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CONFORMAL DESIGNS AND
MINIMAL CONFORMAL WEIGHT SPACES
OF VERTEX OPERATOR SUPERALGEBRAS

TOMONORI HASHIKAWA

We give equivalent conditions for conformal designs of the minimal conformal
weight spaces of SVOAs, and show that if the minimal conformal weight space
of an SVOA forms a conformal 2m-design, then it also forms a conformal
(2m + 1)-design. Also, we derive trace formulae for the zero-modes of ele-
ments of the conformal weight 2 space on the minimal conformal weight space
when the minimal conformal weight space forms a conformal 4-design. As
an application of the trace formulae, we classify code SVOAs whose minimal
conformal weight spaces form conformal 4-designs. Moreover, we show that
the classified code SVOAs are of class S°.

1. Introduction

Vertex operator algebras (VOA) and vertex operator superalgebras (SVOA) have
deep connections to binary codes, integral lattices, and other combinatorial objects.
The notion of conformal designs was introduced in [H6hn 2008], and is an analogue
of the notions of combinatorial and spherical designs based on binary codes and
integral lattices, respectively. Also, an analogue of the theorems of Assmus and
Mattson [1969] and Venkov [2001] was presented in the same work. Due to this
result, we expect that analogues of other properties of combinatorial and spherical
designs hold in the theory of conformal designs. An integral lattice whose set of
minimum norm vectors is a spherical design has been studied in [loc. cit.]. As one
of the results, it was proved that an integral lattice whose set of minimum norm
vectors forms a spherical 4-design, which is called a strongly perfect lattice, is
isomorphic to the root lattices A1, Ay, Dy, Eg, E7, or Eg if its minimum norm is 2.
Also, strongly perfect lattices with minimum norm 3 have been classified in the
same paper. Due to these circumstances, we speculate that a structural symmetry
of an algebraic object is dominated by a subset which has a design structure. From
this point of view, our purpose of this study is to clarify how the symmetry of the
minimal conformal weight space of an SVOA influences a structural symmetry of
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the SVOA. VOAs of class S” with minimal conformal weight 2 have been discussed
in [Matsuo 2001]. The notion of VOAs of class 8" was introduced in the same
paper, and gives a sufficient condition that the minimal conformal spaces of VOAs
form conformal n-designs. The conformal designs have been studied in [ Yamauchi
2014] under the assumption for introducing the notion of extended Griess algebras.
Considering these known results, we maintain the theory of the minimal conformal
weight spaces of SVOAs and conformal designs. The following are the main results
obtained in Section 3 of this paper.

Main Result 1 (Theorems 3.5 and 3.6). Let V be an SVOA and | the minimal
conformal weight of V. Assume that |4 < 0o. Then the following hold:

(1) The space V, forms a conformal t-design based on the even part of V' if and
only if the t-th Casimir vector, introduced in [Matsuo 2001], belongs to the
sub-VOA V,, generated by the Virasoro element .

(2) If V,, is a conformal 2m-design based on the even part of V, then it is also a
conformal (2m + 1)-design.

By using the computation of traces and invariant bilinear forms in [ Yamauchi
2014], we have (1) of Main Result 1. The crucial point of the proof of (2) of
Main Result 1 is that the (2m + 1)-th Casimir vector can be determined from the
n-th Casimir vectors for n < 2m and the action of L(—1). Note that (2) is an
analogue of a well-known result in the theory of integral lattices and spherical
designs. Moreover, trace formulae of the zero-modes of elements of the conformal
weight-2 space on the minimal conformal weight space of an SVOA are obtained
when the minimal conformal weight space forms a conformal 4-design.

As another related topic of conformal designs and SVOA:G, there are classification
problems of SVOAs whose minimal conformal weight spaces form conformal
t-designs. This problem has been solved in [Hohn 2008] for the case that the
minimal conformal weight is 1 and ¢ = 6. More precisely, SVOAs with minimal
conformal weight 1 are isomorphic to lattice VOAs associated to the root lattices of
type A1 and Ey if the conformal weight-1 space forms a conformal 6-design. Also,
it was proved in [Tuite 2009] that a VOA whose 4th Casimir vector belongs to V,
is isomorphic to one of the simple affine VOA associated to the Deligne exceptional
series of the simple Lie algebras A, Ay, Gy, Dy, Fy4, E¢, E7, and Eg at level 1 if
the minimal conformal weight is 1. Using (1) of Main Result 1, this classification
result can be obtained under the condition that the conformal weight-1 space forms
a conformal 4-design. This result is actually an analogue of the result in [Venkov
2001], as already mentioned. Due to the classification in [Tuite 2009], one can
consider the classification problem in the case of SVOAs with minimal conformal
weight % and r = 4. The commutant superalgebra (see [ Yamauchi 2005]) of an
Ising vector in the lattice type VOA V% Eg is included in the list of candidates of
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SVOAs with minimal conformal weight % whose 4th Casimir vector belongs to V,
(see [Tuite and Van 2014]), and is isomorphic to the code SVOA V4, associated to
the Hamming code H4 (see [Miyamoto 1996a] for the definition of code SVOAsS).
The notion of SVOASs of class S” is an analogue of the ordinary notion introduced
in [Matsuo 2001] and gives a sufficient condition that the minimal conformal weight
spaces of SVOAs form conformal n-designs in the same way as the cases of VOAs
of class S™

In this paper, we show that V3, is of class S 5. Moreover, we classify code
SVOAs whose minimal conformal weight spaces form conformal 4-designs as an
application of the results in Section 3 and show that the classified code SVOAs,
which contain V3, are of class S>. We obtain the following.

Main Result 2 (Theorems 4.8 and 5.9). Let C be a binary code. Assume that the
minimal conformal weight |1 of the code SVOA V¢ is not co. Then:

(1) If (Vc)u forms a conformal 4-design based on the even part, then C is equiva-
lent to one of

{(01)’(11)}’ ﬂ:;? 587 E(H“-)’ H4, and ’;'\{4,

where Hum, E(Hm), Hm, and Eg are the Hamming code of length 2™ — 1, the
even subcode of Hy, the extended Hamming code of Hp,, and the set of all even
weight vectors in F8, respectively.

(2) The code SVOAs associated to the codes in (1) are of class S°.

We see that for a code SVOA the minimal conformal weight space forms a
conformal 4-design if and only if the SVOA is of class S°.

