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OF CAPILLARY SURFACES
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We prove that under some conditions every nonparametric capillary surface
which has a central fan (of radial limits at a point O) can be perturbed with
respect to the contact angle and the perturbed surfaces continue to have
central fans. In particular, any nonparametric capillary surface which is
symmetric with respect to a vertical plane through O and has a central fan
may be perturbed (with respect to the contact angle) in a nonsymmetric
manner and the resulting capillary surfaces will not be symmetric with re-
spect to the vertical plane but will continue to have central fans.

1. Introduction

Let Q be a bounded open set in R? with locally Lipschitz boundary 92 such that a
point O lies on 32, 32\ {O} is a C? curve and there exist distinct rays /* starting at
O such that 32 is tangent to [T Ul ™ at O. By rotating and translating the domain, we
may assume O = (0, 0), [T ={r(cosa, sina):r >0}, [~ ={r(cosa, —sina) :r >0}
and

QN B(O, 8) ={r(cosh,sinf):0<r <8, 0 (r) <6 <60T())

for some « € (0, ), § > 0 and functions 6F € C°([0, §)) which satisfy 6~ < 07,
6~ (0) = —a and 61 (0) = «; here B(O, §) is the open ball in R? centered at © of
radius §. We will assume this description of €2 holds throughout this paper.

Let y be a measurable function mapping 92 into [0, 7] and f € CZ(Q)NL>(Q)
be a (bounded) variational solution of the nonparametric capillary surface problem
of finding a function u € C 2(Q) such that

(D) div(Tu) =ku+ A in 2,
) Tu-v=cosy a.e.on 0€2,
where

( Dlu Dzu )
TM: ) )
V1+[Dul?> /14 |Dul?
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k and A are constants and v is the outer unit normal to d€2. We will assume « > 0
and therefore, by vertical translation, assume A = 0. (Since ¥ > 0, f is unique.)

Lancaster and Siegel [1996] proved that if y is bounded away from O and 7
near O, then the radial limit of f at O in the direction 6,

Rf(6) défli&} f(rcosf, rsind),

exists for each 6 € [—«, o], Rf belongs to C'([—a, a]), Rf(—a) is the limiting
height at O of the trace of f on 0" Q =9dQN{y < 0} and Rf («) is the limiting
height at O of the trace of f on 1 Q =09Q N {y > 0}. In particular, when a > Z,
so that d€2 has a nonconvex (or reentrant) corner at @, and f is discontinuous at O,
the conclusion of Theorem 1 of [Lancaster and Siegel 1996] is that the radial limits
of f behave in one of the following ways:

(i) There exist o1 and orp so that —o <o) <y <« and Rf is constant on [—«, o]
and [a2, o] and is strictly increasing or strictly decreasing on [«, op]. Label
these case (I) and case (D), respectively.

(i1) There exist oy, oy, g, ap sothat —o <o) <oy <ap <oy <a, dp =0+,
and Rf is constant on [—«, 1], [ar, ar], and [ar, @] and is either strictly
increasing on [«1, oz ] and strictly decreasing on [ag, ao] or strictly decreasing
on [o], o] and strictly increasing on [ag, az]. Label these case (ID) and
case (DI), respectively.

In addition, if the limits

3) Y= lim y(x,y) and 1y, = lim y(x,y)
Q3 (x,y)—>0O 07 Qa(x,y) >0

both exist, then [Lancaster 2010; 2012; Lancaster and Siegel 1996] imply that o,
equals o — y; in cases (I) and (DI) and o 4 y; — 7 in cases (D) and (ID) while o
equals —a + y» in cases (D) and (DI) and 7 — « — y» in cases (1) and (ID).

The intervals in [—«a, o] on which R f is constant are called “fans” in, for example,
[Lancaster 1985]; specifically, [—«, o] and [a, o] are called “side fans” and, if it
exists, [op, ap + ] is called a “central fan”. When €2 and y are symmetric with
respect to the x-axis, we have Rf (a) = Rf(—«a) and, if « > 7, af = —7 and
oR = % (If ¥k < 01in (1), we would need to explicitly assume f(x,y) = f(x, —y)
for (x, y) € Q.) If the fans touch or overlap (e.g., 1 + 2 > 2o — 7 in a situation
where case (DI) would hold), then f is continuous at O.

