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When we consider surfaces of prescribed mean curvature H with a one-to-
one orthogonal projection onto a plane, we have to study the nonparametric
H-surface equation. Now the H-surfaces with a one-to-one central projec-
tion onto a plane lead to an interesting elliptic differential equation, which
is derived in Section 2; in the case H = ( this PDE was invented by T. Rado.
We establish the uniqueness of the Dirichlet problem for this H-surface
equation in central projection in Section 3, and develop an estimate for the
maximal deviation of large H-surfaces from their boundary values, resem-
bling an inequality by J. Serrin. In Section 4 we provide a Bernstein-type
result for the case H = 0 and classify the entire solutions of the minimal
surface equation in central projection. We also solve the Dirichlet problem
for H = 0 by a variational method. In Section 5 we solve the Dirichlet prob-
lem for nonvanishing H with compact support via a nonlinear continuity
method, and we construct large H-surfaces bounding extreme contours by
an approximation. Finally, in Section 6 we solve the Dirichlet problem on
discs for the nonparametric H-surface equation in central projection under
certain restrictions for the mean curvature.

1. Introduction

In Plateau’s problem for variable H = H(x, y, z), one constructs branched immer-
sions of prescribed mean curvature H (x, y, z) bounding a given Jordan contour I"
in R? by minimizing an energy functional (see [Dierkes et al. 2010a, Part II]). This
parametric H-surface

X=Xu,v)=(xu,v), y(u,v), z(u, v))

satisfies Rellich’s nonlinear elliptic system (3-31) and is given in conformal param-
eters — apart from the isolated branch points. In [Sauvigny 1982], this parametric
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surface X is shown to be a graph z = ¢(x, y) above the (x, y)-plane for certain
contours I' and solves the Dirichlet problem for the nonparametric H-surface
equation to the given boundary values.

In the present paper we solve the Dirichlet problem for H-surfaces in the rep-
resentation (2-3) with a one-to-one central projection by a nonlinear continuity
method (compare Theorem 5.1) and an approximation (see Theorem 6.1). We
start with a solution of Plateau’s problem for H = 0 which possesses a one-to-one
central projection (see Theorem 4.1). Having answered the uniqueness question
(compare Theorem 3.1), we study intensively the stability and the compactness
of this boundary value problem with the aid of [Sauvigny 1982, Satz 1]. In the
minimal surface case, the relevant PDEs (2-17) and (2-24) already appear in a paper
by T. Rad6 [1932] — but the inhomogeneous equations seem to be investigated here
for the first time.

We can determine the set of entire solutions for the nonparametric minimal
surface equation in central projection (compare Theorem 4.2). While minimal
surfaces remain in the convex hull of their bounding contour, this is not the case
for surfaces of prescribed mean curvature. However, we can estimate the deviation
of our solution from their boundary values by comparison with large spherical
caps (see Theorems 2.1 and 3.2). These surfaces do not belong to the family of
graphs; however, they possess a one-to-one central projection and can be used here.
Moreover, we can construct large solutions of Plateau’s problem by a continuity
and approximation method (compare Theorem 5.2).

2. The H-surface equation in central projection

It is well-known that the set of surfaces of constant mean curvature H € R is
invariant under translations and rotations. When we consider these H-surfaces with
one-to-one central projection onto a plane £, we can assume by translation that
the origin (0, 0, 0) € R? represents the center of projection. Furthermore, we can
attain by rotation that this plane £ is parallel to the xy-plane. Now H-surfaces
are transformed into (¢~' - H)-surfaces after a dilation by the factor a € R\ {0}.
Therefore, we can select the set

(2-1) E={(x,y,DeR’|x,yeR)

without loss of generality as our projection plane after a suitable dilation. For the
general study of H-surfaces with prescribed mean curvature H = H(x, y, z) on
domains in the Euclidean space, we refer our readers to Chapter 5 of the treatise
[Dierkes et al. 2010a] by U. Dierkes, S. Hildebrandt, and F. Sauvigny.

Choose an arbitrary domain € C R? in the plane; with the real-valued function

(2-2) 0=o0(x,y) € C*(Q,R)
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we associate the vector-valued function

(2'3) X:X(X’)’)ZZQ(%)’)'(%)’»1)’ (X,Y)GQ-

At all points (x,y) € Q with o(x, y) # 0, we obtain in (2-3) a differential-
geometrically regular surface with one-to-one central projection onto the plane .
In this context, let us calculate the first derivatives of the surface X, namely

Xi(x,y)=0x(x,y)-(x,y, D) +o(x,y)-(1,0,0),
Xy(x,y) =0y(x,y)- (x,y, D) +o(x,y)-(0,1,0),

and the coefficients of its first fundamental form, which are

(2-4)

X2(x, ) = Xy - Xe(x, )
=07(x,y) - (" +y* + 1) +20(x, y)xo.(x, y) + 07 (x, ),
Xy - Xy = 0x(x, y)oy(x, ) (2 +y*+D+0(x, y)[yox(x, y)+xoy(x, y)],
X3 (x,y) =03(x,y) - (7 +y> + 1) +20(x, y)yo,(x, y) + 07 (x, y),

for (x, y) € Q. Furthermore, we determine the exterior product of the vectors (2-4)
as follows:

(2-5)

(2-6) Xy AXy(x,y)
=(0x- (x.y. D+0-(1,0,0) Aoy (x,y, D +0-(0,1,0))
=00x(x, ) (—=1,0,x) + 00y (x, y) - (0, =1, y) + 0*(x, y) - (0,0, 1)
=0(x, ) (—ox(x,y), —0y(x, ), 0(x, y) + x0x(x, y) + yo,(x, y)).
The surface element W (x, y) is given by
2-7) W(x,y)” =X A Xy (x, y)I?
=0’ (x,y)- (IVox, WP +lo(x, y) +x0x +yo,T%)
=02(x, ) (&% (x, ) + (1 +xD)02 + (1 + y))o?
+2xy0x0y + 2x00x +2Y00y).
Therefore, the equivalence
(2-8) Xy AN Xy(x,y) #0 ifand only if o(x,y) #0,

which we have already used above, holds true.
We determine the second derivatives of our surface (2-3) via (2-4) and obtain

Xxx(xv y) :Qxx(xa y) : (xv Yy, 1)+2QX(X7 )’) . (190v O)a
(2'9) Xxy(x’ y) :Qxy(x, )7) : ()C, Y, 1)+(Qy(x’ )7), Qx(x’ y)’O)’
ny(-x’ )’) =ny(-x’ )’) : (x’ Yy, 1)+2Qy(x’ y) : (O’ 190)
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With the aid of (2-6) and (2-9), we determine the coefficients of its second funda-
mental form — multiplied by W (x, y) —in the following triple products:

(Xe, Xy Xeo) ey = 020xx (3, ¥) = 2007 (x, ),
(2-10) (X, Xy, Xyl = 0°0xy (v, ) = 2000y (x, ¥).
(Xes Xy, X)) = 0705y (¥, ¥) — 2003 (%, ¥).
For an adequate geometric formulation we need some definitions.

Definition 2.1. With each domain © C R? we associate the cone
@2-11) C(Q):={(,n, ) eR’ |E=rx, n=ry, {=r, (x,y)€RQ, 0<r <+00},

where Q x {1} ¢ R? represents its base and (0, 0, 0) its vertex. The cone C(£2)
consists of the generating lines

L.y i={(rx,ry,r) eR*|0 <r <400} forall (x,y) € Q.

The boundary of our cone dC(£2) is composed of the generating lines L, ),
(x,y) €.

Definition 2.2. At first, we define the logarithmic mean curvature on the cylinder
2 x R by the continuous function

(2-12) D=D(x,y,2):QxR—>ReCUQxR).

Then we prescribe the associate mean curvature on the cone C(£2) by setting

D(x, y,1
HE, g, ¢) = 2002100

& n o) =x,ry,r)eC(), (x,y)e, 0<r<+oo.

