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In the present paper we show that Hall algebras of finitary exact categories
behave like quantum groups in the sense that they are generated by inde-
composable objects. Moreover, for a large class of such categories, Hall al-
gebras are generated by their primitive elements, with respect to the natural
comultiplication, even for nonhereditary categories. Finally, we introduce
certain primitively generated subalgebras of Hall algebras and conjecture
an analogue of “Lie correspondence’ for those finitary categories.
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1. Introduction

It is well-known that quantum groups are not groups, but rather Hopf algebras,
which are similar to enveloping algebras of Lie algebras. Hall-Ringel algebras
H_, of finitary exact categories can be regarded, from many points of view, as
generalizations of quantum groups. One aspect of this analogy is the following
striking result, which we failed to find in the literature.

Theorem 1.1. The Hall algebra H,, of any finitary exact category <f is generated
by isomorphism classes of indecomposable objects in <.
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We prove a refinement of this theorem (Theorem 2.4), which is an analogue of
the Poincaré—Birkhoff-Witt property for H,,, in §4.3.

However, isomorphism classes of indecomposable objects are not the most
efficient as a generating set. For example, if &7 is the representation category of a
(valued) Dynkin quiver Q, then indecomposables correspond to all positive roots
of the simple Lie algebra associated with O, while H,, can be generated by simple
objects (in other words, indecomposables corresponding to simple roots of the
Lie algebra). Having this in mind, we introduce minimal generating sets for H,,,
namely, primitive elements, which generalize these simple root generators.

More precisely, for any finitary exact category <7, the Hall algebra H,, has a
natural coproduct A: H,, — H Q@ H,, whose image may lie in a suitable completion
of the tensor square of H,. Note, however, that the multiplication and A are
not always compatible, that is, A need not be a homomorphism of algebras. The
compatibility is guaranteed by Green'’s theorem (see [Green 1995]) for all hereditary
cofinitary (so that A is an “honest” comultiplication rather than a topological one)
abelian categories o7 (see Definition 2.11). This includes all categories rep, O
of finite dimensional representations over a finite field k of an acyclic (valued)
quiver Q. In a remarkable paper, Sevenhant and Van den Bergh [2001] proved that
for o =repy O the Hall algebra H,, is a Nichols algebra in an appropriate braided
tensor category (see §2.6 for details) and, in particular, is generated by its space of
primitive elements

Vy={veHy: AW =v®1+1Qv}.

We extend this result to a much larger class of categories that we refer to
as profinitary categories. We introduce profinitary categories in terms of their
Grothendieck monoids (denoted I';, for an exact category <7, see §2.3 for precise
definitions) by requiring that groups of morphisms between any two objects and all
Grothendieck equivalence classes are finite. By definition, H,, is naturally graded
by I',; and if .« is profinitary, all homogeneous components (H,,),, y € I';, are
finite dimensional.

The class of profinitary categories is large enough. For instance, it includes the
abelian category R — fin of all finite R-modules M (i.e., finite abelian groups with
R-action) for a finitary unital ring R, as defined in [Ringel 1990a, §1]. This includes
all finitely generated (over Z) unital rings. Moreover, if <7 is profinitary, then so is
any full subcategory # C <7 closed under extensions. The following is the main
result of the present work.

Main Theorem 1.2. For any profinitary and cofinitary exact category <, the Hall
algebra H is generated by the space V., of its primitive elements. Moreover, V.,
is minimal in the sense that a nonzero element of V., cannot be expressed as a sum
of products of elements of V.
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We prove Main Theorem 1.2 in §6.4.

Based on the second assertion of Main Theorem 1.2, we can introduce guasi-
Nichols algebras as both algebras and coalgebras minimally generated by their
primitive elements (see Definition 2.17 for details). In particular, it is easy to see
(cf. Lemma 2.25) that any Nichols algebra is quasi-Nichols. It is noteworthy that
the minimality of V,, has the following nice consequence for constructing primitive
elements in H.,: once we find a subspace U of V., such that U generates H,, as
an algebra, we must stop because U is the space of all primitive elements in H,, .

Remark 1.3. Similarly to Grothendieck groups, exact functors induce canonical ho-
momorphisms of Grothendieck monoids. However, even for full embeddings, such
homomorphisms need not be injective. On the other hand, unlike the Grothendieck
group, the Grothendieck monoid always separates simple objects of the category.
For instance, if &/ is the category of K-representations of the quiver Q =1 — 2
with dimension vectors (n, 2n), n € Z>g, then Ko(«/) = Z, but I', is an additive
monoid generated by S, B> subject to the relations 8; + > = 28 = 28,. The
canonical homomorphism I',, — Ko(«) is given by 81 +— 1, B> — 1 and thus is
not injective (see §3.4 for details.) It should also be noted that in this example I,
is not a submonoid of the Grothendieck monoid of the category rep, O since in
[rep, o both simple objects of o7 belong to the same class.

A nice property of profinitary categories is that their Hall algebras always contain
primitive elements. If o is profinitary, then its Grothendieck monoid admits a
natural partial order and is generated by its minimal elements with respect to that
order (Proposition 2.12). Moreover, for y minimal the corresponding homogeneous
component (H, ), of H is one-dimensional and primitive.

Quite surprisingly, for a profinitary category, cofinitarity is a simple property of
its Grothendieck monoid. We say that a monoid I' is locally finite if for all y € ",
the set {(o, B) e I’ X I' : ¢ + B = y} is finite.

Theorem 1.4. A profinitary exact category < is cofinitary if and only if Ty is
locally finite.

We prove this theorem in §5.3. As a corollary, we obtain two classes of categories
for which profinitarity implies cofinitarity.

Corollary 1.5. (a) Any full exact subcategory of a profinitary abelian category is
cofinitary.
(b) Any profinitary exact category whose Grothendieck monoid is finitely generated
is cofinitary.

This corollary is proven in §5.3. Based on the above, we propose the following
conjecture.
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Conjecture 1.6. For any profinitary exact category < , its Grothendieck monoid I" .,
is locally finite.

By Theorem 1.4, any category as in the above conjecture is also cofinitary.

This conjecture is nontrivial since there exist profinitary exact categories </ for
which any ambient abelian category 7 (which always exists, see, e.g., [Biihler
2010; Keller 1990]) is not profinitary, and the monoid I',, need not be finitely
generated.

Main Theorem 1.2 and Corollary 1.5(a) imply the following theorem.

Theorem 1.7. If <« is a profinitary hereditary abelian category, then H. is a
Nichols algebra (see Definition 2.23) of the (braided) space V., of its primitive
elements.

We prove a refined version of this statement (Theorem 2.26) in §7.2.

The case when & = rep, O where Q is a finite acyclic (valued) quiver was
established in [Sevenhant and Van Den Bergh 2001, Theorem 1.1], which inspired
the present work. If 7 is the category of nilpotent representations of k[x] for a
finite field K, then Theorem 1.7 recovers the classical result of Zelevinsky [1981]
that the Hall-Steinitz algebra is a Hopf algebra (see, e.g., §3.1 for details). More
generally, it is well-known that the category rep, Q for any finite valued quiver Q is
hereditary (see [Gabriel 1973; Hubery 2007]). Therefore, Theorem 1.7 is applicable
to such a category as well, that is, Hrep, ¢ is a Nichols algebra. In particular, so is
the Hall algebra of the category of finite dimensional modules of the free algebra
in n generators over K.

Furthermore, by definition, V., is graded by I', that is, V,, = @y er(Vr)y, so
y € I'yy with (V,), # 0 can be thought of as “simple roots” of .«7. Given y € F(+,
define its multiplicity m,, by

(1-1) m, :=#Ind o7, — dimg(V.), .,

where Ind 7, = Ind &/ NIso.<,. This definition is justified by the following
proposition.
Proposition 1.8. Let o/ be a profinitary cofinitary exact category. Then m,, > 0 for
ally eT}.

We prove a more precise version of this result (Proposition 2.20) in §6.5. In
particular, Proposition 1.8 implies that if Ind «/, = & then (V,/),, = 0, that is,
we should look for primitive elements only in those graded components where
indecomposables live. Moreover, if Ind &7 is finite, then obviously V., is finite
dimensional and we have an efficient procedure for computing it (see §3).

The term “multiplicity” is justified by the following result, which is an immediate

consequence of reformulations [Hua 2000, Theorem 4.1; Deng and Xiao 2003,
§4.1] of the famous Kac conjecture [Kac 1980], proved in [Hausel 2010].
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Theorem 1.9. Let Q be an acyclic quiver, gg be the corresponding Kac—-Moody
algebra and </ = rep(Q) where K is a finite field with q elements. Then for any
y € 'y one has:

(@) my, > 0 if and only if y is a nonsimple positive root of g¢; in that case,
m, =dim(go),, that is m,, is the multiplicity of the root y in gg.

(b) (V) =0 unless y is simple or imaginary.

(c) For any imaginary root y of go, dimg(V.,), = p,(q) where p, € xQ[x].

In view of Theorem 1.9(c) and results of [Sevenhant and Van Den Bergh 2001]
we define real simple roots of </ to be elements y € I'; for which dimg(Vy), =1
and imaginary simple roots of <7 to be those y € Iy with dimg(V.,), > 2. For a
profinitary category </ we show (Lemma 5.3) that all minimal elements of I", \ {0}
are real simple roots.

In fact, the consideration of examples suggests that a stronger version of this
statement holds.

Conjecture 1.10. Let o7 be a profinitary and cofinitary exact category. Then each
simple imaginary root of </ has nonzero multiplicity.

Clearly, Theorem 1.9 verifies this conjecture when </ = rep, (Q) for any finite
acyclic quiver Q. We provide more supporting evidence in §3. In those cases,
m,, = 1 quite frequently (see §3.2, §3.3 and §3.4).

Simple real roots are of special interest. Denote by U, the subalgebra of H,,
generated by all (V,),, where o« runs over all real simple roots of <, and refer to
it as the quantum enveloping algebra of </ . The following well-known fact justifies
this definition.

Theorem 1.11 [Ringel 1990b]. If Q is an acyclic valued quiver, then Urep, ¢ is
isomorphic to a quantized enveloping algebra of the nilpotent part of go.

Since [ X] € Iso & is primitive if and only if it is almost simple (see Definition 5.2),
the algebra U, contains the subalgebra C, of H,, generated by isomorphism classes
of all almost simple objects. We call C,, the composition algebra of </ since it
generalizes the composition algebra of repy O, which is the subalgebra of Hiep, o
generated by isomorphism classes of simple objects. In fact, in the assumptions
of the above theorem, Usep, 9 = Crep, o- However, it frequently happens that
C. C Uy (see §3 for examples). Note the following corollary of Theorem 1.7 and
[Andruskiewitsch and Schneider 2002, Corollary 2.3] (see Lemma 2.24).

Corollary 1.12. If <7 is a profinitary hereditary abelian category then both C,
and U are Nichols algebras.
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’

It turns out that there is another algebra E,, which (yet conjecturally) “squeezes’
between these two. That is, £, is generated by elements e, € H,,, where e, is the
sum of all isomorphism classes of objects of </ whose image in I" is y. Since

Exp,, = Z ey

Y€l
is a group-like element in the completion of H,, with respect to a slightly different
coproduct (see [Berenstein and Greenstein 2013, Lemma A.1]), we referred to
Exp,, in [Berenstein and Greenstein 2013] as the exponential of «/. Hence we
sometimes refer to E ., as the exponential algebra of </. By definition, C,, C E,.

Conjecture 1.13. For any profinitary category </ one has
Ey=Uy.

In particular, Exp , belongs to the completion of U,.

In §3 we provide several supporting examples of profinitary categories <7 together
with the explicit presentations of H,,, U, and E ;.

