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BITWIST MANIFOLDS AND TWO-BRIDGE KNOTS

JAMES W. CANNON, WILLIAM J. FLOYD, LEER LAMBERT,
WALTER R. PARRY AND JESSICA S. PURCELL

Though LeeR Lambert spent his life as an actuary and a musician and was a loving father
of nine girls and one boy, he had always wanted to earn an advanced degree as a math-
ematician. With the encouragement of his wife, he earned his Ph.D. in mathematics at
the age of 68. Many of the results of this paper appeared in his Ph.D. dissertation at
Brigham Young University. At the age of 71, LeeR died of bone cancer. We miss you, LeeR.

We give uniform, explicit, and simple face-pairing descriptions of all the
branched cyclic covers of the 3-sphere, branched over two-bridge knots.
Our method is to use the bitwisted face-pairing constructions of Cannon,
Floyd, and Parry; these examples show that the bitwist construction is of-
ten efficient and natural. Finally, we give applications to computations of
fundamental groups and homology of these branched cyclic covers.

1. Introduction

Branched cyclic covers of S* have played a major role in topology, and continue
to appear in a wide variety of contexts. For example, branched cyclic covers of S3
branched over two-bridge knots have recently appeared in combinatorial work bound-
ing the Matveev complexity of a 3-manifold [Petronio and Vesnin 2009], in algebraic
and topological work determining relations between L-spaces, left-orderability, and
taut foliations [Gordon and Lidman 2014; Boyer et al. 2013; Hu 2015], and in
geometric work giving information on maps of character varieties [Nagasato and Ya-
maguchi 2012]. They provide a wealth of examples, and a useful collection of mani-
folds on which to study conjectures. Given their wide applicability, and their con-
tinued relevance, it is useful to have many explicit descriptions of these manifolds.
We give a new and elegant construction of the branched cyclic covers of two-
bridge knots, using the bitwist construction of [Cannon et al. 2009]. While other
presentations of these manifolds are known (see, for example, [Minkus 1982;
Mulazzani and Vesnin 2001]), we feel our descriptions have several advantages.
First, they follow from a recipe involving exactly the parameters necessary to
describe a two-bridge knot, namely, continued fraction parameters. Our descriptions

MSC2010: 57M12, 57M25.
Keywords: bitwist manifolds, two-bridge knots, branched cyclic covers.
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apply uniformly to all two-bridge knots, and all branched cyclic covers of S*
branched over two-bridge knots.

Second, they are obtained from a description of a two-bridge knot using a very
straightforward bitwisted face-pairing construction, as in [Cannon et al. 2000; 2002;
2003; 2009]. Bitwisted face-pairings (read “bi-twisted”, as in twisted two ways)
are known to produce all closed orientable 3-manifolds. The examples of this paper
show, in addition, that bitwist constructions are often efficient and natural. While a
generic face-pairing will yield a pseudomanifold, which, with probability 1, will not
be an actual manifold [Dunfield and Thurston 2006], bitwisted face-pairings avoid
this problem. (We will review necessary information on bitwisted face-pairings,
so no prior specialized knowledge is required to understand our constructions.)

Third, our description leads to immediate consequences in geometric group
theory. We obtain a simple proof of the fact that the fundamental group of the
n-fold branched cyclic covering of S3, branched over a two-bridge knot, has a cyclic
presentation. Our description also gives immediate presentations of two well-known
families of groups, the Fibonacci and Sieradski groups. These are known to arise as
fundamental groups of branched cyclic covers of S* branched over the figure-eight
and trefoil knots, respectively. These groups have received considerable attention
from geometric group theorists; see, for example, [Cavicchioli et al. 1998] for
further references, and Section 6 for more history. Our methods recover the fact
that the first homology groups of Sieradski manifolds are periodic. We also give a
proof that their fundamental groups are distinct using Milnor’s characterization of
these spaces. We consider orders of abelianizations of Fibonacci groups as well.
These orders form an interesting sequence related to the Fibonacci sequence, which
we shall see.

1A. Bitwisted face-pairing description. We will see that the bitwist description
of any two-bridge knot is encoded as the image of the north—south axis in a ball
labeled as in Figure 1, along with an associated vector of integer multipliers. For the
branched cyclic cover, the description is encoded by adding additional longitudinal
arcs to the sphere. We now describe the construction briefly, in order to state the
main results of the paper. A more detailed description of the construction, with
examples, is given in Section 2.

Begin with a finite graph I in the 2-sphere S? = 9B that is the union of the
equator e, one longitude NS from the north pole N to the south pole S, and 2k > 0
latitudinal circles, such that I' is invariant under reflection

€:§* > &2

in the equator. Then I' divides S? into 2(k + 1) faces that are paired by €. This
face-pairing is shown in Figure 1.
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Figure 1. The model face-pairing: a faceted 3-ball with dotted
central axis and reflection face-pairing € : dB> — 9B°.

As with any face-pairing, the edges fall into edge cycles. The equator e forms
one edge cycle cg since the reflection € leaves e invariant. Each other edge of the
graph is matched with its reflection to form another edge cycle ¢;. We number these
edge cycles from 0O through 2k + 1, with even numbers associated with latitudinal
edges, as indicated in Figure 2.

Now choose nonzero integer multipliers, denoted mg, my, ..., mog, Mmogy1, for
the edge cycles ¢;. In the case at hand, restrict the choice of multipliers m; as
follows. Each latitudinal edge cycle c¢y; is assigned either +1 or —1 as multiplier.
Each longitudinal edge cycle ¢;; 11 may be assigned any integer multiplier mo;
whatsoever, including 0. The multiplier m15;41 = 0 is usually forbidden, but in this
case indicates that the two edges of edge-class cp;4+| must be collapsed to a point
before the bitwist construction is engaged.

Figure 2. The northern hemisphere, with edge cycles numbered.
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Finally, for the general bitwist construction, we obtain a closed manifold M (e, m)
by taking the following quotient. First, subdivide each edge in the edge cycle c;
into |¢;| - [m;| subedges. Insert an additional edge between each adjacent positive
and negative edge, if any. Then twist each subedge by one subedge in a direction
indicated by the sign of m;. Finally, apply the face-pairing map € to glue bitwisted
faces. This is the bitwist construction.

In Theorem 4.2, we prove that the bitwist manifold M (e, m) described above is
the 3-sphere S3. The image of the north—south axis in S is a two-bridge knot. In
fact, we prove more. Recall that every two-bridge knot is the closure of a rational
tangle. See [Kauffman and Lambropoulou 2002] for an elementary exposition.
A rational tangle is determined up to isotopy by a single rational number, which
we call the rational number invariant of the tangle. There are two natural ways
to close a tangle so that it becomes a knot or link, the numerator closure and the
denominator closure. The full statement of Theorem 4.2 is below.

Theorem 4.2. The bitwist manifold M (e, m) is the 3-sphere S*. The image of the
north—south axis in S* is the two-bridge knot which is the numerator closure of the
tangle T (a/b) whose rational number invariant a /b is

2-moy+ L

2-my+- 7
.

2emyt———
2-mop41

Remark 1.1. The 2’s in the continued fraction indicate that the tangle is constructed
using only full twists instead of the possible mixture of full and half twists.

Example 1.2. The simplest case, with only equator and longitude, yields the trefoil
and figure-eight knots, as we shall see in Theorem 4.1. Simple subdivisions yield
their branched cyclic covers, the Sieradski [1986] and Fibonacci [Vesnin and
Mednykh 1996] manifolds.

Definition 1.3. We say that the multiplier function m is normalized if
(1) mak+1 #0, and
(2) if mp;y1 =0forsomei € {0, ..., k— 1}, then my = my;1».

With this definition, the previous theorem and well-known results involving
two-bridge knots yield the following corollary.

Corollary 4.4. Every normalized multiplier function yields a nontrivial two-bridge
knot. Conversely, every nontrivial two-bridge knot K is realized by either one or
two normalized multiplier functions. If K is the numerator closure of the tangle
T (a/b), then it has exactly one such realization if and only if b> = 1 mod a.



BITWIST MANIFOLDS AND TWO-BRIDGE KNOTS 5

Notice that the n-th branched cyclic covering of S*, branched over K, can
be obtained by unwinding the description n times about the unknotted axis that
represents K, unwinding the initial face-pairing as in Figure 17. This leads to a
new proof of the following result, originally due to Alberto Cavicchioli, Friedrich
Hegenbarth and Ana Chi Kim [Cavicchioli et al. 1999a].

Theorem 5.2. The fundamental group of the n-th branched cyclic covering of S,
branched over a two-bridge knot K, has a cyclic presentation.

Problem 1.4. How should one carry out the analogous construction for arbitrary
knots?

1B. The Fibonacci and Sieradski manifolds. Since the knots in the face-pairing
description appear as the unknotted axis in B>, it is easy to unwind B* around the
axis to obtain face-pairings for the branched cyclic coverings of 3, branched over
the trefoil knot and the figure-eight knot. For the trefoil knot, the n-th branched
cyclic cover S, is called the n-th Sieradski manifold. For the figure-eight knot, the
n-th branched cyclic cover F), is called the n-th Fibonacci manifold. We will prove:

Theorem 5.4. The fundamental group i (F),) is the 2n-th Fibonacci group with
presentation

(X1, .00y Xop | X102 = X3, X2X3 = X4, ..., Xop—1X2n = X1, X2pX] = X2).
The fundamental group (Sy) is the n-th Sieradski group with presentation

Do s Yn I YI=D2Y0, Y2=D3V1, Y3 =Y4Y2, ++ s Yn = Y1Yn—1)-

Remark 1.5. The group presentations are well known once the manifolds are
recognized as branched cyclic covers of S, branched over the figure-eight knot
and the trefoil knot. But these group presentations also follow immediately from
the description of the bitwist face-pairings, as we shall see.

The first homology of the Sieradski manifolds has an intriguing periodicity
property, which is well known (see, for example, Rolfsen [1976]). In particular,
it is periodic of period 6. The following theorem, concerning their fundamental
groups, is not as well known; it is difficult to find in the literature. We give a proof
using Milnor’s characterization of these spaces.

Theorem 5.13. No two of the Sieradski groups are isomorphic. Hence no two of
the branched cyclic covers of S3, branched over the trefoil knot, are homeomorphic.

1C. Organization. In Section 2, we give a more careful description of the bitwisted
face-pairing, and work through the description for two examples, which will corre-
spond to the trefoil and figure-eight knots.



6 J. W. CANNON, W. J. FLOYD, L. LAMBERT, W. R. PARRY AND J. S. PURCELL

In Section 3, we recall many of the results in our previous papers [Cannon et al.
2003; 2009] to make explicit the connections between face-pairings, Heegaard
splittings, and surgery descriptions of 3-manifolds. We apply these to the examples
of bitwisted face-pairings given here, to give surgery descriptions. We use these
descriptions in Section 4 to prove that our constructions yield two-bridge knots.
The proofs of the main geometric theorems are given in this section.

In Section 5 we turn to geometric group theory. We prove that our presentations
easily lead to well-known results on presentations of fundamental groups. We also
give results on Fibonacci and Sieradski groups in this section.

Finally, Section 6 explains some of the history of these problems.

2. Bitwisted face-pairing: trefoil and figure-eight knots

In this section we step through the bitwisted face-pairing description more carefully.
We believe it will be most useful to work through a pair of examples. We will see in
subsequent sections that these examples lead to Fibonacci and Sieradski manifolds.

As an example, consider the simplest model, shown in Figure 3 (left). The
graph has three edges and three vertices, and divides the sphere into two singular
“triangles”, which are then matched by reflection € in the equator e.

Bitwisted face-pairings require an integer multiplier for each edge cycle. For this
simple model there are two edge cycles, namely the singleton ¢y = {e} and the pair
c1 = {Nv, Sv}. We will see that multiplying every multiplier by —1 takes the knot
which we construct to its mirror image. So up to taking mirror images, the two
simplest choices for multipliers are my = £1 for ¢y and m; =1 for ¢;. The bitwist
construction requires that each edge in the cycle ¢; be subdivided into |c;| - |m;|
subedges. When both positive and negative multipliers appear on edges of the
same face, we must insert an additional edge, called a sticker, between a negative

Figure 3. A faceted 3-ball with vertices N, v, and § and edges Nv,
Sv, and e (left), subdivisions for M, (middle), and subdivisions
for M_ (right).
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and positive edge in a given, fixed orientation of S?. We will use the clockwise
orientation.

With the facets modified as described in the previous paragraph, we are prepared
for the bitwisting. Twist each subedge of each face by one subedge before applying
the model map €. Edges with positive multiplier are twisted in the direction of
the fixed orientation. Edges with negative multiplier are twisted in the opposite
direction. The stickers resolve the twisting conflict between negative and positive
subedges. A sticker in the domain of the map splits into two subedges. A sticker in
the range of the map absorbs the folding together of two subedges.

We denote by M the face-pairing in which both multipliers are +1 and by M_
the face-pairing where one multiplier is 41 and the other is —1. The two results
are shown in Figure 3 (middle and right).

After this subdivision, the faces can be considered to have five edges for M
and seven edges for M_. Before making the identification of the northern face with
the southern face, we rotate the 5-gon one notch (= one edge = one-fifth of a turn,
combinatorially) in the direction of the given orientation on S? before identification.
We rotate the edges of the 7-gon with positive multiplier one notch (= one edge =
one-seventh of a turn, combinatorially) in the direction of the orientation before
identification. The edges with negative multiplier are twisted one notch in the
opposite direction. The stickers absorb the conflict at the joint between positive
and negative. Thus the face-pairings €, and €_ in terms of the edges forming the
boundaries of the faces are given as follows.

av e va aN Na
For M : : .
or M+ “+ (e va' a’S Sa’ a’v)

For M. - 6_:(av e vx xv va aN Na)‘

vx’ x'v e va a’'S Sa’ da'v

The bitwist theorem [Cannon et al. 2009, Theorem 3.1] implies that the resulting
identification spaces are closed manifolds, which we denote by F; for M and §;
for M_. We shall see that both of these manifolds are S3, and thus topologically
uninteresting. But as face-pairings, these identifications are wonderfully interesting
because the north—south axis from B> becomes the figure-eight knot K in F; and
becomes the trefoil knot K_ in S;. We prove this in Theorem 4.1.

3. Pseudo-Heegaard splittings and surgery diagrams

In order to recognize the quotients of B3 described in Section 1 as the 3-sphere
and to recognize the images of the north—south axis as two-bridge knots, we need
to make more explicit the connections between face-pairings, Heegaard splittings,
and surgery descriptions of 3-manifolds, described in our previous papers [Cannon
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Figure 4. The addition of new red arcs.

et al. 2003; 2009]. We use these connections to transfer knots from the face-pairing
description to the surgery descriptions.

3A. The pseudo-Heegaard splitting. We begin with the following information:

B: afaceted 3-ball which we identify with B3 = [0, 1]- S* (where - is scalar
multiplication).

I' C 3B = S*: the 1-skeleton of B, a connected, finite graph with at least
one edge.

A: the dual 1-skeleton, consisting of a cone from the center 0 of B to points
of 9B, one in the interior of each face of B.

N: aregular neighborhood of I" in dB.
Nr = [% 1] - N: aregular neighborhood of I" in B.
Na =cl(B — Nr): aregular neighborhood of A in B.

Add extra structure to N and Nt as follows.

First, from each vertex v of I', we extend arcs from v to d N, one to each local
side of I at v so that the interiors of these arcs are mutually disjoint. Label these
arcs red. Figure 4 shows this for the simplest model described above.

Next, momentarily disregarding both the vertices and edges of I', we view the
red arcs as subdividing N into quadrilaterals (occasionally singular at the arc ends),
every quadrilateral having two sides in d N and two sides each of which is the union
of two (or one in the singular case) of these red arcs, as on the left of Figure 5.

Every such quadrilateral contains exactly one edge of I'. We cut these quadrilat-
erals into half-quadrilaterals by arcs transverse to the corresponding edge of I" at
the middle of that edge. Label these transverse arcs blue. For the simplest model,
this is shown in Figure 5 (right).

If we cut N along the new red arcs and blue transverse arcs, multiply by the
scalar interval [43'1’ 1], and desingularize, we obtain cubes, each containing exactly
one vertex of I in its boundary. Endow these cubes with a cone structure, coned to
its vertex in I". See Figure 6.

Finally, we assume that € : 9 B — 90 B is an orientation-reversing face-pairing,
based on the faceted 3-ball B, that respects all of this structure as much as possible:
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Figure 6. The cone structure.

faces are paired; NV is invariant under the pairing; the regions bounded by the new
arcs, the transverse arcs, the boundary of N, and I' are paired by €; and cone
structures are preserved.

Definition 3.1. Let Cr be the union of the products of the transverse arcs with
[2.1]. Let Cao = No N (3B). Define Dr = Cr/e, Dy =Cp/€, Hr = Nr/e, and
Hpy = Na/e,and let 6 =dDa and y =0 Dr.

The following is essentially contained in [Cannon et al. 2003, Theorem 4.2.1].

Theorem 3.2. The space Hp is a handlebody with one handle for each face pair
of B. The set D, is a disjoint union of disks that form a complete set of handle
disks for Hp; the curves § form a complete set of handle curves.

The space Hr is a handlebody if and only if M(€) = B/¢€ is a 3-manifold. In
that case, Dr is a disjoint union of disks that form a complete set of handle disks
for Hr and y forms a complete set of handle curves. Whether M (€) is a manifold
or not, the disks of Dr cut Hr into pieces X;, each containing exactly one vertex v;
of M(e), and each X; is a cone v; S;, where S; is a closed orientable surface. The
space M (¢) is a manifold if and only if each S; is a 2-sphere. (The cone structure
on X; uses the cone structures of the pieces described above.)

Terminology 3.3. Even when M (¢) = B/¢ is not a manifold, we call the disks of Dp
handle disks for Hr and the curves y = d Dr handle curves for Hr. We call Hp
a pseudohandlebody and the pair (Hr, Ha) a pseudo-Heegaard splitting for M (¢).

All bitwist manifolds based on the face-pairing (B, €) have Heegaard splittings
and surgery descriptions that can be based on any unknotted embedding of Hpx =
Na /€ in S* =R U {oo}. The closure of the complement is then also a handlebody,
which we shall denote by H. We describe here a particular unknotted embedding
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Figure 7. The ball with chimneys N (left), and the handlebody Hx (right).

of Hp in S3, and illustrate with the constructions from Section 1A, especially those
of Section 2.

Note that Na = ([0, %] -S?H)U ([% 1]-Ca), where [0, %] -S2 is, of course, a 3-ball,
and [% 1] - Cp is a family of chimneys attached to that 3-ball, as in Figure 7 (left).

The space Hp is formed by identifying the tops of those chimneys in pairs. We
may therefore assume Hy, is embedded in S3 = R3 U {00} as shown in Figure 7
(right). We identify [0, 3) - S* with R? x (—o0, 0) C R®. The 2-sphere (3) - S?
minus one point is identified with R? x {0} C R3. The chimneys with tops identified
become handles.

3B. Pseudo-Heegaard splittings of our examples. For the constructions of Sec-
tions 1A and 2, we now determine the curves § and y on the handlebody Ha.
Begin with the simple face-pairing description of Section 2. The handlebody Ha
is embedded in R® U {oo} as above, with the plane R? x {0} identified with (3) - S*
minus a point. Sketch the graph (3)-T" on R? x {0}, with the vertex (3)-v at co, as in
Figure 8 (left). There is just one pair of faces, hence just one handle in this case, as
shown. Thus D, is a single disk with boundary 8, shown in the left side of the figure.
We need to determine the curves y = d Dr. Recall that Dr = Cr /¢, and the
disks Cr consist of the union of the products of the blue transverse arcs with [%, 1].

Figure 8. The graph (%) -I" and curve § for the simple example
(left), and the graph with curves y added in, running partly along
blue transverse arcs (right).
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Thus curves in y will contain blue transverse arcs, as well as arcs along the handles
of Ha, running from the blue transverse arcs to a curve §;.

In the case of the simple example, following the action of €, we see that the
transverse arc 7, dual to the edge e gives a single simple closed curve y, that
follows 7, then connects the endpoints of 7, via an arc that runs over the single
handle of Hx. The two transverse arcs dual to Nv and Sv are identified by €. Thus
endpoints of these arcs are connected by arcs running over the handle. We obtain a
simple closed curve y,. This is shown in Figure 8 (right).

The general picture, for the construction of Section 1A, follows similarly. We
summarize in a lemma.

Lemma 3.4. Let I" and € be as in Section 1A, with " the union of the equator e,
one longitude NS from the north pole N to the south pole S, and 2k > 0 latitudinal
circles, such that U is invariant under reflection € in the equator. Then the handle
curves on Hp for this face-pairing are as follows.

(1) There are k + 1 handles of Ha, corresponding to the k 4+ 1 regions in the
complement of I in the northern hemisphere, each running from the region
to its mirror region in the southern hemisphere. These give curves by, . . ., 8
encircling the handles.

(2) The transverse arc dual to the edge e gives a curve y,, with endpoints connecting
to itself over the handle corresponding to the faces on either side of e, which
are identified by €.

(3) Each latitudinal arc distinct from e, if any, is joined to its mirror over two
handles, one for each face on opposite sides of the latitudinal edge. These
give curves y,;, i =1, ..., k, with index corresponding to the edge label as in
Figure 2.

(4) Each transverse arc dual to a longitudinal arc is joined to its mirror over a
handle corresponding to the region on either side of that arc. These give curves
Yaiv1> 8 =0, ..., k, with index corresponding to edge label as in Figure 2.

Curves parallel to those of Lemma 3.4 are illustrated in Figure 9. These curves
have been pushed slightly to be disjoint, in a manner described in the next section.
3C. The surgery description. We assume now that we are given a bitwist construc-
tion based on (B, €). We are given the following information:

c1, ..., ck: the edge cycles of €.

m = {my,...,my}: a set of nonzero integer multipliers assigned to these
edge cycles.

€n 1 0B — 0B: the associated bitwist face-pairing.

M(e,m) = M(€,,) = B/€,,: the resulting bitwist manifold.
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Figure 9. The curves § and y in Hx. Curves § are shown in
blue, ¥, is in dark green at the bottom of the diagram, curves of y
corresponding to latitudinal transverse arcs are in green, and curves
of y corresponding to longitudinal transverse arcs are in red.

The set § = 0D, is a disjoint union of simple closed handle curves §y, ..., 8,
for Hx, one for each face pair of €. We first push each §; slightly into R~ H, to
a curve 8;. We let V; denote a solid torus neighborhood of 8; in R3~\ Hx, remove
it, and sew a new solid torus V/ back in with meridian and longitude reversed
(0-surgery on each §;). The curve §; now bounds a disk E;, disjoint from Ha,
consisting of an annulus from §; to 3V} and a meridional disk in V/. The result is a
new handlebody

H' =[cl(S*\Ha)~UV;]U[UV/]

with the same handle curves 61, ..., 8, as Hx and with handle disks Eq, ..., E,.
The union Hx U H’ is homeomorphic to (§? x S!) #. .. #(S? x S!).
The set y = 9 Dr is a disjoint union of simple closed curves y,, ..., y, on dH’,

one for each edge class of €. We push each Y, slightly into int(H’ )\(UVZ/ ) toa
curve y;. Oneach y; we perform Ik(y;, y;)+(1/m;) surgery. Note from Lemma 3.4
that in our applications, the curves y; will be unknotted and the curves y J/ will have
linking number O with them.

These surgeries modify H' to form a new handlebody H”. By [Cannon et al.
2009, Theorem 4.3], (Ha, H”) is a Heegaard splitting for M (¢, m) (or, because
of ambiguities associated with orientations, the manifold M (e, —m), with —m =
{—my, ..., —my}, which is homeomorphic with M (e, m)).
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For our purposes, it is important to see that these surgeries can be realized by an
explicit homeomorphism from H' to H” defined by Dehn—Lickorish moves. To
that end, we enclose yJ’. in a solid torus neighborhood U; that is joined to Y, by
an annulus A;. We remove U; and cut the remaining set along A;. Let A;. denote
one side of the cut. We may parametrize a neighborhood of A} by (0, s, t), where
0 € R (mod 27) is the angle around the circle Vi S € [0, 1] is the depth into H',
and ¢ € [0, 1] is the distance from A}. Then one twists this neighborhood of A}
by the map (0,s,1) = (0 + (1 — 1) - m; - 2m, s, t) before reattaching A;. to its
partner A}/ to reconstitute A;. This twisting operation defines a homeomorphism
¢ [H/\ (U Uj)] — [H/\ (U Uj)]. One then reattaches the solid tori U; via the
homeomorphisms ¢|;,, to form H ", with an extended homeomorphism ®: H'— H".
The homeomorphism @ is the identity except in a small neighborhood of y. The
new handle disks are ®(Ey), ..., D(Ey).

We apply this to obtain a surgery description for our construction. Recall from
Section 1A that our multipliers were chosen to be 1 on latitudinal edge cycles, and
any integer m; on longitudinal edges. We record the result in the following lemma.

Lemma 3.5. Let " and € be as in Section 1A, with handle curves as in Lemma 3.4.
Then the manifold M (e, m) has the following surgery description.

(1) There are k + 1 simple closed curves &, . .., 8, with each 8]/. parallel to §;,
pushed to the exterior of the handle of Hx. Each 8]/- has surgery coefficient 0.

(2) Each curve of y corresponding to a latitudinal edge class y,; appears with
surgery coefficient my; = £1,i =0, ..., k.

(3) Each curve of y corresponding to longitudinal edge class y,; has surgery
coefficient 1/my; 1. If one of these multipliers is 0, so that the edge collapses
to a point and disappears as an edge class, we retain the corresponding curve,
but with surgery coefficient (l) = 00. ([

The curves are shown in Figure 9.

3D. The knot as the image of the north—south axis. It is now an easy matter to
identify the image of the north—south axis in our bitwist constructions. In particular,
we want to recognize this curve in the associated surgery description of the manifold.
The portion of the curve in the handlebody Hx is obvious. That portion in the
handlebody Hr is simple, yet not so obvious. We need a criterion that allows us to
recognize it.

To that end, suppose that Hr is a pseudohandlebody with one vertex x. Recall
that Hp~\. Dr has a natural cone structure from x. We say that an arc « in Hp~\. Dr is
boundary parallel if there is a disk D in Hp~ Dr such that (0 D)N(int(Hr)) =int(c)
and (D) N (3 Hr) is an arc o’.
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Lemma 3.6. Suppose a,b € (0Hr)~Dr with a # b. Then the arc o = ax U bx
(using the cone structure) is boundary parallel, and any arc B that has a and b as
endpoints and is boundary parallel is, in fact, isotopic to «.

Proof. The set Dr is a disjoint union of handle disks for Hr, hence does not separate
9 Hr. There is therefore an arc o’ from a to b in (8 Hr)~ Dr. The disk x«’, which
uses the cone structure, proves that « is boundary parallel. If 8 is boundary parallel,
as certified by disk E and arc B’, we may first assume int(E) C int(Hp~ Dr), and
then we may straighten E so that, near (d Hr)\ Dr, E is part of the cone over f8'.
The arc 8 may be slid along E near to 8, then isotoped along the cone over B’
until it coincides with . O

In our construction, we are mainly interested in a curve of the form (OvUO w) /€,
where O is the center of B and v and w are vertices of I', all of which are identified
by €, to a single vertex x in Hr. The set (OvU Ow) N Hp is immediately apparent.
However, we must identify 8 = (vV'vUw'w)/€,,, where v’ = (%) vand w' = (%) -w.
The images of v and w in Hr are the single vertex x of Hr, and the image of
is a cone from x in the cone structure on Hr~\ Dr. Therefore, by Lemma 3.6, to
identify B it suffices to find a boundary parallel arc in Hr with endpoints v’ and w’.

The vertices v/ = (2) - v and w’ = (2) - w lie in R? x {0}, disjoint from the
disks (2) - Da, i.e., the attaching disks of the handles of D in R* x {0}. Hence,
there is an arc o’ in (R? x {O})\(%) - Da from v’ to w’. Take the product of o’
and a small closed interval with left endpoint O in R? x [0, 00) C R3. We obtain
a disk D in the handlebody H that is the closure of S*\. H,. This disk exhibits
the complementary arc @ C 0D as boundary parallel in H. We fix this arc and
construct the handlebodies H' and H”. Provided that the annuli and tori used in
constructing H’ from H are chosen close enough to the curves § = d D to avoid D,
the disk D will also certify that & misses the handle disks E; of H' so that « is
boundary parallel in H’. If the annuli A; and tori U; are chosen close enough to
y = dDr to avoid « (but not D), then the homeomorphism & : H — H” will
fix o and will take the disks E; to handle disks for H”, and the disk ® (D) will
show that « is boundary parallel in H”. Thus (Ov'U Ow’) U« represents the curve
(OvU Ow)/ey, as desired.

Now we add this axis to our surgery descriptions. For the simplest construction,
with equator e and longitudinal arc NS, and handle curves as shown in Figure 8,
the surgery description is obtained by pushing 8y slightly into H. Let N’ = (%) -N
and §' = (3)-Son (3)- T C R? x {0}. The arc (ON'U OS’) runs below the plane
R? x {0} in Ha. To find the arc «, we take an arc o’ from N’ to S’ in R? x {0}
disjoint from the handle, and, fixing the endpoints, push this above R? x {0} slightly.
By the above discussion, this gives the desired arc of the axis NS. The surgery

diagram and the axis are shown for this example in Figure 10.
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Figure 10. The surgery diagram for K., S;, and F;.

4. Two-bridge knots

In this section, we prove that the image of the NS axis in Figure 10 represents
the figure-eight knot in S* when the surgery coefficient is taken to be +1, and the
trefoil knot in S* when the coefficient is taken to be —1.

More generally, we prove that the NS axis in the general construction represents
a two-bridge knot in S°.

4A. Identifying the trefoil and figure-eight. We will modify the surgery diagram
of Figure 10 by means of Rolfsen twists. We remind the reader of the effect of
a Rolfsen twist. We assume we are given an unknotted curve J with surgery
coefficient p/q through which pass a number of curves, some of which are surgery
curves K; with surgery coefficients r;, and some of which may be of interest for
some other reasons, such as our knot axis. We perform an n-twist on J. The curves
passing through J acquire n full twists as a group. The curve J acquires the new
surgery coefficient p/(g + np); in particular, if p = 1, then a twist of —g will
change the coefficient to oo, and any curve with a surgery coefficient co can be
removed from the diagram. Finally, each surgery curve K; that passes through J
acquires the new surgery coefficient r; +n - 1k(J, K;).

Theorem 4.1. The surgery description of M (€, m) for the simple face-pairing of
Figure 3 (left) yields the manifold S®. The image of the north—south axis is the
trefoil knot when m = (—1, 1) and the figure-eight knot when m = (1, 1).

Proof. We apply Rolfsen twists to our surgery curves in the order y,, y,, and &’ to
change their surgery coefficients, one after the other, to co. We trace the effect on
the axis Ky, and show this in Figure 11.

In detail, we first perform a —1 Rolfsen twist on y,. This changes the surgery
coefficient on y, to 0o so that y; can be removed from the diagram. In the process,
one negative full twist is added to the axis representing K.
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Figure 11. Analyzing 1, F;, K_, and K.

We next perform a Rolfsen twist on y,, to change its surgery coefficient to co so
that it too can be removed from the diagram. If the coefficient on y,, was originally I,
this twist must be a —1 twist. If the coefficient on y,, was originally —1, this twist
must be a 41 twist. The coefficient of this twist is added to the 0 coefficient on
the 8’ curve. The axis is not affected.

Finally, we perform a Rolfsen twist on &', opposite to its surgery coefficient F1
so that its coefficient is changed to co. That makes it possible to remove &’ from
the diagram. Since the diagram is now empty, we can conclude that the quotient
manifold is S°.

This last twist adds a £1 full twist to the axis and results in either the trefoil knot
for the (—1, 1) multiplier pair or the figure-eight knot for the (1, 1) multiplier pair. [J

4B. The general case. Having analyzed the simplest model face-pairing, we pro-
ceed to the general case. Thus we consider the 2-sphere S? = dB> subdivided by one
longitude, the equator e, k > 0 latitudinal circles in the northern hemisphere, and
their reflections in the southern hemisphere. As usual, we pair faces by reflection
in the equator. There are k + 1 face pairs in this model face-pairing.

The general surgery description is given in Lemma 3.5, and illustrated in Figure 9.
Section 3D tells us how to recognize the image of the north—south axis in this
diagram. It is the union of a boundary parallel arc below the plane R? x {0}
from N’ to " and a boundary parallel arc above the plane R? x {0} from N’ to §'.
Straightening this axis curve and the surgery diagram, we obtain the diagram in
Figure 12.

Recall that the integers my; 4 are arbitrary — positive, negative, or zero. The
integers my; are either +1 or —1. Note that the surgery curves fall naturally into
three families, each with k 4+ 1 curves: the § curves, circling the handles with
surgery coefficients 0, the latitudinal curves, linking the O-curves together in a chain
and having coefficients 1/m,; = %1, and the longitudinal curves with coefficients
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Figure 12. The surgery diagram.

1/my;+1. Each of these curve families has a natural left-to-right order, as in the
figure. To simplify notation, we denote the latitudinal curves from left to right by
Ly, Lg—1,..., L1, Lo, and let the corresponding surgery coefficients be denoted
1/, 1/8x—1, ..., 1/¢;, 1/, respectively (so £; now replaces notation my;). We
denote the longitudinal curves from left to right by My, My_,, ..., M, My, and
renumber their surgery coefficients to be 1/my, 1/my_1,...,1/my, 1/my. We
denote the § curves from left to right by Oy, Ok_1, ..., Oy, Op, with surgery
coefficients 0. This decreasing order of subscripts is suggested by the usual
inductive description of a rational tangle and the associated continued fraction
lag,ai,...,a,] = a0+ 1/(a; + 1/(ax + --- + 1/a,)), where the coefficient a,
represents the first twist made in the construction and ag represents the last twist.
We now prove the following theorem.

Theorem 4.2. The bitwist manifold M (e, m) is the 3-sphere S°. The image of the
north—south axis in S* is the two-bridge knot which is the numerator closure of the
tangle T (a/b) whose rational number invariant a /b is

(20, 2mo, 2€1, 2my, . .., 20;, 2my],

or in continued fraction form,

2+ L
2-my+ 1
201+ I
2:m+—
Here £y, L1, £y, ... and mg, m, my, ... are the multipliers of the latitudinal and

longitudinal edge cycles, respectively.
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Figure 13. Removing the curve M adds —m horizontal twists.

Proof. We shall reduce the surgery diagram to the empty diagram by a sequence of
Rolfsen twists. This will show that the quotient manifold is S. We shall track the
development of the axis as we perform those twists and show that, at each stage, the
knot is a two-bridge knot. We perform the Rolfsen twists on curves in decreasing
order of subscripts in the following order: My, Ly, Ok, Mx_1, Ly—_1, Ok_1, etc., in
order to change surgery coefficients one after the other to co. Once a coefficient
is oo, that curve can be removed from the diagram.

There are two cases.

Case 1: If my =0, so that 1/my = 0o, we simply remove M} and the axis is not
affected. We may then remove L; and Oy without affecting the rest of the diagram
as follows. First, twist —¢; = 1 about Ly, to give L; a surgery coefficient of oo.
This allows us to remove L. It also links Oy and Oy_; and changes the surgery
coefficient on each from 0 to —¥, but it does not affect the axis or the other link
components. Now twist ¢; times about Oy. This allows us to remove Oy, returns
the surgery coefficient of Oy_; to 0, and leaves the rest of the diagram unchanged.
The diagram is now as in Figure 12, only with fewer link components. Thus we
repeat the argument with this new link component. By induction, either all m; = 0,
all link components can be removed, resulting in S® with the unknot as the image
of the axis, or eventually we are in case 2.

Case 2: If my # 0, we twist —my, times about M. The coefficient of M; then
becomes oo so that M} can be removed from the surgery diagram. This twists two
strands of the axis together as in Figure 13, introducing —2 - my half twists into the
axis (according to our sign convention). This twist has no effect on the other curves
in the diagram.

Note that the axis has formed a rational tangle at the top left of the diagram. To
identify the tangle, we will use work of Kauffman and Lambropoulou [2002], with
attention to orientation. Our twisting orientation agrees with theirs for horizontal
twists, and so at this point, the rational tangle has continued fraction with the single
entry [—2my].

The proof now proceeds by induction. We will assume that at the j-th step, we
have a surgery diagram with image of the axis with the following properties.
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(1) In the top-left corner, there is a rational tangle 7; with continued fraction
[—2m;, =2¢;, ..., =24k, —2my].

(2) Two strands run from the tangle through the link component O;.
(3) Link components My, Ly, ... through M; have been removed.

(4) To the right, the surgery diagram is identical to the original surgery diagram,
beginning with link components L; and running to the right through the
components My and L. That is, the link components are identical for this
portion of the diagram, and the surgery coefficients are also identical.

The next step is to remove link components L; and O;. This is shown in Figure 14,
for both cases £; = 1. Carefully, we twist —¢; times about L;. The coefficient
of L; then becomes oo so that L; can be removed from the surgery diagram. That
twist adds —¢; to the O surgery coefficients of O; and O;_; and links those two
curves together with overcrossing having sign equal to —¢;. This twist has no effect
on the axis. Now twist £; times about O;. The coefficient of O; then becomes oo
so that O; can be removed from the surgery diagram. The twist returns the surgery
coefficient of O;_; back to 0. The twist also adds 2-£; half twists to the two strands
of the axis that were running through O;. Note this yields a new rational tangle,
with a vertical twist added to the tangle 7;. Our twisting orientation for vertical
twists is opposite that of Kauffman and Lambropoulou [2002], and so the continued
fraction of this new tangle becomes T' = [-2¢;, —2m;, ..., —2{;, —2my].

We now need to consider M;_;. If m;_; = 0, so its surgery coefficient is oo,
we simply remove M;_; from the surgery diagram, and we have completed the



20 J. W. CANNON, W. J. FLOYD, L. LAMBERT, W. R. PARRY AND J. S. PURCELL

N
- Arha {7 hooee

e | — /_ —————

cl 'O u

Jur Jut )

\

Figure 15. Removing M;_; through twisting.

inductive step. Otherwise, we twist —m; times about M;, as in Figure 15, after
which four strands of the axis pass through O;_;. However, the central two strands
can be isotoped upward through O;_;. This adds —2m;_ horizontal crossings to
the tangle T, yielding a tangle 7;_;, and completes the inductive step.

