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CONJUGACY AND ELEMENT-CONJUGACY
OF HOMOMORPHISMS OF COMPACT LIE GROUPS
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Let G be a connected compact Lie group. Among other things, we prove that
the following are equivalent. (a) For all connected compact Lie groups H
and all continuous homomorphisms ¢, ¢’ : H — G, if ¢(h) and ¢’'(h) are
conjugate in G for all h € H, then ¢ and ¢’ are G-conjugate. (b) The Lie
algebra of G contains no simple ideal of type D,, (n > 4), E¢, E7, or Eg.

1. Introduction

Let G and H be two topological groups, and let ¢, ¢’ : H — G be two continuous
homomorphisms. We say that ¢ and ¢’ are conjugate if there is an element g € G
such that

gdp(W)g ' =¢'(h) forallheH.

We say that they are element-conjugate if for every h € H, there is a g € G such
that

gp(g " =¢'(h).

Clearly, conjugate homomorphisms are element-conjugate. Conversely, we are
interested to know to what extent the following statement holds.

(O If ¢ and ¢’ are element-conjugate, then they are conjugate.

This is closely related to the failure of multiplicity one for the cuspidal spectrum
of reductive groups over number fields (see [Blasius 1994, Section 1.1; Lapid
1999, Section 3; Arthur 2002, page 471; Lafforgue 2014, Section 0.8]). Some
counterexamples to (1) are used to construct nonisometric pairs of isospectral
manifolds (see [Larsen 1996, Theorem 2.7]).

We say that G is H-acceptable if (1) holds for all continuous homomorphisms ¢
and ¢’. M. Larsen [1994] defined G to be acceptable if it is H-acceptable when-
ever H is finite. In [Larsen 1996], he classified acceptable, connected, simply
connected compact Lie groups. In this paper, we are more concerned with the
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statement (1) when both G and H are connected compact Lie groups. This is more
relevant to the classification of reductive subalgebras of semisimple Lie algebras, as
studied in [Dynkin 1952; Liebeck and Seitz 1996; Malcev 1944; Minchenko 2006].

It was essentially known to Dynkin how counterexamples to (1) can be con-
structed when G is a simple compact Lie group of type D,,, with n > 4 (see [Dynkin
1952, Theorem 1.4]; see also [Wang 2012]). M. Liebeck and G. Seitz [1996] found
a counterexample when G is simple of type Eg, and H is simple of type Ay, in the
setting of algebraic groups. For Lie algebra homomorphisms from a semisimple Lie
algebra to a simple Lie algebra of type Eg, E;7 or Eg, all counterexamples of the Lie
algebra analogue of (1) are listed in [Minchenko 2006, Table 9] (see Lemma 3.6).

Based on the main result of [Minchenko 2006], we prove the following theorem
for connected compact Lie groups.

Theorem 1.1. Let G be a connected compact Lie group. Then the following are
equivalent. (a) The Lie algebra of G contains no simple ideal of type D,, (n > 4), Eg,
E7 or Eg. (b) The group G is H-acceptable for all connected compact Lie groups H.

As a byproduct of the proof of Theorem 1.1, we get the following theorem for
classical Lie groups.

Theorem 1.2. Let G be a classical Lie group, that is, G is GL,(R), GL,(C),
GLn(H)a U(p’ C])’ O(p’ 5])’ On((]:)a SPZn(R)7 Sp2n(C)7 Sp(p7 CI) or O*(Zn), Where
p.qg,n > 0. Then G is H-acceptable for all compact Hausdorff topological
groups H.

By convention, when n =0 or p + g = 0, the corresponding classical group of
the above theorem is the trivial group, and the theorem is trivial in this case.

2. Classical Lie groups

In the rest of the paper, let H be a compact Hausdorff topological group. By abuse
of notation, we do not distinguish a representation from its underlying vector space.
All representations are assumed to be complex, finite-dimensional and continuous.

Classical complex groups. We begin with the following classical result.
Proposition 2.1. The complex general linear group GL,,(C) (n>0) is H-acceptable.

