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ON FOURIER COEFFICIENTS OF
CERTAIN RESIDUAL REPRESENTATIONS
OF SYMPLECTIC GROUPS

DIHUA JIANG AND BAIYING LI1U

In the theory of automorphic descents developed by Ginzburg, Rallis, and
Soudry in The descent map from automorphic representations of GL(n) to
classical groups (World Scientific, 2011), the structure of Fourier coeffi-
cients of the residual representations of certain special Eisenstein series
plays an essential role. In a series of papers starting with Pacific J. Math.
264:1(2013), 83-123, we have looked for more general residual representa-
tions, which may yield a more general theory of automorphic descents. We
continue this program here, investigating the structure of Fourier coeffi-
cients of certain residual representations of symplectic groups, associated
with certain interesting families of global Arthur parameters. The results
partially confirm a conjecture proposed by Jiang in Contemp. Math. 614
(2014), 179-242 on relations between the global Arthur parameters and
the structure of Fourier coefficients of the automorphic representations in
the associated global Arthur packets. The results of this paper can also be
regarded as a first step towards more general automorphic descents for
symplectic groups, which will be considered in our future work.

1. Introduction

Let Sp,,, be the symplectic group with symplectic form

0 vy
_vn 0 ’

where v, is an n X n matrix with 1s on the second diagonal and Os elsewhere. Fix a
Borel subgroup B = T'U of Sp,,,, where the maximal torus 7" consists of elements
of the form

diag(tl,...,tn;tn_l,...,tl_l)
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and the unipotent radical U consists of all upper unipotent matrices in Sp,,,. Let I
be a number field and A be the ring of adeles of F.

The structure of Fourier coefficients for the residual representations of Spy, (A),
with cuspidal support (GL3,, ), played an indispensable role in the theory of
automorphic descent from GL,, to the metaplectic double cover of Sp,, by
Ginzburg, Rallis, and Soudry in [Ginzburg et al. 2011]. As tested in a special
case in our recent work joint with Xu and Zhang in [Jiang et al. 2015], we expected
the residual representations investigated in [Jiang et al. 2013] may play important
roles in extending the theory of automorphic descent in [Ginzburg et al. 2011]
to a more general setting. In this paper, we take certain interesting families of
residual representations of Sp,, (A) obtained in [Jiang et al. 2013] and study the
structure of their Fourier coefficients associated to nilpotent orbits as described in
[Jiang 2014]. On one hand, the results of this paper partially confirm a conjecture
proposed by the first named author in [loc. cit.] on relations between the global
Arthur parameters and the structure of Fourier coefficients of the automorphic
representations in the corresponding global Arthur packets. On the other hand,
these results are preliminary steps towards the theory of more general automorphic
descents for symplectic groups, which will be considered in our future work.

We first recall the global Arthur parameters for Sp,,, and the discrete spectrum,
and the conjecture made in [loc. cit.]. Then we recall what has been proved about
this conjecture before this current paper, in particular the results obtained in [Jiang
and Liu 2015a]. Finally we describe more explicitly the objective of this paper. The
main results will be precisely stated in Section 2.

1A. Arthur parameters and the discrete spectrum. Let F be a number field and A
be the ring of adeles of F. Recall that the dual group of G, = Sp,,, is SO2,+1(C).
The set of global Arthur parameters for the discrete spectrum of the space of
all square-integrable automorphic functions on Sp,,, (A) is denoted by lhlilz(SpZn),
following the notation in [Arthur 2013]. The elements of @2 (Sp,,,) are of the form

(1-1) V=Y By B---Byp,

where ; are pairwise distinct simple global Arthur parameters of orthogonal
type. A simple global Arthur parameter is formally given by (z, b) with an integer
b > 1, and with T € Agyp(a) being an irreducible unitary cuspidal automorphic
representation of GL, (A).

In (1-1), one has that ¥; = (7;, b;) with 7; € Acusp(a;i), 2n +1 = Z;=1 a;b;,
and [ [; a)fii = 1 (the condition on the central character of the parameter), following
[Arthur 2013, Section 1.4]. In order for all the y; to be of orthogonal type, the
simple parameters ¥; = (t;,b;) fori = 1,2,...,r satisfy the following parity
condition: if 7; is of symplectic type (i.e., L(s, 7;, /\2) has a pole at s = 1), then
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b; is even; and if 7; is of orthogonal type (i.e., L(s, 7;, Sym?) has a pole at s = 1),
then b; is odd. A global Arthur parameter ¥ = B’_, (t;, b;) is called generic if
bj=1foralll <i <r.

Theorem 1.1 [Arthur 2013, Theorem 1.5.2]. For each global Arthur parameter
Y € Wo(Sp,,), there exists a global Arthur packet T1y,. The discrete spectrum of
Sps, (A) has the following decomposition

L (Sp2n(F)\Sp2,(A) = €D =,
‘/IG{IZZ(SPZM)
JTEHU, (61/,)
where ﬁw (ey) denotes the subset of ﬁw consisting of members which occur in the
discrete spectrum of Sp,, (A).

1B. A conjecture on the Fourier coefficients. We will use the notation in [Jiang
and Liu 2015c; 2015a] freely. Following [Jiang and Liu 2015¢, Section 2], for
a symplectic partition p of 2n, or equivalently each F-stable unipotent orbit O,
via the standard sl, (F)-triple, one may construct an F-unipotent subgroup ijz.
In this case, the F-rational unipotent orbits in the F-stable unipotent orbit O, are
parametrized by a datum a (see [loc. cit.] for details), which defines a character
Yp,a of Vp.2(A). This character v, , is automorphic in the sense that it is trivial
on V, o(F). The v, ,-Fourier coefficient of an automorphic form ¢ on Sp,,, (A) is
defined by ’

(1-2) pVra(g) = / 0(vg) Vp.a(v) ™! dv.
Vp,Z(F)\I{p,Z(A)

We say that an irreducible automorphic representation m of Sp,,, (A) has a nonzero
Y, q-Fourier coefficient or a nonzero Fourier coefficient attached to a (symplectic)
partition p if there exists an automorphic form ¢ in the space of = with a nonzero
Yy, q-Fourier coefficient @¥r.a(g), for some choice of a. For any irreducible auto-
morphic representation 7 of Sp,, (A), as in [Jiang 2014], we define p™ (;r) (which
corresponds to n” (i) in the notation of [loc. cit.]) to be the set of all symplectic
partitions p with the properties that 7 has a nonzero v, 4-Fourier coefficient for
some choice of g, but for any p’ > p (with the naturaliordering of partitions),
has no nonzero Fourier coefficients attached to p’. It is generally believed (and
may be called a conjecture) that the set p”* () contains only one partition for any
irreducible automorphic representation 7 (or locally for any irreducible admissible
representation 7). We refer to [Jiang and Liu 2015b, Section 3], in particular
Conjecture 3.1, for more detailed discussions on this issue.

As in [Jiang 2014], ﬁl/,(ew) is called the automorphic L2-packet attached to
the global Arthur parameter ¥. For each ¥ of the form in (1-1), let p(y) =
[(b1)@) ... (b,)@)] be a partition of 211+ 1 attached to the global Arthur parameter
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Y, following the discussion in [op. cit., Section 4]. For € ﬁl/,(ew), the structure
of the global Arthur parameter ¥ deduces constraints on the structure of p’ (1),
which are given by the following conjecture.

Conjecture 1.2 [Jiang 2014, Conjecture 4.2]. For any ¢ € 0, (Spy,,). let ﬁw(el/,)
be the automorphic L2-packet attached to 1. Then the following hold.

(1) Any symplectic partition p of 2n satisfying p > ngv, ¢(p(¥)) does not belong
to p™ () for any 7 € Iy (ey).

(2) For every w € ﬁw(e¢), every partition p € p™ () has the property that
P = ngv.g(p(¥)).

(3) There exists at least one member m € ﬁ¢(e¢) having the property that
Ngv,g(P(¥)) € p™ ().

Here nyv, 4 denotes the Barbasch—-Vogan duality map (see Definition 2.2) from the
partitions for s02,41(C) to the partitions for sp,, (C).

We remark that part (2) is stronger than part (1) in Conjecture 1.2. More related
discussions can be found in [Jiang and Liu 2015b].

There has been progress toward the proof of Conjecture 1.2. When the global
Arthur parameter ¥ = B7_, (z;, 1) is generic, in Conjecture 1.2, part (1) is triv-
ial, part (2) is automatic, and part (3) of Conjecture 1.2 can be viewed as the
global version of the Shahidi conjecture, namely, any global tempered L-packet
has a generic member. This can be proved following the theory of automorphic
descent developed by Ginzburg, Rallis, and Soudry [Ginzburg et al. 2011] and
the endoscopy classification of Arthur [2013]. We refer to [Jiang and Liu 2015b,
Section 3.1], in particular Theorem 3.3, for more precise discussion on this issue.
Hence Conjecture 1.2 holds for all generic global Arthur parameters, and those &
satisfying part (3) are generic cuspidal representations.

For Arthur parameters of form ¥ = (z, b)B(1gr, (a), 1), where 7 is an irreducible
cuspidal representation of GL, (A) and is of symplectic type, and b is even, one
has that p(y) = [6*)1]. In this case, part (3) of Conjecture 1.2 has been proved
by Liu in [2013a], where it is also shown that p” (;r) contains only one partition in
this particular case.

For a general global Arthur parameter v, part (1) of Conjecture 1.2 is completely
proved in [Jiang and Liu 2015a]. We remark that if we assume that p” () contains
only one partition, then part (2) of Conjecture 1.2 essentially follows from parts (1)
and (3) of Conjecture 1.2 plus certain local constraints at unramified local places
as discussed in [loc. cit.]. We omit the details here. However, without knowing
that the set p” (;r) contains only one partition, part (2) of Conjecture 1.2 is also
settled in [loc. cit.] partially; namely, any symplectic partition p of 2n, for which
P > ngv,q(p(¥)) under the lexicographical ordering, does not belong to p™ ()
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for any m € ﬁ,/,(e,/,). We refer to [Jiang 2014, Section 4] and also [Jiang and Liu
2015b] for more discussion on this conjecture and related topics.

1C. The objective of this paper. In this section, we begin to investigate part (3)
of Conjecture 1.2. This means that we have to construct or determine a particular
member in a given automorphic L2-packet ﬁw(ew) attached to a general global
Arthur parameter ¥, whose Fourier coefficients achieve the partition ngv,4(p(¥)).
Such members should be the distinguished members in T1y (ey), following the
Whittaker normalization in the sense of Arthur [2013] for global generic Arthur
parameters. For general nongeneric global Arthur parameters, the distinguished
members in ﬁw(ew) can be certain residual representations determined by ¢ as
conjectured by Mceglin [2008; 2011], or certain cuspidal automorphic representa-
tions, which may be explicitly constructed through the framework of endoscopy
correspondences as outlined in [Jiang 2014]. Due to the different nature of the
two construction methods, we are going to treat them separately, in order to prove
part (3) of Conjecture 1.2.

As explained in [Jiang and Liu 2015b], when the distinguished members 7 in a
given ﬁI/, (ey ) are residual representations, they can be constructed explicitly from
the given cuspidal data. In this case, our method is to establish the nonvanishing
of the Fourier coefficients of those 7 associated to the partition ngv, 4(p(¥)), in
terms of the nonvanishing condition (Fourier coefficients or periods) on the con-
struction data that is also defined by the given nongeneric global Arthur parameter
Y. Hence, such a method can be regarded as a natural extension of the well-
known Langlands—Shahidi method from generic Eisenstein series [Shahidi 2010] to
nongeneric Eisenstein series, and in particular to the singularity of Eisenstein series,
i.e., the residues of Eisenstein series. On the other hand, this method can also be
regarded as an extension of the automorphic descent method of Ginzburg—Rallis—
Soudry for particular residual representations [Ginzburg et al. 2011] to general
residual representations.

In this paper, we are going to test our method for these nongeneric global
Arthur parameters v, whose automorphic L2-packets ﬁ¢(ew) contain the residual
representations that are completely determined in our previous work joint with
Zhang [Jiang et al. 2013]. Those nongeneric global Arthur parameters of Sp,, (A)
are of the following form

.
v =(r.b) BH (. 1), withb; > 1,
i=2

which has three cases, depending on the symmetry of 7; and the relationship
between 71 and 7; fori =2,3,...,r. In each case, b > 1.