Let  be a bounded domain in R? which is symmetric with respect to the x-axis
and has a reentrant corner of size 2«0 > 7 at the origin O. Let y : 02 — (0, )
also be symmetric with respect to the x-axis such that the limits in (3) exist and
Y=< % As in Example 2 of [Lancaster and Siegel 1996], it follows that the
solution f of (1)—~(2) with the domain €2 and contact angle y above is continuous
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at O if and only if y; > 7 —a and the radial limits Rf (6) of f at O have a central fan
ify < % —«a. Danzhu Shi and Robert Finn [2004] considered the borderline case in
which y; =a— 7, so that f is continuous at O. By perturbing the domain (using “an
asymmetric domain perturbation that is in an asymptotic sense arbitrarily small”),
they showed that the solution of the perturbed capillary problem is discontinuous
at O. (They convert the behavior of the radial limit function from a constant in
Example 2 to case (I) in the perturbed problem.)

Consider a similar (symmetric) situation with a constant contact angle y which
satisfies y <o — %, so that the solution f of (1)—(2) with the (symmetric) domain €2
and contact angle y is discontinuous at O, the radial limits Rf (0) of f at O have a
central fan and case (DI) holds. Applying the procedure of Finn and Shi, one makes
a suitable, nonsymmetric (with respect to the x-axis) perturbation of Q2 outside
a neighborhood of O and obtains a new solution f of (1)—(2) in the perturbed
domain €2, and one then shows that f is discontinuous at O and the radial limits
R f () have no central fan (i.e., case (I) holds); the size of the domain perturbation
required to achieve this depends on the size of & — 5 — y.

We might view their example and procedure as a perturbation of the contact angle
in a fixed domain € as follows. Let & be the largest open subset of 2N € which is
symmetric with respect to the x-axis. Let b denote the exterior unit normal to Q at
points of 9 where it exists. Define (variable) contact angles A, 200 — [0, ] as
follows:

« On dQNIQ, set A = y.
« On 92N, set A = y.
« OndQ N, set A =Tf D when D is defined; recall that f € C2(S).
e OnIQNQ, set ik = T f - D when D is defined; recall that f € C2(Q).

Using the procedure given in [Shi and Finn 2004], notice that b exists at all but
a finite number of points and so A and A are defined almost everywhere on Q.
From Theorem 5.1 of [Finn 1986], we see that f and f are the solutions of (1)—(2)
with domain € and contact angles A and A respectively. We may therefore view A
as a perturbation of the (symmetric) contact angle A and, when y < & — 7, this
perturbation A destroys the central fan. In this paper, we establish the stability of
central fans with respect to sufficiently small perturbations of the contact angle y,
leaving the domain €2 fixed; this implies that X is a “large” perturbation of 1. We
shall prove the following result.

Theorem 1. Suppose Q2 is a bounded open domain in R*> which has a reentrant
corner at O of size 2a with o € (%, b/ ) as described above. Suppose also that there
is a finite set A ={Py, ..., Py} C0Q withm > 1 and Py = O such that 90Q\ A
is a C* curve (if m = 1) or a finite disjoint union of C* curves (if m > 1). Let
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y € Cl’ﬁ(BQ \ A), for some B € (0, 1), satisfy 69 <y < m — & for some 59 > 0
such that the limits
yvi=__ lim  y(x,y) and y»= lim  y(x,y)
0+t Qa(x,y) >0 0~ Q3(x,y) >0
both exist. Suppose there exists f € C 2(Q) N L>™(2) which satisfies (1)—(2) and is
discontinuous at O and the radial limit function of f at O, Rf (-), behaves as in
case (ID) or case (DI).

Then there exist functions @0 0Q = [0, 7] with0 <ot < y <w <mond2
and ot <y <w” on dQ\ A such thatifo : Q2 — (0, ) withw' <o <w™ a.e.
on dQ and §1 <o <m — 8, for some §; € (0, 8y), then the radial limit function Rh
of the solution h € C*() of (1)~(2) with y replaced by o in (2) has the same type
of behavior (i.e., case (ID) or case (DI) holds) as does Rf. In particular, the radial
limits of h have a central fan.

The following corollary shows that Example 2 of [Lancaster and Siegel 1996] can
be perturbed (with respect to the contact angle) and that the resulting nonsymmetric
nonparametric capillary surfaces will have central fans.