In the following, we sketch the proof of Main Result 2. Let C be a binary code
of length 7 and p the minimal conformal weight of V. Obviously, we can exclude
the case p > 2. Considering the trace formulae on the minimal conformal weight
space,n = 1,8, and 15if u = % 1, and %, respectively. In case u = % C must be
{(01), (1)} because it has a weight-1 vector. In cases u = 1, % and 2, we show
that (2, C(2w)) is a combinatorial 2-design if (V) is a conformal 4-design,
where Q, :={1,...,n} and C(2u) is the set of all weight 24 vectors in C. By this
resglt, Cx&ifu=1,and C = Hyif u= % Also, we have C =~ 7Tl3, E(Ha4),
or H4 by using fundamental techniques of algebraic coding theory and a list of
possible central charges of VOAs with p = 2 which is obtained in [Matsuo 2001].
Thus (1) of Main Result 2 holds. Now we turn to (2) of that result. Obviously,

1 11
Vion,any =L(3.00® L(3. 3)
is of class S*°. Note that the code SVOAs Vg, V%, and V;M have already been

proved; see [Maruoka et al. 2016; Hashikawa and Shimakura 2016]). Also, if V4,
is of class S°, then so is VE,) because VE(yy,) is the even part of V3,,. Hence
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it is sufficient to show that V3, is of class S°. Using the same method as in [Lam
et al. 2007, Propositions 3.13], one can show that the automorphism group of a
code SVOA is generated by o-involutions and the lift of the automorphism group
of the binary code if the minimum weight of the code is greater than or equal to 3.
Considering the action of a g-involution associated to an Ising vector of o-type
which is not included in the standard Ising frame of V3, we prove that V4, is of
class 8. Therefore, (2) holds.

This paper is organized as follows. In Section 2, we recall the notions of SVOAs
and Ising vectors of SVOAs. In Section 3, we recall the notions of conformal designs,
give necessary and sufficient conditions for conformal designs of minimal conformal
weight spaces, and show that conformal 2m-designs imply conformal (2m + 1)-
designs. Also, we give trace formulae on the minimal conformal weight space of
an SVOA by using the same argument as in [Matsuo 2001]. In Section 4, using
the trace formulae obtained in Section 3, we classify code SVOAs whose minimal
conformal weight spaces form conformal 4-designs. In Section 5, we show that the
code SVOAs associated to the codes in the classification of Section 4 are of class S>.

2. Preliminaries

In this section, we recall the notion of vertex operator superalgebras and Ising
vectors. Additionally, we show an analogue of [Hohn et al. 2012, Lemma 2.6],
which will be used in Section 3.

Vertex operator superalgebras. A vertex operator superalgebra (SVOA)
V=vlgV!
is a Z,-graded C-vector space equipped with a linear map

Y(-,2):V = End(V)[z,z" '], V> Z Vmyz !

nez

and two nonzero vectors 1 and @ in V'°, which are called the vacuum vector and
the Virasoro element, respectively, satisfying certain conditions; see [Frenkel et al.
1993; Kac 1998] for details. As one of the conditions, the Virasoro relation holds
onV: 3
[L(m). L)) = (m —n)L(m +n) + =55 Snn0¢

for m,n € Z, where Y(w,z) =),y L(n)z7"2, dij is the Kronecker symbol,
and ¢ € C is the central charge of V. The subspaces V° and V! are called the even
part and the odd part of V, respectively. Throughout the paper, we assume that an
SVOA V has the following grading:

Voz@v,, and V!= @Vn,

nel>q nel+7=¢
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where V}, is the eigenspace of the L (0)-operator with eigenvalue n. We also assume
that V is of CFT-type, i.e., Vo = C1. An SVOA V = VO @ V! is said to be a vertex
operator algebra (VOA) if V! =0. If u € V,,,, then we write wt(u) := m. Define the
zero-mode of a homogeneous element u by 0(u) := t(wi(u)—1)» and extend linearly.

Let V,, denote the sub-VOA of an SVOA V generated by the Virasoro element .
Then the minimal conformal weight of V is defined by min{n € $Z5¢ | Vu % (Voo )n}
if V#V, and oo if V = V,,. Since we assume that V' is of CFT-type, the minimal
conformal weight of V' is always greater than zero throughout this paper.

An element o of GL(V) is called an automorphism of an SVOA V if it satisfies

o(Umyv) =0 (U)myo(v) forall u,veV, meZ, and o(w)=w.
Let Aut(V') denote the group of all automorphisms of V.

Ising vectors of SVOAs. Let V be an SVOA. An element e € V5 is called an
Ising vector of V if it satisfies e(;)e = 2e, e3¢ = %1, and the subalgebra Vir(e)
generated by e is isomorphic to the simple Virasoro VOA L(%, 0) with central
charge % It is known that L(%, 0) is rational and has three irreducible modules

1 11
L(E’O)’ L(E’E)’ and L(z 16)
see [Dong et al. 1994, Theorem 3.4] for details. Let e be an Ising vector of V. Note

that {L(n) := e(,41) | n € Z} satisfies the Virasoro relation with central charge %
Since Vir(e) 2 L(%.0), we have a decomposition

V=Ve(0) & Ve(3) ® Velde).

where V, (k) for k € { , 2 16} is the sum of all irreducible Vir(e)-submodules
of V' isomorphic to L( k) Let 1 be the minimal conformal weight of V. Set

(2-1) W (k) :={u € Vy|o(e)u =kuj.
The following lemma is an analogue of [Hohn et al. 2012, Lemma 2.6].

Lemma 2.1. Let V be an SVOA and e an Ising vector. If u € {1} U (% + Zzo), then
Vie=Wi(©0) & Wi (3) ® Wi (7)-

Proof. Since o(e) preserves V), and acts semisimply on V, the space can be
decomposed into the direct sum of the eigenspaces of o(e). Let v € VM be an
elgenvector of o(e) with eigenvalue A. It is sufficient to show that A € { , 2 : 6} In
case [ € 2 +Z>o we have L¢(m)v € Vy_pym = 0 for m > 1, and hence Vir(e)v is a
Vir(e)-module whose top weight is A. Since Vir(e) = L(3,0), this case holds. For
w =1, wehave L¢(m)v € Vi_,, =0 for m > 2. If we suppose that L¢(1)v =0, then
this case also holds by using the same method as in the case of p € % +7Z>¢. We
show L¢(1)v =0. Suppose the claim is not true. Since o(e)L¢(1)v=(A—1)L¢(1)v
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and o(e)1 = e(1)1 = 0, we have A = 1. However, this contradicts the nonexistence
of an o(e)-weight-1 vector. O

Here, we give the definitions of Ising vectors of o-type and Ising frames, which
will be used later. An Ising vector e of an SVOA V is said to be of o-type if
Ve (1) = 0. For an Ising vector e of o-type, the linear map

1 V. (0),
Ue3:{ on V,(0)

(2 I on Ve(d).

is an automorphism of V; see [Miyamoto 1996b, Theorem 4.8]. A subset {el, e
of V, such that w = e! +--- + ¢” is called an Ising frame if €' is an Ising vector
of V foreach 1 <i <mand[Y (¢}, z), Y(e’,2)] =0 fori # j.

3. Conformal designs

In this section, we first review the notion of conformal designs, and obtain necessary
and sufficient conditions in the case where the minimal conformal weight spaces
of SVOAs form conformal designs. Also, we show that if the minimal conformal
weight space of an SVOA forms a conformal 2m-design, then it also forms a
conformal (2m + 1)-design. Afterward, we give trace formulae of the composition
of the zero-modes of elements of ¥, on the minimal conformal weight space when
the space forms a conformal 4-design.

