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MICHAEL REITER

In this article we deduce some topological results concerning holomorphic
mappings of hyperquadrics under biholomorphic equivalence. We study the
class F of so-called nondegenerate and transversal holomorphic mappings
locally sending the sphere in C? to a Levi-nondegenerate hyperquadric in C3,
which contains the most interesting mappings. We show that from a topo-
logical point of view there is a major difference when the target is the sphere
or the hyperquadric with signature (2, 1). In the first case, 7 modulo the
group of automorphisms is discrete, in contrast to the second case, where
this property fails to hold. Furthermore, we study some basic properties
such as freeness and properness of the action on F of automorphisms fix-
ing a given point to obtain a structural result for a particularly interesting
subset of F.

1. Introduction and results

We study holomorphic mappings between the sphere S> C C? and the hyperquadric
Sg C C3, which for e = +1 is given by

St ={(1.22.23) € C | lz1* + |22/ £ |z3)* = 1},

so that Si = S3 is the sphere in C3. Faran [1982] classified holomorphic mappings
between spheres in C? and C? and Lebl [2011] classified mappings sending S? to
S3 . In [Reiter 2015] we give a new CR-geometric approach to reprove Faran’s
and Lebl’s results in a unified manner. Let us introduce the following equivalence
relation. For k = 1, 2 let Hy : Uy — C3 be a holomorphic mapping where Uy is an
open and connected neighborhood of py € S* and H; (Uy N'S?) C SS. We say H|
is equivalent to H if there exist automorphisms ¢ of S? and ¢’ of Sg’ such that
Hy=¢'oHogp L.
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Theorem 1.1 [Reiter 2015, Theorem 1.3]. Given p € S?, let U C C? be an open
and connected neighborhood of p and H : U — C* a nonconstant holomorphic
mapping satisfying H(U N'S?) C Sg’. Then H is equivalent to exactly one of the
following maps:

() Hi(z, w) = (z, w, 0),
(ii) H;(Z, w) = (Zz’ (I—e+z(l+e)w i w2>’

V2
e 1— 2 1 1— 1 2
(iii) H§(z, w) = (Z, ( 8+12Z( —I—s))w, ( 8+Z2(Z+g))w )’

(iv) HE(z, w) = (423 (3(1—8)+(1+38)w2)UJ,\/5(1—8+2(1+g)w+(1_8)w2)z)
v 4 (&, W)= 1+38+3(1_8)w2 ‘

Additionally, for e = —1, we have
2++/22)z (1+ﬁz—w)z)
b w? ’
14++2z4w 1++/2z+w

(1—w)z, I+w—w?, (1+w)z)
l—w—w?

V) Hs(z,w) = (

(vi) Hg(z, w) = (

i

(vil) H7(z, w) = (1, h(z, w), h(z, w)) for some nonconstant holomorphic function
h:U— C.

In fact, we study holomorphic mappings between the Heisenberg hypersurface
H? c C? and H2, where |H]3+ = H? is the Heisenberg hypersurface in C>. The
hypersurfaces H? and H? are biholomorphic to S? and S? respectively, except one
point, and are given by

H? = {(z.w) € C* | Imw = [z]*},
HE = {(z}, 23 w) € C | Imw' = |2} + 6|75/},

We denote by F the class of germs of 2-nondegenerate transversal mappings sending
a small piece of H? to H?. F is introduced in more detail in Definition 2.5 below.
This is, in some sense, the most natural and interesting class of mappings when
studying holomorphic mappings between H? to [H]g. From [Reiter 2015] we know
that F consists of mappings belonging to the orbits of the maps listed in (ii)—(vi) of
Theorem 1.1 with respect to the equivalence relation of automorphisms introduced
above, after composing with an appropriate Cayley transform.

For a germ of a real-analytic CR-submanifold (M, p) of C¥, we write Aut »(M, p)
for germs of real-analytic CR-diffeomorphisms fixing p, which we refer to as
isotropies of (M, p). Let us denote by G := Auty(H?, 0) x Autg(H?, 0) the direct
product of the groups of isotropies of (H?, 0) and (M2, 0), which we introduce in
Definition 2.3 below in more detail.

After showing that w : F — F /Gy is continuous, we obtain the following results.
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Theorem 1.2. The quotient topology tg on F |Gq coincides with the induced
topology t; of F, which carries the topology induced by the jet space JO3 (H?, I]-I]g).

In the next theorem we equip F with the topology t,; induced by the jet space
JO3 (H2, H2), the automorphism groups carry the topology of the 2-jet group (see
[Baouendi et al. 1997] for more details), and the quotient space X of F with respect
to the equivalence relation of Theorem 1.1 carries the quotient topology. For more
details on the different topologies we use, we refer to Section 2 below.

Theorem 1.3. The quotient space X of F with respect to the equivalence relation of
automorphisms of H? and [H]g’ is discrete for € = +1 and not Hausdorff for ¢ = —1.

The above result was not known before and shows one major difference between
holomorphic mappings from the sphere in C? to the sphere in C> and to the hyper-
quadric with signature (2, 1) in C*. Furthermore, we study the action of G on F
givenby Go x F —> F, (¢, ¢', H) > ¢'oHo ¢~!. The action is called proper if
the associated map (¢, ¢’, H) — (H, ¢’ o H o ¢ Disa proper map, such that the
following result holds:

Theorem 1.4. The mapping N : Go x F — F givenby N(¢, ¢', H) :=¢' o Hogp~!
is a proper action.

We write § C F for the set of maps which have trivial stabilizers given below in
Lemma 3.1. Based on the above result we obtain the following theorem concerning
the real-analytic structure of §, where I1 : § — 91 denotes the normalization map
induced by the mapping N, and 91 denotes a particular set of representatives of the
quotient § /G defined in Lemma 3.1 below.

Theorem 1.5. If ¢ = +1 then Il : § — § /Gy is a real-analytic principal fiber
bundle with structure group Gy. If e = —1 then § is locally mapped to Gy x N via
local real-analytic diffeomorphisms. In particular, § is not a smooth manifold.