Corollary 2. Let Q2 be an open, connected, bounded Lipschitz domain which is
symmetric with respect to the x-axis such that © = (0,0) € 32, 9\ {0} is a C*
curve and 2 has a corner at O with opening angle 2a > 1. Suppose y : 0Q\ {0} —
(0, ) is a C“P map which satisfies y (x, —y) = y(x, y) for (x, y) € dQ and for
which the limit
ma}ggﬁo Y (X, y) = Yo,

exists and 0 < yy < a — 5. Let f € C2(Q)NCF(Q\{0O}) of (1)~(2). Then f
is discontinuous at O, the radial limit function Rf behaves as in case (DI) and
there exist functions ot 0Q = [0, 7] with0 < 0wt < y <w” <mondQand
wT <y <w ondQ\Asuchthatifo :9Q — (0, 7) withw™ <o <w™ a.e. on Q2
and §) < o <m — & for some 81 € (0, &), then the radial limit function Rh of the
solution h € C*(Q) of (1)—(2) with y replaced by o in (2) is discontinuous at O and
behaves as in case (DI).

We do not address the stability of the continuity at O of a solution f of (1)-(2)
but we note that the procedure in [Shi and Finn 2004], as stated, would not establish
the discontinuity at O of f for arbitrarily small perturbations of the domain (in the
asymptotic sense of Shi and Finn) when y; =y» > a — 7.

2. Some lemmas

Lemma 3. Let Q be a bounded open domain in R> with Lipschitz boundary and
let T be an open subset of 3 which is a C*P curve for some B € (0,1). Let
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y € L®(0Q) satisfy § <y <m — 38 a.e. on dQ for some § > 0 and y € CchA(D).
Suppose there exists f € C*($2) N L () which satisfies

4) div(Tu) =«xu inQ
and
%) Tu-v=cosy onT.

Then f € C>P(QUT).

See [Finn 1986, p. 210, Note 5], or [Finn 1988], or the introduction of [Korevaar
and Simon 1996], which references [Simon and Spruck 1976; Taylor 1977].

The next result uses the notation of [Korevaar and Simon 1996, Theorem 2];
in particular,

(Vg(x), —1)
1+[Vgx)|?

denotes the continuous extension of the (downward) unit normal to the graph of g
when considered as a function on this graph.

Lemma 4. Let Q be a bounded open domain in R* with Lipschitz boundary and
let T be an open subset of Q2 which is a C3 curve. Let ¢ € L>®(3R2) be in C-#(I)
for some B € (0, 1). Suppose g € C*(2) N L>(K) is the variational solution of
div(Tu) =ku inQ,
u==aeo on 082;

that is, g minimizes J(-) over BV(2), where

J(u):/ 1+|Du|2+/f thtdx—i—/ lu—¢lds, ueBV(Q).
Q Q Jo aQ

Set
O={(x,1) eI’ x R:min{g(x), g(x)} <7 < max{p(x), g(x)}}

and Qo= Q\ T, where T C 02 x R is the graph of ¢, and let G be the graph of g
over Q. Then for each xy € I, there exists a § > 0 such that {x € 0Q2: |[x —xo| <8} CT
and the following conclusions hold:

(@) M={(x,1) € QUG : |x —xq| <8} is a C'° manifold with boundary whose
boundary is the union of {(x, p(x)) e T : x €T, |x — x¢| <6} and {(x, g(x)) :
x € Q, |x —xo| =68} for some o € (0, 1).
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(b) The (downward) unit normal N to T is a continuous function and

% ifxeQUTI andt = g(x),
. +1Ve(x
NED=1 0. 0) if (x.1) € Qand g(x) < 1 < $(x),

(—vx),0 if (x,t) € Qand dp(x) <t < g(x),
where v denotes the outward unit normal to 0%2.

Proof. Let A={xel:g*(x)=¢p(x)}, B={x €T :g*x) #¢(x)}, and Ay be
the interior (in I") of A, where g* is the trace of g on 02; let us define g*(x) to be
¢(x) if x € T" and g*(x) is not otherwise defined. Using the arguments in [Elcrat
and Lancaster 1986], we see that if xo € Ag, then there exists a § > 0 such that
{x €02 :|x —xg| <8} C Ap and (a) and (b) hold.