(2-13)

At all points with o(x, y) > 0, the representation (2-3) yields a surface of
prescribed mean curvature H from (2-12) and (2-13), or briefly an H-surface,
if and only if the following partial differential equation (PDE) holds true:

(2-14) 2D(x,y,Ing)Q”
2 2y 2 2\ 2 3/2
x (0* + (1 +x%)0; + (14 y*)o; 4+ 2xyor0y +2x00: +2y00,)
=2H (ox, 0y, 0)0
2 2y 2 2y 2 3
x (0 + (1+x7) 07 + (14+y°)0; 4+ 2xyo.0y +2x00: +2y00y)
=2H(0x, 0, )W (x, )
= Xg(an Xya Xxx) - 2(Xx : Xy)(X)m Xy7 Xxy) + X)?(XX’ X}” ny)
= 0*(X}0xx (%, ¥) = 2(Xc - X,)0xy (x. ¥) + X703y (x. ¥))
—20(x, Y)(XJ03(x. y) = 2(Xx - Xy)or0y(x, ¥) + X203 (x, ).

/2
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Besides the prescription (2-13) for the mean curvature, we have used the identity
(2-7) for the surface element and the equations (2-10) for the triple products. With
the aid of the relations (2-5) we immediately calculate

(2-15)  X7oi(x,y) —2(Xx - X,)0x0,(x, y) + X203 (x, y) = 0°(x, )| Volx, y)I*.
When we insert the identity (2-15) into the equation (2-14), we arrive at the PDE
(2-16) 2D(x, y,Inp)
x (0% + (1 +x2)02 + (1 + y)o2 + 2xyor0y +2x00s +2y00y) ™"
= X70xx(x,¥) = 2(Xx - Xy)0uy(x, ¥) + X20yy (x, )
—20(x, MIVex, MI*.

Taking the coefficients of the first fundamental form (2-5) into account, we obtain
the PDE

(2-17) 2D(x, y,Ino)
x (02 + (1 +x2)02 + (1 + y?)o2 +2xy0x0y +2x00x +2y00y) "
= (0} (*+y*+ 1) +20y0, +0°)0xx
—2(0v0y - (¥ +y* + 1) +olyor +x0y1)0xy
+ (07 - (P + >+ 1) +20x0, +0%) 0y (x, ) — 20| Vo (x, y)I%,

for (x, y) € Q.
Since our surface X is regular in €2, we can assume the property

(2-18) ox,y) >0, (x,y) €,
after an eventual reflection. Now we use the logarithmic representation
(2-19) o(x,y):=Ino(x,y), (x,y) €.

Then we determine their first derivatives

Q Qy
(2_20) O—x(xvy)=gx(-xay)a Uy(x’Y)zé(x»)’)» (X,J’)EQ,
as well as their second derivatives

o
(Uxx +0'x2)|(x,y) = f(-xy Y)y
Q |
(2-21) (Oxy + 020y r.y) = f(x, ),

Q s
Oy + ) (r.y) = f(x, y).
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From the identity (2-15) we deduce the relation

(2-22)  Xjo7(x,y) —2(X, - X))o0y(x, y) + X707 (x, y) = |Volx, y)I?
=0*|Vo(x, y)I*.

Into the equation (2-17) we insert the second derivatives (2-21) and observe (2-22)
to obtain

(2-23) 2D(x,y,1np)o>

2 2 3/2
x (1+(1+x2)<g—x) +(1+y2)(9—>) +oxy 2 oy & +2yQ—y>
0 0 ce o "o

0
= (0} > +y*+1)+20y0, + 92)§

0
—2(0x0y - (X2 + y2 + 1) +olyox +x0y]) %

+ (02 (2 +y* + 1)+ 20x0; +g2)%(x, »)
—2|Vo(x, y)I?

= (0} (® +y*+ 1) +20y0y +0°)0sx
—2(0x0y - (6 +y*+ 1)+ olyox +x0y1)0xy
+ (02 (x* +y* 4+ 1) +20x0x +07) 0y, (x, ¥)
—0*(x, Y)IVa (x, I,

for (x, y) € Q. Now we use formulae (2-20) for the first derivatives and arrive at
the PDE

224) 2D(x, y,0)(1+ (1 +x2)02 + (1 + 2o + 2xy0,0, +2x0; +2y0, )

= (ayz . (x2 + y2 +1)+2yoy, + l)crxx
—2(0x0y - (XF + Y2+ 1) + [yox +x0y]1)0xy
+ (07 - (P4 y* + D) +2x0, 4 )0y, (x, y) — Vo (x, ),
for (x, y) € Q.

Definition 2.3. Let us address the PDE (2-17) as the H-surface equation in central
projection and the PDE (2-24) as the logarithmic H-surface equation. In the special
case D =0= H, we speak of the PDE (2-17) as the minimal surface equation in cen-
tral projection and of the PDE (2-24) as the logarithmic minimal surface equation.

In the case D = D(x, y) : 2 — R, where the logarithmic mean curvature does not
depend on the z-variable, we prescribe the associate mean curvature H from (2-13)
on the base of the cone C(€2). The mean curvature is positive-homogeneously
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continued on each generating line Ly, (x,y) € €2, of the degree —1. Then
our PDE (2-17) is positive-homogeneous in the following sense: for any positive
solution o (x, y) of (2-17) and all parameters a > 0, the function a-o(x, y) solves this
differential equation as well. In the special case that the logarithmic mean curvature

1+ x24y2’
is prescribed on the base of our cone, we can explicitly solve the PDE (2-17) as
follows.

(2-25) D(x,y) = (x,y) € R?,

Theorem 2.1. Let the right-hand side D from (2-25) with its homogeneous continu-
ation H of (2-13) be given on the cone C(Q) for Q = R?. Then the functions

(2-26) o(x, y):= (x,y) € R%,  for arbitrary parameters a > 0,

a
14+ x2+4y2
solve the H -surface equation (2-17) in central projection.

Proof. Equivalently to the PDE (2-17) for the function ¢, we consider the PDE (2-24)
for its logarithmic representation & (x, y) :=In o(x, ¥), (x, y) € R?, and obtain

6(x,y)=1Ina —In(l + x>+ y?),

(2-27) 5 (x. ) —2x 5 (x y) —2y
o (x,y) = , oy(x,y)= .
Y=y WY ST e e

We easily determine the expressions
(142167 + (14 y))6, + 2xy6:6y + 226, + 2y6y =0,
67 (Y + D +2y6 +1=1,
6.6y - (24 Y2+ 1)+ [y6, +x6,] =0,
62 (P4 y ) 4226, +1=1,

(2-28)

for (x, y) € Q. Therefore, the PDE (2-24) is reduced to the equation

A ) _4 4x2 442 4x2+4y?
A6 (x,y)—|Vé (x, y)|> = ) 2122 24 y2)2
I+x24y2  (14+x24y2)?  (1+x24y?)

= —2D(x.y),

1+x2+y? (. )
for (x, y) € R%. Consequently, the PDE (2-17) with the right-hand side from (2-25)
is satisfied for the functions (2-26). O

Remark. For each a > 0, the surface (2-3) on the domain © = R? with the function
(2-26) represents a surface of constant mean curvature —2/a with one-to-one central
projection onto the plane £. More precisely, we obtain a sphere of radius a/2 about
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the center (0, 0, a/2), where its south pole (0, 0, 0) has been exempted. We shall
use these solutions, which represent a foliation of spheres, as comparison surfaces
in the next section.