Proof. This is well known. Let ¢, ¢’ : H — GL,,(C) be two continuous homomor-
phisms, to be viewed as two n-dimensional representations of H. If they are element-
conjugate, then they have the same character. By the classical character theory of
representations of compact groups, these two representations are isomorphic. This
is the same as saying that the homomorphisms ¢ and ¢’ are conjugate. U
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We define an orthogonal representation of H to be a representation V of H
together with an H-invariant orthogonal form (-, -) on it. Here by an orthogo-
nal form, we mean a nondegenerate symmetric bilinear form. Two orthogonal
representations (V, (-, -)) and (V’, (-, -)’) are called isomorphic if there is an
H-intertwining linear isomorphism from V to V’ which sends (-, -) to (-, -)".

Similarly, we define the notions of symplectic representations and isomorphisms
of symplectic representations. The next result is well known (see [Malcev 1944]).

Proposition 2.2. Let (V, {-,-)) and (V', (-, -)) be two orthogonal (symplectic)
representations of H. If V and V' are isomorphic as representations of H, then
(V,{(-,-Nand (V', (-,-Y) are isomorphic as orthogonal (symplectic) representa-
tions.

It is clear that Propositions 2.1 and 2.2 imply the following result, which is stated
and proved in [Larsen 1994, Propositions 2.3 and 2.4], in the setting that H is a
finite group.

Proposition 2.3. The complex orthogonal group O, (C) and the complex symplectic
group Sp,, (C) (n > 0) are H-acceptable.

Maximal compact subgroups. Let G be a Lie group with finitely many connected
components. Let K be a maximal compact subgroup of G, which always exists
and is unique up to conjugation [Borel 1998, Chapter VII, Theorem 1.2(1)]. Write
ix . K — G for the inclusion map.

Lemma 2.4. Let ¢, ¢ : H — K be two continuous homomorphisms. Write
¢i=ig oy and ¢’ =iy ody. Then
(@) ¢ and ¢’ are conjugate if and only if ¢ and ¢} are conjugate, and

(b) ¢ and ¢’ are element-conjugate if and only if ¢, and @', are element-conjugate.

Proof. We only prove (a), since (b) can be proved by the same method, and is also
implied by (a). The “if” part of (a) is obvious. We prove the “only if”” part below.

Write “Ad” for the conjugation action. By [Borel 1998, Chapter VII, Theo-
rem 1.2(ii)], there is a closed analytic submanifold E of G such that

) Adp(E)=F forallkeK,
and every g € G is uniquely of the form
3) g=ke, withkeK, eckE.
Assume that ¢ and ¢ are conjugate, i.e., there is an element g in G such that

¢ =Adg 0.
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Write g = ke as in (3). Then
Ady-10¢' =Ad, 0.
Let h € H and put
ki = (Ad-109")(h), ky:=¢(h).

Then ki, k, € K and
ki = Ad,(k2),
or the same,
kie =k» Adk2—1 (e).

Now (2) and the uniqueness of the decomposition (3) imply that k; = k,. This
proves that Ad;-1 o ¢’ = ¢, and thus ¢, and ¢ are conjugate. O

The following result generalizes [Larsen 1994, Proposition 1.7].
Proposition 2.5. The group G is H-acceptable if and only if so is K.

Proof. Let us prove the “if” part first. Assume that K is H-acceptable, and let
¢,¢’ : H— G be two continuous homomorphisms which are element-conjugate.
We need to prove that ¢ and ¢’ are conjugate. Since every compact subgroup of G
is conjugate to a subgroup of K, we assume without loss of generality that the
images of ¢ and ¢’ are both contained in K. Let ¢, and ¢}, be as in Lemma 2.4 so
that ¢ := i o ¢y and ¢’ ;=i o ¢}. Then Lemma 2.4 implies that ¢ and ¢}, are
element-conjugate, and they are conjugate since K is H-acceptable. This implies
that ¢ and ¢’ are conjugate.

To prove the “only if” part, we assume that G is H-acceptable. Write ¢, ¢/,
¢x and ¢} as before. Assume that ¢, and ¢} are element-conjugate. Then ¢
and ¢’ are element-conjugate, and therefore conjugate since G is H-acceptable.
Now Lemma 2.4 implies that ¢, and ¢}, are conjugate. This proves that K is
H-acceptable. U

Corollary 2.6. The compact groups U(n), O(n) and Sp(n), where n > 0, are
H-acceptable.

Proof. Note that U(n), O(n) or Sp(n) is a maximal compact subgroup of GL, (C),
0,,(C) or Sp,, (C), respectively. Therefore the corollary is a consequence of Propo-
sitions 2.1, 2.3 and 2.5. U

The following lemma is obvious.