The significance of the conjecture is that it paves the ground for the “Lie corre-
spondence” between the enveloping algebra U, and the quantum Chevalley group
G ., that we introduced in [Berenstein and Greenstein 2013] as an analogue of the
corresponding Lie group. That is, Conjecture 1.13 implies that the “tame” part of
G ., belongs to the completion of U, .

2. Definitions and main results

2.1. Exact categories and Hall algebras. All categories are assumed to be essen-
tially small. For such a category <& we denote by Iso </ the set of isomorphism
classes of objects in <. We say that a category 7 is Hom-finite if Hom, (X, Y) is
a finite set for all X, Y € «.

Let <7 be an exact category, in the sense of [Quillen 1973] (see also [Keller
1990; Biihler 2010]). We denote by @}Q{(A, B) the set of all isomorphism classes
[X] € Iso &7 such that there exists a short exact sequence

(2-1) Bl x—%ua
(here f is a monomorphism, g is an epimorphism, f is a kernel of g and g is a
cokernel of f). We say that o is finitary if it is Hom-finite and E_xtL/(A, B) is
finite for every A, B € &

Following [Hubery 2006] we define Hall numbers for finitary exact categories
as follows. For A, B, X € & fixed, denote by £(A, B)x the set of all short exact
sequences (2-1). The group Aut,, A x Aut,, B acts freely on £(A, B)x by

0. V).(f.9) = (fo ', ¥g), ¢ecAuty B,y €Auty A.
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The Hall number F ;(B is the number of Aut, A x Aut, B-orbits in £(A, B)x and

equals
X #E(A, B)x

AB = #(Aut, A x Aut,, B)

Denote
H,=Qlsos = @ Q- [X].
[X]€elso o
Proposition 2.1 [Ringel 1990a; Hubery 2006]. For any finitary exact category <,
the space H,; is an associative unital (-algebra with the product given by

(2-2) [A]-[Bl = ) F{lCl.

[Clelso &
The unity 1 € H,y is the class [0] of the zero object of 7.

It is well-known (see, e.g., [Biihler 2010; Keller 1990]) that each exact cate-
gory <7 can be realized as a full subcategory closed under extensions of an abelian
category .«7. However, even if <7 is finitary, it might be impossible to find an ambient
abelian category which is also finitary. On the other hand, any full subcategory of a
finitary abelian category closed under extensions is also finitary.

2.2. Ordered monoids and the PBW property of Hall algebras. Let A be an
abelian monoid. We say that A is ordered if there exists a partial order <t on A™
such that for u, p/, v, v’ € AT, we have

w<v, ' <V =pu+u qv+v.

Let o/ be a finitary exact category. The set Iso &/ is naturally an abelian monoid
with the addition operation defined by [X]+ [Y] =[X & Y]. Every object in « is
a finite direct sum of indecomposable objects (see Lemma 4.9). Thus, in particular,
Ind o generates Iso <7 as a monoid. The category <7 is said to be Krull-Schmidt
if Iso .« is freely generated by Ind o7

Define a relation < on (Iso &)t by [M] <1[N] if

(i) [N]=[M*®M"~], and
(ii) there exists a nonsplit short exact sequence M~ »— M —» M™.

By abuse of notation, we also denote by <1 the transitive closure of this relation.

We say that a partial (pre)order < on a set A is inductive if there exists a function
f:A— Zsosuchthat A < p = f(A) < f(w). It is obvious that an inductive
preorder is a partial order.

Theorem 2.2. Let o/ be a Hom-finite exact category. Then (Iso <7, <) is an ordered
monoid and < is inductive with the function f :1so @/ — Z>( given by

f(M])=#End, M.
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Remark 2.3. If the category 7 is finitary, one can show that the assertion holds
with f replaced by the function [M] — #Extt;(M , M), [M] €Iso <.

We prove this theorem in §4.2. It is used as the key ingredient in a proof of
the following theorem, which generalizes [Guo and Peng 1997, Theorem 3.1] and
establishes the (weak) PBW property of Hall algebras.

Theorem 2.4. Let </ be a finitary exact category. Then for any total order on
the set Ind o of isomorphism classes of indecomposable objects in </, H, is
spanned, as a Q-vector space, by ordered monomials on Ind «f. Moreover, if < is
Krull-Schmidt, then such monomials form a basis of H,.

We prove this theorem in §4.3. After [Joyce 2007; Riedtmann 1994], this further

extends an analogy between Hall algebras of finitary categories and universal
enveloping algebras.

2.3. The Grothendieck monoid and grading. Define the relation = on the monoid
Iso .« by

[X]=[Y] <> [X],[Y] € Ext\ (M, N) for some M, N € «.

This relation is clearly symmetric and reflexive, hence its transitive closure is
an equivalence relation on Iso.«# which we also denote by =. The additivity
of Extj?{(A, B) = UX E(A, B)x/ Aut, X in both A and B yields the following
lemma.

Lemma 2.5. The relation = is a congruence relation on Iso <7, that is, [X] = [Y],
[X'1=[Y"] implies that [ X ® X' =[Y D Y'].

Definition 2.6. The Grothendieck monoid I',; of <7 is the quotient of Iso </ by the
congruence =.

Given an object M in <7, we denote its image in [',, by |M|. For all y € '/, set
Iso.o7, ={[X] €lso.a : | X|=y}.

We refer to Iso <7, as a Grothendieck class in <7, and write Ind <7, =Ind &/ NIso <7, .
The following fact is obvious.

Lemma 2.7. For any finitary exact category <7 , the assignment [ M| +— |M | defines
a grading of the Hall algebra H,, of </ by the Grothendieck monoid I .

Remark 2.8. After Grothendieck, one defines the Grothendieck group Ko(«)
of 7 as the universal abelian group generated by I',,. Note that the canonical
homomorphism of monoids I',; — Ko(&/) can be very far from injective. One
example was already provided in the introduction. Perhaps the most extreme
example is the following. Let &/ = Vectk be the category of all k-vector spaces over
some field k. Then T, identifies with the monoid of cardinal numbers. In particular,



PRIMITIVELY GENERATED HALL ALGEBRAS 295

if V is infinite dimensional and W is finite dimensional then |V | = |V |+ |V| =
|[W| 4+ |V]|. This implies that in Kq(Vectk), |U| = 0 for every object U of Vecty,
that is, Ko(Vectx) = 0.

Also, while Ky(/) can contain elements of finite order, this never occurs in I",.
Indeed, since [0] € E_Xti{ (A, B) implies that A = B = 0 and the direct sum of two
nonzero objects is clearly nonzero, we immediately obtain the following lemma.

Lemma 2.9. For any exact category <7, zero is the only invertible element of the
Grothendieck monoid T' .

2.4. Profinitary and cofinitary categories. Let I" be an abelian monoid. Define a
relation < on I" by o < B if 8 =« + y for some y € I'. This relation is clearly an
additive preorder and 0 < y for any y € I'. The following lemma is obvious.

Lemma 2.10. The preorder < is a partial order on T if and only if the equality
a+B+y=afora, B,y el impliesthatoa = o+ B =a + y. In that case, 0 is
the only invertible element of T'.

We say that I' is naturally ordered if < is a partial order.
Definition 2.11. We say that a Hom-finite exact category < is
(1) profinitary if Iso <7, is a finite set for all y € I' 7, and
(i1) cofinitary (cf. [Kapranov et al. 2012]) if for every [X] € Iso 7, the set
{(LA]. [B]) € Iso o x Iso «/ : [X] € Ext_,([A], [B])}
is finite.

Since £(M, N)x identifies with a subset of Hom,, (N, X) x Hom,, (X, M), any
profinitary category is necessarily finitary.

Proposition 2.12. Let <7 be a profinitary category. Then I, is naturally ordered
and is generated by its minimal elements.

A proof of this proposition is given in §5.2.

Remark 2.13. One can characterize profinitary categories as follows. If .7 is Hom-
finite and its Grothendieck monoid is locally finite, as defined before Theorem 1.4,
and Ind <7, is finite for all y € I/, then &7 is profinitary.

Theorem 2.14. Any profinitary abelian category has the finite length property,
hence is Krull-Schmidt.

We prove this theorem in §5.3. This result, together with Theorem 1.4, yields
Corollary 1.5(a).
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Remark 2.15. The finite length property in an abelian category </ is much stronger
than the Krull-Schmidt property. For instance, the Grothendieck monoid of an
abelian category with the finite length property is freely generated by classes of
simple objects and the canonical homomorphism ',y — K((&) is injective. On
the other hand, the category of coherent sheaves on P! is Krull-Schmidt, but lacks
the finite length property and each Grothendieck class Iso .<7,, y # 0 is infinite.

2.5. Comultiplication and primitive generation. Let o/ be any Hom-finite exact
category. Define a linear map A : H,; — H +RH,, by

(2-3) AQChH = Y FSP-lA1®(B],
[Al,[Blelso o
where H,,® H,, is the completion of the usual tensor product with to the I,/ -grading
and Fé"B is the dual Hall number given by
A  HAuty A x Auty B) -
FC == FB,A .
#Aut, C

It follows from Riedtmann’s formula [1994] that

ap _ #Ext, (B, A)c
¢ #Hom, (B, A)’

where Exti{(B, A)c =E(B, A)c/ Aut,, C. Also define a linear map ¢ : H,y — Q
by

(2-4) e([CD = djo1,1c1-
The following fact is obvious.

Lemma 2.16. (a) H. is a topological coalgebra with respect to the above comul-
tiplication and counit.

(b) If o is cofinitary then H., is an ordinary coalgebra, that is, the image of the
comultiplication A lies in H,; @ Hy.

For any coalgebra C with unity denote by Prim(C) the set of all primitive

elements, i.e.,
Prim(C)={ceC:A(c)=c®1+1R®c}.

Definition 2.17. Let A be both a unital algebra and a coalgebra over a field . We
say that A is a quasi-Nichols algebra if A decomposesas FV & (Zr>1 Vr) where
V =Prim(A).

The following is the main result of the paper (Main Theorem 1.2) and is proven
in §6.4.
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Theorem 2.18. Let o7 be a profinitary and cofinitary exact category. Then the Hall
algebra H, is quasi-Nichols.

This theorem has the following useful corollary, which we prove in §6.5.

Corollary 2.19. Let
(2-5) P =kere-kere = Q{[M][N]:[M],[N]e dsoe)t}, P,:=PN(Hy),.

Then P =) -, Prim(H,,)* = > 4>2(QInd )k and (Hy), =Prim(Hy), ® P,
forally eTH,.

A natural question is to compute dimensions of Prim(H),, y € F;. The
following is a refinement of Proposition 1.8.

Proposition 2.20. In the notation (1-1) we have
m, =dimg(P, NQInd <7,)
forally € F;;. In particular, if Ind <7, C P, then Prim(H /), = 0.

We prove Proposition 2.20 in §6.5, as well as the following observation, which
is useful for computing primitive elements.

Lemma 2.21. Each primitive element contains at least one isomorphism class
[X] € Ind & in its decomposition with respect to the basis Iso < of H,. In other
words, Prim(H ) N Q(Iso & \ Ind <) = {0}.

2.6. Hereditary categories and Nichols algebras. Let I" be an abelian monoid and
let %1 be the tensor category of I'-graded vector spaces V = @yer V,, over a field [.
The following fact can be easily checked.