Note that the second part of Theorem 1.5 stands in contrast to the case of maps
in Aut, (M, p). Assuming some nondegeneracy conditions for certain germs of
real-analytic CR-submanifolds (M, p), such as Levi-nondegeneracy, it is known
that Aut,(M, p) admits a manifold structure (see [Baouendi et al. 1997; 1999;
2004; Kowalski 2005; Kim and Zaitsev 2005; Lamel and Mir 2007; Lamel et al.
2008; Juhlin and Lamel 2013]). To prove Theorem 1.5 we use a real-analytic
version of the so-called local slice theorem for free and proper actions. For proper
smooth actions of noncompact Lie groups the first proof of the local slice theorem
was given in [Palais 1961, 2.2.2 Proposition]. In the real-analytic setting a global
slice theorem was proved by [Heinzner et al. 1996, Section VI] and [Illman and
Kankaanrinta 2000, Theorem 0.6].

We organize this paper as follows. We introduce the necessary notations, tools
and results in Section 2. In the following sections we study properties of the action
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of the group of isotropies on F and in Section 5 we investigate the connectedness
of F and discreteness of the quotient space. Using these results, in Section 7 we
obtain some structural and topological information of § and § /Gg. Finally, in
Section 8 we study different normal forms with respect to isotropies. This article
is based on the author’s thesis [Reiter 2014] at the University of Vienna. Some
computations are carried out with Mathematica 7.0.1.0 [Wolfram 2008].

2. Preliminaries

Definition 2.1. We fix coordinates (z, w) = (z1, ..., zn, w) € C"*!. For a germ
h:(C"*!,0)— (C, 0) of a holomorphic function 4 (z, w) = Za’ﬁ aaﬂz“wﬂ, we write
h(z, W) = h(z, w) = Za’ 8 Ezalgio‘wﬁ for the complex conjugate of A. Derivatives
of h with respect to z or w are denoted by
 plaltiBly
hyayp (0) = W(O)'

For n > 1 and a germ of a map H : (C"*!,0) — (C"*', 0) with components
H=(fi,.... fw. g), we write Hyay,s(0) = (f1018(0), ..., frzaws(0), gays(0)).
Classes of maps, automorphisms and equivalence relations.

Definition 2.2. We write H(p; p’) := {H: (C", p) — (C"', p’) | H holomorphic}
for the set of germs of holomorphic mappings from (CV | p) to (CV y p). For germs
of real-analytic hypersurfaces (M, p) C CY and (M’, p’) c CV ", we denote by

HM, p; M, p')y={H e€H(p; p') | HMNU) C M’, for U a neighborhood of p},

the set of germs of holomorphic mappings from (M, p) to (M’, p’).
Definition 2.3. (i) We denote the collection of germs of locally real-analytic CR-
diffeomorphisms of (M, p) by
Aut(M, p):={H :(C", p) — C" | H holomorphic, H(M) C M, det(H'(p)) # 0}
and the group of isotropies of (M, p) fixing p by

Aut,(M, p) :={H € Aut(M, p) | H(p) = p}.
We write G := Auty(H?, 0) x Auto(I]-I]g, 0) and refer to elements of Gy as isotropies
of (H?, 0) and (H2, 0).

(ii)) We write R* := {x € R | x > 0} for the positive real numbers, denote the unit
circlein Cby S' :={e"" |0 <t <27} and set T := RT x Rx S! xC. For an element
oy € Auty(H?, 0) we denote y = (A, r, u, ¢) € I' and write

(Au(z+cw), A2w)

-1 oy @ W) = e il P
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(iii) We define, for =+l ife=—1and 8 =+1if e = +1,

(2-2) §2y = {a = (a},a}) € C* | |a}|* +elay|* = 0},
and let
[P P
(2-3) U= ( “a e ) WeS', d =(a),ab) €S2,
a, a;

Weset IV :=RT x Rx S! xSi@ x C? to denote elements a]//, € Auty(H?, 0) via
y'=W,r',u',ad', ") eT’, where ¢’ = (¢}, ¢)):

WU’ (2 +c'w), X *w')
1-2i(¢} 2} +echzh)+ (r' —i(lc; P +elch P))w'”

(2-4) 0,2, w') =

(iv) We call elements of I x I'’ standard parameters. If the standard parameters
(y,y") € T x T are chosen such that (o, G}/,,) = (id¢2, idg3), we say the standard
parameters are trivial.

Definition 2.4. For G, H € H(M, p; M', p’), we define an equivalence relation
G~ H:&3(¢,¢) € Aut,(M, p) x Aut,y (M, p'):G=¢' o Hogp™ .
The equivalence classes in H(M, p; M’, p’)/~ are denoted by
[Fl:={GeHWM,p; M, p)|G~F}.

In the case where (p, p’) = (0, 0) and (M, M’) = (H?, H2), we call the above
relation isotropic equivalence and write Og(H) for the orbit of a map H, called the
isotropic orbit of H.

The class F, the normal form N and its classification. In [Reiter 2015] we intro-
duced the following class of mappings, which are 2-nondegenerate and transversal.
These mappings represent the immersive maps, which are not equivalent to the
linear embedding (see [Reiter 2015, Proposition 2.16]).

Definition 2.5. For a neighborhood U C C? of 0, define F(U) to be the set of
holomorphic mappings H = (fi, f», g), with H({U NH?) C I]-[]g, which satisfy

H(0) =0, f1;(0) f2,2(0) — f2;(0) f1,2(0) # 0 and g,,(0) > 0. Define F to be the set
of germs H, such that H € F(U) for some neighborhood U C C? of 0.

Proposition 2.6 [Reiter 2015, Proposition 3.1]. Let H € F. Then there exist
isotropies (0, 0') € Go such that H = o' o H o o~ satisfies H(0) = 0 and the
following conditions:

(i) H,(0) = (1,0,0), (i) f,2(0) =2, (vi) Re(8,2(0)) =0,
(i) Hy,(0) = (0,0,1), (iv) fr,(0) =0, (vii) Re(f:2,,(0)) = 0.
V) f1u2(0) = | f12(0)] > 0,
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A holomorphic mapping of F satisfying the above conditions is called a normalized
mapping. The set of normalized mappings is denoted by N'.

Remark 2.7. A mapping H € N necessarily satisfies the following conditions (see
[Reiter 2015, Remark 3.4]):

(i) H(0) = (0,0, 0), (v) H.,,(0) = (¥£,0,0),
(i) H;(0) = (1,0, 0), (Vi) Hy2(0) = (| f1u2(0)], f24,2(0), 0),
(iii) H,(0) = (0,0, 1),  (vii) H2,(0) = (4i|f1w2(0)|, iIm( f5,2,,(0)), 0).
(iv) H,2(0) = (0, 2, 0),
We classify all mappings belonging to N>~ F /Gy in [Reiter 2015].