Lemma 2.7. Let G| and G, be two topological groups. Then G| x G, is H-
acceptable if and only if so are both G| and G».
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Now we come to the proof of Theorem 1.2. When G is GL,(R), GL,(C),
GL,(H), O(p. 9), 0(C), U(p.q), Sp(p. q), S, (R), Spy,(C) or O*(2n), its
maximal compact subgroup is O(n), U(n), Sp(n), O(p) x O(g), O(n), U(p) x U(g),
Sp(p) xSp(g), U(n), Sp(n) or U(n), respectively. By Corollary 2.6 and Lemma 2.7,
all these compact groups are H-acceptable. Therefore G is H-acceptable by
Proposition 2.5. This proves Theorem 1.2.

We record the following two results for later use.

Corollary 2.8. The compact groups SU(n) and SO(2n + 1), where n > 0, are
H-acceptable.

Proof. By Corollary 2.6, the groups U(n) and O(2n + 1) are H-acceptable. Then
the corollary follows by noting that every inner automorphism of U(n) or O(2n+1)
restricts to an inner automorphism of SU(n) or SO(2n + 1), respectively. ]

The following lemma is obvious.

Lemma 2.9. If G is commutative, then it is H-acceptable.

3. A proof of Theorem 1.1

In this section, we concentrate on connected compact Lie groups.

Lemma 3.1. Let ¢, ¢' : H — G be two continuous homomorphisms of connected
compact Lie groups. Then they are element-conjugate if and only if ¢|s and ¢'|s
are conjugate, where S is a maximal torus in H.

Proof. This is because S is topologically cyclic, and every element of H is
H-conjugate to an element of S. U

Lemma 3.2. Let p: G — Gbea surjective continuous homomorphism with finite
kernel of connected compact Lie groups. Let ¢, ¢’ : H — G be two continuous
homomorphisms of connected compact Lie groups. Then ¢ and ¢’ are conjugate if
and only if p o and p o ¢’ are conjugate, and ¢ and ' are element-conjugate if
and only if p o ¢ and p o ¢’ are element-conjugate.

Proof. The first assertion easily follows from the observation that
d=¢  ifandonlyif pod=pod.

We leave the details to the reader. The second assertion is a consequence of the first
one and Lemma 3.1. (]

Lemma 3.3. Let G and G’ be two connected compact Lie groups with isomorphic
Lie algebras. If G is H-acceptable for all connected compact Lie groups H, then
sois G'.



80 YINGJUE FANG, GANG HAN AND BINYONG SUN

Proof. Note that G and G’ have a common finite fold covering group, that is, there
is a connected compact Lie group G, and surjective continuous homomorphisms
p:G— Gand p': G — G with finite kernels.

Assume that G is H-acceptable for all connected compact Lie groups H. Let
¢1, ¢2 H — G be two element- -conjugate continuous homomorphisms. Then
0o qﬁl and p o ¢2 are element-conjugate. Therefore by the assumptlon on G, po ¢1
and p o ¢ are conjugate. Therefore by Lemma 3.2, ¢; and ¢, are conjugate. This
shows that G is H- -acceptable for all connected compact Lie groups H.

To prove that G’ is H-acceptable for all connected compact Lie groups H, we let
1. ¢ - H — G’ be two element-conjugate continuous homomorphisms. Then there
is a connected compact Lie group H, with a surjective continuous homomorphlsm
Py . H — H with finite kernel, and two continuous homomorphisms ¢1, ¢>2 H—G
such that the diagram
N

>
T — W
(@)

|

Q «—
b\

¢

commutes (i = 1, 2).

Since ¢ and ¢} are element—conjugate, we knoYv that ¢} o p,; and ¢} o p,, are
element- conjugate or equivalently, p' o¢y and p’ o P} are element- conjugate Then
by Lemma 3.2, qSl and ¢2 are element- conjugate Therefore ¢1 and ¢>2 are conjugate
since G is H- -acceptable. Thus p’ o ¢1 and p’ o ¢2 are conjugate, or equivalently,
¢} 0 py and @) o p,, are conjugate. This implies that ¢| and ¢} are conjugate. Thus
G’ is H-acceptable. O

We say that two homomorphisms ¢, ¢’ : h — g between two finite-dimensional

complex Lie algebras are conjugate if there is an inner automorphism ¢ of g such
that p o p = ¢'.
Lemma 3.4 [Minchenko 2006, Theorem 3; Dynkin 1952, Theorem 1.1]. Let g be
a simple complex Lie algebra of type G, or Fy. Let §) be a reductive complex Lie
algebra, and let ¢, ¢’ : ) — g be two injective Lie algebra homomorphisms whose
images are reductive Lie subalgebras of g. If ¢|s and ¢'|s are conjugate, then ¢
and ¢’ are conjugate, where s is a Cartan subalgebra of b.

