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ON YAMABE-TYPE PROBLEMS
ON RIEMANNIAN MANIFOLDS WITH BOUNDARY

MARCO GHIMENTI, ANNA MARIA MICHELETTI AND ANGELA PISTOIA

Let (M, g) be an n-dimensional compact Riemannian manifold with bound-
ary. We consider the Yamabe-type problem

_Agu+au=0 on M,
dyu+ "2bu = (n —2)u"/"=P*  on dM,

where a e C1(M), b € C'(dM), v is the outward pointing unit normal to M,
Agu := divyVgu, and ¢ is a small positive parameter. We build solutions
which blow up at a point of the boundary as ¢ goes to zero. The blowing-up
behavior is ruled by the function b — H,, where H, is the boundary mean
curvature.

1. Introduction

Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 3 with
a boundary dM which is the union of a finite number of smooth closed compact
submanifolds embedded in M.

A well-known problem in differential geometry is whether (M, g) is necessarily
conformally equivalent to a manifold of constant scalar curvature whose boundary
is minimal. When the boundary is empty this is called the Yamabe problem (see
Yamabe [1960]), which has been completely solved by Aubin [1976], Schoen [1984]
and Trudinger [1968]. Cherrier [1984] and Escobar [1992a; 1992b] studied the
problem in the context of manifolds with boundary and gave an affirmative solution
to the question in almost every case. The remaining cases were studied by Marques
[2005; 2007], by Almaraz [2010] and by Brendle and Chen [2014].

Once the problem is solvable, a natural question about compactness of the full set
of solutions arises. Concerning the Yamabe problem, it was first raised by Schoen
in a topics course at Stanford University in 1988. A necessary condition is that the
manifold is not conformally equivalent to the standard sphere S", since the group of
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conformal transformations of the round sphere is not compact itself. The problem
of compactness has been widely studied in recent years and has been completely
solved by Brendle [2008], Brendle and Marques [2009] and Khuri, Marques and
Schoen [Khuri et al. 2009].

In the presence of a boundary, a necessary condition is that M is not conformally
equivalent to the standard ball B". The problem when the boundary of the manifold
is not empty has been studied by V. Felli and M. Ould Ahmedou [2003; 2005],
Han and Li [1999] and Almaraz [2011a; 2011b]. In particular, Almaraz studied
the compactness property in the case of scalar-flat metrics. Indeed, the zero scalar
curvature case is particularly interesting because it leads one to study a linear
equation in the interior with a critical Neumann-type nonlinear boundary condition

—Agu-l—ﬂRgu:O onM,u>0in M,
(1-1) 4(n—1)

opu + %ng =m=2u"""2 oniM,

where v is the outward pointing unit normal to dM, R, is the scalar curvature of
M with respect to g, and H, is the boundary mean curvature with respect to g.

We note that in this case compactness of solutions is equivalent to establish
a priori estimates for solutions to equation (1-1). Almaraz [2011b] proved that
compactness holds for a generic metric g. On the other hand, in [Almaraz 2011a]
it was proved that if the dimension of the manifold is n > 25, compactness does
not hold because it is possible to build blowing-up solutions to (1-1) for a suitable
metric g. We point out that the problem of compactness in dimension n < 24 is
still not completely understood.

An interesting issue, closely related to the compactness property, is the stability
problem. One can ask whether or not the compactness property is preserved under
perturbations of the equation, which is equivalent to having or not having uniform
a priori estimates for solutions of the perturbed problem. Let us consider the more
general problem

(1-2) {—Agu—i—a(x)u:O inM,u>0in M,

du+bx)u=n—-2u""2 ondM.

We say that the problem (1-2) is stable if for any sequences of C' functions
a; : M — R and b, : 9M — R converging in C' to functions a : M — R and
b:9dM — R, for any sequence of exponents p, :=n/(n —2) & ¢ converging to the
critical one n/(n — 2) and for any sequence of associated solutions #. bounded in
H'(M) of the perturbed problems

dyu + ﬂbg(x)u = —=2u "% on oM,

—Agu+a;(x)u =0 inM,u, >0in M,
(1-3)
2
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there is a subsequence u,, which converges in C? to a solution to the limit problem
(1-2). The stability of the Yamabe problem has been introduced and studied by
Druet [2003; 2004] and by Druet and Hebey [2005a; 2005b]. Recently, Esposito,
Pistoia and Vetois [Esposito et al. 2014], Micheletti, Pistoia and Vetois [Micheletti
et al. 2009] and Esposito and Pistoia [2014] proved that a priori estimates fail for
perturbations of the linear potential or of the exponent.

In this paper, we investigate the question of stability of the problem (1-2). It is
clear that it is not stable if it is possible to build solutions u. to perturbed problems
(1-3) which blow up at one or more points of the manifold as the parameter ¢ goes to
zero. Here, we show that the behavior of the sequence u, is dictated by the difference

(1-4) ¢(q) =b(q) — Hy(q) for g € OM.

