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ON FOURIER COEFFICIENTS OF
CERTAIN RESIDUAL REPRESENTATIONS
OF SYMPLECTIC GROUPS

DIHUA JIANG AND BAIYING L1U

In the theory of automorphic descents developed by Ginzburg, Rallis, and
Soudry in The descent map from automorphic representations of GL(n) to
classical groups (World Scientific, 2011), the structure of Fourier coeffi-
cients of the residual representations of certain special Eisenstein series
plays an essential role. In a series of papers starting with Pacific J. Math.
264:1 (2013), 83-123, we have looked for more general residual representa-
tions, which may yield a more general theory of automorphic descents. We
continue this program here, investigating the structure of Fourier coeffi-
cients of certain residual representations of symplectic groups, associated
with certain interesting families of global Arthur parameters. The results
partially confirm a conjecture proposed by Jiang in Contemp. Math. 614
(2014), 179-242 on relations between the global Arthur parameters and
the structure of Fourier coefficients of the automorphic representations in
the associated global Arthur packets. The results of this paper can also be
regarded as a first step towards more general automorphic descents for
symplectic groups, which will be considered in our future work.

1. Introduction

Let Sp,,, be the symplectic group with symplectic form

0 vy,
_vn 0 ’

where vy, is an n x n matrix with 1s on the second diagonal and Os elsewhere. Fix a
Borel subgroup B = T'U of Sp,,,, where the maximal torus 7" consists of elements
of the form

diag(ty, ... tast; V... 171
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and the unipotent radical U consists of all upper unipotent matrices in Sp,,,. Let I
be a number field and A be the ring of adeles of F.

The structure of Fourier coefficients for the residual representations of Spy,, (A),
with cuspidal support (GL5,, 7), played an indispensable role in the theory of
automorphic descent from GL,, to the metaplectic double cover of Sp,, by
Ginzburg, Rallis, and Soudry in [Ginzburg et al. 2011]. As tested in a special
case in our recent work joint with Xu and Zhang in [Jiang et al. 2015], we expected
the residual representations investigated in [Jiang et al. 2013] may play important
roles in extending the theory of automorphic descent in [Ginzburg et al. 2011]
to a more general setting. In this paper, we take certain interesting families of
residual representations of Sp,, (A) obtained in [Jiang et al. 2013] and study the
structure of their Fourier coefficients associated to nilpotent orbits as described in
[Jiang 2014]. On one hand, the results of this paper partially confirm a conjecture
proposed by the first named author in [loc. cit.] on relations between the global
Arthur parameters and the structure of Fourier coefficients of the automorphic
representations in the corresponding global Arthur packets. On the other hand,
these results are preliminary steps towards the theory of more general automorphic
descents for symplectic groups, which will be considered in our future work.

We first recall the global Arthur parameters for Sp,,, and the discrete spectrum,
and the conjecture made in [loc. cit.]. Then we recall what has been proved about
this conjecture before this current paper, in particular the results obtained in [Jiang
and Liu 2015a]. Finally we describe more explicitly the objective of this paper. The
main results will be precisely stated in Section 2.

1A. Arthur parameters and the discrete spectrum. Let F be a number field and A
be the ring of adeles of F. Recall that the dual group of G, = Sp,,, is SO2,+1(C).
The set of global Arthur parameters for the discrete spectrum of the space of
all square-integrable automorphic functions on Sp,,,(A) is denoted by 0, (Spz,)-
following the notation in [Arthur 2013]. The elements of U5 (Sp,,,) are of the form

(1-1) Y=y By H---BY,,

where 1; are pairwise distinct simple global Arthur parameters of orthogonal
type. A simple global Arthur parameter is formally given by (z, b) with an integer
b > 1, and with T € Acysp(a) being an irreducible unitary cuspidal automorphic
representation of GL, (A).

In (1-1), one has that ¥; = (z;,b;) with 7; € Acyep(ai), 2n +1 = Z;=1 a;b;,
and [ [; a)flf = 1 (the condition on the central character of the parameter), following
[Arthur 2013, Section 1.4]. In order for all the y; to be of orthogonal type, the
simple parameters ¥; = (t;,b;) fori = 1,2,...,r satisfy the following parity
condition: if 7; is of symplectic type (i.e., L(s, i, /\2) has a pole at s = 1), then
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b; is even; and if ; is of orthogonal type (i.e., L(s, 7;, Sym?) has a pole at s = 1),
then b; is odd. A global Arthur parameter Y = B/_, (t;, b;) is called generic if
bj=1foralll <i <r.

Theorem 1.1 [Arthur 2013, Theorem 1.5.2]. For each global Arthur parameter
Y € Wa(Sp,,), there exists a global Arthur packet T1y,. The discrete spectrum of
Sp,, (A) has the following decomposition

L3(Sp2n(F)\Sp2,(A) = P 7,
WE‘I’I~2(SP2n)
ITGHV/ (ew)
where I:L/, (ey) denotes the subset of ﬁv, consisting of members which occur in the
discrete spectrum of Sp,, (A).

1B. A conjecture on the Fourier coefficients. We will use the notation in [Jiang
and Liu 2015c; 2015a] freely. Following [Jiang and Liu 2015c, Section 2], for
a symplectic partition p of 2n, or equivalently each F-stable unipotent orbit O,
via the standard sl, (F)-triple, one may construct an F-unipotent subgroup Vp:z.
In this case, the F-rational unipotent orbits in the F-stable unipotent orbit O, are
parametrized by a datum a (see [loc. cit.] for details), which defines a character
Vp,a of Vp,2(A). This character ¥, 4 is automorphic in the sense that it is trivial
on Vp,z(ﬁ ). The v, 4-Fourier coefficient of an automorphic form ¢ on Sp,, (A) is
defined by ’

(1-2) oVra(g) = / 0(v8) Vp.a(v) " dv.
Vp.Z(F)\Vp.Z(A)

We say that an irreducible automorphic representation 7 of Sp,,, (A) has a nonzero
Vp,a-Fourier coefficient or a nonzero Fourier coefficient attached to a (symplectic)
pértition p if there exists an automorphic form ¢ in the space of 7 with a nonzero
Yy, q-Fourier coefficient @¥r.a(g), for some choice of a. For any irreducible auto-
rriorphic representation i of Sp,,, (A), as in [Jiang 2014], we define p™ (7r) (which
corresponds to n”(;r) in the notation of [loc. cit.]) to be the set of all symplectic
partitions p with the properties that 7 has a nonzero v, 4-Fourier coefficient for
some choice of g, but for any p’ > p (with the naturaliordering of partitions),
has no nonzero Fourier coefficients attached to p’. It is generally believed (and
may be called a conjecture) that the set p™ (;r) contains only one partition for any
irreducible automorphic representation 5z (or locally for any irreducible admissible
representation 7). We refer to [Jiang and Liu 2015b, Section 3], in particular
Conjecture 3.1, for more detailed discussions on this issue.

As in [Jiang 2014], ﬁl/,(el/,) is called the automorphic L2-packet attached to
the global Arthur parameter 1. For each v of the form in (1-1), let p(y) =
[(b1)@) ... (b,)@)] be a partition of 21+ 1 attached to the global Arthur parameter
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¥, following the discussion in [op. cit., Section 4]. For 7 € ﬁw(ew), the structure
of the global Arthur parameter ¥ deduces constraints on the structure of p" (1),
which are given by the following conjecture.

Conjecture 1.2 [Jiang 2014, Conjecture 4.2]. For any i € 0, (Spy,,)., let ﬁw(ew)
be the automorphic L2-packet attached to 1. Then the following hold.

(1) Any symplectic partition p of 2n satisfying p > ngv,¢(p(¥)) does not belong
to p™ () for any 7 € Iy (ey).

(2) For every m € ﬁ,/,(ew), every partition p € p™ () has the property that
P =ngv,a(p(V)).

(3) There exists at least one member 7 € ﬁw(ew) having the property that
ngv,g(p(¥)) € p™ (7).

Here nyv, 4 denotes the Barbasch—Vogan duality map (see Definition 2.2) from the
partitions for s05,41(C) to the partitions for sp,, (C).

We remark that part (2) is stronger than part (1) in Conjecture 1.2. More related
discussions can be found in [Jiang and Liu 2015b].

There has been progress toward the proof of Conjecture 1.2. When the global
Arthur parameter ¥ = HJ_, (7;, 1) is generic, in Conjecture 1.2, part (1) is triv-
ial, part (2) is automatic, and part (3) of Conjecture 1.2 can be viewed as the
global version of the Shahidi conjecture, namely, any global tempered L-packet
has a generic member. This can be proved following the theory of automorphic
descent developed by Ginzburg, Rallis, and Soudry [Ginzburg et al. 2011] and
the endoscopy classification of Arthur [2013]. We refer to [Jiang and Liu 2015b,
Section 3.1], in particular Theorem 3.3, for more precise discussion on this issue.
Hence Conjecture 1.2 holds for all generic global Arthur parameters, and those &
satisfying part (3) are generic cuspidal representations.

For Arthur parameters of form ¢ = (z, b)H(1gr, (a). 1), where 7 is an irreducible
cuspidal representation of GL, (A) and is of symplectic type, and b is even, one
has that p(y) = [p3R)1]. In this case, part (3) of Conjecture 1.2 has been proved
by Liu in [2013a], where it is also shown that p™ (;r) contains only one partition in
this particular case.

For a general global Arthur parameter y, part (1) of Conjecture 1.2 is completely
proved in [Jiang and Liu 2015a]. We remark that if we assume that p” (7r) contains
only one partition, then part (2) of Conjecture 1.2 essentially follows from parts (1)
and (3) of Conjecture 1.2 plus certain local constraints at unramified local places
as discussed in [loc. cit.]. We omit the details here. However, without knowing
that the set p” (;r) contains only one partition, part (2) of Conjecture 1.2 is also
settled in [loc. cit.] partially; namely, any symplectic partition p of 2n, for which
P > ngv,q(p(¥)) under the lexicographical ordering, does not belong to p™ ()
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for any m € ﬁw(ew). We refer to [Jiang 2014, Section 4] and also [Jiang and Liu
2015b] for more discussion on this conjecture and related topics.

1C. The objective of this paper. In this section, we begin to investigate part (3)
of Conjecture 1.2. This means that we have to construct or determine a particular
member in a given automorphic L2-packet ﬁw(ew) attached to a general global
Arthur parameter ¥, whose Fourier coefficients achieve the partition ngv,4(p(¥)).
Such members should be the distinguished members in ﬁ,/,(ed,), following the
Whittaker normalization in the sense of Arthur [2013] for global generic Arthur
parameters. For general nongeneric global Arthur parameters, the distinguished
members in ﬁw(e,/,) can be certain residual representations determined by ¥ as
conjectured by Moeeglin [2008; 2011], or certain cuspidal automorphic representa-
tions, which may be explicitly constructed through the framework of endoscopy
correspondences as outlined in [Jiang 2014]. Due to the different nature of the
two construction methods, we are going to treat them separately, in order to prove
part (3) of Conjecture 1.2.

As explained in [Jiang and Liu 2015b], when the distinguished members 7 in a
given ﬁw (ey) are residual representations, they can be constructed explicitly from
the given cuspidal data. In this case, our method is to establish the nonvanishing
of the Fourier coefficients of those 7 associated to the partition ngv, 4(p(¥)), in
terms of the nonvanishing condition (Fourier coefficients or periods) on the con-
struction data that is also defined by the given nongeneric global Arthur parameter
Y. Hence, such a method can be regarded as a natural extension of the well-
known Langlands—Shahidi method from generic Eisenstein series [Shahidi 2010] to
nongeneric Eisenstein series, and in particular to the singularity of Eisenstein series,
1.e., the residues of Eisenstein series. On the other hand, this method can also be
regarded as an extension of the automorphic descent method of Ginzburg—Rallis—
Soudry for particular residual representations [Ginzburg et al. 2011] to general
residual representations.

In this paper, we are going to test our method for these nongeneric global
Arthur parameters v, whose automorphic L2-packets ﬁw(ew) contain the residual
representations that are completely determined in our previous work joint with
Zhang [Jiang et al. 2013]. Those nongeneric global Arthur parameters of Sp,, (A)
are of the following form

.
Vv = (t1,b1) BH (., 1), with by > 1,
i=2

which has three cases, depending on the symmetry of 7; and the relationship
between 71 and 7; fori =2,3,...,r. In each case, b > 1.

Casel: ¢ = (t,2b+1)BH_,(ti,1), wheret %1 forany2 <i <r.
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Case Il: ¥ = (7,2b+1)HE(r, )BH_5(zi,1), wheret %1 forany3<i <r.
Case III: ¥ = (7,2b) B H_, (%, 1).

For ¢ € @Z(SpZn), T € Acusp(GLg) is of orthogonal type in Case I and Case II,
and of symplectic type in Case III. Of course, the remaining 7; are of orthogonal
type in all three cases.

When 7 is of orthogonal type, i.e., in both Case I and Case II, the corresponding
residual representations given in [Jiang et al. 2013] must be nonzero. In this paper,
we prove part (3) of Conjecture 1.2 in those two cases, and refer to Section 2 for
more details.

When 7 is of symplectic type and r > 2, the relation between t and t;, for
i =2,3,...,r,is governed by the corresponding Gan—Gross—Prasad conjecture
[Gan et al. 2012], which controls the structure of the automorphic L2-packet
ﬁw(ew). We prove part (3) of Conjecture 1.2 for Case III when ﬁw(ew) contains
residual representations. While the automorphic L2-packet ﬁw(ew) does not
contain any residual representation, the situation is more involved, and will be
left for a separate treatment in our future work. We discuss with more details in
Section 2.

We will state the main results more explicitly in Section 2. After recalling a
technical lemma from [Jiang and Liu 2015b] in Section 3, we are ready to treat
Case I in both Sections 4 and 5. Case II is treated in Section 6. The final section is
devoted to Case III. One may find more detailed description of the arguments and
methods used in the proof of those cases in each relevant section.

2. The main results

After introducing more notation and basic facts about the discrete spectrum and
Fourier coefficients attached to partitions, we will state the main results explicitly
for each case.