Conditions of SVOAs. Set (" = e™ V=Ir for e Q, and let ¥V be an SVOA. A
bilinear form (- | -) on V is said to be invariant if it satisfies

Y(@a,z)u|v)= (u | Y(eZL(l)z_ZL(O){L(OHZL(O)Za, —z)v)

for a,u,v € V. It was proved in [Frenkel et al. 1993; Li 1994; Yamauchi 2014]
that any invariant bilinear form on an SVOA is symmetric and there is a one-to-one
correspondence between invariant bilinear forms and elements of the dual space
of Vy/L(1)V7. In this paper, we assume that V' has a nondegenerate invariant
bilinear form (- | -). Due to the results above, the bilinear form is unique up to
scalar since V is of CFT-type. Moreover, we assume that V' as a V,-module is a
direct sum of highest weight modules. Hence

V=@V
HG%ZZO

where V[n] is the sum of highest weight V,,-submodules of V' with highest weight
n € $7. Note that V[0] = V,, holds. We have the following lemma.

Lemma 3.1. The spaces V[0] and V[m] for m # 0 are orthogonal with respect
10 (-|-).
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Proof. Letn € Z>¢, u € V[0]NV,, and v € V[m]N V,. By the invariance of (- |-),
n+2n2

14

(3-1) IREDY 1] (LM W) @n-1-1)v).

£=0

Since V[m] is a V,-module, (L(I)Zu)(z,,_l_g)v belongs to V[m] N V; for each
£ > 0. Because Vy C V[0] and V[0] N V[m] = 0, the right hand side of (3-1) is 0.
Therefore, we have this lemma because (Vy | Vi) = 0 for k # k’. O

Define the projection map
7V =P Vil V[0] = Ve,
HG%ZZO
which is a V,,-module homomorphism.
Minimal conformal weight spaces and conformal designs. The notion of confor-
mal designs was introduced by Hohn in [2008].

Definition 3.2 [Hohn 2008, Section 2]. Let U be a VOA and M a U-module. An
L(0)-homogeneous subspace X of M is called a conformal t-design based on U
if tr|y 0(a) = tr|y0(;r(a)) holds for any a € Py, <; Un.

Let V=V%@® V! be an SVOA. Clearly, V° and V! are V°-modules. From
now on, we assume that the minimal conformal weight w of V' is not oo.

Remark 3.3. Assume that V' has an involution g. Set V* :={u eV | g(u) = +u}.
Yamauchi [2014] considered that the top weight space of V'™~ forms a conformal
design based on V% N V' under some assumptions, and obtained various results.
However, these results do not contain the general cases p € {% 1}. We are going
to include these general cases in our discussion.

By Lemma 3.1, (- | -) is also nondegenerate on (V,), and P,, where
Py:={ueVy|L(k)u=0 forall k € Z>o}.

Moreover, V), = (V) @ Py holds because

V=& vinl

I
ne5Z=o

Let {vi}fil be a basis of P, and {vi}fﬁl the dual basis of {vi}fﬁl with respect to
(+]+), where p, :=dim P,. We consider the vector

Pu
m._ su+2u? i )
A =¢ E Vapu—1—myVi € V-

i=1
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Note that ¢ “+2“2A’ﬁ is called the quadratic Casimir vector in [Tuite 2009; Tuite
and Van 2014]. We also note that if Ajj € V,,, then )» eV, for £ <m; see [loc. cit.].
Set gy := dim(V,),. Let {w,} be a basis of (Vw)u and {w' }q” the dual basis
of {w,} 2, with respect to (-] -). The following lemma holds.

Lemma 3.4. Let V be an SVOA with minimal conformal weight . Then
trly, o) = (=)™ @ | A1)
for a homogeneous element u € @nel>0 Vin].

Proof. Because {vi}fﬁl U {wi}fil is the dual basis of {vi}fﬁl U {w,-};.]il with
respect to (- | -),

Pu du
(3-2) trly, 0(0) = Y (0@)v’ |vi) + Y (o@w' | wy).

i=1 i=1
Since o(u)w' € D,~oVI[n] and w, € V0], the second summation of (3-2) is 0 by
Lemma 3.1, i.e., terMO(u) = 1—1 (o(u)v' | v;) holds. By the same computation
as in [ Yamauchi 2014, Section 4.1, Lemma 5], we obtain the statement. O

Set dy, :=dim V, let {“1}1—1 be a basis of V,, and let {u' } u , be its dual basis
with respect to (- | -). We also consider the following Casimir Vector (see [Matsuo
2001; Yamauchi 2014]):

dy
(3-3) k= (ANl s = M R Zw(m | —myWi € Vi,
i=1 i=1
We obtain the following equivalent conditions to define conformal designs. It
has already been discussed in [ Yamauchi 2014] for p € % +7Z>.

Theorem 3.5. Let V be an SVOA with minimal conformal weight 1. Then the
following are equivalent: (1) V), is a conformal t-design based on Vo (2) KL € Ve,
and (3) Ay € V.

Proof. By (3-3), (2) <= (3) holds. We show (1) <= (3). Leta € V. Set
a:=a—mn(a). Then tr|V o(a) = tr|V o(m(a)) + (—=1)(a | Al,) by Lemma 3.4.
Therefore, tr|VM0(a) = tr|VM0(n(a)) 1f and only if (@ | A w) = 0. We see from
Lemma 3.1 that (@ | A},) = 0 for any a € V2 if and only if A}, € V[0]=V,,. O

It is known that if the set of minimum norm vectors of an integral lattice forms
a spherical 2m-design, then it also forms (2m + 1)-design; see [Venkov 2001,
Section 5, p. 23]. The assertion of the following theorem is an analogy of this
particular result in the case of a conformal design. A method to prove this when
@ = 2 was mentioned briefly in [Matsuo 2001, Section 2, p. 573].
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Theorem 3.6. Let V be an SVOA with minimal conformal weight p. If V), forms
a conformal 2m-design based on the even part, then it also forms a conformal
(2m + 1)-design.

Proof. By the skew symmetry,

2m+1 __
Ky =
d
(_1)2u—(2m+1)+ﬁ ) M - ;
i LD (#2273 (DMl ) 01— emay 401 )
£20 ' i=1
where |a| equals 0 if « € V% and 1 if a € V1. Since |u’||u;| = 2« mod 2, we have
2m+1 _ N (=D 1) L D2+t
Ko = Z (=D«
£=0
Hence,
(2mEl = 1) £ 2m+1—L
(3-4) Kt =2 EZI L(—l) K .
>

If V. forms a conformal 2m-design based on the even part, then by Theorem 3.5
KS € Vyp for 1 <5 < 2m. Therefore, using (3-4) and Theorem 3.5, we are done. [

From now on, we assume that the central charge of an SVOA is neither 0 nor — 252.