Casel: ¢ =(t,2b+1)BH!_,(x,1), wheret 7 forany2 <i <r.
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Case II: ¥ = (7,2b+ 1)@ (r, )BH_5(t;,1), wheret %7 forany3 <i <r.
Case III: ¥ = (7,2b) B H/_,(z;, 1).

For ¢ € U, (Spa2y)» T € Acusp(GLy) is of orthogonal type in Case I and Case 1I,
and of symplectic type in Case III. Of course, the remaining t; are of orthogonal
type in all three cases.

When 7 is of orthogonal type, i.e., in both Case I and Case II, the corresponding
residual representations given in [Jiang et al. 2013] must be nonzero. In this paper,
we prove part (3) of Conjecture 1.2 in those two cases, and refer to Section 2 for
more details.

When t is of symplectic type and r > 2, the relation between t and t;, for
i =2,3,...,r,is governed by the corresponding Gan—Gross—Prasad conjecture
[Gan et al. 2012], which controls the structure of the automorphic L2-packet
ﬁ,/,(ew). We prove part (3) of Conjecture 1.2 for Case III when 1:[1/, (€4 ) contains
residual representations. While the automorphic L2-packet ﬁl/,(el/,) does not
contain any residual representation, the situation is more involved, and will be
left for a separate treatment in our future work. We discuss with more details in
Section 2.

We will state the main results more explicitly in Section 2. After recalling a
technical lemma from [Jiang and Liu 2015b] in Section 3, we are ready to treat
Case I in both Sections 4 and 5. Case Il is treated in Section 6. The final section is
devoted to Case III. One may find more detailed description of the arguments and
methods used in the proof of those cases in each relevant section.

2. The main results

After introducing more notation and basic facts about the discrete spectrum and
Fourier coefficients attached to partitions, we will state the main results explicitly
for each case.

Throughout the paper, we let P?" = M2" N?" (with 1 <r <n) be the standard
parabolic subgroup of Sp,, with Levi part M 2" isomorphic to GL, x Sp,,,_,, and
unipotent radical N2". Also let Prz" (A) = 1\7[3” (A)N2"(A) be the preimage of
P2"(A) in §132n (A) (the superscript 2n may be dropped when there is no confusion).
The description of the three cases was briefly given in [Jiang and Liu 2015b]. Here
are the details.

2A. Casel. y € \32(Sp2n) is written as

2-1) v =(t,2b+1)B HrEI(rl-, 1),
=2

where b > 1 and 7 2 7; for any 2 <i < r. Assume 7 € Ap(GLy) has central
character w¢, and 7; € Acysp(GLg, ) has central character w, for 2 <i <r. Following
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the definition of W5 (Sp,,,), one must have that 2n + 1 =a(2b+ 1)+ > _, a;, and
w?b +1 -]_[;=2 wy; = 1. Consider the isobaric representation 7 = tH H---H1,
of GLy,+1(A), where 2m +1=a + Zf:z a; =2n+1—2ab. It follows that 7
has central character w,; = w; ]_[f:2 wy; =landa <2m+1=2n+1-2ab.

By [Ginzburg et al. 2011, Theorem 3.1], 7 descends to an irreducible generic
cuspidal representation o of Sp,,,_,,,(A), which has the functorial transfer back
to r. As remarked before, this is part (3) of Conjecture 1.2 for the generic global
Arthur parameter

VUr=(t, DB (2, ) B---B (2, 1).

Hence L(s, T x 0) has a (simple) pole at s = 1.

Let A(z, b) be the Speh residual representation in the discrete spectrum of
GL,5(A); see [Mceglin and Waldspurger 1989], or [Jiang et al. 2013, Section 1.2].
For any automorphic form

¢ c A(Nab(A)Mab(F) \ szab+2m (A))A(r,b)éba’

following [Langlands 1976; Mceglin and Waldspurger 1995], one has a residual
Eisenstein series

E(d)? S)(g) = E(g? ¢A(r,b)®07 S)'

We refer to [Jiang et al. 2013] for particular details about this family of Eisenstein
series. In particular, it is proved in [Jiang et al. 2013] that £(¢, 5)(g) has a simple
pole at (b + 1)/2, which is the right-most one. We denote by £(g, ¢) the residue,
which is square-integrable. They generate the residual representation Ex (¢, p)@o Of
Sp,, (A). Following [Jiang et al. 2013, Section 6.2], the global Arthur parameter
of this nonzero square-integrable automorphic representation Ex (¢, p)gq 18 €xactly
v = (t,2b+ 1) B H/_,(, 1) as in (2-1). We prove part (3) of Conjecture 1.2
for Case I.

Theorem 2.1. For any global Arthur parameter of the form

,
Y =(2b+1)BHG, 1
i=2
with b > 1 and t % t; for any 2 <i <, the residual representation Ep (¢, p)go has
a nonzero Fourier coefficient attached to the Barbasch—Vogan duality
77502,,+1,sp2n (_p(W))
of the partition p () associated to (¥, SO2,+1(C)).

In order to prove Theorem 2.1, we have to precisely figure out the partition
Msoznt 1,502, (P (V). We recall
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Definition 2.2. Given any partition pg = [g192 - - qr] for 502,+1(C) satisfying
41> 42 = -+ = qr > 0, whose even parts occur with even multiplicity, let ¢~ =
[9192 - - qr—1(qr — 1)]. Then the Barbasch—Vogan duality 7505, ;,sp,,,» following
[Barbasch and Vogan 1985, Definition Al; Achar 2003, Section 3.5], is defined by

n502n+1;5p2n (‘_]) = ((q_)sz,l)t’

where (¢7)sp,, is the Sp,,-collapse of ¢, which is the biggest special symplectic
partition which is smaller than ¢~

Following [Jiang 2014, Section 4], p(y) = [(2b+1)4(1)>™*179]. As calculated
in [Jiang and Liu 2015b], when a = 2m + 1, by Definition 2.2,

Nsoans 1,502, (P (W) = [(@)?2 2m)];

when a < 2m and a is even,

Nsaom 1,500, (PW)) = [(2m)(a)?P];

and finally, when @ < 2m and a is odd,

Nsoomtt,span (P(W)) = [2m)(a + 1)(@)?P2(a — 1)].

The proof of Theorem 2.1 goes as follows. Given a symplectic partition p
of 2n (that is, where odd parts occur with even multiplicities), denote by _pSP2'2
the Sp,,,-expansion of p, which is the smallest special symplectic partition that is
bigger than p. In [Jiang and Liu 2015c¢], we proved the following theorem which
provides a crucial reduction in the proof of Theorem 2.1.

Theorem 2.3 [Jiang and Liu 2015c, Theorem 4.1]. Let & be an irreducible auto-
morphic representation of Sp,, (A). If w has a nonzero Fourier coefficient attached
to a nonspecial symplectic partition p of 2n, then w must have a nonzero Fourier
coefficient attached to _pSpZn, the Sp,,,-expansion of the partition p.

If @ <2m and a is odd, by [Collingwood and McGovern 1993, Lemma 6.3.9],
[(2m)(a + D@7 (a = D] = [2m)(a)*]¥P2.
Hence it suffices to prove the following theorem.

Theorem 2.4. With notation above, the following hold.

(D) If a =2m + 1, then Ep(¢,pygo has a nonzero Fourier coefficient attached to
[(@)2> 2m)]
(2) If a < 2m, then Ep(r,p)@o has a nonzero Fourier coefficient attached to

[(2m)(a)?*]

Parts (1) and (2) of Theorem 2.4 will be proved in Sections 4 and 5, respectively.
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2B. Casell. € U, (Sp,,,) is written as

,
(2-2) v=(2b+1)BE H)BHG..
i=3

where b > 1 and 7 2 7; for any 3 <i <r. Assume that 7 € Au,(GLy) has central
character w;, and 7; € Acusp(GLg; ) has central character wy; for 3 <i <r. Then
2n4+1=a@b+1)+a+ Y _5a; and w2?*! ., -[[/_3 0y = 1. Consider
the isobaric representation 7 = t3 B ---H 7, of GLy;41(A), where 2m + 1 =
> i_sa;i =2n+1—a(2b+2). Then 7 has central character w, =[]/ _5 oy, = 1.

By [Ginzburg et al. 2011, Theorem 3.1], there is a generic 0 € Acusp(Sp,,,,) such
that o has the functorial transfer 7 and hence L(s, T x o) is holomorphic at s = 1
in this case. For any automorphic form

¢ € A(Na(b+l)(A)Ma(b+1)(F) \ Sp2a(b+1)+2m(A))A(r’b+1)®(,v

one defines a residual Eisenstein series as in Case I

E(d)’ S)(g) = E(g’ ¢A(‘E,b+l)®0»s)'

By [Jiang et al. 2013], this Eisenstein series has a simple pole at /2, which is the
right-most one. Denote the representation generated by these residues at s = b/2
by Ea(z,b+1)®0» Which is square-integrable. Following [Jiang et al. 2013] and
[Shahidi 2010, Theorem 7.1.2], this residual representation (¢, 4 1)@ 1S NONZETO.
In particular, by Section 6.2 of [Jiang et al. 2013], the global Arthur parameter of
En(r.b+1)®0 1s exactly ¥ = (7,2b + 1) B (7, 1) B HH;_5(x;, 1) as in Case IL In
this case, we prove

Theorem 2.5. For any global Arthur parameter of the form

Y =(t,2b+1)H(z,1)H Bra(ri,l)
i=3

with b > 1 and © % 7; for any 3 <i < r, the residual representation Ea(z,p+1)®0
has a nonzero Fourier coefficient attached to the Barbasch—Vogan duality

77502,,+1,sp2n (_P(‘/f))
of the partition p(yr) associated to (¥, SO2,+1(C)).

Following [Jiang 2014, Section 4], p(y) = [(2b + 1)4(1)#(1)*"*+1]. Now by
Definition 2.2, we may calculate the partition 7so,,,sp,, (P(¥)) explicitly as



430 DIHUA JIANG AND BAIYING LIU

follows. When « is even,
Nsoan s 1:502n (P(W)) = Tsony 1 1.5p2, ([(20 + D (1> F1H4])
= [2b + D)*(1)>" )
= [(@*" ']+ [2m +a)]
= [2m + 2a)(a)??].
When a is odd,
Nsoan s 1502 (P(W)) = Nsor i 1,50, ([(2D + D (1> F1H4])
= ([@b+ D> ]sp,,)}
[ + D1 @2b) @) (1> e
[(@— D2+ (D21 + (D] +[@m +a—1)]
[2m + 2a)(a + 1)(a)?>2(a —1)].

As before, if a is odd, then, by the recipe for obtaining the Sp,, -expansion of a
symplectic partition p given in [Collingwood and McGovern 1993, Lemma 6.3.9],

[(2m +2a)(a + 1)(@)?*72(a — )] = [(2m + 2a)(a)?P]P2n.
Hence it suffices to prove the following theorem.

Theorem 2.6. The residual representation Ea(r,p+1)®0 has a nonzero Fourier
coefficient attached to [2m + 2a)(a)?P].

The proof of Theorem 2.6 is given in Section 6, using induction on the integer b.
We note that when b = 0, the Arthur parameter is

v =2(.1)H Eh(fi, 1),
i=3

which does not parametrize automorphic representations in the discrete spectrum.
Indeed, in this case, the corresponding automorphic representation constructed from
the Eisenstein series is the value at s = 0, which we still denote by Ea(z,1) @0 = Er®0-
It is clear that in this case, the partition p(v/) is the trivial partition. On the other
hand, following [Shahidi 2010, Theorem 7.1.3], the representation & (¢, 1)@ has a
nonzero Whittaker—Fourier coefficient. In other words, Theorem 2.6 still holds for
b = 0. As we proceed in Section 6, the case of b = 0 will serve as the base of the
induction argument.

2C. Case III. € U5(Sp,,) is written as

(2-3) ¥ = (z,2b)H Eh(fi, 1),
i=2
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where b > 1. In this case, 7 is of symplectic type (and hence a = 2k is even),
while 7; for all 2 <i < r are of orthogonal type. Assume that 7 € Acysp(GLy) has
central character w, and 7; € Acysp(GLg, ) has central character w,; for2 <i <r.
By the definition of Arthur parameters, one has that 2n + 1 = 2ab + Y/ _, a;,
and ]_[f:2 wy; = 1. Consider the isobaric representation w = 7o H---H 7, of
GLom+1(A), where 2m + 1 =Y ;_,a; = 2n + 1 —2ab. Hence 7 has central
character wn, =[]}, wg; = 1.