More precisely, we consider the problem

—Agu+a(x)u=0 on M,u>0in M,
(1_5) d n—2 —2)+

—u+ b(x)u = (n —2)u"/ =% on M.

av 2
We assume that a € C'(M) and b € C'(dM) are such that the linear operator
Lu := —Agu + au with Neumann boundary condition Bu := d,u + %(n —2)bu is
coercive; namely, there exists a constant ¢ > 0 such that

-2

(1-6) /M (1Veul® +aou®) dug + 73 /0 b’ do 2 el gy,

Here ¢ > 0 is a small parameter, Agu := divyV,u, and the space H L(M) is the
closure of C*° (M) with respect to the norm

12
||u||H1=(/ (|Vgu|2+u2)dug> :
M

The problem (1-5) turns out to be either slightly subcritical or slightly supercritical
if the exponent in the nonlinearity is either n/(n—2)—e or n/(n—2)+¢, respectively.
Let us state our main result.

Theorem 1. Assume (1-6) andn > 7.

(1) If go € OM is a strict local minimum point of the function ¢ defined in (1-4)
with ¢(qo) > 0, then provided € > 0 is small enough, there exists a solution u,
of (1-5) in the slightly subcritical case such that u. blows up at a boundary
point when ¢ — 0.

(1) If go € IM is a strict local maximum point of the function ¢ defined in (1-4)
with ¢(qo) < 0, then provided ¢ < 0 is small enough, there exists a solution u,
of (1-5) in the slightly supercritical case such that u. blows up at a boundary
point when & — 07,
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We say that u, blows up at a point gg of the boundary if there exists a family
of points g, € dM such that g. — gg as ¢ — 0 and, for any neighborhood U C M
of go, we have that SUp, ey us(q) - +ooase— 0.

Our result does not concern the stability of the geometric Yamabe problem (1-1).
Indeed, the function ¢ in (1-4) turns out to be identically zero. It would be interesting
to discover the function which rules the behavior of blowing-up sequences in this
case. We expect that it depends on the trace-free second fundamental form as it is
suggested by Almaraz [2011b], where a compactness result in the subcritical case
is established.

The case of low dimension also remains open, where we expect that the function
@ in (1-4) should be replaced by a function which depends on the Weyl tensor of
the boundary, as suggested by Escobar [1992a; 1992b].

The proof of our result relies on a very well known Ljapunov—Schmidt procedure.
In Section 2 we set up the problem, and in Section 3 we reduce the problem to a
finite dimensional one, which is then studied in Section 4.

2. Setting of the problem

Let us rewrite problem (1-5) in a more convenient way.
First of all, assumption (1-6) allows us to endow the Hilbert space H := H (M)
with the scalar product

(u, v))y = / (VeuVev +a(x)uv) dug + g/ b(x)uv do
M 2 Jom
and the induced norm |ju||% := ((u, u)) - We define the exponent
2(n=1) in the subcritical case,
o = n—2
. =
% +ne in the supercritical case,

and the Banach space #H := H'(M) N L*(3M) endowed with the norm lully, =
llull g + |M|Ls£(3M)'

Notice that in the subcritical case H is identical to the Hilbert space H.

By trace theorems, we have the inclusion WLt (M) c L'(dM) for any t and t
satisfying t <t(n—1)/(n — 7).

We consider i : H'(M) — L**=D/®=2(3Mf) and its adjoint with respect to
(- )y namely

i* L2/ My — HY (M)

defined by
(o, " (©)Ny :/ pgdo forall pe H',
aM
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so that u = i*(g) is the weak solution of the problem

—Agu+a(x)u=0 on M,
2-1) 9 . n=2, . _ -
Eu + > xX)u=g on .
We recall that by [Nittka 2011], if u € H'(M) is a solution of (2-1), then for

2n/(n+2) <q <n/2 and r > 0 we have

(2-2) ||u||L()171)q/()172q)(3M) = ||i*(g)||L(n71)q/(r172q)(aM) =< ||g||L(n—1)q/(ﬂ*q)+r(aM)‘

By this result, we can choose g and r such that

(2-3) (n—1q 2n-1) n

ne and W—Dg . _ 20—D+n@n-2)
n—2q n—2 n—

o n+mn—-2)e

that is,

2n+n?("=2)e 2n—D+nm—2)e 2(n—1)+nm—2)e
q= — and r= — - .
n+2+2n(1=2)e n+(n—2)e n+n-2)(;2)e

So, if u € L>2=D/=2+ne g1 then

. 2(n—1D)+n(n—2)e
lu|n—2"" e L ntem=2)  (9M)

and, in light of (2-2), also i*(Ju|"/ "=2+¢) g L20=D/=2+ne g pr)y,
Finally, we rewrite problem (1-5) —both in the subcritical and the supercritical
case — as

(2-4) u=i"(fe), wuen,

where the nonlinearity f,(u) is defined as f,(u) := (n — 2)(u™)"/"=2*¢ in the
supercritical case or fz(u) := (n —2) (ut)V=2=¢ in the subcritical case. Here
u™(x) ;== max{0, u(x)}. By assumption (1-6), a solution to problem (2-4) is strictly
positive and actually is a solution to problem (1-5). Therefore, we are led to build
solutions to problem (2-4) which blow-up at a boundary point as & goes to zero.
The main ingredient to cook up our solutions are the standard bubbles
§(=2)/2

Use . 1) = e D€ R*™'x R4, 6>0, £ R,

which are all the solutions to the limit problem

(2-5) {—AU:O on R"!'x Ry,

0,U=m—-2U0""2 onR"!x{r=0}.
We set Us(x, t) :=Us o(x, t).
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We also need to introduce the linear problem

{—AV:O on R ! x Ry,

2-6 _
(26) 0,V =nU"?V onR"'x {r=0}.

