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A NEW FAMILY OF SIMPLE gl,, (C)-MODULES

JONATHAN NILSSON

We construct a new family of simple gl,,-modules which depends on n?
generic parameters. Each module in the family is isomorphic to the regular
U(gl,)-module when restricted the gl,-subalgebra naturally embedded into
the top-left corner.

1. Introduction

Classification of simple modules is one of the first natural questions which arises
when studying the representation theory of some (Lie) algebra. Simple modules are,
in some sense, “building blocks” for all other modules, and hence understanding
simple modules is important. In some cases, for example for finite dimensional
associative algebras, classification of simple modules is an easy problem. However,
in most of the cases, the problem of classification of all simple modules is very
difficult. Thus, if we consider simple, finite dimensional, complex Lie algebras,
then the only algebra for which some kind of classification exists is the Lie algebra
slp. This was obtained by R. Block [1981]; see also a detailed explanation in
[Mazorchuk 2010, Chapter 6]. However, even in this case the “answer” only
reduces the problem to classification of equivalence classes of irreducible elements
in a certain noncommutative Euclidean ring.

At the moment, the problem of classification of simple modules over simple
Lie algebras seems too hard. However, because of its importance, the problem of
construction of new families of modules attracted a lot of attention over the years.
The most studied case seem to be the one of the Virasoro Lie algebras, where many
different multiparameter families of simple modules were constructed by various
authors; see, for example, [Ondrus and Wiesner 2009; Lu et al. 2011; Lu and Zhao
2014 Liu et al. 2015; Mazorchuk and Zhao 2007; 2014; Mazorchuk and Wiesner
2014] and references therein.

In contrast to the Virasoro case, the “easier” case of simple, complex, finite
dimensional Lie algebras does not yet have an equally large variety of families of
simple modules. So, let g be a complex, finite dimensional, simple Lie algebra.
Some classes of simple g-modules are, of course, well understood. For example:

MSC2010: 16G99.
Keywords: Representation theory, Lie algebra, Nonweight module, Whittaker module.
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« simple finite dimensional modules are classified already by Cartan [1913];

o simple highest weight modules related to a fixed triangular decomposition
n_ @ hdn, of g are classified by their highest weights and are extensively
studied during last 50 years, see, for example, [Dixmier 1974; Humphreys
2008; Bernstein et al. 1976];

» simple Whittaker modules in the sense of [Kostant 1978] — see also [Arnal
and Pinczon 1974; McDowell 1985; 1993];

« simple Gelfand—Zeitlin modules — see [Drozd et al. 1991; 1994; Mazorchuk
2001; Futorny et al. 2015];

 simple weight modules with finite dimensional weight spaces were classified
in [Mathieu 2000] extending the previous work in [Fernando 1990; Futorny
1987];

» simple g-modules which are free of rank one over the universal enveloping
algebra of the Cartan subalgebra were constructed and studied in [Nilsson
2015; 2016] (see also [Tan and Zhao 2013; 2015] for similar modules over
infinite dimensional Lie algebras).

Some further classes of simple modules can be found in [Futorny et al. 2011]. We
note that the largest known family of simple gl,-modules is the one of Gelfand—
Zeitlin-modules. It depends on @ generic complex parameters, see [Drozd et al.
1991; 1994] for details.

Based on the above, it seems natural to look for new families of simple g-modules.
The present paper contributes a new large family of simple gl,,-modules. This
family is parameterized by invertible n x n complex matrices. Let A, 53, C, D be the

four Lie subalgebras of gl,, of dimension n? as indicated in the following figure:

(5)

Then B is nilpotent (and even commutative), and the adjoint action of B on gl,, /B
is nilpotent, so (B, gl,,) is a Whittaker pair in the sense of [Batra and Mazorchuk
2011]. The original motivation for this paper was an attempt to describe generalized
Whittaker modules (i.e., modules on which the action of B is locally finite) for this
Whittaker pair. Our main result can be summarized as follows:

Theorem 1. For each nondegenerate complex n x n-matrix Q, there exists a simple
gly, module M with the following properties:

e M has Gelfand—Kirillov dimension n>.

. Resi{z” M is isomorphic to the left regular U(A)-module.
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. Res%lz” M is locally finite. In other words, M is a generalized Whittaker module
for the Whittaker pair (B, gl,,,).

o With respect to a fixed PBW basis in U(A), the action of each fixed element
from A, B, C, D can be written explicitly as maps U(A) — U(A) of degrees
1,0, 2, 1, respectively.

Moreover, different matrices Q give nonisomorphic modules.

The paper is organized as follows. Section 2 introduces notation and lays down
some motivation for the construction of our modules. In the same section, for each
nondegenerate complex n x n matrix Q, we construct an (A + B)-module having
the first three properties listed in Theorem 1. We show that there must exist a simple
quotient of the corresponding induced gl,, module that also has the fourth property.
In Section 3 we explicitly construct such a module when Q is the identity matrix /
and show that every other module in our family can be obtained by twisting this
module by an explicit automorphism. Finally, we give explicit formulas for the
gl,,-action in all cases.

2. Motivation and existence

2.1. Setup. Let g:= gl,,(C). Unless otherwise stated, all Lie algebras and vector
spaces are over the complex numbers. N denotes the set of nonnegative integers.

First we observe that the subalgebras .4 and D defined above are both isomorphic
to gl,, while the subalgebras 5 and C are commutative. Let ¢; ; be the 2n x 2n-matrix
with a single 1 in position (i, j) and zeros elsewhere. By convention, most indices
i, j,etc. can be assumed to lie between 1 and #n; in particular our canonical basis
for gl,, will be written

U {€i.js entijs €intjs entintj}
1<i,j<n

We denote the identity matrix by I, its size (n or 2n) should be apparent by the
context. The transpose of a matrix A is denoted A” and if A is invertible we
abbreviate (A~")7 by A~T.

We also recall how to construct twisted modules. For every Lie algebra automor-
phism ¢ € Aut(g) we have a twisting functor Fy, : g-mod — g-mod which is an
auto-equivalence. It maps a module M to YM which is isomorphic to M as a vector
space but has modified action: x e v := @(x) - v for all x € g and v € “M.

2.2. Existence of simple generalized Whittaker modules for gl,,. Following the
idea in [Kostant 1978], we try to construct some modules on which the action of 5
is locally finite.
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Fix Lie algebra homomorphisms A4 : A — Cand Ap : D — C. Let C, ,,,, be
the one dimensional (A + C + D)-module where A acts by A4, D acts by Ap and C
acts trivially. Now define a generalized Verma module

M. 5 = U(gly,) ®yatcsp) Crara-

Denote by M; ; = the full dual of M;,;,. This is a gl,, module where the action is
given by (x - f)(m) = — f(x - m) as usual.

Proposition 2. For every 0 : B — C, there is a unique (up to multiple) eigenvector
w in M ; = with eigenvalue 6 for B.

Proof. Note that M, ,,, ~ U(B) as a left and right U(3)-module. Let C(6) be
the 1-dimensional B-module where the action is given by 8. By the tensor-hom
adjunction we have

Homy; 3, (C(0), My, ) = Homy; 3 (C(6), Homg (M, 5., ©))
~ Homy 3, (C(6), Hom¢(U(B), ©))
~ Hom¢ (U(B) Qus) C(6), C)
~ Hom(C(9), C) = C.
Thus there is a unique 1-dimensional subspace of M} , isomorphic to C(f) in
B-mod, which is equivalent to the statement of the proposition. U

The submodule generated by such an eigenvector must be simple (see [Batra and
Mazorchuk 2011]), so we get the following result.

Corollary 3. For the pair (B, gl,,,), there exist simple generalized Whittaker mod-
ules and they can be realized as simple submodules in the dual of the generalized
Verma module M3 ; .

The drawback with this approach in our case is that it is difficult to say anything
more explicit about the resulting modules as M ; ~is very big and inconvenient to
work in.

2.3. An (A+ B)-module.

2.3.1. Construction and a formula for the action. We now turn to a more explicit
construction. Note that B is commutative. Let Q = (g;;) be a nonsingular n x n
matrix and define L o to be the 1-dimensional U(B)-module with generator v where
the action of B is given by Q:

einyj-vi=qijv 1=<i,j=<n.
Define an induced module

Mg :=Indg*" Lo = UA+B) @y Lo
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Then M is clearly isomorphic to U(A) as a left A-module, and for a € U(A) we
shall write just av or just a for a ® v. To explicitly see how B acts on Mg, we
introduce some more notation. Consider U(A) ®c A as a tensor product in the
category of unital associative algebras. This becomes an infinite dimensional Lie
algebra under the commutator bracket. Note that U(A) ® A ~ Mat,,,,,(U(A)) in a
natural way and we shall even extend the trace function to U(A) & A by defining
tr(a ® B) :=a tr(B). Note also that A embeds into U(A) ® A (both as an associative
algebra and as a Lie algebra) by the map A — 1 ® A, and we shall sometimes
need to identify elements of .A with their images under this map. To resolve some
ambiguity in our notation, for A, B € A we shall write AB for the product in U(A)
and A.B for the product in the associative algebra A or U(A) ® A.
Let ' : A — U(A) ® A be the Lie algebra homomorphism defined by

VA AR —1® AT
This extends to an algebra homomorphism ¢ : U(A) — U(A) ® A.
Lemma 4. The action of B on Mg is given by

0B _ T
<0 O)av—tr(i//(a).Q.B v.

Proof. This follows by induction on the degree of a as follows. The lemma
clearly holds for a = 1 by the definition of the action of B on Ly: we have
tr(Q.BT) = D j dij b;j. Suppose the lemma holds for all monomials a of a fixed
degree (with respect to any fixed PBW basis). We then have

0B 0B 0 B AO
(6 0)or=a(s ) +[(55)- (5 o) o
=A(8 g>av—<8 A(')B>av

=A tr(¥(a).0.BT)v —tr(y(a).Q.(A.B) v
=tr((AQ 1).v(a).Q.BT ) v —tr(AT .y (a).0.B v
=tr((A® 1) —1®A").¥(a).0.B v

=t (Y (A).¥(a).0.B v

=tr(¥ (Aa).Q.BT)v.

This shows that the lemma holds for all monomials in U(.A) by induction. Since
is linear, it holds for all of U(A). O

2.3.2. Proof of simplicity. We proceed to prove that My is simple by first proving
it for 0 = 1.
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Lemma 5. The following relations hold in U(A + B).

—1 . .
—me;' € krn Jori#j,

[ej,k+n7 e:'nj] = { m m . .
’ ((ei,j — D™ —€")eik4n fori=].

Proof. This follows easily by induction on m. U
Fix a PBW basis of U(A) of form

I ho lin o1 In1 I .
lejjey -eppeq oo eny - eny [lij €N},

Then U(A) >~ M; has a filtration:
MO M cmP ...
where M;m) is the span of all monomials f with deg f :=3_,; l;j <m.

Lemma 6. Foreach 1 < j, k <n, the element (¢ k1n —0; ) € UB) has degree —1
with respect to the filtration of M. Moreover, the action on an arbitrary monomial
in Ml(d) is given by

I11 I Iin I11 lj—1 l (d-2)
(Cjian = 8j) -eqy ey eqy = —ljeyy ey ey mod MyT T

Proof. We have
€jktn—0j1) f = f€jktn—38j1) t€jktn—3bjk, f1=1€jktn, f1,

so the fact that (e x4, — 8, x) has degree < —1 follows from the previous lemma
and the fact that ad,; ., is a derivation.

For the second, more precise, statement, let f be an arbitrary monomial of
degree d. For each i let P;,Q; be the monomial factors of f such that f = P,-ef}j 0;
and e;; [P;, Q;. We now calculate

lij
(€jkin —8ju) + [ =[ejn F1= Y _ Pilejkn- €110
i

s i lij—1
= Pj((ejj — 1)1“ — ej’;)ej,kﬂ, . Qj + Z —l,'j Pieij’ € ktn - Qi.
i#]
By writing

€i k+n = (€i k4n — Sik) + Sik,
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and using the fact that the first term has negative degree, we see that

. lii
(€jksn—B8j4) - [ =84 Pj((ej;— D —e /O,
lij—1 d—2
+Z—5iklij Pie/; ~Q; mod M
i#] L .
g ij— d-2
= —bjxljj Piejj ~Q; +Z —diklij Pie;j Qi mod M2
i#]
lij—1 d—2
= - Z(Siklij Piel’jj Q,‘ mod M; )
i

= —lkj Pk€i7_le mod M;dﬁz).
The lemma follows. ]

Corollary 7. For each 1 <i, j < n, the action of (e; n+; — 6;,j) on M| is surjective.
Its kernel is spanned by all monomials not divisible by e; ;.

Proposition 8. The module M; is simple in U(A + B)-mod.

Proof. It suffices to show that any f € M; can be reducedto 1 € M? via the B-action.
Fix f e My andlet p € M}d) be a nonzero monomial occurring in f with maximal
degree d. If p =], ; ell.y (in the PBW order), it is clear by the previous lemma that
By = H(ej,n+i —8;j) € U(B)
ij

maps p to a nonzero constant. By the maximality of d, B, annihilates all other
monomials occurring in f soin fact B, - f € M,(O) is a nonzero constant as desired.

(]

Corollary 9. The module M is simple if and only if Q is nonsingular.

Proof. For each nonsingular S € A, define ¢ : A+ B — A+ B by

(A B A B.S™!
we(o0)=(070)

Itis easy to verify that ¢ is a Lie algebra automorphism and that g o, = @g,. Itis
also clear that the twisted module ="M is isomorphic to M. Since M is simple
by Proposition 8, and since twisting by automorphisms defines an auto-equivalence
on gl,,-Mod, M is also simple for nonsingular Q.

Conversely, assume that Q is singular and let A be a nonzero matrix such that
0TA =0. We shall show that U(A)Av is a proper (A + B)-submodule of M. The
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subspace U(A)Av is clearly A-stable. For a € U(A) we compute

(8 I;) caAv =tr(Y(aA).Q.B v
=tr(¥(a). ¥ (A).Q.BHv=tr(y (@) . (AR -1 AT).0.BT v
=tr(Q.B ¥ (a) (AQ I)v—tr(y(a).AT.Q.B v
=tr(Q.B .y (a))Av —tr(y (a).(QT.A)T.BT v
=tr(Q.B .y (a))Av.

Thus U(A)Av is also B-stable, and is thus a proper submodule of M. U

2.3.3. Injectivity and an existence theorem. Our next goal is to prove that for most
Q'’s, the module M is injective when restricted to U(B). We begin by recalling a
result about injective envelopes for the trivial module over polynomial rings. For a
proof, see for example [Lam 1999, §3J].

Lemma 10. Let k be a field, let R =k[x, ...x,] and let L be the trivial R-module.
Let E be the R-module k[xl_], .. .xn_l], where x; acts by
xR T ik > 0,

—ki —k,
X; - (x el X ”) = .
S " {O otherwise.

Then E = E(L) is the injective envelope of L.

By twisting E by automorphisms we obtain injective envelopes of all 1-dimensional
R-modules as follows:

Corollary 11. With notation as in the previous lemma, for scalars g; €k, let Ly, 4.

be the 1-dimensional R-module with action x; -v = q;v. Then E(Ly, .. 4,) ~=YE(L)

.....

where @ is the R-automorphism mapping x; — Xx; — ¢;.

Proof. We have L, ., = %L and since twisting by an automorphism is an auto-

equivalence on R-mod, the corollary follows. ([
Proposition 12. For nonsingular matrices Q, the module Resggg;' 5 m o is injec-
tive.

Proof. Let I(Lg) be the injective envelope of Lo. Applying the exact functor
Homg(—, I(Lp)) to the exact sequence

0—Lg—> Mg — Coker — 0
we obtain the exact sequence

0 — Homg(Coker, I(Lg)) — Homgz(Mg, I(Lg)) — Homg(Lg, I(Lg)) — 0.
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Hence the morphism Ly — I(L ) mapping Lo into its injective envelope is the
image of some morphism f : My — I(Lp). Since f is nonzero on span(v) =
soc(Myp), f is injective. Moreover, for all k € N we have

. n®+k—2 .
dimsocy(Mp) = r—1 =dimsoc, (I(Lg)),
which shows that f is surjective. This shows that f is an isomorphism and in
particular that M is the injective envelope of L. ([

Remark 13. Indecomposable injectives over noetherian rings R correspond to
Spec(R) via p —injective envelope of (R/p). Moreover Ly = U(B)/m where m
is the maximal ideal generated by (e; ,+; — ¢gi,;), so if M is injective, it must be
the injective envelope of U(B)/m.

Theorem 14. For each nonsingular matrix n x n-matrix Q there exists a gl,,-
module M such that:

o M is generated by a single B-eigenvector with eigenvalues corresponding to
the entries of Q.

U(gly,
« Resy &5’ M = U(A) = U(gl,).
Proof. As we’ve seen before, we take Lo as the 1-dimensional B-module corre-

sponding to Q and we let Mg = U(A+ B) ®y 5, Lo- Then My is injective in
B-mod. Next we define

Fixing d € D we note that span(v, d - v) is a 2-dimensional B-submodule of W, and
moreover it is a nonsplit self-extension of Ly with itself. Now by the injectivity
of M there exists a morphism ¢ such that the following diagram commutes in
B-mod:

span(v, d - v)

Mg 7LQ

Thus there exists ay - v € soc2(Mg) = A-v such that a; - v —d - v spans a 1-
dimensional B-submodule S; of W. The module W :=W/ ), ., UA+B+D)S,
is then isomorphic to My when restricted to U(A + B).

Next, let W := UA+B+C+ D) Qu(A+B+D) W’. For a fixed ¢ € C we have a
B-submodule B%(c - v) with simple top and simple socle, both isomorphic to Lo.
By similar arguments, there exists x € soc3(Mg) = A*- v such that x — ¢ - v spans
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a B-submodule of W”. Forming the quotient of all these submodules we get the
module required by the theorem. U

In the next section we shall give explicit formulas for the elements a; and x
of the proof above in order to write down the action on the simple gl,,-modules
explicitly.

3. Explicit formulas for the gl,,-modules

3.1. Preliminaries. The following formula will be particularly useful for m = 2.

Lemma 15. Let F := (e} ;)i j = Zi’j eji®e;jeUA)®A. Forany A, B € gl,
and for all m € N we have

[A, tr(B.F™)] =tr([A, B].F™)

in Ugl).

Proof. We proceed by induction on m. Since tr(X.F) = X, the equality clearly
holds for m = 1. The equation above is linear in both A and B so it suffices to
verify it for A = ¢;;, B = ey;. Note that we explicitly have

m+1y
tr(eij'F )_ § €ir €riry " " Cryj-
1<ri,...rm<n

Assume that the equality holds for some fixed m. We now compute

1
leij, tr(es. F™ )] = [eij, > ekrlerlrz"’ermlj|
r

----- 'm

- Z ([eij’ ekrlenr, - - en,1 +exr Leij, erpy - 'erml])

ri
= E (8jkeir, — Orii€kj)eriry =" €ryl
st

,,,,, T'm
+ E ekr| [eijv § er|r2 "'erml]
r F2,.s m

+1
=8 tr(e. F" ™) — e Z €iry " Cryl

2,.stm

+ > e lej tr(er . F™)]

ry

= 8ji tr(eir. F™ ) — e tr(eq. F™) + Y exr, tr(leij, ery].F™)
r

=8 tr(eq. F™) — ey tr(ey . F™)

+ ) ewr, (8, trlei. F™) — 8y tr(er, ;. F™))

r
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=8 i tr(e. ™) — ey tr(es . F™) + ey tr(es . F™)

—8it ) exr, trler j.F™)

r
= Sjk tr(e,-l.FmH) — i tr(ekj.FmH)

= tr(leij. ew]. F™*1).
By induction the lemma holds. U

Remark 16. Fixing B as the identity matrix above we obtain [A, tr(F "1 =0
for all A in gl,, which shows that tr(F¥) is central in U(gl,). In fact, Z(gl,) =
Cltr(F), tr(F?), ..., tr(F™)]. The elements tr(F¥) are called Gelfand invariants.

3.2. The main result. We are now ready to state our main result. Define
o A>UARA A~ AQI+1RA.

This is a Lie algebra homomorphism and it extends to an algebra homomorphism
¢ : UA) — U(A) ® A. Also recall that we previously have defined

Y UA) > UADRA A A®I-1RAT,
for A € A. Using these two homomorphisms we now state our main theorem.
Theorem 17. Define an action of gl,,, on M; >~ U(A) as follows: for any a € U(A),

let

) (?: IB>> ra=Aa—aD+u(y(@).B") ~ tr(p(@).F>.C) — tr(p(a).C) u(F).

This is a gly,-module structure.
Proof. First, for all X, Y € gl,,, A € Aand a € U(A) we have
XY -Aa—Y - X-Aa=AX -Y-a)+[XY Ala—A(Y-X-a)—[YX, Ala
=AX-Y-a—-Y -X-a)+X-[Y,Ala—[X,A]-Ya
— Y- [X, Ala—1Y, A]- Xa
=A-[X,Y]a+[X,[Y, Alla+1Y, [A, X]]a
=A-[X,Y]a—[A,[X,Y]]a
=[X, Y] Aa.
This shows that it suffices to check that
XY 1-Y-X-1=[X,Y]-1

forall X, Y € gl,, in order to prove that (1) gives a module structure.
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We first consider the case Y := Ay € . A. We compute

(A B)'(Ao 0)'1_<A0 0>.<A B)'1
C D 00 00/ \cpD
=AAg— AoD +tr((Ag® I —1® Af).BT)
—tr((Ag® I +1® Ag).F.C) — tr((Ag ® I + 1 ® Ag).C)tr(F)
— (AoA — AgD + Agtr(BT) — Ag tr(F2.C) — Ag tr(C) tr(F))
= AAg— AgD + Agtr(BT) +tr(A].BT) — Agtr(F%.C) — tr(A¢.F>.C)
— Aptr(C) tr(F) — tr(Ao.C) tr(F) — AgA 4+ AgD — Ao tr(BT)
+ Agtr(F2.C) + Ao tr(C) tr(F)
=[A, Aol +tr(A} .BT) — tr(Ag. F2.C) — tr(Ao.C) tr(F)
=[A, Aol +tr((Ag.B)T) —tr(F2.C.Ag) — tr(C.A) tr(F)

_ (1A A Ao.BY | _[(A B Ao 0\ |
“\ca o) “|\cpb)\oo)| "~

It remains to check that X - Y -1 —-Y .- X-1=[X,Y]-vfor X,Y € B,C,D.
Moreover, since the right side of (1) is linear in A, B, C, and D it suffices to check
it for the standard basis elements of gl,,,.

When X, Y € B the calculation is easy:

0 B 0 B’ 0 B 0 B 0B , 0 B
(60)(05)1=(0) (0 0)1=(0)we-(5) e
=tr(B) tr(B") —tr(B) tr(B) =0 = [(8 Ig) , (8 ?)/):| 1.
Similarly, for X, Y € D we have
00 00 00 00 00 , 00
65) 6 p) 1= 0) (0n) 1= 5) 2+ )

_ !/ _ ! !/ _ O O
=D'D—-DD _[D,D]_(O . D] 1

I
|
o O
O o
~
N\
o O
S o
N——
| I

For X € B,Y € D we get

(00) (0 5)1=(00)(0)1=-(00) 2-wen (g )

=—t(DRI -1 DH.BY+u(B"YD=-Dtr(B") +tr(DT.BT) +t«(BT)D

) r_ (0 D.B\ . _[(0B) (00\]
= tr((D.B) >—(O 0) 1—[(0 0>’<0 Dﬂ )
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For X € C,Y € D we apply Lemma 15 for m = 1, 2 to obtain

0 0) (00, (00) (00} .
co)\op) “\op)\co)”
_ (0 0\ 00Y) >
= (c 0) D+<0 D) (tr(C.F?) +tr(C) tr(F))

=r(D®I+1®D).F>.C) +tr(D®1+1® D).C) tr(F)
— (r(C.F?) +tr(C) tr(F)) D
= D tr(F?.C) +tr(D.F2.C) + D tr(C) tr(F) + tr(D.C) tr(F)
— (r(C.F?) +tr(C) tr(F)) D
= [D, tr(C.F?)] 4 tr(C)[D, tr(F)] + tr(D.F*.C) + tr(D.C) tr(F)
=tr([D, C1.F?) +tr(C.D.F?) +tr(D.C) tr(F)
=tr(F?.D.C) +tr(D.C) tr(F)

~(Lpc)
[ea6o

Next, for X € B, Y €C, take X =e¢; ,1;j and ¥ = e, 4. We then have
Cintjlnikt 1l —eniki-€intj-1
= —einsj - (tr(ew. F?) + tr(ew) tr(F)) — enpr - tr(e];)

=—€intj" (Z ekrer + Su tf(F)) + dij (tr(ekl~F2) +tr(ey) tr(F))

n r=1

=— Z tr(y (exren)-eji) — S tr(Y (tr(F)).eji) + 8 (tr(e. F?) + tr(eg) tr(F))

r=1

= — Ztr((ek, RI—1®e).(e Q-1 eZ,).e_,-i)

r=I1

— S tr((r(F) ® I — 1@ t(F)).e;) + 8, (tr(ex. F2) + tr(e) te(F))

=Y (—trleji-eri-eir) + exr tr(eji-er) + ey tr(eji.ere) — exrer triei))

r=I1

—+ 811 (tr(ej,- tr(F)) —tr(F) tr(ej,-)) + ;) (tr(ek;Fz) + tr(ew) tr(F))
= (=8 trej; tr(F)) + 8jiex; + Sjrei — 8i tr(ew F))

+ 88 ji — 818ji r(F) + 8 tr(ex F2) + 88y tr(F)
= —018ji + djiex; + S jkeir + 01dji

= djiexj + 8 reir = S reir — Siientknyj = [€intjs ensri] - 1.
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It remains only to show that (1) holds for X, Y €C. Let X =e,,1; j and Y =e¢;,14 ;.
In this case we have

ntirj - lnikl 1 —enyri-enyij-1

= —eutij - (tr(e. F?) + tr(ew) w(F)) + epsn - (tr(e;;. F?) + tre;;) tr(F))

=—€nyi - (Z exrer + 0u tr(F)) +enthi (Z eirerj + 8ij tr(F))

n r=1 r=1

= Z(tr(ei_i .ek,.erl.Fz) + ey, tr(eij.e,Z.Fz) + e tr(eij.ek,.Fz) + epre; tr(ei_j .Fz)
r=1

+ (tr(eij exr-en) + exr treij.e,) + eqr tr(eije,) + exrep ti(e;))) te(F))

+ 8 (tr(e;j. tr(F). F?) + tr(F) tr(e;;. F?) + tr(ey;. tr(F)) tr(F) + tr(F) tr(e;;) tr(F))

— Z(tr(ekl.e,-,.e,j.Fz) + e, tr(ekz.e,j.Fz) +e tr(eg.€;r. F2) + eirer; tr(eg. F?)
r=1
+ (tr(ew-eir-€,)) + ey tr(ex.e,) + e, tr(ey.€i,) + eirer; tr(e) ) tr(F))
— 8 (tr(ew. tr(F).F?) + tr(F) tr(e. F?) + tr(ep. tr(F)) tr(F) + tr(F) tr(eg) tr(F))

=n tr(eij .ekl.Fz) + e tr(e,'].FZ) + Z [ tr(e,-_,- .ek,.Fz) + tr(ekl.Fz) tr(ei_j .Fz)

+ (I’l tr(e,-j.ekz) + ey tr(e;;) + Z e tr(e,-j.ek,) + 5,‘]' tr(ekl.F2)> tr(F)
+ 8 (tr(e;;. F?) + tr(F) tr(ei; . F?) + 8 tr(F) + 85 tr(F) tr(F))

—n tr(ekl.eij.Fz) —ej tr(ekj.Fz) — Z erj tr(ekl.ei,.Fz) — tr(e;; .F2) tr(ekl.Fz)
r

+ (—n tr(ey.e;;) — e tr(eg;) — Z e,jtr(ey.eir) — 8 tr(eij.F2)> tr(F)
+8;j(— tr(ew. F?) — tr(F) tr(ey. F*) — 8y tr(F) — 8 tr(F) tr(F))

= n8j tr(eq. F?) + ey tr(eq . F) + 8jc Y en tr(eir. F2) + tr(e . F7) tr(ei;. F?)

+ 18 181y tr(F) + ey 8y tr(F) + 8 jreyy tr(F) + 8 tr(ep . F2) tr(F)
+ 8 tr(eij F2) + 8 tr(F) tr(e; ;. F2) + 88 tr(F) + 8 8ij tr(F)?

—ndy; tr(ekj.Fz) —ej] tr(ekj.Fz) — & Z €rj tr(ekr.Fz) — tr(e,-_,- .F2) tr(ekl.Fz)
r

— 1884 tr(F) — €183 tr(F) — 8jexj tr(F) — 8y tr(e;; . F*) tr(F)

— 8 tr(ex. F?) — 8;; tr(F) tr(ex. F?) — 88y tr(F) — 88y tr(F)*
=0k Z e tr(eir.Fz) — 8 Z erj tr(ek,.Fz) + ey tr(e,-l.Fz)

+ nar,-k tr(eir. F2) + 8u tr(e,;.F2) — 8 tr(ex. F2) — ndy; tr(ey;. F?)

—ej tr(ekj.Fz) + [tr(ek,.Fz), tr(e;; .Fz)].
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We proceed to compute [tr(ekl.F 2, tr(e; i F 2)] separately.

[tr(ew. F?). tr(eij F)] =) lewren. tr(ei;. F)]

= Z(ekr le1, tr(eij. FH)] + [exr, tr(eij-Fz)]erl)

r

= (ewr tr(lens, €. F?) + tr([eir, €11 F)er)
- Z(a,iek, tr(e;;.F?) — 8jrex tr(eir. F2) + 8, tr(ex;. F2)e, — 8 trleir. F2)ey)

=6 tr(ekj.F3) — € tr(eil.Fz) + tr(ekj .Fz)e‘i[ — (Skj tr(eil.F3).

Inserting this into the previous expression gives

€ntij nthl 1 —€ntkienyijl

=8k Y entr(eir F2) —8; Y e tr(er.F?)
+ ek; tr(ei. F?) 4+ nd i tr(e,-:.Fz) + 8y tr(e;;. F?) — 8 tr(es . F*) — nédy; tr(ey; . F)
— e tr(er;. F?) + 8y tr(egj . F?) — ey tr(ei. F?) + tr(egj. F*)ey — 8 tr(e; . F*)

=8k »_ (trleir-F)en + len, tries F)]) = 81 Y (tr(exs. F2)er; + [ers, tr(exr. F2)))
+ nSrjk tr(e;. F?) + 8 tr(e;j . F?) — §;; tr(€k1~F2; —ndy; tr(ey;. F?)
+ 8y tr(ex; . F2) + [tr(ey; . F?), €] — 8y tr(ey. F)

=8 tr(eir. F?) + 81 Z tr(le,, e ].F2) — 8y tr(ey; . F) — &) Z tr(le,j, exr]. F?)
+n8j tr(e. F?) + Srkz tr(ei;. F?) — 8;; tr(ex. F*) — ndy; tr(ey; ~rF2)
+ 8; tr(e; . F) + tr([ex;, ). F?) — 8 tr(eir. F?)

= 81 (81 tr(tr(F). F?) —n tr(e;y. F?)) — 8 (81 tr(te(F).F?) — n tr(eg;. F*))
+n8 i tr(ei. F?) + 8y tr(e;;. F) — 8 tr(e. F2) — ndy; tr(ey;. F?)
+ 8 tr(ex. F?) — 8y tr(e;j. F?)

=88 tr(F?) — 88 jy tr(F?) = 0 = [en4i j» €niia] - 1. U

Theorem 18. Define an action of gl,, on My > U(A) as follows: for any a € U(A),
let

A B
cp)?
= Aa—aD +tr(Y(a).Q.BT) —tr(p(a).F>.07T.C) —tr(p(a).Q~T.C) tr(F).

This is a gl,,,-module structure.
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Proof. For each nonsingular § € Mat,,,, define ¢ : gl,, — gl,, by

(A BY (A B.s7!
“s'\c b s.C s.p.5s7')
It is easy to verify that ¢ is a Lie algebra automorphism and that ¢ o ¢, = ¢ 1,
so the map E : Mat,,(C)* — Aut(gly,) with S — ¢ is an injective algebra
homomorphism. Let V be the gl,, module from Theorem 17. Now the action of

gly, on the twisted module Vp := Yoy is precisely as in the statement of this
theorem. O

The modules Vp now satisfy the conditions of Theorem 1 in the introduction:

Proof of Theorem ] The module VQ is simple since ResfﬁB Vo =~ Mg is. That the
GK-dimension is n? and that Resg " Vo =~ U(A) follows directly from the definition
in Theorem 18. Since the linear maps tr(y (—).BT) : U(A) — U(A) never increase
the degree of a monomial, the module Resfg[z" Vp is locally finite. The fourth
point follows from similar arguments: the maps tr(y(—).F 2.0): UA) — UA)
have degree 2 and the maps A(—) and (—) D clearly have degree 1 (compare with
Theorem 18). Finally, we note that any isomorphism ¢ : Vo — Vo must map
the generator of Vj to a multiple of the generator of V. But then g/ (1) =
eintj@(1) = p(eintj- 1) = qije(1), showing that Q = Q" whenever such an
isomorphism exists. O

3.3. Alternative formula. Since the automorphisms ¢ and v themselves are not
very explicit, we present another formula for how elements of gl,, act on monomials
of U(A). We need some more conventions in notation for this formula.

In the argument of the trace functions, any product is by convention to be taken
in Mat, ., (U(gl,))) (in particular we identify .4 with Mat, ., (C) here). Outside
the trace function all products are in U(gl,). When S C Z, the product [[; ¢ A;
means that the product is to be taken in the order inherited from Z. For example,
Hie{S,Z,S} A; = AyA3As. For S C {1, ..., k}, we denote by S* the complement
{1,...,k}\ S and by |S] the cardinality of S.

Theorem 19. Leta = ]_[f“:1 A; be a monomial in Vg (see Theorem 18). The action
of gly, on the monomial a can be written explicitly as follows.

(é g).i]in::Ai]jA HA(Q DQ)+ Z (]_[ >

ieS*
((—1)5' tr(BT.]_[Af.Q) —tr(Q—T.c.]_[A,-.F) tr(Q c.J]a )tr(F))
ieS ieS ieS

Proof. This follows by induction on k by comparing with the formula in Theorem 18.
The verification is omitted here. ]
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Remark 20. When n = 1 the formula above simplifies significantly. In this case
Q = (¢) is a nonzero scalar and we have A4 ~ C. Letting x := ¢;; we have
U(A) = C[x] where the gl,-action is given by

el - f(x)=xf(x),

en- f(x)=—xf(x),

ez f(x)=qf(x—1),

e f(x)=—q 'x(x+ D f(x+1).

When considered as an sl-module, this is a Whittaker module in Kostant’s sense.
Writing b for the standard Cartan subalgebra of sl,, we note that U(h) acts freely on
these modules. The paper [Nilsson 2015] classifies sl,,-modules which are U(h)-free
of rank 1 and indeed, in the notation of [Nilsson 2015] the (sl;-)module above
would be written Fg, 1)(M)).
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DERIVED CATEGORIES OF
REPRESENTATIONS OF SMALL CATEGORIES
OVER COMMUTATIVE NOETHERIAN RINGS

BENJAMIN ANTIEAU AND GREG STEVENSON

We study the derived categories of small categories over commutative noe-
therian rings. Our main result is a parametrization of the localizing subcat-
egories in terms of the spectrum of the ring and the localizing subcategories
over residue fields. In the special case of representations of Dynkin quivers
over a commutative noetherian ring, we give a complete description of the
localizing subcategories of the derived category and a complete description
of the thick subcategories of the perfect complexes. We also show that the
telescope conjecture holds in this setting and we present some results con-
cerning the telescope conjecture more generally.

1. Introduction

If T is a triangulated category with all coproducts, a localizing subcategory L € T
is a full triangulated subcategory closed under all coproducts in T. Localizing
subcategories are so-named because in good cases (the Bousfield localizations) the
Verdier quotient functor T — T/L possesses a right adjoint, i.e., they give rise to
localization functors. Understanding the collection of localizing subcategories on
a given triangulated category is a challenging and interesting problem which has
been completely resolved in only a few classes of examples.

The history of such problems has roots in stable homotopy theory, where one
would like to relate two localizations of the p-local stable homotopy category
SH,): one which has excellent theoretical properties (localization with respect to
the homology theory given by the Johnson—Wilson spectrum E(7)) and one which
is computable (the telescopic localization). The importance of such questions arose
first in [Bousfield 1979] and [Ravenel 1984]. That these two localizations agree is the
still-open telescope conjecture. Work on nilpotence closely related to the telescope
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conjecture by Devinatz, Hopkins, and Smith [Devinatz et al. 1988; Hopkins and
Smith 1998] has led to the classification of all thick subcategories, i.e., triangulated
subcategories closed under direct summands, of SH'™, the homotopy category of
finite spectra. Using similar ideas on the detection of nilpotent maps between
objects in D(R), Neeman [1992] classified the localizing subcategories of D(R)
and the thick subcategories of DPef(R) when R is noetherian in terms of Spec R.

Going beyond the example of D(R) where R is noetherian and commutative
seems rather difficult. In terms of classification of thick subcategories of Drerf(x),
when X is a quasicompact and quasiseparated scheme, one has the result of
[Thomason 1997], which says that the thick subcategories which are also tensor
ideals correspond bijectively to unions of closed subsets of X with quasicompact
complement. This kind of result has been taken up by other authors, such as Benson,
Carlson, and Rickard [Benson et al. 1997] and Benson, Iyengar, and Krause [Benson
et al. 2011], who study the tensor ideals of stable module categories of finite groups.
This is part of a generalized framework of studying tensor ideals, pursued by Balmer
[2005], Dell’ Ambrogio and Stevenson [2013; 2014], and Stevenson [2013; 2014].

In contrast to all that is known about thick subcategories, very little is known
about localizing subcategories outside of Neeman’s theorem. For instance, one does
not know all localizing subcategories of DqC(I]:"é). We mention one more example,
due to Briining [2007], who classified the localizing subcategories of D(A) where
A is a hereditary Artin algebra of finite representation type.

Let R be a noetherian commutative ring. We show that in many cases classifi-
cation of the localizing subcategories of an R-linear triangulated category can be
reduced to studying the localizing subcategories of the “fibers” over the residue
fields of R.

Let C be a small category, and let s : £ — Spec R denote the class constructed fiber
by fiber over Spec R, by letting s ~! (p), for p € Spec R, be the class of localizing
subcategories of D(k(p)C). Note that, a priori, the localizing subcategories of
D(k(p)C) only form a proper class, which is the reason for the careful wording
above. There is, however, no known example of a compactly generated triangulated
category whose collection of localizing subcategories does not form a set. The
following result is our first theorem.

Theorem (Corollary 4.3). Let R be a noetherian commutative ring and C a small
category. Then there is an isomorphism of lattices

f
{localizing subcategories L. of D(RC)} —— {sections | of L —> Spec R},
g

where f takes a localizing subcategory L of D(RC) to the functionl : Spec R — L
such that l(p) = add(k(p) Qg L), and where g(l) is the localizing subcategory
generated by all X such that k(p) ®r X € [(p) for all p € Spec R.
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In fact, our methods apply somewhat more generally, allowing one to replace
D(RC) with derived categories of representations of R-flat R-linear categories.

Our second result is a classification of the telescopic localizations of D(RQ) and
a classification of the thick subcategories of DP*(RQ) when Q is a Dynkin quiver.

Theorem (Corollaries 5.1, 5.10, and 5.11). Let R be a noetherian commutative
ring and Q a simply laced Dynkin quiver, and denote by RQ the R-linear path
algebra of Q. There is an isomorphism of lattices

f
{localizing subcategories of D(RQ)} —— { functions Spec R — NC(Q)},
g

where NC(Q) denotes the lattice of noncrossing partitions associated to Q.

Moreover, the telescope conjecture holds for D(RQ), and the smashing sub-
categories, which by virtue of the telescope conjecture are in bijection with thick
subcategories of DrPf(RQ), correspond to those o : Spec R — NC(Q) such that
whenever p C q in Spec R we have o (p) <o (q).

In terms of the localizing subcategories, this theorem basically combines Corollary
4.3 with the results of [Ingalls and Thomas 2009] on localizing subcategories of
D(kQ) for fields k.

Initially, we had also hoped to prove the telescope conjecture for the telescopic
localizations of D(RC) more generally, at least with some hopefully mild hypothesis.
This turned out to be overly ambitious, but we present some partial results in
Section 6.

2. Preliminaries on representations of small categories

Throughout we fix a commutative ring R. Let C be a small category.

Definition 2.1. The category of right C-modules over R is the functor category
Modg C = Fun(C°®?, Mod R)
consisting of contravariant functors from C to the category of R-modules.

The following well-known lemma ensures that we can use the standard tools of
homological algebra when dealing with C-modules.

Lemma 2.2. The category Modg C of right C-modules over R is a Grothendieck
category with enough projectives.

Proof. Recall that a Grothendieck (abelian) category is an abelian category (1) sat-
isfying axiom (ABS5), on the existence and exactness of filtered colimits, and
(2) possessing a generator. The lemma can be proved by showing that the direct
sum of the set of representable objects is a generator, that filtered colimits are
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computed pointwise so that (ABS) follows from the satisfaction of that axiom for
Modp, itself, and finally that the projective objects of Modg C are summands of
direct sums of representables. Details are left to the reader. U

We can also approach C-modules via R-linear functors.

Definition 2.3. The R-linearization of C, which we will denote by RC, is the
category with the same objects as C and whose hom-objects are free R-modules on
the hom-sets of C
RC(c.c)= PRS,
feCc,c)
with the obvious composition rule. In other words, RC is the free R-linear category
on C.

Definition 2.4. An R-linear category D is a small category enriched in R-modules.
It is flat if D(c, ¢) is a flat R-module for all pairs of objects ¢, ¢’ in D.

Definition 2.5. If D is an R-linear category, then the category of right D-modules
over R is defined to be the functor category

Modg D = Fung(D, Mod R)

of R-linear functors.

Evidently, RC is a flat R-linear category for any small category C, since the
hom-objects are free. The reason for looking at these more general categories is
to capture the representation theory of R-algebras “with many objects”, whereas
the representations of RC are representations of monoids with many objects. In
the case where C has one object with monoid of endomorphisms M, the cate-
gory of representations of C in R-modules is equivalent to the category of right
R[M]-modules, where R[M] is the monoid algebra of M. On the other hand, if D
is an R-linear category with one object having endomorphism algebra S, then S is
an R-algebra, and the category of R-linear representations of D is equivalent to the
category of right S-modules. Of course, not every R-algebra is a monoid algebra,
so the R-linear categories capture more examples.

Of course, we should now check that Modz C and Modg RC are equivalent. We
do this in a moment, but we first want to introduce extra structure that will be pre-
served. Tensoring an RC-module objectwise with an R-module defines a bifunctor

Mod R x Modg RC 2% Modg RC

which is explicitly given by (M ®g F)(c) = M Qg F(c) for an R-module M, an
RC-module F, and ¢ € C. This gives an action of the category of R-modules on
the category of RC-modules. We note that this action is nothing other than the
existence of copowers for the R-linear category Modr RC. There is, of course, a
similar action on Modg D when D is an R-linear category.
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Remark 2.6. Here and in the sequel we will work with categories of the form RC
since our main examples are of this form. However, our results are equally valid
for flat R-linear categories; the only changes which need to be made are cosmetic.

Lemma 2.7. The natural map Modg RC — Modg C is an equivalence for any
small category C. This equivalence is compatible with the actions described above.

Proof. This follows from the standard 2-adjunction relating categories and R-linear
categories; see for instance [Kelly 1982, Chapter 2.5]. O

Lemma 2.8. Given a morphism of commutative rings R 5 S, the natural base
change functor
¢* : Modg RC — Modg SC

has a right adjoint ¢,.

Proof. The functor ¢* is given by applying S ®g — objectwise, and ¢, is induced
by restriction of scalars. This is again induced by a standard 2-adjunction between
R-linear and S-linear categories corresponding to ¢. U

3. Generalities on derived categories of small categories
over a commutative ring

Again R is a fixed commutative ring which we now also assume is noetherian,
and C is a small category with R-linearization RC. The (unbounded) derived
category D(RC) of RC is the category of complexes of right RC-modules where
quasi-isomorphisms have been inverted. We note that this is a compactly gener-
ated triangulated category and the compact objects are, up to quasi-isomorphism,
precisely the bounded complexes of projective RC-modules.

Recall that a localizing subcategory of D(RC) is a full triangulated subcategory of
D(RC) closed under coproducts (any such subcategory is automatically closed under
direct summands). We want to consider to what extent the localizing subcategories
of D(RC) are determined by the localizing subcategories of D(k(p)C) as p ranges
over the prime ideals of R. This is inspired by work of Neeman [1992] who showed
that in the case where C is the terminal category, i.e., RC = R, the localizing
subcategories of D(R) are determined by those of the D(k(p)). We restrict to
noetherian rings as, even in the case RC = R, it is known that Spec R does not
determine the localizing subcategories of D(R) in general.

Let us begin by observing that the action of Mod R on Modg C can be derived:

Lemma 3.1. The bifunctor Mod R x Modg C — Modg C is left-balanced, with
respect to flat R-modules and objectwise R-flat RC-modules, i.e., it is exact when
either the first variable is flat or the second variable is objectwise flat. It admits a left-

derived functor, independent up to isomorphism of which variable it is derived in,
which gives a left action D(R) x D(RC) — D(RC) in the sense of [Stevenson 2013].



26 BENJAMIN ANTIEAU AND GREG STEVENSON

Proof. Given F € Modpg C such that F is objectwise R-flat, it is clear that — Qg F
is exact. As Modg C has enough projectives, and the projective RC-modules
are componentwise projective, we see that Modr C has enough objectwise R-flat
modules. It is thus clear that the functor can be left-derived, using resolutions either
in Mod R or Mody C, and that it does not matter, up to quasi-isomorphism, on which
side the resolution is taken (i.e., — ®g — is balanced as claimed). It is straightforward
to check that this gives an associative and unital action of D(R) on D(RC). O

Remark 3.2. Given E € D(R) and F € D(RC), we will simply denote E ®],; F by
E ®p F or even E ® F; no confusion should result as we will almost exclusively
work with derived functors (frequently with R fixed or clear from the context).

This allows us to utilize the machinery of tensor actions to analyze localizing
subcategories of D(RC). After giving a convenient lemma and some notation, we
will recall the main result that we will need from this theory.

Lemma 3.3. Any localizing subcategory L C D(RC) is closed under tensoring
with complexes of R-modules. Explicitly, for any M € D(R) and X € L, we have
M®r X €L.

Proof. Evidently, if X € L, then R ®r X >~ X € L. Since — ®r X preserves
coproducts, it follows that the subcategory of D(R) consisting of complexes of
R-modules M such that M @z X € L is localizing and contains R. Since R is a
compact generator of D(R), the lemma follows. ([

Let f be an element of R. We denote by Koo (f) the stable Koszul complex
R — Ry of f, where the map is the canonical one. Given a prime ideal p of R, we set

Koo(p) = Koo(fl) Rr - Or Koo(fn),

where f1, ..., f, is a choice of generators for p. The resulting complex is inde-
pendent of the choice of generators up to quasi-isomorphism (independence is
usually left as an exercise but a proof can be found, for instance, in [Greenlees
1993, Lemma 2.3]).

Given p € Spec R, we define the object I}, R to be Ko (p) Qr R,. We recall
from [Stevenson 2013] that I, R ®g I, R >~ I}, R and for p # g in Spec R we have
LRRrT;R =0.

Remark 3.4. In more familiar language, the object K (p) corresponds to taking
local cohomology with support in V (p) in the sense that the local cohomology
functor is isomorphic to Koo (p) ®(—). Thus I}, R can be thought of as corresponding
to “p-localized local cohomology on V (p)”. In general it differs from the residue
field k(p), which is rarely tensor idempotent. In certain situations, for instance if
R = Z, one can express I}, R as a desuspension of a flat resolution of E(k(p)), the
injective envelope of the residue field at p; for instance, given a prime p € Z, one
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has I',)Z = ©~'E(Z/pZ). However, in general the precise relationship between
IR, k(p), and E(k(p)) seems to be more subtle.

As a final point of notation, we will use (S) to denote the smallest localizing
subcategory of a triangulated category generated by some collection of objects S.

Theorem 3.5 [Stevenson 2013, Theorem 6.9]. Given an object X of D(RC), there
is an equality of localizing subcategories

(X)=(I,R®r X | p € Spec R).
It follows that T, R ®g X > 0 for all prime ideals p if and only if X >~ 0.

Corollary 3.6. If X € D(RC) is nonzero, then there is some prime ideal p of R
such that k(p) Qg X is not zero.

Proof. By the theorem there is a p such that I}, R ®g X is nonzero. The result now
follows as (I, R) = (k(p)) in D(R) by [Neeman 1992, Section 2], which implies
k(p) ®g X ~ 0 if and only if I}, R @ X ~ 0. U

We now turn to analyzing the localizing subcategories of D(RC) in terms of the
“fibers” D(k(p)C) for p € Spec R. Let £ be the class defined in the following way. It
comes equipped with a surjective map £ —> Spec R, and the fiber over p € Spec R
is the class of localizing subcategories of D(k(p)C). We will define a pair of maps

s
{localizing subcategories L of D(RC)} 7—— {sections [ of £L —*> Spec R}.
g

In order to define the maps in the most convenient manner, we require a little
preparation.

Lemma 3.7. If X is in the image of the forgetful functor D(k(p)C) — D(RC),
then k(p) ®g X is a direct sum of suspensions of X. In particular, the base change
Junctor D(RC) — D(k(p)C) is essentially surjective up to summands.

Proof. Let X be as in the statement, i.e., X is a complex of k(p)C-modules regarded
as a complex of RC-modules. Then

k(p) ®r X = (k(p) ®r k(p)) Qr(py X

is a coproduct of suspensions of X since k(p) ®g k(p) is a coproduct of suspensions
of k(p). As the base change functor D(RC) — D(k(p)C) is just k(p) ®g —, the
final statement of the lemma is an immediate consequence. ([

Lemma 3.8. Let L be a localizing subcategory of D(RC). Then add(k(p) Qg L),
the closure of k(p) ®r L under summands and isomorphisms in D(k(p)C), is a
localizing subcategory of D(k(p)C).
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Proof. 1t is evident that add(k(p) ®g L) is closed under suspensions and coproducts
in D(k(p)C) as derived base change is exact and coproduct-preserving. Thus
it is sufficient to show that add(k(p) ®g L) is closed under triangles. Suppose
X — Y — Z — isatriangle with X, Y € add(k(p) ®gL). Without loss of generality
we may assume X, Y € k(p) ®gr L. By Lemma 3.3 the restrictions of X and Y lie
in L, so we deduce that the restriction of Z liesin L. Hence k(p)®Q@r Z isin k(p) QgL
and using Lemma 3.7 we see that Z is in add(k(p) ®g L), proving the lemma. [J

The function f is defined as follows: we set f(L)(p) = add(k(p) Qg L) which
is localizing by Lemma 3.8. Given a section [ of s, define g(/) as the localizing
subcategory

{X e D(RC) | k(p) ®g X € l(p) for all primes p € Spec R}.
There is another natural function

{localizing subcategories L of D(RC)} +—— {sections / of £ —— Spec R}
g

defined as follows: let g’ be the function that takes / to the localizing subcategory
generated by the objects X of /(p) for all p, viewed as RC-modules in the natural
way, i.e.,

g' ()= (l(p) | p € Spec R).
Lemma 3.9. If L is a localizing subcategory of D(RC) then g'( f(L)) CLC g(f(L)).
Proof. The inclusion L C g(f (L)) is clear:

g(f(L))={X e D(RC) | k(p) ®g X € add(k(p) ®g L) for all p € Spec R} D L.

To show the other inclusion, note that g’(f (L)) is generated by k(p) ®r X, as
X ranges over the objects of L and p ranges over the primes of R. But, by
Lemma 3.3, these are all in L. |

Lemma 3.10. Suppose l is a section of s. Then f(g'(1))=1= f(g(l)). In particular,
f is surjective.

Proof. The value of f(g'(l)) at a prime p consists of the localizing subcategory of
D(k(p)C) generated by the complexes k(p) ®g X for X € [(p). By Lemma 3.7
k(p) ®g X is a direct sum of suspensions of X and thus f(g’'(/)) =[. Similarly
I = f(g(l)), proving the lemma. (]

Our goal is to show that g’(f (L)) =L = g(f(L)). This will prove that g and f are
inverse bijections and so gives a description of the lattice of localizing subcategories
of D(RC) in terms of the corresponding derived categories over the residue fields
of Spec R.
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4. Proof of the main theorem

This section is dedicated to proving g’(f (L)) = L = g(f(L)).

Write I, D(RC) for the localizing subcategory consisting of objects X supported
at p € Spec R, i.e., those X satisfying k(g) @z X >~ 0 for ¢ # p. Equivalently,
one can describe I;,D(RC) as the essential image of I, R ®g — in D(RC). We can
restrict f to the class of localizing subcategories of I;,D(RC).

Proposition 4.1. The following are equivalent:

(1) the functions f and g are inverse bijections;

(2) the restrictions

{localizing subcategories} I {localizing subcategories}

of I,D(RC) % of D(k(p)C)

are inverse bijections for all primes p;

(3) for every prime ideal p in Spec R and for every object X of I,D(RC), the
localizing subcategories (k(p) Qg X) and (X) are the same.

Proof. Clearly (1) implies (2). That (2) implies (3) follows from the fact that the
localizing subcategories (X) and (k(p) ®g X) have the same image under f,. Since
f is surjective, to prove that (3) implies (1), it suffices to prove that (3) implies f is
injective. Assuming this for a moment, Lemma 3.10 says that both g and g’ are
inverses for f, which must then coincide.

Assume now that L is a localizing subcategory of D(RC) and that X € L.
It suffices to show that X € g’(f (L)) since we have the other containment by
Lemma 3.9. Under the assumption (3), I, R ®z X € g'(f (L)) for every prime
ideal p in Spec R because k(p) ®r I, R @r X = k(p) ®r X. Hence there is a
containment of localizing subcategories

(I,R®r X | p € Spec R) € g'(f(L)).

By Theorem 3.5, X € (I, R®g X | p € Spec R), and so X € g’(f (L)), completing
the proof. ([

The following observation is our main ‘theorem’.

Theorem 4.2. Let p be a prime ideal of R and X an object of I,D(RC). Then
X € (k(p) ®r X) and hence

(k(p) ®r X) = (X).
Proof. Let X be as in the lemma and consider the full subcategory

M={E eD(R) | E®r X € (k(p) ®r X)}
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of D(R). As (k(p) ®g X) is a localizing subcategory, it follows that M is also
localizing (this is relatively straightforward but a proof can be found in [Stevenson
2013, Lemma 3.8]). It is immediate from the definition that k(p) € M and so
(k(p)) € M. By Neeman’s classification result [1992] we have I}, R € (k(p)), and
hence I}, R also lies in M. Thus I}, R ®r X € (k(p) ®r X) and it only remains to
observe that X € I,D(RC) implies [, R ®r X >~ X. ]

Corollary 4.3. Let R be a commutative noetherian ring and C a small category.
Then the assignments

f
{localizing subcategories L of D(RC)} Z—— {sections | of L —> Spec R}
g

are inverse to one another.

Proof. 1t is sufficient to verify condition (3) of Proposition 4.1, i.e., that for every
X € IL,D(RC) we have X € (k(p) ®g X). This is precisely the content of the
theorem and so we see that f and g are inverse. ([l

Remark 4.4. As noted in Remark 2.6, our results are also valid in the case where D
is a flat R-linear category and we consider D(Modg D). One just needs to replace
k(p)C by k(p) ®g D, the base change of D to k(p); the arguments don’t change.

5. Dynkin quivers

In this section we give a concrete application of the formalism above by considering
the case where C is the path category of a simply laced Dynkin quiver. Let Q be a
quiver whose underlying graph is a simply laced Dynkin diagram. We can naturally
view Q as a poset, i.e., a small category, and apply our result to the study of the
derived category, D(RQ), of representations of Q over R. This yields the following
extension of work of Ingalls and Thomas [2009], where we refer the reader for
information about noncrossing partitions.

Corollary 5.1. Let R be a commutative noetherian ring and Q a simply laced
Dynkin quiver, and denote by RQ the R-linear path algebra of Q. There is an
isomorphism of lattices

f
{localizing subcategories of D(RQ)} —— { functions Spec R — NC(Q)},
g

where NC(Q) denotes the lattice of noncrossing partitions associated to Q.

Proof. Corollary 4.3 applies so it just remains to demonstrate that there is a bijection

{sections of £ - Spec R} >~ Hom(Spec R, NC(Q)).
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This follows from [Krause 2012, Theorem 6.10] which shows, without restriction
on the field k, that there is a bijection between the lattice of thick subcategories of
D?(kQ) and NC(Q). AskQ is hereditary and of finite representation type, D(kQ) is
pure-semisimple, i.e., every object is a direct sum of compact objects, and so we de-
duce a bijection between the lattice of localizing subcategories of D(kQ) and NC(Q).
Thus sections of £ — Spec R are nothing but functions from Spec R to NC(Q). [

Remark 5.2. One can also use Lemma 3.10 and Krause’s extension [2012, Theorem
6.10] of a result by Igusa and Schiffler to get partial information on the lattice of
localizing subcategories of D(RQ) for an arbitrary quiver Q.

In this situation we can obtain a classification of the thick subcategories of
DP(R(D), the category of perfect complexes of RQ-modules. Recall that DP(RQ)
is the full subcategory of D(RQ) consisting of those objects quasi-isomorphic to a
bounded complex of finitely generated projective modules; it is a thick subcategory
and is the subcategory of compact objects in D(RQ). As in the case of DPf(R), the
thick subcategories of DP*(RQ) are given by a sublattice of the lattice of localizing
subcategories defined by a certain specialization closure condition.

Definition 5.3. We call a function o : Spec R — NC(Q) specialization closed if
whenever p C g we have o (p) <o (g) in NC(Q).

Remark 5.4. This recovers the usual notion of specialization closure of subsets of
Spec R when Q = A and so NC(Q) = {0, 1}. Moreover, returning to the general
simply laced case, if L is a localizing subcategory with f (L) specialization closed
then for p € g we have

k(p)®L#0 = k(g)®L #0.

We will show that specialization closed functions Spec R — NC(Q) classify
smashing subcategories of D(RQ) and that the telescope conjecture holds. Combin-
ing these two results gives the claimed classification result for thick subcategories
of DP*T(RQ). We begin by recalling a useful fact and then present the easiest part
of the argument.

Lemma 5.5. Let p be a prime ideal of R and let M be an mdecomposable k( p) 0-
module with dimension vector . Then there is a rigid lattice M over RQ,ie., M is
R-free and ExtRQ (M M) = 0, with rank vector a. Moreover, for any q € Spec R
the module k(q) ® M is the unique indecomposable k(q) Q-module with dimension
vector a. In particular,

k(p)® M= M.

Proof. This is a (very) special case of [Crawley-Boevey 1996, Theorem 1]. U

Lemma 5.6. Let o : Spec R — NC(Q) be specialization closed. Then the localizing
subcategory L = g (o) is generated by objects of D"{(RQ).
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Proof. We prove this by just writing down a (rather redundant) generating set for L.
For each prime ideal p such that k(p) ® L # 0, let M (p) be a compact generator
for the localizing subcategory of D(k(p) Q) generated by k(p) ® L. Since M (p) is
a finite sum of (suspensions of) indecomposable modules in D(k(p) Q), we can lift
it to a lattice W) in D(RQ) using Lemma 5.5. In particular, it is easily seen that
1\7(17) is compact in D(RQ). Set

G={K(p)®M(p) | p € Spec R with k(p) ®L #0} and L' =(G),

where K (p) denotes the Koszul complex for p defined by

-
K(p) = ®cone(R N R),
i=1
where p is generated by fi, ..., f». (Recall that this implicitly means the derived
tensor product over R.) Since K (p) € DPef(R) and m) e D (RQ), the set G
consists of compact objects by [Stevenson 2013, Lemma 4.6].

For primes p C g € Spec R the object k(g) ® (K (p)/@/]\qz;)) is a finite sum
of suspensions of copies of the k(g) Q-module k(g) ® M (p). This latter module
can be described as follows: each indecomposable summand of M (p) corresponds
to an indecomposable k(q) Q-module, namely the indecomposable k(g) Q-module
with the same dimension vector, and k(q) ® M(p) is the corresponding sum of
these indecomposable k(g)Q-modules. In particular, M(p) and k(g) ® 1\7(17)
correspond to the same element of NC(Q). If, on the other hand, p ¢ ¢ then
k(@) ® (K (p)® M(p)) =0.

Putting everything together we see that

k(@) ®L') = (k(9) ® K (p) ® M(p) | p € Spec R with k(p) ® L # 0)
= (k(q) @ M(q)) = (M(q)) = (k(¢) ®L),

where the second equality follows from the computation in the preceding paragraph
together with specialization closure of o, and the third and fourth equalities are
by definition of M(q) and M(g). This shows that f(L) = f(L’) and thus, by the
classification of localizing subcategories, L = L. We have thus exhibited a set of
generators G C DPef(RQ) for L. O

We now continue with proving that the specialization closed functions Spec R —
NC(Q) classify smashing subcategories of D(RQ). Combined with the above
lemma, this proves the telescope conjecture and classifies the thick subcategories
of DP"(RQ).

Fix a smashing subcategory S of D(RQ), i.e., consider a localization sequence

S == D(RQ) = S*,
it Jx
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where i' and j, are the right adjoints of the inclusion functors i, and the localization
functor j*, respectively, and all of these functors preserve coproducts. In particular,
S+ is also a localizing subcategory of D(RQ). In order to prove the result indicated
above we start with two elementary lemmas.