Throughout the paper, we let P?" = M2" N?" (with 1 <r <n) be the standard
parabolic subgroup of Sp,, with Levi part M 2" isomorphic to GL, x Sp,,,_,, and
unipotent radical N2". Also let P2"(A) = M2"(A)N2"(A) be the preimage of
P2"(A) in §f)2n (A\) (the superscript 2n may be dropped when there is no confusion).
The description of the three cases was briefly given in [Jiang and Liu 2015b]. Here
are the details.

2A. Casel. y € @Z(szn) is written as

2-1) Y =(t,2b+1)H é(ti, 1),
i=2

where b > 1 and 7 2 7; forany 2 <i <r. Assume 7 € Aup(GLy) has central
character w, and 7; € Acysp(GLg, ) has central character w, for 2 <i <r. Following
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the definition of U5 (Spa,), one must have that 2n+1=a(2b+1)+>_;_, a;, and
w%b +1 ‘]_[;:2 wr; = 1. Consider the isobaric representation 7 = tH H---H 1,
of GLop+1(A), where 2m+1=a+ > ;_,a; =2n+1—2ab. It follows that 7
has central character w; = w; ]_[;:2 wy; =landa <2m+1=2n+1-2ab.

By [Ginzburg et al. 2011, Theorem 3.1], = descends to an irreducible generic
cuspidal representation o of Sp,,,_,,5(A), which has the functorial transfer back
to . As remarked before, this is part (3) of Conjecture 1.2 for the generic global
Arthur parameter

Yre=(,)B(rp, )B---H(z, 1).

Hence L(s, 7 x o) has a (simple) pole at s = 1.

Let A(z, b) be the Speh residual representation in the discrete spectrum of
GL,p(A); see [Meeglin and Waldspurger 1989], or [Jiang et al. 2013, Section 1.2].
For any automorphic form

¢ € A(Nap(A)Mgp(F) \ SPaapt2m (A))A(r,b)®a’

following [Langlands 1976; Mceglin and Waldspurger 1995], one has a residual
Eisenstein series

E(¢, S)(g) = E(gv ¢A(r,b)®a’ S)'

We refer to [Jiang et al. 2013] for particular details about this family of Eisenstein
series. In particular, it is proved in [Jiang et al. 2013] that E(¢, s)(g) has a simple
pole at (b + 1)/2, which is the right-most one. We denote by £(g, ¢) the residue,
which is square-integrable. They generate the residual representation Ex (¢, p)@o Of
Sp,, (A). Following [Jiang et al. 2013, Section 6.2], the global Arthur parameter
of this nonzero square-integrable automorphic representation £x (¢, p)gc 1S €xactly
v = (1,2b+ 1) B H;_,(%:, 1) as in (2-1). We prove part (3) of Conjecture 1.2
for Case 1.

Theorem 2.1. For any global Arthur parameter of the form
r
v=2b+DBEH®@.1
=2

with b > 1 and t % t; for any 2 <i <, the residual representation Ep (¢, p)go has
a nonzero Fourier coefficient attached to the Barbasch—Vogan duality

77502n+1,sp2,1 (_P(W))
of the partition p () associated to (¥, SO2,+41(C)).

In order to prove Theorem 2.1, we have to precisely figure out the partition
Nsozn 1,52, (P (V). We recall
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Definition 2.2. Given any partition pg = [g192 -~ qr] for 502,41(C) satisfying

d1>q2 = -+ > qr > 0, whose even parts occur with even multiplicity, let g~ =

[9192 - - qr—1(qr — 1)]. Then the Barbasch—Vogan duality 7505, {,sp,,,» following

[Barbasch and Vogan 1985, Definition Al; Achar 2003, Section 3.5], is defined by
r’SOsz,_l,SPzn (q) = ((C_I_)SpZH)t»

where (¢7)sp,, is the Sp,,-collapse of ¢, which is the biggest special symplectic
partition which is smaller than g™

Following [Jiang 2014, Section 4], p(¥) = [(2b+1)4(1)*>™T174]. As calculated
in [Jiang and Liu 2015b], when a = 2m + 1, by Definition 2.2,

Nsaom 1,500 (P W) = [(@)20 2m)];

when a < 2m and a is even,

Nsoom 1,500, (P(W)) = [(2m)(a)?P];

and finally, when a <2m and a is odd,

Ns024-1,502p (p(¥)) =[2m)(a + 1)(0)2b_2(a —1)].

The proof of Theorem 2.1 goes as follows. Given a symplectic partition p
of 2n (that is, where odd parts occur with even multiplicities), denote by _pSpZn
the Sp,,,-expansion of p, which is the smallest special symplectic partition that is
bigger than p. In [Jiang and Liu 2015c¢], we proved the following theorem which
provides a crucial reduction in the proof of Theorem 2.1.

Theorem 2.3 [Jiang and Liu 2015¢, Theorem 4.1]. Let w be an irreducible auto-
morphic representation of Sp,, (A). If w has a nonzero Fourier coefficient attached
to a nonspecial symplectic partition p of 2n, then & must have a nonzero Fourier
coefficient attached to _psPZn, the Sp,,,-expansion of the partition p.

If a <2m and a is odd, by [Collingwood and McGovern 1993, Lemma 6.3.9],
[(@m)(a+ 1)(@)*"2(a = D] = [(2m)(a)*P]3P2n.
Hence it suffices to prove the following theorem.

Theorem 2.4. With notation above, the following hold.

() Ifa =2m + 1, then Ep(¢,p)@o has a nonzero Fourier coefficient attached to
[(@)** @m)].
(2) If a < 2m, then Ep(r,p)@o has a nonzero Fourier coefficient attached to

[(2m)(a)?*].
Parts (1) and (2) of Theorem 2.4 will be proved in Sections 4 and 5, respectively.
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2B. Case II. € U5(Sp,,) is written as

(2-2) Yv=(,2b+1)H(r,1)H Hra(ri, 1),
=3

where b > 1 and 7 2 7; for any 3 <i <r. Assume that 7 € Acusp(GL) has central
character w, and 7; € Acysp(GLg; ) has central character wy; for 3 <i <r. Then
2n+1=a@b+1)+a+Y!_sa; and ©2°*! - w, - []'_3w; = 1. Consider
the isobaric representation 7 = t3 H--- B 7, of GLy;+1(A), where 2m + 1 =
> _sai =2n+1—a(2b+2). Then 7 has central character w; =[]/ _3 oy, = 1.

By [Ginzburg et al. 2011, Theorem 3.1], there is a generic 0 € Acusp(Sp,,,) such
that o has the functorial transfer 7 and hence L(s, t X ¢) is holomorphic at s = 1
in this case. For any automorphic form

¢ e -A(Na(b-i-l)(A)Ma(b-i-l)(F) \ Sp2a(b+l)+2m(A))A(T,b_i_l)@(,v

one defines a residual Eisenstein series as in Case I

E(d)? S)(g) = E(g7 ¢A(r,b+1)®a’ S)'

By [Jiang et al. 2013], this Eisenstein series has a simple pole at /2, which is the
right-most one. Denote the representation generated by these residues at s = b/2
by Ea(z,b+1)®0» Which is square-integrable. Following [Jiang et al. 2013] and
[Shahidi 2010, Theorem 7.1.2], this residual representation £a(¢,p41)@c¢ 1S NONZETO.
In particular, by Section 6.2 of [Jiang et al. 2013], the global Arthur parameter of
EA(r,b+1)®0 18 exactly ¥ = (7,2b + 1) B (7, 1) B FH’_5(zi, 1) as in Case IL In
this case, we prove

Theorem 2.5. For any global Arthur parameter of the form

Y =(t,.2b+ 1)H(z,1)H Hrﬂ(r,',l)
i=3

with b > 1 and © % t; for any 3 <i <r, the residual representation Ep(z,p+1)®c
has a nonzero Fourier coefficient attached to the Barbasch—Vogan duality

77502,,+1,5p2n (_P(W))
of the partition p () associated to (¥, SO2,+41(C)).

Following [Jiang 2014, Section 4], p(y) = [(2b + 1)4(1)4(1)2™*1]. Now by
Definition 2.2, we may calculate the partition 7se,,,,sp,, (7(¥)) explicitly as
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follows. When a is even,
Nsoant1,502n (P (V) = oz g 1,502, (26 + D (1> F1F4])
= [@b+ D> Fe
= (@] +[@m +a)]
= [(2m +2a)(a)?"].
When a is odd,
Nsoan s 15020 (P(W)) = Nsogn 1,502, ([(26 + (1> F1H4))
= (@b + D*(1)*"]sp,,)f
(20 + D)1 2b) @) (1> e
[(@— D]+ ()P + (D] + [2m +a—1)]
=[2m +2a)(a + 1)(@)*’2(a —1)].

As before, if a is odd, then, by the recipe for obtaining the Sp,, -expansion of a
symplectic partition p given in [Collingwood and McGovern 1993, Lemma 6.3.9],

[(2m +2a)(a + 1)@ (a — D] = [2m + 2a) (@) >,
Hence it suffices to prove the following theorem.

Theorem 2.6. The residual representation Ep(z,p+1)®0 has a nonzero Fourier
coefficient attached to [2m + 2a)(a)?P).

The proof of Theorem 2.6 is given in Section 6, using induction on the integer b.
We note that when b = 0, the Arthur parameter is

Yy =2(r.1)H EE(T;', 1),
i=3

which does not parametrize automorphic representations in the discrete spectrum.
Indeed, in this case, the corresponding automorphic representation constructed from
the Eisenstein series is the value at s = 0, which we still denote by Ea(7,1) 90 = Er®0-
It is clear that in this case, the partition p(v/) is the trivial partition. On the other
hand, following [Shahidi 2010, Theorem 7.1.3], the representation & (¢,1)@c has a
nonzero Whittaker—Fourier coefficient. In other words, Theorem 2.6 still holds for
b = 0. As we proceed in Section 6, the case of b = 0 will serve as the base of the
induction argument.

2C. Caselll. € 0, (Sp,,,) is written as

23) Y = (r.20) B H @ 1),
i=2
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where b > 1. In this case, t is of symplectic type (and hence a = 2k is even),
while 7; for all 2 <i <r are of orthogonal type. Assume that 7 € Acysp(GLy) has
central character w, and 7; € Acysp(GLg, ) has central character w,; for2 <i <r.
By the definition of Arthur parameters, one has that 2n + 1 = 2ab + Y |, a;,
and ]_[f=2 wy; = 1. Consider the isobaric representation 7 = 7, B --- H 1, of
GL2m+1(A), where 2m + 1 = Z;=2 a; = 2n + 1 —2ab. Hence 7 has central
character w, =[]/, wg; = 1.

By [Ginzburg et al. 2011, Theorem 3.1], there is a generic 0 € Acusp(Sp,,,) that
has the functorial transfer 7. Then we define a residual Eisenstein series

E(d)’ S)(g) = E(gv ¢A(‘E,b)®0’ S)

associated to any automorphic form

¢ € A(Nab(A) Myp(F)\ Sp2ab+2m (A))A(r,b)@)a'

By [Jiang et al. 2013], this Eisenstein series may have a simple pole at /2, which is
the right-most one. Denote the representation generated by these residues at s = b /2
by Ea(r,p)@c- This residual representation is square-integrable. If L(%, X 0) #£0,
the residual representation £;gq is nonzero, and hence by the induction argument
in [Jiang et al. 2013], the residual representation € (¢, p)@0 15 also nonzero. Finally,
following [op. cit., Section 6.2], we see that the global Arthur parameter of Ea (¢, p) g0
is exactly ¢ = (z,2b) B H]_, (7, 1) as in (2-3).

Theorem 2.7. Assume that a = 2k and L(% T X 0) = 0. If the residual represen-
tation Er@q Of SPagyam(A), with o % g, (a), has a nonzero Fourier coefficient
attached to the partition [(2k + 2m)(2k)], then, for any b > 1, the residual rep-
resentation Ea(¢,p)@c has a nonzero Fourier coefficient attached to the partition

[(2k +2m)(2k)2b~1],

We remark that if o 2 1g, (a). (5.) = L(3.7 x0) # 0. In this case, [Liu 2013a,
Theorem 4.2.2] shows that p" (Ea(z.py@o) = 11(2k)?P]}.

In fact, the assumption that the residual representation E;go Of Spyag 12, (A),
with 0 % 1g, (a), has a nonzero Fourier coefficient attached to the partition
[(2k 4+ 2m)(2k)] is exactly [Ginzburg et al. 2004, Conjecture 6.1], and hence
Theorem 2.7 has a close connection to the Gan—Gross—Prasad conjecture [Gan et al.
2012]. We will come back to this issue in our future work.

In this case, p(V) = [(2b)%(1)?>™*1], and following the calculation in [Jiang
and Liu 2015b],

Nsoans 1,500 (P (W) = [(@ +2m)(@)?071],

where a = 2k is even. The proof of Theorem 2.7 is given in Section 7.
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When L(3, 7 x ) is zero for the Arthur parameter in (2-3), the corresponding
automorphic L2-packet ﬁ,,,(ew) are expected to contain all cuspidal automorphic
representations if it is not empty. We are going to apply the construction of endo-
scopy correspondences outlined in [Jiang 2014] to construct the distinguished
cuspidal members in ﬁl/,(e]/,). The details for this case will be considered in our
future work. See [Jiang and Liu 2015b] for a brief discussion in this aspect.

3. A basic lemma

We recall a basic lemma from [Jiang and Liu 2015b], which will be a technical key
step in the proofs of this paper. Let H be a reductive group defined over F. We
first recall [Jiang and Liu 2013, Lemma 5.2], which is also formulated in a slightly
different version in [Ginzburg et al. 2011, Corollary 7.1]. Note that the proof of
[Jiang and Liu 2013, Lemma 5.2] is valid for H(A).
Let C be an F-subgroup of a maximal unipotent subgroup of H, and let Yc be
a nontrivial character of [C] = C(F)\ C(A). Suppose that X, Y are two unipotent
F-subgroups, satisfying the following conditions:
€)) X and ¥ normalize C;
(2) XNC and Y N C are normal in X and Y, respectively, (XNC)\ X and
(Y NC)\Y are abelian;
3) X (A) and 7(&) preserve ¥c;
(4) Y is trivial on ()? N C)(A) and (Y NC)A);
) [X.Y]ccC;
(6) there is a nondegenerate pairing ()? N C)(A) x (? N C)(A) — C*, given by
(x y) = Yc ([x v]), which is multlphcatlve in each coordinate, and identifies

(Y N C)(F) \ Y(F) and (X N C)(F) \ X(F) with the duals of the subgroups
X(F)(XNC)A)\ X(A) and Y (F)(Y NC)(A)\ Y (A), respectively.