Proof. In the case a = 1, the equations (2-3) and (2-26) represent the stereographic
projection of this sphere onto the plane £. Here we employ a theorem of Euclid on
right triangles: the square of a small side equals its projection on the hypotenuse
times the hypotenuse. Based on a simple diagram with a right triangle, we thus
obtain 12 = o(x, y)y/1+x2 4+ y2- /1 +x2 + y2, which yields

1

By a dilation with the factor a, we can easily inspect the general case a > 0. [J

o(x,y) =

3. Uniqueness of Dirichlet’s problem and estimates

Definition 3.1. Let the logarithmic mean curvature D(x, y, 7) : 2 x R — R be given
on the cylinder adjoint to the bounded Jordan domain € C R?, with its associate
mean curvature H (€, , ¢) : C(2) — R from (2-13) on the cone C(£2). On the Jordan
contour d€2 let the positive continuous boundary distribution ¢ : 92 — (0, +00)
be prescribed. Then the positive solution

0=0@x,y):Q— (0,400) € C*(Q)NC* Q)
of the PDE (2-17) under the Dirichlet boundary condition

(3-1) o(x,y)=¢(x,y) forall (x,y) e a2

is named the solution of the Dirichlet problem P (2, ¢, H) for the H-surface equa-
tion in central projection.
Definition 3.2. The logarithmic mean curvature D(x, y, z) : 2 x R — R satisfies
the monotonicity condition if, for each point (x, y) in the domain €2, the function d
defined by

d(z):=D(x,y,z) for zeR

is of class C! and satisfies

9

9z
The maximum principle for elliptic equations implies the following.

Theorem 3.1 (uniqueness of P(2, ¢, H)). Let oY) =0 (x, y), j =1, 2, denote

two solutions of the Dirichlet problem P (2, ¢, H) in the Jordan domain Q2 C R2,

where the logarithmic mean curvature satisfies the monotonicity condition. Then

oV(x,y) =0 (x,y) for (x,y) €.

(3-2) d(z)=-—D(x,y,z) >0 for zeR.
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Proof. Let us consider two solutions
(3-3) oY =0 (x,y):R*— (0, +00) € C2(NCYQ), withj=1,2,

of the Dirichlet problem P (2, ¢, H). We can apply the maximum principle to the
difference of their logarithmic representations,

o(j)(x, y) = an(j)(x, y), (x,y)e€ Q, with j=12,

since the associate PDE (2-24) is quasilinear. The elliptic differential operator for the

difference function possesses a nonpositive coefficient of 0 order, due to the mono-

tonicity condition (compare [Sauvigny 2012a, Chapter 6, §2]). Therefore, we obtain
eV =0y, e

and the Dirichlet problem P (€2, ¢, H) is uniquely determined. ]
Furthermore, we prove the following interesting theorem.

Theorem 3.2 (geometric maximum principle). Let 0 = o(x, y) denote a solution
of the Dirichlet problem P(2, ¢, H) in the Jordan domain Q C R2, which is
contained in the disc Qp = {(x, y) € R? | x> + y? < b?} of radius 0 < b < +o0.
Furthermore, let the logarithmic mean curvature satisfy the monotonicity condition
and the inequalities

(3-4) D(x,y)<D(x,y,2) <0 forall (x,y,7) € 2 xR.
Then we have the estimate

- i 2y
(3-5) 0 <(§$1€r59¢($, m <ox,y)<(1+b") @%Qqs(s, n),

for all points (x, y) € Q.
Proof. (1) From (2-17) and (3-4) we infer the elliptic differential inequality

(3-6) (0} (x> +y*+1)+20y0y +0°)0xx
—2(0x0y - (* +y*+ 1)+ olyox +x0y])oxy
+ (07 (& +y* + 1) +20x0c +0%)0yy (x, ¥) — 20| Vo(x, )| <0,

for (x, y) € Q. Within the domain Q2 our function o cannot attain a strict minimum,
and the estimate on the left-hand side of (3-5) is established.

(2) We compare the solution o with the spherical solution of Theorem 2.1,

(3-7) o(x,y):= (x,y)e[Rz, wherea:=(1+b2) max ¢ (&, n).
(§,med2

a
1+x2 4y’
By construction we have the inequality

(3-8) o(x,y)>o(x,y) forall (x,y) €adQ
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on the boundary. From the condition (3-4) and the PDE (2-24) for the logarithmic
representation

6(x,y):=Inp(x,y), (x,y)eQ,
we deduce the differential inequality
(3-9) (87 (24> +1)+2y6y +1)6ex —2(6:6y - (¢ + 3>+ 1)+ [y65 +x6,]1) 6y
+ (62 (7 + Y2+ 1) +2x8, +1)8y, (x, ) = V& (x, )
=2D(x, ) (14 (1+x)62+ (14 Y167 +2xy6:6y+2x6, +2y6,
<2D(x,y,0)
2\ A2 2\ A2 A A A ~ \3/2
X (l + (1 +x%)oy + (1 + y?)oy + 2xy0,0y + 2x0x +2yoy) ,

)3/2

at all points (x, y) € €. The logarithmic representation

o(x,y):=Ilno(x,y), (x,y)€Q,

of the function p satisfies the quasilinear PDE (2-24). Together with (3-9) the
difference function

T, y) =0, ) =60y, (e,
is subject to the differential inequality
Lr(x,y)=0, (x,y) €,

for an elliptic differential operator £ (see [Sauvigny 2012a, Chapter 6, §2]). Due to
the monotonicity condition, the coefficient for the 0-order term of £ is nonpositive.
Because of (3-8) we have 7(x, y) <0 for (x, y) € d€2 and hence, by the maximum
principle for elliptic operators, 7 (x, y) <0 for (x, y) € Q. With the aid of (3-7) we
arrive at the estimate

(3-10) o(x,y)<0(x,y)<a=(1+b*- max ¢(&,n), (x,y)e.
&,mea2

This shows the right-hand side of the statement (3-5) above. (|

Remark. For embedded surfaces of constant mean curvature, J. Serrin [1969]
established a maximum-estimate by the bounding contour; there the reflection
method of A. D. Alexandroff was employed. Our method above is based on a
foliation of H-surfaces with variable mean curvature.

Already at the beginning of the last century, A. Korn and C. H. Miintz solved the
boundary value problem of the minimal surface equation for contours deviating only
a little from planar curves. From §§ 413-415 of J. C. C. Nitsche’s treatise [1975] we
learn that Plateau’s problem for parametric minimal surfaces with positive second
variation is stable with respect to small perturbations of the bounding contour.



H-SURFACES WITH ONE-TO-ONE CENTRAL PROJECTION 491

The approximate solutions are obtained by solving a peculiar nonlinear elliptic
PDE which is accessible to Banach’s fixed point theorem within the Holder space
C**(B) (compare [Dierkes et al. 2010a, §5.6, Proposition 1]). We have used this
method in Proposition 1.8 of [Sauvigny 2012b, Chapter 13], in order to establish the
stability of the nonparametric H-surface equation under small perturbations with
respect to the C2t%-norm of the boundary data. Since the logarithmic H-surface
equation (2-24) has a similar structure, we can prove the stability for our Dirichlet
problem P (2, ¢, H) under homothetic transformations — near the identity — of
the boundary values.

Lemma 3.1 (perturbation result). Let Q C R? denote a convex C**%-Jordan domain
with 0 < o < 1, such that the logarithmic mean curvature

D=D(x,y,z) e CT*(Q xR, R)

satisfies the monotonicity condition. For the associate mean curvature H due to
(2-13) on the cone C(S2) and the positive boundary distribution ¢ : 3Q2 — (0, +00)
of class C**%, the problem P(S2, ¢, H) possesses a solution. Then the Dirichlet
problem P(2, Lo, H) is solvable for all parameters 1 —e < . <1+ ¢, where the
quantity € > 0 is sufficiently small.

Proof. (1) Instead of the PDE (2-17) we use the equivalent equation (2-24) and
start with a solution o = o (x, y) € C*t(Q) of this logarithmic H-surface equation.
Then we consider the perturbation

(3-11) o(x,y)+t+1(x,y), (x,y)€Q,
with a parameter —e <t < ¢ and a function 7 in the Banach space
B:={t=1(x,y) € C***(Q) | t(x, y) =0 for all (x, y) € 9Q)}.