Lemma 2.22. For each bicharacter x : I x I' — F* the category 6r is a braided
tensor category (6r, V) with the braiding Vy v :U®V — V QU for objects U, V
in 6t given by

Yy yvu®v)=x(y,8)v®u,

foranyueU,,veVs,y,s €l

By a slight abuse of notation, given a bicharacter x : I' x ' = F* we denote
this braided tensor category 4T by % .
Now let 7 be a finitary hereditary category, i.e., Extfd(M ,N)=0fori > 1 and

all M, N € &. Let xs : T x I' > @ be the bicharacter given by
#Ext! (M, N)

X (M|, IN|) = ——L———.
#Hom, (M, N)

The bicharacter yx,, is easily seen to be well-defined because it is just the (multi-
plicative) Euler form.
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Nichols algebras were formally defined in [Andruskiewitsch and Schneider
2002].

Definition 2.23 [ Andruskiewitsch and Schneider 2002, Definition 2.1]. Let (¢, ¥)
be a braided [-linear tensor category with a braiding W. Let V be an objectin (¢, V).
A graded bialgebra with unity B = @, B, in (¢, V) is called a Nichols algebra
of Vif By=F, B =V and B is generﬁted, as an algebra, by B; = Prim(B).

For each object V of a braided tensor category (%, V), the tensor algebra 7' (V) is
a graded bialgebra (even a Hopf algebra) in (¢, W) with the coproduct determined
by requiring each v € V to be primitive and the grading defined by assigning
degree 1 to elements of V. It is well-known [Andruskiewitsch and Schneider 2002,
Proposition 2.2] that the Nichols algebra of V is unique up to an isomorphism
and is the quotient of 7'(V) by the maximal graded bi-ideal J of 7 (V) which is
an object in (%, V) and satisfies 7NV = {0}. Henceforth we denote the Nichols
algebra of V by B(V).

The following is proved in [Andruskiewitsch and Schneider 2002, Corollary 2.3].
Lemma 2.24. The assignment V +— B(V) defines a functor from (¢, V) to the
category of bialgebras in (¢, V). Moreover, for any morphism f:U — V in (¢, V),
the kernel of the corresponding homomorphism B(f) is the (bi-)ideal in B(U)
generated by ker f C U.

The following fact is immediate from the definitions.
Lemma 2.25. Let B be a bialgebra in (¢, V) which is a quasi-Nichols algebra.
Then B is Nichols if and only if ZrZZ(Prim(B))’ is direct.

The following extends the main result of [Sevenhant and Van Den Bergh 2001].
Theorem 2.26. For any profinitary hereditary abelian category <, the Hall algebra

H, is isomorphic to the Nichols algebra B(V.,) in the category 6, , where V. ; =
Prim(H ).

We prove this theorem in §7.2.

Remark 2.27. In fact, the original result of [Sevenhant and Van Den Bergh 2001,
Theorem 1.1] follows from Theorem 2.26. The classification of diagonally braided
Nichols algebras was obtained in [Andruskiewitsch and Schneider 2002, §5] and,
in particular, generalizes some results of [Sevenhant and Van Den Bergh 2001].

3. Examples

In this section we construct primitive elements in several Hall algebras and provide
supporting evidence for Conjectures 1.13 and 1.10. Throughout this section we
write A(x) = A(x) —x ® 1 — 1 ® x (thus, x is primitive if and only if x € ker A).
Needless to say, every (almost) simple object S satisfies A([S]) = 0 so we focus
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only on nonsimple primitive elements. In this section, k always denotes a finite
field with ¢ elements and all categories are assumed to be K-linear.

3.1. Classical Hall-Steinitz algebra. Let R be a principal ideal domain such that
R/m is a finite field for any maximal ideal m of R. Let &/ = &/ (m) be the full
subcategory of finite length R-modules M satisfying m"M = 0 for some r > 0.
Then for each r > 0, there exists a unique, up to an isomorphism, indecomposable
object Z, = R/m" € o/. More generally, given a partition A = (A} > - -+ > g > 0),
setZy =1;, @ - @I, and write £(1) =k.

Since the Euler form of 7 is identically zero and .« is hereditary, H., is an
ordinary Hopf algebra (the braiding is trivial). The Grothendieck monoid of &/
being Z, the algebra H,, is Z>(-graded. We now provide a new (very short) proof
of the following classical result.

Theorem 3.1 [Macdonald 1979; Zelevinsky 1981]. The Hall algebra H ., is com-
mutative and cocommutative and is freely generated by the |Z1,], n > 0. Moreover,
H,, is freely generated by its primitive elements P,, n > 0.

Proof. 1t is easy to see, using duality, that H,, is commutative, hence cocommutative.
Let & be the set of all partitions. Given a partition A = (A; > --- > A, > 0) € &,
let M) =[Zy,]---[Z,,]. By Theorem 2.4, the set {M,},c is a basis of H,, hence
H_, is freely generated by the isomorphism classes of indecomposables [Z,], n > 0.
Since H. is commutative, P = ker ¢ - ker ¢ is spanned by the M, with £(X) > 2,
hence Q Ind &7 N P = {0} and by Proposition 2.20, dimg Prim(H /), =#1Ind <, = 1
for all n > 0. Thus, for each n > 0 we have a unique, up to a scalar, nonzero primitive
element P, in (H,),. The dimension considerations and Theorem 2.18 immediately
imply that H,, is freely generated by the P,, n > 0. (]

This theorem has the following nice corollary.

Corollary 3.2. Foralln > 0, let x,, € (H.y), \ Q(Iso #, \ Ind ;). Then {x,},>0
freely generates H.,. In particular, E ., = H,,.

The elements P, can be computed explicitly (see, e.g., [Hubery 2005, §5]),
namely

20 —1 .
Pn=Z< I1 (1—qf)>[m
M N =1

where ¢ = |R/m]|.

Under the isomorphism v : H,; — Sym, [Z,] — q_"(” P, (x; q_l) [Macdonald
1979; Zelevinsky 1981], where Sym is the algebra of symmetric polynomials in
infinitely many variables and P, (x; t) is the Hall-Littlewood polynomial, the image
of P, is the n-th power sum p,. As shown in [Zelevinsky 1981], the p,, are primitive
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elements in Sym with the comultiplication defined by

n
Alen) =) ei®eu i,

i=0

where e, is the 7-th elementary symmetric polynomial, which equals q_(g) Y ([Zan).
Note also that ¥ (3",, ,[Z;]) is the n-th complete symmetric function h,.

Since C,, = Q[P;], we have C,, C H,,. Since dimg Prim(H,/), =1 for all n > 0,
it follows that U,y = Hyy. Thus, C,y C Eyy =Uy = Hy.

3.2. Homogeneous tubes. Let < be the category of finite dimensional K-represen-
tations of a tame acyclic quiver Q. Then </ decomposes into a triple of subcategories
of preprojective, preinjective and regular representations (see [Auslander et al. 1995,
Chapter VIII]) which we denote, as in [Berenstein and Greenstein 2013, §5], by
o, o, and o, respectively. The category <% can be further decomposed into the
so-called stable tubes, that is, components of the Auslander—Reiten quiver of <7 on
which the Auslander translation acts as an autoequivalence of finite order, called
the rank of the tube. It is well-known that rank 1, or homogeneous, tubes are
parametrized by the set KP! of homogeneous prime ideals in K[x, y]. Given a
homogeneous prime ideal p, let deg p be the degree of a generator of that ideal and
denote by .7, the corresponding rank 1 tube. Then .7, is equivalent to the category
of nilpotent representations of IK[x] where [IK : K] = deg p and its Hall algebra is
isomorphic to the classical Hall-Steinitz algebra. Thus, for each r > 0, .7, contains a
unique indecomposable Z, (o) of length r. Given a partition A = (A} > - - - > A4 > 0),
let Z) (o) =7y, (p) ® - - - DLy, (p). By §3.1 the elements

Lr)—1
Pa(p) = Z( []a-¢ degp))[ﬂ(p)]
M N =1

are primitive in Hg,. Let <, be the full subcategory of homogeneous objects
in o7 (cf. [Dlab and Ringel 1976, Theorem 3.5]). Since H,, is isomorphic to the
tensor product of the Hz as a bialgebra, this gives all primitive elements in H, ,.
The Grothendieck monoid of < , equals the direct sum of infinitely many copies
(indexed by p € kKP') of Z,.

However, the elements P,(p) are not primitive in H,, since an object in < p
can have preprojective subobjects and preinjective quotients. They can be used to
construct primitive elements in H,,.

Conjecture 3.3. The elements

1 Z /
Pn (/0) - Pn(p )’
N(
(deg 0) o' €kP!l:deg p'=deg p
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are primitive in H,,, where N(d) is the number of elements of KP! of degree d
(that is, N(1) = |K| + 1 while N(d), d > 1, is the number of irreducible monic
polynomials of degree d in one variable).

This formula can be easily checked in small cases (see, for example, §3.8) or for
the Kronecker quiver, using the results of [Szant6 2006]. Since F A[,I’P =0 for all
P e & and I € &/, the above conjecture is an immediate consequence of the next
conjecture.

Conjecture 3.4.! Let I € o/, and P € «/_. Then for any partition ) we have

Pl P.I :
Fr'(py = F1,{ ) where p, o' € kP! with deg p = deg p’.

This is known to hold in some special cases (see for example [Szanté 2006;
Hubery 2004]).

In the category <, we have C,, = E s = Uy C H,y. On the other hand, for .«
we have C o, C E = Uy = H., and similarly for each homogeneous tube.

=

3.3. A tame valued quiver. Consider now the valued quiver 1 G ) Let k, be a
field extension of k; =k of degree 4. Note that k, contains precisely g*—g? elements
of degree 4 over k and ¢> — ¢ elements of degree 2. A representation of this quiver is
a triple (Vi, Va, f) where V; is a k;-vector space and f € Homg(V7, V»). Finally, a
morphism (Vy, Va, f) — (W1, Wa, g) is a pair (¢1, ¢2) where ¢; € Homy, (V;, W;)
and gog; =¢ro0g.

The smallest indecomposable regular representation is (kZ, ky, f), where f is
injective. Thus, f is given by a pair (A, ) € Ko x Ko which is linearly independent
over K (this pair is the image under f of the standard basis of k%). It is easy to see
that, up to an isomorphism, such a pair can be assumed to be of the form (X, 1)
where A € k; \ K;. Denote the resulting representation by E;(1). A morphism
f: E1(x) > E()) is uniquely determined by a matrix ¢; = (¢ Z) e M»(K) and
> € ko and we have

BN +d)r =a) +c.

If X has degree 4 over K then End,, E1(1) = k and Aut,, E;(1) = k*. Other-
wise, End,, E;(A) = L and Auty, E{(A) = L* where [L : k] = 2. It follows
that all E;(A) with deg, A = 2 are isomorphic, since the stabilizer of such a A
in GL(2, k) has index ¢? — ¢, and that there are ¢ nonisomorphic representations
E1()) with degy A = 4. Ttis easy to see that for any A € K, \K; we have (g>—1)(g—1)
short exact sequences

0— P1—>E1()\)—>S1—>0

After the present paper was accepted for publication, we were informed that a proof of
Conjecture 3.4 was announced in [Deng and Ruan 2015].
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and ¢(g* — 1)(¢*> — 1)(¢ — 1) short exact sequences
0— S — Ej(b) — S92 — 0.

As a result, we conclude that

A _¢’=Dg-D 4_ o2
AE\ () = T ([P @ 1S +4(" — DS @ [SF)),

hence

1
Pi(A) :=E1(X) — | Aut,, E1(uw)|Eq(w)
Dl Aut, E{(h >
(@+DiAuty EXMI & eren

is primitive, and these are all primitive elements of degree 2oy + o2 in H,,. There
is precisely one linear relation among them, namely

Y. lAuy EX)IPI() =0.
re(ka\kp)/ GL(2,k)
In this case, like in §3.2, Cy = E s = Uy C H which supports Conjecture 1.13.
Also, dimg Prim(H )24, 4, = ¢ and mag, 4o, = 1.