After the final step j = 0, we have removed all M;, L;, O; from the surgery
diagram, yielding S°, and our axis has become the denominator closure of a rational
tangle T (c/d) with continued fraction

[—28o, —2my, ..., =24k, —2my] =

—24p+
—2mo+

By 1
—2m+—

The continued fraction begins with 1/(—2£p+- - - ) instead of —2-£¢+- - - because £
corresponds to a vertical twist. Loosely speaking, horizontal twists correspond to
addition and vertical twists correspond to addition and inversion. Hence our knot is

the numerator closure of the tangle 7' (a/b) with a/b = —d/c, as in the statement
of the theorem. U

Recall from Section 1 that a multiplier function m with values my, ..., mog41
is normalized if moy; # 0, and if my; 41 = 0 for some i € {0, ..., k — 1}, then

my; = my;+2. The following example helps to motivate this definition.

Example 4.3. Figure 16 shows an example arising from multipliers

meg=3, ms5=0, my =0, ms3 =2, my=-3, m =0, mg=2,
be=1, l=—1, ly=-1, L=-1, LH=1, =1, L=1.

In the notation of the previous paragraph, the multiplier function has values
Lo, mg, £y, my, ..., me This multiplier function is not normalized since €5 = —{¢
even though ms =0. As aresult, the second vertical twist cancels the first one, and so
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Figure 16. An example.

they can be eliminated. This is consistent with the fact that x +1/(0+1/y) =x+y,
so that a continued fraction with a term equal to O can be simplified. Also notice that
if mg = 0 instead of mg = 3, then the first three vertical twists can be untwisted, and
so they can be eliminated. This is consistent with the fact that x + 1/ (y + (—1)) =Xx.

Corollary 4.4. Every normalized multiplier function yields a nontrivial two-bridge
knot. Every nontrivial two-bridge knot K is realized by either one or two normalized
multiplier functions. Furthermore, if K is the numerator closure of the tangle
T (a/b), then it has exactly one such realization if and only if b* = 1 mod a.

Proof. Note that our construction allows us to obtain any two-bridge knot with a
rational invariant made only of even integers, by choosing m; = 0 appropriately. On
the other hand, it is a classical result that any rational number p/g with p odd and ¢
even has a continued fraction expansion of the form [2ay, ..., 2a,] with n odd.
This result can also be derived by a modification of the Euclidean algorithm. The
corollary then follows from Theorem 4.2 and standard results involving two-bridge
knots, many of which are contained in [Bleiler and Moriah 1988] and [Kauffman
and Lambropoulou 2002]. O

5. Cyclic presentations

Let M, (K,,) denote the n-fold branched cyclic covering of S, branched over the
two-bridge knot K, realized by the multiplier m. It is known (see [Cavicchioli
et al. 1999a]) that the fundamental group G, of M,,(K,,) has a cyclic presentation.
We shall show here that the bitwist representation of M, (K,,) easily leads to the
same result.
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Definition 5.1. Let X = {x|, ..., x,} be a finite alphabet. Let ¢ denote the cyclic
permutation of X that takes each x; to x;;, with subscripts taken modulo n. Let
W (X) denote a finite word in the letters of X and their inverses. Then the group
presentation

(X | W(X), p(W(X)), ..., " (W(X)))

is called a cyclic presentation.

Theorem 5.2. The fundamental group of the n-th branched cyclic covering of S,
branched over a two-bridge knot K, has a cyclic presentation.

Equivalently, the group G, = 7;(M, (K,,)) has a cyclic presentation. Before
giving the proof, we recall the algorithm that gives a presentation for the fundamental
group of the bitwist manifold M (e, m). We work with the model faceted 3-ball.
We assign a generator x(f) to each face f. We will need to assign a word W (£, e)
to each pair (f, e) consisting of a face f and boundary edge e of f, and a word
W (f) to each face f.

If f is a face, denote the matching face by f~!'. Then x(f~ 1) =x(f)"L. If f
is a face and e is a boundary edge of f, then there is a (shortest) finite sequence
(fse) = (f1,e1), (f2,€2), ..., (fr, ex) = (f, e) such that €(f;) takes e; onto e;
and takes f; onto the face across e; 1 from f;;;. We define W (f, e) to be the word
x(f1)-x(f2) - - x(fx—1). Finally, if f is aface and ey, ey, ..., e; are the edges of f,
in order, with assigned multipliers m, my, ..., m;, then we assign f the word

W) =W(f,e)™ - W(f,e)™ - W(f e)™.

The next lemma follows from standard results. See also [Cannon et al. 2002,
Theorem 4.8].

Lemma 5.3. The group (M (€, m)) has presentation

(x(f), f aface | W(f), f aface)

Proof of Theorem 5.2. We begin with a model faceted 3-ball and multipliers
Ly, mg, ..., L, my used to construct M;(K,,) in Section 4B. We take its n-fold
branched cyclic cover branched over the north—south axis. We label the faces of
the northern hemisphere x (7, j) as in Figure 17.

We use the same labels x (i, j) as group generators. The corresponding faces and
generators for the southern hemisphere are x (i, j)~'. We distinguish three types
of faces: those bordering on the equator, which are designated as type 0, those
touching the poles, which are designated as type 2, and all others, designated type 1.
We initially assume that k£ > 0 so that we don’t have faces that are both type O
and type 2. Since edge classes have size 1 or size 2, the words associated with a
face-edge pair have length 1 or length 2. Figure 18 shows edges of the three types
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Figure 17. The model for the n-fold branched cyclic cover, with
the face generators labeled x (i, j). Faces of type O are shaded
white, faces of type 1 are shaded light gray, and faces of type 2 are

shaded darker gray.
: : - .’ . .’ +1 71
x(0, Hx(,j+1) ! AUTRACY ) x(k,j)x(k—l,j)‘l
x(0, ) x(, J) x(k, j)
x(0, j)

—— (i, j)xG+1, )"
x(0, j)x(1, j)~! \ x(k, j)x(k, j+1)7!
\ x(i, xG, j—D" (

X

x(0,)x(0,j—1D~! x(@, Hxi—1,)7" (k, x(k, j—1)~"

Figure 18. A face of type 0, with face-edge words (left), a face of
type 1 (middle), and a face of type 2 (right).

of faces labeled with those face-edge words. These words are then raised to the
appropriate powers and multiplied together to give the word associated with the
corresponding face. We call these words R(i, j)’s since they are the relators of the
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fundamental group. We have

R(0, j) = [x(0, HI®[x(0, )Hx(0, j+1)~'1"
x[x(0, Hx(1, HTx(0, jx(0, j—D~'™,
RG, j) =[x, pHxG—1, )19 xG, Hx, j+1D)~'"
x[x (G, Hx+1, DT X G, PG, j— D™,
R(k, j)=[x(k, Hxk—1, 1% [x(k, Hx(k, j+D 71" Lk, jHxk, j—1)~".
We conclude that the fundamental group has a presentation

x@, )| RG,j),i=0,....k, j=1,....n).

Since each of the multipliers £y, £1, ..., £ is either +1 or —1, the letter x (1, j)jEl
appears at most once in the relator R(0, j). Similarly, the letter x (i, j)*! appears
at most once in the relator R(i — 1, j), fori =2, ..., k—1, and the letter x (k, j)jEl
appears at most once in the relator R(k —1, j). Hence, these relators may be solved
for x(1, j), x(2, j), ..., x(k, j) iteratively, and then these relators and generators
may be removed. The only generators remaining are the generators x (0, j), with
j=1, ..., n;and, with appropriate generator substitutions made, the only remaining
relators are the relators R(k, j). The presentation

(x@0, ) [ Rk, j), j=1,....n)

is clearly a cyclic presentation.
Finally, if k£ = 0O, then every face is both type 0 and type 2. In this case the
presentation is {(x (0, j) | R(0, j), j =1, ..., n), which is cyclic. O

5A. The Fibonacci and Sieradski manifolds. Recall from Section 1 that the n-th
branched cyclic cover S, of the trefoil knot is called the n-th Sieradski manifold. The
n-th branched cyclic cover F, of the figure-eight knot is called the n-th Fibonacci
manifold.

We illustrate the above group calculations by proving a well-known theorem.

Theorem 5.4. The fundamental group i (F),) is the 2n-th Fibonacci group with
presentation

(X1, .00y X0 | X1X2 = X3, X2X3 = X4, ..., X2p—1X2p = X[, X2,X] = X2).
The fundamental group 7(Sy) is the n-th Sieradski group with presentation

O s Yn [ YI=D2Y0, Y2=D3V1, Y3 =Y4Y2, +- s Yn = Y1Yn—1)-

Proof. The faceted 3-ball that serves as the model for the face-pairings is the same for
both manifolds; it is as in Figure 17 with k =0, so without interior latitudinal circles.
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For the Fibonacci manifolds, we label the faces of the northern hemisphere as
x(2),x(4),...,x(2n). All subscript calculations are modulo 2n. We obtain the
following cyclic presentation for the fundamental group:

(x2), x(@), ..., x2n) | x2j) - [xQ)xQ2j +2)7- [x2j)x(2j —2)7 '),

with j =1,2,...,n. We can then introduce intermediate generators x(2j — 1) =
x(2j —2)~!'-x(2j). The presentation becomes the standard presentation for the
2n-th Fibonacci group, as desired:

x(D), ..., x2n) | x(+2)=x)-x(i+1)).

For the Sieradski manifolds, we label the faces of the northern hemisphere as
y(1), y(2), ..., y(n). Subscript calculations are modulo n. We obtain the following
cyclic presentation for the fundamental group:

Y-y LyD T DyG+DTT-DyG =D j=1,.n),
or, reversing the order of the subscripts so that x(1) = y(n), ..., x(n) = y(1),
x(D),...,x(n) | x@)=x@—1)-xG + 1)),
the standard presentation for the n-th Sieradski group. (]

5B. Branched cyclic covers with periodic homology. In this section we consider
first homology groups of our cyclic branched covers of S3. This is a topic which
has received and still receives considerable attention. There are two very different
behaviors. The first homology groups of the n-fold cyclic covers M,, of S* branched
over a knot K are either periodic in n or their orders grow exponentially fast.
Specifically, Gordon [1972] proved that when the roots of the Alexander polynomial
of K are all roots of unity, then H, (M, Z) is periodic in n. Riley [1990] and,
independently, Gonzalez-Acuifia and Short [1991] proved that if the roots of the
Alexander polynomial are not all roots of unity, then the finite values of H (M,,, Z)
grow exponentially fast in n. Silver and Williams [2002] extended these results to
links and replaced “finite values” with “orders of torsion subgroups”. See also [Le
2009; Bergeron and Venkatesh 2013; Brock and Dunfield 2015] for more recent
results and conjectures on this topic.

We are particularly fascinated by the first homology of the branched cyclic covers
of S* branched over the knots that are two-strand braids. These knots are the only
two-bridge knots that are not hyperbolic.

The northern hemisphere of the model before bitwisting looks like Figure 17.
We construct the n-fold branched cyclic cover of S3, branched over a knot that is
a two-strand braid, by using k£ > 0 latitudes and n longitudes in the open north-
ern hemisphere, assigning multipliers —1 to the latitudinal edges, and assigning
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multipliers +1 to all longitudinal edges. We calculate the fundamental group as in
the proof of Theorem 5.2 and transform it into a cyclic presentation as explained
there. We then abelianize, and let ag, ay, . . ., ax+»> denote the exponent sums of
the generators in the defining cyclic word W.

We very briefly indicate by diagram how these integers may be computed. Every
relator corresponds to a diagram as follows:

j—1 j j+1
R(k, j) k 1 —1 1
k—1 -1
j—1 j j+1
i+1 —1
R(, j) i 1 0 1
i—1 —1
j—1 j Jj+1
1 —1
R©,j) O 1 0 1

We begin with the diagram for R(k, j) and use the diagrams for R(k — 1, j),
R(k—2, j),... to successively transform the entries in rows k, k —1,...,1to 0.
The defining cyclic word is the final result in row 0.

L 0 0 0
e B A S E R AL
-1 1 -1
0 0 0
0 0 0 0 0
I =1 —1+1+1 1—1+1 —1+1+1 -1 1
1 1 -1 1 -1

We find that the polynomial ag +ay -t + - - - + ax42 - t2k+2 is the cyclotomic
polynomial

l—t 2P g2kl g 242

(If 2k+3 > n, then the polynomial folds on itself because powers are to be identified
modulo n. However, once n > 2k + 3, there is no folding.)
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Remark 5.5. The computation indicated by the diagram is a continued fraction al-
gorithm. For the fundamental group of a general two-bridge knot, the corresponding
polynomial may be taken to be the numerator of the continued fraction

where

1

Qi(t)y =mit —({; + 411 +2m;))+m;t~ forO0<i<k-—1

and

Qu(t) = myt — (g +2my) +myt ™",

We shall prove that, for a given knot realized as a two-strand braid, the abelianiza-
tions of the fundamental group of the n-fold branched cover are periodic functions
of n. However, as a warm up, we use row reduction of the presentation matrix
to prove the much easier theorem that no two of the Fibonacci groups F(n) are
isomorphic for n > 1 since no two of the abelianizations have the same order.
Johnson [1976, page 35] poses this problem as an exercise and suggests using the
two-variable presentation of the group. We use the n-variable presentation and note
that the Fibonacci numbers fo =0, fi =1, f, =1, f3 =2, ... appear in a very
natural way. In this case we have the behavior of exponential growth of orders.

Theorem 5.6. Let
F(n) =(x1,x2, ..., X% | XiXj11 = Xi42 for all i),

with subscripts calculated modulo n. For odd n, the order of the abelianization is the
sum fn—1+ fur1 of two Fibonacci numbers. For even n, the order is f;,—1+ fn+1—2.

Remark 5.7. Recall that for even n these abelianizations are the first homology
groups of the Fibonacci manifolds. This theorem gives successive orders of
1,1,4,5,11, 16,29, 45,76, 121, . .. for the abelianizations of the Fibonacci groups.
It is clear from the definition of the Fibonacci numbers that these numbers are
strictly increasing after the numbers 1, 1. These numbers are also known as the
associated Mersenne numbers [Sloane and Guy 1991]. The sums f,_; + f,+1 are
also known as Lucas numbers.
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Proof. The presentation matrix has the form

(11—100--'000
01 1 -1 0--0 0 0
001 1-1 -+ 0 0 0
00 0 0 0 -~ 1 1-=1
-1 0 0 0 0 --- 0 1 1
1-1 0 0 0 0 0 1

The absolute value of the determinant of this matrix is the order of the abelianization
of the group unless the determinant is 0. In that case, the group is infinite. The goal
is to move the entries in the lower-left corner to the right by adding multiples of
the upper rows. These operations do not change the determinant.

We use the upper rows in descending order, with each successive row moving
the lower-left 2 x 2 matrix one column to the right. We first trace the evolution of
the two entries in the next-to-last row:

-1,0—-010,-)=>(2,)—=>3,-2) = (-5,3) > 8, =5 = ---.

The reader will easily identify the first in the k-th pair as (—1)* f;, and the second
as (—Dk-! fx—1. Since the second of these, namely (1, —1), coincides with the first
pair in the bottom row, we see that the bottom row evolves just one step ahead of
the next-to-last row. Thus after k moves, the 2 x 2 matrix evolves into the matrix

((—Dkfk (—1)“fk_1>
(=D fisr =Drfe )

which has determinant sz — fiq1 - fie1 = (=D, After the appropriate number
of moves, this matrix will be added to the matrix

11
01
from the lower-right corner to form the very last lower-right-corner matrix
((_1)kfk+1 (_1)k1fk—1+1)
D" fir DR+l )
The matrix then has determinant
e +2- (D" fo+ 1= Ufisr - fier + (D fegn]
= (D" 1+ (=D [ fi + fisal.

The absolute value of this determinant is the order of the abelianization, and since
the last value of k is n — 1, it agrees with the value claimed in the theorem. (]
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j+1 k
ao ag ay aj
ap aq ay Llj
a ar a - aj 0
aj O ap ai an aj
aj—1 4a; ap daj aj—1
al aj aj; ao

Figure 19. The relator matrix forn = j + 1+ k.

For the moment, we fix two integers j > 0 and k > 0, and let G, withn = j+1+k,
denote an abelian group with generators xg, X1, X2, ... such that x; = x;, and with
relators ag - x; +ay - Xj41 +---+a; - x;4; for each i. Then the group has a circulant
relator matrix of the form shown in Figure 19. In the following theorem we have
the behavior of periodic homology groups.

Theorem 5.8. Let j, k, and G, be as immediately above, so thatn = j + 1 + k.
Assume that p(t) =ap+ay-t+---+a;- t/ is a cyclotomic polynomial, by which
we mean that there is a polynomial q(t) = by + by -t + --- + by - t* such that
p(t)-q(t) =1—1tI*t Then the groups G, and G j1¢ are isomorphic.

Proof. We manipulate the relator matrix for G, 4 j;¢ using integral row and column
operations. See Figure 19. We use the rows at the top of the matrix to remove
entries from the triangle at the lower-left corner of the matrix.

Let x be such an entry in row R,. Let R, denote the row whose initial entry on
the diagonal is above x. Subtract from row R, the expression

X-[bo-Rp+b1-Rpp1+---+be- Rpiel.

The effect is to move entry x to the right j 4 € places. Similarly, we move all entries
in the lower-left triangle j + £ places to the right. Because ag = +1, we may use
column operations to make every entry to the right of the first j + £ ag’s equal to 0.
The lower-right n x n block of the resulting matrix is the relator matrix for G,,. The
theorem follows. (]
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Remark 5.9. The same calculation can be carried out if the polynomial is any
integer multiple « - p(¢) of a cyclotomic polynomial p(#), except that the diagonal
entries above the periodic box all become «’s. Thus the abelianization has a periodic
component together with an increasing direct sum of Z,’s. It can be shown that
these are the only polynomials with these periodicity properties.

Corollary 5.10. If K is a knot that is a two-strand braid and M,, is the n-fold cyclic
branched cover of S3 over K , then the homology groups Hi(M,,) are periodic in n.

Remark 5.11. Lambert [2010] explicitly calculated all of the homology groups of
the branched cyclic covers of S3, branched over knots that are two-strand braids.
These are the only two-bridge knots that are not hyperbolic. His tables give an
explicit picture of the periodicity we have just proved. Rolfsen [1976] notes that
the period for the trefoil is 6. We shall also see that as follows.

Proof of Corollary 5.10. It suffices to find the appropriate polynomials ¢(¢), and
thereby determine the period. If p(f) = 1 —t + 2, as for the trefoil, then the
appropriate ¢(t) of smallest degree is g(1) = 1 +¢ — > — t* so that the period is
2+4=6. With five half twists, p(t) = 1—t+t>—t3+t* and ¢ (¢) = 1+t —1>—1° and
the period is 446 = 10. Each added pair of half twists in the braid adds two terms to
p(t), multiplies the negative entries of ¢(¢) by 2, and increases the period by 4. [

Remark 5.12. By [Gordon 1972], the homology groups H;(M,) of the cyclic
branched covers M, of the complement of a knot K are periodic with period
dividing m if and only if the first Alexander invariant (the quotient of the first two
Alexander polynomials) of K is a divisor of the polynomial " — 1. Furthermore,
if the first Alexander invariant is a divisor of " — 1 and # is a positive integer, then
H{(M,) = Hi(M(,,)), where (m, n) is the greatest common divisor of m and n.
Since the first Alexander invariant of the trefoil knot is 1 —¢+#2, which divides 1% —1,
Gordon’s theorem shows that the first homology groups of the cyclic branched covers
of the trefoil knot are periodic with period 6 and H;(Sej4+2) = H1(Sej+4) for all j.

We use the calculation of the period of the trefoil in establishing the next theorem.

Theorem 5.13. No two of the Sieradski groups are isomorphic. Hence no two of
the branched cyclic covers of S3, branched over the trefoil knot, are homeomorphic.

Proof. Milnor [1975] defines the Brieskorn manifold M (p, ¢, r) to be the orientable
closed 3-manifold obtained by intersecting the complex algebraic surface given
by z¥ + 2% + 2§ = 0 with the unit sphere given by |z1|* + |z2|* + |z3]> = 1. Here
P, g, r should be integers at least 2. Theorem 2.1 of [Cavicchioli et al. 1998], by
Cavicchioli, Hegenbarth, and A. C. Kim, states that S, is the Brieskorn manifold
M (2, 3, n). This follows from the fact that S, is the n-fold cyclic branched cover
of S? branched over the trefoil knot, which is the torus knot of type (2, 3), and
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Lemma 1.1 of [Milnor 1975], which states that the Brieskorn manifold M (p, g, r)
is the r-fold cyclic branched cover of S* branched over a torus link of type (p, q).

The first few n-fold cyclic covers of S* branched over the right-hand trefoil knot
are discussed in Section 10D of Rolfsen’s book [1976], which begins on page 304.
Here are the results.

e n =1: The manifold S is the 3-sphere S3, andso G| = 1.
e n =2: The manifold S is the lens space L(3, 1), so G, = 7Z/37.

e n=3: The manifold §3 is the spherical 3-manifold with fundamental group G3
the quaternion group of order 8. It appears in Example 7.2 of [Cannon et al.
2002]. This group might be called the binary Klein 4-group.

e n=4: The manifold Sy is the spherical 3-manifold with fundamental group G4
the binary tetrahedral group.

e n=135: The manifold S5 is the spherical 3-manifold with fundamental group Gs
the binary icosahedral group. In other words, this is the Poincaré homology
sphere.

e n =6: The manifold S¢ is the Heisenberg manifold. Here

G6;<x»y[X,[x,y]]=[y’[x, )’]]= 1)

Milnor [1975] proves that M (2, 3, n), which we know is homeomorphic to S,,,
1s an §I:(2, R)-manifold for n > 7. It follows that G, ..., G¢ are distinct and
that they are not éi(Z, R) manifold groups. Because of this and Milnor’s result
that S, is an §I:(2, R)-manifold for n > 7, to prove that the groups G, are distinct,
it suffices to prove that the groups G, are distinct for n > 7.

As stated on page 304 of [Rolfsen 1976], for every positive integer n the first
homology group H(S,)is Z® 2,0, 2/3Z, 0t Z]2Z & Z/27Z when n =0, +1, +2,
or 3 mod 6. So to prove that Sieradski groups G,, and G, are distinct, we may
assume that m = +n mod 6.

For the rest of this section suppose that n > 7. Milnor [1975] (see the bottom
of page 213 and Lemma 3.1) proved that G, is isomorphic to the commutator
subgroup of the centrally extended triangle group

['Q2,3,0) =V, V2 V3 Vi =V5 = Vi = MVaVs)-

Let A(2,3,n) = (81,82, 83 : 87 = 85 = 8% = 818283 = 1), a homomorphic image
of I'(2, 3, n). The group A(2, 3, n) is the group of orientation-preserving elements
of the (2, 3, n)-triangle group. Let A’(2, 3, n) denote the commutator subgroup
of A(2, 3, n). We see that the quotient group A(2, 3, n)/A’(2, 3, n) is isomorphic
to the group generated by the elements (1, 0, 0), (0, 1, 0), and (0, 0, 1) in 73 with
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relations corresponding to a matrix which row reduces as follows:

— — —

=

S o =0
|

S oW

1 1 1 1 1 1 1 1 1
2 0 0 0-2-2 0-2-2
0 3 0 0 3 0 0 1-2
0 0 n 0 0 n 0 0 n
So A(2,3,n)/A (2,3, n) is a cyclic group of order k = GCD(6, n). This computa-
tion also shows that §; € A’(2, 3, n) if and only if n 2 0 mod 2, that 8, € A'(2, 3, n)
if and only if n # 0 mod 3, and that 8'3‘ is the smallest power of 83 in A’(2, 3, n).
In particular 8'3‘ is a nontrivial elliptic element of A’(2, 3, n). Every element of
A’(2, 3, n) which commutes with 8]3‘ must fix the fixed point of 8'3‘. It easily follows
that the center of A’(2, 3, n) is trivial, and in the same way that the center of
A(2, 3, n) is trivial.

Since the kernel of the homomorphism from I'(2, 3, n) to A(2, 3, n) is generated
by the central element y,y,y; and the center of A(2, 3, n) is trivial, it follows that
the kernel of this homomorphism is the center of I'(2, 3, n). So I'(2, 3, n) modulo
its center is isomorphic to A(2, 3, n). Similarly, G, modulo its center is isomorphic
to A'(2, 3, n).

Now suppose that n = £1 mod 6. Then G, modulo its center is isomorphic to
A'(2,3,n) = A(2, 3, n). The largest order of a torsion element in A(2, 3, n) is n.
So G, and G, are distinct if m =n = +1 mod 6. Next suppose that n = +2 mod 6.
In this case the largest order of a torsion element in A’(2, 3, n) is n/2. So G,
and G, are distinct if m =n = +£2 mod 6. The same argument is valid if n =3 mod 6.
Finally suppose that n =0 mod 6. In this case neither §; nor 8, are in A’(2, 3, n). In
this case every torsion element in A’(2, 3, n) is conjugate to a power of 8¢, which
has order n/6. Again G,, and G, are distinct if m =n =0 mod 6. O

6. History

There is a large literature concerning the Fibonacci groups, the Sieradski groups,
their generalizations, cyclic presentations of groups, the relationship between cyclic
presentations and branched cyclic covers of manifolds, two-bridge knots, and
their generalizations. We are incapable of digesting, let alone giving an adequate
summary of, this work. We plead forgiveness for having omitted important and
beautiful work and for misrepresenting work that we have not adequately studied.

6A. The Fibonacci groups. John Conway told the first-named author of this paper
that he created the Fibonacci group F(5), with presentation

(X1,..., X5 | X1X2 = X3, X2X3 = X4, X3X4 = X5, X4X5 = X|, X5X] = X2),
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and asked that his graduate students calculate its structure as an exercise to demon-
strate that it is not easy to read the structure of a group from a group presentation.
For example, our straightforward coset enumeration program creates four layers
and more than 200 vertices before the coset graph collapses to its final 11 ele-
ments. Conway [1965] presented the calculation as a problem. The definition was
immediately generalized to give the group F'(n). Coset enumeration showed that
F(n) is finite for n < 6 and for n = 7. The Cayley graph for group F(6) can be
constructed systematically and recognized as a 3-dimensional infinite Euclidean
group. Roger Lyndon proved, using small cancellation theory, that F'(n) is infinite
if n > 11 (unpublished). A. M. Brunner [1974] proved that F(8) and F(10) are
infinite. George Havas, J. S. Richardson, and Leon S. Sterling [Havas et al. 1979]
showed that F(9) has a quotient of order 152 - 518 and, finally, M. F. Newman
[1990] proved that F(9) is infinite. Derek F. Holt [1995] later reported a proof by
computer that F(9) is automatic, from which it could be seen directly from the
word-acceptor that the generators have infinite order.

At the International Congress in Helsinki (1978), Bill Thurston was advertising
the problem (eventually solved by Misha Gromov) of proving that a group of
polynomial growth has a nilpotent subgroup of finite index. The first-named author
brought up the example of F(6) as such a group. Thurston immediately recognized
the group as a branched cyclic cover of S3, branched over the figure-eight knot.
And before our dinner of reindeer steaks was over, Thurston had conjectured that the
even-numbered Fibonacci groups were probably also branched cyclic covers of S,
branched over the figure-eight knot. This conjecture was verified by H. M. Hilden,
M. T. Lozano, and J. M. Montesinos-Amilibia [Hilden et al. 1992] and by H. Helling,
A. C. Kim, and J. L. Mennicke [Helling et al. 1998]. C. Maclachlan [1995] proved
that, for odd n, the group F'(n) is not a fundamental group of a hyperbolic 3-orbifold
of finite volume.

6B. Sieradski manifolds. The Sieradski manifolds have a similar rich history, but
not one we know as well. They were introduced by A. Sieradski [1986], who used
the same faceted 3-ball that we employ, though his face-pairings were different.
Richard M. Thomas [1991] showed that the Sieradski groups, which he calls G (n),
are infinite if and only if n > 6 and that G (6) is metabelian. Cavicchioli, Hegenbarth,
and A. C. Kim [Cavicchioli et al. 1998] showed that the Sieradski manifolds are
branched over the trefoil knot.

6C. Cyclic presentations. Cyclic presentations are particularly interesting because
of their connections with branched cyclic coverings of 3-manifolds. Fundamental
results about cyclic presentations appear in the book Presentations of groups by
D. L. Johnson [1976, Chapter 16]. Arye Juhész [2007] considered the question of
when cyclically presented groups are finite. Andrzej Szczepanski and Andrei Y.
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Vesnin [2000] asked which cyclically presented groups can be groups of hyperbolic
3-orbifolds of finite volume and which cannot. Cavicchioli and Fulvia Spaggiari
[2006] showed that nonisomorphic cyclically presented groups can have the same
polynomial.

6D. Dunwoody manifolds. M. J. Dunwoody [1995] managed to enumerate, with
parameters, a large class of 3-manifolds admitting Heegaard splittings with cyclic
symmetry. The fundamental groups were all cyclically presented. He observed that
the polynomials associated with the cyclic presentations were Alexander polyno-
mials of knots and asked whether the spaces were in fact branched cyclic covers
of S°, branched over knots or links. Cavicchioli, Hegenbarth, and A. C. Kim
[Cavicchioli et al. 1999a] showed that the Dunwoody manifolds included branched
covers with singularities that were torus knots of a specific type. L. Grasselli and
Michele Mulazzani [2001] showed that Dunwoody manifolds are cyclic coverings
of lens spaces branched over (1, 1)-knots. Cavicchioli, Beatrice Ruini, and Spag-
giari [Cavicchioli et al. 2001] proved Dunwoody’s conjecture that the Dunwoody
manifolds are n-fold cyclic coverings branched over knots or links. Soo Hwan Kim
and Yangkok Kim [2004] determined the Dunwoody parameters explicitly for a
family of cyclically presented groups that are the n-fold cyclic coverings branched
over certain torus knots and certain two-bridge knots. Nurullah Ankaralioglu
and Huseyin Aydin [2008] identified certain of the Dunwoody parameters with
generalized Sieradski groups.

6E. Two-bridge knots. The first general presentation about the branched cyclic
coverings of the two-bridge knots seems to be that of Jerome Minkus [1982]. A very
nice presentation appears in [Cavicchioli et al. 1999b], where cyclic presentations are
developed that correspond to cyclically symmetric Heegaard decompositions. In that
paper, Cavicchioli, Ruini, and Spaggiari showed that the polynomial of the presenta-
tion is the Alexander polynomial. They use the very clever and efficient RR-system
descriptions of the Heegaard decompositions. They pass from the Heegaard de-
compositions to face-pairings and determine many of the geometric structures.
Mulazzani and Vesnin [2001] exhibited the many ways cyclic branched coverings
can be viewed: polyhedral, Heegaard, Dehn surgery, colored graph constructions.

In addition to these very general presentations, there are a number of concrete
special cases in the literature [Bleiler and Moriah 1988; Kim et al. 1998; Kim
2000; Kim and Kim 2003; 2004; Jeong 2006; Jeong and Wang 2008; Grasselli and
Mulazzani 2009; Telloni 2010].

Significant progress has been made beyond the two-bridge knots. Maclachlan
and A. Reid [1997] and Vesnin and A. C. Kim [1998] considered 2-fold branched
covers over certain 3-braids. Alexander Mednykh and Vesnin [1995] considered
2-fold branched covers over Turk’s head links.
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Alessia Cattabriga and Mulazzani [Mulazzani 2003; Cattabriga and Mulazzani
2003] developed strongly cyclic branched coverings with cyclic presentations over
the class of (1, 1) knots, which includes all of the two-bridge knots as well as many
knots in lens spaces. P. Cristofori, Mulazzani, and Vesnin [Cristofori et al. 2007]
described strongly cyclic branched coverings of knots via (g, 1)-decompositions.
Every knot admits such a description.
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RECOGNIZING RIGHT-ANGLED COXETER GROUPS
USING INVOLUTIONS
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We consider the question of determining whether or not a given group
(especially one generated by involutions) is a right-angled Coxeter group.
We describe a group invariant, the involution graph, and we characterize
the involution graphs of right-angled Coxeter groups. We use this char-
acterization to describe a process for constructing candidate right-angled
Coxeter presentations for a given group or proving that one cannot exist.
We apply this process to a number of examples. Our new results imply sev-
eral known results as corollaries. In particular, we provide an elementary
proof of rigidity of the defining graph for a right-angled Coxeter group, and
we recover an existing result stating that if I' satisfies a particular graph
condition (called no SILs), then Aut’(Wr) is a right-angled Coxeter group.
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1. Introduction

Given a finite simple graph I, the right-angled Coxeter group defined by T is the
group W = Wr generated by the vertices of I". The relations of Wr declare that the
generators all have order 2, and adjacent vertices commute with each other. Right-
angled Coxeter groups (commonly abbreviated RACG) have a rich combinatorial
and geometric history [Davis 2008]. The particular presentation specified by I
is called a right-angled Coxeter system. When encountering a group generated
by involutions, a natural question is to ask whether or not this group might be a
right-angled Coxeter group, and if so, how to identify the preferred presentation.

MSC2010: primary 20F55, 20F65; secondary 05C75.
Keywords: Coxeter group, involutions, graph theory, automorphisms.
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The main objective of this paper is the development of a recognition procedure
that successfully answers this question for certain families of groups. Although the
procedure may be applied more generally, our applications focus primarily on two
classes of examples. Given a right-angled Coxeter group Wr, we consider

(1) extensions of Wr by subgroups of Out’(Wr), and

(2) subgroups of Wr generated by chosen sets of involutions.

(Recall that Aut’(Wr) consists of the automorphisms of Wr which map each gen-
erator to a conjugate of itself, and Out’(Wr) is the quotient Aut®(Wr) / Inn(Wr).)
In each of these cases, we give examples of groups which are right-angled Coxeter
and examples which are not. For those cases which are right-angled Coxeter, our
procedure produces the preferred presentations. We show:

Theorem 1.1 (p. 57). Suppose xi1, ..., xx are pairwise commuting partial conju-
gations of the right-angled Coxeter group Wr such that whenever x; and x; have
the same acting letter, their domains don’t intersect. Then G = W X (x1, ..., Xk)
is a right-angled Coxeter group. Further, writing S;  {x1, ..., xx} for the set
comprising those partial conjugations with acting letter a;, we have

{all_[xi,...,anHXi}U{X1,---,Xk}

Xi€S1 Xi €Sy
is a Coxeter generating set for G.

If a group G has only 2-torsion, and G is not a right-angled Coxeter group, then
G is not a Coxeter group. So our procedure may in fact enable one to show that
a given group is not a Coxeter group. Cunningham [2015] has used some of the
methods described here to show that OutO(W,,) for n > 4 is not a Coxeter group. (W,
is the universal Coxeter group whose defining graph has n vertices and no edges.)

Given a group G, the involution graph A¢ of G is the group invariant defined
as follows: the vertices in Ag correspond to the conjugacy classes of involutions
in G; vertices are adjacent when there exist commuting representatives of the
corresponding conjugacy classes. In general, this invariant is unwieldy. It may be
infinite, and even when it’s finite, it may be impossible to construct. Nevertheless,
for certain classes of groups the invariant promises insights. Like any invariant,
it can allow us to distinguish between groups. It also carries information on the
automorphism group of G. Since an automorphism must permute conjugacy classes
of involutions and must preserve commuting relations, Aut(G) acts naturally on Ag.
The kernel of this action is therefore a natural normal subgroup of Aut(G), and has
finite index in Aut(G) when Ag is finite.

The involution graph for a right-angled Coxeter group Wr is easily constructed
directly from I': the vertices in Ay correspond to cliques in I'; vertices are adjacent
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when the union of the corresponding cliques is also a clique. When constructed in
this manner, we denote the graph I'x and call it the clique graph for I. Tits [1988]
proved that the kernel of the action Aut(W) © Aw has a natural complement, which
is therefore a finite subgroup of Aut(Aw). Thus the involution graphs of right-
angled Coxeter groups are significantly more tractable than the involution graphs of
arbitrary groups, and may be more convenient for certain purposes than the defining
graph I'. Aaron Meyers, in his undergraduate thesis under the supervision of Piggott,
began to explore some properties of clique graphs and how to recover their base
graphs. (As this work is unpublished, new proofs are given in the following sections.)

The reader may compare our use of the clique graph and involution graph to
the use of the clique graph, extension graph, and commutation graph in [Kim and
Koberda 2013] in the context of right-angled Artin groups. Our use of the term
and notation for the clique graph comes from that reference. In addition, Kim and
Koberda define the extension graph I' of T" and the commutation graph of a subset
S C A(T") of elements of the right-angled Artin group. The vertices of I'® are the
words in the right-angled Artin group A(I") which are conjugate to a vertex of I,
and two such vertices are connected by an edge if they commute with one another.
More generally, the commutation graph of S has vertices given by the elements
of S, and two of these are connected by an edge if they commute with each other.

It is straightforward to define the extension and commutation graphs in the context
of right-angled Coxeter groups. Note that the vertices of I'¢ are the individual
group elements, not conjugacy classes, so that I'® is infinite whereas Ay, is finite.
Moreover, ['® does not contain words that are only conjugate to a product of pairwise
commuting generators, so it is not the case that Ay, is a quotient graph of I'*.
[Kim and Koberda 2013, Theorem 1.3] states that, given graphs A and T, if A is
contained in I'%, then A(A) < A(I"). The analogous statement about right-angled
Coxeter groups is certainly false, and a counterexample is provided by

Doo=Wa={a,b|a>=b*>=1).

The defining graph I" consists of two vertices with no edges. The extension graph I'*
has countably many vertices and no edges, but D, cannot contain subgroups which
are free products of more than two copies of Z/2Z. If we replace the extension
graph with the involution graph Ay, in [Kim and Koberda 2013], the claim would
still be false: Aw, contains cliques which are larger than any clique in I'.

Finally, we note that the involution graph A of a group which is not a right-
angled Coxeter group may not be a commutation graph on any subset {g1, . .., g,} of
elements. A priori, it could be the case that there is no single collection of elements,
one from each conjugacy class, which simultaneously exhibit all commuting and
noncommuting relationships dictated by the involution graph. (When Wr is a
right-angled Coxeter group, Ay, is the commutation graph on the set of products
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of pairwise commuting generators.) It may be that the techniques of [Kim and
Koberda 2013] could be adapted to the case of right-angled Coxeter groups, but
as the current paper focuses on the recognition problem, we have not considered
questions of embeddability.

In Section 2, we summarize our recognition procedure, which attempts to con-
struct right-angled Coxeter presentations for a given group. This procedure relies
on many facts about clique graphs and involution graphs which, for clarity of
exposition, are only stated in that section. Detailed proofs have been relegated to
Section 4 at the end of the paper. Section 2 contains all necessary definitions and
results to understand the applications in Section 3.

In Section 3, we apply our procedure to several first examples of potential right-
angled Coxeter groups. Section 3A collects examples of families of groups which
are right-angled Coxeter. I' is said to contain a separating intersection of links
(SIL) if, for some pair of vertices v and w with d(v, w) > 2, there is a connected
component of I' \ (Lk(v) NLk(w)) which contains neither v nor w. Otherwise, we
say I' contains no SILs. Section 3A also gives a new, shortened proof of [Charney
et al. 2010, Theorem 3.6]: that Aut®(Wr) is right-angled Coxeter if I' contains no
SILs. Section 3B shows several examples of groups which we prove cannot be
right-angled Coxeter. This includes, in particular, an iterated extension

G
(Wr x Z/27) x7 /27
—_———
H

in which H is not right-angled Coxeter, but G is. We also note that Aut’(W5) is
not right-angled Coxeter, answering a motivating question for the authors.