We insert (3-11) into (2-24) and observe that our perturbed function (3-11) satisfies
the logarithmic H-surface equation (2-24) if and only if the function T € B fulfills
the PDE
(3-12) ((oy + 107 (P + 3>+ D) +2y(0y + 1) + 1) (0 + Tax)
=2((0x+ ) (0 +13)- (3 + D+ [y (0 + 1)+ (0 +73)]) (Gry + )
+((0x + )7 (7 + 32+ D+ 2x(0x + 1) + 1) (0yy + Tyy)
~ (Vo + VD)l
=2D(x,y,0 +1+ D) (1 + (1 +x) (0 +7)* + (1 + )0y +1,)°
+2xy(ox + ) (0y + Ty) + 2x (0 + 7o) + 2y (0y + ‘L'y))3/2,
for (x, y) € Q.
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(2) On the left-hand side of (3-12) we collect all those terms, where the factors of
the set

Fi={z, Ty, Txxs Txy, tyy}
appear in the same order, to the following differential operators: the terms of order 0
result in the expression
(3-13) 2D(x. y, o) (1+ (1 +x)02 + (1 +y*)0? + 2xyoyoy +2x0, +2y0y) %,

since o solves the PDE (2-24). Then we collect all terms of order 1 to the linear
elliptic differential operator
(3-14) LoT := (ayz-(xz—l—yz—l—l)—{—Zyoy—l—l)Txx

- 2(oxay C(xPHyP D) + [yox —i—xoy])rxy

+ (sz . (x2 + y2 +1)+2x0, + l)tyy(x, y)

+alx, y)te +b(x, )Ty
with coefficients a(x, y), b(x, y) of the class C*(Q2) depending on the solution o .
The remaining terms of order 2 and 3 are assembled to the nonlinear operator
Q=0Q(r): B— C*(Q). On the ball Bs :={t =1(x, y) € B| Tl c2ta(gy < 8} of
radius § > O the estimates

” Q(T) ||CD‘(Q) < L] (8)”1— ||C2+ot(§) forall T € B(S,

1Q®) — Q) lca@y < La®)IF — Pl 2ragy forall 7, € By
hold true. Here as well as in (3-18), (3-19), (3-26) below, the constants L;(§) > 0
satisfy lims_, o4 L;j(8) =0 for j =1, 2, 3, 4. When we respect that all terms in Q are
either quadratic or cubic in F and control their Holder-norms, we immediately see

the assertions (3-15) above, where the upper inequality implies that the operator Q
is superlinear.

(3-15)

Now the equation (3-12) appears in the equivalent form
(3-16) Lot + Q(7)
=2D(x, y,0 +1+0)(1+ (1 +x)(0x + 1) + (1 +3H) 0y + 1)
+223(0 + T2) (0 + T) + 220y + ) +2y(0y + 7))
—2D(x, y, 0)(1+ (1 +xPol + (1+y*)o;
+2xyoyoy +2x0, + 2y0y)3/2.
(3) We introduce the nonlinear operator

(3-17) N(@) = (1+ (1 +x>)(ox + 1)” + (1 + y) 0y + 1)

+2xy(0y + T) (0 + Ty) +2x(0y + T) 4 2y(0y + 1)),
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for T € B, where the power 3/2 is larger than 1. Therefore, we obtain the estimate
(3-18) IN (@) =N llcoqy < L3OIT —Tllcarag, forall 7,7 € Bs.
Thus we receive the superlinear operator
(3-19) R(t):=N()—-N(0), teB,
satisfying ||R(r)||ca(§2) < L3(5)||‘L'||C2+a(§2), T € Bs.

Now we rewrite (3-16) into the equivalent form
(3-20) Lot +Q(t) =2D(x,y,0 +t+1t)N(t) —2D(x, y, 0)N(0)

=2D(x,y,0 +t+1)(N(0)+R(1)) —2D(x, y, 0 )N (0)

=2(D(x,y,0+t+1)— D(x,y,0))N(0)

+2D(x,y,0 +t+1)R(1).
(4) Let us determine
(3-21) D(x,y,o(x,y)+1+71(x,y) —D(x,y,0(x,))
= f()l%D(x, y,slt(x, y) +1l1+o(x, y))ds =colx, y)t(x, y) +1],

for (x, y) € Q, with the nonnegative function

1
co(x,y) = / D (x,y,s[t(x,y)+1]1+o0(x,y))ds,
0
due to the monotonicity condition. We insert (3-21) into the PDE (3-20) and arrive at
(3-22) Lot + Q(7) =2co(x, Y[t (x, y) +1IN(0) +2D(x, y, 0 + 1+ T)R(T).

Introducing the coefficient function c(x, y) := —2co(x, y)N(0) <0, (x,y) € 2,
and the linear elliptic operator L1 := Lot + c(x, ¥)T, T € B, we obtain the PDE

(3-23) Lt =2tco(x, YN(O) — Q(t)+2D(x, y, 0 +t+ 1)R(T) =: M, (1)

with the nonlinear operator M, : B — C*(Q) on the right-hand side.
For each 6 > 0, we can find quantities § = §(0) > 0 and ¢ = €(0) > 0 such that

(3-24) M (Ol ey = 0~'s forallt e Bsandall —e <t < +s.

This follows from the structure of the operator M, in (3-23), since the operators Q
and R are superlinear as in (3-15) and (3-19) and the expression

sup ||D(x,y,0 +f+f)||ca(§)
teBs,te[—1,+1]

is finite, due to the regularity of D on the convex domain £2.
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Furthermore, with § = 6(0) > 0 and € = £(0) > 0 we realize the estimate
~ A 1 .- .
(325 IM(®) = M @llcay = 25 11F — Elcria)

forall 7,7 € Bsand —¢ <t < +e.

Here the structure of the operator M, in (3-23) is combined with the inequalities
(3-15), (3-18) and the following estimate, which is based on the regularity of D in
the convex domain 2:

(3-26) ||D(‘7',0’+[+f)—D("',0+t+f)||ca(§2) <Lis0)|7 _f||c2+a(§)
forall 7,7 € Bsand r € [—1, +1].

(5) Due to Theorem 5.2 in [Sauvigny 2012b, Chapter 9], the linear elliptic operator
L:B— C*(Q) satisfies the Schauder estimate

(3-27) ITll 2t < ONLTIca(g forall T e B,

where 6 > 0 represents the Schauder constant. Consequently, £ possesses an inverse
£~ bounded with respect to the respective Holder norms. With § = §(6) the set
L(Bs) contains a ball of radius '8 within the Banach space C «(Q2). When we
remember (3-24) with ¢ =¢(0), we can transform (3-23) into the fixed point equation

(3-28) t=L"'oM,(1r), withteBs forall —e <1 < +e.
The nonlinear operator L o M, : Bs — Bs yields a contraction
(3-29) 1L o M(E) = L7 o My (D)l cave(y < 51T — Ell 2t
forall 7,7 € Bs and —e <t < +¢

due to (3-25) and (3-27). Banach’s fixed point theorem furnishes a unique solution
T € B; of the equation (3-28) for all —e <t < +e¢. U

With the aid of the uniformization method, we shall estimate the area of the
solutions for our Dirichlet problem. Let Q C R? denote a C?>**-Jordan domain
with the positive boundary distribution ¢ : Q2 — (0, +-00) of the class C>**. We
define the Jordan contour

T(¢) :={(x¢(x, ), yp(x,y), p(x, ) € R’ | (x, y) € 09}
and the area M (¢p) > 0 of the conical surface
S(@) = {(xg(x, y), Ay (x, y), A (x, y)) € R | (x, y) € 92, 1 € (0, 1)},

With the logarithmic mean curvature (2-12) let us define the mean curvature H
due to (2-13) on the cone C(£2). We consider a solution o = o(x, y) € P(2, ¢, H).
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The associate surface (2-3) possesses the area A(p) and the volume V(o) of the
conical domain

G(0) :={(hxa(x, y), hyo(x, y), ka(x, y)) € R | (x, y) € Q, 1 € (0, 1)}.