This assumption implies that the degree m subspace of V,, with m < 5 has a basis
(Lm) e L1 | m =20y 22 SIny = m):

see [Kac and Raina 1987, Lecture 8].
We also assume that the bilinear form is normalized by (1| 1) = 1. The following
lemma holds.

Lemma 3.7. Let V be an SVOA, a,b € V,, m € Z>,, andn € Z. Then:
(1) (L(=m)1|apyb) = (2m—2)8p4n3(al b)—w%ﬁm@(l)a | L(1)D),
(2) (L(=2)*1|ayb) =2(a | w)(b | ®)+8(a | b) —4(L(1)a | L(1)b).
Proof. By the commutator formula, for k,{ € Z,
(3-5) [L(k),a)]
=(k—Ll+Dag4e + ( NLMa) to—1) + ( Nokte1(al w).

Since V is of CFT-type and has a nondegenerate invariant bilinear form, L (1) V7 =0.
We compute X := (L(—m)1|agb):

= | agL(m)b) + A |[L(m),ag)lb) (by invariance)
~—_—

=0
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= (m—n+ 11| aemimd) + ("3 A (L) gntn—1)b) (by (3-5))
= Sm4n,3(2m —2)(1 | a@yb) + ("THA | (L(Da) b))
(since (Vi | Vy) =0 if k #4)
= Smetn3(2m —2)(a | b) — PE=3H4 (L (1)a)_p1 | b))
(by invariance, L(1)V; = 0)
= Smns((2m —2)(a | b) — "2=3mE4 (L (1)a | L(1)b)).
(since (L(1)a)—21 = L(=1)L(1)a)

Hence, we obtain (1). Next, we show (2). By (1) for (m, n) = (2, 1), the invariance,
and (3-5),

(3-6) (L(=2)*1|ayb)
=2(a|w)(b|w)+8(a|b)—4(L(1)a| L(1)b)+3(w | (L(1)a))b).
We show (w | (L(1)a))b) = 0. By (3-5),
B-7) (@ |[[L(1),aq)lb) =4(a|b)—2(L(Ma | L(1)D) + (o | (L(1)a))b).
On the other hand, by (1) for (m,n) = (3, 0) and the Virasoro relation,
(3-8) (@ [[L(1),a(plb) = (L(=Dw | a)b) — (@ | aw)L(1)b)
=4(a|b)—2(L(1)a | L(1)D) —(w | awyL(1)b).
We see from (3-5), (3-7), and (3-8) that ( | (L(1)a)()b) is computed as follows:
(@ | (L(D)a))b) = —(w | ag)L(1)b)
=—(1[[L(2),a)]L(1)b)
==3(A|a@)L(1)b) + @ | (L(Da)q)L(1)b))
=-3(L(Da | L(1)b)+3(L(1)a| L(1)b) =0.
Therefore (2) holds by (3-6). O

Let V' be an SVOA with minimal conformal weight u € {%, 1, % 2}. We give
trace formulae of the zero-modes of elements of V, on V), by using the same method
as in [Matsuo 2001, Section 2.3]. Let a,b € V,, and w € V). In general, by the
Borcherds—Jacobi identity (see [Kac 1998]), for u, v € VO and p.q,r €72,

39 > (5)(”(r+€)v)(p+q—€)
€0

.
=Y (-D* (z) WU (p+r—0)V(q+0) — (1) Vg+r—0)U (p+0))-
=)
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By 3-9)for p=2,g=1,andr = —1,
2. 2
ambayw =) (g) (@1+pb0)-ow —anbew —benagw.
£=0

Therefore, 5

2
tly,0@0(6) = 3 (7)ol o0r(a 1408 ~ 28,200 B

£=0

if V,, forms a conformal 4-design based on the even part. Then, by Lemma 3.7 one
can compute the trace because 7 (a(—¢g41)b) € (Vo)a—¢. yielding

tly, o(L(=h1) = 3udy, trly, 0(L(=2)*1) = pdy (it +2) + ¢8y.,
trly, 0(L(=3)1) = —2pud,, trly, o(L(=2)1) = pdy.

Note that the cases u € % + Z=1 U {2} have already been obtained in [Matsuo 2001;
Yamauchi 2014].

Proposition 3.8 [Matsuo 2001, Theorem 2.1; Yamauchi 2014, Theorem 1]. Let V
be an SVOA of central charge ¢ with minimal conformal weight | € {%, 1, %, }

(1) If V. forms a conformal 2-design, then for a € V5,

2udy,
tr|VM0(a) =— (a | w).
(2) If Vy forms a conformal 4-design, then for a,b € V>,

2(pud, (2210 —c) — 5C25M,2) (@b
c(5¢+22)
2(pudy(c+6+8u) +8cdy )
B c(5¢+22)
4(pdy (S +1) 4+ 5¢8,,2)
c(5¢+22)

tr|VM0(a)o(b) =

(L(Ma | L(1)b)

(@] w)®|w).

Remark 3.9. The reason why we consider the cases where p € {% 1, % 2} is that
the trace of o(a) on V,, for a € V, is a multiple of pd,, because Vo = (V)2 if £ > 2.
Hence, we consider trace formulae on V,, in the cases u < 2 only.

Set dj (k) := dim W (k), where W (k) is defined in (2-1). The following
corollary holds. It has already been mentioned in the introduction of [loc. cit.] for
w=2.

Corollary 3.10. Let V be an SVOA with minimal conformal weight | € {%, I, %},
and e an Ising vector. If V, forms a conformal 4-design based on VO, then

dy(c(5c+22—61p) +2u (1961 —95))
c(5¢+22) ’

dg(0) =
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Also,
(3-10) d"’ 1 [Ldu(56ﬂ 3¢ —2) and d"’ 1 64;Ldu(c+3—7u)
c(5¢+22) 16 c(5¢+22)

Proof. Obviously, terMO(l) = d,,. Note that L(1)e = 0 since V is of CFT-type;
see [ Yamauchi 2004, Lemma 8.1.2]. Since (w |e) = (e | e) = l , by Proposition 3.8,

nd, (49 —2c¢ + 1)

pdy

tr|VM0(e) = and ter o(e)® = 4eGe 1 22)
By Lemma 2.1,
111 ds (0) dy
0 5 15 || 4B |= e
0@ Gl LGGe ] [ s
Therefore, we obtain this corollary by direct computation. O

The following corollary is obtained from (3-10) immediately.

Corollary 3.11. Let V be an SVOA of central charge ¢ with minimal conformal
weight u € {é 1, ;} and e an Ising vector of V. Assume that V,, forms a conformal
4-design based on the even part. Then ¢ = 7 — 3 if and only ifdﬁ(%) =0.

An R-form W of an SVOA V is an R-subalgebra of V' with the same Virasoro
element such that V = C ® W. As an application of the trace formulae, we have

the following theorem.