3.4. Hereditary categories defined by submonoids. The next two examples are
special cases of the following construction. Consider a submonoid I'g of the
Grothendieck monoid I' of an abelian category 7, and define a full subcate-
gory o/ (I'g) of &7 whose objects X satisfy |X| € I'g. By construction, <7 (I'g)
is closed under extensions and hence is exact.

First, let </ be the category of K-representations of the quiver 1 — 2. Then I'
is freely generated by «; = |S;| where the S;, i = 1, 2 are simple objects. Fix r > 0.
LetI', = Zso(a1 +rop) and set . = &7/ (I',). Let Py = I, be the projective cover
of S7 and the injective envelope of S, in 7. Then in H,, we have

G-D [SillS20=[S20[S11+[P1], - [SillPi=q[P[S1],  [Pi][S2]1=¢q[S:2][P1].

Every object in %, is isomorphic to $2¢ @ P> @ sS"**" =) 4 b > 0. The only
simple objects in %, , up to an isomorphism, are X| = S EBS?’ and X, = Sgar_l ®P;.
Then [X] is a nonzero multiple of E| = [S2]"[S1], and [X;] of E> = [S217 1P
In particular, the E; are primitive elements of Hz . Using (3-1) we can show that
E| and E, satisfy the relation

E2E\=q 'E\Ey—[r —1],E3,

where [s]; =1+4+---+ q"_l. The Grothendieck monoid of %, is generated by
Bi =1Xil, i =1, 2, subject to the relation B; + B> =21 =2, (thus I' 3, does not
coincide with I', and is not even a submonoid of I' /). It is not hard to check that
E| and E, generate Hp, and hence form a basis of Prim(Hz, ).
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In this case we have Cz, = Uy, = E, = Hz, and so Conjecture 1.13 holds.

A more complicated example is obtained as follows. Let </ be the category of
k-representations of the quiver 1 — 0 <— 2. As in the previous example, I, is
freely generated by o; = |Si|, 0 <i <2. Let 'y = {sap+ro; +raz:r, s € Z>p}
and let Z = &/ (I',). Let P; be the projective cover of S; in <7 and [; be its injective
envelope. Thus, IT = Sy, Ir = S, |lo]l = o+ a1+, | P1| = oo+ a1, Po= So and
| Po| = oy + . The simple objects in # are S| & S, and Sy, while the nonsimple
indecomposable objects are

P®S, PL®S,, PIOP, I

The Grothendieck monoid of & is freely generated by 8 = |S; & 2| and By = |So|.
Clearly, Y| =[S ® $»2] and Yy =[So] are primitive in Hy. We also have two linearly
independent primitive elements of degree 8; + Bo, say

Z1=[lo] — (g — D[P & $2],
Zy =[lp] — (g — D[P ® S1].
Then

[Z1,Z2,]1=0, [Y1,Z1]y=1[Y1,22];=0, [Z1,Yolq =22, Yol, =0,

and
(Y1, [Y1, Yoll,2 = Yi(Z1+ Z2),  [[Y1, Yol, Yolg, Yol,2 =0,

where [a, b]; = ab — tba. Here Cy4 = E4 = Uy C Hy which again supports
Conjecture 1.13. Also, we have a unique imaginary simple root 8; + Bo, and
dimg Prim(Hz) g, +4, = 2 while mg, 5, = 1.

3.5. Sheaves on projective curves. Consider the category 7 of coherent sheaves
on P! (k) (cf. [Burban and Schiffmann 2012; Kapranov 1997; Baumann and Kassel
2001]). Following [Baumann and Kassel 2001], < is equivalent to the category with
objects (M’, M", ¢) where M’ is a K[z]-module, M” is a K[z~']-module and ¢ is
an isomorphism of K[z, z~']-modules M, — Mz”—" In particular, for any n € Z, we
have an indecomposable object O(n) = (K[z], K[z '], ¢,) where ¢, € Autk[z, z7!]
is multiplication by z7"*. We have (cf. [Baumann and Kassel 2001])

dimg Hom_, (O (m), O(n)) = max(0,n —m + 1)

and any nonzero morphism O(m) — O(n) is injective.

Consider now the full subcategory <7, of locally free coherent sheaves on P,
Any object in < is isomorphic to a direct sum of objects of the form O(m) and
these are precisely the indecomposables in .. The Grothendieck monoid of .«
identifies with {(0, 0)}UZs¢ x Z with |O(n)| = (1, n). Note that <7 has no simple
objects. The category 7 is closed under extensions and hence is exact. Since
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Aje 1s Krull-Schmidet, its Hall algebra has a basis consisting of ordered monomials
on X, := [O(m)] for any total order on Z. Since m < n implies that O(n)/O(m)
is not an object in .2, it follows that O(m) is almost simple, hence X,, is primitive
for all m € Z. Thus, H,, is primitively generated. By [Baumann and Kassel 2001,
Theorem 10(iii)] the defining relations in H,,_ are

L(n—m)/2]
XX =q" "X X, + (g7 = Dg" ! Z XmiaXn_a, m<n.

a=1

However, Theorem 2.18 does not apply to the Hall algebra of o/ or o7 since the
categories .« or even 7. are neither profinitary nor cofinitary. For example, every
object O(m) & O(n), m > n appears as the middle term of a short exact sequence

0—->0m—a)—> Om)®Om) > O(m—+a) — 0

for all a > 0.

On the other hand, the Hall algebra of the subcategory of torsion sheaves is
isomorphic to the Hall algebra of the regular subcategory for the valued quiver
122, 2, or, equivalently, the Kronecker quiver.

It should be noted that the Hall algebra of the subcategory of preprojective
modules %, in the category % of K-representations of the Kronecker quiver is
isomorphic to the subalgebra of H,; generated by the X,, for m > 0. Indeed,
[y, =7, and for each k > 0 there is a unique preprojective indecomposable Qy
with |Qk| = k. It is easy to see, by grading considerations, that Qy is primitive.
Then the [Q], k > 0 can be shown to satisfy exactly the same relations as the X,
(see [Szanté 2006, Theorem 4.2]). In this case we have

Cp, CUp, =Ex, =Hgy,.

This situation can be generalized as follows. Let X be a smooth projective
curve and let &/ be the category of coherent sheaves on X. Let szlfd be the full
subcategory of 7 whose objects are locally free sheaves of positive rank and of
degree > d. Since the rank and the degree are additive on short exact sequences,
this subcategory is closed under extensions. Since for a coherent sheaf F the
possible degrees of its subsheaves of rank r are bounded above (cf. [Kapranov et al.
2012, Proposition 2.5]), for any fixed pair (r, d) there are finitely many subsheaves
of F of rank r and degree d. We conclude that the category dlfd is cofinitary and
profinitary, hence Theorem 2.18 applies and the Hall algebra of mflfd is generated
by its primitive elements. Results on primitive elements in this algebra can be found
in [Kapranov et al. 2012, §3.2]. Note that <7 is Krull-Schmidt, hence its Hall
algebra is PBW on indecomposables.
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3.6. Nonhereditary categories of finite type. Let o/ be the category of K-represen-
tations of the quiver

N
024\4 4 \AM

satisfying the relation axqa;; = 0. This category has 14 isomorphism classes of
indecomposable objects, 12 of them having different images in I',, and the two
remaining ones, namely the projective cover P; of S; and the injective envelope 14
of S4, having the same image o + a2 + o3 + o4 (as before, «; = |S;|).

Let S;; and §;;; be the unique, up to an isomorphism, indecomposables with
|X|=0a; +a; and |X| = o; +a; + o, respectively. Then [S;;], [S;jx] € P follows
easily, hence Prim(H ) o, +o; = 0 = Prim(Hy )q, +,+¢, by Proposition 2.20. Let us
show that Prim(H /), +a;+a3+a, = 0; then the only primitive elements are those in
Prim(Hy )y, 1 <i <4.

For every object M with |M| = o1 + as 4+ a3 + o4, except Py, 14 and S @ Si34,
there exists a pair of objects A, B such that FIC,"B = 0 unless [N] = [M]. This
implies that Prim(H /) o, +ay+a3+«, 1S contained in the linear span of [P;], [14] and
[S2 ® Si34]. We have (with h = |K*|=¢qg — 1)

A([S2 @ Si34]) = [S134] ® [S2] + [S2] @ [S134]
+h([S2 @ S34] @ [S1]1+[S2 @ S4] ® [S13]
+ [S34] Q@ [S1 @ ]+ [Sal ® [S> @ S13]),
A(4]) = h([S134] ® [S2] + [S234] ® [S1] 4 [S24] ® [S13])
+ 1 ([S34] @ [S1 @ S2] + [Sa] ® [S2 ® S13]),
A(LP1]) = h([S34] @ [Si2] + [S2] @ [S134] + [S4] ® [S123])
+ 17 ([S2 @ 3] @ [S1]+ [S2 B Sa] ® [S13]).

It is now clear that Prim(H ), +ar+a3+as = 0.
Let E; =[S;], 1 <i < 4. To write a presentation of H,,, it is useful to intro-
duce Z =[P1]+ [14] — (g — 1)[S2 @ Si34]. We obtain

E;, [Ei, Ejll, =0=[[E;, E;], E|j],
(3-2) for (i, j) € {(1,2), (1,3), (2,4), 3, D},
[Ez, E3]=0=[E, E4],
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and also
[E4, [Ey, E2]]1=0, [Ey,Z];=0=[Z, E4];, [E2, Z]=0=][E3,Z],

where
Z =[Ey, [E2, [E3, E4lly] — [E4, [E3, [E2, Eq]]y].

If we consider the category of representations of the same quiver satisfying
the relation aysa1y = asqays, its Hall algebra’s subspace of primitive elements is
spanned by the E;, 1 <i <4 which satisfy (3-2), as well as

[Es, [Ey, E2]l =0 =[E4, [Ey, E3]]
[Ev. [E2, [E3, E4lll = [E4, [E3, [E1, E2]]]
= [E4, [E2, [E1, E3lll = [E\, [E3, [E2, Es]ll.
InbothcasesCy, =E,=Uy,=H,.

3.7. Special pairs of objects and primitive elements. Before we consider the next
group of examples, we make the following observation. Suppose that we have a pair
of indecomposable objects X 2 in o7 satisfying Hom,, (X, Y) =0=Hom,, (¥, X),
End, X = End, Y =Kk is a field and

dimy Ext’, (X, ¥) = dimk Ext! (Y, X) = 1.
Then there exist unique [Zyx], [Zxy] € Iso & such that
Ext,(X,.Y)={(X® Y] [Zxy]}, Ext,(¥.X)={X®Y], [Zyx]}.