Lemma 5.7. Let S be as above. Then for any Y € D(R) and X € D(RQ) we have
canonical isomorphisms

WY QRX)ZY®ii'X and o j Y QX)ZY® j.j*X
Proof. Consider the localization triangle for X
ii'X > X = joj*X = Zii'X.
Acting on this triangle with Y gives a new triangle
YRii'X > Y ®X = Y ®j.j* X — (Y @iyi' X).

By Lemma 3.3 both S and S+ are closed under the D(R) action and so we have
Y ®iyi'X €Sand Y ® j, j*X € S*. The claimed isomorphisms follow immediately
from the uniqueness of localization triangles. ([

Lemma 5.8. Let p’ € Spec R. Let M, N be indecomposable k(p') Q-modules with
Homk(p/)Q(M, N) 75 0

and denote choices of their respective rigid lattice lifts by M and N. Then, given
p € q € Spec R, we have

Hompgg (E(k(p) ® M, E(k(g)) ® N) #0,
where E(k(p)), E(k(q)) denote the injective envelopes of the residue fields k(p), k(g).

Proof. We know there are rigid lattice lifts of M and N by Lemma 5.5. We can
choose, using the classification of indecomposable modules over Q, a nonzero
¢ : M — N given on each component by matrices 1nV01V1ng only zero and identity
maps. It is then clear that we can lift it to a nonzero b M — N such that b, like ¢,
is given componentwise by matrices whose only entries are zero and identity maps.
On the other hand, since p C g, there is a nonzero map ¥ : E(k(p)) — E(k(q)).
It is thus evident by our choice of ¢ that either of the equal composites in the
commutative square

Ek(@) ® i 2% Etgn @ N

10®IT Tl//@l

E(k(p) @M o5 Bk ®N

gives the desired nonzero morphism. (]
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Using this series of easy observations we can now dispose of the proof of the
theorem in short order.

Theorem 5.9. Let S be a smashing subcategory of D(RQ) with notation as intro-
duced above. Then f(S) : Spec R — NC(Q) is specialization closed.

Proof. Fix p C g € Spec R and an indecomposable module M€ k(p)®S CD(k(p) Q)
with dimension vector «. By Lemma 5.5 there is a lattice M e DPf(RQ) with
k(p) ® M = M and k (@) ® M the unique indecomposable k(g) Q-module with
dimension vector «. We have to show that k(g) ® M is in k (9) ®S. To this end
consider the localization triangle

i*i!M S M- j*j*M — Ei*i!ﬁ.
Pick an indecomposable summand N of k(q) ® j j*M and note that, by Lemma 5.7,
N €S*. We assume N is nonzero since if k(q)® js j*M is zero then k(q) @M isin S

and we are done. Let N be a lattice lift of N. As we have assumed k(q) ® j« j*]l7l
is nonzero, the morphism

¢ =k(@)®M — k(@) ® juj*"M - NZk@)® N
must also be nonzero. Thus we can apply Lemma 5.8 to produce a nonzero morphism
vy E(k(p)®M — E(k(¢) ® N

in D(RQ).

On the other hand, by assumption k(p) ® M €S and k(g)® N e St. Since both
S and S* are localizing, and since for any prime ideal p’ we have E (k(p")) € (k(p")),
we see (as in the proof of Theorem 4.2) that

Ek(p)®@MeS and E(k(g)®N €St

But this contradicts the existence of the nonzero morphism y. Hence N must have
been zero, showing that k(q) ® j.j*M = 0, which in turn implies (via Lemma 5.7)
that k(g) ® M € S as desired. (|

This theorem has the following, more palatable, consequences.

Corollary 5.10. Let R be a commutative noetherian ring and Q a simply laced
Dynkin quiver. Then D(RQ) satisfies the telescope conjecture: every smashing
subcategory is generated by objects of DP(RQ).

Proof. Suppose S is a smashing subcategory. Then by the classification given in
Corollary 5.1 we know S = gf(S). By Theorem 5.9 the function f(S) is special-
ization closed and so by Lemma 5.6 we see that S = gf (S) is generated by objects
of DP™(RQ) as claimed. O
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[

{1}. {2}, (3}

Figure 1. The lattice of noncrossing partitions of {1, 2, 3}. The
coarser partitions are decreed to be bigger in the lattice structure.

Corollary 5.11. Let R be a commutative noetherian ring and Q a simply laced
Dynkin quiver. There is an isomorphism of lattices

{thick subcategories} / {specialization closed functions}

of DP(RQ) 2 Spec R — NC(Q)

where NC(Q) denotes the lattice of noncrossing partitions associated to Q.

Proof. Considering the classification of Corollary 5.1 and combining Theorem 5.9
and Lemma 5.6 gives a classification of the smashing subcategories of D(RQ) in
terms of the specialization closed functions Spec R — NC(Q). By the previous
corollary this is also the classification of the localizing subcategories of D(RQ)
generated by objects of DP*(R(Q). One obtains the isomorphism we have asserted
in the statement in the standard way: by Thomason’s localization theorem (see, for
example, [Neeman 1996, Theorem 2.1]) the thick subcategories of DPf(RQ) are
in order-preserving bijection with the localizing subcategories of D(RQ) which are
generated by perfect complexes. (]

Example 5.12. Let R be a local 1-dimensional domain. Then Spec R consists of
two points: a generic point 7 and a closed point x. We will consider the case of
Q = A in Corollary 5.11. The lattice NC(A>) consists of the noncrossing partitions
of the set {1, 2, 3}. A noncrossing partition of a cyclically ordered set S determined
by an equivalence relation ~ is one where x <y <z <w, x ~z,and y ~ w
together imply x ~y ~ z ~ w.

In Figure 1 we display each partition as determined by its largest equivalence
classes. The class of all localizing subcategories of D(RA>) in this case is simply
two copies of this lattice, indexed on n and x. Figure 2 shows the lattice of
specialization closed functions Spec R — NC(A,), which by the results above is
the lattice of thick subcategories of DP(RA,).
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[{1,2,3}]

[{1,3}, {2}]
[{1,2}, {3}] [{2,3}, {1}]

[{1,3}], [{2}]
[{1,2}], [{3}] ({2, 3}], [{1}]

({1}, {2}, {3}]

{1}, (3}1. [{2}]

{1}, {2}1, [{3}] ({2}, {3}1, [{1}]

[, 14231, [43)1

Figure 2. The lattice of specialization closed functions Spec R —
NC(A,) for R a 1-dimensional local domain. The partition given
by the black parentheses is the noncrossing partition corresponding
to the generic point 7, while the partition determined by the red
parentheses is the partition corresponding to the closed point x.

6. Towards telescopy

We have seen in Corollary 5.10 that the telescope conjecture holds for D(RQ) when
Q is an ADE quiver and R is any commutative noetherian ring. Unfortunately we
were not able to prove such a general statement for even arbitrary quivers, let alone
arbitrary small categories. However, we do have some partial results and remarks
that we present in this section which revolve around the following question.

Question 6.1. Let R be a noetherian commutative ring. Does the telescope conjec-
ture hold for D(RC) when C is an ordinary (not R-linear) category if it holds for
D(k(p)C) for all p € Spec R?
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We begin to answer this question by showing that the bijection of Proposition
4.1(2) restricts to a bijection between the collections of smashing subcategories.
Given a localizing subcategory L of some triangulated category, we will denote the
associated acyclization and localization functors by I, and Ly, respectively.

Remark 6.2. Throughout we will prove that some localizing subcategory S is
smashing by exhibiting that the right orthogonal S+ is also localizing. In order
for this condition to be equivalent to S being smashing, one needs to know that
the inclusion of S admits a right adjoint. In all of the cases we consider S will
clearly be generated by a set of objects; for instance, it will be the localizing
subcategory generated by the image of some other smashing subcategory under an
exact functor, and so the existence of the adjoint follows from Brown representability.
Indeed, in this case one has a generating set, as any smashing subcategory of a
compactly generated triangulated category has a set of generators by [Krause 2010,
Theorem 7.4.1], and so one can apply Brown representability for well-generated
categories as in [Neeman 2001] (or see [Krause 2010, Theorem 5.1.1]). Thus we
will suppress this part of the arguments throughout.

For the moment, fix some p € Spec R and denote by i* the functor k(p) ® (—) :
[ D(RC) — D(k(p)C) and by i, its right adjoint.

Lemma 6.3. Suppose S is a smashing subcategory of I,D(RC) and set
T= f(S) =add(k(p) ®S) and T = f(S*) =add(k(p) ®ST).

Then T’ is the right orthogonal of T, and hence T is a smashing subcategory of
D(k(p)C).

Proof. If X € T’ then there is, by definition, some X € S+ such that X is a summand
of i*X. Given Y € T, which we can assume to be of the form i *Y with Y €S, we have

Hom(i*Y, i*X) = Hom(Y, iyi*X).

This latter hom-set is zero, as ¥ € S and i,i*X € S* by the closure of localizing
subcategories under the D(R) action. Thus T' C T+

On the other hand, if Hom(i*S, Z) = 0 for some Z € D(k(p)C), then by adjunc-
tion i, Z € S*. Hence i*i,Z € T' and we know, by Lemma 3.7, that Z is a summand
of i*i,Z. So Z is in T', proving that T* C T’ and completing the argument. U

Now we fix a smashing subcategory T of D(k(p)C) and set
S=g(M = (ixT) and S'=g(T") = (i,T").

We wish to show that S is smashing with right orthogonal S’. We prove this in the
following four statements.
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Lemma 6.4. The subcategories S and S’ generate I,D(RC), i.e., we have
(SUS’) =T,D(RC).

Proof. Let X be an object of I}, D(RC). By Theorem 4.2 we know X is in the
localizing subcategory (i, i*X). We have a localization triangle in D(k(p)C)

Lpi*X — i*X — Lyi*X — ZIi*X,
where T'ri*X € T and Lti*X € T+. Applying i, gives a triangle in D(RC)
LIri*X — i i* X — i L1i*X — Zi,Iri*X

with i, Iri*X € S and i, L1i*X € S’ by definition. Thus X € (i,i*X) C (SUS'),
as claimed. O

Lemma 6.5. There is a containment of triangulated subcategories S’ C S*.

Proof. It is enough to check that for every ¢ € T and ¢’ € T+ we have
Hom(i,t, ixt') = 0.

The required vanishing follows from the isomorphisms
Hom(it, ixt’) = Hom(i*ist, 1) = Hom(]_[ LTS r’) = [ [Hom(z"¢, 1) =0,
A A

where the first isomorphism is by adjunction, the second is by Lemma 3.7, and the
final hom-set vanishes by assumption. ([

Lemma 6.6. There is an equality

IL,D(RC) ={X € I,D(RC) | there exists a triangle X' — X — X" — X’
with X' € Sand X" € S'}.

Proof. 1t is routine to verify that the full subcategory defined on the right-hand side
above is localizing, and it contains S and S’ by definition. The equality then follows
from Lemma 6.4. (]

Proposition 6.7. S is smashing in T,D(RC) with right orthogonal S'.

Proof. We already know by Lemma 6.5 that S’ € S*. Let X be an object of S*. By
the last lemma we know there is a triangle

X 5> X—=>X-3X

with X’ € S and X” € S'. But, since X € S*, the first map must vanish, implying
X" = X @& X X'. This in turn implies X’ = 0 since SNS’ = 0. We thus conclude
that X = X", i.e., X € S/, proving S* = §'. In particular, S is smashing. O
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We now have enough to prove that we can describe the smashing subcategories
of I, D(RC) in terms of the smashing subcategories of D(k(p)C).

Theorem 6.8. There is an order-preserving bijection

:smashing subcategories} Jo {smashing subcategories}

of I,D(RC) s of D(k(p)C)

Proof. We know from Proposition 4.1(2) that there is a bijection between the sets
of localizing subcategories of I}, D(RC) and D(k(p)C) given by f, and g,. By
Lemma 6.3 and Proposition 6.7 both f, and g, send smashing subcategories to
smashing subcategories and so the bijection restricts as claimed. ([

Obtaining the corresponding result for localizing subcategories generated by
compact objects of I, D(RC) and D(k(p)C) seems more subtle. However, if R is
sufficiently nice at the prime ideal p this is possible. In order to state the result we
need a simple preparatory lemma.

Lemma 6.9. Let p be a prime ideal of Spec R. The category I,D(RC) is a com-
pactly generated triangulated category.

Proof. Recall that I;,D(RC) is the essential image of acting by
R = Koo (p) ®x Ry.

Itis clear that D(R,C), the essential image of acting by R, is a compactly generated
triangulated category. By [Stevenson 2013, Corollary 4.11] the essential image of
Koo (p)p®r, (—) acting on D(R,,C), namely I;,D(RC), is also compactly generated
(even by objects of Dpe‘f(RpC ). O

In the statement and proof of the following proposition, (I, D(RC))¢ denotes the
full subcategory of compact objects of I,D(RC).

Proposition 6.10. Let p be a prime ideal of R such that R, is regular. Then the
assignments f, and g, of Proposition 4.1(2) induce an order-preserving bijection
between localizing subcategories of T,D(RC) generated by objects of (I,D(RC))‘
and localizing subcategories of D(k(p)C) generated by objects of DP*"(k(p)C).

Proof. The base change functor I, D(RC) — D(k(p)C) has a coproduct-preserving
right adjoint and so sends compacts to compacts by [Neeman 1996, Theorem 5.1].
Thus it is clear that f, sends any localizing subcategory of I;,D(RC) generated
by objects of (I, D(RC))‘ to a localizing subcategory generated by objects of
DP (k(p)C). The argument for gp 1s similar, using the fact that, as R, is regular,
the residue field k(p) is compact, and so the right adjoint of the restriction functor
Hompg (k(p), —) is also coproduct-preserving. (]
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As an immediate consequence of the theorem and the proposition we deduce the
following corollary.

Corollary 6.11. Suppose R, is regular. Then I,,D(RC) satisfies the telescope
conjecture if and only if D(k(p)C) satisfies the telescope conjecture.

Proof. Suppose D(k(p)C) satisfies the telescope conjecture and let S be a smashing
subcategory of I, D(RC). Then f,(S) is smashing in D(k(p)C) by Theorem 6.8
and we have g, f,(S) = S. Since we have assumed the telescope conjecture for
D(k(p)C), we know f,(S) is generated by objects of DP(k(p)C). Applying
Proposition 6.10 we deduce that S = g, f,(S) is generated by objects which are
compact in I, D(RC). Thus the telescope conjecture holds for I, D(RC). The other
implication is clear since i* preserves compact objects. ]

This corollary already buys us something in a concrete setting, although it is not
clear how to extend it to all of D(RC).

Corollary 6.12. Let Q be a quiver and let R be a commutative noetherian ring.
For each p € Spec R such that R, is regular, the telescope conjecture holds for
[L,D(RC).

Proof. By the previous corollary it is sufficient to verify the telescope conjecture for
D(k(p) Q). This has been done by Krause and Stovicek [2010, Theorem 7.1]. O

We give one additional lemma that could prove useful in resolving Question 6.1.
Lemma 6.13. If S is a smashing subcategory of D(RC) then for every p € Spec R
the localizing subcategory I},S is smashing in I,D(RC).

Proof. 1t is not hard to check that both I,S and I}, (S) are localizing subcategories
of I, D(RC). Moreover,
[,SCS and T,(St)cSt

by Lemma 3.3. In particular, T}, SHc (FpS)l. Applying I}, R®g (—) to localization
triangles for S shows that every object X of I}, D(RC) fits into a triangle

X 5>X->X'->32X

with X’ € I},S and X” € T},(S1). One can conclude the proof by arguing as in the
proof of Proposition 6.7. U

In summary, we understand what happens at “points” and we can pass from a
smashing subcategory of D(RC) to a smashing subcategory at each prime. What
is not clear is how to use this pointwise information to deduce something about
the original smashing subcategory. The naive idea, based on the existing proofs
of the telescope conjecture in various instances, would be to prove some sort
of specialization closure condition for the section corresponding to a smashing
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subcategory as in Theorem 5.9. One could then hope to combine such a condition
with the fiberwise results above. However, the following example shows that one
cannot always expect specialization closure.

Example 6.14. Consider the projection Spec k[x, y] — Spec k[x]. We then view
Mod k[x, y] as a k[x]-linear category. This gives rise to an action of D(k[x]) on
D(k[x, y]). Let S be the smashing subcategory of D(k[x, y]) determined by the
closed curve xy = 1. Then the support of S with respect to the action of D(k[x]) is
open in Spec k[x]. Of course, in this case the telescope conjecture does hold.

Acknowledgements

We would like to express our thanks to MSRI for its hospitality during the thematic
program “Noncommutative algebraic geometry and representation theory” and to
Universitidt Bielefeld for its hospitality to Antieau. We are also grateful to the
anonymous referee for providing several helpful comments.

References

[Balmer 2005] P. Balmer, “The spectrum of prime ideals in tensor triangulated categories”, J. Reine
Angew. Math. 588 (2005), 149-168. MR 2007b:18012 Zbl 1080.18007

[Benson et al. 1997] D. J. Benson, J. F. Carlson, and J. Rickard, “Thick subcategories of the stable
module category”, Fund. Math. 153:1 (1997), 59-80. MR 98g:20021 Zbl 0886.20007

[Benson et al. 2011] D. J. Benson, S. B. Iyengar, and H. Krause, “Stratifying modular representations
of finite groups”, Ann. of Math. (2) 174:3 (2011), 1643—-1684. MR 2846489 Zbl 1261.20057

[Bousfield 1979] A. K. Bousfield, “The localization of spectra with respect to homology”, Topology
18:4 (1979), 257-281. MR 80m:55006 Zbl 0417.55007

[Briining 2007] K. Briining, “Thick subcategories of the derived category of a hereditary algebra”,
Homology, Homotopy Appl. 9:2 (2007), 165-176. MR 2009d:18018 Zbl 1142.18008

[Crawley-Boevey 1996] W. Crawley-Boevey, “Rigid integral representations of quivers”, pp. 155—
163 in Representation theory of algebras (Cocoyoc, 1994), edited by R. Bautista et al., Canadian
Mathematical Society Conference Proceedings 18, American Mathematical Society, Providence, RI,
1996. MR 97e:16025 Zbl 0857.16014

[Dell’ Ambrogio and Stevenson 2013] I. Dell’ Ambrogio and G. Stevenson, “On the derived cate-
gory of a graded commutative Noetherian ring”, J. Algebra 373 (2013), 356-376. MR 2995031
Zbl 1272.13002

[Dell’ Ambrogio and Stevenson 2014] I. Dell’Ambrogio and G. Stevenson, “Even more spectra:
tensor triangular comparison maps via graded commutative 2-rings”, Appl. Categ. Structures 22:1
(2014), 169-210. MR 3163513 Zbl 06307128

[Devinatz et al. 1988] E. S. Devinatz, M. J. Hopkins, and J. H. Smith, “Nilpotence and stable
homotopy theory I”’, Ann. of Math. (2) 128:2 (1988), 207-241. MR 89m:55009 Zbl 0673.55008
[Greenlees 1993] J. P. C. Greenlees, “K-homology of universal spaces and local cohomology of the

representation ring”, Topology 32:2 (1993), 295-308. MR 94¢:19007 Zbl 0779.55005

[Hopkins and Smith 1998] M. J. Hopkins and J. H. Smith, “Nilpotence and stable homotopy theory
117, Ann. of Math. (2) 148:1 (1998), 1-49. MR 99h:55009 Zbl 0927.55015


http://dx.doi.org/10.1515/crll.2005.2005.588.149
http://msp.org/idx/mr/2007b:18012
http://msp.org/idx/zbl/1080.18007
http://pldml.icm.edu.pl/pldml/element/bwmeta1.element.bwnjournal-article-fmv153i1p59bwm
http://pldml.icm.edu.pl/pldml/element/bwmeta1.element.bwnjournal-article-fmv153i1p59bwm
http://msp.org/idx/mr/98g:20021
http://msp.org/idx/zbl/0886.20007
http://dx.doi.org/10.4007/annals.2011.174.3.6
http://dx.doi.org/10.4007/annals.2011.174.3.6
http://msp.org/idx/mr/2846489
http://msp.org/idx/zbl/1261.20057
http://dx.doi.org/10.1016/0040-9383(79)90018-1
http://msp.org/idx/mr/80m:55006
http://msp.org/idx/zbl/0417.55007
http://dx.doi.org/10.4310/HHA.2007.v9.n2.a7
http://msp.org/idx/mr/2009d:18018
http://msp.org/idx/zbl/1142.18008
http://msp.org/idx/mr/97e:16025
http://msp.org/idx/zbl/0857.16014
http://dx.doi.org/10.1016/j.jalgebra.2012.09.038
http://dx.doi.org/10.1016/j.jalgebra.2012.09.038
http://msp.org/idx/mr/2995031
http://msp.org/idx/zbl/1272.13002
http://dx.doi.org/10.1007/s10485-012-9296-1
http://dx.doi.org/10.1007/s10485-012-9296-1
http://msp.org/idx/mr/3163513
http://msp.org/idx/zbl/06307128
http://dx.doi.org/10.2307/1971440
http://dx.doi.org/10.2307/1971440
http://msp.org/idx/mr/89m:55009
http://msp.org/idx/zbl/0673.55008
http://dx.doi.org/10.1016/0040-9383(93)90021-M
http://dx.doi.org/10.1016/0040-9383(93)90021-M
http://msp.org/idx/mr/94c:19007
http://msp.org/idx/zbl/0779.55005
http://dx.doi.org/10.2307/120991
http://dx.doi.org/10.2307/120991
http://msp.org/idx/mr/99h:55009
http://msp.org/idx/zbl/0927.55015

42 BENJAMIN ANTIEAU AND GREG STEVENSON

[Ingalls and Thomas 2009] C. Ingalls and H. Thomas, “Noncrossing partitions and representations of
quivers”, Compos. Math. 145:6 (2009), 1533-1562. MR 2010m:16021 Zbl 1182.16012

[Kelly 1982] G. M. Kelly, Basic concepts of enriched category theory, London Mathematical Society
Lecture Note Series 64, Cambridge University Press, 1982. Corrected reprint published in Reprints
in Theory and Applications of Categories 10, 2005. MR 84e:18001 Zbl 0478.18005

[Krause 2010] H. Krause, “Localization theory for triangulated categories”, pp. 161-235 in Triangu-
lated categories, edited by T. Holm et al., London Mathematical Society Lecture Note Series 375,
Cambridge University Press, 2010. MR 2012¢:18026 Zbl 1232.18012

[Krause 2012] H. Krause, “Report on locally finite triangulated categories”, J. K-Theory 9:3 (2012),
421-458. MR 2955969 Zbl 1252.18028

[Krause and Stovigek 2010] H. Krause and J. Stovidek, “The telescope conjecture for hereditary rings
via ext-orthogonal pairs”, Adv. Math. 225:5 (2010), 2341-2364. MR 2011j:16013 Zbl 1242.16007

[Neeman 1992] A. Neeman, “The chromatic tower for D(R)”, Topology 31:3 (1992), 519-532.
MR 93h:18018 Zbl 0793.18008

[Neeman 1996] A. Neeman, “The Grothendieck duality theorem via Bousfield’s techniques and
Brown representability”, J. Amer. Math. Soc. 9:1 (1996), 205-236. MR 96¢:18006 Zbl 0864.14008

[Neeman 2001] A. Neeman, Triangulated categories, Annals of Mathematics Studies 148, Princeton
University Press, 2001. MR 2001k:18010 Zbl 0974.18008

[Ravenel 1984] D. C. Ravenel, “Localization with respect to certain periodic homology theories”,
Amer. J. Math. 106:2 (1984), 351-414. MR 85k:55009 Zbl 0586.55003

[Stevenson 2013] G. Stevenson, “Support theory via actions of tensor triangulated categories”, J.
Reine Angew. Math. 681 (2013), 219-254. MR 3181496 Zbl 1280.18010

[Stevenson 2014] G. Stevenson, “Subcategories of singularity categories via tensor actions”, Compos.
Math. 150:2 (2014), 229-272. MR 3177268 Zbl 1322.18004

[Thomason 1997] R. W. Thomason, “The classification of triangulated subcategories”, Compos. Math.
105:1 (1997), 1-27. MR 98b:18017 Zbl 0873.18003

Received July 3, 2015. Revised October 28, 2015.

BENJAMIN ANTIEAU

DEPARTMENT OF MATHEMATICS, STATISTICS, AND COMPUTER SCIENCE
UNIVERSITY OF ILLINOIS AT CHICAGO

851 S. MORGAN ST.

CHICAGO, IL 60607

UNITED STATES

benjamin.antieau @ gmail.com

GREG STEVENSON
FACULTY OF MATHEMATICS
UNIVERSITAT BIELEFELD
UNIVERSITATSTRASSE 25
D-33615 BIELEFELD
GERMANY

gstevens @math.uni-bielefeld.de


http://dx.doi.org/10.1112/S0010437X09004023
http://dx.doi.org/10.1112/S0010437X09004023
http://msp.org/idx/mr/2010m:16021
http://msp.org/idx/zbl/1182.16012
http://www.tac.mta.ca/tac/reprints/articles/10/tr10.html
http://www.tac.mta.ca/tac/reprints/articles/10/tr10.html
http://msp.org/idx/mr/84e:18001
http://msp.org/idx/zbl/0478.18005
http://dx.doi.org/10.1017/CBO9781139107075.005
http://msp.org/idx/mr/2012e:18026
http://msp.org/idx/zbl/1232.18012
http://dx.doi.org/10.1017/is011011005jkt172
http://msp.org/idx/mr/2955969
http://msp.org/idx/zbl/1252.18028
http://dx.doi.org/10.1016/j.aim.2010.04.027
http://dx.doi.org/10.1016/j.aim.2010.04.027
http://msp.org/idx/mr/2011j:16013
http://msp.org/idx/zbl/1242.16007
http://dx.doi.org/10.1016/0040-9383(92)90047-L
http://msp.org/idx/mr/93h:18018
http://msp.org/idx/zbl/0793.18008
http://dx.doi.org/10.1090/S0894-0347-96-00174-9
http://dx.doi.org/10.1090/S0894-0347-96-00174-9
http://msp.org/idx/mr/96c:18006
http://msp.org/idx/zbl/0864.14008
http://dx.doi.org/10.1515/9781400837212
http://msp.org/idx/mr/2001k:18010
http://msp.org/idx/zbl/0974.18008
http://dx.doi.org/10.2307/2374308
http://msp.org/idx/mr/85k:55009
http://msp.org/idx/zbl/0586.55003
http://dx.doi.org/10.1515/crelle-2012-0025
http://msp.org/idx/mr/3181496
http://msp.org/idx/zbl/1280.18010
http://dx.doi.org/10.1112/S0010437X1300746X
http://msp.org/idx/mr/3177268
http://msp.org/idx/zbl/1322.18004
http://dx.doi.org/10.1023/A:1017932514274
http://msp.org/idx/mr/98b:18017
http://msp.org/idx/zbl/0873.18003
mailto:benjamin.antieau@gmail.com
mailto:gstevens@math.uni-bielefeld.de

PACIFIC JOURNAL OF MATHEMATICS
Vol. 283, No. 1, 2016

dx.doi.org/10.2140/pjm.2016.283.43

VECTOR BUNDLES OVER A REAL ELLIPTIC CURVE

INDRANIL BISWAS AND FLORENT SCHAFFHAUSER

Given a geometrically irreducible smooth projective curve of genus 1 de-
fined over the field of real numbers, and a pair of integers r and d, we
determine the isomorphism class of the moduli space of semistable vector
bundles of rank r and degree d on the curve. When r and d are coprime,
we describe the topology of the real locus and give a modular interpretation
of its points. We also study, for arbitrary rank and degree, the moduli space
of indecomposable vector bundles of rank r and degree d, and determine its
isomorphism class as a real algebraic variety.

1. Introduction

1A. Notation. In this paper, a real elliptic curve will be a triple (X, xg, o) where
(X, xo) is a complex elliptic curve (i.e., a compact connected Riemann surface of
genus 1 with a marked point x¢) and o : X — X is an antiholomorphic involution
(also called a real structure). We do not assume that x is fixed under o. In particular,
X? :=Fix(o) is allowed to be empty.

The gcd of two integers r and d will be denoted by r A d.

In the introduction, we omit the definitions of stability and semistability of vector
bundles, as well as that of real and quaternionic structures; all these definitions will
be recalled in Section 2.

1B. The case of genus zero. Vector bundles over a real Riemann surface of genus
g > 2 have been studied from various points of view in the past few years: moduli
spaces of real and quaternionic vector bundles were introduced through gauge-
theoretic techniques in [Biswas et al. 2010], then related to the real points of
the usual moduli variety in [Schaffhauser 2012]. In genus O, there are, up to
isomorphism, only two possible real Riemann surfaces: the only compact Riemann
surface of genus 0 is the Riemann sphere CP! and it can be endowed either with
the real structure [z : z2] — [Z1 : Z2] or with the real structure [z : z2] — [—Z2 : Z1].
The real locus of the first real structure is RP! while the real locus of the second
one is empty. Now, over CP!, two holomorphic line bundles are isomorphic if and

MSC2010: 14H52, 14H60, 14P25.
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only if they have the same degree and, by a theorem due to Grothendieck [1957],
any holomorphic vector bundle over the Riemann sphere is isomorphic to a direct
sum of line bundles. So, over CP!, the only stable vector bundles are the line
bundles, a semistable vector bundle is necessarily polystable, and any vector bundle
is isomorphic to a direct sum of semistable vector bundles, distinguished by their
respective slopes and ranks. In particular, if £ is semistable of rank » and degree d,
then r divides d and
ExO0/r)®---@0d/r),

where O(1) is the positive degree generator of the Picard group of CP!' and O(k)
is its k-th tensor power. This means that the moduli space of semistable vector
bundles of rank r and degree d over CP! is

{pt} if r|d,

Mep:(r, d) = { o ifrtd

Assume now that a real structure ¢ has been given on CP!. Then, if £ is a
holomorphic line bundle of degree d over CP!, it is isomorphic to its Galois
conjugate o *L, since they have the same degree. This implies that £ is either real
or quaternionic. Moreover, this real or quaternionic structure is unique up to real or
quaternionic isomorphism, respectively; see Proposition 2.10. If the real structure
o has real points, then quaternionic bundles must have even rank. Thus, when
Fix(o) # @ in CP!, any line bundle (more generally, any direct sum of holomorphic
line bundles) admits a canonical real structure. Of course, given a real vector bundle
of the form (L& L, T @ ), where t is a real structure on the line bundle £, one
can also construct the quaternionic structure

()

on £ @ L. Note that the real vector bundle

(coe. (7 0))

is isomorphic to (L@ £, T ® T). When CP' is equipped with its real structure with
no real points, a given line bundle £ of degree k is again necessarily self-conjugate,
so it has to be either real or quaternionic, but now real line bundles must have even
degree and quaternionic line bundles must have odd degree [Biswas et al. 2010], so
L admits a canonical real structure if k is even and a canonical quaternionic structure
if k is odd. Consequently, when Fix(0) = @ in CP, semistable holomorphic vector
bundles of rank r and degree d = rk over CP' admit a canonical real structure if k
is even and a canonical quaternionic structure if k is odd.
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1C. Description of the results. The goal of the present paper is to analyze that
same situation in the case of real Riemann surfaces of genus one. In particular, we
completely identify the moduli space of semistable holomorphic vector bundles
of rank r and degree d as a real algebraic variety (Theorem 1.1 below). Our main
references are [Atiyah 1957b; Tu 1993]. In what follows, we denote by (X, xo)
a complex elliptic curve and by Mx(r, d) the moduli space of semistable vector
bundles of rank r and degree d over X, i.e., the set of S-equivalence classes of
semistable holomorphic vector bundles of rank r and degree d over X [Seshadri
1967]. Since (X, xp) is an elliptic curve, the results of Atiyah show that any
holomorphic vector bundle on X is again (as in genus 0) a direct sum of semistable
vector bundles (see Theorem 3.3) but now there can be semistable vector bundles
which are not polystable (see (3-2)) and also there can be stable vector bundles
of rank higher than 1. Moreover, the moduli space Mx(r, d) is a nonsingular
complex algebraic variety of dimension 4 :=r Ad. As a matter of fact, Mx(r, d) is
isomorphic, as a complex algebraic variety, to the (r A d)-fold symmetric product
Sym’ ¥ (X) of the complex elliptic curve X, and it contains stable bundles if and
only if r Ad =1, in which case all semistable bundles are in fact stable. Let now
o : X — X be areal structure on X (recall that the marked point xg is not assumed
to be fixed under o). Then the map & > o*€ induces a real structure, again denoted
by o, on Mx(r, d), since it preserves the rank, the degree, and the S-equivalence
class of semistable vector bundles [Schaffhauser 2012]. Our main result is then the
following, to be proved in Section 2C.

Theorem 1.1. Let h :=r Ad. Then, as a real algebraic variety,

Sym"(X)  if X # @,
Mx(r,d) >~ {Sym"(X)  if X° =@ and d/h is odd,
Symh(Picg) if X° =0 and d/h is even.

We recall that Picg)( is isomorphic to X over C (via the choice of xg) but not over R
when X = & because Pic?( has the real point corresponding to the trivial line bundle.
In contrast, Pic }1( is always isomorphic to X over R, as we shall recall in Section 2A.
For any d € Z, the real structure of Picj‘é is induced by the map £ — o*L, while
the real structure of the z-fold symmetric product Sym” () of a real variety (Y, o)
is induced by that of Y in the following way: [y, ..., yal = [0 (V1), ..., 0 ()]
Note that, if  Ad = 1, then by Theorem 1.1 we have Mx(r,d) ~r X if X° # O
or d is odd, and Mx(r, d) ~gr Picg if X? = @ and d is even. This will eventually
imply the following results on the topology and modular interpretation of the set
of real points of Mx(r, d), analogous to those of [Schaffhauser 2012] for real
curves of genus g > 2 (see Section 2D for a proof of Theorem 1.2; we point out
that it will only be valid under the assumption that » A d = 1, in which case all
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semistable bundles are in fact stable; in particular a real point of Mx(r, d) is given
by either a real bundle or a quaternionic bundle, in an essentially unique way; see
Proposition 2.10).

Theorem 1.2. Assume thatr Ad = 1.

(1) If X° # @, then Mx(r,d)° ~ X° has either 1 or 2 connected components.
Points in either component correspond to real isomorphism classes of real
vector bundles of rank r and degree d over (X, o), and two such bundles
(&1, 11) and (&, 1p) lie in the same connected component if and only if
wi (€M) = wi (&)

Q) If X° =@ andd =2e + 1, then Mx(r,2e +1)° >~ X is empty.

3) If X° = @ and d = 2e, then Mx(r, 2e)° =~ (Picg)“ has two connected com-
ponents, one consisting of real isomorphism classes of real bundles, the other
consisting of quaternionic isomorphism classes of quaternionic bundles. These
two components become diffeomorphic under the operation of tensoring a
given bundle by a quaternionic line bundle of degree 0.

In cases (1) and (3), each connected component of Mx(r, d)° is diffeomorphic
to S\

In particular, the formulae of Liu and Schaffhauser [2013] (see also [Baird 2014]),
giving the mod 2 Betti numbers of the connected components of Mx(r, d)° when
r Ad =1 are still valid for g = 1. In contrast, when r A d # 1, the formulae do not
seem to be interpretable in any way since, over an elliptic curve, the dimension of
Myx(r,d) is r Ad, not r’(g — 1) + 1.

In the third and final section of the paper, we investigate the properties of
indecomposable vector bundles over real elliptic curves. Recall that a holomorphic
vector bundle £ over a complex curve X is said to be indecomposable if it is
not isomorphic to a direct sum of nontrivial holomorphic bundles. When X is
of genus 1, there exists a moduli variety Zx(r, d) whose points are isomorphism
classes of indecomposable vector bundles of rank r and degree d: it was constructed
by Atiyah [1957b] and revisited by Tu [1993], as will be recalled in Theorems 3.2
and 3.4. We will then see in Section 3C that we can extend their approach to the
case of real elliptic curves and obtain the following characterization of Zx(r, d) as
a real algebraic variety.

Theorem 1.3. Let (X, xo, 0) be a real elliptic curve. Let Zx(r, d) be the set of
isomorphism classes of indecomposable vector bundles of rank r and degree d and
seth:=rAd, r':==r/h,d :=d/h. Then
X  ifX°£0,
Ix(r,d) ~g Mx(r',d)>~r ¥ X if X° =@ and d’ is odd,
Pic) if X° =@ and d' is even.



VECTOR BUNDLES OVER A REAL ELLIPTIC CURVE 47

By combining Theorems 1.2 and 1.3, we obtain the following topological de-
scription of the set of real points of Zx(r, d), valid even when r Ad # 1.

Theorem 1.4. Denote by Ix(r, d)° the fixed points of the real structure £ — o*&
inTx(r,d).

(1) If X° £ 9, then Ix(r, d)° >~ X consists of real isomorphism classes of real
and indecomposable vector bundles of rank r and degree d. It has either one or
two connected components, according to whether X° has one or two connected
components, and these are distinguished by the Stiefel-Whitney classes of the
real parts of the real bundles that they contain.

Q) IfX°=gandd/(r nd) =2e+ 1, then Zx(r,d)° >~ X° is empty.

B) IfX° =z and d/(r Nd) = 2e, then Zx(r, d)° =~ (Pic?()” has two connected
components, one consisting of real isomorphism classes of vector bundles
which are both real and indecomposable and one consisting of quaternionic
isomorphism classes of vector bundles which are both quaternionic and inde-
composable. These two components become diffeomorphic under the operation
of tensoring a given bundle by a quaternionic line bundle of degree 0.

In cases (1) and (3), each connected component of the set of real points of Lx(r, d)
is diffeomorphic to S.

2. Moduli spaces of semistable vector bundles over an elliptic curve

2A. Real elliptic curves and their Picard varieties. The real points of Picard vari-
eties of real algebraic curves were studied, for instance, by Gross and Harris [1981].
We summarize here some of their results, specializing to the case of genus 1 curves.

Let X be a compact connected Riemann surface of genus 1. To each point
x € X, there is associated a holomorphic line bundle £(x), of degree 1, whose
holomorphic sections have a zero of order 1 at x and no other zeros or poles. Since
X is compact, the map X — Pic ;( thus defined, called the Abel-Jacobi map, is
injective. And since X has genus 1, it is also surjective. The choice of a point
X0 € X defines an isomorphism Picg ~ Pic )1(, obtained by tensoring by L(xp). In
particular, X =~ Pic )1( is isomorphic to Picg)( as a complex analytic manifold and
inherits, moreover, a structure of Abelian group with xg as the neutral element.

If 0 : X — X is a real structure on X, the Picard variety Picf(, whose points
represent isomorphism classes of holomorphic line bundles of degree d, has a
canonical real structure, defined by £ > o*L (observe that this antiholomorphic
involution, which we will still denote by o, indeed preserves the degree). Since
L(o(x)) >~ o*(L(x)), the Abel-Jacobi map X — Pic}l( is defined over R, meaning
that it commutes with the real structures of X and Pic}. We also call such a
map a real map. If X # &, we can choose xg € X and then £(xp) will satisty
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o*L(x0) =~ L(x0) so the isomorphism Picg)( = Pic )1( obtained by tensoring by £(x¢)
will also be defined over R. More generally, by tensoring by a suitable power of
L(xg), we obtain real isomorphisms Pic}d( o~ Pic)l( for any d € Z. If now X° = &,
then we actually cannot choose x¢ in such a way that £(o (xg)) =~ L(xg) —see
[Gross and Harris 1981] or Theorem 2.8 below; the reason is that such a line bundle
would be either real or quaternionic but, over a real curve of genus 1 with no real
points, real and quaternionic line bundles must have even degree — but we may
consider the holomorphic line bundle of degree 2 defined by the divisor x¢ + o (xo),
call it £, say. Then o*£ =~ L and, by tensoring by an appropriate tensor power of it,
we have the real isomorphisms

Pmﬁzﬂfﬁé gd=2a+L
Picy if d =2e.

So, when the genus of X is 1, we have the following result:
Theorem 2.1. Let (X, xo, o) be a real elliptic curve.

(1) If X° # @, then forall d € Z,

Picé ~p X.
(2) If X° = o, then
X ifd=2e+1
PiC;i(’ZR: . 0 lf et L,
Picy if d =2e.

2B. Semistable vector bundles. Let X be a compact connected Riemann surface
of genus g and recall that the slope of a nonzero holomorphic vector bundle £ on
X is by definition the ratio u(€) = deg(€)/ k(&) of its degree by its rank. The
vector bundle € is called stable if for any nonzero proper subbundle F C &, one
has w(F) < wu(€). Analogously, £ is called semistable if u(F) < u(€). By a
theorem of Seshadri [1967], any semistable vector bundle £ of rank r and degree d
admits a filtration whose successive quotients are stable bundles of the same slope,
necessarily equal to d/r. Such a filtration, called a Jordan—Holder filtration, is not
unique but the graded objects associated to any two such filtrations are isomorphic.
The isomorphism class thus defined is denoted by gr(£) and holomorphic vector
bundles which are isomorphic to direct sums of stable vector bundles of equal slope
are called polystable vector bundles. Moreover, two semistable vector bundles &;
and &, are called S-equivalent if gr(£;) = gr(&;) and Seshadri proved in [Seshadri
1967] that, when g > 2, the set of S-equivalence classes of semistable vector bundles
of rank r and degree d admits a structure of complex projective variety of dimension
r?(g—1)+1 and is nonsingular when r Ad = 1 but usually singular when r Ad # 1
(unless, in fact, g =2, r = 2, and d = 0). Finally, when g > 2, there are always
stable bundles of rank r and degree d over X [Narasimhan and Seshadri 1965].
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These come from irreducible rank r unitary representations of a certain central
extension of m;(X) by Z, determined by d up to isomorphism). If now g = 1, then
the results of Atiyah [1957b] and Tu [1993] show that the set of S-equivalence
classes of semistable vector bundles of rank r and degree d admits a structure of
nonsingular complex projective variety of dimension r A d (which is consistent
with the formula for g > 2 only when r and d are coprime). But now stable vector
bundles of rank r and degree d can only exist if » Ad = 1, as Tu showed [1993,
Theorem A] following Atiyah’s results. In particular, the structure of polystable
vector bundles over a complex elliptic curve is rather special, as recalled next.

Proposition 2.2 (Atiyah—Tu). Let £ be a polystable holomorphic vector bundle of
rank r and degree d over a compact connected Riemann surface X of genus 1. Set
h:=rnd, r.=r/h,andd :=d/h. ThenE ~E & --- D E, where each &; is a
stable holomorphic vector bundle of rank v’ and degree d'.

Proof. By definition, a polystable bundle of rank r and degree d is isomorphic to a
direct sum £ @ - - - D &, of stable bundles of slope d/r =d’/r’. Since d’ Ar’ =1 and
each &; is stable of slope d’/r’, each £ must have rank r’ and degree d’ (because
stable bundles over elliptic curves must have coprime rank and degree). Since
k(€1 ® - B E) =kr' =1k(€) =r, we have indeed k = h. O

To understand the moduli space Mx(r, d) of semistable holomorphic vector
bundles of rank r and degree d over a complex elliptic curve X, one then has the
next two theorems.

Theorem 2.3 (Atiyah-Tu). Let X be a compact connected Riemann surface of
genus 1 and assume that r Ad = 1. Then the determinant map det: Mx(r, d) — Picf(
is an isomorphism of complex analytic manifolds of dimension 1.

Note that, when r Ad = 1, any semistable vector bundle of rank r and degree d is
in fact stable (over a curve of arbitrary genus) and that, to prove Theorem 2.3, it is
in particular necessary to show that a stable vector bundle £ of rank r and degree d
over a complex elliptic curve X satisfies £ ® £ =~ £ if and only if £ is an r-torsion
point in Picg (i.e., L2 ~ Oy), a phenomenon which only occurs in genus 1.

If now h :=r Ad > 2, then we know, by Proposition 2.2, that a semistable vector
bundle of rank r and degree d is isomorphic to the direct sum of & stable vector
bundles of rank ' = r/h and degree d’ = d/h. Combining this with Theorem 2.3,
one obtains:

Theorem 2.4 [Tu 1993, Theorem 1]. Let X be a compact connected Riemann
surface of genus 1 and denote by h :=r A d. Then there is an isomorphism of
complex analytic manifolds:

Mx(r, d) => Sym" (Pic¥"), E~& @ @& > [det&li<izh.
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In particular, My (r, d) has dimension 4 =r Ad. Since the choice of a point xp € X
provides an isomorphism Picgl( ~c X, we have indeed Mx(r, d) ~¢ Symh (X). In
the next section, we will analyze the corresponding situation over R. But first we
recall the basics about real and quaternionic vector bundles.

Let (X, o) be a real Riemann surface, i.e., a Riemann surface X endowed with
a real structure o. A real holomorphic vector bundle over (X, o) is a pair (£, 7)
such that £ — X is a holomorphic vector bundle over X and 7 : £ — £ is an
antiholomorphic map such that

(1) the diagram

51—r><€2

L

X 2> X
1S commutative;
(2) the map 7 is fiberwise C-antilinear: Yv € £, VA € C, T(Av) = A (V);
(3) 2 =1ds.

A quaternionic holomorphic vector bundle over (X, o) is a pair (£, t) satisfying
conditions (1) and (2) above, as well as a modified third condition:

(3) 72 = —1Ide.
A homomorphism ¢ : (£1, T1) — (&2, T2) between two real or quaternionic vector
bundles is a holomorphic map ¢ : £ — &, such that
(1) the diagram

51 L)Ez

Lo

X X

1S commutative;
(2) pori=1n200.

A real or quaternionic holomorphic vector bundle is called stable if for any
T-invariant subbundle F C &, one has w(F) < u(€). It is called semistable if for
any such F, one has u(F) < u(F). As shown in [Schaffhauser 2012], (£, 1) is
semistable as a real vector bundle if and only £ is semistable as a holomorphic
vector bundle but (£, t) may be stable as a real vector bundle while being only
polystable as a holomorphic vector bundle (when £ is in fact stable, we will say
that (£, t) is geometrically stable). However, any semistable real vector bundle
admits real Jordan—Holder filtrations (where the successive quotients can sometimes
be stable in the real sense only) and there is a corresponding notion of polystable
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real vector bundle, which turns out to be equivalent to being polystable and real.
Analogous results hold for quaternionic vector bundles. Real and quaternionic vector
bundles over a compact connected real Riemann surface (X, o) were topologically
classified in [Biswas et al. 2010]. If X # @, areal vector bundle (£, 7) over (X, o)
defines in particular a real vector bundle in the ordinary sense £* — X7; hence an
associated first Stiefel-Whitney class w(£7) € H'(X?; Z/27) ~ (Z/27)", where
n€{0,..., g+ 1} is the number of connected components of X?. The topological
classification of real and quaternionic vector bundles then goes as follows.

Theorem 2.5 [Biswas et al. 2010]. Let (X, o) be a compact connected real Riemann
surface.

(1) If X° # @, real vector bundles over (X, o) are classified up to smooth iso-
morphism by the numbers r = 1k(E), d = deg(&), and (s1, ..., sy) = w1 (EY),
subject to the condition s1+- - -+s, =d (mod 2). Quaternionic vector bundles
must have even rank and degree in this case and are classified up to smooth
isomorphism by the pair (2r, 2d).

2) If X° = @, real vector bundles over (X, o) must have even degree and are
classified up to smooth isomorphism by the pair (r, 2d). Quaternionic vector
bundles are classified up to smooth isomorphism by the pair (r,d), subject
to the condition d +r(g — 1) =0 (mod 2). In particular, if g = 1, real and
quaternionic vector bundles alike must have even degree.

Theorem 2.5 will be useful in Section 2D, for the proof of Theorem 1.2.

2C. The real structure of the moduli space. Let first (X, o) be a real Riemann
surface of arbitrary genus g. Then the involution € — ¢ *£ preserves the rank and
the degree of a holomorphic vector bundle and the bundle ¢ *£ is stable if and only
if £ is. The analogous statement holds for semistable bundles. Moreover, if £ is
semistable, a Jordan—Holder filtration of £ is mapped to a Jordan—Holder filtration
of 0*&, so, for any g, the moduli space Myx(r, d) of semistable holomorphic vector
bundles of rank r and degree d on X has an induced real structure. Assume now
that g = 1 and let us prove Theorem 1.1.

Proof of Theorem 1.1. Since, for any vector bundle £ one has det(o*€) = o *(det &),
the map

My(r,d) => Sym"Picy/"), £~& @ - @& > [det&1<i<n
of Theorem 2.4 is a real map. If X° # &, then by Theorem 2.1 we have
Pic{ ~g Pic% ~g X,

so Mx(r, d) ~g Symh (X) in this case. And if X° = &, we distinguish between the
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cases d =2e+ 1 and d = 2e to obtain, again by Theorem 2.1, that

Sym” (X) if d/h is odd,

Mx(r,d) ~ ] . _
x(rd) R{Symh(Plcg) if d/h is even,

which finishes the proof of Theorem 1.1. ]

Let us now focus on the case d = 0, where there is a nice alternate description
of the moduli variety in terms of representations of the fundamental group of
the elliptic curve (X, xo). Since 71 (X, xo) ~ Z? is a free Abelian group on two
generators, a rank r unitary representation of it is entirely determined by the data of
two commuting unitary matrices u, u; in U(r) (in particular, such a representation
is never irreducible unless r = 1), and we may assume that these two matrices lie
in the maximal torus 7, C U(r) consisting of diagonal unitary matrices. The Weyl
group of T, is W, >~ &,, the symmetric group on r letters, and one has

(2-1) Hom(r (X, x0); U(r))/U(r) =~ Hom(m| (X, x0); 1)/ W,.

Note that since 771 (X, x¢) is Abelian, there is a well-defined action of o on it even
if xo ¢ X?: aloop y at xq is sent to the loop o o y at o (xp) then brought back to xg
by conjugation by an arbitrary path between xg and o (xp). Combining this with the
involution u — u of U(r), we obtain an action of o on Hom(7r (X, x¢); U(r)), de-
fined by sending a representation p to the representation op o. This action preserves
the subset Hom (i1 (X, x¢); 7,) and is compatible with the conjugacy action of U (r)
in the sense that o (Ad, p)o = Adg(u)(apafl), so it induces an involution on the
representation varieties Hom(sr1 (X, xo); U(r))/U(r) and Hom( (X, x0); T,) /W,
and the bijection (2-1) is equivariant for the actions just described. By the results
of Friedman, Morgan and Witten [Friedman et al. 1998] and Laszlo [1998], this
representation variety is in fact isomorphic to the moduli space Mx(r, 0). Moreover,
the involution £ — o*€ on bundles corresponds to the involution p — opo on
unitary representations. Moreover,

T,~U()x---xU1)~U()@zZ"

r times

as Abelian Lie groups, where Z” can be interpreted as m1(7,). In particular,
the Galois action induced on Z" by the complex conjugation on 7, is simply
(ny,...,n)— (—ny, ..., —n,) and the isomorphism 7, ~ U (1) ® Z" is equivariant
with respect to these natural real structures. Finally, the bijection

Hom(rr (X, x0); T,,) >~ Hom(m1 (X, x0); U(1)) @ Z'

is also equivariant, and the representation variety Hom(zr; (X, xg); U(1)) is isomor-
phic to Picg as a real variety. We have thus proved the following result, which is
an analogue over R of one of the results in [Friedman et al. 1998; Laszlo 1998].
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Theorem 2.6. Let (X, xq, 0) be a real elliptic curve. Then the map
(Pic% ®27") ~ (Picy)" — M(r,0), (L1,....L)— L1 @ - DL,

induces an isomorphism
Mx(r, 0) ~g (Picy ®Z")/S,,

where the symmetric group S, acts on Z" by permutation.
When X° # @&, one can further identify Picg)( with X over R and obtain the
isomorphism

Mx(r,0) 2p (X®Z")/6,.

The results of Section 3 will actually give an alternate proof of Theorem 2.6, by
using the theory of indecomposable vector bundles over elliptic curves. We point
out that algebraic varieties of the form (X ® 71 (7T"))/Wr for X a complex elliptic
curve have been studied for instance by Looijenga [1976], who identified them
with certain weighted projective spaces determined by the root system of 7', when
the ambient group G D T is semisimple. Theorem 2.6 shows that, over R, it may
sometimes be necessary to replace X by Pic())(.

To conclude on the case where d = 0, we recall that, on Mx(r, 0), there exists
another real structure, obtained from the real structure £ > o*£ by composing it
with the holomorphic involution £ — £* which in general sends a vector bundle
of degree d to a vector bundle of degree —d, so preserves only the moduli spaces
Mx(r, 0). Denote by

s Mx(r,0) = Mx(r,0), Er> o7
this new real structure on the moduli space Mx(r, 0). In particular, we have
n :Picg — Picg, L o*L”

and we note that n; has real points because it fixes the trivial line bundle. The real
elliptic curve (Pic?(, 1) is, in general, not isomorphic to (X, o), even when o has
fixed points. We can nonetheless characterize the new real structure of the moduli
spaces Mx(r, 0) in the following way:

Proposition 2.7. The real variety (Mx(r, 0), n,) is isomorphic to the r-fold sym-
metric product of the real elliptic curve (Pic)O(, n1).

Proof. The proposition is proved in the same way as Theorem 2.6, changing only
the real structures under consideration. O

2D. Topology of the set of real points in the coprime case. Inrank 1, the topology
of the set of real points of Pic)d( is well understood and so is the modular interpretation
of its elements.
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Theorem 2.8 ([Gross and Harris 1981], case g = 1). Let (X, o) be a compact real
Riemann surface of genus 1 and let d € Z.

(1) If X° # @, then (Picj‘g)" ~ X% has 1 or 2 connected components. Elements
of (Pi(:f()(7 correspond to real isomorphism classes of real holomorphic line
bundles over (X, o) and two such real line bundles (L1, t1) and (L,, 13) lie in
the same connected component of (Picf()" if and only if wq (Lﬁ') =w (E;z).

) If X =0 andd =2e+ 1, then (Picgl()” ~ X9 is empty.

(3) If X° = and d = 2e, then (Picf()" ~ (Picg)()‘7 has 2 connected components,
corresponding to isomorphism classes of either real or quaternionic line bun-
dles of degree d, depending on the connected component of (Picf()(I in which
they lie.

In cases (1) and (3), any given connected component of (Picf()‘7 is diffeomorphic
to S,

For real Riemann surfaces of genus g > 2, the topology of (Picf})", in particular
the number of connected components, is a bit more involved but also covered in
[Gross and Harris 1981], the point being that these components are indexed by
the possible topological types of real and quaternionic line bundles over (X, o).
For vector bundles of rank r > 2 on real Riemann surfaces of genus g > 2, a
generalization of the results of Gross and Harris was obtained in [Schaffhauser
2012]: we recall here the result for coprime rank and degree (in general, a similar
but more complicated result holds provided one restricts one’s attention to the stable
locus in Mx(r, d)). The coprime case is the case that we will actually generalize to
genus 1 curves (where stable bundles can only exist in coprime rank and degree).

Theorem 2.9 [Schaffhauser 2012]. Let (X, o) be a compact real Riemann surface
of genus g > 2 and assume that r ANd = 1. The number of connected component of
Mx(r, d)° is equal to:

(1) 2"~V if X° has n > O connected components. In this case, elements of
Mx(r, d)? correspond to real isomorphism classes of real holomorphic vector
bundles of rank r and degree d and two such bundles (€1, T1) and (&, 12) lie
in the same connected component if and only if wi(E™) = w; (8;2).

) 0ifX° =2,disodd and r(g — 1) is even.

B) 1if X° =9,dis odd and r(g — 1) is odd, in which case the elements of
Mx(r, d)? correspond to quaternionic isomorphism classes of quaternionic
vector bundles of rank r and degree d.

@ 1ifX° =09,dis even and r(g — 1) is odd, in which case the elements of
Mx(r, d)° correspond to real isomorphism classes of real vector bundles of
rank r and degree d.
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5) 2if X° =9, d is even and r(g — 1) is even, in which case there is one
component consisting of real isomorphism classes of real vector bundles of
rank r and degree d while the other consists of quaternionic isomorphism
classes of quaternionic vector bundles of rank r and degree d.

Now, using Theorem 1.1, we can extend Theorem 2.9 to the case g = 1. Indeed,
to prove Theorem 1.2, we only need to combine Theorem 2.8 and the coprime case
of Theorem 1.1 (i.e., h = 1), with the following result, for a proof of which we
refer to either [Biswas et al. 2010] or [Schaffhauser 2012].

Proposition 2.10. Ler (X, o) be a compact connected real Riemann surface and
let € be a stable holomorphic vector bundle over X satisfying o*€ ~ E. Then &
is either real or quaternionic and cannot be both. Moreover, two different real or
quaternionic structures on £ are conjugate by a holomorphic automorphism of .

Note that it is easy to show that two real or two quaternionic structures on £
differ by a holomorphic automorphism ¢/ € §' ¢ C* ~ Aut(€) but, in order to
prove that these two structures t; and 1, say, are conjugate, we need to observe
that 7o () = €7, (- ) = €!?/%1)(e71%/% .). Then, to finish the proof of Theorem 1.2,
we proceed as follows:

Proof of Theorem 1.2. Recall that X here has genus 1. If X? # &, quater-
nionic vector bundles must have even rank and degree by Theorem 2.5, so, by
Proposition 2.10, points of Mx(r, d)° correspond in this case to real isomorphism
classes of geometrically stable real vector bundles of rank r and degree d. By
Theorem 1.1, one indeed has Mx(r, d)° ~ (Picf()" ~ X7 in this case. Moreover,
since the diffeomorphism My (r, d)° =~ (Picf()” is provided by the determinant map,
the connected components of Mx(r, d)°, or equivalently of (Picf()” are indeed
distinguished by the first Stiefel-Whitney class of the real part of the real bundles
that they parametrize, as in Theorem 2.8. If now X° = &, then by Theorem 2.5,
real and quaternionic vector bundles must have even degree and we can again use
Theorem 2.8 to conclude: note that since the diffeomorphism Mx (7, d)° ~ (Pic)‘ﬁ)”
is provided by the determinant map, when d is even r must be odd (because r is
assumed to be coprime to d), so the determinant indeed takes real vector bundles to
real line bundles and quaternionic vector bundles to quaternionic line bundles. [J

Had we not assumed r A d = 1, then the situation would have been more
complicated to analyze, because the determinant of a quaternionic vector bundle
of even rank is a real line bundle and also because, when & = r A d is even, the
real space Sym” (X) may have real points even if X does not (points of the form
[xi, o (xi)]1<i<n/2 for x; € X).

2E. Real vector bundles of fixed determinant. Let us now consider spaces of
vector bundles of fixed determinant. By [Tu 1993, Theorem 3], one has, for any
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L e Pict, Mx(r, £) :=det™' ({£}) ~c P{~" where d = deg(L) and h =r Ad. This
is proved in the following way: under the identification Myx(r, d) ~¢ Sym” (X),
there is a commutative diagram

My (r,d) ——> Sym"(X)

| o

Pici, ——  Pick
where
AT:Sym"(X) — Pick, (x1,...,xn) > Lo+ +xp)

is the Abel-Jacobi map (taking a finite family of points (xy, ..., x;) to the line
bundle associated to the divisor x| + - - - + x5) and the fiber of the Abel-Jacobi map
above a holomorphic line bundle £ of degree / is the projective space P(H’(X, L))
which, since deg(£) = h > 1 and X has genus 1, is isomorphic to [P’g_l. Evidently,
the same proof will work over R whenever we can identify Pic and Pic}, as real
varieties, which happens in particular when X # &.

Theorem 2.11. Let (X, xo, 0) be a real elliptic curve satisfying X° # & and let L
be a real line bundle of degree d on X. Then, forallr > 1,

Mx(r, L) =g PATY,
where h =r Nd.

Proof. When X° # &, we can choose xo € X° and use Theorem 2.1 to identify all
Picard varieties Pic ;‘( over R, then reproduce Tu’s proof recalled above. ]

3. Indecomposable vector bundles

3A. Indecomposable vector bundles over a complex elliptic curve. As recalled in
the introduction, a theorem of Grothendieck [1957] shows that any holomorphic
vector bundle on CP! is isomorphic to a direct sum of holomorphic line bundles,
and this can be easily recast in modern perspective by using the notions of stability
and semistability of vector bundles over curves, introduced by Mumford [1963]
and first studied by himself and Seshadri [1967]: the moduli variety of semistable
vector bundles of rank r and degree d over CP' is a single point if r divides
d and is empty otherwise. As for vector bundles over a complex elliptic curve,
the study was initiated by Atiyah [1957b], thus at a time when the notion of
stability was not yet available. Rather, Atiyah’s starting point is the notion of an
indecomposable vector bundle: a holomorphic vector bundle £ over a complex
curve X is said to be indecomposable if it is not isomorphic to a direct sum of
nontrivial holomorphic bundles. In the present paper, we shall denote by Zx(r, d)
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the set of isomorphism classes of indecomposable vector bundles of rank r and
degree d. It is immediate from the definition that a holomorphic vector bundle is a
direct sum of indecomposable ones. Moreover, one has the following result, which
is a consequence of the categorical Krull-Schmidt theorem, also due to Atiyah,
showing that the decomposition of a bundle into indecomposable ones is essentially
unique.

Proposition 3.1 [Atiyah 1956, Theorem 3]. Let X be a compact connected complex
analytic manifold. Any holomorphic vector bundle £ over X is isomorphic to a direct
sum E\®- - -®E of indecomposable vector bundles. If one also has € = E|®- - -DE],
then | = k and there exists a permutation o of the indices such that £, i = &

Going back to the case of a compact, connected Riemann surface X of genus 1,
Atiyah completely describes all indecomposable vector bundles on X. He first
shows [op. cit., Theorem 5] the existence, for any 4 > 1, of a unique (isomorphism
class of) indecomposable vector bundle Fj, of rank 4 and degree O such that

(3-1) dim H(X; Fp) = 1.

As a matter of fact, this is the only vector bundle of rank 4 and degree 0 over X
with a nonzero space of sections. Let us call Fj, the Atiyah bundle of rank h and
degree 0. The construction of F}, is by induction, starting from F; = Oy, the trivial
line bundle over X, and showing the existence and uniqueness of an extension of
the form

(3-2) 0—-0Ox — F,— F_1— 0.