This H-surface has the minimal mean curvature
(3-30) m(o) := inf H(xo(x,y),yo(x,y),o(x,y)) €R.
(x,y)e2

Lemma 3.2 (area estimate). We can estimate the area A(p) of a solution o for the
Dirichlet problem P(2, ¢, H) in

A(o) = —3m(o)V (o) + M ()

by the minimal mean curvature m(o) as well as the volume V (0) of the conical do-
main G (@) for the solution, and by the area M (¢) of the given conical surface S(¢).

Proof. Let us introduce conformal parameters into the surface (2-3). Then we obtain

a parametric H-surface X (u, v) = (x(u, v), y(u, v), z(u, v)) : B - R3 € C?>T¥(B)

which is regular on the closure of the unit disc B := {(u, v) € R* | u®> +v%> < 1} in

the differential-geometric sense. More precisely, we have the following conditions:

(3-31) AX (u,v) = 2H (X (u, V) Xu A Xu, 1 Xul? =1X,* >0,
X,-X,=0, X-X,AX,>0 onB.

With the aid of triple products (-, -, - ) we calculate

(3-32) 2H(X)(X, XL,,XU)=X-AX=(X-X,,)M—i—(X-XU)U—|VX|2 on B
and obtain
(3-33) %IVX|2=—H(X)(X, Xu,Xv)+%{(X~Xu)u+(X'Xv)u} on B.

Let us denote the exterior normal to the unit disc by v : B — S!. Furthermore,
we use the arc length ¢ and the line element do on d B. Then we integrate (3-33)
as follows:

(3-34) A(o) = %// IVX|>dudv
B

:// _HX)(X, Xu,Xv)dudv—l—%/ (X - X,)do.
B 0B

We use the positive orientation of the conformal parameters as well as the minimal
mean curvature (3-30) in order to estimate the two-dimensional integral on the right-
hand side. Denoting by N (u, v) the unit normal, the conformal parametrization
yields the identity

X, AN =X, onaB,
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which we use in (3-34) for the one-dimensional integral. Thus we obtain

(3-35) A(o) = —m(o) // (X, Xu7Xv)dudU+%/ (X, X5, N)do
B B
s—m(e)/f(X,Xu,vaudHl/ X A X,|do
B 2 dB

= —m(o) // (X, Xy, Xp)dudv+ M(¢).
B

Then we apply the Gaussian integral theorem to the conical domain G(p) and the
vector field

Wx,y,2)=(x,y,2), (x,y,2) €G(o),

which is tangential on the conical boundary ST¢) = 3G (0)NIC(L2). Therefore, we
receive the expression

(3-36) /f (X, X, Xp)dudv = /f[ divW(x,y,z)dxdydz =3V (o).
B G(o)

We insert (3-36) into (3-35) and obtain with

(3-37) A(o) = -3m(0)V(0) + M(¢)
the final estimate. |

Remark. Originally, R. Finn [1954] established a priori estimates of the area for
graphs of minimal surface type. E. Heinz [1971] proved such an estimate for graphs
of prescribed mean curvature. Here we refer our readers to Proposition 1.2 in
[Sauvigny 2012b, Chapter 13].

4. Some results on Radé’s minimal surface equation

In this section, we consider the special case H =0 = D. With the aid of Plateau’s
problem, we can solve Dirichlet’s problem for the PDE (2-17) with vanishing right-
hand side. This has already been proposed by Radé [1932] (compare [Nitsche 1975,
§402]). However, we shall apply alternative methods from my dissertation [Sauvigny
1982] and book with Dierkes and Hildebrandt [Dierkes et al. 2010a, §85.1-5.3],
in order to realize that the central projection is one-to-one. The n-dimensional
situation has been studied by E. Tausch [1981] using nonparametric methods.
By variational methods we establish the following theorem.

Theorem 4.1 (solution of P (2, ¢, 0)). Let Q@ C R? denote a convex C*+*-Jordan
domain and let ¢ : 92 — (0, +-00) denote a positive C***-boundary distribution
with 0 < a < 1. Then the Dirichlet problem P (L2, ¢, 0) possesses exactly one
solution o(x, y), (x,y) € Q.
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Proof. (1) We solve Plateau’s problem for the regular C>*%-Jordan contour

L= {(xp(x, y), yp(x, ), ¢(x, y) € R | (x, y) € 9Q}

with a parametric minimal surface X (u, v) = (x(u, v), y(u, v), z(u, v)) : B — R3.
This surface is defined on the closure of the unit disc B := {(u, v) € R? | u?>+v? < 1}
and satisfies the Laplace equation

AX(u,v)=0, (u,v)e€B.
Its isothermal first fundamental form
ds* = Xu2 du®>+2X, - Xy dudv+ XUZdv2 = E(u, v)(du2 +dv2), (u,v) € B,

might only degenerate at isolated branch points of X, and its unit normal N (u, v),
(u, v) € B, exists within the class C>(B) N C'(B) subject to the Schwarzian differ-
ential equation

4-1) ANu,v) —2E(u,v)K(u,v)Nu,v) =0, (u,v)e B.

Here K (1, v) < 0 denotes the Gaussian curvature of the metric ds? at regular
points (u, v). The differential equation (4-1) can be found in Hilfssatz 1 and Satz 1
of [Sauvigny 1982] (see [Dierkes et al. 2010a, §5.1, Theorem 1] as well). The
necessary investigations on the regularity and branch points of H-surfaces are
contained in Chapter 2 of the treatise [Dierkes et al. 2010b] by Dierkes, Hildebrandt,
and A. Tromba.

(2) The minimal surface X (B) lies in the convex hull of its bounding contour T",
where the latter is situated on the boundary of the convex cone C(£2), outside its
vertex. This implies the inclusions

(4-2) X(B)CC(2) and X (0B)CaC(2)\{(0,0,0)}.

The arguments from [Sauvigny 1982, §2] show that the minimal surface approaches
the bounding cone dC(2) transversally and does not possess boundary branch
points. When we consider the auxiliary function

O(u,v):=N@u,v) - Xu,v), (u,v)eB,
we obtain the boundary condition
4-3) O(u,v) >0, (u,v)edB.
With the aid of (4-1), we derive the PDE for our auxiliary function

4-4) A6(u,v)
=(ANu,v)) - X(u,v) +2VNu,v) -VXu,v)+ Nu,v) - (AX(u,v))
=Xw,v) - ANm,v) — N, v) - AX(u,v) =2Ew, v)Ku, v)0(u,v),
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for (u, v) € B. Before we have fixed three points on the contour I', such that the
boundary representation is positive-oriented with respect to the projection plane £.

(3) Now the metric ds? is stable in the following sense:

(4-5) //|Vw(u,v)|2dudv
B
> -2 // E(u, v)K (u, v)¥ (u, v)*dudv forall ¢ € C}(B).
B

This stability condition has been established in [Sauvigny 1982, §3] by the area-
minimizing property for the solutions of Plateau’s problem. Due to Hilfssatz 6 of
[Sauvigny 1982] (compare [Dierkes et al. 2010a, §5.3, Proposition 1]), we obtain

(4-6) 0(u,v) >0, (u,v)eE.