By [Ginzburg et al. 2011, Theorem 3.1], there is a generic 0 € Acusp(Sp,,,) that
has the functorial transfer 7. Then we define a residual Eisenstein series

E(p,5)(g) = E(8, dA(z,b)®05)

associated to any automorphic form

¢ € .A(Nab(/&) Mab(F) \ Sp2ab+2m (A))A(r,b)g’o'

By [Jiang et al. 2013], this Eisenstein series may have a simple pole at /2, which is
the right-most one. Denote the representation generated by these residues at s =b/2
by Ea(z,p)@c- This residual representation is square-integrable. If L(%, T X o) #0,
the residual representation £;gq 1S nonzero, and hence by the induction argument
in [Jiang et al. 2013], the residual representation Ea (¢, p)@c 15 also nonzero. Finally,
following [op. cit., Section 6.2], we see that the global Arthur parameter of Ea (¢, p) g0
is exactly ¥ = (z,2b) B H/_,(%;, 1) as in (2-3).

Theorem 2.7. Assume that a = 2k and L(% T X 0) # 0. If the residual represen-
tation Er@q Of SPagyam(A), with o % 1y (a), has a nonzero Fourier coefficient
attached to the partition [(2k + 2m)(2k)], then, for any b > 1, the residual rep-
resentation Ep(¢,p e has a nonzero Fourier coefficient attached to the partition
[(2k +2m)(2k)?b~1],

We remark that if o =~ ISPO(A)’ (%,) = L(%, T X o) # 0. In this case, [Liu 2013a,
Theorem 4.2.2] shows that p™ (Ep (7, )00 ) = {[(2k)2P]3.

In fact, the assumption that the residual representation £;g¢ Of Spag 12, (A),
with o 2 1g, (a), has a nonzero Fourier coefficient attached to the partition
[(2k 4+ 2m)(2k)] is exactly [Ginzburg et al. 2004, Conjecture 6.1], and hence
Theorem 2.7 has a close connection to the Gan—Gross—Prasad conjecture [Gan et al.
2012]. We will come back to this issue in our future work.

In this case, p(V) = [(25)%(1)?™11], and following the calculation in [Jiang
and Liu 2015b],

Nsoomt1,5man (PW)) = [(@ +2m)(a)?271],

where a = 2k is even. The proof of Theorem 2.7 is given in Section 7.
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When L(%, T X 0) is zero for the Arthur parameter in (2-3), the corresponding
automorphic L2-packet ﬁw(e,/,) are expected to contain all cuspidal automorphic
representations if it is not empty. We are going to apply the construction of endo-
scopy correspondences outlined in [Jiang 2014] to construct the distinguished
cuspidal members in ﬁw(ew). The details for this case will be considered in our
future work. See [Jiang and Liu 2015b] for a brief discussion in this aspect.

3. A basic lemma

We recall a basic lemma from [Jiang and Liu 2015b], which will be a technical key
step in the proofs of this paper. Let H be a reductive group defined over F. We
first recall [Jiang and Liu 2013, Lemma 5.2], which is also formulated in a slightly
different version in [Ginzburg et al. 2011, Corollary 7.1]. Note that the proof of
[Jiang and Liu 2013, Lemma 5.2] is valid for H(A).
Let C be an F-subgroup of a maximal unipotent subgroup of H, and let Y¥¢ be
a nontrivial character of [C] = C(F) \ C(A). Suppose that X, ¥ are two unipotent
F-subgroups, satisfying the following conditions:
(D) X and Y normalize C ;
(2) XNC and Y N C are normal in X and Y, respectively, (f NnC)\ X and
(Y NC)\Y are abelian;
(3) X(A) and Y (A) preserve Vc;
(4) Y is trivial on (X N C)(A) and (Y N C)(A);
) [X.Y]cc;
(6) there is a nondegenerate pairing (X NC)(A) x (Y NC)A) — C*, given by
(x y) = Yc ([x v]), which is multlphcatlve in each coordinate, and identifies

(Y N C)(F) \ Y(F) and (X N C)(F) \ X(F) with the duals of the subgroups
X(F)(X NC)A)\ X(A) and Y(F)(Y NC)A)\ Y(A) respectively.

Let B=CY and D = CX, and extend Y trivially to characters of [B] =
B(F)\ B(A) and [D] = D(F) \ D(A), which will be denoted by ¥g and ¥ p,
respectively.

Lemma 3.1 [Jiang and Liu 2013, Lemma 5.2]. Assume that (C,¥c, X, Y) satisfies
all the above conditions. Let f be an automorphic form on H(A). Then

/ fleg)yc'(c)de =0, forallge H(A),
[C]
if and only if

/ flug)yp'(u)du=0, forallge H(A),
[D]
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if and only if
/ fg)ygl(v)dv=0, forallge H(A).
(B]

For simplicity, we always use ¥¢ to denote its extensions ¥ and ¥p when we
apply Lemma 3.1 to various circumstances. Lemma 3.1 can be extended as follows
and will be a technical key in this paper.

Lemma 3.2 [Jiang and Liu 2015b, Lemma 6. 2] Assume that (C, yc, X, Y) satis-
fies the following conditions: X = {X; Ve Y = ={Y;¥'_,,and for 1 <i <r,each
quadruple

i=1’
()?5_1 - X,CY, ”'171'+1, Y. X, ?i)
satisfies all the conditions of Lemma 3.1. Let f be an automorphic form on H(A).

Then

[yl (c)dedx =0,  forallg e H(A),
(XX C]

if and only if

/ __ fleyo)wet(e)dyde =0, forall g e H(A).
[

Y]
The proof of this lemma is carried out by using Lemma 3.1 inductively, and was
given with full details in [loc. cit.].

4. Proof of part (1) of Theorem 2.4

In this section, we assume that @ = 2m + 1 and show that £x(;,p)@c has a nonzero
Fourier coefficient attached to p := [(2m + 122 2m)).

Proof of part (1) of Theorem 2.4. We will prove the theorem by induction on b.
Note that when b = 0, Ea(¢,p)@c = 0 Which has a nonzero Fourier coefficient
attached to [(2m)] since o is generic. Now assume that a7, p—1)@¢ has a nonzero
V(2m+1)2b—2(2m)],«~Fourier coefficient attached to [(2m + 1)26=2(2m)], for some
a € F*/(F*)2

Take any ¢ € Ez(¢,p)@0 and consider its V¥, -Fourier coefficients attached to p:

@) PV (g) = /[ | PR

For definitions of the unipotent group 1%11,2 and its character ¥/, o, see [Jiang and Liu
2015c, Section 2]. By [op. cit., Corollary 2.4], the integral in (4-1) is nonvanishing
if and only if the following integral is nonvanishing:

(4-2) / oYL () dv.
[Y1Vp.2] B
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where Y is defined in [Jiang and Liu 2015c, (2.5)] corresponding to the partition
[(2m + 1)22(2m)] and the character Vp,o extends to Y1V}, o trivially.

Assume that T is the maximal split torus in szb(im +1)42m> consisting of
elements

: -1 -1 —1
diag(ty. ts - - tpamt 1) 4m b@ma1)4me -2 12 11 )

Let w; be the Weyl element of Sp,p(2,,,41)42m- sending elements 7 € T' to the
torus elements

4-3) ' =diag(t©@, (W, (@, (0 (ot D)y omx L @x (D% (03

where 1@ = diag(t1, t2, ..., tam+1), and with e = 2m + 1,
(m+1) _ 3; -1 —1
t =diag(le i1 Lp—Detm+1 lbe—ms -+ > L2e—m
and
() — g; —1 —1 _
t — dlag(te+j, ey t(b—l)e—l—]’ tbe—]—l—l’ ey t2€-j+1’ [be+j)’

for1 <j <m.

Now identify Spap—1)@2m+1)+2m With its image in Spyp(241)+2m under
the embedding g +— diag(l2m+1, &, Iam+1), and denote the restriction of w; to
SP(2b—1)(2m+1)+2m DY @]. We conjugate cross the integration variables by w;
from the left; then the integral in (4-2) becomes

(4-4) / o)yl w) ™" du,
[Up,2] -

where Up 2 = w1Y1 Vl,,zwl_l, and ng}x(u) = wp,a(wl_lua)l).
Now, we describe the structure of elements in U, 5, each of which has the form

Zom+1 91 42 Iom+1 0 0
45 u=| 0 u g5 P lep-2em++2m 0 )],
0 0 z3,., P2 Py Iam+1

where z2,,41 € Vam+1, the standard maximal unipotent subgroup of GL2,41;
u' € U[(2m+1)2b—2(2m)],2 = w/lYZV[(2m+1)2”_2(2m)],2wi_1 with Y2 as in [Jlang
and Liu 2015c¢, (2.5)] corresponding to the partition [(2m + 1)22=2(2m)]; and
pi.qi, 1 <i <2, are described as follows:

* 41 € Mam+1)x(2b—2)(2m+1)+2m)> Such that g1 (i, j) =0 for 1 <i <2m +1
and 1< j <(2b—2)+ (2b—1)(i — 1).

* P1 € M(@b—2)(2m+1)+2m)x(2m+1), such that p1 (i, j) =0for 1 < j <2m+1
and 2b—2) + (2b—1)(i — 1)+ 1<i < (2b—2)(2m + 1)+ 2m.

* 42 € M(2m4+1)x(2m+1), Symmetric with respect to the secondary diagonal, such
that go(i, j) =0for1 <i <2m+1land 1< <i.
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* P2 € Mami1)x(2m+1)> Symmetric with respect to the secondary diagonal, such
that pp(i, j) =0for1 <i <2m+1land1<j <i.

Note that

Zam+1 q1 92 2m

Voul O  leo-2em+v+am 47 | = w(z Zom+1(i,0 + 1))-
i 0 0 * i=1
Z2m+1 =

Next, we apply Lemma 3.2 to fill the zero entries in g1, g2 using the nonzero
entries in pjy, p2. To proceed, we need to define a sequence of one-dimensional
root subgroups and put them in a correct order.

Let X;, with 1 < j < (2b —2) + 1, be the one-dimensional subgroups corre-
sponding to the roots such that the corresponding entries are in the first row of q;
or ¢» and are identically zero, from right to left. For 1 <i < m, let X;, with

i—1

(Z[(zb 2)+Q2b—1)(k— 1)+1<])+1<J<Z(2b 2)+Q2b—1)(k—1)+k],

k=1 k=1

be the one-dimensional subgroups corresponding to the roots such that the corre-
sponding entries are in the i-th row of g1 or g, and are identically zero, from right
to left.

LetY;, with 1 < j <(2b—2)+1, be the one-dimensional subgroups corresponding
to the roots such that the corresponding entries are in the second column of p; or
p2 and are not identically zero, from bottom to top. For 1 <i <m, let ¥;, with

i—1
I+ Z 2b-2)+2b-1)(k—-1)+k]<j < Z[(2b 2)+2b—1)(k—1)+k],

k=1 k=1
be the one-dimensional subgroups corresponding to the roots such that the corre-
sponding entries are in the (i + 1)-th column of p; or p, and are not identically
zero, from bottom to top.

Let W1 be the subgroup of Up > such that the entries corresponding to the

one-dimensional subgroups Y; above, with

1<j<¢ Z [(2b—2)+ (2b—1)(k —1) + k],

are all identically zero. And let Yy, = Yy |w,. Then (Wi, ¥, {X; }f, {Y,}f)
satisfies all the conditions for Lemma 3.2. Hence, by that lemma, the integral in
(4-4) is nonvanishing if and only if the following integral is nonvanishing:

(4-6) / (w1 g) Yw, (W)~ dw,
[W2]
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where W, = ]_[f:1 X; W1 and Yy, is the character on W, extended trivially
from Y, .

Now we consider the i-th row of ¢; and ¢,, withm + 1 <i <2m. We will
continue to apply Lemma 3.2 to fill the zero entries in ¢; and g, row by row,
from the (m + 1)-th row to 2m-th row. But for each m + 1 <i < 2m, before
we apply Lemma 3.2 as above, we need to take the Fourier expansion along the
one-dimensional root subgroup X».;. For example, for i =m + 1, we first take the
Fourier expansion of the integral in (4-6) along the one-dimensional root subgroup
X2e,,4,- We will get two kinds of Fourier coefficients corresponding to the orbits
of the dual of [Xze, ] := X2¢,,,, (F) \ X2¢,,.,(A): the trivial orbit and the
nontrivial one. For the Fourier coefficients attached to the nontrivial orbit, we can
see that there is an inner integral

(pw[(2m+2)12b(2m+1)—2].5, BeF*,

which is identically zero by [Jiang and Liu 2015a, Proposition 6.4]. Therefore only
the Fourier coefficient attached to the trivial orbit, which actually equals to the
integral in (4-6), survives. Then, we can apply the Lemma 3.2 to the (m + 1)-th
row of ¢; and ¢, similarly as above.

