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THE EISENSTEIN ELEMENTS OF MODULAR SYMBOLS
FOR LEVEL PRODUCT OF TWO DISTINCT ODD PRIMES

DEBARGHA BANERJEE AND SRILAKSHMI KRISHNAMOORTHY

We explicitly write down the Eisenstein elements inside the space of modu-
lar symbols for Eisenstein series with integer coefficients for the congruence
subgroups I'y(pg) with p and ¢ distinct odd primes, giving an answer to a
question of Merel in these cases. We also compute the winding elements
explicitly for these congruence subgroups. Our results are explicit versions
of the Manin—Drinfeld theorem.

1. Introduction

In his landmark paper on Eisenstein ideals, Mazur studied torsion points of elliptic
curves over (2 and gave a list of possible torsion subgroups of elliptic curves (see
[Mazur 1977, Theorem 8]). Merel [1996b] wrote down modular symbols for the
congruence subgroups I'g(p) for any odd prime p that correspond to differential
forms of the third kind on the modular curves. He then used these modular symbols
to give a uniform upper bound on the torsion points of elliptic curves over any
number field in terms of its extension degree [Merel 1996a]. The explicit expressions
of winding elements for prime level of [Merel 1996b] were used by Calegari and
Emerton [2005] to study the ramifications of Hecke algebras at the Eisenstein
primes. Several authors afterwards studied the torsion points of elliptic curves over
number fields using modular symbols.

In the present paper, we study elements of relative homology groups of the
modular curve X((pq) that correspond to differential forms of the third kind with p
and ¢ distinct odd primes. As a consequence, we give an “effective” proof of
the Manin—Drinfeld theorem (Theorem 9) for the special case of the image in
H;(Xo(pg), R) of the path in H; (X¢(pgq), 0(Xo(pq)), Z) joining 0 and ico. Since
the algebraic parts of the special values of the L-function are obtained by integrating
differential forms on these modular symbols, our explicit expression of the winding
elements should be useful for understanding the algebraic parts of the special values
at 1 of the L-functions of the quotient Jacobian of modular curves for the congruence
subgroup I'g(pgq) [Agashe 2000].
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For N € {p, g, pq}, consider the basis Ex of E>2(I"g(pgq)) (Section 4) for which
all the Fourier coefficients at i co belong to Z. The meromorphic differential forms
En(z) dz are of the third kind on the Riemann surface X((pq) but of the first kind
on the noncompact Riemann surface Yy(pq).

Let £ : SLy(Z) — Hi(Xo(pgq), cusps, Z) be the Manin map (Section 3). For any
two coprime integers u and v with v > 1, let S(u, v) € Z be the Dedekind sum
(see Section 4.1). If g € P(Z/pqZ) is not of the form (&1, 1), (£1 £kx, 1) or
(1, £1 £ kx) with x one of the primes p or g, then we can write itas (r — 1, r 4+ 1).

Let §, be 1 or 0 depending on whether r is odd or even. For any integer k, let
sx = k + (8x — 1) pg be an odd integer. Choose integers s, s’ and [, !’ such that
I(spx +2)—2spg =1and I'syx —2s"pg/x = 1. Let

ok 1+4spgq -21 «k [1+4s'pg/x =2l
Y= and y," = / /
—4s(spx +2)pg 1+4spq —4s'(st)pg 1+4s'pqg/x

be two matrices (see Lemma 28). For [ = 1, 2, consider the integers
e sgn(t(y;""))(z (S0 11G779IN) = S(s 477, 11 G771))

—S(s), e OIN) + S (s (), §|t<y;‘~k>|)>
with

s =1—4spg(1 +510), 1) = =200 = 25(sxx +2) pq)
and

1
S(sz’k) =1-4s'pq (Sk - ;) f()’gx’k) ==2(I' = 25'sk pq).

Define the function Fy : P1(Z/pqZ) — Z by

2(S(r, N)=2S8(r,2N)) ifg=@r—-1,r+1),

Py = Py(ys™)  ifg=(1+kx, 1) org=(—1—kx, 1),
— Py + Py () if g = (1, 14kx) or g = (1, —1 —kx),
0 if g = (£1, ).

Fn(g) =

Theorem 1. The modular symbol
fev= Y. Fry(9)E()
geP'(Z/pq2)

in Hi(Xo(pq), 0(Xo(pq)), Z) is the Eisenstein element (Section 5) corresponding
to the Eisenstein series Ey € E2(I'o(pq)).

In [Banerjee 2014], a description is given of Eisenstein elements in terms of
certain integrals for M = p?. In this article, we give an explicit description in
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terms of two matrices y;' * and Y * Let B 1 : R — R be the periodic first Bernoulli
polynomial. For the Eisenstein series E ,, (Section 4), we write down the Eisenstein
elements more explicitly if g = (r — 1, r + 1). Replacing p with pg [Merel 1996b,
Lemma 4], we write

el hr
Fpgr—Lr+1)= )" Bl<m).

h=0

Recall the concept of the winding elements (Definition 37). We write down the
explicit expression of the winding elements for the congruence subgroup ['g(pgq).

Corollary 2.
1
A=ppepy= Y. Fpl0fo, -]

xX€(Z/ pq2)*

Note that if v =ged(pg — 1, 12) and n = (pg — 1) /v, then a multiple of winding
element ne,, belongs to H{(Xo(pq), Z). Manin and Drinfeld proved that the
modular symbol {0, oo} belongs to H;(Xy(N), @) using the theory of suitable
Hecke operators acting on the modular curve Xo(N)/Q. In this paper, we follow
the approach of Merel [1996b, Proposition 11]. Our explicit expression of winding
elements should be useful for understanding the algebraic part of the special values
of L-functions (see [Agashe 2000, p. 26]).

Since Hecke operators are defined over (Q, there is a possibility that we can find
the Eisenstein elements for the congruence subgroups of odd level in a completely
different method without using boundary computations. It is tempting to remark
that our method should generalize to the congruence subgroup I'g(N) at least if N is
squarefree and odd. Unfortunately, generalizing our method is equivalent to having
an explicit understanding of boundary homologies of modular curves defined over
rationals. For instance, if N = pgr with p, g, r three distinct primes then there
are eight cusps. Since there are more cusps in these cases, the computation of
boundaries becomes much more tedious. One of the authors wishes to tackle the
difficulty using the “level” of the cusps in a future article.
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3. Modular symbols

Let HUP'(Q) = H and let " C SL»(Z) be a congruence subgroup. The topological
space X (C) = I'\H has a natural structure of a smooth compact Riemann surface.
Consider the usual projection map 7 : H — X(C) and recall that it is unramified
outside the elliptic points and the set of cusps d(Xr). Both these sets are finite.

3.1. Rational structure of the curve X((N) defined over Q. There is a smooth
projective curve Xo(N) defined over @ for which the space I'g(N)\H is canonically
identified with the set of C-points of the projective curve Xo(N). We are interested
in understanding the Q-structure of the compactified modular curve Xo(N).

3.2. Classical modular symbols. Recall the following fundamental theorem.

Theorem 3 [Manin 1972]. For « € H, consider the map c: ' = H{(Xo(N), 7)
defined by

c(g) = {a, ga}.