Theorem 2.8 [Reiter 2015, Theorem 4.1]. The set N consists of the following
mappings, where s > 0:

Gi(z, w) = (2z(2 +iew), 427, 4w) /(4 — w?),
55z w) = (4z —des? +i(e — sHzw + sw?,
427 + s*w?, w(éd — desz —i(e +5H)w))
/(4 —4esz —i(e + sz)w —2iszw — es? 2),
G5 ,(z. w) = (25667 + 96izw + 64esw* + 6477 + 6diesz*w
—3(3e — 16sH)zw? + 4isw’,
256ez* — 16w* +25657° + 16iz°w — 16eszw? —iew?,
w(256e — 32iw + 64z — 6dieszw — (e + 165*)w?))
/(256¢ — 32iw + 64z% — 192ieszw — (17¢ + 144s%)w?
+32iez%w + 24szw? +iw?).
Each mapping in N is not isotropically equivalent to any different mapping in N.
For ¢ = +1, Figure 1 depicts AV in the parameter space according to Theorem 2.8

(see [Reiter 2015, §4] for more details).

Associated topologies. We deal with the following topologies (see, e.g., [Baouendi
et al. 1997]).

Definition 2.9. For K ¢ C" a compact neighborhood of p € CV, we denote by
Hi (p; p’) the space of holomorphic mappings, defined in a neighborhood of K,
which map p € CN to p’ e CV / equipped with the uniform norm on K. We equip
H(p; p’) with the inductive limit topology with respect to Hg (p; p’), where K is
some compact neighborhood of p in CV. Then for H, H, € H(p; p’), we say that
H, converges to H if there exists K C C" a compact neighborhood of p such that
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Gy G3o Gao

Figure 1. A for ¢ = £1 in the parameter space.

each H, is holomorphic in a neighborhood of K and H, converges uniformly to
H on K. For H(M, p; M', p') C H(p; p’), we consider the induced topology of
H(p; p') denoted by ¢.

Definition 2.10. Let Z € CV be coordinates in CV, H : CVY — CV’ a holomorphic
mapping defined at p € CV and « € NV. We denote by j’le the k-jet of H at p

defined as
gy (OH
joH = (S (p) el <K),

and by J ;f p, the collection of all k-jets at p of germs of mappings from (CV, p) to
(CN', p'). We set Iy k.— =J, k ,» and denote the topology for J by 77, which we refer
to as the topology ofthe]et space. Let (M, p) C (CV, p) and (M, p')y C (CN, p)
be germs of submanifolds. For k£ € N we denote by qu (M, p; M', p') the space of
k-jets of H(M, p; M, p’) at q. We also define J;‘(M, p) = qu(M, p; M, p) and
J§(M; M) := J§ (M, 0; M', 0). We denote by GX (M, p) C JX(M, p) the space of
k-jets of Aut, (M, p) at p.

Note that J,, kM, p; M/, p') C I, k . We identify I, k » with the space of germs
of holomorphlc polynomial mapplngs up to degree k, from CY to CV, which map
peCNtop eCN. Thus J I’j p can be identified with some CX, where K := N’ (N +k),
such that the topology t,; for J , is induced by the natural topology of CX.

Definition 2.11. We say K C ’H(M p; M', p') admits a jet parametrization for K
of order k if there exists a mapping W : CV x CK > U — CV', with K = N’(N+k)
from above and U an open neighborhood of {p} x J g (M, p; M', p"), which is
holomorphic in the first N variables and real-analytic in the remaining K variables,
such that F(Z) = W(Z, jiF) forall F € K.

If K C H(M, p; M', p’) admits a jet parametrization of some order k, then
¢ = 15, which follows from the real-analyticity in the last K variables. We need
the following jet determination result which is an immediate consequence of the
normalization and classification of maps in F.
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Corollary 2.12 [Reiter 2015, Corollary 4.8]. Let U C C? be a neighborhood of
0 and H : U — C3 a holomorphic mapping. We denote the components of H by

H = (f.8) = (f1. f», 8 and write jo(H) = {ji(H), f,2,(0)}. If for Hy, H, € F
the coefficients belonging to jo(H)) and jo(H3) coincide, then we have Hy = H,.

Remark 2.13. Based on [Lamel 2001, Proposition 25, Corollary 26-27] we obtain
a jet parametrization of order 4 for K = F in [Reiter 2015, Lemma 4.3], and by
Corollary 2.12 we have that K = K :=15. Using Theorem 2.8 and the notation from
Corollary 2.12, we identify F with a subset J C CX0 given by J := {jo(H) | H € F},
and the topology we use in the sequel for F is 7.

Definition 2.14. Let X be a topological space, Y a set and g : X — Y a surjective
mapping. We call the topology on Y induced by g the quotient topology tg on 'Y,
where a set U C Y is open in Y if ¢~'(U) is open in X.

3. The isotropic stabilizer and freeness of the group action on &

Lemma 3.1. Ser 0 := N \{G3, G5, G5 ot and § == Ugen Oo(H). The isotropic
stabilizer staby(H) := {(¢, ¢') € Go | ¢’ o H o ¢~ = H} of H is trivial for H € N.
Furthermore, we have that staby(GY) = stabo(Gi’O) is homeomorphic to S' and
stabo(G‘g’O) is homeomorphic to 7.

Proof. Let H = (f, g) = (f1, f2, 8) € N satisty the conditions in Remark 2.7.
We write s := 2| f1,2(0)| > 0, x := f5,2(0) € C and y := Im(f5,2,(0)) € R. By
Corollary 2.12 we only need to consider coefficients in jo(H). We let (0, 0’) € Gy
with the notation from (2-1), (2-3) and (2-4), and consider the equation

(3-1) oc'oHoo ' =H,

where we parametrize o~ as in (2-1). The coefficients of order 1, which are f;(0)
and H,(0), are given by

U'"(ud),0)=(1,0) and (U’ "(uc+ Ac), Ach), 001) = (0,0, 1).