Let # = &/(X, Y) be the minimal additive full subcategory of </ containing X
and Y and closed under extensions. Then in H» we have
A([ZyxD = (¢ = DIXI®[Y],
A([ZxyD) = (g — DIYI®[X],
A(X®YD) =[XIQY]+[Y]®[X],

and so
[Zxy]l+[Zyx]—(g—D[XDY]

is primitive in Hy. Indeed, | Extl, (Y, X)z,,| =¢ — 1 = |Ext,(X, Y)z,,| and so
by Riedtmann’s formula,

XY _ Y X XY _ pYV.X __
FZYX _q_l_Fny’ FXEBY_FXGBY_I'

This element need not be primitive in H,, but is often useful for computations.
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3.8. A rank 2 tube. Let o/ = rep, (Q) where Q is a valued acyclic quiver of
tame type. Let 7 be the Auslander—Reiten translation and consider a regular
component of the Auslander—Reiten quiver which is a tube of rank 2 (that is, for
every indecomposable object M in that component we have 72(M) = M). The
smallest example is provided by the quiver

2
VAR

1—3

and the Auslander—Reiten component containing S;.
Let X be a simple object in our tube. Then 7(X) is also simple and both satisfy
End, X = End, t(X) = k. Furthermore,

Ext}?{(X, 7(X)) E Homy (1 (X), 1(X)), Ext;,(t(X), X) =ZHom, (X, X),

and so X, 7(X) satisfy the assumptions of §3.7. Thus, we obtain a primitive element
of degree | X| + |t(X)| in the Hall algebra of our tube given by

ZxwxytZix),x—(@—DXDY]

For the quiver shown above, with X = S, we have

0
Y=t(X)= 0/ \
k1K

while

Zyxy =

k k
lfl\o : Zxy = Ofl\l :
k——k k——k
However, in H,, we have

Ay(Zyx+Zxy —(@—DIX®YD =(q— D([S:]1@[L]+[P]1R[S1])

where I, is the injective envelope of S and P; is its projective cover. Other
indecomposable objects with the same image in I, are, up to an isomorphism,

k
Ei(A) = lfk\l , A ek,
k——k

and we have

AE1(W) = (g — DAS:1 @ [L]+ [P ®[S1]).
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This gives g — 1 linearly independent primitive elements

PLG) = E10) = 2 3 Ex(w)

nek
and one more primitive element

[Zyx]+[Zxrl— (@ - DIX® Y- = S E().
rek
Thus, in this case Mg, 4o, 43 = 2 and dim Prim(H /)¢, +ay+a; = G-

In general, primitive elements in Hall algebras corresponding to nonhomogeneous
tubes were computed in [Hubery 2005]. It should be noted that they are not primitive
in H,, but, conjecturally, can be used to construct primitive elements in a way similar
to that shown above.

3.9. Cyclic quivers with relations. Let o/ be the category of representations of the

quiver

apn
1 —2
azy

satisfying the relation a;ja;2 = 0. The three nonsimple indecomposable objects are,
up to an isomorphism,

1 0 ()
Sn:k——k, Su:k——k, Sur: k=K.
0 1 o
The object S2 is the projective cover of S7 while S is its injective envelope. Thus,
A([Si2) = (g = DIS2AR[S1],  A(Sul) = (g — DISII®[S]
and so

(3-3) Z =[Sl +[S21]1—(g— D[S & $2]

is the unique, up to a scalar, primitive element in |S;| + |S2|. Let E; = [S1] and
E> =[S,]. Then Prim(H,,) is spanned by E;, E> and Z and

[Ey, Z]=[E2, Z] =0
and
[E1, [E1, Exlgly—r = (1 = q YEZ, [E2, [E2, [E2, Eillgly-1 =0

is a presentation of H,,.

Now let &7 be the category of representations of the same quiver satisfying the
relations az1a1p = 0 = aypar;. In this case, we have four indecomposable objects
S1, 82, S12 and S7; which coincide with the ones listed above. Thus, §;; is the
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injective envelope of §; and the projective cover of S;, {i, j} = {1, 2}. As before,
we have a unique nonsimple primitive element given by the same formula (3-3).
The following provides a presentation for H,,:
[E\, [E). Exlgl,1 = (1—q )HE Z,
[E2, [E2, Elgly1 = (1 ¢ HE2Z,
[E1, Z] =[E2, Z] =0.

In both examples, we have C,, C U, = E,, = H,, which contributes supporting
evidence for Conjecture 1.13. Note also that in this case m, =1 for y = [S;|+[S2].

4. The PBW property of Hall algebras and proof of Theorem 2.4

4.1. Rings filtered and graded by ordered monoids. Let (A, <) be an ordered
abelian monoid, as defined in §2.2. We write u < v if either u = v or u # v and
m<v.

Definition 4.1. We say that a unital ring H is A-filtered if H contains a family of
abelian subgroups H=*, A € A*, such that for all A, u € A,

() 1y e H* and A I = H* C HIW,
(i) H= o0+ H™
(iii) H - HI C HIOHW,

This definition is similar to that in [Polishchuk and Positselski 2005, §4.7];
however, we do not require the ring # to admit a Z>¢-grading compatible with A.
Given A € AT, let

24— R if A is minimal,
> e M if A is not minimal,

where R={); o+ H<*. Note that R is a subring of # and that each #<*, hence H<*,
is an R-bimodule. We have

(4-1) TR T e T Gy DN VN T el TG OB
Define the abelian group gr, #H by
g H=RoPH" H =H"/H"

AEA
Lemma 4.2. The abelian group gr, H is a A-graded unital ring with the multipli-
cation given by

x+HM e (y+HM ) =x -y +HI T forxeHP, yeHH
andre (x +HM) =rx +H* x+H ) or =xr +H forallx e H,r € R.
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Proof. By construction, the multiplication by elements of R is well-defined. Us-
ing (4-1), we obtain, for all x € H*, y e H=*,

(x4+HP) o (y+HI) Cx-y+HI HIW A H I H Iy TP Y C oy H IO,

Thus, e is well-defined. The distributivity and the associativity follow from those
in H. Then the ring H is graded by A by construction. It remains to observe that
1 is the unity of gr, H. ([

Corollary 4.3. For any A-filtered ring H and any collection Ay, ..., A, € A, we
have

D,y Dy LA+ — A o ... @ M
H H="F/(H H="NH Y=H" o -0 H"™.

Let Amin be the set of minimal, with respect to the partial order <, elements
of AT. We say that A is optimal if it is generated by A pip.

Recall that an F-algebra A is generated over its subalgebra Ag by a subspace
A] C Aif A; is an Ag-bimodule and there exists a surjective homomorphism
T4,(A1) — A which restricts to the identity on Ag+ A;. Let (A, <) be an optimal
monoid and for any subset A, of Ap;, define

Hoi= Y HP, Ho:=PH
reA, rEA,
Lemma 4.4. Let (A, <) be an optimal monoid and let H be a A-filtered ring. Let

Ao C Amin be a generating set for A as a monoid. If H, generates H then H.,
generates gr, H over R.

Proof. Given x € H, define v(x) = min{k > 0: x € #*} where H? = R = H?. Since
gr) H is A-graded, it is sufficient to prove that for every ¥ € H*, A € A" we have
% € He* for some k. Take x € H* \ H<* such that x +H* = %. Let k = v(x).
Then

x e X HP - HT

where the sum is taken over all (A1, ..., ;) € A’; such that A; +--- 4+ A = A.
Using Corollary 4.3 we conclude that X € Y H o - - - @ H* C H,* . O

Proposition 4.5. Suppose that (A, <) is optimal and < is inductive. Let A, C Anin
be a generating set for A. If H, generates gt H over R then H, generates H.

Proof. Define
(%) = minfk > 0: X € H*}

for all X € gr, H. We prove by induction on f(A), A € A™ that for every x € H=*,
we have x € H¥ for some k > 0. This is sufficient since every x € # belongs to the
sum of finitely many H=*.
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The induction base is obvious since for A € A, we can take k = 1. Suppose
that x € H=* for some A € A1\ A,. If x € H* for some 1 < A then we are done
by the induction hypothesis. Therefore, we may assume that x € H=*\ H<* hence
¥:=x+H*#0in gry H. Let k = v(x). Then

xeY H'e- o HM,
where the sum is taken over (A1, ..., Ar) € A’; such that Ay +---+ Ar = A. Then

xe Yo HP WP CHE+H

(A1seenh)€AF

At A=A
hence x = x’ + x” where x’ € HK, x" € 7—[4)‘ Then using the definition of H<*
we can write x” = x| 4+ --- 4+ x;, where x € HIM with pj <A, 1 < j <L
Since f(u;) < f(A), by the induction hypothesm x” € ’ka for some k > 1 with
1 < j <{. Then x € Hmaxkkikp), O

Proposition 4.6 (weak PBW property). Let (A, <) be an optimal monoid, let <1 be
inductive and let A, C Anin be a subset which generates A as a monoid. Let H be
a N-filtered ring. Suppose that there exists a total order < on A, such that

grAH=Z Z HM o ... 0 H™.

k>0 )ulfmf)LkEAlg

H:Z Z (Hﬁll)_”(IHS‘M)_

k>0 A <--<ireAk

Then

Proof. The argument is similar to the proof of Proposition 4.5. Let

7‘[<k> — Z (HSULI) . (Hﬁ)hk)’

(A <-<h)eAk

We prove, by induction on f(X), A € A™ that for all x € HP there exists k > 0
such that x € H®. If A € A, then x € H'! and we are done. Otherwise,

HT e Y e oW,

(A < =<hp)enk
A A=A

which implies that x € H% +H<*. Since H* =Y, H¥*, we then have
x=x"+x]+-+x, where x’ € H® andx;’ eHI forp;<trand 1< j <.
Applying the induction hypothesis to the x” we conclude that x/ ' e H*i) for some k s
1 < j < ¢, hence x € H(maxtkki,..ke)) O

We now consider a special case which we will later apply to Hall algebras.
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Corollary 4.7. Let (A, Q) be an optimal monoid and let <| be an inductive order.
Let H be a unital F-algebra with a basis {[\] : A € A} such that [0] = 1y and

(-] € P+ pl+ ) Fivl.
V<At
forall A, u € A. Then for any subset A, of Amin Which generates A as a monoid,
the set [A,] :={[A] : A € A} generates H as an algebra. Moreover, for any total
order on A, the set M([A,]) of ordered monomials in [ A,] spans H as an F-vector
space. Finally, if A is freely generated by A, then M([A,)) is a basis of H.

Proof. Clearly, H is A-filtered with H=* =F{[t]: ©<IA}. In particular, R =F-[0] =F.
Then gr, #H has a basis {[A1: 2 € A} and

(4-2) [A]- [u] € F*[A+pl,

hence [A + u] € FX[A]-[u].

Let < be any total order on A,. Given A € A, we can write A = A1+ -+ A,
with A; € Ao, 1 <i <rand A; <--- < A,. By (4-2) we have [A] € F*[A{]- - [A/].
Taking into account that H<* = F 4 F[A] for A € A, we see that all assumptions of
Proposition 4.6 are satisfied. ([

4.2. Proof of Theorem 2.2. The key ingredient of our argument is the following
result.

Proposition 4.8. Let <7 be a Hom-finite exact category. Then for any short exact
sequence

f- v

(4-3) M —— M —» M,
we have
(4-4) e(M]) <e(IMT®M™)),

where e([X]) := #End,, X for [X] € Iso&/. Moreover, if (4-4) is an equality
then (4-3) splits.
Proof. We need to prove that the following inequalities hold for every N in <:
“5) #Hom, (N, M) <#Hom(N,MT @ M),

#Hom,, (M, N) <#Hom(M* &M, N).

To prove the first inequality, recall (see, e.g., [Buchsbaum 1959; Yoneda 1954])
that for every N in <7, (4-3) induces a long exact sequence of finite abelian groups

0 — Hom,, (N, M~) — Hom,, (N, M) — Hom,, (N, M*+) >
Ext', (N, M™) — Extl (N, M) — Ext,, (N, M) — ... .
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Truncating this sequence yields an exact sequence

(4-6) 0 — Hom/ (N, M~) — Hom,/ (N, M) — Hom,, (N, M™) ﬁ) Imé, — 0.

Then, computing the multiplicative Euler characteristic of (4-6), we obtain

4-7) #Hom, (N, M) -#Hom (N, M") = #Hom,/ (N, M) - #Im 8,
>#Hom, (N, M),

which immediately yields the first inequality in (4-5).
To prove the second inequality, recall that for all N in <7, (4-3) induces a long
exact sequence of abelian finite groups

0 - Hom,(M™*, N) - Hom,,(M, N) — Hom,, (M, N) 8—*>
Ext!,(M", N) — Ext, (M, N) - Ext, (M~ ,N) — --- .