Suppose xg € B such that g*(xg) = zo < ¢ (x¢) and so (xg, zo) is an interior point
of QU G. Standard results on the regularity of solutions of obstacle problems at
interior points imply g is continuous on (2 x R) N U, where U is a neighborhood
in R? of (xo, z0), and, considered as a parametric surface, (QUG)NU is a C!@
surface for some « € (0, 1). (For example, this follows from [Simon and Spruck
1976] or [Taylor 1977], since the contact angle is zero at these interior points.
Another argument follows from [Hildebrandt 1973]; by “blowing up” or dilating R?
about (xg, zg), we may assume the function f : E x R? x R* x R® — R given
by f(w, X, p.q) = |p*+ lq* + 3k (X3 — 20) (X — (x0, 20)) - (p x ¢)) satisfies
conditions A and B of that paper in a neighborhood U x I of (xg, z¢), where [
is an open interval containing zg, and so, for smooth Dirichlet data i slightly
larger than zg near x¢ and equal to g on QN JU, a theorem in [Hildebrandt 1973]
shows there is a parametric minimizer of || g J(w, 2,Vz)dudv that is smooth in
the interior of its domain E = {(u, v) : u*> + v*> < 1} and, from [Miranda 1964]
(or [Finn 1986, p. 16, Note 10]), we see that this parametric solution is a graph
z=nh(x,y). Since g < h on dU by the choice of ¥ and & < g on dU since ¥ < ¢
on U NAJS2, we see that g =& in U. In particular, g is continuous at each point
of I' N B and the points of A\ Ag are isolated.) An application of [Bourni 2011]
shows that (a) and (b) hold; that is, we may choose a domain ¥V C 2 such that 0V
isaCl®curve in R?, xo € 3V CTUQ, 92N (QN3Y) = {x) :j=1,2} with
x) e B (j=1,2), the closure in R? of {(x, g(x)) e 2 xR:x €3V} isa C"* curve
in R which meets I' x R tangentially at (xD, g*(x(j ), j=1,2, and we can find
a function v : 3V — R whose graph is a C* curve in R? such that g* < ¥ < ¢ on
dQ2NaV (see Figure 1(a)) and apply the conclusion of [Bourni 2011] to see that (a)
and (b) hold in a neighborhood of x¢. If xg € B such that g*(xg) = z9 > ¢ (x0),
apply the argument above to —g (with —¢ as Dirichlet data).
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w

(a) OVNIQ (b) OvnoQ

Figure 1. The traces of g, ¥ and ¢.

Suppose xp € A\ Ag. Notice, from the arguments above, that Ayg and B are
open. There exist a domain V C 2 and a function ¥ : 3V — R as above such
that xo € 3V CTUQ and 3QN(QN V) = {xV) : j = 1,2} withx) € AgUB
(j =1, 2); we argue as above (see, for example, Figure 1(b)). ([

Lemma 5. Let Q be a bounded open domain in R> with Lipschitz boundary and
let T be an open subset of dQ which is a C* curve or a finite disjoint union of C*
curves. Let y € L*°(0Q2) satisfy § <y <m —§ a.e. on 02 for some § > 0 and
y € Cl’ﬂ(F)for some B € (0, 1). Suppose there exists f € C2(Q) N L>®(Q) which
satisfies (4) and (5). Let € > 0. Define g = g¢ € BV(R2) to be the minimizer over
BV(R2) of Je(+), where

Je(u)zf 1—|—|Du|2+// ktdtdx—l—f lu—(f+e€)lds
Q QJo a0
foru € BV(R2). We have:

() g € C*(Q) and satisfies (4).
(1) The unit normal N to M is in C%B(QUE) for each compact subset E of T" and
hence the contact angle
(6) Ve def arccos(Tg-v) € [0, ]
is well defined and continuous on I', where v denotes the outward unit normal
to 0K2. In particular, y, =0o0n {x €' : g(x) < f(x) +¢€}.

(iii) Suppose there is a finite set A = {x1, ..., Xp} C 02 such that I’ = Q2 \ A.
Then f <g< f+einQ.

(iv) Suppose there is a finite set A = {x1, ..., X} C 0Q such that ' = 0Q2 \ A.
Theny, <y onT.

Proof. (i) The existence of g follows from Theorem 5 of [Gerhardt 1974], or
Theorem 2.1 of [Giusti 1976]. The interior regularity of g follows from Theorem 3.1
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of [Giusti 1976] (see also [Gerhardt 1974, p. 174; Williams 1978, Theorem 3]).
The fact that g satisfies (4) is standard (e.g., [Gerhardt 1974, p. 174]).

(i1)) The boundary regularity of g follows from Lemma 4. On {x € I' : g(x) <
S (x) + €}, we have N(x, g(x)) = (v(x),0), Tg(x) =v(x), and so

Yg(x) = arccos(v(x) - v(x)) = arccos(1) = 0.