Theorem 3.12. Let V be an SVOA with minimal conformal wezght > and let W be
an R-form which has a positive definite invariant bilinear form. If Vij2 forms a
conformal 4-design based on the even part, then V is isomorphic to

L(3.0)®L(3 3)-
Remark 3.13. [Hohn 2008, Theorem 4.1(a)] shows that V, as in Theorem 3.12, is
isomorphic to L(%, 0)® L(%, %) if the minimal conformal weight space forms a

conformal 6-design. Hence, Theorem 3.12 is more general than the theorem in that
reference.

Proof of Theorem 3.12. Slnce the bilinear form is pos1t1ve definite on W, we can take
an orthogonal basis {x’ } 1/2 of W}/, such that (x' | x/) = —8,] Since V=CW,
{x! }:ii/lz is also a basis of V1/2 Set

el = —xé_z)xi and Lei(n) = e€n+1)
foreach 1 <i <d,;, andn € Z. Then foreach 1 <7 < dy /> we can check by direct
computation that {L¢ (1)},c7 satisfies the Virasoro relation with central charge %
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Since e, ..., ed1/2 belong to W, the vectors are Ising vectors; see [Miyamoto

1996b, Section 6, p. 540]. Also by direct computation,
LE'(0)x) = 18;;x7

for 1 <1i,j <dy/,. Because {xi}f;/lz is a basis of V5, the central charge of

Vs % by Corollary 3.11. Then by Proposition 3.8 we also have d;/, = 1 since

tr|Vl/20(ei )= % Since the central charge is % and w is the Virasoro element of W,

we may conclude that w is an Ising vector of V. Because the L(0)-weights of V/

are half-integers, V' = V[0] & V[%], where V[k] is the V,-submodule of V' defined

at the beginning of Section 3. Therefore,
V=Vo®V[5]=L(;.0)8L(3.7)

because V[0] =V, and d; /5 = 1. O

4. Conformal designs and code SVOAs

In this section, we first review the notion of binary codes and combinatorial designs.
Next, we recall the definition of code SVOAs, and classify the code SVOAs whose
minimal conformal weight spaces form conformal 4-designs.

Binary codes. A binary code C of length n is a subspace of F}. The support
supp(x) and the weight wt(x) of x = (x1,...,x,) € [} are defined by

supp(x) :={1<i<n|x; #0} and wt(x):=#supp(x),

respectively. A binary code C is said to be even if wt(c) € 27 for all ¢ € C. Let
(0") and (1) denote the vectors (0, ...,0) € F5 and (1,...,1) € F}, respectively.
The minimum weight of C is min{wt(c) | ¢ € C \ {(0™)}} if C # {(0"™)} and oo
if C ={(0")}. For x = (x1,...,Xn),y = (¥1,..., yn) € [}, let x x y denote the
vector (X1 y1,...,Xpyn) € F. For C abinary code with minimum weight d # oo,

L1451

(4-1) #HC<2" ) Y (':)
i=0

where | 2(d —1)] is the largest integer not greater than (d — 1). The upper

bound of #C is called the sphere-packing bound of C; see [Assmus and Key 1992,

Theorem 2.1.3]. It is easy to see that d is an odd integer if equality holds in (4-1).
Set T, := {(0%), (1*)}. Define the binary code Hyp form € Z>3 by

{(u,u+v)|ue&m-,ve Hone1},
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where & is the set of all even weight vectors in [Fg. Set
— 7 27 —1
Hm :={(c1,...,com—1) | (c1...,com) € Hy} C [FZ

for m € Z>,. The binary codes H,, and ”;flm are called the Hamming code of
length 2™ — 1 and the extended Hamming code of length 2™, respectively; see
[MacWilliams and Sloane 1977, Chapters 1 and 13]. Denote by E (%) the even
subcode of H,,. Note that the dimensions of H,, and H,, are 2™ —m — 1. The
following lemmas are obtained by a basic method of algebraic coding theory. For
the reader’s convenience we include the proof.

Lemma 4.1. Let m € Z>, and D a binary code of length 2™ whose minimum
weight is greater than or equal to 3. If D has a subcode equivalent to H,, then D
is equivalent to Hp,.

Proof. By (4-1),

m e 27 m
#D <27 /Z(i)<22 -,
i=0

Hence dim D is less than or equal to 2" —m — 1. Since dim Hpp = 2" —m—1, the
assertion holds. O

Lemma 4.2. Let m € 7>, and D a binary code of length 2" — 1 whose minimum
weight is greater than or equal to 3. If D has a subcode equivalent to E(Hy,),
then D is equivalent to E(Hy,) or Hp,.

Proof. We see from (4-1) that #D < 22m_1/ Z;:O (2mi—1) = 22"—1-m Hepce
dim D is 2™ — 1 —m or 2™ —2 —m because D has a subcode equivalent to E(H,).
Clearly, D is equivalentto E(Hj,) if dim D is 2™ —2—m. If dim D equals 2" —1—m,
then equality holds in (4-1). As already mentioned before, the minimum weight of
D must be an odd integer, and hence it must be 3. Thus D is a binary code of length
2™ — 1 whose dimension and minimum weight are 2" — 1 —m and 3, respectively.
It is known that such a code is equivalent to H,,; see [MacWilliams and Sloane

1977, Chapter 1, Section 7, Problem (28)]. Therefore, this lemma holds. O

Combinatorial designs and binary codes. Set Q, :={1,...,n}. Let k be a non-
negative integer such that k < n. Denote the set of all k-subsets of 2, by (S}c")
Let B be a subset of (slzc,,) A pair (R, B) is a t-(n, k, 1)-design if there exists a
constant A such that #{B € B| X C B} = A forall X € (%”) For D C F}, set
D(k):={u e D|wt(u) = k}. We often say that (2, D(k)) is a t-(n, k, A)-design
if the pair of Q, and {supp(u) | u € D(k)} forms a ¢-(n, k, A)-design. By using
a basic method for algebraic coding theory, the following proposition holds. We
include the proof for the reader’s convenience.
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Proposition 4.3. Let m € 7>, and C a binary code of length 2™ with minimum
weight 4. If (Qym, C(4)) forms a 3-(2™, 4, 1)-design, then C is equivalent to Hom.
Analogously, let C be a binary code of length 2™ — 1 with minimum weight 3. If
(Rom_1,C(3)) forms a 2-(2™ — 1, 3, 1)-design, then C is equivalent to H .

