-10) and (6-12). Maximizing this expression in x, and using (6-4), we obtain
(6-21)

Y(SP" T —c(M)e*+o(e*)  Y1(SP"T)—c(M)e*+o(e*)
1-b2/a, 1-Ce2n—6]og%¢ ’

since ¢loge — 0 as € — 0. For n > 4, it follows from (6-21) that

Fue, heve + pev) < Y1 (S*HH),

which proves (6-1) for the case Y7 (M, 6) = 0. On the other hand, if (M, ) is not
locally CR equivalent to S?”T!, then (6-5) holds. Hence, the strictly inequality in
(6-1) follows from (6-21) by letting ¢ go to zero. This proves Theorem 6.1. O

F(ug, Aeve+1ev) <

7. Some properties of Y, (M, 0)

We have the following questions:
(1) Is Y>(M, 0) attained by a contact form?
(2) Is Y,(M, 0) attained by a generalized contact form?
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For question 1, we have the following:

Proposition 7.1. Let S?"T1 U S2"+1 pe the disjoint union of two copies of the
sphere equipped with the standard contact form induced from Ogan+1. Then
Y, (S tlus?ntly = QT Y1(S*" 1) and it is attained by the standard contact

form.

Proof. Let 6 be an arbitrary smooth contact form on 271 U §?"+1 We write
S+ for the first S2"+1 and S3"*! for the second S2"*1. Then we have

(7_1) )\2(§2n+1U§2n+1’9~)

= min{xz(gf"“,é),xz(gg"“,é),max{xl (S3H.0), A (S é)}}.

Therefore,

(7-2)

Y2(82n+1 U Szn+1) < A2(§2n+1 U §2n+1)V01(§2n+1 U §2n+1)ﬁ

— )\2(§2n+1 U 821’!4—1)(2 VOI(SZ"H))ﬁ
— 2#)\1 (§2n+1) V01(§2n+1)#
— onfT Y1 (¥,

where we have used (7-1) in the second equality.
On the other hand, we have

(7-3)

2a(S2FL B) Vol(SP T U S Byt = 4y(S2F, §) Vol (S, )bt

> YZ(S%I’H-I)
_ 2ﬁY1 (S,

where the last equality follows from Corollary 7.3. Similarly, we have

(7-4)

Az(ggn—i-l ’ é) Vol(§2n+1 yg2nt é)ﬁ > Ykt Y, (S2HY,

By the definition of Y;(S2"*1), we have

21 (S G) Vol(S2 ! )T > ¥y (S2HY) fori = 1.2,

which implies
2Y1 (§2n+ 1 )n+1

2
< Z)"l (S?’H—l, é)n-‘rl VOI(SI_ZIH-I , é)
i=1

2
< max{kl (S%n-i-l’ é)n-i-l’ }"1 (S§n+l , é)n-i-l} Z VOI(SZ-Z"'H ’ é)
i=1
— max{kl(S%n-l-l , é)n+1v)\'l (S%’H_l, é)n+1}vol(§2n+l U 82n+1, é),
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which gives
(7-5) 27Ty, (S¥"H)
< max{A; (SF1,6), 1, (S2"H1, 6)} Vol(S2 1 U 27 HT Gyt
Combining (7-3), (7-4), and (7-5), we can derive from (7-1) that
2T Y1 (S2MH1) < p, (Sl st 5) Vol(§27+1 y g2nt é)ﬁ.
Since 6 is an arbitrary smooth contact form on S2”+1 U S?"+1 we have
(7-6) 2T Y1 (SH) < vy (S u sty
Now Proposition 7.1 follows from combining (7-2) and (7-6). O
On the other hand, we have the following:

Proposition 7.2. If M is connected, then Y,(M, 0) cannot be attained by a contact
form.

Proof. Otherwise, if Y, (M, 0) were attained by a contact form 6= u%e, then by
Theorem 4.4, we would have u = |w|, and hence u cannot be positive since w has
alternating sign. O

For question 2, we have the following:
Corollary 7.3. We have
Y, (S2H) = yifT Y, (S2HY,
Proof. This follows from (6-1) and Theorem 5.1. O
Corollary 7.4. Y,(S?"*1) is not attained by a generalized contact form.
Proof. This follows from Theorem 5.1 and Corollary 7.3. (|

8. The k-th CR Yamabe invariant Y, (M, 6)
In view of Corollary 7.3, it is natural to conjecture that
Yk(§2n+l) — k%_H Yl (S2I’l+l)

for all k. However, the following result shows that it is false.

Proposition 8.1. For n > 3, we have

Yangs(S¥H) < 2n 4 3)mT Y, (S,

Proof. Consider S?"+1 CC"+!. Letz;, wherei =1,2,...,n+1, be the coordinates

n+1 : _ R _ z. — nz.
of C"™*. Since A9§2n+] zi = 5zj and A0§2n+1zl = 2%

(n+2)(n+1)_

- n+2)(n+1)_
Loy (zi) = > zoand L, G)=—"—"%
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fori =1,2,...,n+1, and hence

n+2)yn+1
Mont3 (S Geontr) < Lz()
This shows by the definition of Y5, 3 that

B Yaurs(S¥"1) < hang (S, fgantr) VoI(S !, fania )T
_ () +1)
2

Vol(S3" 11, 9§2n+1)#.

Since

2 1
w V01(§2”+1 ’ ng,ﬁl)ﬁ

1
< (2n+3)iT @ VOl(S2H! Ocayr ) T
= (2n+ 3) Ty (S
when n > 3, Proposition 8.1 follows from (8-1) . O

For the case when the k-th CR Yamabe invariant is negative, we have this:

Theorem 8.2. Let k be an positive integer. Assume that Y, (M,0) < 0. Then
Yk (M s 9) = —OQ.

Proof. After a possible change of contact form in the conformal class, we can
assume that A (6) < 0. This implies that we can find smooth functions vy, ..., vg
satisfying

Lo(v;)) =A;(@)v; foralli =1,2,...,k

and such that
/v,-vjdV9=0 foralli, j =1,2,...,k and i # j.
M

Let v be defined as in the proof of Theorem 6.1. We define u, = v, + &. We set

V =span{vy,...,v;}. For v e V, we have
2 2 2
/ ufv dngsn/ vdeg—i—/ vivedVy
M M M
2 2
§C8n+C/ ve dVy
M

2
3 3
csﬁ+c(/ vgdvg) Vol(M,0)3 = Cen+Ce3  ifn>2,
< M
1

1
H 5
C82+C(/ Usdeg) VOI(M,@)%=C82+C810 ifn=1
M
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by (6-10) and Holder’s inequality. From this, we have

2
lim | uZv?dVy=0
e—>0Jpm

uniformly in v € V. Since A; () < 0, it is then easy to see that

sup F(ug,v) = —o0.
velV
Together with the variational characterization of Yz (M, 6) in Proposition 3.1, we
get that Y, (M, 0) = —oo0. O
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