In [Almaraz 2011b] it has been proved that the n-dimensional space of solutions of
(2-6) is generated by the functions

U _p Xi . B
Vi= o =2 n)((1+t)2+|x|2)”/2 for i =i,...,n—1,
2
_dUs _n—=2 1 n 5 2
Vo = 38 ls=1 2 <(1+f)2+|x|2> (t + |x| 1).

Next, for a point ¢ € 9M and the (n — 1)-dimensional unitary ball B"~!(0, R)
in R*~!, we introduce the Fermi coordinates w(? : B"1(0, R) x [0, R) —> M. We
read the bubble on the manifold as the function

Ws.q (&) = Us((W ™€) x () 7'E),
and the functions V; on the manifold as the functions

2, = 5o Vi (5D e ) x (W) 1E) fori=0,.. 1,

where x (x, 1) = x(|x])x (¢), for x a smooth cut off function, x(s) =1for0 <s <
R/2 and x(s) =0 for s > R. Then, it is necessary to split the Hilbert space H into
the sum of the orthogonal spaces

Ksq=Span(Z) ,..... 2} ")
and
Ky, ={peH' (M) | (¢, Z; Ny =0foralli=0,....n—1}.

Finally, we can look for a solution to problem (2-4) in the form
ug(x) = Ws q(x) + ¢ (x)

where the blow-up point ¢ is in dM, the blowing-up rate § satisfies

2-7) 6:=de forsome d >0

and the remainder term ¢ belongs to the infinite dimensional space K iq NH of
codimension n. We are led to solve the system

(2-8) My, {Ws.g () + ¢ (x) —i* (fe (Wi, (x) + ¢(x))) } =0,
(2-9) [s5,q { W4 (x) + ¢ (x) = i*(fe (W5 4 (x) + ¢ (x)) } =0,
Hé o and IT5 4 being the projections on K iq and K 4, respectively.
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3. The finite dimensional reduction

In this section we perform the finite dimensional reduction. We rewrite the auxiliary
equation (2-8) in the equivalent form

(3-1) L(¢)=N(®)+R,

where L = Ls , : K(fq NH— Kéq N is the linear operator

L(p) =Tz {¢(x) = i* (L (Ws.)[8D},

N (¢) is the nonlinear term

(3-2) N($)=TT5, {i* (fe (W5, () +0 ())) =i* (e (W5 4 00))) =i* (f{ (W5 ) [¢D)}
and the error term R is defined by

(3-3) R =115 {i* (fe(Ws,q(x))) — Ws.4(x)}.

3.1. The invertibility of the linear operator L.

Lemma 2. Fora, beRwith0<a < b, there exists a positive constant Co= Cq(a, b)
such that, for ¢ small, for any q € OM, for any d € [a, b] and for any ¢ € Kal’q NH,
we have

1Ls,q (@)l = Coll@ll-

Proof. We argue by contradiction. Suppose that there exist two sequences of real
numbers ¢,, — 0 and d,,, € [a, b], a sequence of points g,, € 9M and a sequence of
functions ¢, 4 e Kt N H such that

msqm £mdmsqm
I|¢€mdmsqm ”'H =1 and ||L€mdms(Im (¢3mdmsflm)”7'l — Oasm — +o0.

For the sake of simplicity, we set §,, = ¢,,d,, and define

B 1= 80D 0 (W2 B x Gmm) for n=(z,1) eRL, ze R, 1>0.

Since [|pe,, . g, Il 7 < 1, by a change of variables we easily get that {d;m }m 1s bounded
in DV2(R") (but not in H'(R™)). Therefore, there exists ¢ € D'"2(R™) such that
q~§m — q} almost everywhere, weakly in Dl’z(Ri), in L?"/ (”_2)(Ri) and strongly
in ;07 D/0=2 gRn )y,

Since ¢ ek alm >
get

(3-4) o) =/
R

and taking (2-6) into account, fori =0,...,n—1 we

m>qm

V@VVidzdi =n f U (2, 0)Vi(z, 0§ (z. 0) dz.

n n—1
" R
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Indeed, by a change of variables we have

0= «‘f’&ﬂ,qmv Zém,qm >)H
— /]AW (Vg¢5;n,QI11 Vg Zém dm + a(x)(pé‘m,q»n ng s Clm) dﬂg

) ]
+ 2 / b (x)qs(sm sqm Z(lS q da
2 ot msYqm

n— 0 0
= / 184, (8m)|'/28 D20 (815 = Vi (M) X (51) 5= 5,41, (Vi (Bmm)) 81
R" No Na

+ /R 8g, G128 2a(y, (Sm)Vi()$s,.q, Vg, Gum)) 81
+ /a 184,32, 028" by (61))s,,.q, Wi (Bmz- 0) Vi (82, 0) dz

_ fR Vi)V () + %) Vi D)) 1

+

+5 / b(gm)Vi (2, ) (2, 0) 81+ O(5)
IR

),

VVi() Ve (1) + O (8) = /R Vi) V() +o(l).