Proof. We show the H,m case only because the H,, case is obtained by the same
method. If we show that #([F%m/ C) = 2"*1 then we obtain the statement because
a binary code of length 2™ whose dimension and minimum weight are 2™ — 1 —m
and 4, respectively, is equivalent to ’;flm [MacWilliams and Sloane 1977, Chapter 1,
Section 9, Problem (41)]. Let u € [F%m such that wt(z) > 2. Then there exists
v € C(4) such that wt(u + v) < wt(u) — 2 because (2,m, C(4)) is a 3-(2",4,1)-
design. Hence, every element of [F%m/ C is represented by an element of weight
at most 2. Also, since the weight of the sum of vectors x, x" € I]:ém such that
wt(x) <1, wt(x") <2, and x # x’ is less than 4 and the minimum weight of C is 4,
x + C and x’ + C are distinct. Set X; :={y+C € [F%m/C | wt(y) = i}. By the
argument above, we have

F2"/C=XoUX; U X,, #Xo=1, and #X; =2"
Hence, it is sufficient to show that #X, = 2" — 1. Let y + C € X,. It is easy to
check that
(+CO)@2)={y}U{y+c|ceC(4) such that supp(y) C supp(c)}.
Hence, #(y + C)(2) = 2! because (Q,m, C(4)) is also a 2-(2,4,2m~1 —1)-
design [op. cit., Chapter 2, Section 5, Theorem 9]. Since
o= ] c+0®.
z+CeX,

1 (2”’

we have #X5 = 55— (%,

) = 2" — 1, completing the proof of this proposition. [
In order to prove our main result, we need the following two lemmas.
Lemma 4.4. Lett € Z>, and let C be a binary code of length n > 3 with minimum

weight t + 1. Then the cardinality of C(t + 1) is at most H—Ll (';) Moreover, equality

holds in the inequality if and only if (2, C(t + 1)) forms a t-(n,t + 1, 1)-design.
Proof. Consider the cardinality of

S = {X € (Qt") ! there exists u € C(¢ + 1) such that X' C supp(u)}.

Since ¢ > 2 and the minimum weight of C is# + 1, for X € (Qt") the cardinality of
{ueC(t+1)| X Csupp(u)} is at most 1. Hence

(4-2) s= 1] (Sum;(”)).

ueC(t+1)
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By (4_2)a

(':) >#s= Y #(S“plt’(”)) — ((+1)#C(+1).

ueC(t+1)

Therefore, the first claim of this lemma holds. Also, from (4-2), that equality
holds in the inequality if and only if (Q”) S. Hence we have the second claim
because (Q ) S implies that (2, C(¢ 4+ 1)) forms a t-(n, ¢ + 1, 1)-design. O

Lemma 4.5. Let C be an even code of length 2™ —1 (m > 2) with minimum weight 4.
If (Qaom_y1,C(4)) forms a 2-(2™ —1,4,2™~1 —2)-design, then C = E(Hn).

Proof. Set D := (C, (12" ~1))g, = C LI (12" ~1) 4 C). Note that if we show that
the minimum weight of D is 3 and (Q,m_1, D(3)) forms a 2-(2" — 1, 3, 1)-design,
then this lemma follows from Lemma 4.2 since the even subcode of D is C.

First we show that the minimum weight of D is 3. Fix X € (92’;‘—1). Set
Cx :={ueC4)| X Csupp(u)} and wy := ) _,cc, #. Letu,v € Cx such that
u # v. Then supp(u) Nsupp(v) = X because the minimum weight of C is 4. Since
(Qym_1, C(4)) forms a 2-(2"™ — 1,4, 2™~ — 2)-design, the cardinality of Cy is
2m=1 _ 2 and hence we have wt(wy) = 2" —4 and (12" 1) + wy € D(3). If
we suppose that D has a weight-1 vector v, then (12" ~1) + wy + v € D(2) for
Ye (QZ’;*I) such that supp(v) C Y, which contradicts D(2) = C(2) = @. Thus,
the minimum weight of D is 3.

Next we show that (2,m_1, D(3)) forms a 2-(2™ — 1, 3, 1)-design. Set zy :=
(12”1 + wy for X € (QZ”’ 1) Then wt(wy + wy) = 6 — 2 wt(zy * zy) for
X,Y € (92’" 1) Since C(2) = @, we have wt(zy * zy) < 1 if wy # wy, and
wt(zy * zy) = 3 if wy = wy. Because the support of zy * zy is

(Q2m_y \ supp(wyx)) N (2m_; \ supp(wy)),
we have wy = wy if and only if ¥ C Qpm_; \supp(wX) By this argument,
#wy | X € (P20-1)} is exactly 1(*";7!). Hence #D(3) > 1(*"7"). We see from
Lemma 4.4 that the assertion holds. O

Code SVOAs. Let X be the free fermlonlc SVOA of central charge ,ie, X =
L1, 0)@L(,1). et x*:= L(1,%) for k =0,1. Then X®" is anSVOAasa
tensor product of SVOAs. Set V¢ := X"‘1 Q@ X fora = (ag,...,an) € F}.
Note that V¥ is a V©")-module. For a binary code C of length n, set

Ve = ve.

aeC

which is a sub-SVOA of X ®”. The SVOA V¢ is called the code SVOA associated
to C; see [Miyamoto 1996a; Lam et al. 2007] for details. We remark that the
central charge of V¢ is half of the length of C. Let #° = 1 be the vacuum vector
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of X%and u! a highest weight vector of X! such that u%_z)ul = 2w, where w is
the Virasoro element of X°. For ¢ = (a1, ...,ay) € F?, set

(4-3) u =y Q- ---Qu e V%
Note that u“ is a highest weight vector of V% For 1 <i <n, set
=19 Rw® --®leV,

where the Virasoro element w of X is the i-th tensor factor. It is known that ¢’
is an Ising vector of o-type; see [Miyamoto 1996a]. Let (- | -) be the invariant
bilinear form on V¢ such that (1| 1) = 1. Then (¢’ | e/) = %5,- j obviously holds.
Set N := D <; j<on Z(xi + Xj), where {x; 2 is an orthonormal basis of R*".
Let (Vy)gr be the lattice VOA over R associated to N. In [Miyamoto 2004], it
was proved that if a binary code C of length n is even, then the code VOA over R
is embedded into the VOA (V]:,F)R &) \/—_I(V];)R, where (Vﬁ)u@ C (V)R is the
eigenspace of a lift of the —1 isometry of N with eigenvalue *1, respectively.
The VOA (VJ Y ® v—1 (Vy)w has a positive definite invariant bilinear form; see
[op. cit., Proposition 2.7]. Replacing N by L := @1221 Zx;, one can show the case
that C has an odd weight vector, and hence the following holds.
Proposition 4.6 [Miyamoto 2004, Corollary 3.6]. Let C be a binary code. Then V¢

has an R-form which has a positive definite invariant bilinear form. In particular,
Ve satisfies the assumptions in Section 3 on page 126.

Conformal 4-designs and code SVOAs. Let C be abinary code and p the minimal
conformal weight of the code SVOA V. Assume that y < co. We show that C is
equivalent to {(0'), (1)}, H3., Es, E(H4), Hg, or Hy if (Vc)u forms a conformal
4-design based on VC(.). The next lemma plays an important role in our main result.