In particular, det(F},) = Ox. Moreover, Since F}, is the unique indecomposable
vector bundle with nonzero space of sections, one has [op. cit., Corollary 1]:

(3-3) F; ~F,.

Note that Fj, is an extension of semistable bundles so it is semistable. The associated
polystable bundle is the trivial bundle of rank 4, which is not isomorphic to Fj, (in
particular, Fj, is not itself polystable).

Atiyah then shows that any indecomposable vector bundle £ of rank 4 and
degree 0 is isomorphic to F;, ® L for a line bundle £ of degree 0 which is unique up
to isomorphism [op. cit., Theorem 5(ii)]. Since it follows from the construction of
Fj, recalled in (3-2) that det(F},) = Oy, one has det £ = £". This sets up a bijection

(3-4) Picy — Zx(h,0), L+ F, QL.

Note that the map (3-4) is just the identity map if 2 = 1. Atiyah then uses a marked
point xo € X to further identify Pic?( with X. In particular, the set Zx(h, 0) inherits
a natural structure of complex analytic manifold of dimension 1.
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The next step in Atiyah’s characterization of indecomposable vector bundles is
to consider the case of vector bundles of nonvanishing degree. He shows [op. cit.,
Theorem 6] that, associated to the choice of a marked point xg € X, there is, for all
r and d, a unique bijection (subject to certain conditions)

(3-5) ay: Ix(r nd,0) = Ix(r, d)

between the set of isomorphism classes of indecomposable vector bundles of rank
h :=r Ad and degree O and the set of isomorphism classes of indecomposable
vector bundles of rank r and degree d. As a consequence, Atiyah can define a
canonical indecomposable vector bundle of rank r and degree d, namely

Fxo(r7 d) = O[,fg(Fr/\d)a

where F, 4 is the indecomposable vector bundle of rank r A d and degree 0 whose
construction was recalled in (3-2). We will call the bundle Fy (7, d) the Atiyah
bundle of rank r and degree d (in particular Fy,(r, 0) = F}). Atiyah then obtains
the following description of indecomposable vector bundles:

Theorem 3.2 [Atiyah 1957b, Theorem 10]. Seth=r Ad, ¥r' =r/h, andd' =d/ h.
Then every indecomposable vector bundle of rank r and degree d is isomorphic to a
bundle of the form Fy(r,d) ® L where L is a line bundle of degree 0. Moreover,
Fi(r,d) ® L = Fy (r,d) @ L if and only if (L' ® C_l)’/ ~ Ox.

Thus, as a generalization to (3-4), Theorem 3.2 shows that there is a surjective
map Picg — Ix(r, d), whose fiber is isomorphic to the group 7,/ of r’-torsion
elements in Picg)(. This in particular induces a bijection between the Riemann
surface Pic?( /T =~ Picg ~ X and the set Zx(r, d) for all r and d, and the set
ZIx(r, d) inherits in this way a natural structure of complex analytic manifold of
dimension 1.

3B. Relation to semistable and stable bundles. 1t is immediate to prove that stable
bundles (over a curve of arbitrary genus) are indecomposable. Moreover, over an
elliptic curve, we have the following result, proved in Tu’s paper:

Theorem 3.3 [Tu 1993, Appendix A]. Every indecomposable vector bundle of rank
r and degree d over a complex elliptic curve is semistable. It is stable if and only if
rad=1

In particular, the Atiyah bundles Fy,(r, d) are semistable (and stable if and only if
r Ad = 1) and, by Proposition 3.1, every holomorphic vector bundle over a complex
elliptic curve is isomorphic to a direct sum of semistable bundles. Next, there is a
very important relation between indecomposable vector bundles and stable vector
bundles, which will be useful in the next section.
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Theorem 3.4 (Atiyah-Tu). Seth =r Ad, r' =r/h, and d' = d/ h. Then the map
Mx(r\d) = Ix(r.d), €+~ EQF,

is a bijection: any indecomposable vector bundle of rank r and degree d is isomor-
phic to a bundle of the form &' ® F;, where £’ is a stable vector bundle of rank r’
and degree d', unique up to isomorphism, and Fy, is the Atiyah bundle of rank h and
degree .

In particular, Zx (r, d) inherits in this way a structure of complex analytic manifold
of dimension 7’ Ad’ = 1. This result, which generalizes (3-4) in a different direction
than Theorem 3.2, can be deduced from Atiyah and Tu’s papers but we give a proof
below for the sake of completeness. It is based on the following lemma.

Lemma 3.5 [Atiyah 1957b, Lemma 24]. The Atiyah bundles F(r, d) and Fy,(r', d’)
are related in the following way:

Fy(r,d) >~ Fy(r',d') ® Fy,.

Proof of Theorem 3.4. Let £ € Ix(r,d). By Theorem 3.2, there exists a line
bundle £ of degree O such that £ >~ Fy (r,d) ® £. By Lemma 3.5, F,,(r,d) =~
F(r,d") ® Fy. Since r’ Ad' =1, Theorem 3.3 shows that Fy,(r’, d’), hence also
&' :=Fy,(r',d")®L, are stable bundles of rank " and degree d’. And one has indeed
E~E QR Fy. Let now & and £” be two stable bundles of rank »” and degree d’ such
that £’'Q Fj, ~ £" ® F},. Since stable bundles are indecomposable, Theorem 3.2 shows
the existence of two line bundles £" and £” of degree 0 such that &' >~ Fy (', d") @ L’
and &” >~ F,,(r, d") ® L". Tensoring by F}, and applying Lemma 3.5, we obtain that
Fi(r,d) ® L >~ Fy,(r,d) ® L", which, again by Theorem 3.2, implies that £ and
L£" differ by an r'-torsion point of Picy. But then a final application of Theorem 3.2
shows that Fy (1, d) @ L ~ F,(r,d)® L', i.e., & ~E&". O

Thus, the complex variety Zyx(r, d) >~ Mx(r,d") >~ X is a 1-dimensional sub-
variety of the h-dimensional moduli variety Mx(r, d) ~ Symh(X ), and these two
nonsingular varieties coincide exactly when r and d are coprime. More explicitly,
under the identifications Zy (r, d) >~ X and Mx(r, d) =~ Symh (X), the inclusion map
Ix(r,d) — Mx(r, d), implicit in Theorem 3.3, is simply the diagonal map

X—)Symh(X), X [x,...,x]

and it commutes to the determinant map, the latter being, on Sym” (X), just the
Abel-Jacobi map [x{, ..., xp] = x1 +- -+ xp; see [Tu 1993, Theorem 2].

3C. Indecomposable vector bundles over a real elliptic curve. Over areal elliptic
curve, the description of indecomposable vector bundles is a bit more complicated
than in the complex case, because the Atiyah map af’ % defined in (3-5) is not a real
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map unless the point xg is a real point, which excludes the case where X = &.
Of course the case X # ¢ is already very interesting and if we follow Atiyah’s
paper in that case, then the Atiyah map O‘: % is a real map and the Atiyah bundles
Fy,(r, d) are all real bundles. In particular, the description given by Atiyah of the
ring structure of the set of isomorphism class of all vector bundles (namely the way
to decompose the tensor product of two Atiyah bundles into a direct sum of Atiyah
bundles, see for instance [Tu 1993, Appendix A] for a concise exposition) directly
applies to the subring formed by isomorphism classes real bundles. (Note that, in
contrast, isomorphism classes of quaternionic bundles do not form a ring, as the
tensor product of two quaternionic bundles is a real bundle.) To obtain a description
of indecomposable bundles over a real elliptic curve which holds without assuming
that the curve has real points, we need to replace the Atiyah isomorphism

@)y Ix(r Ad,0) = Ix(r, d)

(which cannot be a real map when X° = &) by the isomorphism Zx(r, d) =~
Mx(r', d’) of Theorem 3.4 and show that the latter is always a real map. The first
step is the following result, about the Atiyah bundle of rank /# and degree 0, whose
definition was recalled in (3-2).

Proposition 3.6. Let (X, o) be a real Riemann surface of genus 1. For any h > 1,
the indecomposable vector bundle Fy, has a canonical real structure.

Proof. We proceed by induction. Since X is assumed to be real, Ox has a canon-
ical real structure. So, if 4 = 1, then F}, is canonically real. Assume now that
h > 1 and that Fj,_; has a fixed real structure. Following again Atiyah [1957a],
extensions of the form (3-2) are parametrized by the sheaf cohomology group
H\(X; Homo, (F—1; Ox)) = H'(X; F* ). The uniqueness part of the statement
in Atiyah’s construction above says that this cohomology group is a complex vector
space of dimension 1, which, in any case, can be checked by Riemann—Roch using
properties (3-1) and (3-3). Indeed, since deg(F," ) =0 and X is of genus g =1,
one has

RO ) —h'(F ) =deg(F) ) + (tk F ) (1 —g) =0,

where h'(-) = dim H'(X; -), so h'(F}* ) = h°(F} ) = 1. Now, since X and
Fj,_1 have real structures, so does H'(X; F 1) and the fixed point space of that
real structure corresponds to isomorphism classes of real extensions of Fj,_; by Ox.
Since the fixed point space of the real structure of H'(X; F, 1) is a 1-dimensional
real vector space, the real structure of Fj, is unique up to isomorphism. ([

Thus, in contrast to Atiyah bundles of nonvanishing degree, F}, is always canoni-
cally a real bundle. In particular, o *F;, >~ Fj,. It is then clear that the isomorphism

Mx(r',d) — Ix(r,d), &'+~ E®F,
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is a real map: o*' Q F, ~ 0*' Q@ o*F), >~ o*(£’ ® Fy), which readily implies
Theorem 1.3. Moreover, one can make the following observation:
Proposition 3.7. Let £ be an indecomposable vector bundle of rank r and degree d

over the real elliptic curve (X, xg, o) and assume that c*€ >~ E. Then £ admits
either a real or a quaternionic structure.

Proof. By Theorem 3.4, we can write £ >~ £’ ® Fj,, with &’ stable. Therefore,

0¥~ Q@ Fy) ~0*E @ 0*F, ~c*E' @ Fj.

The assumption o*E =~ & then translates to 0*€' ® Fj, ~ & ® F, which, since the
map from Theorem 3.4 is a bijection, shows that 0*£’ >~ £’. As £’ is stable, the fact
that £ admits a real or quaternionic structure t’ follows from Proposition 2.10. If
75, denotes the real structure of Fj,, we then have that 7’ ® 7, is a real or quaternionic
structure on &, depending on whether 7’ is real or quaternionic. ([
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Q(N)-GRADED LIE SUPERALGEBRAS ARISING FROM
FERMIONIC-BOSONIC REPRESENTATIONS

JIN CHENG

We use fermionic-bosonic representations to obtain a class of Q(N)-graded
Lie superalgebras coordinatized by quantum tori.

1. Introduction

Root graded Lie algebras were first introduced by Berman and Moody [1992] to
understand the generalized intersection matrix algebras of Slodowy. Berman and
Moody [1992] classified Lie algebras graded by the root systems of type A;, Dy,
and Eg, E7, Eg up to central isogeny. Benkart and Zelmanov [1996] classified Lie
algebras graded by the root systems of type B,, C,, F4, G2 up to central isogeny.
Allison et al. [2000] completed the classifications of the above root graded Lie
algebras by figuring out explicitly the centers of the universal coverings of those
root graded Lie algebras. It turns out that the classification of those root graded Lie
algebras played a crucial role in classifying the newly developed extended affine Lie
algebras (see [Berman et al. 1996]), which is a generalization of many important
Lie algebras, such as affine and toroidal Lie algebras.

Root graded Lie superalgebras are a “super” analog of root graded Lie algebras.
Lie superalgebras graded by the root systems of type A(m, n), B(m,n), C(n),
D(m,n),and D(2, 1; @), F(4), G(3) were classified by G. Benkart and A. Elduque.
Lie superalgebras graded by the root systems of type P (N), Q(N) were introduced
and classified by C. Martinez and E. I. Zelmanov [2003].

Fermionic representations for the affine Kac—Moody Lie algebras were first
developed by Frenkel [1980] and Kac and Peterson [1981] independently. Feingold
and Frenkel [1985] constructed representations for all classical affine Lie algebras
by using Clifford or Weyl algebras with infinitely many generators. Gao [2002]
gave bosonic and fermionic representations for the extended affine Lie algebra
g~l ~(Cy), where C, is the quantum torus in two variables. Chen and Gao [2007]
constructed fermionic modules for some BCy-graded Lie algebras, Chen et al.
[2006] constructed modules for some B(0, N)-graded Lie superalgebras.

Cheng was supported in part by the National Natural Science Foundation of China (No. 11101388).
MSC2010: 17B10.
Keywords: root graded Lie superalgebras, quantum tori, fermionic and bosonic representations.
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In this paper, we use fermions and bosons to obtain a class of Q(N)-graded Lie
superalgebras coordinatized by quantum tori.

The structure of this paper is as follows. In Section 2, we review the definition
of Q(N)-graded Lie superalgebras and give examples of Q(/N)-graded Lie superal-
gebras which coordinatized by quantum tori. In Section 3, we use a tensor product
of a fermionic module and a bosonic module to construct the representations for
those examples of Q(/NV)-graded Lie superalgebras.

Throughout this paper, we denote the field of complex numbers and the ring of
integers by C and Z respectively. Let F be a field of characteristic zero.

2. Lie superalgebras graded by Q(N)

In this section, we first recall the definition of Q(N)-graded Lie superalgebras.
Then we construct examples of Q(N)-graded Lie superalgebras coordinatized by
quantum tori.

Following the notations in [Kac 1977], the finite-dimensional split simple Lie
superalgebra Q(N —1) over [ equals Q(N—l)/[FIZN, where Q(N—l) consists of
the matrices of the form (¢ ), where a, b € My (F), and tr(b) = 0. Let

N N
H= {Zai(eii +en+tiN+i) ‘ a; € C, Zai =0},
i=1 i=1

then # is a Cartan subalgebra of Q(N—1);.
Definee; e H*,i=1,..., N, by

N

8[(261]'(8]']‘ +€N+j,N+j)) =aj

j=1
fori=1,---,N. Set

ON=1)y={xe QWN-1)|[h,x]=a(h)x forall h € H}
as usual. Then

QIN-D)=H+ Y OQ(N—D)g+ > Q(N=D)1

O{EA() ﬂEAi

is the root space decomposition of Q(N—1) with respect to the action of H,
Agn—1) = AjU Aq, where

A():Ai:{S,’—Sj|1§i7éj§N}-

Definition 2.1 [Martinez and Zelmanov 2003]. A Lie superalgebra L over F is
graded by Q(N—1) if
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(1) L contains a subsuperalgebra

QIN-D=H+ Y  Q(N—1a;

OlEAQ(N_])

(1) L= ZO{GAQ(N—I)U{O} Los
(lll) LO = ZO{GAQ(N—])[L_a’ La]'

Let 0 # g € C. A quantum torus associated to ¢ is the unital associative C-algebra
Cqy [xE!, y*1] (or simply C,) with generators x*,y* and relations

xx T=x"x=yy "=y 'y=1 and yx= qxy.

Let Matr,, ,(C,) denote the associative algebra consisting of m x n matrices
with entries in C,.

For two arbitrary positive integers M and N we have an associative superalgebra
Matr(M, N)(C,) consisting of (M, N)-block matrices with entries in C,, whose
Z,-grading is given as follows:

Matr(M, N)(C,)g = {(g g) | A e Matry,u(C,), B e MatrN,N(Cq)},

Matr(M, N)(C,); = {(g g) | € e Matry v(C,). D € MatrN,M(q:q)}.

Matr(M, N)(C,) forms a Lie superalgebra under the supercommutator product
[x, y]:=xy — (—=D)¥¥lyx for homogeneous x, y € Matr(M, N)(C,). We denote
this Lie superalgebra by gl(M, N)(C,).

Set A(q) ={neZ|q" =1}

We form a central extension of the Lie superalgebra gl(M, N)(C,) as was done
in [Gao 2002] and [Chen and Gao 2007]:

gl(M, N)(Cy) = gl(M, N)(Cy) & ( o Cc<n>> ®Ce,
neA(q)

with Lie superbracket

2-1) [AG™Y"), B(xPy")]
= A"y B(Py") — (=1)*EACEE B y) A"y
+mq"? str(AB)Sm+p,08;75 5¢(n +5) +nq"? str(AB)S 4 p.08n+5,0Cy
form, p,n,se€Z, A, Begl(M,N)y, aa = 0 or 1, where str is the supertrace of

the Lie superalgebra gl(M, N), c(u) for u € A(g) and c, are central elements of
gl(M, N)(C,),and t € Z/A(q) fort € Z.
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Let G =+ —1( _(I)n I('; ) Using the matrix G, we define a Z,-graded subspace 0
with -
Q5 ={X €gl(N,N)(Cy)5| XG - GX =0},

O; = {X € gl(N, N)(C,): | XG+GX =0)}.

Proposition 2.2. The general form of a matrix in Qis

A B
B A)’°
where A, B are N x N submatrices.
As in [Allison et al. 1997], we know that, for the Lie superalgebra Q = [@, é],

we have

Q= {(2 i) € Q| tr(B) =0 mod [q:q,c[:q]}.

Let
~ m_n m._n
gijm,n)=x"y"e;; +x"y enyinyj,
h,‘j(m, n) = xmynei,N-i-j +men€N+i,j.

Then we have the root space decomposition

Q= QO @ @ Q()(El._gj) S @ Qi(e,——sj)’

I<i#j<N I<i#j<N
where
Q(’J(s,-fsj) = spang{g;j(m,n) |m,n € Z},
Qi(e,—e;) = sPancthij(m, n) | m,n € 7},
and

Qo = spang{g;i(m,n) |1 <i < N,m,ne€Z}
@ spang{h;;(m,n) —hyy(m,n) | 1<i <N —1, m,n € Z}
@ spang{iyn(m,n) | m,n € (Z x 2)\(A(q) x A(g))}.

As in [Chen and Gao 2007], one easily sees that Q is a Lie superalgebra graded
by Q(N—1). By a direct calculation, we get the central extension of Q with
superbracket as in (2-1) is trivial, and we have:

Proposition 2.3.

(2-2) [gij(m,n), u(p, )+ = 8kq"™ Git(m+p, n+t) — 8q"" grj (m~+p, n+1),
(2-3) [hij(m, n), h(p, D1+ = 8xq" §it(m+p, n+1)+819" &j (m+p, n+t),

Q2-4) [Zij(m.n), g (p. 1= = 8jxq" hiy(m+p, n+1) =819 hij (m+p, n+1),
forallm, p,n,teZand1<i, j, k,l <N.
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3. Module construction
Let R be an arbitrary associative algebra, p = =1. We define a p-bracket on R by
{a,b}, =ab+pba, a,beR.

Let a be the unital associative algebra with 2N generators a;, a, 1 <i < N, subject
to relations

{Cl[, aj}p = {a;k9 a;(},o = O
and

(3‘1) {a,-,a;‘-‘}p:é,-j.

Let the associative algebra a (N, p) be generated by

N
{u(m) ‘ ue @(Cai ®Caf), me Z}

i=1
subject to relations
{um), v(n)}p, = {u, v}pdmin,0.

Then we define the normal ordering as in [Feingold and Frenkel 1985]:

u(m)v(n) ifn>m,
u(m)v(n): = %(u(m)v(n) — ,ov(n)u(m)) ifm=n,
—pv(n)u(m) ifm>n,
= —p:wm)u(m):
forn,meZ, u,v € a. Set
1 forn >0,
(3-2) 6(n)=1{3 forn=0,  then 1 —0(n)=0(—n).
0 forn <0,
Then we have
:ai(m)aj(n): =a;(m)a;j(n) = —pa;(n)a;(m),
af (myay (n): = af(m)a(n) = —pa’(n)a; (m),
and
(3-3) a;j(m)aj(n) = :a;(m)ajn): + 8;jmin,00 (m —n),

aji(nya;(m) = :a;(m)a;(n): — 8;8min,00 (n —m).

Proposition 3.1. In the Clifford algebra a(N, +1) case, the subspaces of quadratic
operators are closed under the Lie bracket [-,-]—. We have the commutator
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relations

[ai(m)a;(n), ar(p)a;(1)]-
lai(m)a;(n), ak(p)a,*(t)] lzém —tax(p)aj(n) +8i6n, —rax(p)ai(m),
lai (m)a’ (n), ax(p)aj (t)]- = =811 —rar(p)aj(n) + 8 kn - pai (maj (1),
la; (m)a(n), a; (p)a; (1)]- = 115 —ta; (p)aj(n) = 8ixdm,—paj(maj (t),
La; (m)a’s(n), @} (p)aj (1)) =
la;(m)a;(n), a; (p)a) ()]- = —8iudm,—1af (p)a;(n) + 8ixm,—paj (t)a;(n)
+8k6n,—pai(m)aj (t) — 818y, —rai (m)a; (p)
= 8i18m,—ra;(m)a; (p) — 818, —ra; (m)a; (p)
+8k8n,—pai(m)a; (t) — 8ixm,—paj(n)a; (t)
+ 8ik0810m,— pOn,—t — 8118 jkOm,—10n,—p-
Proposition 3.2. In the Weyl algebra a(N, —1) case, the subspaces of quadratic
operators are closed under the Lie bracket |-, -]_. We have the commutator

relations

lai(m)a;(n), ax(p)ai(t)]- =0,
lai(m)aj(n), ar(p)a; ()= = 8i18m,—rar(p)a;jn) + 88, —ar(p)a;(m),
[a; (m)a’ (n), ax(p)aj (1)]- = 8i18m,—rak(p)a; (n) — 8 jxdn,— pai(m)ay (t),
lai (m)a’(n), ag (p)aj (1)]- = 8i18m, —rag (p)aj (n) + 8ikdm,—pa; (n)aj (1),
la; (m)a’ (n), a; (p)a; (t)]- =0,
[ai (m)a;(n), a; (p)a; ()] = 8i18m,—1a;(n)a; (p) + 8ikSm.—paj (t)a;(n)
+ 8160, —1ai (m)a; (p) + 8 jxbn,— pay (t)a; (m)
= 8i18m,—1aj(n)ai (p) + 818, —ra;(m)a; (p)
+ 8k8n,—pai(m)aj (t) + 8ikSm,— pa;j(n)a; (1)
—8ik810m,— pOn,—t — 8118 jkSm,—1On,—p-

Remark. The subspaces of fermionic or bosonic quadratic operators are not closed
under [ -, - ]_, then we see that the fermionic or bosonic quadratic operators can

only correspond to even root vectors.

In the tensor product algebra o(N, +1) ® a(N, —1) case, we will identify
u(m) @ v(n) = u(m)v(n). Then we have

Proposition 3.3. [fwe express the generators of (N, +1) and a(N, —1) by a; (m),
a}‘ (n) and e; (m), e’;(n) respectively, we get, for the quadric operators a;(m)®e;(n),
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a;(m)® e;‘f (n), a’(m)®ej(n) and a;(m) @ ej (n), the anticommutation relations

lai(m)e;(n), ax(p)ei(t)]+ =0,
(3-4)  [ai(m)e;(n), af (p)ei()] = 8ixbm,—pej(n)e (1),
[a;(m)ej(n), ax(p)e] ()] = 8;i8n,—rai(m)ar(p),
(3-5)  lai(m)e;(n), ai(p)e; ()] = 8ikSm,—pef (t)ej(n) + 818, —ra; (m)a; (p)
= 8ikOm,—pej(me; (t) + 818, —ra; (m)ai (p)
—8ik8j10m,— pOn, 1
[a; m)e’ (n), ax (p)e] (D11 =0,
lai (m)e; (n), a; (p)er(t)]+ = 8ikbm,—per(t)e(n) — 818y, —rai (m)ag (p),
[a; (m)e*(n), af (e (D] = b pe’(mef (1),
[a] (m)e;(n), a; (p)ei(t)]+ =0,
[a; (m)e;(n), a; (p)ef 1))y = 8j16n,—sa; (m)a; (p),
[a} (m)e"(n), @} (p)e; ()] =0.

Proof. We only check (3-4) and (3-5):

lai(m)e;(n), a; (p)ei(t)]+ = ai(m)ej(n)a; (p)ei(t) + a; (p)ei(t)a;(m)e;(n)
= a;j(m)e;j(n)a; (p)ei(t) + 8ixbm,—pe;(n)e(t)
—ai(m)a; (p)ei(t)e;(n)
= 8ikSm,—pej(n)e(t);
[ai(m)e;(n), ai (p)e] ()] = ai(m)e;(n)a; (p)ej (t) + a; (p)ef (t)a;(m)e;(n)
= a;(m)e;j(n)a; (p)ei(t) + Sixdm,—pe; (t)e;(n)
—aj(m)a; (p)ef (t)e;(n)
=a;(m)ej(n)a; (p)e; (t) + 8ikSm,—pe] (t)e;(n)
—aj(m)ai(p)ej(n)e; (t) +818n,—1ai (m)aj (p)
= 8ikOm,—pej(n)e; (t) + 8 18n, —rai (m)ai (p)
—8ik8j18m,— pOn,—1-

The proofs of the others are similar. O

As in [Feingold and Frenkel 1985; Gao 2002], let (N, p)™ be the subalgebra
generated by a; (n), a;.‘(m), a;(0) forn,m >0and 1 <i, j,k <N.Leta(N, p)~
be the subalgebra generated by a; (n), a;‘ (m), ax(0) forn,m <Oand 1 <i, j,k<N.
Those generators in a(N, p)* are called annihilation operators while those in
o (N, p)~ are called creation operators. Let V (N, p) be a simple a(N, p)-module
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containing an element vg , called a“vacuum vector” and satisfying
o (N, p)+v6) =0.
So all annihilation operators kill vg and
V(N, p)=a(N, p)_vg.

The normal orderings of the mixed quadratic elements are given as follows:

:ai(m)ej(n): = a;(m)ej(n),  :ai(m)e;(n): = a;(me;(n),

:af (m)ej(n): = ai(m)e;(n), :a;k(m)e’;-(m): = ai*(m)e;f(m).
We see that the (N, +1) ® (N, —1)-module

VIN) =V((N,+1)Q VN, —-1) =a(N,+1) @a(N, —1)1)6r v,

is simple.
Motivated by Propositions 2.3, 3.1, 3.2, and 3.3, we let

hij(m,n) = Zq_'”:a,- (m—s)ej(s): + Zq_”:a;‘(s)e?‘(m —5):.

seZ seZ

Lemma 3.4.

[hij(m, n), hy(p, )]+
=819 Zq_(””)s{:ak(m +p—s)aj(s):+:ej(s)e;(m+p —s):}

seZ

+85eq" Y q~ " ai(m+ p — $)af (s): + er(s)ef (m+ p — 5):}.
seZ

Proof. First we have
[hij(m, n), hu(p, )]+
=81 Y 4T M sy i (p = 52)€j(51) + sy —syak (p — 52) (51))

S1,52€Z

+ 8jk Z q_ml_mz{ssl,sz—pe?{(m - S1)€[(S2) + (Ssl,sz—pai (m — sl)a[*(SZ)}-

S1,52€Z

Secondly notice that
er(p—s2)ej(s1) =ej(s)ef(p—s2) = 8ibs, 50— p>
and by the property (3-3) of the normal ordering we have

ar(p —$2)aj(s1) = :ax(p — $2)a; (s1): + 8 ks, 5,— p0 (P — 52 = 51),
ej(s1)er(p —s2) = :ej(s1)e; (p — 52): + 8 kb5, 5— p0 (51 + 52 — p).
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Then

e (p—s2)ej(s1) +ak(p —s2)aj(s1) = :ax(p — 52)a; (s1): +:e;(s1)eg (p — $2):
+ 68185y, 55— pO (51 + 52— p)
+68k0s;,5,—pt (P — 51 — 52) — 8k 05, 50— p
= ax(p — s2)aj(s1): +:ej(s1)e; (p — 52):
since O(s;+s2 — p)+60(p —s1—s2) = 1. We get
[hij(m, n), b (p, D]+
=8it ) 47" T8 [k (p=s2)a (s1): + 2 (sD)ef (p—s2):)

S1,52€Z

F8jk Y g T8 g pliaim—s1)af (s2): + €] (m — s1)ei(52):)

S1,2€7Z

=819 Z g~ " a(m+-p—s)a’i(s): + e (s)ej (m+p—s):}

seZ

+ Sjkq”qu_("H)s{:a,- (m+p—s)aj (s): +:e(s)ef (m+p—s):}. O
seZ

Comparing with Proposition 2.3, let

gij(m,n) = Zq"”:ai (m — s)af(s): + Zq_’”:ej(s)e?‘(m —5):.

seZ seZ
Then we only need to check the remaining Lie brackets (2-2) and (2-4).

Lemma 3.5.
[gij(m,n), hi(p, D)]- =8kq" hif(m + p,n+1) — 8¢ hy;(m + p, n +1).

Proof. Notice that removing the normal ordering has no effect on Lie bracket; then
we have

[gij(m, n), hia(p, D)= =Y ¢ " [a;(m —s1)a}(s1) +e;(s)ef (m—s1),
S1826Z ax(p — s2)ei(s2) + af (s2)e (p — s2)] .
Secondly, for [a; (m — sl)a;‘ (s1), ax(p — s2)e;(s2)]— we have

[a;i (m — s1)a (s1), ak(p — s2)er(s2)]— = 8 k85, 5o— p@i (m — s1)ei(52).
Similarly, we have

lai(m —s1)aj(s1), @] (s2)e; (p — $2)]— = —8i18m—s,,—5,a; (S} (P — 52),

lej(s1)e; (m —s1), ar(p — s2)e(s2)]— = —8i18m—s,,—5,€j (s (p — 52),

lej(sp)ef (m —s1), a (s2)ef (p — $2)]— = 8i8s,,5,—pa] (s2)e€] (M — 51).
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Then we replace s; or s in the above four terms by s:

[gij(m,n), hyy(p, £)]-i
=68q"" Z g "5 (@i (m + p — $)e(s) +af(s)ef(m+p—ys))

seZ
—8ug"™ Y q~ " (am+ p —s)ej(s) +aj(s)ef(m+p—s))
seZ
=8xq"hy(m+ p,n+1)— 89" hij(m + p,n+1). O

Lemma 3.6.

[gij(m,n), gu(p. ]- =8xq"gi(m+ p,n+1) — 819" gj(m + p,n+1).

Proof.

[gij(m, n), gu(p, D= = D q 7" " [a;(m—s1)a}(s1)+e;(s1)ef (m—s1),
S],SzEZ

ar(p — s2)aj (s2) + e (s2)e (p — 52)]

Then, for [a; (m — sl)a;‘f (s1), ar(p — s2)a; (s2)]—, by using Proposition 3.1 we have
[ai (m — s1)a’ (s1), ak(p — s2)a] (s2)]-
= _8il‘smfsl,fszak(p - SZ)aj(sl) + Sjkasl,szfpai (m— sl)al*(SZ)-
Using Proposition 3.2,
[ej(sD)ef (m —s1), er(s2)eg (p —s2)]-
= —8i18m—s,,—s,€j (S1)ex(p — $2) + 8k By, s,—per(s2)e; (m — s1).
Clearly,
[a; (m —s1)a’ (s1), e1(s2)e; (p —s2)]- = [ej(s1)ej (m —s1), ax(p —s2)a) (s2)]- = 0.
From (3-3) and (3-2), we have
ar(p — $2)a;(s1) = :ar(p — 52)a; (s1): + 8 &8s, 5, pO (P — 51 — 52),
ej(seg(p—s2) =:ej(s1)eg(p —$2):1 4818y, 5,—p0 (51 + 52 — p),
ai(m —spaj (s2) = :a;(m — s1)a; (52): + 8i18,u—5,,—5,0 (M — 51 — 52),

e(sp)ef (m —s1) =ei(s2)e; (m — 1)1+ 8i18m—s,,—5,0 (1 + 52 —m),
O(p—s1—52) +0(s1+s2—p) = 0(m—s1—s2) +0(s1+s2—m) = 1.
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So

—8i18m—s),—s5 k(P — 52)a@7 (51) + 8 kS5, 5,— p@i (M — 51)a1] (52)
—8i8m—s,,—s,€j (s1)ef (P — 52) + 8k 85, s per(s2)e] (m — s1)
= 8k8s,5—p (:ai (m — s1)aj (s2): + :e1(s2) €} (m — 51):)
—8it8m—s1.—s, (:a (P — $2)a@ (51): + ¢ (s1)ef (p — 52):).
Then we get

[gij(m, n), gu(p,1)]-
= Y g T8 k8s 50— p (@i (m — s1)af (s2): + cer(s2)ef (m — 51):)

S1,526Z
- (Silgmfsl,fsz (iak(P - SZ)a;f(sl): + €j (Sl)e]t(p - SZ):)}-
Now we replace s; or s, in the above terms by s; we get
[gij(m,n), gu(p,1)]-
=8kq"™ ) g~ " (@i(m + p = 5)af'(s) +ei(s)e; (m+ p —s))

SEZ
—8ug™ Y q~ " (a(m + p —5)ai(s) +ej(s)ef (m+ p —s))
seZ
=38kq" gu(m+p,n+1) =819 grj(m~+ p,n+1). O

Although g;;(m, n) and h;;(m, n) are infinite sums, they are well defined as
operators on V (N) since at most finitely many terms can have a nontrivial action
onany v € V(N) =a(N,+1)Qa(N, —l)var Qv -

Then from Lemmas 3.4, 3.5 and 3.6 we have:

Theorem 3.7. V(N) is a module for the Q(N—1)-graded Lie superalgebra Q
under the action given by

7(gij(m,n)) = gij(m,n),
7 (hij(m, n)) = h;j(m, n),

forallm,neZand1<i, j <N.
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CONJUGACY AND ELEMENT-CONJUGACY
OF HOMOMORPHISMS OF COMPACT LIE GROUPS

YINGJUE FANG, GANG HAN AND BINYONG SUN

Let G be a connected compact Lie group. Among other things, we prove that
the following are equivalent. (a) For all connected compact Lie groups H
and all continuous homomorphisms ¢, ¢’ : H — G, if ¢ (h) and ¢'(h) are
conjugate in G for all h € H, then ¢ and ¢’ are G-conjugate. (b) The Lie
algebra of G contains no simple ideal of type D,, (n > 4), E¢, E7, or Eg.

1. Introduction

Let G and H be two topological groups, and let ¢, ¢’ : H — G be two continuous
homomorphisms. We say that ¢ and ¢’ are conjugate if there is an element g € G
such that

gdp(hg ' =¢'(h) forallhe H.

We say that they are element-conjugate if for every h € H, there is a g € G such
that

gp(g ' =¢'(h).

Clearly, conjugate homomorphisms are element-conjugate. Conversely, we are
interested to know to what extent the following statement holds.

q8) If ¢ and ¢’ are element-conjugate, then they are conjugate.

This is closely related to the failure of multiplicity one for the cuspidal spectrum
of reductive groups over number fields (see [Blasius 1994, Section 1.1; Lapid
1999, Section 3; Arthur 2002, page 471; Lafforgue 2014, Section 0.8]). Some
counterexamples to (1) are used to construct nonisometric pairs of isospectral
manifolds (see [Larsen 1996, Theorem 2.7]).

We say that G is H-acceptable if (1) holds for all continuous homomorphisms ¢
and ¢’. M. Larsen [1994] defined G to be acceptable if it is H-acceptable when-
ever H is finite. In [Larsen 1996], he classified acceptable, connected, simply
connected compact Lie groups. In this paper, we are more concerned with the

B. Sun was supported by NSFC Grants 11321101 and 11525105.
MSC2010: 22EA46.
Keywords: element-conjugacy, conjugacy, compact Lie group.
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statement (1) when both G and H are connected compact Lie groups. This is more
relevant to the classification of reductive subalgebras of semisimple Lie algebras, as
studied in [Dynkin 1952; Liebeck and Seitz 1996; Malcev 1944; Minchenko 2006].

It was essentially known to Dynkin how counterexamples to (1) can be con-
structed when G is a simple compact Lie group of type D,,, with n > 4 (see [Dynkin
1952, Theorem 1.4]; see also [Wang 2012]). M. Liebeck and G. Seitz [1996] found
a counterexample when G is simple of type Eg, and H is simple of type A,, in the
setting of algebraic groups. For Lie algebra homomorphisms from a semisimple Lie
algebra to a simple Lie algebra of type Eg, E7 or Eg, all counterexamples of the Lie
algebra analogue of (1) are listed in [Minchenko 2006, Table 9] (see Lemma 3.6).

Based on the main result of [Minchenko 2006], we prove the following theorem
for connected compact Lie groups.

Theorem 1.1. Let G be a connected compact Lie group. Then the following are
equivalent. (a) The Lie algebra of G contains no simple ideal of type D, (n > 4), Eg,
E7 or Eg. (b) The group G is H-acceptable for all connected compact Lie groups H.

As a byproduct of the proof of Theorem 1.1, we get the following theorem for
classical Lie groups.

Theorem 1.2. Let G be a classical Lie group, that is, G is GL,(R), GL,(C),
GL,(H), U(p, ¢), O(p, @), On(C), Sp,,(R), Sp,,(C), Sp(p, q) or O*(2n), where
p.q,n > 0. Then G is H-acceptable for all compact Hausdorff topological
groups H.

By convention, when n = 0 or p 4+ g = 0, the corresponding classical group of
the above theorem is the trivial group, and the theorem is trivial in this case.

2. Classical Lie groups

In the rest of the paper, let H be a compact Hausdorff topological group. By abuse
of notation, we do not distinguish a representation from its underlying vector space.
All representations are assumed to be complex, finite-dimensional and continuous.

Classical complex groups. We begin with the following classical result.
Proposition 2.1. The complex general linear group GL,,(C) (n > 0) is H-acceptable.

Proof. This is well known. Let ¢, ¢’ : H — GL,,(C) be two continuous homomor-
phisms, to be viewed as two n-dimensional representations of H. If they are element-
conjugate, then they have the same character. By the classical character theory of
representations of compact groups, these two representations are isomorphic. This
is the same as saying that the homomorphisms ¢ and ¢’ are conjugate. (]
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We define an orthogonal representation of H to be a representation V of H
together with an H-invariant orthogonal form (-, -) on it. Here by an orthogo-
nal form, we mean a nondegenerate symmetric bilinear form. Two orthogonal
representations (V, (-, -)) and (V’, (-, -)) are called isomorphic if there is an
H -intertwining linear isomorphism from V to V'’ which sends (-, -) to (-, -)".

Similarly, we define the notions of symplectic representations and isomorphisms
of symplectic representations. The next result is well known (see [Malcev 1944]).

Proposition 2.2. Let (V, (-, )) and (V', (-, -)) be two orthogonal (symplectic)
representations of H. If V and V' are isomorphic as representations of H, then
(V,(-,-)and (V', (-,-)) are isomorphic as orthogonal (symplectic) representa-
tions.

It is clear that Propositions 2.1 and 2.2 imply the following result, which is stated
and proved in [Larsen 1994, Propositions 2.3 and 2.4], in the setting that H is a
finite group.

Proposition 2.3. The complex orthogonal group O, (C) and the complex symplectic
group Sp,, (C) (n > 0) are H-acceptable.

Maximal compact subgroups. Let G be a Lie group with finitely many connected
components. Let K be a maximal compact subgroup of G, which always exists
and is unique up to conjugation [Borel 1998, Chapter VII, Theorem 1.2(i)]. Write
iy : K — G for the inclusion map.

Lemma 2.4. Let ¢, ¢ : H — K be two continuous homomorphisms. Write
¢:=igopy and ¢ =iy o). Then
(a) ¢ and ¢’ are conjugate if and only if ¢ and ¢, are conjugate, and

(b) ¢ and ¢' are element-conjugate if and only if . and ¢}, are element-conjugate.

Proof. We only prove (a), since (b) can be proved by the same method, and is also
implied by (a). The “if”” part of (a) is obvious. We prove the “only if”’ part below.

Write “Ad” for the conjugation action. By [Borel 1998, Chapter VII, Theo-
rem 1.2(ii)], there is a closed analytic submanifold E of G such that

2) Ady(E)=E foralkeKk,
and every g € G is uniquely of the form
3) g=ke, withkeK,eckE.
Assume that ¢ and ¢’ are conjugate, i.e., there is an element g in G such that

¢/=Adgo¢.
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Write g = ke as in (3). Then
Ady-10¢' =Ad,0¢.
Let h € H and put
ki = (Adi-109")(h), ky:=¢(h).

Then k1, k; € K and
ki = Ad.(k2),
or the same,
kie =kj Adkz—l (e).

Now (2) and the uniqueness of the decomposition (3) imply that k; = k. This
proves that Ad;-1 0 ¢’ = ¢, and thus ¢ and ¢}, are conjugate. ([

The following result generalizes [Larsen 1994, Proposition 1.7].
Proposition 2.5. The group G is H-acceptable if and only if so is K.

Proof. Let us prove the “if” part first. Assume that K is H-acceptable, and let
¢,¢ : H— G be two continuous homomorphisms which are element-conjugate.
We need to prove that ¢ and ¢’ are conjugate. Since every compact subgroup of G
is conjugate to a subgroup of K, we assume without loss of generality that the
images of ¢ and ¢’ are both contained in K. Let ¢, and ¢}, be as in Lemma 2.4 so
that ¢ :=i, o ¢y and ¢’ := iy o ¢}. Then Lemma 2.4 implies that ¢, and ¢} are
element-conjugate, and they are conjugate since K is H-acceptable. This implies
that ¢ and ¢’ are conjugate.

To prove the “only if” part, we assume that G is H-acceptable. Write ¢, ¢/,
¢k and ¢ as before. Assume that ¢, and ¢} are element-conjugate. Then ¢
and ¢’ are element-conjugate, and therefore conjugate since G is H-acceptable.
Now Lemma 2.4 implies that ¢, and ¢} are conjugate. This proves that K is
H-acceptable. U

Corollary 2.6. The compact groups U(n), O(n) and Sp(n), where n > 0, are
H-acceptable.

Proof. Note that U(n), O(n) or Sp(n) is a maximal compact subgroup of GL,, (C),
0,(C) or Sp,, (C), respectively. Therefore the corollary is a consequence of Propo-
sitions 2.1, 2.3 and 2.5. |

The following lemma is obvious.

Lemma 2.7. Let G| and G, be two topological groups. Then G| x G, is H-
acceptable if and only if so are both G| and G».
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Now we come to the proof of Theorem 1.2. When G is GL,(R), GL,(C),
GL,(H), O(p, q), 0,(C), U(p, q), Sp(p. q), Spa,(R), Sp,,(C) or O*(2n), its
maximal compact subgroup is O(n), U(n), Sp(n), O(p) x O(q), O(n), U(p) x U(g),
Sp(p) xSp(q), U(n), Sp(n) or U(n), respectively. By Corollary 2.6 and Lemma 2.7,
all these compact groups are H-acceptable. Therefore G is H-acceptable by
Proposition 2.5. This proves Theorem 1.2.

We record the following two results for later use.

Corollary 2.8. The compact groups SU(n) and SO(2n + 1), where n > 0, are
H-acceptable.

Proof. By Corollary 2.6, the groups U(n) and O(2n + 1) are H-acceptable. Then
the corollary follows by noting that every inner automorphism of U(n) or O(2n+1)
restricts to an inner automorphism of SU(n) or SO(2n + 1), respectively. O

The following lemma is obvious.

Lemma 2.9. If G is commutative, then it is H-acceptable.

3. A proof of Theorem 1.1

In this section, we concentrate on connected compact Lie groups.

Lemma 3.1. Let ¢, ¢' : H — G be two continuous homomorphisms of connected
compact Lie groups. Then they are element-conjugate if and only if ¢|s and ¢'|s
are conjugate, where S is a maximal torus in H.

Proof. This is because § is topologically cyclic, and every element of H is
H-conjugate to an element of S. (]

Lemma 3.2. Let p: G—>Gbea surjective continuous homomorphism with finite
kernel of connected compact Lie groups. Let ¢, ¢’ : H — G be two continuous
homomorphzsms of connected compact Lie groups. Then ¢ and ¢’ are conjugate if
and only if p o d) and p o ¢ are conjugate, and ¢ and ¢’ are element-conjugate if
and only if p o and p o ¢’ are element-conjugate.

Proof. The first assertion easily follows from the observation that
¢p=¢  ifandonlyif pod=pod.

We leave the details to the reader. The second assertion is a consequence of the first
one and Lemma 3.1. ]

Lemma 3.3. Let G and G’ be two connected compact Lie groups with isomorphic
Lie algebras. If G is H-acceptable for all connected compact Lie groups H, then
sois G'.



80 YINGJUE FANG, GANG HAN AND BINYONG SUN

Proof. Note that G and G’ have a common finite fold covering group, that is, there
is a connected compact Lie group G, and surjective continuous homomorphisms
ol G — G and o' G — G’ with finite kernels.

Assume that G is H-acceptable for all connected compact Lie groups H. Let
b1, ¢~52 H — G be two element- -conjugate continuous homomorphisms. Then
p o) and p o, are element-conjugate. Therefore by the assumptlon on G, po¢
and p o ¢, are conjugate. Therefore by Lemma 3.2, $1 and ¢, are conjugate. This
shows that G is H- acceptable for all connected compact Lie groups H.

To prove that G’ is H-acceptable for all connected compact Lie groups H, we let
¢1, ¢, - H— G’ be two element- conjugate continuous homomorphisms. Then there
is a connected compact Lie group H, with a surjective continuous homomorphlsm
Py - H — H with finite kernel, and two continuous homomorphisms ¢1 ¢2 H—G
such that the diagram
AN

N
—
N

Q —
b\

#; ,
—_—

S

commutes (i =1, 2).

Since ¢ and ¢} are element—conjugate, we knO\iV that ¢} o p,, and @5 o p,; are
element- conjugate or equivalently, p' o¢; and p’ o ¢} are element- conjugate Then
by Lemma 3.2, qbl and ¢2 are element- conjugate Therefore ¢’ | and ¢2 are conjugate
since G is H- -acceptable. Thus p’ o ¢1 and p’ o ¢2 are conjugate, or equivalently,
@1 0 py and @) o p,, are conjugate. This implies that ¢} and ¢}, are conjugate. Thus
G’ is H-acceptable. O

We say that two homomorphisms ¢, ¢’ : h — g between two finite-dimensional

complex Lie algebras are conjugate if there is an inner automorphism ¢ of g such
that p o p = ¢’.
Lemma 3.4 [Minchenko 2006, Theorem 3; Dynkin 1952, Theorem 1.1]. Let g be
a simple complex Lie algebra of type G, or Fy. Let §) be a reductive complex Lie
algebra, and let ¢, ¢’ : h — g be two injective Lie algebra homomorphisms whose
images are reductive Lie subalgebras of g. If ¢|s and ¢'|s are conjugate, then ¢
and ¢’ are conjugate, where s is a Cartan subalgebra of b.

Recall that a Lie subalgebra of a finite-dimensional complex Lie algebra g is
said to be reductive if its adjoint representation on g is completely reducible.
Lemma 3.4 has the following consequence.

Proposition 3.5. Let G be a connected compact Lie group whose complexified Lie
algebra is simple of type Gy or Fy. Then G is H-acceptable for all connected
compact Lie groups H.



CONJUGACY AND ELEMENT-CONJUGACY 81

Proof. Let ¢, ¢' : H— G be two element-conjugate homomorphisms. We want to
show that they are conjugate. Note that ¢» and ¢’ have the same kernel. Replacing H
by its quotient by the kernel, we assume without loss of generality that both ¢
and ¢’ are injective. Let S be a maximal torus in H. Write c; : G — G for the
universal complexification of G, which is injective (see [Hochschild 1966]). Write
5, b and g for the complexified Lie algebras of S, H and G, respectively.

By Lemma 3.1, ¢|s and ¢'|s are conjugate. Therefore their complexified differ-
entials

d(¢ls):s—>g and d(¢'ls):s—>g
are conjugate. Then Lemma 3.4 implies that the complexified differentials
d@):h—g and d@):h—g
are conjugate. This implies that the homomorphisms
cgo¢p:H—>Ge and cgz0¢ :H— Gg

are conjugate. Since G is a maximal compact subgroup of G¢, Lemma 2.4 implies
that ¢ and ¢’ are conjugate. This proves the proposition. U

Lemma 3.6. Let g be a simple complex Lie algebra of type D,, (n > 4), Eg, E7 or Eg.
Then there are a semisimple complex Lie algebra ty and two nonconjugate injective
Lie algebra homomorphisms ¢, ¢’ : § — g such that ¢|; and ¢’|s are conjugate.
Here s is a Cartan subalgebra of 1.

Proof. The lemma is a consequence of [Dynkin 1952, Theorem 1.4] when g has
type D,, (n > 4) and a consequence of [Minchenko 2006, Theorem 7] when g has
type Eg, E7 or Eg. O

Lemma 3.6 has the following consequence.

Proposition 3.7. Let G be a connected compact Lie group whose complexified Lie
algebra is simple of type D,, (n > 4), Eg, E7 or Eg. Then G is not H-acceptable for
some connected compact Lie group H.

Proof. Write g for the complexified Lie algebra of G. Let b, 5, and ¢, ¢’ : h — g
be as in Lemma 3.6. As in the proof of Proposition 3.5, write ¢ : G — G¢ for
the universal complexification of G. Let H¢ be a simply connected, connected
complex Lie group whose Lie algebra is identified with . Then ¢, ¢ integrate to
holomorphic homomorphisms

€] Ve, ¥ : He — Ge.

Take a maximal compact subgroup H of Hg, and a maximal torus S in H
such that the complexified Lie algebra of S equals s. Replacing ¢ and ¢’ by their
conjugations by appropriate elements of G¢, we assume without loss of generality
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that yyc(H) C G and lﬁq’:(H ) C G. Then the homomorphisms in (4) restrict to two
homomorphisms
v,y H — G.

Since ¢ and ¢’ are nonconjugate, we know that ¢ and V(. are nonconjugate,
which implies that ¢ and v’ are nonconjugate. On the other hand, since ¢|s and ¢’|s
are conjugate, we know that {/c|s and 1/’{;| s are conjugate. Then Lemma 2.4 implies
that ¥ |s and v'|g are conjugate. This implies that 1y and v’ are element-conjugate
by Lemma 3.1. This proves the proposition. ([

Finally, in view of Lemmas 3.3 and 2.7, Theorem 1.1 is a consequence of
Lemma 2.9, Corollaries 2.6 and 2.8, and Propositions 3.5 and 3.7.
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ENTIRE SIGN-CHANGING SOLUTIONS
WITH FINITE ENERGY TO THE
FRACTIONAL YAMABE EQUATION

DANILO GARRIDO AND MONICA MUSSO
We show the existence of infinitely many finite energy sign-changing solu-
tions for the fractional Yamabe-type equation
4s
(=A)’u=|u|"-5u inR",

where n >3 and s € (%, 1).

1. Introduction

We are interested in the existence of finite energy sign-changing solutions to the
fractional Yamabe-type equation in R",

(1) (=AYu=ylul’'u inR"

where n > 3 and p is the fractional critical Sobolev exponent p = (n+2s)/(n —2s).
In (1), y > 0 is a constant chosen for normalization purposes as

r(=%)
Y=y
r(=*)
For any s € (0, 1), (—A)* is the nonlocal operator defined as
u(x) —u(y)
2) (—A)S(_x) =c(n,s)P.V. Anm
u(x) —u(y)

=c(n,s) lim
e—=0" Jrm\B(x,e) |X —

El

y|n+23

where P.V. stands for the principal value and

—(2s+%) F(% + S) )
I'(—s)

This nonlocal operator in R” can be expressed as a generalized Dirichlet-to-Neumann
map for a certain elliptic boundary value problem with local differential operators

cn,s)=m

MSC2010: 35360, 35J61, 35J75, 35R11.
Keywords: fractional Laplacian, energy solutions, Yamabe-type equation.
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defined on the upper halfspace R’jfl ={(x,t) : x e R", t > 0}, as we learn from
Caffarelli and Silvestre [2007]: given a solution u = u(x) of (—A)*u = f in R”,
one can equivalently consider the dimensionally extended problem for u = u(x, )
which solves
div(t!=>Vu) =0, in R%*,
{— lim, o dyt' "> 8,u(x,t) = f, on dR.,

where d is the positive constant d; =2>~!T"(s)/T'(1 — s). By finite energy solutions
of (1), we mean the following. Consider the Schwartz space S of rapidly decaying
C° functions on R", and for any 7 € S we denote by

1 —i&-x
Rn

the Fourier transformation of . We look for solutions u# of (1) in the energy space

Fr(é) =

DYR") = {u € L5 R : [(—A)3ull 2@ < 00},

s 1
where [[(—A)2u|| 2gny is defined by ([g. €% |Fu(€)|* d§)>, endowed with the
norm |[ul|ps@ry = || (—A)%u | L2(mny- These solutions correspond to critical points
of the functional

1w =3 [ 1cail -y 22 [, we@)
Rll
Following the work by Lieb [1983] —see also [Frank and Lieb 2010; 2012;
Carlen and Loss 1990] for alternative proofs — positive solutions to (1) are given
by the family of functions defined by

2 % n—2s —

for any 1 > 0 and & € R" Indeed these functions realize the Hardy—Littlewood—
Sobolev inequality, which states the existence of a positive number S such that for
all u € C*(R"),

S”u”LZ* (Rr)y = ”( A)ZM”LQ(RH

where 2* = p + 1 = 2n/(n — 2s). Indeed, these functions are the only positive
solutions to (1) under some decay conditions [Chen et al. 2006; Li 2004; Li and
Zhu 1995]. In particular, this is true if u € le(?c/ (=29 (R"), as shown in [Chen et al.
2006].

On the other hand, (1) can be read on the sphere S” C R"*!, after a stereographic
projection. Indeed, the inverse of the stereographic projection  : R" — S§" \ {S},
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where S =(0,...,0,—-1) € R+ defined by

n(y):( 2y l—lyIZ)
L+]y?" 1+]y?

is a conformal map and 7w*gy = U n%s(y) dy, where gg is the standard metric
on $" and U is defined in (3). In S§”, the fractional Laplacian (—A)*® reduces
to an elliptic pseudodifferential operator P& of order 2s with principal symbol
o2 (PE) = |& |§0s. In [Chang and Gonzélez 2011] a relation between this operator
and a Dirichlet-to-Neumann operator of uniformly nondegenerate elliptic boundary
value problems in the spirit of [Caffarelli and Silvestre 2007] is established. We
have 7*(L§°v) = U~"+2)/(1=29(_ A)*(U *v) for any v defined on S”. Thus u
is a solution to (1) if and only if w, defined by u = U n*w, solves

4) Agw +y((w|mSw—w) =0 in 5"

Positive solutions to (4) solve the so-called fractional Yamabe problem on the
sphere S". We refer to [Gonzélez and Qing 2013] for a general formulation of the
fractional Yamabe problem and results concerning its solvability.

Finite energy sign-changing solutions to (1), or equivalently (4), are poorly
understood.

The purpose of this paper is to give a first example of finite energy sign-changing
solutions to (1), in all dimensions n > 3, and for s € (3, 1): we build a solution
to (1) which looks like the solution U surrounded by k negative copies U properly
scaled and distributed along the vertices of a regular polygon with radius 1. Our
main result is the following theorem:

Theorem 1.1. Let n > 3 and s € (%, 1). Write R" = C x R"2 and let S}‘ =
(e2/7ilk 0), j =1, ..., k. Then for any sufficiently large k, there is a finite energy
solution to Problem (1) of the form

n—2s

2 U (! (x — &) +o(1),

k
() =U@) = > 1y

j=1
where N .
e (kzz”zz‘v Zj“‘”) (1+o(1)
j=1
Moreover,
®)) Jupy) =k +1DJWU)+0(Q).

Here O (1) remains bounded and o(1) — 0 uniformly as k — +oc.

The proof of the result consists in defining a first approximation and then showing
that a small perturbation of this approximation provides an actual solution to the
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problem. This is done by linearizing the equation around the approximation and
applying an invertibility theory for the linearized operator. In this step, we use the
nondegeneracy property of U proved in [Davila et al. 2013], which states that all
bounded solutions of the linear problem

n—+2s
n—2s

(=8¢ —y T UTT G =0

are linear combinations of

o Ux), forj=1,...,n,
and
n—2s
2
Indeed, the above functions belong to the kernel of the linearized operator, due to
the corresponding rigid motion under which (1) is invariant. These are the only
nontrivial elements of the kernel according to [Ddvila et al. 2013].
A second ingredient we take advantage of to produce an invertibility theory is the
symmetry of the configuration. This reflects into the fact that our approximation,
as well as our final solution, satisfy the symmetries

Ux)+x-VU(x).

2nj
(©6) u(y,y) =uet'y,y), j=1 k=L,
(7) u(ylvyzv9yj7',yn)=u(y17y279_yj79yn) ]=2’7n

Furthermore, they are invariant under Kelvin transform, namely

s—n y
u(y) = |yl M(IW)

The final step in the proof consists in adjusting properly the parameter p;. A
detailed description of the scheme of the proof is given in Section 2.

Let us mention that a very similar construction for finite energy, sign-changing
solutions to the classic Yamabe-type problem in R":

4 .
Au—+|u|"2u=0 inR",

namely when s = 1 in (1), has been done in [del Pino et al. 2011; 2013]. Indeed,
our result extends to the case s € (% 1), the construction done in [del Pino et al.
2011], from which we are inspired.

We learned recently of [Fang 2014], where the author constructs solutions to (1)
similar to ours, covering the whole range s € (0, 1). Nevertheless, in that case,
the concentration parameter p; is of order k= [Fang 2014, (2.4)], while our
concentration parameter is f1; ~ k=2, as k — oo. It is not clear to us how this choice
of the parameter’s rate provides a real solution to (1). Indeed, it is this choice of
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the parameter’s rate, in terms of k, that allows the author of [Fang 2014] to cover
the whole range s € (0, 1).

Our restriction on s is consequence of two inequalities: we need a certain power
of integrability g to be g < n in order to have a good first approximation when
estimated in proper norms, and at the same time we need ¢ > n/(2s) to guarantee
enough regularity. These constraints restrict us to s € (%, 1). We believe that our
construction should work in the whole range s € (0, 1), and in fact we think that
Wi ~ k=2 as k — oo, for the whole range s € (0, 1), but an invertibility theory
on different weighted Sobolev spaces is needed. We will treat this problem in a
forthcoming paper.

The rest of the paper will be devoted to the proof of Theorem 1.1.

2. Ansatz for the solution and scheme of the proof

This section is devoted to define a first approximation for a solution to (1) and to
describe the scheme of the proof of our result.

We start reminding that U defined in (3) is invariant under Kelvin transform,
namely

UGy) = y* " Uy ).
Even more, it can be proved that also the family of solutions

)

is invariant under Kelvin transform if and only if
E1° +p? =1.

Let k be a positive integer and define, for any j =1, ..., k, the k points

§ = M(ezm(j_])/k, 0,..., 0) eR®x R"2
where v > 0 is a positive number of the form

8
(8) u=—, withc<8<c!

k%’

for a certain constant ¢ > 0, independent of k, as k — co. Define

k
©) U =UQ) =) Upy), where Uy =1 T U™ - &)).

j=l1

For large values of k, which at the same time make the scaling parameters u very
small, we shall show that U, is a good approximate solution for (1). Observe that
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the function U, satisfies the symmetry properties (6) and (7). Furthermore, U is
invariant under Kelvin transform

Ui (y) = |y|*"U. (%)
[yl

This is consequence of a straightforward computation, using the fact that
pr+1E1> =1 forany j=1,... k.
We will show that (1) admits a solution of the form

u(y) =U.(y)+o(y)

where ¢ is small when compared with U,. It satisfies the symmetry conditions (6)
and (7), and it is invariant under Kelvin transform. Then (1) can be rewritten in
terms of ¢ as

(10) (—A)'¢ — py|UP~'¢ —E—yN($) =0,
where E is

(11) yE=lU=Y Ul (U= ) - (=Y u))
and

(12)  N(@)=|Us+ " (Us+ @) — U™ = UL Ui — p|ULIP 7.

The size of the error term E defined in (11) turns out to be relatively small, as
the number k tends to infinity, when estimated with proper norms. Let us fix a
number g > 7-; we define the weighted LY norm

17l = 141y D" 224 R g o)

Let n > 0 be a small and fixed number, independent of k. The error can be estimated
separately in the exterior region ) i { ly — &l > %} and then in each of the inner
regions {|y —§&;| < %}. Indeed, we shall prove that there exists a constant C such
that, for all £ large enough,

(13) A+ Iy D™ 2 E N Lo, (y—gy 1>y < Ck' 4.

Observe that, in order to have a small (in k) size for the error in the exterior domain,
we need ¢ < n. On the other hand, for regularity issue we will discuss later, we
assume that ¢ > 5-. The set of possible values for ¢, 5~ < g < n, is not empty since
we are considering s in the range s € (%, 1).
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If we change scale Ej(y) = M#E(éj + wy), in |y| < n/(uk), for any j =
1, ..., k, we have the following estimate for the error in each interior domain:

(14) I DD 22 E () gy <y < CRT

We shall prove the validity of estimates (13) and (14) at the end of this section.

In order to solve in ¢ the nonlinear Equation (10), we use a gluing method. Let
¢ be a cutoff function defined as follows: ¢(f) = 1fort <1 and ¢(t) =0 for t > 2.
We also defined ¢~ (¢) = ¢ (2t). Then we set

c(kn~ Nyl 72y =& lyl]) iflyl>1,

G = {;<kn—1|y—s,-|) if [y| < 1.

Observe that
G =¢ vy
A function ¢ of the form

k
(15) p=> ¢+

j=1
is a solution of the problem (10), pr0V1ded that we can solve the following coupled
system of elliptic equation in (¢1, ¢2, .. ¢k) and ¥:

(16) (=AY () — pyIU.Ig;d;

¢ (py|U*|P—‘z/f+E+yN(<5j+Z¢3i +w)) =
i#]
where j =1,2,...,k and

(17) (=A) 'y —pyUr~'y
k k

—~ <py(|U*|”‘1 —~ U”‘l)<1 —ZQ) + pyUr! Zg“j)w

Jj=1 j=1

—pyIULPT Y (A=),
j

—(1—é§j)(E+yN(g¢3j+¢>) =0

To solve the above coupled system, we follow the following strategy. First we
solve (17) in the unknown v/, assuming that ¢; are fixed functions satisfying

~ ~ 2mj .
(18) G 3, Y) =1y, Y, j=12,.. k-1,
(19) @1V Y20 e e os Vjs oo s ) =PI Y2 oo = Vs e s V) G =240,
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and the invariant condition under Kelvin’s transform,

(20) é1=y[*"d1(lyI 7 y).
Furthermore, we assume that

n=2s ~
(21) P1ll, <p where ¢p1=p 2 ¢1(81 + py).