n
+

By definition of Ls, 4, we have
n—1
(G- Doan = F Woy g D5,0,D) = Liyan D) = 3 25,4,
i=0
We want to prove that, forall i =0,...,n—1, ¢! — 0as m — oo. Multiplying
(3-5) by Z({W 4, We obtain, by definition of i*,
n—1 ) )
Z C’l’”«zémsq:n ’ ng,qm >>H = «l*(f;m (WSm,qm)[¢8m,qm])v Z‘{m,qm >>H
i=0

= / fg/m (Wam,qm)[¢8ms(Im]Z({m,qm da
oM

Moreover, by multiplying (3-5) by ¢s,,.,,, We obtain that

m>dm

/ 2
||¢8msq'n “H - AM fb‘m(W‘Smﬂqm)(ﬁSm,qm dU - O'

Thus (f; (Ws,.au)) /%05, 4, is bounded and weakly convergent in L?(3M). With
this consideration we easily get
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/ f‘;m (W5m,qm)[¢8m,qm]zg do
oM

m>qm

= [ W) P 2, Wi P2] L, dor
oM
2/(n=2) 7
=0 [ U 04 OV 0 dz 4 o) = ol
Rn—1

once we take (3-4) into account.
Now, it is easy to prove that

«Zém’qm’ Z‘Srnsqm»H = Cé;j+o(1),

hence we can conclude that ¢/, — 0 as m — oo for eachi =0, ...,n — 1. This,
combined with (3-5) and using || Lq,,q4,,, g, (Pendy,qn) I3y — O, gives us that

n—1

B-6) [ @500 — L Ws, g [D5,.0, D |5, = D il Z7 13, + 0(1) = 0(D).

i=0

Choose a smooth function ¢ € C5°(R’.) and define

1 1 5 \—1 -1
o (x) = w—%ﬂgo((s—(l//{n) (x))x((wgm) (x)) for x € M.
We have that ||@y, || ; is bounded and, by (3-6), that
(<¢8m,qma Pm »H
= / Few Vo 0185100 10m 0+ (05,9, =17 (f5, (W, [05.0, D 0m )
aM

= / fg/m(WS,,l,q,,z)[(bSm,qm](Pm do +o(1)
oM

1 - m 7
=(n+en(n—2) / IW“W DEEn (2 0)m (2. 0)p dz + o(1)
R=1 &y

=n / U "2 (2,0 (z, 0)p(z, 0) dz + o(1),
R"_l

by the strong LIZO(Z_I)/ ("_2)(8 R’ ) convergence of &m. On the other hand,

sy = [ V5V 1-+0(1),

SO ¢~> is a weak solution of (2-5) and we conclude that

¢~5 € Span{Vyp, Vi, ..., V,,}.
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This, combined with (3-4), gives that ¢ = 0. Proceeding as before we have
«¢8m sqm> ¢8m sqm »H
= / f&{m (W(SUI’ql"l)[¢5)ﬂ’q771]¢6m7qﬂl do— + 0(1)
M

1 - m g
=(ten(n=2) [ s U @ 007, 0g dz+ o) = o(1).
R)l* m

In a similar way, by (3-6) we have

|¢(SmsLIm |L'V£ = |i*(f£,(W8nuq;n)[¢6myq"1])

which gives ||¢s,, 4,114, — 0, which is a contradiction. O

1 Fo(l) =o(1),

3.2. The estimate of the error term R.

Lemma 3. Fora, beRwith0<a <b, there exists a positive constant C; =C1(a, b)
such that, for € small, for any g € OM and for any d € [a, b] we have

[ Re,5,ll3 = Crellng]
Proof. We estimate
% (fe Wo,q ) = Ws g0
< [[i* (e Wo.q o) = (foWs.g D) || g + [ (fo(Ws.q () = Wo g () | -
By definition of i * there exists I' which solves the equation
=AM +a(x)I'=0 on M,

3-7
GD P 2220 = fo(Ws,) on dM,

v 2
so, by (3-7), we have
i (£o(Ws.g () = Ws.g (]
=T (x) — Ws.4(x) 1%

= L[_Ag(r - WS,q) +a(F - WS,q)](F - WS,q) d/fl/g

9 -2
+ faM [ 20— o)+ OT2 by (T = W ]~ W) die
:f [AgWs g — aWs g 1(T — Wy, ) ditg
M

ad
[ W)= W = Wi iy

_n=2
2

/ b(x)WS,q(F_WS,q)d/Lg =L+ 5L+ 1.
oM
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We obtain
(3-8) I =T = Ws 4l O(8).
In fact,
I < [AgWs g —aWs gl p2men 4y 1T = Woigl p20a-2 a1
< 1AgWs.q = aWs gl onwen o) IT = Wo g ll -

We easily have that [Ws gl 5042 = 0 (8?). For the other term we have, in coordi-
nates,

(3-9)  AgWs, = AlUsx1+ (8" — 84p)8up[Us x1— g*°T%, & [Us x 1,

a
F’;b being the Christoffel symbols. Using the expansion of the metric g’ given by
(4-2) and (4-3) we have that

|8 = 8ap) bl Us x| painsns 4y = O ),

abl—-k

(3-10) )
\8 abak[USX]|L2n/(n+2)(M) = 0(8 )

Since Uy is a harmonic function we deduce

G-11) AU X s agy = [Us DX +2VUsV X g gy = O82).
For the second integral I, we have