Lemma 4.7. Let C be a binary code of length n and | the minimal conformal

weight of V. Assume that |y € {1, %, 2}. If (Vc)u forms a conformal 4-design

based on Vg, then (2, C(2u)) forms a 2-(n, 214, v)-design, where
b du(Sp+ 1) #CQ2p) +98ndy »

n(5n +44)
Proof. A basis of (V¢)y is given by
W | o e Cu)} it =13,
! |1 <i<miU{u®|aecC@) ifu=2,

where e’ and u® are defined in Section 4 on page 137. Let i, j € Q, with i # j.
Due to (¢! | e/) =0, L(1)e! = L(1)e/ = 0, and Proposition 3.8(2),
pdy (Sp+ 1) +5¢8, 2

4c(5¢ +22) ’

(4-4) tr|(VC)M0(ei)0(ej) =
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where c is the central charge of V¢, i.e., ¢ = % and

dy =dim(Ve), =#CQ2u) +ndy ».

On the other hand,
(4-5) ]y, 0(€Nole)) = g #{a € CQu) |i, j € supp(e)}
since

iu"‘ if i, j € supp(a),

and  o(e)o(e’)ek =0
0 otherwise, (e)ole’)

o(e")o(e!)u® = {

for ¢ € C and k € 2. It follows from (4-4) and (4-5) that

. _ pdy (Spe+1) +5¢8,,0
(4-6) #HaeC2up)|i,j €supp(a)} = (et 22)

_ApGSp+ D) #C2p) +98ndy, -
N n(5n + 44)

’

concluding the proof. O
One of our main results is the following.

Theorem 4.8. Let C be a binary code and |1 the minimal conformal weight of V.
Assume that p < oo. If (V) forms a conformal 4-design based on VY, then C is

equivalent to {(0"), (1)}, Hs, Es, E(Ha), Ha, or Ha.

Proof. Let n be the length of C. Note that i must be oo if u > 2, because
(Vc)2 = (V) implies that Ve = L(% 0) by the construction of code SVOAs.
Hence our assumption implies pu < 2.

Recall that the Ising vectors ¢’ are of o-type. We see from Corollary 3.11 that
the central charge is uniquely determined by u if u € {%, 1, %} In case u = %, the
central charge is % i.e., n = 1. Moreover the minimum weight of C is 1 because
(Vo)L = Spanc{u® | @ € C(1)}. Hence C must be {(01), (11)}. It follows from

Lemma 4.7 that (2, C(2u)) forms a 2-(n, 2, v)-design, where

b AuSpu+ 1) #C2u) +98ndy >
- n(5n + 44) ’

if pe{l,3,2}. Also, the length of C is 8 if =1, and 15 if = 3 by Corollary 3.11.
For u =1, C(2) is equal to [Fg (2) because (R2g, C(2)) forms a 2-(8,2,#C(2)/28)-
design. Hence (C(2))r, is equivalent to &, and so is C because the minimum
weight of C is 2. If u = %, then (215, C(3)) forms a 2-(15, 3, #C(3)/35)-design.
More precisely, (215, C(3)) forms a 2-(15, 3, 1)-design because the minimum
weight of C is 3. Then it follows from Proposition 4.3 that (C(3))r, is equivalent
to H4, and hence we have C = H4 by Lemma 4.2. In case p = 2, a list of possible
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pairs of the central charge and dim(V), has been obtained in [Matsuo 2001,
Section 3.2, Table 3.2] since the central charge is a half-integer. Using this list,
we obtain another list of possible pairs n and #C(4) since dim(V¢), = n + #C(4).
The two lists are given as follows:

¢ dim(Ve)a| ¢ dim(Ve), n #C4)| n #C(4)
19

4 22 |24 —, 8 14 [19 399

L1200 |10 685 15 105 |20 665

g8 156 | F 1491 16 140 |21 1470

However, (n, #C(4)) cannot be (19, 399), (20, 665), (21, 1470) because these pairs
do not satisfy the inequality in Lemma 4.4. By using Lemma 4.4 again, (g, C(4))
(resp., (16, C(4))) forms a 3-(8,4, 1)- design (resp., 3-(16, 4, 1)-design). Hence
it follows from Proposition 4.3 that (C(4))r, is equivalent to Hs (resp., Hy4). Since
the minimum weight of C is 4, C must be Hs (resp., Hy) by Lemma 4.1. Also,
by (4-6) the pair (215, C(4)) forms a 2-(15, 4, 6)-design if (n, #C(4)) = (15, 105).
We see from Lemma 4.5 that (C(4))r, is equivalent to E(?4). Hence C = E(H4)
by Lemma 4.2. This finishes the proof of the theorem. O

Remark 4.9. The p = % case in Theorem 4.8 has been obtained in Theorem 3.12.
Nevertheless, we provided a second proof, because this method is easier than the
method of Theorem 3.12 when we consider only code SVOAs.

Remark 4.10. It is known that Vg is isomorphic to the lattice VOA Vp, associated
to the root lattice of D4 type; see [Dong et al. 1998]. It was proved in [Tuite 2009,
Theorem 2.8] that a VOA with minimal conformal weight 1 whose 4th Casimir
element belongs to V,, is isomorphic to one of the level 1 affine VOAs associated
to the Deligne exceptional series of simple Lie algebras. Thanks to Theorem 3.5,
we see that this classification, which contains Vp,, can be obtained under the
condition that V; forms a conformal 4-design. In fact, Vp, is the only VOA in the
classification by [op. cit.] which is a code SVOA.

5. Code SVOAs of class S°

In this section, we show that the code SVOASs associated to the codes in Theorem 4.8
are of class S°. In particular, their minimal conformal weight spaces form conformal
5-designs.

SVOAs of class S™. The notion of SVOAs of class §” is an analogue of the notion
of VOAs of class S” introduced by Matsuo.
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Definition 5.1 [Matsuo 2001, Definition 1.1]. An SVOA V =V°@ V! is said to
be of class 8" if (V°)A"() coincides with V,, up to degree n subspace, i.e.,

(VOp) = (Vo) for 0<m <n.

Clearly, the definition above is the ordinary definition in [loc. cit.] when V is a
VOA. Note that the fixed point subspace of V! is always 0 since an SVOA has an
involution which is the identity on the even part and acts as —1 on the odd part.

Proposition 5.2 [Hashikawa and Shimakura 2016, Proposition 2.12]. Let U be a
VOA and W a sub-VOA of U with the same Virasoro element w. Assume that U is
completely reducible as a Vg, -module. If Wy, = (V)n, then Wy—1 = (Vy)u—1. In
particular, an SVOA V is of class 8" if V° is completely reducible as a V,,-module
and (Vo) = (V).

The following lemma holds.
Lemma 5.3. Let V = VO ® V! be an SVOA of class S™ Then:

(1) The even part VO is also of class S™

(2) The minimal conformal weight space of V forms a conformal n-design based
on VO

Proof. Since Aut(V) preserves V, there exists a group homomorphism

¢ Aut(V) — Aut(V0), g glyo.