Section 3C states some results that essentially identify features of a given graph A
which indicate that W, has a semidirect product decomposition Wy = Wr x H,
where H < Out’(Wr). The results of this section follow from those in Section 3A
quite easily, and the semidirect product decompositions are certainly not unique.

Section 4 presents detailed proofs for many facts stated without proof in Section 2.
In this section, we present a characterization of those finite graphs which arise as
clique graphs (i.e., a characterization of those graphs which arise as the involution
graphs of right-angled Coxeter groups). We present a collapsing procedure to
recover I from 'k, and we establish the correctness of our recognition procedure
for constructing right-angled Coxeter presentations.

Finally, in Section 5 we give many follow-up questions which may be approach-
able using our recognition procedure. These include the question of characterizing
those subgroups H < Out’(Wr) such that Wr x H is again right-angled Coxeter,
and determining when the involution graph of a subgroup H < G can be calculated
easily from the involution graph of G.
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2. A summary of the recognition algorithm

In this section, we present the definitions and basic properties of the clique graph,
star poset, and involution graph constructions. We state one of our main theorems
characterizing those finite graphs which arise as clique graphs, and we describe a
procedure which recovers a graph I' from its clique graph I'x. Finally, we prove
several algebraic results about right-angled Coxeter groups which allow us to modify
this procedure to seek right-angled Coxeter presentations of a given group. Many
of the proofs of this section are elementary or nongeometric in nature, so they have
been pushed to Section 4 at the end of the paper, where the interested reader will
find all of the details. In this section, we present only the definitions and statements
of results necessary to understand the applications in Section 3.

A finite simple graph I' = (V, E) is an ordered pair of finite sets. We require
that V, the set of vertices, is nonempty and E, the set of edges, consists of 2-element
subsets of V. We say a, b € V are adjacent if {a, b} € E. All graphs we consider
in this paper will be undirected and have finitely many vertices, no loops, and no
parallel edges. We will use the notation

Lk(v) ={w eV |{v,w} e E}
for the link of v and
St(v) = Lk(v) U {v}
for the star of v.
Definition 2.1. Let I" be a graph. A clique in I" is a nonempty subset of pairwise
adjacent vertices. The clique graph of T is the graph I'y = (Vg , Eg) whose vertices

correspond to the cliques of I'. Two vertices of I'x are adjacent if the union of the
corresponding cliques in I is also a clique. Figure 1 depicts an example.

The relation v ~ w when St(v) = St(w) is an equivalence relation on V (I").
Write [v] for the equivalence class of v. Declaring that [v] < [w] if St(v) C St(w)
we define a partial ordering, and we write P(I") for the poset of star-equivalence
classes of vertices in I

{as, a3}
{a1, az, a3}
a as {as)
{a1, a3}

{a1}

{a, ap} \ ” @
{as}

Figure 1. A graph I' (left) and its corresponding clique graph [k (right).

as aj
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Throughout this paper, we will write I', I, ..., I for the maximal cliques of I'.
If1c{l,2,...,r}, then
I =(\n
iel
is the corresponding intersection of maximal cliques.

Definition 2.2. A vertex v € I' is called minimal if it is contained in a unique
maximal clique. Given J C {1,2,...,r}, we say v is J-minimal if there is no
J' D Jsuchthat Ty CT;and v € Ty,

Theorem 2.3 (p. 64). Let I'' be a graph. There exists a graph T such that T' = T'g
if and only if the following three conditions are satisfied.:

(1) Maximal clique condition (MCC): For all I, there exists some k; such that
Ty =2k —1.
(2) Minimal vertex condition (MVC): Each nonempty intersection I'; contains
some J-minimal vertex vy.
(3) Inclusion-exclusion condition (IEC): For each J ,
> =D <k
12J

Moreover, if I'" is a clique graph, then the graph I" such that I'" = Iy is unique.
The following procedure, which we call the collapsing procedure, recovers I'
from I'", We may write I' = C(I").

Theorem 2.4 (p. 68). Let I'" be a graph which satisfies the MCC, MVC, and IEC.
Then there is a unique (up to isomorphism) graph U such that T’ is isomorphic to
k. Moreover, the following collapsing procedure produces the graph I if it exists.

(1) Initially, let V = {}.

(2) Let [w] € P(I") be a class such that every class [v] with [w] < [v] has already
been considered. Write
Sw= [ Il

[v]=[w]

Then there is some k such that |S,,| = 2% — 1. Let k' be the number of vertices
of Sy, which are already contained in V. Choose k — k' vertices of [w] to add to
the vertex set V.

(3) Repeat the previous step until all classes of P(I'") have been considered.

(4) Return the graph C(I'") which is the induced subgraph of T on the vertex set V.
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The set Sy, forms a clique in I'” which is an intersection of maximal cliques, so
its size has the desired form by the MCC. The details can be found in Section 4A.

Definition 2.5. Let G be a (finitely generated) group. The involution graph Ag
of G is defined as follows. The vertices are the conjugacy classes of involutions
in G. Two vertices [x] and [y] are connected by an edge if there exist representatives
gxg~!and hyh~! that commute with each other.

We make a few remarks. The particular conjugates which witness commutativity
are chosen for each edge individually. A system of representatives of each conjugacy
class which act as witnesses for every edge simultaneously is called a full system of
representatives. Such a system need not exist in general, but a right-angled Coxeter
group will always have a full system of representatives.

We have also said earlier that all graphs we consider do not have loops, although
the involution graph as defined here may contain a loop if an involution commutes
with a conjugate of itself. This may happen in general, but it will never happen in
a right-angled Coxeter group. So, if the involution graph of a given G contains a
loop, we may immediately conclude that G is not a right-angled Coxeter group.

Lemma 2.6. Let I' be a graph. Then Ay, = TI'k.

Proof. It is a well-known fact about right-angled Coxeter groups that the only
nontrivial torsion elements have order 2, and that any involution is conjugate to
some product of pairwise commuting generators. The set of products of pairwise
commuting generators forms a full system of representatives for the involution
graph (this follows essentially from the deletion condition), and two such products
commute if and only if all the generators involved in each product pairwise commute,
i.e., if the collection of all these generators forms a clique in I'. (|

We recover the rigidity of right-angled Coxeter groups as an immediate conse-
quence. This was originally proven in [Green 1990] (for a more general class of
groups), and many other proofs have been presented for different classes of groups
containing right-angled Coxeter groups as a subclass; see, for example, [Droms
1987; Laurence 1995; Radcliffe 2003].

Corollary 2.7. The defining graph of a right-angled Coxeter group Wr is unique
up to isomorphism.

Proof. The involution graph is an algebraic invariant (it does not depend on the
chosen right-angled Coxeter presentation). By the previous lemma, the involution
graph A, is a clique graph, and by Theorem 2.3 the collapsed graph C(Aw,.) is
unique (up to isomorphism). O

At this point, we can essentially describe our recognition procedure for seeking a
right-angled Coxeter presentation for a given group G. First, we form the involution
graph Ag. If this is not a clique graph, then G is not a right-angled Coxeter group.
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If it is, then we must find a full system of representatives for the vertices. If such
a system does not exist, then G is not a right-angled Coxeter group. If we find a
full system of representatives, then the collapsing procedure will produce a labeled
graph I' = C(Ag), which gives a map Wr — G by sending the generators of Wp
to the labels of the corresponding vertices. If we can show the candidate map is an
isomorphism, then G is a right-angled Coxeter group, and the labels of I" form a
right-angled Coxeter generating set. (On the other hand, if the candidate map is not
an isomorphism, we cannot conclude that G is not a right-angled Coxeter group.
We may have simply chosen the wrong full system of representatives for Ag.)
We must address one subtlety in this procedure. In Theorem 2.4, we chose
vertices from [w] to add to the vertex set V arbitrarily. It only mattered that we
had the right number of vertices from each intersection of maximal cliques. In the
algebraic setting, this is not sufficient, as the following simple example shows.

Example 2.8. Let I" be a triangle with vertices a, b,c. Then I'r = Ay, is a
clique of size 7 with the labels a, b, ¢, ab, ac, bc, abc. In the star poset P(I'x),
all vertices are equivalent, so there is only one [w] to consider. The collapsing
procedure says to choose 3 vertices from this class at random. If we choose, for
example, the vertices a, b, c, then the collapsing procedure recovers I'. If we choose
a,ab, abc, then we find a new right-angled Coxeter presentation for Wr. However,
if we pick a, b, ab, then we don’t get a right-angled Coxeter presentation (because
there is an additional relation between these vertices).

Essentially, at this step in the collapsing procedure we are choosing which
vertices of the involution graph represent generators and which represent products of
generators. There are (generally) many different ways that we can make this choice,
but we have to make use of some algebraic information to avoid choosing products
as if they were generators. The following results are certainly of independent
interest, but we will, in particular, use them to make intelligent choices during the
collapsing procedure.

Since we wish to avoid choosing vertices whose labels have a nontrivial product
relation, it would certainly help if we could solve the word problem in G. However,
depending on how G is presented, such a solution may or may not be evident (if it
even exists). For this reason, we pass to the abelianization G®, in which there is a
solution to the word problem. If G is a right-angled Coxeter group, then

G* = (z/)27)",

and a product relation among involutions in G must also occur in G2.

From this point forward, for g € G, we will write g for the image of g in the
abelianization. An important fact about right-angled Coxeter groups is that the
abelianization is injective on conjugacy classes of involutions.
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Proposition 2.9. Let Wr be a right-angled Coxeter group. Let x, y € Wr such that
x>=y>=1.Thenx=yin Wli‘b if and only if x and y are conjugate in Wr.

Proof. The “if” direction is trivial. Now, suppose x and y are not conjugate in Wr.
Since x, y are involutions, there are pairwise commuting generators ay, dz, . . . , dg,
pairwise commuting generators by, b, ..., by, and words g, h such that

x =gaay - ~akg_1 and y=hbb,-- 'bgh_l.

Without loss of generality, since x and y are not conjugate, there is a b; that does
not appear among the ;. But since it is a generator, there is a Z /27 direct factor in
Wl‘i‘b corresponding to that b_j Therefore, y will have a 1 in this factor and x will
have a 0. Thus, X # y in Wfib. (|

Corollary 2.10. For a right-angled Coxeter group Wr, if H is a subgroup generated
by distinct, commuting involutions, then H = H™ injects into Wfi‘b.

Proof. H is a finite subgroup of Wr and so is conjugate to a special subgroup H'.
Each element of H' is a distinct product of commuting generators from Wr and so
each gets sent to a distinct element of Wfib. Thus, no two elements of H' can be
conjugate in Wr and so neither can any two elements of H. By Proposition 2.9,
H injects into Wlﬁb. (]

Proposition 2.11 (p. 72). If Wr is a right-angled Coxeter group, then in step 2 of
the collapsing procedure in Theorem 2.4, we can choose the k — k' involutions of
Wr so that the chosen elements do not exhibit a nontrivial product relation.

This proposition, which is proved in Section 4B, makes use of the available
algebraic information to amend our collapsing procedure and avoid nontrivial
product relations. We can make further use of the available algebraic information to
improve upon the procedure. In general, we have no particular method (or hope of
finding a method) to construct A for an arbitrary G. Each of the following steps
seem to be generally insurmountable:

(1) Identify all involutions in G.
(2) Separate all involutions into their conjugacy classes.

(3) Determine the presence or lack of each edge in Ag (i.e., find a pair of commuting
representatives or prove that none exist).

(4) Find a full system of representatives.

(5) Identify a full system of representatives so that the candidate maps are isomor-
phisms.

For a right-angled Coxeter system, it happens that all of these steps are not just
possible, but straightforward.
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Proposition 2.12 (p. 74). If Wr is a right-angled Coxeter group, then two conjugacy
classes of involutions [x] and [y] are connected by an edge in Ay, if and only if
there exists another class [z] such that 7 = Xy in the abelianization.

If we are given a group G, supposing we can identify the conjugacy classes
of involutions (i.e., the vertices of Ag), we can identify hypothetical edges and
nonedges by looking for such 7 in G%. If G is a right-angled Coxeter group, then
this will produce the correct involution graph, and the remainder of the procedure
will (hopefully, if we pick a good full system of representatives) identify a right-
angled Coxeter presentation. On the other hand, if this not-quite involution graph
of G is not a clique graph, we can be certain that G is not a right-angled Coxeter
group. At no point do we directly need to check that we have calculated the true
involution graph of G. We summarize this discussion with the following amended
collapsing procedure. For details (including a full description of how to do these
calculations in the abelianization), refer to Section 4B.

Theorem 2.13 (p. 74). Suppose G is a group whose only torsion elements all have
order 2, so that G* = (Z/2Z)" for some n. If the following procedure returns TRUE,
then G is a right-angled Coxeter group (and the procedure indicates a right-angled
Coxeter presentation). If the procedure returns FALSE, then G is not a right-angled
Coxeter group.

(1) Determine all conjugacy classes of involutions in G, and let these be the vertices
of a graph T"'. If there are not finitely many, return FALSE.

(2) Apply Proposition 2.12 to construct the edges of T".
(3) If T is not a clique graph, return FALSE.

(4) Find a full system of representatives for the vertices of T". If no such system
exists, return FALSE.

(5) Collapse as in Theorem 2.4, using Proposition 2.11 to ensure that nontrivial
product relations are avoided. Write C(I'') for the resulting graph.

(6) Let T be a graph isomorphic to C(I'") with generic vertex labels ay, . . ., ay.
Let ¢ : Wr — G be the map which sends the generators of Wr to the word given
by the corresponding labels of vertices in C(I'"). If ¢ is an isomorphism, return
TRUE.

(7) Otherwise, return UNKNOWN.

3. Applications and results

In this section, we apply the recognition procedure from Section 2 to seek out
right-angled Coxeter presentations for certain families of groups. We focus in
particular on
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(1) semidirect products of a given right-angled Coxeter group Wr by certain sub-
groups of Out’(Wr), and

(2) subgroups of a given Wi generated by chosen subsets of involutions.

In particular, we note that the families of groups that we consider are already
generated by involutions, have no torsion of order other than 2, and are usually
given by presentations which are nearly right-angled Coxeter.

If D is a union of connected components of I'" \ St(a;) for some i, then the
automorphism of Wr determined by

Xi,D(aj) — {aiaja,-, a]’ (S D,
aj, otherwise,

is called the partial conjugation with acting letter a; and domain D. (Note that this
terminology is not entirely consistent in the literature. Other papers have reserved
partial conjugation for the case in which D is a single connected component
[Gutierrez et al. 2012; Charney et al. 2010], while Laurence [1995] used the term
locally inner automorphism before the term partial conjugation became common.
We have preferred here to allow for multiple connected components in the domain of
a partial conjugation, and we would propose the term elementary partial conjugation
for the case in which D consists of a single connected component.) The partial
conjugations generate Out®(Wr).

In Section 3A, we present families of groups which our procedure shows to be
right-angled Coxeter. One example is worked out in full detail to demonstrate the
procedure. For the remaining results, we simply state the resulting right-angled
Coxeter group and the isomorphism determined by our procedure. The reader is
left to verify the details. Most of these results are about split extensions of a given
Wr by a finite subgroup of Out’(Wr) generated by (pairwise commuting) partial
conjugations.

In Section 3B, we present families of groups which our procedure shows cannot
be right-angled Coxeter. Again, one example is worked out in full detail. We note
one example which is of particular interest: we find a group Wr with two elements
X,y € OutO(Wr) such that G = Wr X (x, y) is a right-angled Coxeter group, but
H = Wr x (xy) is not. In particular, we can realize G as the iterated semidirect

product
G = (Wr » (xy)) » (x),

where each extension has degree 2. So this gives, to our knowledge, the first
example in which the existence of a right-angled Coxeter presentation is lost and
then recovered by semidirect product extensions.

Finally, in Section 3C, we note that many of our examples of right-angled
Coxeter families arise as semidirect products. By analyzing the properties of



52 CUNNINGHAM, EISENBERG, PIGGOTT AND RUANE

the defining graphs of the groups arising from these semidirect products, we can
identify semidirect product decompositions in many cases. Such decompositions
are generally not unique, and we cannot at the moment provide an exhaustive list
of graph features of I' which indicate a semidirect product decomposition of Wr.

3A. Groups which are right-angled Coxeter-.

Example 3.1. We begin with an explicit example in which we demonstrate the
recognition procedure in detail. Consider the defining graph in Figure 2.

Write x = x1,{2) for the partial conjugation with acting letter a; and domain {a,}.
We consider the group G = Wr x (x), which has the presentation

2_ .2
G =(a1, a2, a3, as, x |a} =x*=1,[a1, as] = a2, as] = [a3, as] = 1,
[a1, x] = [a3, x] = [as, x] = 1, xaox = ayaza)).
This is not quite a right-angled Coxeter presentation, so we apply our procedure to
see if we can find one.

First, we compute G* (removing any relations that become trivial and under-
standing that group presentations with additive notation are assumed to be abelian):

= (@) x (@) x (@) x (@) x (¥) =(2/22)’.

The relation matrix

oNeNeNeN )
S OO NO
S OO O
SO O O
NO O OO

is already in Smith normal form, and so our canonical abelianization map G — G*
is given by g — g.

We now want to list all conjugacy classes of involutions in G. The classes of
involutions in Wr are evident by inspection of I': a; for each i, and a;ja4 for each
1 < j <3. The new generator x is also an involution, and the products of x with the
other generators that commute with it give new involutions: xai, xas, xas. There
are two remaining conjugacy classes of involutions, namely xaja; and xaasas.

aj
[ ]

SN

as as

Figure 2. The defining graph I'.



RECOGNIZING RIGHT-ANGLED COXETER GROUPS USING INVOLUTIONS 53

N 1 ya
o [xazasl [azasl) '[azaa] [xaiazaq] -
1 b

Figure 3. The involution graph Ag.

These are all of the conjugacy classes of involutions in G. We could try to prove
this directly, but it will also end up following from the fact that our procedure in
this case does in fact construct an explicit isomorphism with a right-angled Coxeter
group. Thus, we can omit the details.

We claim that the graph in Figure 3 is the involution graph Ag. The given system
of representatives is a full system, and the commuting relations are straightforward
to check. (If they weren’t as straightforward, we could easily construct the edge
relations given by Proposition 2.12.)

The brackets in the involution graph represent conjugacy classes. Since we now
have a full system of representatives, we may stop writing these brackets. For
the remainder of the calculation, brackets around a vertex label will denote its
star-equivalence class. Before calculating the star poset structure, we observe that
this graph clearly satisfies the MCC and MVC, and the IEC is straightforward to
verify.

The equivalence classes in the star poset are the following (identified by the
dashed ellipses in Figure 3):

la1] = {a1, a1a4}, [ax] = {az2, azaa, xa1az, xa1aza4},
[az] = {a3, azaa, xa3, xazas}, [as] = {as},
[x] = {x, xa4}, [xai] = {xai, xaia4}.

The Hasse diagram for this poset is depicted in Figure 4.

The element [a4] is maximal in the poset structure and contains a single element.
We add a4 to V. Next, we consider [x] (or [xa;]; the order in which we consider
these classes is irrelevant). The clique above [x] has size 3, so 2 of its vertices
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[a4]

[x] [xaq]

[as] [a1] [a2]
Figure 4. The Hasse diagram for the poset P(Ag).

X Xap b2 b4
as as az b b3 bs

Figure 5. The collapsed graph A (left) and an isomorphic graph
with generic labels (right).

must be added to V. We have already added 1, so we must pick one more from [x].
Examining the abelianization, (az, X) = (Z/27)? and either of X or xas will extend
ay into a basis. So we choose to add x to V. Similarly, we consider [xa;] and add
xaj to V.

The remaining three classes are all minimal. Suppose we take [a;] next. The
clique above [a;] has size 7, so we must choose 3 elements from it. We have already
chosen 2, so we need to choose 1 more. Checking the abelianization again, we see
that any choice of the 4 elements in [a,] will extend to a basis, and so we add a»
to V. Similarly, from [a3], we add a3 to V.

Finally, we consider [a;]. The clique above [a;] has size 7, and we have al-
ready chosen 3 of these vertices, so we choose no more. This leaves us with
V ={ay, a3, a4, x, xa,}. We take the induced subgraph A of A on these vertices;
see Figure 5.

We now have a candidate map ¢ : Wy — G. It is straightforward to check that
the map y below is the inverse, and that ¢ and i are isomorphisms:

(/N bl = as, by—)x, b3+—>a4, b4r—>xa1, b5|—>a2,
llfi ay I—>b2b4, a2I—>b5, a3+—>b1, a4+—>b3, )H—)bz.
Thus, G is a right-angled Coxeter group, completing the example.

In this example, we were extending a right-angled Coxeter group by a single
partial conjugation. It turns out that this will always yield a right-angled Coxeter
group, and in fact we can say much more.

Lemma 3.2. Suppose Wr is a right-angled Coxeter group. If ay, . . ., oy are partial
conjugations of W with the same acting letter and pairwise disjoint domains, then
G=Wx{ay,...,q) is aright-angled Coxeter group.
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Proof. Without loss of generality, we may assume each «; has acting letter a;. Let
D; denote the domain of ¢; for each 1 <i < k. Now G is generated by the elements

{ai, ..., an, 01, ..., 0}
with the relations
(R1) a’=1, for 1 <i <n,
(R2) [a;,aj]=1, for {a;,a;} € E(I'),
(R3) af =1, for 1 <i <k,
(R4) o, o] =1, for 1 <i < j <k,
(R5)  [ai,ai]=1, for a; ¢ D;,

(R6)  «ajaja; =ajajay, for a; € D;.
Let H be the group generated by
{bla--~abl’l9ﬂ]9"'aﬂk}

with the relations

(S1) b?=1, for 1<i<n,
(S2) [bi, b]] =1, for {Cli, aj} € E(F),
(S3) =1, for 1<i<k,

(S4) [Bi,Bi1=1, for 1 <i<j<=<k,
(S5) [Bi,bjl=1, for ag; ¢ D,
(S6) [b1,bi]1=1, for2<i<nand q; € D;U---UDy.

We note that the given presentation for H is a right-angled Coxeter presentation.
We define maps

¢:{al,...,an, 01, ...,0p} = {b1,..., by, B1, ..., Br},
ar > bipi--- B,
> B (1<i<k),
ai—>b; (2<i=<n,
I/Af:{bl,...,bn,ﬁl,...,ﬂk}%{al,...,an,al,...,ak},
by — ajay - - - o,
pir>ai (1=i=<k),
bi—a; (2<i<n).

It is straightforward to check that ¢ and lﬁ preserve the relations (R1)—(R6) and
(S§1)—(S6), respectively, so they induce homomorphisms ¢ : G — H and ¢ : H — G.
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(Note that the preservation of the relation (S6) uses the assumption that the domains
D; are pairwise disjoint.) Finally, it is straightforward to see that ¢ and i are
inverses to each other, hence G and H are isomorphic. That is, G is a right-angled
Coxeter group. U

Suppose H < Out’(Wr) is generated by partial conjugations 1, ..., xx. Having
shown that the semidirect product extension of Wr by any single partial conjugation
is again right-angled Coxeter, we might hope to show that Wi x H is right-angled
Coxeter by observing that this is isomorphic to taking the iterated semidirect
products, each by a single y;:

Wrx H = (- (Wr 3 (1)) (x2)) ¥ -+ % (xx)).

However, there is a subtlety that ruins this argument, namely, that x, will extend to
some automorphism of Wi x (1), but not necessarily to a partial conjugation. We
cannot extend inductively, since we cannot ensure that we are always extending
by single partial conjugations. The following lemma and theorem identify certain
cases in which this inductive argument works.

Lemma 3.3. Suppose W, T, a1, oy, ..., 0, H, and G are as in the lemma and
proof above. Let y be a partial conjugation of W with acting letter ay # a, and
such that y commutes with each of the automorphisms oy, ..., a. Then y acts
on G as a partial conjugation.

Proof. Without loss of generality we may assume y has acting letter a, and
domain D. Recall that a; = b,. To show that y acts on G as a partial con-
jugation we consider the result of conjugation by y on each of the generators

bi,...,by, B1, ..., Br. Firstly we note: yB;iy = B; for 1 <i <k; ybjy = b, for
l1<i<nanda; ¢ D; ybjy = byb;jb, for2 <i <manda; € D. If a; ¢ D, then
yb1y =yaiy =by. Suppose a; € D. Since y commutes pairwise with ay, .. ., oy,

we have ay ¢ Dy U---U Dy. We compute

ybiy =vaiay - oy
=yaryoy -
= majaxuy - - o
=maiay - - oAy
= byb1b;.
Since y is an automorphism of G, and y takes each generator to either itself or the
conjugate of itself by b, we may conclude that y is a partial conjugation of G.

Write ¢ : {ay, ...,a,} = {b1, ..., by} for the map ¢(a;) = b;. From the calcula-
tions above, the domain of y acting on G is ¢(D). (]
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Theorem 1.1. Suppose xi, ..., xx are pairwise commuting partial conjugations of
the right-angled Coxeter group Wr such that whenever y; and x; have the same
acting letter, their domains don’t intersect. Then G =W X {x1, ..., Xk) is a right-
angled Coxeter group. Further, writing S; C {x1, ..., xx} for the set comprising
those partial conjugations with acting letter a;,

{all_[Xis---,anl_[Xi}U{Xl»---an}

Xi€S1 Xi €Sn
is a Coxeter generating set for G.

Proof. The proof is by induction, applying the lemmas above at each step. Let
ap, ..., o be those x; with acting letter 1. By assumption, they have pairwise
disjoint domains. By Lemma 3.2, Wr X (aq, ..., o) is a RACG.

Moreover, by Lemma 3.3, the remaining x; still act like partial conjugations,
and their domains do not intersect, since they didn’t before the extension. Now
take By, ..., Br, among the remaining x; to be those which have acting letter 2,
and extend by (B, ..., Br,)-

Continuing inductively, we extend at the i-th step by all remaining partial conju-
gations with acting letter i. The result follows. (]

In [Gutierrez et al. 2012], the authors investigate the automorphism groups of
graph products of cyclic groups. In the case that W is a right-angled Coxeter group,
the authors recover a result of Tits [1988] which shows Aut(W) = Aut’(W) x
Aut' (W) with Aut! (W) finite. Thus Aut’(W) (sometimes denoted Aut’®(W)),
which is the subgroup of Aut(W) generated by all partial conjugations of W, is a
finite index subgroup of Aut(W). They also show that Aut®(W) splits as Inn(W) x
Out’(W). Finally, they give the following condition on T, called no SILs, which
characterizes exactly when Out’(W) is finite and is thus isomorphic to Z5.

Definition 3.4. A graph I" has a separating intersection of links (SIL) if, for some
vertices v and w with d(v, w) > 2, there is a component of I" \ (Lk(v) N Lk(w))
which contains neither v nor w. Otherwise, I is said to have no SILs.

Inn(Wr) is known to be a right-angled Coxeter group. In the case that I" has
no SILs, Aut’(Wr) is a finite extension of Inn(Wr). In [Charney et al. 2010], it is
shown that Aut®(Wr) is again a right-angled Coxeter group in that case. We arrive
at this same result as a direct application of the previous corollary.

Corollary 3.5. If T contains no SILs, then Aut®(W) is a right-angled Coxeter
group and thus Aut(W) contains a right-angled Coxeter group as a subgroup of
finite index.
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Proof. Without loss of generality we may assume W has trivial center. Suppose I
contains no SILs. Then

Aut®(W) = Inn(W) x Out® (W) = W x Out’(W),

and Out’(W) is generated by pairwise commuting partial conjugations which satisfy
the condition in the corollary above. O

In general, one should not expect Aut(W) to be right-angled Coxeter. The
elements of Aut! (W) include graph symmetries, which could then introduce torsion
elements of order other than 2. One should not generally expect that Aut’(W) is
a right-angled Coxeter group, but one might see the no SILs result as suggesting
that we restrict our attention to extensions of right-angled Coxeter groups by finite
subgroups of Out’(W) (although Example 3.8 in the following section demonstrates
that even this restriction is not sufficient).

3B. Groups which are not right-angled Coxeter.

Example 3.6. As in the previous section, we begin with an explicitly worked out
example. Let G denote the group presented as

G={a,b,c,x,y | az, bz, cz, xz, yz, xax =a, xbx =b, xcx =aca,

yay =a, yby =b, ycy = bcb).

Let W={a,b,c)and H={(x,y). Then W=2/20+7/27+Z /27, H=7]27+7 /27,
and G = W x H, where x and y act as a pair of noncommuting partial conjugations.

To construct A, we must understand the involutions in G. Since G =W x H,
each g € G may be written uniquely in the form g = wh, where w € W and h € H.
Further, g2 = whwh = whw(h~'h)h = ww" ' h2. Since every element in G can
be uniquely written as a product of an element of G and an element of H, if g
is an involution, then % is an involution and w' = w" = wl. Because H is
a right-angled Coxeter group (in fact, D), every nontrivial involution in H is
conjugate to either x or y; it follows that, up to conjugation, we may suppose g has

one of the forms

(1) w such that w? =1,

(2) wx such that w* =w=!, or

(3) wy such that w> = w~'.

Every element of the first type is conjugate to either a, b, or c. Now we’ll try to list
elements of the second type (elements of the third type will be analogous).
Suppose g = wx with w* = w~!. We further suppose that, within the collection
of words of this form in the conjugacy class of g, we choose the shortest possible w.
The element w can be written uniquely in the form uobu b - - - u,—1bu,,, where
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m > 0, each u; is a geodesic word in {a, c}*, and only u( and u,, may be trivial.

-1 x _ -1
m> Uy =Uu

n—1» and so

X X X X X _— .—1; : X __
Then w* = ugbuib - - - u;, _buy;, =w™" implies that u; = u
on. We now consider a few subcases.

If m > 0 and ug is not trivial, then

~1 ~1
uy (wx)uy=uy (wobub---u,,_bu,x)u,
J— X
=bub---u,_ ,bu,uyx

=bub---u, bx.

This contradicts the minimality of the length of w, so either m = 0 or uy is trivial.
If ug is trivial and m > 1, then w begins and ends with b, so |b(wx)b| < |wx]|.
Again, this contradicts minimality, hence either m =0 or w = b.

If m =0, then w = ug € (a, c) is geodesic and so is an alternating string of
a and c. If |[w| > 1 and |w| is odd, then w begins and ends with the same letter.
If w begins and ends with a, then |[awxa| = |awax| < |wx]|; if w begins and ends
with ¢ then w* begins and ends with a; hence w* # w~!. In either case, we have
a contradiction, so |w| = 1, in which case w = a or w = ¢, or else |w]| is even.
If w=(ac)" and n > 1, then |aca(wx)aca| < |wx|; if w = (ca)” and n > 1, then
[cwxc| < |wx]|. In both cases, we have a contradiction. Our only case left is m = 0,
n = 1, which corresponds to w = ac or w = ca. Therefore, our only nontrivial
possibilities for w are w = b, a, c, ac, ca.

Note that a(cax)a = acx, so these cases fall into the same conjugacy classes. In
summary, we have that each involution of the form wx is conjugate to exactly one of
the elements x, ax, bx, acx. (We observe that the final option cx is not, in fact, an
involution. In this case, w = ¢, and w* # w™'.) We also observe that none of these
involutions are conjugate to each other since they all map to distinct elements in G2,

Similarly, each involution of the form wy is conjugate to exactly one of the
elements y, ay, by, bcy. Therefore, the following is the complete list of conjugacy
classes in G, and hence serves as the list of vertex labels in Ag:

[al, [b], [c], [x], [ax], [bx], [acx], [y], layl, [by], [bcyl.

We now consider pairs of distinct conjugacy classes, to see whether or not they
should be adjacent in Ag. By Proposition 2.12, we can just check the product
relations among the images of the involutions in G, We omit the actual calculation
and show the resulting involution graph in Figure 6.

Now Ag is not a clique graph, since, for example, the IEC fails. (The reader
can check this directly for the maximal cliques labeled I3 and I’y in the figure.)

Example 3.7. Aut’(W3) is not a right-angled Coxeter group. The details are very
similar to the previous example (we extend by one further partial conjugation), and
are omitted here. The involution graph is shown in Figure 7.
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[ay]
[a] Lo Iyl
I3 Iy
[ax] e Is » [Dy]
F] FZ
[acx] [Z] [bey]

Figure 6. An involution graph which cannot be a clique graph.
The labeled triangles I are the maximal cliques.

[ay]
la] (¥l
[az] [ebz]
[z] [cz]
[ax] e [x] [b] e [by]
[bx]
[acx] [Z] [bey]

Figure 7. The involution graph for Aut®(W3).

Here we must give the following warning. The proof above relies on finding a
portion of the involution graph which we know should not appear in any clique graph.
In the example, it is the “triangle of triangles” configuration (see Example 4.2). This
should not occur in the involution graph of a right-angled Coxeter group, essentially
because it means that all three vertices of the central triangle must be generators
(whereas, by construction of the involution graph in the case of right-angled Coxeter
groups, we should expect two of the vertices to be generators and the third to be
their product).

However, we must point out that, strictly speaking, there is no such thing as
a “poison pill” subgraph — a subgraph which, by its presence, prevents the given
graph from being a clique graph. Indeed, if I" is any graph, then I" is an induced
subgraph of I'x. In this way, any finite graph may appear as an induced subgraph
in some clique graph (even the “triangle of triangles”). In the example above, it
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ai a
——0
[ ] [ J [ J [ ]
as ag as de

Figure 8. The defining graph I'.

is important that we know the central triangles I'; and I’y to be not just induced
subgraphs, but also maximal cliques.

In all of the previous results, we have only considered split extensions by sub-
groups H < Out’(Wr) which were generated by partial conjugations. In particular,
if the partial conjugations commuted pairwise, then H was finite and the extension
G = Wr x H was right-angled Coxeter. On the other hand, in the example above,
the partial conjugations did not commute, thus H was infinite and G was not
right-angled Coxeter. One might wonder whether the existence of a right-angled
Coxeter presentation for the extension G depends only on the finiteness of H. The
following example answers this question in the negative.

Example 3.8. Let I" be the graph shown in Figure 8. Let x be the partial conjugation
with acting letter a; and domain {a3, a4}, and let y be the partial conjugation with
acting letter a, and domain {a3, as}. Since a; and a; commute, so do x and y.
Now write z = xy for the product, which is also an involution. It follows from
Theorem 1.1 that G = Wr X (x, y) is a right-angled Coxeter group. Consider the
subgroup H = Wr X (z) < G. The defining graph for G and the involution graph
for H are shown in Figure 9.

The reader could verify Ay in two ways —first, by directly calculating the
involutions and checking their commuting relations; and second, using the defining
graph of G to calculate Ag, and then picking out the subset of vertices in Ag
which are labeled by elements in the subgroup H. (Note that this latter method

de
N /\ . Zaras

as ay

yaz Xdai Zasas
Za)apas

as as as

Zag

Figure 9. The defining graph of G (left) and the involution graph
of H (right).
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of constructing the involution graph of a subgroup will not work in general. It
works for the current example because G is a right-angled Coxeter group and H is
normal.)

We can realize G as the iterated semidirect product

G = (Wr x(z)) X {x) =H x {x).

This gives an example of a right-angled Coxeter group Wr with a degree-2 split
extension H which is not right-angled Coxeter. Moreover, taking a further degree-2
extension G, we recover the right-angled Coxeter property.

3C. Semidirect product decompositions. Here we present some results which are
unrelated to the problem of recognizing right-angled Coxeter groups. These results
fall naturally out of the applications in Section 3A, and they generally address
our ability to recognize semidirect product decompositions of Wr by identifying
features of I'.

To give the basic idea of how to generate these results, we give the following
alternate description of Lemma 3.2. Suppose ay, ..., a, are the vertices of I
and oy, ..., o are partial conjugations as in the lemma. We will suppose that a;
is the acting letter and D; is the domain of «;. The lemma says that the group
G =Wr x (a1, ..., a) is aright-angled Coxeter group, and the proof of the lemma
gives the right-angled Coxeter generating set. We can directly construct the defining
graph A for G from I" as follows:

(1) Add k new vertices labeled oy, . . ., o, all connected to one another and to a;.
(2) Connect each «; to every a; where a; ¢ D;.

(3) Relabel a; as ajajoy - - - a and connect this to each vertex in DU D, U- - -U Dy.
The vertices ay, o1, .. ., o form a clique of size k + 1, and the union of the stars
of these vertices cover all of A. The restriction in Lemma 3.2 that the domains be
pairwise disjoint implies the following: we can distinguish D; as those elements

in St(ay) \ St(er;) which are contained in St(c;) for every j # i. The following
corollary is immediate from this description.

Corollary 3.9. Suppose A contains k + 1 vertices ay, oy, .. ., oy satisfying: the
following properties:

(1) ay, o1, ..., 0 forma clique.
(2) St(a1) UlY; St(a;) = A.
(3) the sets D; = (St(ap) \ St(e;)) N ﬂj#i St(a;) are all nonempty.

Define I to be the graph obtained from A by removing the vertices ay, . . ., oy and
any edge from ay to any D;. Then Wy can be realized as the semidirect product
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A
a an as / \ aj a as
ya v
[ J [ J
ay as a4 as
F] FZ

Figure 10. W), = Wr, x (x) = Wr, x (y), where x, y act like the
partial conjugations x = x4 (1y and y = x2 {1y on I'1, I;, respectively.

Wr x H, where H < Out®(Wr) is generated by the partial conjugations with acting
letter a; and domains D;.

Theorem 1.1 yields an analogous corollary, since in each case they tell how to
build the defining graph of the extension from the original defining graph, and the
process is always reversible. It is not uniquely reversible. A given right-angled
Coxeter group will, in general, have many semidirect product decompositions. As
an example, consider the decompositions shown in Figure 10.

4. Details

In this section we explore the properties of the clique graph, the star poset, and the
involution graph introduced in Section 2. We present detailed proofs of these prop-
erties, including proofs establishing claims made in that section and the correctness
of our collapsing algorithms.

4A. The clique graph and the star poset. Recall that, given a graph I', we write I';
for the intersections of maximal cliques in I". We begin by establishing a correspon-
dence between the maximal clique structure of a graph I' and its clique graph I'k.
By maximal clique structure, we mean that there is a bijection between the maximal
cliques of I" and those of 'k, which respects intersections.

Proposition 4.1. Suppose U is a finite graph with maximal cliques T, ..., T.. For
any subset I C{1,2,...,r}, write
I =(h.
iel
Similarly, write Ik 1, . .., Ik s for the maximal cliques of Uk, and write I'g | for

the intersections of maximal cliques. Then, possibly after reindexing:

(1) r=s.
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(2) Each Tk, j contains at least one J-minimal vertex (namely, the vertex labeled
by the clique T'y).