(3-12) L =T~ Ws 40,

since

0
I < )fO(WB,q) - 5W8,q

r— .
L2 1>/n(aM>| Woql20-vim-2om)

ad
< C| foWs.g) = - Wag

r—Ww,
s 1T~ Wl

and, using the boundary condition for (2-5), we have

G13) [ foW) = - Wiq

LZ(n—l)/n(aM)

1 _ _
=W( / 1|g<8z,0>|1/2[<n—2)U"/<" 2z, 0)x" "2 (52, 0)
Rn=

20i=1) b
— 262,08 @ 0] T 8! dz)

< C(f [(n_Z)Un/(n_Z)(Z’0)[)(”/("_2)(52,0)
Rn—l

2n—1) =T
—x6z, 0] 7 dz) = 0(8%).
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Lastly,
(G-14) L= |W&q|L2(n—1)/n(aM)|r - W&q|L2(n—1)/<n—2>(aM) =T = Ws4llg O).
By (3-8), (3-12) and (3-14) we conclude that

|i*(foWs.q(x))) = Ws.4(0) |y = IT(x) = Ws. 4 ()l 5y = O(S).

To conclude the proof we estimate the term || i* ( fe(Ws 4 (x))) —i* ( fo(Ws 4 (x)))
We have, by the properties of i*, that

[

i (fe (Ws,(x))) = i* (foWs.q D) |

_ -2
< |W8,q(x)n/(n 2)te W(;’l/q(l’l )(X) |L2(n71)/n(aM)

>

1 -
- ( / 1[(—8ia(n—2)/2Ui8(Z,O)—1>Un/(n %m}
Rﬂ*

To estimate the last integral, we first recall two Taylor expansions with respect to ¢:

2(n—1)

1))
dz +0(8%).

(3-15) U+ zlj:ean—l—%ezlan—l—o(ez),

_ —_ 72
(3-16) §FEO-D/2 _ | ¢ 8”72 s+ 82% 1n2 8 + 0(¢21n? §).
In light of (3-15) and (3-16) we have

G-17)  [[i*(fe(Ws ) —i* (foWs. o) | 5,

< (f )(:anzeln(S:I:sln U(z,0) + 0(e2)
Rnfl

@ z(nn_l)
+0(e? 1n8)) unn=2 (g, 0)‘ dz) + 08

n—2
2

/(n=2)
elnd ‘ U(z,0) ‘Zzﬁfwoﬂ) (Rn=1)

n
2(=1)
te (/ y2n=b/0=2 0)InU(z, 0) dZ)
Rn—1

+0@EH + 0@E3MS]) + 0(8%)
= 0(g) + O(¢|ln8|) + O(8?).

Choosing § = de concludes the proof of Lemma 3 for the subcritical case.
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For the supercritical case, we have to control | R 5,41} s (557)- As in the previous
case we consider

|Rs,8,q|LSs(3M) = |i*(fs(W8,q(x))) - i*(fO(WS,q(x)))

Ls= (M)

+ [ (fo(Ws,4 (x))) — W, ¢ (x)

Lée (9M)

As before, set I' =i*( fo(Ws,4(x)). Since I' solves (3-7), I' — W; , solves

—Ag(T' = Ws o) +ax)(U' = Ws g) = —AgWs g +a(x)Ws, onM,

0 -2
(0= W) + 555 b() (T = W )
v on oM.

0 -2
= fo(T) + 5 Wa g + 5= b(x) Wi g

We choose ¢ as in (2-3), and r = ¢. Thus, by Theorem 3.14 in [Nittka 2011], we
have

I — W&,q|Lss(3M) <|- AgW(s,q +a(x)W8,q|Lq+e(M)

9 n—>2
+‘f0(F)—|—%Ws,q+ 7 P Wsq LO-Da/=g+ (3pr)”

We remark that

211 + . +
= +07(e) with 0<O"(¢) <Ces
nr2tam(=)e a2 OO ©

for some positive constant C. By direct computation we have

2—-07(¢e)
|a(x)W3,q|Lq+8(M) < Co ¢ s

1-o+
|b(x)W8,q |L("*1)q/("*q)+e(3M) <Cs (8)-

Moreover, proceeding as in (3-9), (3-10), (3-11) and (3-13) we get

2—-0*F
|AgW8,q|Lz1+s(M) = Cé (8),

a

fO(F) 4 %WS,L] < CSI*O*(S)‘

L=Dq/(—)+e M) —

Since i*(f:(Ws 4)) solves (1-5), and i*(fs|u|"/"=2+¢(W; ,)) solves (1-5), we
again use Theorem 3.14 in [Nittka 2011]. Taking (3-15) and (3-16) into account,
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we finally get

B-18) [i*(fe(Ws.) —i*FoWs.) | 1o on
S |f8(W§,q) - fO(W‘S’q)|L2("—'>/"+0+<€)(3M)

_0+(8) ; . B )
= (./I‘inl:<85(n—2)/2U (z,0)—1

Do)\ D0 E
) Un/(n_z)(z’ 0)] n dz) (n—1)/n+07(¢) + 0(62)
=89 (0(e[ns]) + O()) + O(82).
Now, choosing § = de, we can conclude the proof, since
§707® = 1+ 0™ (e)[In(ed)| = 1 + O (e[lne]) = O(1). O

3.3. Solving (2-8): the remainder term ¢.

Proposition 4. For a,b € R with 0 < a < b, there exists a positive constant
C = C(a, b) such that, for ¢ small, for any q € 0M and for any d € [a, b] there
exists a unique ¢s 4 which solves (2-8). This solution satisfies

95,41l = Cellnel.