We have the validity of the following result:

Proposition 2.1. There exist constants kg, C, pg such that for all k > kg, the fol-
lowing holds: Suppose that ¢;, j = 1,2, ..., k, satisfy conditions (18)—(21) with
o < po. Then there exists a unique solution v = WV (¢1) to (17) that satisfies the
symmetries
2nj
YY) =Yty y), j=12.. k=1,
VO, ooy Yoo V) =V O ooy = Vi ooy V), j=3,....n,

v o= y= "y (v 2y),

C
11l < s + Clnli

Moreover, the operator \V satisfies the Lipschitz condition
W (@) — V@D, < Cllg - ¢il..

Once we have the result of the above Proposition, under the assumption on ¢ 5
we have that all equations (16) reduce to just one, say that for ¢;. Then we will
find a solution to our problem if we solve

(22) (=AY'¢1 = py|UI1P " 1 —HE—yN(¢) =0 in R"
where
N = p(IU""'61 = U117 )y
+¢ (pw*v’—lwl) + N(él +Y i+ w«m)))
i#1
Rather than solving (22) directly, we shall first solve the corresponding projected
version of (22):

23) (=A@ —py|Ui/P' G —LE+yN(@) = UP ' Z,1 in R

where

: (G E +yN(@) Zysi

Cn+l = — '~
=15
/ Ul Zn+1
n

(24)
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and

(25) Zu1 () =p "2 Zyp (w0 (= £1))

Proposition 2.2. There exist constants kg, C such that for all k > ko, the following
holds: Let V(¢y) the solution predicted by Proposition 2.1. Then there exists
a unique solution ¥y = ®(8), cp+1 = cp+1(8) to (23) and (24), which depends
continuously on §. Moreover,

|®ll, <Ck™% and [N@),, <Ck 7,

k% —

for some fixed positive constant C.

To conclude our argument, we shall show the existence of a number § in the
definition of x in (8) so that the above constant ¢, is equal to zero. In this
way, we constructed a solution to (1) with the qualitative properties predicted by
Theorem 1.1.

Scheme of the paper. In Section 3 we prove some basic results on linear problems
in R". These results will be applied to prove Propositions 2.1 and 2.2 in Section 4.
Section 5 is dedicated to show the existence of § > 0 so that ¢, = 0, concluding
in this way the proof of our theorem.

We finish this section with the proof of estimates (13) and (14).

Proof of (13). This is in the region [ j{l y—§&il > %}. For any y in this exterior
region,

IEGW=C

k n722s 452 k n722s
0 5 1
+Y Yy .
= |y _ é:j|n—2s ) (,':1 |y _ sjln—2s>

for some positive constant C > 0. Since for any j fixed and |y —§&;| = % we have

1
((1 + P

Yl—ZS n—2.v

a L s : k—1
Z | |n 25 kn— 25 +Z |y %-lln 2s — <1+ Ckn72s’

i=1 i#]

then we conclude that

n—2s k

“w 1
E|<C .
PR
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Thus a direct computation gives

” (14 |y =2/ E HM(Ext)

(1+|y|)n+2s—2n/q) k 1

= ¢ LZZY 2)2 2
A+yH= =& leeo
k 1
n=2s 1+ |y t29g—2n 1 1
=Cu 22 Z(/ ( 20 2)2s (n—2s) dy
T\Jp-gl=p DTy =& 4
<k b g
K n t(n—=2s)q
k
— CM"}ZYk(k(n_Zs)q—n . 1),1l
< CM”’zzsk(n—Zs)—i-l—s 0

Proof of (14). This is in the inner region |y —§;| < %, for some j fixed. Observe
that if y is close to &;, then

Uj ~ O(M—(n—Zs)/Z)‘

For any y in this region, there exists ¢ € (0, 1) such that

E=p(%0+(—§:@+lﬂf1(—§:w+w0—wW+§:m.

i#] i#] i#]

We consider the change of scale Ej (y) = ,u%zx EE +uy), Iyl < ﬁ Therefore,
we obtain that for some ¢ € (0, 1)

~ n—2s [)—1
Ej(y) = p(—U(y) +z(§ Uy —p " E&—&))+u 7 UE +My)))
i#j

X (— Z Uy —n ' (& —&)) +M%U(Ej +/Ly))
i#j

2 UP(& + uy).

+) Uy —p ' G- ) —
i#]

Taking into account the configuration of the points &;, we have

i —Jjl
P

1§ — &l ~
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Furthermore, for i # j and |y| < %,
n—=2s
_ 2 & — & 2
Uy—-pn~'(G—§)=<C (
Y 1§ — &2 \ i + |y — (& — &)
Mn72skn72s
i =2
Moreover,
— — - n-2s n=2s
Y vo-pT G- s o and WU ) < O
i#j
for some constant C > 0. Thus we conclude that
5 kn72sMn72s 28
E; <C|{———F 2 ),
1) < ( e )
and we have an estimate of the error in the inner region
4252 =~
”(1 +IyD"TTTE () HLq{|y|<ﬁ}
o kn—2s n—2s a2
< C‘ (1+ [yt 5 (—“4 +u) .
T+1yl Lo{lyl< %)
Since ,
ki
[+ 0" 7 oy =€ AR
0
1 \(n—2s)g—n
=<()
ku
and ,
T
40>y gy < €f T
0
C( 1 )(H+ZS)q—n
< R
=\
it follows that
+25—2 & -2 —4
[+ D" 279 B30 gy ) < CKT 8L 4ET5).
This gives the proof of (14). O

3. Some linear problems

Let Lg be the linear operator defined by

Lo(¢) := (=AY (¢) — pyUP'¢ in R™
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As we know from [Davila et al. 2013], the set of bounded solutions of the
homogeneous equation Lo(¢) = 0 is spanned by the n + 1 functions defined by

Zi=0,U, i=1,....n, and Z,41=3(n—25)U~+x-VU.
We now establish a solvability result for the linear problem
Lo(¢)=h in R,

under proper orthogonality conditions on /4 and ¢. For this purpose, we introduce
the norm

(26) 1, =11+ 11" )l

Lemma 3.1. Assume q € (5;, 7). Let h be such that ||h||,, < oo and
/nUP—‘Zlhdx =0 foralll=1,2,...,n+1.
Then the equation
27) (=A)p—pUPlop=h inR"
has a unique solution ¢ with ||@||, < 400 such that
/ UP'Zipdx =0 forall1=1,2,...,n+1.

Furthermore, there exists a constant C > 0, depending only on q, s, and n, such
(28) ol < Clihll,.

Proof. Let H* be the completion of Cg°(R") equipped with the norm

P () —p(y) 2
161 s = \// B2 + f e dxdy

and let (H*, (-, -)pgs) be a Hilbert space with the product
(f(x) = fF(y))(glx) — g(y))

R |x — y[r+2s

(f’ g)HS =

Let us consider the subspace
= {qb € H*(R") such that /Up_1Z1¢dx =0, [=1,2,....,n+ 1}.
We consider the problem of finding ¢ € H such that

(—A>%¢(—A>%rdx—py/UP—1¢T+/ he—0 forallzeH:
Rn n n
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2n .
this variational formulation makes sense if we consider for instance & € L»+2, since
2n . . .
H*(R") — L= (R") continuously; see, for instance, [Di Nezza et al. 2012].
Let f € L#+2 (R"). By Riesz’s theorem there exist a unique ¢ € H such that

/(—A)i¢(—A)irdx+ frdx=0 forallt e H.
R~ Rn

Thus A(f) = ¢ defines a linear operator between L% (R™) and H. By the local
compactness of Sobolev embedding [Di Nezza et al. 2012] and the decay at infinity
of UP~1, we have that the map H — L5, ¢ > UP~'¢ is compact. Hence,
Fredholm’s alternative applies to the problem

(29) ¢ — A(pyUP~'¢) = A(h).
For h =0, we have Lo(¢) =0 and ¢ € H. Thus (—A)*¢ = pUP~'¢ in R"; hence,
Ur—(»e¢ k)

X — y|n—2s

’

P(x) = O’n,spy/‘

R |

for some explicit positive constant o, ;. We claim that ¢ is bounded. Indeed, let
8 > 0 be a fixed positive small number and write

Up—l Up—l Up—l
(30) —¢(_yz) =/ —¢(_)/2) / —¢(_yz) =0+ 1.
[R”lx - Y|" s [x—y|<é |x - )’|" s [x—y|>§ |)C - y|n s
We have
1
31) L<C|g| f ————-dy < C§”|¢|
* |x—y|<é |X - y|”_zs >

and, using the Holder inequality repeatedly,

n+2s

_2n_ n=2s _2n_
I, < (/ ( 1 >n2s> 2n (/ <Up_1¢>n+2x> 2n
H < - -
[x—y|>8 |X _yln—ZS [x—y|>é
2n n;"zx (17 1) 4
<C P U 4 = C”¢”L2n/(n ~25)
|x—y|>8 lx—y|>8

Choosing § properly small, we obtain that ¢ is bounded. We can now apply the
result in [Davila et al. 2013] and conclude that ¢ is a linear combination of the
functions Z;, I =1,...,n+ 1. Since ¢ € H we have that ¢ = 0. Fredholm’s
alternative implies that, for any A satisfying the orthogonality condition, a function
¢ € H solution to (29) exists.

Assume now that ¢ solves (27), we shall now show the a priori bound (28). We
first show that ¢ is bounded. First we have

25—2
101 2020 any < 10 gy < WA 2wz ony < QL YD 220 R ] g .
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Observe now that

-1
5(x) =%p/ U 90) MM/ _
R

n|x =y e Jx — y[n2

Fixing a small § > 0, we get

h(y) h(y) h(y)
/ _ yln—2s dy :f _ y|n—2s dy +/ _ yl|n—2s dy = Jl + ]2
Re |X — I —y|<s 1X — Yl —y|<s 1X — Y

with

1 J
= [.(W) 10 2o ey = C I o

since g > Z’Z—S, and

n—2s

1 2n
J2 =< </ —> ||h||L2n/(n+2s) =< C||h||L2n/(n+2s)-
\

x—y|>§ |x - y|2”

Thus, thanks also to (30) and (31), for all x € R",

B! < C8 116l ag + C 1D 20020 gy + 1l Loy + 1A i)
Choosing § small, we conclude that ¢ is bounded since
(32) 16100 = CUIDN 20020 gery + 12l o any + 1 200120
Next we show the decay rate at infinity of ¢. Consider
¢ =1y T"o(y[2y) and  h(y) =y h(y|7%y).

A direct computation shows that

(=AY —pyUP~'(»)¢=h on R"\ {0},
and

1PN g gy + 1D w20 gy = NN s oy 1D 20020 gy
AN Loy = 1L+ YD 74| Ly oy = 1]
Applying the estimate (32) to ¢, we get
11l 280,10 < 181z q@ry < C IR Lansinory + 12 Loy + 1N L2ninsne)
< CIBM aus20r oy + 1A o amy + 121l g
< C(I1]l s + 1l Lo ry) = Cll ]

Since [1[y1" 2@l ey o1y = 161l (a0.17)» We conclude that [|g]l, < Cllall,,. O
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Under further symmetry conditions on 4 and ¢, (27) can be solved without the
orthogonality conditions. For a general function ¢ defined in R", consider the
symmetries

(33) YE ) =TT, Y, j=1.2 k=,

and

(34) Yo YY) =Y, =YY, J=3,...,0,
together with invariance under the Kelvin transform

(35) YO =P Ay y).

Lemma 3.2. Assume that h satisfies (33), (34), and ||h||,,, < 0o. Furthermore, we
assume that

h(y) = |y h(ly|"%y).

Then (27) has a unique bounded solution ¢ = T (h) that satisfies symmetries (33),
(34), and (35). Moreover, there exists C depending only on q, s, and n such that

ol < Al

The proof of this result is very close to the proof of [del Pino et al. 2011, (4.19)].
We refer the interested reader to that reference.

For a later purpose, we need to establish a result like the one in Lemma 3.1 for a
linear operator more general then L.

Lemma 3.3. Let 2s < v < n. There exist numbers 8, C, depending on v, n such that
the following holds: If g, a, and ¢ are functions such that ||(1 4+ |y|")gll,, < +00,
[+ 1y )l < +00, and ||(14|y[*)all,, <8, and

n+1
(36) Lo@) +a()p =g+ Y aU’™'z in R,
=1
where
(37) / UP'Zip=0 foralll=1,...,n+1
and

(38) cl/ Up—lzfzf (aNp—gOYNZip forall l=1,...,n+1,
R~ R"
then

(39) 1A +13")¢llo < CHA+ Y1) gl oo
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Proof. By contradiction, let us assume the existence of functions ¢,, a,, g, and
constants ¢;' such that (36)-(38) hold, and

@) L+ 1yMgnllo =0, IA+IY")ullo =1, N1+ |y*)ally — 0.

Clearly, [|(1+|y]")angnllo — 0 and ¢;/ — 0, so without loss of generality we may
assume that a, =0 and ¢;/ = 0. We claim first that

énlloo = O-

Assume the opposite: there are numbers y, R > 0 and points x, such that

| (X)) >y, |xnl <R.

Passing to a subsequence, and arguing like in the proof of Lemma 3.1, we find
that ¢, converges in the energy space and locally uniformly over compact sets to a
bounded function ¢ 7# 0 with

Lo(¢o) =0, and /Up—1¢Zl=0 forall I,

which gives ¢g = 0. This is a contradiction due to the result in [Ddvila et al. 2013].
Thus we have that ||¢, ||, — O.

Next we shall show that ||(14|y]*">)é,[lec — O, thus getting to a contradiction
with (40), and the proof of the Lemma. Using the equation, we have that

-1
UP~()én(y) dy+o,H/ &n(y) J

y|n—2s

(41 ¢a(x) =0'n,sPV/

Re |x—y|r2 Re |X —

for some explicit positive constant o, . Since 2s < v < n, and taking into account
that ||(1 +|y[")gnlloc — O, as well as the behavior of U? —Lat infinity, there exists
a positive constant C, independent of n, such that

l[Dnll o + o(1) )
(L+1x]2) (14 [x[V=%)

for some o(1) — 0, as n — oo. Replacing the above estimate in (41) and repeating
the same procedure a finite number of times, we get that

Il +0(D)
(L [x[2)

|fn(X)| < C(

|fn(X)] = C

4. Proof of Propositions 2.1 and 2.2

Proof of Proposition 2.1. Let us fix functions qg j and we assume that they satisfy
the symmetry assumptions (6), (7) and the invariance under Kelvin transform

b1 = yI* "1y %y).
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Finally, we assume

(42) il < p.  where ¢y = p'" T ¢y (&1 + py).

for a small, fixed p > 0.
We next solve (17). To do so, we write it in the form

k
(=AY ) = pyUP~ O —y VOO — pyIUP ™Y (1= 8¢5 — M(y) =0,

Jj=l

=h
where
k k
V() = p(IULP - U*“)(l - ch) +pUPT Y G =it
j=1 j=1
=V =V
and

M) = (1 — ]é ;j) <E + yN(jZ: éj+ w))

A basic observation is that the function / as defined above satisfies the conditions
(33), (34), and ||2]| ., < oo. Furthermore, we have that

h(y) = [y "= h(|y|"%y).

Hence, we can define the linear operator T in the Lemma 3.2 and we can write our
problem (17) in fixed point as

43) Y= —T(vvf +py Uy (= 0)d; +M(w>) = M)
J

We notice that M is well defined in space X of continuous functions ¥ with
¥l < oo, and satistying

YY) = YT, Y, J=12 k-1,
YO, Yo ) =YO, o, =Y Yn), J=3,...,0,
¥ =yP "y 7).
We claim that

(44) VYD)l < Ck' "4 1y,

and

(45) uA S0 | =ck il
j=1
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We claim that if
Il + el <20,
then

(46) M), < C(k' "4

o P =N [}

Furthermore, for ¥, ¥, in X,

IM (Y1) = M(Y2) |l < CollYr — 2l

We can thus conclude that, for p small enough, the operator M defines a contraction
map in the set of functions ¥ € X with

(47) 1Vl < Cien2 +5'77).
From the estimate (47), we get the Lipschitz dependence
W (@) = V@D, < Cllg - ¢il..
We shall next show the validity of (44), (45), and (46).

Proof of (44). Consider

p—1

k
f(t)=’U_tZUj
j=1

By the mean value theorem,

[7—2 k k n—2s
|V1|<p(p—1)‘ —sZU (ZU,)gCUP—ZZ -
for por Sy—gr
Thus, if for all j, |y —&;| > {, then
n;ZS
Viy )| < Clly ll,U”~ WZW

Since {; =1on |y —&| < 1,

[+ D™ Vi oy = [+ D™V a0

(n—2s5)q

<Ck<f s d); T2
< —————dy
B 1)nB(0,2) |y — &1 *

< Ckp" T k"0 1y,
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< Ck'"4||¥],. On the other hand,

kk —

for some positive constant C. Thus ||V (y) ||

k
_n _
Vo llye = I+ YD 70 pUP™ D i Lo
j=1

k a \!

_2n _ q

5C</ (<1+|y|>”+25 curty w) dy)
B(0,1) i

with

2n k q ;
(4 [y > v yr-! w) dy)
([, >

UP=a(1 4 |y|)rt+299—2n 7
<cy j( / S dy) i,
B(&, 2 (I+1yD 4

< Ckl—" vl O

Proof of (45). Estimate (45) can be obtained arguing as in the proof of estimate
(44), after noticing that

n 2s

801 = CUDIIL - 0

Proof of (46). For the moment we shall assume that

1L+ Nl <20

for a p sufficiently small. Let us assume that |y —&;| > % for all j. First we recall
that

k
H (L4 (1 -y cj)E
j=1

= A+ E] g < CK' O

L4(R")
Then we find in this region
k k
‘N(Zqﬁ,ﬂp) <CU1’—2< quj +|¢|2>.
j=1 j=1
But
2 P pE 20012 2
Ur|y i =Cligil: U”ZW’ Uy < Uy
j=1
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Thus, we have

H(l + |y|>"+2°“3"(1 = ijzj) (yN(i é; +¢))

j=1 j=1 La®n
_
= H(l YD T (N9
L4 (Ext)
2 n42s—2 £ l‘Ln_ZS
“q [P
<ClpullZ | (1 +1y)"™> U (Z e +w)
=1 J L4(Ext)
Cun—ZS 5 )
= m”fﬁl Iz + Cll I
Using the above inequalities, we get
1MW), < CK' "0 +k' 2 |lg 12+ Clly |12, O

This concludes the proof of Proposition 2.1.

Proof of Proposition 2.2. In order to prove Proposition 2.2, we need to consider
the linear problem

(48) (=A@ — pyUP ' ¢—h(y) =co iU’ Zyyy in R

~ ) | iz
Znp1 (M =p" 2 Zyp(w ' (y—&)) and =
p—152

for a general function &, where

Lemma 4.1. Assume that h is even with respect to each variable y», . .., y, and it
satisfies the invariance

h(y) = [yI™" " h(ly|"%y)
Assume in addition that
ﬂ ~
h(y)=pn 2 h(§ +uny)

satisfies |||, < oo. Then (48) has a unique solution q; = T(ﬁ) that is even with
respect to each of the variables y», . .., y,, invariant under Kelvin’s transformations

() = y[* by ),
where ¢(y) = 1T g+ wy) and satisfies

dUP™'Z,11 =0.
Rn
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Moreover, there exists C such that

ol < CliAll,-
Proof. We consider ¢ and & such that

(—~AY¢— pylUI ' =h(y) in R", and / 721 =0,
The evenness of 4 in the last (n — 1) coordinates guarantees that

/hZZ=O, [1=2,...,n,n+1.

We have that to prove that f hZ; =0. Let
Rn

1) = /R W,y — 16D (y) dy.
We notice that

(49) (Sl)l/hal =9 1(t)|,_y= —(51)1/R3y1wu(y—€1)h(y)dy;

after a change of variable,

1(:)=/ wu<|y|2y—zsl>iz<|y|2y>|y|2"=Awu(,><y—a<z>sl>ﬁ(y>dy
where

ut t

M(t)_ and S(l‘)ZW.

U+ g 222

Hence,
(50) AT, =w) /R By — €0, h ) dy

(& /R By, wu (1)(y — ENA(y) dy = 0.
We can check that

/R Dy — )] _ iy dy = /R Zui1(Dh(y) dy =0

and s'(1) = 1 — 2|&|% Hence, using (49) and (50), we obtain fR" hzZ,=0. It
follows from Lemma 3.1 that there exists a unique solution ¢; for (48) with

fhzlzo, I=1,....on+1 and 6], <Clhl,..

Arguing by uniqueness, as in proof of Lemma 3.2, we find that ¢ satisfies the
corresponding symmetries. (]



106 DANILO GARRIDO AND MONICA MUSSO

We use the above lemma to solve (23) and (24). We consider the operator T

defined in the lemma. We are going to prove the existence of a solution to (23) by

a fixed point argument
(51) $1 =T (1 +yN(p)) = M(¢).
For any f we set f(y) = " %" f(€ + uy). Let

A =pa (UL~ = U1

For |y| < %,
k—1 1 2
|Fi()] < C<u"—2‘*k"—2‘2 R )U" Yol
j=1
and so

1F O < C(um2K2 4 T (k) "2 ], = C ¥ .

Analogously for f> = (¢ — 1)U" ™', in the region |y| < e

| f200] < UP |11,

hence || f2l,., < Ck™# i1l Now we consider f3 =1 p|U.|P~'W(¢1) on |y| < e

[fsl= €U <Ccurlus 9,

thus, _ n
/3 M4 _C/“‘I(II¢1|| +k'T0).

Now, for
fa= ClN(¢§1 + Z&i)‘lj(%)
i=

we notice that
N@)=(Vi+d)? = VP —pVP~'

where ¢(y) := "7 ¢ (& + py) and
k

V) =UM+ Y UG +u" G — &) —n' = U +uy)
i=2
with

k
p=¢1+> bi+ V(g
i=2
Therefore

|fal<C(UP 0"

).

’



ENTIRE FINITE ENERGY SIGN-CHANGING SOLUTIONS 107

and hence,
I Fall,y < C(w2 N1l + 12 (1l +k'~0)%).

Concerning f5 = ¢1 E, we recall that

5l < Cpa2.

The above estimates suggest that it is possible to apply a fixed point argument
of contraction type in the set of all continuous functions ¢; = ®(§) such that
l¢1ll, < Cu. This gives the existence and the estimate for ¢, satisfying

1o, < Ck ™1,

and

IN@),. < Ck 7.

Straightforward computations shows also the continuous dependence of ¢; = ® ()
and ¢, 41 on the parameter §. This concludes the proof of Proposition 2.2.

5. Conclusion

In this section we show the existence of § > 0 such that ¢,,11(8) = 0 in (23). Indeed
this fact guarantees that the function

U*+¢9

where U, = U — ) _ Uj is defined in (9) and ¢ = Zl;zl ¢;j + 1 is defined in (15), is
a solution for the original problem (1). Let

_n=2s _
Zps1 =0 2 Zni(w N (y —&1).
We recall that

-2
Zus1(y) =y VU + 57U
We need the existence of a § such that
(52) w1 = | QE+yN@1)Zps1 =0.

R»

Since we are assuming that s > %, we claim that

o0

~ n—2zas 1
(53) OEZnp1 = ASKS " (—2 22 (Z jn2s>5 + 1) +k'O(8)
Rn

j=1

and

(54) / YN @) Znsr =k~ 2K1 5 ©,(5),
Rn
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where ®(§) denotes a continuous function of §, which is uniformly bounded, as
k — oo. Since n —2s > 1 for any s € (%, 1), from (53) and (54) we obtain the
existence of a unique § solution to (52) with

00 -1
(2 (5 ) sou

j=1
What is left of this section is devoted to the proof of (53) and (54).

Proof of (53). We write
G EZys =/ E2n+l+/ (&1 — DEZy.
R R R

Expanding the first term, we get

/E2n+1=/E2n+1+f Ezn+1+Z/Ezn+1 =l + L+,
n By R”\UB ]7&1

where B; = B(§;, ). With the scaling x = 11y + & and writing

~ nt2s
E(y)=pn 2 E& +puny),
we get

/ EZpsi = / Ev) Zusi () dy.
By BO.2)
Thus

I =/ E\Zp1(y)dy
B0, %)
-1 —1
= —ypZ/ L UG =i G = E) Z
n—2s
+VPM2/ UP~ U + 1y) Zns1 dy
B0, ;%)
+yp f (UG sV = UV () Zys dy
B(0, —)

+VZ/ UP(y = (& — €)) Zn
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where

Vy) = (— Y UG- E—ED) +u" UG +My)>-
j#!

For j # 1, and by Taylor expansion,

n—=2s

—1 T 2,2
Uy +u~ (€1 —§)) = ——F—— (1 + 0(uk)),
|&j — & "%
where §1 =(1,0,...,0) and
~ 27(j—1) A
§j=e ¥
thus
f UP UGy — i — ) Zos
B(0, 1)
2n —2s I’L —2s
== & / UP (1 + O(W?k*)) Zy 41
1E; —&11"% JB0, 1)

n—2s
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2% n 2s | .
Zﬁ(fUp_ Zn+1_f UP="Zu11
1&; — &' \Ume R™\B(0, %)

+ O’k Uf’—lan)
B(0, %)
27 2572 2,2
= W(Cl +0(W”k™) + O (u’k™))
j — sl
n—2s
275 n—2s
= #cla + O,
j —S1

where

C :/ UP='Z,p1.
Rn

For the second term,

uf UP~ UG + 1y) Znpr dy = 117 C1(1 4+ O (> k>))
B(0 1y " '
k
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Furthermore,

/B(O , (UG +sV))r! —U”‘I)V(y)Z,,de'

)
= Z/ UP(y — ' (& — D) Znt
. B(0,-L)
i#1 1k
Mn+2s 1
SCZ £ & 2 f n—2s
& &1 oz T+1YD

n+2s

_ n
< C(uk)™ -
; |§1 — &;|n+2s

and

n+2s
w2 y/ U? (& +My)Zn+1dy‘
B, %)

n+2s

n+2s n=2s . _n¢
<Cu 2 dy<Cp 2 k™.

1
»/1;3(0,”",() (1+y|n=2s

Therefore, we conclude that

oo
n—=2:as 1
Il = A(Sk_(n_zs) (_2 22 ( : : jn—Zs)(S + 1) +k_n®k(8)’

j=1

where ©(8) is a smooth function of §, which is uniformly bounded as k — oo.
Now we are going to estimate /. The Holder inequality gives

/ EZnJrl
R"\UB;
2n

25— 21
< CIA+1yD)"™ ™77 Ell pa@nus,)

o [ e e o ARTCE S G )1 P
A direct computation gives that
[+ 13D 05 Za 0+ 17 & = 60 o gy = CE T
for some constant C > 0. Thus we conclude that
|| < Ck!™
since we have already proved — see (13) — that

25— 21 1_n
I+ 1D ™79 Ell g @ous,) < Ck' 9.
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Let j # 1 be fixed and Ej (y) = u# E(&; + py). After the change of variable
x = puy +§&;, we obtain

f E2n+l
B.

J

n—2s =5
z‘u 2 / E;Z,1(ny + &)
B(0,.%)

<Cu TN+ )" T E

n—2s+2

EjllLaso. 2
AT Zia O+ 1 E = E) oo s, 5

We have

_p—2g4 2 n=2s —
”(1+|y|) " S+‘1,LL 2 Zn+l(y+,u 1(Ej_sl))HLq/(q—l)(B(O’HLk))

,u/nler ﬁ ln—l qq;l
=Clg e (f 2=ty ‘”)
j 1 1 ¢ q /g1
[ 2512
e
and
n n—2s 2r
[ D" E Ly ) = 0 (1K),
Hence,
1] = Zszn+1
J#l
k n72s
n—2s n _ _ n— 2.v _n
<u'T (k) (T Z| mererl COM
j=1
< CM k 2s

Finally, we conclude that

oo
~ n—2zas 1
(55) /EZn+1 = Ask™ " (—222 <§ o )a+1> + kT Or(),
R — Jn— S
]:

where ®(8) is a smooth function of §, which is uniformly bounded as k — oco.
In order to complete the proof of (53), we first estimate:

< C‘ / EZui1|.
ly—&11>1

(&1 — DEZyy1
RYI
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Then we split the domain of integration:

k

/ EZpi1 =/ EZyy +Z
ly—&1|> 7 N ly=&l>7

f EZn-H
= Y Iy=gjl<i

In the exterior region, we already proved that
/ EZyp1 =k'7"04(3),
ﬂ,- |y_§j|>%

for some smooth function ®; of §, which is uniformly bounded as k — co. On the

another hand, to estimate
k

> ez
j=2 |y—§i|<g

we can argue like in the estimate of the term /3 above, thus concluding that

k

> ez
j=2 ‘y_€j|<£

<Ck™

for some constant C > 0. O
Proof of (54). 1t is convenient to decompose

N(g1) = N(¢1) + N(d1)

where
N@) = p(IUSP" o = UP g1+ pai|ULP~ W ()

+N<q§1 +Z<15j +\I/(¢1)) —N(@$)
J#1
and
N(@1) = U+ 117 (Ui + ¢1) — (U |P 7 U, — p|ULIP 4

We have that
~ ~ M ~
I'= [ N@DZir1=n 2 N(p1) (&1 + ux) Zpy1(x) dx
R” R”
so that, from the estimates found, we readily check

(56) 1] < RS f UP N Zos .

n

On the other hand, if we let

1= | N@)Zni1,
Rn
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we find that
u1|s|wnn*/"lfp‘w¢lnzn+n.
R)l

Now, we notice that from (23), we can write
p—1 e 3
Lo(pn) +api =g+ Y cqUP'Z, where a=p"7 yN($1)E + umy)
I

so that .
lal < CUP Mg, and |gl=Cp 2 (1+[yD7™.
Thus, applying Lemma 3.3 with v = 4s, we find
225 —2s
1] = Cu 2 (1+1yD)

and we conclude that

n=2s

[ < Cllgillp 2
Combining this with (56), we find

1
< Ck2sfn7’q'

N(¢1)Zn+1 < Cst—nkl_g. _

R"
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CALCULATION OF LOCAL FORMAL MELLIN TRANSFORMS

ADAM GRAHAM-SQUIRE

Much recent work has been done on the local Fourier transforms for connec-
tions on the punctured formal disk. Specifically, the local Fourier transforms
have been introduced, shown to induce certain equivalences of categories,
and explicit formulas have been found to calculate them. In this paper, we
prove analogous results in a similar situation, the local Mellin transforms
for connections on the punctured formal disk. Specifically, we introduce
the local Mellin transforms and show that they induce equivalences between
certain categories of vector spaces with connection and vector spaces with in-
vertible difference operators, as well as find formulas for explicit calculation
in the same spirit as the calculations for the local Fourier transforms.

1. Introduction

Recently, much research has been done on local Fourier transforms for connections
on the punctured formal disk. Namely, H. Bloch and H. Esnault [2004] and R. Gar-
cia Lopez [2004] introduced and analyzed the local Fourier transforms. Explicit
formulas for calculation of the local Fourier transforms were proved independently
by J. Fang [2009] and C. Sabbah [2008] using different methods. D. Arinkin
[2008] gave a different framework for the local Fourier transforms and also gave
explicit calculation of the Katz—Radon transform. In [Graham-Squire 2013], we
used Arinkin’s techniques from [2008] to reproduce the calculations of [Fang 2009;
Sabbah 2008]. The global Mellin transform for connections on a punctured formal
disk was given by Laumon [1996] as well as Loeser and Sabbah [1991], but since
that time little work has been done on the Mellin transform in this area. Arinkin
[2008, Section 2.5] remarks that it would be interesting to apply his methods to
other integral transforms such as the Mellin transform. This paper is the answer
to that query. We introduce the /ocal Mellin transforms on the punctured formal
disk and prove results for them which are analogous to those of the local Fourier
transforms. One main difference between the analysis of the local Fourier and
local Mellin transforms is this: whereas the local Fourier transforms deal only with

MSC2010: 14B20.
Keywords: local integral transforms, Mellin transform, difference operator, differential operator.
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differential operators, the local Mellin transforms input a differential operator and
output a difference operator.

The work done in this paper is as follows: after some preliminary definitions, we
introduce the local Mellin transforms M %), A4¥%) and M(*:%) for connections
on the punctured formal disk. Our construction of the local Mellin transforms is
analogous to that of [Bloch and Esnault 2004; Arinkin 2008] for the local Fourier
transforms. In particular, we mimic the framework given in the latter reference to
define the local Mellin transforms, as Arinkin’s construction lends itself most easily
to calculation. We also show that the local Mellin transforms induce equivalences
between certain categories of vector spaces with connection and categories of
vector spaces with difference operators. Such equivalences could, in principle,
reduce questions about difference operators to questions about (relatively more-
studied) connections, although we do not do such an analysis in this work. We
end by using the techniques of [Graham-Squire 2013] to give explicit formulas for
calculation of the local Mellin transforms in the same spirit as the results of [Fang
2009; Graham-Squire 2013; Sabbah 2008]. An example of our main result is the
following calculation of M ©:%):

Let Kk be an algebraically closed field of characteristic zero. Definitions for R, S,
E. and D can be found in the body of the paper.

Theorem 10.1. Let s and r be positive integers, a € K— {0}, and f € R;(z) with
f=az=""+0(z7*'"). Then

MOV Er) ~ D,,
where g € §7(0) is determined by the following system of equations:
f=-07"

g=7—(—a)/* TES glte/s),

2s

A necessary tool for the calculation is the formal reduction of differential op-
erators as well as the formal reduction of linear difference operators. There are
considerable parallels between difference operators and connections, and we refer
the reader to [van der Put and Singer 1997] for more details.

2. Connections and difference operators

Connections on the formal disk.

Definition 2.1. Let V be a finite-dimensional vector space over K = K((2)). A
connection on V is a K-linear operator V : V — V satisfying the Leibniz identity:

V(fv) = fV<v)+j—§v
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for all f € K and v € V. A choice of basis in V gives an isomorphism V >~ K";
we can then write V as % + A, where A = A(z) € gl,,(K) is the matrix of V with
respect to this basis.

Definition 2.2. We write C for the category of vector spaces with connections
over K. Its objects are pairs (V, V), where V is a finite-dimensional K-vector space
and V : V — V is a connection. Morphisms between (V, V;) and (V,, V,) are
K-linear maps ¢ : Vi — V), that are horizontal in the sense that ¢ V| = V,¢.

Properties of connections. We summarize below some well-known properties of
connections on the formal disk. The results go back to Turrittin [1955] and Levelt
[1975]; more recent references include [Babbitt and Varadarajan 1985; Beilinson
et al. 2002, Sections 5.9 and 5.10; Malgrange 1991; van der Put and Singer 1997].
Let g be a positive integer and define K, := k((z'/?)). Note that K is the unique
extension of K of degree ¢g. For every f € K, we define an object E; € C by

Ef =Efrq= (Kq’ d%"‘zilf)-

In terms of the isomorphism class of an object Ef, the reduction procedures of
[Turrittin 1955; Levelt 1975] imply that we need only consider f in the quotient

k(z"/)) / <z”‘1 K[z + %)

where K[[z]] denotes formal power series.

Let R, be the set of orbits for the action of the Galois group Gal(K,/K) on the
quotient. Explicitly, the Galois group is identified with the group of degree g roots
of unity n € k; the action on f € R, is by f(zY9) — f(nz'/4). Finally, denote by
R C Ry the set of f € Ry that cannot be represented by elements of K- for any
0 <r <g. Thus R} is the locus of R; where Gal(K,/K) acts freely.

Proposition 2.3. (1) The isomorphism class of Er depends only on the orbit of the
image of f in Ry.

(2) Ey isirreducible if and only if the image of f in Ry belongs to Rg. As q and f
vary, we obtain a complete list of isomorphism classes of irreducible objects of C.

(3) Every E € C can be written as

E~@D (Ef.q ® Jm).
i

where the Ey , are irreducible, J,, = (Km, d% + Z_le), and Ny, is the nilpotent
Jordan block of size m.

Proofs of the proposition are straightforward to construct; examples can be found
in [Malgrange 1991; van der Put and Singer 1997; Beilinson et al. 2002].
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Remark. We refer to the objects (Er ® J,,) € C as indecomposable objects in C.

Difference operators on the formal disk. Vector spaces with difference operator
and vector spaces with connection are defined in a similar fashion.

Definition 2.4. Let V be a finite-dimensional vector space over K = Kk((9)). A
difference operator on V is a K-linear operator ® : V. — V satisfying

P(fv) =9(HP)

forall f € K and v € V, with ¢ : K" — K" as the k-automorphism defined below.
A choice of basis in V gives an isomorphism V >~ K"; we can then write ® as Ay,
where A = A(9) € gl,(K) is the matrix of ® with respect to this basis, and for

v(0) € K",
_ 0 _ C _\itlgi
w(v(@))—v(1+9) —v<l§:1( 1) 9).

We follow the convention of [Praagman 1983, Section 1] to define ¢ over the
extension K, = k((6'/7)). Thus for all ¢ € Z™, ¢ extends to a k-automorphism of

K defined by -
(') = v(elfq Z(‘l/q)ef).

i=0

Definition 2.5. We write N for the category of vector spaces with invertible differ-
ence operator over K. Objects are pairs (V, @), where V is a finite-dimensional
K-vector space and @ : V — V is an invertible difference operator. Morphisms
between (Vi, @) and (V,, ®,) are K-linear maps ¢ : Vi — V; such that p d | = P, ¢.

Properties of difference operators. In [Chen and Fahim 1998; Praagman 1983],
a canonical form for difference operators is constructed. We give an equivalent
construction in the theorem below, which is a restatement of certain Praagman
results with different notation to better fit our situation.

Theorem 2.6 [Praagman 1983, Theorem 8 and Corollary 9]. Let ®: V — V be an
invertible difference operator. Then there exists a finite (Galois) extension K, of K
and a basis of K, ® V such that ® is expressed as a diagonal block matrix. Each
block is of the form

8
Fg — 9)\4-1

withg € K,, A € %, g =apf* +-- -—i—aqe”l, ap # 0, and a, defined up to a shift

by ag—ZQkH. The matrix is unique modulo the order of the blocks.
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Remark. The F, are the indecomposable components for the matrix of ®.

Theorem 2.6 allows us to describe the category A in a fashion similar to our
description of the category C. For every g € K,,, we define an object D, € ' by

Dy = Dy 4 :=(Kyq, 89).

The canonical form given in Theorem 2.6 implies that we need only consider g in
the following quotient of the multiplicative group k((8'/49))*:

2-1) K;;/ <1+§9+91+(1/’1>k[[91/‘1]]).

Let S, be the set of orbits for the action of the Galois group Gal(K,/K) on the
quotient given in (2-1). Denote by S; C §, the set of g € S, that cannot be
represented by elements of K for any 0 < r < g. As before, S, can be thought of
as the locus where Gal(K,/K) acts freely.

Proposition 2.7. (1) The isomorphism class of Dy depends only on the orbit of the
image of g in S,.

(2) Dy is irreducible if and only if the image of g in S, belongs to Sy. As q and g
vary, we obtain a complete list of isomorphism classes of irreducible objects of N.

(3) Every D € N can be written as

D=~ @ (D isqi ® Tmi)’
i

where the D, , are irreducible, T, = (K™, U,y ¢), and U, = Iy, + 0Ny,

Notation. At times it is useful to keep track of the choice of local coordinate for C
and W, and we denote this with a subscript. To stress the coordinate, we write Cy to
indicate the coordinate z at the point zero, C, to indicate the coordinate z — x := z,
at a point x # 0, and C, to indicate the coordinate ¢ = % at the point at infinity.
Note that Cy, C,, and C, are all isomorphic to C, but not canonically. Similarly, we
can write N, to indicate that we are considering A with local coordinate at infinity.
Since we only work with the point at infinity for A/, though, we generally omit the
subscript.

We also have a superscript notation for categories, but our conventions for the
categories C and N are different and a potential source of confusion. Superscript
notation for vector spaces with connection is well-established, and the superscript
corresponds to slope; for a formal definition of slope, see [Katz 1987]. Thus, for
example, we denote by C5! the full subcategory of C of connections whose irre-
ducible components all have slopes less than one; that is, E¢ such that —1 < ord(f).

The correspondence to slope makes sense in the context of connections because
all connections have nonnegative slope, i.e., for all E; we have ord(f) < 0. For
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difference operators we have no such restriction on the order of f, though, and
thus a correspondence to slope would be artificial. The superscripts for difference
operators therefore refer to the order of irreducible components as opposed to the
slope. Thus, for example, the notation A~ indicates the full subcategory of N/
of difference operators whose irreducible components D, have the property that
ord(g) > 0.

3. Tate vector spaces

The z-adic topology.

Definition 3.1. We define the z-adic topology on the vector space V as follows: a
lattice is a K-subspace L C V that is of the form L = P, K[[z]le; for some basis e;
of V over K. Then the z-adic topology on V is defined by letting the basis of open
neighborhoods of v € V be cosets v+ L for all lattices L C V.

Remark. An equivalent definition for the z-adic topology, without reference to
choice of basis, is given in [Arinkin 2008, Section 4.2]. The z-adic topology is also
equivalent to the topology induced by any norm, as described in Lemma 4.4.

For ease of explication, we copy the remaining definitions and results in this
section from [op. cit., Section 5.3]. For more details on Tate vector spaces, see
[Beilinson and Drinfeld 2004, Section 2.7.7].

Tate vector spaces.

Definition 3.2. Let V be a topological vector space over K, where K is equipped
with the discrete topology. V is linearly compact if it is complete, Hausdorff, and
has a base of neighborhoods of zero consisting of subspaces of finite codimension.
Equivalently, a linearly compact space is the topological dual of a discrete space.
V is a Tate space if it has a linearly compact open subspace.

Definition 3.3. A k[z]]-module M is of Tate type if there is a finitely generated
submodule M’ C M such that M /M’ is a torsion module that is “cofinitely generated”
in the sense that

dimg Ann,(M/M') < 0o, where Ann,(M/M’')={m e M/M'|zm =0}.
Lemma 3.4. (1) Any finitely generated K[ z]l-module M is linearly compact in the
z-adic topology.
(2) Any K[[z]-module of Tate type is a Tate vector space in the z-adic topology.

Proposition 3.5. Let V be a Tate space. Suppose an operator Z : V — V satisfies
the following conditions:

(1) Z is continuous, open, and (linearly) compact. In other words, if V' C V is an
open linearly compact subspace, then so are Z(V') and Z~'(V").
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(2) Z is contracting. In other words, Z" — 0 in the sense that for any linearly
compact subspace V' C V and any open subspace U C V, we have Z" (V') C U for
n> 0.

Then there exists a unique structure of a Tate type K[[z]-module on V such that
z € kKl[z]l acts as Z and the topology on V coincides with the z-adic topology.

4. The norm and order of an operator

Definition of norm. In the discussion of norms in this subsection we primarily
follow the conventions of [Cassels and Frohlich 1967], though our presentation
is self-contained. Similar treatments of norms can also be found in [André and
Baldassarri 2001; Kedlaya 2010]. Fix a real number € such that 0 <€ < 1. For

f=> c6lie K, with ¢; # 0, we define the order of f as ord(f) :=k/q.
i=k

Definition 4.1. Let f € K. The valuation |-| on K is defined as
|f1= e
with |0] = 0.

This is a nonarchimedean discrete valuation, and K is complete with respect to
the topology induced by the valuation.

Definition 4.2. Let V be a vector space over K. A nonarchimedean norm on V is
a real-valued function || -|| on V such that the following hold:

(1) |lv]] >0 forveV —{0}.
2) |lv+ w| <max(]|v], [|w]) for all v, w € V.
G) I f-vli=Ifl-lvlfor f € KandveV.

Example 4.3. Let f; € K. The function

I(f1s -y fo)ll = max| fi]

is anorm on K", and K" is complete with respect to this norm.

Lemma 4.4 [Cassels and Frohlich 1967, lemma in Section 2.8]. Any two norms
I-1lt, |12 on a finite-dimensional vector space V over K are equivalent in the
following sense: there exists a real number C > 0 such that

1
c -l =1l = Cli- Ml

It follows from Lemma 4.4 that all norms on a finite-dimensional vector space
over K induce the same topology.
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Definition 4.5. Let A : V — V be a k-linear operator. We define the norm of an
operator to be

[A@)l

vev—ioy vl

A=

Note that || A|| < oo if and only if A is continuous [Kolmogorov and Fomin 1975,
Chapter 6, Theorem 1].

Invariant norms. The norm of an operator given in Definition 4.5 depends on the
choice of the nonarchimedean norm || - ||. To find an invariant for norms of operators,
consider the following two norms:

Definition 4.6. The infimum norm is defined as
| Alling = inf{|[A]l = || - || is a norm on V'}

and the spectral radius of A is given by
|Allgpec = lim /A"

Note that A must be continuous to guarantee that the limit defining the spectral
radius exists. It follows from Lemma 4.4 that the spectral radius does not depend on
the choice of norm || - ||. For operators in general the spectral radius is often the more
useful invariant, but for the class of operators we consider (connections, difference
operators, and their inverses) the two definitions coincide and we primarily use the
infimum norm.

Norms of similitudes.

Proposition 4.7. Let || ||| and |- ||2 be two norms on V. Then for any invertible
k-linear operator A : V — V, we have ||A||; - A=Y, > 1.

Corollary 4.8. Let A : V — V be invertible and let | -|| be a norm such that
IAN-IIA~ = 1. Then |A|l = [|Allint-

Definition 4.9. Let ||- || be a norm on V. An operator A : V — V is a similitude
(with respect to ||-]|) if ||Av|| = A|jv|| for all v € V. It follows that ||A| = X.

Claim 4.10. Let A : V — V be an invertible similitude with || Av|| = A||v|. Then
I Allinf = A and | A~ =1/

Properties of norms. Given the canonical form of a connection or difference opera-
tor, it is quite easy to calculate the norm. In particular we note that indecomposable
connections with no horizontal sections and indecomposable invertible difference
operators are similitudes.
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Remark. We introduce here notation to clear up a potentially confusing situation.
The issue is the notation V = diz + A for a connection. In particular, at the local
coordinate ¢ = % the change of variable gives us V = —;2% + A(Z). To emphasize
the local coordinate we will use the notation V, (respectively V;) to indicate that
we are writing V in terms of z (respectively ¢). In particular, we have the equalities
V,=—¢*V, and zV, = —¢ V.

Proposition 4.11. Suppose that (V,V) = (Ef ® J,;) € C is indecomposable and
that V has no horizontal sections. Then:
(1) [V linf = 4=,
If V is invertible we also have
(2) V7 ling = = 0OHL
(3) For (V,V) €Co, |(zV) ™ linr = €~ "4,
@) For (V,V) € Coo, [1(zV) ™ ling = [1(C V) ™ ling = € 040,
(5) For (V,V) € Cx, [1(zV;,) " Hlint = el—ord(f)
Proposition 4.12. For an indecomposable (V, ®) = (Dy ® T;,) € N,
(1) [P ing = €°9.
(2) 1(OD) ! [ling = €~ &1,
Order of an operator. The order of an operator is a notion closely related to the

norm of an operator. It is often more convenient to work with order as opposed to
norm, so we give a brief introduction to order below.

Definition 4.13. Let B : V — V be a K-linear operator and let ||-|| be a norm
defined on V. Then the order of B is

OI‘d(B) = logé B ”sper
with Ord(0) := oo.

Example 4.14. The term “order” is suggestive for the following reason. Given
Definition 4.13, the properties of similitudes, and V an indecomposable connection
with no horizontal sections, the following property holds: Ord(V) = £ if and only
if for all n € Q we have V(z"1) = (xz"*%)1 4 higher order terms, where 1 is the
identity element of V. Similarly for an indecomposable difference operator @,
Ord(®) = j if and only if ®(6"1) = (x6"*/)1 + higher order terms. Note that
x* € K—Zif £ = —1 and * € K otherwise.

In the context of the order of an operator, we can state the results of Propositions
4.11 and 4.12 as follows.
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Corollary 4.15. (1) For indecomposable (V,V) = (E; ® J,y), with zV invertible,
in either Cy or Cxo,

Ord(V) =ord(f)—1, Ord(zV)=ord(f), and Ord((zV) ™1 = — ord( f).
(2) For indecomposable (V,V, ) = (Ef ® Jiy) € Cy, with zV,, invertible,
Ord(zV,,) =0rd(V,,) =ord(f) =1 and Ord((zV,,)™") =1 —ord(f).
(3) For indecomposable (V, ®) = (D, @ Uy,) € N,
Ord(®) =ord(g) and Ord((O®)~') =—ord(g) — 1.

5. Lemmas

Fractional powers of an operator. The operator-root lemma below shows how to
calculate the power of a sum of certain operators, even for fractional powers. The
idea is that once a certain root (1/p) of the operator is chosen, the fractional power
is easily defined as an integer power of that root.

Lemma 5.1 (operator-root lemma). Let A and B be the following K-linear operators
on K,: A is multiplication by f = azP'1 4 0(zP/1),0 #a € K, and B = z”j—z with
n#0,p#0,and g > 0 all integers. We have Ord(A) = p/q and Ord(B) =n — 1,
and we assume that p/q < n — 1. Then for any p-th root of A we can choose a p-th
root of (A + B), written (A + B!/ such that

(A+B)m:Am_{_mA(m—l)B_i_m(’nz_])Am—Z[B’A]+Q(Z(p/q)(m—])+n—1)

holds for all m € % where (A + B)™ = ((A + B)'/P)rm,
Proof. A full proof is found in [Graham-Squire 2013, Lemma 4.4]. ([

Tate vector space lemmas. We also need some lemmas describing our situation in
the language of Tate vector spaces. The proofs are straightforward and are omitted.

Lemma 5.2. Let Z : V — V be a K-linear operator. If Ord(Z) > 0, then Z is
contracting.

Lemma 5.3. A K-vector space V is of Tate type if and only if it is finite dimensional.

6. Global Mellin transform

The “classical” Mellin transform can be stated as follows: for an appropriate f the
Mellin transform of f is given by

Fon = /0 ) d.
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One can check that

nf=—(zdf/dz)” and @f = (zf),

where @ is the difference operator taking f (n) to f (n+1).

This leads to the notion of the global Mellin transform for connections on a punc-
tured formal disk, which was introduced by Laumon [1996] and also presented by
Loeser and Sabbah [1991]. Below is our definition for the global Mellin transform,
which is equivalent to Laumon’s.

Definition 6.1. The global Mellin transform M : K[z, z7'|(V) — K[n](®, &~ 1) is
a homomorphism between algebras defined on its generators by —zV +— n and
z +— ®. Note that we have [V, z] = 1 for the domain and [®, ] = P for the target
space, and the homomorphism preserves these equalities.

As in the case of the Fourier transform, we derive our definition of the local
Mellin transform from the global situation. In particular, the local Mellin transform
has different “flavors” depending on the point of singularity, so we refer to them as
local Mellin transforms.

7. Definitions of local Mellin transforms

Below we give definitions of the local Mellin transforms. To alleviate potential
confusion, let us explain the format we will use for the definitions. We begin by
stating the definition in its entirety, but it is not a priori clear that all statements of
the definition are true. We then claim that the transform is in fact well-defined and
give a proof to clear up the questionable parts of the definition.

Definition 7.1. Let E = (V,V) € Cy O Thus all indecomposable components of V
have slope greater than zero, so each indecomposable component Er ® J,,, has
ord(f) < 0. Consider on V the K-linear operators

(7-1) 0:=—zV)': V>V and ®:=z:V >V

Then 6 extends to an action of K((9)) on V, dimgg)yV < oo, and ® is an invertible
difference operator. We write V = Vj to denote that we are considering V as a
k((8))-vector space. We define the local Mellin transform from zero to infinity of E
to be the object

MO®N(EY .= (V,, ®) e N.

Definition 7.2. Let E = (V,V) € C, be such that V has no horizontal sections.
Consider on V the k-linear operators

(7-2) 0:=—zV)': V>V and d:=z:V >V
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Then 6 extends to an action of K((9)) on V, dimkg)yV < oo, and ® is an invertible
difference operator. We define the local Mellin transform from x to infinity of E to
be the object

MERN(E) := (Vy, D) e N.

Remark. Since E € C,, we are thinking of K as K((zy)). This emphasizes that we
are localizing at a point x 7 0 with local coordinate z, = z — x.

Note that in the following definition we are thinking of K as K((¢)), since we
are localizing at the point at infinity { = %

Definition 7.3. Let £ = (V,V) € C;O. Thus all irreducible components of V have
slope greater than zero. Consider on V the K-linear operators

8::—(zV)_1:V—>V and ®:=7z: V>V

Then 6 extends to an action of K((9)) on V, dimygy V < oo, and & is an invertible
difference operator. We define the local Mellin transform from infinity to infinity of
E to be the object

MR (E) = (Vp, D) € N.

Claim 7.4. M©% s well-defined.
Proof. To prove the claim we must show the following:

(1) 6 extends to an action of K((f)) on V.
(i) Vjp is finite-dimensional.
(iii) @ is an invertible difference operator on Vj.

We prove (i) with Lemma 7.5 below. In the proof of Lemma 7.5 we show that
(zV)~! satisfies the conditions of Proposition 3.5, and it follows that Vj is of Tate
type. Lemma 5.3 then implies that Vj is finite-dimensional, proving (ii). To prove
(iii), we first note that @ is invertible by construction. To see that & is a difference
operator, we need to show that ®(fv) = ¢(f)P(v) forall f € K and v € V. Since
® is k-linear and Laurent polynomials are dense in Laurent series, this reduces to
showing that ®(0") = ¢(6)®, which can be proved by induction so long as you

can show that o

140

This last equation is equivalent to (7 4 1)® = @5, which we now prove. Using the
fact that [V, z] = 1 and the definitions given in (7-1) we compute

®O) = D.

M+1DP=—-2zVz+z=—2V+1)+z=2(-2zV)=Pn. O

Lemma 7.5. The definition for 6, given in (7-1), extends to an action of K((6)) on V.
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Proof. Since all indecomposable components of V have positive slope, V (and zV)
will be invertible and thus 6 is well-defined. An action of K[@~!']=K[—zV]on V is
trivially defined. If (zV)~' : V — V satisfies the conditions of Proposition 3.5, we
will also have an action of K[@] on V. This will give a well defined action of K((9))
on V. Thus all we need to prove is that (zV)~! : V — V satisfies the conditions of
Proposition 3.5.

We must show that & = (zV)~! : V — V is continuous, open, linearly compact,
and contracting. Due to the canonical form for difference operators, we can assume
without loss of generality that V is indecomposable and zV is of the form

f
d

ZE—F 1

with f € K[z7'/"] and ord(f) = —m/r < 0. Let {e;} be the canonical basis.
Since lattices are linearly compact open subspaces, to prove that (zV)~! is open,
continuous, and linearly compact it suffices to show that (zV) and (zV)~! map a
lattice of the form Ly = @(z!/")*K[z!/ T e; to a lattice of the same form.

We see that

V(L) = DKz e = Li—m,
(zV)" N (Ly) = BE YK e = Liym,

so (zV)~! is open, continuous, and linearly compact.

To show that (zV)~! is contracting, by Lemma 5.2 we only need to show that
Ord((zV)™!) > 0. By Corollary 4.15(1), then, it suffices to show that we have
ord(f) < O for the indecomposable (V,V) = Ey ® J,,,. This condition is fulfilled by
assumption, since all indecomposable components have slope greater than zero. [J

The proof that M®> is well-defined is similar to the proof above, with only
one major caveat. In the proof of (i), we use the fact that the leading term of the
operator is the only important term for the theoretical calculation. Thus one can
think of z as z, + x, and reduce to considering zV as merely xV, from which the
result readily follows. The proofs of (ii) and (iii) are identical. The proof that
M) is well-defined is virtually identical to the proof of Claim 7.4 once the
change of variable from z to ¢ is taken into consideration.

Remark. Note that the local Mellin transforms above give functors to apply to all
connections except for certain connections with regular singularity. More precisely,
the only invertible connections for which M09 Af(x:20) and M) cannot be
applied are those connections in Cy and C, with slope zero. We conjecture that
these connections with regular singularity will map to difference operators with
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singularity at a point y # oo. This regular singular case is sufficiently small, and
the techniques necessary to prove our conjecture sufficiently different from the
situation described above, that we do not discuss it here.

8. Definition of local inverse Mellin transforms

Definition 8.1. Let D = (V, ®) € N>°. Thus & is invertible and the irreducible
components of ® have order greater than zero. Consider on V the K-linear operators

(8-1) z:=®:V—->V and V::—(QCD)_1:V—>V

Then z extends to an action of K((z)) on V, dimy,)V < oo, and V is a connection.
We write V, for V to denote that we are considering V as a K((z))-vector space. We
define the local inverse Mellin transform from zero to infinity of D to be the object

MO (DY = (V,,V) € C.

Definition 8.2. Let D = (V, ®) € A= be such that all irreducible components of
@ have order zero with the same leading coefficient x # 0, and ® — x is invertible.
Consider on V the K-linear operators

z:=®:V—->V and V::—(QCI))*I:V—>V.

Then the action of 7 — x = z, is clearly defined, z, extends to an action of K((zy))
on V, dimg(,,)V < oo, and V is a connection. We write V;_for V to denote that
we are considering V as a K((zy))-vector space. We define the local inverse Mellin
transform from x to infinity of D to be the object

M™2N(D) = (V, ,V) eC,.

Definition 8.3. Let D = (V, ®) € N'<". Thus & is invertible and the irreducible
components of ® have order less than zero. Consider on V the K-linear operators

z:=®:V >V and V::—(GCD)_I:V—>V

Then ¢ = z~! extends to an action of K((¢)) on V and dimg;)V < oo. We write
V; for V to denote that we are considering V as a K((¢))-vector space. We define
the local inverse Mellin transform from infinity to infinity of D to be the object

MDY := (V;, V) € (.
Claim 8.4. M=% jsell-defined.
Proof. To prove the claim we must show the following:
(1) z extends to an action of K((z)) on V.
(ii) V; is finite-dimensional.

(ii1) V is a connection on V.
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We prove (i) with Lemma 8.5 below. In the proof of Lemma 8.5 we show that V,
is of Tate type. Lemma 5.3 then implies that V; is finite-dimensional, proving (ii).
To prove (iii) we must show that [V, f]1= f' for all f € K((z)). Since V is k-linear
and Laurent polynomials are dense in Laurent series, to show that [V, f] = f’
we merely need to show that [V, "] = nz" YforallneZ A straightforward
calculation shows that [V, z] = 1, though, and then [V, "] = nz"1 follows by
induction. ]

Lemma 8.5. The definition of z given in (8-1) extends to an action of K((z)) on V.

Proof. Since @ is invertible, an action of K[z '] is defined. We prove that ® satisfies
the conditions of Proposition 3.5 to show that an action of K[[z]] is well-defined.

To apply Proposition 3.5, we need to show that z = & is continuous, open,
linearly compact, and contracting. First we show that ® is open, continuous, and
linearly compact. We can assume that @ is indecomposable, so in canonical form
(V, ®) = Dy ® T, for some g € K, with ord(g) =s/r.

Let {e;} be the canonical basis. As in previous proofs, it suffices to show that
® and ®~! map a lattice of the form L; = @(0'/")* Ae; to a lattice of the same
form; note that here we are using A = K[#!/"]]. Calculation using the canonical
form shows that ®(Ly) = L4+, and & (Ly) = Ly_;, so @ is open, continuous,
and linearly compact.

To show that an indecomposable @ is contracting, by Lemma 5.2 we need to
show that Ord(®) > 0. By Corollary 4.15(2), then, we simply need to show that
for (V, ®) = D, ® T;, we have ord(g) > 0. This follows from the assumption that
all irreducible components of ® have order greater than zero. U

The proofs that M~ and M~ are well-defined are similar and are
omitted.

9. Equivalence of categories

Assuming that composition of the functors is defined, by inspection one can see
that M©-> and M=% are inverse functors (and the same holds for the pairs
MF00) - A= (00 apd Af(00:00) - A =(00,00)

Thus to show that the local Mellin transforms induce certain equivalences of
categories, all we need is to confirm that the functors map into the appropriate
subcategories. We first prove an important property of normed vector spaces which
coincides with properties of Tate vector spaces. This will be useful in demonstrating
the equivalence of categories.

Normed vector spaces. Our first goal is to prove the following lemma, which will
greatly simplify the relationship between the norm of an operator and its local
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Mellin transform. First we give some definitions related to infinite-dimensional
vector spaces over K.

Definition 9.1. Let V be an infinite-dimensional vector space over K. A norm on
V is a real-valued function | - || such that the following hold:

(1) |lv]l > 0forv eV —{0}, |0]| =0.
(2) lv+w| < max(|[v]l, [w]) forall v, w € V.
3) llc-v||=v| forcekand v e V.

Note that the above definition applies to an infinite-dimensional vector space
over K, as opposed to K. Thus it is similar to Definition 4.2, but not the same.

Definition 9.2. An infinite-dimensional vector space V over K is locally linearly
compact if for any r; > r, > 0, r; € R, the ball of radius r, has finite codimension
in the ball of radius ry.

Proposition 9.3. Let V be an infinite-dimensional vector space over K, equipped
with a norm ||-|| such that V is complete in the induced topology. Let 0 <€ < 1
and Y : V — V be an invertible K-linear operator such that |Y || = €* < 1 and
1Y~ = e~ Define ¢ := €. Then

(1) V has a unique structure of a K = K((y))-vector space such that y acts as Y
and the norm || - || agrees with the valuation on K where | f| = ¢4 for f € K.