The map c is a surjective group homomorphism which does not depend on the choice
of point . The kernel of this homomorphism is generated by

(1) the commutator,
(2) the elliptic elements,

(3) the parabolic elements
of the congruence subgroup T'.

In particular, this theorem implies that {«, gor} = 0 for all « € P'(Q) and g € T.

3.3. Maninmap. Let S=(97'),T=(}1)and R=ST =(97'"). The modular
group SL,(Z) is generated by S and 7.

Theorem 4 [Manin 1972]. Let

& :SLy(Z) — Hi(Xo(pq), 3(Xo(pq)), Z)

be the map that takes a matrix g € SL(Z) to the class in H| (Xo(pq), 3(Xo(pq)), Z)
of the image in Xo(pq) of the geodesic in HU P! (Q) joining g0 and goo. Then

o the map & is surjective;

s forall g € To(pq)\SLa2(Z), we have §(g) +£(gS) =0 and §(g) +§(gR) +
£(gR?) =0.

We have a short exact sequence

0 — H(Xo(pq), Z) — Hi(Xo(pq), d(Xo(pq)), Z) — 22X & 7 5 ¢,
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The first map is a canonical injection. The boundary map &’ takes a geodesic, joining
the cusps r and s to the formal symbol [r] — [s], and the third map is the sum of
the coefficients.

3.4. Relative homology group Hy(X¢(pq) — RUI, d(X¢(pq)), Z). Consider the
points i = +/—1 and p = %(1 + +/=3) on the complex upper half-plane with v
the geodesic joining i and p. These are the elliptic points on the Riemann surface
Xo(pg). The projection map 7 is unramified outside cusps and elliptic points.

Say R = w(SLy(Z)p) and let I = w(SL,(Z)i) be the image of these two sets
in Xo(pq). These two sets are disjoint. Consider now the relative homology group
H;(Yo(pgq), RUI, 7). For g € SL,(Z), let [g] be the class of 7 (gv) in the relative
homology group H;(Yo(pgq), RU I, 7). Let p* = —p be another point on the
boundary of the fundamental domain. The homology groups H; (Yo(pq), Z) are
subgroups of H{(Yo(pgq), R U I, Z). Suppose zo € H is such that |zg| = 1 and
_71 < Re(zg) < 1. Let y be the union of the geodesics in H U P!(Q) joining 0
to zg and zg to ico. For g € ['o(pg)\SL2(Z), let [g]* be the class of w(gy) in
Hi(Xo(pq) — RUTL, 3(Xo(pq)), 2).

We have an intersection pairing

o:Hi(Xo(pg) — RUI, d(Xo(pq)), Z) x Hi(Yo(pq), RUI, Z) — Z.
Recall the following results.
Proposition 5 [Merel 1996b; 1995, Proposition 1]. For g, h € I'g(pg)\SL2(Z2),

1 if To(pg)g =To(pg)h,
0 otherwise.

[g]"o[h], = {

Corollary 6 [Merel 1995, Corollary 1]. The homomorphism of groups Z 0(P9\St2(2)
— H;(Yo(pgq), RU I, Z) induced by the map

& ( > ugg> =Y uglel
8 8

is an isomorphism.
The following important property of the intersection pairing will be used later.

Corollary 7 [Merel 1995, Corollary 3]. For g € I'o(pq)\SLa(2), let Y, unh €
7T PO\SLD) be sych that > n Mnlhly is the image of an element of Hi (Yo(pq), Z)
under the canonical injection. We have

] o (Zuh [h]*> = g
h
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We have a short exact sequence

0— Hi(Xo(pq) —RUI, 7)
— H;(Xo(pq) — RUI, 3(Xo(pq)), Z) — 2PN 5. 7 5 0.

The boundary map & takes a geodesic, joining the cusps » and s to the formal
symbol [r] — [s]. Note that §'(&(g)) = 5([g]*) for all g € SL,(Z).

Recall that we have a canonical bijection I'g(pg)\SL,(Z) = P'(Z/ pqZ) given
by (¢5) — (c,d). Say

o — 0 —1 B, = -1 —r and (-1 ==
ok ) T\ p orp—t Vo= q sq—1)
We explicitly write down the elements of P!(Z/pgZ) as the set

{(Lb), (L, tp), (1,1'9), (p.9). (g. p), (tp, D), (t'q, 1), (1,0), (0, 1)}

with k € (Z/pqZ)*,t € (Z/qZ)*,t" € (Z/pZ)*. Observe that (p, q) = (tp, q) =
(p,t'q) forall ¢t and ¢’ coprime to pq.

Lemma 8. The set
={lLo,Br,ys10<k=<pg—1,0<r<p-1,0=<s<qg-—-1}
forms a complete set of coset representatives of I'o(pg)\SLy(Z).

Proof. The orbits T'o(pq)ax, To(pq)f and To(pq)y, are disjoint since ab™! does
not belong to I'g(pq) for two distinct matrices a and b from the set £2. There are
14 pg+ p+q =|PY(Z/pqZ)| coset representatives. U

We list different rational numbers of the form «(0) and o (0c0) with a € £2 as
equivalence classes of cusps as follows:

0 1/p 1/q
=L wp-tp=1 | =L w1 =L g =1
Ip—1 k k
o —m 1

)= mg—1.p)>1 | —— (Up—1.q9)>1
mq_l,(mq 1,p=1 a1 (mgq p) > -1 (p q) >

3.5. Manin-Drinfeld theorem. Following [Lang 1995], we briefly recall the state-
ment of the Manin—Drinfeld theorem.

Theorem 9 (Manin—Drinfeld [Drinfeld 1973]). For a congruence subgroup I" and
any two cusps o and B in P1(Q), the path

{o, B} e Hi (X, Q).
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This theorem can be reformulated in terms of divisor classes on the Riemann
surface.

Theorem 10. Leta =7, m; P; be a divisor of degree zero on X. Then a is a divisor
of a rational function if and only if there exists a cycle o € Hi(Xr, Z) such that

P;
/w:émi/ w:/w
a i Py o

for every w € HY(Xr, Qxp).

As a corollary, we notice that {x, y} € H; (X, Q) if and only if there is a positive
integer m such that m (7 (x) — rp(y)) is a divisor of a function. In other words, the
degree-zero divisors supported on the cusps are of finite order in the divisor class
group. Manin and Drinfeld proved it using the extended action of the usual Hecke
operators. In particular, it says that {0, oo} € H; (X, Q) although 0 and oo are
two inequivalent cusps of Xr. Ogg [1974] constructed a certain modular function
Xo(pg) whose divisors coincide with degree-zero divisors on the modular curves.

4. Eisenstein series for I'g(pqg) with integer coefficients

Let o1 (n) denote the sum of the positive divisors of n. We consider the series

Ei(z)=1-24 ( > o (n)ez’”"z).