Let B=CY and D = CX, and extend ¢ trivially to characters of [B] =
B(F)\ B(A) and [D] = D(F) \ D(A), which will be denoted by ¥ and ¥p,
respectively.

Lemma 3.1 [Jiang and Liu 2013, Lemma 5.2]. Assume that (C, ¥c, X.Y) satisfies
all the above conditions. Let f be an automorphic form on H(A). Then

/ fleg)¥et(e)de =0, forall g e HA),
[C]
if and only if

/ fug)¥p'w)du=0, forallge H(A),
[D]
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if and only if
/ fg)yg'(v)dv=0, forallge H(A).
[B]

For simplicity, we always use ¥ ¢ to denote its extensions ¥ g and ¥p when we
apply Lemma 3.1 to various circumstances. Lemma 3.1 can be extended as follows
and will be a technical key in this paper.

Lemma 3.2 [Jiang and Liu 2015b, Lemma 6.2]. Assume that (C,yc, X, Y) satis-
fies the following conditions: X = {X; Y1 Y ={Y; yr_y.andfor1 <i <r,each
quadruple

(Xi—1-- X CY, - Vg v, Xi.Y))

satisfies all the conditions of Lemma 3.1. Let f be an automorphic form on H(A).
Then

[X,-XiC

if and only if

fxeg)ygl(c)dedx =0, forall g e HA),
]

/ o f(cyg)l//El(c) dydc=0, forallge H(A).
[ ]

Y
The proof of this lemma is carried out by using Lemma 3.1 inductively, and was
given with full details in [loc. cit.].

4. Proof of part (1) of Theorem 2.4

In this section, we assume that @ = 2m + 1 and show that £x(;,p)@o has a nonzero
Fourier coefficient attached to p := [(2m + )22 2m)).

Proof of part (1) of Theorem 2.4. We will prove the theorem by induction on b.
Note that when b = 0, Ea(¢,p)@s = 0 Which has a nonzero Fourier coefficient
attached to [(2m)] since o is generic. Now assume that £a (¢, p—1)@c has a nonzero
V(2m+1)2b—2(2m)],«-Fourier coefficient attached to [(2m + 1)22=2(2m)], for some
o€ F*/(F*)2

Take any ¢ € Ez(,p)@0 and consider its ¥, o-Fourier coefficients attached to p:

@) @)= [ eyl

[I{p,z]
For definitions of the unipotent group V5, > and its character ¥p,«, see [Jiang and Liu
2015c, Section 2]. By [op. cit., Corollary 2.4], the integral in (4-1) is nonvanishing
if and only if the following integral is nonvanishing:

(42) | ewovioa,
[Y1V)p.2] B
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where Y; is defined in [Jiang and Liu 2015¢, (2.5)] corresponding to the partition
[2m + 1)22(2m)] and the character VYp,« extends to Y1 V), o trivially.

Assume that T is the maximal split torus in szb(im +1)42m> consisting of
elements

. —1 -1 -1

Let w; be the Weyl element of Sp,(2/41)42m- sending elements ¢ € T' to the
torus elements

(4-3) ¢ =diag(t®, 1M, 1@, 1O (ntD) g omox @)% (D% £ (0)5)

where 1(© = diag(t1, t2, ..., tam+1), and with e = 2m + 1,
m+1) _ 5; -1 —1
t =diag(loq i1 Lp—1)etm+1 he—m> -+ L2e—m)
and
() — gi —1 -1 '
t == dlag(te+j, ceey t(b—l)e—f—j’ tbe_]+19 ey t2e—]—|—1’ tbe+j)5

for1 <j <m.

Now identify Spip—_1)2m+1)+2m With its image in Spyp2m+1)4+2m, uUnder
the embedding g — diag(/2m+1, &, [am+1), and denote the restriction of w; to
SP2b—1)(@2m+1)+2m bY w}. We conjugate cross the integration variables by w;
from the left; then the integral in (4-2) becomes

(4-4) f ¢(uw18) Vb ()" du,
[Up,2] -

where Up 2 = w1 Y1 V207", and Ypre (u) = Yp,a(w] luwr).
Now, we describe the structure of elements in U .25 each of which has the form

Zom+1 91 42 Iom+1 0 0
4-5) u= 0 u qf 1 lep-—2em+n+2m 0 |,
0 0 z3,., P2 pY I2m+1

where z2;,4+1 € Vam+1, the standard maximal unipotent subgroup of GLys,41;
u/ € U[(2m+1)2b—2(2m)]’2 = (X)iYZI/[(zm_;'_l)Zb—Z(zm)],za)i_l with Y2 as in [Jlang
and Liu 2015c, (2.5)] corresponding to the partition [(2m + 1)2272(2m)]; and
pi,qi, 1 <i <2, are described as follows:

® g1 € M(2m+1)X((2b—2)(2m+1)+2m)s such that Q1(i, j) =0forl <i <2m+1
and1<j<2b—-2)+2b—-1)(G —1).

* P1 € M(2b-2)@2m+1)+2m)x(2m+1), such that p1(i, j) =0for 1 < j <2m+1
and 26 -2)+ 2b-1D)([I—-1)+1<i <(2b-2)2m+1)+2m.

* 42 € M(am41)x(2m+1), Symmetric with respect to the secondary diagonal, such
that go(i, j) =0for 1 <i <2m+1land1<j <i.
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* P2 € M(am41)x(2m+1), Symmetric with respect to the secondary diagonal, such
that pp(i, j) =0for 1 <i <2m+1land1<j <i.

Note that

Z2m+1 q1 q2 2m
Vool O leb-@m+n+2m 47 | = W(Z Zom+1(,1 + 1))-
0 0 Z;m-l-l i=1

Next, we apply Lemma 3.2 to fill the zero entries in g1, g2 using the nonzero
entries in p1, p2. To proceed, we need to define a sequence of one-dimensional
root subgroups and put them in a correct order.

Let X;, with 1 < j < (2b —2) + 1, be the one-dimensional subgroups corre-
sponding to the roots such that the corresponding entries are in the first row of g
or ¢» and are identically zero, from right to left. For 1 <i < m, let X;, with

i—1 i

(Z[(zb—2)+(2b—1)(k—1)+k]) +1=j =) [2b-2)+@2b—1)(k—1)+k].
k=1 k=1

be the one-dimensional subgroups corresponding to the roots such that the corre-

sponding entries are in the i-th row of ¢; or g, and are identically zero, from right

to left.

LetY;, with 1 < j <(2b—2)+1, be the one-dimensional subgroups corresponding
to the roots such that the corresponding entries are in the second column of p; or
p2 and are not identically zero, from bottom to top. For 1 <i < m, let Y;, with

i—1 i
I+ Z[(2b—2)+(2b— Dk—1)+k]<j=< Z[(2b—2)+ 2b—1D)(k—1)+k],
k=1 k=1
be the one-dimensional subgroups corresponding to the roots such that the corre-
sponding entries are in the (i + 1)-th column of p; or p, and are not identically
zero, from bottom to top.

Let W; be the subgroup of Up > such that the entries corresponding to the

one-dimensional subgroups Y; above, with

1<j<€:=)[2b—2)+@b—1)(k—1)+Kk].
k=1

are all identically zero. And let Yy, = Wf‘fmwl. Then (W1, ¥w, . {X; Ve {Yj}f)
satisfies all the conditions for Lemma 3.2. Hence, by that lemma, the integral in
(4-4) is nonvanishing if and only if the following integral is nonvanishing:

(4-6) / o(worg) Y, )" dw.
W]
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where W, = ]_[j;1 X; W1 and Y, is the character on W, extended trivially
from Y, .

Now we consider the i-th row of ¢; and ¢,, withm + 1 <i <2m. We will
continue to apply Lemma 3.2 to fill the zero entries in ¢; and g5, row by row,
from the (m + 1)-th row to 2m-th row. But for each m + 1 <i < 2m, before
we apply Lemma 3.2 as above, we need to take the Fourier expansion along the
one-dimensional root subgroup X».;. For example, for i = m + 1, we first take the
Fourier expansion of the integral in (4-6) along the one-dimensional root subgroup
X2e,,41- We will get two kinds of Fourier coefficients corresponding to the orbits
of the dual of [X2e,, ] := X2¢,,4, (F) \ X2¢,,,,(A): the trivial orbit and the
nontrivial one. For the Fourier coefficients attached to the nontrivial orbit, we can
see that there is an inner integral

(pw[(zm+2)12b(2m+l)—2]’ﬂ, ﬂ = F*,

which is identically zero by [Jiang and Liu 2015a, Proposition 6.4]. Therefore only
the Fourier coefficient attached to the trivial orbit, which actually equals to the
integral in (4-6), survives. Then, we can apply the Lemma 3.2 to the (m + 1)-th
row of g1 and ¢» similarly as above.

After considering all the i-th row of g1 and g, m + 1 <i <2m as above, we
get that the integral in (4-6) is nonvanishing if and only if the following integral is
nonvanishing:

@) | ptworg ) du.
[W3]
where W3 has elements of the following form:
Z2m+1 91 42

(4-8) w = 0o u qf |
0 0 Z;m—i-l

where z2;,+1 € Vam+1, the standard maximal unipotent subgroup of GL3;+1;

. —1
1 € Ujam+12-20m)),2 = @1Y2Viam+1)20-20m)), 201

with Y> as in [op. cit., (2.5)] corresponding to the partition [(2m + 1)2272(2m)];

41 € Mom+1)x((2b—2)2m+1)+2m)>

suchthat g1(2m+1,j)=0for1 <j <(2b—-2)2m+ 1) +2m;

92 € Mam+1)x@m+1)
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symmetric with respect to the secondary diagonal, such that go(2m + 1,1) = 0.
Also,

22m+1 q1 q2 2m
Ywsl 0 leb—2yemtn+2m 47 | = W(Z Zom+1(1, 0 + 1))-
0 0 Zymal i=1

Now consider the Fourier expansion of the integral in (4-7) along the one-
dimensional root subgroup Xz, . By the same reason as above, only the Fourier
coefficient corresponding to the trivial orbit of the dual of [X3e,,, ] survives,
which is actually equal to the integral in (4-7):

(4-9) / o(warg) Y, ()~ dw.
[W4]

where elements in Wy have the same structure as in (4-8), except that g (2m + 1, 1)
is not identically zero.

It is easy to see that the integral in (4-9) has an inner integral which is exactly
@¥N2m , using notation in Lemma 4.2 below. On the other hand, we know that by
Lemma 4.2 below, go’*”lem = <p‘”lem+1 . Therefore, the integral in (4-9) becomes

(4-10) / (w1 g)¥ws(w) ™ dw,
[W5s]

where elements in W5 are of the form:

Z2m+1 91 42
w = w(22m+1, u’? q1»q2) = O u/ qik y
3
0 0 z3m41

where z2;,+1 € Vam+1, the standard maximal unipotent subgroup of GL2,+1;
' € Uomany2p—2@my,2 = O V2Vi@m+120-2@m), 207
with ¥, as in [loc. cit.] corresponding to the partition [(2m + 1)22=2(2m)];
q1 € Mom11)x((2b—2)(2m+1)+2m)>

and g2 € M2 1)x(2m+1)» sSymmetric with respect to the secondary diagonal. And

Zam+1 q1 q2 2m
Yws| O lep—2emivt2m 497 | = w(Z Zom+1(0,0 + 1))-
0 0 21 i=1

Hence, the integral in (4-10) can be written as
(4'11) /W (PP2m+1(wa)1g) WWﬁ(w)_l dw’
6

where W is a subgroup of W5 consisting of elements of the form w(z2,+1, 1, 0,0),
VYws = Vwslwe, and p,,, ., is the constant term of ¢ along the parabolic subgroup
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Prmt+1 = Mzmy1Nomsq of Sp2b(2m+1)+2m with the Levi subgroup isomorphic
to GLam+1 X SP2p—2)2m-+1)+2m-

By Lemma 4.1 below, ¢p,,, ., (wwig) is an automorphic form in |- =t ®
EA(z,b—1)®c When restricted to the Levi subgroup. Note that the restriction of
Yws to the z2,,41-part gives a Whittaker coefficient of 7, and the restriction to
the u’-part gives a ¥[(,,41)26-2(2m)],e-Fourier coefficient of Ex(z,p—1)@0 Up to
the conjugation of the Weyl element wj. On the other hand, 7 is generic, and
by induction assumption, &A(z,p—1)@c has @ nONZero Y 2,4 1)26-2(2m)], o -Fourier
coefficient. Therefore, we conclude that Ea(¢,p)@s has a nonzero v, q-Fourier
coefficient attached to the partition p = [(2m + 1)26(2m)]. This completes the
proof of part (1) of Theorem 2.4, up to Lemmas 4.1 and 4.2, which are stated
below. O

Note that Lemmas 4.1 and 4.2 are analogs of [Liu 2013a, Lemmas 4.2.4 and 4.2.6],
with similar arguments, and hence we state them without proofs.

Lemma 4.1. Let By; = My; Ngj, with 1 <i <b and a <2m + 1, be the parabolic
subgroup of Spyap+2m With Levi part

Mai = GLai X Spa2p—2i)+2m -

Let ¢ be an arbitrary automorphic form in Ep(;,pygs- Denote by ¢p,;(g) the
constant term of ¢ along FPy;. Then, for 1 <i <b,

¢p,; € .A(Nai (A)My; (F)\ SPZab-{-Zm(A))A(t,i)I TCOFI=D2QEN (¢, p—iY @0
Note that when b = i, En(¢,p—iy@o = O-

Lemma 4.2. Let Nir be the unipotent radical of the parabolic subgroup P1» of

Un,, () =Y (124 +nppt1) and ‘le,, (n):=vymn12+-+np-1,p)

be two characters of Nir. For any automorphic form ¢ € Ep(,p)go» define Unis
and Yy, ,-Fourier coefficients as follows:

4-12) oM (g) = / o(ng) Yy, () dn
[Nir]

and

“-13) o () = / )Ty, ()

Then @¥n» =0 forall p > 2m + 1, and ¥Nom = ¢‘/7le,"+. i
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5. Proof of part (2) of Theorem 2.4
In this section, we assume that ¢ < 2m and o is Y%-generic for a € F*/(F*)?,
and show that €A (z,n)@s has a nonzero Fourier coefficient attached to [(2m)(a)2b l.
First, we construct a I residual representation of Sp2ab (A) as follows. For any ¢ €
( p(A) My (F) \ SpZQ b(&)) Yoo A(z,b)’ following [Mceglin and Waldspurger
1995], an residual Eisenstein series can be defined by

E@.)e= D Aolyg).