Similarly, truncating this sequence yields
0 — Hom,,(M*, N) — Hom,,(M, N) — Hom,,(M~, N) %> Im §* — 0,
and the argument identical to the above gives
#Hom,, (M, N) <#Hom,(M™*, N)-#Hom, (M~, N)

which is equivalent to the second inequality in (4-5).
Combining the first inequality in (4-5) with N = M+ @ M~ and the second
inequality in (4-5) with N = M we obtain

e(IM]) =#End,, M <#Hom,(M*® M, M)
<#End, MT®M =e(MT @ M™)).

To prove the last assertion, it suffices to show, in view of the above chain of
inequalities, that # Hom,,(M™ & M~, M) =#End,, M™ & M~ implies that (4-3)
splits. Indeed, using the additivity of Hom,, in the first argument we rewrite the
latter equality as

#Hom, (M, M) -#Hom,, (M~, M)
=#Hom,(M*, Mt ® M) -#Hom, (M-, Mt ®M™).

This and (4-5) taken with N = M~ imply
#Hom,(M*, M) > #Hom,(M*, MT® M),
which, together with (4-5) with N = M, yield

#Hom, (M, M) =#Hom,(M*, MT @ M").
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The last equality and (4-7) taken with N = M imply that Eg = Im 8, = 0, hence
the natural map Hom,, (M *, M) — End,, M is surjective. Therefore, there exists
g € Hom,, (M, M) such that f, o g = 1+, hence (4-3) splits. O

Recall that < is the preorder defined as the transitive closure of the relation

M]< M~ &M< 3Ja nonsplit short exact sequence M~ M — M™T

(cf. §2.2). By Proposition 4.8, < is an inductive preorder with the function mapping
[X] to e([X]), hence is an inductive partial order.

It remains to prove that the order <1 is compatible with the addition in Iso <.
Indeed, note that for any X in <7, the short exact sequence (4-3) yields a short exact

sequence
(% : ) (f4,0)
(4-8) M~ dX— s Mo X ——— % M+,

hence (M ® X< [M~- @Mt @ X). If [M]<1[M~ @ M™), that is, (4-3) is nonsplit,
then clearly (4-8) is also nonsplit, so [M & X]<1[M~ @& M™ & X]. Taking transitive
closure implies that [M & X]<1{[N @ X] for all [M], [N] € Iso &/ such that [M]<1[N]
and for all [X] € Iso 7. This completes the proof of Theorem 2.2. U

4.3. Proof of Theorem 2.4. We are now going to apply the machinery developed
in §4.1. We begin by proving that (Iso &7, <) is optimal.

Lemma 4.9. Let <7 be an exact Hom-finite category. Then every object X in <7 is
a finite direct sum of indecomposable objects and the number of indecomposable
summands of X is bounded above by #End,, X.

Proof. Let X be a nonzero object in «7. Write X = X @ - - - @ X for some s > 0,
where all the X; are nonzero. Then #End_ X > Z;:l #End, X; > s. Let k be
the maximal positive integer s such that X can be written as a direct sum of s
nonzero objects. The maximality of k immediately implies that each summand is
indecomposable. O

Remark 4.10. It should be noted that the Krull-Schmidt theorem does not have
to hold in this generality. For example, the full subcategory of the category of
k-representations of the quiver 1 — 0 <— 2, with the dimension vector satisfying
dimg Vi = dimg V>, is not Krull-Schmidt.

Corollary 4.11. The monoid Iso <7 is generated by Ind o/ and is optimal with
respect to <.

Proof. The first assertion is immediate from the lemma. To prove the second,
observe that if [/V] is not minimal, then [M] <1 [N] for some [M] € Iso .« and so
N is decomposable. Thus, every [X] € Ind . is minimal with respect to the partial
order <, hence Iso .« is generated by its minimal elements. U
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Proof of Theorem 2.4. Since (Iso o/, <1) is optimal and < is inductive, the algebra
H_, satisfies the assumptions of Corollary 4.7 with A = Iso.«/ and A, = Ind <.
Therefore, for any total order on Ind <7, ordered monomials on Ind 7 span H,,.
Finally, if &7 is Krull-Schmidt, Iso .« is freely generated by Ind <7, hence ordered
monomials on Ind .« form a basis of H,,. O

5. The Grothendieck monoid of a profinitary category

5.1. Almost simple objects. We will repeatedly need the following obvious de-
scription of the defining relation of the Grothendieck monoid.

Lemma 5.1. Suppose that [X] # [Y] € (Iso.&)" and | X| = |Y|. Then there exist
[X;1€eIsox)",0<i<rand[A;],[B;1€{s0o.a)", 1 <i<rsuchthat [Xo]=[X],
[X,]=1[Y]and [X;_1],[X;] €Ext,(A;, B)), 1 <i <r.
Definition 5.2. We say that an object X # O in an exact category < is almost
simple if there is no nontrivial short exact sequence Y »— X — Z (or, equivalently,
[X]e @{}Z{(A, B)={[A], [B]} ={[X], [0]}) and simple if it has no proper nonzero
subobjects.

Clearly, in an abelian category these notions coincide. Note that an almost simple

object is always indecomposable. Let S, C Iso <7 be the set of isomorphism classes
of almost simple objects. The definition (2-3) of comultiplication A implies that

FAB _ {1 if {[A], [B]} = {[X], [0]},
X 0 otherwise,
hence

(5-1) S C Prim(Hy).

Let I' be an abelian monoid. Observe that the elements of I'" \ (I'" +T'") are
precisely the minimal elements of 't in the preorder < (cf. §2.4).

Lemma 5.3. Let o7 be an exact category. Then the restriction of the canonical
homomorphism of monoids ¢ : 1so o/ — ',y to Sy is a bijection

(5-2) Sy — TEAN@L+TH).

In particular, if </ is Hom-finite, then (H./), equals Prim(H,/), and is one-
dimensional for ally e TH\ ('Y, +T%).

Proof. Lemma 5.1 implies that for [X] € S, we have |X| = |Y| if and only
if [X]=[Y]. This shows that the restriction of ¢, to S, is injective. Furthermore,
if | X|=|Y|+|Z| =Y & Z| for some nonzero [Y], [Z] then [X] = [Y & Z], which
is a contradiction since X is indecomposable. Thus, Im¢,, C I’ ; \ (F; + Fj{) and
so the map in (5-2) is well-defined. Finally, if [X] ¢ S/, then [X] € MQ(A, B)
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with |A|, |B| € T'}, hence |X| = |A| +|B| € T}, + '}, Thus, the preimage of
I'H\ (@} +T1) is contained in S, hence ¢.,|s,, is surjective.

In particular, dimg(H,), = #Iso.e%, = 1 forall y € '}, \ (I}, +T'}). The
equality (H./), = Prim(H.), now follows from (5-1). O

Remark 5.4. Note that we can have dimg(H,), = 1 even for y € '" + T'*. For
example, if S, S’ are simple objects with Ext}%(S, S = Ext}Z{(S’, S) = 0, then
(Hy)s1+151 = QIS @ S’ = Q[S][S]. However, in that case Prim(H,,), = 0.

5.2. Proof of Proposition 2.12. Let
Fj; ={y ely :#lsoa, < oo}

Thus, ¢ is profinitary if I',, = I'/,. Note, however, that Fj; need not be a submonoid
of I'yy. Since #Iso.o/, =1 for y € F; minimal, all minimal elements of ", are
contained in 1";};. Given y € I"j;, let s, = max|xjerso =, #End, X.

Proposition 2.12 is a special case of the following proposition.

Proposition 5.5. Let o7 be a Hom-finite exact category. Then the restriction of the
preorder < to Fj; is a partial order. Moreover, FQQ is contained in the submonoid
of ',y generated by its minimal elements.

Proof. We need the following lemma.

Lemma 5.6. Let y € Fi; \ {0}. Then y can be written as a sum of finitely many
minimal elements of F; and the number of summands in any such presentation is
bounded by s,,.

Proof. The proof is almost identical to that of Lemma 4.9. Write y =y + - - - + v
for some y; € F;;. Take X; € o with |X;|=y; andlet X=X D .- X;. Then s
cannot exceed the maximal possible number of indecomposable summands of X
which, by Lemma 5.3, is bounded above by #End,, X <, . Let k be the maximal
integer s such that y can be written as a sum of s elements of I'},. Then the
maximality of k implies that each summand is minimal. ([

It follows from Lemma 5.6 that for « € Fj?;, o = o + B implies that 8 = 0.
Then o + B + y = « implies that 8+ y =0, hence 8 = y = 0 since 0 is the only
invertible element of I',,. The first assertion of the proposition now follows from
Lemma 2.10, while the second is immediate from Lemma 5.6. (]

5.3. Proofs of Theorems 1.4, 2.14 and Corollary 1.5. We begin with Theorem 1.4.
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Proof of Theorem 1.4. Since [A @ B] € E_xtjy(A, B), Definition 2.11 implies that a
profinitary category <7 is cofinitary if and only if for any y € I', the set

&, ={([A],[B]) eIso &/ xIso«/ : |A| +|B| =y}

= |J {(AL[B) elsoo xIsoo : [X] € Ext (A, B)}
[X]elso & : | X|=y

is finite. On the other hand,

& = U Iso o7, x Iso ..
o,B€l oy a+B=y

Therefore, £, is finite if and only if {(«, B) €,y x 'yt + B =y} is finite. [J

Now we proceed to prove Theorem 2.14. Given an object X € <7, an admissible
flag on X is a sequence of objects Xog = X, X1, ..., X; = 0 together with short
exact sequences X;— X;_| —» Y; , 1 <i <s. An admissible flag is said to be a
composition series if the Y; are almost simple for all 1 <i <s.

Proposition 5.7. Let o/ be a profinitary exact category. Suppose that y € I ;; \ {0}.
Then X € o with | X| =y admits a composition series. Moreover, the length of any
composition series of X is bounded above by s,,.

Proof. We use induction on the partially ordered set (I',,, <) (see Proposition 5.5).
If y € ',/ is minimal then X with | X| = y is almost simple by (5-2), and hence
admits a composition series. Suppose the assertion is established for all ' < y
and y is not minimal. Then X with | X| =y is not almost simple, hence there exists a
short exact sequence X" — X s X' with |X’], |X"] < |X]. By the induction
hypothesis there exists a short exact sequence Y” —— X' —» Y with ¥ almost
simple. Let Y1 = Y. Then we have a short exact sequence

X —— X "y,

where |X|| < |X|. Therefore, X| admits a composition series by the induction
hypothesis, which establishes the first assertion of the lemma. The second assertion
is immediate from Lemma 5.6 since | X| = |Y;|+-- -+ |Y§]. O

Proof of Theorem 2.14. If of is profinitary and abelian, then the composition series
from Proposition 5.7 is a composition series in the usual sense since all almost
simple objects are simple. Theorem 2.14 is now immediate. (]

Proof of Corollary 1.5. Since a full exact subcategory of a cofinitary exact category
is also cofinitary, to prove (a), it suffices to consider the case when < is a profinitary
abelian category. Note that the uniqueness of composition factors in an abelian
category with the finite length property (see, e.g., [Joyce 2006, Theorem 2.7])
implies that I', is freely generated by its minimal elements. It remains to apply
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Theorem 1.4. To prove (b), note that by Lemma 5.6, ', is finitely generated

if and only if it contains finitely many minimal elements yy, ..., ¥,. Again by
Lemma 5.6, the number of decompositions of y € Ty as y =Y 1| ¢iVi, ¢i € Z>o
is bounded above by (SV:"), which is the number of n-tuples (cj,...,cy) € Z’;O
with )", ¢; <s,. The assertion is now immediate from Theorem 1.4. (]

6. Coalgebras in tensor categories and proof of the main theorem

6.1. Quasiprimitive elements and coideals. Let [F be a field of characteristic zero.
Let Hyp be a bialgebra over | and let ¥ be the category of left Hy-comodules.
Given V € ¥, we denote the left coaction of Hy by §y : V — Hy® V and, using
Sweedler-like notation, write

Sy (v) = v v(o), veV.