On the basis of the property (4-6), we can exclude interior branch points for our
minimal surface by a winding number argument. Therefore, the surface

X:B—C(Q)

represents a minimal embedding, with one-to-one central projection onto the plane &,
which bounds the contour I'. Thus we have solved the Dirichlet problem P (€2, ¢, 0).
O

Finally, we classify the entire solutions of Radd’s partial differential equation.
Theorem 4.2 (Bernstein-type result). Leto=p(x,y)€C 2(R?, (0, +00)) represent
a positive solution of the minimal surface equation in central projection
@7 (e P +y*+ 1) +20y0y +0%)0m

—2(0x0y - (* +y* + 1) +olyor +x0y1)0xy
+ (03 07+ y2 + 1) +20x0x +0%) 0y (x, ) — 20| Ve (x. )P = 0,

for (x,y) € R%. Then it follows that o(x, y) = c for all (x, y) € R?, with a positive
constant 0 < ¢ < o0.

Proof. (1) We define the complete minimal embedding

(4-8) X(x,y) = (xo(x,y), yo(x,y), 0(x,y), (x,y) €R?,

in the Euclidean space R3. For an arbitrary radius 0 < R < 400, we consider
the geodesic disc about the center X := X (0, 0) parametrized over the domain
(0,0) € Dg C R2. Into this minimal disc X (x, y), (x,y) € Dg, we introduce
conformal parameters and obtain the parametric minimal surface X (u, v), (4, v) € B
with its unit normal N (u, v), (u, v) € B.
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(2) The auxiliary function
O(u,v):=Nu,v) - X(u,v), (u,v)e€ B,
satisfies the conditions

AO(u, v) — 2Eu, v)K (u, v)0(u, v) =0, (u,v) € B,

4-9) _
O(u,v) >0, (u,v)e€ B.

The arguments of Theorem 1 in [Dierkes et al. 2010a, §5.4] show that our minimal
surface X (u, v), (u, v) € B, is stable in the sense of the inequality (4-5). This
property holds true for the discs of all radii 0 < R < +00 about Xj.

(3) Theorem 3 in [Dierkes et al. 2010a, §5.5] shows that the surface (4-8) represents
a plane within the half-space z > 0. It follows that o(x, y) = ¢ for all (x, y) € R?,
with a positive constant 0 < ¢ < 400. U

5. Large H-surfaces bounding extreme contours

We return to surfaces of prescribed mean curvature with compact support and solve
the associate Dirichlet problem on convex domains. We use the deformation method,
which is presented in [Sauvigny 2012b, Chapter 13, §1] for the nonparametric H-
surface equation.

Lemma 5.1 (nondegeneracy result). Suppose X (u, v) :=(x(u, v), y(u, v), z(u, v)),
(u,v) € B, is a parametric H-surface, with unit normal N (u,v), (u,v) € B,
and suppose its prescribed mean curvature (2-12) in the class C1T*(Q x R) with
(2-13) satisfies the monotonicity condition. Furthermore, let the auxiliary function
O(u,v):=Nu,v) - X(u,v) >0, (u, v) € B, possess a zero (ug, vo) € B within this
disc. Then the identity 6 (u, v) =0, (u,v) € B, follows.

Proof. For our prescribed mean curvature H, we easily determine the equation

(5-1) VH(X)-X =1 di{D(x, v, lnr)} . {Dz(x, y,Inr) B D(x,y, lnr)}
.

r 72 72

_ D:(x,y,Inr) D(x,y,Inr) - D(x,y,Inr)

r r r

for all points X = (&, n, &)= (rx,ry,r) €C(R), (x,y) €, 0 <r <4o00. With the
aid of Hilfssatz 1 and Satz 1 in [Sauvigny 1982] (see also [Dierkes et al. 2010a, §5.1,
Theorem 1]) and the estimate (5-1), we obtain the following differential inequality
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on the unit disc B for our auxiliary function:

(5-2) A6(u,v)
=(ANu,v)) - X(u,v) +2VNu,v) -VXu,v)+ N@u,v) - (AX(u,v))
=Xu,v)-AN(u,v) — N(u,v) AX(u,v)
=X, v)- AN (u, v) =2E(u, V) H|x (u,v)
= _Q(ua v)9(u, v) —2E(u, U)VHlX(u,v) : X(”’ v) - 2E(”’ U)H|X(u,v)
< —q(u,v)0(u,v).

Here we have used the potential

(5-3) q(u, v) :=2(2Eu, v)HI}(yp) — EK (4, v) = E(u, ) VH|x () N, ),

for (u, v) € B. Since a point (1, vo) € B with 6 (ug, vp) = 0 exists, the nonnegative
function 6 solving (5-2) has to vanish in B identically, due to Hilfssatz 5 in [Sauvigny
1982]. O

By a nonlinear continuity method we prove the following theorem.

Theorem 5.1 (solution of P(2, ¢, H*)). On the convex C*T®-Jordan domain Q
we prescribe the logarithmic mean curvature

D(x,y) = D*(x,y): Q@ — Re Cy™™(RQ)
with compact support, subject to the inequalities
(5-4) 5(}(, y) < D(x,y) <0 forall points (x,y) € Q2.

Denote by H* its homogeneous continuation onto the cone C(2) due to (2-13).
Then the Dirichlet problem P (2, ¢, H*) of the H*-surface equation in central
projection possesses a solution o0 = o(x,y) € C7**(Q) for all C**® functions
¢ 02 — (0, 4+00).

Proof. (1) We introduce the positive quantity

5-5 * = (1+b%)- .n).
(5-5) r (1+ )(gf;l)ggﬂé n)

Then we choose a weakly monotonically decreasing function x =x (z) eC H(R,[0,1])
with the properties
(5-6) x(z)=1 forall ze (—oo,Inr*], x(z)=0 forall z€[In(r*+1), +00).

Thus we prescribe the logarithmic mean curvature

(5-7) D=D(x,y,2):=D"x,y) - x(@), (x,y,2)€2xR,
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on the cylinder €2 x R. Due to (2-13), we observe the associate mean curvature H
on the cone C(£2) as follows:

_ Dy _
H(S’U,g)———H (S,U,f), (i“a’?’f)—(”xﬁy,”),
(5-8) r
with (x,y) € 2,0 <r <r¥,
and
(5.9) HE n,80)=0, &.n,0=0x,ry,r),

with (x,y) € Q, r*+1<r < +o0c.

(2) For the parameters 1 < A < 400 let us consider the Dirichlet problems
P (2, L¢, H) with the mean curvature H being prescribed. These H-surfaces
with one-to-one central projection bound the contours

(5-10) T o= {(xA (x, y), yAd (x, ), 2p(x, y)) € R | (x, ) € 9}

situated on the boundary of our cone. On account of (5-9) we can choose a parameter
1 < A* < +o0 large enough that the mean curvature H vanishes within the convex
hull of the contour I}+. Therefore, we can solve the Dirichlet problem P (2, X*¢, H)
with the aid of Theorem 4.1.

(3) Now the set
(5-11) A:={re[l,X"]] P(2, A@, H) possesses a solution}

is open, since the solutions are stable with respect to small homothetic perturbations
of the bounding contour due to Lemma 3.1. Here we use that the logarithmic mean
curvature from (5-6) and (5-7) satisfies the monotonicity condition in Definition 3.2.
Moreover, the set A is closed since the property of one-fo-one central projection
remains valid in the limit. This follows from Lemma 5.1 which requires the mono-
tonicity condition again. Since the cone is convex and the mean curvature vanishes
near the boundary, the surfaces approach the conical boundary dC(§2) transversally.

(4) In order to establish the compactness of our solutions, we need a joint bound on
the area of the surfaces. Here we use the area estimate from Lemma 3.2 as follows:
on account of Theorem 3.2 we obtain a bound from below for the mean curvature
of our surfaces. Furthermore, this Theorem 3.2 yields a uniform estimate for the
volumes appearing in Lemma 3.2.