YEPp (F)\Sp2ub(F)

It converges absolutely for real part of s large and has meromorphic continuation
to the whole complex plane C. By similar argument as that in [Jiang et al. 2013],
this Eisenstein series has a simple pole at /2, which is the right-most one. Denote
the representation generated by these residues at s = b/2 by & A(z,b)- This residual
representation is square-integrable.

We separate the proof of part (2) of Theorem 2.4 into three steps:

Step (1) En(z,p)@s has a nonzero Fourier coefficient attached to the partition
[(2m)129®] with respect to the character V(2m)12av],o (for definition, see [Jiang
and Liu 2015c, Section 2]).

D2ab+2m

Step (2) EA(, by 1s irreducible. Let D e (EA(z,b)@0) be the Y% descent of
EA(z,h)®0 [Ginzburg et al. 2011, Section 3. 2] Then, as a representation of Sp2a »(A),

it is square-integrable and contains the whole space of the residual representation
g‘A(‘[,b)‘

Step 3) & A(z,b) has a nonzero Fourier coefficient attached to the symplectic partition
[(@)??].

Proof of part (2) of Theorem 2.4. From the results in steps (1)—(3) above, we can see
that £A(¢,p+ 1)@ has a nonzero Fourier coefficient attached to the composite parti-
tion [(2m)129%] 0 [(a)??] (for the definition of composite partitions and the attached
Fourier coefficients, we refer to [Ginzburg et al. 2003, Section 1]). Therefore, by
[Jiang and Liu 2015¢, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6], A (¢, p)@0
has a nonzero Fourier coefficient attached to [(2m)(a)??], which completes the
proof of the part (2) of Theorem 2.4. O

SA. Proof of step (1). Note that by [Ginzburg et al. 2003, Lemma 1.1], & (z,5)00
has a nonzero Fourier coefficient attached to the partition [(2m)124%] with respect
to the character Yy(z,,)12a6],o if and only if the yr%-descent DzerbJD% " (En(r.p)®0)
of Ea(z,p)@0 18 not identically zero as a representation of Sp, 45 (A).

Recall that PrZI = MrZI erl (with 1 <r <) is the standard parabolic subgroup
of Sp,; with Levi part MrZI isomorphic to GL; x Sp,;_,, and N,ZZ the unipotent

radical. P2/ (A) is the preimage of P2/ (A) = M2 (A)N2!(A) in Spy; (A).
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Take any & € 8A(T b)®o> We will calculate the constant term of the Fourier-Jacobi
coefficient Fjwa (£) along P25, which is denoted by Cy2ab (Fjllfa (E)) where
1<r <ab.

By [Ginzburg et al. 2011, Theorem 7.8],

(5-1) Cyzar (FTfa_ (€))

- % f PGONFTS,__ (Cpapsom(§)(PAB) d.
0<k<r
yeP k 1k (F)\GL,(F)
We explain the notation used in (5-1) as follows: er_a;lg +2M denotes the unipotent
radical of the parabolic subgroup Pzab t2m of SP2ap+2m With the Levi subgroup
GL,_k X SPaabt2m—2r42k»> and P! —k,1k 1s a subgroup of GL, consisting of ma-

trices of the form
g x
(52)

with z € Uy, the standard maximal unipotent subgroup of GL;. For g € GL;,
with j <ab +m, g = diag(g, Ir4b+2m—2;,&"), and L is a unipotent subgroup,
consisting of matrices of the form

A:(I, o)A
x Iy

with i (A) in the last row of x, and

g (0 Ir "
S \Un 0)
We assume that ¢ = ¢ ® ¢, with ¢; € S(A”) and ¢» € S(A—"). Finally, the
Fourier—Jacobi coefficients satisfy the identity

quz.f_l+k(CN,gﬁlzz+zm ©)(PAB) = ]—"Jq}f_l+k(Cerfz+z;n (p(PABE)(I),

with p(pAB) denoting the right translation by pA S8, where the function is regarded
as taking first the constant term Cy, 2ab-+2m (p(PAB)E), and then after restricted to
SPrabtam—ar+ok (A), taking the Founer—Jacobl coefficient

]:jllquj 14k
which is a map taking automorphic forms on Sp,,p 1 2m—2r 42k (A) to those on
SpZab 2r (A).

By the cuspidal support of £, CN2ab+2m (&) is identically zero, unless k = r or
r—k=1Iawithl <[ <bh. When k = r, since [(2m + 2r)1240=2] is bigger
than 7s0,, . (€),sp,,(©) (P(¥)) under the lexicographical ordering, by [Jlang and
Liu 2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1], Frt o r(é) is
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identically zero, and hence the corresponding term is zero. When r — k = la, with
Il <l <band 1<k <r,then by Lemma 4.1, after restricting t0 Sp,,p—7)+2m (A)s
CNrZEIZz+2m (p(7AB)§) becomes a form in E(r,p—1)@e Whose Arthur parameter is

Y =(x.2b-20+1)H@ é(n, 1.
=2

Since [(2m + 2k)12¢(—D=2k] is bigger than Ms02,y7+1(C),5par () (P(¥)) under the
lexicographical ordering, where 2n’ = 2a(b — 1) + 2m, by [Jiang and Liu 2015a,
Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1], it follows that

Fafe | Cyzepeom(p(PA)E))

is also identically zero, and hence the corresponding term is also zero. Therefore,
the only possibilities that

Cyzar (FTf (€)) #0

are r = la with 1 <[ < b, and k = 0. To prove that .7{71/,%_1(5) is not identically
zero, we just have to show that "

Cy2an (FJW%_I(é)) £0 for some r.

Let r = ab; then
(52 Cyar(FaL ()= / D1 FTL (Cyzaran (§)(AB) di.
m L(A) m—1 a

By Lemma 4.1, when restricted to GL,,5(A) X Sp,,, (A),

Cy2an2m (§) € S;Q;me det|~ "3 Az, b) ® 0.

Clearly, the integral in (5-2) is not identically zero if and only if ¢ is {*-generic.
By assumption, o is ¥“-generic, and hence

FTfe_ ()

is not identically zero. Therefore, €a(z,p)@0 has a nonzero Fourier coefficient
attached to the partition [(2m)124%] with respect to the character Vim)12ab],a-
This completes the proof of step (1).

5B. Proof of step (2). The proof of irreducibility of f:’A(r’ p) 1s similar to that of
EA(z,1) Which is given in the proof of [Ginzburg et al. 2011, Theorem 2.1]. To show
the square-integrable residual representation Ea(z,p) is irreducible, it suffices to
show that at each local place v,

Sp2an(Fv) | 2
(5-3) Indﬁab(Fv) My ATy, D] - |2
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has a unique irreducible quotient, where we assume that ¥ = ®yY,, P,p is the par-
abolic subgroup of Sp,,; with Levi subgroup isomorphic to GL,j, and Py (Fy) is
the preimage of P, (Fy) in §f>2a »(Fy). Note that A(ty, b) is the unique irreducible
quotient of the following induced representation

an (Fy b=1 b=3 1=b
In d(Q}L b(%) v|| 2 ®77v|'| 2 ®"'®77v|'| 2,

where Q,» is the parabolic subgroup of GL,; with Levi subgroup isomorphic to

GLXb Let P, be the parabolic subgroup of Sp,,; with Levi subgroup isomorphic

to GLXb and P, (F,) is the preimage of P,»(Fy) in Spaab(Fy). We just have to

show that the following induced representation has a unique irreducible quotient

(5-4) Indsm“(”;]; D pyaty] T @1 |77 @ ® 1yl

Since Ty is generic and unitary, by [Tadi¢ 1986; Vogan 1986], 1y, is fully parabolic,
induced from its Langlands data with exponents in the open interval ( ,%)
Explicitly, we can assume that

Ty 2 p1| - |* x pa] - [*2 x - x pp |- |7,

where the p; are tempered representations, «; € R, and % >0 >0 > >0 > —%.
Therefore, the induced representation in (5-4) can be written as

2b—1 2b—1 2b 1
Hygepil-|2 +"“><pz|-| Z TR x| | T T

xpul |5 ] [P
s x py| |3 5 o[22 o |2 H ") g0 (R

Since o; € R and % >0 >0 > >0 > —2, we can easily see that the exponents

2’
satisfy
2b—1 2b—1 2b—1
T+al>T+ 0y > - > 3 +ar
2b—3 2b— 2b—3
> 5 +Ol1>T+ Oy > 0> > + o

1 1 1
>--->§+cx1>§+a2>--->§+ar>0.

By Langlands classification of metaplectic groups (see [Borel and Wallach 2000;
Ban and Jantzen 2013]), one can see that the induced representation in (5-4) has a
unique irreducible quotient which is the Langlands quotient. This completes the
proof of irreducibility of gA(r,b)-

To prove the square-integrability of DzzrzbJD%m (EA(z,p)®0)» We need to calculate
the automorphic exponent attached to the nontrivial constant term considered in
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step (1); r = ab, and for definition of automorphic exponent see [Mceglin and
Waldspurger 1995, 1.3.3]. For this, we need to consider the action of

g =diag(g, g%) € GL4p(A) x SVPO(A)

(0 I\
p=(n %)

g := B diag(lm, & Im)B~" = diag(g, Lom, &*).

Since r = ab,

Let

Then changing variables in (5-2) via A — gAg~! will give a Jacobian |det g|™"

On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢
gives yy—o (det g)|det g|1/ 2. Therefore, g acts by A(z, b)(g) with character
B () det g [det g " yy o (det ) det g2

= Yy—a(detg)s M(g) det g| 2.
Therefore, as a function on GL,p (A) X é})o (A),

(55) Oy (PRl (6)) € yyedphayldet(- )IT2AM b @ Ig, ay.

Since, the cuspidal exponent of A(z, b) is

(F2 50 5]

the cuspidal exponent of C N2ab (]—71/,%71(5 ) is

(5757

Hence, by Langlands square-integrability criterion [Mceglin and Waldspurger 1995,
Lemma 1.4.11], the automorphic representation DzzabJo%m (EA(z,b)®@0) 18 square-
integrable.

From (5-5), it is easy to see that as a representation of GL,(A) x §f)0 (A),
§1/2 -2
(5-6)  Cy2an (Daalf3™ (Ene.by@0)) = Vyma Péa,, |det(-)] 72 Az, b)® 1, (a)-

From the cuspidal support of the Speh residual representation A(t, b) of GL,p(A),
one can now easily see that

Cyze0 (D722 L™ (En(r.b)00))

1/2
=Yy- aSPéa,,rH Rt T @ @1 2@ g, a.

where Nazba is the unipotent radical of the parabolic subgroup Pzab with Levi
isomorphic to GL;b. By [op. cit., Corollary 3.14(ii)], any noncuspidal irreducible
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summand of Dzab +2m (EA(z,b)®@c) must be contained in the space S.L.@b A» Which is

the residual representatlon generated by residues of the Eisenstein series associated
to the induced representation

Sp2an ()
Ind;’ja,f(m Vy-atl 1@ 2@ @],

at the point
A= { 1-2b 3-2b =1 }
=\"3 32
Since the Speh residual representation A(z, b) of GL,j(A) is irreducible, by taking
residues in stages, one can easily see that the space of the residual representation
& ®b, A is exactly identical to that of EA(, p)- Therefore, any noncuspldal irreducible
summand of Dzzrszzr“ (EA(z,p)®c) must be contained in the space 5A(, p)- Hence,
the descent representation Dzab+2m (5A(r b)®c) has a nontrivial intersection with
the space of the residual representatlon EA(r p)- Since we have seen that E A(z,b)
is irreducible, Dzzrzb];o%m (€A(z,p)®0) must contain the whole space of the residual

representation Ea(¢,p). This completes the proof of step (2).

5C. Proof of step (3). The proof of the fact that E’A(t, p) has a nonzero Fourier
coefficient attached to the symplectic partition [(a)2?] is very similar to the proof of
[Liu 2013a, Theorem 4.2.2], if a is even. The idea is to apply Lemma 3.2 repeatedly
and use induction on b. Note that the case of & A(z,1) has already been proved in
[Ginzburg et al. 2011, Theorem 8.1]. We omit the details here for this case.

In the following, we assume that a = 2k + 1 and prove gA(r,b) has a nonzero
Fourier coefficient attached to the symplectic partition p :=[(2k+ 1)28] by induction
on b. When b = 1, it has been proved in [op. cit., Theorem 8.2], we will use similar
idea here. Assume that & A(z,b—1) has a nonzero Fourier coefficient attached to the
symplectic partition [(2k + 1)2072].

Take any ¢ € £ A(z,b)> its Fourier coefficients attached to p are of the following
form

5-7) o (g) = /[ v Wy

For definitions of the unipotent group V) > and its character v, see [Jiang and Liu
2015c¢, Section 2]. * 7

Note that the one-dimensional torus H,, defined in [op. cit, (2.1)] has elements
of the form i

Hp(1) = diag(A(t), A(t),..., A(t)), where A(t) = diag(t?, 1?72 ... ,17%),

and there are 2b copies of A(z). Also note that the group L ,(A) defined in [op. cit,
Section 2] is isomorphic to GLZk +1(A) and the stabilizer of the character ¥,
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in L is isomorphic to the diagonal embedding §F”2Ab (A). Let ¢ be this diagonal
embedding. Let

1 0 x
N = n(x) =10 Izb_z 0
0O 0 1
Then
Dok+1 0 Xl 41
(5-8) (N)=qun(x) =1 0 Tor+nes-2 0
0 0 Dk+1

To show the integral in (5-7) is nonvanishing, it suffices to show that the following
integral is nonvanishing:

(5-9) / / o(vn(x)g) 1//1,_1 (v)dvdx.
F\A J[V),2] :
Let w be a Weyl element which sends Hp () to the torus element
dlag(A(t), l2k12b_2, ZZk_zlzb_z, ey I_Zklzb_z, A(l))

Then w has the form diag(/x+1, @1, Iox+1). Conjugating from left by w, the
integral in (5-9) becomes

(5-10) [ o(wog) Y (w) dw,
(W]

where W = @V, 2t(N)o~! and Yw(w) = ¥p(0 'ww). Then elements of W
have the form

Zk+1 41 42 D1 0 0
(5-11) w=| 0 w g 1 lep-2ek+y 0 |,
0 0 z5., P2 Py D41

where z54+1 € Var+1, the standard maximal unipotent subgroup of GLyj 41;
w’ € wq V[(2k+1)2b—2],26()1_1; q1 € M2k 4+ 1)x((2b—2)(2k +1)) With certain conditions;
P1 € M2p—2)2m+1))x(2m+1) with certain conditions; g, € Mk 4+ 1)x(2k+1)>
symmetric with respect to the secondary diagonal, such that ¢»(i, j) = 0 for
1 <j<i<2+41, and ¢g2(1,1) = ¢2(2,2) = --- = g2(2k + 1,2k + 1);
P2 € M2k +1)x(2k+1)» Symmetric with respect to the secondary diagonal, such that
p2@i,j)y=0forl <j <i<2k—+1.