(2) V is finite-dimensional over K if and only if V is locally linearly compact.

Remark. If V is a Tate vector space then the unique structure of Proposition 9.3(1)
coincides with that of Proposition 3.5.

Corollary 9.4. Let V be a K((y))-vector space, Z : V — V a similitude, and
NZI| = Z]lint = €% < 1. Then V can be considered as a K(Z))-vector space (in the
spirit of Proposition 9.3) and for any similitude A : V — V we have ||A| = || Al z.
In particular, A will be a similitude when V is viewed as either a K((y))- or a
kK((Z))-vector space.

Lemmas.

Lemma 9.5. The local Mellin transforms map indecomposable objects to indecom-
posable objects.

Proof. We give the proof for M©:°; the proofs for the others are identical. Suppose
that M- (V V)= (V,, ®) and Vj has a proper subspace W such that ®(W) C W.
Since Vj is a k((8))-vector space we also trivially have that 6 (W) C W. By definition
of M%), this means that z(W) C W and —(zV)~'(W) C W. In particular, it
follows that V(W) C W, so W is a proper subspace of V which is V-invariant. This
implies that if the local Mellin transform of an object is decomposable, the original
object is decomposable as well, and the result follows. (]
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Lemma 9.6. Let E = (V,V) € C0>0, 0, and © be as in Definition 7.1. Then
MO (Ey e N>O

Proof. Due to the canonical decomposition it suffices to prove the lemma when E
is indecomposable. Then V and z are similitudes, so by Corollary 9.4, 6 and & are
also similitudes. By Lemma 9.5, ® is indecomposable, so to prove Lemma 9.6 it
suffices to show that | Py < 1.

By Corollary 9.4, ||A||; = ||A]le for any similitude A, and it follows that || ® | =
lzll; = (' < 1. O

The next lemmas have proofs similar to the proof of Lemma 9.6; they are omitted.
Lemma 9.7. If D = (V,®) € N> is as in Definition 8.1, then M~ (D) e ¢5°.
Lemma 9.8. If E = (V,V) € C, is as in Definition 7.2, then M%) (E) e N,
Lemma9.9. IfE=(V,V) e C;O is as in Definition 7.3, then M®%) (E) e N'*<°.
Lemma 9.10. If D = (V,®) e N'<is as in Definition 8.3, then M~ (D) e 0.

Proofs for equivalence of categories.

Theorem 9.11. The local Mellin transform M©> induces an equivalence of
categories between Cy O and N*>°.

Proof. This follows from Lemmas 9.6 and 9.7, as well as the fact (stated above)
that M©°) and M~©-%) are inverse functors. O

Theorem 9.12. The local Mellin transform MY induces an equivalence of
categories between the subcategory of Cy of connections with no horizontal sections

and N°.

Theorem 9.13. The local Mellin transform M%) induces an equivalence of
categories between C20 and N'=°.

10. Explicit calculations of local Mellin transforms

In this section we give precise statements of explicit formulas for calculating the
local Mellin transforms and their inverses. The results and proofs found in this
chapter are analogous to those given for the local formal Fourier transforms in
[Graham-Squire 2013]. Section 11 is devoted to proving the formulas given in
Section 10.

Calculation of M),

Theorem 10.1. Let s and r be positive integers, a € K— {0}, and f € R?(z) with
f=az"""+0(z"*'"). Then

MOV Ef) ~ D,,
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where g € S7(0) is determined by the following system of equations:
(10-1) f=-0""

i o (—g)/s ﬂ) 1+(r/s)
(10-2) g=z—(—a) (2s gI+C/9)

Remark. We determine g using (10-1) and (10-2) as follows. One can think of
(10-1) as an implicit definition for the variable z. Thus we first use (10-1) to give an
explicit expression for z in terms of 6'/%. We then substitute this explicit expression
into (10-2) to get an expression for g(6) in terms of !/5. This same pattern for
determining g holds for similar calculations in this section.

When we use (10-1) to write an expression for z in terms of #!/%, the expression
is not unique since we must make a choice of a root of unity. More concretely,
let 7 be a primitive s-th root of unity. Then replacing 6'/5 with n6!/* in our explicit
equation for z will yield another possible expression for z. This choice will not
affect the overall result, however, since all such possible expressions will lie in the
same Galois orbit. Thus by Proposition 2.7(1), any choice of root of unity will
correspond to the same difference operator.

Corollary 10.2. Let E be an object in C; 0, By Proposition 2.3(3), let E have
decomposition E ~ @, (Ef, ® J,,) where all Ey, have positive slope. Then

MO E) ~ P (Dg, ® T,)

where Dy, = MOV (E ) for all i.

Sketch of proof. The equivalence of categories given in Theorem 9.11 implies that
MO (@ (Ef, ® Jml.)) ~ P MODE, @ I,
i i

The equivalence also implies that M%) will map the indecomposable object
Er ® J,, (as the unique indecomposable in Cy formed by m successive extensions
of Ey) to an indecomposable object D, ® T,, (as the unique indecomposable in N
formed by m successive extensions of D). It follows that we only need to know
how M%) acts on Ef, which is given by Theorem 10.1. ]

Remark. Analogous corollaries hold for the calculation of the other local Mellin
transforms, however we do not state them explicitly.

Calculation of M%),

Theorem 10.3. Let s be a nonnegative integer, r a positive integer, and a € K—{0}.
Let f € R (zy) with f = az;s/r +Q(z;s/r). Then

M@E(Er) ~ D,
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where g € S?, (0) is determined by the following system of equations:

r—+s
Zx p—1
=971
f Z
XS
g=z+ 2(S+r)9.

Calculation of M%),

Theorem 10.4. Let s and r be positive integers and a € K—{0}. Then for f € R (¢)
with f = ag =" +o(; /),

M) (Ep) ~ Dy,
where g € §7(0) is determined by the following system of equations:
f==07",
— oy (—q)/s TS gi=/s)
g=z—(=a)" — :

In Section 9 we explained that M 000 Af=(x:00) and M) are inverse
functors for M©%) M%) and M©), respectively. It follows that explicit
formulas for the local inverse Mellin transforms can be found merely by “inverting”
the expressions found in Theorems 10.1, 10.3, and 10.4. We give an example below
of what this would look like for M~©-%) the other local inverse Mellin transforms

are similar. The proofs are omitted.

Theorem 10.5. Let p and g be positive integers and let g € S,(0) be given by
g =abP/q 4 0(87/9), a #0. Then

MO ~ Ey,

where f € R} (z) is determined Dy the following system of equations:
(10-3) g_|_ap_+qgl+(p/q) =z,
2q
(10-4) f=-06""
Remark. We determine f using (10-3) and (10-4) as follows. First, using (10-3)

we explicitly express @ in terms of z!/7. We then substitute this explicit expression
for 6 into (10-4) and solve to get an expression for f(z) in terms of Z\/p.

11. Proof of theorems

Outline. We begin with a brief outline of the proof for Theorem 10.1. Starting
with Definition 8.1 of M©%), we set 6 = —(zV)~! and ® = z. For irreducible
objects E¢ and D, we have V = diz +z7!f and ® = gg, and our goal is to use the
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given value of f to find the expression for g. Since z = z(1) = ®(1) = gp(1) = g,
this amounts to finding an expression for the operator z in terms of the operator
6. The equation # = —(zV)~! gives an expression for # in terms of z, and we
use Lemma 5.1 (the operator-root lemma) to write an explicit expression for the
operator z in terms of 6. The calculation primarily involves finding particular
fractional powers of f, but we must also keep track of the interplay between the
linear and differential parts of V during the calculation; this interplay accounts for
the subtraction of the term
(_a)r/s ﬂ 91+(r/s)
2s
from our expression for g.

The proofs for Theorems 10.3 and 10.4 are similar and thus outlines for their
proofs are omitted. The only change of note is that in the proof of Theorem 10.3
we must also prove a separate case for when our connection is regular singular, i.e.,
when ord(f) = 0.

Remark. We give a brief explanation regarding the origin of the system of equations
found in Theorem 10.1. Consider the equations in (7-1). Let V = 27 If, ie., as
normally defined but without the differential part. Let ® = g, as normally defined
but without the shift operator ¢. Then the equations f = —0~! and g = z fall out
easily. The reason the extra term shows up in (10-2) is due to the interaction of the
linear and differential parts of V, as described above in the outline.

Proof of Theorem 10.1. Given 0 = —(zV)~! and V = ;—Z +21f, we find that

11-1 6= (4 -

(11-1) ~0=(a-+f) -

We wish to express the operator z in terms of the operator 6.
Consider the equation

(11-2) —0=r"1

which is (11-1) without the differential part. Equation (11-2) can be thought of as
an implicit expression for the variable z in terms of the variable 6, which one can
rewrite as an explicit expression z = h(f) € K((©'/%)) for the variable z. Note that
h(6) is not the same as the operator z. The leading term of f is az™*/", so (11-2)
implies that h(0) = a’s (=)’ + Q(@’/S). Similar reasoning and (11-1) indicate
that the operator z will be of the form

(11-3) 2= h(0) +*(—0) IS 4 (@ t/5),

Here the * € K represents the coefficient that will arise from the interaction of the
linear and differential parts of the operator 6. We wish to find the value for *. Let
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A=f andB_zd , then [B, A] = zf". From (11-1) we have —0 = (A + B) !,
and we apply Lemma 5.1 (the operator-root lemma) to find
(11-4) (—8)*
=it ffr/sflz(Z> _ %(5) (_C _ 1>ffr/sfzzf/ +o(zr Iy

zr s

=@z +-- )+a*(’+f)/s< =+ —(T+S)) /7 4 (79I

2s
—q "/ (Z + ... +a—1 <__Z + __(r+s))zl+(f/r) +Q(Zl+(s/r))>
s 2s
and
(11_5) (_0)(}’-‘,—3‘)/3‘ — a—l—(r/s)zl—i-(s/r) +Q(Z1+(S/r))-

Remark We use the notatlon = to represent d since, for all n € Z, the operator

dz : K, — K, acts on z"/" as multlphcatlon by Z

We can now find the value for * as follows: Substituting the expressions from
(11-4) and (11-5) into (11-3) and making a short calculation gives

et o)

2s
and thus
(11-6) z=h®) +d’l* (% +E) 0 o0,
According to (11-6), let us express g(6) as
(11-7) 2(0)=h(0) — (—a)'"" (% e AR Gt
Since h(8) = z, by Proposition 2.7(1), M; will be isomorphic to Mg, where g is as
given in Theorem 10.1. ]
Proof of Theorem 10.3. Given § = —(zV)~! and V = di + z;lf, we write
X

7 =z, +x and find that

—1

ey, d L)“
) = (e dz, " ¥az)
Thus in the expression for —6~! there are three terms. We handle the proof in two
cases:

a18) o= (x+20(55

Regular singularity. In this case we have f =a € K— {0}, s =0, andr = 1.
Because « is only defined up to a shift by Z we can ignore the d/dz, term. The
remaining portion of the proof is as described in the remark on page 134. Note that
since s = 0, the extra 6 term in the final equation in Theorem 10.3 will vanish.
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Irregular singularity. In this situation we have ord( f) < 0. As we shall see in the
proof, the only terms in (11-8) that affect the final result are those of order less than
or equal to —1 (with respect to z,). Specifically, since z, d/dz, has order zero, all
terms derived from it in the course of the calculations will fall into the o(6) term.
Thus we can safely ignore the term z, d/dz, for the remainder of the proof and
consider only

(11-9) —9—(zz_1f—+—x d )_1
=(zz, i)
We wish to express the operator z in terms of the operator 6. The remainder of
the proof is similar to the proof of Theorem 10.1, but we first solve for zy =z —x
in terms of 8, then add x to both sides to get an equation for z alone. ([

Proof of Theorem 10.4. Recall that z = 1/¢ and f € k((¢)). Given § = —(zV)~!
and V= —¢2d/dc + ¢ f, we find that

(11-10) 9= (—§%+f>_l.

We wish to express the operator z in terms of the operator 6. The proof is similar to
that of Theorem 10.1, but first we find an expression for ¢ in terms of 8, and then
we will invert it. U
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THE UNTWISTING NUMBER OF A KNOT
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The unknotting number of a knot is the minimum number of crossings one
must change to turn that knot into the unknot. The algebraic unknotting
number is the minimum number of crossing changes needed to transform
a knot into an Alexander polynomial-one knot. We work with a generaliza-
tion of unknotting number due to Mathieu and Domergue, which we call the
untwisting number. The untwisting number is the minimum number (over
all diagrams of a knot) of right- or left-handed twists on even numbers of
strands of a knot, with half of the strands oriented in each direction, nec-
essary to transform that knot into the unknot. We show that the algebraic
untwisting number is equal to the algebraic unknotting number. However,
we also exhibit several families of knots for which the difference between
the unknotting and untwisting numbers is arbitrarily large, even when we
only allow twists on a fixed number of strands or fewer.

1. Introduction

It is a natural knot-theoretic question to seek to measure “how knotted up” a knot
is. One such “knottiness” measure is given by the unknotting number u(K), the
minimum number of crossings, taken over all diagrams of K, one must change to
turn K into the unknot. By a crossing change we shall mean one of the two local
moves on a knot diagram given in Figure 1.

This invariant is quite simple to define but has proven itself very difficult to
master. Fifty years ago, Milnor conjectured that the unknotting number for the
(p, g)-torus knot was %( p — D(g — 1); only in 1993, in two celebrated papers,
did Kronheimer and Mrowka [1993; 1995] prove this conjecture true. Hence, it is
desirable to look at variants of unknotting number which may be more tractable.
One natural variant (due to Murakami [1990]) is the algebraic unknotting number
u,(K), the minimum number of crossing changes necessary to turn a given knot into
an Alexander polynomial-one knot. Alexander polynomial-one knots are significant
because they “look like the unknot” to classical invariants, knot invariants derived

MSC2010: 57TM25, 5TM27.
Keywords: knot, knot theory, unknotting, unknotting number, topology.
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\ positive /
\ negative /

+ —

Figure 1. A positive and negative crossing change.

from the Seifert matrix. It is obvious that u,(K) < u(K) for any knot K, and there
exist knots such that u,(K) < u(K) (for instance, any nontrivial knot with trivial
Alexander polynomial).

Mathieu and Domergue [1988] defined another generalization of unknotting
number. Livingston [2002] worked with this definition. He described it as follows:

“One can think of performing a crossing change as grabbing two parallel
strands of a knot with opposite orientation and giving them one full twist.
More generally, one can grab 2k parallel strands of K with k of the strands
oriented in each direction and give them one full twist.”

Following Livingston, we call such a twist a generalized crossing change. We
describe in Section 2A how a crossing change may be encoded as a £1-surgery
on a nullhomologous unknot U C S* — K bounding a disk D such that D N K =2
points. From this perspective, a generalized crossing change is a relaxing of the
previous definition to allow D N K = 2k points for any &, provided Ik(K, U) =0
(see Figure 2). In particular, any knot can be unknotted by a finite sequence of
generalized crossing changes.

One may then naturally define the untwisting number tu(K) to be the minimum
length, taken over all diagrams of K, of a sequence of generalized crossing changes
beginning at K and resulting in the unknot. By tu,(K), we will denote the min-
imum number of twists on 2p or fewer strands needed to unknot K; notice that
tui;(K) =u(K) and that

tu <. <tupp <tup,<---<tu;=u.

Figure 2. A right-handed, or positive, generalized crossing change.



THE UNTWISTING NUMBER OF A KNOT 141

Figure 3. The generalized crossing change for V C §3 which
results in a knot K C §3 with ru(K) # u(K).

The algebraic untwisting number tu,(K) is the minimum number of generalized
crossing changes, taken over all diagrams of K, needed to transform K into an
Alexander polynomial-one knot. It is clear that tu,(K) < tu(K) for all knots K.

It is natural to ask how 71 (K) and u(K) are related. We show that these invariants
are “algebraically the same” in the following sense:

Theorem 1.1. For any knot K C S3, tug(K) = uy(K).

Therefore, tu and u cannot be distinguished by classical invariants. By using the
Jones polynomial, which is not a classical invariant, we can show that tu and u are
not equal in general:

Theorem 1.2. Let K be the image of V. C S? in the manifold M = S resulting
from +1-surgery on the unknot U C S° shown in Figure 3. Then tu(K) = 1 but
u(K)> 1.

Furthermore, using the fact that the absolute value of the Ozsvath—-Szabé t
invariant is a lower bound on unknotting number, we show in Section 5A that the
difference u — tu, can be arbitrarily large, and thus so can the difference u — tu.
Throughout this paper, K, , will denote the (p, g)-cable of the knot K, where p
denotes the longitudinal winding and ¢ the meridional winding.

Theorem 1.3. Let K be a knot in S> such that u(K) = 1. Ift(K)>0and p,q >0,
then

u(Kpq)—tup(Kyq)>p—1.
In particular, if we take q = 1, then tu ,(K, ) = 1, while u(K, ;) > p.

It may seem that the above examples are “cheating” in some sense, as in each of
them the number of strands of K passing through the +1-framed unknot U in the
generalized crossing change diagram is increasing along with u(K). The following
theorem shows that #(K) can be arbitrarily larger than 7u(K') even when we restrict
to doing g-generalized crossing changes for any fixed integer g > 1.
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Theorem 1.4. For any knot K with u(K) = 1 and t©(K) > 0, the infinite family of
knots Jg = #qu,l satisfies

u(J9) — 11y (J9) = p
for any integers p > 1,q > 0.

So far, all of the families of knots we have worked with are quite complicated,
in the sense that they are (p, g)-cables for large p or connected sums of such
cables. One may wonder whether it is possible to find a “simpler” knot K for
which tu(K) < u(K). One measure of “knot simplicity” is topological sliceness;
a knot K is topologically slice if there exists a locally flat disk D C B* such that
ID=K C $3=93B*.

Theorem 1.5. For any knot K with t(K) > 0, let D, (K, 0) denote the positive-

clasped, untwisted Whitehead double of K. Then the knots ST .= #* (D4(K, 0))g,1
are topologically slice and satisfy

u(S9) —1ug($9) = p
for all integers p > 0, g > 0.

This paper is organized as follows. First, we will review the operations of Dehn
surgery on knots and knot cabling and define the untwisting number more precisely.
Next, we will give some background on the Blanchfield form which is necessary to
prove that tu, = u,. Finally, we will prove that each of the above families of knots
gives arbitrarily large gaps between u and tu.

Convention. In this paper, all manifolds are assumed to be compact, orientable,
and connected.

2. Preliminaries

2A. Dehn surgery. In this section, we will describe the operation of Dehn surgery
on knots.

Definition 2.1. Let K C S° be an oriented knot and U C S* be an unknot with
Ik(K,U) = 0. Let W be a closed tubular neighborhood of U in S3. Let A be a
longitude of W, and let  be a meridian of W such that Ik(u, A) = 1. The 3-manifold

M=(S—W)u, w,

where h: dW — dW is a homeomorphism taking a meridian of W onto £u+A C W,
is the result of &=1-surgery on U, and U is said to be £1-framed. In this situation,
we define a generalized crossing change diagram for K to be a diagram of the
link K U U with the number £1 written next to U, indicating that U is £1-framed.
Figure 3 is an example of a generalized crossing change diagram for the unknot V.
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/177
Figure 4. A right-handed twist about an unknotted component.

In the general case, note that the complement of N D U in §? is a solid torus,
which we may modify with a meridional twist. This alters K as follows: if D is a
disk bounded by U such that k strands of K pass through D in straight segments,
then each of the k straight pieces is replaced by a helix which screws through a
neighborhood of D in the right-hand sense (see Figure 4).

If U is —1-framed, the knot obtained by erasing U and twisting the strands of K
that pass through U as in Figure 4 represents the image of K under the —1-surgery
on U [Rolfsen 1976]. If instead U has framing +1, the knot obtained by erasing U
and giving K a left-handed meridional twist represents the image of K under the
+1-surgery on U. The process of performing a F-meridional twist on the comple-
ment of a £1-framed unknot U, then erasing U from the resulting diagram, is called
a blow-down on U. The inverse process of introducing an unknotted component U
to a surgery diagram consisting of a knot K, then performing a +-meridional twist
on the complement of U to link it with K, is known as a blow-up on U and results
in a diagram consisting of K and the F1-framed unknot U, where 1k(K, U) = 0.

Now, it can be easily verified that blowing down the +1-framed unknot on the
left side of Figure 5 transforms the crossing labeled + into the crossing labeled —.
The inverse process of introducing an unknot to the right side of Figure 5 and
performing a —-meridional twist on its complement yields the positive crossing.

2B. Untwisting number. We define a +=-generalized crossing change on K as the
process of blowing down the £ 1-framed unknot in a generalized crossing change
diagram for K. In this situation, K must pass through U an even number of times,
for otherwise 1k(K, U) # 0. If at most 2p strands of K pass through U in a

\,— blow down
/Q/)\(H blow up /

+

Figure 5. Crossing changes as blow-downs of £1-framed unknots.
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generalized crossing change diagram, we may call the associated +-generalized
crossing change a & p-generalized crossing change on K.

The result of a =-generalized crossing change on K is defined to be the image
of K under the blow-down. The untwisting number tu(K) of K is the minimum
length of a sequence of generalized crossing changes on K such that the result
of the sequence is the unknot, where we allow ambient isotopy of the diagram in
between generalized crossing changes. Note that by the reasoning on page 58 of
[Adams 1994], this definition is equivalent to taking the minimum length, over all
diagrams of K, of a sequence of generalized crossing changes beginning with a
fixed diagram of K such that the result of the sequence is the unknot, where we do
not allow ambient isotopy of the diagram in between generalized crossing changes.

For p=1,2,3, ..., we define the p-untwisting number tu,(K) to be the mini-
mum length of a sequence of &+ p-generalized crossing changes on K resulting in
the unknot, where we allow ambient isotopy of the diagram in between generalized
crossing changes.

It follows immediately that we have the chain of inequalities

@2-1) tu(K) <. <tupy1(K) <tup(K) <--- <tus(K) < tuy(K) = u(K).

2C. Cabling. In this section, we define satellite and cable knots.

Definition 2.2. A closed subset X of a solid torus V = S x D? is called geometri-
cally essential in V if X intersects every PL meridional disk in V.

Let P C V C S be a knot which is geometrically essential in an unknotted solid
torus V. Let C C S3 be another knot and let V; be a tubular neighborhood of C
inS3. Leth:V — V,bea homeomorphism and let K be A(P). Then P is called
the pattern for the knot K, C is the companion of K, and K is called a satellite
of C with pattern P, or just a satellite knot for short.

If the homeomorphism /4 takes the preferred longitude and meridian of V, respec-
tively, to the preferred longitude and meridian of Vi, then 4 is said to be faithful.
If P is the (p, g)-torus knot just under 0V and # is faithful, then K is called the
(p, q)-cable based on C, denoted C,, 4, or simply a cable knot.

Throughout this paper, we will denote the (p, g)-torus knot by U, , since it is
the (p, g)-cable of the unknot U.

2D. The Blanchfield form. Let K C S3 be a knot. By A we shall denote the ring
Z[t*'], and by Q we will denote the field Q(t).

Twisted homology, cohomology groups, and Poincaré duality. Following [Borodzik
and Friedl 2014], let X be a manifold with infinite cyclic first homology, and fix
a choice of isomorphism of H;(X) with the infinite cyclic group generated by
the indeterminate 7. Let 7 : X — X be the infinite cyclic cover of X. Given a
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submanifold Y of X, let ¥ = 7! (Y). Since Z is the deck transformation group
of X, A acts on the relative chain group C.(X, Y; Z). If N is any A-module, we
may define

H*(X,Y; N) := H.(Hom, (C(X, Y; Z), N))
and
H,(X.Y:N):= H*(c*(i V. 2)®, N).

Here, if H is any A-module, H denotes the module with the involuted A-structure:
multiplication by p(¢) € A in H is the same as multiplication by p(t~!) in H.
When Y = @, we just write H,(X; N) or H*(X; N).

Since 2 := Q(¢) is flat over A, we have isomorphisms

H (X,Y; Q)= Hi (X, Y; A) Qn 2

and
H'X,Y;Q=EH"(X,Y; A)®js Q.
If X is an n-manifold, and N is a A-module, Poincaré duality gives A-module
isomorphisms
Hi(X,3X; N)= H"'(X; N).

The Blanchfield form. As above, let A=2Z[t,t"']and Q =Q(¢). Let Abe ann xn
invertible hermitian matrix with entries in A. We define A(A) to be the pairing

AA): A"JAN" x A"JAN" — Q/A

sending the pair of column vectors (a, b) to a’ A~'b. Note that A (A) is a nonsingular,
hermitian pairing.
Let X(K) = S — N(K) denote the exterior of K. Consider the sequence of
maps
®: H (X(K); A) = Hi(X(K), dX (K); A)
B HX(X(K); A) <= H'(X(K); Q/A)

—% Homy (H; (X (K); A), Q/A).

Here 7, is induced by the quotient map C(X) — C(X)/C(dX), PD is the Poincaré
duality map, § is from the long exact sequence in cohomology obtained from
the coefficients 0 > A — Q — Q/A — 0, and ev is the Kronecker evaluation
map. It is well known (see [Hillman 2012, Section 2] for details) that . and §
are isomorphisms, PD is the Poincaré duality isomorphism, and ev is also an
isomorphism by the universal coefficient spectral sequence (see [Levine 1977,
Theorem 2.3] for details on the universal coefficient spectral sequence). Thus, the
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above maps define a nonsingular pairing
A(K) s Hi(X(K); A) x Hi(X(K); A) — Q/A,
(a, D) — ®(a)(D),

called the Blanchfield pairing of K. This pairing is hermitian.

Now, let V be any 2k x 2k matrix which is S-equivalent to a Seifert matrix for K.
Recall that V — VT is antisymmetric with determinant £1. It is well known that,
perhaps after replacing V by PV PT for some P € GLy(Z),

0 -1
_ _yT _ k
2-2) =y (Ik O)’

where I; denotes the k x k identity matrix. We define Ak () to be the matrix
1—+=H~1p I I 1-1)7'1
(l)kOVkO (% 04 VT(t)kO.
0 I 0 (-0l 0 (I—t=HIi 0 Iy
Using (2-2), we can write
B C+1
v=(5 <50

One may then compute, as in the proof of [Borodzik and Friedl 2015, Lemma 2.2],

that
B —1I;
Ag(l) = .
k(1) (—Ik 0)

Thus, the matrix Ag (¢) is a hermitian matrix defined over A, and det(A g (1)) = (— 1)k

Proposition 2.3 [Borodzik and Friedl 2015, Proposition 2.1]. Let K be a knot and
Ak (t) be as above. Then M(Ak (1)) is isometric as a sesquilinear form to A(K).

2E. The twisted intersection pairing. Let W be a topological 4-manifold with
boundary M such that 71 (W) = Z. Consider the maps

Hy(W; A) 5 Hy(W, M; A) 22 H?(W; A) % Homp (Hy(W; A), A),

where the first map is induced by the quotient, the second map is Poincaré duality,
and the third map is the Kronecker evaluation map. The second and third maps are
obviously isomorphisms, and the first map is an isomorphism by the long exact
sequence of the pair (W, M). Hence this composition defines a pairing

Hy(W; A) x Hy(W; A) — A,

which we call the twisted intersection pairing on W.
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3. Algebraic untwisting number equals algebraic unknotting number

Our proof that tu,(K) = u,(K) generalizes [Borodzik and Friedl 2014; 2015].
Following [Borodzik and Friedl 2014], define a knot invariant n(K) to be the
minimum size of a square hermitian matrix A(z) over Z[t*'] such that A(A) is
isometric to A(K) and A(1) is congruent over Z to a diagonal matrix which has only
+1 entries. Borodzik and Friedl showed that u,(K)=n(K). Since tu,(K) <u,(K),
itis obvious that fu, (K) <n(K) as well. After stating Borodzik and Fried’s results,
we will show that n(K) < tu,(K); hence tu,(K) =n(K) = u,(K) for all knots K.
In fact, we will show something stronger.

Theorem 3.1. Let K C S> be a knot. For every algebraic unknotting sequence for K
with uy positive crossing changes and u_ negative crossing changes, there exists an
algebraic untwisting sequence for K with uy positive generalized crossing changes
and u_ negative generalized crossing changes. In particular, u,(K) = tu,(K).

In order to prove Theorem 3.1, we must first recall some notation and results
used in [Borodzik and Friedl 2015]. The main theorem of that paper implies that
n(K) <uq(K):

Theorem 3.2 [Borodzik and Friedl 2015, Theorem 1.1]. Let K be a knot which can
be changed into an Alexander polynomial-one knot by a sequence of u positive
crossing changes and u_ negative crossing changes. Then there exists a hermitian
matrix A(t) of size uy +u_ over A such that

(1) ACA(t)) is isometric to M(K);

(2) AQ1) is a diagonal matrix such that u, diagonal entries are equal to —1 and
u_ diagonal entries are equal to 1.

In particular, n(K) < u,(K).
We need one definition:

Definition 3.3. Let K be a knot and M (K) the result of O-surgery on K. A
4-manifold W tamely cobounds M (K) if

(1) oW = M(K);
(2) the inclusion induced map H{(M (K); Z) — H{(W; Z) is an isomorphism;
(3) m((W) =12.

If, in addition, the intersection form on Hy(W; Z) is diagonalizable, we say that W
strictly cobounds M (K).

Theorem 3.4 [Borodzik and Friedl 2015, Theorem 2.6]. Let K be a knot and let W
be a topological 4-manifold which tamely cobounds M(K). Then Hy(W; A) is
free of rank by(W). Moreover, if B is an integral matrix representing the ordinary
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intersection pairing of W, then there exists a basis B for Hy(W; A) such that the
matrix A(t) representing the twisted intersection pairing with respect to B satisfies

(1) L(A(1)) is isometric to M(K);
(2) A(1) =B.
We generalize Theorem 3.2 as follows:

Theorem 3.5. Let K be a knot which can be changed into an Alexander polynomial-
one knot by a sequence of u positive and u_ negative generalized crossing changes.
Then there exists a hermitian matrix of size uy + u_ over A with the properties

(1) X(A(1)) is isometric to M(K);

(2) A(1) is a diagonal matrix such that u diagonal entries are equal to —1 and u _
diagonal entries are equal to 1.

In particular, n(K) < tu,(K).

The proof of Theorem 3.5 is similar to that of Theorem 3.2. By Theorem 3.4, in
order to prove Theorem 3.5, we only need to show the following proposition.

Proposition 3.6. Let K be a knot such that uy positive generalized crossing
changes and u_ negative generalized crossing changes turn K into an Alexander
polynomial-one knot. Then there exists an oriented topological 4-manifold W
which strictly cobounds M (K). Moreover, the intersection pairing on Hy(W; 7)
is represented by a diagonal matrix of size uy + u_ such that u entries are equal
to —1 and u_ entries are equal to +1.

Proof. Let K be a knot such that u positive generalized crossing changes and u_
negative generalized crossing changes turn K into an Alexander polynomial-one
knot J. We write s = u4 +u_ and n; = —1 fori =1,...,u4 and n; = 1 for
i=uy+1,...,ur +u_. Then there exist simple closed curves cy, ..., cs in
§3 — N(J) such that

(1) ¢; U---Uc is the unlink in S3;

(2) the linking numbers lk(c;, K) are zero for all i;

(3) the image of J under the n;-surgeries is the knot K.
Note that the curves ¢y, ..., ¢ liein S = N (J); hence we can view them as lying
in M (J). The manifold M (K) is then the result of n;-surgery on all the ¢; C M (J),
wherei =1,...,s.

Since J is a knot with trivial Alexander polynomial, by Freedman’s theorem

[Freedman and Quinn 1990] J is topologically slice and there exists a locally flat

slice disk D c B* for J such that 7;(B* — D) = Z. Let X := B* — N(D). Then X
is an oriented topological 4-manifold such that

(1) 0X = M(J) as oriented manifolds;
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(2) m(X)=17;
(3) the inclusion induced map H{ (M (J); Z) — H;(X; Z) is an isomorphism;
(4) Hy(X;2)=0.

Let W be the 4-manifold which is obtained by adding 2-handles along ¢y, ..., c¢; C
M(J) with framings ny,...,n; to X. Then dW = M(K) as oriented mani-
folds. From now on, we write M := M (K). Since the curves cy, ..., ¢ are null-
homologous, the map H{(M; Z) — H{(W; Z) is an isomorphism and 7, (W) = Z.
It thus remains to prove the following lemma:

Lemma 3.7. The ordinary intersection pairing on W is represented by a diagonal
matrix of size s = uy + u_ with uy diagonal entries equal to —1 and u_ diagonal
entries equal to 1.

Recall that the curves ¢y, . . ., ¢; form the unlink in S> and that the linking num-
bers lk(c;, J) are zero. Therefore, the curves cy, . .., ¢y are also nullhomologous
in M (J). Thus we can now find disjoint surfaces Fi, ..., Fs in M(J) x [0, 1] such
that 0 F; = ¢; x {1}. By adding the cores of the 2-handles attached to the c;, we

obtain closed surfaces Cy, ..., Cy in W. It is clear that C; - C; =0 for i # j and
C,’ . C,’ =n;.

We argue using Mayer—Vietoris that the surfaces Cy, ..., C present a basis for
Hy(W; 7). Write W := XU H, where H = |_|‘§:1(B2 x B2) is the set of 2-handles
attached to ¢y, ..., ¢g. Then write Y := X N H, so that

S S
Y= N@) =[] (S xD?).
i=1 i=1

We have the Mayer—Vietoris sequence
s = Hy(X)@Ho(H) L Hy (W)= Hi (V)25 Hy (X)@ H) (H) > Hy (W) — 0.

Now, since H(Y) is generated by all the S I_factors, or the longitudes cy, ..., cs,
and H)(H) = Hy(H) = H,(X) =0, the sequence becomes

0— Hy(W) 25 (c1, ..., cs) =2 Hi(X) L Hy (W) — 0.
From [Livingston 1993, Lemma 8.12], for example, we have:

Lemma 3.8. Suppose that for some knot K in S3, there is a locally flat surface F
in B* with FNS> =9 F N S? = K. Then the inclusion map induces an isomorphism
H\(S*—K)— Hi(B*-F)=Z

In our case, the inclusion S° — K < X induces an isomorphism H;(S> — K) —
H,(X). Since i, is induced by inclusion and the longitudes cy, ..., ¢, are null-
homologous in S 3 _ K, we see that i, must be the zero map in X. Hence 0, is an
isomorphism H,(W) = H{(Y), and H,(W) = (Cy, ..., Cy).
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In particular, the intersection matrix on W with respect to this basis is given by
(Ci-Cj), ie., itis a diagonal matrix such that u, diagonal entries are equal to —1
and u_ diagonal entries are equal to +1. This concludes the proof of Lemma 3.7.
Proposition 3.6 follows. Together with Theorem 3.4, this completes the proof of
Theorem 3.5. U

We have shown that, for every untwisting sequence for K with u positive
generalized crossing changes and u_ negative generalized crossing changes, there
exists a hermitian matrix A(¢) of size u; + u_ such that A(A(¢)) is isometric
to A(K) and A(1) is diagonal with u, entries equal to —1 and u_ entries equal
to 1. Borodzik and Friedl [2014] have already shown that, for every hermitian
matrix A(z) representing A(K) such that A(1) is diagonal with uy —1’s and u_
+1’s, there exists an algebraic unknotting sequence for K consisting of u positive
and u_ negative crossing changes. Theorem 3.1 follows.

4. Untwisting number does not equal unknotting number

Although the algebraic versions of ru and u are equal, fu # u in general. We use a
result of Miyazawa [1998] to give our first example of a knot K with ru(K) =1
but u(K) > 1.

Theorem 4.1. Let K be the knot resulting from blowing down the +1-framed
unknot U C S3\V in Figure 3. Then tu(K) =1 but u(K) > 1.

From this point forward, we will denote the signature of any knot K by o (K).
In order to analyze the unknotting number of K, we will use the following theorem:

Theorem 4.2 [Miyazawa 1998]. Ifu(K) = 1 and o (K) = %2, then
ViV (—1) =24as(K) — Lo (K)(det K +1)(det K +5) (mod 48),

where V,((l) denotes the first derivative of the Jones polynomial of K and ay is the
coefficient 0fz4 in the Conway polynomial Vi (z7) = Z:io ann (K)z*".

We compute using the Mathematica package KnotTheory (http://katlas.org/wiki/
The_Mathematica_Package_KnotTheory) that o (K) = 2; therefore Theorem 4.2
applies. We also compute using the KnotTheory package that the Jones polynomial
Vk (q) for our knot K is

Vk@=q-4"+2¢° —¢* +4¢°—¢"+4° ¢ — 4" +4";

hence V[((l) (—1) = 8. The Conway polynomial of K is computed to be

o0
Vk(2) =) an(K)?" =147
n=0


http://katlas.org/wiki/The_Mathematica_Package_KnotTheory
http://katlas.org/wiki/The_Mathematica_Package_KnotTheory
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(hence a4 = 0), and the determinant of K is 3. In our case, the right-hand side of
the congruence in Theorem 4.2 becomes

0—3(4©®) =-8

and 8 % —8 (mod 48). Hence K cannot have unknotting number one, although it was
constructed to have untwisting number one. Note that this also shows Miyazawa’s
Jones polynomial criterion does not extend to untwisting-number-one knots.

5. Arbitrarily large gaps between unknotting and untwisting numbers

SA. Arbitrarily large gaps between u and tu,. Now that we have shown that there
exists a knot K with tu(K) < u(K), it is natural to ask how large the difference
u(K)—tu(K) can be. Recall that the (p, g)-cable of a knot K is denoted K, ,; we
denote the (p, g)-torus knot by U, 4, the (p, g)-cable of the unknot. The knots we
will be working with are (p, g)-cables of knots K with u(K) =1 and 7(K) > 0,
where p, g > 0.

To get a lower bound on u (K, 4) for such knots, we compute 7 (K, ,) forall p, g.
For cables of alternating (or more generally, “homologically thin’) knots such as
the trefoil, Petkova [2013] gives a formula for computing T. However, since we will
later compute t for cables of nonalternating knots, we use a more general method
of computing 7(K ) using the e-invariant € (K) € {—1, 0, 1} introduced by Hom:
Theorem 5.1 [Hom 2014]. Let K C S°.

(1) Ife(K) =1, then t(K . 4) = pt(K) + (p — )(g — D).
() Ife(K) = —1,then T(Kp ) = pt(K) + 3(p — D(g + 1.
3) Ife(K) =0, then t(K) =0 and
Wp=D@+1D, ¢<0,
Wp—D@-1, ¢g>0.
Theorem 5.2 [Ozsvith and Szabo 2003]. For the (p, q)-torus knot U, , with
P, q >0, T equals the 3-sphere genus of U, 4, denoted g(U, 4):
T(Up,g) =8Wpq) =5(p—Dig—1).

Proposition 5.3 [Hom 2014]. Let K C S3 be a knot. If IT(K)| = g(K), then
€(K) =sgnt(K).

T(Kpg) =tWUpyq) =

Theorem 5.4. Let K be a knot in S° with unknotting number one. If t(K) > 0 and
p,q >0, then

u(Kpy) —tup(Kpy)>p—1.

In particular, tu,(Kp 1) =1, while u(K, 1) > p.
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Proof. Let V be the unknot that results from performing the unknotting crossing
change on K. Consider a generalized crossing change diagram for V together
with the +1-framed surgery curve U that transforms V back into K. Then take
the (p, g)-cable V), , of V in this diagram, leaving U alone. The resulting V,, , is
the (p, g)-torus knot before performing the +1-surgery, but the image of V under
+1-surgery on U is K; hence the image of V), , under the £1-surgery on U is K, 4.
Therefore, blowing down the surgery curve U (through which V,, , passes 2p times)
results in a diagram for K, ; in S°. Since K, ;, and V,, , differ by a single twist,

tupy(Kpg) <tup(Vy o)+ 1.
Since
tup(Vpg) <u(Vyg) =1(p—1Dig—1),
we get that
tup(Kpg) <5(p—D(g—1+1.

In particular, this inequality shows that ru , (K, 1) = 1. If 7(K) > 0, then necessarily
€(K) #0 by (3) of Theorem 5.1, so that e(K) = +£1. In this case,

1(Kpy) =pt(K)+3(p—D(@FD),
and thus

w(Kpg) > 1t(Kp )l =pt(K)+5(p—D@F D) = p+3(p—D@TFD.

When g = 1, we get that u(K, 1) > p. Combining our estimates,

w(Kp o) —tupy(Kpg) = (p+3(p—D@FD)—(14+5(p—D@g—1D)
>(p+3(p-D@—-D)—(1+3(p—D(@-D)
>p—1. [

SB. Arbitrarily large gaps between u and tu,. The above examples {K, 1} show
that for every p there exists aknot K, { withu (K, 1) > p, even though tu ,(K, 1) =1.
However, in order to untwist any such K, |, we must twist at least 2p strands at
once. A natural follow-up question is whether there exists a knot K with u(K) > p
that can be untwisted by a single +¢g-generalized crossing change, where g < p.
More generally, we may ask whether, for any fixed ¢, there is a family of knots
which give us arbitrarily large gaps between u and ru,. We answer this question in
the affirmative.

Theorem 5.5. Let K be a knot with u(K)=1and t(K) > 0, and let J := #” K, 1.
Forany p > 0and g > 1, we have tuq(Jg) <p andu(]f,’) —tuq(Jg) > p.

Proof. First, we note that for any knot K, J! = #” K, 1 can be unknotted by per-
forming p generalized crossing changes on at most 2¢g strands each, one generalized
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crossing change to unknot each copy of K, ;. Therefore, ru,(J, 1) < p. Since 7 is
additive under connected sum,

t(J))=p 1(Kq1) = pq,

and hence u(J}}) = pq for all p. Therefore,
u(J) —tug(J}) = pg—p=plg—1 = p, O

Note. In the case where K has o (K) = %2, e.g., when K is a right-handed trefoil
knot, we can do better by computing tu, precisely. We use the fact that %|0(K )|
is a lower bound for ru,(K) for any g. First, recall that the Tristram—Levine
signature function of a knot K, o,(K), is equal to the signature of the matrix
(1—w)V+ (1 —a)VT, where w € C has norm 1 and V is a Seifert matrix for K.
Note that

o 1(K)=c(V+VT)=c(V+VT)=0(K).

We use Litherland’s formula [1979] for Tristram—Levine signatures of cable knots
to compute that
01 (Kp,q) =onr(K)+o- (Up,q)

and, since 01 =0, while 0_; =0,

o(K)+o(U,1)=0(K), ¢ odd,

K =
o(Kq.1) {G(Uq,l)zo, q even,

since the (g, 1)-torus knot is the unknot for any ¢. Now, since the knot signature is
additive over connected sum,

o'(K) . =42 , Odd,
o(J,Z):po(Kq,l)z{ p==ep. 4
0, q even,
and therefore, when p is odd,
tug(J3) = 3lo (k)| = p.

Since we already know tuq(Jg) < p, in fact we must have tuq(lg) = p for odd
p=1

5C. Arbitrarily large gaps between u and tu, for topologically slice knots. Con-
sider the diagram of an unknot U(K) in Figure 6, where K is any knot with
7(K) > 0. Let p > 2 be an integer.

We take the (g, 1)-cable of U (K), which is still an unknot. Then, we perform a
—1-twist on the +1-framed unknot, obtaining a knot $?. Clearly, tu,(S?) = 1.

Furthermore, S7 is the (g, 1)-cable of the knot D (K, 0), the untwisted White-
head double of K. This is because U (K) represents D, (K, 0) in the manifold
obtained from the +1-surgery, and the cabling operation converts this knot into the
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Figure 6. The knot U (K) (an unknot), together with a +1-surgery curve.

(g, 1)-cable of D, (K, 0). Since untwisted Whitehead doubles are topologically
(but not necessarily smoothly) slice [Freedman and Quinn 1990], D, (K, 0) is
topologically concordant to the unknot. It is well known that, if K is concordant
to J, then K, , is concordant to J, , for all integers m,n. Hence S, ; is also
topologically concordant to the unknot U, 1, and therefore S, is topologically slice
for all p.

Now, define S} := #” D, (K, 0). Connected sums of topologically slice knots
are topologically slice; hence S}, is topologically slice. Moreover, as above, we
have that tuq(Sg) <p-tuy(§9) = p.

We will now get a lower bound on u(S}) and thus show that u(S}) — tu,(S})
can be arbitrarily large. The Ozsvith—Szabé 7 invariant gives such a lower bound.
Thus, we need to compute r(Sg) for all p, q.

We show that € (D4 (K, 0)) = 1 and hence, applying Theorem 5.1, that

7(87) = qt(D+ (K, 0)).
We first compute (D4 (K, 0)).

Theorem 5.6 [Hedden 2007]. Let D (K, t) denote the positive t-twisted Whitehead
double of a knot K. Then

1, t<2t(K),
0, otherwise.

t(D+(K, t))={

Since t(K) > 0 in our case, t = 0 < 2 < 27(K), and so 7(D,(K,0)) = 1.
Furthermore, as is the case with any Whitehead double, g(D4 (K, 0)) = 1, so
[T(D+(K,0))] =1=g(D+(K,0)) and, by Proposition 5.3,

€(D(K,0)) =sgnt(D,(K,0) = +1.
We then apply Theorem 5.1 to S9 to get that

T(87) =qt (D (K, 0)).
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Since t (D4 (K, 0)) = 1, we have that 7(S7) = ¢ and, hence, t(SZ) = pq. Thus,
u(SZ) > pq. Therefore,

u(Sy) —tuy(Sy) = pqg—p=plg—1 = p,

as desired.
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A PLANCHEREL FORMULA FOR L?*(G/H) FOR ALMOST
SYMMETRIC SUBGROUPS

BENT RSTED AND BIRGIT SPEH

We study the Plancherel formula for a new class of homogeneous spaces for
real reductive Lie groups; these spaces are fibered over non-Riemannian
symmetric spaces, and they exhibit a phenomenon of uniform infinite mul-
tiplicities. The proof for this is new but rather elementary, and we give
all details. As an application we use several results from the recent liter-
ature studying possible nontemperedness of homogeneous spaces; thus we
provide examples of nontempered representations of the group appearing
in the Plancherel formula for our homogeneous spaces. Several classes of
examples are given, each building on different techniques and new results
from the theory of symmetric spaces.

I. Introduction

Considerable efforts have been devoted to obtaining the Plancherel formula for ho-
mogeneous spaces of the form G/H with G a real reductive Lie group and H a sym-
metric subgroup, a program completed by T. Oshima, P. Delorme, E. van den Ban,
and H. Schlichtkrull. This is a central theme in harmonic analysis, and there are
a number of natural ways to extend such a program. One is to consider spherical
spaces, i.e., where the homogeneous space admits an open orbit of a parabolic
subgroup. In this paper we shall rather extend the interest to

(1) square-integrable sections of homogeneous line bundles over symmetric spaces,
and

(2) spaces fibered over symmetric spaces.

Of course, these two questions are related, and we shall find several classes
of spaces where rather explicit answers can be found. As an example consider
G =SL(2, R) with H the connected diagonal subgroup; for each unitary character
of H we may consider the space (1) and the corresponding Plancherel formula:
This turns out to be independent of the character, and hence the space as in (2)

Research by Speh is partially supported by NSF grant DMS-0901024.
MSC2010: primary 22E46, 43A8S5; secondary 22E30.
Keywords: reductive Lie group, tempered representations, Plancherel formula.
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above (in our case just the group G) has the same L2-content as the symmetric
space, only with infinite multiplicity. It is perhaps a little surprising, that one may
thus find embeddings of, e.g., the discrete series of G in a uniform way in each of
the spaces of sections (1).

To be more specific, our motivation in undertaking this work was to understand
the disintegration of the representation of a semisimple Lie group G on the space
L*(G / H,g) where H, is a semisimple subgroup which differs from a symmetric
subgroup by a noncompact central real factor. In this paper we study this situation
for the simplest nonsymmetric subgroups Hy; from the point of view of harmonic
analysis and obtain a Plancherel theorem for space L*(G / Hyg) in terms of the one
for G/H.

Recently Y. Benoist and T. Kobayashi [2015] proved general criteria to determine
if for a semisimple subgroup H the spectrum of L?(G/H) contains nontempered
representations; this they use to determine in many examples if L>(G/H) is tem-
pered. Here a representation is called tempered if it appears in the usual Plancherel
formula for L?(G). However these authors do not obtain any results concerning
the multiplicity of the representations in the Plancherel formula. By obtaining a
Plancherel formula for L?(G /Hsg) we are in a position to determine exactly in our
examples which nontempered representations appear in the spectrum, and also to
show that they appear with infinite multiplicities.

We consider a noncompact subgroup H = HgZy where H is a subgroup of
finite index in the fixpoints of an involution of G and Zy >~ R is a subgroup of
finite index of the center of H. Under these assumptions we show the following.

Theorem. As a left regular representation of G
L*(G/Hy;) = L*(G/H) ® L*(Zn).

It is instructive to compare with the situation where the central subgroup is
compact, e.g., the case of G a simple noncompact Lie group and K a maximal
compact subgroup with a one-dimensional center Z. Here G/K is a noncompact
Riemannian symmetric space of Hermitian type, and L>(G/K) has a different
Plancherel decomposition than L?(G/K, x), the square-integrable sections of the
line bundle induced from a nontrivial unitary character y of Z. In particular the
first space contains no discrete series representations, whereas the second space
typically does. Compare with Proposition II1.3 for our situation of a noncompact
center.

A related problem for spherical varieties over non-Archimedian fields is discussed
in [Sakellaridis and Venkatesh 2014, Section 9.5].

The paper is organized as follows: In Section II, we show that we can regard
H as a subgroup of finite index in the Levi subgroup of a parabolic subgroup with
abelian nilradical. In Section III we prove our main theorem above. In Section IV
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we discuss some examples. In particular we note that we find several examples of
nontempered homogeneous spaces, some of them new; quite possibly our method
could extend to other instances of Plancherel theorems, such as cases of vector
bundles (as opposed to the cases of line bundles treated here).

II. Notation and preliminaries
We introduce the notation and prove some preliminary results.

Notation and assumptions. Let G be a real linear semisimple connected algebraic
group with maximal compact subgroup K and complexification G¢. We consider
G and K C G¢ as subgroups.

Proposition I1.1. Suppose that P = LN is a maximal parabolic subgroup with an
abelian nilradical N. Then L is the fixpoint set of an involution

7:G—G.

Proof (due to Dan Barbasch). We consider a maximal split Cartan subgroup and
its corresponding complex Cartan subalgebra. A parabolic subalgebra is given by
removing some simple roots from the diagram. The only way to get an abelian
nilradical is to remove a single simple root which appears with coefficient at most
one 1 if we write the roots as linear combinations of simple roots. The involution t
is then conjugation by exp(im @) where @ is the coroot of the simple root which
was removed. (]

Let H be a subgroup of the Levi subgroup L of P which contains the connected
component L° of L. Then H = HyZy where Zy is a one dimensional connected
subgroup in the center of H and H, is semisimple or discrete.

Example 1. G = SL(2, R), L diagonal matrices which are the fixed points under
the conjugation by the diagonal matrix of order 2 and determinant —1. Alternatively
we consider the adjoint representation. Then L is the stabilizer of a semisimple
nontrivial element of order 2. It is also the fixed point set of the automorphism by
the adjoint action of the matrix

(6 —Oi) :exp(’” (1(/)2 _?/2>)'

We have to consider two subgroups H and Hg;:
(a) H=L, Hx=12, Zy = R+-G/Hss = PSL(27 R),
(b) H=L", H, =1 and G/H,; = SL(2, R).

Proposition I1.2. Suppose that F is the fixed point set of an involution T : G — G.
Assume in addition that it is a product F = FyZr where ZF is a subgroup of the



160 BENT @GRSTED AND BIRGIT SPEH

center of F isomorphic to R and Fy is a semisimple group. Then F is contained
in the Levi subgroup of a maximal parabolic subgroup P with abelian nilradical N.

Proof. We choose maximally split Cartan subgroup C C F with complexified Lie
algebra fhc. We choose the simple roots of h¢, gc so that they are simple roots in
be, fe. (In the lexicographical order we let f come before g, f the Lie algebra of
F.) Then f is the Levi subalgebra of a maximal parabolic subalgebra pc = fc & ne

ofg@.

It remains to show that N is abelian. Since 7 leaves C invariant the induced
homomorphism of t : N — N is equal to —1. Since t induces a Lie algebra
homomorphism and hence preserves the Lie bracket in ng, the results follows from
the observation that 7(X) = —X and t(Y) = —Y then t([X, Y]) = [X, Y]. U

Note that in the setting above, we have a direct product decomposition
G/H xZy = G/Hg.

This will be useful later in connection with integration over this space, and in
considering the corresponding L>-space.

About L>(G/H). Keep the assumptions on G, H, Zy as above. We extend a
unitary character x € Zn to a character of H and consider the unitary induced
representation Indg x on L>(G/H) x-1- Normalize Plancherel measures on Zy
and its dual group in the usual way.

Proposition I1.3. As a representation of G

L2(G/Hy) = / L2(G/H) dy.

XE€ZH

Proof. For f € L*>(G/Hj,) and x € Z;; define

Fix,9)= | fgox@)dz,
Zy

Then for zo € Zy
F(x,820) = F(x, 9)x ' (z0),

so F(x) e LZ(G/H)X—I. By Fourier analysis on Zy we have

/AIF(x,g)Izdx=/ (g2 dz.
X z2€Zy

EZH

f f (&) Pdg = / /If(g’z)lzdzdg’
G/ Hg; G/H JZy

completes the proof. (]



A PLANCHEREL FORMULA FOR L2(G/H) FOR ALMOST SYMMETRIC SUBGROUPS 161

II1I. Main results

In this section we relate the Plancherel formula for the left regular representation
of G on L*(G/Hyy) to the Plancherel formula for the left regular representation
on L*(G/H). It turns out that these two spaces have the same content of unitary
representations of G, only differing by their multiplicities.

Induction to the parabolic subgroup P.

Lemma IIL1. Let N the dual group of N. There exist finitely many open H orbits
O; in N so that N is the closure of their union | J; O;.

Proof. Here we refer to results by Wallach [2006]. Here he proves that our parabolic
algebras are “very nice” since they have abelian nilradicals (see Corollary 6.4 of
that reference). In particular there is only one open orbit of L on N.

Since our group H is a subgroup of finite index in L we will get a finite number
of open orbits with dense union. Actually, the statement that “open orbit is generic”
(i.e., “nice parabolic”) would suffice for our purposes here. ([

Let x € Zn. We consider again x as a character of H and consider again the
unitary induced representation Ind%; x.

Proposition II1.2. Let x and } be unitary characters of Zy considered as charac-
ters of H. Then we have (equivalence of representations)

Ind%, x =Ind% 5.
Proof. We denote the induced representations acting on functions F € L?(N) by
py (1) F(n) = F(n - no),
py (ho) F (n) = x (ho) F (hg 'nho).

Using the Fourier transform we realize the representation IndZ x on L2(N). Itis a
direct sum of irreducible representations on L?(0;) where

Py (no) is a multiplication operator,
pr(ho) E'(§) = x (ho)J (ho#)'* F (h§).

The other representation on the orbit is obtained by multiplication of the right hand
side of the second equation with a character x; = 5 x ! of H. In each orbit we fix
an element &;.

We get a intertwining operator on each of the irreducible representations by

I(F)(&) = x1(§)F ().
Here £ = h&; and x1 (&) := x1(h). O
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Example 2. Consider the group P = HN with

i={(5 1) a>o]

N:{((l) ’1’)‘ beR}.

We note that there are three orbits of H on

9= (3 ) =)

namely, 0T ={& |t >0}, 0~ ={& |t <0} and O0' = {&}. The unitary rep-
resentation p; of P induced from the trivial representation of H acts on L*(N)

by

and

01 ((8 ?))F(x) = al/zF(ax)
and

pl((}) ’{))F<x>=F<x+b).

To analyze this representation we consider the Fourier transform of L?(N). The
representation is a direct sum of two unitary representations of functions whose
Fourier transform has supportin & € 0" andin & € 0~.

We consider x; : a — a'* as a character of H. After applying the Fourier
transform the representation p; induced from y; has the form

A((5 1) F©=a"Pa"Fa'e)
and

(o 1)) F© =e™Fe.

The equivalence of the representations p; and p; follows from the intertwining
operator
5 :po—> py  defined by $,F(§) =" F(§).

Induction to G.

Proposition II1.3. Let x and § be characters of Zy considered as characters of H.
As representations of G we have (equivalence)

Ind%, x =Ind9 5.
Proof. By induction by stages (Proposition II1.2) we have

Ind% x = Ind$ Ind}, x = Ind% Ind}, ¥ = Ind?, %. g
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Example 3. G =SU(1, 1) and

01
H_A_exp[R{<1 0).

We identify G/K with the complex unit disk %. We realize the discrete series
representations D, in the holomorphic functions on %. Then we have the H-
invariant distribution vector, giving the embedding into L>(G/H),

v* — (1 +Z2)—n/2 c Dn_OO’H,

and similarly the distribution vector

ix
v =1 +ZZ)—n/2(1 - Z) e Do
14z 8

transforming by the character y; of H. So indeed every discrete series representation
occurs in every L2(G/H)XA.

Theorem I11.4. As a left regular representation of G

L*(G/Hy) ~ (Ind§; 1) ® L*(Zy) ~ L*(G/H) ® L*(Zp).

Proof. This follows from Propositions I1.3 and I11.3. ([

Corollary IILS. All irreducible representations in the discrete spectrum of
L*(G/Hyy)
have infinite multiplicity.

Definition. Following Benoist and Kobayashi we say that L?(G/ Hy) is not tem-
pered if the representations in the Plancherel formula for the right regular represen-
tation of G on L*(G/Hyy) are not a subset of the representations of the Plancherel
formula for G.

Corollary I1L6. L>(G/Hyy) is tempered if and only if L>(G/H) is tempered.

Example 1 (continued). G = SL(2, R), H diagonal matrices, Then X = G/H is a
hyperboloid and

o0
L2(G/H) = Buern Dy &2 f i,
0

where D, are the discrete series representations with parameter v and 7;, are
the tempered spherical principal series representations with parameter it. Here
H,s = 7>, then L>(G/H,s) = L*>(PSL(2, R)) and so the left regular representation
contains the even discrete series representations with oo multiplicity.

If H is connected, then L?(G /H) contains all discrete series representations and
so does the left regular representation of G on L2(G).
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IV. More examples

We discuss in this section some interesting examples of groups G and Hig, illustrat-
ing our results; one aspect is to find reductive spaces that are not tempered.

We use the Plancherel formula to determine if L?(G/Hyy) is tempered. Some of
our examples are also contained in [Benoist and Kobayashi 2015], where they are
obtained with a different technique; others are new.

E. van den Ban and H. Schlichtkrull [2005] proved a Plancherel formula for
L%(G/H) for a fixed point set H of an involution 7 of G. They showed that only
discrete series representations of L>(G/H) and principal series representations
unitarily induced from a 6t invariant parabolic MAN, a discrete series representation
m of M/M N H and a unitary character of A contribute to the Plancherel formula.
On the other hand the work of M. Flensted-Jensen and Oshima and Matsuki shows
that the discrete spectrum of G/H is nontrivial if and only if

rank G/H =rank K/K N H.

A parametrization of the representations in the discrete spectrum was obtained by
T. Matsuki and T. Oshima [1984]. See also [Schlichtkrull 1983]. We will make
extensive use of these results in the proofs of our examples.

Remark 1. Induction by stages enlarges the set of pairs G, H for which L2(G/H)
is tempered. (See [Fell 1962, Theorem 4.2]; here the point is that induction preserves
weak containment, so if we have groups H C H C G so that L>(G/H) is tempered
and we know that L?(H /H) contains the trivial representation weakly, then also
L*(G/H) is tempered.)

Remark 2. The nontempered representations in the discrete spectrum of L?(G/H;;)
are automorphic representations [Burger and Sarnak 1991]. Most of these automor-
phic representations are known and have been constructed using other techniques for
example in [Kudla and Rallis 1990; Howe and Piatetski-Shapiro 1979; Schlichtkrull
1983; Meeglin and Waldspurger 1989].

Example 4. Let G = SL(2n, R), We take H as the connected component of
S(GL(p,R) x GL(g, R)). Then Hy; = SL(p, R) x SL(q, R) where p + ¢ = 2n.
and

rank G/H =rank K/K N H = min(p, q).

The results of van den Ban and Schlichtkrull show that all the representations
in the continuous spectrum are unitarily induced from 0t-stable parabolic sub-
groups. It is easy to see that these parabolic subgroups are all cuspidal and thus
the representations in the discrete spectrum determine whether L*(SL(n, R) /H) is
tempered.
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We recall the parametrization of the representations in the discrete spectrum.
Using the decomposition h @ C @ q ® C of gl(2n, C) we conclude that the skew
diagonal matrices in q® C are a maximal abelian subspace of so(2n, C)Nq®C. By
[Oshima and Matsuki 1984] their centralizer L is the Levi subgroup of a  stable
parabolic subgroup. The representations in the discrete spectrum are cohomolog-
ically induced from a character of the subgroup L. If the commutator subgroup
L does not contain a noncompact semisimple subgroup then the representations
are tempered. (For this, see [Knapp and Vogan 1995, Chapter XI] or [Vogan and
Zuckerman 1984, Theorem 6.16]). Thus we conclude:

o If p = g = n the subgroup [L, L] is a product of n compact tori. Hence all
representation L?*(SL(2n, R) /(SL(n, R) x SL(n, R)) in the discrete spectrum
are tempered and thus L*(SL(2n, R) / Hs) is tempered.

o If p — g > 2 then L has a noncompact subgroup and hence the representa-
tions in the discrete spectrum of L*(G / H,y) are the Langlands subquotient of
representations which is not unitarily induced. Hence

L2(SL(2n, R)/(SL(n, R) x SL(n, R))

is not tempered.

o Using Remark 2 we can construct a large number of additional semisimple
subgroups Hgg so that L?>(SL(2n, R)/Hyy) is tempered.