Let A be the Ramanujan cusp form of weight 12. For all N € N, the function
z — A(Nz)/A(z) is a function on H invariant under I'g(N). The logarithmic
differential of this function is 27wi En(z) dz and Ey is a classical holomorphic
modular form of weight two for I'g(N) with constant term N — 1. The differential
form En(z)dz is a differential form of the third kind on Xo(N). The periods
(Section 4.1) of these differential forms are in Z.

By [Diamond and Shurman 2005, Theorem 4.6.2], the set £, ={E,, Ey, E )4}
is a basis of E»(I'g(pq)).

Lemma 11. The cusps 0(Xo(pq)) can be identified with the set {0, 0o, 1/p, 1/q}.
Proof If a/c and a’ /¢’ are in P! (Q), then

a a a a +jc
Lo(pg)— =Tolpg)— < ( y) = ( - ) (mod pq)
c c c c'y
for some j and y such that gcd(y, pg) = 1 (see [Diamond and Shurman 2005,
p- 99]). A small check shows that the orbits I'g(pgq)0, I'g(pg)oo, I'o(pg)1/p and

Co(pg)1/q are disjoint. ([l
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Let Div®(Xo(pq), 8(Xo(pq)), Z) be the group of degree-zero divisors supported
on cusps. For all cusps x, let ery(yq)(x) denote the ramification index of x over
SL»(Z)\HUP'(Q) and let

ITo(pg) (X) = ery(pg) (X)ap(E[x]).

By [Stevens 1982, p. 23], there is a canonical isomorphism § : E>(I'o(pg)) —
DivO(Xo( pq), 9(Xo(pq)), Z) that takes the Eisenstein series E to the divisor

(4-1) SEy= Y rrypg@lxl.

x€lo(p)\PH(@)

Hence, the Eisenstein element is related to the Eisenstein series by the boundary
map. In Proposition 34, we prove that the boundary of the Eisenstein element is
indeed the boundary of the Eisenstein series. By [Stevens 1985, p. 538], we see that

g ifx=1/p,
_Jp ifx=1/q,
Corp =11 iy — o,
pq ifx=0.

Since era(Xo(pq)) ery(pq) (X)ao(E[x]) =0, we write the corresponding degree-zero
divisor as

8(E) = ao(E) ({00} — {0)) +qao(E[%})({%} - {0})
22 0)

4.1. Period homomorphisms. We now define period homomorphisms for differ-
ential forms of the third kind.

Definition 12 (period homomorphism). For Ey € [E,,, the differential forms
En(z)dz are of the third kind on the Riemann surface Xo(pg) but of the first
kind on the noncompact Riemann surface Yy(N). For any zg € H and y € ['g(pq),
let c(y) be the class in Hy (Yo(pg), Z) of the image in Yo(pgq) of the geodesic in H
joining zg and y (zo). That the class is nonzero follows from Theorem 3. This class
is independent of the choice of zo € H. Let ng, (y) = f En(z)dz. The map

c(y)
gy : o(pg) — Z is the “period” homomorphism of Ey.

Let B (x) be the first Bernoulli polynomial of period one defined by

Bi(0)=0, Bijx)=x—;
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if x € (0, 1). For any two integers u and v with v > 1, we define the Dedekind sum

v—1
= (tu\ g (U
s =3B ()31(5)
=1
Recall some well-known properties of the period mapping 7 g, (see [Mazur 1979,
p. 10; Merel 1996b, p. 14]) for the Eisenstein series Ey € [,.
Proposition 13. Let y = (9 %) be an element of To(pq). Then

(1) mg, is a homomorphism Uo(pq) — Z;

(2) the image of wg, lies in uZ, where p = gcd(N — 1, 12);

atd N _ 1) 4 125gn(c) <S(d, le]) — S(d, %)) ifc #0,
B mE () =1, °
E(N -1 ifc=0;

@ meyr) =z, (g, 1))

5. Eisenstein elements

Following [Merel 1996b] and [Merel 1993], we recall the concept of Eisenstein
elements of the space of modular symbols. For any natural number M > 4, the con-
gruence subgroup I'g(M) is the subgroup of SL,(Z) consisting of all matrices (‘j Z)
such that M | c¢. The congruence subgroup I'g(M) acts on the upper half-plane H in
the usual way. The quotient space I'g(M)\H is denoted by Yo(M). A priori, these are
all Riemann surfaces and hence algebraic curves defined over C. There are models
of these algebraic curves defined over Q and they parametrize elliptic curves with
cyclic subgroups of order M. Let Xo(M) be the compactification of the Riemann

surface Yo(M) obtained by adjoining the set of cusps 3(Xo(M)) = Fo(M)\P' (Q).

Definition 14 (Eisenstein elements). Let g, : Hi(Yo(pq), Z) — Z be the period
homomorphism of Ey (Section 4.1). The intersection pairing o [Merel 1993]
induces a perfect, bilinear pairing

Hi(Xo(pq), 3(Xo(pg)), Z) x Hi(Yo(pq), Z) — Z.

Since o is a nondegenerate bilinear pairing, there is a unique element &g, €
Hi(Xo(pq), 3(Xo(pq)), Z) such that £, o c = g, (c). The modular symbol &g,
is the Eisenstein element corresponding to the Eisenstein series Ey .

We intersect with the congruence subgroup I"(2) to ensure that the Manin maps
become bijective (rather than only surjective), compute the Eisenstein elements
for these modular curves, calculate the boundaries and show that these boundaries
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coincide with the original Eisenstein elements. In the case of I'g( pz), although
it is difficult to find the Fourier expansion of modular forms at different cusps,
fortunately for all g € I'g(p) the matrices g((l) % )g_1 belong to I'y(p?), and hence
it is easier to tackle the explicit coset representatives. Unfortunately, for N = pg or
N = p? this is no longer true.

To get around this problem for the congruence subgroup I'g(pg) with p and ¢
distinct primes, we use the relative homology groups H; (Xo(pgq), RU I, Z). For
these relative homology groups, the associated Manin maps are bijective and the
push forward of the Eisenstein elements inside the original modular curves turns
out to have the same boundary as the original Eisenstein elements. We consider
three different homology groups in this paper. In particular, the study of the relative
homology group H; (Xo(N), RUI, Z) to determine the Eisenstein element is a new
idea. That these relative homology groups should be useful in the study of modular
symbols was discovered by Merel.

Definition 15 (almost Eisenstein elements). For N € {p, g, pq}, the differential
form Ex(z) dz is of the first kind on the Riemann surface Yy(pg). Since o is a
nondegenerate bilinear pairing, there is a unique element

Egy € HiXo(pg) = RUI, 3(Xo(pq)), 2)

such that E%N oc=mg,(c) forall c e H(Yo(pg), RUI, Z). We call €%N the almost
Eisenstein element corresponding to the Eisenstein series E .

6. Even Eisenstein elements

6.1. Simply connected Riemann surface of genus zero with three marked points.
Recall that there is only one simply connected (genus zero) compact Riemann
surface up to conformal bijections: namely, the Riemann sphere or the projective
complex plane P!(C). A theorem of Belyi states that every compact, connected,
nonsingular algebraic curve X has a model defined over @ if and only if it admits a
map to P! (C) branched over three points.