Next, as in the proof of Section 4, we apply Lemma 3.2 to fill the zero entries in
q1, q> using the nonzero entries in p1, p». Similarly, to proceed, we need to define
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a sequence of one-dimensional root subgroups and put them in a correct order:

ei+erkt+1—i+
ifl<i<kandl<j <i,
€i —€Qk+1)+(2b—2)i—(j—1)
ifl<i<kandi+1<j<i+(2b-2)i,
e +eit;
i ifk+1<i<2kandl<j<2k+4+1-i,
ve; + e2k+1)b—(b—1)—(2b—2)(i—k—1)+
ifk+1<i<2kand Rk +1—-i)+1<j
<Rk+1=-D4+((b-1)+2b=2)(i —k-1)),
€ —eQ2k+1)b—(j—1)
ifk+1<i<2kand Qk+1-i)+((b-1D+Q@b-2)(—-k—-1))+1=<
<QRk+1-i)+2b-2)i.

For the above roots oz]' let Xyi o be the corresponding one-dimensional root subgroup.

Forl <i<kand1<j <i, let,B’ —e2k41—i+; —€i+1. For 1 <i <k
and i +1 < j <i+ 2b—-2)i, let ,3 = e(2k+1)+(2b—2)i—(j—1) — €i+1. For
k+1<i<2kandl<j<2k+1-i, letﬁ =—ejt;—ejy1. Fork+1=<i <2k
and 2k +1—-i)+1=<j < (2k+1—l)+((b—1)+(2b 2)(i —k —1)), let
,3]1 = —€(2k+1)b—(b—1)—(2b—2)(i—k—1)+,; — €i+1. Finally, for k + 1 <i < 2k and

Qk+1—i)+((b=1)+@2b—2)G —k—1))+1<j <@k +1—i)+(2b—2)i,

let ,3]’ =e(2k+1)b—(j—1)—¢i+1. For the above roots ,B]’ , let Xﬂj{ be the corresponding
one-dimensional root subgroup.

Let
i+ (2b-2)i if 1 <i <k,
Rk+1-i)+@2b—-2)i ifk+1=<i<2k.

i =

Let W be the subgroup of W with elements of the form as in (5-11), but with the
p1 and p; parts zero. Let Y37 = ¥y, |47 For any subgroup of W containing W,
we automatically extend 357 trivially to this subgroup and still denote the character
by V7.

Next, we will apply Lemma 3.2 to a sequence of quadruples. For any i such that
1 <i <k +1, one can see that the following quadruple satisfies all the conditions
for Lemma 3.2:

(Wi i X 172y A X 1T,

where
i—1 my

=[111x W] 1%

s=1j =1 I=i+1j=1
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Applying Lemma 3.2, one can see that the integral in (5-10) is nonvanishing if and
only if the following integral is nonvanishing:

(5-12) /~ p(wog) Yk (w) dw.
[W/] i
where
i mg 2k my
—, _
(5-13) W/ =TT X [T [T %
s=1j=1 I=i+1j=1

and Y57, s extended from 55 trivially.

For alny i such that k + 2 <i < 2k, before applying Lemma 3.2 repeatedly to
certain sequence of quadruples as above, we need to take the Fourier expansion of
the resulting integral at the end of the step i — 1 along X, 4; (at the end of step
k + 1, one gets the integral in (5-12) with i = k + 1 there, at the end of step s,
k+2 <5 <2k —1, one would get the integral in (5-14)). Under the action of GL1,
we get two kinds of Fourier coefficients corresponding to the two orbits of the dual
of [Xe, te;]: the trivial one and the nontrivial one. It turns out that any Fourier
coefficient corresponding to the nontrivial orbit contains an inner integral which
is exactly the Fourier coefficients attached to the partition [(2i )1@k+1(2b)—2i I,
which is identically zero by [Jiang and Liu 2015a, Proposition 6.4], since i > k + 2.
Therefore only the Fourier coefficient attached to the trivial orbit survives.

After taking Fourier expansion of the resulting integral at the end of step i — 1
along X,; +¢; as above, one can see that the following quadruple satisfies all the
conditions for Lemma 3.2:

(X€j+€j ﬁl/i, WW’ {Xajl };n;l’ {Xﬂi };n;l)?

where i—1 my i—1 2k my
Wo= 111 Xe; TT XerreW TT T1 %1
s=1j=1 t=k+2 I=i+1j=1

Applying Lemma 3.2, we can see that the resulting integral at the end of step i — 1
is nonvanishing if and only if the following integral is nonvanishing:

(5-14) /~ (wog) Y (w) dw,
, W
A i
where
i myg i 2k mj
w19 =TT 1 %o 1 [T
s=1j=1  t=k+2 I=i+1j=1

and Y3/ is the trivial extension of ¥35.
l
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One can see that elements of Wz/k have the following form:

22k+1 91 42

(5-16) w = 0 w gq7 |,
*
0 0 zy 4,

where z354+1 € Var+1, Which is the standard maximal unipotent subgroup of
GLok+1;

I -1
w €w1V[(2k+1)2b—2]’2a)1 N

q1 € Matr4 nyx@k+1)@2b—2) With g1 2k +1, j) =0for 1 < j < (2k +1)(2b —2);
q2 € Matok 4 1)x(2k+1), Symmetric with respect to the secondary diagonal, with
q2(2k +1,1) = 0. For w € W,, of form in (5-16),

2k
Vi, (W) =y (21 Zi,i+1) Viak+1)26-2) (@7 'w'or).
1=
Now consider the Fourier expansion of the integral in (5-14) along the one-
dimensional root subgroup X, ,. By the same reason as above, only the Fourier
coefficient corresponding to the trivial orbit of the dual of [X3e,, , ] survives, which
is actually equal to the integral in (5-14) (with i = 2k there):

(5-17) / o) Vs, ()" dw.
[Wak+11

where elements in Wy, 11 have the same structure as in (5-16), except that the
element g>(2k + 1, 1) is not identically zero.

One can see that the integral in (5-17) has an inner integral which is exactly
@¥N,2, using notation in Lemma 5.2 below. On the other hand, we know that by
Lemma 5.2 below, go’*”Nl % = (p'”Nl 2e+1. Therefore, the integral in (5-17) becomes

(5-18) [ ewonvm,, @ dw.
W]

where any element in W,

k41 has the following form:

Z2k+1 91 42

w:w(ZZk-i-l’w/vql’QZ): 0 w’ Clik ’
*
0 0 24,y

where z354+1 € Var+1, the standard maximal unipotent subgroup of GLjg 41
w' € wy V[(2k+1)2b—2],2wl—1; q1 € Mator4 1) (2k+1)(2b—2)> 92 € Matok 4+ 1)x(2k+1)>
symmetric with respect to the secondary diagonal. For w € Wz’k 41 as above,

2k
Ywy, (W) =9 (Z Zi,i-H) Viek+n2s-2)(@7 ' w'or).

i=1
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Hence, the integral in (5-18) can be written as

(5-19) / PPy (WO Yy (W)~ dw,
Wak+1 -
where W, 41 is a subgroup of Wy, . | consisting only of elements of the form

w(zk 41, w'0,0),

wwz/;c-i-l - wWZ/k-H ’Wz’}(_,_l’

and ¢p,,, ., is the constant term of ¢ along the parabolic subgroup P2k+1 (A) =
M2k+1(A)N2k+1(A) of szb(zkﬂ)(A) with the Levi subgroup isomorphic to

GLok41(A) x SP(zb 2)2k+1)(A).
By Lemma 5.1 below, p(wwg) f’zk+1 ( A) is an automorphic form in

Vy—o Tl 2 ®5A(rb 1)

when restricted to the Levi subgroup. Note that the restriction of WW/ | to the
Zpk+1-part gives us a Whittaker coefficient of 7, and the restriction to the w'-part
gives a Fourier coefficient of 5A(r,b—1) attached to the partition [(2k 4+ 1)2272], up
to the conjugation of the Weyl element ;. On the other hand, 7 is generic, and by
induction assumption, g’A(,, »—1) has a nonzero Fourier coefficient attached to the
partition [(2k + 1)2672]. Therefore, we can conclude that EA(,’ p) has a nonzero
Vp-Fourier coefficient attached to the partition [(2k + 1)2%]. This completes the
pfoof of step (3), up to Lemmas 5.1 and 5.2, which are stated below.

We remark that as Lemmas 4.1 and 4.2, Lemmas 5.1 and 5.2 below are also
analogues of [Liu 2013a, Lemmas 4.2.4 and 4.2.6], with similar arguments, and
hence we again only state them without proofs.

Lemma 5.1. Let ﬁ(2k+1)i (A) = M(Zk—i—l)i (A)N(Zk—i-l)i (A), with 1 <i < b, be the
parabolic subgroup of S\f)zb(zkH)(A) with Levi part

Mk 41)i (A) = GL(k 41y (A) X §3f>(2k+1)(2b—2)(A)-

Let ¢ be an arbitrary automorphic form in E A(z,b)- Denote by ¢ Poktn) the constant
term of ¢ along Pk y1);. Then, for 1 <i <b, PPkt 1y belongs to

A(Nk+1)i (A) M+ 1y (F) \ Spapak+1)(A)) NG NS N

Lemma 5.2. Let N,»(A) be the unipotent radical of the parabolic subgroup
P10 (A) of Spap(2k+1)(A) with Levi part isomorphic to

GL;?(A) x S~P2b(2k+1)—2p (A).
Let

Yy, () =Y (a4 +nppy1) and Py, () =Y (1o+-+np1p).
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be two characters of N1r(A). For any automorphic form ¢ € SA(t b)» define Vny,
and wN -Fourier coefficients by:

(5:20) oM (g) = /[N P00y, )
(5-21) oI (g) = /[N ), (0" d

Then ¥ni» =0 forall p > 2k + 1, and ¥V = (p1;N|2k+l .

6. Proof of Theorem 2.6

In this section, we prove that £z (¢, 5+ 1)@¢ has a nonzero Fourier coefficient attached
to [(2m + 2a)(a)??]. Assume that o is ¥*-generic with @ € F*/(F*)2

As in the proof of part (2) of Theorem 2.4 in Section 5 we separate the proof of
Theorem 2.6 into two steps:

Step (1) Ea(¢,p+1)00 has a nonzero Fourier coefficient attached to the partition
[(2m 4 2a)122P] with respect to the character V(2m+2a)12ab],¢ (for the definition,
see [Jiang and Liu 2015¢, Section 2]).

Step (2) Let
D2a b+1)+2m

2m, Y (EA(z,b+1)®0)
be the y*-descent from the representation Ea(z,p+1)®0 Of SP24(p+1)+2m(A) to a
representation of Sp2ab(A) Then it is square-integrable and contains the whole
space of the residual representation SA(,,b) which is irreducible and constructed at
the beginning of Section 5.

Proof of Theorem 2.6. First, recall from the step (3) in the proof of part (2) of
Theorem 2.4 that & A(z,b) has a nonzero Fourier coefficient attached to the symplectic
partition [(a)zb ]. From the results in steps (1) and (2) above, we can see that
EA(z,b+1)®0 has a nonzero Fourier coefficient attached to the composite partition
[(2m +2a)129P]o[(a)2?] (for the definition of composite partitions and the attached
Fourier coefficients, we refer to [Ginzburg et al. 2003, Section 1]). Therefore,
by [Jiang and Liu 2015c, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6],
EA(z,b+1)®c has a nonzero Fourier coefficient attached to [(2m + 2a)(a)??]. O

Before proving the above two steps, we record the following lemma which is
analogous to Lemma 4.1, whose proof will be omitted.