(3) I'k.i = (Ii)k (that is, (I}) k naturally injects as a labeled graph into T'x, and
the image is precisely I'k ;).

@) I'k.r =Tk
(5) If Ty is a clique of size k, then Tk 1 is a clique of size 2% — 1.

Proof. (1) For each maximal clique I in I, there is a corresponding vertex v;
in I'x. This vertex is adjacent only to vertices representing subsets of I since [}
is maximal, and so v; is contained in the unique maximal clique St(v;) in ['x. In
particular, since each v;, v; can be in the same maximal clique of I'y, we have r <.

Conversely, each vertex of the maximal clique I'x; is labeled by some clique
of vertices in I. Since ['x; forms a clique, the collection of all vertices of I
which appear in the labels of vertices of I'x; must form a clique A in I'. It is
clear that A is maximal, since I'g; is. Thus A =T for some j. Thatis, s <r,
establishing (1). The description we have just given of the cliques in I'x also
establishes the correspondence in (3), and therefore in (4).

As noted in the claim, the clique I'y forms a vertex of I'x. It is straightforward
to see that this vertex is J-minimal in I'x ;, establishing (2).

Finally, if I'7 is a clique of size k, then every nonempty subset of vertices induces
a clique, and so corresponds to a vertex in I'x ;. There are 2k _ 1 of these subsets,
which correspond to 2k _ 1 vertices in I'k.1. O

Let I" be a finite graph with maximal cliques I'j, ..., I'.. As before, write I'; for
the intersections of the maximal cliques, and suppose |I';| = k;. Then

DI <k
12J

This is a direct application of the inclusion-exclusion principle, since the left hand
side of the inequality counts the number of vertices in I'; N |, ¢ Ii (while the
right-hand side is, by definition, the total number of vertices in I'y). We have
therefore established that any clique graph must satisfy the MCC, MVC, and IEC.
This gives one direction of the characterization theorem:

Theorem 2.3. Let I be a graph. There exists a graph U such that T' = Tk if and
only if the following three conditions are satisfied:

(1) Maximal clique condition (MCC): For all I, there exists some kj such that
Ty =28 —1.

(2) Minimal vertex condition (MVC): Each nonempty intersection FJ’ contains some
J-minimal vertex vy.



RECOGNIZING RIGHT-ANGLED COXETER GROUPS USING INVOLUTIONS 65

Figure 11. The triangle {a, b, ¢} forms a maximal clique which
fails the IEC. This was essentially the feature of Example 3.6 which
prevented the group there from being right-angled Coxeter.

(3) Inclusion-exclusion condition (IEC): For each J ,

=D <k
127

If we are faced with some graph which we do not know to be a clique graph,
we can check directly that the intersections of maximal cliques have sizes of the
form n; = 2% — 1, and we can check directly that the system of integers k; satisfies
the inclusion-exclusion inequalities. Thus, determining whether a graph arises as
a clique graph is reduced to checking a system of integer inequalities (once we
establish the other direction of the theorem).

Example 4.2. Consider the graph in Figure 11. In this graph, all intersections of
maximal cliques have sizes of the form 2¥ — 1, but the IEC fails. So the graph
cannot arise as a clique graph.

We will establish the converse of Theorem 2.3 by proving that, for any graph
which satisfies the MCC, MVC, and IEC, the proposed collapsing procedure of
Theorem 2.4 produces the desired output. In order to evaluate the collapsing
procedure, we must explore some properties of the star poset P(I").

Lemma 4.3. Let [v] € P(I"). Then the vertices
s= | vl
[vl=[w]
form a clique in T. If this clique is maximal, then [v] is minimal in P(I").
Proof. If w, w' € § are any vertices, then w € St(v) € St(w’), so w and w’ are
adjacent. Thus S forms a clique.
We now suppose [v] is not minimal. Then there is some [w] < [v]. In particular,

w ¢ S, but w e St(w) € St(s) for any s € S, hence w is a vertex outside of §
adjacent to all of S. Thus § is not maximal. U

Definition 4.4. For [v] € P(I"), we call the clique S defined in the lemma the clique
above [v]. We will use the notation S, if we need to keep track of the vertex v.
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Figure 12. It is easy to check that each vertex is its own star-
equivalence class, and that these equivalence classes are pairwise
not comparable. In particular, each [v] is minimal, and each
S, = {v} is not a maximal clique.

The converse of the lemma (i.e., that minimality of [v] implies maximality of S,)
is false in general. A simple example is given in Figure 12. However, we claim
that the converse does hold for those I" which are clique graphs. Namely:
Proposition 4.5. Suppose I satisfies the MVC. Then [v] is a minimal element of
P(I") if and only if v is a minimal vertex of I. In this case, S, is the unique maximal
clique containing v.

Proof. Suppose v is a minimal vertex of I. Then St(v) is the unique maximal
clique containing v. Since S, is a clique containing v, it is clear that S, € St(v).
Conversely, if x € St(v), then St(v) € St(x), hence [v] < [x] and x € S,. Thus
St(v) = S, is maximal. By the previous lemma, since S, is maximal, [v] is minimal.

Conversely, suppose v is not minimal. Then v is contained in the intersection of
two distinct maximal cliques, I} and I3. Since I} are maximal cliques, they contain
minimal vertices w;. By the above argument, [w;] < [v], and this must be a strict
inequality since, e.g., wy € St(v) \ St(w1). Thus [v] is not minimal. O

Proposition 4.6. For any finite graph I" and [v] € P(I"), S, is an intersection of
maximal cliques.

Proof. Let Iy, ..., I'k be all the maximal cliques of I" containing S,,. It is clear that
Sy €N

Conversely, let v' € (T} and suppose v ¢ S,. Since St(v) € St(v'), there is
some x € St(v) which is not in St(v"). In particular, since | I; € St(v), we must
have x ¢ I for any i. By construction of S,, we must have x € St(w) for each
w € Sy. Now S, U{x} forms a clique which contains S, and is not equal to I for
any i, contradicting our assumption that the list of I; contained all maximal cliques
containing S,. So there can exist no such v/, hence S, = () [;, proving the claim. [J

We observe that the previous two propositions say the following in the case of
clique graphs (which must satisfy the MVC):

Corollary 4.7. Suppose Tk is a clique graph.
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(1) [v] is minimal in P(Tx) if and only if v is minimal in T'k.

(2) If [v] is nonminimal, then S, is the intersection of maximal cliques (and there-
fore has size of the form 2 — 1). In this case,

So= () Sw-

[w] minimal
(w]=<[v]
This shows that the star poset also records information about the intersections of
maximal cliques: any clique above [v] is such an intersection. Finally, we prove
the converse.

Proposition 4.8. Suppose Tk is a clique graph. Then any intersection of maximal
cliques is equal to S, for some v.

Proof. Since I'k is a clique graph, it satisfies the MVC. Let 'k ; be any intersection
of maximal cliques, and let v € I'x y be a J-minimal vertex. Without loss of
generality, let J be the maximal index set without changing the intersection. In
particular, J is precisely the index set of all maximal cliques containing v, so that
St(v) = Uje] FK,j-

We claim that §, =T’k ;. Let u € S,. By definition of S,, [v] < [u], so

St(u) O St(v) = | J Tk,
jeJ
That is, u is adjacent to every vertex in Iy ;, for each j € J. Since each Ik ; is a
maximal clique, this shows u € I'x ; for each j € J. Thatis, u € I'g ;.
Conversely, let w € T’k ;. Then w is adjacent to all vertices in I'x ; for j € J,
thus UJ-EJ Ik, j € St(w). That is, St(v) € St(w), so [v] < [w]. By its definition, S,
contains w. O

We note that the previous proof gives a nice description of the elements of each
star-equivalence class.

Corollary 4.9. Suppose Ty is a clique graph. Then any [v] € P(I'x) consists
precisely of the J-minimal vertices of Uy, where J is the largest index set such
thatv e I'y.

Proof. Clearly, all J-minimal vertices for the same index set J must have the same
star (namely, | jes Tk, j)- Conversely, suppose v is J-minimal and [v] = [w] for
some w. Then w € I'; for each j € J, and w ¢ I; for any i ¢ J. (Otherwise, all of I
would be in St(w), which we have assumed to be equal to St(v), a contradiction.)
Therefore, w is J-minimal. O

These results establish that, for a clique graph, the cliques above vertices are
precisely the intersections of maximal cliques, and every intersection of maximal
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cliques is the clique above some vertex. (This is not, in general, a bijective corre-
spondence. As remarked earlier, it may be that ['x ; = ', j» = S,, where J # J'.)
In our collapsing algorithm to recover I" from 'y, we begin at the top of the poset
(this is the deepest intersection of maximal cliques) and work downwards. The
previous proposition ensures that the algorithm examines every intersection of
maximal cliques as it traverses every element in the poset structure.

We now wish to prove the correctness of our collapsing procedure, which also
establishes the other direction of Theorem 2.3. Recall the procedure:

Theorem 2.4. Let ' be a graph which satisfies the MCC, MVC, and IEC. Then
there is a unique (up to isomorphism) graph T such that T’ is isomorphic to Tk.
Moreover, the following collapsing procedure produces the graph U if it exists.

(1) Initially, let V = {}.

(2) Let [w] € P(I"") be a class such that every class [v] with [w] < [v] has already
been considered. Write
Sw= [ Ivl

[v]=[w]

Then there is some k such that |S,,| = 2% — 1. Let k' be the number of vertices
of Sy which are already contained in V. Choose k — k' vertices of [w] to add to
the vertex set V.

(3) Repeat the previous step until all classes of P(I'") have been considered.
(4) Return the graph C(I'") which is the induced subgraph of T on the vertex set V.

We first must address a subtlety, namely, that we can carry out the choice in
step 2 of the algorithm.

Proposition 4.10. In step 2 of the collapsing procedure, 0 < k — k' < |[w]]. So we
are able to choose an appropriate number of vertices from [w] to add to V.

Proof. The clique S,, is some intersection of maximal cliques I'; by Proposition 4.5.
From this clique, we have already chosen k' vertices, and every vertex among those
already chosen comes from a larger poset element, which is therefore a strictly
smaller intersection of maximal cliques. By the IEC, the number of elements we
could have chosen is at most k; = k, hence k' < k.

Now S, = (U[w]<[v] Sv) U [w]. Because

Us.

[w]<[v]

|Sw|:2k_1, 52"/—1, and [w]§2|[w]|,

we have 28 — 1 < 2¢ — 1 4 2IWIl_ Therefore, 2F < 2% 211l But 2% 427 < 2%+y
for all pairs of positive integers x, y. Thus 2k < 2k/+”w“, and k <k’ +|[w]]. O
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We also see that step 2 does not tell us explicitly which vertices of [w] to add
to V. We claim this choice does not matter:

Proposition 4.11. Given I, if the procedure above does not return FALSE, then
the isomorphism type of the graph I" does not depend on the choices made in step 2
of the collapsing procedure.

Proof. Without loss of generality, we will suppose our choices differ by a single
vertex. Suppose we are about to consider [v] and have constructed the set V thus
far. Let vy, ..., vkt € [v], where k > 0 is the number of vertices from [v] which
we must add to V. Let

Vi=VU{v,...,ul,
Vo=V U{v, ..., k1, Vkg1)-

We observe that we can make all future choices the same (since we haven’t changed
the number of vertices we must pick from [w] for any [w] < [v]), so that we create
two final graphs I'; and I; whose vertex sets differ only by switching v and v .

We now claim that the resulting graphs I'] and I are isomorphic. By the previous
observation, the vertex sets of I'] and I3 differ only by switching vx and vg41. So
we can define a map ¢ : I} — [ which sends each vertex other than vy to itself,
and which sends vy to vr41. We claim that ¢ defines a graph isomorphism. Clearly
any adjacency relation not involving vy is preserved under ¢. Suppose w is a vertex
of I'] adjacent to vx. Then w € St(vg) = St(vg+1), so w is adjacent to vgy;. Thus ¢
is a graph homomorphism. By the same argument, the analogous map v : [, — I
is also a graph homomorphism, and the two maps are clearly inverses. Hence I is
isomorphic to I>. The full result follows by induction. O

This shows that the isomorphism type of an output graph C(I'’) is determined.
However, a priori it could be the case that there are two graphs I', A such that 'y
and A are isomorphic, but the collapsing procedure applied to ['x always outputs
the isomorphism type I'. The following proposition says that the maximal clique
structure of I'" determines the maximal clique structure of the output C(I'’). The
theorem following the proposition establishes that the maximal clique structure
(including information about the sizes of all intersections of maximal cliques)
determines a graph up to isomorphism. By Proposition 4.1, any graph whose
clique graph is I'” will have the same clique graph structure, and will therefore be
isomorphic. These results together show that the collapsing procedure outputs the
unique graph I up to isomorphism so that ['x =T"".

Proposition 4.12. Let I be a finite graph satisfying the MCC, MVC, and IEC. In
particular, this implies there is a system of integers ky such that |I'}| = 2K — 1. Let

C(I'") =T. Then the maximal cliques of T correspond to the maximal cliques of T,
and |I'r| = kg forall 1.
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Proof. By assumption, each I'; contains an /-minimal vertex v;,. We have |I'/| =
2% — 1, and the algorithm chooses exactly k; vertices from Sy Corollary 4.7
implies that the maximal cliques in I" have sizes of the form k;, and Proposition 4.8
ensures that we have |I';| = k; for all intersections of maximal cliques (since all
intersections I'; occur as the clique above some element in the poset). ([

We have shown now that, if the algorithm returns any graph, then it returns a graph
with a certain number of maximal cliques, and the intersections of the maximal
cliques have certain sizes. We now establish that a finite graph is determined up to
isomorphism by the sizes of the intersections of maximal cliques.

Theorem 4.13. Let I', A be finite graphs. Suppose both graphs have r maximal
cliques which may be indexed in such a way that, for all index sets [ C {1,2,...,r},
Tyl = |Ag|. Thatis, all intersections of maximal cliques have the same sizes in each
graph. Then there is an isomorphism ¢ : I' — A which maps T to A; for each i.

Proof. We first claim that the poset structures P(I") and P(A) are the same,
and the corresponding equivalence classes have the same sizes. For each v € T,
let J, be the maximal index set such that v € I';,. Then St(v) = | I';. The

jehy J
equivalence class of v consists of the J,-minimal vertices of I" by Corollary 4.9.
By assumption, |I';, | = |A,|. Moreover, the number of vertices which are in some

further intersection is given by the inclusion-exclusion formula:

D DYV =y T (= A,

I T, I,

That is, the number of J,-minimal vertices in I and in A is the same. Since this is
for any v, the sizes of star-equivalence classes of vertices in I and A are equal for
every class. Each equivalence class is represented by some index set J (although
not every index set represents a class).

An equivalence class represented by J is smaller in the poset structure than
another represented by J' if and only if J C J'. Since this holds in both I" and A,
it follows that the poset structures are equivalent.

Now, we build amap ¢ : I' — A by piecing together (arbitrary) bijections between
each pair of corresponding equivalence classes. We observe that, by construction,

e([v]D) = [e)].

We also observe that I; is mapped to A; for each i. Let v € [}, so that i € J,.. By
construction, ¢(v) € Aj,, which is an intersection of maximal cliques including A;.
That is, ¢(v) € A;. It follows that ¢ maps I['; to A; for each I.

We must show that ¢ preserves adjacency. Suppose v, w € I are adjacent. Then
the edge {v, w} extends to some maximal clique I;. Now ¢ maps I to A;, so ¢(v)
and ¢(w) are still adjacent. O
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This completes the proofs of Theorem 2.4 and Theorem 2.3.

4B. Calculations in the abelianization. We now discuss the modifications to the
collapsing procedure to make use of algebraic information. Recall from the discus-
sion in Section 2 that, given a group G, we first form the involution graph Ag and
try to find a full system of representatives (i.e., a labeling of the vertices of Ag
which exhibit all commuting relations simultaneously). If A is a clique graph, the
collapsing procedure will give a graph I' = C(A¢) such that 'y = Ag. Moreover,
" will carry the labels of the vertices chosen during the collapsing, so that the
choice of which vertices to keep and which to omit is essentially the choice of
which elements of G will be the generators in a (hypothetical) right-angled Coxeter
presentation. For this reason, we must take care when choosing our generator
vertices to avoid choosing group elements which have a nontrivial product relation.
We will now demonstrate a method of passing to the abelianization G to determine
product relations using straightforward calculations.
Suppose we are given a finitely presented group

G={(s1,...,8Sm|"1,...,"k).

Recall that, for g € G, we write g for the image of g in the abelianization. A
presentation for G is given by

b~/ — — — = — — = — .o
Ga =<Sl’s2"-~’sm|r17r27"'9rk9[siasj] fOr 1517,] Sm>

Writing the group operation additively in G, we can write the relations as linear
combinations of the generators with integer coefficients:

ri = ai,ls_l +ai,25_2 +--- +ai,ms_m-

The coefficients (a; ;) form a k x m matrix R, called the relations matrix for G™.

We briefly recall the Smith normal form. Given the k x m integer matrix R,
there exist k x k and m x m invertible matrices P, Q and a diagonal matrix S
such that R = PSQ, and the diagonal elements of § are «, ..., 0,0, ..., 0 such
that o; | @j+1. The diagonal matrix S is called the Smith normal form of R.

Interpreting S as the relation matrix for a presentation, we have that G is in a
canonical form as a direct product of cyclic groups. Normal forms are immediate and
computations in G* are much easier. Moreover, we now have an effective quotient
map from G — G in this canonical form. Namely, for any g € G with g =[] Sjs
we have g =) 5 =Y 1", b;5;. The vector-matrix product (by by -+ b,,)Q will
give the coefficients of g in the Smith normal form presentation of G2°. This makes
product relations easy to compute.

We now apply this method to show that, in step 2 of the collapsing procedure,
we can avoid nontrivial product relations.
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Proposition 2.11. If Wr is a right-angled Coxeter group, then in step 2 of the
collapsing procedure in Theorem 2.4, we can choose the k — k" involutions of Wr
so that the chosen elements do not exhibit a nontrivial product relation.

Proof. In step 2 of our collapsing procedure, we consider an equivalence class [w]
of Aw, and the clique above it, S,,, where |S, | = 2k —1 for some k. If (W, S) is a
right-angled Coxeter system for W and the labels are distinct, pairwise commuting
involutions, then H = S,, U {e} is a finite subgroup isomorphic to (Z/27)*: the
elements of S,, are all involutions which pairwise commute. Any product g of
these elements is an involution and commutes with all other elements of S, (so
it is connected to all of S,). Moreover, any & which commutes with all of S,
commutes with any product of elements in S,, (namely g), and so g is contained in
any maximal clique containing all of S,,. Since §,, is an intersection of maximal
cliques and g is in all of these cliques, g lies in S,,. So H is a subgroup.

By Corollary 2.10, this subgroup projects injectively as a vector subspace into Wflb.
Inductively, we assume that there exists a choice of a right-angled Coxeter system
(Wr, S) such that V is a set of standard basis elements for (Wr, S)* = (Z / 27),
i.e., each element has only one nonzero component in the representation for the
abelianization given by our choice of right-angled Coxeter system (Wr, §). (The
base case is V = @& and any choice of (Wr, S).)

It follows that V' N S,, is a linearly independent set in the Z/27-vector space W°.
We can then choose k — k' labels in S, — V to extend this linearly independent set
to a basis B of (S,,). (It’s possible that k —k’ = 0.) Since H projects injectively,
choosing a basis for (S,,) is the same as choosing a basis for (S,). We need to
show that V U B is linearly independent as well.

To clarify, we are now keeping track of fwo different representations of the
abelianization. Wli‘b is the form calculated from the Smith normal form in step 0 of
the procedure, and (Wr, $)? is the form wherein each element of V is a standard
basis element. We will show that such a form must exist if Wy is a right-angled
Coxeter group, but it will not be directly computable during the procedure itself.
The existence of this form will be used to show that any choice of B during our
procedure will result in no nontrivial product relations.

Since H is a finite subgroup of (Wr, §), it is conjugate to a special subgroup:
gHg_1 ={ay,as,...,a) for {aj,as,...,a;r} € S. Consider b € B C S,,. Then,
reordering the vertices of S if necessary, ghg™! = ajas---a,, in (Wr, S). By
the deletion condition of right-angled Coxeter groups (see, for example, [Davis
2008]), a product cjc; - - - ¢¢ of distinct commuting generators of (Wr, §) commutes
with aa; - - - a,, if and only if ¢; commutes with a; for each i, j. In particular,
[b] =[aiay---a,] <la;] foreach 1 <i <m.

Suppose that [b] < [a;] for each i. Then the procedure has already considered
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[4;], and a subset of V is a basis for (S_a,- ), which contains a;. But by our inductive
hypothesis, V is a set of standard basis elements relative to (Wr, S)ab; moreover a;
is also a standard basis element since a; € S. So the only way that @; € (V) is if
@; € V (and so by injectivity g~ 'a;g € V). Thus, b = g 'ajar - - - a, g € (V), and
so b would not be chosen by the procedure to linearly extend V.

Therefore, there must be some i such that [b] = [a;]. By reordering the vertices
of S if necessary, [b] = [a;]. But then ghg~' = aja, - - - a,, and a; are involutions

that commute with exactly the same involutions, and so

¢ :Wr— Wr, o) = {alazmam = 1
a; otherwise,
is an involutive automorphism (in fact a transvection) of (Wr, ).

Now, (Wr, ¢(S)) is also a right-angled Coxeter system for Wr with the exact
same generators except for swapping a; and the product aa; - - - a,,. The set V
consists of standard basis elements not including a; and so is unchanged under the
induced map @ : (Wr, $)® — (Wr, ¢(5))®. Alternatively, ¢(b) = ¢(g) 'a1¢(g)
and so (p(_b) = ay. So if we let (W, S") = (Wr, ¢(S)) be our new right-angled
Coxeter system and let V' = V U {b} be our new subset of labels from our chosen
full set of representatives of Aw;., then the inductive hypothesis is still satisfied. In
particular, in our Smith normal form W°, the set V' is still linearly independent.

For each b € B, we can perform this procedure in succession, making sure that
for each b we choose different a; such that [b] = [a;]. If at any point this were not
possible, it would mean that there was some b, = g*1a1a2 -+ -apg (in the updated
system (Wr, ") with V') such that each a; either satisfies

(1) [b,] £ [a)], in which case a; € V' from a previous step in the procedure, or

(2) b= a; for some [ <n, in which case a; € V' froma previous element of the basis.

In either case, since all of the a; lie in S, this would give a linear dependence
in S,, among B, which contradicts its choice as a basis.

Thus, by induction on both elements of the poset, and then within each class on
the elements of each chosen basis, it will always be the case that V will consist
of elementary basis elements in (Wr, $)2 for some choice of system (Wr, S).
Since every generator a; of S is in S,;, we have a; € (\_/ N S_a, ), but since V are all
elementary basis vectors, it must be that a; € V. Thus, at the end of the procedure, vV
will always be the full standard basis for some system (Wr, $)2°, and in particular,
V will always be a basis of W°.

Any nontrivial product relation among the elements of V would induce a linear
dependence among their images in Wfib. But since V is a basis, this can never
happen. (]
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Finally, we prove the proposition that allows us to hypothetically build edges in
the involution graph of a given group by doing calculations in the abelianization:

Proposition 2.12. If Wr is a right-angled Coxeter group, then two conjugacy
classes of involutions [x] and [y] are connected by an edge in Ay, if and only if
there exists another class [z] such that 7 = Xy in the abelianization.

Proof. Let (Wr, S) be a right-angled Coxeter system for W, and let [x] and [y] be
conjugacy classes of involutions. Since x and y are involutions in a right-angled
Coxeter group, they are each conjugate to a product of commuting generators. So
there exist ay, az, ..., ay, b1, ba, ..., by, € S and g, h € Wr such that

gngl =ajay---a, and hylfl =biby--- by,

where all of the a; pairwise commute, and all of the b; pairwise commute. Consider

the product
w=ayaz---a,biby---by, =cicy---cy,

where the ¢ are the generators that appear among either the a; or the b; but not
both. (The ones that appear in both cancel with each other since they can be brought
to the front or back of their respective words.) In the abelianization W3°, we have
X=aiddn, 5 =biby-- by, and B = &6, Gr.

Now suppose that [x] and [y] are connected by an edge in Ay,.. That means
that some conjugates of x and y commute. This implies that the product z of those
conjugates is an involution. But then Z =Xy in Wli‘b.

Conversely, suppose that there exists an involution z such that z = xy. Since z is
an involution, it must be conjugate to a product of distinct, commuting generators,
each of which is mapped to its corresponding generator of Wfib and so can be
recovered directly from z. Thus, these generators must be exactly the ¢;, and so they
each pairwise commute. In particular, w is an involution, and gxg~! and hyh~!
commute. Thus, [x] and [y] should be connected by an edge in Awy,.. |

We have now established the correctness of our right-angled Coxeter recognition
procedure:

Theorem 2.13. Suppose G is a group whose only torsion elements all have order 2,
so that G™ = (Z/27)" for some n. If the following procedure returns TRUE, then G
is a right-angled Coxeter group (and the procedure indicates a right-angled Coxeter
presentation). If it returns FALSE, then G is not a right-angled Coxeter group.

(1) Determine all conjugacy classes of involutions in G, and let these be the vertices
of a graph T"'. If there are not finitely many, return FALSE.

(2) Apply Proposition 2.12 to construct the edges of T".

(3) If T is not a clique graph, return FALSE.
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(4) Find a full system of representatives for the vertices of T". If no such system
exists, return FALSE.

(5) Collapse as in Theorem 2.4, using Proposition 2.11 to ensure that nontrivial
product relations are avoided. Write C(I'') for the resulting graph.

(6) Let T be a graph isomorphic to C(I'") with generic vertex labels ay, . .., ay.
Let ¢ : Wr — G be the map which sends the generators of Wr to the word
given by the corresponding labels of vertices in C(I''). If ¢ is an isomorphism,
return TRUE.

(7) Otherwise, return UNKNOWN.

5. Further research

While we have used our decision procedure to successfully establish both positive
and negative identification of right-angled Coxeter presentations among extensions
of right-angled Coxeter groups, much work remains to be done. One might hope
to eventually characterize all subgroups H < OutO(WF) (or H < Aut(Wr)) such
that Wr x H is right-angled Coxeter. We note that subgroups H < Out’(Wr)
are not necessarily generated by partial conjugations (they may be generated by
products of partial conjugations). Even if we only considered those H generated
by partial conjugations, we could not extend Lemma 3.2 by induction. If x, y are
two commuting partial conjugations of Wr, then

Wr x (x, y) = (Wr % (x)) X (y);

however, y may not act on Wr x (x) as a partial conjugation (it will generally act
as a product of partial conjugations). Theorem 1.1 extends the lemma by induction,
but we have many more examples of right-angled Coxeter extensions which are not
covered by this theorem. More work is required for a complete characterization.

As in Section 3C, following a characterization of extensions Wr x H which
are right-angled Coxeter, we would also gain insight into semidirect product de-
compositions of right-angled Coxeter groups. Given a graph A, we could hope
to obtain a complete list of graph features which identify Wx as Wr x H, where
H < OutO(Wr). (We observe that this would not identify all semidirect product
decompositions of right-angled Coxeter groups. There are certainly decompositions
which are not of this form.)

We strongly suspect that, whenever H < Out®(Wr) is isomorphic to D, the
product Wi x H is not right-angled Coxeter. The first example of Section 3B is of
this form. Much of the argument in that example rests on using a normal form to
establish that the given list of classes of involutions is complete. A general proof
would require substantially more work to prove that we can accurately build the
involution graph in the general case.
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Figure 13. Dashed lines represent edges that may be present in some cases.

In particular, in the case of universal right-angled Coxeter groups (those whose
defining graphs have no edges), the outer automorphism groups act on a contractible
simplicial complex called McCullough—Miller space [Piggott 2012]. This space
is analogous to Culler—Vogtmann outer space for the case of free groups [Culler
and Vogtmann 1986], and we can use the action to classify all conjugacy classes
of involutions in the outer automorphism groups. An analogous structure does not
currently exist for the outer automorphism group of a general right-angled Coxeter
group, and such a theory would need to be developed in order to construct the
involution graph and confirm our conjecture.

Nevertheless, we can provide the following heuristic about what ought to go
wrong in such an extension. Consider, for simplicity, a Do, generated by two
noncommuting partial conjugations. If x = x; p and y = x; g are the partial
conjugations, let b be any vertex other than a; which is outside St(a;) U D. Then
Figure 13 shows part of the involution graph of the extension.

In the figure, the edge from b to ya; will be present if b € E; the edge from b
to a; will be present if b € St(a;). The figure as drawn so far cannot be a clique
graph, because the central triangle is a maximal clique which does not satisfy the
IEC. But even if other vertices were present which could turn the central triangle
into a 7-clique (or larger) so that the condition would be satisfied, the collapsing
procedure would need to choose all three vertices x, a;, xa;, which are not linearly
independent in the abelianization. However, this only establishes that the given
pattern of labeling vertices in the involution graph — a pattern which has produced
full systems of labels in all other examples so far — does not give an isomorphism
to a right-angled Coxeter group in this case. We have not sufficiently established
that the extension could not have any right-angled Coxeter presentation.
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ON YAMABE-TYPE PROBLEMS
ON RIEMANNIAN MANIFOLDS WITH BOUNDARY

MARCO GHIMENTI, ANNA MARIA MICHELETTI AND ANGELA PISTOIA

Let (M, g) be an n-dimensional compact Riemannian manifold with bound-
ary. We consider the Yamabe-type problem

—Agutau=0 on M,
dyu+"2bu = (n —2)u"/"=2*  on M,

where a e C'(M), b e C'(dM), v is the outward pointing unit normal to M,
Agu := divyV,u, and ¢ is a small positive parameter. We build solutions
which blow up at a point of the boundary as & goes to zero. The blowing-up
behavior is ruled by the function b — H,, where H, is the boundary mean
curvature.

1. Introduction

Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 3 with
a boundary 0M which is the union of a finite number of smooth closed compact
submanifolds embedded in M.

A well-known problem in differential geometry is whether (M, g) is necessarily
conformally equivalent to a manifold of constant scalar curvature whose boundary
is minimal. When the boundary is empty this is called the Yamabe problem (see
Yamabe [1960]), which has been completely solved by Aubin [1976], Schoen [1984]
and Trudinger [1968]. Cherrier [1984] and Escobar [1992a; 1992b] studied the
problem in the context of manifolds with boundary and gave an affirmative solution
to the question in almost every case. The remaining cases were studied by Marques
[2005; 2007], by Almaraz [2010] and by Brendle and Chen [2014].

Once the problem is solvable, a natural question about compactness of the full set
of solutions arises. Concerning the Yamabe problem, it was first raised by Schoen
in a topics course at Stanford University in 1988. A necessary condition is that the
manifold is not conformally equivalent to the standard sphere S”, since the group of

The research that lead to the present paper was partially supported by the group GNAMPA of Istituto
Nazionale di Alta Matematica (INdAM).

MSC2010: 35J20, 58J05.
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conformal transformations of the round sphere is not compact itself. The problem
of compactness has been widely studied in recent years and has been completely
solved by Brendle [2008], Brendle and Marques [2009] and Khuri, Marques and
Schoen [Khuri et al. 2009].

In the presence of a boundary, a necessary condition is that M is not conformally
equivalent to the standard ball B". The problem when the boundary of the manifold
is not empty has been studied by V. Felli and M. Ould Ahmedou [2003; 2005],
Han and Li [1999] and Almaraz [2011a; 2011b]. In particular, Almaraz studied
the compactness property in the case of scalar-flat metrics. Indeed, the zero scalar
curvature case is particularly interesting because it leads one to study a linear
equation in the interior with a critical Neumann-type nonlinear boundary condition

—Agu-l—%Rgu:O onM,u>0in M,
(1-1) =
du+ =L Hyu = (n —2)u "2 on aM,

2
where v is the outward pointing unit normal to dM, R, is the scalar curvature of
M with respect to g, and H, is the boundary mean curvature with respect to g.

We note that in this case compactness of solutions is equivalent to establish
a priori estimates for solutions to equation (1-1). Almaraz [2011b] proved that
compactness holds for a generic metric g. On the other hand, in [Almaraz 2011a]
it was proved that if the dimension of the manifold is n > 25, compactness does
not hold because it is possible to build blowing-up solutions to (1-1) for a suitable
metric g. We point out that the problem of compactness in dimension n < 24 is
still not completely understood.

An interesting issue, closely related to the compactness property, is the stability
problem. One can ask whether or not the compactness property is preserved under
perturbations of the equation, which is equivalent to having or not having uniform
a priori estimates for solutions of the perturbed problem. Let us consider the more
general problem

(1-2) {—Agu—i—a(x)u:O inM,u>0in M,

A +b(x)u=n—2)u""? ondM.

We say that the problem (1-2) is stable if for any sequences of C' functions
a;: M — R and b, : 0M — R converging in C' to functions @ : M — R and
b:0M — R, for any sequence of exponents p, :=n/(n —2) & ¢ converging to the
critical one n/(n — 2) and for any sequence of associated solutions #, bounded in
H'(M) of the perturbed problems

o+ "=2b, (yu = (n — 2 "IE on o,

—Agu+a,(x)u=0 inM,u, >0in M,
(1-3)
2
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there is a subsequence u,, which converges in C? to a solution to the limit problem
(1-2). The stability of the Yamabe problem has been introduced and studied by
Druet [2003; 2004] and by Druet and Hebey [2005a; 2005b]. Recently, Esposito,
Pistoia and Vetois [Esposito et al. 2014], Micheletti, Pistoia and Vetois [Micheletti
et al. 2009] and Esposito and Pistoia [2014] proved that a priori estimates fail for
perturbations of the linear potential or of the exponent.

In this paper, we investigate the question of stability of the problem (1-2). It is
clear that it is not stable if it is possible to build solutions u, to perturbed problems
(1-3) which blow up at one or more points of the manifold as the parameter ¢ goes to
zero. Here, we show that the behavior of the sequence u, is dictated by the difference

(1-4) @(q) =b(q) — Hy(q) for q € IM.

More precisely, we consider the problem

—Agu+a(x)u=0 onM,u>0in M,
(1-5) 0 n—>2 —2)+

—u+ b(x)u = (n —2u"/ "= on M.

ov 2
We assume that a € C'(M) and b € C'(dM) are such that the linear operator
Lu := —Agu + au with Neumann boundary condition Bu := d,u + %(n —2)bu is
coercive; namely, there exists a constant ¢ > 0 such that

n—2

(1-6) /M(ngz +a()u?) dpg + 5 faMb(x)uzda > c||u||§,l(M).

Here ¢ > 0 is a small parameter, Agu := divgV,u, and the space H 1(M) is the
closure of C*° (M) with respect to the norm

12
||u||H.=(/ (|vgu|2+u2)dug) .
M

The problem (1-5) turns out to be either slightly subcritical or slightly supercritical
if the exponent in the nonlinearity is either n/(n—2)—e or n/(n—2)+¢, respectively.
Let us state our main result.

Theorem 1. Assume (1-6) andn > 7.

(1) If qo € OM is a strict local minimum point of the function ¢ defined in (1-4)
with ¢(qo) > 0, then provided & > 0 is small enough, there exists a solution u.
of (1-5) in the slightly subcritical case such that u, blows up at a boundary
point when & — 07,

(ii) If qo € OM is a strict local maximum point of the function ¢ defined in (1-4)
with ¢(qo) < 0, then provided ¢ < 0 is small enough, there exists a solution u.
of (1-5) in the slightly supercritical case such that u, blows up at a boundary
point when & — 07,
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We say that u, blows up at a point gg of the boundary if there exists a family
of points g, € dM such that g. — qo as ¢ — 0 and, for any neighborhood U C M
of go, we have that sup, iy u-(q) - +00 as ¢ — 0.

Our result does not concern the stability of the geometric Yamabe problem (1-1).
Indeed, the function ¢ in (1-4) turns out to be identically zero. It would be interesting
to discover the function which rules the behavior of blowing-up sequences in this
case. We expect that it depends on the trace-free second fundamental form as it is
suggested by Almaraz [2011b], where a compactness result in the subcritical case
is established.

The case of low dimension also remains open, where we expect that the function
¢ in (1-4) should be replaced by a function which depends on the Weyl tensor of
the boundary, as suggested by Escobar [1992a; 1992b].

The proof of our result relies on a very well known Ljapunov—Schmidt procedure.
In Section 2 we set up the problem, and in Section 3 we reduce the problem to a
finite dimensional one, which is then studied in Section 4.

2. Setting of the problem

Let us rewrite problem (1-5) in a more convenient way.
First of all, assumption (1-6) allows us to endow the Hilbert space H := H (M)
with the scalar product

(u, vy :=/ (Vgquv—I-a(x)uv)d,ug—f-g/ b(x)uv do
M 2 oM

and the induced norm |u||% := (u, u)) - We define the exponent

M in the subcritical case,
5 — n—2
. =
Z;n_—zl) +ne in the supercritical case,

and the Banach space H := H'(M) N L% (M) endowed with the norm lully, =
lutll g+ 0] e copgy-

Notice that in the subcritical case H is identical to the Hilbert space H.

By trace theorems, we have the inclusion W!* (M) c L"(dM) for any ¢ and ©
satisfying t <t(n—1)/(n — 7).

We consider i : H' (M) — L>=D/0=2 (M) and its adjoint with respect to
(-, - Nyy» namely

it L2=VnM) — HY (M)

defined by
(@, i"(Ny :/ pgdo forall g € H',
M
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so that u = i*(g) is the weak solution of the problem
—Agu+a(x)u=0 on M,
(2-1 9
v
We recall that by [Nittka 2011], if u € H (M) is a solution of (2-1), then for
2n/(n+2) <q <n/2 and r > 0 we have

u—+ nz;zb(x)u =g ondiM.