After considering all the i-th row of ¢; and g2, m + 1 <i < 2m as above, we
get that the integral in (4-6) is nonvanishing if and only if the following integral is
nonvanishing:

4-7) f o(warg) Y, (w) " duw.
[W3]

where W3 has elements of the following form:
Z2m+1 91 42
(4-8) w= 0 u qf |
0 0 23,4

where 22,41 € Vam+1, the standard maximal unipotent subgroup of GL3;41;

' € Ulama1y26—2m)l.2 = @1 Y2 Viams 1260—2(2m)], 201

with ¥, as in [op. cit., (2.5)] corresponding to the partition [(2m + 1)2672(2m)];

q1 € Mom11)x((2b—2)(2m+1)+2m)>

such that g1(2m+1,j)=0for1 <j <(2b—-2)2m+ 1) +2m;

92 € Mom+1)x@m+1)
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symmetric with respect to the secondary diagonal, such that go(2m + 1,1) = 0.
Also,

Z2m+1 q1 q> 2m
Ywil 0 lep-em+n+am 47 | = W(Z Zom+1(1, 1 + 1))-
0 0 Zymal i=1

Now consider the Fourier expansion of the integral in (4-7) along the one-
dimensional root subgroup Xze,,, ;. By the same reason as above, only the Fourier
coefficient corresponding to the trivial orbit of the dual of [X3e,,,,,] survives,
which is actually equal to the integral in (4-7):

(4-9) / o(worg) Y, ()" dw.
[W4]

where elements in W4 have the same structure as in (4-8), except that g, (2m +1, 1)
is not identically zero.

It is easy to see that the integral in (4-9) has an inner integral which is exactly
@¥N2m , using notation in Lemma 4.2 below. On the other hand, we know that by
Lemma 4.2 below, ¢¥N2m = @¥Nami1 . Therefore, the integral in (4-9) becomes

(4-10) / o(worg)Yws ()~ dw,
[W5s]

where elements in W5 are of the form:

Z2m+1 491 42
!
w:w(22m+lau,QI,Q2)= 0 u/ qik y
*
0 0 Z3pty

where z2,+1 € Vam+1, the standard maximal unipotent subgroup of GLj;41;
u' € Uomny2v—2@my,2 = @1 Y2 Vj@me1)25-2m), 201 |
with ¥» as in [loc. cit.] corresponding to the partition [(2m + 1)2672(2m)];
q1 € Mom11)x((2b—2)(2m+1)+2m)>

and g2 € M(241)x(2m+1)» Symmetric with respect to the secondary diagonal. And

Z2m+1 q1 q2 2m
Yws| O lep-2emiv+2m 47 | = W(Z Zom+1(0,1 + 1))-
0 0 Zymal i=1

Hence, the integral in (4-10) can be written as
@10 [ ors worgy v )
6

where W is a subgroup of W5 consisting of elements of the form w(z2,,+1, u’, 0, 0),
VYwe = Vws|we, and ¢p,,, ., is the constant term of ¢ along the parabolic subgroup
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Poms1 = Mom+1Nomyq of Sp2b(2m+1)+2m with the Levi subgroup isomorphic
to GLam+1 X Sp2p—2)@2m+1)+2m-

By Lemma 4.1 below, ¢p,, ., (ww1g) is an automorphic form in |- |_b ®
EA(z,b—1)®c When restricted to the Levi subgroup. Note that the restriction of
Yws to the zo,,41-part gives a Whittaker coefficient of 7, and the restriction to
the u/-part gives a Vim+1)20-2(2m)],«"Fourier coefficient of Ea(¢,p—1)@0 UP tO
the conjugation of the Weyl element w{. On the other hand, t is generic, and
by induction assumption, &A(z,p—1)@c has a nONZero Y 2,4 1)26-2(2m)],o-Fourier
coefficient. Therefore, we conclude that (¢, p)@s has a nonzero V¥, o-Fourier
coefficient attached to the partition p = [(2m + 1)22(2m)]. This completes the
proof of part (1) of Theorem 2.4, up to Lemmas 4.1 and 4.2, which are stated
below. d

Note that Lemmas 4.1 and 4.2 are analogs of [Liu 2013a, Lemmas 4.2.4 and 4.2.6],
with similar arguments, and hence we state them without proofs.

Lemma 4.1. Let By = My; Ngj, with 1 <i <b and a <2m + 1, be the parabolic
subgroup of Sp,up+2m With Levi part

Mai = GLai XSPa2p—2i)+2m -

Let ¢ be an arbitrary automorphic form in Ep(;,pygq- Denote by ¢p,;(g) the
constant term of ¢ along Fy;. Then, for 1 <i <b,

©p,; € A(Nai (W) Mai (F) \ SPaap +2m (M) p(e.iy)- |-Co+1-0/206x 1 v’
Note that when b = i, Ep (¢, p—iy@o = O

Lemma 4.2. Let Ni»r be the unipotent radical of the parabolic subgroup Pir of
SP2b@m+1)+2m With the Levi part being GLTP X SP2b@2m+1)+2m—2p- Let

Yn, (1) =Y 1o+ +nppr1) and Yy, (1) =Y (n12+-+np1p)

be two characters of Nir. For any automorphic form ¢ € Ep(,p)go» define WNI.»
and lep-Fourier coefficients as follows:

@12) s (g) = f[ ) g, 0
and
(4-13) (plﬁzv]p (g) = /[N ](p(ng) I;NIP (n)~ ! du.

Then ¥ni» =0 forall p >2m + 1, and ¥Nom = (p1/7N12m+l .
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5. Proof of part (2) of Theorem 2.4
In this section, we assume that ¢ < 2m and o is ¥%-generic for @ € F*/(F*)?,
and show that €A (z,p)@c has a nonzero Fourier coefficient attached to [(2m)(a)2b l.
First, we construct a residual representation of Sp2ab (A\) as follows. For any ¢ €
( b (A) Mab(F) \ szab(A)) Vi—a Az, b)’ following [Meeglin and Waldspurger
1995], an residual Eisenstein series can be defined by

E@.)e)= D Ade.

Y€ Pup (F)\Spayp (F)

It converges absolutely for real part of s large and has meromorphic continuation
to the whole complex plane C. By similar argument as that in [Jiang et al. 2013],
this Eisenstein series has a simple pole at b/2, which is the right-most one. Denote
the representation generated by these residues at s = b/2 by & A(z,b)- This residual
representation is square-integrable.

We separate the proof of part (2) of Theorem 2.4 into three steps:

Step (1) En(r,p)@c has a nonzero Fourier coefficient attached to the partition
[(2m)124?] with respect to the character V[(2m)12ab],q (for definition, see [Jiang
and Liu 2015c¢, Section 2]).

D2ab+2m

Step (2) SA(r p) is irreducible. Let Dy o (EA(z,p)®0) be the Y*- descent of
EA(z,h)@0 [Ginzburg et al. 2011, Section 3. 2] Then, as a representation of Sp2a »(A),

it is square-integrable and contains the whole space of the residual representation
gA(r,b)-

Step (3) & A(z,b) has a nonzero Fourier coefficient attached to the symplectic partition
[(@)??].

Proof of part (2) of Theorem 2.4. From the results in steps (1)—(3) above, we can see
that EA(¢,p+ 1)@ has a nonzero Fourier coefficient attached to the composite parti-
tion [(2m)129°] o [(a)2?] (for the definition of composite partitions and the attached
Fourier coefficients, we refer to [Ginzburg et al. 2003, Section 1]). Therefore, by
[Jiang and Liu 2015¢, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6], & (¢, p)®0

has a nonzero Fourier coefficient attached to [(2m)(a)??], which completes the
proof of the part (2) of Theorem 2.4. O

SA. Proof of step (I1). Note that by [Ginzburg et al. 2003, Lemma 1.1], EA(¢,p)00
has a nonzero Fourier coefficient attached to the partition [(2m)124?] with respect
to the character Y(p,,)12a6],o if and only if the y%-descent Dzznﬁblz’a (EA(z,p)®0)
of Ea(z,b)®c 18 not identically zero as a representation of Spy g (A).

Recall that P2/ = M2 N2! (with 1 <r <1) is the standard parabolic subgroup
of Sp,; with Levi part MTZI isomorphic to GL; x Sp,;_,, and N,ZI the unipotent

radical. 13r21 (A) is the preimage of Przl (A) = Mrzl (A)Nrﬂ (A) in §f)2l (A).
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Take any & € Ep (7, p)@0 s We Will calculate the constant term of the Fourier-Jacobi
coefficient ]-".71/%_1(5 ) along Prz"b, which is denoted by Cerab (]—"jw%_l(f)), where
1<r<ab.

By [Ginzburg et al. 2011, Theorem 7.8],

(5-1) Cyzen (FT e (8))

-z | POOITTS, | (Con )F28) 1.
0<k<r
yeP!l |« (F)\GL,(F)

We explain the notation used in (5-1) as follows: erf,lg +2m denotes the unipotent
radical of the parabolic subgroup P,z_a;? t2m of SP2ap+2m With the Levi subgroup

GL, _k X Spaap+2m—2r+2k» and P,l_k,lk is a subgroup of GL, consisting of ma-

trices of the form
g X
0z)

with z € Uy, the standard maximal unipotent subgroup of GLg. For g € GL;,
with j <ab +m, g = diag(g. I2ap+2m—2;.&"). and L is a unipotent subgroup,
consisting of matrices of the form

A:I,OA
x Iy

with i (A) in the last row of x, and

g (0 I "
- \Un 0)
We assume that ¢ = ¢1 ® ¢z, with ¢, € S(A”) and ¢, € S(A®P~"). Finally, the
Fourier—Jacobi coefficients satisfy the identity

FIfe | (Cnparrom @) PAB) = FTf | (Czepsom (p(PABIE) (D).

with p(PAB) denoting the right translation by PA8, where the function is regarded
as taking first the constant term CNer]/z+2m (p(PAB)E), and then after restricted to
SPaab+2m—2r+2k (A), taking the Fourier-Jacobi coefficient
2
}UZ%—1+H
which is a map taking automorphic forms on Spy4p 4 2/m—2, 424 (A) to those on
Sp2ab—2r (A)

By the cuspidal support of &, CNrZizliz—i-Zm (&) is identically zero, unless kK = r or
r—k =1la with 1 < <b. When k = r, since [(2m + 2r)1240=2"] is bigger
than 7505, (€),sp,,(©) (P(¥)) under the lexicographical ordering, by [Jiang and
Liu 2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1], 77, ‘%12 1Jrr(‘;“) is
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identically zero, and hence the corresponding term is zero. When r —k = la, with
1 </ <band 1<k <r,then by Lemma 4.1, after restricting to SpZa(b_l)JFZm(A),
CNr2112+2m (p(YAB)E) becomes a form in Ep (7, p—1)@e Whose Arthur parameter is

.
=(,2b-21+1)BH®®, 1.
i=2

Since [(2m + 2k)12¢(—D=2k] is bigger than M50/ 41 (C), 5927 (€) (p(¥')) under the
lexicographical ordering, where 2n’ = 2a(b — 1) + 2m, by [Jiang and Liu 2015a,
Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1], it follows that

FIf2 | (Cxparrom (0(PAP)E)

is also identically zero, and hence the corresponding term is also zero. Therefore,
the only possibilities that

Cnzan (FTf (€)) #0

are r =la with 1 </ < b, and k = 0. To prove that ]-"‘71;; l(E) is not identically
zero, we just have to show that "

Cerab (]—"Jw%_l(é)) # 0 for some r.

Let r = ab; then
5D GG ©)= [ SPONTTE (Coapran ©)08) 2.
By Lemma 4.1, when restricted to GL, 45 (A) X Sp2m (A),
Cr2antam () € 5;/;,,+2m det| "3 Az, b) ®o.