C. Meeglin and J. L. Waldspurger [1989] show that these representations are in the
residual spectrum of a congruence subgroup of GL(#n, R). Similar considerations
for general linear groups can be found in [Venkatesh 2005].

Example 5. G =SO(p, q), p+q =2n >4 with p > g > 2 and
H=S0(1,1)xSO(p—1,g—1) and H;=SO(p—1,q9—1).

Claim. LZ(SO(p, q)/SO(p—1,q — 1)) is not tempered.

We have
rank G/H =rank K/K N H = 2.

We argue as in Example 2. The group [L, L] has a factor isomorphic to
SO(p—2,9-2),

and is hence is not compact. So there are nontempered representations in the discrete
spectrum.

T. Kobayashi [1992] considered the case G/Hy where H = H. x Hy. Here
H_. is a compact orthogonal group and Hj is a noncompact orthogonal group.
He determined the parameter of the representations in the discrete spectrum of
L*(G /Hp) and their multiplicities.
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Example 6. G = Sp(n, R), H = GL(n, R), H;; = SL(n, R).
Claim. Lz(Sp(n, R)/ SL(n, R)) is tempered.
The proof proceeds as follows:
Step 1: All the representations in the discrete spectrum are tempered.

Step 2: Each conjugacy class of parabolic subgroups contains a 8t-invariant
parabolic subgroup MAN.

Step 3: All discrete series representations of M /M N H are tempered.

For simplicity assume that the symplectic group is defined by the quadratic form
defined by the matrix
017
(7o)

where [ is the identity matrix. The subgroup H = GL(n, R) of G is the fixed point
set of the automorphism 7 defined by conjugation with

(+7)

The maximal compact subgroup Ky of H is K N H = O (n). Furthermore
g=tdp,
g=bhdq.

The one-dimensional torus 7y in the center of K also defines a toruson K/H N K.
Its Lie algebra ty is direct summand of the maximal abelian subalgebra a; of
qx = €N q. Since Ty defines the complex structure on the symmetric space G/K the
centralizer of a; in G is contained in K. Thus every representation in the discrete
spectrum is tempered.

The 61-stable parabolic subalgebras are determined by maximal abelian sub-
spaces i in p N q. Now

h:=tNh®pnq=gln,R)

is the fixed point set of the involution 8t since the fixed point set of 67 is conjugate
in GL(2n, R) to GL(n, R). This implies that there is a n-dimensional abelian split
subalgebra ay in p Ng consisting of the matrices

(b 0):

where D is a real diagonal matrix. Hence every conjugacy classes of parabolic
subgroups contains a #t-stable parabolic Py = M;A;N; whose Levi subgroup is a
centralizer of ag.
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Next we have to determine M N H. Note that M; is a product of general linear
groups and a symplectic group. The factors isomorphic to general linear groups are
subgroups of H. Since H N H = K N H is an orthogonal group, the intersection of
the general linear subgroups of My with H are orthogonal groups and hence the
corresponding symmetric space has no discrete spectrum. Thus we may assume
that M, = Sp(m, R) with m < n. In this case 6t is an involution of M, with fixed
points H N M, = GL(m, R). Furthermore since # and T commute their restriction
to My also defines an automorphisms of M,. So the fixed point set of Oty is
conjugate to the fixpoint set of 7}y, in GL(2n, R). Hence we conclude that M; N H
is isomorphic to GL(m, R). By Step 1 the representations in the discrete spectrum
of Sp(m, R)/ GL(m, R) are tempered and thus by [van den Ban and Schlichtkrull
2005] all the representations in the continuous spectrum of Sp(n, R)/ SL(#n, R) are
tempered.

Example 7. Cayley-type spaces are considered in [Olafsson and @rsted 1999;
Faraut and Kordnyi 1994]. These are

(a) G =Sp(n,R), H=GL(n, R) and H;;s =SL(n,R), n > 1;
(b) G=S0(2,n), H=S0(,1)SO(1,n—1) and Hg; = SO, n), n > 2;
(¢) G=SU(n,n), H=SL(n, C)R" and Hy; = SL(n, C);
(d) G=0*(2n), H=R*SU*(2n) and H;; = SU*(2n);
(e) G = E7(—25), H = Eg(—26)R" and Hy,; = Eg(—26).
Claims.
e In Example 7(b)—(d) with n large enough L>(G/Hyy) is not tempered.
o In Example 7(a) L>(G/Hyy) is tempered.
o We expect that in Example 7(e) L*(G/Hyy) is tempered.

Proof. The proof is based on case by case considerations of the spectrum of
L*(G/H). Olafsson and @rsted [1999] proved that all these spaces are of equal
rank and hence L?(G/H) has a discrete spectrum.

Case (b). The arguments in Example 5 show that the representations in the discrete
spectrum of L?(SO(n, 2)/SO(n — 1, 1)) are tempered if and only if n < 2. So we
can conclude that L*(SO(n, 2)/SO(n — 1, 1)) is not tempered if 3 < n.

Case (c). It was proved in [Olafsson and Qrsted 1988] that the discrete spectrum
for SU(n, n)/H contains some nontempered highest weight representations. Hence
L?*(SU(n, n)/ SL(n, C)) is not tempered.

Case (a). This was proved in Example 6.

Case (d). We have rank(G/H) = n. The Levi of the §-stable parabolic subgroup
also contains a subgroup of type Aj,_;. Since it is not the maximal compact
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subgroup, L has a noncompact subgroup. This implies that the discrete spectrum
of L2(0*(2n)/ SU*(2n)) is not tempered.

Case (e). We only prove that the discrete spectrum is tempered. The arguments are
the same as in Example 4. Recall that

(1) the rank of G/H is 3;
(2) the maximal compact subgroup K of G is E¢ SO(2);
(3) the maximal compact subgroup Ky of H is Fy;

(4) K/H N K has a one-dimensional compact torus Ty as factor.

The centralizer of this torus Ty is K. Its Lie algebra is a direct summand of the
maximal abelian subalgebra a; of q; = £Nq. Since Ty defines the complex structure
on the symmetric space G/K the centralizer of a; in G is contained in K. Thus
every representation in the discrete spectrum is tempered.

As in Example 6 we conclude that the fixed point set of 7t is a subgroup
isomorphic to H = Eg_26R™, which has real rank 3. Hence every conjugacy
classes of parabolic subgroups contains a 67 -stable parabolic Py = M;AgN; whose
Levi subgroup is a centralizer of ay. ]

Example 8. G = SL(2n, C) and H,, has a covering T'SL(p,C) x SL(g, C), p+q
= 2n for a one dimensional torus 7''. Then

L*(SL(n, C)/ SL(p, C) x SL(q, ©)) = ;.7 L*(SL(n, C)/ Hys, 5),

where L?(SL(n, C)/H,s, 8) are the L2-sections of the line bundle defined by the
character § of Hys. As in Example 2 we are in the equal rank case.

The same arguments as in Example 4 show:

o If p =g = n the subgroup [L, L] is compact. Hence all representations in
the discrete spectrum of L*(SL(2n, ) /H) are tempered, which implies that
L?*(SL(2n, C)/Hyy) is tempered.

o If p—g >2then [L, L] is not compact and hence the representations in the dis-
crete spectrum of L*(G / Hyy) are the Langlands subquotients of representations
which are not unitarily induced. Hence L?(SL(2n, C) /SL(n, C) x SL(n, C))
is not tempered.
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MULTIPLICATIVE REDUCTION
AND THE CYCLOTOMIC MAIN CONJECTURE FOR GL,

CHRISTOPHER SKINNER

We show that the cyclotomic Iwasawa—Greenberg main conjecture holds for
a large class of modular forms with multiplicative reduction at p, extending
previous results for the good ordinary case. In fact, the multiplicative case
is deduced from the good case through the use of Hida families and a simple
Fitting ideal argument.

1. Introduction

The cyclotomic Iwasawa—Greenberg main conjecture was established in [Skinner
and Urban 2014], in combination with work of Kato [2004], for a large class of
newforms f € Si(I'o(N)) that are ordinary at an odd prime p { N, subject to
k =2 (mod p — 1) and certain conditions on the mod p Galois representation
associated with f. The purpose of this note is to extend this result to the case where
p | N (in which case k is necessarily equal to 2).

Recall that the coefficients a, of the g-expansion f =) -, a,q" of f at the
cusp at infinity (equivalently, the Hecke eigenvalues of f) are algebraic integers that
generate a finite extension QO(f) C C of Q. Let p be an odd prime and let L be a
finite extension of the completion of Q( f) at a chosen prime above p (equivalently,
let L be a finite extension of @, in a fixed algebraic closure Q p of Q, that contains
the image of a chosen embedding Q(f) — Q p)- Suppose that f is ordinary at p
with respect to L in the sense that a, is a unit in the ring of integers O of L. Then
the p-adic L-function Ly of f is an element of the Iwasawa algebra Ap = O[I']],
where I' = Gal(Q,/Q) is the Galois group of the cyclotomic Z ,-extension Q
of Q. A defining property of L is that it interpolates normalized special values
of the L-function of f twisted by Dirichlet characters associated with finite-order
characters of I'. The Iwasawa—Greenberg Selmer group Selg_ 1 (f), defined with
respect to the p-adic Galois representation V, of f over L —a two-dimensional
L-vector space—and a Galois-stable O- lattlce I, C Vg, is a discrete, cofinite
Aop-module, and the Iwasawa—Greenberg characterlstlc ideal Chz(f) C Ao is
the characteristic A p-ideal of the Pontryagin dual Xg_ 1 (f) of Selg_ . (f). The

MSC2010: primary 11G40, 11R23; secondary 11F67.
Keywords: Iwasawa theory, special values of L-functions, Selmer groups.
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Iwasawa—Greenberg main conjecture for f then asserts that there is an equality of
ideals Ch. (f) = (Ly) in Ap @z, Q, and evenin Ao if Tf is residually irreducible.

Theorem A. Let p > 3 be a prime. Let f € Sy(I'g(N)) be a newform and let L and
O be as above and suppose f is ordinary at p with respect to L. If

(1) k=2 (mod p —1);

(ii) the reduction Py of the representation Py Gal(Q/Q) — Auto(Tf) modulo the
maximal ideal of O is irreducible;

(iii) there exists a prime q # p such that q | N and ,6f is ramified at q,

then Chy (f) = (L) in Ap. That is, the Iwasawa—Greenberg main conjecture
is true.

When p{ N this is just Theorem 1 of [Skinner and Urban 2014]'. When p | N, in
which case the ordinary hypothesis forces p || N and k = 2, this is not an immediate
consequence of the results in [Skinner and Urban 2014], as this case is excluded
from Kato’s divisibility theorem [2004, Theorem 17.4], which is a crucial ingredient
in the deduction of the main conjecture from the main results in [Skinner and Urban
2014]. However, as we explain in this note, the main conjecture in the case p | N
can be deduced from knowing it when p { N.

Having the cyclotomic main conjecture in hand, one obtains results toward
special value formulas. For example:

Theorem B. Let p > 3 be a prime. Let f € S;(I'g(N)) be a newform and let L and
O be as above and suppose f is ordinary. Suppose also that

(1) the reduction ,5f of the representation Py Gal(Q/Q) — Auto(Tf) modulo the
maximal ideal of O is irreducible;

(i) there exists a prime q # p such that q || N and Py is ramified at q;
(iii) if p | N and a, = 1, then the £-invariant E(Vf) € L is nonzero.

Let
L(f, 1)

LY (f,1) = :
D —2miQf

Then
#O/(LU(f. 1)) = #Sel, (f) - [ [ ee(T)).
¢

In particular, if L(f, 1) =0, then Sely (f) has O-corank at least one.

n order to conclude that the equality holds in Ap and not just Ap ®z, Qp, Theorem 1 in
[Skinner and Urban 2014] requires that Py have an O-basis with respect to which the image contains
SLy(Zp). But as we explain in Section 2.5, hypotheses (ii) and (iii) of Theorem A are enough for the
arguments. We also explain that the reference to [Vatsal 2003] in [Skinner and Urban 2014] should
have been augmented with a reference to [Chida and Hsieh 2016].
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Here Q+ is one of two canonical periods associated with f as in [Skinner and
Urban 2014 §3.3.3] (and well-defined up to an element of O* NQ(f)), Sel, (f) is
the Selmer group associated by Bloch—Kato to the Galois lattice T Iz c@(T ) is the
Tamagawa factor at £ of Tf (and equals 1 unless £ | N), and S(Vf) is the L- 1nvar1ant
of a modular form f (or of Vi) with split multiplicative reduction at p introduced
by Mazur, Tate, and Teitelbaum [1986] (see also [Greenberg and Stevens 1993, §3]).
It is conjectured that S(Vf) is always nonzero; this is known if f is the modular
form associated to an elliptic curve, but in general it is an open question.

As a special case of Theorem B, obtained by taking f to be the newform
associated with an elliptic curve E over (), we have:

Theorem C. Let E be an elliptic curve over Q with good ordinary or multiplicative
reduction at a prime p > 3. Suppose that

() E[p]is an irreducible Gal(Q/Q)-representation;

(ii) there exists a prime q 7% p at which E has multiplicative reduction and E|p]
is ramified.

IFL(E, 1) # 0 then

ord,, (L(EE D) (#HI(E) ]_[ c@(E))

and if L(E, 1) = 0 then Sel ,(E) has Z,-corank at least one.

Here, Q2 is the Néron period of E, II(E) is the Tate—Shafarevich group of
E/Q, and the ¢;(E) are the Tamagawa numbers of E. In particular, c,(E) is the
order of the group of irreducible components of the special fiber of the Néron model
of E over Z,.

Our proof of Theorem A is relatively simple. Let N = pM. We first make
two reductions: (1) it suffices to prove the theorem with the field L replaced by
any finite extension, and (2) it suffices to prove the equality ChL () = (EZ)
where ¥ is any finite set of primes containing all £ | N, E is the 1ncomplete
p-adic L-function with the Euler factors at primes in X dlfferent from p removed,
and ChL (f) is the characteristic ideal of the Pontryagin dual X3 x L( f) of the
Iwasawa—Greenberg Selmer group Sel@ L (f) with all condltlons at primes in X
different from p relaxed. Then we exploit Hida theory to deduce that one can
choose L so that for each integer m > 0 there exists a newform f, € Sg, (I'o(M))
with k,, =k (mod (p — 1)p™), Q(fn) C L and f,, ordinary at p with respect to
L, and the ordinary p-stabilization f,; of f,, satisfies f,; = f (mod p™) in the
sense that the g-expansions (which have coefficients in @) are congruent modulo
p™. Furthermore, as a consequence of the existence of the “two-variable” p-adic
L-function associated to a Hida family we also have £§m = £? (mod p™ Ap). Kato
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[2004] has proved that X 5% 1 (fm) 1s a torsion Ap-module, and an argument of
Greenberg then shows that it has no nonzero finite-order Ap-submodules. From
this it follows that Ch¥ (f,,) equals the Ao-Fitting ideal FZ(f,,) of X (f). The
congruence f,r = f (mod p™) implies that Selaw’L(f)[p’”] = Selaw’L(ﬁn)[pm],
so comparing Fitting ideals yields

(FE(), p™) = (FE(fw), P™) = (ChF (fn), P™) C Ao.

From the main conjecture for f, (the congruence f,; = f (mod p) ensures that
the hypotheses of Theorem A also hold for f;,) and the congruence modulo p™ of
p-adic L-functions we then have

(FZ(f). p™) = (Chy (fu), p™) = (L}, p") = (LT, p™) C Ao

for all integers m > 0. This, together with the nonvanishing of the p-adic L-
function C?, implies that F*(f) # 0 and hence that X 500’ . (f) is a torsion Ap-
module. Then Chf( f)=F LZ( f), by the earlier argument of Greenberg, and so
(ChZ(f), pP™) = (LZ(f), P"™) C Ao forallm > 0. As Ch¥(f) C Ao is a principal
ideal, it then easily follows that Chf (f)= (E?), proving Theorem A.

If the analytic or algebraic p-invariant for some f;, (the power of the uniformizer
of L dividing E?m or Chf( fm))—or even for some other ordinary eigenform
suitably congruent to f for which the main conjecture holds — were known to be
zero, then Theorem A would follow from the main results of [Emerton et al. 2006].
However, presently little is known about the vanishing of these p-invariants.

Theorem B is deduced from Theorem A via an argument of Greenberg [1999].

In addition to extending the main conjecture to the case of multiplicative reduction,
our motivation for writing this note was in part to provide an explicit reference for the
expression for the special value L¥8( f, 1) in terms of the size of Selmer groups that
is required for the arguments in [Zhang 2014] and, by including the multiplicative
reduction case, also to provide an important ingredient for the extension of the main
results of [Zhang 2014] to cases of multiplicative reduction. Additional motivation
for the latter stems from the author’s collaboration with Manjul Bhargava and Wei
Zhang to provide lower bounds on the proportion of elliptic curves that satisfy the
rank part of the Birch-Swinnerton-Dyer conjecture.

While preparing this note the author learned of Olivier Fouquet’s [2014] work
on the equivariant Tamagawa number conjecture for motives of modular forms.
That work should provide another means for deducing Theorem B in the case p | N
from the main results? in [Skinner and Urban 2014] as well as some additional
weakening of the conditions on primes away from p. The deduction of Theorem A

2But see also note 1, especially as the main results in [Fouquet 2014] rely on Theorem A as stated,
at least for the p t N case.
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for p | N in this paper uses no more machinery than already developed in [Skinner
and Urban 2014] or than is required for our deduction of Theorem B.

2. Gathering the pieces

In this section we recall the various objects that go into the Iwasawa—Greenberg
main conjecture for modular forms, some of their properties, and some useful
relations. Throughout p is a fixed odd prime.

Let @ C C be the algebraic closure of @ and let Gg = Gal(Q/Q). For each
prime ¢, let Q; be a fixed algebraic closure of @,. For each £ we also fix an
embedding Q@ < Q,, which identifies Gog, = Gal(Q,/Q) with a decomposition
subgroup in Gq; let I, C Gq, be the inertia subgroup. Let frob, € Gg, be (a lift
of) an arithmetic Frobenius element.

Lete: Gg — Z, be the p-adic cyclotomic character. This is just the projection
to Gal(Q[up~1/Q), the latter being canonically isomorphic to Z7. Similarly, let
w:Gg — Z, be the mod p Teichmiiller character. This is just the composition of
the reduction of € mod p and the multiplicative homomorphism (Z/pZ)* — Z;
defined by the Teichmiiller lifts.

Let Qoo C Q[1P*°] C @ be the cyclotomic Z p-extension of Q. That is, Q is
the unique abelian extension of Q such that I' = Gal(Qe,/Q) = Z,. Lety €' be a
fixed topological generator. As Gal(Q[u p=]/Q) = Gal(Q[u ] / Q) x I', there is
alift y of y to Gal(Q[u~]/Q) identified with (1, y), and we let u = €(y) € ZX

2.1. Galois representations and (ordinary) newforms. Let f € Sy (I'o(N)) be a
newform. Let Q(f) C C be the finite extension of Q generated by the Fourier
coefficients a, (f) of the g-expansion f =3 2, a,(f)g" of f at the cusp at infinity
(equivalently, the field obtained by adjoining the eigenvalues of the action of the
usual Hecke operators on f). Fix an embedding Q(f) — @ pandlet L C Q pbea
finite extension of Q,, containing the image of Q(f). Let O be the ring of integers
of L (the valuation ring), let m be its maximal ideal, and let xk = O/m be its residue
field.

Associated with f and L (and the embedding Q(f) < L) is a two-dimensional
L-space V; and an absolutely irreducible continuous G g-representation Py - Gg—
AutL(V ) such that Py is unramified at all primes £ { Np and det(1 —X - Py (froby)) =
1— ag(f)X + ¢5=1X?2 for such £. In particular, trace ,of(frobg) =au(f)if €1 pN,
and det Py = ekl

LetT,T' C Vf be two G g-stable O-lattices. Let p and p’ denote, respectively,
the two-dimensional k-representations 7/m7 and 7’/mT’. The following lemma
is well known, but we include it for later reference.

Lemma 2.1.1. (a) If p or p’ is irreducible, then p and p’ are equivalent as k-
representations. In particular, p is irreducible if and only if o' is irreducible.
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(b) If p or ' is irreducible, then there exists a € L™ such that T = aT’.

Proof. Replacing T’ with some O-multiple, we may assume that 7’ is a sublattice
of T. Then T/T' = O/m" x O/m™ with n < m. Let @ be a uniformizer of O
(a generator of m). Then @"T/(T' + w"T'T) = O/m™n(.m=n) j5 3 Gg-stable
quotient of T/mT = @"T/w"t'T of at most one-dimension over k. If p is
irreducible, then this quotient must be trivial and som —n=0and T’ = @"T,
in which case T//mT’ = @"T/o"t'T = T/mT as Gg-representations over «.
Reversing the roles of T and 7" in this argument then yields the lemma. ([

We then define ﬁf to be the x-representation 7/mT of Gg for a Galois-stable
O-lattice T C Vy. By the above lemma, if Py is irreducible for some choice of
T, then it is irreducible for any choice of T, and the equivalence class of Py is
independent of T'. Of course, it is not difficult to show that the semisimplification
of p, is independent of 7" even when p, is not irreducible, but will not need this.

Suppose k > 2 and f is ordinary with respect to the embedding Q(f) — L.
That is, a, (f) € O*. As proved in general by Wiles [1988, Theorem 2.2.2], in this
case Vf has a unique Gq,-stable L-line Vf+ C Vf such that G, acts on Vf+ via the
character a;lek”, where a7 : Ga, —~ O* is the unique unramified character such
that « ¢ (frob,) equals the (unit) root o, in O™ of the polynomial x’—a p(Hx+ pk -1
if p{ N and s (frob,) =a,(f) if p | N. (Note that the reduction of the polynomial
x%— a,(f)x+ pk_1 modulo mis x(x —a,(f)) and so, by Hensel’s lemma, a,(f)
lifts to a root in @*.) The action of Gaq, on the quotient Vf_ = Vf / VfJr isviaay.
Given any Go-stable O-lattice T C V, we let TT =T VfJr and T~ =T/T™.
Then T is the unique Gq,-stable free O-summand of rank one on which Gq,
acts via ozj?lek_l, and T~ is the unique Gg,-stable free O-module quotient of rank
one on which Gq, acts via ay.

The following lemma is also well known, but we also include it for completeness.

Lemma 2.1.2. Suppose a,(f) € O*. If p| N,then p||N, k=2,and a,(f)==+£1.

Proof. If f € Sp(I'o(N)) is a newform with trivial Nebentypus such that p | N, then
a,(f) #0if and only if p || N, in which case a,(f)*> = p*=2 (see [Miyake 1989,
Theorem 4.6.17]). If a,(f) € O*, then it follows that k = 2 and a,,(f)2 =1, so
a,(f) ==l (I

Note that if f is a newform with p | N that is ordinary with respect to some
embedding Q(f) — Q p» then, since a,(f) = £1 by the lemma, it is ordinary
with respect to all such embeddings. Also, as noted in the proof of the lemma, if
f € $2(I'o(N)) is a newform with p || N then a,(f) = £1 and so f is ordinary
with respect to any embedding Q( f) < @ -

In keeping with the terminology for elliptic curves, we say that a newform f €
S>(To(N)) has multiplicative reduction at p if p || N and that it has good reduction
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at p if p + N. Additionally, we say f has split (resp. nonsplit) multiplicative
reduction at p if p || N and a,(f) =1 (resp. a, = —1).

2.2. L-invariants. Suppose f € S,(I'g(N)) is a newform with split multiplicative
reduction at p. The Galois representation |7 restricted to Gq, is an extension

+ ~ -~
0—>Vf :L(l)—>Vf—>Vf =L—0.

This extension is known to be nonsplit and semistable but not Crystalline This
follows for example from the main result® of [Saito 1997]. Let Ty, H'(Q 'V ) —
H'(Q p» L) be the induced map on cohomology. As the extenswn is nonspht
the image of Ty, is a one-dimensional L-space. As explained in [Greenberg
and Stevens 1993, §3], the £-invariant E(Vf) of Vi is the negative of the “slope”
of the line 1m(71v ) with respect to a particular basis of the two-dimensional L-
space H! (Qp, L)
We have

H'(@,, L) = Homs(Ga,, L) = Homes (G, 7, L),

where G@ is the maximal abelian pro-p quotient of Gg,. Local class field theory
gives an 1dent1ﬁcat10n

lim Q% /(@ Y= g,

I’l

From the decomposmon @X = p X ZX we obtain an L-basis {{yr, Yeyc} of
H! Qp,, L) = Homcts(GCD P L) with

Yur(p)=1= (10gp u)i : WCyc(u) and Yy (u) =0= 'chc(p)-

Recall that u = €(y) is a topological generator of 1+ pZ,,. The condition that V
is not crystalline is equivalent to im(nvf) ZL-Yy. LetO#£ A € im(nvf) and write
A =X -Yeyc+y - Yur. Then x # 0, and the L-invariant ,Q(Vf) of the extension Vf is
defined to be

£(Vf) =—xlyelL.

3n [Saito 1997] it is proved that the Frobenius semisimplification of the Weil-Deligne representa-
tion attached by Fontaine to the dual representation va is just the Weil-Deligne representation attached
by the local Langlands correspondence to the p-component 7, of the automorphic representation
7T = @y of GLy(A) corresponding to the newform f. If f has split (resp. nonsplit) multiplicative
reduction at p, then another way to state Lemma 2.1.2 is that 7, is the special representation (resp.
the twist of the special representation by the unramified quadratic character). The local Langlands
correspondence attaches to a (twist of a) special representation a Weil-Deligne representation with
nontrivial monodromy (in particular, one that is not split).

4To be precise, we normalize the reciprocity law so that uniformizers are taken to arithmetic
Frobenius elements.
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This is independent of the choice of A.

The nonsplit extension Vf also defines a line va e H'(Q p» L(1)) (the image of
the boundary map L = H%(Q,,, L) — H'(Q,, L(1)). Under the perfect pairing
(-, ) : HY(Q,, L) x H'(Q,, L(1)) > H*(Q,, L(1)) = L of Tate local duality, the
lines 1rn(7rv ) and va are mutual annihilators. So S(Vf) can also be expressed in
terms of (wur, c¢) and (Yeye, ¢) for 0 # ¢ € E

The Kummer isomorphism yields an identiﬁcation

(im @ /(@)") ®z, L => H'(@y, L(1)).

Then, together with the above identification of H'(Q p» L), the pairing (-, -) of
local Tate duality is identified with the usual L-linear pairing

Homz, ((lim @ /(@)""), L) x (lim Q% /(@5)"") ®z, L — L.

Soif0#ce Evf, then
(V) = Yur(©) ™ Yeye (©).

Let H! (@ p» L(1)) be the local Bloch—Kato Selmer group [Bloch and Kato 1990,
3.7.2)]. Essentlally by definition, H'! (@p, L(1)) is the subgroup of H' (Qp, L(1))
that classifies crystalline extensmns of L by L(1) (see [loc. cit., p.354]). The
condition that V not be crystalline is therefore equivalent to £, v a H (Qp, L(1)),
and so, as H. (@p, L(1)) is identified with (lim, ZX/(ZX)P )®z, L (see [loc. cit.,
Example 3.9]),

Vur(c) # 0,
which explains why the preceding formula for £(V}) is well defined.

Example. Suppose f is associated with an elliptic curve E/Q with split multiplica-
tive reduction at p and let g € @X be the Tate period of E. Then V T, E®z,Q),
is the Gg,-extension assomated to the image of gg in H' (@ 2 Q (1)) under
the Kummer map. That is, £, = Q, - gk € (lim, @X/(CDX)” ) ®z, @p, and so
S(Vf) =log, ge/ordp(qE). Asthe j-invariant j(qg) = j(E) € Q of E is algebraic,
qr is transcendental by a theorem of Barré-Sirieix, Diaz, Gramain, and Philibert
[1996], and so log, g # 0. Therefore, £(Vf) #0.

2.3. Iwasawa—Greenberg Selmer groups. Let f € S (I'o(N)) be a newform that
is ordinary with respect to an embedding Q(f) — @ p- Let L C Q p be any finite
extension of Q, containing the image of Q(f) and let O be the ring of integers of
L. Let T, CV, be a fixed Gg-stable O-lattice.

Let Ao = O[T']l. Let ¥ : Gg — I' C A be the natural projection. This
is a continuous A p-valued character that is unramified away from p and totally
ramified at p. Let A}, = Homys (Ao, @,/Z,) be the Pontryagin dual of Ao. This
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is a discrete Ap-module via r - ¢(x) = ¢(rx), for r,x € Ap and ¢ € Aj,. We
similarly define a A »n-module structure on the Pontryagin dual of any A p-module.

Put M =T, ®o A%, with Gg-action given by pr® Ul Let MT = 7}+ ®o Ay
and M~ = M/M™*. Let X be any finite set of primes containing p, and let
S=XU{£]| N}. Let Qg be the maximal extension of ) unramified outside S
and oo, and let G g = Gal(Qg/Q). Following Greenberg, we define a Selmer group

Selg;_ . (f) by

Selg_ ,(f) = ker{Hl(GS, M) = H'(I,, M) x [T H'Te. M) }

LeS\T
This is a discrete, cofinite An-module (see [Greenberg 2006, Proposition 3.2]).
Its Pontryagin dual X Swy . (f) is a finite Ap-module. We denote by Chf( f) the
A p-characteristic ideal of X 530’ . (f); this is a principal ideal. In general, these all
depend on the choice of T, but if Py is irreducible, then Lemma 2.1.1 shows that
Sel@ L( f) is independent of T up to isomorphism, and hence so is Xz Ou L( ).
In partrcular if Py is 1rredu01b1e then the ideal Ch2 (f) does not depend on the
choice of T,.

Furthermore if L; D L is a finite extension with ring of integers O; D O, then
Tf1 _T ®o 0, is a Gg-stable O -lattice in V| = V ®rL;and T 1_T ®o 0.
Hence Sel@ .1, (f), the Selmer group deﬁned Wlth respect to the lattice Tf 15 18
canonically isomorphic to Sel@m, L(I®00;asa Ao, = Ap ®p O-module, from
which it follows that its Pontryagin dual X Eboo, 1, (f) is isomorphic to X Eboo, . ®o 0,
as a Ap,-module and therefore

(2-3-1) Ch} (f) =Ch}(f)- Ao,

The relation between the Selmer groups Selé;’ . (f) and Selé; . (f) with X1 C
>, is clear:

Selg ,(f) = ker{Sel 2 Hh= 1] H](IZ,M)G@Z}.
@ESz\Sl

Each H'(1,, M)G@l, £ # p, is a cotorsion Ap-module, and the A p-characteristic
ideal of its Pontryagin dual is generated by P, (¥ ~'e~!(froby)), where

Py(X) =det(1 - X - ,Of(fI'Obg) | Vf,]e)

w1th Vf 1, being the space of I,-coinvariants of the representatlon Vi In particular,
1 (f) is atorsion Ap-module if and only if X@1 12N is, and

Chy*(f)2Ch ' (f)- [] (Pe(w™'e (froby)).
LeTH\ T

Later, we shall see that this last inclusion is often an equality.
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If ¥ ={p} then we will omit it from our notation, writing Selg_ 1. (f), Xa..L(f).
and Chy (f) instead.

The following lemma shows that if X is large enough and that if Py is irre-
ducible, then Seléw [p"]and X éw’ (/"X éw’ . (f) depend only on the pair
(T¢/p" Ty, T,/ p" T;") (up to isomorphism).

Lemma 2.3.1. Suppose ¥ D {£ | N} and that ,5f is irreducible. Then the inclusion
M([p™] C M induces an identification

Sely_  (NHIp™ =ker{H (Gs, M[p™]) => H'(1,,, M~[p" ) }.

Since M[p™] = T;/p" Ty ®o Aplp™]l, MT[p™"]1 = Tf+/mef+ ®o ApLp™],
and M~ [p"] = M[p™]/M™[p™], it follows that the dependence is only on the
pair (Tf/pm Tf, Tf+/pm Tf+)-

Proof. Since ,5f is irreducible, the inclusion M[p™] — M induces an identifica-
tion H'(Gy, M[p™]) = H' (Gx, M)[p™]. So Selg_ , (f)[p™] is the kernel of
the restriction map H LGy, M[ p"])— H L1 »» M), which factors through the
restriction map H'(Gs, M[p™]) — Hl(lp, M™[p™]). The kernel of the natural
map Hl(lp, M~[p"]) — Hl(lp, M) is the image of (M) /p™(M™)!» via
the boundary map. But (M™)» = Homg (O, Q,/Z,) since I, acts via v~ on
M~ = AP, and so (Mp ) p" (M7 =0 as Hom (O, Q,/Z,) is p-divisible.

O

The key to our proofs of both Theorems A and B is an understanding of the
images of the restriction maps

(2-3-2) H' (Gs, M) S H'@,. M) x [ H'Ue, M)
LeSt#p

and

(2-3-3) H'(Gs,. M) = H' (I, M) x T H'Ue. M)e,
LeS,t#p

where S D {£ | Np} is any finite set of primes. The kernel of (2-3-3) is, of course,
just Selg, 2. (f). We denote the kernel of (2-3-2) by S (it is independent of S as
H'(Gs, M) = ker{H" (G 50y, M) = H' (I, M)C2)} if M is unramified at £)
and let X' be its Pontryagin dual. As S is a submodule of each Selfpw’ 1 (f), Xisa
quotient of each X§5 , (f).

The next two propositions record some properties of the above restriction maps.
The ideas behind the proofs of these propositions are due to Greenberg (see espe-
cially [1999, §§3,4; 2010b; 2010a]). As there is not a convenient reference for the

exact case considered here, we have included the details of the arguments.
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Proposition 2.3.2. Suppose k =2 (mod p — 1), Py IS irreducible, and Xq_, 1.(f)
is a torsion Ao-module. The restriction maps (2-3-2) and (2-3-3) are surjective.

Proof. As H' Qp, M7) —» H' p, MG (2-3-3) s surjective if (2-3-2) is. That
is, to prove the proposition it suffices to prove surjectivity of (2-3-2). To establish
this surjectivity we introduce some auxiliary Selmer groups.

Let N'=Homo(T7, O(1)) ®o Ao, with Gg-action given by ep} ® W, and let
Nt = Homo(Tf/T+, O(1)) ®o Ao, which is Gg,-stable with Gg, acting via
aj?le ® W. These are free Ap-modules, and N is a Ap-direct summand of A/
Let N~ = N/N. The pairing

() MXN—=Qp/Z,, (tQp,¢Qr)=ep(p()-r),

is a G g-equivariant perfect pairing under which M ™ and N'* are mutual annihilators.
Under the induced (perfect) local Tate pairing

H'(Qp. M)® H* ' (Qp. N) > Q,/Z,,

the images L,()) = im{H'(Q,, Y") - H'(Q,, )} for Y = M, N are also
mutual annihilators. Let

Sel¥(W) =ker{ H'(Gs, N) = H'(@,, N)/L,(N) = H'(@,, N)}.
Let II'(Q, S, N) C Sel™(N) consist of those classes that are trivial at all places
in S.

For ¢ # p, H' (F;, M) = 0 and so H'(Q;, M) => H'(I;, M)%2. Also,
H*(Q,, M*) =0 as its dual is H°(@Q,, N7) =0, so H(Q,, M)/L,(M) =
H'(Q p» M7). Global Tate duality then identifies the dual of the cokernel of (2-3-2)
with Sel’ (W) /11 (Q, S, N) (see [Greenberg 2010b, Proposition 3.1]). To show
that this last group is trivial, we will prove that SelS(\) is Ao-torsion-free if
nonzero and also prove that Sel® (V) is a torsion Ap-module.

Suppose H'(Gg, N) has nontrivial Ap-torsion: H'(Gg, N)[x] # 0 for some
0£yeAp. Let Ay =Ap/xAo and N, = N /xN. Tt follows from the long exact
cohomology sequence associated with the short exact sequence

0— NN — N, —0

that H' (G g, N)[x] is the image of NxG ¥ under the boundary map. Let 0 # y €
NZ5. Let n C Ay be the maximal ideal, and let r > 0 be the largest integer
such that y € n" N,. Since n’Nx/n’“N)C =N ®ao n’/n’“, the k[Gs]-module
N. = w N, /v 1N, is just the sum of dimy(n”/n"*1) copies of Ps- As py is
irreducible, it follows that (N ;)GS =0. But by the choice of r, y has nontrivial image
in V] and is fixed by Gs. From this contradiction we conclude’ that H!(Gg, N)

3See also [Greenberg 2006, Proposition 2.25] for another proof.
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has no nonzero Ap-torsion. The same is then true of the submodules Sel’ ()
and ITH(Q, S, NV).

We prove that Sel® (\V) is torsion by exhibiting elements x in the maximal ideal
of Ao such that Sel® (\)/xSel® (AV) has finite order. Let x = y — u™ € Ap withm
an integer. Let Ny = N'/xN, N} = Nt /xN*,and N = N, /N These are free
O-modules. If p{ N or m # 0, then the natural injection

H'(Gs, N)/xH'(Gs, N) —> H'(Gs, Ny)
induces an injection
(2-3-4) Sel*(W)/xSel’(\V) < Sel’(Ny) =ker{H'(Gs, Ny) — H'(@,, N)}.

For this, we first note that the image of the induced map from SelS(N) /xSelS N)
to H'(Gg, Ny) lies in Sel® (N,). It remains to prove injectivity. Let ¢ € Sel’ (N) be
such that it has trivial image in Sel®(N,). Then ¢ = xd for some d € H'(Gg, N)
such that xd =0in H'! (Q,, N7). The kernel of multiplication by x on H' @Qp,N7)
is the image of H(Q p» Ny). But N7 is a free O-module with G, acting via the
character ot ;> %" and so H(Q,, N;') =0 unless m =k—2 and oy = 1. But
ay=1lonlyif p|| N and k =2. It follows that if p{ N or m # 0, then multiplication
by x is injective on H'(Q,, N'7) and, therefore, d € Sel’ (\V), proving the injectivity
in (2-3-4).

From (2-3-4) it follows that to prove SelS(W ) is torsion it suffices to show
that there is some m # 0 such that Sel’ (N,) has finite order. As SelS(N ) has
finite order if and only if Sel’(Ny) ®z, Q,/Z has finite order —in which case it
must be trivial — it suffices to prove the latter. Furthermore, as ,5f is irreducible
and so H'(Gg, N,) — and hence also Sel® (N,) —is a torsion-free O-module and
therefore free, it would then follow that Sel’ (N,) = 0.

Let My = Ny ®z, Qp/Zp and M = N, ®z, Q,/Z,. From the long exact
cohomology sequence associated with the short exact sequence

0— Ny =N:®z,2, > Nx:®z,Q), > M, =N, ®z,0Q/7, — 0

we deduce an injection H'(Gg, Ny) ®z, Qp/2, — H'(Gg, M,). Under this
injection the image of the canonical map

Sel®(Ny) ®z, Q,/Z, — H'(Gs, Ny) ®z, Q,/Z,,

maps into
res

Sel’(M,) =ker{H'(Gs, My) — H'(Q,, M)}
The kernel of the induced map SelS(N,) ®z, Qp/Z, — Sel’(M,) is then just the
kernel of Sel’(N,) ®z, Qp/Zp — HY(Gg, Ny) ®z,Qp/Zp, which is finite (having
order at most that of the torsion subgroup of the quotient H Y(Gg, Ny)/ Sel’(N )
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So to prove that there is an m # 0 such that Sel’ (N,) has finite order, it suffices to
find such an m for which Sel® (M) has finite order.

Let m # 0 be an integer such that m =0 (mod p — 1). Lety =y —u
Then, as k=2 (mod p—1), M, = M[y] as O[Gg]-modules, and the isomorphism
can be chosen so that M is identified with M™[y]. It follows that

k—2—m

(2-3-5) Sel® (M) = Sel® (M[y]) < Selg, _, (/)V].

where Sel® (M[y]) is defined just as Sel®(M,), and where the injection is induced
by the natural identification H Y(Gg, M[y]) = H'(Gg, M)[y] (which is injective
as ,5f is irreducible).

As Xq.,..(f) is a torsion Ao module, so is XS AvAE Therefore, for all but
finitely many 1ntegers m, X3 0.1/ yX () has finite order. As the latter
is dual to Sel@ L(f) y], it follows from (2 3-5) that there is an m # 0 with
m =0 (mod p — 1) such that Sel’ (M,) has finite order. As explained above, the
existence of such an x implies the desired surjectivity of (2-3-2). U

Proposition 2.3.3. Suppose k=2 (mod p — 1), Py is irreducible, and Xq_, 1.(f)
is a torsion Ap-module.

(i) The Ao-module X has no nonzero finite-order A o-submodules.

(ii) Let X be any finite set of primes containing p. The A o-module X Sw 1 (f) has
no nongzero finite-order A o-submodules.

Proof. To prove part (i), let S D {£ | Np} be any finite set of primes and let

Ps=H'@Qp M) x [[ H' @M.
LeS t#£p

Forx =y —u™ € Ap, Pslx] is a quotient of

Ps,=H"(Qp, MIxD/L,(MIxD) x [ H'(@e, MIxD),
LeS t#£p

where L ,(M|[x]) = im{H' (Qp, MT[x]) > H' (Qp, M[x])}. Therefore the coker-
nel of the restriction map H'(Gg, M[x]) = H'(Gg, M)[x] — Ps[x] is a quotient
of the cokernel of the restriction map H LGy, M[x]) — Ps . By global Tate
duality, the Pontryagin dual of the latter is a subquotient of Sel®(N,), where N,
and Sel’(N,) are as in (2-3-4). But, as shown in the proof of Proposition 2.3.2, m
can be chosen so that Sel®(N,) = 0 and hence so that H! (G, M)[x] — Ps[x]. It
then follows from an application of the snake lemma to multiplication by x of the
short exact sequence

0—>8— HY (Gg, M) > Pg— 0
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that, for such a choice of m,
(2-3-6) S§/x8 —> HY (Gg, M)/xH (Gg, M).

However, as shown in both [Skinner and Urban 2014, Lemma 3.3.18] and [Green-
berg 2010a, Proposition 2.6.1], the right-hand side of (2-3-6) is trivial for all but
finitely many m, so the m can also be chosen so that S/xS=0. Let X S X be a
sub-A p-module of finite order, and let X* be its Pontryagin dual. Then X*/x X™ is
a quotient of S/xS and so is 0. By Nakayama’s lemma X* = 0, hence X = 0. This
proves (i).

To prove part (ii), let $ D X U {€ | Np} and let

Psx=H'(I,, M) x [] H'(@¢. M)
LeS\T

and

Ps.sx=H"(@p, MIxD/L,(MIx]) x [] H'(@¢, Mix)).
LeS\Z

We may then argue as in the proof of part (i) but with Pg replaced by Ps 5. Then
S is replaced by Selaw 1 (f). Furthermore, as Ps s . is a quotient of Pg ,, the
surjectivity of the restriction map H!(Gg, M[x]) — Ps x.x, and hence of the
restriction map HY(Gg, M[x]) — Ps x[x], follows for a suitable x =y —u" € Ap
from the surjectivity of the restriction map onto Ps . established in the proof of
part (i). O

Let F LE (f) be the Ap-Fitting ideal of X éw’ . (f). The following is a straight-
forward consequence of the preceding propositions.

Lemma 2.3.4. Suppose k =2 (mod p — 1) and Py IS irreducible.

(i) Chy (f) =Chr(f) [Tz exp Pe(W ™ e (froby)).
(ii) FZ(f)=ChI(f).

Proof. If X L( f) is not a torsion Ap-module (equivalently, Xg_ 1 (f) is not a
torsion Ao- module) then Chy (f), Ch2 ( f ), and F; > (f) are all zero, so there is
nothing to prove. We suppose then that X 0.1 (f) 1s a torsion Ap-module.

Part (i) is immediate from Proposition 2.3.2 and the definition of characteristic
ideals. For part (ii), we first note that F;’ (f) C Ch2 (f). Let a be the kernel of the
quotlent Ao/FF(f) - Ao/ChF(f). Since X2 L(f) is a torsion Ap-module
and Ch? 7 (f) is a principal ideal, there exists A = y —u"™ € Ao such that X is not a
zero-divisorin Ap/ ChL (f) and XE L(f)/)\,XZ L(f) isatorsion Ap/AAp=0-
module. The size of this module is then equal to the size of both Ao/(A, F} z( )
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and Ap/(A, Chf (f)) (which are necessarily finite), the first by basic propert1656
of Fitting ideals and the second by Proposition 2.3.3(ii) and a standard argument’
from Iwasawa theory. It follows that the natural projection Ap/(A, F LE (f) —»
Ao/(A, Chf (f)) is an isomorphism. Applying the snake lemma to the diagram
obtained by multiplying the short exact sequence

0~ a— Ao/Ff(f) = Ao/ ChE (f) = 0
by A then yields an exact sequence
0— a/Aa— Ao/(h, FF(f)) = Ao/(h, ChZ(f)) — 0.
Therefore a/Aa, and hence a, is 0. ]

2.4. p-adic L-functions. Let f, L, O, and A be as in the preceding section,
with the assumption that £ > 2 and f is ordinary with respect to L. Amice and
Vélu [1975] and Vishik [1976] (see also [Mazur et al. 1986]) constructed a p-
adic L-function for f. This is a power series Ly € Ao with the property that if
$:Ao— Q p 18 a continuous O-homomorphism such that ¢ (y) = ¢u™ with ¢ a
primitive p’~!-th root of unity and 0 < m < k — 2 an integer, then®

P mIL(f. x, o™ m 4+ 1)
. — —1Hm)?
(=27 G (x, - m@ Y
—-m ., —1 k—2—
0 "Xy P m)(l_wqus(p)p’">

ap ap

Li(@):=¢(Ly)=e(d)

(2-4-1)

e(p) =a,” (1 -

6Suppose R is a Noetherian ring and M is a finite R-module (hence finitely presented). Let Fg (M)
be the R-Fitting ideal of M. These basic properties are: (i) for any ideal / C R, Fr/j(M/IM) =
Fr(M) mod I; (i) if M = R/ay X -+ X R/ay, then Fr(M) = o - - - oy 5 and (iii) if R is a PID,
then lengthp (M) = lengthz (R/Fr(M)). For properties (i) and (ii), see [Mazur and Wiles 1984,
Appendix A]. Property (iii) follows from (ii).

TThe argument: A finitely generated torsion A p-algebra X admits a A o-homomorphism X —
Y = H?:l Ao/(f;) with finite-order kernel a and cokernel b and such that the A o-characteristic
ideal of X is (fy --- fr). Let f = f1 - - fr. If X has no finite-order A »-submodules, then the map to
Y is an injection. Multiplying the short exact sequence0 - X — Y — b — 0by A =y — '™ and
applying the snake lemma is easily seen to give

#XAX =#Y0Y =] [#A0/O, fi) = [ [#O/(fi(™" = 1) =#O/(f @™ = 1)) =#Ao /O, f),

where we have written f; (1™ — 1) and f(u™ — 1) for the respective images of f; and f under the
continuous O-algebra homomorphism A — O sending y to u™.

8The power of —27i in the denominator of this formula is incorrectly given as (—27i)"™ in some of
the formulas in [Skinner and Urban 2014], namely in the introduction, in §3.4.4, and in Theorem 3.26
of [loc. cit.]. In these cases the correct factor is (—2mi )m+] . This error originates in the difference
between Q% as defined in [loc. cit., §3.3.3] and the QF in [Mazur et al. 1986, 1.9]: QFf = 27iQT.
The exponents of —27i are correct in the formulas in [Skinner and Urban 2014] for the L-function of
f twisted by a Hecke character of the imaginary quadratic field /C.
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where «, is the unique (unit) root in O* of x? — a,(f)x + p*=Vif pt N and
ap,=a,(f)if p| N, té) =0if7y =1and p — 1| m and otherwise t(; =14, X¢ 18 the
primitive Dirichlet character of p-power order and conductor (which can be viewed
as a finite-order character of Z;) such that x4 (1) = ! Gx d)_ la)_’”) is the usual
Gauss sum (and so equals 1 if t(;) =0), and Q}E are the canonical periods of f (these
are well defined up to a unit in O; see [Skinner and Urban 2014, §3.3.3]).

Let X be a finite set of primes. We define an incomplete p-adic L-function
E? € Ao by

(2-4-2) Ly=rcr [ Pew e (froby)).
LeX t£p
Note that

1 —ap(f)e~" w1 (froby) + £F=3W=2(frob,), €N,

—-1_-1 _
Pg(‘l—’ € (fI'Ob[)) = {1 —a@(f)ﬂ_l‘l’_l(fmbe), ¥4 | N.

In particular, the value of L',JZC under a continuous O-algebra homomorphism ¢ :
Ao — Q) such that ¢(y) = ¢u™, 0 <m < k — 2, can be expressed in terms of a
special value of an incomplete L-function:

’é(mH)m!LE\{p}(f, X(;lw—m’ m - 1)
(_znl‘)m+lG(X(p—lw—m)g;gn((—l)m)

L5 (}) =e(9)

Remark 2.4.1. Let Z(f) be the ring of integers of Q(f) and let p be the prime
of Z(f) determined by the chosen embedding Q(f) — Q p- Then Qf is well
defined up to a unit in the localization Z( f) ) of Z(f), and the value of the p-adic
L-function under a homomorphism ¢ as above lies in a finite extension of Z(f) ).
It is in this way that period-normalized values of the L-function L(f, s) and its
twists, which a priori are complex values, can be viewed as being in @ p» without
fixing an isomorphism @ »=C.

Suppose f has split multiplicative reduction at p. Then it follows easily from
(2-4-1) that if ¢y : Ap — Q p 1s the O-algebra homomorphism such that ¢o(y) =1,
then £ (¢o) = 0. In particular, Ly = (y — 1)- L, for some L, € Ap. Greenberg
and Stevens [1993, Theorem 7.1] proved that E/f (¢o) = ¢0(£’f) is related to the
L-invariant of V; by the formula

L(f. 1)

(2-43) (@) = logy ™ £V 5 o

More precisely, if we identify Ao with the power-series ring O[[T]| by sending
ytol+T,andif welet L,(f,s)= L',f(us_1 —1), s € Z,, then Greenberg and



MULTIPLICATIVE REDUCTION AND THE CYCLOTOMIC MAIN CONJECTURE 187

Stevens proved that

L(f, 1)

d
—L,(f, $)]s=1 =LV, .
Ut = 20D oo

ds
This is easily seen to be equivalent to (2-4-3). This formula was conjectured by
Mazur, Tate, and Teitelbaum [1986, §13].

2.5. The Iwasawa—Greenberg main conjecture. Let f, L, O, Ao, Ly, etc., be as
in the preceding sections. Along the lines of Iwasawa’s original main conjecture
for totally real number fields, Mazur and Swinnerton-Dyer (for modular elliptic
curves) and Greenberg (more generally) made the following conjecture.

Conjecture 2.5.1. If X is any finite set of primes containing p, then X 50@ L (f)is
a torsion Ap-module and Ch% (f)= ([I?) in Ao ®z, Q) and even in Ao if,5f is
irreducible.

It follows easily from Lemma 2.3.4(i) and (2-4-2) that if this conjecture holds
for one set X then it holds for all sets X. Also, the conjecture with L replaced by
any finite extension implies the conjecture for L, as can be seen by the observations
in Section 2.3 on the relation (2-3-1) between Chf( f) and Chf1 (f) for a finite
extension L D L.

In [Skinner and Urban 2014] the following theorem was proved, in combination
with results of Kato [2004], which established this conjecture for a large class of
modular forms.

Theorem 2.5.2. Suppose

(1) k=2 (mod p —1);

(i) ,6f is irreducible;
(iii) there exists a prime q % p such that q || N and ﬁf is ramified at q;

(iv) p1 N (this is automatic if k # 2).
Then for any finite set of primes X, Xaw,L<f) is a torsion Ao-module and
Chy (f) = (L}) in Ao.

In [Skinner and Urban 2014] an additional hypothesis is required to conclude

equality in Ao and not justin Ap ®z, Q,:

(%) There exists an O-basis of Tf such that the image of Py contains SLy(Z).

This hypothesis was included because it is part of the statement of [Kato 2004,
Theorem 17.4]. However, a closer reading of the proof of [loc. cit.] shows that
all that is_ necessary is that (a) ,5f be irreducible and (b) there exist an element
g € Gal(Q/Q[up]) such that T:/(p; () — DT} is a free O-module of rank one,
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as we explain in the following paragraph. All references to theorems or sections in
the following paragraph are to [Kato 2004] unless otherwise indicated.

Hypothesis (x) intervenes in the proof of Theorem 17.4 through Theorem 15.5(4),
which is proved in §13.14. Hypothesis (a) together with Lemma 2.1.1 of this
paper implies that, in the notation of [Kato 2004], the conclusion in §13.14 that
Ty =a-Vo,f) for some a € F;* holds; Lemma 2.1.1 of this paper can replace
the reference to Lemma 14.7 in §13.14, which is the only explicit use of a basis
with an image containing SL»(Z ) in the proof of Theorem 15.5(4). Hypothesis (a)
also, of course, ensures that the hypotheses of Theorem 12.4(3) hold, as needed in
§13.14. Hypothesis (b) ensures that the hypotheses of Theorem 13.4(3) hold. The
proof of Theorem 15.5(4) in §13.14 then holds with (x) replaced by the hypotheses
(a) and (b) above.

We now check that (a) and (b) hold under the hypotheses of Theorem 2.5.2.
Hypothesis (a) is just hypothesis (ii) of the theorem. Hypothesis (b) is satisfied
in light of hypothesis (iii) of the theorem: As g || N, the action of I, on 7 is
nontrivial and unipotent and in particular factors through the tame quotient (this
is a consequence of the “local-global” compatibility of the Galois representation
Py [Carayol 1986, Theorem A]). It follows that Py (7) is unipotent for any 7 €
projecting to a topological generator of the tame quotient and, since p, is ramified
at q, ,6f(_r) =# 1, hence Tf/(pf(‘L') — l)Tf is a free @-module of rank one. As
7 € Gal(Q/Q[u p>1), condition (b) holds for g = 7.

We also take this opportunity to note that the reference to [Vatsal 2003] in the
proof of [Skinner and Urban 2014, Proposition 12.3.6] is not sufficient. It may be
that the weight two specialization of the Hida family in [loc. cit.] that has trivial
character also has multiplicative reduction at p. This case is excluded in [Vatsal
2003], though the ideas in that paper can be extended to this case, as is explained
in [Chida and Hsieh 2016]. The reference to [Vatsal 2003, Theorem 1.1] must be
augmented by a reference to [Chida and Hsieh 2016, Theorem C].

The purpose of this paper is, of course, to show that hypothesis (iv) can be
removed from Theorem 2.5.2.

The main results of [Skinner and Urban 2014] show that for a suitable imaginary
quadratic field K and a large enough set X, the equality Chf ) Chf (f ® xx) =
(LF L5g,,) holds, where f®x is the newform associated with the twist of f by the
primitive quadratic Dirichlet character corresponding to K. When p{ N, this equality
can be refined to an equality of the individual factors via the inclusions EJEC € Chf )
and £% € Ch% (f ® xk), which are proved in [Kato 2004]. When p | N, these in-

f®xx
clusions do not follow directly from [Kato 2004]; additional arguments are required.

2.6. Hida families. Let [ € S;(I'o(N)) be a newform that is ordinary with respect
to an embedding Q(f) — Q,. Write N = p"M with p{ M (sor =0 or 1 by
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Lemma 2.1.2). Let L C @ p» be any finite extension of @, containing the image
of Q(f) and let O be the ring of integers of L. Let Ry = O[X]. Hida (see
especially [1986; 1988]) proved that there is a finite, local Ryp-domain R and a
formal g-expansion

o0
f=) aq"€Rlgl. ar=1,

n=1
satisfying

e R= Ryl{a; : ¢ =prime}];

«ifp:R—>Q p 1s a continuous O-algebra homomorphism such that ¢ (1+X) =
(1+ p)¥, with K’ > 2 and k' =k (mod p — 1), then }_°° | ¢ (a,)q" is the ¢-
expansion of a p-stabilized newform, in the sense that there is a newform f; €
Si(I'p(M)) and an embedding Q( f) — Q,, such that ¢ (ag) = a¢(fy) for all

primes £ # p and ¢ (a,,) is the unit root of the polynomial x? —ap(fp)x +p¥ 1

« there is a continuous O-algebra homomorphism ¢o: R — O such that ¢o(14+-X) =
(14p)* and ¢ (ae) =a¢(f), £ # p, and ¢o(ap) is the unit root ofxz—ap(f)x—l—
pk=lifr =0and ¢o(a,) = a,(f) ifr=1.

Furthermore, after possibly replacing L with a finite extension, we may assume

» O is integrally closed in R.

Then, as explained by Greenberg and Stevens [1993] (see also [Nekovar and Plater
2000, (1.4.7))),

« there is an integer ¢ and an O-algebra embedding

[e.¢]
R<> R, = {Zui(x —k)" i €L, lim ord,(u;) +ci = —|—oo} C Llx]
i—0 11— 00
such that the induced embedding of Ry sends 1 + X to the power series
expansion of (1 4 p)* about x = k and ¢g is the homomorphism induced by
evaluating at x = k.

Then evaluating at x = k' for an integer k' > 2 with k' =k (mod (p — 1) p¢) defines
a continuous O-algebra homomorphism ¢y : R — L such that ¢ (1+X) = (1+ p)k/
with corresponding newform fy,, € Si/(I'o(M)). Furthermore, it is clear that given
any integer m > 0, there is an integer r,,, > 0 such that if ¥’ =k (mod (p — 1) p'™),
then ¢ = ¢9 (mod p" O); in particular, for all primes £ # p

ar(fg,) = ae(f) (mod p™O).

For each integer m we choose such a k' =k, and write f,, for the corresponding fg, .
Note that we have chosen k,, > 2 so that f;, is a newform of level not divisible by
p, though p might divide the level of f.
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Suppose that Py is irreducible. Then there is a free rank two R-module T and a
continuous Galois representation

Pr: Ga — Autg(T)

that is unramified at each £ { p N and such that for any such prime trace p, (frob,) =
ae € R. In particular for ¢ : R — O being ¢y or one of the homomorphisms ¢y,
Tf¢, = T ®g,y O is a Gg-stable O-lattice in T Qg ¢ L = Vy,. Let Tf = Tf¢0 and
T, = Tﬁbkm. Since ¢ and ¢,, agree modulo p™”, reduction modulo p™ induces
identifications

(2-6-1) T/ p"T; =T QR O/p"O=T®ry, O/p"O=T |p"T,

as O[Gg]-modules.
Suppose also that
a;lek_l #ay (modm).
This ensures that there is a free rank-one Gg,-stable R-summand Tt C T such
that for any of the ¢ as before, T™ ®z 4 O = Tf:. The identification T, /p" T, =

T, /p" T, induces an identification
(2-6-2) T p" T =T,/ p" T,

Greenberg and Stevens [1993] and Kitagawa [1994] and others have shown that
the p-adic L-functions Ly, for the forms f, arising from a Hida family fit into a
“two-variable” p-adic L-function. In particular, following Emerton, Pollack, and
Weston, we have the following.

Proposition 2.6.1 [Emerton et al. 2006, §3 especially Proposition 3.4.3]. Let ¥ be
a finite set of primes containing p. If p Py is irreducible, then there exists Ef e R[I']
such that for each continuous O-algebra homomorphism ¢ : R — @ as above, the
image ofﬁf in RITT1®r,¢ 9(R) = Ay(ry is a multiple of the p- adlc L-function
ciﬁ by a unit in ¢(R)'.

Here ¢ (R)’ is the integral closure of ¢ (R) in its field of fractions (which is a finite
extension of L). In particular, as ¢, (R) = O, the image of Efz in R[TI®g,¢,, O
Ao is just umﬁjzfm for some u,, € O*. Assuming that ﬁf is irreducible, for each m
we then have an equality of Ap-ideals

(2-6-3) (L%, p") = (LF,, p™) € Ao.

3. Assembling the pieces

We can now put together the various objects and results from Section 2 to prove
Theorems A and B as indicated in the introduction. We will freely use the notation
introduced in Section 2.
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3.1. Proof of Theorem A. Let f, L, O be as in the statement of Theorem A. In
particular, f € Si(N) is a newform of some weight k > 2 that is congruent to
2 modulo p — 1 and some level N. Furthermore, if f = > 2 a,(f)q" is the
g-expansion of f, then a,(f) € O*. If p{ N, then by Theorem 2.5.2 the Iwasawa—
Greenberg main conjecture is true: for any finite set of primes X containing p,
Chf(f) = (EJZC) in Ap. So we assume that p | N. By Lemma 2.1.2 we then
have N = pM with p{ M and k = 2. Let T, C V; be a Gg-stable O-lattice. By
Lemma 2.1.1 this lattice is unique up to L -multiple since ,6f is assumed irreducible.

Let ¥ D {£ | N} be a finite set of primes. After possibly replacing L with a finite
extension, for each integer m > 0 there exists

(a) anewform f,, € S, (I'o(M)) with Q(f,,) CL, k,, >2,and k,, =2 (mod p—1)

and such that a,(f,,) € O*;

(b) a Go-stable O-lattice T, C V, and an isomorphism 7}, /p™" T, =T, /p" T,

as O[Ggl-modules that identifies T/ /p™T," with T;"/p" T as O[Gg,]-
modules;

(c) an equality of ideals (£, p™) = (L}, p™) C Ao.

The forms f,, in (a) are just those defined in the discussion of Hida families in
Section 2.6. Then (b) is just (2-6-1) and (2-6-2), and (c) is (2-6-3). Furthermore,
we also have

(d) ﬁfm = /Sf is irreducible and ramified at some g # p such that g || M;
(€) Xg_ ;(fm)is atorsion Ap-module and Chy (f,,) = (L% ) S Ao;
) X Sw 1 (fm) has no nonzero finite-order A p-submodules, so F' LE( fm)= Ch*( fm)-

Note that (d) follows from (b) and the hypotheses on N and ﬁf in Theorem A, while
(e) and (f) follow from the Iwasawa—Greenberg main conjecture for f,, (which
holds by (a), (d), and Theorem 2.5.2 since f, is of level M and p ¥ M) together
with Proposition 2.3.3 and Lemma 2.3.4.