Lemma 6.1. Let P,; = M, Ngi, with 1 <i < b + 1, be the parabolic subgroup
of SP2a(b+1)+2m Whose Levi part Mai = GLai X Sp,2p+2-2i)+2m- Let ¢ be an
arbitrary automorphic form in Ex(z,p+1)g0- Denote by ¢ P, (g) the constant term
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of ¢ along Pyi. Then, for 1 <i <b+1,

¥p,; € A(Nai(A) Mgi(F)\ SP2a+1)+2m (A))A(r,m | C@OHI=D/2REN (r pt 1@

Note that wheni = b, Ep(r,p+1-i)@c = Ex®@c, Which is not a residual representation
as explained at the end of Section 2B, is nonzero and generic by [Shahidi 2010,
Theorem 7.1.3]; and wheni = b + 1, Ea(z,b+1-i)®c = O-

6A. Proof of step (1). By [Ginzburg et al. 2003, Lemma 1.1], £a(¢,p+1)@0 has a
nonzero Fourier coefficient attached to the partition [(2m + 2a)124?] with respect
to the character Y[z, 424)1240],¢ if and only if the y%-descent

2a(b+1)+2m
D2m+2a,1/,f¥ (SA(T,b-f-l)@U)

of Ea(z,b+1)®0» Which is a representation of §132ab (A), is not identically zero.
Take any £ € Ea(r,p+1)®0» We Will calculate the constant term of

SC
along the parabolic subgroup ﬁrzab (A) = Mrzab (A) N,z"b (A) of §f)2ab (A) with
Levi subgroup isomorphic to GL, (A) X Spa,p—_2,(A), 1 <r <ab, which is denoted
by

cNgab(ngg%+a_Kg))

By [Ginzburg et al. 2011, Theorem 7.8],
¢
©-1) Cyzan(FTya ~ (£))

= (A .7-"._7%2 Crr2a(b+D42m oAB) d\,
Of;fr /L(A)d)1 ®) M+a—l+k( Nk (E))(V )
yeP! , W(F)\GLr(F)

The notation in (6-1) is explained in order: N,zflngHzm is the unipotent radical
of the parabolic subgroup Pz*_ak(b+1)+2m of SpPa4b+1)+2m> Prl_k,Ik is a subgroup

of GL; consisting of matrices of the form

(62)

with z € Uy, the standard maximal unipotent subgroup of GL;. For g € GL;,
J<ab+1)+m, g =diag(g, Irap+1)+2m—2,-&"); L is a unipotent subgroup,
consisting of matrices of the form

A:(n 0 Y
X Imta) '
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and i (1) is the last row of x, and

g = ( 0 1,)A
I m+a 0 '
Finally, the Schwartz function ¢ = ¢ ® ¢, with ¢ € S(A”) and ¢, € S(A?P~T),
and the function

FIR2.  (Cypawriiam (§)(7AB)
= FI% (Cy2ap+1+2m (p(FABE) ().

w%-‘ra— 1+k
with p(PAB) denoting the right translation by A8, is a composition of the restriction
to SPZ‘?UH" D +2m—2r+2k (A) of CNerl((b-‘rlH-Zm (p(pAB)E) with the Fourier—Jacobi
coefficient

[05)
]:j‘ﬁgwrafl +k

which takes automorphic forms on Spy,(p41)42m—2r+2k (A) to those forms on

§132ab—2r (A).
By the cuspidal support of &,

CNr2i1](€h+1)+2m &)

is identically zero, unless k =r orr —k =la with 1 <l <b+1. Whenk =r,
since [(2m + 2a + 2r)124b=27] is bigger than Mso02m11(C),sp0, (©) (P (¥)) under the
lexicographical ordering, by [Jiang and Liu 2015a, Proposition 6.4; Ginzburg et al.
2003, Lemma 1.1],

FIE (®)

ff[i-l—a—l-i—r
is identically zero, hence the corresponding term is zero. When r — k = la,
l<l/<b+land1 <k <r,by Lemma 6.1, after restricting to Spy 4 p+1-1)+2m (A,
CNrZEI((b+l)+2m (p(PAB)E) becomes a form in Ep(7,p41-1)@c- Note that the Arthur
parameter of Ea(¢,p+1-1)@0 18

o = (t,2b =21+ 1)B(r, ) B/ _5(x,1) ifl1<I<b,
B (1. 1) ifl=b+1.
Since [(2m + 2k)12¢(+1-D=2k] is higoer than N0 +1(C),5p2 (€) (P (W) under

the lexicographical ordering, where 2n’ = 2a(b + 1 —[) + 2m, by [Jiang and Liu
2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1],

[} A
FIE . Cyzepioien(p(7AB)D)
is also identically zero. Hence the corresponding term is also zero.

It follows that the only possibilities for which

Cy2at+1+2m (]:j'ﬁ%ﬂ—l(é)) #0
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are r = la with 1 <] <b + 1, and k = 0. To prove that ]:jw%Jr l(S) is not
identically zero, we just have to show that e

¢
CNr2ab (Fjwfrtz-&-a—l(g)) 7é 0
for some r.
Take r = ab. Then we have

(6-2) Cyan (FTfh )

= / 10 ()L))]—"jqfx2 (CNzg(b+1>+2m (£))(AB) dA.
L(A) m+ “

a—1

By Lemma 6.1, when restricted to GLy4p(A) X Spy,, 104 (A),

1/2 _btl
CNjg(b+1>+2’" &) € 8P/21§1(b+1)+2m| T2 AT, D) ® (Ergo),

where £;:gq 1S not a residual representation as explained at the end of Section 2B.
Clearly, the integral in (6-2) is not identically zero if and only if £;g¢ is
Y%*-generic. Since by assumption, o is Y% generic, we have that ;gq is also
Y%*-generic by [Shahidi 2010, Theorem 7.1.3]. Hence,
P 0
is not identically zero. Therefore, €a(r,p)@0 has a nonzero Fourier coefficient
attached to the partition [(2m + 2a)124%] with respect to the character

W[(2m+2a)12ab],a~

This completes the proof of step (1).

6B. Proof of step (2). To prove the square-integrability of the descent representa-
tion
2a(b+1)+2m
D2m+20,1p0t (gA(r,b—H)@U)»
as in Section 5B, we need to calculate the automorphic exponent attached to the
nontrivial constant term considered in step (1) (r = ab). For this, we need to
consider the action of

g = diag(g, g*) € GLgp(A) x Spo(A).

. 0 Lap :
Since r = ab, we have that § = . Let
Im—i—a 0
g := pdiag(Im+a- & Im+a)B~" = diag(g. Iam+24. ™).
Then changing variables in (5-2), A — gAg~! will give a Jacobian |det g|™"~¢.
On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢
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gives y, _o(det g)|det g 3, Therefore, g acts by A(z, b)(g) with character
v

1/2 ~ _b+1 o 1
Bppacos1ysan (B)detg| ™3 det g| "~ g (det g)|det g

1/2 /- -2
= vy-aldet g)8, 5, (2) |det g| 2.
Therefore, as a function on GL,p (A) X §fso (A),

_b
(63)  Cuzgn(FTfe— (6)) € yymadyly 1det()| 72 Az, ) ® 1y a)-

2ab
Pab

Since the cuspidal exponent of A(z, b) is
{(l—b 3—b b—l)}
2 b 2 9 2 ’
the cuspidal exponent of Cyy2s (]-"jw%ﬂ_l(é)) is

(5557

Hence, by the Langlands square-integrability criterion ([Mceglin and Waldspurger
1995, Lemma 1.4.11]), the automorphic representation

2a(b+1)+2
D2,2+2a,)1p06 m(gA(r,b-i—l)@o)

is square integrable.
From (6-3), it follows that as a representation of GL,3(A) X Spo(A),

2a(b+1)+2
(64)  Cry2an (Dot ot (Ene.b+1)80))

1/2 -4
= W‘"“SP:%?/? |det(-)[72 AT, 0) ® 1g, (a)-

Therefore, a similar argument as in Section 5B implies that any noncuspidal sum-

mand of

2a(b+1)+2
Dymizape  EA@b+1D®0)

must be an irreducible subrepresentation of g A(z,b)- Hence,

2a(b+1)+2
Dymizape  EA@b+1D®0)

has a nontrivial intersection with the space of the residual representation I A(z,b)-
Since E(z,p) is irreducible,

2a(b+1)+2
DQ:H.za,wa " (SA(‘[,b-‘r-l)@O')

must contain the whole space of the residual representation & A(z,b)- This completes
the proof of step (2).
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7. Proof of Theorem 2.7

In this section, assuming that a = 2k, L(%, Tx0) # 0,0 % Iy (a), and Erge
has a nonzero Fourier coefficient attached to the partition [(2k + 2m)(2k)], we
prove that Ez(¢,p)@s has a nonzero Fourier coefficient attached to the partition
[(2k + 2m)(2k)2b-1], for any b > 1.

Without loss of generality, by [Jiang and Liu 2015¢c, Lemma 3.1] or [Ginzburg
et al. 2003, Lemma 2.6], we may assume that £;gq has a nonzero Fourier coeffi-
cient corresponding to the partition [(2k + 2m)12¥] with respect to the character
Vi(2k+2m)12k],o for some o € F*/(F*)2. Then the y*descent of &gy is a
generic representation of Sp,x (A). Note that by the constant formula in [Ginzburg
et al. 2011, Theorem 7.8], one can easily see that this descent is also a cuspidal
representation of §f)2k (A)

Similarly as in previous sections, we separate the proof of Theorem 2.7 into
three steps:

Step (1) Ea(r,b)@0 has anONZero Yo 42m)12k2p—17, o -Fourier coefficient attached
to the partition [(2k 4 2m)12k(2b=D] (for definition, see [Jiang and Liu 2015c,
Section 2]).

Step (2) Let ¢ be any irreducible subrepresentation of the ¥%descent of &, g -
Then it is a generic cuspidal representation of §f)2k (A) which is weakly lifting
to t. Using the theory of theta correspondence and the strong lifting from generic
cuspidal representations of SOz, +1(A) to automorphic representations of GL, (A),
proved in [Jiang and Soudry 2003] (see also [Cogdell et al. 2004]),  is also a strong
lifting of &.

Define a residual representation 5’A(r’ b—1)®é as follows: for any

¢ € A(Nk@b—1)(A) Miap—1)(F) \ §i)2k(2b—1)(A))VW_QA(r’b_l)@,&

one defines as in [Mceglin and Waldspurger 1995]) the residual Eisenstein series

E@.5)(g) = > Asd(vg).

YE€Prp—1) (F)\Sp2x2p—1)(F)

It converges absolutely for real part of s large and has meromorphic continuation
to the whole complex plane C. By similar argument as that in [Jiang et al. 2013],
this Eisenstein series has a simple pole at b/2, which is the right-most one. Denote
the representation generated by these residues at s = b/2 by EA(,, b—1)®5- This
residual representation is square-integrable. Since 7 is also a strong lifting of &,
the same argument as in Section 5B implies that EA(t, b—1)®é 18 also irreducible
(details will be omitted).

Let

akb
Dy e (EA(.b)®0)
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be the y%descent of £p(7,p)@e- Then as a representation of é}’zk(zb—n(A)’ it
is square-integrable and contains the whole space of the residual representation
E’A(,’ b—1)®5, Where & is an irreducible subrepresentation of the %-descent of
gt®0~

Step (3) Let & be any irreducible subrepresentation of the *-descent of &;gq -
EA(r »—1)®@s has a nonzero Fourier coefficient attached to the partition [(2k)2b-1].

Proof of Theorem 2.7. From the results in steps (1)—(3) above, we can see that
EA(r,h)®c has a nonzero Fourier coefficient attached to the composite partition
[(2k +2m)12k@b=D]0[(2k)25=1] (for the definition of composite partitions and the
attached Fourier coefficients, we refer to [Ginzburg et al. 2003, Section 1]). There-
fore, by [Jiang and Liu 2015c, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6],
EA(r.b)®o has a nonzero Fourier coefficient attached to [(2k + 2m)(2k)?0~1]. O

Before proving the above three steps, we record the following lemma which is
analogous to Lemmas 4.1 and 6.1.

Lemma 7.1. Let P;; = My; Ny, with 1 < i < b, be the parabolic subgroup of
SP2ab42m with Levi part Mg = GLqi X Spyap—2i)+2m- Let ¢ be an arbitrary
automorphic form in Ex(r, pygs- Denote by ¢p,;(g) the constant term of ¢ along
Pyi. Then, for 1 <i <b,

?p,; € A(Nai (A) Mg (F) \ Sp2ab+2m(A))A(t,i)| |mCIDI2QREN (2. b—iy@0 "

Note that when i = b, En(¢,p—iy@o = O-

TA. Proof of step (I1). By [Ginzburg et al. 2003, Lemma 1.1], £a(7,p)@0 has a
nonzero Fourier coefficient attached to the partition [(2k + 2m)1220] with respect
to the character Y2k 42m)1240], if and only if the y%-descent

kb
D;k-’—;riml/fa (5A(r,b)®0)

of Ea(z,h)@c 1 not identically zero, as a representation of §f)2k(2b—1)(A)-
We calculate the constant term of

é
T
for & € Ea(¢,b)@0 - along the parabolic subgroup
p2k(2b— vy 2k(2b— k(2b—
PFCP=D () = MPECPD (a) NPFEPTD (a)

of Ssz(zb 1)(A) with Levi isomorphic to GL, (A) x SP2k(2b 1)—2r (A), which is
denoted by Cy, 2k(2b=1) (.Fjw(x (S)) where 1 <r <k(2b—1).
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By [Ginzburg et al. 2011, Theorem 7.8],
(7-1) chzmb—n(fjﬁ _®)

= / DGONFTE | (Cysirsan ©)FAB) dA.

VR 4m—
0<s<r
y€RL s (F)\GL,(F)

The notation in this formula is as follows: N**6+2™ is the unipotent radical of the
parabolic subgroup Pr4_ksb+2m of Sp4xp+2m With Levi isomorphic to
GLy—s X SPakp+2m—2r+2s°

and P! —s,15 18 a subgroup of GL, consisting of matrices of the form

(62)

with z € Uy, the standard maximal unipotent subgroup of GL;. For g € GL;,
J <2kb+m, g =diag(g, lskp+2m—2j-&"); L is a unipotent subgroup, consisting

of matrices of the form A
(Ir 0 )
A= ,
X lxim

(1 §)
Igsm 0)
The Schwartz function ¢ = ¢ ® ¢» with ¢; € S(A”) and ¢, € S(AK2D—D-1)

and the function

Fafe L Cysreom @)(GAB) = FT% (Cysrran (p(PAB)E) (D).

i (1) is the last row of x, and

with p(yAB) denoting the right translation by p A8, is a composition of the restriction
of Cerf]z;Jrzm (P(PAB)E) to SP4kptam—2r+2s(A) With the Fourier-Jacobi coefficient
2
”F‘Z/fd/)( +m—1+s

taking automorphic forms on Spyz412m—2,+25(A) to those on S~p4kb 2k—2r(A).

By the cuspidal support of &, Cy;, 4kb-+2m (&) is identically zero, unless s = r or
r—s =2kl withl <[ <bh. When s = r, since [(2k + 2m + 2r)14kb—2k=2r] jg
bigger than 74,, | (€),sp,,(€) (P (¥)) under the lexicographical ordering, by [Jiang
and Liu 2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1],

}—‘7‘/% +m— 1+r($)

is identically zero, and hence the corresponding term is zero. When r —s = la,
l <l <band 1l <s <r, by Lemma 7.1, after restricting to Spyxp—1)+2m (R,
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Cy #kbam (p(PAB)E) becomes a form in Ez(r,p—1)@o- The Arthur parameter of

r—

EA(z,b-1)®0 18

Y’ =(t,.2b—21)H é(n, 1.