Consider the subgroup I'(2) of SL,(Z) consisting of all matrices which are the
identity modulo the reduction map modulo 2. The Riemann surface I'(2) mod H
is a Riemann surface of genus zero, denoted by X (2). Hence, it can be identified
with P! (C).

The subgroup I"(2) has three cusps I'(2)0, I'(2)1 and I'(2)oo. Hence, I'(2)\H
becomes the simply connected Riemann surface P'(C) with the three marked
points I'(2)0, I'(2)1 and I'"'(2)oo given by the respective cusps. The modular curve
Xo(pgq) has no obvious morphism to X (2). So we consider the modular curve X
(Section 6.2). There are two obvious maps 7, 7" from X to the compact Riemann
surface Xo(pq).
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6.2. Modular curves with bijective Manin maps. For the congruence subgroup
I' =To(pg) NT(2), consider the compactified modular curve Xr = T\HU P! (Q)
and let 7 : HUP!(Q) — X be the canonical surjection.

Let mp : M\HUP!(@Q) — I'(2)\H U P'(Q) be the map m¢(I'z) = I'(2)z. The
compact Riemann surface X (2) contains three cusps I'(2)1, I'(2)0 and I'(2)oc0. Let
P = JT(;I (I"'(2)1) and let P, be the union of two sets n(;l (I'(2)0) and 71(;1 (I'(2)o0).
Consider now the Riemann surface X with boundary P, and P_.

Let §, be 1 or 0 depending on whether r is odd or even. For any integer k, let
sy = k + (8¢ — 1) pq be an odd integer. Let / and m be two unique integers such
that /g +mp =1 (mod pg) with 1 </ < p—1and 1 <m < g — 1. The matrices

o —( P71 pPa—l

Pe\pg+1 pqg )
sk(pg)? sipg —1

skpg +1 Sk ’

A

p ( ~1 —(r +8:q) >
r~\p+pg —1+0+59)(p+pp)
/=< | —(s+85pq) )
T \g+pg —14 6 +8,p9)(q + pg)

are useful for calculating the boundaries of the Eisenstein elements.

Lemma 16. The set
A={lL o B,y 10<k<pg—1,0<r<q—-1,0<s<p-1}Cl (2
forms an explicit set of coset representatives of P (Z / pq7).

Proof. An easy check shows that the orbits I'o(pg)e, To(pg) B, and T'o(pq)y, are
disjoint. Since |P'(Z/pqZ)| = pq + p + q + 1, the result follows. U

The coset representatives in the above lemma are chosen such that ['g(pg) 8, =
To(pq)B; and To(pq)ys=To(pq)v;.

Lemma 17. T'\I'(2) is isomorphic to P'(Z/ pqZ).

Proof. The explicit coset representatives of Lemma 16 produce the canonical
bijection. ]

We study the relative homology groups Hy (X1 — P_, P+, Z) and H; (X — Py,
P_, 7). The intersection pairing is a nondegenerate bilinear pairing o : Hy (X — Py,
P_,7)xH{(Xpr—P_, Py,Z) — Z. For g e '\I"(2), let [g]0 (respectively [g]o) be
the image in Xt of the geodesic in HUP!(Q) joining g0 and goo (respectively g1
and g(—1)). Recall the following fundamental theorems.
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Theorem 18 [Merel 1996b]. Let
£ :7"\'® S H{(Xp— Py, P_,7)
be the map which takes g € I'\I"(2) to the element [gly and
£0:7"\'? L H(Xr— P_, Py, 7)

be the map which takes g € T\I'(2) to the element [g]°. The homomorphisms &
and £° are isomorphisms.

Theorem 19 [Merel 1996b]. For g, g’ € I'(2), we have

1 ifTg=Trg,
0 otherwise.

[gloolg]’ = {

The following two lemmas about the set P_ are true for the congruence sub-
group I'o(N) with N odd.

Lemma 20. We can explicitly write the elements of the set P_ in the form I'x/y
with x and y both odd.

Proof. Suppose that some element of P_ is of the form I"x/y with x and y coprime
and y even. Consider the corresponding element in the marked simply connected
Riemann surface X (2). The cusp I"(2)x/y is an element such that y is even and p
is odd (ged(x, y) = 1). First, choose p’, ¢’ such that xq’ — yp’ = 1 and hence

D= (x p,) € SLy(2).
Y q

Clearly, ¢’ is odd since y is even. If p’ is odd then replace the matrix D with DT ~!

to produce a matrix in I'(2) that takes ioco to x/y. This contradicts I'x/y € P_.
If x is even then the projection of I'x /y produces an element of I"(2)0. So x is

necessarily odd. O

The following lemma is deeply influenced by important results of Manin [1972,
Proposition 2.2] and Cremona [1997, Proposition 2.2.3].

Corollary 21. We can explicitly write the set P_ as {I'1,I"'1/(pq),T'1/p,"'1/q}.

Proof. Since P_ =m, ! (I"'(2)1), we can write every element of the set P_ as '61
for some 6 € A (Lemma 16). Let 6 € {1, p, g, pq}. Then every element of P_
can be written as ['u/(v§) with ged(u, vé) = 1 and ged(vé, pg/8) = 1. Choose an
odd integer m and an even integer / such that /lu — mvé = 1. Matrix multiplication

shows that
1 0\/l4+c¢ -—c _l
5—11 c l1—c) s
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—m u-+m u
—1 14+vs) v’

A 1 O0\/l4+c¢c -—c [4+vé —m—u
T\s—-11 c l-—c¢ l —m

is a matrix such that A(u/(v§)) = 1/5. The matrix A belongs to I' if and only if
cvd =1’ (mod pq/8). Since v is coprime to pg /8, there is always such a c. Hence,
the set P_ consists of the four elements given in the statement of the corollary. [J

Let , 7' : T\H — To(pg)\H be the maps 7 (I'z) = F'y(pg)z and 7' (I'z) =
To( pq)%(z + 1) respectively. Consider the matrix & = ((1) %) The morphism 7’
is well defined since the matrix Ayh~! belongs to T'g(pg) for all y € I'. The
morphisms 7, 7’ together induce a map

and

and hence

k:C(Xr) — C(Xo(pq))

between the function fields of the Riemann surfaces Xr given by «(f(z)) =
f ((I'2))? /f (@' (T'z)). Recall the description of the coordinate chart around a
cusp ['x [Miyake 1976] of the Riemann surface Xr.

Definition 22. For a cusp y of the congruence subgroup I', let I'y be the subgroup
of I fixing y. Let t € SL,(R) be such that #(y) = ioco and let m be the smallest
natural number such that tf‘yt_1 is generated by ((1) T ) For the modular curve Xr,

the local coordinate around the point I'y is given by z — e27!/(@)/m,

Example 23. Let y = 1/§ with § one of the primes p or g. Then h(y) = u/§ with
(u, pq) = 1. Choose integers u’, 8’ with §’ even such that u8’ — u’8 = 1; hence
pn(yy = (%5 ) is such that pj(y)(h(y)) = ico. We can choose such a 8’ € Z since §
is odd.
Matrix multiplication shows that
/ "2
P T oniyy ' = (1 t:;a le_@e; 8/)-

Hence, the smallest possible e to ensure t7¢t~! C To(pq) is pq/s.