These equations imply 6 =+1, X =1/, a),=¢,=0,a; =1/(uu’) and ¢| = —uc/A.
Assuming these standard parameters we consider the coefficients of order 2, which
are f2(0), H,,(0) and H,(0), given by

(3-2) (0, 2u'u’2) = (0,2),

(3-3) (—r —22r +ieA?/2, 2u'u’ e, 0) = (ig/2, 0, 0),
(3-4) (kz()»s +icuc)/u, uu' AW 2x +2u’c?), =2(r + kzr/)) = (s, x,0).
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The second component of (3-3) implies ¢ = 0. If we assume this value for ¢ we
obtain for the third order terms f2,,(0) the equation

(3-5) (2iur’s, u'u? 1 (—4r —20%r" +1r%y)) = (4is, iy).

The second component of (3-2) shows A = 1. Furthermore we obtain from the
third component of (3-4) that ' = —r and since from the second component of
(3-2) we get u'u® = 1, which uniquely determines u’, we obtain from the second
component of (3-5) that » = 0. The remaining equation from the first component of
(3-4), which comes from the coefficient f,,2(0), is s/u =s. If s > 0 we obtain that
u =1 and hence all standard parameters are trivial, which proves the first claim of
the lemma.

If s =0, then H € {G{, G} (), Gj ,}, since these maps are precisely those satisfying
f1w2(0) = 0 in the list of mappings from Theorem 2.8. It is easy to check that
the isotropic stabilizers of the maps G{ and G;O are generated by the isotropies
(0(z, w), o' (2}, 25, w')) = (uz, w, 2} /u, z/z/uz, w’) with |u| = 1. If we consider
G35 in (3-1), then we obtain that (o (z, w), o'(z), 25, w") = (8z, w, 8z}, 25, w'),
where § = %1, are the only elements of stabo(GgYO), which proves the last claim of
the lemma. ]

Proposition 3.2. The map N : Gy x § — & givenby N(¢, ¢', H) :=¢' o Ho ¢!
is a free action.

Proof. Lemma 3.1 shows that N restricted to 91 is a free action. We assume the
general case H € § and consider the equation ¢’ ocHo¢p™' = H for (¢, ¢') € Go.
We write H = $/ oHo $ where H € 9% and (gb d) ) € Gy are umque according
to Lemma 3.1. After setting (1, Y') = (¢> lopod,d 1 ¢ o @), we rewrite
poHoop '=Hasy'o Ho Vs = H. Since each map in D1 admits a trivial
stabilizer, we obtain that (v, ') = (idg2, ides) and the freeness of the action. [J

4. Continuity of the normalization map

Remark 4.1. For F : (C?,0) — (C?, 0) a germ of a holomorphic mapping, for
which we assume that F € F and the jet jo(F) C jg F is of the form as in Remark 2.7,
we write F (f', f2, f?) for the components and denote derivatives of F at 0 by

fE = le,,l (0). We set A(F) = fl fo — oo fib-

Lemma 4.2. For n € N, we let (¢n, ¢,) € Go and H,, H € F be such that
¢ o Hy °¢n_] — H as n — oo, where F is equipped with the topology t;. If
we assume H,, H € N, then H, — H, and if we assume H,, H € N, then
(¢n, ¢,) = (idc2, idcs) as n — oo.

Proof. We assume that H,, = (h1 h2 h%) and H = (h', h2, h3) are given as in
Remark 4.1, where the coefficients of H, depend on n € N. Let s, := 2|h,1102| >0,
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Xy :=h2y, € Cand y, :=Im(h2,,). To each (¢, ¢}) € Go we associate the standard
parameters (), ¥,) € I' x I'’, where we use the notation for the parametrization
of Go from (2-1) and (2-4). According to Theorem 2.8, H, depends on s, > 0.
Let us denote E =T x I'" x Rg and write &, = (Vu, ¥, S») € E. We define
v, :=¢,0oH,0¢, ! which depends on &, € E. For components of V,,, we write
U, =, ¥2, ¢3) and ¥, = (¥, ¥?2). Limits are always considered when n — oo.

We start with the first order terms of W,. We let U, be the 2 x 2-matrix from
(2-3) with entries u,,, a}, and a}_ instead of u’, a] and a), so that we have

“4-1) Yz (0) = )‘n)&/n U,; l(una 0),
(4-2) W, (0) = Ank;(Uy/, t(”ncn + )\nc/lns )‘ﬂC/Zn)’ Onkn)\/n)

Since ¥2,(0) — 1 we obtain 6, = +1, A,A,, — 1. This implies that u,u,a}, — 1
and a), — 0, considering ¥,;(0) — (1, 0) in (4-1). Because a, = (a},, a},) € 882’9
from (2-2), we have |a;n| — 1. If we consider the first two components in (4-2),
we obtain from 1/, (0) — (0, 0) and (|a},|, |a},]) = (1, 0) that u,c, 4+ A,c}, = 0
and ¢}, — 0.

Next we consider the second order terms of W,, to obtain

4-3) Vn2(0) = 2up ki h, Uy, ' (20(Cn + unhnCy,), ttnhn),

where the left-hand side of (4-3), v,,,2(0), must converge to (0, 2). After applying
U,g_l we rewrite the second component of (4-3) as

(4-4) 2i02n, = ap, (—ab, ¥r) 2 (0)/ (u)a),) + ¥2.(0).

Since (|ay,l, |a5,]) — (1,0), the absolute value of the right-hand side of (4-4)
converges to 2. Taking the absolute value of the left-hand side of (4-4) implies
An — 1, which together with 4,4, — 1 shows A/, — 1. Next we consider

4-5) Vw0 = S0 AL UL (Ti (Vs vy 4hn (Chy (€ + tnhnCh,) — iuley)),

where the real-analytic function 77 : I' x I'" — C does not depend on a,, € 882’0
and u),. The left-hand side of (4-5) has to converge to (ic/2, 0) and we rewrite the
second component of (4-5) as

(4-6)  4Ahy(Chy (Cn + UnhnCh,) — iUaCy)
= —2i(=d3, Y2y (0) + 1], Vi, (0))/ Gy
Taking the limit, we know, since (|a}, |, |a5,]) = (1,0) and (A, A,,) — (1, 1), that

the right-hand side of (4-6) converges to 0 and if we also use u,c, + )“”C/ln — 0 we
obtain that ¢, — 0, such that ¢}, — 0.
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Next we compute