Moreover the map q — ¢s 4 is a C'(dM, H) map.

Proof. First of all, we point out that N is a contraction mapping. We remark that
the conjugate exponent of s, is

2(nn— 1) in the subcritical case,
s, = _ —
2(n—D+en(n—2) in the supercritical case.
n+en(n—2)

By the properties of i* and using the expansion of f.(W;s, + ¢1) centered in
Ws,4 + ¢2 we have

IN@1) =N @)l <[ feWo.q+¢10) — fe Ws g +b2) — £ (Ws. )11 =b21| Lt (o1,
<[ (f1(Wo.q+0¢1+(1=0)2) — £/ (Ws.)) b1 — 21| . conr

and, since |y —¢|* € L*/* (dM) and | f/(-)|*s € LY/*)" (aM) as f/(-) € L* (dM),
we have

IN (1) — N(@#2)ll5
< |(fLWs,qg +0¢1 + (1 —0)¢2) — fL(Ws4))

=vlo1 =2l

Lse (M) ||¢1 - ¢2 ||LSS(8M)
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where

y = | (f{(Ws.q +0¢1+ (1 —0)2) — f/(Ws.o))] 1

provided ||¢1 |4, and [|¢2]|,, are sufficiently small.

In the same way we can prove that || N(¢)|l,, < v @, with y < 1 if ||@]l,, is
sufficiently small.

Next, by Lemmas 2 and 3 we have

IL™ (N (@) + Re.s. )l < C(vllglly, +llnel),

where C = max{Cy, CoC1} > 0, for the constants Cy, C; which appear in Lemmas 2
and 3. Notice that, given C > 0, it is possible (up to a choice of [|¢||,, sufficiently
small) to choose 0 < Cy < %

Now, if [|¢]l,; <2C¢llng]|, then the map

T(¢):=L " (N(¢)+ Res.4)

is a contraction from the ball ||¢[l,, < 2C¢[In¢| in itself, so, by the fixed point
theorem, there exists a unique ¢s 4 with [|¢s 411, < 2Ce|ln¢| solving (3-1), and
hence (2-8). The regularity of the map g — ¢; , can be proven via the implicit
function theorem. 0

L (M) =

4. The reduced problem

Problem (1-5) has a variational structure. Weak solutions to (1-5) are critical points
of the energy functional J, : H — R given by

Jg<u>=%/ (IVal® +a(ou) dug
M

n—2 2, (n—2)% (n—2)/(n—2)+s
+ 7 /aMb(x)u do TG aMu do.

Let us introduce the reduced energy I. : (0, +00) x M — R by
4-1) I:d, q) = J(Wea g + Pea.q),

where the remainder term ¢4 , has been found in Proposition 4.

4.1. The reduced energy. Here we use the following expansion for the metric
tensor on M:

(4-2) g7 () = 8ij +2h;j(0)y, + O(Iy|*) fori,j=1,....,n—1,
(4-3) g"(y) =8y fori=1,...,n—1,
44 g =1—n—DHO)y,+O0(yP),
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where (y1, ..., y,) are the Fermi coordinates and, by definition of 4;;,
1 n—1
Tl Z i
i

We also recall that on dM the Fermi coordinates coincide with the exponential ones,
so we have that

(4-6) VEOL - Y1, 0) =14+ 0(|y).

To improve the readability of this paper, hereafter we write z = (z1, ..., Zn_1)
to indicate the first # — 1 Fermi coordinates and ¢ to indicate the last one, so
(Y15 -+« Yu—1,¥n) = (z,t). Moreover, indices i, j conventionally refer to sums
from 1 to n — 1, while /, m usually refer to sums from 1 to .

(4-5)

Proposition 5. (i) If (dy, qo) € (0, +00) x OM is a critical point for the reduced
energy I, defined in (4-1), then Weqy g0 + ®cdy,qo € H solves problem (1-5).

(i1) It holds true that

{Ig d, q) =cn(e) +elayde(q) — By Ind] 4+ o(e) in the subcritical case,
I.(d, q) =cn(e) +elayde(q) + BnInd] + o(e) in the supercritical case,