Example 24. Since det(pp(y) o h) =2,

1
0
= <%) l)ph(y) ohe SLz(R)

and 7(y) = ioco. A calculation shows that

e 1+1ess’  les”
—e8?  1—1ess')
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Hence, the smallest possible e to ensure 7t~ C T'is e = 2pq /8.

We use the following lemma to construct differential forms of the first kind on
the ambient Riemann surface X — Py.

Lemma 25. Let f : Xo(pg) — C be a rational function. The divisors of k (f) are
supported on P..

Proof. Suppose f is a meromorphic function on the Riemann surface Xo(pq).
Then f is given by g/h with g and & holomorphic functions on Xo(pg). Every
element of P_ is of the form I"'1/6 with § | N. By [Miranda 1995, Proposition 4.1],
every holomorphic map on a Riemann surface locally looks like z — z".

Consider the morphism 7" and the point on the modular curve I'1 /8. The local
coordinates around the points I'g(pgq)0, I'g(pg)oo and I'g(pg)1/p are given by
qo(z) = /P g (2) = €¥™% and qy 4 (z) = 27'%/(P(—42TD) regpectively. In
the modular curve Xr, the local coordinates around the points of P_ are given by

q1(z) = 2T/ Cpq(=z+1)

q1/(pg)(2) = 212/ 2(=pgz+1)

ql/p (Z) — eZniz/(Zq(—pz—H))’

q1/q (z) = 627riz/(2p(—qz+1)).

Now around the points I'1 and I"'1/(pg) we have the equalities gy o 7 = qlz,
qoo' =g} and q1/(pg) © T =1 A1/pa) ©T' =41 g-

Let y =1/8 with § one of the primes p or g. The local coordinate chart around
the point I'1/8 is 7 — e>7iPr0°h(@)/(4€) The map 7’ takes it to e>72Pnw (12)/¢ For
this coordinate chart the map 7’ is given by z — z*.

We now consider the map  and a matrix ¢ = ( _15 (1)) such that 7(y) = ioco and
e = pq/8. The local coordinate around the point I'1/8 is 7 — ¢*>7/12/(2¢) and the
map 7 takes it to 27/ _Tn this coordinate chart, the map 7 is given by z — z7.

Hence, the function (f o )?/(f o 7’) has no zero or pole on P_. ([

Definition 26 (even Eisenstein elements). For Ey € E,, let Ag, : Xo(pg) — C
be the rational function whose logarithmic differential is 27i En(z) dz = 2miwEg,,.
Consider the rational function Ag, 2 = (Ag, on)z/(AEN or’) on Xr. By Lemma 25,
this function has no zeros and poles in P_. Let k*(wE, ) be the logarithmic dif-
ferential of the function. Let ¢g, (c) = fc k*(wg,) be the corresponding period
homomorphism Hy(Xr — Py, P_, 7)) — Z.

By the nondegeneracy of the intersection pairing, there is a unique element
£y €eH|(Xr—P_, Py, Z) suchthat ) oc=gp, (c) forall ceH{(Xp—Py, P_, Z).
The modular symbol EgN is the even Eisenstein element corresponding to the
Eisenstein series E .
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. . ol
For Ey € [k, define a function Fg, : P (Z/pqZ) — Z by

g(=1)
Fi (8) = 0y (o(g)) = / L CENO-Ex(G )z
8

Remark 27. It is easy to see that for any y = (‘C’ Z) el'(2),

1
-1_f(at+c 3(b+d—a—oc)
hyh _<2c d—c

) € SLQ(Z).

For any matrix y € I', consider the rational numbers

Py(y) = 15Qmpy(y) — g, (hyh™h),
tty)=b+d—a—c,
s(y)=a+c.

Lemma 28. Fory:(‘c‘g) e " withc #0,

Py(y) = sgn(z(y))(z (560, 1101pa) = S(s@. 1))

—S(s), [3t)|pq) + S(s(¥), %It(y)l))-

In particular, Py(y) € Z forall y €T

Proof. Recall the properties of period homomorphism (see Proposition 13). We
calculate the corresponding periods:

mey(y) =me(TyT™)

_ a+c —(a+c)+b+d
A\ —c+d
_ at+c —(a+c)+b+d
= TEN c —c+d

_ d—c c¢/N
“TE ()N a+e))

By Proposition 13, we have

a+d
t(y)N

Ty () = SN = 1D+ 125gn () (S(s0), 1 IN) = S5, 1 ))).
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Similarly,

wgy (hyh™)

_ a+c Yb+d—a—c)
_HEN(< 2c ’ d—c ))

_ d—c 2c/N
= TTEN %t()/)N2 a+c

2 d
= Z O = D125 (S0 H(IN) = S50, 3 ))).
Hence, we deduce the formula given in the lemma statement. From the formula,
we see that Py(y) e Zforall y eT. U

Let x be one of the primes p or q. Choose integers s, s’ and [, [’ such that
I(sgx +2) —2spg =1 and I'spx —2s'pg/x = 1. Let

ok 1 +4spgq —21 wk_ (1+4s'pg/x =2l
V)= and YV, = / /
—4s(sgx +2)pg 1+4spq —4s'(sK)pq 1+4s'pg/x

be two matrices in I'. Since the integers / and !’ are necessarily odd, we have
Y (1 (sex +2)) = =1/ (sex +2) and v (1/(5x)) = =1/ (s3%).
Using the formula of Lemma 28, we deduce that

s =1=4spg(1+sex), 1" = =200 = 2s(sex +2) pg)
and '
sty =1-4s"pq <Sk - ;>, ") = =20 = 25'sk pq).

We can now calculate PN(yf’k) and PN()/ZX’k) using Lemma 28.

Proposition 29.

12(S(r, N) —285(r, 2N)) ifg=0—-1,r+1),

6(Px(y;") = Px(y™)  ifg=(1+kx,1)org=(—1—kx, 1),

—6(Py(yi") = Py(")) ifg=(1, =1 —kx)or g = (1, 1 +kx),
0 ifg=(xl, D).

Proof. If g=(r —1,r+1) and Ey € E,,, we get [Merel 1996b, p. 18]

Fpy(8) = ¢ey(50(8)) = 12(S(r, N) — 28(r, 2N)).