(2'2) ||l/t ||L(n—1)q/(n—2q)(aM) == ”l*(g) ||L(n—l)q/(n—2q)(3M) S ||g||L(n—l)q/(n—q)+r(aM)-
By this result, we can choose ¢ and r such that

(n—1)gq L= 2(n—1)4+nn—2)¢e

23 w=bg_20=D .

n—2q n—2 n—q n+mn—-2)e
that is,
2n+n*(2=2)e . 2n—1) +nn—2)e 20n—1)+nmn—2e
= an r= - .
2 2n("=2)e n+(n—2)e n+(n—2)(;2)e

So, if u € L2(1=D/(=2+ne (L) then
n 2(n—1)+nn—2)¢
|u|m+8 el ntei=2) (M)
and, in light of (2-2), also i*(|u|"/(*=2+¢) ¢ L21=D/=2)+ne G pr),
Finally, we rewrite problem (1-5) —both in the subcritical and the supercritical
case —as

(2-4) u=i"(fe), ueH,

where the nonlinearity f,(u) is defined as f,(u) := (n — 2)(u™)”/"=2+¢ in the

supercritical case or f;(u) := (n —2) (ut)"=2=¢ in the subcritical case. Here

u™(x) ;= max{0, u(x)}. By assumption (1-6), a solution to problem (2-4) is strictly

positive and actually is a solution to problem (1-5). Therefore, we are led to build

solutions to problem (2-4) which blow-up at a boundary point as & goes to zero.
The main ingredient to cook up our solutions are the standard bubbles

§=2)/2
(G+0)7+|x—§2)n=2/27

which are all the solutions to the limit problem

Usg(x, 1) = x,)eR" 'R, §>0, £ R},

(2-5) {—AU:O on R !'x Ry,

U =m—-2)U""2 onR"'x{r=0}.
We set Us(x, t) := Us o(x, t).



84 MARCO GHIMENTI, ANNA MARIA MICHELETTI AND ANGELA PISTOIA

We also need to introduce the linear problem
—AV =0 on R 'x Ry,
(2-6) 2/(n-2) -1
0,V =nU, V. onR" x{r=0}.
In [Almaraz 2011b] it has been proved that the n-dimensional space of solutions of
(2-6) is generated by the functions
U, Xi
= —_——= 2 —_
i T AR+
/2
aUs ‘ n—2 1 e
Vo=—+% = t —1).
07755 o1~ 2 ((1+z‘)2+|x|2> (F+1x" = 1)

Next, for a point ¢ € M and the (n — 1)-dimensional unitary ball B"~1(0, R)
in R*~!, we introduce the Fermi coordinates ¥ : B*~'(0, R) x [0, R) — M. We
read the bubble on the manifold as the function

Ws,q (&) = Us((WD &) x () 7'E).

and the functions V; on the manifold as the functions

Vi fori=i,...,n—1,

2, = 5oz Vi (50D € ) (W) 71E) for i =01,

where x (x, 1) = x(|x])x (¢), for ¥ a smooth cut off function, ¥(s) =1 for0 <s <
R/2 and x(s) =0 for s > R. Then, it is necessary to split the Hilbert space H into
the sum of the orthogonal spaces

Ks 4= Span(qu, ey Zg’;ll)
and
Ky, ={peH' M) | (¢, Z; Ny =0foralli=0,....n—1}.

Finally, we can look for a solution to problem (2-4) in the form
ug(x) = Ws q(x) + ¢ (x)

where the blow-up point ¢ is in dM, the blowing-up rate § satisfies

2-7) 6:=de forsome d >0

and the remainder term ¢ belongs to the infinite dimensional space K (qu NH of
codimension n. We are led to solve the system

(2-8) M5 { W (0) + ¢ (x) —i* (fe (Ws.4(x) + ¢ (x))) } =0,
(2-9) 5,4 {Ws,q(x) + ¢ (x) = i*(fe (W54 (x) + 9 (x)))} =0,

Hi , and IT; 4 being the projections on K (fq and K 4, respectively.
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3. The finite dimensional reduction

In this section we perform the finite dimensional reduction. We rewrite the auxiliary
equation (2-8) in the equivalent form

(3-D L(¢) =N(9) +R,

where L = L; , : KSLq NH— KSLq N H is the linear operator

L(¢) = Tz, {¢ (x) —i* (f{(Ws.)[¢D },

N (¢) is the nonlinear term

(3-2) N(¢)=Hiq{i*(fs(Ws,q(X)+¢(X)))—i*(fs(Wa,q(X)))—i*(fg(Wa,q)W])}
and the error term R is defined by

(3-3) R =Ty {i*(fe Ws,q(x))) — Wi ¢(x)}.

3.1. The invertibility of the linear operator L.

Lemma 2. Fora, beRwith0<a <b, there exists a positive constant Co=Cq(a, b)
such that, for ¢ small, for any q € OM, for any d € [a, b] and for any ¢ € Kj:q NH,
we have

1Ls,q(P) 3, = Coll@lly-

Proof. We argue by contradiction. Suppose that there exist two sequences of real
numbers ¢,, — 0 and d,,, € [a, b], a sequence of points g,, € 0M and a sequence of

functions ¢,.4,,.4,, € K ; dp.qn (V1 such that

||¢5mdmsqm ||H = 1 and ||L8ﬂ1d"1’qﬂ1 (¢8mdmaqm)”7'l % 0 as m % +w'

For the sake of simplicity, we set 6, = ¢,,d,;, and define
G =85 s, 4, (Vg Bu) X G for n=(z,1) €RY, z€ R, 1 >0,

Since [|ps,d,,, g Il 7 < 1, by a change of variables we easily get that {® }m is bounded
in D'2(R™) (but not in H'(R")). Therefore, there exists ¢ € D"?(R%.) such that
¢m — ¢ almost everywhere, weakly in Dl*z(Ri), in L2/ ("_2)([F£’jr) and strongly

2(n—1)/(n—2)
nL. (ORY).
Since ¢, 4,, € Kstqu, and taking (2-6) into account, fori =0,...,n—1 we
get

a4 o= [ Vvvidear=n [ 0¥ 0% 066 00dz,
R Ro-1

n
+
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Indeed, by a change of variables we have

0 = <<¢5m'qm ’ Zézn»%n >)H
= '/;Vl(vgqsamﬂm ngém,qm + a('x)d)&nﬂm Zém,qm) d/"l’g

n—2 i
> /8Mb(x)¢5m,qu3m’qm do

- 0 0
= f |8q, (5|28 =2 2800 G Vi () X (81) 5 —bs,..q, (Y, (Bu)) 1
R No No

+

m

+ /R n+|gqm @282 2ayd (m)Vim)ds,.q, (W (Gmm)) 81

+ /a " 184, (82, )28 b (805, ., (W Bz, 0) Vi (Smz. 0) dz
- /R VT + DtV 1)

+36 /3 _ Pamvicz. 0)¢ (2, 0) 87 + O (8)
= /R ivvl-(nw&m(nwow): /R 1VVi(n)V¢~>(n)+0(1),

By definition of L we have

ms>qdm

n—1
B-5)  Bsge — 1 (L (Ws, 0,)[85,.0,1) — Loy g @5,.0) = D CZ5 4
=0

We want to prove that, foralli =0,...,n—1, ¢! — 0as m — oo. Multiplying
(3-5) by ng, 4, We obtain, by definition of i*,

n—1 ) )

Z C;n«Zéqum’ Zémyﬂm >>H = «l*(f‘;m (W5777’qm)[¢5”1’q”7])’ Zéqum >>H

i=0

Z/ fslm(W‘vaQm)[qbam’qm]Z({ma(Im do.
oM

Moreover, by multiplying (3-5) by ¢, , We obtain that

ms>qdm

2
185,01 — / £ (W, o )02, do = 0.
oM

Thus ( fg/m ( ngql71))1/ 2¢5m, ¢n 18 bounded and weakly convergent in L?(dM). With
this consideration we easily get
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f fé‘/m(Wlsm:qm)[d)am:qm]zgm,qm do
oM
= [ W) P B, Wi P2, dor
oM
2/(n-2) -
=7l/ U, (z, 0)¢(z,0)Vi(z, 0) dz + o(1) = o(1),
Rn—1

once we take (3-4) into account.
Now, it is easy to prove that

(<Z§ma%n’ ng,qm»H = CSU +0(1)’

hence we can conclude that C;in —0asm — ooforeachi =0,...,n— 1. This,
combined with (3-5) and using || L¢,,d,,. g, (Pendyn.gn) 13y = 0, gives us that

msqm

n—1

B6) | Psmegn — 1L (Ws,. ) [88,0, D5y = D €l ZF I3, + 0(1) = o(1).

i=0

Choose a smooth function ¢ € C3°(R’.) and define

Pm(x) = Wgo(i(wjm)‘l(x))x((w;’l)‘l(x)) for x € M.

We have that ||¢y, || ; is bounded and, by (3-6), that

«¢8m,qm, Pm »H
= /Z;M fg/m (WS,,l,q,,z)[¢6m,q,,l](Pm do + (<¢6m,q,,, - l*(fg/ (W(Sm,qm)[(pém,qm])’ §0m>>H

m

=/ fg,m(WS,,,,qm)[(p&,,,qm]QDm do +o(l)
oM

1 n—2)tey, =
=(ntenn=2) | WU‘Z/( DEN (2, 0) (2, 09 dz +0(1)

:n/ U "2 (2, 004(z, 0)p(z, 0) dz +o(1),
Rn—1

2(n—1)/(n-2)
loc

by the strong L (dR"}) convergence of ém. On the other hand,

st mn = [ 935000 +0(),

SO (/5 is a weak solution of (2-5) and we conclude that

<]3 € Span{Vyp, Vi, ..., V,,}.
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This, combined with (3-4), gives that ¢ = 0. Proceeding as before we have
<<¢8m,qm ) ¢5m,qm »H
= / for Ws,0,)[98,.4,185,.4,, do +0(1)
M

I Do 7
=(nkenn=2) | WU‘Z/( DEn (2 0)GR (2, 00p dz +o(1) = o(1).

In a similar way, by (3-6) we have

|Bsueram |10 = [T Ws,1. 4 [958, ])
which gives ||¢ps

L To() =0(1),

ll,, — 0, which is a contradiction. O

ms qm
3.2. The estimate of the error term R.

Lemma 3. Fora, beRwith0<a <b, there exists a positive constant C1 =Ci(a, b)
such that, for € small, for any q € OM and for any d € [a, b] we have

[ Re,6,4ll3 < Ciéllne|
Proof. We estimate
|i*(fe(Ws.q(x)) = W, g (0],
< i (feWa.q () =i (foWs.g D) + [* (fo(Ws,g(x))) = W,g ()] -
By definition of i* there exists I' which solves the equation

—A T 4a@)I =0 on M,

(3-7) d . n-2
51—‘ + Tb(x)F = fO(W&q) on oM,

s0, by (3-7), we have
i (fo(Ws,q(x))) = Ws ()|,
=T (x) — Ws ()1

= / [_Ag(r - WS,q} +a( — Wé,q)](r - WS,q) dﬂg
M

9 -2
+/8M [50‘ ~ W)+ 5 Vb - Ws,q)](r — Ws.g) ding
:/ [AgWsg —aWs I(T — Ws o) di
M

d
+/3M I:fO(WS,q) - %WB,(J](F - WS,q)dMg

_n—2
2

/ b(x)W(S,q(F - WS,q) dl’l’g =L+ 5L+
oM
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We obtain
(3-8) L =T = Ws 4l g O).
In fact,
It < | AgWa.g = aWs, gl ausisor ) 1T = Wag 2w an,
= 1AgWs.q —aWs gl panjwen ) I — W qll -

We easily have that [Ws 4, 5,042 = 0 (8?). For the other term we have, in coordi-
nates,

(3-9)  AgWsy = AlUsx1+ (8" — 8ap)8ap[Us x 1 — g“°T%, e [Us x 1,

F’a‘ , being the Christoffel symbols. Using the expansion of the metric g‘”’ given by
(4-2) and (4-3) we have that

510) (8" = 8ap) Db Us x| painsn (4 = O ),
‘gubrkbak [Usx] ’LZn/(n+2)(M) = 0(5 ).

Since Us is a harmonic function we deduce

G-11) AW X o apy = 1UsAX +2VUs VX | paujinsar 7y = O (60
For the second integral I, we have

(3-12) L =T —Ws 4l ;0.

since

ad
B = W) = 5 W] o 10 = Wl

1T = Ws gl

ad
= C|fo(W8,q) - a_szS,q L20=D/n (M)

and, using the boundary condition for (2-5), we have
0
(G-13) | foW.g) = 5-Wig

1
=5

LZ(n—])/n(aM)

( f 1862, 02| (1 = 20" 2, 0) "D (52,0)
Rn—1

2n—1) i
— (82, 0) (z 0)] g 5"—1dz> !

< c(/ [(n —2)U" "2 (2, 0)[x"/ "2 (52, 0)

20-1)  \Z0=D
—x6z,0]] 7 dz> =0(8Y).
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Lastly,
(3-14) I3 < IWs gl 2 1meapny /T = Wo gl ooy = IT = Wa gl 5 O(6).
By (3-8), (3-12) and (3-14) we conclude that

i (fo(Ws.q(x))) = Ws ()| ,;, = IT (%) = W5 ()| y = O ().

To conclude the proof we estimate the term [[i*( f. (W, 4 (x))) —i*( fo(Ws,4(x)))
We have, by the properties of i*, that

[

i (fe(Ws.q(x) = i*(fo(Ws.q D)) ||

—_2)+ -2
E |W5,q(x)n/(n ) £ — Wg/q(n )(x) |L2(n—l)/n(aM)

N ( / [(W—_MU“@,O) - 1) U2, 0)} dz) +0().
Rr=

To estimate the last integral, we first recall two Taylor expansions with respect to ¢:

(3-15) Ut =1 :i:ean—i—%ez 12U + o(?),
_ —_ 72
(3-16) §TE=2/2 — 1 ¢ e”Tz Iné+ 52% In? 8 + o(e In? §).

In light of (3-15) and (3-16) we have

G-17) [|li*(fe(Ws. ) = i*(foWs. )|

< (/ }(:anzglnaisln Uz, 0)+ 0(£2)
Rnfl

2(n—1) 72(’1_1)
+O(821n8)>U”/("_2)(z,0)| L dz) + 08

n/(n—2)
L2(n—1)/(n—=2) (Rnfl)

=T
e (/ U2en=b/0=2 . 0)InU(z, 0) dZ)
R

+0@EH + 03I S]) + 0(8?)

_n—=2

elns|U(z, 0)|

= 0() + O(g|ln8]) + 0 (8.

Choosing § = de concludes the proof of Lemma 3 for the subcritical case.
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For the supercritical case, we have to control | R s,¢|; s (57)- As in the previous
case we consider

|R8,5,q|LS8(aM) = |i*(fs(W8,q(x))) - i*(fO(WS,q(x)))

Lse (0M)

+ |i*(f0(W5,q(x))) — Wi, q(x)

Lse (0M)"
As before, set I' = i*( fo(Ws 4(x)). Since I" solves (3-7), I' — W5 4 solves
— Ay (T = Wy ) +a()(T = Wsg) = —A Wy g +a(x)Ws, on M,
el -2
(0 = Wi g) + 552 b() (T = W g)
on dM.

0 —2
= fo(T) + 5 Wa g + 557 bx) Wi g

We choose ¢ as in (2-3), and r = . Thus, by Theorem 3.14 in [Nittka 2011], we
have

|F - W&qlLSa(aM) = I - AgW(S,q +a(x)W8,q|Lq+s(M)

d n—2
+ ‘fo(r) + 8_VW5JI + 2 b(x)Wa,q L(n—l)q/(n—q)ﬂ(aM)'

We remark that

— 27’1 + . +
= +07(e) with 0<O"(¢) <Cs
n+24+2n u)8 n+2 © 2

for some positive constant C. By direct computation we have

0Ot
|a(x)W5,q|Lq+E(M) = C82 0 (8)7

|b()C)W5’q |L("*1)q/(n*q)+8(aM) < C81_0+(8).
Moreover, proceeding as in (3-9), (3-10), (3-11) and (3-13) we get

1o+
|A8W5,q|Lq+e(M) <C$é o (8)’

fo(D) + ;—vwa,q <cs!=0"@,

L=Da/—a)+e@@M) —

Since i*(f.(Ws.4)) solves (1-5), and i*(fe|u|™ =2+ (Ws,)) solves (1-5), we
again use Theorem 3.14 in [Nittka 2011]. Taking (3-15) and (3-16) into account,
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we finally get

(B-18)  [i*(fe(Ws,)) = i* fo(Ws. )| e oary
< |fs(W8,q) - fO(W(S,q)|L2(nfl)/n+0+(£)(3M)

_0+(8) ; . ) )
=’ (/%n—1[<88(n—2)/2U(Z,0) 1

2(n—1)

1
—+07"(e) 2(n—1 ot
. Uﬂ/(l’l—Z)(Z’ 0):| g dZ) (n )/n+ (8) + 0(82)
=597 (0 (e|n8]) + O(e)) + O(8?).
Now, choosing § = de, we can conclude the proof, since
§797® — 1 4 0T (e)|In(ed)| = 1 + O (e|lng|) = O(1). O

3.3. Solving (2-8): the remainder term ¢.

Proposition 4. For a,b € R with 0 < a < b, there exists a positive constant
C = C(a, b) such that, for ¢ small, for any q € 0M and for any d € [a, b] there
exists a unique ¢s 4 which solves (2-8). This solution satisfies

l¢s.41l3; < Cellnel.

Moreover the map q — ¢5 4 is a C'(dM, M) map.

Proof. First of all, we point out that N is a contraction mapping. We remark that
the conjugate exponent of s; is

2(’1’1— D in the subcritical case,
5, = _ _
Zn—Dten=2) . 4. supercritical case.
n+en(n—2)

By the properties of i* and using the expansion of f;(Ws, + ¢1) centered in
Ws,q + ¢2 we have

IN(p1) — N (@) lly <|| fe Ws.g+01) — fo(Ws,g+82) — £, (W5 ) (1 — 2]
<[ (FL(Ws,q +01 + (1 —0)2) — fL(Ws o)) 1 — 2]

and, since |y — | € L*/* (dM) and | f/(-)|s € L¥/%)" (aM) as f.(-) € L*(dM),
we have

IN($1) — N($2) 5,
< | (f{(Ws.q +6¢1 + (1 =0)d2) = L (Ws.)) | e oy 101 = D21l e o)

=yld1 — d2lly,

L5 (3M)

L5 (3M)
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where

y = (F/(Ws.q +0¢1+ (1 —0)2) — £/ (Ws.))] 1

provided [|¢1 |4, and [|¢2]|,, are sufficiently small.

In the same way we can prove that || N(¢)|l,, < v l¢ll,, with y < 1 if ||@]l,, is
sufficiently small.

Next, by Lemmas 2 and 3 we have

IL= (N (@) + Re5.)ll3 < C(rl1lly; +elinel),

L (M) =

where C = max{Cy, CoC1} > 0, for the constants Cy, C; which appear in Lemmas 2
and 3. Notice that, given C > 0, it is possible (up to a choice of ||¢||,, sufficiently
small) to choose 0 < Cy < %

Now, if ||¢]l,; < 2C¢[ln¢g|, then the map

T(¢) =L " (N(¢)+ Res,4)

is a contraction from the ball ||¢[|,, < 2C¢|In¢] in itself, so, by the fixed point
theorem, there exists a unique ¢s 4 with [|¢5 411, < 2Ce[lng| solving (3-1), and
hence (2-8). The regularity of the map g — ¢5 , can be proven via the implicit
function theorem. (]

4. The reduced problem

Problem (1-5) has a variational structure. Weak solutions to (1-5) are critical points
of the energy functional J, : H — R given by

Je(n) :%/M(|Vu|2+a(x)u2) dug

n—2 2, (n—2)% (n—2)/(n—2)+e
+ 1 /3Mb(x)u do —Zn—Z:ts(n—2) 3Mu do.

Let us introduce the reduced energy I. : (0, +00) x M — R by
4-1) I.d, q) = Js(Wed,q +¢£d,q)a

where the remainder term ¢4, , has been found in Proposition 4.

4.1. The reduced energy. Here we use the following expansion for the metric
tensor on M:

42) g7y =8 +2hij(O)y,+O(y*) fori,j=1,....n—1,
(4-3) g"(y) =8y fori=1,...,n—1,
@4 Jg»)=1—=m—=1DH©O)y,+ 0y,
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where (y1, ..., y,) are the Fermi coordinates and, by definition of 4;;,

n—1
1
(4-5) H= j{:hﬁ.
i

n—1

We also recall that on dM the Fermi coordinates coincide with the exponential ones,
so we have that

(4-6) VEOL, -y Yae1, 00 = 1+ O(|y[?).

To improve the readability of this paper, hereafter we write z = (zy, ..., Zn—1)
to indicate the first » — 1 Fermi coordinates and ¢ to indicate the last one, so
(Y15 -+ Yu—1,¥n) = (2, t). Moreover, indices i, j conventionally refer to sums
from 1 to n — 1, while /, m usually refer to sums from 1 to n.

Proposition 5. (i) If (doy, qo) € (0, +00) x M is a critical point for the reduced
energy I defined in (4-1), then Wy, 4o + @cdy, g, € H solves problem (1-5).
(i) It holds true that
I.(d,q) =cn(e) +eladp(q) — B Ind] +o0(e) in the subcritical case,
I.(d,q) =cn(e) +elayde(q) + BnInd] + o(e) in the supercritical case,
CO-uniformly with respect to d in compact subsets of (0, +00) and g € IM.
Here ¢, (¢) is a constant which only depends on ¢ and n, a,, and B, are positive

constants which only depend on n, and ¢(q) = h(q) — Hy(q) is the function
defined in (1-4) .
Proof. (1) Setq :=q(y) = wgo (y). Since (dy, qo) is a critical point, we have, for
anyhel,...,n—1,

_ 9 9
0= g 1:(d. ¥4, )

= <<Wsd,q(y) + Ged qiv) — (e Wed, g(3) + Ped.q (1))

y=0

0 0
2 Wed g + E‘Ped,q()’)»[{)

dyn y=0

1
T 9 ad
Ci‘ «Zéd,q(y)’ ayh Wad,q(y) + 8)’h ¢8d’q(y)>>l-[‘

n

y=0

- O

= o~

_ n—1
- e «Zéd"m’)’ ayn Wad’q(y)»ﬂ ‘yzo B ,2(; ‘i << ayn Zéd*q(y)’ ¢8d"’(y)>>ﬂ ‘y:O’
=

using that ¢4 4(y) is a solution of (2-8) and that

. P 9
<(Z<l‘,‘d,q(y)’ E‘Ped,q(y)»H = _<<Ezéd,q(y)’ ¢sd,q(y)>>H
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since ¢eq, q(y) € K jd 4(y forall y. Now it is enough to observe that

0 i 9
«@Zéd’q(”’ ¢€d"I(y>)>H = H Ezéd,q(y) “H||¢5da‘I(Y)||H =o(1),

<<Zéd,q(y)’ %Wsd,q(y)»b{ = é«zéd,q(y)’ Z?d,q()‘)»H = éyh +o(l),

to conclude that
n—1
0= é ; (8" + o(1)),
and so cé =0foralli =0,...,n—1. This concludes the proof of (i).
(ii)) We prove (ii) in two steps.
Step 1. We prove that for € small enough and for any g € M,
e (Ws,q + ¢5.q) = Je(Wo, )| < 14117, + Cellnel s gl = 0(e).-
We have

| Je(Ws.q + ¢5.q) — Je(Ws, )

1 2
+§”¢8,q”H

= ‘/ [_AgW(S,q +a(x)W8,q]¢8,q d/ng
M

0 n—2
+ /;M [8_1) WS,q + Tb(x)W(;,q - fO(WB,q)]¢6,q do

+ /BM[fo(Ws,q)—fs(Wa,q)]%,qu

u 2n—2xe(n—-2)

95

_2 2 n— n— - -
+/ (n—2) [(W g + by g) 22/ 0205 _ gy 212/ 0-20]
d

- fE(WB,q)(PS,q do|.

With the same estimate of /; in Lemma 3 we obtain that

=0)¢s.qll -

'/ [_AgWS,q +a(x)W8,q]¢8,q d:ug
M

and in light of the estimate of I, and /3 in Lemma 3 we get

= 0)¢s.qll -

0 -2
f [_8 Ws,q + T2 px) Ws,q — fo(Wa,q)]¢a,q do
am LoV 2
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In the subcritical case, following the computation in (3-17) we obtain

/ Lfo(Wa.a) — fo(Ws.o)1ds.q do
oM

< leO(W(S,q) - fs(W(S,q)|L2(n—l)/n(3M)|¢5,qILZ(n—l)/(n—Z)(aM)
=[0(e)+ O0(nd)llgs qlly = Oellne))llgs gl g

and in a similar way, for the supercritical case, in light of (3-18) we get

‘/ [fo(Ws,4) — fe(Ws, )]s, 4 do
M

= C|fO(W8,q) - fs(WzS,q)|L2(n—1)/n+0+(g)(3M)|¢8,q|L2(n—1)/(n—2)—o+(s)(aM)
<(5797®(0(eIn8) + 0(£)) + 061 5.4y = O(elln el 41l -

Finally, by the Taylor expansion formula, for some 6 € (0, 1) we immediately have

2:|:a

—72)2 2n— 2 . n
/aM 2n—(£l:i:82()n—2)|:(w‘sq+¢5q)n : Wi }_ff(W&q)‘f’&qu

te(n—2 2
— %/;M(W&q+9¢8,q)”_2i8¢§,qd0"

(Lig)sis 585:2 %

< C|:/ |W5,q +0¢5,q| n—2 se—2 do’:| |:f |¢5,q|sg d0:|
oM oM

< C|Ws,q + 05,417 ®lips, all3, < Clis,g1I3-

Choosing § = de, and recalling that, by Proposition 4, [|¢s 4,, = O(elln¢gl)
concludes the proof.

Step 2. We prove that
J & (W(S, q)

_ n=2. . (n=2(n—3) ;
= C(e) + (4" 37 1b(g) — H@)) £ Ind 3200 Yo 1173 + o(e)

CO-uniformly with respect to d in compact subsets of (0, +00) and g € M, where
1
o= [ IUGIFay
RL

(=2
2n—2

(n—2)°
2 —2 Rn—1

2n—2
/ U G oydz+e =D [ uRF (2 0yaz
Rnl
(=2 =
Fe m_2 RMU” (z,0)InU(z,0)dz

(-2 [ 23
:|:8|1H8|m RilU n=2(z,0)dz,
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and
"2 = OOL dz
n—2 B (1+s2)n—2 ’
and w,, 1 is the volume of the (n — 1)-dimensional unit ball.

We compute each term separately. First, we have, by a change of variables and
by (4-2), (4-3) and (4-4),

[ 19 i = Zf ¢ 00 U0 U0)VEGY) dy + 00)

I,m=1

= f VUG dy —8(n— 1)H<q)/n 3lVU )P dy

+2<SZ / ynh,,<q> U(y)—U(y)dy+o(6>

i,j=1

By a symmetry argument we can simplify the last integral to obtain, in a more
compact form,

1 1 —-1)H
3 [ 19wl =y [ 1vup-s@=DE@ [y wup
M R™ R"

+52h,l(q> / Y (y) +o<6>.

Since o _ g—U foralli,l =1, — 1, by (4-9) we get

A% i

Zh”@)f (3L w) ar= IZh”(q)/ ynz (3%0) ar

—H@ [ 2 0)4z,

4 Rn—1
and in light of (4-7) we conclude that
L wws Pdu =1 [ vup—s@=2H@D [ 120, 0)dz+0().
2 M 2 RrJlr 4 Rn—l

By a change of variables, we immediately obtain

2
3 [ a(o)I Wi, P dpty = 5 f a()U*(y)v/8(8y) dy +0(6%) = 0(8%).
M R
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Coming to the boundary integral, we get, by a change of variables, by (4-6), and by
expanding b,

”_2/ b(z)|W5,q|lda:5”_2/ b(52)U2(z, 0)/2(52) dz + O(82)
4 oM 4 Rnfl

”ff U2(z.0)dz+ O(82).
Rn—l

— 5b(q)

Introducing the abbreviation U, (z) = U®"=2/=2(7,0), by (3-15), (3-16) and
(4-6), we have

/ |W51q|(2n72)/(n72):|:£ do
oM

— f §FE=D2Y (U (2, 0)/g(82) dz + 0(5)
Rn—1

:/ Un(z)dz:i:S/ Un(z)an(z,O)dz:Fgeln(S/ U,(2)dz
Rn—l Rn—l 2 Rn—l

+0(8) + 0(g®) + 0(*Iné),

. (n—2)% _ (n—2)2 (n—2)3
and, since 5 =)~ an—2 TS an—p > Wee
(=22 @n—2)/(n—2)—e
n—2Ee(n=2) [, "] do
__ (n=2)? (n—2)3
o 211—2 Rn—l Uﬂ (Z) dZ :t ¢ 27’[ _2 Rn—l Un (Z) dZ

(n—2)* (n—2)* /
Fe ) Rn_]Un(z)an(z,O)dzj:2(2n_2)8ln8 Rn_uU"(Z)dZ

+0(8)+ 0(®) + 0(£* né).

Notice that, with the choice § = de¢ it holds that 0(8) + O (¢2) + O(¢21n8) = o(e)
and eInd = eInd — ¢|ln¢|. At this point we have

Wy =€) +ed 2 1bi) — Ha)) | 026003

(n—2)°

3 m—2)

In d/ U,(z)dz+o(ellngl).
Rnfl

To conclude, observe that

n—1>

/ U%(z,0)dz = w,—1I'"; and / Un(2)dz = wp_ 1 1""?
Rn—1 Rn—l
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where
o

* N
=
p /O (4527 &

The conclusion follows after we observe that I,’l’:lz =
[Almaraz 2011b, Lemma 9.4(b)]).

n—3
2(n— )

I’ (foraproof see
O

4.2. Proof of Theorem 1. Let us introduce

1(d, q) = a,dg(q) — BnInd.

If go is a local minimizer of ¢(g) with ¢(q9) > 0, set dy = B,/ (x,(q0)) > O.
Thus the pair (dy, go) is a critical point for I. Moreover, since there exists a
nelghborhood B such that ¢(q) > ¢(q0) on 9B, itis posmble to find a nelghborhood
BcC la, b] x oM, (dy, qo) € B such that I(d q) > I(do qo) for (d, q) € 9B. Since,
in the subcritical case, by (i) of Proposition 5 we have

I.(d, q) = ca(e) + €l (d, q) + o(e),

we get that for ¢ sufficiently small there is a (d*, ¢*) € B such that Weas, g+ +Pear, g+
is a critical point for /. Then, by (i) of Proposition 5, Weg+ ¢+ + Peax ¢+ € His a
solution for problem (1-5) in the subcritical case.

The proof for the supercritical case follows in a similar way. ([

4.3. Some technicalities. If U is a solution of (2-5), then the following hold:

4-7) /t|VU|2dzdt=%/ U?(z,0)dz,
n Rn—l
+
(4-8) / t|VU|2dzdt:2/ 110, U|* dz dt,
" "
n—1 1
4- UP? == 2 ,
(4-9) /;lng,m dz dt 4/RHU (z,0)dz

Proof. To simplify the notation, we set
n=(z,t)eR% where zeR" ' and > 0.

The first estimate can be obtained by integration by parts, taking into account that
AU =0. Indeed,

n
[ mvorsi==3" [ vatnavis=- [ vaus~ [ wusves
RY —1 /R i 4

_ 1 2180 — 1 2
= Z/Kan[u 1én Z/I;R"IU (z,0)dz.
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To obtain (4-8), we proceed in a similar way: since AU =0 we have

oz_/
R

n
:/ 2nn|8nU|28n+Z/ n2oUdkU 8n
R =1 /R

1
=/ 2nn|anU|28n+§f Mada VU 61
R R"

n
o
/R

so (4-8) is proved. Now (4-9) is a direct consequence of the first two equalities. In
fact, by (4-8) we have

n—1
[ mivorsn=[ 3 wurs+ [ mio,or s
Rn Rn n

+ + =1 RY

n
AUR28,U 8y = Z/ QU n20,U]8n
=1 /R

2nn|atU|26n—/ M| VU|* 8,

n
+ +

n—1
1
— [ Y0P+ [ mivuren
+ i=1 +

Thus,

n—1 1

|om X owiom=3 [ mivure
+ i=1 +

and in light of (4-7) we get the proof. (]
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QUANTIFYING SEPARABILITY
IN VIRTUALLY SPECIAL GROUPS

MARK F. HAGEN AND PRIYAM PATEL

We give a new, effective proof of the separability of cubically convex-
cocompact subgroups of special groups. As a consequence, we show that
if G is a virtually compact special hyperbolic group, and Q < G is a
K-quasiconvex subgroup, then any g € G — Q of word length at most n
is separated from Q by a subgroup whose index is polynomial in » and
exponential in K. This generalizes a result of Bou-Rabee and the authors
on residual finiteness growth (Math. Z. 279 (2015), 297-310) and a result
of Patel on surface groups (Proc. Amer. Math. Soc. 142 (2014), 2891-2906).

Introduction

Early motivation for studying residual finiteness and subgroup separability was a
result of the relevance of these properties to decision problems in group theory.
An observation of Dyson [1964] and Mostowski [1966], related to earlier ideas
of McKinsey [1943], states that finitely presented residually finite groups have a
solvable word problem. The word problem is a special case of the membership
problem, i.e., the problem of determining whether a given g € G belongs to a
particular subgroup H of G. Separability can produce a solution to the membership
problem in essentially the same way that a solution to the word problem is provided
by residual finiteness; see, e.g., the discussion in [Aschenbrenner et al. 2015]. A
subgroup H < G is separable in G if, for all g € G — H, there exists G’ <¢; G
with H < G’ and g ¢ G’. Producing an upper bound, in terms of g and H, on the
minimal index of such a subgroup G’ is what we mean by quantifying separability
of H in G. Quantifying separability is related to the membership problem; see
Remark D below.

Recently, separability has played a crucial role in low-dimensional topology,
namely in the resolutions of the virtually Haken and virtually fibered conjectures
[Agol 2013; Wise 2011]. Its influence in topology is a consequence of the seminal
paper of Scott [1978], which establishes a topological reformulation of subgroup
separability. Roughly, Scott’s criterion allows one to use separability to promote

MSC2010: primary 20E26; secondary 20F36.
Keywords: subgroup separable, right-angled Artin groups, quantifying, virtually special groups.
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(appropriately construed) immersions to embeddings in finite covers. Agol [2013]
proved the virtually special conjecture of Wise, an outstanding component of the
proofs of the above conjectures. Agol’s theorem shows that every word hyperbolic
cubical group virtually embeds in a right-angled Artin group (hereafter, RAAG).
Cubically convex-cocompact subgroups of RAAGs are separable [Hsu and Wise
2002; Haglund 2008] and Agol’s theorem demonstrates that word hyperbolic cubical
groups inherit this property via the virtual embeddings (separability properties
are preserved under passing to subgroups and finite index supergroups). In fact,
since quasiconvex subgroups of hyperbolic cubical groups are cubically convex-
cocompact [Haglund 2008; Sageev and Wise 2015], all quasiconvex subgroups
of such groups are separable. In this paper, we give a new, effective proof of the
separability of cubically convex-cocompact subgroups of special groups. Our main
technical result is:

Theorem A. Let I" be a simplicial graph and let Z be a compact connected cube
complex, based at a 0-cube x, with a based local isometry Z — Sr. For all
g € Ar — 1 Z, there is a cube complex (Y, x) such that

1) zcy,

(2) there is a based local isometry Y — St such that Z — St factors as
Z—Y — Sr,

(3) any closed based path representing g lifts to a nonclosed path at x in Y,

@ YO <1Zz9)(1g|+ 1),

where |g| is the word length of g with respect to the standard generators.

Via Haglund—Wise’s canonical completion [2008], Theorem A provides the
following bounds on the separability growth function (defined in Section 1) of
the class of cubically convex-cocompact subgroups of a (virtually) special group.
Roughly, separability growth quantifies separability of all subgroups in a given class.

Corollary B. Let G = m X, with X a compact special cube complex, and let Qg be
the class of subgroups represented by compact local isometries to X whose domains
have at most R vertices. Then

Sepc's(Q,n) < PRn

forall Q € Qg and n € N, where the constant P depends only on the generating
set S. Hence, letting Q' be the class of subgroups Q < G such that the convex hull
of QX lies in N (Q%) and & € X'©,

SepS¥s(Q. n) < P'grg(K)n,

where P’ depends only on G, X, S, and where gry is the growth function of X,
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In the hyperbolic case, where cubically convex-cocompactness is equivalent to
quasiconvexity, we obtain a bound that is polynomial in the length of the word and
exponential in the quasiconvexity constant:

Corollary C. Let G be a group with an index-J special subgroup. Fixing a word
length | — ||ls on G, suppose that (G, || — ||s) is 6-hyperbolic. For each K > 1,
let Qg be the set of subgroups Q < G such that Q is K-quasiconvex with respect
to || —|ls. Then there exists a constant P = P (G, S) such that for all K >0, Q € Qk,
andn >0,

Sepg’s(Q, n) < P grg(PK)’'n’",

where gr is the growth function of G.

Corollary C says that if G is a hyperbolic cubical group, the subgroup Q < G is
K-quasiconvex, and g € G — Q, then g is separated from Q by a subgroup of index
bounded by a function polynomial in ||g||s and exponential in K.

The above results fit into a larger body of work dedicated to quantifying residual
finiteness and subgroup separability of various classes of groups; see, e.g., [Bou-
Rabee and Kaletha 2012; Bou-Rabee and McReynolds 2015; Kassabov and Matucci
2011; Buskin 2009; Patel 2014; 2013; Rivin 2012; Bou-Rabee 2011; Bou-Rabee and
McReynolds 2014; Kozma and Thom 2016]. When G is the fundamental group of a
hyperbolic surface, compare Corollary C to [Patel 2014, Theorem 7.1]. Combining
various cubulation results with [Agol 2013], the groups covered by Corollary C
include fundamental groups of hyperbolic 3-manifolds [Bergeron and Wise 2012;
Kahn and Markovic 2012], hyperbolic Coxeter groups [Haglund and Wise 2010],
simple-type arithmetic hyperbolic lattices [Bergeron et al. 2011], hyperbolic free-
by-cyclic groups [Hagen and Wise 2015], hyperbolic ascending HNN extensions
of free groups with irreducible monodromy [Hagen and Wise 2013], hyperbolic
groups with a quasiconvex hierarchy [Wise 2011], C/(%) small cancellation groups
[Wise 2004], and hence random groups at low enough density [Ollivier and Wise
2011], among many others.

Bou-Rabee, Hagen and Patel [2015] quantified residual finiteness for virtually
special groups, by working in RAAGs and appealing to the fact that upper bounds
on residual finiteness growth are inherited by finitely generated subgroups and
finite index supergroups. Theorem A generalizes a main theorem of [loc. cit.], and
accordingly the proof is reminiscent of the one in that reference. However, residual
finiteness is equivalent to separability of the trivial subgroup, and thus it is not
surprising that quantifying separability for an arbitrary convex-cocompact subgroup
of a RAAG entails engagement with a more complex geometric situation. Our
techniques thus significantly generalize those of [loc. cit.].