With the aid of the Courant—Lebesgue lemma and the geometric maximum princi-
ple in a local version, we can easily derive a modulus of continuity for our parametric
solutions in order to establish the equicontinuity of our functions on the closed
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disc B. In this context, we use at each point (&p, 1o, Lo) = (roxo, roYo, Fo) € C (Q),
with (xg, yo) € Q and ry > 0, the conical g-neighborhood

(5-12) Uz (&0, 10> o)
= {(rx,ry,r) eR?| (x, y) € Q with (x —x0)> + (y — y0)* < & and
r € Rwith (1 —e)rg < r < (14 &)rou(xo, yo, &) /(1 +x* +yH)},

where we need the function
11(x0, Yo, &) :=sup{l + x>+ y* | (x, y) € Q with (x —x0)> + (y — y0)* < &7}.

The parametric representation X (u, v), (u,v) € B, of a solution o = o(x,y),
(x,y) € Q, for our Dirichlet problem under condition (5-4) is subject to the
inclusion principle

X@0) c U. (&, 1m0, 00) = X(©)cC Us(&y, no, &o) for all domains ® C €,

where we use the proof of Theorem 3.2. Then we can adapt the proof of Theo-
rem 2(iii) in [Dierkes et al. 2010a, §7.1] and especially Lemma 4 to obtain the
desired equicontinuity. Alternatively, we can modify the proofs of Satz 5 and
Hilfssatz 10 in [Sauvigny 1982] by using the inclusion principle above.

(5) Now we combine from [Sauvigny 2012b, Chapter 12] the gradient estimate
Theorem 2.6 by Heinz and the inner C!**-estimate Theorem 2.7 for the H-surface
system (3-31), which both require a smallness condition, with the modulus of
continuity as in proof of Theorem 5.4(2). Thus we obtain an inner C'**-estimate
for our solutions, which implies an interior C 2ta_estimate via Theorem 4.4 in
[Sauvigny 2012b, Chapter 9].

Therefore, we can extract a uniformly convergent subsequence on B which
converges in CIZOJCF“(B) N CYB) to a solution of Plateau’s problem. We invoke the
boundary regularity result proved by Heinz [1970] and Hildebrandt (see [Dierkes
et al. 2010b, §2.3, Theorem 2]). Thus our limit surface belongs to the Banach space
C2+o ( B ).

Alternatively, we could control the convergence within the Banach space C>%(B)
with the aid of [Dierkes et al. 2010b, §2.1, Proposition 2 and Lemma 7; §2.2,
Theorem 2], together with Theorems 4.6 and 5.2 from [Sauvigny 2012b, Chapter 9].

(6) Since our set A is nonempty, we obtain the identity A = [1, A*]. Therefore,
the problem P (2, ¢, H) possesses a solution. Finally, we use Theorem 3.2 and
remember (5-5). Consequently, the solution of P (2, ¢, H) lies within the conical
section described in (5-8), where the curvatures H and H™* coincide. Thus we have
found a solution of the Dirichlet problem P (<2, ¢, H*). O
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Definition 5.1. To each Jordan domain  C R? and positive boundary distribution
¢:9Q2 — (0, 4+00) € CY(32, R) we associate the Jordan contour

(5-13) T =T(Q,¢):={(x$(x, ), yp(x, ), d(x, ) €R’ | (x,y) € Q)

with one-to-one central projection onto the curve d2. We name I' an extreme
contour if each point X = (&g, 1o, {o) € I' admits a real number a = a(Xp) > 0
such that

(5-14) FCK(a) and XoeI NIK(a).

Here we use the balls of support

515 K@ :={E 1.0 eR | +n*+ (¢ —a/2)’ <a’/4)
of radius a/2 > 0 about the center (0, 0, a/2).

Theorem 5.2 (large embedded solutions for Plateau’s problem). We have a function
d=0¢(x,y):0Q — (0, +00) € C**%, on the boundary of a convex C**t*-Jordan
domain Q C R?, such that T' = T'(2, ¢) represents an extreme contour. Further-
more, let us prescribe with D = D(x, y) : Q —> R e CHYQ) the logarithmic
mean curvature subject to the restriction (5-4) and denote by H its homogeneous
continuation onto the cone C(2) due to (2-13). Then we can solve the Dirichlet
problem P(2, ¢, H) by a function 0 = o(x, y) € C*>T¥(Q).

Proof. (1) Approximate D= D(x, y) by functions D¥ = D¥(x, y):Q—Re C) ()

fork=1,2,... within CJ_(€2) which are dominated as follows:

(5-16) D(x,y) SDk(x,y) <0, (x,y)e, forallkeN.

Therefore, these functions D are subject to the restrictions (5-4), and the conver-
gence in  is compactly uniform. Then we denote by H* their continuation onto
the cone C(£2) due to (2-13). With the aid of Theorem 5.1 we solve the Dirichlet
problems P (2, ¢, HY) by the functions Qk = Qk(x, y) € C*T(Q) for all k € N.

(2) We choose the solution g(x, y), (x, y) € Q, of the problem P (€2, ¢, 0) in
Theorem 4.1 as a lower barrier function. Now we observe that I represents an
extreme contour. For each (xg, yg) € €2 with the associate point

X0 := (x0¢ (x0, y0), Yo (x0, yo), ¢ (x0, y0)) € I'

we can find a real number a = a(xg, yp) > 0 such that the ball K(a) from (5-15)
satisfies the conditions (5-14). Together with the solution

N —1 —
o, y):=a(l+x*+yH ", (x,y) e,
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from Theorem 2.1 as an upper barrier function, we obtain the estimates
(5-17) olx,y) < Qk(x, y) <o(x,y) forall (x,y)eQ andallk e N

via the method of proof in Theorem 3.2.

(3) The parametric representations of these solutions yield H k.surfaces X¥(u, v) of
equibounded mean curvature and belonging to C>**(B). Now we use the arguments
in parts (4) and (5) of the proof for Theorem 5.1 and establish the equicontinuity of
(X" 1.2.3.... on the closed disc by the inclusion principle. With the aid of [Dierkes
et al. 2010b, §2.2, Theorem 2 and §2.3, Theorem 2] we see that these functions
converge to a function X € C'T%(B, 7)) in isothermal parameters which is situated
in the spherical solid

(5-18)  T:={Y=(x,ry,r)eR’|(x,y) €, &(x,y) <r <o(x,y)}.

At the point X¢ € 07 the surfaces associated with the lower and upper barrier
functions form an angle w = w(xg, yo) € (0, 7).

The inclusion X (B) C 7 and the representation X (ug, v9) = Xo € 97 with
(1o, vo) € 0B imply that the point (uq, vg) does not constitute a branch point of X.
Otherwise the local expansion there would imply that the surface X protrudes
from 7 — an evident contradiction.

Furthermore, the inclusion X (B) C C(£2) holds true. If X (ug, vg) = Xo € 0T
were true for a point (ug, vo) € B, the local expansion of X would force the surface
to protrude from 7 — which is impossible. Since the boundary point X can be
chosen arbitrarily on I', the inclusion above and the exclusion of branch points
on 0B is established.

For the local expansions, we refer our readers to Theorem 2 and Corollary 2 in
[Dierkes et al. 2010b, §3.1] and to the original paper by Heinz [1970].

(4) The functions X*(u, v) € C*t%(B) satisfy the nonlinear elliptic systems
(5-19) AX u, v) =2H (X (u, v) X A XK on B fork=1,2,....

Since the mean curvatures H* = H*(&,n,¢) : C(Q) — R converge compactly
uniformly in the open cone C(S2) and the surfaces X¥ = X*(u, v) : B — C(Q)
converge due to (3) uniformly on B to the continuous function X : B — C($2) with
the property X (B) C C(€2), we see the limit relation

(5-20) klim H*(X*u, v)) = H(X (u, v)) forall (u,v) € B.

Since the relation (5-20) occurs within C} (B) and a modulus of continuity in
(3) has been established, we can use the arguments from part (5) in the proof of

Theorem 5.1. Consequently, the functions X* converge within the space CIZOJCFO‘ (B)
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to the H-surface
X =X(u,v) e C*r*B)NC"B)

bounding the regular C**%-contour T".