FEN(g) =

We now find the value of the integrals in the remaining cases. The differential
form k*(wg, ) is of the first kind on the Riemann surface X — P,. We also note
that if g = (£1, 1), (£1 £ kx, 1) or (1, £1 £ kx) with x one of the primes p or ¢,
then we can’t write it as (r — 1, r + 1).
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Since all the Fourier coefficients of the Eisenstein series are real-valued, an
argument similar to one in [Merel 1996b, p. 19] shows that Fg, (six + 1, 1) =
Fg,(=sgx — 1, 1). Consider the path

TR U S R S Y O T 1 O S |
six+2" six+2 | I six+27 sex SkX SEX six” o spx+2 |
The rational number 1/(six) corresponds to a point of P_ in the Riemann surface Xr.
The differential form k*wg, has no zeros and poles on P_. We deduce that

1 /(sx42)
f k* (a)EN )
1

J(sx+2)
1/(skx) —1/(sgx) —1/(sx+2)
=/ k*(a)EN)-i-/ k*(wEN)-l-/ k*(wEy)
1/(sxx+2) 1/(skx) —1/(sxx)
—1/(sxx)
=2Fn(skx + 1, 1)+/ k*(wEy)-
1/(skx)

Let ylx’k and yzx’k be two matrices in I" such that ylx’k(l/(skx +2)) = —1/(spx +2)
and 3" (1/(sx)) = —1/(sxx). Then

Vit (1 (sex42)) ¥ (1 (52))
2Fy(sex+1,1) = f K (wp,) — / K (Ey)-
1/(skx+2) 1/ (sex)
v3 (1 (51)) o :
We now prove that || | /Z(Sk x) k*(wg,) is independent of the choice of the

matrices yzx’k € I that take 1/(s;x) to —1/(sgx). Suppose yzx’k and )/;’k are two

matrices such that sz’k(l/(skx)) = )/lg’k(l/(skx)) = —1/(s¢x). Since yzx’k erl,

v (1 (skx))

oy (") = f k*(wEy)
1/(skx)

is independent of the choice of any point in HU {—1}. By replacing 1/(sgx) with
(yz"’k)_l (y”z"k)(l/(skx)), we get that the above integral is the same as

Y5/ (sex))
/ k*(wEgy)
1/(skx)

and the integral is independent of the choice of exceptional matrices. Similarly, we

can prove that
YR/ (srx+2)
/ k*(wEy)
1

/(skx+2)
is also independent of the choice of the matrices that take 1/(sgx+2) to —1/(spx+2).
Since we have already written down two matrices y;' * and Yy *in T such that



274 DEBARGHA BANERIJEE AND SRILAKSHMI KRISHNAMOORTHY

YR (1 (skex 4+ 2)) = —1/(sxx +2) and y37*(1/(skx)) = —1/(s1.x), we use these
matrices to find those integrals.
The above calculation shows that
25, (Vi) = ey (hy R = 2Fy (skx + 1, 1) 4+ 27, (3 ) = 7, (hys *h ).
We get
FEN(skx +1,1)
= § Qe () =7y (hy BT = 21 (v ) + e (hyy 1)
= 6(Py (™) — Py (1)),
Since Fg, (1 +sxx, 1) = —FEg, (1, —1 — sxx), the above equation determines the
Eisenstein elements for the Eisenstein series £y completely. U

From the above lemma, we conclude that 6 Fy(g) = FEg, (g).

Lemma 30. For Ey € E>(T'g(pq)), consider the element SgN eH|(Xr—P_, Py,7)
defined by £} =3 ,cpi(z/pqz) FEn (©)E°(8). Forall c € Hy(Xy — Py, P_, 7), we
have EgN oc =gy (c).

Proof. By Theorem 19, we can write the even Eisenstein element uniquely as
Y. He (&%)
g€PY(Z/pq2)

By the same theorem, [g]o o [#]° = 1 if and only if I'g = I'k. The functions Hg,
and Fg, coincide since

Hp (@)= > Hey(9)8%(g) oko(g) =€, 0bo(g) = Fry(g). O
g€PY(Z/pqZ)
For the modular curve X, we have a similar short exact sequence
0— H/(Xr—P_,7)— H (Xr— P_, P, 2) 5 77 - 7 > 0.

The boundary map 8° takes a geodesic, joining the points 7 and s of P, to the
formal symbol [r] — [s].

7. Eisenstein elements and winding elements for I'y(pq)

7.1. Eisenstein elements for T'o(pq). We first prove an elementary number theo-
retic lemma. Recall, / and m are two unique integers such that /g+mp =1 (mod pq)
withl</<p—landl<m<gqg-—1.

Lemma 31. For all k with 1 <k <q — 1, we can choose an integer s(k) € Z/qZ
such that

(kp, =1) = (p,s(k)p — 1)
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in PY(Z/ pqZ). The map k — s(k) is a bijection (Z/qZ)* — 7 /qZ — {im)}.

Proof. For all k with 1 <k < g — 1, let kK’ be the inverse of k in (Z/qZ)*. By
the Chinese remainder theorem, we choose a unique x with 1 < x < pg — 1
such that x = —1 (mod p) and x = —k’ (modg). Observe that x is coprime to
both p and g. We write x = s(k)p — 1 for a unique s(k) with 0 < s(k) < g — 1.
Since T'o(pq)\SL2(Z) = PY(Z/ pqZ), we deduce that (kp, —1) = (xkp, —x) =
(—p, —x) = (p,x) = (p,stk)p—1) in P1(Z/ pqZ).

Consider the map (Z/qZ)* — Z/qZ given by k — s (k). If lg+mp =1 (mod pq)
then m is not in the image. This map is one-to-one since s(k) = s(h) implies
k= h (modgq). Thus the map (Z/qZ)* — Z/qZ — {m}k — s(k) is a bijection. []

For all ¢ coprime to pq, consider the set V of all matrices of the form ;.

Proposition 32. The boundary of any element

X= Y F(lgl

g€PY(Z/pqZ)

in H{(Xo(pg) — RUI,0(Xo(pq)), Z) is of the form

8(X) = A(X)[%] + B(X)[é} + C(X)[oc] — (A(X) + B(X) + C(X))[0]
with
g—1
AX) =Y (F(B) — F(BS)),
k=0
p—1

B(X) =Y (F(yi) = F(iS)),
i=0
C(X)=F(@©,1)—F(1,0).

Proof. Choose an explicit coset representative of I'g(pq)\SL2(Z) (see Lemma 8)
and write

qg—1
X =COOUT + Y F(L e + Y F(L kp)layI*

a, eV k=1
p—1 p—1

g—1
+ Y F(Lkglargl* + Y F(p,ip=DIBT +)_ F(g, jg— DIB;T

k=1 i=0 j=0
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According to Lemma 31 for 1 <k < g — 1, we have ay, S = ZB;) for some
Z € I'g(pgq). We deduce that

-1

Z F(1, kp)low,T* + Z F(p,ip = DI]*
=0
g—1
=Y (F(, kp)lawyT* + F (kp, =Dl ST*) + F (Bu) [ B
k=1

and

ZF(l kg)lorkg1* +ZF(q ja—Dly,I*

k=1

p—
Z F(1, kq)larg]* + F (kq, —D)lang ST*) + F () [ 1"
k=1
A small check shows that § ([ax,]*) = §([er,]%) and 8 ([ax, [*) = —8 [k, STF).
We now calculate §([8,,]*) and 8([y;]*). Since lg + mp = 1 (mod pg) and
—1 €To(pq), we get