Remark D (membership problem). If H is a finitely generated separable subgroup
of the finitely presented group G, and one has an upper bound on Sep{G}’I‘}S( |g|) for
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some finite generating set S of G, then the following procedure decides if g € H:
first, enumerate all subgroups of G of index at most Sep{GIi}g(l gl) using a finite
presentation of G. Second, for each such subgroup, test whether it contains g; if so,
ignore it, and if not, proceed to the third step. Third, for each finite index subgroup
not containing g, test whether it contains each of the finitely many generators of H;
if so, we have produced a finite index subgroup containing H but not g, whence
g ¢ H. If we exhaust the subgroups of index at most Sepgf fg(|g|) without finding
such a subgroup, then g € H. In particular, Corollary C gives an effective solution to
the membership problem for quasiconvex subgroups of hyperbolic cubical groups,
though it does not appear to be any more efficient than the more general solution
to the membership problem for quasiconvex subgroups of (arbitrary) hyperbolic
groups recently given by Kharlampovich, Myasnikov and Weil [Kharlampovich
et al. 2014].

The paper is organized as follows. In Section 1, we define the separability growth
of a group with respect to a class Q of subgroups, which generalizes the residual
finiteness growth introduced in [Bou-Rabee 2010]. We also provide some necessary
background on RAAGs and cubical geometry. In Section 2, we discuss corollaries
to the main technical result, including Corollary C, before concluding with a proof
of Theorem A in Section 3.

1. Background

Separability growth. Let G be a group generated by a finite set S and let H < G be
a subgroup. Let Qy ={A <G : H <A}, and define a map Dg” :G—H — NU{o0}
by

DY¥(g) =min{[G : A]: A € Qp, g & A).

This is a special case of the notion of a divisibility function defined in [Bou-Rabee
2010] and discussed in [Bou-Rabee and McReynolds 2015]. Note that H is a
separable subgroup of G if and only if DgH takes only finite values.

The separability growth of G with respect to a class Q of subgroups is a function
Sep(Q;’S : @ x N — NU {oo} given by

Sepg s(Q.n) =max{D5°(g) : g € G — O, llgls <n}.

If 9 is a class of separable subgroups of G, then the separability growth measures
the index of the subgroup to which one must pass in order to separate Q from an
element of G — Q of length at most n. For example, when G is residually finite and
Q = {{1}}, then Sep(Q;’ s 1s the residual finiteness growth function. The following
fact is explained in greater generality in [Bou-Rabee et al. 2015, Section 2]. (In the
notation of that reference, Sep(Q;’ s(0,n)= RFS’%(n) forall Q € @ andn e N.)



QUANTIFYING SEPARABILITY IN VIRTUALLY SPECIAL GROUPS 107

Proposition 1.1. Let G be a finitely generated group and let Q be a class of

subgroups of G. If S, S’ are finite generating sets of G, then there exists a constant
C > 0 with

Sepd (0, n) < C-Sepg 5(Q, Cn)
for Q € Q,n € N. Hence the asymptotic growth rate of Sep(Q;’ s 1s independent of S.

(Similar statements assert that upper bounds on separability growth are inherited
by finite index supergroups and arbitrary finitely generated subgroups but we do
not use, and thus omit, these.)

Nonpositively curved cube complexes. We assume familiarity with nonpositively
curved and CAT(0) cube complexes and refer the reader to, e.g., [Hagen 2014;
Haglund 2008; Wise 2012; 2011] for background. We now make explicit some
additional notions and terminology, related to convex subcomplexes, which are
discussed in greater depth in [Behrstock et al. 2014]. We also discuss some basic
facts about RAAGs and Salvetti complexes. Finally, we will use the method of
canonical completion, introduced in [Haglund and Wise 2008], and refer the reader
to [Bou-Rabee et al. 2015, Lemma 2.8] for the exact statement needed here.

Local isometries, convexity, and gates. A local isometry ¢ : Y — X of cube com-

plexes is a locally injective combinatorial map with the property that, if ey, ..., e,
are 1-cubes of Y all incident to a O-cube y, and the (necessarily distinct) 1-cubes
¢(er), ..., p(e,) all lie in a common n-cube ¢ (containing ¢ (y)), then ey, ..., e,

span an n-cube ¢’ in Y with ¢(¢’) =c. If ¢ : ¥ — X is a local isometry and X
is nonposmvely curved, then Y is as well. Moreover, ¢ lifts to an embedding
$ : Y — X of universal covers, and ¢(Y) is convex in X in the following sense.

Let X be a CAT(0) cube complex. The subcomplex K C X is full if K contains
each n-cube of X whose 1-skeleton appears in K. If K is full, then K is isometrically
embedded if K N (), H; is connected whenever {H;} is a set of pairwise-intersecting
hyperplanes of X. Equivalently, the inclusion K™ < X is an isometric em-
bedding with respect to the graph-metric. If the inclusion K < X of the full
subcomplex K is a local isometry, then K is convex. Note that a convex subcomplex
is necessarily isometrically embedded, and in fact K is convex if and only if K"
is metrically convex in XV, A convex subcomplex K is a CAT(0) cube complex in
its own right, and its hyperplanes have the form H N K, where K is a hyperplane
of X. Moreover, if K is convex, then hyperplanes H; N K, H, N K of K intersect if
and only if H; N Hy # &. We often say that the hyperplane H crosses the convex
subcomplex K to mean that H N K # & and we say the hyperplanes H, H’ cross
if they intersect.

Hyperplanes are an important source of convex subcomplexes, in two related
ways. First, recall that for all hyperplanes H of X, the carrier N'(H) is a convex
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subcomplex. Second, N(H) = H x [—%, %], and the subcomplexes H x {:I:%}
of X “bounding” N (H) are convex subcomplexes isomorphic to H (when H is
given the cubical structure in which its n-cubes are midcubes of (n 4+ 1)-cubes of X ).
A subcomplex of the form H x {j:%} is a combinatorial hyperplane. The convex
hull of a subcomplex S C X is the intersection of all convex subcomplexes that
contain S; see [Haglund 2008].

Let K C X be a convex subcomplex. Then there is a map gk : X© s K such
that for all x € X©, the point gx(x) is the unique closest point of K to x. (This
point is often called the gate of x in K; gates are discussed further in [Chepoi 2000;
Bandelt and Chepoi 2008].) This map extends to a cubical map gk : X — K, the
gate map. See, e.g., [Behrstock et al. 2014] for a detailed discussion of the gate
map in the language used here; we use only that it extends the map on O-cubes and
has the property that for all x, y, if gx(x), gx(y) are separated by a hyperplane H,
then the same H separates x from y. Finally, the hyperplane H separates x from
gk (x) if and only if H separates x from K. The gate map allows us to define the
projection of the convex subcomplex K’ of X onto K to be gx/(K), which is the
convex hull of the set {gx(x) € K : x € K'©@}. Convex subcomplexes K, K’ are
parallel if gx/(K) = K" and gx(K’) = K. Equivalently, K, K’ are parallel if and
only if, for each hyperplane H, we have H N K # & if and only if H N K’ # &.
Note that parallel subcomplexes are isomorphic.

Remark 1.2. We often use the following facts. Let K, K’ be convex subcomplexes
of X. Then the convex hull C of K U K’ contains the union of K, K’ and a convex
subcomplex of the form Gk (K') x y, where G (K') is the image of the gate map
discussed above and p is the convex hull of a geodesic segment y joining a closest
pair of O-cubes in K, K’, by [Behrstock et al. 2014, Lemma 2.4]. A hyperplane H
crosses K and K’ if and only if H crosses G g (K'); the hyperplane H separates
K, K’ if and only if H crosses y. All remaining hyperplanes either cross exactly
one of K, K’ or fail to cross C. Observe that the set of hyperplanes separating K, K’
contains no triple H, H', H” of disjoint hyperplanes, none of which separates the
other two. (Such a configuration is called a facing triple.)

Salvetti complexes and special cube complexes. Let I' be a simplicial graph and let
Ar be the corresponding right-angled Artin group (RAAG), i.e., the group presented
by

(V) [ v, w], {v, w} e EI)),

where V(I') and E(I") respectively denote the vertex- and edge-sets of I". The
phrase generator of T refers to this presentation; we denote each generator of Ap
by the corresponding vertex of I".

The RAAG Ar is isomorphic to the fundamental group of the Salvetti complex Sr,
introduced in [Charney and Davis 1995], which is a nonpositively curved cube
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complex with one O-cube x, an oriented 1-cube for each v € V (I'), labeled by v,
and an n-torus (an n-cube with opposite faces identified) for every n-clique in I'.

A cube complex X is special if there exists a simplicial graph I" and a local
isometry X — St inducing a monomorphism 7; X — Ar and a 7| X-equivariant
embedding X — Sr of universal covers whose image is a convex subcomplex.
Specialness allows one to study geometric features of 71X by working inside
of Sr, which has useful structure not necessarily present in general CAT(0) cube
complexes; see the next section. Following Haglund and Wise [2008], a group G
is (virtually) [compact] special if G is (virtually) isomorphic to the fundamental
group of a [compact] special cube complex.

Cubical features particular to Salvetti complexes. Let I' be a finite simplicial
graph and let A be an induced subgraph of I. The inclusion A < I'" induces a
monomorphism A, — Ar. In fact, there is an injective local isometry Sy — Sp
inducing A, — Ar. Hence each conjugate Ai of A, in Ar is the stabilizer of a
convex subcomplex gSx C Si. A few special cases warrant extra consideration.
When A C T is an n-clique, for some n > 1, then S5 C St is an n-torus, which
is the Salvetti complex of the sub-RAAG isomorphic to Z" generated by n pairwise-
commuting generators. In this case, S, is a standard n-torus in Sp. (Whenn =1,
S is a standard circle.) Each lift of S, to Sr is a standard flat; when n = 1, we
use the term standard line; a compact connected subcomplex of a standard line is a
standard segment. The labels and orientations of 1-cubes in Sr pull back to S‘r; a
standard line is a convex subcomplex isometric to R, all of whose 1-cubes have the
same label, such that each 0-cube has one incoming and one outgoing 1-cube.
When Lk(v) is the link of a vertex v of T', the subcomplex Sii(y) is an immersed
combinatorial hyperplane in the sense that S‘Lk(v) is a combinatorial hyperplane
of Sr. There is a corresponding hyperplane, whose carrier is bounded by S'Lk(v)
and vS‘Lk(U), that intersects only 1-cubes labeled by v. Moreover, S’Lkv is contained
in S’St(v), where St(v) is the star of v, i.e., the join of v and Lk(v). It follows that

Sstw) = Stkw) X Sus

where S, is a standard line. Note that the combinatorial hyperplane SLk(v) is parallel
to vk S‘Lk(v) for all k € Z. Likewise, S‘v is parallel to g§v exactly when g € A,, and
parallel standard lines have the same labels. We say S, is a standard line dual
to S’Lk(v), and is a standard line dual to any hyperplane H such that N (H) has SLk(v)
as one of its bounding combinatorial hyperplanes.

Remark 1.3. We warn the reader that a given combinatorial hyperplane may cor-
respond to distinct hyperplanes whose dual standard lines have different labels;
this occurs exactly when there exist multiple vertices in I whose links are the
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same subgraph. However, the standard line dual to a genuine (noncombinatorial)
hyperplane is uniquely determined up to parallelism.

Definition 1.4 (frame). Let K C Sp be a convex subcomplex and let H be a
hyperplane. Let L be a standard line dual to H. The frame of H is the convex
subcomplex H' x L C Sp described above, where H' is a combinatorial hyperplane
bounding N(H). If K C S‘r is a convex subcomplex, and H intersects K, then the
Jrame of H in K is the complex K N (H x L). It is shown in [Bou-Rabee et al.
2015] that the frame of H in K has the form (H N K) x (L N K), provided that L
is chosen in its parallelism class to intersect K. Note that the frame of H is in fact
well-defined, since all possible choices of L are parallel.

2. Consequences of Theorem A

Assuming Theorem A, we quantify separability of cubically convex-cocompact
subgroups of special groups with the proofs of Corollaries B and C, before proving
Theorem A in the next section.

Proof of Corollary B. Let I' be a finite simplicial graph so that there is a local
isometry X — Sr. Let O € Qg be represented by a local isometry Z — X. Then
for all g € m; X — m Z, by Theorem A, there is a local isometry ¥ — Sr such that
Y contains Z as a locally convex subcomplex, g & 7Y, and |Y Q| < |Z©@|(|g| +1).
Applymg canonical completion [Haglund and Wise 2008] to ¥ — Sr yields a
cover S — Sr in which Y embeds; this cover has degree |Y@| by [Bou-Rabee
et al. 2015, Lemma 2.8]. Let H' = 718r N X, so that 7, Z < H', g ¢ H', and
[ X : H1<|ZD|(|g| +1). The first claim follows.

Let G = 7 X with X compact special, Q < G, and let the convex hull of Qx
in X lie in AV, K(Qf( ). Then the second claim follows since we can choose Z to be
the quotient of the hull of Qx by the action of Q, and |Z 0 < gry(K). U

In general, the number of O-cubes in Z is computable from the quasiconvexity
constant of a Q-orbit in X" by [Haglund 2008, Theorem 2.28]. In the hyperbolic
case, we obtain Corollary C in terms of the quasiconvexity constant, without
reference to any particular cube complex:

Proof of Corollary C. We use Corollary B when J = 1, and promote the result to a
polynomial bound when J > 1. Let Q € Qg andlet g € G — Q.

The special case: Suppose J = 1 and let X be a compact special cube complex
with G = X. Let Z — X be a compact local isometry representing the inclusion
QO — G. Such a complex exists by quasiconvexity of O and [Haglund 2008,
Theorem 2.28], although we shall use the slightly more computationally explicit
proof in [Sageev and Wise 2015]. Let A’ > 1, B’ > 0 be constants such that an orbit
map (G, || — ||ls) = (XD, d) is an (A’, B')-quasi-isometric embedding, where d is
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the graph-metric. Then there exist constants A, B, depending only on A’, B” and
hence on || — ||s, such that Qx is (AK + B)-quasiconvex, where x is a 0-cube in
Z C X. By the proof of of [op. cit., Proposition 3.3], the convex hull Z of Qx lies
in the p-neighborhood of Qx, where

p=AK+ B++dimX —HS’(CSC(l sinfl';) + 1)
2 dim X
and &' = 8'(8, A’, B’). Corollary B provides G’ < G with g € G’, and the bound
[G:G'1<|ZD|(lg|+1). But |g| + 1 < A'||glls + B'+ 1, while |Z©| < grz(p).
Thus [G : G'] < grg(p)A'llglls + gry (p) B+ gri(p), so there exists P; such that

SepZs(Q,n) < Py grg (PiK)n

for all K, Q € Qk,n € N, where P; depends only on X.

The virtually special case: Now suppose that J > 1. We have a compact special
cube complex X, and [G : G'] < J!, where G’ = 71X and G'<G. Let Q < G be
a K-quasiconvex subgroup. By Lemma 2.1, there exists C = C(G, S) such that
QNG is CJ!(K + 1)-quasiconvex in G, and thus is P,CJ!(K + 1)-quasiconvex
in G', where P, depends only on G and S.

Let g € G — Q. Since G’ < G, the product QG’ is a subgroup of G of index at
most J! that contains Q. Hence, if g ¢ QG’, then we are done. We thus assume
g € OG’. Hence we can choose a left transversal {q, ..., gs} for NG’ in Q,
with s < J!and g; = 1. Write g = ¢; ¢’ for some i < s, with g’ € G'. Suppose that
we have chosen each g; to minimize | g;||s among all elements of ¢; (Q N G), so
that, by Lemma 2.3, ||¢;|| < J! for all i. Hence ||g’|ls < (liglls + J!).

By the first part of the proof, there exists a constant P;, depending only on
G, G', S, and a subgroup G” < G’ such that NG’ < G” and g’ ¢ G”, and

[G':G"] = Pygra(PIPCINK + 1) lls < Py grg(P1PCINK + D)Ig s

Let G =(i_, q,-G”ql._l, sothat g’ € G”" and QNG’' < G (since G’ is normal),
and
[G': G = (P grg(PLPCTUK +1)Ig 1)

Finally, let H= QG"". This subgroup clearly contains Q. Suppose that g =¢; g’ € H.
Then g’ € QG”, i.e., g = ag"” for some a € Q and g"" € G"". Since g’ € G’ and
G < G’, we have a € Q N G’, whence a € G”, by construction. This implies that
g’ € G < G”, a contradiction. Hence H is a subgroup of G separating g from Q.
Finally,

[G: H1<[G:G"] < J![Pi grs(Pi P,CJ\(K + D)(llglls + ID]”,

and the proof is complete. (]
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Lemma 2.1. Let the group G be generated by a finite set S and let (G, || — ||s) be
3-hyperbolic. Let Q < G be K-quasiconvex, and let G' < G be an index-1 subgroup.
Then QNG is CI(K + 1)-quasiconvex in G for some C depending only on § and S.

Proof. Since Q is K-quasiconvex in G, it is generated by a set 7 of g € O with
lglls < 2K + 1 by [Bridson and Haefliger 1999, Lemma IIL.I".3.5]. A standard
argument shows (Q, || — 1) — (G, || — |ls) is a (2K + 1, 0)-quasi-isometric
embedding. Lemma 2.3 shows that Q N G’ is I-quasiconvex in (Q, || — ||7), since
[Q:0NG']< 1. Hence QNG’ has a generating set making it (21 +1)2K +1), 0)-
quasi-isometrically embedded in (G, || — ||s). Apply Lemma 2.2 to conclude. [J

The next lemma is standard, but we include it to highlight the constants involved:

Lemma 2.2. Let G be a group generated by a finite set S and suppose that
(G, || = lls) is 8-hyperbolic. Then there exists a (sub)linear function f : N — N,
depending on S and 8, such that o € Nyuy(y) whenever y 1 [0,L] — G is a
(X, 0)-quasigeodesic and o is a geodesic joining y (0) to y (L).

Proof. See, e.g., the proof of [Bridson and Haefliger 1999, Theorem III1.LH.1.7]. [

Lemma 2.3. Let Q be a group generated by a finite set S and let Q" < Q be a
subgroup with [Q : Q'] = s < 00. Then there exists a left transversal {q1, . . ., g}
for Q' such that ||gi||ls <s for 1 <i <s. Hence Q' is s-quasiconvex in Q.

Proof. Suppose that g; = s;, - - - 5;, is a geodesic word in SUS™! and that ¢; is a
shortest representative of g; Q. Let g =80 S be the word in Q consisting of the
last j letters of g4 forall 1 < j <k, and let g; = 1. We claim that each g; is a shortest
representative for g; Q'. Otherwise, there would exist p with || p|ls < j such that
qjQ'=pQ’ Butthensy - --s;j4+1 pQ"=qx Q' and thus g; was not a shortest represen-
tative. It also follows immediately that ¢; Q' # g Q' for j # j'. Thus, g1, g2, . .., gk
represent distinct left cosets of Q' provided k < s, and the claim follows. (]

Remark 2.4 (embeddings in finite covers). Given a compact special cube complex
X and a compact local isometry Z — X, Theorem A gives an upper bound on the
minimal degree of a finite cover in which Z embeds; indeed, producing such an
embedding entails separating 7r; Z from finitely many elements in 71 X. However, it
is observed in [Bou-Rabee et al. 2015, Lemma 2.8] that the Haglund—Wise canonical
completion construction [2008] produces a cover X — X of degree |Z@| in which
Z embeds.

3. Proof of Theorem A

In this section, we give a proof of the main technical result.

Definition 3.1. Let St be a Salvetti complex and let S‘r be its universal cover. The
hyperplanes H, H' of Sy are collateral if they have a common dual standard line
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(equivalently, the same frame). Clearly collateralism is an equivalence relation, and
collateral hyperplanes are isomorphic and have the same stabilizer.

Being collateral implies that the combinatorial hyperplanes bounding the carrier
of H are parallel to those bounding the carrier of H'. However, the converse is
not true when I' contains multiple vertices whose links coincide. In the proof
of Theorem A, we will always work with hyperplanes, rather than combinatorial
hyperplanes, unless we explicitly state otherwise.

Proof of Theorem A. Let ¥ € Sr be a lift of the base 0-cube x in Sr, and let Z C Sp
be the lift of the universal cover of Z containing x. Since Z — St is a local isometry,
7 is convex. Let Z C Z be the convex hull of a compact connected fundamental
domain for the action of 71Z < Ar on Z. Denote by K the convex hull of ZU {gx}
and let G be the set of hyperplanes of Sr intersecting K. We will form a quotient
of K, restricting to Z — Z on Z, whose image admits a local isometry to Sr-.

The subcomplex | Z]. Let £ be the collection of standard segments £ in K that map
to standard circles in S with the property that £ N Z has noncontractible image
in Z. Let | Z] be the convex hull of Z U ng {,sothat ZC |Z] C K.

Fartitioning G. We now partition & according to the various types of frames in K.
First, let 3 be the set of hyperplanes intersecting Z. Second, let 9 be the set of
N € G — 3 such that the frame (NN K) x (LNK) of N in K has the property that for
some choice of xy € N, the segment ({xg} x L) N Z maps to a nontrivial cycle of
I-cubes in Z. Let ny > 1 be the length of that cycle. By convexity of Z, the number
ny is independent of the choice of the segment L within its parallelism class. Note
that 91 is the set of hyperplanes that cross | Z], but do not cross Z. Hence each
N € D is collateral to some W € 3. Third, fix a collection {H;, ... H,} C & -3
such that:

(1) For 1 <i <k —1, the hyperplane H; separates H;; from 1 Z].

(2) For1<i < j<k,ifahyperplane H separates H; from H;, then H is collateral
to Hy for some ¢ € [i, j]. Similarly, if H separates H; from | Z], then H is
collateral to Hy, and if H separates H from gx, then H is collateral to Hy.

(3) For each i, the frame (H; N K) x L; of H; in K has the property that for every
he Hl.(o), the image in Z of the segment ({h} x L;) N Z is empty or contractible.
(Here, L; is a standard segment of a standard line dual to H;.)

Let $) be the set of all hyperplanes of & — 3 that are collateral to H; for some i.
Condition (3) above ensures that H NI = &, while $H = only if K = I_ZJ. Finally,
let B=6— (3UNUSN). Note that each B € B crosses some H;. Figure 1 shows
a possible K and various families of hyperplanes crossing it.
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N,

B,

H,

H;

B H;

Figure 1. Hyperplanes crossing K (the dark shaded area on the
leftis Z).

Mapping LZJ to Z. We now define a quotient map q : LZJ — Z extending the
restriction Z — Z of Z — Z. Note that if 1 = @, then | Z| = Z, and q is just
the map Z — Z. Hence suppose 1 # & and let 9y, .. ., 9, be the collateralism
classes of hyperplanes in 1, and for 1 <i <, let 91; be the collateralism class of
M; in G, i.e., N; together with a nonempty set of collateral hyperplanes in 3. For
each i, let L; be a maximal standard line segment of Li 1, each of whose 1-cubes
is dual to a hyperplane in 91; and which crosses each element of 91;. For each i,
let N; € 91; be a hyperplane separating Z from gx. Then NN\ N; # @ fori # j,
since neither separates the other from Z. We can choose the L; so that there is an
isometric embedding ]_[f.;l L; — | Z], since whether or not two hyperplanes of St
cross depends only on their collateralism classes.

For each nonempty I € {1, ..., k}, ahyperplane W € 3 crosses some U € | J,.; M
if and only if W crosses each hyperplane collateral to U. Hence, by Lemma 7.11
of [Hagen 2014], there is a maximal convex subcomplex Y (/) C 7 , defined up
to parallelism, such that a hyperplane W crosses each U € | J;; 91! if and only
if WNY(W) # @. Let 2A(]) be the set of hyperplanes crossing Y (/). By the
definition of Y (/) and the lemma just cited, there is a combinatorial isometric
embedding Y (/) x ]_[l.el Li — sz, whose image we denote by F (/) and refer to
as a generalized frame. Moreover, for any O-cube z € | Z] that is not separated from
a hyperplane in | J;; 9T U2((I) by a hyperplane not in that set, we can choose F (1)
to contain z; this follows from the proof of the same lemma of Hagen. Figures 2
and 3 show possible collateralism classes 91, and generalized hyperplane frames.

To build ¢, we will express L2 | as the union of Z and a collection of generalized
frames, define q on each generalized frame, and check that the definition is compat-
ible where multiple generalized frames intersect. Let z € I_Z | be a O-cube. Either
z € Z, or there is a nonempty set I C {1, ..., k} such that the set of hyperplanes

separating z from Z is contained in Uie; 91, and each 91 contains a hyperplane



QUANTIFYING SEPARABILITY IN VIRTUALLY SPECIAL GROUPS 115

M

Figure 2. Collateral families 9} and 9%, (left) and Y ({1}) x L (right).

Figure 3. Y ({2}) x L (left) and Y ({1, 2}) x (L1 x L») (right).

separating z from Z. If H e AU J;; M is separated from z by a hyperplane U,
then U € Q[(I) U, ¢; 91, whence we can choose F(I) to contain z. Hence |_2J is
the union of Z and a ﬁmte collection of generalized frames F (1), ..., F(I;).

For any p € {I,...,1}, we have F(I,) = Y(I ) X ]_[Jel L; and we define
Y(I,,) =im(Y(/,) — Z) Also, let L =im(L; nZ— Z) be the cycle of length ny;
to which L; maps, for each j € I,,. Note that Z contains F(Ip) = Y(I ) X H]el
and so we deﬁne the quotient map q, : F'(I,) — Z as the product of the above
combinatorial quotient maps, namely, q,(y, (rj) jer,) = (¥, (r; mod ny;) jer,) for
yeY(,)andr;j € L;.

To ensure that q,(F(I,) NF(I;)) =q;(F(I,) N F(l;)) for all i, j <t, it suffices
to show that

F(I,)NF(I;) := (Y(Ip)xl_[Lk> (Y(I)XHLK) [YUI)NYUIN]x [ ] Lk
kel, Lel; kel,NI;

This in turn follows from [Caprace and Sageev 2011, Proposition 2.5]. Hence,
the quotient maps ¢, are compatible and thus define a combinatorial quotient map
q:|Z] — Z extending the maps q,.



116 MARK F. HAGEN AND PRIYAM PATEL

Observe that if H = @, ie., K = LZJ, then we take Y = Z. By hypothesis,
Z admits a local isometry to St and has the desired cardinality. Moreover, our
hypothesis on g ensures that g & 7Y, but the map q shows that any closed combi-
natorial path in Sr representing g lifts to a (nonclosed) path in Z, so the proof of
the theorem is complete. Thus we can and shall assume that § # &.

Quotients of $H-frames. To extend q to the rest of K, we now describe quotient
maps, compatible with the map 7 — Z, on frames associated to hyperplanes in .
An isolated $-frame is a frame (H N K) x L, where H € $ and H crosses no
hyperplane of Z (and hence crosses no hyperplane of |Z]). An interfered $)-frame
is aframe (HNK) x L, where H € §) and H crosses an element of 3. Equivalently,
(H N K) x L is interfered if gN(H)(Z) contains a 1-cube and is isolated otherwise.

Define quotient maps on isolated $-frames by the same means as was used
for arbitrary frames in [Bou-Rabee et al. 2015]. Let (H N K) x L be an isolated
$-frame. Let H be the immersed hyperplane in Sp to which H is sent by Sy — Sp,
and let H N K be the image of H N K. We form a quotient Yy = H N K x L of
every isolated H-frame (H N K) x L.

Now we define the quotients of interfered $)-frames. Let A= IN( H)(i) and let
A be the image of A under Z — Z. There is a local isometry A — ST, to which we
apply canonical completion to produce a finite cover St — Sr where A embeds.
By [Bou-Rabee et al. 2015, Lemma 2.8], deg(S+ — Sr) = I'S"fp)l =A< |ZO).
Let HNK =im(HNK — Sr), and map the interfered $)-frame (H N K) x L to
Yu=HNK x L.

Constructing Y. We now construct a compact cube complex Y’ from Z and the
various quotients Yy. A hyperplane W in K separates H; from Z only if W e 9.
Each $-hyperplane frame has the form (H; N K) x L; = (H; N K) x [0, m;],
parametrized so that (H; N K) x {0} is the closest combinatorial hyperplane in the
frame to Z. We form ¥’(1) by gluing Yy, to Z along the image of g, ((H;NK) x{0}),
enabled by the fact that the quotients of interfered $-frames are compatible with
Z — Z. In a similar manner, form Y’ (i) from Y'(i — 1) and Y, ', by identifying the
image of (H;—1 N K) x {m;_1}N(H;NK) x {0} in Yp,_, C Y'(i — 1) with its image
inYy,. Let Y =Y'(k).

Let

K'=1ZJu | JHNK)x L;.
H;eH

Since H; N H;j = @ for i # j, there exists a map (K',X) — (¥’,x) and a map
(Y’, x) = (ST, x) such that the composition is precisely the restriction to K’ of the
covering map (S’r, x) — (Sr, x).

If Y’ — Sy fails to be a local isometry, then there exists i and nontrivial open
cubese C H;_1NK x{m;_1} (or Zifi = 1) and ¢ C H; " K x {0} such that Sp
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contains an open cube e x ¢, where ¢, ¢ are the images of e, ¢ under S’r — ST,
respectively. Moreover, since g,(H; N K) C g;(H;—1 N K), we can assume that ¢
is disjoint from each immersed hyperplane of St crossing Z. Hence the closure
Cl(¢) is a standard torus. Glue Cl(e) x CI(¢) to Y’, if necessary, in the obvious
way. Note that this gluing adds no new O-cubes to Y'. Indeed, every O-cube of
Cl(&) x CI(¢) is identified with an existing O-cube of Y’ lying in H;_; N K x {m;_1}.
Adding Cl(e) x CI(c) also preserves the existence of a local injection from our
cube complex to Sr. Either this new complex admits a local isometry to St, or
there is a missing cube of the form ¢ x ¢ where CI(¢) is a standard torus and ¢ lies
in Y'. We add cubes of this type until we have no missing corners. That the process
terminates in a local isometry with compact domain Y is a consequence of the
following facts: at each stage, every missing cube has the form e x ¢ where e lies
in Y" and CI(c) is a standard torus, so the number of 0-cubes remains unchanged,;
each gluing preserves the existence of a local injection to Sr; each gluing increases
the number of positive dimensional cubes containing some 0-cube; cubes that we
add are images of cubes in K, which is compact.

There exists a combinatorial path y in K’ joining X to gXx. It follows from the
existence of y that the convex hull of K’ is precisely equal to K. Hence, there exists
a based cubical map (K, X) — (¥, x) — (Sr, x), so that the composition is the
restriction of the covering map (Sr, ) = (Sr, x). Therefore, any closed path in St
representing g lifts to a nonclosed path at x in Y. It is easily verified that the number
of O-cubes in Y is bounded by |ZO|(m; + - - - + my), where each m; is the length
of L;, and hence |[Y©@| < |Z©@|(|g| +1). Thus, Y is the desired cube complex. [J

Remark 3.2. When dim St = 1, arguing as above shows that Y can be chosen so
that |Y@| <|Z©| 4 |g|. Hence, if F is freely generated by S, with |S| =r, then
Sepris(Q,n) < 21K +n.
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CONFORMAL DESIGNS AND
MINIMAL CONFORMAL WEIGHT SPACES
OF VERTEX OPERATOR SUPERALGEBRAS

TOMONORI HASHIKAWA

We give equivalent conditions for conformal designs of the minimal conformal
weight spaces of SVOAs, and show that if the minimal conformal weight space
of an SVOA forms a conformal 2m-design, then it also forms a conformal
(2m + 1)-design. Also, we derive trace formulae for the zero-modes of ele-
ments of the conformal weight 2 space on the minimal conformal weight space
when the minimal conformal weight space forms a conformal 4-design. As
an application of the trace formulae, we classify code SVOAs whose minimal
conformal weight spaces form conformal 4-designs. Moreover, we show that
the classified code SVOAs are of class S°.

1. Introduction

Vertex operator algebras (VOA) and vertex operator superalgebras (SVOA) have
deep connections to binary codes, integral lattices, and other combinatorial objects.
The notion of conformal designs was introduced in [H6hn 2008], and is an analogue
of the notions of combinatorial and spherical designs based on binary codes and
integral lattices, respectively. Also, an analogue of the theorems of Assmus and
Mattson [1969] and Venkov [2001] was presented in the same work. Due to this
result, we expect that analogues of other properties of combinatorial and spherical
designs hold in the theory of conformal designs. An integral lattice whose set of
minimum norm vectors is a spherical design has been studied in [loc. cit.]. As one
of the results, it was proved that an integral lattice whose set of minimum norm
vectors forms a spherical 4-design, which is called a strongly perfect lattice, is
isomorphic to the root lattices A1, Ay, Dy, Eg, E7, or Eg if its minimum norm is 2.
Also, strongly perfect lattices with minimum norm 3 have been classified in the
same paper. Due to these circumstances, we speculate that a structural symmetry
of an algebraic object is dominated by a subset which has a design structure. From
this point of view, our purpose of this study is to clarify how the symmetry of the
minimal conformal weight space of an SVOA influences a structural symmetry of

MSC2010: 17B69.
Keywords: vertex operator superalgebra, conformal design, binary code.
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the SVOA. VOAs of class S” with minimal conformal weight 2 have been discussed
in [Matsuo 2001]. The notion of VOAs of class 8" was introduced in the same
paper, and gives a sufficient condition that the minimal conformal spaces of VOAs
form conformal n-designs. The conformal designs have been studied in [ Yamauchi
2014] under the assumption for introducing the notion of extended Griess algebras.
Considering these known results, we maintain the theory of the minimal conformal
weight spaces of SVOAs and conformal designs. The following are the main results
obtained in Section 3 of this paper.

Main Result 1 (Theorems 3.5 and 3.6). Let V be an SVOA and | the minimal
conformal weight of V. Assume that |4 < 0o. Then the following hold:

(1) The space V, forms a conformal t-design based on the even part of V' if and
only if the t-th Casimir vector, introduced in [Matsuo 2001], belongs to the
sub-VOA V,, generated by the Virasoro element .

(2) If V,, is a conformal 2m-design based on the even part of V, then it is also a
conformal (2m + 1)-design.

By using the computation of traces and invariant bilinear forms in [ Yamauchi
2014], we have (1) of Main Result 1. The crucial point of the proof of (2) of
Main Result 1 is that the (2m + 1)-th Casimir vector can be determined from the
n-th Casimir vectors for n < 2m and the action of L(—1). Note that (2) is an
analogue of a well-known result in the theory of integral lattices and spherical
designs. Moreover, trace formulae of the zero-modes of elements of the conformal
weight-2 space on the minimal conformal weight space of an SVOA are obtained
when the minimal conformal weight space forms a conformal 4-design.

As another related topic of conformal designs and SVOA:G, there are classification
problems of SVOAs whose minimal conformal weight spaces form conformal
t-designs. This problem has been solved in [Hohn 2008] for the case that the
minimal conformal weight is 1 and ¢ = 6. More precisely, SVOAs with minimal
conformal weight 1 are isomorphic to lattice VOAs associated to the root lattices of
type A1 and Ey if the conformal weight-1 space forms a conformal 6-design. Also,
it was proved in [Tuite 2009] that a VOA whose 4th Casimir vector belongs to V,
is isomorphic to one of the simple affine VOA associated to the Deligne exceptional
series of the simple Lie algebras A, Ay, Gy, Dy, Fy4, E¢, E7, and Eg at level 1 if
the minimal conformal weight is 1. Using (1) of Main Result 1, this classification
result can be obtained under the condition that the conformal weight-1 space forms
a conformal 4-design. This result is actually an analogue of the result in [Venkov
2001], as already mentioned. Due to the classification in [Tuite 2009], one can
consider the classification problem in the case of SVOAs with minimal conformal
weight % and r = 4. The commutant superalgebra (see [ Yamauchi 2005]) of an
Ising vector in the lattice type VOA V% Eg is included in the list of candidates of
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SVOAs with minimal conformal weight % whose 4th Casimir vector belongs to V,
(see [Tuite and Van 2014]), and is isomorphic to the code SVOA V4, associated to
the Hamming code H4 (see [Miyamoto 1996a] for the definition of code SVOAsS).
The notion of SVOASs of class S” is an analogue of the ordinary notion introduced
in [Matsuo 2001] and gives a sufficient condition that the minimal conformal weight
spaces of SVOAs form conformal n-designs in the same way as the cases of VOAs
of class S™

In this paper, we show that V3, is of class S 5. Moreover, we classify code
SVOAs whose minimal conformal weight spaces form conformal 4-designs as an
application of the results in Section 3 and show that the classified code SVOAs,
which contain V3, are of class S>. We obtain the following.

Main Result 2 (Theorems 4.8 and 5.9). Let C be a binary code. Assume that the
minimal conformal weight |1 of the code SVOA V¢ is not co. Then:

(1) If (Vc)u forms a conformal 4-design based on the even part, then C is equiva-
lent to one of

{(01)’(11)}’ ﬂ:;? 587 E(H“-)’ H4, and ’;'\{4,

where Hum, E(Hm), Hm, and Eg are the Hamming code of length 2™ — 1, the
even subcode of Hy, the extended Hamming code of Hp,, and the set of all even
weight vectors in F8, respectively.

(2) The code SVOAs associated to the codes in (1) are of class S°.

We see that for a code SVOA the minimal conformal weight space forms a
conformal 4-design if and only if the SVOA is of class S°.

In the following, we sketch the proof of Main Result 2. Let C be a binary code
of length 7 and p the minimal conformal weight of V. Obviously, we can exclude
the case p > 2. Considering the trace formulae on the minimal conformal weight
space,n = 1,8, and 15if u = % 1, and %, respectively. In case u = % C must be
{(01), (1)} because it has a weight-1 vector. In cases u = 1, % and 2, we show
that (2, C(2w)) is a combinatorial 2-design if (V) is a conformal 4-design,
where Q, :={1,...,n} and C(2u) is the set of all weight 24 vectors in C. By this
resglt, Cx&ifu=1,and C = Hyif u= % Also, we have C =~ 7Tl3, E(Ha4),
or H4 by using fundamental techniques of algebraic coding theory and a list of
possible central charges of VOAs with p = 2 which is obtained in [Matsuo 2001].
Thus (1) of Main Result 2 holds. Now we turn to (2) of that result. Obviously,

1 11
Vion,any =L(3.00® L(3. 3)
is of class S*°. Note that the code SVOAs Vg, V%, and V;M have already been

proved; see [Maruoka et al. 2016; Hashikawa and Shimakura 2016]). Also, if V4,
is of class S°, then so is VE,) because VE(yy,) is the even part of V3,,. Hence
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it is sufficient to show that V3, is of class S°. Using the same method as in [Lam
et al. 2007, Propositions 3.13], one can show that the automorphism group of a
code SVOA is generated by o-involutions and the lift of the automorphism group
of the binary code if the minimum weight of the code is greater than or equal to 3.
Considering the action of a g-involution associated to an Ising vector of o-type
which is not included in the standard Ising frame of V3, we prove that V4, is of
class 8. Therefore, (2) holds.