(5) We invoke Theorem 2 in [Dierkes et al. 2010b, §2.3] again and see that
X = X(u,v) € C>***(B). Furthermore, Lemma 5.1 guarantees that our limit
surface satisfies

(5-21) X, v)-N@u,v)>0, (u,v)eB,

where we use the inclusion X (B) C 7T at the boundary. By a winding number
argument, we can easily exclude the interior branch points, and the H-surface
X : B— R is a differential-geometrically regular surface. Finally, the nonparametric
representation of this surface 0 = o(x, y) € C>T%(Q) solves the Dirichlet problem
P(Q2,¢,H). O

Remark. For arbitrary a > 0, let us consider a regular C>**-Jordan contour on
the boundary of the ball K(a) with a one-to-one and convex central projection
onto the plane £. Due to Theorem 5.2 above, we can construct for all nonpositive
curvatures H greater or equal to the mean curvature of the upper hemisphere an
H-surface bounding the contour I" with one-to-one projection onto £. Since these
surfaces include the large spherical caps, we receive large embedded solutions of
Plateau’s problem. We have to distinguish our considerations from the investigations
of H. Brézis and M. Coron [1984] or independently of M. Struwe [1985]. For
constant H they construct two solutions of Rellich’s H-surface system by variational
methods and obtain two not necessarily immersed H-surfaces which solve Plateau’s
problem for the same contour.

6. The Dirichlet problem P (25, ¢, H) on discs
In this section we concentrate on circular cones C(2p) associated with the discs
Qp:={(x,y) € R? | x2+y2 < b
of radius 0 < b < +o0 about the origin. One can easily prove the following lemma.

Lemma 6.1 (boundary curvature). For arbitrary radii 0 < b < +00 we parametrize
the circular cones dC(2p) by

(6-1) Y=Y(rt):=(rbcost,rbsint,r), O0<r <4oo, 0<t<2m.

Their mean curvature with respect to the interior normal is given by

(6-2) Hy(r,t) = O<r<+4o00, 0<t<2m.

1
2rb/1+ b2’
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Theorem 6.1 (solution of P(Qp, ¢, H)). On the closed disc Qp, of radius 0 <b < 00,
let us prescribe the logarithmic mean curvature D(x, y) € C'T%(Qy) subject to the
inequalities (5-4) and the estimate

1
(6-3) ———— < D(x,y) <0 forall points (x,y) € 0Q2p.
2b/1+ b2
We denote by H its homogeneous continuation onto the circular cone C(S2p) due to
(2-13). Then the Dirichlet problem P(2p, ¢, H) possesses a solution

0=0(x,y) € C*(Q) N CY(Q)
for all continuous boundary distributions ¢ : 92, — (0, +00).

Proof. (1) As in the proof of Theorem 5.2, let us approximate D = D(x, y) by the
functions

DF=DF(x,y): Q> ReCy™ () fork=1,2,...
within Cf? (£25), dominated due to (5-16) when we replace the domain €2 with €2;.
We denote by H k their continuation onto the circular cone C(€2;) due to (2-13)
and approximate the continuous boundary distribution ¢ : 92, — (0, +00) € C°
uniformly by the sequence ¢* : 9Q, — (0, +00) € C*** fork=1,2,....

With the aid of Theorem 5.1, we solve the Dirichlet problems P (2, ¢*, H*)
by the functions o* = of(x, y) € C?t%(Q,) for all k € N. In the parametric
form we receive H¥-surfaces X*(u, v) € C*t%(B) bounding the Jordan contours
k= T'(Qp, ¢r) from (5-13). By an area estimate as in part (4) of the proof of
Theorem 5.1, we select a subsequence of {(X*(u, V)}k=1.2,... which is uniformly
convergent on B to the limit

yoen

X = X(u,v) € COB, C()).

(2) Let us take a point (x, y) = (bcost, bsint) € 92, with an appropriate 0 <t <2x
and a number r > 0, such that we obtain the boundary point (rx, ry, r) € C(£2p)
of the cone. We use the balls

Ks(rx,ry,r):={(€,n,0) eR | E—rx) +(—ry)* + (¢ —1)* < §?)

about this point of radius § = §(rx, ry, r) > 0, which we shall choose sufficiently
small. Now we need circular cylinders of curvature h > 0 which are generated as
images of the standard cylinder

(6-4) Spi=1{,n,0) eR |2 +n* < 1/4h%)

of curvature h under an appropriate rotation and translation.
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At the point (rx, ry, r) we use as the cylinder of support S, (rx, ry, r) the circular
cylinder of curvature

1 1 1
(6-5) h = Z<W—D(X,y)) € (—;D(x,y),Hh(r, [))

with the properties

Cp) N Ks(rx,ry,r) CSp(rx,ry, r)NKs(rx,ry,r),

(6-6)
0C(R2p) NS, (rx, ry, r)NKs(rx,ry, r) = L,y NKs(rx,ry, r).

Here we have to apply our Lemma 6.1 from above. For the prescribed mean
curvature, the estimate

(6-7) |H(E,n,0)| <h atall points (£, 7, ¢) € C(Q) N Ks(rx, ry, r)

holds true.

(3) The limit surface X (u, v) from (1) cannot touch the cone dC(£2;) at an in-
terior point. If this happened, we could find a point (ug, v9) € B such that
X (ug, vo) = (rx, ry, r) holds true for a boundary point (rx, ry, r) € dC(£2p) con-
sidered in (2) above. Now we use Hildebrandt’s geometric maximum principle for
H-surfaces in circular cylinders, presented in Hilfssatz 3 in [Sauvigny 1982] or
Proposition 1.6 in [Sauvigny 2012b, Chapter 13].

Transforming the setting into the standard cylinder (6-4) by rotation and trans-
lation, we show in (4) that the continuous auxiliary function

W(u,v) = x(u, v)2 + y(u, U)Q, (u,v) € B,

2

(6-8) ) 5 5
with (u — ug)”+ (v —vg)” < €-,

is subharmonic in the sense of mean values, where € > 0 is sufficiently small. Due to
Theorem 2.9 in [Sauvigny 2012a, Chapter 5], the function W is subject to the maxi-
mum principle. Therefore, the surface X would locally coincide with the bounding
cylinder and protrude from C(£2;,), which is impossible. Consequently, we have

(6-9) X(B) CC(2).

(4) Now we prove that the function W is subharmonic: for k=1, 2, ... we consider
the approximate auxiliary functions

W, v) == xFu, v)> + y* @, v)?,  (u,v) € B,

2

(6-10) _ 5 5
with (u —ug)”+ (v —vg)” < €”,

associated with the solutions X* € C*t*(B, C($2;)) of the H-surface system (5-19).
Since their mean curvatures H* are equally bounded as in (6-7) due to (5-16), these
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functions satisfy
6-11) AV (u,v) >0, (u,v)eB, with (u—up)®+ (v —v)? < €2,

by Hildebrandt’s maximum principle cited above. The functions X* and W¥ con-
verge uniformly, and consequently the subharmonic property (6-11) for W* —in
the mean-value sense —is transferred to the limit function W.

(5) As we have seen in part (4) of the proof of Theorem 5.2, the inclusion (6-9)
implies that the convergence of our sequence X k (u,v)yeC 2Jr"‘(].'?), k=1,2,...,

occurs in the space CIZOJCFO‘ (B) N C%B) to the limit surface

(6-12) X =X®u,v)eC™B)NCB).
Lemma 5.1 guarantees that our surface satisfies
(6-13) Xw,v)-Nu,v) >0, (u,v)eB.

Therefore, the surface X has a one-to-one central projection onto the plane £ and
possesses the nonparametric representation

(6-14) 0=0(x,y) € C***(2,) N C(Q)
solving the Dirichlet problem P (€25, ¢, H). O
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