1—ql—-1) ml-1) m —I
7-1 =yBmnS
b ((1—1)pq 1+lq(l—1>)<q p) 7P
(l—p(m—l-l) —I(m+1) )(m —l) B (—1 —1 ) B
(+mpg 1—mpi+m))\g p) "\ g —mp) ="
for some y € I'y(pg), and hence we have ['o(pq)B,S = y;. From §([B,,]") =
8([otg]* — [ap]*) and 8([y]*) = 8([exp 1" — [eg]"), it is easy to see that

and

q—1 g—1
(ZF(l kp)lewpl* + > F(p. jp — DIB;] )
k=1 i=0
qg—1
=Y (F(,kp) = Fkp, =1))8(lp]*) + F (Bn)S ([n]")
k=1
and
p—1 p—1
<ZF(1 kg)leg " + Y F(q. Jq—l)[)/]]>

j=0
p—1
=Y (F(l,kq) — F(kq, —1))8([ag]*) + F (g, 1g — D8 ([ni]).
k=1
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We have

F(p,mp—18([Bu]") + F(q.lqg — DS([y]")
= (F(Bw) — F(BnS)) (8 [g]*) — 8([xp]9)).
Recall, §([a,]*) =[0] —[1/p] and 6([ey]*) = [0] — [1/q]. The above calculation
shows that
8(X)=CX)8IT) + AX)S([ap]*) + B(X)8([etg ™)

with
qg—1

AX)=) (F(p.kp—1) = F(kp—1,=p)),
k=0
p—1

B(X)=) (F(y))— F(/S),

m=0

C(X)=F{)—F(S). ]
We also prove a similar proposition for I' C I'(2).

Proposition 33. The boundary of any element
X= Y F(@&e
geP'(Z/pq2)

in Hy(Xr — P, Py, 7Z) is of the form

8°(X) = A'(X)[%} + B’(X)[Cﬂ + C'(X)[00] — (A'(X) + B'(X) 4 C'(X))[0]
with

g—1 q—1
AX)=) FB) - (Z F(a,;p>) —F(y),
k=0 k=1

p—1 p—1
B =Y Fu)- (Z F(a,;q>> — F(B)).
i=0 k=1
C'(X)=F(©,1)— F(ot;,q).

Proof. This is a straightforward calculation using the coset representatives of I'\I"(2)
(see Lemma 16). [l

Proposition 34. For E € E,,, the boundaries of almost Eisenstein elements |,
in Hi(Xo(pg) — RU I, 9(Xo(pq)), Z) corresponding to the Eisenstein series E
are —8(E) (Section 4).
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Proof. For E € Epg, let &g =3 cp1 7/ pq7) GE(8)[g]" be the almost Eisenstein ele-
ment. According to Proposition 32, we need to calculate A(E}), B(Ey) and C(EL).
Forall 0 <k <q—1, BT = Bry1 and B, T = y By with

L= (1 +pg 4 )
—qp* 1—qp
We have an inclusion H; (Yo(pq), Z) — H1(Yo(pq), RU I, Z). Since {p*, yp*} =
{Bop*. yPop™} = — Y {—o{Brp. Bep*}. we deduce that

Y20
we(y) = / E(z)dz

20

=& o{z0, Y20}

qg—1
=—Epo (Z{ﬁkp, ﬁkp*})
k=0

qg—1

=—> Epo{Bip. Bio").

k=0

Applying Corollary 6, we have

q—1 q—1
Y o lBip. o'} = D (Ge(B) — Gu(BiS) = —A(E)).

k=0 k=0

Hence, we prove that A(£,) = —mg(y). By interchanging p and ¢, we have

B(ER) = —mp(yo) for
y0:(1+pq p )
—pg* 1—qp

We now calculate 7g (y) and g () using [Stevens 1985]. Recall, 1/p is a cusp
with ery(yq)(1/p) = q. Consider the matrices

o 1vi) (L 1)
X = and = .
(—p I+gqp Y —q l+gqp

One can easily check that x (; 9)x~" =y and y(; # )y~ =y0. Notice that x (icc) =

To(pg)1/p and y(ioco) =To(pg)1/q. By [Stevens 1985, p. 524], we deduce that
g (y) = ery(pg) (1/q)ao(E[1/p]) and 7g, (Y0) = ery(pq)(1/p)ao(E[1/ p]).

According to Proposition 32, the boundary of the almost Eisenstein element
corresponding to an Eisenstein series E is

8(Ex) = A(E) |:%:| + B(&R) |:611:| + C(Ep)[oo] — (A(ER) + B(ER) + C(ER)IO]
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with A(Eg) =qao(E[1/p]), B(Eg) = pao(E[1/q]) and C(E) = —(F (1) — F(9)).
Applying Corollary 6 again, we deduce that F (1) — F(S) = f/f E()dz=—ay(E).
For E € E>(I'g(pq)), the boundary of E is

8(E) = ao(E)([o0] —[0])
cam(e [ ))([5]100) -l ])([5] -1
— 5(EL). 0
Let B and / be the matrices () 2) and () }) respectively. Let
s Hi(Xr — P, Py, Z) - Hi(Xo(pq) — RU I, 3(Xo(pq)), £)

be the isomorphism defined by 7, (£y(g)) = [g]* [Merel 1995, Corollary 1]. It is
easy to see that 8 (1, (X)) = 8°(X) forall X e H;(Xr — P_, P,, 7).

Proposition 35. For all E € [, let Sg denote the even Eisenstein element in
H,(Xr — P—, P+, Z) (Section 6). The boundary of the modular symbol (Eg)
is —65(E).

Proof. By Theorem 18, we can explicitly write down the even Eisenstein element Eg
in the relative homology group H;(Xr — P—, Py, Z) as

=Y Fe®k(g.

geP(Z/pqZ)

According to Proposition 33, we need to calculate A’ (52), B’ (82) and C’ (5’2). For
0 <k <q—2, we have B = ,. A small check shows that ;|8 = p| and

B, =y'B} with

;L (1+2pq(1+q) 2q )er
—2q(p+pg)* 1—2pq(1+q)

As a homology class in Hy (X — P4, P_, Z), we have
{=Ly' (=D} ={By(=D, ¥'By(~D}

g—1
=—Y (B (D), Bi(=1)}

k=0

g—1
=Y (Bi(=D), B(D).
k=0
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By the definition of the even Eisenstein elements, we conclude that

Y20 0
/ k*(wg) = EE o {z0, ¥'z0}

20

g—1
=—€po ) (Bi(D). Br(=1))
k=0
g—1
== EpolfiD). (=D},
k=0

It is easy to see that tASBh ™! € SL,(Z) forall A, B e I'(2). Since [a,’cq S1= [ys’(k)]
in PY(Z/pqZ), we have k' = o}, S(y} ;) ™" € To(pg) and hi’h~" € To(pq). We
deduce that the differential form

K (wg) = f(2)dz = (2E(2) = 3 E(3(z + 1)) dz

is invariant under «’. According to the above argument,

o}y (1)
(7-2) Fri) = [ f@d:

e

o}, S(1)
=/ f(2)dz

g S=D

o}, S(—1)
=— f f(2)dz

1S

K/—‘a,QqS(—l)

=— / fk'z)d'z

’*la,’(qS(l)
V;(k)(*l)

= —/ f@)dz
Yooy (D

= —FE(VS/(k))-
A similar calculation shows that Fr(y/) = —Fg(B;,) and Fg(axy) = —FE(Bsk))
for some s(k) € (Z/qZ)*. Applying Theorem 18, we have

q—1 q—1

y'z0
> Py =3 R B0 B-D) = [ K (wp)
k=0 k=0 20

According to the definition of the period mg of the Eisenstein series E(z) (see
Section 4), we get

7’20 Y20
[ k@ = [ TeE@ - 1B+ ) d=2me0) ~ ethyn .