=2

Since [(2k 4 2m + 25) 14, (b—D=2k=25] j5 bigger than N502,741(C),5p2,7 (C) (")
under the lexicographical ordering, where 2n" = 4k(b —1) 4+ 2m, by [Jiang and Liu
2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1],

& N
FIge, ., (Cysotam(p(7AP)E))

is also identically zero, and hence the corresponding term is also zero. Therefore,
the only possibilities that

Cr2tCo—1 (Fjw%+m_l(§)) 40

are r =2kl, 1 <l <b, and s = 0. To prove that ]-'JW‘%Jr 1(E) is not identically
zero, we just have to show that "

Cyrer—n (Fafe  (6)) #0

for some r.
Taking r = 2k(b — 1), we have

@) Cyziroo (P, - (©)
- . 2 4kb+2m
_/L(/.\)qsl(l(k))f Tye,, (Cngioram ) (AB) dA.

2k(b—1)

By Lemma 7.1, when restricted to GLag(25—2)(A) X Spag+2/m (A),

Crainiom(E) €82 |det| T At b—1)®E
Nokbo1y. PO ’ o

It follows that the integral in (7-2) is not identically zero if and only if £;g¢ has
a nonzero Fourier coefficient corresponding to the partition [(2k 4 2m)12¥] with
respect to the character Y[k 42m)12¢],o- Hence, by assumption,

¢
Fg i

is not identically zero. Therefore, €a(r,p)@0 has a nonzero Fourier coefficient
attached to the partition [(2k 4 2m)12k(2b=1)] with respect to the character

V(2k+2m)12k@b=D], o

This completes the proof of step (1).
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7B. Proof of step (2). In order to prove the square-integrability of the descent
representation
4kb+2
D2k+2mfn¢a (éA(z,b)®0):

we need to calculate the automorphic exponent attached to the nontrivial constant
term considered in step (1) with r = 2k(b — 1) (for the definition of automorphic
exponent, see [Mceglin and Waldspurger 1995, 1.3.3]). For this, we need to consider
the action of

g = diag(g, Iox, &%) € GLokp—1)(A) X Spax (A).

0 I "
Since r = 2k(b—1), B = ( 2"(1"1)) . Let
Tietm 0
g:=8 diag(lk-l-m’ g, Ik+m)/3_1 = diag(g, Lak+oms g*)-

Then changing variables in (5-2) via A — gAg ! will give a Jacobian |det g| =%~

On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢

gives Vo (det g)|det g|/2 Therefore, g acts by A(z, b — 1)(g) with character
_b+1 —k— 1

81 ko Idet g~ 7 |det g KTy, u (det g)det g2

2k(b—1)

_ _b
=Vy—o (detg) 8[1,/2%(211—1) (&) |detg|™2.

2k(b—1)
Thus, combined with the calculation in step (1), as a function on GLxp—1)(A) X
Spak (A),
(7-3) Cyzecs—0(FI%  (£))
Nokb—1) VR +m—1
51/2 det( - _%A h—1)® D¥k+2m ¢
€ Vy—aOpokan—1) |det(-)| (, ) ® Dy (€r®0)-
2k(b—1)

Note that by the constant formula in [op. cit., Theorem 7.8], one can easily see

that
D;”kcﬂm (&:@a)

is a cuspidal representation of é\f)zk (A\). Since the cuspidal exponent of A(z, b—1)

i (4. 22)

. é .
the cuspidal exponent of CNf,f((,?flj 1) (‘7:‘7‘/’1?‘+m—1(5 )) is

(57557 )

Hence, by the Langlands square-integrability criterion [Mceglin and Waldspurger
1995, Lemma 1.4.11], the automorphic representation D;lff;n%mw“ (EA(r,b)®0) 1S

square-integrable.
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From (7-3), as a representation of GLogp—1)(A) X é\f)zk (A), we have

(7-4) Cyzheron (LA e (Eaceby@o))

1/2 _b
= Va8 orap [det() 7T Ar, b= 1) @ DI A" (Ergo)-
2k(b—1)

Therefore, using a similar argument as in Section 5B, one can see that

4kb+2
DZk +;_m},nl/f°‘ (gA(r, b) ®0)

contains an irreducible subrepresentation of the residual representation & A(r,b—1)®5 >
where & is an irreducible generic cuspidal representation of §f)2k (A) which is a
subrepresentation of the y%descent of £;g4, and is weakly lifting to . Since
7 is also a strong lifting of &, a similar argument as in Section 5B implies that
gA(r,b—l)@& is irreducible. Hence Dz“,f_{f;rnzqf"wa (A(z,)®0) must contain the whole

space of residual representation £z, p—1)@s- This completes the proof of step (2).

7C. Proof of step (3). Let & be any irreducible subrepresentation of the ¥ *-descent
of £:@¢, then it is a generic cuspidal representation of é\f)zk (A). Assume that & is
YB-generic for some B € F*/(F*)2

As in previous sections, we need to record the following lemma which is analo-
gous to Lemma 5.1.

Lemma 7.2. Let Py;(A) = Mai(A) Ngi(A) with 1 <i < b —1 be the parabolic
subgroup of Spak(2p—1)(A) with Levi part

Myi(A) = GLg; (A) X é\1521«(21;—1—21')%)-

Let ¢ be an arbitrary automorphic form in gA(T’b_l)@,g. Denote by ¢p,;(g) the
constant term of ¢ along Pg;. Then, for 1 <i <b—1,

§0Pal- € -A(Nai(A)Mai(F)\szk(zb—l)(A))yw_a A(T,i)|'|*(2b*1*")/2®5mz,b—1—i>®5'
Note that wheni =b —1, 5A(r,b—1—i)®& =4.

First, we show that f:'A(r, b—1)®s has a nonzero Fourier coefficient attached to
the partition [(2k)12%(26=2)] with respect to the character V(54 2¢26-27,g. By
[Ginzburg et al. 2003, Lemma 1.1], we know that Ex(;,5—1)@s has a nonzero
Y(ak)1225-2], p-Fourier coefficient attached to the partition [(2k)12¥(20=2)] if
and only if the y#-descent

~2k(2b—1

(R ) Ere.b-1)85)

of gA(r,b—l)@& is not identically zero, as a representation of Sp,x (25—2)(A).
Take any & € Ea(r,p—1)@5; We will calculate the constant term of

Fgs (6
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along P} k(25=2) \which is denoted by

Cy2ker-2 (FT 1;%_1(5 ),

where 1 < r < k(2b —2). Recall that P2F20=2) — pg2k(2b=2) 5y 2k(2b=2) 4oy
parabolic subgroup of Spy (25—2) With Levi subgroup isomorphic to

GLr X Spok(26-2)—2r -
By [Ginzburg et al. 2011, Theorem 7.8],

(7-5) Cerk(Zb—Z) (}'jwiﬁ I(E))

B Z /L(A)(pl(i (A))}—jﬁ (CN,szb—”(f))(ﬂn) d.

0<s<r k=l+s
y€RL |« (F)\GL,(F)

Here is the notation in the formula: N rzf S(Zb_l) (A) is the unipotent radical of the

parabolic subgroup ISrz_kS(Zb_l) (A) of é\f)zk(zb_l)(A) with Levi subgroup isomorphic
to GL,_5(A) x §£)2k(2b—1)—2r+2s (A), Prl—s,rf is a subgroup of GL, consisting of
matrices of the form

g x

(52)

with z € Uy, the standard maximal unipotent subgroup of GL;. For g € GL;,
with j < k(2b — 1), & = diag(g, Iak(26—1)—2;,&™), L is a unipotent subgroup,
consisting of matrices of the form

Lo (1 oY
T \x I)
INONAY
"=\ o)

The Schwartz function ¢ = ¢1 ® ¢ with ¢p1 € S(A”) and ¢, € S(Ak(Zb—Z)—r)’

and the function

FI%  (Cyzern @) @An) = FT%  (Cyzrern (pGAME) D).

k—14+s k—14s

i (1) is the last row of x, and

with p(PAn) denoting the right translation by y A5, is a composition of the restriction
to §f)2k(2b—1)—2r+2s (A) of Cy2ab+am (p(yAn)€&) with Fourier—Jacobi coefficient
[07)
}-j'ﬁffl%v’
taking automorphic forms on S~P2k(2b—1)—2r+2 s(A) to those on Spyx(2p—2)—2r (A).
By the cuspidal support of £, Cericézb—l) (&) is identically zero, unless s = r or
r—s =2kl with 1 </ <b—1. When s = r, from the structure of the unramified
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components of the residual representation E’A(t, b—1)®5- by [Jiang and Liu 2015a,
Lemma 3.2], é
FI% (&)

VR4
is identically zero, and hence the corresponding term is zero. When r —s = 2k/,
1</ <b—1land1=<s<r,thenby Lemma 7.2, after restricting to Spax (25—1-21) (A),
CNr2£§2b—l) (p(PAn)€) becomes a form in gA(r,b—l—l)®~&- From the structure of the
unramified components of the residual representation Ea(,p—1-1)®45, by [loc. cit.],
FI%  (yzrer-n(p(pAm)
Vi—i4s 7S
is also identically zero, and hence the corresponding term is also zero. Therefore,
the only possibilities that

Cyzxcr-2(FTf (6) #0

arer =2kl, 1 <l <b-—1,and s = 0. To prove that ]-'J s (S) is not identically
zero, we just have to show

Cy2keo-2) (FT w"fg £)#0
r k—1
for some r.
Taking r = 2k(b — 1), we have

(7-6)  Cy2kcb—2) (.Fjw‘%_ ®) = /L (/_\)qsl (i (A))}‘Jw‘%z_ (Cnzeoin ) (m) da.
By Lemma 7.2, when restricted to GLagp—1)(A) X é\f)zk (A),

Cyzann(6) € 81/2i(2,, " det] ™3 yy—a AT, b= 1) ® 5.

It is clear that the integral in (7-6) is not identically zero if and only if & is y#-
generic. Hence, by assumption,

FTfe (®)

is not identically zero. Thus, & A(z,b—1)®& has a nonzero Fourier coefficient attached
to the partition [(2k)12K(26=2)] with respect to the character Vi2k)1262o-2)], 8-
Next, we show that the W‘g descent

=2k(2b—1) /3
Dy Y Eaceb-nes)
of & A(z,b—1)®5 18 square-integrable and contains the whole space of the residual
representation £ (¢, p—1) Which is irreducible, as shown in [Liu 2013b, Theorem 7.1].
To prove the square-integrability of

~2k(2b—1) /&
Dzk’(wﬂ ) Exer-1)05).
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we need to calculate the automorphic exponent attached to the nontrivial constant
term considered above (r = 2k(b — 1)). For this, we need to consider the action of

g = diag(g. &%) € GLog(p—1)(A) x Spy(A).

0 I "
Since r = 2k(b— 1), n = (1 2"((1)"1)) . Let
k

g = ndiag(Ix. & Ii)n~"' = diag(g. Iok. g”).
Then changing variables in (7-6) via A — gAg~! will give a Jacobian |det g| .
On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢
gives |det g|!/2. Therefore, g acts by A(t, b — 1)(g) with character

Stian o ldet gl ¥ [detg| Fy,, y (detg)ldetg] =5 ) o) (B)|detg T
Therefore, as a function on GLyx (5—1)(A) X Spy(A),

¢ 1/2 —b51
(7-7)  Cnzkrro (]—'wa_l(g)) € SPzzzf((bsz)z) det(-)|” 2 A(r, b —1) ® Igp, (a)-
Since the cuspidal exponent of A(t, b —1) is

(G250 )

the cuspidal exponent of Cy2cop-2) (77 ];Z; ()) is
- k—1

(575573

By the Langlands square-integrability criterion ([Moeglin and Waldspurger 1995,
Lemma 1.4.11]), the automorphic representation

~2k(2b—1) , =
Dzk,(zpﬂ ) Enter—1)85)

is square integrable.
From (7-7), it is easy to see that as a representation of GLxp—1)(A) X Spy(A),

~2k(2b-1) &
(7-8)  Cnzrebr? (Do o5 Eap-1@s))

_b—1
—51/;(2,, o det()[ 72 AT b= 1) @ Tspa-
It follows that

~2k(2b—1) 7
’Dzk,(wﬂ ) Eaep-1)05)

has a nontrivial intersection with the space of the residual representation Ea (z,p—1)-
Since by [Liu 2013b, Theorem 7.1, part (2)], Ea(¢,p—1) 18 irreducible,

~2k(2b-1) , &
Dzk,(w )(SA(r,b—l)(X)&)
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must contains the whole space of the residual representation Eo(¢,5—1). By [op. cit.,
Theorem 7.1, part (3)], the descent

~2k(2b-1) /5

Dy " Cacb-nes)
is actually irreducible and equals the residual representation £ (¢, p—1) identically.

By [op. cit., Theorem 4.2.2], we know that p” (Ea(z,p—1)) = {[(2k)20—2]}. There-

fore, by [Jiang and Liu 2015¢, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6],
& A(z,b—1)®5 has a nonzero Fourier coefficient attached to the partition [(2k)2b—1].
This completes the proof of step (3).

Acknowledgments

We would like to thank David Soudry for helpful discussion on related topics. We
also would like to thank the referee for careful reading of the paper and helpful
comments. This material is based upon work supported by the National Science
Foundation under agreement No. DMS-1128155. Any opinions, findings and
conclusions or recommendations expressed in this material are those of the authors
and do not necessarily reflect the views of the National Science Foundation.