This paper is organized as follows. In Section 2, we recall the notions of SVOAs
and Ising vectors of SVOAs. In Section 3, we recall the notions of conformal designs,
give necessary and sufficient conditions for conformal designs of minimal conformal
weight spaces, and show that conformal 2m-designs imply conformal (2m + 1)-
designs. Also, we give trace formulae on the minimal conformal weight space of
an SVOA by using the same argument as in [Matsuo 2001]. In Section 4, using
the trace formulae obtained in Section 3, we classify code SVOAs whose minimal
conformal weight spaces form conformal 4-designs. In Section 5, we show that the
code SVOAs associated to the codes in the classification of Section 4 are of class S>.

2. Preliminaries

In this section, we recall the notion of vertex operator superalgebras and Ising
vectors. Additionally, we show an analogue of [Hohn et al. 2012, Lemma 2.6],
which will be used in Section 3.

Vertex operator superalgebras. A vertex operator superalgebra (SVOA)
V=vlgV!
is a Z,-graded C-vector space equipped with a linear map

Y(-,2):V = End(V)[z,z" '], V> Z Vmyz !

nez

and two nonzero vectors 1 and @ in V'°, which are called the vacuum vector and
the Virasoro element, respectively, satisfying certain conditions; see [Frenkel et al.
1993; Kac 1998] for details. As one of the conditions, the Virasoro relation holds
onV: 3
[L(m). L)) = (m —n)L(m +n) + =55 Snn0¢

for m,n € Z, where Y(w,z) =),y L(n)z7"2, dij is the Kronecker symbol,
and ¢ € C is the central charge of V. The subspaces V° and V! are called the even
part and the odd part of V, respectively. Throughout the paper, we assume that an
SVOA V has the following grading:

Voz@v,, and V!= @Vn,

nel>q nel+7=¢
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where V}, is the eigenspace of the L (0)-operator with eigenvalue n. We also assume
that V is of CFT-type, i.e., Vo = C1. An SVOA V = VO @ V! is said to be a vertex
operator algebra (VOA) if V! =0. If u € V,,,, then we write wt(u) := m. Define the
zero-mode of a homogeneous element u by 0(u) := t(wi(u)—1)» and extend linearly.

Let V,, denote the sub-VOA of an SVOA V generated by the Virasoro element .
Then the minimal conformal weight of V is defined by min{n € $Z5¢ | Vu % (Voo )n}
if V#V, and oo if V = V,,. Since we assume that V' is of CFT-type, the minimal
conformal weight of V' is always greater than zero throughout this paper.

An element o of GL(V) is called an automorphism of an SVOA V if it satisfies

o(Umyv) =0 (U)myo(v) forall u,veV, meZ, and o(w)=w.
Let Aut(V') denote the group of all automorphisms of V.

Ising vectors of SVOAs. Let V be an SVOA. An element e € V5 is called an
Ising vector of V if it satisfies e(;)e = 2e, e3¢ = %1, and the subalgebra Vir(e)
generated by e is isomorphic to the simple Virasoro VOA L(%, 0) with central
charge % It is known that L(%, 0) is rational and has three irreducible modules

1 11
L(E’O)’ L(E’E)’ and L(z 16)
see [Dong et al. 1994, Theorem 3.4] for details. Let e be an Ising vector of V. Note

that {L(n) := e(,41) | n € Z} satisfies the Virasoro relation with central charge %
Since Vir(e) 2 L(%.0), we have a decomposition

V=Ve(0) & Ve(3) ® Velde).

where V, (k) for k € { , 2 16} is the sum of all irreducible Vir(e)-submodules
of V' isomorphic to L( k) Let 1 be the minimal conformal weight of V. Set

(2-1) W (k) :={u € Vy|o(e)u =kuj.
The following lemma is an analogue of [Hohn et al. 2012, Lemma 2.6].

Lemma 2.1. Let V be an SVOA and e an Ising vector. If u € {1} U (% + Zzo), then
Vie=Wi(©0) & Wi (3) ® Wi (7)-

Proof. Since o(e) preserves V), and acts semisimply on V, the space can be
decomposed into the direct sum of the eigenspaces of o(e). Let v € VM be an
elgenvector of o(e) with eigenvalue A. It is sufficient to show that A € { , 2 : 6} In
case [ € 2 +Z>o we have L¢(m)v € Vy_pym = 0 for m > 1, and hence Vir(e)v is a
Vir(e)-module whose top weight is A. Since Vir(e) = L(3,0), this case holds. For
w =1, wehave L¢(m)v € Vi_,, =0 for m > 2. If we suppose that L¢(1)v =0, then
this case also holds by using the same method as in the case of p € % +7Z>¢. We
show L¢(1)v =0. Suppose the claim is not true. Since o(e)L¢(1)v=(A—1)L¢(1)v
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and o(e)1 = e(1)1 = 0, we have A = 1. However, this contradicts the nonexistence
of an o(e)-weight-1 vector. O

Here, we give the definitions of Ising vectors of o-type and Ising frames, which
will be used later. An Ising vector e of an SVOA V is said to be of o-type if
Ve (1) = 0. For an Ising vector e of o-type, the linear map

1 V. (0),
Ue3:{ on V,(0)

(2 I on Ve(d).

is an automorphism of V; see [Miyamoto 1996b, Theorem 4.8]. A subset {el, e
of V, such that w = e! +--- + ¢” is called an Ising frame if €' is an Ising vector
of V foreach 1 <i <mand[Y (¢}, z), Y(e’,2)] =0 fori # j.

3. Conformal designs

In this section, we first review the notion of conformal designs, and obtain necessary
and sufficient conditions in the case where the minimal conformal weight spaces
of SVOAs form conformal designs. Also, we show that if the minimal conformal
weight space of an SVOA forms a conformal 2m-design, then it also forms a
conformal (2m + 1)-design. Afterward, we give trace formulae of the composition
of the zero-modes of elements of ¥, on the minimal conformal weight space when
the space forms a conformal 4-design.

Conditions of SVOAs. Set (" = e™ V=Ir for e Q, and let ¥V be an SVOA. A
bilinear form (- | -) on V is said to be invariant if it satisfies

Y(@a,z)u|v)= (u | Y(eZL(l)z_ZL(O){L(OHZL(O)Za, —z)v)

for a,u,v € V. It was proved in [Frenkel et al. 1993; Li 1994; Yamauchi 2014]
that any invariant bilinear form on an SVOA is symmetric and there is a one-to-one
correspondence between invariant bilinear forms and elements of the dual space
of Vy/L(1)V7. In this paper, we assume that V' has a nondegenerate invariant
bilinear form (- | -). Due to the results above, the bilinear form is unique up to
scalar since V is of CFT-type. Moreover, we assume that V' as a V,-module is a
direct sum of highest weight modules. Hence

V=@V
HG%ZZO

where V[n] is the sum of highest weight V,,-submodules of V' with highest weight
n € $7. Note that V[0] = V,, holds. We have the following lemma.

Lemma 3.1. The spaces V[0] and V[m] for m # 0 are orthogonal with respect
10 (-|-).
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Proof. Letn € Z>¢, u € V[0]NV,, and v € V[m]N V,. By the invariance of (- |-),
n+2n2

14

(3-1) IREDY 1] (LM W) @n-1-1)v).

£=0

Since V[m] is a V,-module, (L(I)Zu)(z,,_l_g)v belongs to V[m] N V; for each
£ > 0. Because Vy C V[0] and V[0] N V[m] = 0, the right hand side of (3-1) is 0.
Therefore, we have this lemma because (Vy | Vi) = 0 for k # k’. O

Define the projection map
7V =P Vil V[0] = Ve,
HG%ZZO
which is a V,,-module homomorphism.
Minimal conformal weight spaces and conformal designs. The notion of confor-
mal designs was introduced by Hohn in [2008].

Definition 3.2 [Hohn 2008, Section 2]. Let U be a VOA and M a U-module. An
L(0)-homogeneous subspace X of M is called a conformal t-design based on U
if tr|y 0(a) = tr|y0(;r(a)) holds for any a € Py, <; Un.

Let V=V%@® V! be an SVOA. Clearly, V° and V! are V°-modules. From
now on, we assume that the minimal conformal weight w of V' is not oo.

Remark 3.3. Assume that V' has an involution g. Set V* :={u eV | g(u) = +u}.
Yamauchi [2014] considered that the top weight space of V'™~ forms a conformal
design based on V% N V' under some assumptions, and obtained various results.
However, these results do not contain the general cases p € {% 1}. We are going
to include these general cases in our discussion.

By Lemma 3.1, (- | -) is also nondegenerate on (V,), and P,, where
Py:={ueVy|L(k)u=0 forall k € Z>o}.

Moreover, V), = (V) @ Py holds because

V=& vinl

I
ne5Z=o

Let {vi}fil be a basis of P, and {vi}fﬁl the dual basis of {vi}fﬁl with respect to
(+]+), where p, :=dim P,. We consider the vector

Pu
m._ su+2u? i )
A =¢ E Vapu—1—myVi € V-

i=1
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Note that ¢ “+2“2A’ﬁ is called the quadratic Casimir vector in [Tuite 2009; Tuite
and Van 2014]. We also note that if Ajj € V,,, then )» eV, for £ <m; see [loc. cit.].
Set gy := dim(V,),. Let {w,} be a basis of (Vw)u and {w' }q” the dual basis
of {w,} 2, with respect to (-] -). The following lemma holds.

Lemma 3.4. Let V be an SVOA with minimal conformal weight . Then
trly, o) = (=)™ @ | A1)
for a homogeneous element u € @nel>0 Vin].

Proof. Because {vi}fﬁl U {wi}fil is the dual basis of {vi}fﬁl U {w,-};.]il with
respect to (- | -),

Pu du
(3-2) trly, 0(0) = Y (0@)v’ |vi) + Y (o@w' | wy).

i=1 i=1
Since o(u)w' € D,~oVI[n] and w, € V0], the second summation of (3-2) is 0 by
Lemma 3.1, i.e., terMO(u) = 1—1 (o(u)v' | v;) holds. By the same computation
as in [ Yamauchi 2014, Section 4.1, Lemma 5], we obtain the statement. O

Set dy, :=dim V, let {“1}1—1 be a basis of V,, and let {u' } u , be its dual basis
with respect to (- | -). We also consider the following Casimir Vector (see [Matsuo
2001; Yamauchi 2014]):

dy
(3-3) k= (ANl s = M R Zw(m | —myWi € Vi,
i=1 i=1
We obtain the following equivalent conditions to define conformal designs. It
has already been discussed in [ Yamauchi 2014] for p € % +7Z>.

Theorem 3.5. Let V be an SVOA with minimal conformal weight 1. Then the
following are equivalent: (1) V), is a conformal t-design based on Vo (2) KL € Ve,
and (3) Ay € V.

Proof. By (3-3), (2) <= (3) holds. We show (1) <= (3). Leta € V. Set
a:=a—mn(a). Then tr|V o(a) = tr|V o(m(a)) + (—=1)(a | Al,) by Lemma 3.4.
Therefore, tr|VM0(a) = tr|VM0(n(a)) 1f and only if (@ | A w) = 0. We see from
Lemma 3.1 that (@ | A},) = 0 for any a € V2 if and only if A}, € V[0]=V,,. O

It is known that if the set of minimum norm vectors of an integral lattice forms
a spherical 2m-design, then it also forms (2m + 1)-design; see [Venkov 2001,
Section 5, p. 23]. The assertion of the following theorem is an analogy of this
particular result in the case of a conformal design. A method to prove this when
@ = 2 was mentioned briefly in [Matsuo 2001, Section 2, p. 573].
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Theorem 3.6. Let V be an SVOA with minimal conformal weight p. If V), forms
a conformal 2m-design based on the even part, then it also forms a conformal
(2m + 1)-design.

Proof. By the skew symmetry,

2m+1 __
Ky =
d
(_1)2u—(2m+1)+ﬁ ) M - ;
i LD (#2273 (DMl ) 01— emay 401 )
£20 ' i=1
where |a| equals 0 if « € V% and 1 if a € V1. Since |u’||u;| = 2« mod 2, we have
2m+1 _ N (=D 1) L D2+t
Ko = Z (=D«
£=0
Hence,
(2mEl = 1) £ 2m+1—L
(3-4) Kt =2 EZI L(—l) K .
>

If V. forms a conformal 2m-design based on the even part, then by Theorem 3.5
KS € Vyp for 1 <5 < 2m. Therefore, using (3-4) and Theorem 3.5, we are done. [

From now on, we assume that the central charge of an SVOA is neither 0 nor — 252.

This assumption implies that the degree m subspace of V,, with m < 5 has a basis
(Lm) e L1 | m =20y 22 SIny = m):

see [Kac and Raina 1987, Lecture 8].
We also assume that the bilinear form is normalized by (1| 1) = 1. The following
lemma holds.

Lemma 3.7. Let V be an SVOA, a,b € V,, m € Z>,, andn € Z. Then:
(1) (L(=m)1|apyb) = (2m—2)8p4n3(al b)—w%ﬁm@(l)a | L(1)D),
(2) (L(=2)*1|ayb) =2(a | w)(b | ®)+8(a | b) —4(L(1)a | L(1)b).
Proof. By the commutator formula, for k,{ € Z,
(3-5) [L(k),a)]
=(k—Ll+Dag4e + ( NLMa) to—1) + ( Nokte1(al w).

Since V is of CFT-type and has a nondegenerate invariant bilinear form, L (1) V7 =0.
We compute X := (L(—m)1|agb):

= | agL(m)b) + A |[L(m),ag)lb) (by invariance)
~—_—

=0
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= (m—n+ 11| aemimd) + ("3 A (L) gntn—1)b) (by (3-5))
= Sm4n,3(2m —2)(1 | a@yb) + ("THA | (L(Da) b))
(since (Vi | Vy) =0 if k #4)
= Smetn3(2m —2)(a | b) — PE=3H4 (L (1)a)_p1 | b))
(by invariance, L(1)V; = 0)
= Smns((2m —2)(a | b) — "2=3mE4 (L (1)a | L(1)b)).
(since (L(1)a)—21 = L(=1)L(1)a)

Hence, we obtain (1). Next, we show (2). By (1) for (m, n) = (2, 1), the invariance,
and (3-5),

(3-6) (L(=2)*1|ayb)
=2(a|w)(b|w)+8(a|b)—4(L(1)a| L(1)b)+3(w | (L(1)a))b).
We show (w | (L(1)a))b) = 0. By (3-5),
B-7) (@ |[[L(1),aq)lb) =4(a|b)—2(L(Ma | L(1)D) + (o | (L(1)a))b).
On the other hand, by (1) for (m,n) = (3, 0) and the Virasoro relation,
(3-8) (@ [[L(1),a(plb) = (L(=Dw | a)b) — (@ | aw)L(1)b)
=4(a|b)—2(L(1)a | L(1)D) —(w | awyL(1)b).
We see from (3-5), (3-7), and (3-8) that ( | (L(1)a)()b) is computed as follows:
(@ | (L(D)a))b) = —(w | ag)L(1)b)
=—(1[[L(2),a)]L(1)b)
==3(A|a@)L(1)b) + @ | (L(Da)q)L(1)b))
=-3(L(Da | L(1)b)+3(L(1)a| L(1)b) =0.
Therefore (2) holds by (3-6). O

Let V' be an SVOA with minimal conformal weight u € {%, 1, % 2}. We give
trace formulae of the zero-modes of elements of V, on V), by using the same method
as in [Matsuo 2001, Section 2.3]. Let a,b € V,, and w € V). In general, by the
Borcherds—Jacobi identity (see [Kac 1998]), for u, v € VO and p.q,r €72,

39 > (5)(”(r+€)v)(p+q—€)
€0

.
=Y (-D* (z) WU (p+r—0)V(q+0) — (1) Vg+r—0)U (p+0))-
=)
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By 3-9)for p=2,g=1,andr = —1,
2. 2
ambayw =) (g) (@1+pb0)-ow —anbew —benagw.
£=0

Therefore, 5

2
tly,0@0(6) = 3 (7)ol o0r(a 1408 ~ 28,200 B

£=0

if V,, forms a conformal 4-design based on the even part. Then, by Lemma 3.7 one
can compute the trace because 7 (a(—¢g41)b) € (Vo)a—¢. yielding

tly, o(L(=h1) = 3udy, trly, 0(L(=2)*1) = pdy (it +2) + ¢8y.,
trly, 0(L(=3)1) = —2pud,, trly, o(L(=2)1) = pdy.

Note that the cases u € % + Z=1 U {2} have already been obtained in [Matsuo 2001;
Yamauchi 2014].

Proposition 3.8 [Matsuo 2001, Theorem 2.1; Yamauchi 2014, Theorem 1]. Let V
be an SVOA of central charge ¢ with minimal conformal weight | € {%, 1, %, }

(1) If V. forms a conformal 2-design, then for a € V5,

2udy,
tr|VM0(a) =— (a | w).
(2) If Vy forms a conformal 4-design, then for a,b € V>,

2(pud, (2210 —c) — 5C25M,2) (@b
c(5¢+22)
2(pudy(c+6+8u) +8cdy )
B c(5¢+22)
4(pdy (S +1) 4+ 5¢8,,2)
c(5¢+22)

tr|VM0(a)o(b) =

(L(Ma | L(1)b)

(@] w)®|w).

Remark 3.9. The reason why we consider the cases where p € {% 1, % 2} is that
the trace of o(a) on V,, for a € V, is a multiple of pd,, because Vo = (V)2 if £ > 2.
Hence, we consider trace formulae on V,, in the cases u < 2 only.

Set dj (k) := dim W (k), where W (k) is defined in (2-1). The following
corollary holds. It has already been mentioned in the introduction of [loc. cit.] for
w=2.

Corollary 3.10. Let V be an SVOA with minimal conformal weight | € {%, I, %},
and e an Ising vector. If V, forms a conformal 4-design based on VO, then

dy(c(5c+22—61p) +2u (1961 —95))
c(5¢+22) ’

dg(0) =
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Also,
(3-10) d"’ 1 [Ldu(56ﬂ 3¢ —2) and d"’ 1 64;Ldu(c+3—7u)
c(5¢+22) 16 c(5¢+22)

Proof. Obviously, terMO(l) = d,,. Note that L(1)e = 0 since V is of CFT-type;
see [ Yamauchi 2004, Lemma 8.1.2]. Since (w |e) = (e | e) = l , by Proposition 3.8,

nd, (49 —2c¢ + 1)

pdy

tr|VM0(e) = and ter o(e)® = 4eGe 1 22)
By Lemma 2.1,
111 ds (0) dy
0 5 15 || 4B |= e
0@ Gl LGGe ] [ s
Therefore, we obtain this corollary by direct computation. O

The following corollary is obtained from (3-10) immediately.

Corollary 3.11. Let V be an SVOA of central charge ¢ with minimal conformal
weight u € {é 1, ;} and e an Ising vector of V. Assume that V,, forms a conformal
4-design based on the even part. Then ¢ = 7 — 3 if and only ifdﬁ(%) =0.

An R-form W of an SVOA V is an R-subalgebra of V' with the same Virasoro
element such that V = C ® W. As an application of the trace formulae, we have

the following theorem.

Theorem 3.12. Let V be an SVOA with minimal conformal wezght > and let W be
an R-form which has a positive definite invariant bilinear form. If Vij2 forms a
conformal 4-design based on the even part, then V is isomorphic to

L(3.0)®L(3 3)-
Remark 3.13. [Hohn 2008, Theorem 4.1(a)] shows that V, as in Theorem 3.12, is
isomorphic to L(%, 0)® L(%, %) if the minimal conformal weight space forms a

conformal 6-design. Hence, Theorem 3.12 is more general than the theorem in that
reference.

Proof of Theorem 3.12. Slnce the bilinear form is pos1t1ve definite on W, we can take
an orthogonal basis {x’ } 1/2 of W}/, such that (x' | x/) = —8,] Since V=CW,
{x! }:ii/lz is also a basis of V1/2 Set

el = —xé_z)xi and Lei(n) = e€n+1)
foreach 1 <i <d,;, andn € Z. Then foreach 1 <7 < dy /> we can check by direct
computation that {L¢ (1)},c7 satisfies the Virasoro relation with central charge %
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Since e, ..., ed1/2 belong to W, the vectors are Ising vectors; see [Miyamoto

1996b, Section 6, p. 540]. Also by direct computation,
LE'(0)x) = 18;;x7

for 1 <1i,j <dy/,. Because {xi}f;/lz is a basis of V5, the central charge of

Vs % by Corollary 3.11. Then by Proposition 3.8 we also have d;/, = 1 since

tr|Vl/20(ei )= % Since the central charge is % and w is the Virasoro element of W,

we may conclude that w is an Ising vector of V. Because the L(0)-weights of V/

are half-integers, V' = V[0] & V[%], where V[k] is the V,-submodule of V' defined

at the beginning of Section 3. Therefore,
V=Vo®V[5]=L(;.0)8L(3.7)

because V[0] =V, and d; /5 = 1. O

4. Conformal designs and code SVOAs

In this section, we first review the notion of binary codes and combinatorial designs.
Next, we recall the definition of code SVOAs, and classify the code SVOAs whose
minimal conformal weight spaces form conformal 4-designs.

Binary codes. A binary code C of length n is a subspace of F}. The support
supp(x) and the weight wt(x) of x = (x1,...,x,) € [} are defined by

supp(x) :={1<i<n|x; #0} and wt(x):=#supp(x),

respectively. A binary code C is said to be even if wt(c) € 27 for all ¢ € C. Let
(0") and (1) denote the vectors (0, ...,0) € F5 and (1,...,1) € F}, respectively.
The minimum weight of C is min{wt(c) | ¢ € C \ {(0™)}} if C # {(0"™)} and oo
if C ={(0")}. For x = (x1,...,Xn),y = (¥1,..., yn) € [}, let x x y denote the
vector (X1 y1,...,Xpyn) € F. For C abinary code with minimum weight d # oo,

L1451

(4-1) #HC<2" ) Y (':)
i=0

where | 2(d —1)] is the largest integer not greater than (d — 1). The upper

bound of #C is called the sphere-packing bound of C; see [Assmus and Key 1992,

Theorem 2.1.3]. It is easy to see that d is an odd integer if equality holds in (4-1).
Set T, := {(0%), (1*)}. Define the binary code Hyp form € Z>3 by

{(u,u+v)|ue&m-,ve Hone1},
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where & is the set of all even weight vectors in [Fg. Set
— 7 27 —1
Hm :={(c1,...,com—1) | (c1...,com) € Hy} C [FZ

for m € Z>,. The binary codes H,, and ”;flm are called the Hamming code of
length 2™ — 1 and the extended Hamming code of length 2™, respectively; see
[MacWilliams and Sloane 1977, Chapters 1 and 13]. Denote by E (%) the even
subcode of H,,. Note that the dimensions of H,, and H,, are 2™ —m — 1. The
following lemmas are obtained by a basic method of algebraic coding theory. For
the reader’s convenience we include the proof.

Lemma 4.1. Let m € Z>, and D a binary code of length 2™ whose minimum
weight is greater than or equal to 3. If D has a subcode equivalent to H,, then D
is equivalent to Hp,.

Proof. By (4-1),

m e 27 m
#D <27 /Z(i)<22 -,
i=0

Hence dim D is less than or equal to 2" —m — 1. Since dim Hpp = 2" —m—1, the
assertion holds. O

Lemma 4.2. Let m € 7>, and D a binary code of length 2" — 1 whose minimum
weight is greater than or equal to 3. If D has a subcode equivalent to E(Hy,),
then D is equivalent to E(Hy,) or Hp,.

Proof. We see from (4-1) that #D < 22m_1/ Z;:O (2mi—1) = 22"—1-m Hepce
dim D is 2™ — 1 —m or 2™ —2 —m because D has a subcode equivalent to E(H,).
Clearly, D is equivalentto E(Hj,) if dim D is 2™ —2—m. If dim D equals 2" —1—m,
then equality holds in (4-1). As already mentioned before, the minimum weight of
D must be an odd integer, and hence it must be 3. Thus D is a binary code of length
2™ — 1 whose dimension and minimum weight are 2" — 1 —m and 3, respectively.
It is known that such a code is equivalent to H,,; see [MacWilliams and Sloane

1977, Chapter 1, Section 7, Problem (28)]. Therefore, this lemma holds. O

Combinatorial designs and binary codes. Set Q, :={1,...,n}. Let k be a non-
negative integer such that k < n. Denote the set of all k-subsets of 2, by (S}c")
Let B be a subset of (slzc,,) A pair (R, B) is a t-(n, k, 1)-design if there exists a
constant A such that #{B € B| X C B} = A forall X € (%”) For D C F}, set
D(k):={u e D|wt(u) = k}. We often say that (2, D(k)) is a t-(n, k, A)-design
if the pair of Q, and {supp(u) | u € D(k)} forms a ¢-(n, k, A)-design. By using
a basic method for algebraic coding theory, the following proposition holds. We
include the proof for the reader’s convenience.
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Proposition 4.3. Let m € 7>, and C a binary code of length 2™ with minimum
weight 4. If (Qym, C(4)) forms a 3-(2™, 4, 1)-design, then C is equivalent to Hom.
Analogously, let C be a binary code of length 2™ — 1 with minimum weight 3. If
(Rom_1,C(3)) forms a 2-(2™ — 1, 3, 1)-design, then C is equivalent to H .

Proof. We show the H,m case only because the H,, case is obtained by the same
method. If we show that #([F%m/ C) = 2"*1 then we obtain the statement because
a binary code of length 2™ whose dimension and minimum weight are 2™ — 1 —m
and 4, respectively, is equivalent to ’;flm [MacWilliams and Sloane 1977, Chapter 1,
Section 9, Problem (41)]. Let u € [F%m such that wt(z) > 2. Then there exists
v € C(4) such that wt(u + v) < wt(u) — 2 because (2,m, C(4)) is a 3-(2",4,1)-
design. Hence, every element of [F%m/ C is represented by an element of weight
at most 2. Also, since the weight of the sum of vectors x, x" € I]:ém such that
wt(x) <1, wt(x") <2, and x # x’ is less than 4 and the minimum weight of C is 4,
x + C and x’ + C are distinct. Set X; :={y+C € [F%m/C | wt(y) = i}. By the
argument above, we have

F2"/C=XoUX; U X,, #Xo=1, and #X; =2"
Hence, it is sufficient to show that #X, = 2" — 1. Let y + C € X,. It is easy to
check that
(+CO)@2)={y}U{y+c|ceC(4) such that supp(y) C supp(c)}.
Hence, #(y + C)(2) = 2! because (Q,m, C(4)) is also a 2-(2,4,2m~1 —1)-
design [op. cit., Chapter 2, Section 5, Theorem 9]. Since
o= ] c+0®.
z+CeX,

1 (2”’

we have #X5 = 55— (%,

) = 2" — 1, completing the proof of this proposition. [
In order to prove our main result, we need the following two lemmas.
Lemma 4.4. Lett € Z>, and let C be a binary code of length n > 3 with minimum

weight t + 1. Then the cardinality of C(t + 1) is at most H—Ll (';) Moreover, equality

holds in the inequality if and only if (2, C(t + 1)) forms a t-(n,t + 1, 1)-design.
Proof. Consider the cardinality of

S = {X € (Qt") ! there exists u € C(¢ + 1) such that X' C supp(u)}.

Since ¢ > 2 and the minimum weight of C is# + 1, for X € (Qt") the cardinality of
{ueC(t+1)| X Csupp(u)} is at most 1. Hence

(4-2) s= 1] (Sum;(”)).

ueC(t+1)
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By (4_2)a

(':) >#s= Y #(S“plt’(”)) — ((+1)#C(+1).

ueC(t+1)

Therefore, the first claim of this lemma holds. Also, from (4-2), that equality
holds in the inequality if and only if (Q”) S. Hence we have the second claim
because (Q ) S implies that (2, C(¢ 4+ 1)) forms a t-(n, ¢ + 1, 1)-design. O

Lemma 4.5. Let C be an even code of length 2™ —1 (m > 2) with minimum weight 4.
If (Qaom_y1,C(4)) forms a 2-(2™ —1,4,2™~1 —2)-design, then C = E(Hn).

Proof. Set D := (C, (12" ~1))g, = C LI (12" ~1) 4 C). Note that if we show that
the minimum weight of D is 3 and (Q,m_1, D(3)) forms a 2-(2" — 1, 3, 1)-design,
then this lemma follows from Lemma 4.2 since the even subcode of D is C.

First we show that the minimum weight of D is 3. Fix X € (92’;‘—1). Set
Cx :={ueC4)| X Csupp(u)} and wy := ) _,cc, #. Letu,v € Cx such that
u # v. Then supp(u) Nsupp(v) = X because the minimum weight of C is 4. Since
(Qym_1, C(4)) forms a 2-(2"™ — 1,4, 2™~ — 2)-design, the cardinality of Cy is
2m=1 _ 2 and hence we have wt(wy) = 2" —4 and (12" 1) + wy € D(3). If
we suppose that D has a weight-1 vector v, then (12" ~1) + wy + v € D(2) for
Ye (QZ’;*I) such that supp(v) C Y, which contradicts D(2) = C(2) = @. Thus,
the minimum weight of D is 3.

Next we show that (2,m_1, D(3)) forms a 2-(2™ — 1, 3, 1)-design. Set zy :=
(12”1 + wy for X € (QZ”’ 1) Then wt(wy + wy) = 6 — 2 wt(zy * zy) for
X,Y € (92’" 1) Since C(2) = @, we have wt(zy * zy) < 1 if wy # wy, and
wt(zy * zy) = 3 if wy = wy. Because the support of zy * zy is

(Q2m_y \ supp(wyx)) N (2m_; \ supp(wy)),
we have wy = wy if and only if ¥ C Qpm_; \supp(wX) By this argument,
#wy | X € (P20-1)} is exactly 1(*";7!). Hence #D(3) > 1(*"7"). We see from
Lemma 4.4 that the assertion holds. O

Code SVOAs. Let X be the free fermlonlc SVOA of central charge ,ie, X =
L1, 0)@L(,1). et x*:= L(1,%) for k =0,1. Then X®" is anSVOAasa
tensor product of SVOAs. Set V¢ := X"‘1 Q@ X fora = (ag,...,an) € F}.
Note that V¥ is a V©")-module. For a binary code C of length n, set

Ve = ve.

aeC

which is a sub-SVOA of X ®”. The SVOA V¢ is called the code SVOA associated
to C; see [Miyamoto 1996a; Lam et al. 2007] for details. We remark that the
central charge of V¢ is half of the length of C. Let #° = 1 be the vacuum vector
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of X%and u! a highest weight vector of X! such that u%_z)ul = 2w, where w is
the Virasoro element of X°. For ¢ = (a1, ...,ay) € F?, set

(4-3) u =y Q- ---Qu e V%
Note that u“ is a highest weight vector of V% For 1 <i <n, set
=19 Rw® --®leV,

where the Virasoro element w of X is the i-th tensor factor. It is known that ¢’
is an Ising vector of o-type; see [Miyamoto 1996a]. Let (- | -) be the invariant
bilinear form on V¢ such that (1| 1) = 1. Then (¢’ | e/) = %5,- j obviously holds.
Set N := D <; j<on Z(xi + Xj), where {x; 2 is an orthonormal basis of R*".
Let (Vy)gr be the lattice VOA over R associated to N. In [Miyamoto 2004], it
was proved that if a binary code C of length n is even, then the code VOA over R
is embedded into the VOA (V]:,F)R &) \/—_I(V];)R, where (Vﬁ)u@ C (V)R is the
eigenspace of a lift of the —1 isometry of N with eigenvalue *1, respectively.
The VOA (VJ Y ® v—1 (Vy)w has a positive definite invariant bilinear form; see
[op. cit., Proposition 2.7]. Replacing N by L := @1221 Zx;, one can show the case
that C has an odd weight vector, and hence the following holds.
Proposition 4.6 [Miyamoto 2004, Corollary 3.6]. Let C be a binary code. Then V¢

has an R-form which has a positive definite invariant bilinear form. In particular,
Ve satisfies the assumptions in Section 3 on page 126.

Conformal 4-designs and code SVOAs. Let C be abinary code and p the minimal
conformal weight of the code SVOA V. Assume that y < co. We show that C is
equivalent to {(0'), (1)}, H3., Es, E(H4), Hg, or Hy if (Vc)u forms a conformal
4-design based on VC(.). The next lemma plays an important role in our main result.

Lemma 4.7. Let C be a binary code of length n and | the minimal conformal

weight of V. Assume that |y € {1, %, 2}. If (Vc)u forms a conformal 4-design

based on Vg, then (2, C(2u)) forms a 2-(n, 214, v)-design, where
b du(Sp+ 1) #CQ2p) +98ndy »

n(5n +44)
Proof. A basis of (V¢)y is given by
W | o e Cu)} it =13,
! |1 <i<miU{u®|aecC@) ifu=2,

where e’ and u® are defined in Section 4 on page 137. Let i, j € Q, with i # j.
Due to (¢! | e/) =0, L(1)e! = L(1)e/ = 0, and Proposition 3.8(2),
pdy (Sp+ 1) +5¢8, 2

4c(5¢ +22) ’

(4-4) tr|(VC)M0(ei)0(ej) =
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where c is the central charge of V¢, i.e., ¢ = % and

dy =dim(Ve), =#CQ2u) +ndy ».

On the other hand,
(4-5) ]y, 0(€Nole)) = g #{a € CQu) |i, j € supp(e)}
since

iu"‘ if i, j € supp(a),

and  o(e)o(e’)ek =0
0 otherwise, (e)ole’)

o(e")o(e!)u® = {

for ¢ € C and k € 2. It follows from (4-4) and (4-5) that

. _ pdy (Spe+1) +5¢8,,0
(4-6) #HaeC2up)|i,j €supp(a)} = (et 22)

_ApGSp+ D) #C2p) +98ndy, -
N n(5n + 44)

’

concluding the proof. O
One of our main results is the following.

Theorem 4.8. Let C be a binary code and |1 the minimal conformal weight of V.
Assume that p < oo. If (V) forms a conformal 4-design based on VY, then C is

equivalent to {(0"), (1)}, Hs, Es, E(Ha), Ha, or Ha.

Proof. Let n be the length of C. Note that i must be oo if u > 2, because
(Vc)2 = (V) implies that Ve = L(% 0) by the construction of code SVOAs.
Hence our assumption implies pu < 2.

Recall that the Ising vectors ¢’ are of o-type. We see from Corollary 3.11 that
the central charge is uniquely determined by u if u € {%, 1, %} In case u = %, the
central charge is % i.e., n = 1. Moreover the minimum weight of C is 1 because
(Vo)L = Spanc{u® | @ € C(1)}. Hence C must be {(01), (11)}. It follows from

Lemma 4.7 that (2, C(2u)) forms a 2-(n, 2, v)-design, where

b AuSpu+ 1) #C2u) +98ndy >
- n(5n + 44) ’

if pe{l,3,2}. Also, the length of C is 8 if =1, and 15 if = 3 by Corollary 3.11.
For u =1, C(2) is equal to [Fg (2) because (R2g, C(2)) forms a 2-(8,2,#C(2)/28)-
design. Hence (C(2))r, is equivalent to &, and so is C because the minimum
weight of C is 2. If u = %, then (215, C(3)) forms a 2-(15, 3, #C(3)/35)-design.
More precisely, (215, C(3)) forms a 2-(15, 3, 1)-design because the minimum
weight of C is 3. Then it follows from Proposition 4.3 that (C(3))r, is equivalent
to H4, and hence we have C = H4 by Lemma 4.2. In case p = 2, a list of possible
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pairs of the central charge and dim(V), has been obtained in [Matsuo 2001,
Section 3.2, Table 3.2] since the central charge is a half-integer. Using this list,
we obtain another list of possible pairs n and #C(4) since dim(V¢), = n + #C(4).
The two lists are given as follows:

¢ dim(Ve)a| ¢ dim(Ve), n #C4)| n #C(4)
19

4 22 |24 —, 8 14 [19 399

L1200 |10 685 15 105 |20 665

g8 156 | F 1491 16 140 |21 1470

However, (n, #C(4)) cannot be (19, 399), (20, 665), (21, 1470) because these pairs
do not satisfy the inequality in Lemma 4.4. By using Lemma 4.4 again, (g, C(4))
(resp., (16, C(4))) forms a 3-(8,4, 1)- design (resp., 3-(16, 4, 1)-design). Hence
it follows from Proposition 4.3 that (C(4))r, is equivalent to Hs (resp., Hy4). Since
the minimum weight of C is 4, C must be Hs (resp., Hy) by Lemma 4.1. Also,
by (4-6) the pair (215, C(4)) forms a 2-(15, 4, 6)-design if (n, #C(4)) = (15, 105).
We see from Lemma 4.5 that (C(4))r, is equivalent to E(?4). Hence C = E(H4)
by Lemma 4.2. This finishes the proof of the theorem. O

Remark 4.9. The p = % case in Theorem 4.8 has been obtained in Theorem 3.12.
Nevertheless, we provided a second proof, because this method is easier than the
method of Theorem 3.12 when we consider only code SVOAs.

Remark 4.10. It is known that Vg is isomorphic to the lattice VOA Vp, associated
to the root lattice of D4 type; see [Dong et al. 1998]. It was proved in [Tuite 2009,
Theorem 2.8] that a VOA with minimal conformal weight 1 whose 4th Casimir
element belongs to V,, is isomorphic to one of the level 1 affine VOAs associated
to the Deligne exceptional series of simple Lie algebras. Thanks to Theorem 3.5,
we see that this classification, which contains Vp,, can be obtained under the
condition that V; forms a conformal 4-design. In fact, Vp, is the only VOA in the
classification by [op. cit.] which is a code SVOA.

5. Code SVOAs of class S°

In this section, we show that the code SVOASs associated to the codes in Theorem 4.8
are of class S°. In particular, their minimal conformal weight spaces form conformal
5-designs.

SVOAs of class S™. The notion of SVOAs of class §” is an analogue of the notion
of VOAs of class S” introduced by Matsuo.
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Definition 5.1 [Matsuo 2001, Definition 1.1]. An SVOA V =V°@ V! is said to
be of class 8" if (V°)A"() coincides with V,, up to degree n subspace, i.e.,

(VOp) = (Vo) for 0<m <n.

Clearly, the definition above is the ordinary definition in [loc. cit.] when V is a
VOA. Note that the fixed point subspace of V! is always 0 since an SVOA has an
involution which is the identity on the even part and acts as —1 on the odd part.

Proposition 5.2 [Hashikawa and Shimakura 2016, Proposition 2.12]. Let U be a
VOA and W a sub-VOA of U with the same Virasoro element w. Assume that U is
completely reducible as a Vg, -module. If Wy, = (V)n, then Wy—1 = (Vy)u—1. In
particular, an SVOA V is of class 8" if V° is completely reducible as a V,,-module
and (Vo) = (V).

The following lemma holds.
Lemma 5.3. Let V = VO ® V! be an SVOA of class S™ Then:

(1) The even part VO is also of class S™

(2) The minimal conformal weight space of V forms a conformal n-design based
on VO

Proof. Since Aut(V) preserves V, there exists a group homomorphism

¢ Aut(V) — Aut(V0), g glyo.