@7 Y000
= 202 N2 (= (r + 22r0) +i(lenl + eA2Ich, 12 + An, Quncn + Anc,)))-
We take all of the previously obtained limits as n — oo of the sequences ¢, =

(¢}, ¢5,) € C2, ¢, and A, A,,. Then since wiwz(O) — 0, we have that r,, JHL%r,’z — 0.
Next we compute

(4-8) Vw2 0) = knk; U,/l t()\flsn + T2 (¥n, Vri)7 )\zxn + T3 (¥n, )/ri)),
where T>, T3 : T x I — C are real-analytic functions and 7> is given by
Ty (V. V) = 2tnCn + ¢ hn) (ilenl® — ra — A7)
+2i0, ¢, (UnCn + AnCl,) Quincy + Anch,)
tieh (nca (14215, + 2hnch, Ich, 1),
so that T»(yy, ¥,) — 0. Then the first component of (4-8) becomes
(4-9) Wasn+ Ta(yns ) = (@, 0] 2 (0) + eulyab, Y2 5(0))/ Gunyi,).

Since () ,(0), ¥2 ,(0)) = (2lhg,l, hg,) € RT x C, we obtain s, — 2|h,|, and if
|hj,| # 0 we have a}, /u), — 1. Then u,ul,a} — 1 implies that u, — 1 and further
inspection of (4-4) gives u% /aj, — 1, which shows a{, — 1 and u), — 1. Note that
if |h},| = 0 we have that a/, , u,, uj, € S' for all n € N. Observe that the following
considerations are independent of the value of h(l)z:

(4'10) anzw(o)
ot —2814,%)&,,(2)",1 + k,zlr,;) + isu,zlk3yn + 6u,31k,21cnsn +T5(Yn. v,))’

n

where Ty, T5 : I’ x I'" — C are real-analytic functions and T is given by

Ts(Yu, V) = 2i8hn (4iC0Chy (Cn + 2unhn€ly) + 20,u% (58, + 3unrnl,)
+up o (I, P + 3elch, |* +4ic,ch,))

hence T5(yu, v,) — 0. Since (¥, (0),¥7, (0)) = (2ilhg,l,ih3,) € iR x iR,
considering the real part of the second component of (4-10) we obtain 2r, +r, — 0,
which together with r,, 4+ A%r,/l — 0 shows (ry,, r,) — (0, 0). To sum up, we obtain
that H, — H, and moreover, if |h(1n| # 0, we conclude (¢, ¢,) — (idc2, ide3),

which completes the proof. U

Proposition 4.3. The map v : F — N given by w(H) :=¢'oHo¢p ™ for (¢, ¢') € Gy,
according to Proposition 2.6, is continuous with respect to t;.
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Proof. Let (H,),en be a sequence of mappings in F and H € F, such that H, — H.
Assuming without loss of generality that H € A/, we need to show H,, ;== (H,) — H.
We have H, = ¢, o H,o¢, ' € N, where (¢, ¢,) € G are the isotropies according

to Proposition 2.6. Since H,, = ¢>’;1 o H, o, — H, we conclude by Lemma 4.2
that H, — H. O

Using Proposition 4.3 we are able to prove Theorem 1.2.

Proof of Theorem 1.2. We show that 7 : F — N is a surjective, continuous and
closed mapping with respect to 7;. Surjectivity is clear from Proposition 2.6 and
Theorem 2.8 and continuity we have shown in Proposition 4.3. It remains to prove
that 7 is closed with respect to 7;. Let C C F be a closed subset. We need to show
that 7 (C) C N is a closed subset. To prove this statement we let H,, € w(C) for
n € N, forming a sequence of mappings in A such that H, — Hy, where Hy € N.
To show that 7 (C) is closed we need to conclude that Hy € 7w (C). By Theorem 2.8
we can write H, = Gi,,,s,, and Hy = Gio’so for k,, ko € {2,3}. Note that since
H, — Hy in N we have s,, — so. This implies that for any convergent sequence
G, € t~'(H,) the map Go = lim,_, » G, belongs to 7~ '(Hp). Since C is closed,
an arbitrary convergent sequence Fj, € 7~ '(H,) N C with F, — F, thus satisfies
Fy € m~'(Hy) N C, which implies Hy = (Fy) € w(C). O

5. A topological property of the quotient space of F

Lemma 5.1. The class F consists of 5% connected components.

Proof. According to Proposition 2.6 and Proposition 4.3, we denote by 7 : F — N
the normalization map, which is continuous with respect to t;. By Theorem 1.2, we
equip F and N with 7. For k € {2, 3}, we set Cx :={Gy | s > 0} and N*:= CLUC3.
The space of standard parameters I' x I’ is path-connected, since as defined in
Definition 2.5 for maps H = (f1, f2, g) € F, we assumed g, (0) > 0, which
implies that for isotropies as in (2-4) we require 8 = 41 for ¢ = 1. Thus for any
H € N the isotropic orbit Oy(H) is path-connected. First we treat the case ¢ = —1.
We observe that F* = | . A+ Oo(H) is path-connected. If F were connected
then (F) = N would be connected, which is not possible, since A/ consists
of 2 connected components G; and N*. Thus F has 2 connected components
Oo(G) and F*. For ¢ = +1 we note that the set Oy(Cy) := UHEQ Oo(H) for
k € {2, 3} is path-connected and A consists of 3 connected components. Thus F
admits at most 3 connected components. F is not connected since then 7 (F) = N
would be connected. If F consists of 2 connected components F, F» such that
F = F1 UF,, we need to distinguish several cases. Either 7| = OO(GT) U Oyg(Cr),
and F = O¢(Cy), where k #= £ and k, £ € {2, 3}, or F| = Op(C2) U Og(C3) and
For= OO(GT). In all cases we have, by the continuity of r, that 7 (F) is connected,
which is not possible. O
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Proof of Theorem 1.3. The quotient space X consists of elements denoted by [F] for
F € F. We equip X with the quotient topology such that the canonical projection
p : F — X is continuous. For ¢ = +1 we have X = {Gf, G;O, G;r’o} by our
classification. By Lemma 5.1 we obtain that p~!(H) for H € X is a connected
component of F, hence open. Thus X carries the discrete topology. To prove
the statement for ¢ = —1 we write Hy := G, , € N and Hy = G5, € N. For
k € {0, 1}, let Uy € X be an open neighborhood of [ H¢]. Then Vi := p_l(Uk) is an
open neighborhood of the orbit of Hy in F. According to our classification there
exists a sequence (G,),en of mappings in F, where each G, € [H;] and G,, — Hy
in F as n — oo. Thus there exists N € N such that G, € VoNV; foralln > N,
which shows [H;] € Uy N U, and completes the proof. O