The category % is an F-linear tensor category with the unit object [, the tensor
product AQ B =A®g B of objects A, B € ¢ acquiring a left Hy-comodule structure
via

Saep@®b) =a"VpV 04" @b ®,

foralla e A, b e B.

By definition, a coalgebra in ¥ is an object C € ¢ together with morphisms
A € Homg(C,C ® C) and ¢ € Homg(C, ) satisfying the usual axioms. For
any coalgebra C in ¢, denote by Cy = Corady(C) the sum of all simple finite
dimensional subcoalgebras of C in ¥ and refer to it as the coradical of C in €.
Clearly, Cy is a subcoalgebra of C in ¥. Denote also

C1 =QPrim, (C) = A" (C®Cy+Cy®C)

and refer to it as the quasiprimitive set of C. Then C; is a ¢’-subobject of C. It is
well-known (see [Sweedler 1969, Corollary 9.1.7]) that

A(C) CCi®Co+Co®Cy.

In particular, if Co = F then QPrim(C) = [ & Prim(C). More generally, we have
the following lemma which extends a well-known result (cf. [Montgomery 1993,
Theorem 5.2.2; Sweedler 1969, §9.1]).

Lemma 6.1. Any coalgebra C in € admits an increasing coradical filtration by
subcoalgebras Cy C C in €, k > 0, defined by Cy = Corady (C), C1 = QPrimy (C)
and

Ce=A"(CR®Ck1+CoRC)

for k > 1. Moreover, A(Cy) = Y *_, Ci ® Cr_i. O
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A coideal in C is a ©-subobject I of C satisfying
ADCCRI+1I®C.

Proposition 6.2. Let C be a coalgebra in €. Then for any nonzero coideal I in €

one has
I N QPrimy(C) # {0}.

Proof. For each k > 0 denote I} := I N Cy. If Iy # {0}, then we are done since
Iy C Co C Cy. Assume that I = 0. Since Cy C C; C --- 1s a filtration, there exists
aunique k > 1 such that I;_; = 0 and I # 0. Then

Ally) CCo® I+ I ® Cp.

Since C; is the maximal subobject V of C with the property A(V) C Co®V +V RCy,
it follows that Iy C Cy and so k = 1. Thus, Iy = INC; = I NQPrim4(C) # {0}. U

6.2. Invariant pairing. Given two objects A, B in ¢, a pairing (-,-): AQB — F
is called Hy-invariant if

a(_l)(a(o), b) = b(_l)(a, b(O))

foralla € A, b € B.
The following example plays a fundamental role in the sequel.

Example 6.3. Let I' be an abelian monoid. Its monoidal algebra Hy = [FI" has a
natural coalgebra structure, with the elements of I" being group-like. Then a left
Hy-comodule V' is in fact a I'-graded vector space, since V = (P, .- V) where
V, ={veV:dy(v) =y ®u}. Itis easy to see that a pairing (-,-): A® B — [Fis
Hp-invariant if and only if (A,, B,/) =0,y #y' €T.

Lemma 6.4. Let (-, -): A® B — [F be an Hy-invariant pairing between objects A
and B of €. Then for any subobject Ao of A in €, its right orthogonal complement
Aot ={b e B: (Ao, b) =0}

is a subobject of B in €. Likewise, for any subobject By of B in €, its left orthogonal

complement
LBy={a € A:{a, By) =0}

is a subobject of A in €.

Proof. We prove the first assertion only, the argument for the second one being
similar. Given b € Ay, write 85(b) = > hi ® b; where the h; € Hy are linearly
independent and b; € B. Since the pairing is invariant, we have for all a € Ag

Y hia, by =a""(a®, b) =0

1
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since $4(a) =a" PV ®a® € Hy® Ag. Therefore, (a, b;) =0 for all i, hence b; € Ayt
and so 85(h) € Hy® Ap™. O

We now prove that an Hp-invariant pairing between nonisomorphic simple objects
in ¥ must be identically zero. For that purpose, it will be convenient to introduce
the dual picture. Let Hj = Homg(Hy, ). Then H is an associative F-algebra
via f-g=(f®g)oAp, forall f,g e Hf, where Ay, : H) — Hy® Hy is the
comultiplication on Hy (hereafter we identify F @ V with V via the canonical
isomorphism). Then a left Hyp-comodule V is naturally a left Hj-module via
fro=(f®Ddy(v), forall f € H} and v € V. This yields a fully faithful functor
from the category % to the category of left Hj-modules. In particular, V = V’
in ¢ if and only if they are isomorphic as Hj-modules. If (-,-): A® B — [ is an
Hy-invariant pairing, then for alla € A, b € B and f € Hj we have

(6-1) (f[>a’ b) — f(a(_l))<a(0), b)
= f"")a, b) = (a, f>b).

Finally, note that V is a simple Hp-comodule if and only if it is simple as a left
H-module.

Proposition 6.5. Let A and B be simple objects in 6. Let (-,-): AQ B — Fbea
nonzero Hy-invariant pairing. Then A = B in €.

Proof. Given a € A, let J, = Anngza = {f € Hy : f>a = 0}. We need the
following technical result.

Lemma 6.6. Let A, B be objects in ¢ and let (-, - ) : AQ B — [ be an Hy-invariant
pairing such that *B = 0. If B is simple, then J, C Anng B foralla € A, a #0.
Moreover, if A is also simple, then J, = Anngs A.

Proof. Leta € A, a # 0 and take f € J,. It follows from (6-1) that for all b € B,
0= (fw>a, b)={a, feb). Thus, (a, J,>B) =0, hence a € - (J,>B). Since - B =0,
this implies that J, > B is a proper H;-submodule of B, hence J, > B = 0 by the
simplicity of B.

Suppose now that A is also simple. Then J, is a maximal left ideal for all a # 0.
If J, # J, forsome a, a’ € A then J,+J, = Hg > 1, hence B =0, which contradicts
the simplicity of B. Thus, J, = J, forall a,a’ € A and so

AnnHS«A=mJ/=Ja. O

a'eA
Since A, B are simple and the form (-, - ) is Hp-invariant and nonzero, LB=0
by Lemma 6.4. Then Anan AC Anan B by Lemma 6.6. Let R = Hj/ Anan A.
Then both A and B are R-modules in a natural way and are simple as such. Moreover,
A = B as Hp-comodules if and only if A = B as R-modules. Furthermore, by



PRIMITIVELY GENERATED HALL ALGEBRAS 321

definition of R and Lemma 6.6 every nonzero element of R acts on A by an injective
[F-linear endomorphism. Since A is a simple Hy-comodule, it is finite dimensional
(see, e.g., [Montgomery 1993, Corollary 5.1.2]). Thus, each nonzero element of R
acts on A by an F-automorphism. This implies that R is a division algebra, hence
admits a unique, up to an isomorphism, simple finite dimensional module, and so
A = B as R-modules. Therefore, A = B as objects in . ]

Remark 6.7. It can be shown that R is a field, since for all f, g € Hj we have

(fgra,b)=(gra, feb)=(a,(gf)>b) =(gf>a,b).
Hence, since both A and B are simple, fg — gf € Anng A.

Denote by %/ the full subcategory of ¥ whose objects are direct sums of
simple comodules with finite multiplicities. Thus, an object V of ¢/ can be
written as V = @;.; Vi where each V; is a finite direct sum of isomorphic simple
subcomodules of V, and hence by [Montgomery 1995] is finite dimensional.

Lemma 6.8. Suppose that V. =@; Vi € ¢ ! admits an Hy-invariant bilinear
form (-,-): V®V — F. Then for any subobject U of V in €,

vt > @ut,
iel
where U= ={v e V; : (UNV;, v) =0}.
Proof. By Proposition 6.5, (V;, V;) =0if i # j. The assertion is now immediate. []

6.3. Quasiprimitive generators.

Definition 6.9. Let (A, -, 1) be a unital algebra and (B, A, ¢) be a coalgebra in €.
We say that an Hy-invariant pairing (-, -) : A® B — [ is compatible with (A, -, 1)
and (B, A, ¢) if

(a-a',b)=(a®d', A(b)), e(b)=(l,b)
foralla,a’ € A, b€ B, where (-,-): (A® A) ® (B® B) — [ is defined by
(a®d,bRb')=(a,b)(d,b).
The main ingredient in our proof of Theorem 2.18 is the following result.

Theorem 6.10. Let A be an algebra (denoted by (A, -, 1)) and a coalgebra (de-
noted by (A, A, €))in€/. Let (-,-): A® A — F be a compatible pairing between
(A,-,1)and (A, A, &) satisfying {a,a) 0 foralla € A\ {0}. Then (A, -, 1) is
generated by Ay = QPrim(A, A, &).
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Proof. Let B be a ¥-subalgebra of A. Since A € ¢/ and B is its subobject,
A =P, Ai and B = P; B; where B; = A; N B. By Proposition 6.5, (A;, Aj) =0
for all i # j. We claim that B is a coideal of A in .

Indeed, for any i, j we have

{0} = (B; - Bj, B*) = (B; ® Bj, A(B)).

Thus, A(B+) C@P; ;(B;®Bj)* where (B;®Bj)"={z€A;®A;: (Bi®Bj, z)=0}.
We need the following simple fact from linear algebra.

Lemma 6.11. Let U, V be finite dimensional vector spaces over F and U’ C U,
V' C V their subspaces. Then:

(@ UV =UV)NUV'),
(b) For any subspaces Vi, V, of V,

VinVt=vi4+ v, vinvt =i+ w)t,

where W = {f € V*: f(W) = 0} for any subspace W C V;
) (U'RVHNt=V1U*+V*QU'", where we canonically identify (U @ V)*
with V* @ U*.
Proof. Parts (a) and (b) are easily checked. For (c), note that (U'®@ V) =V*@U’'+
and (U ® V')* = V'+ @ U*. Hence by parts (a), and (b)

U@V =U'eV)NUV)*
Since Ay is finite dimensional and the restriction of (-, - ) to Ay is nondegenerate,

we naturally identify A} with Ay viaa > f,, where f,(a’) = (a’, a). Then, applying
Lemma 6.11(c) with U = A;, V=Aj, U' = B; and V' = B}, we obtain

(6-2) (B; ® B))" = A; ® B + By ® A;,
where BkL ={a € Ay : (Bg, a) = 0}. We conclude that

ABY) cPB;®Bj)" CA®B'+ B+ ®A.
i.j
To complete the proof of the claim, observe that ¢(B+) = (1, B+) =0.

Now we complete the proof of Theorem 6.10. Let B be the subalgebra of A
in ¥ generated by the subobject A; = QPrim(A) of A, and suppose that B # A.
Then, by the above claim, the orthogonal complement / = B+ is a coideal of A
in 4. By Lemma 6.8, I D ; Bl.L = {0} because B; # A; for some i. Therefore,
I # {0} and so I N A # {0} by Proposition 6.2. Yet I N B = {0} since (x, x) # 0
for all x € A, hence I N A; = {0} and we obtain a contradiction. Thus, B =A. [
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6.4. Proof of Theorems 1.2 and 2.18. Let F = QQ and define Green’s pairing
(+,-): Hy ® Hy — Q (cf. [Green 1995]) by

814118
6-3 A y Bl)= ————
(6-3) ([A], [B]) Aut, (A)]

for any [A], [B] € Iso «7.
Clearly, this pairing is positive definite and symmetric. We extend (-, ) to a
symmetric bilinear form on H,, ® H,, by

([A]®[B], [C1®[D]) = ([Al, [DI){[B], [C])
for any [A], [B], [C], [D] € Iso &.