CO-uniformly with respect to d in compact subsets of (0, +00) and q € IM.
Here ¢, (¢) is a constant which only depends on & and n, o, and B,, are positive
constants which only depend on n, and ¢(q) = h(q) — H,(q) is the function
defined in (1-4) .
Proof. (1) Setq :=q(y) = 30(y). Since (dy, qo) is a critical point, we have, for
anyhel,...,n—1,
_ 9 0 ‘
0= grt:(d- v )| _,
= «Wsd,q(y) + ¢sd,q(y) - i*(fe(Wed,q(y) + ¢£d,q(y)))a

ad

d
gy Vet + gy bt
By eda ¥ g bedam )l |

—_

n—

0 0
c « ed,q(y) TWSd,q(y) + B_yh%d’”’(”»H‘FO

n—1
9 d
Z « ed,q(y)’ 7Wsd,q(y)>>H’y:0 - Z;C; << e st q(y)’ Ped, q(y)>> ’y:O’
: 1=

using that ¢4, 4(y) is a solution of (2-8) and that

i 0 _ d i
«Zed,q(y)’ E(bgd,q()’)»h’ - _<<Ezed,q(y)’ ¢€d,q(y)>)H

.-.O

3 ~.
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since ¢eq, q(y) € K ii’ 4(y) for all y. Now it is enough to observe that

d i 9
«Ezéd’q(”’ d)Sd’Q(y)»H = H Ezéd,q(y) “H”‘Psd,q(y)”]i =o(l),

: 9 1y 0 1 in
«Zzl?d,q(y)’ Ewsd,q(y)»H = 1 Zeaq00 Zéaanllu = 778" + oD,

to conclude that

n—1
_1 3
O—g 002(81 +0(1)),
1=

and so cé =0foralli =0,...,n—1. This concludes the proof of (i).
(il)) We prove (ii) in two steps.
Step 1. We prove that for & small enough and for any q € oM,
[ Je(Ws.q + ¢5.9) — Je(Ws. )| < 5.4 117, + Cellnelll¢hs 4|3, = o(e).
We have

|J8(W8,q +¢8,q) - JS(WB,q)l

1
= ‘/ [—AgWo.g +a(x)Wo.q1¢s.q ditg| + 3 5.4 1%
M
d n—2
1| [ Wag + 5 2b0OWi g = fo(Wsg) |5,y do
apm LOV 2

+ /BM[fo(Wa,q)—fe(Wa,q)]¢5,qd0

(=2 Qn-2)/(n—Dke vy 2n—2)/(n—2)ke
" /BM 2n—2%e(n—-2) [(WS,q+¢37q) Ws.q ]

- fs(WS,q)¢5,q do|.
With the same estimate of /; in Lemma 3 we obtain that
'/ [_AgWS,q +a(x)W8,q]¢8,q d,ug = 0(5)”¢6,q”H,
M
and in light of the estimate of /; and /3 in Lemma 3 we get
0 n—2 b — 0(s
Wy + SO Wi g = fo(Wsg) |54 do| = O@) 5.4l
oM
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In the subcritical case, following the computation in (3-17) we obtain

(Ws.q) — fe(Ws,9)]¢ps,q do

< leO(WS,q) - fé‘(W(s,q)|L2(n—l)/n(3M)|¢5,q|L2(n—1)/(n—2)(aM)
=[0(e)+ O0(cnd)]lgs 4l g = O(ellne)lds ¢l

and in a similar way, for the supercritical case, in light of (3-18) we get

/ Lfo(Ws.o) — fo(Ws.) s, do
oM

= C|f0(W5,q) - fE(WS,q)|L2(n—|)/n+0+(s)(3M)|¢5,f]|LZ(n—])/(n—2)70+(£)(3M)
<(879"®(0(eIn8) + 0(£)) + 0 5.4y = O(elln el 41l -

Finally, by the Taylor expansion formula, for some 6 € (0, 1) we immediately have

] 2 n— 2:|: 2n— Zis
M 211—(;:|:€()n_—2)|:(‘/I/M—i_¢(S 0" E_Wﬁq — fe(Ws.q) 5,4 do

+e(n—2 2.4
= %/BM(W&(J—F%&M)%Z 8¢§qu'

Se
2 s TS »
SC[/ |W5’q+9¢8,q\("—2i€)g_2d0} S [/ |¢s.41% da]s
d M

= C|W5 q +9¢8 qlLSS ||¢8 q”H = CI|¢8 q”H

Choosing § = de, and recalling that, by Proposition 4, [|¢s 4,, = O(elIn¢gl)
concludes the proof.

Step 2. We prove that
Je (WS, q)
=C(e)+2(d”

(n—2)3(n—=3) n
H(q)]ﬂ:lndm) n—11, 2+0(8)

CO-uniformly with respect to d in compact subsets of (0, +00) and q € IM, where

Cer=3 [ IVUGIPdy

+

_(n=2)? =2 (n—2)° =2
21=2 Jo lU (z,0)dz £ e—2 3 RHU (z,0)dz
(n—2)* =2
Fel = /RMU (2.0)InU (2, 0)dz

3 2n=2
Felinelys 2o | U @0
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and

0 n—2
2= > _dz,
n—2 /0 (1+S2)n_2 <
and wy_1 is the volume of the (n — 1)-dimensional unit ball.

We compute each term separately. First, we have, by a change of variables and
by (4-2), (4-3) and (4-4),

I Im sy 0 179
fMIVWs,qI dpg = Z /ig (Sy)ale(y)aymU(y)«/§(5y)dy+0(5)

I,m=1

= /R VU dy —5(n— ”H(Q)/Rn MIVUM)I? dy

n—1
9 9
+ 25”2::1 fm Ynhij (q)a—yiU(y)WjU(y) dy +o0(3).

By a symmetry argument we can simplify the last integral to obtain, in a more
compact form,

1 1 —-1)H
319w =y [ 1vup-s=DE@ [ up
M R R

n—1
aU 2
#o 3 i) [ () +ow.