6. Properness of the group action

Proof of Theorem 1.4. Forn e N we let G, = (g}, g2, g2), H. = (W), >, W)) e F
with G, = ¢, 0 H, o, ! where (¢, @;) € Go. Equipping J(? with a suitable norm
|l - Il, we need to show that if we let N > 1 such that || jo(G,) |, [[jo(H )| < N
and |g201|, |h/,3101| > 1/N as well as |A(G,)|, |A(H))| > 1/N, then we have that
{(¢n, ¢,) | n € N} is relatively compact in Go. For a simplification, we write
H =¢,0H,0¢, ! where H, € N and (¢,, ¢,) € Gy according to Proposition 2.6.
Since we have shown in Proposition 4.3 that the map 7 : F¥ — N is continuous, it fol-
lows that the sequence H, is relatively compact, and we assume that each H,, satisfies
all conditions we assumed for H, . Further we assume that H, is given as described
in Remark 2.7, where we set s,, ;= 2|h,1102| >0, x, = hioz eCand y, = Im(hﬁﬂ).
In the proof of Proposition 2.6 given in [Reiter 2015, Proposition 3.1], we give
explicit formulas for (¢, ¢,,), which shows that {(¢,, ¢,) | n € N} is bounded, since
the sequence H, is relatively compact. We set v, := ¢, o ¢, and ¥, == ¢, o ¢y,.
Hence we need to prove that {(1,, ¥,) | n € N} is bounded in Gy. If we use the
parametrization of (¥, ¥, ) from (2-1) and (2-4), we show that {(y,, y,) | n € N}
is bounded in " x I"". More precisely, we need to show the boundedness of the
SEqUENCES Ay, Cn, Iy A1), A,y Ay Cps Ty in T X T, We use the equations from the
proof of Lemma 4.2, where W, plays the role of G,. We start considering the third
component of (4-2), which gives 1/ VN < Ak, < V/N. Then we rewrite 4-1) to
obtain, for k =1, 2, that |a; | = |g£10|/(knkil) < N+/N. After rewriting the first
two components of (4-2) we obtain that |u,c, +A,c],|, [Aanc), | < 2N3. Then, using
(4-2) and (4-3), we compute
— 2332

- "n"n"n>

A(Gn) =

s Un 41”)1(5n+un)\n5/1n)
)‘n)‘nUn( 0 Uy

such that the boundedness of A(G,) from below implies that 1/N 2 <, < N2
This gives 1/ (V/NN?) < A, < VN N2, and from (4-2) we derive boundedness of
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the sequence |c’2n|. Then from (4-5) we obtain that the sequence |c,| is bounded,
such that (4-2) shows the boundedness of |c],|.

Finally, using all the previous bounds, we get from (4-7) and the second compo-
nent of (4-10) that the sequences |rn+)»ﬁr,’,| and |2rn+k2r’ | are both bounded, which
implies that |r,| and |r;| are bounded from above. Thus the sequence (v, ;) is
relatively compact. Since (¢,, ¢,) is relatively compact, this implies that (¢,, ¢,)
is also relatively compact, completing the proof. U

7. On the real-analytic structure of §

Lemma 7.1. Let T1:§ — Nbe given by [I(H) :=¢' o Hop~ !, where (¢, ¢') € Gg
are the unique isotropies according to Proposition 2.6 and Lemma 3.1. Fork =2, 3
we write My ¢ == {rn-! (Gi’s) | s > 0}. Then My ¢ is a real-analytic real submanifold
of § of real dimension 16.

Proof. For fixed k € {2, 3}, s > 0 and § > 0, we write G5 s :={Gj , | € Bs(s) NRTY,
where Bs(s) := {t € RT | |t —s| < 8}. To prove the lemma we show that for
every so € R™ and sufficiently small 8§y > 0, there exists a locally real-analytic
parametrization for M := I1-!(Gs, 5,). As noted in Remark 2.13, we identify F
with the set J ¢ CKo,

Theorem 2.8 implies that for each H € M there exist (¢, ¢') € Gy, k € {2, 3}
and s1 € Bs,(s0) NRT, such that H = ¢’ o G,"im o¢~!. This fact is used to describe
M locally via parametrizations as follows. For s > 0 sufficiently near s, let F be
a mapping as in Remark 4.1, which depends real-analytically on s := 2| f012|. For
the remaining coefficients in jo(Fy) we write x := f022 and y := Im( fzzl), where we
suppress the dependence on s notationally. We use the real version of the notation
for the parametrization of G as in (2-1) and (2-4). Here we denote the set of real
parameters of Go by I' x I'’. Let us write & :=T" x I x R ¢ RN, where Ny := 16.
For & = (y, v/, s) € E, we define the mapping

(7-1) ViE—J, WE) =jo@)oFo¢,"),

where we use the notation as in (2-1) and (2-4) for ¢, and ¢;, respectively and
suppress the dependence on ¢.

We set \IJ(Z w) = (d) oFj o¢ N (z, w) with components U= (wl wz w ) and
U= (w v ) The holomorphlc mapping W is defined in a small neighborhood
U C C? of 0 and satisfies W(H2NU) C [H]3 By Theorem 2.8 and the real-analytic
dependence of the isotropies on the standard parameters, which can be observed by
inspecting the proof of Proposition 2.6 in [Reiter 2015, Proposition 3.1], we note that
W and ¥ are real-analytic in § € E. We assume without loss of generality that & is
chosen in such a way that (¢,,, ¢;,) = (idg2, idg3). Consequently we write O (2) for
terms involving standard parameters of the isotropies which vanish to second order
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at &, and we consider a| € C near 1 such that we substitute @ = (1 — ¢|a}|?)/d;
and take 6 = +1 in ¥, which is then given by the following expressions:

V. (0) = (u' AN ay, urXaj),

W, (0) = (/AN a) (ue + ach), M2X chja), AP N?) + 0(2),

V2(0) = (21uu' AN (eurdy +2(¢ +uréy)ay), 2u* AN /a}) + 0 (2),
¥, (0) = (—%uu’u’a; Q@ + 227" —igr?),

uA2N ( © s+ 2”,0) 2R3 (G + uké’l)) 100,
1
\ifwz(O) (u A3 (al(leuc + As) — 8ka2x)
AW (x/al +abs), —22202 (r +271)) + 0(2),
V20 (0) = (—uu/)»3k’(4a; (—iuds + &(¢ +urc))) +icurayy),
W (<2027 +32) + Geunes +ix%y) af +2iA%s) ) + O(2).