From (b) together with Lemma 2.3.1 we conclude that there is a A p-isomorphism

Seld L (NHIP"=Seld , (fm)lp™]

of Ap-modules, and hence, upon taking Pontryagin duals, also a A p-isomorphism

X LO/P X5 L(HZEXG )/ 0" X L fmn)-

From basic properties of Fitting ideals we then conclude that there is an equality of
Ap-ideals
(FL (), p™) = (FL (fw), P™).

Together with (c), (e), and (f) we then have

(3-1-1) (FE(). p™ = (LF. p™) S Ao.
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As Ly, and hence EE is nonzero by a well-known theorem of Rohrlich [1988,
Theorem 1], if m is large enough then (ﬁE p™) # p™ Ap. From this and (3-1-1)
it then follows that if m is large enough, then (Fp >(f), p™) # p" Ao and hence
Fz(f) #0. As Fz(f) £ 0, X2 L(f) must be a torsion Ap-module. It then
follows from Proposition 2.3. 3(11) and Lemma 2.3. 4(ii) that ChE (f)=F 2( -
Combining this with (3-1-1) we then conclude that for all integers m

(3-1-2) (ChE(f). p™ = (LF. p™) € Ao.

The characteristic ideal Chf (f) is a principal ideal. Let C? be a generator. From
(3-1-2) it follows that for each integer m there is a u,, € Ao such that

(3-1-3) C; —uwLs € p" Ao.

Let @ be a uniformizer of O and let e be such that (p) = (w®). As EE # 0, there
exists an integer mg > 0 such that LE (f) e @™ Ap, but ﬁz (f) ¢ wm°+1A@ It
then follows from (3-1-3) that

- /
Uy — Uy ED™TANG, m' >m.

Therefore the sequence {u,,} converges in Ao to an element u € Ao such that for
allm, u —u,, € o™ ™ An. From this and (3-1-3) it follows that

C% - M;C? cw™ ™™ forallm >0,

whence CE = uﬁz That is Cf € (EE)

Since X%D L(f) is a torsion Ap- module Chz(f) is nonzero, and so CE #£ 0.
We may then reverse the roles of CZ and EE in the above argument to show that
CZ e(C Z) From the two 1nclu51ons we then conclude

(£¥) = (CF) =Ch} C Ao.

This proves the desired equality, at least for the chosen L and for X containing
all primes ¢ | N. But, as observed in Section 2.5, this implies the desired equality
for all sets X and all possible L. That is, the Iwasawa—Greenberg main conjecture
holds for f: Theorem 2.5.2 holds without hypothesis (iv).

3.2. Proof of Theorem B. Let f, L, O be as in the statement of Theorem B. As
these also satisfy the hypotheses of Theorem A, Xq_, 1 (f) is a torsion A p-module
and its A p-characteristic ideal Chy (f) is generated by the p-adic L-function L.
Furthermore, by Proposition 2.3.3, neither Xg_ 1 (f) nor X have a nonzero finite-
order Ap-submodule. To deduce the conclusions of Theorem B from this, we make
a close study of Selg~ (f)[y — 1] and S[y — 1], following Greenberg [1999].
Since H'(Fp, (M) = ker{H(Q), M7) — H'(I,, M7)%r}, it follows
from Proposition 2.3.2 — specifically the surjectivity of (2-3-2) —that there is an
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exact sequence
0— S— Selg (f) = H'(F,, (M™)") = 0.

As Gg, acts on M~ = A* through the character ozfllfl, (Ml = ANy —1]=
Homgz, (0, Q,/Z,) = L/O, with Gg, acting through the unramified character o .
Let

a, = ay(frob)).

Then H' (Fp, (M™)!») = 0 unless ap =1 (i.e., unless f has split multiplicative
reduction at p), in which case it is isomorphic to L/O. Letting Ch, (f)’ be the
A p-characteristic ideal of X, it follows that

Chy(f) = Chy(f) {(y—l), f has split multiplicative reduction at p,
L = L .

1, otherwise.

This reflects the “extra zero” phenomenon in the split multiplicative case observed
at the end of Section 2.4. In fact, we then have

Chy(f) = {(E/f), f has s.plit multiplicative reduction at p,
(Ly), otherwise.

As X has no nonzero finite-order A p-submodules, a standard result’ in Iwasawa
theory gives #X /(y — )X =#Ao/(y —1,Chr(f)). As#S[y —1]1=#X/(y — X,
we then find

#O/ (E/f (¢0)), f has split multiplicative reduction at p,

(3-2-1) #S[y —11= {#0/(£f(¢0))9 otherwise,

where ¢g : Ap — O is the continuous O-algebra homomorphism sending y to 1.
Let ¥ ={¢| Np}. Let

W=Mly-11=T,®7,Q,/Z, and W*=M[y—1]" = Tfi ®z, Qp/Z,.

Let
Pe=H'@, M) x [] H'@,M)
LeX b#£Dp

and

Pz =H"@Q,, W)/L,(W)x [] H'@c. W)
LeX b#p

where L,(W) =im{H'(Q,, W) - H'(Q,, W)}. Let PZ" be defined just as Ps
but with L ,(W) replaced by its maximal divisible subgroup L ,,(W)di". The usual

9See note 5.
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(torsion) Bloch—Kato Selmer group for T is just

Sel, (f) =ker{H' (G5, W) = pdivy,

As the restriction map H'(Gy, M) — P is surjective by Proposition 2.3.2, we
conclude that there is a short exact sequence

res

0—Sel. (f) = S[y—11—im{H (Gx, W)= P&V} nker{ PEY — Px [y —1]} — 0.
Let K = ker{Pgliv — Ps[y — 1]}. We claim that
(3-2-2) #S[y — 1] =#Sel, (f) - #K.

If Selz (f) is infinite, there is nothing to prove since Sel; (f) C S[y — 1]. Suppose
then that Selz (f) is finite. We will show that the restriction map HY(Gx, W) =
Pg“’ is surjective, from which the claim follows.

By global duality, the cokernel of the restriction map H'(Gy, W)— P)‘:iiV is dual

to a subquotient of
Sel® (1)) =ker{H' (Gx, Ty) — H' (@, T;)/Lp(T)™},
where L, (T}) =im{H'(Q,, Tf+) — HY(Q,, T;)} and
Ly(T))™ ={x € H'(Q,,Ty) : p"x € L,(T}) for some n > 0}.

Here we have used that Tf = Homg, (W, Q,/Z,(1)) as an O[Gg]-module and
that such an isomorphism identifies L (T Y and L (W)le as mutual annihilators
under local Tate duality. Then SelE(T )‘2lt is a torsion-free O-module (as ,of is
irreducible) and its O-rank equals the (’) corank of Selz (f). In fact, Sel* (T )sat =
H'(Gs, T)ﬂH (Q, V) where

H{(@. V) = ker{H (Gs. Vy) = H' (@, V))/Lp(Vp) x [] Hl(@g,Vf)}
LeX £#£p

and L (V ) =im{H' (Q,, V+) — H! (Q,, Vv )} (So H! (@ V ) is just the usual
characterlstlc Zero Bloch—Kato Selmer group of V;.) In partlcular the O-rank
of SelE(T )%t is the L-dimension of H (Q, V) The image of H (Q, Vf) in
H'(Gx, T ®z, Q,/Zp) = HY(Gx, W) 1s the max1rna1 divisible submodule of
Selz (f). However the latter is assumed to be of finite order, so its maximal
divisible subgroup is trivial. This proves that Sel* Ty )% = 0 and hence that the

res

restriction map H'(Gy, W) — Pdl"; is a surjection. The equality (3-2-2) follows.
Put
L(f. 1D

—
—anQf

LY(f, 1) =
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Combining (3-2-1) with (3-2-2), the Greenberg—Stevens formula (2-4-3), and the

specialization formula for £ yields
#O/(— - &(V,) - LU(£, 1)), ap=1,

(3-2-3) #Sel; (f) - #K = gy (V) (1D _
#O((1 —ap)? - LU(£, 1)), otherwise.

Therefore, to complete the proof Theorem B it remains to express #K in terms of
Tamagawa factors and the L-invariant S(Vf).
From the definition of K,

(3-2-4) K = ]_[ Ky,
lex
with
ker{H' (Q,, W)— H'(Qg, M)}, 0 # p,
t= {ker{Hl(@p, W)/L,(W)® — H'(@,, M)}, €= p.

If ¢ # p, then M is (y — 1)-divisible and so H'(I,, W) — H'(I;, M) and
Ko =ker{H'(F,, W) — H'(F;, M) =0} = H'(F,, W').

Therefore

(3-2-5) #K, =#H'(Fe, W) = ci(T)),

where Cg(Tf) = #H"(Fy, W!t) is just the Tamagawa number at £ # p defined by
Bloch and Kato for the p-adic representation Tf. Note that cz(T}) =1if £t N (e,
if T, is unramified at £). Hence to complete the proof of Theorem B it remains to
express #K , in terms of «, if f does not have split multiplicative reduction at p
(equivalently o), # 1) and in terms of £(Vf) and the Tamagawa number at p of Tf
otherwise.

- ¢\, =#ker{H'(Q,, W)/L,(W)™ — H'(@,, W)/L,(W))
and
¢ =#ker{H'(Qp, W)/L,(W) > H'(@,, M)/L,(M)}.
Then
#K, =l

By Tate local duality, L,(W) is dual to Hl(@p, Tf)/Lp(Tf) and Lp(W)div is
dual to H'(Q,, Tf)/Lp(Tf)Sat. Therefore

¢l =#(Lp(W)/L,(W)™) = #(L,(Tp)™ /L, (Tf)).

Since
H'(Qp, Tp)/L,(Ty) — H' (@, T))
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and
HY(Qp, Tj) /L, (T — H'(Q), V),

we find that the (injective) image of Lp(Tf)sat/Lp(Tf) in Hl(@p, Tf_) is just
im{H'(Q,, Tp)/Lp(Ty) = H'(Q,, )} Nker{H' (Q,, ;) - H' (@), V/)}.
But H'(1,, T;) — H'(I,, V), 50

ker(H'(Q,, ;) = H'(@,, V)Y = H'(F,, T)).

On the other hand, the boundary map injects the cokernel of H'(Q ps Tp)/Lp(Tp) —
H! (@p, T ) into HZ(@,,, T+) but sends the subgroup H' ([Fp, T ) t0 Zero (smce
Gal(F »/F p) has cohomologlcal dimension one) Hence H'(F P> T ) is contained
in the image of H'! Q,, T )/Lp(T )y H! @Q,, T ). It then follows that

0, o, =1
TH/L (T,) = H(F Ty P
LpTp)™/Lp(Ty) * )= {O/(ap ), otherwise.

In particular,
C/ = 1, Op = 1’
P #(0/(ap — 1)), otherwise.

It remains to deduce the desired expression for c . By definition c " equals

#(im{Hl(@p, W)/L,(W) < H'(@,, W)}
Nker(H'(@,, W) - H'(@,, M’)}).

Since Hz(Qp, W) is dual to HO(@,,, T ) and the latter is 0 if o), # 1, we have
H! Qp, W)/L,(W) = H! Qp, W7) 1foz,, = 1. It follows that in this case

) =#ker(H'(Q,, W) > H'(Q,, M)} =#M )% /(y = 1) - (M),

As I, acts on M~ through the character W~ and frob, acts on M =
M™[y — 1] = L/O as multiplication by «, we find

¢, =#L/Ola, —1]=#0/(ap = 1), a, #1.

Suppose then that o p= = 1. It follows from local duahty that c " equals the index of
the O®-submodule of H'! (Q,, T+) generated by ker{H (Qp, T+) < H! Q,, T, )}
and the annihilator of ker{H (@p, W) > H! Qp, M)} The first is just the
image of O = H(Q s T )y — H'(Q P> T+) determined by the Gg,-extension Tf.
Let Cy, be an O- generator this is a nonzero element in KVf in the notation of

Section 2.2. On the other hand, as H'(Q nWHE HomctS(G?;D P L /0O), the kernel
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ker{H' Q,, W) — H' (Q,, M™)} is readily seen to be Hom(I', L/O) — those
homomorphisms that factor through I'. Then, under the identification

H'(@,, ;) = H'(Q),, 0(1)) = (imQ, " /(@,)"") ®z, O

the annihilator of Homcts(F L/0O) is identified with the O-module p ® O generated
by the image of pZ. The index of O - Cy, +P® O is just the index of the projection
of ¢y, to (lim,, ZX/(ZX)I’ ) ®z, O. From the definition of ¥y in Section 2.2, this
1ndex is just #O0/((1/ logp u) - Tﬁcyc(Cv )). So by the definition of v, (which is
NONZEro On ¢y, as 0 # Cy, € Ly ) and the definition of £( V )

¢,y =#0/((1/10g, u) - Yreye(cy,)) =#0/((1/log, u) - £(Vp) - Yur(cy,)), @ =1.

Combining the formulas for ¢” in the two cases with those for ¢/, we find

p P
(3_2_6) #K  — {#O/((l/logp M) . S(Vf) : wur(cvf)), O[p = 1,
a #0/(0‘17_1)27 o, # 1.

Suppose S(Vf) # 0 if a), = 1. Then combining (3-2-3) with (3-2-4), (3-2-5),
and (3-2-6) yields

#O/(LM(f, 1) = #Sel, (f) - [ [ ee(T)) {#O/(‘/’ur(cvf” “p=ia
t#p ’ ap # 1.

That the final term is just the Bloch—Kato Tamagawa number at p of the representa-
tion T which we denote ¢ p(T ), can be shown as in [Dummigan 2005] (in that
paper cp(T ) is denoted TamM(T )). The only significant change is the need to
include the O-action, but this is a stralghtforward modification. In the p t N case —
that is, the case where Vi is a crystalline representation of Gg, —the fact that
cp(Tp) =1 follows by the arguments used to prove [Dummigan 2005, Theorem 5.1].
The p || N case —in which case V is a semistable representation of Gg, — follows
as in [Dummigan 2005, §7] from the arguments used to prove [Dummigan 2005,

Theorem 6.1]. We therefore have the formula asserted in Theorem B:

(3-2-7) #O/ (L™ (f, 1) =#Sel () [ T ee(T)).
14

This completes the proof of Theorem B.

3.3. Proof of Theorem C. Theorem C is just a special case of Theorem B. To see
this, let E be as in Theorem C and let f € S>(I'g(N)) be the newform associated
with E, so N is the conductor of E and L(E,s) = L(f,s). For Theorem C to
follow from Theorem B, it suffices to have that under the hypotheses of Theorem C,
hypotheses (i), (ii), and (ii1) of Theorem B hold for f and Qg is a Z multiple
of —27iQ}.
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That hypotheses (i) and (ii) of Theorem C imply hypotheses (i) and (ii) of
Theorem B is immediate. Furthermore, as noted in the example at the end of
Section 2.2, if E has split multiplicative reduction at p then the £-invariant S(Vf)
of f is nonzero, hence hypothesis (iii) of Theorem B also holds.

To compare periods, we first recall that if wg is a Néron differential of E then

QE=/ wWE GCX,
ot

where c¢* is a generator of the submodule H,(E(C), Z)* c H|(E(C), Z) that is
fixed by the action of Gal(C/R); this is well defined up to multiplication by +1.
Now let

¢: X1 (N) > E™

be an optimal parametrization for the (D-isogeny class of E as in [Stevens 1989,
Proposition (1.4)]. Then, as demonstrated in the proof of [Greenberg and Vatsal

2000, Proposition (3.1)], Qgopt equals —ZniQJf up to a Z(Xp)-multiplelo. Let

B:E® > E

be a QQ-isogeny. Since E[p] is an irreducible G g-representation, 8 can be chosen
so that its degree is prime to p. Then B*wg is a Z(Xp)—multiple of wgon, and so Qg
isa Z(Xp)—multiple of Qgop and hence also of —27i 2 s
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COMMENSURATORS OF SOLVABLE S-ARITHMETIC GROUPS

DANIEL STUDENMUND

We show that the abstract commensurator of an S-arithmetic subgroup of
a solvable algebraic group over Q is isomorphic to the Q-points of an al-
gebraic group, and compare this with examples of nonlinear abstract com-
mensurators of S-arithmetic groups in positive characteristic. In particular,
we include a description of the abstract commensurator of the lamplighter
group (Z/27)1Z.

1. Introduction

Overview. In this paper we show that the abstract commensurator of an S-arithmetic
subgroup of a solvable (2-group is isomorphic to the Q-points of an algebraic group.
We then include examples to show that the analogous result in positive characteristic
does not hold. As part of these examples, we provide a description of the abstract
commensurator of the lamplighter group.

Background. A Q-group G is a linear algebraic group defined over Q. For S any
finite set of prime numbers, let G (S) denote the set of S-integer points of G, that is,
those matrices in G (Q) whose entries have denominators with prime divisors be-
longing to S. A subgroup of G(Q) is S-arithmetic if it is commensurable with G (S).
When § = &, an S-arithmetic group is called an arithmetic group.

Remark. Beware of our unconventional choice of notation for S, which by defini-
tion includes only non-Archimedean valuations on Q.

The abstract commensurator of a group I', denoted Comm(I"), is the group of
equivalence classes of isomorphisms between finite-index subgroups of I', where
two isomorphisms are equivalent if they agree on a finite-index subgroup of I".

The starting point for our work is the following result, immediate from the fact
that S-arithmetic subgroups of Q-groups are preserved by isomorphism of their
ambient Q-groups; see [Platonov and Rapinchuk 1994, Theorem 5.9, p. 269]. Let
Autg(G) denote the group of Q-defined automorphisms of G.

The author gratefully acknowledges the support of the National Science Foundation.
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Proposition 1.1. Suppose G is any Q-group. For any finite set of primes S, there is
a natural map © : Autg(G) — Comm(G(S)).

In the case that G is a higher-rank, connected, adjoint, semisimple linear algebraic
group that is simple over Q, rigidity theorems of Margulis [1991] imply that the
map O of Proposition 1.1 is an isomorphism. Similarly, if G is unipotent then ® is an
isomorphism by Mal’cev rigidity; see Theorem 3.3. Moreover, in each of these cases
the group Aut(G) has the structure of a (D-group such that Autg(G) = Aut(G)(Q).

Main result. When G is solvable and not unipotent the group G(S) is not rigid
in the above sense. One approach to remedying this lack of rigidity is taken in
[Witte 1997], where solvable S-arithmetic groups are shown to satisfy a form of
Archimedean superrigidity. For solvable arithmetic groups, another study of this
failure of rigidity appears in [Grunewald and Platonov 1999]. Extending these
methods, we prove the main theorem of this paper:

Theorem 1.2. Let G be a solvable Q-group and let S be a finite set of primes. Then
there is a finite-index subgroup Comm’(G(S)) < Comm(G(S)) and a Q-group D
such that

Comm®(G(S)) = D(Q).

The group D is constructed explicitly as a quotient of an iterated semidirect
product of groups. See Section 3C for proof and details.

When S = & the arithmetic group G(S) = G(Z) is virtually polycyclic, and
hence virtually a lattice in a connected, simply connected solvable Lie group. In
[Studenmund 2015] it was shown that the abstract commensurator of a lattice in
a connected, simply connected solvable Lie group is isomorphic to the Q-points
of a Q-group. Therefore the S = & case of Theorem 1.2 is a consequence of
[Studenmund 2015].

When § # @ the group G(S) is no longer necessarily polycyclic, so different
methods are necessary. When U is a unipotent group, for any set of primes S we have

Comm(U(S)) = Aut(U)(Q).

In particular the abstract commensurator is independent of S. For example, we have
Comm(Z[1/2]) = Comm(Z[1/3]) = Q*. Note that for each nontrivial unipotent
group this provides an infinite family of pairwise non-abstractly-commensurable
groups with isomorphic abstract commensurator.

When G contains a torus, the abstract commensurator of an S-arithmetic subgroup
may depend on S. For example, let T be the Zariski-closure of the cyclic subgroup
generated by the matrix (2 1). Note that T is diagonalizable over R and over Q1

11
since 5 has an 11-adic square root, while 7 is not diagonalizable over either (
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or Q3. It follows from Theorem 2.1 below that
T(@)=7, T({3)H=2z T{l1})=7> and T({3,11}) =7

where we write G = H if G and H contain isomorphic subgroups of finite index.
Then Comm(7T ({11})) and Comm(T ({3, 11})) are each isomorphic to GL,(Q), but
neither is isomorphic to Comm(7 ({3})) = Q@*. This dependence on S appears
even for groups whose maximal torus acts faithfully on the unipotent radical; see
Theorem 1.3.

Explicit description of commensurator. A key case is when the action of any
maximal torus of G on the unipotent radical of G is faithful. Such a solvable
algebraic group is said to be reduced. When G is reduced, we have the following
explicit statement whether or not S = &.

Theorem 1.3. Let G be a connected and reduced solvable Q-group, let S be a
finite set of primes, and let A be an S-arithmetic subgroup of G. Suppose G(S) is
Zariski-dense in G. There is an isomorphism of abstract groups

(1) Comm(A) = Homg(QV, Z(G)(Q)) x Autg(G),

where N is the maximum rank of any torsion-free, free abelian subgroup of T (S) for
any maximal Q-defined torus T < G and Homg denotes the group of Q-vector space
homomorphisms under addition. There is a subgroup Comm®(A) < Comm(A) of
finite index which has the structure of the Q-points of a Q-group.

Note that the semidirect product appearing in (1) is a semidirect product of
abstract groups. However, there is a subgroup of finite index which has the structure
of the Q-points of a @-group. See Section 3 for details.

Remark. In the case S = &, Theorem 1.2 follows from Theorem 1.3 by the
fact that any solvable arithmetic group I' is abstractly commensurable with an
arithmetic subgroup of a reduced solvable group. See [Grunewald and Platonov
1999, Theorem 3.4] for a proof of this fact. This is possible because arithmetic
subgroups of tori are abstractly commensurable with arithmetic subgroups of abelian
unipotent groups; both are virtually free abelian. The same method does not work
when S is nonempty: S-arithmetic subgroups of tori are virtually free abelian while
S-arithmetic subgroups of unipotent groups are not.

Remark. Bogopolski [2012] has computed abstract commensurators of the solvable
Baumslag—Solitar groups to be

Comm(BS(1,n)) = Q x Q*.
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Theorem 1.3 recovers Bogopolski’s result in the case that n is a prime power, since
BS(1, p?) is isomorphic to the group G(S), where S = {p} and G = B,/ Z(B,) for

N (

Note that BS(1, n¥) is a finite-index subgroup of BS(1, n); hence the two groups
have isomorphic abstract commensurators.

When n is not a prime power, BS(1, n) is no longer commensurable with an
S-arithmetic group. However, BS(1, n?) embeds as a Zariski-dense subgroup of

Xy = 1} C GL,(C).

(B2/Z(B2))(S),

where S consists of the prime factors of n. It may be possible to modify the proof
of Theorem 1.3 to compute Comm(BS(1, n)) for any n from this embedding.

Number fields. Above we have defined S-arithmetic subgroups only of (Q-groups,
but S-arithmetic groups may be defined over any global field. Our methods fail
to prove any obvious analog of Theorem 1.2 for S-arithmetic groups over general
number fields. In particular, if I" is an S-arithmetic subgroup of a unipotent group U
defined over K then Comm(I") may depend on S, in contrast with the case of K = Q.
This is explained in more detail in Section 4.

Despite this difference, the conclusion of Theorem 1.2 holds for unipotent
groups G and may hold for general solvable G. The difficulty in finding a proof
lies in finding an alternative to the use of Proposition 1.1; see the remarks at the
end of Section 4.

Function fields and the lamplighter group. In contrast to the case of S-arithmetic
groups over number fields, Theorem 1.2 has no obvious analog for S-arithmetic
groups over global fields of positive characteristic. Section 5 includes examples
demonstrating this failure.

A well-known example of a solvable S-arithmetic group in characteristic 2 is the
lamplighter group (Z/27):Z. Section 6 describes the abstract commensurator of
the lamplighter group, with the following main result.

Theorem 1.4. Using the definitions in Equations (6) and (7) of Section 6, there is
an isomorphism

Comm((Z/22):Z) = (VDer(Z, K) x Commyo(K)) % (Z/27).

Using this decomposition we show, for example, that the abstract commensurator
of the lamplighter group contains every finite group as a subgroup.
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2. Background and definitions

For any group I', a partial automorphism of I" is an isomorphism between finite-
index subgroups of I'. Two partial automorphisms ¢, and ¢, are equivalent if there
is some finite index A < I" such that ¢, | N ¢2| A> an equivalence class of partial
automorphisms is a commensuration of I". The abstract commensurator Comm(I")
is the group of commensurations of I'. If I'; and I'; are abstractly commensurable
groups then Comm(I";) = Comm(I";). We will implicitly use this fact often.

A subgroup A <T' is commensuristic if ¢ (ANT'1) is commensurable with A for
every partial automorphism ¢ : I'y — I', of I'. Say that A is strongly commensuristic
if @(ANT) = ANTI, for every such ¢. If A is commensuristic, restriction induces
a map Comm(I") - Comm(A). If A is strongly commensuristic, then there is a
natural map Comm(I") — Comm(I"/A).

A group I virtually has a property P if there is a subgroup A <T" of finite index
with property P. For any A, a virtual homomorphism I' — A is a homomorphism
from a finite-index subgroup of I' to A. Two such virtual homomorphisms are
equivalent if they agree on a finite-index subgroup of T".

By a Q-defined linear algebraic group, or Q-group, we mean a subgroup
G < GL,(C) for some n that is closed in the Zariski topology and whose defining
polynomials may be chosen to have coefficients in Q. The Q-points of G are
G(Q) =GNGL,(Q). If S is a finite set of prime numbers, we define the group
of S-integer points of G, denoted G (S), to be the subgroup of elements of G(Q)
with matrix coefficients having denominators divisible only by elements of S. A
subgroup of G(Q) is S-arithmetic if it is commensurable with G(S). An abstract
group I' is S-arithmetic if it is abstractly commensurable with an S-arithmetic
subgroup of some Q-group G.

Now let G be a solvable Q-group, S be a finite set of primes, and I' = G(S).
Since [G : G°] < oo, we will assume G is connected. The subgroup U < G
consisting of all unipotent elements of G is connected, is defined over Q, and is
called the unipotent radical. For any maximal Q-defined torus T < G, there is a
semidirect product decomposition G =U x T.

For any Q-defined torus 7 and any field extension F of Q, the F-rank of T,
denoted rankp(T'), is the dimension of any maximal subtorus of 7' diagonalizable
over F. We will use the following special case of [Platonov and Rapinchuk 1994,
Theorem 5.12, p. 276].

Theorem 2.1. Let T be a torus defined over Q and S a finite set of prime numbers.
Then T (S) is isomorphic to the product of a finite group and a free abelian group of
rank

N = rankg (T) —rankq (T) + »_ rankg, (T).
peS
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If U is a connected unipotent Q-group, then Aut(U) may be identified with the
automorphism group of the Lie algebra of U and thus has the structure of a Q-group.
This structure is such that Aut(U)(Q) = Autg(U), where Autg(U) is the group of
(D-defined automorphisms of U.

A solvable Q-group G is said to be reduced, or to have strong unipotent radical,
if the action of any maximal (D-defined torus on the unipotent radical is faithful.
If G is reduced then Aut(G) naturally has the structure of a (Q-group such that
Aut(G)(Q) = Autg(G) (see [Grunewald and Platonov 1999, Section 4] or [Baues
and Grunewald 2006, Section 3]) and the identity component Aut’(G) is a finite-
index subgroup of Aut(G) that acts trivially on the quotient of G by its unipotent
radical.

3. Proof of main theorems

3A. Setup. In this section we begin the work necessary to prove Theorem 1.2, by
way of Theorem 1.3. Let G be a connected solvable Q-group, let S be a finite set of
prime numbers, and let I' < G(Q) be an S-arithmetic subgroup. Replacing G by the
Zariski-closure of I', we will assume going forward that I" is Zariski-dense in G.

Write G = U x T as above. We will assume without loss of generality that I"
decomposes as I' = U (S) x 'y for some finitely generated, torsion-free, free abelian
S-arithmetic subgroup I'r < T (S); see [Platonov and Rapinchuk 1994, Lemma 5.9]
and Theorem 2.1.

A group I is uniquely p-radicable if for every y € I' there is a unique element
8 € I such that §¥ = y.

Lemma 3.1. Suppose A is any finite-index subgroup of I" and p € S. Then ANU(S)
is the unique maximal uniquely p-radicable subgroup of A.

Proof. Since I't is isomorphic to ZN for some N, it suffices to show that U (S)NA is
uniquely p-radicable. Moreover, because the property of being uniquely p-radicable
is inherited by subgroups of finite index, it suffices to check that U (S) is uniquely
p-radicable. It is a standard fact that U is @-isomorphic to a subgroup of the group
of n x n matrices with 1’s on the diagonal, which we denote U,,. Therefore U (S)
is commensurable with a subgroup of U,(S). The desired property is preserved
by commensurability of torsion-free groups, so it suffices to show that U, (S) is
uniquely p-radicable. This may easily be done by induction on 7. O

Corollary 3.2. If S # @, then U(S) is strongly commensuristic in T.

Remark. If S = @ then Corollary 3.2 is still true when G is reduced. This follows
from the fact that I' N U is the Fitting subgroup of I" for any arithmetic subgroup
I' < G(Q); see [Grunewald and Platonov 1999, Lemma 2.6] for a proof.

Theorem 3.3. There is an isomorphism Comm(U (S)) = Aut(U)(Q).
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Proof. Since U (S) has the property that for each u € U (Q) there is some number k
such that u* € U(Z), any partial automorphism ¢ of U(S) is determined by its
values on U (Z). The resulti~ng map d)’ vy U(Z) — U (Q) uniquely extends to a
(D-defined homomorphism ¢ : U — U by a theorem of Mal’cev (see, for example,
the proof of [Raghunathan 1972, Theorem 2.11, p. 33].) Since the dimension of the
Zariski-closure of ¢ (U (Z)) is equal to the dimension of U by [Raghunathan 1972,
Theorem 2.10, p. 32], the map é is an automorphism of U.

The assignment [¢] — q~> gives a well-defined mapping & : Comm(U(S)) —
Aut(U)(Q). We see that £ is injective because U (S) is Zariski-dense in U, and £ is
surjective because every (-defined automorphism of U induces a commensuration
of U(S) by Proposition 1.1. U

3B. Reduced case. Now assume that G is reduced. We prove Theorem 1.3 using
methods following those used to prove Theorems A and C of [Grunewald and
Platonov 1999].

Proof of Theorem 1.3. Let U be the unipotent radical of G and fix a maximal
Q-defined torus T < G. We assume without loss of generality that A = (ANU) x
(ANT).

Suppose ¢ : A; — A is a partial automorphism of A. By Corollary 3.2
and Theorem 3.3, ¢ induces a Q0-defined automorphism ®y € Aut(U). Define
o : G — Aut(U) to be the map induced by conjugation. Note that a|T is injective
since G is reduced.

It is straightforward to check that for any § € A1 we have

Oy oa(d)ody =a(g(8)).

It follows that conjugation by ®y preserves «(G) inside Aut(U). Conjugation
by ®y therefore induces an isomorphism between «(T) and «(T") for some max-
imal @-defined torus T’ < G, and hence an isomorphism &7 : T — T’'. Note
that @7 is defined to satisfy the relation

2) Dy oa(t)ody' =a(dyp(1))

forallteT.
The maps @y and 7 determine a self-map of G: for each g € G, write g = ut
forueU and t € T and set

Do(g) =Py u)dr(1).

Equation (2) implies that & is a (?-defined automorphism of G. However, the
map Comm(A) — Autg(G) defined by [¢] — P is not necessarily a well-defined
homomorphism of groups. We will show that ®( can be modified in a unique way
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to produce an automorphism & so that ®(8)p(8)~' € Z(G) for all § € A;. This
condition will guarantee the map [¢] —  defines a homomorphism.

It is straightforward to check from our definitions that «(®g (8 )P (8)™ 1) is trivial
for all § € A ;. Therefore v(8) := ®o(8)¢(8) ! defines a function v: A; — Z(U)(Q).
One can check that

v(8182) = v(81)(B1)v(82)¢ (81) "

That is, ¢ is a derivation when Z(U)(Q) is given the structure of a left Aj-module
by 8-z2=¢(8)z¢(8) ! for§ € Aj and z € Z(U)(Q).

The derivation v is trivial on A; N U, and therefore descends to a derivation
v:ANT — Z(U)(@Q). Now decompose Z(U)(Q) as a direct sum of weight
spaces for the action of T and let V be the sum of all weight spaces with nontrivial
weights. Let v* be the component of the derivation ¥ in the submodule V. Since
Cy(T) is trivial, it follows from a standard cohomological fact (see [Segal 1983,
Chapter 3, Theorem 2**, p. 44]) that v is an inner derivation. That is, there is
some x € V such that v=(8) = ¢ (8)xp(8) " 'x~! forall § € ANT. It follows that

v@®)xp(®)x 98! € Z(G)(W).

When x is viewed as an element of Z(U)(Q), the choice of x is unique up to
Z(G)(Q).

Given @ and x as above, the assignment w(¢) = ¢, o P, where ¢, (g) = xgx~
for all g € G, determines a well-defined map

1

i : Comm(A) — Aut(G)(Q).

One can check using an obvious modification of [Grunewald and Platonov 1999,
Lemma 2.9] that  is a homomorphism. Because I" is Zariski-dense in G, the map

O : Autg(G) — Comm(G(S))

of Proposition 1.1 is injective. In fact ® is a section of u; to see this, note that if
¢ = © (D) then the associated maps ®y and ¢r are Oy = <I>|U and &y = O T
which clearly satisfy (2), and moreover the associated derivation v is trivial. It
follows that there is an isomorphism

Comm(A) = ker(u) x Aut(G)(Q).

Now suppose that [¢] € ker(u). It follows from the above that ¢ is a virtual
homomorphism A — Z(G)(Q) trivial on ANU. We can view ¢ as a virtual homo-
morphism ANT — Z(G)(Q). Since ANT is virtually Z", the group of equivalence
classes of such virtual homomorphisms is isomorphic to Homg(Q", Z(G)(Q)).
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We therefore have a well-defined map
£ :ker(u) — Hom(Q", Z(G)(Q)).

Clearly £ is injective. On the other hand, suppose that [ANT : A] < oo and that
f:A— Z(G)(Q) is a homomorphism. There is a finite-index subgroup A < A
such that f(A) < Z(G)(S). The map

d:US)xA—US) %A

defined by ¢ (4, A) = (u - f(A), A) induces a commensuration of A mapping to f
under &; hence £ is surjective. This completes the proof that Comm(A) has the
desired semidirect product decomposition.
Let
Comm’(A) = Homg(QV, Z(G)(Q)) x Aut’(G)(Q).

Clearly Commo(A) has finite index in Comm(A). We will show that CommO(F)
has the structure of the Q-points of a Q-group. We first understand the action
of Aut(G) on Hom(Q", Z(G)). Any ® € Autg(G) induces a commensuration
of A virtually preserving U (S), hence induces a commensuration of T'(S). Let
dr € GLy(Q) be the automorphism corresponding to the induced commensuration
of T(S). Then the action is given by

(- a)(t) = Oy (a(D7'1)).

Note that if ® € Aut’(G) then ® acts trivially on the quotient G/U; hence the
induced map ®r is trivial.

The group Homg (QV, Z(G)(Q)) is isomorphic to the @-points of (G,)V?, a
product of additive groups defined over Q, where d is the dimension of Z(G).
Under this identification, the action of Aut(Z(G))(Q) by postcomposition on
Homg(QV, Z(G)(Q)) corresponds to the diagonal linear action of Aut(Z(G))
on (G,)V?. Since the restriction map Aut(G) — Aut(Z(G)) is defined over Q@ by
definition of the algebraic structure on Aut(G), the action map

Aut’(G) x (G )N — (G )N

is defined over @. Hence the semidirect product (G,)V¢ x Aut’(G) is an algebraic
group whose Q-points are identified with Comm’(A). ([

3C. Nonreduced case. Now consider the case that G is a connected solvable group,
not necessarily reduced. As above we will assume without loss of generality that I"
is Zariski-dense in G and decomposes as ' = U(S) x I'r. Assume for the rest of
this section that S # @. (The case that § = & is addressed by the remarks following
the statement of Theorem 1.2.) Our primary goal is to reduce to a situation where
Theorem 1.3 can be applied. This reduction will occur over several steps.
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Define Ty < T to be the centralizer of U in T, a Q-defined subgroup of T.
There is a Q-defined subgroup 7} < T such that T = TyT, and Ty N T is finite.
Without loss of generality we replace G by G /(T N T1) and henceforth assume
that 7o N T = {1}. Note that now U x T is a reduced solvable Q-group. Moreover,
without loss of generality we replace 'y with Iy x I'y, where I'; = ZVi is an
S-arithmetic subgroup of 7; for each i =0, 1. See Theorem 2.1 for the formula
used to determine N;.

From the semidirect product decomposition I' = (U (S) x ['g) X I', let us denote
elements of I' by triples (u, y,, ¥;), where u € U(S) and y; € I'; fori =0, 1.

Define Zy(I") = Z(I') N U. Clearly we have

Z(F) = ZU(F) X F().

If A is any finite-index subgroup of I, then Z(A) = ANZ(G) by the Zariski-density
of A. It follows that Z(I") is strongly commensuristic in I". Moreover, since U (S) is
strongly commensuristic in I" it follows that Zy (I') is strongly commensuristic in I".

Any virtual homomorphism « : I'g x I'y = Zy (') determines a partial automor-
phism v, of I' defined on an appropriate subgroup of I" by

Yo (u, vy, v1) = u+a(yy, ¥1)s Vo> Y1)-

Let W denote the subgroup of Comm(I') arising in this way from equivalence
classes of virtual homomorphisms I'g x 'y = Zy (I'). There is an isomorphism

W = Hom(QN+tM1 ),

where d is the dimension of Z(G) N U.
Let

Commr,(I') ={[¢: H - K] € Comm(I") | ¢(HNTp) =K NI}
Lemma 3.4. W-Commr,(I") = Comm(I").

Proof. We first show that W is a normal subgroup of Comm(I") so that the product
W - Commp,(I") is well defined. To see this, take any ¢ € Comm(I"). Since U (S)
is commensuristic in " and is fixed by any ¥, € W we see that ¢ o ¥, 0~ ! is
trivial on U (S). It follows by direct computation that

G0V, 00 =V qopits

where ¢y, is the restriction of ¢ to Zy (I') and ¢, is the commensuration of I'g x I
induced by ¢ under the quotient map I' — I'/U(S). The map ¢, o o ¢;1 is a
virtual homomorphism from I', x I'; to Zy(I") because Zy (I') is commensuristic
in I". This shows that WV is normal in Comm(I").
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Suppose ¢ : H — K is a partial automorphism of I'. Since U (S) is strongly
commensuristic, ¢ induces a commensuration [v] € Comm(I"yg x I'{). There is a
functiona : HN (I'g x I'1) = K N Zy(T") such that

® 0, vy, Y1) = (a(¥), vV, ¥1))

for all (y,, ;) € HN(I'g x I'1). In fact the function « is a virtual homomorphism
F() X F] — ZU(F)

Define a virtual homomorphism 8 : Ty x I'y = Zy(I) by B = —aov™!. A
straightforward computation shows that

(Y0 #)(0, vy, v1) = (0, v(¥p, Y1)

for all (y,, y;) € HN(T'o x I'1). Since Z(I") is commensuristic in I', it follows that
(g 09)(0, ¥y, 0) = (0, v(y,), 0) for all y, € H NT'y. This means that Y5 o0¢ €
Commr, (I"), which completes the proof. O

We now turn to the task of elucidating the structure of Commr,(I"). There is a
natural map

& : Commr,(I') - Comm(I"/ I'p).

Define Commy (I') to be the kernel of £. Because I'/ Iy is naturally identified with
the subgroup U (S) x 'y < T, it is easy to see that £ is surjective. Therefore there
is a short exact sequence

3) 1 - Commy(I') - Commr,(I") - Comm(I"/ I'y) — 1.

Because I" decomposes as a direct product I' = (U (S) x I'1) x [y, the sequence (3)
splits and we can identify Comm(I"/ I'g) = Comm (U (S) x I'1). By Theorem 1.3
there is an isomorphism

Comm(I'/ Ty) = Homg(QY', Z(U x T1)(Q)) x Aut(U x T})(Q).

Note that Z(U x T1) = Z(G)NU, so recalling that d is the dimension of Z(G)NU
we may write

Comm(T"/ Ty) = Homg(QY', @%) x Aut(U x T1)(Q).
Lemma 3.5. Let T; = 7ZVi fori =0, 1 be as above. There is an isomorphism
Commy (I") = Homg (Q"', @) x GLy, (Q),
where the action is by postcomposition.

Proof. There is a homomorphism W : Commy (I') — GLy, (Q) given by restriction
to I'g. Because I'g splits off as a direct product factor, W is surjective and the
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following exact sequence splits:
1 — ker(¥) — Commy (I') = GLy,(Q) — 1.

The kernel of W is given by equivalence classes of virtual homomorphisms
U(S) xI'y = I'g. There are no virtual homomorphisms U (S) — I'g because I'g
is free abelian and every finite-index subgroup of U(S) is p-radicable for any
p € S. Therefore the kernel of ¥ may be identified with equivalence classes
of virtual homomorphisms from I'y to 'y, which form a group isomorphic to
Homg(Q"', @No). The fact that the action is by postcomposition is immediate. (]

Define
Comm{, (I") = Commyz (I") x Comm’(I"/ I'p),

where Comm®(I"/ T'p) is as defined in Theorem 1.3. This is a finite-index subgroup
of Commr, (I"). Note that the subgroup Homg(QM, Q%) < CommIQO(F) acts triv-
ially on Commyz (I"), and the subgroup GLy,(Q) < Commr (I') is centralized by
the action of CommO(F / 'g). There is therefore a normal subgroup of Commlq ) )
isomorphic to

Homg(QM', @) x Homg(QM', @%),

which is isomorphic to Homg (Q"', @"*9). So we may write
4)  Comm{ (') = Homg(@"', @"*) x (GLy, (@) x Aut’(U x T1)(Q)),

where the commuting actions of GLy,(Q) and Aut’(U x T))(Q) are each by
postcomposition.

Lemma 3.6. There is a Q-group C such that CommIQO(F) =C(Q).

Proof. Foreachi =1,...,Nyand j=1,..., No+d, let A;; be a copy of the
1-dimensional additive Q-group G,. Define

Ni No+d

cr=[]]] A4

i=l j=I

Fix bases {v; ;V:‘I for @M1, and {wi}f\]:“l for Q™, and {w,-}f.V:O,JQfH for @4, so that
{wi}fvzofd is a basis for QNo+9 | Let e; j be the element of Homg (QN', @No+d) that
sends v; to w; and each vy to zero for k # i. Then the collection of {e; ;} are a
basis for Homg (Q"', @"*4), Fix an isomorphism C7 (@) = Homg (Q!, QM+4)
that takes a generator of A; ; to e; ; for each pair i, j.

The algebraic group GLy, acts on Cr by acting in the standard way on each
group H;vi | A;,; for fixed i and trivially on each factor A; ; for j > N,. This action
is defined over Q. The restriction of this action to the group action of GLy,(Q) on

Homg(Q"', @M0) inside Homg (@M, @M *4) is the action in (4).
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No+d

Identify each group [ | A; j with Z(U x T). This determines an action of

J=No+1

the group Aut®(U x T;) on each group H?VOJ]FVd 41 Aij for fixed i, hence an action
on all of Cr. This action is defined over @, and its restriction to Aut®(U x T})(Q)
agrees with the action in (4).

Using the actions defined above, the algebraic group
C = (G, )N Mot 5 (GLy, x Aut®(U x Ty))
is a Q-group with C(Q) = CommlqO (). O

The group Commgo(F) acts on W by conjugation. Under the identification
W = Homg(QM M| Q4) and the decomposition of (4), this gives actions of each
of Homg (@M, @M+4), GLy, (Q), and Aut’(U x T1)(@) on Homg (QM+M1 Q7).
We record here some facts about these actions that are straightforward to verify.

Lemma 3.7. The action of Comm]QO(F) on W is given by the following:

(1) the action of Homg(Q', QN0+ on Homg(QM N1, Q%) factors through the
quotient Homg (QN', Q™) acting on Homg (QM+N1 Q%) by precomposition
by the inverse;

(2) the action of GLy,(Q) is by precomposition by the inverse acting on QN0 <
@NoJrN 1

(3) the group Aut’(U x T;)(Q) acts on Homg(QNtN1 | Q4) by postcomposition,
where Q% is identified with Z(U x T)(Q).

We now complete the proof of the main theorem of this paper in the case S # &.

Proof of Theorem 1.2. Continue using the notation of Section 3C and Lemmas
3.4-3.7. We will define a Q-group D so that D(Q) =W - Commr (I"). Because
W Commr (') is a subgroup of finite index in Comm(F) this is the desired result.

Because W is normal in Comm(I"), the group Comrnr (I') acts on W by con-
jugation. This determines an action of C(Q) on W. We will show there is an
algebraic group W with W(Q) =)V and an algebraic action of C on W such that
the induced action of C(Q) on W (Q) agrees with the action of Comm?-O(F) on W
under our identifications. .

Consider indexed copies of the additive group G, fori =1, ..., Ny + N; and

j=1,...,d. Let
No+Nq

w= T ITe

i=1 j=I

Fix bases {x,} | for QMo and {x,-}lNO;\r,ﬁl for @V, and {y,} | for Q4, so that

il ™M is a basis for QY+, Let fi.; be the element of Hom@(@No-i-M Q)
that sends x; to y; and each x; to zero for k  i. Then the collection of { f; ;} are a
basis for Homg (@M Q9). Fix an isomorphism W (Q) = Homg (QY ™M Q)
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that takes a generator of G o fi,j for each pair 7, j. This gives an isomorphism
W(Q) =

For each ﬁxed i we may identify the group ]_[ =1 G,/ with Z (U x T1). This
identification determines an action of Aut’(U x T}) on each group ]_[ Gaj , hence
an action on all of W which is defined over Q. This action restricts to an action of
Aut’(U x T;)(Q) on W(Q) which agrees under our identifications with the action
of the subgroup AutO(U x T)(Q) < CommFO(F) on W.

For each fixed j, the algebraic group GLy, acts on [ [:, No l J by the dual (inverse
transpose) of the standard action. Letting GL, act tr1v1a11y on each G’ fori > Ny,
this induces an action of GLy, on W. The restriction of this action to GLy,(Q)
on W(Q) agrees with the action of the subgroup GLy,(Q) < Commr (') on W.

Finally, the group ]_[l 1 ]_[ | A;,j embeds as a unipotent subgroup of GLNOJr Ny
and through this embedding acts by the inverse transpose on ]_[N°+N ' GL/ for each
fixed j. There is a natural quotient map Cr — ]_[ ]_[N‘) A, j, and through this
map Cr acts on W in such a way that the restrictlon to the Q-points agrees with
the action of Homg (Q"', Q"*4) on Homg (QM N1, Q).

In total these define an action of C on W which is defined over Q. Therefore
W x C has the structure of a Q-group.

The unipotent group (G,)"'? embeds in W and Cr, via maps o : (G,)V'¢ — W
and B : (G,)N'¢ — Cr, such that the image of (G,)V'¢(Q) is identified with
Homg (QY', @) under each of @ and 8. Let ® < W x C be the embedding
of (G,)M“ under the product map (—«) x . Note that ® is a normal unipotent
subgroup of W x C, so the quotient D = (W x C)/0® is a Q-group with D(Q) =
(W(Q) x C(Q@)/6(Q).

There are isomorphisms W (Q) — W and C(Q) — CommIQO(F) which induce
a surjective map

& : W(Q) x C(Q) — Comm®(I")

because the action of C on W is compatible with the action of CommIQO(F) on W.
The kernel of @ is precisely the subgroup ®(Q), so ® descends to an isomorphism
D(Q) = Comm®(I). O

4. Number fields

Linear algebraic groups can be defined over arbitrary fields. Let K be a global field
and S a set of multiplicative valuations of K. The ring of S-integral elements of K,
denoted K (S), is the ring of x € K such that v(x) < 1 for each non-Archimedean
valuation v ¢ S. If G is a linear algebraic group defined over K, let G(K (S)) denote
the group of matrices in G with entries in K (S). See [Margulis 1991, Chapter 1]
for details.
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The following example shows that if U is a unipotent group defined over a
number field K and S is a set of multiplicative valuations, then Comm(U (K (S)))
may depend on S. This stands in contrast with Theorem 3.3, which directly implies
that Comm(U (K (S))) is independent of S when K = Q. The author is grateful to
Dave Morris for suggesting this example.

Example 4.1. Take U to be the additive group G, defined over K = Q(i). On the
one hand, we have U (K (@)) = Z[i] and so

Comm(U (K (©))) = GL,(Q).

On the other hand, let p =5 and write p =ab fora=2+iandb=2—1i. Let v,
and vy, be the valuations corresponding to the distinct prime ideals (a) and (b)
of Z[i], respectively. Set S = {v,} and I' = U (K (S)). Note that I = Z[i, 1/a]. We
will show that Comm(I') is much smaller than GL;(Q).

Let K, be the Cauchy completion of K with respect to the valuation v, and
let O, be the ring of integers of K. Note that K, is a finite extension of Qs, and
that " is a dense subgroup of O,. Any commensuration [¢] € Comm(I") induces a
map ® : K, — Kj that is continuous and Q-linear, hence Kj-linear. Therefore ®
is multiplication by some nonzero x € K. In fact it follows that x € K since I
is virtually preserved and Zariski-dense in K. Every element of K* induces a
nontrivial commensuration, so we have

Comm(T") = Q@) ™.

In this example, Comm(I") has the structure of the (-points of a Q-group. Hence
the conclusion of Theorem 1.2 holds even though the method of proof does not.

Dave Morris has pointed out that the arguments of Example 4.1 extend to prove
the following:

Proposition 4.2. Let U be a unipotent group defined over a number field K. For
every finite set S of valuations of K, there is a subfield L < K such that

Comm(U (S)) = Aut(Rg, . U)(L),
where R |, is the restriction of scalars operator.

With this, much of the proof of Theorem 1.2 still applies. For example, Theorem
2.1 generalizes to tori T defined over number fields K to show that T (K (S)) is
virtually a finitely generated, free abelian group for any finite S. However, there is
an obstruction to extending the proof of Theorem 1.2: Proposition 1.1 no longer
applies on passage to the restriction of scalars over L.
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5. Function fields

In this section we provide examples of S-arithmetic groups over a global field of
positive characteristic for which no obvious analog of Theorem 1.2 holds.

In what follows we use the global field K = [, (), the field of rational functions
in one variable over the finite field with g elements. Choose S = {v;, v}, Where
the valuations vy, and v; are defined as follows. Given any r € [F,(t), write
r(t) = t*( f(t)/g()), where f and g are polynomials with nontrivial constant term
and k € Z. Then define

vi(r)=¢7" and v(r) =g TEdeE®),
In this case, K(S) is the ring of Laurent polynomials over [, denoted [, [z, 1.

Example 5.1. Consider the 1-dimensional additive algebraic group

6.={(y 1)} cora

Then G,(K(S)) = K(S) is an S-arithmetic group. There is an isomorphism of
abstract groups

K©S)= P F,.

k=—00

Proposition 5.2. For any field F and any linear algebraic group G over F, there
is no embedding Comm(K (S)) — G(F).

Proof. 1t suffices to treat the case that G = GL, for some d. We will show that
Comm(K (S)) contains GL,([F,;) for every n, which implies that Comm(K (S))
contains every finite group. This completes the proof, since GL;(F) does not
contain every finite group. (See, for example, [Serre 2007, Theorem 5].)

For each n € N, embed GL, (F,) into Comm(K (S)) “diagonally” as follows: Let
V=@ _ F,,and foreach £ € Z define a subgroup V; <V by V, =@ "V F,.
Given any automorphism ¢ € GL,(F,), define an automorphism ® € Aut(V)
piecewise by & | v, = ¢. In this way every nontrivial element of GL, (F,) determines
a nontrivial commensuration of V = K (S). O

In particular, Proposition 5.2 implies that Theorem 1.2 does not hold when Q is
replaced by a global field of positive characteristic.

Example 5.3 (lamplighter group). Consider the algebraic group

=={)

xy:l} CGL,.
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Set g = 2. The S-arithmetic group B, (F;[z, 1) is isomorphic to the (restricted)
wreath product I]% ! Z, which is an index-2 subgroup of the lamplighter group Fr 1 Z.
The lamplighter group is isomorphic to the semidirect product

(@ Z/2Z> xZ,

where the Z acts by permutation of the Z/27 factors through the usual left action
on the index set.

The abstract commensurator of F; 2 Z is fairly complicated, and has not been
well studied. See Section 6 for a more detailed discussion of Comm([F;: 7). For
now we use the fact that Comm([F; : Z) contains the direct limit

lim Aut(F),

neN
where the maps are the diagonal inclusions of Aut([F}) into Aut(F}') whenever n | m.
It follows now as in Proposition 5.2 that Comm (B, (F[¢, t~17)) is not a linear group
over any field. This shows that Theorem 1.2 does not apply in positive characteristic
even in the presence of a nontrivial action by a torus.

6. Commensurations of the lamplighter group

Define K to be the direct product
K =z/2z.
z

The group of integers Z acts on itself by left-translation, inducing an action on K
by permutation of indices. The lamplighter group, which we will denote by I
throughout this section, is the semidirect product I' = K x Z. The goal of this
section is to show that Comm(I") admits the following decomposition.

Theorem 1.4. Using the definitions in (6) and (7) below, there is an isomorphism
4) Comm(I") = (VDer(Z, K) x Commu,(K)) % (Z/27).

See [Houghton 1962] for an analogous description of automorphism groups of
unrestricted wreath products.

Let e; € I" be the element of the direct sum subgroup which is nontrivial only at
the i-th index and let r € I be a generator for Z. By definition we have the relation
t"eit™™ = e;1,n. Then I' is generated by the set {eg, ¢} and has the presentation

[ =(ep t|el=1and [t'eqt ™, t'eyt ‘1= 1forall k, £ € Z).

Lemma 6.1. The quotient map I' — I'/K induces a surjective homomorphism
® : Comm(I") - 7/27.
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Proof. The subgroup K < I' is equal to the set of torsion elements of I", and
is therefore strongly commensuristic. It follows that there is a homomorphism
® : Comm(I") - Comm(I"/K) = Comm(Z). The nontrivial automorphism of Z
induces an automorphism, hence a commensuration, of I" by 7 — t~lande; — e_;
for each i € Z. It remains to show that the image of ® is in Aut(Z) < Comm(Z).

Suppose ¢ : Ay — A is a partial automorphism of I'. In what follows, let
i =1,2. Let K; = KN A;. Choose g; € A; so that its equivalence class [g;]
generates the image of the quotient map A; — A;/K;. Let G; = (g;). Note that A;
admits a product decomposition A; = K; G;.

Let m; be the integer such that g; = at™ for some a € K;. Replacing g; with its
inverse if necessary, assume that m; > 0. Each group G; naturally acts on K /K.
Since K /K; is finite, after replacing g; with a power if necessary we assume that
the action of G; on K /K; is trivial for i = 1, 2. Our goal is to prove m| = m,.

One can check that ¢ induces an isomorphism [K{, G1] = [K», G»], where
[K;, G;] is the group generated by commutators of the form [a, g] := aga~'g~!
for a € K; and g € G;. (In fact, in this case we know [K;, G;] is equal to the
set of elements of the form [a, g;], which is equal to [a, "], for some a € K.
This is helpful in understanding the proof of the claim below.) Since ¢ induces an
isomorphism

K1/[K1, G1] = K2 /[K2, G2,

the desired result is apparent from the following claim.

Claim. There are isomorphisms K; [[K;, G;] = (Z/2Z)™ fori =1, 2.

Proof of claim. Let H,,, < K be the subgroup generated by the set {eg, e1, ..., e, —1}.
Clearly H,,, is isomorphic to (Z/2Z)™. Let P, = K; N Hy,, and let Q; < H,,, be a
complement to P; so that H,, = P; & Q;. Consider the subset S; C K; defined by

Si={g€ K |g=plg, gl for some p € P; and g € Q;}.

The condition that G; act trivially on K/K; ensures that [a, g;] € K; for any
a € K, and so S; C K;. By construction S; is in bijection with H,,,, hence has
cardinality 2. Consider the map of sets p; : S; = K;/[K;, G;] sending an element
to its equivalence class. Since [K;, G;] consists of elements of the form [a, g;] for
some a € K;, it is not hard to see from the construction of S; that p; is injective.
We leave as an exercise to check that p; is surjective. O

Let ® be the surjection of Lemma 6.1. The short exact sequence
1 — ker(®) - Comm(I') - Z/27 — 1

splits, so that Comm(I") = ker(®) x (Z/27). Since K is strongly commensuristic,
there is a natural map & : ker(®) — Comm(K). We describe first the kernel of ®
and then the image of ®.
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If G is a group and A is a left G-module, then v : G — A is a derivation if
1(g182) =1(g1)+ g1 -71(g2) for all g1, g» € G. The set of derivations from G to A
forms an abelian group, denoted Der(G, A). A virtual derivation from G to A is
a derivation from a finite-index subgroup of G to A. Two virtual derivations are
equivalent if they agree on a finite-index subgroup of G. The set of equivalence
classes of virtual derivations forms a group

(6) VDer(G, A) := lim Der(H, A).
[G:H]<oo

Lemma 6.2. There is an isomorphism ker(®) = VDer(Z, K).

Proof. Given any [¢] € ker(®), find m € Z so that ¢ (+") is defined. Then define
amap t : mZ - K by (%) = ¢ (%)t~ for any k € mZ. It is easy to check
that t is a derivation from mZ to K, and that the assignment [¢] — T gives a
homomorphism Comm(I") — VDer(Z, K). This assignment is clearly injective.
On the other hand, if t € Der(mZ, K) then setting d(xtH) =xt(Ht forx € K
defines an automorphism ¢ of I';,, <T. O

Let Comm(K)™Z denote the group of mZ-equivariant commensurations of K.
There are natural inclusions Comm(K )"? — Comm(K)"? whenever m | n. Define

©) Comme (K ) := lim Comm(K )",

m

Lemma 6.3. There is an isomorphism ® (ker(®)) = Commy (K).

Proof. Suppose a = ©([¢]) for some partial automorphism ¢ of I'. Find m € Z so
that ¢ is in the domain of ¢. Define xg = ¢ (#"*)t~™" € K. Then given any x € K,
we have

U™ xt™™) = xot"P ()t " xy = 1P (x) T

From this we see that any o € ® (ker(®)) is mZ-equivariant for some m.

On the other hand, suppose B : H; — H, is any partial automorphism of K
that is mZ-equivariant. Define I',, = K X (t"), an index-m subgroup of I". The
formula ¢ (xt*) = a(x)t* defines an automorphism ¢ € Aut(I'",,). Hence [¢] is a
commensuration of I' which evidently satisfies ®([¢]) = . O

Proof of Theorem 1.4. 1t is clear from the proof of Lemma 6.3 that the short exact
sequence
1 — VDer(Z, K) — ker(®) - Commy,(K) — 1

splits. Putting together Lemmas 6.1, 6.2, and 6.3, we have the semidirect product
description of (5):

Comm(I") = (VDer(Z, K) x Commeo(K)) % (Z/27).
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The action of Comme,(K) on VDer(Z, K) is the action by postcomposition. The
factor of Z/27Z preserves VDer(Z, K) and Comm,,(K), and acts on VDer(Z, K)
by precomposition. U

It is not clear whether a more explicit description of Comme, (K) exists, but we
can describe some subgroups. For example, the “diagonal embedding” construction
of Proposition 5.2 shows that Comme (K) contains the direct limit

lim GL, (F2),
m

where GL,, (F,) includes into GL, ([F,) diagonally whenever m | n. So Comm, (K)
contains every finite group.

Note that VDer(Z, K) contains every commensuration induced by conjugation
by some a € K. However, some elements of VDer(Z, K) do not arise in this way.
For example, any virtual derivation t : mZ — K such that t(¢"*) is nontrivial in an
odd number of coordinates cannot arise from conjugation.
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GERSTENHABER BRACKETS
ON HOCHSCHILD COHOMOLOGY
OF QUANTUM SYMMETRIC ALGEBRAS
AND THEIR GROUP EXTENSIONS

SARAH WITHERSPOON AND GUODONG ZHOU

We construct chain maps between the bar and Koszul resolutions for a quan-
tum symmetric algebra (skew polynomial ring). This construction uses a
recursive technique involving explicit formulae for contracting homotopies.
We use these chain maps to compute the Gerstenhaber bracket, obtaining
a quantum version of the Schouten—Nijenhuis bracket on a symmetric al-
gebra (polynomial ring). We compute brackets also in some cases for skew
group algebras arising as group extensions of quantum symmetric algebras.

1. Introduction

Hochschild [1945] introduced homology and cohomology for algebras. Gersten-
haber [1963] studied extensively the algebraic structure of Hochschild cohomology
—its cup product and graded Lie bracket (or Gerstenhaber bracket) — and conse-
quently algebras with such structure are generally termed Gerstenhaber algebras.
Many mathematicians have since investigated Hochschild cohomology for various
types of algebras, and it has proven useful in many settings, including algebraic
deformation theory [Gerstenhaber 1964] and support variety theory [Erdmann et al.
2004; Snashall and Solberg 2004].

The graded Lie bracket on Hochschild cohomology remains elusive in con-
trast to the cup product. The latter may be defined via any convenient projective
resolution. The former is defined on the bar resolution, which is useful theoreti-
cally but not computationally, and one typically computes graded Lie brackets by
translating to another more convenient resolution via explicit chain maps. Such
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chain maps are not always easy to find. One would like to define the graded Lie
structure directly on another resolution or to find efficient techniques for producing
chain maps.