Lemma 6.12. Let </ be a cofinitary category. Then (6-3) is a compatible pairing
(in the sense of Definition 6.9) between the Hall algebra H ., and the coalgebra
(He A €).

Proof. We abbreviate I' = I', and let ¥ = %T be the category of I'-graded vector
spaces or, equivalently, QI'-comodules (cf. Example 6.3). It follows immediately
from Example 6.3 that the pairing (6-3) is QI'-invariant.

It remains to prove the compatibility in the sense of Definition 6.9, that is,

([A]-[B], [C]) = ([A]® [B], A([C]))
for all [A], [B], [C] € Iso <. Indeed,
) - FE’B = Fg’A
| Aut, (C)| | Auty(B)||Auty (A)]

= Y FZM(ALIAD(BL[B])
[

A'L[B']

((A]-[B],[C]

=y FE Y ([A1®(B], [B1®[A)
[B][A']

= ([A1®[B], A(CD). O

Proof of Theorems 1.2 and 2.18. Suppose that <7 is profinitary and cofinitary. Since
foreachy e I' =T",, (H,), is finite dimensional and hence is a finite direct sum
of isomorphic simple left QI'-comodules, H,, € %If . Then, clearly, A = H,, and
the pairing (6-3) satisfy all the assumptions of Theorem 6.10. Therefore, H,, is
generated by A; = QPrim(H,,, A, €) in %T.

Our next step is to show that A| =Prim(H.,, A, ¢), which gives the first assertion
of Main Theorem 1.2. For that, we need the following result.

Lemma 6.13. Let C = EByeI- C, be a coalgebra in the category 6r. Assume that
for every y € T't, there exists h, € Z~ such that y cannot be written as a sum of
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more than h, elements of I't. Then Corady(C) C Co where 0 is the zero element
of .

Proof. First, observe that 0 is the only invertible element of I', since otherwise
0=oa+ B forsome o, B €' and so @ = (n+ 1)a +np for any n € Z-, which is

a contradiction. Since for any subcoalgebra D = @y er Dy of C in 61

AD)Cc P DyeD,,
vy y"el i y=y'+y"
it follows that A(Dg) C Dy ® Dy. Therefore, Dy is a subcoalgebra of D.
We claim that D = 0 if and only if Dy = 0. Indeed, if Dy = 0, since for the k-th
iterated comultiplication A¥ we have

AY(D,) C > Dy, ®---® Dy,
Y0, VRED 1o+ +v=y

it follows that A" (D) =0, since then in each summand we must have y; = 0 for
some 0 <i < h, by the assumptions of the lemma. This implies that D, = 0 for
all y € I', hence D = 0. The converse is obvious.

Thus, if D is a simple subcoalgebra of C, then Dy 7~ 0 and so D = D). O

By Lemma 5.6, I', satisfies the assumptions of Lemma 6.13, with 4, <,
hence Corady (H./) = Q and QPrimy (H,) = Q @ Prim(H,,). This proves the
first assertion of Main Theorem 1.2. It remains to prove the second assertion (and
thus complete the proof of Theorem 2.18), namely, that Prim(H,,) is a minimal
generating space of H,,. We need the following result.

Lemma 6.14. Suppose A is both a unital algebra and coalgebra with A(1) =1® 1.
Assume that A admits a compatible pairing (-, -): A® A — F, in the sense of
Definition 6.9, such that (a, 1) =¢e(a) foralla € A. Let V =Prim(A). Then 1 ¢ V
and (Y, VK F@ V) =0.

Proof. Since v € V is primitive, e(v) = 0. Furthermore, we show that e : A — F is
a homomorphism of algebras. Indeed, given a, a’ € A, we have

gaa)=(ad',1)=(@a®ad, A1) =@®d,1®1)=(d’,1){a, 1) =e(a)e(d).

This immediately implies that (V%) =0 and (V*, V%) =0, £ > 0. Finally, let v € V
and x, y € kere. Then

(6-4) (xy,v)=(x®y, A(v)) ={xQy, vQL+1®v) = (y, v)e(x)+e(y)(x, v) =0.

Let £ > 1. Since V¢ ¢ V- V&1 and V¥ C kere for all k > 0, it follows that
(Vv v)y=0. O
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Let V,; = Prim(H,,) and (Hy)~1 = ) .., V!,. From Lemma 6.14, we have
(Hy)=1,Q® V) = 0. Since the pairing (-, -) on H,, is symmetric positive
definite, (H./)-1 N (Q & V) = {0}, hence the sum (Q&® V,,) + (H./)~ is direct.
This proves the second assertion of Main Theorem 1.2 and completes the proof of
Theorem 2.18. ([l

6.5. Proof of Corollary 2.19 and estimates for primitive elements.

Proof of Corollary 2.19. Let H), =kere and let R C H;; be a generating space
for H,,. Then (H})* =3, R*, £ > 1. Taking R = QInd </ (Theorem 1.1) and
R =Prim(H_/) (Theorem 2.18) we conclude that

P=(H})? =) Pim(H,)" =) (QInd ).

k>2 k>2

On the other hand, H§ =Prim(H.)+ P and P NPrim(H,) = {0} by Lemma 6.14.
Therefore, H ; = Prim(H,/) @ P. The graded version is immediate. O

Proof of Proposition 2.20 and Lemma 2.21. We need the following obvious fact
from linear algebra.

Lemma 6.15. Let U be a finite dimensional F-vector space and Uy, Ul/, U, be
subspaces of U such that U = Uy + Uy = U{ 4+ U,. If Uy NU; = {0}, then
dim[p U] = dim[p U{ — dim[F(U{ N Uz).

Taking into account Corollary 2.19, we apply this lemma with U = (H.),,
U =QInd <, Uy = P, and U; = Prim(H_,), to obtain

dimg Prim(H,,), = #Ind &%, — dimg(P, N QInd «7,),

which yields Proposition 2.20.
To prove Lemma 2.21, note that Q(Iso .« \ Ind &) = (Q Ind o/)*. Thus,

Prim(H./), N Q(Iso &/ \Ind /) C (QInd «,)" N P}
= (QInd o, 4 P))" = (Hy)y; =0
by Lemma 6.11(b) and Corollary 2.19. U

7. Proof of Theorem 2.26

7.1. Diagonally braided categories. We call a bialgebra Hy coquasitriangular if
it has a skew Hopf self-pairing R : Hy ® Hy — Q. Let ¥ be the category of
left Hp-comodules. This category is braided via the commutativity constraint
Yyy:U®V — VU forall objects U, V of ¢ defined by

Yy yvu@v)=Ru™D, v . 0@ gu©®
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for all u € U, v € V, where we use the Sweedler-like notation for the coactions
Suw) =uY @u® and sy (v) = v @ v©@. We will write % to emphasize
that ¢ is a braided category.

Remark 7.1. The category %), introduced in Lemma 2.22 is equivalent to the
category of Hp-comodules, where Hy = QI is the monoidal algebra of I" and
Rlrxr = X-
Our present aim is to prove the following result.
Theorem 7.2. Let B be a bialgebra in 6.
(a) The space V = Prim(B) is a subobject of B in €r.

(b) Suppose that B admits a compatible pairing, in the sense of Definition 6.9,
such that (b, 1) = e(b) and (b, b) # 0 for all b € B\ {0}. Then the canonical
inclusion V < B extends to an injective homomorphism

(7-1) B(V)— B

of bialgebras in €r. In particular, if B is generated by V, then (7-1) is an
isomorphism.

Proof. Part (a) is a special case of the following simple fact.

Lemma 7.3. If C is a coalgebra in ‘€r with unity, then V :=Prim(C) is a subobject
of C in 6R.

Proof. Denote by é¢c : C — Hy ® C the left coaction of Hy on C. All we have to
show is that §¢ (V) C Hy ® V. Fix a basis {b;} of Hy and let v € Prim(C). Write

dc(v) :Zbi ®v;, v eC.
i

Since A : C — C ® C is a morphism of left Hy-comodules,
(1®A)odc(v) =8c(v®1)+éc(1®v).
Taking into account that §¢ (1) =1 ® 1, we obtain
Y iAW) =) hi®uel+y bhelew,
which implies thlat l l
A)=v;®1+1Qv;,
that is, v; € V for all i. O

Now we prove (b). Denote by B’ the subalgebra of B generated by V = Prim(B).
It is sufficient to show that B’ = B(V). We need the following result.

Proposition 7.4. B’ =P, V*, hence B’ is a graded algebra.
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Proof. We prove that (V¢, V¥) =0 for all 0 < k < £ by induction on the pairs (k, £)
with k < £, ordered lexicographically. The induction base for £ =0, 1 is established
in Lemma 6.14. Now, fix £ > 2 and suppose that (V*, V") =0 forall r <s < £.
Let 1 <k < £. Since A is a homomorphism of algebras,

k
AVH cvel+1eVic) viiev,
i=0
hence
k

<V€’ Vk> C <V® VZ*I’ A(Vk)> C Z<V® V@*l’ Vk*l' ® Vl)
i=0

k
Z Vf 1 Vk l>_(V, V)(vf—l,vk—l):{o}
i=0

by the inductive hypothesis. It remains to show that the sum ), vk is direct,
which is an immediate consequence of the following obvious fact.

Lemma 7.5. Let U;, i € Z>, be subspaces of an F-vector space U with a bilinear
form (-,-) :UQ®U — [ such that (U;,U;) =0 if j > i and (u,u) # 0 for
allu € U\ {0}. Then the sum )_; U; is direct. O

This completes the proof of Proposition 7.4. (]
Since By = Q and B = V = Prim(B’) = Prim(B), B’ is the Nichols algebra
of V by Definition 2.23. Theorem 7.2 is therefore proved. ([

7.2. Proof of Theorem 2.26. We need the following reformulation of Green’s
celebrated theorem for Hall algebras ([Green 1995]; see also [Walker 2011]).

Proposition 7.6. Let o be a finitary and cofinitary hereditary abelian category.
Then the Hall algebra H,, is a bialgebra in €, with the coproduct A given by
(2-3) and the counit ¢ given by (2-4).

Proof. For every [C], [C'] € Iso &/ we have

A([C])A([C’])=( > FAPAl® )( Y RSP A1R(B ])
[A],[B’]

[A],[B]

_ AB A B | Extl, (B, A)| / /
= Z F/ P Ff, —|Homp/(B,A’)|[A][A]®[B][B]

[ALIB].IA'LIB']

v |Extl (B, A)|
= Y FMPFY BFAsA’Fg»B’—morf B Ay A1®1B]
[AL[B.[A", A

[B'].[A"),[B"]
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On the other hand,
ACUCN =Y FEAAC) = ) FEFL" - [A1®[B"].
[C//] [C//]’[A//]’[B//]
We need the following lemma.

Lemma 7.7 ([Green 1995, Theorem 2], see also [Schiffmann 2012]). If < is a fini-
tary and cofinitary hereditary abelian category, then for any objects A”, B”, C, C’
of o/ one has

| EthZ{(B, A/)l ” ” AB A B
7-2 = . F F JF°F -
( ) Z |H0my,¢(B, A/)l B,B'* AA'C
[A],[A’],[B],[B’]€ls0 &
- X et
[C"elso o
This immediately implies that A([C)A([C']) = A([C][C']). 0
Theorem 2.26 now follows from Proposition 7.6 and Theorem 7.2. O
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