Clearly, the integral in (5-2) is not identically zero if and only if o is {*-generic.
By assumption, ¢ is ¥%-generic, and hence

Ff(§)

is not identically zero. Therefore, € (r,p)@0 has a nonzero Fourier coefficient
attached to the partition [(2m)124%] with respect to the character Vi2m)12ab],a-
This completes the proof of step (1).

5B. Proof of step (2). The proof of irreducibility of EA(T, p) is similar to that of
E A(z,1) Which is given in the proof of [Ginzburg et al. 2011, Theorem 2.1]. To show
the square-integrable residual representation gA(r, p) is irreducible, it suffices to
show that at each local place v,

a FU
(5-3) nd P20 oo Ay, )]
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has a unique irreducible quotient, where we assume that ¥ = ®y Yy, P, b is the par-
abolic subgroup of Sp,,; with Levi subgroup isomorphic to GL,p, and Py (Fy) is
the preimage of P,;(Fy) in é}’Zab (Fy). Note that A(ty, b) is the unique irreducible
quotient of the following induced representation

b—1 b—=3 1=b
nd3 ) oy |"F @ nl T @@l | T

where Q,» is the parabolic subgroup of GL,; with Levi subgroup isomorphic to
GLXb Let P,» be the parabolic subgroup of Sp,,; with Levi subgroup isomorphic
to GLXb and P v (Fy) is the preimage of P, (Fy) in szab(F ). We just have to
show that the following induced representation has a unique irreducible quotient

a FU
G4 P ) T e T 9@l

Since 1y, is generic and unitary, by [Tadi¢ 1986; Vogan 1986], t, is fully parabolic
induced from its Langlands data with exponents in the open interval ( 55 2).
Explicitly, we can assume that

T = pr|-[* X pal %2 X xpp ||
where the p; are tempered representations, «; € R, and % >0 >0 > >0 > —%.
Therefore, the induced representation in (5-4) can be written as

2b2—1 +a,

2b—1 2b—1
prygep || o P

2b—3 2b—3 2b 3
xp1]+]77 T xpy||TZ T2 xoxpp| -T2 T

+a2 X -

1
oo |- |21 x g+ |2 X pr |2 a1 -

Since o; € R and % >0 >0 > >0y > —%, we can easily see that the exponents
satisfy
2b2—1 tay > 2b2—1 Fay > > 2b2—1

2b—-3 2b—3 2b—-3
>T+a1 >T+a2>---> 7

+a,

+ay

1 1 1
>--->§+oz1>§+a2>--->§+a,>0.

By Langlands classification of metaplectic groups (see [Borel and Wallach 2000;
Ban and Jantzen 2013]), one can see that the induced representation in (5-4) has a
unique irreducible quotient which is the Langlands quotient. This completes the
proof of irreducibility of £ A(z,b)-

To prove the square-integrability of Dzzrflb;;o%m (EA(z,p)®0)> We need to calculate
the automorphic exponent attached to the nontrivial constant term considered in
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step (1); r = ab, and for definition of automorphic exponent see [Moeglin and
Waldspurger 1995, 1.3.3]. For this, we need to consider the action of

7 = diag(g. g%) € GLgp(A) X Spo(A).

(0 I\
p=(n )

g = Bdiag(In. & Im)B~" = diag(g, Iom, &").
1

Since r = ab,

Let

Then changing variables in (5-2) via A — gAg~" will give a Jacobian |det g| ™™
On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢;
gives yy—a (det g)|det g|'/2. Therefore, g acts by A(z, b)(g) with character

1/2 ~ _b+1 _ 1
(SP/thzb+2m (g)|detg|™ 2 |detg|™ Vy—a (detg)|det g|2
‘ 1/2

_ _b
= Yy« (detg)dy5,, (8)[det g2
Therefore, as a function on GL,p (A) X §f)0 (A),
1/2 -2
(55)  Cyzg (]—"jv,% _(6) €yy-ab L2 det() "I AT D) ® 15, ).

2ab
Pab

Since, the cuspidal exponent of A(z, b) is

(5252 50))

the cuspidal exponent of Cyy2» (}'jw%_l(é ) is

(525 )

Hence, by Langlands square-integrability criterion [Meeglin and Waldspurger 1995,
Lemma 1.4.11], the automorphic representation D;Zngm (EA(z,p)®0) 18 square-
integrable.
From (5-5), it is easy to see that as a representation of GL,3(A) x Spo(A),
1/2 -2
(56)  Cyaar (DL F3™ (E(e,by20)) = Vymab ooy |det(+)| T2 AT, B)® g, (a)-

2ab
Pah

From the cuspidal support of the Speh residual representation A(z, b) of GL,p(A),
one can now easily see that

Gy (O35 Cacvon)

1/2 126 320 -3
:Vw_ag/b'f"l 2 Q1|2 ®@®1| 2®1§J0(A)’

2a
P

where N, az;fl b is the unipotent radical of the parabolic subgroup Pazzf b

isomorphic to GL‘);b. By [op. cit., Corollary 3.14(ii)], any noncuspidal irreducible

with Levi
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summand of D;,Zb;gm (EA(z,p)®0) must be contained in the space (c:‘.[®h’ A» Which is
the residual representation generated by residues of the Eisenstein series associated
to the induced representation
Spaan (A) s s s
nd B0 vy-atl 1 @ Tl 2 @ @ el |,

at the point

_ (1=2b 3-2b —1
A_{ 2 2 2}

Since the Speh residual representation A(t, b) of GL,p (A) is irreducible, by taking
residues in stages, one can easily see that the space of the residual representation
b5 «®b, A 18 exactly identical to that of P A(z,b)- Therefore, any noncuspidal irreducible

summand of Dzzn‘ibgo%m (A(z,p)®@0) must be contained in the space g’A(T,b). Hence,

the descent representation D;,Z%’fm (EA(z,p)®0) has a nontrivial intersection with
the space of the residual representation Ea(¢,p). Since we have seen that Ea(, p)
is irreducible, ?fﬁ?ng(gA(r, b)®c) Must contain the whole space of the residual

representation Ea (¢, p). This completes the proof of step (2).

5C. Proof of step (3). The proof of the fact that <§A(r, p) has a nonzero Fourier
coefficient attached to the symplectic partition [(a)zb ] is very similar to the proof of
[Liu 2013a, Theorem 4.2.2], if a is even. The idea is to apply Lemma 3.2 repeatedly
and use induction on b. Note that the case of & A(z,1) has already been proved in
[Ginzburg et al. 2011, Theorem 8.1]. We omit the details here for this case.

In the following, we assume that ¢ = 2k + 1 and prove 5A(r,b) has a nonzero
Fourier coefficient attached to the symplectic partition p := [(2k + 1)28] by induction
on b. When b = 1, it has been proved in [op. cit., Theorem 8.2], we will use similar
idea here. Assume that & A(z,b—1) has a nonzero Fourier coefficient attached to the
symplectic partition [(2k + 1)2672].

Take any ¢ € £ A(z,b)> its Fourier coefficients attached to p are of the following
form

(5-7) 0¥ (g) = [[ | ety v

For definitions of the unipotent group V) > and its character v/, see [Jiang and Liu
2015c, Section 2]. ’ ’

Note that the one-dimensional torus H, defined in [op. cit, (2.1)] has elements
of the form .

Hp (1) = diag(A(t), A(t)..... A(t)), where A(t) = diag(¢?*, 1?72 ... . 17%5),

and there are 2b copies of A(¢). Also note that the group L ,(A) defined in [op. cit,
Section 2] is isomorphic to GL%IIZH(A), and the stabilizer of the character ¥,
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in L p is isomorphic to the diagonal embedding §f)2Ab (A). Let ¢ be this diagonal
embedding. Let

1 0 x
N = l’l(X) =10 Izb_z 0
0 0 1

Then
Do yq 0 Xk 41
(5-8) L(N) = qun(x)) = 0 Iek+nesr—2 O
0 0 Dk +1

To show the integral in (5-7) is nonvanishing, it suffices to show that the following
integral is nonvanishing:

(5-9) / / p(n(x)g) wp_l(v) dv dx.
F\A J[Vp,2] :
Let w be a Weyl element which sends #H(7) to the torus element
dlag(A(t)v ZZkIZb—Zv Z2k_212b—27 ) t_ZkIZb—Zv A(t))

Then w has the form diag(/55+1,®1, I2x+1). Conjugating from left by w, the
integral in (5-9) becomes

(5-10) / p(wwg) Yy (w) dw,
(w1

where W = a)V!,,ZL(N)a)_1 and Yy (w) = ﬁp(w_lww). Then elements of W
have the form

Dok+1 91 42 Dk+1 0 0
(5-11) w=| 0 w gqf r lep2ek+n 0 ).
0 0 z5 ., P2 Py k41

where z354+1 € Var+1, the standard maximal unipotent subgroup of GLjg 41
w’ € wy V[(zkﬂ)zhfz],za)l_l; q1 € M2k 4+ 1)x((2b—2)(2k +1)) With certain conditions;
p1 € M((2b—2)(2m+1))x(2m+1) with certain conditions; ¢, € M(2k+1)x(2k+1)’
symmetric with respect to the secondary diagonal, such that g»(i, j) = 0 for
1 <j<i<2+1,and ¢g2(1,1) = ¢2(2,2) = --- = g2k + 1,2k + 1);
P2 € M2k +1)x(2k+1)> Symmetric with respect to the secondary diagonal, such that
p2@i,j)y=0forl1 <j<i<2k-+1.

Next, as in the proof of Section 4, we apply Lemma 3.2 to fill the zero entries in
q1,q> using the nonzero entries in p1, p». Similarly, to proceed, we need to define
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a sequence of one-dimensional root subgroups and put them in a correct order:

eiterkti1—i+j
ifl<i<kandl<j <i,
€i —€Qk+1)+@2b—2)i—(j—1)
ifl<i<kandi+1<j<i+(2b-2)i,
e +eit;
i ifk+1<i<2kandl1<j<2k+1-i,
Ve + €k+1)b—(b—1)—(2b—2)(i—k—1)+
ifk+1<i<2kand Qk+1-i)+1<
<QRk+1-)+((b—-1D+2b-2)(i —k—1)),
€i —€Qk+1)b—(j—1)
ifk+1<i<2kand k+1-i)+(b—-1D+2b-2)(—-k—-1)+1<j
<QRk+1-i)+ (2b—-2)i.

For the above roots ozj let Xa be the corresponding one-dimensional root subgroup.

For 1 <i <kandl<J <i, let,B’ = —€ykt1-i+; —€i+1. For 1 <i <k
andi +1<j <i+ (2b—-2)i, let ,3 = €2k+1)+(2b-2)i—(j—1) ~ €i+1- For
k+1<i<2kand1=<j<2k+1-i, letﬂ =—¢jyj—ej41. Fork+1<i <2k
and Qk+1—-i)+1<j < (2k+1—1)+((b—1)+(2b 2)(i —k —1)), let
Bi = —e@k+1)b—(b—1)—(2b—2)(i—k—1)+; —€i+1. Finally, for k +1 <i <2k and

Qk+1—i)+((b—1)+(2b—2)(i —k—1))+1<j <k +1—i)+ (2b—2)i,

let ,3]’: =e(2k+1)b—(j—1)—¢€i+1. For the above roots B, let X,gjz_’ be the corresponding
one-dimensional root subgroup.

Let
i+Q2b-2)i ifl1 <i<k,
QRk+1-i)+2b—-2)i ifk+1<i<2k.

Let W be the subgroup of W with elements of the form as in (5-11), but with the
p1 and p; parts zero. Let Y37 = ¥y, |57 For any subgroup of W containing W,
we automatically extend 57 trivially to this subgroup and still denote the character
by V7.

Next, we will apply Lemma 3.2 to a sequence of quadruples. For any i such that
1 <i <k + 1, one can see that the following quadruple satisfies all the conditions
for Lemma 3.2:

m; =

(Wi g X 172, X 1T,

where
i—1 myg mj

T 1T T

s=1j=1 I=i+1j=1
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Applying Lemma 3.2, one can see that the integral in (5-10) is nonvanishing if and
only if the following integral is nonvanishing:

(5-12) | wtwogvztw dw.
’ W
[w/] i
where
i mg 2k my
=, ~
13 7 =TT %7 T 1%
s=1 =1 I=i+1j=1

and 1/fW/ is extended from 3 trivially.