(iii) Notice that f, g € C2(Q)NCY(QUT). Set M = {x € Q: f(x) > g(x)}. On
oM NT, g < f+e€ and so by (ii) and Lemma 4, with [1 = Q U G, where Q =
{(x,2):(x,2) € E, g(x) <z< f(x)} € M xR, implies that supcos y, =Tg-v=1;
hence yo =00n 0M NT'. Thus f =g on 2NIM and y, =0 almost everywhere on
02N dM and so the general comparison principle (e.g., [Finn 1986, Theorem 5.1])
implies f < g in M; hence M = &.

Nowlett >0andset N={xe€Q:g(x)> f(x)+e+71}. Theng= f4+e+70n
QNION and g > f+e on dNNT and so Lemma 4 implies y, = almost everywhere
on 02N dN. The general comparison principle then implies g < f 4+ € 4+t and so
N =&. Therefore g < f+e+7in Q foreacht >0andso g < f +¢€ in Q.

(iv) Suppose first x € I" and there is a sequence {y;} in I" such that x =lim; o y;
and g(y;) < f(y;) + € for each j. Then (ii) implies y,(y;) = 0 for each j and so
Ye(x) = 0. Since y € (0, ), we see that y,(x) =0 < y(x).

Suppose next that x e ' and g > f 4+ € in PN T, where P is a neighborhood
of x in R%. From (iii), we see that g = f +e in PNT. If Yg(x) > y(x), then
glx —tv(x)) > f(x —tv(x)) +¢€ for t > 0 small and this contradicts (iii). (Recall
that v(x) is the exterior unit normal to 9€2 at x.) Thus y, <y onT.

Finally, suppose x € I, y,(x) = y(x) and g = f + € in P N 32, where P is
a neighborhood of x in R?; notice that [Heinz 1970] and Lemma 3 imply g €
C*#(PN Q). Since g < f +¢€ in Q and Yg(x) = y(x), the tangent plane IT, to
z =g at (x, g(x)) and the tangent plane I[1to z = f +¢€ at (x, g(x)) = (x, f(x)+¢€)
must coincide. Now the mean curvature H, of z = g at (x, g(x)) is %Kg(x) and the
mean curvature Hy of z = f + € at (x, g(x)) is %Kf(x) = %(Kg(x) —k¢€). Since
g = f+e€inPNT, the (signed) curvature of the curve z = f(x —fv(x)) + € must
be strictly less than the (signed) curvature of the curve z = g(x —tv(x)) for¢t > 0
small and so g(x —fv(x)) > f(x —tv(x))+e€ for ¢ > 0 small, contradicting (iii). [

3. Stability of central fans

We will begin by establishing the stability of the central fans with respect to “one-
sided” perturbations of y. (See Figures 2 and 3.)

Theorem 6. Let 2 be an open, connected, bounded Lipschitz domain such that
O = (0,0) € 02, 2 has a corner at O with opening angle 2o > 1w and there is
a finite set A = {Py, ..., Py} CoQwithm > 1 and P, = O such that 0Q2\ A is
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/""”rﬁ\ Tr+0

&n* (g")*
f*

Figure 2. The traces of f, g% and f +36.

2\

)

a C* curve (if m = 1) or a finite disjoint union of C* curves (if m > 1). Suppose
y 102\ O — (0, ) is a CYP map for which the limits

lim y(x,y) =, lim Yy, y)=»
AT (x,y) >0 - Qa(x,y)—>0

existwithy; € (0,7),i =1,2,and f € CX(Q)NCHP(Q\ {O)) satisfies

div(Tf) =«f in 2,
Tf-v=cosy on 02\ {0}

such that f is discontinuous at O and the radial limits Rf (-) of f at O have a
central fan.

There exists a 8 > 0 such that if g™ e BV(Q)NC 2(Q) is the variational solution
of the Dirichlet problem

@) div(Tg) =kg inS,
®) g=f+9 ondQ\ A,

and if o™ & arccos(T g™ -v) on dQ\ A, then for any function o € L*°(3K2) satisfying
) ot <o <y ae ondQ

and 81 <o < m — 8 for some 81 > 0, the variational solution h € BV() N C?(RQ)
of the capillary problem

(10) div(Th) =kh inQ, Th-v=cosc ondQ\ A

is discontinuous at O, the radial limits Rh(-) of h at O have a central fan and they
have the same type of behavior (i.e., case (DI) or (ID)) as Rf (-).

Proof. Suppose first that Rf behaves as in case (DI) and so
Rf(0) <min{Rf (), Rf (—c)}.