As a first step we show that for given &y € & the Jacobian of W with respect to &
evaluated at &), denoted by W (&), is of full rank Ny. Instead of considering the
real equations of W, however, we conjugate ¥ and compute the Jacobian of the
system & := (W, W) e C>X0 with respect to

E=u,hc,ru a),dy X, ¢, ch ' s € a,, ¢, ch) eCNo
and evaluate at
(7-2) £ =1(1,1,0,0,1,1,0,1,0,0,0, s0; 0,0,0,0) € R,

denoted by ®¢(§p). We bring the transpose of ®¢(§p) into echelon form, denoting
the resulting matrix by ¢ = (¢', ..., ™), where ¢/ = (¢{, ..., ¢} ) € C*0 for
1 < j < Ny, such that rank(cbg (So)) =rank(¢). In the following we suppress the
evaluation of & at &) notationally and perform elementary row operations. The
matrix given by

@' 0" = (B B, B, Dy, s B, Dy, B, B, By, )

_<09 O’ Oa cDua CDI,MO’ (Dua Oa <I)(;/19 %CDE, 0)5

is in row echelon form, with constant nonzero entries on the main diagonal. Each 0
above represents 0 € C*X0, Next we define

2. 1. | 10s¢
% —(I)A+3q>u CD 3q>a 8(Dr +_3 P
1 2 2

13 .__ _ 1 , _“
L L T YL
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which are of the following form, where we denote by A’ derivatives of a function &
depending on s with respect to s:

@12:(0,...,0,§011%,--'7(»0%%(0)

—2(4x—5s0x") 5. 8isg 21(3e—3y+35s0y) 1 1o 12
:(0,...,0,%,218,70, g 0y v_§’§0]7a"'v(p2K0>
93 =00,....0,03,....00%)
_ 2x —sox’ Bisp isgy’ 2 13 13
= (O,...,O, —3 YTz T3 _§»§017,...,¢2K0>.

Then we define ¢4 := &, —d,, 13 = Pz and @6 := Oz, from which we compute
g0]4 = —2(e15 + e2k,)» g015 =e19 and g0]6 = —2eyy +iceys — 12es€2K,, Where for
j € N we denote by e; the j-th unit vector in R*Xo0,

We have to consider several cases. First, in case (pll% # 0, then we consider
P13 = ¢ — 03¢'%/9!3, such that ¢|3 is a multiple of —2x + sox’. If @3 # 0,
then ¢ = (¢!, ..., 9'2, 3'3, 0", ¢, ¢'%) is in echelon form. If (ﬁg = 0, then
x = Cs?, where C € C\ {0} and we have @}2 # 0, which again implies that

p=1(p', ..., 02, ¢ ¢ ¢V, ¢'% is in echelon form.
Next we treat the case (pllg = 0. First we consider the trivial case. If x = 0, then
since so > 0, we have x’ =0 and so ¢ = (¢!, ..., ¢'®) is in echelon form. Now we

assume x # 0, which implies x” # 0, and solve (pllg = 0. The solution is given by
x = Cs*3 where C € C\ {0} and ¢ = (¢!, ..., @', 03, 012, ¢! ¢, ¢'%) isin
echelon form.

To sum up, we conclude that in all cases the Jacobian ®¢ (&) of the system &
evaluated at & is of full rank Ny, and hence that ¥ from (7-1) is a real-analytic
locally regular mapping if we choose 8o > 0 sufficiently small in M. For W to be
a local parametrization of M it remains to show that for each sufficiently small
neighborhood U C & C RM of &, there exists a neighborhood W c CXo of
W (&) = Fy,, such that ¥ (U) = WN M. We have

V(U) = {jo(H) |3E = (y.y . ) eU :H=¢", o F,06,)
and with the notation from the beginning of this proof for § > 0 we have
M =T1""(F; )
={HeF|3(y.y.5) €T xI"x Bs(s9) "R : ¢’ , o Ho ' = F}.

Remark 2.13, together with the fact that for each H € M we can write H =
¢’ ;,1 oFso¢,, shows W(U) C M. We assume that there exists a neighborhood U C B
of &y, such that for any neighborhood W of W (&) = F;, we have W(U) #W N M.
We choose open, connected neighborhoods (W,,),en of Fy, with (), W, = {F,} and
W(U) # W, N M for all n € N. There exists a sequence of mappings (H,),eNn € §
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such that H, € W, "M and H, ¢ W(U). We write H, = qb’;,] o Fy, o ¢, and
conclude by Lemma 4.2 that (y,, y,, sn) = & in E. Thus eventually H, € ¥(U)
for large enough n € N, which completes the proof of the lemma. U

We need the following theorem concerning free and proper group actions on
manifolds.

Theorem 7.2 [Duistermaat and Kolk 2000, Theorem 1.11.4]. Let k € NU {00, w}
be nonzero and M a C* manifold equipped with a C* action G x M — M, where
G is a C* Lie group. Assume that the action is free and proper. Then M /G has
the unique structure of a C* manifold of real dimension dimg M — dimg G and the
topology of M /G is the quotient topology tg. We denote by ¢ : M — M /G the
canonical projection given by o(m) =G -m :={g-m | g € G} for m € M. For every
s € M/ G there is an open neighborhood S C M /G of s and a C* diffeomorphism
Vi N (S) = G xS, ¥ :m (Yi(m), Yo(m)), such that form € ¢~ (S), g € G
we have o(m) = yrpy(m) and Y (g - m) = (g - y1(m), Yo(m)). We say the triple
(¢, M, M/G) is a C* principal fiber bundle with structure group G.