For any i such that k 4+ 2 <i < 2k, before applying Lemma 3.2 repeatedly to
certain sequence of quadruples as above, we need to take the Fourier expansion of
the resulting integral at the end of the step i — 1 along X, 4, (at the end of step
k + 1, one gets the integral in (5-12) with i = k + 1 there, at the end of step s,
k +2 <s <2k —1, one would get the integral in (5-14)). Under the action of GL1,
we get two kinds of Fourier coefficients corresponding to the two orbits of the dual
of [Xe; +¢;]: the trivial one and the nontrivial one. It turns out that any Fourier
coefficient corresponding to the nontrivial orbit contains an inner integral which
is exactly the Fourier coefficients attached to the partition [(2i)1&k+1(2b6)=2i]
which is identically zero by [Jiang and Liu 2015a, Proposition 6.4], since i > k + 2.
Therefore only the Fourier coefficient attached to the trivial orbit survives.

After taking Fourier expansion of the resulting integral at the end of step i — 1
along X, ¢, as above, one can see that the following quadruple satisfies all the
conditions for Lemma 3.2:

(Xe,-+e,- I’/T/l’ WW» {Xajl };n;ls {Xﬂi };n;l)»

where 21 m,
=111 % H Xes+e, W H Hxﬂ’
s=1j=1 t=k+2 I=i+1j=1

Applying Lemma 3.2, we can see that the resulting integral at the end of step i — 1
is nonvanishing if and only if the following integral is nonvanishing:

(5-14) /N p(wog) Y (w) dw,
A i
where
(5-15) ]_[ ]_[ Xy ]_[ Xe, 1o, W ]_[ ]_[ Xpi.
s=1j=1 t k+2 I=i+1j=1

and 5, is the trivial extension of /4.
4
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One can see that elements of f/IV/Z’ « have the following form:

Z2k+1 91 42

(5-16) w = 0o w g7 |,
0 0 Z;k+1

where z554+1 € Vag+1, which is the standard maximal unipotent subgroup of
GLak+1;

/ -1
w ewl%(2k+l)2h72],2wl )

q1 € Mat(2k+1)x(2k+1)(2b_2) with Q1(2k +1, j) =0forl< j < (2k + 1)(2b —2),
g2 € Mat(ox 4 1)x(2k+1)> Symmetric with respect to the secondary diagonal, with
q2(2k +1,1) =0. For w € Wz/k of form in (5-16),

2k
-1
Vi, (W) =y (Z Zi,i+1) Vik+n2o—2) (07 w'or).
i=1
Now consider the Fourier expansion of the integral in (5-14) along the one-
dimensional root subgroup X, ,. By the same reason as above, only the Fourier
coefficient corresponding to the trivial orbit of the dual of [X3e,, . ] survives, which
is actually equal to the integral in (5-14) (with i = 2k there):

(5'17) / (/’(WO)g) WWzk.H (w)_l dW,
Wak 41

where elements in W, have the same structure as in (5-16), except that the
element g (2k + 1, 1) is not identically zero.

One can see that the integral in (5-17) has an inner integral which is exactly
@¥Ny2, using notation in Lemma 5.2 below. On the other hand, we know that by
Lemma 5.2 below, go‘/’NIZk = (p‘/’leHl. Therefore, the integral in (5-17) becomes

(5-18) [ ewonvm,, @ dw.

2k+1
W2k+1]

where any element in W,

k41 has the following form:

22k+1 91 42

w=w(22k+1,w/,(I1,(I2)= 0 w’ (IT ,
*
0 0 zy 4,

where z554+1 € Vog+1, the standard maximal unipotent subgroup of GLog 413

w' €y V[(2k+1)2b—2],2601_1§ g1 € Matok+1)x 2k+1)(2b—2) 42 € Matk +1)x(2k+1)>
symmetric with respect to the secondary diagonal. For w € Wz/k 41 as above,

2k
Vws,,, W) =¥ (Z Zi,i+1) Vik+1y20-21 (@1 w'on).

i=1
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Hence, the integral in (5-18) can be written as

(5-19) / PPy (WOg) sz/;(_H(w)_l dw,
W2k+1
where W 41 is a subgroup of W, | consisting only of elements of the form

w(zak+1.w"0,0),

14
wW2k+1 wW2k+l ‘W2’§C+l ’

and ¢p,,, ., is the constant term of ¢ along the parabolic subgroup P2k+1 (A) =
M2k+1(A)N2k+1(A) of szb(2k+1)(A) with the Levi subgroup isomorphic to

GLog +1(A) X Sp(2p—2)(2k+1) (A).
By Lemma 5.1 below, p(wwg) Porar () is an automorphic form in

Vy—a Tl ™ = ® EA(z,b—1)

when restricted to the Levi subgroup. Note that the restriction of WW’ o the
Zrk+1-part gives us a Whittaker coefficient of 7, and the restriction to the w'-part
gives a Fourier coefficient of SA(L »—1) attached to the partition [(2k + 1)26=2] up
to the conjugation of the Weyl element @;. On the other hand, 7 is generic, and by
induction assumption, E’A(r, »—1) has a nonzero Fourier coefficient attached to the
partition [(2k + 1)2072]. Therefore, we can conclude that 5’A(t, p) has a nonzero
Vp-Fourier coefficient attached to the partition [(2k + 1)2b]. This completes the
pfoof of step (3), up to Lemmas 5.1 and 5.2, which are stated below.

We remark that as Lemmas 4.1 and 4.2, Lemmas 5.1 and 5.2 below are also
analogues of [Liu 2013a, Lemmas 4.2.4 and 4.2.6], with similar arguments, and
hence we again only state them without proofs.

Lemma 5.1. Let P(2k+1)i (A) = M(2k+1)i (A)N2k+1)i (A), with 1 <i < b, be the
parabolic subgroup of %2b(2k+1)(A) with Levi part

Mk+1yi (A) 2= GL(og 41y (A) x §f’(2k+1)(2b—2)(A)-

Let ¢ be an arbitrary automorphic form in € A(z,b)- Denote by ¢ Pokt )i the constant
term of ¢ along P(ax41);. Then, for 1 <i <b, PPty belongs to

AN +1)i (A) Mk 11y (F) \ Spasar+1)(A)) ) —a A@DI- =GP/ @EN e piy”

Lemma 5.2. Let N»(A) be the unipotent radical of the parabolic subgroup
P12 (A) of Spap2k+1)(A) with Levi part isomorphic to

GLI”(A) X Spap(ak +1)-2p (D).
Let

Yy, ) =V (ot +nppr1) and Yy, (n) =Y (n1o 4 +npo1p),
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be two characters of N1r(A). For any automorphic form ¢ € 5A(r b)» define WN
and wN -Fourier coefficients by:

(5-20) PP (g) 1= /[N P00y, )
(5-21) (p@vw (g):= /[N ]go(ng) &Nlp(n)_l du.

Then ¢¥nm» = 0 for all p > 2k + 1, and ¢¥N = (0];N12k+1 .

6. Proof of Theorem 2.6

In this section, we prove that £A(¢,54 1)@ has a nonzero Fourier coefficient attached
to [(2m + 2a)(a)??]. Assume that o is ¥*generic with @ € F*/(F*)2

As in the proof of part (2) of Theorem 2.4 in Section 5 we separate the proof of
Theorem 2.6 into two steps:

Step (1) En(z,p+1)00 has a nonzero Fourier coefficient attached to the partition
[(2m + 2a)129P] with respect to the character V[(2m+2a)12ab],q (for the definition,
see [Jiang and Liu 2015¢, Section 2]).

Step (2) Let
,DZa b+1)+2m

2, (EA(r,b+1)®0)
be the y%descent from the representation Ea(z,5+1)®0 Of SP2a(h+1)+2m(A) 10 a
representation of sz,,b(A) Then it is square-integrable and contains the whole
space of the residual representation & A(z,b) Which is irreducible and constructed at
the beginning of Section 5.

Proof of Theorem 2.6. First, recall from the step (3) in the proof of part (2) of
Theorem 2.4 that £ A(z,b) has a nonzero Fourier coefficient attached to the symplectic
partition [(a)2?]. From the results in steps (1) and (2) above, we can see that
EA(z,b+1)®0 has a nonzero Fourier coefficient attached to the composite partition
[(2m +2a)129P]o[(a)??] (for the definition of composite partitions and the attached
Fourier coefficients, we refer to [Ginzburg et al. 2003, Section 1]). Therefore,
by [Jiang and Liu 2015c, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6],
EA(r,b+1)®c has a nonzero Fourier coefficient attached to [(2m + 2a)(a)??]. O

Before proving the above two steps, we record the following lemma which is
analogous to Lemma 4.1, whose proof will be omitted.

Lemma 6.1. Let P,; = My Ngi, with 1 <i < b + 1, be the parabolic subgroup
of SP2a(b+1)+2m Whose Levi part Mai = GLai X Spy2p42-2i)+2m- Let ¢ be an
arbitrary automorphic form in Ep(z,p+1)@c- Denote by Pp,; (g) the constant term
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of ¢ along Pyi. Then, for 1 <i <b+1,

¢p, . € A(Nai (A) Mgi (F) \ SP2a(p+1)+2m (A))A(r,iﬂ COHI=D2@EN 1 pt v

Note that wheni = b, En(r,b+1-i)®o = Ex®c> Which is not a residual representation
as explained at the end of Section 2B, is nonzero and generic by [Shahidi 2010,
Theorem 7.1.3]; and wheni = b + 1, Ep(z,p+1-i)®0 = O-

6A. Proof of step (1). By [Ginzburg et al. 2003, Lemma 1.1], €a(z,p41)g0 has a
nonzero Fourier coefficient attached to the partition [(2m + 2a)12%0] with respect
to the character Y2 424)1240], if and only if the y%-descent

2a(b+1)+2
Dz:,l,g.zm)wa m(SA(r,b-H)@a)

of Ea(z,b+1)®0» Which is a representation of §b2ab (A), is not identically zero.
Take any £ € Ea(r,p+1)®0» We Will calculate the constant term of

R, ©
along the parabolic subgroup P240(A) = M29P(A) N22P(A) of Spyap(A) with
Levi subgroup isomorphic to GL, (A) X Spa4p—_2,-(A), 1 <r <ab, which is denoted
by
¢
Crzar (Fye — (€).

By [Ginzburg et al. 2011, Theorem 7.8],

~ ¢
(6-1) Cyzar (FTyfe ~ (8))

= (i (V) F1? Cy2atb+1+2m(E)) (PAB) dA.,
VEP;.I_kglk(F)\GLr(F)

The notation in (6-1) is explained in order: erflgbﬂ) 25 the unipotent radical
of the parabolic subgroup Pz_ak(b+1)+2m of SpPa4b+1)+2m> P!

il
of GL, consisting of matrices of the form

(2)

with z € Uy, the standard maximal unipotent subgroup of GL;. For g € GL;,
Jj<ab+1)+m, g =dag(g, Irap+1)+2m—2;-&"); L is a unipotent subgroup,
consisting of matrices of the form

A:(I, 0 )A
X Imta ’

k,1k 18 a subgroup
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and i (1) is the last row of x, and

()
I m+ta 0 .
Finally, the Schwartz function ¢ = ¢ ® ¢, with ¢ € S(A") and ¢ € S (A”b_r ),
and the function

FIf2.  (Cyeprvan(©)(7AB)
=T (Cyzavtoan (0(GABE) ),

with p(PAB) denoting the right translation by y A ﬂ , 1s a composition of the restriction
to SP2q(b+1)+2m—2r+2k (A) of Cr2a(b+1+2m (p(PAB)E) with the Fourier—Jacobi
coefficient

fjl/fm+a 14k

which takes automorphic forms on Spy,(p41)42m—2r 12k (A) to those forms on

Sp2ab 2r (A)
By the cuspidal support of &,

Ceriz]((b—H)—i-Zm €3]

is identically zero, unless k =r orr —k =la with1 </ <b+ 1. Whenk =r,
since [(2m + 2a + 2r)124b727] is bigger than Nsoan11(C),sp2, (©) (P(¥)) under the
lexicographical ordering, by [Jiang and Liu 2015a, Proposition 6.4; Ginzburg et al.
2003, Lemma 1.1],

FI% (€)

1pm—i—a 1+r
is identically zero, hence the corresponding term is zero. When r — k = la,
I<l<b+1land 1<k <r,byLemma 6.1, after restricting to Sp2a(b+1—l)+2m(A)’
CNr2_a/(cb+l)+2m (p(7AB)&) becomes a form in Ep(¢,p+1-1)@0- Note that the Arthur
parameter of Ea(r,p+1-1)@0 18

(t,2b =21+ 1)B (r,1) B} 5w, 1) if1<[<b,
B _,(ti, 1) ifl =b+1.