. oU U .
Since — = — foralli,l=1,...,n—1, by (4-9) we get
i v y (4-9) we g

n—1 n—l o
U (1)) 1 AU . \>2
ghn(q)/myn(a—%(y)) dy = mghﬁ(q)/myn ;(a—(y)) dy

yi

_H

2
1 U%(z,0)dz,

Rn—1
and in light of (4-7) we conclude that

%/ |VW5,q|2dug:%/ |VU|2—8% U*(z,0)dz+0(8).
M RY, R~

By a change of variables, we immediately obtain

2
3 / a(o)IWs, P djey = 5 / a()U*(y)V/(8y) dy +0(6") = 0(8%).
M R
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Coming to the boundary integral, we get, by a change of variables, by (4-6), and by
expanding b,

n—2

1 / b(2)|Ws 4 |* do _ g2
oM

/ b(82)U?(z, 0)/g(82) dz + O(8)
Rnfl

n—2

= 8b(g) "

/ U%(z,0)dz+ O(8%).
Rnfl

Introducing the abbreviation U, (z) = U®"=2/1=2 (7 0), by (3-15), (3-16) and
(4-6), we have

/ |W6,q|(2n_2)/(n_2)i8 do
oM

= / §F=D2, (U (2, 0)/2(82) dz + 0(8)
Rnfl

=f Un(z)dz:i:sf Un(z)an(z,O)dz:Fn_zelnS/ U, () dz
Rnfl Rnfl 2 Rnfl

+0()+ 0(?) 4+ 0(*Ind),

and, since o _(5;82();_2) = (;’1__2;2 Fe (121’1—_2;3’ we get
- (=27 /R U@ dzee 0D U@
- g% | U@mUG0dz %g 1n5fwl U, (2) dz

+00)+ 0(*) + 0(?1n ).

Notice that, with the choice § = de it holds that 0(8) + O () + O(¢?In8) = o(e)
and eInd = elnd — ¢|ln¢|. At this point we have

Je(Ws ) = C(e) +ed "2 b(q) - H(q)]/ U?(z, 0)dz
Rn—1
(n—2)°

e an—2)

lndf U,(z2)dz+ o(e|lneg)).
Rnfl

To conclude, observe that

/ Uz, 0 dz=w, 11,75 and f Un@dz =117,
Rr—= R—



ON YAMABE-TYPE PROBLEMS ON RIEMANNIAN MANIFOLDS WITH BOUNDARY 99

o0 Sa
o= % 4
p /0 (1+52)8 ¢

The conclusion follows after we observe that I:__lz =
[Almaraz 2011b, Lemma 9.4(b)]).

where

(n 32) "3 (for a proof, see
O

4.2. Proof of Theorem 1. Let us introduce

[(d,q) = ando(q) — B, Ind.

If go is a local minimizer of ¢(g) with ¢(q9) > 0, set dy = B,/ (x,9(qo)) > O.
Thus the pair (dy, go) is a critical point for i. Moreover, since there exists a
nelghborhood B such that (p(q) > ¢(gp) on dB, it is p0551ble to find a nelghborhood
BcC la, b] x oM, (dy, qo) € B such that I(d q) > I(do qo) for (d, q) € 9B. Since,
in the subcritical case, by (i) of Proposition 5 we have

I.(d,q) = cp(e)+€l(d, q) +o(e),

we get that for ¢ sufficiently small there is a (d*, g*) € B such that Wear, g+ +Gear g+
is a critical point for /. Then, by (i) of Proposition 5, W4+ ¢+ + ¢gar o+ € His a
solution for problem (1-5) in the subcritical case.

The proof for the supercritical case follows in a similar way. O

4.3. Some technicalities. If U is a solution of (2-5), then the following hold:

(4-7) ft|VU|2dzdt:%/ U2(z,0) dz,
n Rn—]
+
(4-8) /t|VU|2dzdt=2/ 110, U* dz dt,
¢ "
(4-9) / § 10, U>dzdt = / U?(z,0) dz.
1 i=1 R

Proof. To simplify the notation, we set
n=(z,t) e R} where z € R"'and ¢ > 0.

The first estimate can be obtained by integration by parts, taking into account that
AU = 0. Indeed,

n
[ mivorsi==3>" [ vatnavisi=- [ vavs - [ nusves
+ =1 YRy + +

=L [ s vten=1 U%(z, 0) dz.
2 rJlr 2 Rnfl
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To obtain (4-8), we proceed in a similar way: since AU = 0 we have

-

n
=/ 2nn|8nU|25n+Z/ n2o U U 8
R =1 VR

1
= [ 2miauron+y [ aiaivuRsy
R R

=),

so (4-8) is proved. Now (4-9) is a direct consequence of the first two equalities. In
fact, by (4-8) we have

n
+

n
AUR3,U 8n = Zf QU [n29,U]8n
1=1 /R:

2nn|atU|26n—/ M| VU|* 81,

+ R

n—1
/nnIVUI25n=/ nn2|aiU|26n+f NuldaU|* 81
R%L . R
n—1 1
=f nn2|aiU|28n+§/ | VU 8n.
A R:
Thus,
n—1 1
2o 1 2
/RnnnZwiw 872—2/Rn M| VU 80,
+ i=1 +
and in light of (4-7) we get the proof. (]
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