References

[Achar 2003] P. N. Achar, “An order-reversing duality map for conjugacy classes in Lusztig’s
canonical quotient”, Transform. Groups 8:2 (2003), 107-145. MR 2004c:20073 Zbl 1021.22003

[Arthur 2013] J. Arthur, The endoscopic classification of representations: Orthogonal and symplectic
groups, American Mathematical Society Colloquium Publications 61, Amer. Math. Soc., Providence,
RI, 2013. MR 3135650 Zbl 1310.22014

[Ban and Jantzen 2013] D. Ban and C. Jantzen, “The Langlands quotient theorem for finite cen-
tral extensions of p-adic groups”, Glas. Mat. Ser. I1I 48(68):2 (2013), 313-334. MR 3151110
Zbl 1304.22019

[Barbasch and Vogan 1985] D. Barbasch and D. A. Vogan, Jr., “Unipotent representations of complex
semisimple groups”, Ann. of Math. (2) 121:1 (1985), 41-110. MR 86i:22031 Zbl 0582.22007

[Borel and Wallach 2000] A. Borel and N. Wallach, Continuous cohomology, discrete subgroups,
and representations of reductive groups, 2nd ed., Mathematical Surveys and Monographs 67, Amer.
Math. Soc., Providence, RI, 2000. MR 2000j:22015 Zbl 0980.22015

[Cogdell et al. 2004] J. W. Cogdell, H. H. Kim, I. I. Piatetski-Shapiro, and F. Shahidi, “Func-
toriality for the classical groups”, Publ. Math. Inst. Hautes Etudes Sci. 99:1 (2004), 163-233.
MR 2006a:22010 Zbl 1090.22010

[Collingwood and McGovern 1993] D. H. Collingwood and W. M. McGovern, Nilpotent orbits in
semisimple Lie algebras, Van Nostrand Reinhold, New York, 1993. MR 94j:17001 Zbl 0972.17008

[Gan et al. 2012] W. T. Gan, B. H. Gross, and D. Prasad, “Symplectic local root numbers, central
critical L values, and restriction problems in the representation theory of classical groups”, pp. 1-109
in Sur les conjectures de Gross et Prasad, I, Astérisque 346, Société Mathématique de France, Paris,
2012. MR 3202556 Zbl 1280.22019


http://dx.doi.org/10.1007/s00031-003-0422-x
http://dx.doi.org/10.1007/s00031-003-0422-x
http://msp.org/idx/mr/2004c:20073
http://msp.org/idx/zbl/1021.22003
http://msp.org/idx/mr/3135650
http://msp.org/idx/zbl/1310.22014
http://dx.doi.org/10.3336/gm.48.2.07
http://dx.doi.org/10.3336/gm.48.2.07
http://msp.org/idx/mr/3151110
http://msp.org/idx/zbl/1304.22019
http://dx.doi.org/10.2307/1971193
http://dx.doi.org/10.2307/1971193
http://msp.org/idx/mr/86i:22031
http://msp.org/idx/zbl/0582.22007
http://dx.doi.org/10.1090/surv/067
http://dx.doi.org/10.1090/surv/067
http://msp.org/idx/mr/2000j:22015
http://msp.org/idx/zbl/0980.22015
http://dx.doi.org/10.1007/s10240-004-0020-z
http://dx.doi.org/10.1007/s10240-004-0020-z
http://msp.org/idx/mr/2006a:22010
http://msp.org/idx/zbl/1090.22010
http://msp.org/idx/mr/94j:17001
http://msp.org/idx/zbl/0972.17008
http://smf4.emath.fr/Publications/Asterisque/2012/346/html/smf_ast_346_.php
http://smf4.emath.fr/Publications/Asterisque/2012/346/html/smf_ast_346_.php
http://msp.org/idx/mr/3202556
http://msp.org/idx/zbl/1280.22019

FOURIER COEFFICIENTS OF RESIDUAL REPRESENTATIONS 465

[Ginzburg et al. 2003] D. Ginzburg, S. Rallis, and D. Soudry, “On Fourier coefficients of auto-
morphic forms of symplectic groups”, Manuscripta Math. 111:1 (2003), 1-16. MR 2004g:11033
Zbl 1027.11034

[Ginzburg et al. 2004] D. Ginzburg, D. Jiang, and S. Rallis, “On the nonvanishing of the central value
of the Rankin-Selberg L-functions”, J. Amer. Math. Soc. 17:3 (2004), 679-722. MR 2005g:11078
Zbl 1057.11029

[Ginzburg et al. 2011] D. Ginzburg, S. Rallis, and D. Soudry, The descent map from automorphic rep-
resentations of GL(n) to classical groups, World Scientific, Hackensack, NJ, 2011. MR 2012g:22020
7Zbl 1233.11056

[Jiang 2014] D. Jiang, “Automorphic integral transforms for classical groups, I: Endoscopy corre-
spondences”, pp. 179-242 in Automorphic forms and related geometry: Assessing the legacy of I. 1.
Piatetski-Shapiro, edited by J. W. Cogdell et al., Contemp. Math. 614, Amer. Math. Soc., Providence,
RI, 2014. MR 3220929 Zbl 1315.11037

[Jiang and Liu 2013] D. Jiang and B. Liu, “On Fourier coefficients of automorphic forms of GL(n)”,
Int. Math. Res. Not. 2013:17 (2013), 4029-4071. MR 3096918 Zbl 06438742

[Jiang and Liu 2015a] D. Jiang and B. Liu, “Arthur parameters and Fourier coefficients for automor-
phic forms on symplectic groups”, 2015. To appear in Annales de I’ Institut Fourier. arXiv 1309.6239

[Jiang and Liu 2015b] D. Jiang and B. Liu, “Fourier coefficients for automorphic forms on quasisplit
classical groups”, 2015. To appear in the special volume in honor of J. Cogdell. arXiv 1412.7553

[Jiang and Liu 2015c¢] D. Jiang and B. Liu, “On special unipotent orbits and Fourier coefficients for
automorphic forms on symplectic groups”, J. Number Theory 146 (2015), 343-389. MR 3267118
Zbl 06359741

[Jiang and Soudry 2003] D. Jiang and D. Soudry, “The local converse theorem for SO(2n + 1) and
applications”, Ann. of Math. (2) 157:3 (2003), 743—-806. MR 2005b:11193 Zbl 1049.11055

[Jiang et al. 2013] D. Jiang, B. Liu, and L. Zhang, “Poles of certain residual Eisenstein series of
classical groups”, Pacific J. Math. 264:1 (2013), 83-123. MR 3079762 Zbl 06203663

[Jiang et al. 2015] D. Jiang, B. Liu, B. Xu, and L. Zhang, “The Jacquet-Langlands correspondence
via twisted descent”, Int. Math. Res. Not. (online publication October 2015). arXiv 1501.00506

[Langlands 1976] R. P. Langlands, On the functional equations satisfied by Eisenstein series, Lecture
Notes in Mathematics 544, Springer, Berlin, 1976. MR 58 #28319 Zbl 0332.10018

[Liu 2013a] B. Liu, Fourier coefficients of automorphic forms and Arthur classification, Ph.D. thesis,
University of Minnesota, 2013, Available at http://search.proquest.com/docview/1419458650.

[Liu 2013b] B. Liu, “On extension of Ginzburg—Jiang—Soudry correspondence to certain automorphic
forms on Spy,,, (A) and Spay, 42, (A)”, 2013. submitted. arXiv 1309.6240

[Mceglin 2008] C. Mceglin, “Formes automorphes de carré intégrable non cuspidales”, Manuscripta
Math. 127:4 (2008), 411-467. MR 2010i:11071 Zbl 1306.11041

[Mceglin 2011] C. Mceeglin, “Image des opérateurs d’entrelacements normalisés et pdles des séries
d’Eisenstein”, Adv. Math. 228:2 (2011), 1068—1134. MR 2822218 Zbl 1225.22016

[Meeglin and Waldspurger 1989] C. Mceglin and J.-L. Waldspurger, “Le spectre résiduel de GL(n)”,
Ann. Sci. Ecole Norm. Sup. (4) 22:4 (1989), 605-674. MR 91b:22028 Zbl 0696.10023

[Meeglin and Waldspurger 1995] C. Mceglin and J.-L. Waldspurger, Spectral decomposition and
Eisenstein series: A paraphrase of the scriptures, Cambridge Tracts in Mathematics 113, Cambridge
Univ. Press, 1995. MR 97d:11083 Zbl 0846.11032

[Shahidi 2010] F. Shahidi, Eisenstein series and automorphic L-functions, American Mathematical
Society Colloquium Publications 58, Amer. Math. Sci., Providence, RI, 2010. MR 2012d:11119
Zbl 1215.11054


http://dx.doi.org/10.1007/s00229-003-0355-7
http://dx.doi.org/10.1007/s00229-003-0355-7
http://msp.org/idx/mr/2004g:11033
http://msp.org/idx/zbl/1027.11034
http://dx.doi.org/10.1090/S0894-0347-04-00455-2
http://dx.doi.org/10.1090/S0894-0347-04-00455-2
http://msp.org/idx/mr/2005g:11078
http://msp.org/idx/zbl/1057.11029
http://dx.doi.org/10.1142/9789814304993
http://dx.doi.org/10.1142/9789814304993
http://msp.org/idx/mr/2012g:22020
http://msp.org/idx/zbl/1233.11056
http://dx.doi.org/10.1090/conm/614/12253
http://dx.doi.org/10.1090/conm/614/12253
http://msp.org/idx/mr/3220929
http://msp.org/idx/zbl/1315.11037
http://dx.doi.org/10.1093/imrn/rns153
http://msp.org/idx/mr/3096918
http://msp.org/idx/zbl/06438742
http://msp.org/idx/arx/1309.6239
http://msp.org/idx/arx/1412.7553
http://dx.doi.org/10.1016/j.jnt.2014.03.002
http://dx.doi.org/10.1016/j.jnt.2014.03.002
http://msp.org/idx/mr/3267118
http://msp.org/idx/zbl/06359741
http://dx.doi.org/10.4007/annals.2003.157.743
http://dx.doi.org/10.4007/annals.2003.157.743
http://msp.org/idx/mr/2005b:11193
http://msp.org/idx/zbl/1049.11055
http://dx.doi.org/10.2140/pjm.2013.264.83
http://dx.doi.org/10.2140/pjm.2013.264.83
http://msp.org/idx/mr/3079762
http://msp.org/idx/zbl/06203663
http://dx.doi.org/10.1093/imrn/rnv312
http://dx.doi.org/10.1093/imrn/rnv312
http://msp.org/idx/arx/1501.00506
http://dx.doi.org/10.1007/BFb0079929
http://msp.org/idx/mr/58:28319
http://msp.org/idx/zbl/0332.10018
http://search.proquest.com/docview/1419458650
http://msp.org/idx/arx/1309.6240
http://dx.doi.org/10.1007/s00229-008-0205-8
http://msp.org/idx/mr/2010i:11071
http://msp.org/idx/zbl/1306.11041
http://dx.doi.org/10.1016/j.aim.2011.06.003
http://dx.doi.org/10.1016/j.aim.2011.06.003
http://msp.org/idx/mr/2822218
http://msp.org/idx/zbl/1225.22016
http://www.numdam.org/item?id=ASENS_1989_4_22_4_605_0
http://msp.org/idx/mr/91b:22028
http://msp.org/idx/zbl/0696.10023
http://dx.doi.org/10.1017/CBO9780511470905
http://dx.doi.org/10.1017/CBO9780511470905
http://msp.org/idx/mr/97d:11083
http://msp.org/idx/zbl/0846.11032
http://msp.org/idx/mr/2012d:11119
http://msp.org/idx/zbl/1215.11054

466 DIHUA JIANG AND BAIYING LIU

[Tadi¢ 1986] M. Tadié, “Classification of unitary representations in irreducible representations of
general linear group (non—Archimedean case)”, Ann. Sci. Ecole Norm. Sup. (4) 19:3 (1986), 335-382.
MR 88b:22021 Zbl 0614.22005

[Vogan 1986] D. A. Vogan, Jr., “The unitary dual of GL(n) over an Archimedean field”, Invent. Math.
83:3 (1986), 449-505. MR 87i:22042 Zbl 0598.22008

Received October 21, 2014. Revised June 12, 2015.

DIHUA JIANG

UNIVERSITY OF MINNESOTA
127 VINCENT HALL

206 CHURCH ST. SE
MINNEAPOLIS, MN 55455
UNITED STATES

dhjiang @math.umn.edu

BAIYING LIU

SCHOOL OF MATHEMATICS
INSTITUTE FOR ADVANCED STUDY
EINSTEIN DRIVE

PRINCETON, NJ 08540

UNITED STATES

liu@ias.edu


http://www.numdam.org/item?id=ASENS_1986_4_19_3_335_0
http://www.numdam.org/item?id=ASENS_1986_4_19_3_335_0
http://msp.org/idx/mr/88b:22021
http://msp.org/idx/zbl/0614.22005
http://dx.doi.org/10.1007/BF01394418
http://msp.org/idx/mr/87i:22042
http://msp.org/idx/zbl/0598.22008
mailto:dhjiang@math.umn.edu
mailto:liu@ias.edu

PACIFIC JOURNAL OF MATHEMATICS

msp.org/pjm

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Silvio Levy, Scientific Editor, production@msp.org

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY
INST. DE MATEMATICA PURA E APLICADA
KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

PRODUCTION

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY
UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

UNIV. OF CALIFORNIA, LOS ANGELES
UNIV.
UNIV.
UNIV.

OF CALIFORNIA, RIVERSIDE
OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

Daryl Cooper

Department of Mathematics
University of California
Santa Barbara, CA 93106-3080

coop!

er @math.ucsb.edu

Jiang-Hua Lu

Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Paul Yang

Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

UNIV.

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

. OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2016 is US $440/year for the electronic version, and $600/year for print and electronic.

Subscriptions, requests for back issues and changes of subscribers address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

nonprofit scientific publishing

http://msp.org/

© 2016 Mathematical Sciences Publishers

:l mathematical sciences publishers


http://msp.org/pjm/
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:blasius@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:yang@math.princeton.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

On Fourier coefficients of certain residual representations of 421
symplectic groups
DIHUA JIANG and BAIYING L1U

On the existence of central fans of capillary surfaces 467
AMMAR KHANFER

Surfaces of prescribed mean curvature H (x, y, z) with one-to-one 481
central projection onto a plane

FRIEDRICH SAUVIGNY

0030-8730(2016)281:2;1-4



	1. Introduction
	1A. Arthur parameters and the discrete spectrum
	1B. A conjecture on the Fourier coefficients
	1C. The objective of this paper

	2. The main results
	2A. Case I
	2B. Case II
	2C. Case III

	3. A basic lemma
	4. Proof of part (1) of 0=thm.211=Theorem 2.4
	5. Proof of part (2) of 0=thm.211=2.4
	5A. Proof of step (1)
	5B. Proof of step (2)
	5C. Proof of step (3)

	6. Proof of 0=thm.271=2.6
	6A. Proof of step (1)
	6B. Proof of step (2)

	7. Proof of 0=thm.301=Theorem 2.7
	7A. Proof of step (1)
	7B. Proof of step (2)
	7C. Proof of step (3)

	Acknowledgments
	References
	
	