Since [(2m + 2k)12¢(+1-D=2k] is higeer than Ms027 11 (C),5p2,/ (C) (p(¥')) under
the lexicographical ordering, where 2n" = 2a(b + 1 —1[) + 2m, by [Jiang and Liu
2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1],

FIfe. . (Cxpapnsom(p(PAP)E))

is also identically zero. Hence the corresponding term is also zero.
It follows that the only possibilities for which

Cy2a+1)+2m (FJW%W_](S)) #0

Y =
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are r =la with 1 </ <b+ 1, and k = 0. To prove that fj¢%+ 4(&) is not
identically zero, we just have to show that e

Cy2ab (]—"Jw% L ©)#0

for some r.
Take r = ab. Then we have

(62) Cyzen (FTfh — (©)
= | GGQ)FLE.  (Cy2ao+v+2m(E)(AB) dA.
L(A) m+a—1 a

By Lemma 6.1, when restricted to GLy 45 (A) X Spy 404 (A),

1/2 _b+1
Cygtn+am(§) € 8p2h“<b+1)+zm| 177 Az, D) @ (Erwo).

where £; g4 is not a residual representation as explained at the end of Section 2B.
Clearly, the integral in (6-2) is not identically zero if and only if £, gy is
Y*-generic. Since by assumption, o is Y¥*-generic, we have that £;g¢ is also
Y generic by [Shahidi 2010, Theorem 7.1.3]. Hence,
Ffe . (©)
is not identically zero. Therefore, €a(z,p)@0 has a nonzero Fourier coefficient
attached to the partition [(2m + 2a)124?] with respect to the character

Vi@m+2a)1200],q-

This completes the proof of step (1).

6B. Proof of step (2). To prove the square-integrability of the descent representa-
tion
2a(b+1)+2m
Dymt2a, v EAab+1)®0):
as in Section 5B, we need to calculate the automorphic exponent attached to the
nontrivial constant term considered in step (1) (r = ab). For this, we need to
consider the action of

g = diag(g. g*) € GLgp (A) x Spo(A).

. 0 I\
Since r = ab, we have that = . Let
Imta O
g = Bdiag(Imta. g Imta)B~" = diag(g. Iam+24.8%).
Then changing variables in (5-2), A — gAg~! will give a Jacobian |det g|™""¢.
On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢
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gives ¥, —a (det g)|det g| 3, Therefore, g acts by A(t, b)(g) with character

1/2
(SP/zlf(b+l)+2m(g)|detg| |detg

|7 yy—a(det g)ldet g2
= Yy (det 2)8) Zab (8)|det g| 2
Therefore, as a function on GL,p (A) X §f)0 (A),
2 _b
(63)  Cyzgn (H& o ©) ey asp/za,, Idet()|"2 Az, b) ® 1§ a)-
Since the cuspidal exponent of A(z, b) is

(5250 55)

. ¢ .
the cuspidal exponent of CNggb (.Fjwféﬂ_l(é ) is

(555 )

Hence, by the Langlands square-integrability criterion ([Mceglin and Waldspurger
1995, Lemma 1.4.11]), the automorphic representation

2a(b+1)+2
D2:z+2a,1/f°‘ m(gA(f,bJrl)@a)

is square integrable.
From (6-3), it follows that as a representation of GL,p(A) X Spo(A),

2 b+1)+2
(64)  Cyzan (Dyal S 2" (Ene.b+1@0)
= yyebyyldet(- A D) ® g .

Therefore, a similar argument as in Section 5B implies that any noncuspidal sum-

mand of

2a(b+1)+2
Dz,‘:,g_zg,)wa m(gA(r,b-i—l)@o)

must be an irreducible subrepresentation of & A(z,b)- Hence,

2a(b+1)+2
Dz,‘:,g_zg,)wa m(gA(r,b-H)@o)

has a nontrivial intersection with the space of the residual representation E?A(t, b)-
Since Ea (e, p) 18 irreducible,

2a(b+1)+2
’Dz;:,g_ztz,)wvt m(gA(r,b-H)@o)

must contain the whole space of the residual representation & A(z,b)- This completes
the proof of step (2).
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7. Proof of Theorem 2.7

In this section, assuming that a = 2k, L(%, Tx0) #0,0 % lgy (a), and Ergo
has a nonzero Fourier coefficient attached to the partition [(2k + 2m)(2k)], we
prove that £A(¢,p)@c has a nonzero Fourier coefficient attached to the partition
[(2k +2m)(2k)2b—1], for any b > 1.

Without loss of generality, by [Jiang and Liu 2015¢, Lemma 3.1] or [Ginzburg
et al. 2003, Lemma 2.6], we may assume that £;g¢ has a nonzero Fourier coeffi-
cient corresponding to the partition [(2k + 2m)12¥] with respect to the character
Vi(2k+2m)12k],o for some o € F*/(F*)2 Then the y*descent of &;go is a
generic representation of Spyx (A). Note that by the constant formula in [Ginzburg
et al. 2011, Theorem 7.8], one can easily see that this descent is also a cuspidal
representation of §f>2k (A)

Similarly as in previous sections, we separate the proof of Theorem 2.7 into
three steps:

Step (1) Ea(r,b)@0 has anONZero Yk 42.m)12k@p—1] o -Fourler coefficient attached
to the partition [(2k + 2m)12¥(26=1)] (for definition, see [Jiang and Liu 2015c,
Section 2]).

Step (2) Let ¢ be any irreducible subrepresentation of the y¥%-descent of £;g¢.
Then it is a generic cuspidal representation of §f)2k (A) which is weakly lifting
to 7. Using the theory of theta correspondence and the strong lifting from generic
cuspidal representations of SO+ 1 (A) to automorphic representations of GL,, (A),
proved in [Jiang and Soudry 2003] (see also [Cogdell et al. 2004]), t is also a strong
lifting of .

Define a residual representation gA(r,b—l)@& as follows: for any

¢ € A(Ni@b—1)(A) Mgap—1)(F) \ é\132k(2b—1)(A))yv W ACh—1)®F

one defines as in [Mceglin and Waldspurger 1995]) the residual Eisenstein series

E@.5)(g) = > As(yg).

YE€Prp—1) (FI\Sp2x2p—1)(F)

It converges absolutely for real part of s large and has meromorphic continuation
to the whole complex plane C. By similar argument as that in [Jiang et al. 2013],
this Eisenstein series has a simple pole at b/2, which is the right-most one. Denote
the representation generated by these residues at s = b/2 by SA(I, b—1)®5- This
residual representation is square-integrable. Since t is also a strong lifting of &,
the same argument as in Section 5B implies that SA(I, b—1)®5 18 also irreducible
(details will be omitted).

Let

4kb+2
D2k+;rmfnw0‘ (EA(r,b)®0)
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be the y*-descent of £a(¢,p)@cs- Then as a representation of §f)2k(2b—1)(A), it
is square-integrable and contains the whole space of the residual representation
EA(z,b—1)®5» Where G is an irreducible subrepresentation of the 1/*-descent of

51’@0.

Step (3) Let ¢ be any irreducible subrepresentation of the y¥%-descent of £;g¢.
I A(z,b—1)®é has a nonzero Fourier coefficient attached to the partition [(2k)2b—1].

Proof of Theorem 2.7. From the results in steps (1)—(3) above, we can see that
EA(r,b)@0 has a nonzero Fourier coefficient attached to the composite partition
[(2k +2m)12@b=D]6[(2k)20~1] (for the definition of composite partitions and the
attached Fourier coefficients, we refer to [Ginzburg et al. 2003, Section 1]). There-
fore, by [Jiang and Liu 2015¢, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6],
EA(z,b)®o has a nonzero Fourier coefficient attached to [(2k + 2m)(2k)?P~1. O

Before proving the above three steps, we record the following lemma which is
analogous to Lemmas 4.1 and 6.1.

Lemma 7.1. Let P,; = My; Ny, with 1 < i < b, be the parabolic subgroup of
SPaabt2m With Levi part Mai = GLgai X Spy(2p—2i)+2m- Let ¢ be an arbitrary
automorphic form in Ex(r,pygo- Denote by gp,;(g) the constant term of ¢ along
Pyi. Then, for 1 <i <b,

(Ppui € A(Nai (A) Mgi (F) \ Sp2ab+2m (A))A(r,iﬂ |m@D2QEN (1. b—iveo

Note that when i = b, En(¢,p—iy@o = O-

TA. Proof of step (I). By [Ginzburg et al. 2003, Lemma 1.1], Ea(¢,5)@0 has a
nonzero Fourier coefficient attached to the partition [(2k + 2m)122?] with respect
to the character Yok 4-2m)1245], if and only if the y%-descent

akb
Dy e (Ea(r.b)®0)

of Ea(z,b)@c 18 Not identically zero, as a representation of é}’zk(zb—n(A)'
We calculate the constant term of

¢
]:‘7‘/’1?+m_1(§)’
for £ € Ea(r,p)@0» along the parabolic subgroup
ﬁer(Zb_l)(A) — Mer(Zb—l)(A) N"Zk(Zb—l)(A)

of §f)2k(2b—1)(&) with Levi isomorphic to GL,(A) x §f’2k(2b—1)—2r (A), which is
denoted by Cy2kp—1) (.FJJ%JF 1(g)), where | <r <k(2b-—1).
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By [Ginzburg et al. 2011, Theorem 7.8],
(7-1) Cyzeer—n(FTfe  (§)

- X / BGONTTE (Cymran @) PAB) d.
yeBL |\ ((F)\GL,(F)

The notation in this formula is as follows: N*<6+2™ is the unipotent radical of the
parabolic subgroup P,4_ksb+2m of Spaxp+2m With Levi isomorphic to
GL,_s x Sp4kb+2m—2r+2s’

and P! —s,15 1s a subgroup of GL, consisting of matrices of the form

(52)

with z € U, the standard maximal unipotent subgroup of GL;. For g € GL;,
J <2kb+m, g =diag(g. lskp+2m—2j-&"); L is a unipotent subgroup, consisting

of matrices of the form A
A - ’
X g4m

=2 5)
liym O0) 7
The Schwartz function ¢ = ¢1 ® ¢ with ¢p1 € S(A”) and ¢, € S(Ak(Zb—l)—r)’

and the function

Fafe . (Cyunean©)GAB) = FTE - (Cysrream (p(PAB)E)) ().

1/fk+

i (1) is the last row of x, and

with p(PAS ) denoting the right translation by p A8, is a composition of the restriction
of Cerg,zerzm (P(PAB)E) t0 SPakp+2m—2r+25(A) with the Fourier—Jacobi coefficient
2
Fjwk+m 145

taking automorphic forms on Spyp 1+ 2,m—2r425(A) to those on §f)4kb ske—ar(A).

By the cuspidal support of &, CN4kb+2m (&) is identically zero, unless s = r or
r—s =2kl with 1 </ <b. When's = r, since [(2k + 2m + 2r)14kb=2k=2r] jg
bigger than 1,, . | (€),sp,, (€) (P (¥)) under the lexicographical ordering, by [Jiang
and Liu 2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1],

b2
’Fjlﬁk+m l+r(é)

is identically zero, and hence the corresponding term is zero. When r —s = la,
1</ <band 1<s <r, by Lemma 7.1, after restricting to Sp4k(b—l)+2m(A)’
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CN,“ff“’" (p(7AB)&) becomes a form in Ep(r,p—1)@o- The Arthur parameter of
EA(z,b-1)®0 18

= (1,2b—21) &8 é(ri,l)-
i=2

Since [(2k + 2m + 25)14,(b=D=2k=25] jq pigger than Ns0npr1(C)sspan (©) (P (V)
under the lexicographical ordering, where 2n’ = 4k(b —1) + 2m, by [Jiang and Liu
2015a, Proposition 6.4; Ginzburg et al. 2003, Lemma 1.1],

Fafe . Cysrem(p(PABE)

is also identically zero, and hence the corresponding term is also zero. Therefore,
the only possibilities that

Cerk(zb—n(}'jw% - (é)) #0

are r =2kl, 1 <1 <b, and s = 0. To prove that fjwa (é) is not identically
zero, we just have to show that

Cy2kCh-1 (fj,,,%m_ (©)#0

for some r.
Taking r = 2k(b — 1), we have

02 gt (R, ()
= [ mGanE, s ©)0p) .
L(A)

By Lemma 7.1, when restricted to GLog(25—2)(A) X Spag +2/m (A),

Cysipian (€) € 823, 1o, 1det] ™7 A(T, b= 1) ® Erao.