Proof of Theorem 1.5. By [Baouendi et al. 1997, Corollary 1.2] the group Gy is a
totally real, closed, real-analytic submanifold of

G3(H?,0) x G§(H2, 0) € J3(H?,0) x JZ(H2, 0).

Hence Gy is areal-analytic real Lie group. With the notation of Lemma 7.1 we define
for (y,y’) eI’ xI"" themap N, s : My o — My ¢, Ny, (H) = ¢;,0Ho¢;l, where
(@, (;5)//,) € Gy according to (2-1) and (2-4). We would like to conclude that for each
fixed (y, y’) € T x I'/, the map N, , is real-analytic. By Remark 2.13, instead of
N, it suffices to consider N;’y, $Jke = Jk.e» Where Jx o == {jo(H) | H € My .},
and N}, (jo(H)) = jo(¢), o H o ¢>;1) is a restriction of N, . By considering
the components of N}’,’y,(jo(H)) for H € My ., we obtain that N)’/’y/(jo(H)) is a
polynomial in jy(H), thus by [Bochner and Montgomery 1945, Theorem 4] the
action of G on My ; is real-analytic.

By Proposition 3.2 and Theorem 1.4 the map N : § xGo — § defined by
N(¢,¢', H) =¢ o Ho¢ ! is a free and proper action. For ¢ = +1 we note that
by Lemma 5.1 and Lemma 7.1 the set § is a real-analytic manifold, thus from
Theorem 7.2 the conclusion for ¢ = 41 follows.

Next we show the claim for ¢ = —1. According to Lemma 7.1, for k = 1,2
we set Ny :={G; | |s>0}and No:=Ni NNy = {G£1/2}. The corresponding
preimages are denoted by M}, == IT-'(Ny) € §, so that Mg := M, N M, =TT""(Ny).
Now set M = M{ U M,. By Lemma 7.1 for k = 1,2 we have that Mj is a
real-analytic submanifold of §. We obtain by Theorem 7.2 that locally My is
real-analytically diffeomorphic to Gy x Sk, where Sy is a real submanifold with
dimg (Sx) = dimg(My) — dimg(Go) = 1, by Lemma 7.1. By Proposition 2.6 it
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is possible to normalize any element in S; with unique isotropies which depend
real-analytically on elements of Si. Thus, since dimr(Ny) = 1, we map S to Ny
via real-analytic diffeomorphisms. We obtain that for k = 1, 2 there exists an open
neighborhood U; C § of Ny and a real-analytic diffeomorphism ¢, : Uy — Vi
such that ¢x(Uy N My) = (Go x Ni) N Vi, where Vi is an open neighborhood
of Né = {id} x Ng C Gog x M, with id = (id¢2, idc3). Moreover, we have that
O (Upy N Np) = ({id} x Ni) N Vi and ¢ satisfies the properties given in Theorem 7.2.
We define ¢ : Uy — Vo, ¢(x) == ¢r(x) for x € Uy N Uy, where k = 1,2 and
Vo = V1 U V; is an open neighborhood of N(/). Write U = U NU,NUy C § for an
open neighborhood of Ny. Then we have ¢|7 = ¢1]57 = ¢2|f7, which implies that ¢
is a real-analytic diffeomorphism. Furthermore, since

image(15ny) = image(@a|iny) = (Go X No)N'V,

where V is an open neighborhood of N, C G x M, the mapping ¢ locally maps
M real-analytic diffeomorphically to Gy x Np.

Finally the last statement follows from Theorem 7.2, since if § were a smooth
manifold, then by the smooth version of Theorem 7.2, the quotient 91 would have
to be a smooth manifold, which is not the case. O

8. Homeomorphic variations of normal forms

In the following we use the notation from Definition 2.4.

Definition 8.1. Let 7 be a subset of H(M, p; M’, p’). A proper subset K C H
is called a normal form for H if for each [F] € H/~, there exists a unique rep-
resentative G € K N [F]. We denote the mapping which assigns to each H € ‘H
the representative G € K N[H] as 7 : H — K. A normal form K for H is called
admissible if w : H — K is continuous.

The uniqueness of the representative F € L N [F] in Definition 8.1 is not a
restriction. Assume we have another representative F # G € K in the class [F],
then G is equivalent to F, hence it suffices to choose exactly one element from the
set of all representatives which belong to I N [F]. If there exists an admissible
normal form K for # we observe that in each orbit of any not necessarily admissible
normal form K’ for H, there exists an element of .

Theorem 8.2. Let N’ be an admissible normal form for F. Then N is homeomor-
phic to N', where we equip N” and N with t;.

Proof. Let us denote by 7’ : F — N’ the continuous mapping as in Definition 8.1.
We note that the class A introduced in Proposition 2.6 is an admissible normal form
for F as in Definition 2.5. If we equip F with t;, we obtain by Proposition 4.3 that
the mapping 7 : F — N, H — o’ o H oo ~! is continuous.



TOPOLOGICAL ASPECTS OF HOLOMORPHIC MAPPINGS OF HYPERQUADRICS 473

f'
7’ T
incl’ incl
! N
N 4

Figure 2. Diagram for admissible normal forms.

In Figure 2, the mapping incl’ : NV — F is the inclusion mapping, which is
given by incl’(H) := H for all H € N, and similarly for incl : N' — F. The map
YN — Nis given by (H) := F for He N and F € N N[H]. Since N’ and
N are normal forms, we obtain that ¥ is a bijective mapping. Furthermore, since
Y = moincl’ and ¥ ~' = 7’ o incl are compositions of continuous mappings, we
obtain that ¥ is a homeomorphism. ([

Example 8.3. Beginning with A/, we can construct different admissible normal
forms N’ as follows. We fix a pair of isotropies (¢, ¢6) € G and consider the
isotropies (¢, ¢') € Gy from Proposition 2.6, such that 7 : F — A is given by
n(H) =¢ oHo¢p !, denoted by H. We define ¢ =¢dpoe and ¢’ = $p 0 &, to
obtain for F € F that

¢/0Fo¢_1:¢6oq~5/oFoq~5_lo¢al:d)éoﬁod)&l,

where F € N. We define N/ := {¢) 0 Fo (/50_1 | F € N}. As observed above 7
induces an admissible normal form, which implies that the mapping 7" : ¥ — N’
given by 7' (F) := ¢’ o F 0 ¢~ is continuous and A/’ is an admissible normal form.
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