Then we have Aut(V)/kerg = Im¢ C Aut(V°). Hence (1) is proved because
(Vo)A contains (VO)Au™), Also, since Ky € (VOAY) = (V,,),, we ob-
tain (2) by Theorem 3.5. O

Automorphism groups of code SVOAs. The symmetric group S, of degree n acts
onFj by o(x1,...,Xn) = (Xg-1(1)s - - s Xg—1(y)) foro € Sy and (x1, ..., xn) €FJ.
Let C be a binary code of length n. An element o € S}, is called an automorphism
of C if 0(C) = C. Let Aut(C) denote the group of automorphisms of C. Every
o € Aut(C) induces an automorphism & of V¢ [Miyamoto 1996a, Section 5]. We
call & a lift of 0. In particular, & acts as a permutation on V"), that is,

F'®---@v") = W W @™ for yl®...@v" e VO,

Set

8
(5-1) %= % > e+ é > (=P e vy
i=1 BeTiz(4)
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for o € [Fg. It is known that % is an Ising vector of o-type of V%; see [op. cit.].
Set v; 1= (0'"110"") e F4.

Proposition 5.4 [Matsuo and Matsuo 2000, Proposition 2.4.1; Miyamoto 1999,
Lemma 2.3]. The Hamming code VOA Vﬂs has exactly three Ising frames:

Iop:={e"|1<i<8}, I:={""|1<i<8}, and IL:={"""|1<i<8}.

Moreover, if f € Iq, then oy(Ip) = I if {a,b,c} = {0,1,2}, where oy is the
involution defined in (2-2).

Let C be a binary code. Set
D(C):={DCC| D= Hs and # (supp(a) Nsupp(D)) € 27 forall « € C},

where
supp(D) := U supp(d).
deD

Let 1(V¢) denote the set of all Ising vectors of o-type of V.

Proposition 5.5 [Lam et al. 2007, Proposition 3.8, Lemma 3.10]. Let C be a binary
code of length n whose minimum weight is at least 3, and f € I(Vc). If f &{e'}7_,,

then there exists D € D(C) suchthat f € Vp C Ve and f is of the form (5-1) in Vp.
Also, if f € Vp C Ve is an Ising vector of o-type for D € D(C), then f € [(V¢).

The following proposition for the VOA case has been obtained in [Lam et al.
2007, Proposition 3.13]. Using the same argument, one can also show the SVOA
case.

Proposition 5.6. Let C be a binary code whose minimum weight is at least 3. Then
Aut(Vc) is generated by {oy | f € I(Vc)} and the lift of Aut(C).

Examples of code SVOASs of class S3. The SVOA L(3.0) @ L(3. 1) is clearly of
class S°. Note that Vg, is isomorphic to the lattice VOA Vp,, and V3, and V3 are
isomorphic to the lattice-type VOAs V:}z D4 and V:}z Eg’ respectively; see [Dong
et al. 1998; Lam et al. 2007]. It was shown in [Maruoka et al. 2016; Hashikawa
and Shimakura 2016] that

+ +
VD4’ VﬁD4’ and VﬁEg

are of class S°. Therefore the code VOAs are also of class S°. By Lemma 5.3(2),
their minimal conformal weight spaces are conformal 5-designs. Hence we show
that the remaining code SVOAs Vg (3,) and V3, are also of class S 3,
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Note that 73 and H4 are generated by the rows of the following matrices.

0001 0001 0001 000 ]
0010 0010 0010 001
0100 0100 0100 010
1000 1000 1000 100

???? éééé 0101 0000 0101 000
(5-2) H3: | go11 o1 |© 4 | 1010 0000 1010 000 |.
0101 0101 1100 0000 1100 000

0000 1111 0000 000
1111 0000 0000 000
0011 0011 0000 000
| 0101 0101 0000 000 |

It is easily seen from (5-2) that D(H4) # @. Also, it is known that Aut(?4) acts dou-
bly transitively on €25 [MacWilliams and Sloane 1977, Chapter 13, Theorem 9.24,
and Problem (9)].

Theorem 5.7. The code SVOAs V3, and Vg3, are of class S 3
Proof. Obviously, VEg(,) is the even part of V3,. Now by Proposition 5.2 and

Lemma 5.3(1), it is sufficient to show that

(V£4 ?ut(V?—u) — (Vw)5~

A basis of (V)5 is given by {L(—5)1, L(—3)L(—2)1} because the central charge
of V3, is neither 0 nor —% (see Section 3.2). Note that for n € Z,

15
L(n)= ZLe’(n), where L¢(n) = e€n+1) for 1 <i <15.
i=1
Let P be the subgroup of Aut(V¢) generated by {o,: | 1 <i < 15}. Since o, acts
as (—1)"'@i) on V® for o € C, the fixed point subspace of P in (V¢)s is

Vfw)zuﬁﬁﬁﬂqL%—QLdGQﬂ‘lfhjflﬂo

Set X := Y13 L¢(—3)L¢(—=2)1. Then

i=1
L-3)L-)1=X+ Y LY(-3)L(-21
1<i#j=<15
The double transitivity of Aut(#H4) gives
VOO (L x, Y 131 a),
1<i#j<15
= (L(=5)1, L(=3) L(=2)1, X)c.
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Hence we also have (1/734 ?ut(VH“) C (Vu)s & (X)c because P and the lift of

Aut(H4) are subgroups of Aut(Vy,). We show X & (V724)’§‘m(V”4). Let D € D(H4)
such that supp(D) ={1, ..., 8}. By (5-2), we can take such a subcode. Let {f’.}igz1
and {g’ }f.;:l be distinct Ising frames of Vp except for {e’ }18:1 (see Proposition 5.4).
We see from Proposition 5.5 that f* and g* are also Ising vectors of o-type of V3.
By Proposition 5.4,

8 15
op1(X) = LE(=3)LE(-2)1+ Y L (=3)L° (-1,
i=1 i=9
where Lgi(n) = génﬂ) for 1 <i <8andn € Z. By direct computation, o1 (X) # X.
Therefore the assertion holds. O

Remark 5.8. As already mentioned before, the cases of V% and Vg, have already
been obtained in [Hashikawa and Shimakura 2016]. By using the same method as
in Theorem 5.7, one can also show these cases.

In conclusion, we obtain the following.

Theorem 5.9. The code SVOAs associated to the codes in Theorem 4.8 are of
class S°.

As a corollary of Theorems 4.8 and 5.9, the following holds.

Corollary 5.10. Let C be a binary code. Then the minimal conformal weight space
of V¢ is a conformal 4-design based on VCQ if and only if V¢ is of class S>.

Remark S.11. It is known that the code VOA Vg y,,) is isomorphic to the commu-

tant subalgebra of an Ising vector in the VOA V% Eg [Lam et al. 2007, Section 4
and Corollary 5.6].
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