2k(b 1)

It follows that the integral in (7-2) is not identically zero if and only if £;g¢ has
a nonzero Fourier coefficient corresponding to the partition [(2k 4 2m)1%¥] with
respect to the character Y[k 42m)12¢],o- Hence, by assumption,

¢
fjwlg-i—m—l(s)

is not identically zero. Therefore, €a(z,p)@0 has a nonzero Fourier coefficient
attached to the partition [(2k + 2m)12k(2b=1)] with respect to the character

w[(2k+2m)12k(2”_1)],(x'

This completes the proof of step (1).
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7B. Proof of step (2). In order to prove the square-integrability of the descent

representation

2k+2m, P* (Ea(z.b)®0 )
we need to calculate the automorphic exponent attached to the nontrivial constant
term considered in step (1) with r = 2k (b — 1) (for the definition of automorphic
exponent, see [Mceglin and Waldspurger 1995, 1.3.3]). For this, we need to consider
the action of

g = diag(g, Lok, &%) € GLogp—1)(A) X Spax (A).

0 I "
Since r =2k(b—1), 8 = ( Zk(b_l)) . Let
Tietm 0
g :=pdiag(lxm, & lerm)B™" = diag(g, Lk 12m- £™)-

1 |—k—m‘

Then changing variables in (5-2) via A +— gAg~" will give a Jacobian |det g
On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢

gives Yy, —a (det g)|det g|/2. Therefore, g acts by A(z, b —1)(g) with character

1/2 _bt1 e 1
5P2/4kk£+f)m|detg| 2 |detg|F ™y, o (det ) |det |2

1/2 — _b
= Yya(det )81/ 1) (@) detg| 2.

2k(b—1)

Thus, combined with the calculation in step (1), as a function on GLygp—1)(A) x
Spak (A),

(7-3) Cnzegord (]:“7‘/’%+m—1(5))
1/2 _b
€ V- Syliny )2 AT b= 1) ® DY Ergo).

Note that by the constant formula in [op. cit., Theorem 7.8], one can easily see

that
D;I]§+2m (g‘r®0')

is a cuspidal representation of §f)2k (A). Since the cuspidal exponent of A(z, b—1)

i (42 22)

the cuspidal exponent of Cszlf((bzfl_)l ) (]-171;23r _I(S )) is

(5755 )

Hence, by the Langlands square-integrability criterion [Mceglin and Waldspurger

1995, Lemma 1.4.11], the automorphic representation D;ff;imwa (EA(r,b)®0) 18

square-integrable.
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From (7-3), as a representation of GLygp—1)(A) X §f)2k (A), we have

4kb+2
(7-4) Cn2ker o0 (Do sy (EAG )80 )

1/2 _b
=Yy SP/2k(2b—l) |det(-)|"2A(r, b =1 ® D;;fj%zm (&r@0)-
2k (h—1)

Therefore, using a similar argument as in Section 5B, one can see that

4kb+2
Dy +2m},n1/f“ (EA(z.b)®0)
contains an irreducible subrepresentation of the residual representation & Ar,b—1)®6 >
where ¢ is an irreducible generic cuspidal representation of Sp,; (A) which is a
subrepresentation of the W *-descent of £;gq, and is weakly lifting to t. Since
7 is also a strong lifting of &, a similar argument as in Section 5B implies that
EA(zr,b—1)®5 18 irreducible. Henc~e D;f_f;ﬁf"wa (€A(z,p)®c) must contain the whole

space of residual representation £ (¢, p—1)@s- This completes the proof of step (2).

7C. Proof of step (3). Let G be any irreducible subrepresentation of the ¥ *-descent
of £:@¢, then it is a generic cuspidal representation of §f)2k (A). Assume that & is
yB-generic for some B € F*/(F*)2

As in previous sections, we need to record the following lemma which is analo-
gous to Lemma 5.1.

Lemma 7.2. Let Py;(A) = Mai(A) Ngi (A) with 1 <i < b —1 be the parabolic
subgroup of Spak(26—1)(A) with Levi part

Myi(A) 2 GLg; (A) x §f’2k(2b—1—2i)(A)-

Let ¢ be an arbitrary automorphic form in gA(r,b—l)@&- Denote by ¢p,.(g) the
constant term of ¢ along Pg;. Then, for 1 <i <b—1,

¢p,. € A(Nai (A)Mqyi (F)\ szk(zb—n(A))yw_a A D) |~@O=1=D/2QFAr p—1—ir@5"
Note that wheni = b —1, gA(r,b—l—i)@& =5.

First, we show that gA(t,b—l)(X)& has a nonzero Fourier coefficient attached to
the partition [(2k)12k(26—2)] with respect to the character ¥[(ox)12c@0-27, g- By
[Ginzburg et al. 2003, Lemma 1.1], we know that £a(;,5—1)gs has a nonzero
V[(2k)12k2b—2)], g-Fourier coefficient attached to the partition [(2k)12k(2b=2)] if
and only if the VP-descent

~2k(2b—1) , 5
Dzk,(zpﬂ ) Erte.r-1)85)

of A(z,b—1)®G 1S not identically zero, as a representation of Sp,y (25—2)(A).
Take any £ € c‘j’A(,,b_l)@;; we will calculate the constant term of

R (©)
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2k(2b—-2)

along Py , which is denoted by

Cerk(Zb—Z) (]—"\70?3 (E)),

where 1 < r < k(2b — 2). Recall that P2k(2b 2 = M2RCE=D) N 2kCE=D) 4o e
parabolic subgroup of Spy 25—y With Levi subgroup isomorphic to

GL; X SPak(2p—2)—2r -
By [Ginzburg et al. 2011, Theorem 7.8],

(7-5) Cyzer—2(FTs (€))

- ¥ / BGONFTS  (Cyzer(©) (A dh.

o<s<r -1+
yeRL s (F)\GL(F)

Here is the notation in the formula: N 2k(2b_1) (A) is the unipotent radical of the
parabolic subgroup P2k(2b b (A) of szk(zb 1)(A) with Levi subgroup isomorphic

to GL,—s(A) x szk(zb D—2r425(A), Pl 5,15 18 a subgroup of GL, consisting of
matrices of the form

g x

0z)

with z € Uy, the standard maximal unipotent subgroup of GL;. For g € GL;,
with j < k(2b —1), ¢ = diag(g, Irk26—1)—2/,&™), L is a unipotent subgroup,
consisting of matrices of the form

x I
(0 \"
=\ o)

The Schwartz function ¢ = ¢1 ® ¢» with ¢ € S(A”) and ¢, € S(Ak(Zb—Z)—r)’

and the function

FI%  (Cyprer-n@)(Gan = FT%  (Cyzrer-n(p(ANE)I).

k—1+s k—1+s

i (1) is the last row of x, and

with p(p An) denoting the right translation by P A7, is a composition of the restriction
to é})zk(zb_l)_zﬂrz s(A) of Ceri’f“m (p(pAn)€) with Fourier—Jacobi coefficient
2
}_j‘/fk 145
taking automorphic forms on §f’2k(2b—1)—2r+2s (A) to those on Sp,g (25—2)—2r (A)-
By the cuspidal support of &, CNr21<§2b—l) (&) is identically zero, unless s = r or
r—s =2kl with1 </ <b—1. When s = r, from the structure of the unramified
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components of the residual representation EA(L b—1)®5- by [Jiang and Liu 2015a,
Lemma 3.2], s
FI% ()

VE_ i
is identically zero, and hence the corresponding term is zero. When r —s = 2k/,
1</<b—1land1<s<r,thenby Lemma 7.2, after restricting to Spax (25—1-21) (A),
Cerﬁzh—l) (p(PAn)€E) becomes a form in 5A(r,b—1—l)®~&' From the structure of the
unramified components of the residual representation Ea(¢,p—1-1)@45, by [loc. cit.],
FI%  Cyzern(p(An)
fo— l r—s
is also identically zero, and hence the corresponding term is also zero. Therefore,
the only possibilities that

Cy2k2h-2) (fj"; (g)) £ 0

arer =2kl,1 </ <b—1,and s =0. To prove that .7{7 s (E) is not identically
zero, we just have to show
Cp2kb—2) (]{7‘;33 (E)) #0
r k—1
for some r.
Taking r = 2k(b — 1), we have

¢ ; )
(7-6)  Cy2xeo-2) (fjw i3 1(g)) = /L (/.\)¢1 (i ()L))]-“jw 52_1(61"22155536” (£))(An) dA.
By Lemma 7.2, when restricted to GLgp—1)(A) x §f)2k (A),

Crn2kens 1)(5) esl/ 2k(2b » |det|™ 3 Yy AT, b—1)®a.

It is clear that the integral in (7-6) is not identically zero if and only if ¢ is wﬂ—
generic. Hence, by assumption,

FTfe (®)

is not identically zero. Thus, F A(z,b—1)®& has a nonzero Fourier coefficient attached
to the partition [(2k)12¥(20=2)] with respect to the character V[(2k)12k@b-2)], 8-
Next, we show that the wﬂ descent
~2k(2b—1) 5
Dzk,(,,,ﬂ ) Ente.p-185)
of & A(z,b—1)®6 18 square-integrable and contains the whole space of the residual
representation £ (¢, p—1) Which is irreducible, as shown in [Liu 2013b, Theorem 7.1].
To prove the square-integrability of

~2k(2b—1

Do,y b )(SA(r,b—n@&),
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we need to calculate the automorphic exponent attached to the nontrivial constant
term considered above (r = 2k (b — 1)). For this, we need to consider the action of

g = diag(g. &%) € GLokp—1)(A) X Spy(A).

01 "
Since r =2k(b—1),n= (I Zk((])’_l)) . Let
k

! = dlag(g’ 12k’ g*)

-1

g :=ndiag(Ig., g. Ir)n

Then changing variables in (7-6) via A > A2~ will give a Jacobian |det g| 7.
On the other hand, by [Ginzburg et al. 2011, Formula (1.4)], the action of g on ¢;
gives |det g|1/2. Therefore, g acts by A(t, b — 1)(g) with character

1/2 _b - 1/2 _b=1
Satianldetg| ¥ [detg| ™y, (detg)ldetg|* =8 o) (8)|detg] 2

Therefore, as a function on GLyg (5—1)(A) X Spy(A),

(T Cyzren 2)(}‘j¢ (g)) ealﬁm ) [det(-)[ "7 A, b—1) & Lspy (1)

Since the cuspidal exponent of A(z, b—1) is
{(2—b 4—b b—Z)}
2 b 2 9 2 b
. ¢ .
the cuspidal exponent of Csz/f((bsz)Z) (]—"j ]/f]f_l@)) is

(575 )k

By the Langlands square-integrability criterion ([Mceglin and Waldspurger 1995,
Lemma 1.4.11]), the automorphic representation

~2k(2b—1) 5
Do Si Eawb-nes)
is square integrable.
From (7-7), it is easy to see that as a representation of GLxp—1)(A) X Spy(A),

2k(2b—1) , 5
(7-8)  Cyzr@os 2)(D2k($5 )(EA(rb H®5))

_b=1
= 8}1)/2i(2b » ldet(-)[™ 2 AT, b= 1) ® Isp a)-
2k (b—1)
It follows that

~2k(2b—1) , 5
Dzk,(x/fﬁ ) Erte.o-1)5)

has a nontrivial intersection with the space of the residual representation Ea (¢, p—1)-
Since by [Liu 2013b, Theorem 7.1, part (2)], Ea(¢,p—1) 1s irreducible,

~2k(2b-1) /&
’Dzk’(wﬂ ) Ene.b-1)95)
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must contains the whole space of the residual representation E (¢, 5—1)- By [op. cit.,
Theorem 7.1, part (3)], the descent

~2k(2b—1) 5

B Oh V) Cawp-nes)
is actually irreducible and equals the residual representation £ (¢, 5—1) identically.

By [op. cit., Theorem 4.2.2], we know that p™ (Ea(¢,p—1)) = {[(2k)22=2]}. There-

fore, by [Jiang and Liu 2015¢, Lemma 3.1] or [Ginzburg et al. 2003, Lemma 2.6],
I A(z,b—1)®é has a nonzero Fourier coefficient attached to the partition [(2k)2b—1].
This completes the proof of step (3).
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