In this paper, we begin in Section 2 by promoting a recursive technique for
constructing chain maps. The technique is not new; for example it appears in a book
of Mac Lane [1975]. See also [Le and Zhou > 2016] for a more general setting.
We first use this technique to construct chain maps between the bar and Koszul
resolutions for symmetric algebras, reproducing in Theorem 3.5 the chain maps of
[Shepler and Witherspoon 2011] that had been obtained via ad hoc methods. We
then construct new chain maps more generally for quantum symmetric algebras
(skew polynomial rings) in Theorem 4.6. We generalize an alternative description,
due to Carqueville and Murfet [2016], of these chain maps for symmetric algebras
to quantum symmetric algebras in (4.8). We use these chain maps to compute the
Gerstenhaber bracket on quantum symmetric algebras, generalizing the Schouten—
Nijenhuis bracket on the Hochschild cohomology of polynomial rings (Theorem 5.1).
We then investigate the Hochschild cohomology of a group extension of a quantum
symmetric algebra, obtaining results on brackets in the special cases that the action
is diagonal (Theorem 7.1) or that the Hochschild cocycles have minimal degree as
maps on tensor powers of the algebra (Corollary 7.4). In the latter case, we thereby
obtain a new proof that all such Hochschild 2-cocycles are noncommutative Poisson
structures (cf. [Naidu and Witherspoon 2016], in which algebraic deformation theory
was used instead). Some results on brackets for group extensions of polynomial
rings were given in [Halbout and Tang 2010] and [Shepler and Witherspoon 2012].

Let K be a field. All algebras will be associative K-algebras with unity and tensor
products will be taken over K unless otherwise indicated.

2. Construction of comparison morphisms

Let A be aring and let M and N be two left A-modules. Let P, (respectively, Q.)
be a projective resolution of M (respectively, N). It is well known that given a
homomorphism of A-modules f : M — N, there exists a chain map f, : P, —> Q.
lifting f (and different lifts are equivalent up to homotopy). Sometimes in practice
we need an explicit construction of such a chain map, called a comparison morphism,
to perform computations. In this section, we recall a method to construct chain maps
under the condition that P, is a free resolution (see [Mac Lane 1975, Chapter IX,
Theorem 6.2]). A method for arbitrary projective resolutions will be presented in
[Le and Zhou > 2016].
Let us fix some notation and assumptions. Suppose that

dP dr

| af i
. Pn n Pn—l n—

Py ( % M —0)




GERSTENHABER BRACKETS 225

is a free resolution of M, that is, for each n > 0, P, = AXn) for some set X.
(The module 4X") is a direct sum of copies of A indexed by X,. We identify
each element of X}, with the identity 14 in the copy of A4 indexed by that element.)
Suppose that a projective resolution of N,
o o o o
s Q0 0 P D 0y (K0 N 0),

comes equipped with a chain contraction: a collection of set maps t, : O — Opn+1
foreachn >0 and r_; : N — Qy such that for n > 0, we have l,,_ld,,Q +dn+lln =
Idg, and dOQ t—1 =Id. We use these next to construct a chain map, f,: P, — Oy
for n > 0, lifting f_1 := f. As Py, is free, we need only specify the values of f,
on elements of X}, the generating set of P,.

At first glance, it may appear that f, defined below will be the zero map, since
it is defined recursively by applying the differential more than once. However, the

maps #, are not in general A-module homomorphisms. The formula (2.1) is used
only to define f;, on free basis elements, and f;, is then extended to an A-module
map. In our examples the maps ¢, will be k-linear, but for the construction, they are
only required to be maps of sets, since we apply them only to basis elements. In
this weaker setting, such a collection of maps may be called a weak self-homotopy
as in [Bian et al. 2009].

For n = 0, given x € X, define fo(x) = 1_; dOP(x). Then dOQfo(x) =
d2i_y fdF (x) = fdF (x).

Suppose that we have constructed fy, ..., f—1 such that for 0 <i <n—1,
dl.in = f,-_ldl.P. For x € X}, define
2.1) Ja(X) = taet fu—1d] (%)
Then

d2 fu(x) = A2ty fu_1dFf (x)
= fu1df (¥) = ty2d | fu—1df (x)
= fu—1d} (x) = tya fuad,l_ d} (x)
= fu—1dy (x).
This proves the following.

Proposition 2.2. The maps f, defined in (2.1) form a chain map from P, to Q,
lifting f : M — N.

In the next two sections, we use this formula (2.1) to find explicit chain maps
for symmetric and quantum symmetric algebras, and in the rest of this article we
use the chain maps thus found in computations of Gerstenhaber brackets for these
algebras and their group extensions.
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3. Chain contractions and comparison maps for polynomial algebras

Let N be a positive integer. Let V be a vector space over the field k with basis
X1,...,XpN, and let

S(V):=K[x1,...,xn]

be the polynomial algebra in N indeterminates. This is a Koszul algebra, so there
is a standard complex K,(S(V)) that is a free resolution of 4 := S(V) as an
A-bimodule (equivalently as an 4¢-module where A° = 4 ® A°P). We recall this
complex next: for each p, let AP (V) denote the p-th exterior power of V. Then
K,(S(V)) is the complex

s AN @ AL AN (V)@ AL A0 A (2> 4 —0);

that is, for 0 < p < N, the degree p termis K,(S(V)) =4 ® NP (V)® A. The
differential d), is defined by

dp(l ®(le /\---/\ij)® 1)

p
=3 D @ (g A ARG A A, ]
i=1 p
- Z(_l)i+l ® (le A"'A)%ji /\"'/\le,) ® Xjj;
i=1
whenever 1 < j; <--- < j, < N and p > 0; the notation X;, indicates that the
factor x;j, is deleted. The map d is multiplication.
From now on, we will write £ = (£q,...,€5), an N-tuple of nonnegative
integers, x = (xq,...,xy) and xt= xfl - 'xﬁ,N . We shall give a chain contraction
of K,(S(V)) consisting of maps7_; : 4 - A ® A and

AN (V)®A— AN (V)@ 4

for p > 0. These maps will be left A-module homomorphisms, and thus we need
only define them on choices of free basis elements of these free left A-modules.

To define 7_1, it suffices to specify 7_;(1) = 1 ® 1 and extend it A-linearly. If
p =0and £ e NV, define

N ¢

Li—r £ L
(1@xH) ==Y/ x5 ) @x @ (v x T,
j=1r=1

If p > 1, it suffices to give

(1 ® (xj; A== AXj,) ®gc£)
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for £ e NV and 1 < j <.+ < jp =N, and we set

L
ip(1® (xj; A= AXj,) ®XF)
Gt
= (—1)Pt! Jp+1 Jpr1tl AN
=D Z Z Yjpt1 Ypri+1 TN )
jp+1—111+1 r=1 ¢
. . 4 Jp+1=1_r—1
® (Xj; Ao AXj,) ® (X g1 J'p+1)'
In the case j, = N, the sum is empty, and so the value of 7, on such an element is 0.

Proposition 3.1. The above-defined maps tp, p > —1, form a chain contraction for
the resolution K,(S(V)).

Proof. 1t is easy to verify that dgt—; = Id. We need to show that for p > 0,
tp—1dp +dp411p =1d. We first let p = 0, and show that 7_1do + dy1o = 1d.
For £ e NV, we have 1_;do(1 ® x¥) = 1_1(x¥) = xt ® 1, and

N 4
A Li—r 51+1 9% . 4 Z1—1 -1
dio(1 @3 =y (= 30 Y el o wttx
j=1r=1

]
_ —r+l €J+1 LN £y i1 _r—1
—_ZZX Njg1 XN @X X X

j=1r=1
g N ¢ ¢ ¢
—r _ti+1 N 1 j—1.r
+ZZ Xjg1 AN XXX
j=1r=1
N £i—1
_ Li—r K!+l In 4 i—1_r
== 2% N1 XN @X X
j=1r=0

N &

—r e].l,_] In £y Li—1 _r
+ZZ Yigr XN ®Xp XX

j=1r=1

N
L L i
:_ZX.JX.J"FI ._.x€N®x€1 ___x.]_ll

J i+l N 1 j

Jj=1

Lj+1 % 4y bi—1 &

+Z Njp1 XN @X XX

N ‘ ‘ N+1 ‘. ‘

— i, N 41_' 1—1 i AN & G-

= ij ®x] +Zx Xy ®Xy X
Jj=1

=x®l+1ext
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We thus obtain (1—1dy + d1tp) (1 ®gc£) =xt@l-xt®l+10xt=1x®xtand
therefore confirm the equality. Note that in the above proof, there are many terms
which cancel one another.

The proof of the equality 7, _1dp +dp4 11, =1d for p > 1 is similar to the above
case p = 0, but is much more complicated. As in the case p = 0, for the cases
p = 1 we must change indices several times in order to cancel many terms. O

Now we can use the chain contraction of Proposition 3.1 to give formulae for
comparison morphisms between the normalized bar resolution and the Koszul
resolution. Such comparison morphisms were found in [Shepler and Witherspoon
2011] by ad hoc methods.

For any K-algebra 4 associative with unity, denote by 4 = A/(k- 1) a k-vector
space. The normalized bar resolution of A has p-th term B,(4) = A® A®P @ A
and differentials §, : 4 ® A®? @ 4 — A ® AP~V ® 4 given by

P
Splag®a | @ - Qap ®ap1) :Z(_l)lao®"'®a_iai+l®"'®ap+l
i=0

for ag,...,ap11 € A, where an overline indicates an image in A. We shall see that
this resolution is suitable for computation using the method from Section 2.
There is a standard chain contraction of the normalized bar resolution,

5p AQA®P @ A — A® A®PTD @ 4,
given by
(32 (1R ® - RapQapy) =(-D"""Qa® Q1 @1 ® 1.

Each s, is then extended to a left A-module homomorphism. For convenience, we
shall from now on abuse notation and write a; in place of a;.

A chain map from the Koszul resolution to the normalized bar resolution is given
by the standard embedding: for p > 0, define

O, AN (V)®A—> AR APP @ 4
by

(3.3) d>p(1®(xj-l/\---/\xj-p)®1)= Z sgnT ® Xj, | ® @ Xj ,®1

7 E€Sym,,

for 1 < j; <---<jp =N, where Sym, denotes the symmetric group on p symbols.
The other direction is much more complicated. We shall define ¥, : A® A®PRA
— A® NP(V)® A for each p > 0. Let W, be the identity map. For p > 1,
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define W, by

G4 V,(1ext @--@xt"®1)

= Z Z ZCQ(;I ..... r;;) ' : ®(le /\"'/\xjp)

I=ji<w<jp=N 0=ry={j —1 Al P D)

s=1,...,p ®2Cf(’l ..... rp) ,

where, as in [Shepler and Witherspoon 2011], the N -tuple Q(g """ 75 J0endn) 4
’ p p ’ p = (rla'"arp)

defined by

1 I
(Q(gl ..... P51y, j,,))_= rpl 4+ if j = Js,
= ters) U V2 if js <J < Js+1.

A (11 .7 ;
and where the N -tuple Q@ AR

is defined to be complementary to
1 p. . = (rl ..... rp)
Q(ﬁ ----- L2 j1sensip)

eklxq,...,xn]

Theorem 3.5 [Shepler and Witherspoon 2011]. Let ®, and WV, be as defined in
(3.3) and (3.4). Then

(1) the map @, is a chain map from the Koszul resolution to the normalized bar
resolution;

(ii) the map VY, is a chain map from the normalized bar resolution to the Koszul
resolution;

(iii) the composition ¥V, o ®, is the identity map.

Proof. (i) We check that this standard map follows from the method in Section 2,
in order to illustrate the method. We proceed by induction, applying (2.1) to the
chain contraction s, of the normalized bar resolution defined in (3.2).

The case p = 0 is trivial. Now suppose that for p >0, ®,: 4 ® NIV)®A4—
A® A®P @ A is given by (3.3). We compute P11 (1 ® (xj; A+ AXj,, ) ®1),
where @, is defined by (2.1) in terms of ®,. We have
Dyt (18 (xj, A+ A X)) B 1)

=$pPpdp+1(1 @ (xj; A AXj, ) ®1)
p+1 .

= Spq)P( Z(—l)"Hx]'i ® (Xjy A AXjy A AXj, ) ® 1)
i=1

p+1
_SP(DP( Z(_I)I—H ® (xj; Ao  AXjp A AXj ) ®xji)'

i=1
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Notice that the value of s, on

p+1
<I>p( D DTG @ oy A AR A AN, ) ® 1)

i=1

is 0, since the rightmost tensor factor is 1, and we work with the normalized bar
resolution. For a permutation 7 € Sym,, that ﬁXf:s some letter i, 1 <i < p+1,
consider the permutation 7 of the set {1, ...,i—1,i,i+1,..., p+1} corresponding
to 7 via the bijection

(A, i—lii+1,...,py~{,...i—lLii+1,....p+1}

sending jto jforl <j<i—1landtoj+1fori <j=<p.
Define a new permutation 7 € S, by imposing

7(J) for j <1,
a(j)y=qa(j+1) fori <j<p+1,
i for j = p+1.

Then we have sgn 7 = (—1)?~/T1 sgn 7, and so

Bpi1 (18 (), A+ ANy ® 1)

p+1
= _Sl’q)l’( Z(_l)l+l ® (Xjy A AXj A AXjy ) ®xji)

i=1

p+1
= _SP( Z (-1 *! Z (=Pt SN T X)) - '®xjﬁ(p)®xjﬁ<p+1))

i=l1 TESp+1
A(p+1)=i
p+1 ) .
==CEDPT Y EDT D DI s @y,
i=1 TESpt1
mR(p+1)=i ® @ Xja(p) @ Xjrpyn® 1

= Z SENTT @ Xjz (1) @+ @ Xjz (1) ® Xz 11y ® 1.

TESp+1

This completes the proof of (i).

(ii) As in (i), we apply the method in Section 2 to the chain contraction ¢, of
Proposition 3.1 to show that W, as defined in (3.4) is indeed the resulting chain
map. We proceed by induction on p.
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Suppose that W, is given by (3.4). Let us apply (2.1) and show that W, 1 | results.
First notice that we can write

(1@ (xj; A=+ Axj,) ®x)

bipy1

(Z Jp+1) ~AWiip1)
:(_I)P'H Z Z X= ®xj1/\"'/\xjp/\xjp+l®zcgr :
Jp+1=jp+1 r=1

We have

gn-l—l

dp+1(1®26£1®"'® ®1)

=xt'@xf® @y ”+®1+Z( DP@xt @ -oxt g ext" g1
i=1

TP et g e ext" .

Now consider

v, 9x @ 9x" @

D

1<ji<-<jp=<N ISrsSZ;+1
s

1=s=p A2 P T
® Xj; A+ AXj, @ X= 1)
L2, 8Pt G .. .
However, QE ) YR by definition, has no terms of the form x, with
seeeslip

u > jp. Thus, we have 1y, (xt 'ext’®- ®)ch+1

Similarly we can prove that for 1 <i < p,

®1)=0.

pY(1ext @ ext g ot e =0
The only term left is ZP\IJP((—I)P‘"1 ®2€gl ®gc£2 ®-- -®gc£p®gc£p+l ). We obtain

Y, (=P H! 2l ®rl @ o a ")

= (_1)p+1 Z Z Ip (ZC

1=j1<+<Jp=N 1=ry=tj
1<s<p
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et
N Ip+1 @!

el ePjyip) S Wipg1)
= E E E E xQ("l ~~~~~ p) ern+l
1<ji<+<jp=<N ISrSSKjSJpH Jjp+1 r=1

1=s<p
~(Ljp41)
Q p+

. r 1
R xj; N ijp+1®x pt+ s

where
'5, a]la :]p)_i_gp-i-l

|tQ>

Now notice that

(€1 P 1) s pt+1) — AP 1 dipt1)
Q(rl, Tp) + Qrp+1 Q(H, oTp+1)

and

Q(f S ip+1) — Q(lf1 AP i dpg1)
Fp+1 (F1yeeestp41) .

We have the desired result:

¢+l

Uy (1028 @ @xt" ®1)

— tp‘llp((—l)p+1 ®2€£1 Q- ®2€ﬁ”®5£"+1

(131 ..... el

_ 7(r ..... r ) . :
— Z Z X 1 p+1 ®le/\ /\X]p+1

1<ji<-<jpr1<N 1<rg <ty
1<s<p+1

= p+1(1®xe ®- ®xep+1

®1).
(iii) For 1 <i; <---<ip < N, we have

Yy ®p(1® (X3 A--AXG,) ® 1)

N \pp( D SENT® Xiy @+ @ Xi ) ® 1)

meSym,,

= Z sgn Z Z ch(rl ..... Ip)e

mESym, 1<ji<+<jp=N 0=ry=(ei_)js—1
s=1,...,p Q
® Xj, A+ AXj, XZ,
where e, is the u-th canonical basis vector (0,...,0,1,0,...,0), the 1 in the u-th

position, and

A(ez,,(l), ,e,n(p),h, ,Jp)

Q Q(rl,
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Notice that Q( Cimny > )’e’”“’)’“’ =2) oceurs in the sum only if (i (1), - - l',,(p)) =

e 9 Se bl 9eeey
(J1,-.., Jp). Here, m is the identity, r; =---=r, =0 and Q ’ﬂ(U ) ire(py3 15T
is the zero vector. Therefore,

lIJp<I>p(1®x,-1/\-~/\x,~p®1)=1®x,~1/\---/\x,-p®1. O

For comparison, we give an alternative description of the maps ¥, due to
Carqueville and Murfet [2016]: for each 7, let 7; : S(V)¢ — S(V)¢ be the k-linear
map that is defined on monomials as follows. (We denote application of the map t;
by a left superscript.)

ti(xfl...x]ij®xil ...xlN)

Jv i1 JJi+1

Ly _Jji+l; li—i—l In
1 X1 Xig1 o

— IN o ...
=X XN QXXX Xy Xy

Define difference quotient operators dj;) : S(V) — S(V)¢ foreachi, 1 <i <N,
as in [Carqueville and Murfet 2016, (2.12)] by

TS QD= @)

ar; =
i1(f) ol 1o

For example, t1(x12)C2 RN=x® xlz, so that

x12x2®1—x2 ®x12
X1 ®1—1®X1

8[1](3612?Cz)= =X Q@1 +x,®x7.

Similarly, dpp)(x7x2) = 1 ® x7.

Identify elements in S(V)¢® AP (V) with elements in S(V)® /AP (V)®S(V) via
the canonical isomorphism between these two spaces. Then W, may be expressed
as in [Carqueville and Murfet 2016, (2.22)]:

vlext oo en= Y (ﬁ 3[js](zces)) ® Xjy Aver A X,
1<ji<<jp<N “s=1
For example, if N = 2, then
V(1®XIx®1) =X 10 ®1®x +x2 Q% ®x1 +1®x7 ®xs.
We may similarly express the chain contraction 7, as

N
l‘p(1®xj'l/\---/\ij®2€£)=(—1)1]+1 Z 3[jp+l](gcg)®xj'l/\---/\ijJrl.
Jp+1=Jp+1
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4. Chain contractions and comparison maps for quantum symmetric
algebras

Let N be a positive integer, and for each pair i, j € {1,2,..., N}, letg; j be a
nonzero scalar in the field K such that ¢;; = 1 and g; ; = q;. ]1 for all i, j. Denote
by ¢ the corresponding tuple of scalars, ¢ := (¢i,j)1<i,j<n. Let V be a vector
space with basis x1,...,xy, and let

4.1 Sq(V):=k(xy,....,xn | xixj =q;,jxjx; forall 1 <i, j < N),

be the quantum symmetric algebra determined by ¢. This is a Koszul algebra,
and there is a standard complex K.(S,(V)) that is a free resolution of Sy (V')
as an Sy (V)-bimodule (see, e.g., [Wambst 1993, Proposition 4.1(c)]). Setting
A = 84(V), the complex is

AN R AL AN (V)@ 4L A0 4 (L5 4 —0),
with differential d,, defined by

dp(1® (xj, /\"'/\xjn)® 1)

D i
= Z(_l)l+l(1_[qjs,ji) Xj; @ (Xj; A AXj; A AXj) @]

i=1 s=1

_Z( 1)l+1(1_[qh JS)®(XJI '/\)%ji/\'“/\xjp)(ngi

i=1

whenever 1 < j; <--- < j, <N and p > 0; the map d is multiplication.
As in the previous section, we write £ = (£1,...,€n), x = (x1,...,xn) and
xt = xfl xi,” . We shall give a chain contraction of K,(Sg (1)),

L AN V)@ A— AN (V)@ 4

for p>0and?_q: A — AQ® A, which are moreover left 4-module homomorphisms
(cf. [Wambst 1993]).

Let7_;(1) = 1 ® | and extend 7_; to be left A-linear. For p >0, £ € NV, and
l<ji<---<jp=N,let

{
lp(1® (xj; A= AXj,) @ X7)
ot ¢ ¢
— (_1)p+l Z Z (E J1seees Jp) Jp+1 rx Jp+1+1 "'XKN
Jp+1,7 Xjp1 Jp+1+1 N
jp-l,—l ]p+1 r=1

4 ejp-i—l—l r—1
®le /\'.'/\x]p—&-l@xl .-.xjp-‘,-l_l jp—i—l’
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where
(é;jla"'ajp)
Jp+1,7
Jp+1— w D ‘; _ p+1
stt jl’+1
(T T ) (Tt (T )(TT 1T o)
s=1 t=jp41 t=1 t=1 s=1t=j,41+1

Compared with the maps in the previous section for polynomial algebras, the
only difference is that now there is a new coefficient. This (rather complicated)
coefficient A( ] 1’ »7) can be obtained as follows: in the right side of the formula
for ,, in comparlson to its argument 1 ® xj; A+ A Xj, ® xt on the left side,
whenever a factor x; of x¢ has changed positions so that it is now to the left of a
factor x; with i > j (including factors of the exterior product), one should include
one factor of ¢;j ;. One can verify easily that AL 1) g the given form. We

Jp+1.r
shall call this rule the twisting principle and we use it several times later.

Proposition 4.2. The above-defined maps tp, p > —1, form a chain contraction
over the resolution K,(Sq(V)).

Proof. One needs to verify that for n > 0, we have t,_1d, + dp4+1t, = 1d and
dot—1 = Id. Notice that the computation used in the above equalities is the same as
that for polynomial algebras, except that now for quantum symmetric algebras, we
have some extra coefficients. One needs to show that these extra coefficients do not
cause any problem.

Recall that in the proof of Proposition 3.1, the concrete computation is simplified
by many terms which cancel one another. For example, this occurs in the verification
of the equation 7_;dy + d1t¢ = Id in the proof of Proposition 3.1. For polynomial
algebras, the proof works due to these cancelling terms.

For quantum symmetric algebras, things are not so easy. However, the twisting
principle always holds; that is, when we apply a differential or chain contraction,
once we produce a monomial (always in lexicographical order) or tensor of monomi-
als, we need to include a coefficient before this monomial according to the twisting
principle. Thus, if two terms cancel each other for polynomial algebras, as we have
included the same coefficient, they still cancel for quantum symmetric algebras. [

Now we can use (2.1) and the chain contraction of Proposition 4.2 to give
formulae for comparison morphisms between the normalized bar resolution and the
Koszul resolution.

A chain map from the Koszul resolution to the normalized bar resolution is
induced from the standard embedding of the Koszul resolution into the (unnormal-
ized) bar resolution. See also [Wambst 1993, Lemma 5.3 and Theorem 5.4] for
a more general setting. We give the formula as it appears in [Naidu et al. 2011,
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§2.2(3)]. For p > 0, we define
O, AN (V)®A—> AR APP? @ 4

by

(43) Qp(I@(xjy A-AX)®D = D sen gz @)y )@+ BXjr D]
7 E€Sym,,

for1 < j; <--- < jp =< N. In the above formula, the coefficients g27" are the

scalars obtained from the twisting principle, that is,

J1seees Jp .. . e e v
4.4) dr Xjiz)y " Xizpy = X1 Xjp-

The other direction is much more complicated. We shall see that for quantum
symmetric algebras, the comparison morphism is a twisted version of that for a
polynomial ring given in the previous section, with certain coefficients included
according to the twisting principle.

We define the maps

U,: AR A®’ R4 - A N (V)® A
as follows. Let Wy be the identity map. For p > 1, define ¥, by

45 v,(1ext ®--@xt"®1)

..... Py,
—_ (ely 5ep .]l» 7.]17) Q('l ,,,, ;p) 1 jp)
= Ry o)
1=j1<<jp=N 0<ry=<tj —1
s=1,...,p

1 - :
where, as before, we define the N -tuple Q%l f:)n ..... Jp) by

1 _1 . ..
(le ..... f”);h ..... j,,)).: rp+d 4+ ?f‘/_‘]s,
= Veeslp J E}+"'+£; if js <Jj < Jjst1,
(Z 9. a 7jla"'ajp) (Z I 7 sj]:"'aj]?)
and where the N -tuple Q ) and scalar p (F1ooor) are defined
(uniquely) by
1 . , @€l P ip) Al P i)
Efl :”':fpp)s J1seees JP)IQ(I‘I ..... p) le xjpr ry.... p)
1
=xt - xt e s,
(E e 7 7jl5 ij)

The coefficient K, is obtained using the twisting principle in the
right side of the formula for WV, and Q(Zl """ L5 j1>---2Jp) and Q@1 """ £75 J1se2d0) are

(7 ,...,r,,) (F1seeestp
the same as in the case of the polynomial algebra K[xq, .. xn] For comparison,

we note that Wambst [1993, Lemma 6.7] gave such a chaln map in degree 1.
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Theorem 4.6. Let O, and ¥, be as defined in (4.3) and (4.5). Then

(1) the map @, is a chain map from the Koszul resolution to the normalized bar
resolution;

(1) the map \V, is a chain map from the normalized bar resolution to the Koszul
resolution;

(iii) the composition ¥, o D, is the identity map.

Proof. (i) One direct proof was given in [Naidu et al. 2011, Lemma 2.3]. (The
characteristic of Kk was assumed to be 0 in that paper; however, this assumption is
not needed in that proof.) Another proof can be given by applying (2.1) to a chain
contraction s, over the normalized bar resolution as in the proof of Theorem 3.5(i).
The twisting principle gives the coefficients.

(i1) One direct computational proof can be given by applying (2.1) to the chain
contraction #, of Proposition 4.2, as in the proof of Theorem 3.5(ii). Thus the same
proof as that of Theorem 3.5(ii) works, taking care with the coefficients, by the
twisting principle.

(iii) The same proof as that of Theorem 3.5(iii) works; by the twisting principle,
the coefficients on both sides of the equation coincide. O

We now give alternative descriptions of the maps 7, and W, in this case of
a quantum symmetric algebra. The description of W, will generalize that of
Carqueville and Murfet [2016] from S(V') to S4 (V). To this end, it is conve-
nient to replace each term S, (V) ® AP (V) ® Sy (V) of the Koszul resolution by
Sq(V)® Sq(V)® NP(V), using the canonical isomorphism

0 Sqg(V) @SN @ N (V) > Sg(V)@ N (V) ® Sg(V)

in which coefficients are inserted according to the twisting principle. For example,
for xt € Sq(V)and1 < j; <---<j, =N,

op(1 ®2(;£®le /\..-/\xjp) = (1_[ qufjt) ® Xj; At AXj, ®2€£'
s=1t=1

Via this isomorphism, consider 7, as a map from Sg(V) ® Sg(V) ® N (V) to
Sg(V)R S, (V) ® N (V). By abuse of notation, we still denote by 7, this new
map; the same rule applies to W,.

For 1 < j < N, define 7 : Sq (V)¢ — S, (V)¢ to be the operator that replaces
all factors of the form x; ® 1 with 1 ® x;, but with coefficient inserted according
to the twisting principle. For example, if x¢ € Sq (V), then

N
0 il L Li—1 i+ L £
T](z(j@l):( | | qusb)xll,..xjj_l xj{‘rl .“'XNN®XJ‘]-
s=j+1
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It is not difficult to see that for 1 <7 # j < N, 1;7; = 7j7;. Define quantum differ-
ence quotient operators d[;1 : Sg (V) — Sg (V) ® Sq (V) foreachi, 1 <i < N, by

4.7) ()= (i ®@1=1@x) " ("FI(f @ 1) =7F(f ®1)).

This definition should be understood as follows: by writing f as a linear combi-
nation of monomials, it suffices to define d[;; on each monomial gcg. The difference
Ti-i(xt @ 1) — 1% (x¢t @ 1) may be divided by x; ® 1 — 1 ® x; on the left, by
first factoring out xie" R1-1Q® xie" on the left. Applying the twisting principle,
one sees that this is indeed always a factor. One must include a coefficient given
by the twisting principle, then use the identity

L
(x,-®1—l®xi)_1(xff ®1—1®xfi) = foi_r ®xI1
r=1
For example, for f = xlxg, let us compute dp1( /). We have
Bxxs ® 1) = g7 ,x5 ® X1 =4q7 (x5 ® (1 ®x1),
(@ 1) = 1@ x1x; = ¢ ,(1®x3)(1 ®x)),
and so
U x2 @) —"12(xxs®1) = q12’2(x§ ®1-1®x3)(1®x)).
We obtain thus
0p1(f) = (2 ® 1= 1®x2) " (I ® 1) =12 (x1x) ® 1))
= (2®1-18x) (¢} ,(F®1-18x3)(1®x)
=¢i,(2®1+1®x)(1®x1)
= qlz,zxz QX1 +g1,2@x1x2.
In general, we have

j—1 j—1 N
I (xh) = (]_[ qffj) Z( I1 qf;‘ft)

s=1 r=1 "s=1t=j+1
N y/ y/ l
Li(r—1) i Li+1 In 4y j—1 _r—1
X( 1_[ 9j,t Xpt X4y Xy ®@Xp XD X
r=j+1

That is, one has an extra coefficient (H;;} qfsj) as well as the coefficient included
according to the twisting principle.
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The chain contraction
tp: Sqg(N)®Sg(N@N (V) > Sg(V) @ Sg(V) @ N (V)
may be expressed as

lp(1®26£®)€j1 /\---/\ij)

N p
14
= (—DP*! E (l_[qu_,_l, )(1_[‘1]1;+1,jt)8[jp+1](2c)®xj1/\"'/\xjp+1'
]p—‘rl ]p+1 t=1

This is justified by the fact that the coefficient in d[;, l](x ) is nearly the coef-
ficient needed by the tw1st1ng principle. The discrepancy is that d[;, +1](gc ) has
J 1 2

an extra factor [ [s25'™ qt Yjp4y» and we still need to insert [Ti=j, i1 +1 4’
and ]_[t \ Dips1je because the last factor in xj; A---AXj,,, lies to the right of
Xj, A+ A Xj, and of xé’”ﬁll . x]{, in 9, j(x*t ) Altogether then, we need
to include an extra factor of (TTY, qf{fﬂ’ J(TT2_, 4jp41.j.) in the coefficient in
8[Jp+1](x ).

The chain map ¥, : Sy (V) ® Sq (V) ® Sy (V)®2 — Sg(V) @ S (V) N (V)
may be expressed as

48) V,(1olext @ --oxt)

14
(1&1 ..... vy /s
- Z (.]l: 7]p)(1_[a[JY](2C ))®xj1/\"'/\xjp,
s=1

1<j1<-<jp=<N

where the scalar is defined according to the twisting principle by

.....

1 l,...,
9) ot =l ,p)(l_[a[h]@ )Xn---xj'pGSq(V).

Here the factor ([T7_, dfj,1(x* "))’ is understood as follows: if 3 j(x¢") = as ® by
(symbolically), then the product (]_[s ) 8[h](xes)) is ([T as) (I, bs) €

5. Gerstenhaber brackets for quantum symmetric algebras

The Schouten—Nijenhuis (Gerstenhaber) bracket on Hochschild cohomology of
the symmetric algebra S(V') is well known. In this section, we generalize it
to the quantum symmetric algebras S, (V). First we recall the definition of the
Gerstenhaber bracket on Hochschild cohomology as defined on the normalized bar
resolution of any K-algebra A (associative with unity).
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Let f € Homye (A® A®P ® A, A) and f’ € Homye (A ® A®? ® A, A). Define
their bracket, [/, /'] € Homye (4 @ APT4-D @ A, 4), by

[f, f]= i(_l)(q—l)(k—l)fok f/_(_l)(P—l)(q—l) i(_l)(p—l)(k—l)f/ok /.

where

(for fY1®a; ® ®dprg—1 ® 1)
:f(1®611®..-®ak_1 ®f’(1®ak®"‘®ak+q—1®1)
®ak+q®"'®ap+q_] ®1)

In the above definition, the image of an element under f or f” is understood in A,
whenever required.

Let A g-! (V*) be the quantum exterior algebra defined by the tuple ¢ ~!; that
is, /\g—1 (V") is the algebra generated by the dual basis {dxy,...,dxy} of V*
with respect to the basis {x;,...,xy} of V, subject to the relations (dx;)?> = 0
and dx; dx; = —qi_’jl dx; dx; for all i, j. We denote the product on A\ —1(V*)
by A. It is convenient to use abbreviated notation for monomials in this algebra:

if 1 is the p-tuple I = (iy,...,ip), denote by dxj the element dx;; A---AdXx;, of
/\q—l (V*). We also write x"! for Xi; A -+ A Xj,. Another notation we shall use
is dxp, defined for any b in {0, I}N to be dx;; A--- Adx;,, where iy, ... i, are

the positions of the entries 1 in b, all other entries being 0. In this case we say the
length of b is p, and write |b| = p.

In [Naidu et al. 2011, Corollary 4.3], the Hochschild cohomology of S4 (V) is
given as the graded vector subspace of S, (V) ® /\qfl (V*) that in degree m is

HH" (S, (V)) = @ GB Spang {x* ® dxp},

be{0,1}V geNN
|b|=m a—beC

where
N
C= {ye(NU{—l})N‘foreachi e{l,....N}L, [Tgr=1ory =—1}.
s=1

We wish to compute the bracket of two elements
a=x?®dx; and B=x®dxy,

where J = (ji,..., jp) and L = (/1,...,l;). We fix some notations. We denote
by J U L the reordered disjoint union of J and L (multiplicities counted if there
are equal indices), so dxyr = 0if J N L # @& and the entries of J U L are in
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increasing order. For 1 <k < p, set

Ikiz (jlv---vjk—l’ll:--~’lqvjk+1’---’jp):

although we do not have j; <--- < jx_1 <Ij <---<ly < jg41 <---< jp in general.
So we have dxj, = sgnn q5* dxj ur, where Jx = (i, ...\ jk—1. Jk+1+-- - Jp)-
Similarly for 1 <k <g¢, set

Illc = (l],...,Zk_l,jl,...,jp,lk+1,...,lq).

Once we know the bracket of two elements of this form, others may be computed
by extending bilinearly. The scalars arising in each term from the twisting principle
are potentially different, so it is more convenient to express brackets in terms of
these basis elements of Hochschild cohomology.

Theorem 5.1. The graded Lie bracket of « = x2 ® dxy and p = x2 @ dxy, is

. fl= > (~D@DEDEIL G (b)) 38 @ dxgr

1<k<p
— _ — L,J
= ()PP R T D ETVED R g () - ¥ @ dx oy
1<k=<gq
for certain scalars ,0*’ TL and ,ok , where 3[Jk](xb) is defined in (4. 7) and

8[Jk](xb) x4 is given by the A®-module structure over A, that is, lfa[]k]Qc ) =
YuUi®uie A® A, thena[Jk](gc )- x4 =) ux%;.

Proof. We denote by - the composition of two maps instead of o, in order to avoid
confusion with the circle product. We compute the bracket using the formula

o, Bl =[x - Wp. B - Wy]- Ppyg—1.

The element @ = x4 ®dx ; as amap from AQ AR\’ (V) to A sends 1®1®x"
to 87y x4 for I = (iy,...,ip); similarly the element 8 = x2 ® dxy as a map from
AQRARN(V)to Asends 1 ®1® x™ to §;7x2. By formula (4.8) for ¥, the
mapa-V,: AR A® A®? - A® A® N\ (V) — A is given by

.....

1
@ V(1R 1®x™ ®~-®zc’f”')—ubml’ ;':))(]_[(3[]](96 ))) x4,

where the scalar coefficient is defined by (4.9). We have a similar formula for - W,.
For 1 < k < p,themap (o Vpy)or (B-Vy): A® A® A®PTI™1 — 4 sends

1®1Qx" @---®@x2" " 1o
Ll mk_l,mk,mk+

My
1 k+ +q—1
(O™ 0O A @) B )

..... mPta=1y (mk ... mk+a—1)
M m
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where 1 and /¥ are defined by ,ukgc@ (]_[t_l (a[,t]xf’“‘ 1)) -xb.
For I = (i,....ipyg—1) With I < iy <--- <ipya 1 < N, let us compute
(- Wp)op (B-Wg)) Ppig—1(1®1 ®x"). Indeed, by (4.3) and our identifications,

Qpig-1(1®1 ®xM) = Z sen g ® 1 Q Xir(1y® "+ & Xin(py g1y

weSymy, 1,

Now for a fixed 7 € Sym,, | ,_;, as input into the formula of the previous paragraph,

we have

mp—i—q—l _

I _ . .
m- =€) - = Cin(pta—1)»

where e; =(0,...,0,1,0,...,0), with the 1 in the i -th position, and since d ;] (x;) =
dij ® 1, the factor

mp+a— l)) ) xg

1
(O™ - 3™ )dg 7 )3[1k+1](x R -0, (™

vanishes unless

J1=1g), v Jk=1 =lg(k—1)
h=izwy - lg =inrq-1),
Jk+1 =lnk+q)s -+ Jp = lin(p+g-1)s

that is, when Iy = 7(1) := (iz1).-- -, ix(p+q—1)) OF equivalently I = J LI L.
As long as Ji N L = &, there exist a unique / and permutation 7z € Sym,,, ,_;
satisfying this property. In this case,

q
e = (1_[ a[1,](26”’t+q_1)) xb=xt,
t=1

so that p; = 1 and mk =b. Consequently, the map ((or-Wp) o (B-Wyq))  Ppig—1
sends 1 @ 1 ®@ x to §; JUL Py biJ.L 8[]k](x ) - x4, where

b;J,L (€jysemsip_yobsCjp i semsip)  (€r)5emsety)
Py = sgnry anﬂj 1299

is determined by the permutation 7z as described above and the scalars defined by
(4.4) and (4.9). Therefore,

b;J,K
(@ Wp) og (B-Wg))- Ppig—1 = py " 1 (x2) - ¥ @ dx g

The formula in the statement can be obtained accordingly. O

6. Gerstenhaber brackets for group extensions of quantum symmetric
algebras

Let G be a finite group for which |G| # 0 in K, acting linearly on a finite dimen-
sional vector space V, thus inducing an action on the symmetric algebra S(V') by
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automorphisms. When the action preserves the relations on the quantum symmetric
algebra S, (V) as defined by (4.1), there is also an action on this algebra. This is
always the case, for example, if G acts diagonally on the chosen basis x1,...,Xn
of V. We shall first recall the definition of a group extension, Sy (V)% G, of Sg(V),
and explain how the Koszul resolution of S, (V) x G is related to that of Sy (V). In
fact this works for an arbitrary Koszul algebra, as we shall explain next. Although
this is well known, we include details for completeness.

Let RS V ® V be a G-invariant subspace. Let Tik(V') denote the tensor algebra
of V over k. Suppose that A = Tx(V)/(R) is a Koszul algebra over K, with the
induced action of G. That is, the complex K,(A4) in which Kq(4) = A ® A4,
Ki(A)=A®V ® A4, and

i—2
Ki(A) = (A V® @ Ro V¥ g 4)
j=0

for i > 2 is a free A-bimodule resolution of A under the differential from the bar
resolution. In the case 4 = Sy (1), this can be shown to be equivalent to the Koszul
resolution given in Section 4. The group extension 4 x G of A, or skew group
algebra, is the tensor product A ® KG as a vector space, with multiplication given
by (a®g)(b®h)=a®b)Rghforalla,b e A and g, h € G (where we have used
a left superscript to denote the group action). We shall denote elements of A x G
by aff g, in place of ¢ ® g, for a € A and g € G, to indicate that they are elements
of this skew group algebra. In this section we adapt and generalize the techniques
of [Halbout and Tang 2010; Shepler and Witherspoon 2012] from S(V) x G to
Sq (V) x G, explaining how to compute the Gerstenhaber bracket via the Koszul
resolution and our chain maps from Section 4. In the next section we focus on
some special cases to give explicit results.

We know that 4 x G is a Koszul ring over KG (see [Beilinson et al. 1996,
Definition 1.1.2 and Section 2.6]). In fact let V ® kG be the KG-bimodule under
the actions g-(v®h) =8v@ghand (Vv®h)-g =v@®hg forallve Vand g,heG.
Then there is an algebra isomorphism

Tig(VOKG) >~ Tk(V)x G

sending (V] ® g1) kG *** BkG (Vm—1 ® &m—1) ®kG (Vm ® gm) to (V1 ® vy ®
<81 Em—1y, Vg .- g, and the inverse isomorphism sends (v{ ®- - Q vy 1 g
to (V1 ®eg) kG - kG (Vm—1 ® eG) kG (Vm ® g), where we write eg or e for
the unit element of G. Via this isomorphism, R ® kG becomes a KG-subbimodule
of (V@KG)Qke (V®KG) ~V ®V ®KG, and it induces an isomorphism of
algebras, A x G >~ Tyg(V @ kG) /(R ® KG).
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The Koszul resolution K,(A4 x G) of A x G as a Koszul ring over KG is related
to the Koszul resolution of A as follows:
Kog(AxG)=(AxG)Rkg (AxG)
~AR® ARKG
= Ko(4) ® kG,

Ki(AxG)=(AxG) Bk (VOKG) Rk (A% G)
~AQV ® ARQKG
= K(4) ®kG,

and fori > 2,

i—2
Ki(AxG) = (4xG) ®g [ (V @KG)®<C/ @6 (RQKG)

j=0 o
®ke (V OKG)Pk 2=y @, o (4 % G)
i—2
~ (A% G) ®g ( (V& @Re VeI kG) Qg (A% G)
j=0
i_2 . . .
~ (A ® (V¥ @RV ) A) ® kG
j=0

~ K;(A) ® kG.
Notice that the above isomorphism is induced by the map sending

(ao 1t go) ®kc ((a1 ® g1) kG ** ®ké (ap ® gp)) Ok (Ap+1 1 &p+1)
to

(ap ® (goal R R go-~-gp_1ap) &® go~--gpap+l) ®(go-- gp+1)-
The inverse isomorphism sends (a¢ ® (@1 ® ---®ap) Qap41)f g to

(aptte) Qg ((a1 ®e) kg *** ke (ap ®e)) Bkg (ap+11g)-

One may check that this isomorphism commutes with the differentials. Therefore
as complexes of A x G-bimodules,

K.(AxG)~ K.(4) ®KG.
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Under this isomorphism, the 4 x G-bimodule structure of K,(A4) ® KG, for each
p = 0, is given by
(bgh) (a0 ® (a1 ® - ®ap) ®ap+1) ® g)(c Hk)
= (bag® ("ay @ - ®@"ap) ® a1 M) @ hgk.
Similar statements apply to the normalized bar resolution:
B.(AxG) ~ B,(4) @ kG,

where the former involves tensor products over KG, and the latter over K.

Now we consider the case of 4 := S, (1), under the condition that the action of G
on V preserves the relations of S, (V). The differentials on K, (A4 xG) (respectively,
B.(A x@G)) are those induced by the Koszul resolution (respectively, bar resolution)
of Sg(V), under the exact functor — ® KG. Therefore the contracting homotopy
and chain maps for S, (V') may be extended to the corresponding complexes for
Sq(V)xG:

P, RKG : K.(AxG) >~ K. (A) @KG — B.(A) kG ~ B,(AxG)
and
VU, ®KG : B,(AXG) >~ B,(A) kG — K,(4A) kG ~ K,(A % G).

However, since ®, and W, are in general not G-invariant, there is no reason to expect
that &, ®KG and ¥, ® KG should be chain maps of complexes of (A4 xG)¢-modules.
Since |G| is invertible in k, we can apply the Reynolds operator (that averages over
images of group elements) to obtain chain maps of complexes of (4 x G)-modules,
which are denoted by ®, and ¥, respectively. We have thus quasi-isomorphisms

Hom( gsGye (K.(4) ® KG, A% G) % Hom 4xg)e (B.(4) ® KG, A % G),
We shill use tlle complex on the left side to compute Lie brackets, via the chain
maps W* and ®°. Notice that for A = S4(V'), we have

Hom( 4xg)e (K.(A) ® KG, A x G) >~ Homyge (N (V) ® KG, A x G)
~ Homyg (N'(V)., A% G)
~ (AxGRNV*).
We wish to express the Lie bracket at the chain level, on elements of (A xG®

/\'(V*))G. The method consists of the following steps (see [Halbout and Tang
2010; Shepler and Witherspoon 2012]).

(i) Compute the cohomology groups of the complexes ((A XG)® /\'(V*))G. In
the case where the action of G on V is diagonal, this computation is done in
[Naidu et al. 2011, Section 4].
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(ii) Give a precise formula for the chain map ® that is the composition
O: (A% G) @ N (V)% =5 Hom(g6)e (K.(4) @ KG, A % G)
%, Hom 4xgye (B.(4) ® KG, A % G)
— Hom( 4xG)c (B.(A xKG), A xG).
(iii) Give a precise formula for the chain map I that is the composition
" : Hom( 4xG)e (B.(A 1 KG), A x G) = Hom( 4xG)e (B.(4) ®KG, A x G)
%, Hom4gye (K. (4) ® KG, A% G)
5 (AxG)@ N (VH)C.
(iv) Use the formulae in the previous two steps to compute the Lie bracket of two
cocycles given by Step ().
We obtain thus:

Theorem 6.1. Let o, § € ((A X G)® /\'(V*))G be two cocycles. Then the Lie
bracket of the two corresponding cohomological classes is represented by the
cocycle

[, B] = T'([©(), ©(B))).

We see that the actual computations are rather hard and we shall perform these
computations for the diagonal action case in the next section.

7. Diagonal actions

Assume now that G acts diagonally on the basis {x1,...,xx} of V, in which case
the action extends to an action of G on S, (V') by automorphisms. Let ; : G — k*
be the character of G corresponding to its action on x;, that is,

g-xi = xi(g)xi

foralge Gandi=1,...,N. For I =(i1,...,ip) with1 <i; <---<i, =N,

define x7(g) = ]_[j?=1 Xi; (g), and for £ € N/, define xe(@) =Ili<i<n Xf" (g) for
geq.

Let us make precise the action of G on (4 x G) ® /\'(V*) occurring in the
isomorphism of the previous section,

Hom 456y (K.(4) ®KG, A% G) =~ (A% G) @ N'(V*))C.
Letting g, h e G, £ eNN and I = (i; <--- < ip), we have

Mxttg@dxr) ="(xY 8 "g @ "(dxr) = xe(Wxr(hHx thgh™ @ dx;.
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In [Naidu et al. 2011, Section 4], the authors compute homology of this chain
complex (4 x G) ® /\'(V*) with the differential

dp(x* g @ dxy)
=Y (~pfn=n (( I1 C]is,i)xilce - ( I1 Qi,is)ife gxi) fg®dxrte;
iél siig<i Siig>i

where ¢; is the i -th element of the canonical basis of NV, and I +e¢; is the sequence
of p + 1 integers obtained by inserting 1 in the i-th position. Since the action
of G is diagonal, this differential is G-equivariant. So the Reynolds operator is
a chain map from (A% G) ® A'(V*) to (A% G) ® /\'(V*))G which realizes
(AxG)® /\'(V*))G as a direct summand of (4xG)® /\'(V*) as complexes. We
shall see that in fact, the induced structure of ((A xG)® /\'(V*))G, as a complex,
is the same as the one induced from the isomorphism

Hom( 45G)e (K.(4) kG, A% G) ~ (A xG) @ N'(V)°.

We shall prove this fact in the first step below.
We follow the step-by-step outline given towards the end of Section 6. As we
shall use the result of the second step in the first one, we begin with the second step.

Step (ii). As shown in the previous section, we have a series of isomorphisms:

Hom( 4xg)e (K.(A) ® KG, A x G) >~ Homgye (N (V) @ kG, A x G)

~ Homyg (/\'(V), A% G)

~ (A% G)@ N (V).
Amap f €Hom(4xg)e(Kp(A)®KG, AxG) corresponds to f1 € Homyge (/\pV®kG,
AxG) via

M ey =f1ex ®1®g)
and
—1
flag®xM ®@apy1 ®g) = (aotie) i ®)E aptrte).

The map f; € Homgge (/\p VRKG, A><1G) corresponds to f> € Homyg (/\p Vv, A><IG)
via

LHEM) =i ®e)
and
HiaM®g) = L)1)
Finally, f> € Homyg (/AP V., A xG) corresponds to f3 € (A% G)® /\p(V*))G via
fi= > LM edx.

[I|l=p
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and for f3 =" 712 > eecc(@rgig) ®dxs € (AXG ® NP (V*))C, the corre-
sponding f> € Homyg (A’V, A x G) sends x to D gecarghg.

Altogether then, /€ Hom(4xG)e(Kp(A4) ® KG, A x G) corresponds to f3 €
(A G ® /\pV*)G via

fi=) flex"elee)dx,
|=p

and for f3 = Y| jj=p Ypeg s e g ®dxy € (AxG @ N (VH)C,

fao®xN ®ap1 ®g) = (aofe)arnih(188)(E appr fe)
heG

= > aoari"(ap1) thg.
heG

Now fora =affg ®dxy € AxG ® /\P(V*), the Reynolds operator
R:AxGRN (V) — (AxG @ N (VH)°

gives
) 1 _ _
fi= Y s HYeat hgh™' @ dxy,
G|
heG

and thus o corresponds to the map f* € Hom 4xg)e (Kp(4) ® KG, A x G) sending
ao ®gc’\1®ap+1 ®k to

1 _ - _
St 32 1 o) P51y 1) g™ K
heG

We shall compute @R () € Homg((A4 x G)®?, A x G) corresponding to f with
a = x*t, which is the composition

1
g e-extte,

r—>gc£1 ® g‘(gcﬁz) ® '-'®g1."g"_1(2€£n) fg1--2p

1
= xe2(g1) - xer (g1 gp—1)xt @ ®x g gp

S @) @ g Y. Y, wx2exMexleg g,

I|l=p 0<ry=<{} —1
IIl=p ;=sl_,ljp (use LIf.)

1
'_>WX@Z(gl)"'Xﬁp(gl"'gp—l)z Z A
heG 0=ry=<t; —1
s=1,...A,p

- — Ty — _
x X (W) xe(hyx g (hgh™ Dt + 0+ g hgh™ gy - gy,
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where, as in (4.5),

_ (gls'":gp;jla“'sjp)
H= M(rl ----- rp) ’

P )
2=09¢,. ) ’

.....

A AU lP )
2=09¢,. ) ’
0 _

.....

€1+ AP LT GSq(V)

|><

This completes the second step.

Step (i). We identify the cohomology groups of the complexes (A xG ® /\'(V*))G
with the computation in [Naidu et al. 2011, Section 4]. It suffices to see that the

map
AXGRINIV*) B (AxG RN (V)Y =5 Hom(guc)e (K.(4) @ KG, A% G)

is a chain map, where 4 x G ® /\"(V*) is endowed with the differential given
in [Naidu et al. 2011, Section 4] and Hom( 4x¢)c (K.(4) ® KG, A x G) with the
differential induced from that of K,(A4). We shall use the computations in the
second step to prove this statement.

In fact, given aff g ® dx; € Ax G ® \P(V*), by the second step, it corresponds
to the map f € Hom(4xg)e (Kp(A4) ®KG, A% G) sending ag x™N ®api1 @k to

S177G7 2 1 aol"a) ("5 ap ) Bl k.
heG

Now df is the composition (for k € G and L = (I1,...,l,41))

j
TIWMJXU®5A@_%’®1®k

s=1

p+1
o ( 1_[ QIJ"[S)I ®2€A(L_elj) ®xl] ®k)
p+1
?Z Z( /1671 e} xr(h™ 1)((1_[%,1,))61] a

heG j=1
p+1
- ( I ql,.,zs) X, (hgh—1>"ax,,.) thgh k.

s=j

p+1
1®5”L®1®kF>§:@4V*((

Jj=1
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On the other hand, by [Naidu et al. 2011, Section 4],

dp(x* g ®dxp)
— Z(_l)#{s:is<i} (( l_[ Clis,i)xizfe _ ( l_[ Qi,is)zCe gxi) ]ig ® dxl_"_el_ ,
igl sig<i Siig>i

which corresponds to the map sending 1 @ x " ® 1 @ k to

ﬁ Z Z(_l)#{s:i5<i} ((

1_[ Qis,i) XL (8L 1 4o xi(h)xi"a
heG idl

Sy <i
—( Il qi,is) m(hg)"axi) hgh~k.

Sig>1

One sees readily that these two expressions are the same.
Let us recall the result of [Naidu et al. 2011, Section 4]. For g € G, define

N
Co = {g e (NU{-1)N |foreachi € {1..... N}, [] ¢ = xi(g) or c; =—1}.
s=1

For g € G and y € (NU{—1})", Naidu et al. introduced certain subcomplexes K; .,
of (AxG)R NP (V*) with (AxG)R NP (V*) = ®,., K., They also proved
that if y € Cg, the subcomplex K3, has zero differential, and if y ¢ Cy, the
subcomplex K3 ., is acyclic. (We do not define K , here as we shall not need the
details.) Using this information, for m € N, [Naidu et al. 2011, Theorem 4.1] gives

H"((AxG)® N (V*)) ~HH" (4, A% G)

~PD D D sranlx?ig@dny}.

g€G pef{0,1}NV genN
|b|]=m a—beCq

We shall use these notations when expressing the Lie bracket of two cohomological
classes. This completes the first step.

Step (iii). Now given a map f € Homy((4 x G)®*, 4 x G), we compute the
corresponding ['( /) € ((A xG) R N (V*))G. Direct inspection gives

L= Y senmqlfCrigte® - ®@xi,, te)®dxy.
[I1=p JTGSymp

.....

Step (iv). We can now compute the Lie bracket of two cohomological classes.
Let
a=x%tg®dx; and B=xPih®dxy
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for some group elements g, h € G, where J = (ji,..., jp)and L=(/y,...,[;) and
such that a — J € Cg and b — K € C,. Then « and B are cocycles for the complex
AxG® /N (V*), because the subcomplex K%, of Homge(K.(4), A% G) is a
complex with zero differential whenever y € Cg (for details, see [Naidu et al. 2011,
Section 4]). Consequently, Ro and R are G-invariant cocycles where, as before, R
is the Reynolds operator. The bracket operation on Hochschild cohomology is
determined by its values on cocycles of this form.

Theorem 7.1. In the case where G acts diagonally on the basis x1,...,Xy, the
graded Lie bracket of Ra and R, where @ = x2fig ®dxy and p = x2hQdxy , is

[Ra, RB]

= 3D Y et gk e @
1=<s=<p kleG

_(—1)(»=D@-D _e-ne-n_1
(=1) 2D e

1=<s=<¢q
x> ey (x9) X gt kghk T @ dx o,
kleG

. . o, s
for certain coefficients pg P and Ps -

Remark 7.2. This formula generalizes Theorem 5.1 (the case G = 1) and [Shepler
and Witherspoon 2012, Corollary 7.3] (the case ¢;,; = 1 for all 7, j).

Proof. We may compute [R(x), R(8)] as T'([OR(x), OR(B)])-
Now by the third step,

F(OR(@).ORBD = Y. Y sgnmql[O(Ra), O(RP)]
[I|=p+q—1 nESymp+q_1

X (Xigp) B ® -+ @ Xip gy f1€) ®dxy.
Note that W,, when applied to an element of the form 1 ® x,, ® --- ® x¢, ® 1, is
1®xey Ao sAXe, ®1if 1 <c¢y <---<c¢p <N, and is 0 otherwise. This simplifies
considerably the computation of [OR(«), OR(B)](Xi, ) e @+ ® Xi, (g1, HE)-
For 1 <5 < p, we have
(OR(a) o5 OR(B)) (Xipy) e @+ ® ), e) =
OR() (Xiy(y, e ®- - - QOR(B) (Xiy ) €@+ - ®Xi s gy 1O @ - ®Xi (s g 1E)-

By Step (ii), a simple computation shows that OR(8)(Xi,, , fe ®- - ®Xi (1,1, fi€)
is nonzero only when

in) =11, s In(stq—1) = g,
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in which case it is equal to ﬁ Y teG XL (E_I)Xb (€) x2 1 £he=1 . Therefore, when

i]T(S):II7 c e ey l]T(S-l—q—l):Zq,
we have

@R(a)(xin(l) fle®- - ®@OR(B)(Xiyg,, e @+ ® Xipy iy f€)
® xiﬂ(s+q) ﬁe Q- ® xiﬂ(n+c1—l) n e)

1 _ —
= OR(@) (x,-,,m fe®---® (@ Y X @ O 1T ®xi ﬁe)
leG
® -+ ® Xig(pigor) e)

1 _ _
= 7 2 KL OORE@) (virg, Be @ @5 BT ©xiy ) e
leG
R+ ® Xip(p g 1€)-

Applying Step (ii), in order that the above expression be nonzero, we must have

JU=lIng)s  oes Js=1 Zln(s—1)s  Js+1 =ln(s+q)s -0 Jp = lin(p+q—1)-
When
In(s) = Ly, ..., Ix(s+q—1) = lq,
J1=lIz), -os  Js—1 =lg(s—1)s
Js+1 =ln(s+q): -0 Jp =ln(p+g—1):
we have

(OR(@) o5 OR(B)) (Xipy e ® @ X, 1 €)
1 _ _ _
= 1G22 K KOy (R 3, (CE)
keG LeG
x Y huxs (k) xalk) x g (kgh ™) x4 gleghk ™" ehe !,

0=<r<bj,—1

where

dx2xaxQ = xatb=eis ¢ 5, (V).
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We see that in this case we have I = J; LI L. Furthermore, if this is the case,
there is a unique permutation 77y € Sym,, ,_; such that

J1=1lng,(1)s  -oor Js—1 = lx(s—1)»
hh=ings): v lg=lin(s+q-1)

Js+1 = lny(s+q)>  ---» Jp = Iny(p+q—1)»
that is, w5(/) = Jg U L as introduced before Theorem 5.1. We obtain that when
I=Js;uLandm =ngforl <s=<p,

(OR(a) 05 OR(B)) (Xiy, (1) e ® - R Xi (prgr) FE)

1 - —_—
G2 Z p%PBar; (x8) - x4 tkegh ™ ehe™!
kleG

for a certain coefficient p‘sx”g determined by the above data.
Finally

F([OR(a), OR(B)])

= Z Z sgn 7w q,IT

|I|l=p+q—1meSymy 4
[O(Ra).O(RB)(Xir(yy e ® -+ ® Xiypy g 1) @dXp

1 - - — —
- TaE Z Z (_1)(11 (s l)pg’ﬂa[js]@b)'zgﬁkgk Lohe1 & dx;
kteG1=<s<p

_(_1)(p—1)(q—1)|é|2 Y 3 (e

kleG 1<s=q
X 5O () x? 4O gk ™! @ dxy. O

In this diagonal case, the following corollary is immediate, since the difference
operators in the bracket formula take 1 to 0. It generalizes [Shepler and Witherspoon
2012, Theorem 8.1].

Corollary 7.3. Assume G acts diagonally on the chosen basis x1,...,xnN of V,
andleta =1gQdxyand B =1#h® dxy. Then [Ra, Rl =0 € HH* (A x G).

In fact, this result can be seen to hold in the nondiagonal case as well, even
without an explicit description of Hochschild cocycles in that case. Nonetheless we
may still use a general argument for those cocycles having a particular form.

Corollary 7.4. Assume G acts on V, not necessarily diagonally. Let o and f8
be cocycles in (A X G ® /\'(V*))G for which o (respectively, B) is a linear
combination of elements of the form 14 g ® dxj (respectively, 1 t h ® dxr).
Then [o, B] = 0 € HH*(A x G). In particular, if o is a 2-cocycle, then it is a
noncommutative Poisson structure.
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Proof. The proof is similar to that of Theorem 7.1. However, rather than computing
explicitly, we shall only explain why the bracket is 0.

We compute [«, 8] using Theorem 6.1. Consider « as a homomorphism in
Hom( 4xG)e (K.(A)®KG, AxG); then it maps into KRKG C AxG. By Theorem 6.1

o B] = - W, B- W] B..

Here ®, and W, are chain maps of complexes of (4 x G)¢-modules obtained by
applying the Reynolds operator (that averages over images of group elements) to @,
and W, respectively. So one needs to consider certain terms like (o -4W) of (B8 - by
applied to c®(1® 1@ x) fork > 1,and a,b,c € G.

Recall that, if I = (iy,...,ip), then

P(Ix1 ®ZCAI) = Z Sgn”qul’m’lp ®xin(1)® cee ®xi,,(p) ® 1.
7 E€Sym,,
So ‘®(1®1®x"1) is a linear combination of terms of the form 1 ®x;, ®- - ‘®xj,®1
for 1 < ji,...,jp = N.Inapplying (o - W) of (B -b@) to each term above, one
first applies bytol® Xje @+ ® Xj o,y ® 1, if the degree of B is m. By (4.5),

Un(1®Xj, ®  ® Xjy 1, 1 ®1) = L@ Xjy Aro-AXjpy,, 1 ®1

for some scalar i and so b\lfm(l ® X)) ® @ Xj, ., ® 1) is a linear combination
of terms of the form 1 ® xy, A---AXxy, ® L with1 <y <---<{p < N.

Applying B to the result, we obtain 0 unless L = ({1, ..., ¥{,,) for some L for
which 1§/ ® dxy, has a nonzero coefficient in the expression §, in which case we
obtain a nonzero scalar multiple of 1/ for that term. After factoring / to the right,
this becomes 0 as an element of the normalized bar resolution. The same argument
applies to each term in [¢, 8], and so [, f] = 0.

For the last statement, recall that a noncommutative Poisson structure is simply
a Hochschild 2-cocycle whose square bracket is a coboundary. O

Compare to the proof of [Naidu and Witherspoon 2016, Theorem 4.6], of which
the above corollary is a consequence via the alternative route of algebraic deforma-
tion theory.
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