Recall that a Lie subalgebra of a finite-dimensional complex Lie algebra g is
said to be reductive if its adjoint representation on g is completely reducible.
Lemma 3.4 has the following consequence.

Proposition 3.5. Let G be a connected compact Lie group whose complexified Lie
algebra is simple of type G, or F4. Then G is H-acceptable for all connected
compact Lie groups H.
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Proof. Let ¢, ¢' : H— G be two element-conjugate homomorphisms. We want to
show that they are conjugate. Note that ¢ and ¢’ have the same kernel. Replacing H
by its quotient by the kernel, we assume without loss of generality that both ¢
and ¢’ are injective. Let S be a maximal torus in H. Write c; : G — G for the
universal complexification of G, which is injective (see [Hochschild 1966]). Write
s, h and g for the complexified Lie algebras of S, H and G, respectively.

By Lemma 3.1, ¢|s and ¢'|s are conjugate. Therefore their complexified differ-
entials

d(@ls):s—g and d(¢'ls):s—g
are conjugate. Then Lemma 3.4 implies that the complexified differentials
d@):hb—g and d@):h—g
are conjugate. This implies that the homomorphisms
cgop:H—> Ge and cgzo¢ : H— G¢

are conjugate. Since G is a maximal compact subgroup of G¢, Lemma 2.4 implies
that ¢ and ¢’ are conjugate. This proves the proposition. O

Lemma 3.6. Let g be a simple complex Lie algebra of type D, (n > 4), Eg, E7 or Eg.
Then there are a semisimple complex Lie algebra ty and two nonconjugate injective
Lie algebra homomorphisms ¢, ¢’ : ) — g such that ¢|; and ¢'|s are conjugate.
Here s is a Cartan subalgebra of 1.

Proof. The lemma is a consequence of [Dynkin 1952, Theorem 1.4] when g has
type D,, (n > 4) and a consequence of [Minchenko 2006, Theorem 7] when g has
type Eg, E7 or Es. |

Lemma 3.6 has the following consequence.

Proposition 3.7. Let G be a connected compact Lie group whose complexified Lie
algebra is simple of type D, (n > 4), Eg, E7 or Eg. Then G is not H-acceptable for
some connected compact Lie group H.

Proof. Write g for the complexified Lie algebra of G. Let b, 5, and ¢, ¢’ : h — g
be as in Lemma 3.6. As in the proof of Proposition 3.5, write ¢; : G — G¢ for
the universal complexification of G. Let H¢ be a simply connected, connected
complex Lie group whose Lie algebra is identified with h. Then ¢, ¢’ integrate to
holomorphic homomorphisms

(4) 1!’@7 1/’{: : qu — G@.

Take a maximal compact subgroup H of Hc, and a maximal torus S in H
such that the complexified Lie algebra of S equals s. Replacing ¢ and ¢’ by their
conjugations by appropriate elements of G¢, we assume without loss of generality
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that y¥c(H) C G and wé(H ) C G. Then the homomorphisms in (4) restrict to two
homomorphisms
v, v H — G.

Since ¢ and ¢’ are nonconjugate, we know that ¥¢ and (. are nonconjugate,
which implies that v and ¥ are nonconjugate. On the other hand, since ¢|; and ¢’|s
are conjugate, we know that ¥rc|s and ¥ |s are conjugate. Then Lemma 2.4 implies
that /|5 and v/’|s are conjugate. This implies that ¥ and ¥’ are element-conjugate
by Lemma 3.1. This proves the proposition. (|

Finally, in view of Lemmas 3.3 and 2.7, Theorem 1.1 is a consequence of
Lemma 2.9, Corollaries 2.6 and 2.8, and Propositions 3.5 and 3.7.
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