20 20
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We calculate g (y') and g (hy' h~1). From Remark 27, we see that

_ 1+z qv?
]’l /h 1=
Y (—4p2q(1 +q9)% 1 —z)

with v = 1 — p(1 4+ ¢) and z = 2pqv(1 + ¢). Furthermore, the matrix hy'h~!
decomposes as

hy,h_lz(l—p(wc]) Sp(1+9) )(1 q)<1—p<1+q) 1p(1+9) )1
—2p(l+q) 1+p(0+9)J\0 1)\ =2p(1+¢q) 1+p(+q))

Since the matrix

<1—p<1+q> Lo +4q) )‘1
—2p(1+q) 1+p(l+q)

takes the cusp ioco to 1/p, we have nE(hy/h_l) = qao(E[1/p]). We further
decompose y’ as

( 1 —2q )(1 Zq)( 1 —2q )_1
—p(I+q9) 142pqg(1+¢9))\0 1 J\=p(A+¢q) 14+2pq(1+4q)) °

The matrix

( 1 —2q )
p(l+q) 1+2pg(1+gq)

takes the cusp ioco to 1/p. We see that wg (y") =2qao(E[1/p]) and fzz’zo k*(wg) =
3ag(E[1/p]). A simple calculation shows that

q—1 g—1 qg—1
AED =Y Fe(B) =Y Feley,) — Fe(yp) =2 Fe(Bp) = —6a (EBD
k=0 k=0 k=0

By interchanging p and ¢, we get B'(£2) = —6ao(E[1/q]). Since oy, S € To(pg),
a calculation similar to (7-2) shows that

Fp(I) = =Fg(apg)

-1
=/l (2E(zx) —3E(3(z+ 1)) dz

B(=1)
:—/ (2E(z) — 3E(3(z+1)))dz

-1
= —3ay(E).

We conclude that C'(£%) = Fg(I) — Fg(etpg) = —6ao(E) and hence §°(EY) =
8(EY) = —63(E). O
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The inclusion map

i:(Xo(pg) —RUI, 3(Xo(pq))) — (Xo(pq), 3(Xo(pq)))

induces an onto map
ix : Hi(Xo(pq) — RU I, 3(Xo(pq)), Z) — Hi(Xo(pq), 3(Xo(pq)), Z)

with i, ([g]*) = £(g). Note that §([g]*) = [g0] — [goo] = &"(§(g)) = &'(ix([g]%)).
From Section 3.4, we have that §(¢) = &'(ix(c)) for all homology classes ¢ €
H;(Xo(pq) —RU I, 3(Xo(pq)). Z).

Lemma 36. The integrals of every holomorphic differential on Xo(pq) over i, (Ef)
and 1,77, (82) are zero.

Proof. The proof is a straightforward generalization of [Merel 1996b, Lemma 5]. [J
We now prove the main theorem.

Proof of Theorem 1. By [Merel 1995, Corollary 3], we obtain i, () oc =& oi*c =
fc i+(E(z) dz). Hence, i,(£}) is the Eisenstein element inside the space of modular
symbols corresponding to E. By Propositions 34 and 35, the boundary of (52)
is the same as the boundary of 6i,(£}).

There is a nondegenerate bilinear pairing S>(I'g(pgq)) x Hi(Xo(pg), R) — C
given by (f, c) = fL f(z) dz. Hence, the integrals of holomorphic differentials over
H{(Xo(pgq), Z) are not always zero. By Lemma 36, the integrals of holomorphic
differentials over i,(Ey) and i, (7, (Eg)) are always zero. We deduce that

. 1. 1
Ep=inEp) = g€ =¢ ) Fr(®¥()
g€PZ/pqZ)

for E € 4. Since Fy(g) = %FEN (g), we obtain the theorem. O

7.2. Winding elements of level pq. Recall the concept of the winding element.

Definition 37 (winding element). Let {0, co} denote the projection of the path from
0 to oo in HUP!(Q) to Xo(pg)(C). We have an isomorphism H; (X (pq), Z) R =
Homg (H*(Xo(pg), @), C). Let e,, € Hi(Xo(pq), R) correspond to the homo-
morphism v — — fooo . The modular symbol e, is called the winding element.

The winding elements are the elements of the space of modular symbols whose
annihilators define ideals of the Hecke algebras with the L-functions of the cor-
responding quotients of the Jacobian nonzero. In this paper, we find an explicit
expression of the winding element. Let e, € H;(Xo(pg), Z) ® R be the winding
element. The following lemma will help us write down the winding element
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explicitly. Since era(xo(pq)) ery(pq)(X)ap(E[x]) =0, we write

et 1) (e ey ()

Lemma 38. The constant Fourier coefficients of E,, at cusps 0, 1/p, 1/q and oo
are ﬁ(l —pq)/(pq), 0,0 and ﬁ(pq — 1) respectively.

Proof. We first prove that the constant coefficient for the Fourier expansion of E,
at the cusp 1/p is 0. As usual, the constant term of the Fourier expansion of £, at
the cusp 1/p is the constant term at oo of E,,[fBp]. Similarly, the constant term of
the Fourier expansion of E,, at the cusp 1/¢ is the constant term at 0o of E ,,[y0].
Let A be the Ramanujan cusp form of weight 12. We write

d d d 10
rE log A(B(z)) = 12E log(pz+ 1)+ 7z log A(z) for = (p 1).

A simple calculation shows that

a(255)=2((1))

By taking logarithmic derivative, we deduce that

d g —1\(pz+1 d d pz+1
Zlog A ) =121 D+ —log A .
dz ° (1 0 )( q ) dz oslpzt Hdz o8 ( q )

Since

1 d A(pqz)
-— - log
2mi dz A(2)
the above calculation shows that the constant term of E, at the cusp 1/p is 0.
Similarly, the constant term of E,, at the cusp 1/¢q is 0. The constant term of E ,,
at the cusp oo is ﬁ(pq—l)andatOis ﬁ(l—pq)/(pq). ([

Epg(2) =

k)

Using Lemmas 36 and 38, we have:

Corollary 39.
1
A=pDepg= Y, Fpy(l, x){o, ;}.

xe(Z/pq2)*



284 DEBARGHA BANERIJEE AND SRILAKSHMI KRISHNAMOORTHY

Remark 40. For the Eisenstein series E, € E>(I'o(p)), 1/ p represents the cusp oo
and 1/q represents the cusp 0. We deduce that ag(E,[Bo]) = ﬁ(p — 1) and
ao(Ep[yol) = 2—14(1 — p)/ p- For the other Eisenstein series E,; € E2(I'g(q)), 1/q
represents the cusp oo and 1/ p represents the cusp 0. We deduce that ag(E,[y0]) =

A(g — 1) and ag(E4[Bo]) = 5 (1 —q)/q.
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