476 AMMAR KHANFER

/

h*
&H*

;

Figure 3. The traces of f, h and g*.

Let § < min{Rf («) — Rf(0), Rf(—a) — Rf(0)} and let g* be the variational
solution of the Dirichlet problem (7)—(8) for this choice of § (see Figure 2). From
Lemma 5(iv), we see that o™ < y on 92\ A and therefore there exist o € L (3S2)
which satisfy (9); let us select o and £ as in the theorem (see Figure 3). From
Lemma 5(iii) and the general comparison principle, we see that f <h <gt < f+§
in  and hence

(1) Rf(0) < Rh(0) < Rg*(0) < Rf(0)+5 for6 € [—a, al;
thus
Rh(a) — Rh(0) = Rf () = (Rf(0) +68) = Rf () —Rf(0) =6 >0
and
Rh(—a) — Rh(0) = Rf (=) = (Rf(0) +8) = Rf (—a) = Rf(0) =5 > 0.

Now we know that the radial limits of 4 at O exist and behave as in [Lancaster

and Siegel 1996] (i.e., one of case (I), (D), (ID) or (DI) must hold; if, for example,

case (I) held, one would have Rf (—a) < Rf(0) < Rf («)). The calculations above

show that Rf (—a) > Rf(0) and Rf («) > Rf (0) and therefore RA( -) must behave
as in case (DI); hence RA(-) has a central fan (see Figure 4).

Rf

Rf+5

Rh

Rf

—a oy Oy

Q

Figure 4. The radial limits of f, 2 and f + 6.
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Suppose next that Rf behaves as in case (ID) and so
Rf(0) > min{Rf(cx), Rf (—)}.

If we let § < min{Rf(0) — Rf(«x), Rf(0) — Rf(—«)}, we may repeat the same
argument as above and obtain R4 (0) > Rh(—«a) and Rh(0) > Rh(a); hence Rh(-)
must behave as in case (ID) and therefore has a central fan. O

Remark 7. The corresponding theorem with (8) replaced by
(12) g =f—56 ondQ\A

and with o™ défarccos(Tg_'v) ondR\A, = >0 >y ondQ\A, § <o <m—4§
for some §; > 0 and /& a solution of (10) yields f —6 < g~ <h < f in Q and

(13) Rf(O)<Rh(@)<Rf(O)+6 forb ecl—a,al;

hence # is discontinuous at @ and the radial limits RA(-) of & at O have the same
type of behavior (i.e., case (DI) or (ID)) as Rf (-).

Proof of Theorem 1. Suppose Rf behaves as in case (DI) or case (ID) and define
§ = %min{|Rf(a) — Rf(0)|, |Rf(—a) — Rf(0)|}. Combining the arguments in
Theorem 6 and Remark 7, we obtain

Rf(a) = Rf(0) =8 < Rh(a) — Rh(0) < Rf () = Rf(0) +

and
Rf(—a) — Rf(0) =8 < Rh(a) — Rh(0) < Rf(—a) — Rf(0) +4.

If Rf behaves as in case (DI), we have 0 < Rh(a) — Rh(0) and 0 < Rh(—a)— Rh(0)
and therefore Rh behaves as in case (DI). If Rf behaves as in case (ID), we have
Rh(x) — Rh(0) < 0 and Rh(—a) — Rh(0) < 0 and therefore Rh behaves as in
case (ID). O

s

Proof of Corollary 2. Since yp < a — 7, we see that |2y — | > 27 — 2a. It follows
from [Lancaster 2012] that f is discontinuous at O. Since f(x,y) = f(x, —y)
for each (x, y) € Q, the radial limits of f cannot behave as in cases (I) or (D) of
Theorem 1 of [Lancaster and Siegel 1996] and therefore they have a central fan.
That case (DI) holds for Rf (-) follows from [Lancaster 2012] or directly from the
fact that (m — yp) + (m — ) + 7 > 47w — 2 > 2« means case (ID) cannot hold.
The claim follows from Theorem 1. O

Remark 8. It should be emphasized that the conclusion of Theorem 1 is not that
“there exists a 6 > 0 such thatif o : 92 — [0, 7] satisfies y —§ <o <y +§ a.e.
on 9$2, then the radial limit function R/ of the solution & € C2(R2) of (1)—(2) with y
replaced by o in (2) has the same type of behavior (i.e., case (ID) or case (DI)
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holds) as does Rf”. The validity of such a conclusion is an interesting question
which might spur further investigation.
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