Then we have Aut(V)/kerg = Im¢ C Aut(V°). Hence (1) is proved because
(Vo)A contains (VO)Au™), Also, since Ky € (VOAY) = (V,,),, we ob-
tain (2) by Theorem 3.5. O

Automorphism groups of code SVOAs. The symmetric group S, of degree n acts
onFj by o(x1,...,Xn) = (Xg-1(1)s - - s Xg—1(y)) foro € Sy and (x1, ..., xn) €FJ.
Let C be a binary code of length n. An element o € S}, is called an automorphism
of C if 0(C) = C. Let Aut(C) denote the group of automorphisms of C. Every
o € Aut(C) induces an automorphism & of V¢ [Miyamoto 1996a, Section 5]. We
call & a lift of 0. In particular, & acts as a permutation on V"), that is,

F'®---@v") = W W @™ for yl®...@v" e VO,

Set

8
(5-1) %= % > e+ é > (=P e vy
i=1 BeTiz(4)
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for o € [Fg. It is known that % is an Ising vector of o-type of V%; see [op. cit.].
Set v; 1= (0'"110"") e F4.

Proposition 5.4 [Matsuo and Matsuo 2000, Proposition 2.4.1; Miyamoto 1999,
Lemma 2.3]. The Hamming code VOA Vﬂs has exactly three Ising frames:

Iop:={e"|1<i<8}, I:={""|1<i<8}, and IL:={"""|1<i<8}.

Moreover, if f € Iq, then oy(Ip) = I if {a,b,c} = {0,1,2}, where oy is the
involution defined in (2-2).

Let C be a binary code. Set
D(C):={DCC| D= Hs and # (supp(a) Nsupp(D)) € 27 forall « € C},

where
supp(D) := U supp(d).
deD

Let 1(V¢) denote the set of all Ising vectors of o-type of V.

Proposition 5.5 [Lam et al. 2007, Proposition 3.8, Lemma 3.10]. Let C be a binary
code of length n whose minimum weight is at least 3, and f € I(Vc). If f &{e'}7_,,

then there exists D € D(C) suchthat f € Vp C Ve and f is of the form (5-1) in Vp.
Also, if f € Vp C Ve is an Ising vector of o-type for D € D(C), then f € [(V¢).

The following proposition for the VOA case has been obtained in [Lam et al.
2007, Proposition 3.13]. Using the same argument, one can also show the SVOA
case.

Proposition 5.6. Let C be a binary code whose minimum weight is at least 3. Then
Aut(Vc) is generated by {oy | f € I(Vc)} and the lift of Aut(C).

Examples of code SVOASs of class S3. The SVOA L(3.0) @ L(3. 1) is clearly of
class S°. Note that Vg, is isomorphic to the lattice VOA Vp,, and V3, and V3 are
isomorphic to the lattice-type VOAs V:}z D4 and V:}z Eg’ respectively; see [Dong
et al. 1998; Lam et al. 2007]. It was shown in [Maruoka et al. 2016; Hashikawa
and Shimakura 2016] that

+ +
VD4’ VﬁD4’ and VﬁEg

are of class S°. Therefore the code VOAs are also of class S°. By Lemma 5.3(2),
their minimal conformal weight spaces are conformal 5-designs. Hence we show
that the remaining code SVOAs Vg (3,) and V3, are also of class S 3,
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Note that 73 and H4 are generated by the rows of the following matrices.

0001 0001 0001 000 ]
0010 0010 0010 001
0100 0100 0100 010
1000 1000 1000 100

???? éééé 0101 0000 0101 000
(5-2) H3: | go11 o1 |© 4 | 1010 0000 1010 000 |.
0101 0101 1100 0000 1100 000

0000 1111 0000 000
1111 0000 0000 000
0011 0011 0000 000
| 0101 0101 0000 000 |

It is easily seen from (5-2) that D(H4) # @. Also, it is known that Aut(?4) acts dou-
bly transitively on €25 [MacWilliams and Sloane 1977, Chapter 13, Theorem 9.24,
and Problem (9)].

Theorem 5.7. The code SVOAs V3, and Vg3, are of class S 3
Proof. Obviously, VEg(,) is the even part of V3,. Now by Proposition 5.2 and

Lemma 5.3(1), it is sufficient to show that

(V£4 ?ut(V?—u) — (Vw)5~

A basis of (V)5 is given by {L(—5)1, L(—3)L(—2)1} because the central charge
of V3, is neither 0 nor —% (see Section 3.2). Note that for n € Z,

15
L(n)= ZLe’(n), where L¢(n) = e€n+1) for 1 <i <15.
i=1
Let P be the subgroup of Aut(V¢) generated by {o,: | 1 <i < 15}. Since o, acts
as (—1)"'@i) on V® for o € C, the fixed point subspace of P in (V¢)s is

Vfw)zuﬁﬁﬁﬂqL%—QLdGQﬂ‘lfhjflﬂo

Set X := Y13 L¢(—3)L¢(—=2)1. Then

i=1
L-3)L-)1=X+ Y LY(-3)L(-21
1<i#j=<15
The double transitivity of Aut(#H4) gives
VOO (L x, Y 131 a),
1<i#j<15
= (L(=5)1, L(=3) L(=2)1, X)c.
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Hence we also have (1/734 ?ut(VH“) C (Vu)s & (X)c because P and the lift of

Aut(H4) are subgroups of Aut(Vy,). We show X & (V724)’§‘m(V”4). Let D € D(H4)
such that supp(D) ={1, ..., 8}. By (5-2), we can take such a subcode. Let {f’.}igz1
and {g’ }f.;:l be distinct Ising frames of Vp except for {e’ }18:1 (see Proposition 5.4).
We see from Proposition 5.5 that f* and g* are also Ising vectors of o-type of V3.
By Proposition 5.4,

8 15
op1(X) = LE(=3)LE(-2)1+ Y L (=3)L° (-1,
i=1 i=9
where Lgi(n) = génﬂ) for 1 <i <8andn € Z. By direct computation, o1 (X) # X.
Therefore the assertion holds. O

Remark 5.8. As already mentioned before, the cases of V% and Vg, have already
been obtained in [Hashikawa and Shimakura 2016]. By using the same method as
in Theorem 5.7, one can also show these cases.

In conclusion, we obtain the following.

Theorem 5.9. The code SVOAs associated to the codes in Theorem 4.8 are of
class S°.

As a corollary of Theorems 4.8 and 5.9, the following holds.

Corollary 5.10. Let C be a binary code. Then the minimal conformal weight space
of V¢ is a conformal 4-design based on VCQ if and only if V¢ is of class S>.

Remark S.11. It is known that the code VOA Vg y,,) is isomorphic to the commu-

tant subalgebra of an Ising vector in the VOA V% Eg [Lam et al. 2007, Section 4
and Corollary 5.6].
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COACTION FUNCTORS

S. KALISZEWSKI, MAGNUS B. LANDSTAD AND JOHN QUIGG

A certain type of functor on a category of coactions of a locally compact
group on C *-algebras is introduced and studied. These functors are in-
tended to help in the study of the crossed-product functors that have been
recently introduced in relation to the Baum—Connes conjecture. The most
important coaction functors are the ones induced by large ideals of the
Fourier-Stieltjes algebra. It is left as an open problem whether the “min-
imal exact and Morita compatible crossed-product functor” is induced by a
large ideal.

1. Introduction

In [Baum et al. 2016], with an eye toward expanding the class of locally compact
groups G for which the Baum—Connes conjecture holds, the authors study “crossed-
product functors” that take an action of G on a C*-algebra and produce an “exotic
crossed product” between the full and reduced ones, in a functorial manner.

In [KLQ 2013], inspired by [Brown and Guentner 2013], we studied certain
quotients of C*(G) that lie “above” C,*(G) — namely those that carry a quotient
coaction. We characterized these intermediate (which we now call “large”) quotients
as those for which the annihilator E, in the Fourier—Stieltjes algebra B(G), of
the kernel of the quotient map is a G-invariant weak*-closed ideal containing
the reduced Fourier—Stieltjes algebra B,(G) (which we now call “large ideals”
of B(G)). We went on to show how, if « is an action of G on a C*-algebra B,
large ideals E induce exotic crossed products B X g G intermediate between the
full and reduced crossed products B Xy G and B X, G. One of the reasons this
interested us is the possibility of “E-crossed-product duality” for a coaction é of G
on a C*-algebra A: namely, that the canonical surjection

®: Ax5G %G — ARK(L*(G))
descends to an isomorphism
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Crossed-product duality

AN5G><1§JG’5A®IC
for normal coactions and

AxsGx;G=AQK

for maximal coactions are the extreme cases with £ = B,(G) and B(G), re-
spectively. We (rashly) conjectured that every coaction satisfies FE-crossed-product
duality for some E, and moreover that the dual coaction on every E-crossed product
B x4, E G satisfies E-crossed-product duality.

Buss and Echterhoff [2014] disproved the first of the above conjectures and proved
the second, and in [KLQ 2016] we independently proved the second conjecture.
(Note: in that paper we wrote “We originally wondered whether every coaction
satisfies E-crossed product duality for some E. In [KLQ 2013, Conjecture 6.12] we
even conjectured that this would be true for dual coactions.” This is slightly inaccu-
rate — [KLQ 2013, Conjecture 6.14] concerns dual coactions, while Conjecture 6.12
says “Every coaction satisfies E-crossed-product duality for some E.”)

In [KLQ 2016, Section 3] we showed that every large ideal E of B(G) induces
a transformation (4,8) — (AE,8F) of G-coactions, where AE = A/Af and
A =ker(id ® ¢g) o 8, and where in turn

g : C*(G) — C5(G) := C*(G) /' E

is the quotient map.
In this paper we further study this assignment (4, §) — (A€, §F). When (4, §) =
(B %y G, &), the composition

(B’a) = (B >(]Ot G,él\) = (B XQ,E G’&E)

was shown to be functorial in [Buss and Echterhoff 2014, Corollary 6.5]; here
we show that (A4,8) — (A%, 8F) is functorial, giving an alternate proof of the
Buss—Echterhoff result.

In fact, we study more general functors on the category of coactions of G, of
which the functors induced by large ideals of B(G) are special cases. We are most
interested in the connection with the crossed-product functors of [Baum et al. 2016].
In particular, we introduce a “minimal exact and Morita compatible” coaction
functor. When this functor is composed with the full-crossed-product functor for
actions, the result is a crossed-product functor in the sense of [loc. cit.]. We briefly
discuss various possibilities for how these functors are related: for example, is the
composition mentioned in the preceding sentence equal to the minimal exact and
Morita compatible crossed-product functor of [loc. cit.]? Also, is the greatest lower
bound of the coaction functors defined by large ideals itself defined by a large ideal?



COACTION FUNCTORS 149

These are just two among others that arise naturally from these considerations.
Unfortunately, at this early stage we have more questions than answers.

After a short section on preliminaries, in Section 3 we define the categories
we will use for our functors. In numerous previous papers, we have used “nonde-
generate categories” of C*-algebras and their equivariant counterparts. But these
categories are inappropriate for the current paper, primarily due to our need for
short exact sequences. Rather, here we must use “classical” categories, where
the homomorphisms go between the C*-algebras themselves, not into multiplier
algebras. In order to avail ourselves of tools that have been developed for the
equivariant nondegenerate categories, we include a brief summary of how the basic
theory works for the classical categories. Interestingly, the crossed products are the
same in both versions of the categories (see Corollaries 3.9 and 3.13).

In Section 4 we define coaction functors, which are a special type of functor
on the classical category of coactions. Composing such a coaction functor with
the full-crossed-product functor on actions, we get crossed-product functors in
the sense of Baum, Guentner and Willett [loc. cit.]; it remains an open problem
whether every such crossed-product functor is of this form. Maximalization and
normalization are examples of coaction functors, but there are lots more — for
example, the functors induced by large ideals of the Fourier—Stieltjes algebra (see
Section 6). In Section 4 we also define a partial ordering on coaction functors,
and prove in Theorem 4.9 that the class of coaction functors is complete in the
sense that every nonempty collection of them has a greatest lower bound. We also
introduce the general notions of exact or Morita compatible coaction functors, and
prove in Theorem 4.22 that they are preserved by greatest lower bounds. We show
in Proposition 4.24 that our partial order, exactness and Morita compatibility are
consistent with those of [loc. cit.].

To help prepare for the study of coaction functors associated to large ideals,
in Section 5 we introduce decreasing coaction functors, and show how Morita
compatibility takes a particularly simple form for these functors in Proposition 5.5.

In Section 6 we study the coaction functors g induced by large ideals E of B(G).
Perhaps interestingly, maximalization is not among these functors. We show that
these functors tg are decreasing in Proposition 6.2, and how the test for exactness
simplifies significantly for them in Proposition 6.7. Moreover, tg is automatically
Morita compatible (see Proposition 6.10). Composing maximalization followed
by tg, we get a related functor that we call E-ization. We show that these functors
are also Morita compatible in Theorem 6.14. Although E-ization and tg have
similar properties, they are not naturally isomorphic functors (see Remark 6.15).
The outputs of E-ization are precisely the coactions we call E-coactions, namely
those for which E-crossed-product duality holds [KLQ 2016, Theorem 4.6] (see
also [Buss and Echterhoff 2014, Theorem 5.1]). Theorem 6.17 shows that Tg gives
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an equivalence of maximal coactions with E-coactions. We close Section 6 with
some open problems that mainly concern the application of the coaction functors tg
to the theory of [Baum et al. 2016].

Finally, the Appendix supplies a few tools that show how some properties of
coactions can be more easily handled using the associated B(G)-module structure.

2. Preliminaries

We refer to [Echterhoff et al. 2004; 2006, Appendix A] for background material on
coactions of locally compact groups on C *-algebras, and [Echterhoff et al. 2006,
Chapters 1-2] for imprimitivity bimodules and their linking algebras. Throughout,
G will denote a locally compact group, and 4, B, C, ... will denote C*-algebras.

Recall from [loc. cit., Definition 1.14] that the multiplier bimodule of an A — B
imprimitivity bimodule X is defined as M (X) = Lg(B, X), where B is regarded
as a Hilbert module over itself in the canonical way. Also recall [loc. cit., Corol-
lary 1.13] that M (X) becomes an M (A) — M (B) correspondence in a natural way.
The linking algebra of an A — B imprimitivity bimodule X is

rn=(g )

where X is the dual B — A imprimitivity bimodule. A, B and X are recovered
from L(X) via the corner projections

p=(g0) 1=(o 1) emwo.

The multiplier algebra of L (X)) decomposes as

M(4) M(X)
M(L(X)) = ~ .
e = (3t i
We usually omit the lower left corner of the linking algebra, writing L(X) = (f )lg),

since it takes care of itself. Also recall from [loc. cit., Lemma 1.52] (see also
[Echterhoff and Raeburn 1995, Remark (2), p. 307]) that nondegenerate homo-
morphisms of imprimitivity bimodules correspond bijectively to nondegenerate
homomorphisms of their linking algebras.

For an action (A4, @) of G, we use the following notation for the (full) crossed
product 4 xq G:

cig=if:A—> M(AxqG)andic =if:G — M(A %y G) make up the
universal covariant homomorphism (i4, iG).

e (& is the dual coaction on 4 X, G.
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On the other hand, for the reduced crossed product 4 X , G we use the following
notation:

* A: AXy G — A Xy, G is the regular representation.

e iy =iy" =Aoigandil, =iy = Aoig are the canonical maps into
M(A xq,r G).

 @" is the dual coaction on 4 g, G.

We will need to work extensively with morphisms between coactions, in particular
(but certainly not only) with maximalization and normalization. In the literature,
the notation for these maps has not yet stabilized. Recall that a coaction (4, §) is
called normal if the canonical surjection

®: Ax5G %G — AQK(L*(G))
factors through an isomorphism of the reduced crossed product
D, Ax5 G Xz G — ARK(L*(G)).

and maximal if ® itself is an isomorphism. One convention is, for a coaction (4, §)
of G, to write

q'f (A", ™) — (4,6)
for a maximalization, and
qy:(A4,8) — (A", 8")

for a normalization. We will use this convention for maximalization, but we will

TPl

need the letter “q” for other similar purposes, and it would be confusing to keep
using it for normalization. Instead, we will use

A=Ay (A4,8) — (4" 8"

for normalization — this is supposed to remind us that for crossed products by
actions the regular representation

A (Axy G,8) — (A Xy, G,a"
1S a normalization.

B(G)-modules. Every coaction (4, 6) of G induces B(G)-module structures on
both 4 and A*: for f € B(G), define

f-a=0d® f)od(a) forac A,
(@- f)a)=w(f-a) forweA* aecA.
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Many properties of coactions can be handled using these module structures rather
than the coactions themselves. For example (see the Appendix), letting (A4, §) and
(B, &) be coactions of G:

(1) A homomorphism ¢ : A — B is § — ¢ equivariant, meaning eo¢ = ¢ ®id o,
if and only if

¢(f-a)=f-p(a) forall f € B(G),aecA.

(2) An ideal I of A is weakly §-invariant, meaning / C kerg ® id o §, where
q: A— A/I is the quotient map, if and only if

B(G)-IC,
because the proof of [KLQ 2013, Lemma 3.11] shows that
ker(¢ ®id)od ={aec A: B(G)-a C I}.

If I is a weakly é-invariant ideal of A, then in fact / = ker(g ® id) o 4, and the
quotient map ¢ is § — 8! equivariant for a unique coaction 87 on A4 /I, which we
call the quotient coaction. Since the slice mapid® f: M(AQ C*(G)) —> M(A) is
strictly continuous [Landstad et al. 1987, Lemma 1.5], the B(G)-module structure
extends to M (A), and moreover m +> f -m is strictly continuous on M (A) for
every [ € B(G).

Short exact sequences. Several times we will need the following elementary lemma.

Lemma 2.1. Let

0 0 0
0 4,2 Mg 0
lg LB LC
0 4,2 ", 0
T4 B TC
0 PRI e 0
0 0 0

be a commutative diagram of C*-algebras, where the columns and the middle row
are exact. Suppose that the o, are inclusions of ideals and the ., are quotient maps.
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Then the bottom (interesting) row is exact if and only if both

(2-1) $2(A1) = ¢2(A2) N By
and
(2-2) $2(A2) + By D Y31 (Cy).

Proof. Since Y3 omp = mc oy, and Y p and ¢, are both surjective, 3 is surjective,
so the bottom row is automatically exact at Cs.

Thus, the only items to consider are exactness of the bottom row at 43 and Bj,
i.e., whether ¢3 is injective and ¢3(A43) = ker ¥/3.

The map ¢35 is injective if and only if ker m4 = ker g o ¢, which, since ¢, is
injective, is equivalent to (2-1).

Since ¥, o ¢ = 0 and 74 is surjective, Y3 o ¢35 = 0, so ¢3(A43) C ker 3
automatically. Since 7 p is surjective, ¢3(A3) D ker ¥5 if and only if

g (¢3(A43) D np' (ker ).
Since nEl (¢3(A3)) consists of all b € B, for which
np(a) € ¢3(A3) = ¢3(na(A2)) = np(h2(42)),

equivalently for which
b € $2(42) + By,

we see that
g (¢3(43)) = $2(42) + By
On the other hand,
g (kery3) =keryz omp =kermc oy = (¥2)~ (Cp).
Thus, the bottom row is exact at By if and only if (2-2) holds. O

Remark 2.2. In this lemma, we were interested in characterizing exactness of the
bottom (interesting) row of the diagram. Lemma 3.5 of [Baum et al. 2016] does
this in terms of subsets of the spectrum éz, which could just as well be done with
subsets of Prim B, but we instead did it directly in terms of ideals of B,. Note
that, although the ¢, were inclusion maps of ideals and the 7z, were the associated
quotient maps, for technical reasons we did not make the analogous assumptions
regarding the middle row.

There is a standard characterization from homological algebra, namely that the
bottom row is exact if and only if the top row is — this is sometimes called the nine
lemma, and is an easy consequence of the snake lemma. However, this doesn’t
seem to lead to a simplification of the proof.
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3. The categories and functors

We want to study coaction functors. Among other things, we want to apply the
theory we’ve developed in [KLQ 2013; 2016] concerning large ideals E of B(G).
On the other hand, it is important to us in this paper for our theory to be consistent
with the crossed-product functors of [Baum et al. 2016]. In particular, we want to
be able to apply our coaction functors to short exact sequences.

But now a subtlety arises: some of us working in noncommutative duality for
C*-dynamical systems have grown accustomed to doing everything in the “non-
degenerate” categories, where the morphisms are nondegenerate homomorphisms
into multiplier algebras (possibly preserving some extra structure). But the maps in
a short exact sequence

0—1-24Y 80

are not of this type, most importantly ¢. So, we must replace the nondegenerate
category by something else. We can’t just allow arbitrary homomorphisms into
multiplier algebras, because they wouldn’t be composable. We can’t require “ex-
tendible homomorphisms™ into multiplier algebras, because the inclusion of an
ideal won’t typically have that property. Thus, it seems we need to use the “classical
category” of homomorphisms between the C *-algebras, not into multiplier algebras.
This is what [Baum et al. 2016] uses, so presumably our best chance of seamlessly
connecting with their work is to do likewise.

Since most of the existing categorical theory of coactions uses nondegenerate
categories, it behooves us to establish the basic theory we need in the context of
the classical categories, which we do below.

One drawback to this is that the covariant homomorphisms and crossed products
can’t be constructed using morphisms from the classical C*-category — so, it seems
we have to abandon some of the appealing features of the nondegenerate category.

Definition 3.1. A morphism ¢ : A — B in the classical category C* of C*-algebras
is a *-homomorphism from A4 to B in the usual sense (no multipliers).

Definition 3.2. A morphism ¢ : (4, 8) — (B, ¢) in the classical category Coact of
coactions is a morphism ¢ : A — B in C* such that the diagram

A— L e cH6)

| e

B——— M(B®C*(G))

commutes, and we call ¢ a § — & equivariant homomorphism.
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To make sense of the above commuting diagram, recall that for any C *-algebra C,
MA®C)={meM(ARC):m(1®C)U(1®C)mC A®C),

and that for any homomorphism ¢ : A — B there is a canonical extension to a
homomorphism
PR®Id: M(AR®C)— M(B®C(C),

by [Echterhoff et al. 2006, Proposition A.6]. It is completely routine to verify that
C* and Coact are categories, i.e., there are identity morphisms and there is an
associative composition.

Remark 3.3. Thus, a coaction is not itself a morphism in the classical category;
this will cause no trouble.

To work in the classical category of coactions, we need to be just a little bit
careful with covariant homomorphisms and crossed products. We write wg for
the unitary element of M(Co(G) ® C*(G)) = Cp(G, MB(C*(G))) defined by
wg (s) = s, where we have identified G with its canonical image in M (C*(G)),
and where the superscript 8 means that we use the strict topology on M (C*(G)).

Definition 3.4. A degenerate covariant homomorphism of a coaction (4,6) to a
C*-algebra B is a pair (77, t), where 7 : A — M (B) and u : Co(G) — M (B) are
homomorphisms such that @ is nondegenerate and the diagram

A d M(A® C*(G))
] o
M(B) M(B® C*(G))

Ad(u®id)(wg)o(-®1)

commutes, where the bottom arrow is the map b — Ad(u ® id)(wg)(b ® 1). If
. A — M (B) happens to be nondegenerate, we sometimes refer to (7, ) as a
nondegenerate covariant homomorphism for clarity.

Remark 3.5. The homomorphisms 7 and p are not morphisms in the classical
category C*; this will cause no trouble, but does present a danger of confusion.

Remark 3.6. Thus, in our new definition of degenerate covariant homomorphism,
we include all the usual nondegenerate covariant homomorphisms, and we add more,
allowing the homomorphism 7 of 4 (but not the homomorphism p of Cy(G)) to
be degenerate.

Remark 3.7. We wrote M (B ® C*(G)), rather than the relative multiplier algebra
M (B ® C*(G)), in the above diagram, because 7 ® id will in general not map
M(A®C*(G)) into M (B ® C*(G)) since 7 does not map A4 into B.
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Although we have apparently enlarged the supply of covariant homomorphisms,
in some sense we have not. In Lemma 3.8 below we use the following terminology:
given C*-algebras A C B, the idealizer of Ain Bis{b € B:bAU Ab C A}.

Lemma 3.8. Let (7, ) be a degenerate covariant homomorphism of (A4, 6) to B,
as in Definition 3.4. Put

By = span{n (A)u(Co(G))j-
Then:
(1) Bo =span{i(Co(G))m(A)}.
(2) Byg is a C*-subalgebra of M (B).
(3) m and p map into the idealizer D of By in M (B). Let p: D — M (By) be the
homomorphism given by
p(m)by =mby forme D C M(B), by € By C B,
and let g = pom : A — M(By) and png = pop : Co(G) — M(By). Then
(70, o) is a nondegenerate covariant homomorphism of (A, 8) to By.

(4) Foralla e A and f € Co(G) we have

mo(@)po(f) = m(@)u(f) € Bo.

Proof. For (1), by symmetry it suffices to show that for a € A and f € Cy(G)
we have

n(f)m(a) € Bo.

and we use an old trick from [Landstad et al. 1987, proof of Lemma 2.5]: since
A(G) is dense in Cy(G), it suffices to take f € A(G), and then since A(G) is a
nondegenerate C*(G)-module via (y, g-x) = (xy, g) forx, y e C*(G), g € A(G),
by Cohen’s factorization theorem we can write f = g - x. Then the following
approximation suffices:

w(f)m(@) = (n ®id)(we), id® f)m(a)
(1 ®id)(wg)(m(a) ® 1).id ® f)
= (7 ®1d(§(a)) (1 ® id)(wg),id ® g - x)
((r ®id)((1 ® x)8(a))(n ®id)(we),id ® g)
~ Y ((r ®id)(a; ® x;) (1 ® id)(wg).id ® g)

4

for finitely many a; € 4, x; € C*(G)

= ((m(a) ® xi)(n ®id)(wg).id ® g)

4
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= " mla{(n ®id)(we).id ® g - xi)
= r@u(g-x).

From (1) it follows that By is a x-subalgebra of B, giving (2).
(3) It is now clear that
m(A)Bo U Bor(A) C By,

and similarly for u, so both 7 and u map into D. It is also clear that 7y and g
map nondegenerately into M (By). The covariance property for (7o, jtg) follows
quickly from that of (7, u): if a € A then

Ad(po ®id)(wg)(mo(a) ® 1) = (p ®id) 0 Ad(p ® id)(we) (7 (a) ® 1)
=(p®id)omr ®idod(a)
=19 ®idoé(a).
(4) This follows from the construction. O

Let (A x5 G, j4, jg) be the usual crossed product of the coaction (4, §), i.e.,
(j4, jg) is a nondegenerate covariant homomorphism of (4, 8) to A xg G that
is universal in the sense that if (mr, ) is any nondegenerate covariant homo-
morphism of (4,5) to a C*-algebra B, then there is a unique homomorphism
7w xpu: Axg G — M(B) such that

TX Lo ju =T,
TX[o jg = [,

equivalently such that

(3-1) 7w x 1(ja(@) j () = m@p(f) forallae A, feCo(G).

Corollary 3.9. With the above notation, (j4, jg) is also universal among degener-
ate covariant homomorphisms (in the sense of Definition 3.4). More precisely: for
any degenerate covariant homomorphism (7, ) of (A, 8) to B as in Definition 3.4,
there is a unique homomorphism X |1 : A xg G — M (B) satisfying (3-1).

Proof. Let mq, Lo, By be as in the preceding lemma. Then we have a unique
homomorphism g X g : A g G — M (Bg) such that

7o % po(ja(@) jo (f)) = mo(@)po(f) forallae 4, f € Co(G).

By construction we have 7 x (A x5G) C By. Since By C M (B), we can regard g
as a homomorphism 7 : 4 — M (B), and similarly for i : Co(G) — M (B). Then
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we regard g X (g as a homomorphism 7 X it : A xg G — M (B), and trivially
(3-1) holds. Since mo(a@)po(f) = w(a)pu(f) € By foralla € A, f € Cy(G), the
homomorphism 7 X u is unique. ([l

Similarly, and more easily, for actions:
Definition 3.10. A morphism ¢ : (4, «) — (B, B) in the classical category Act of
actions is a morphism ¢ : A — B in C* such that

Bsop=¢oas; forallsed.

Definition 3.11. A degenerate covariant homomorphism of an action (A4, a) to
a C*-algebra is a pair (w,u), where 7 : A — M(B) is a homomorphism and
u:G — M(B) is a strictly continuous unitary homomorphism such that

moos =Adugomr forallsedG.

We call (7, u) nondegenerate if w : A — M (B) is.

Lemma 3.12. Let (7, u) be a degenerate covariant homomorphism of an action
(A, @) to B, and put
By = span{n (4)u(C*(G))},
where we use the same notation u for the associated nondegenerate homomorphism
u:C*(G) — M(B). Then:
(1) Bo =span{u(C*(G))m(A4)}.
(2) Bg is a C*-subalgebra of M (B).
(3) 7 and u map into the idealizer D of By in M(B). Let p: D — M (Byg) be the
homomorphism given by
p(m)bg =mby forme D C M(B), bg € By C B,
andlet mg = pom : A— M(Bg) and ug = pou: G — M(By). Then (rg, tg)
is a nondegenerate covariant homomorphism of (A, o) to By.
(4) Foralla € A and ¢ € C*(G) we have

wo(a)ug(c) = w(a)u(c) € By.

Let (Axy G, i4, ig) be the usual crossed product of the action (A4, @), i.e., (i4,ig)
is a nondegenerate covariant homomorphism of (A4, @) to A X, G that is universal
in the sense that if (;r, u) is any nondegenerate covariant homomorphism of (A, &)
to a C*-algebra B, then there is a unique homomorphism 7 X u : A Xy G — M (B)
such that

(3-2) T X u(iA(a)ig(c)) =m(a)u(c) forallae A, c € C*(G).
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Corollary 3.13. With the above notation, (i4,ig) is also universal among degener-
ate covariant homomorphisms (in the sense of Definition 3.4): for any degenerate
covariant homomorphism (1, u) of (A,«) to B as in Definition 3.11, there is a
unique homomorphism w X u : A xq G — M (B) satisfying (3-2).

If ¢ : (A,8) — (B, ¢) is a morphism in Coact, then a routine adaptation of the
usual arguments shows that we get a morphism

$xG = (jpod)x j§ : (425 G.8) > (Bx:G.8)
in Act, and similarly if ¢ : (4, ) — (B, ) is a morphism in Act we get a morphism
$xG = (ipod) xiL: (AxeG,&) — (BxpG,p)

in Coact. Thus we have crossed-product functors between the classical categories
of coactions and actions.
It is also routine to verify that if (A4, §) is a coaction then the canonical surjection

P:Ax5G X6 —>ARK

is a natural transformation between the double crossed-product functor and stabi-
lization. !

We need to check that normalization and maximalization behave appropriately
in the new coaction category.

Maximalization. A maximalization of a coaction (A, ) consists of a maximal
coaction (4™, §™) and a surjective morphism g™ : (4™, §") — (A, ) in Coact
such that

q"xG A" xgm G — Axg G

is an isomorphism. Existence of maximalizations is established in [Fischer 2004,
Theorem 6.4; Echterhoff et al. 2004, Theorem 3.3].

To make maximalization into a functor on the classical category of coactions,
we note that the argument of [Fischer 2004, proof of Lemma 6.2] carries over to
give an appropriate version of the universal property: given coactions (4, §) and
(B, €), with ¢ maximal, and a morphism ¢ : (B, &) — (4, ) in Coact, there is a
unique morphism (E in Coact making the diagram

¢
(B,g) ———~ (A™,8™)

I

(4,9)

It is completely routine to verify that stabilization A — A ® K is a functor on the classical
category C*.
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commute. Thus, given a morphism ¢ : (4, §) — (B, ¢) in Coact, there is a unique
morphism ¢ making the diagram

m

(am smy— 2 (gm gm)

qﬁ?l lq’é’

(4,6) T)(B,s)

commute in Coact. Uniqueness makes the assignments ¢ — ¢ functorial, and
the maximalizing maps ¢ give a natural transformation from the maximalization
functor to the identity functor. Also, the universal property implies that the maximal-
ization functor is faithful, i.e., if ¢, ¥ : (4,8) — (B, ¢) are distinct morphisms in
Coact, then the maximalizations ¢, " : (A™, §™) — (B™, &™) are also distinct.

Remark 3.14. It is important for us that maximalization is a functor; however, when
we refer to (4™, §™) as “the” maximalization of a coaction (A4, §), we do not have
in mind a specific C*-algebra A™, rather we regard the maximalization as being
characterized up to isomorphism by its universal properties, but for the purpose
of having a functor we imagine that a choice of maximalization has been made
for every coaction — any other choices would give a naturally isomorphic functor.
On the other hand, whenever we have a maximal coaction (B, ), we may call a
morphism ¢ : (B, &) — (A4, §) with the defining property a maximalization of (A, §).

Normalization. A normalization of a coaction (A, §) consists of a normal coaction
(A", 6™) and a surjective morphism A : (4, §) — (A", ") in Coact such that

AXG:Ax5G —> A" xgn G

is an isomorphism. Existence of normalizations is established in [Quigg 1994,
Proposition 2.6].

To make normalization into a functor on the classical category of coactions,
we note that [Echterhoff et al. 2004, Lemma 2.1] says that, given a morphism
¢ :(A4,8) — (B, ¢) in Coact, there is a unique morphism ¢” making the diagram

(4.8 — 2 (B.e)

aa| s

(An, 8”) - _¢n_ - (Bn,En)

commute in Coact. Uniqueness makes the assignments ¢ — ¢” functorial, and the
normalizing maps A give a natural transformation from the identity functor to the
normalization functor.
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Remark 3.15. The comments of Remark 3.14 can be adapted in an obvious way
to normalization, and also to crossed products, etc. There are numerous “natu-
ral” relationships among such functors; for example, maximalization is naturally
isomorphic to the composition

(A4,8) > (A", 8) > (A", 5"™)

of normalization followed by maximalization, and the dual coaction &”" on the
reduced crossed product A X, G of an action (A, «) is naturally isomorphic to the
normalization of the dual coaction & on the full crossed product A4 xq G [Echterhoff
et al. 2006, Proposition A.61].

The normalization A : (A4, §) — (A", §") of a maximal coaction is also a maximal-
ization of the normal coaction §”. It follows that the normalization functor is faithful,
ie., if ¢, ¥ : (A,8) — (B, ¢e) are distinct morphisms in Coact, then the normaliza-
tions ¢, Y™ : (A", ") — (B", &") are also distinct. It follows from this and surjec-
tivity of the normalizing maps A 4 : (4, 8) — (A", §") that the normalizing maps
are monomorphisms in the category Coact, i.e., if ¢, ¥ : (A4, §) — (B, ¢) are distinct
morphisms in Coact, then the compositions Ago¢p, Agoy: (A4,8) — (B",&")
are also distinct.?

Exact sequences. 1t is crucial for us to note that in each of the classical categories
C*, Coact, and Act there is an obvious concept of short exact sequence. Nilsen
[1999] develops the basic theory of short exact sequences for coactions and crossed
products. We briefly outline the essential facts here.

Definition 3.16. Let (A4, §) be a coaction. An ideal I of A is strongly 8-invariant if
span{s(1)(1 ® C*(G))} =1 ® C*(G).
We will normally just write invariant to mean strongly invariant.

Nilsen proves [1999, Propositions 2.1 and 2.2, Theorem 2.3] (see also [Landstad
et al. 1987, Proposition 4.8]) that, using her conventions, if / is strongly invariant
then:

(1) 6 restricts to a coaction 87 on 1.
(2) I x5, G is (canonically isomorphic to) an ideal of 4 x5 G.
(3) I is weakly §-invariant, i.e., § descends to a coaction §7 on A/1.

4) 0= Ix5,G—> Ax5G — (A/I) =51 G — 0 is a short exact sequence in the
classical category C*.

2The analogous fact for the nondegenerate category of coactions is [Bédos et al. 2011, Corol-
lary 6.1.20].
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We point out that Nilsen had to do a bit of work to map I x5, G into 4 x5 G;
in our framework with the classical categories, we just note that the inclusion
¢ : I — A is §y —§ equivariant, hence gives a morphism in Coact, so we can apply
the functor CP to get a morphism

¢pxG:Ix5,G—>AxsgG in C*.

Definition 3.17. A functor between any two of the categories C*, Coact, Act is
exact if it preserves short exact sequences.

Example 3.18. The full crossed-product functor
(4,0) = (A %y G,Q),
= dpxG

from Act to Coact is exact [Green 1978, Proposition 12]. However, the reduced
crossed-product functor is not exact, due to Gromov’s examples of nonexact groups.

Example 3.19. The crossed-product functor

(A4,8) > (A x5 G, 3),
o> pxG

from Coact to Act is exact [Nilsen 1999, Theorem 2.3].
Example 3.20. The stabilization functor

A AQK,
¢~ P ®id

on C* is exact.

4. Coaction functors

Baum, Guentner and Willett [Baum et al. 2016] defined a crossed-product as a
functor (B, ®) — B X4, G, from the category of actions to the category of C*-
algebras, equipped with natural transformations

BxqyG—— BXq:G

|

Bxg,G

where the vertical arrow is the regular representation, such that the horizontal arrow
is surjective.
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Our predilection is to decompose such a crossed-product functor as a composition
(B,a) > (BXq G,d) > BXg G,

where the first arrow is the full crossed product and the second arrow depends only
upon the dual coaction &. Our approach will require the target C *-algebra B Xq,; G
to carry a quotient of the dual coaction. Thus, it is certainly not obvious that our
techniques can handle all crossed-product functors of [Baum et al. 2016], because
that paper does not require the crossed products B Xq, ; G to have coactions, and
even if they all do, there is no reason to believe that the crossed-product functor
factors in this way. Nevertheless, we think that it is useful to study crossed-product
functors that do factor, and thus we can focus upon the second functor, where all
the action stays within the realm of coactions. The following definition is adapted
more or less directly from [loc. cit., Definition 2.1]:

Definition 4.1. A coaction functor is a functor 7 : (A4, 8) — (A7, §%) on the category
of coactions, together with a natural transformation ¢ from maximalization to t
such that for every coaction (4, §),

(1) g5 : A™ — AT is surjective, and
(2) kerq Cker Aygm.

Example 4.2. (1) Maximalization (4, §) — (4™, §™) is a coaction functor, with
natural surjections given by the identity maps id g4m.

(2) Normalization (4, 8) — (A", ") is a coaction functor, with natural surjections
Agm 2 AM = A"

(3) The identity functor is a coaction functor, with natural surjections ¢’ : A™ — A.

Lemma 4.3. If © is a coaction functor, then for every coaction (A, §) there is a
unique §* — 8" equivariant surjection A% making the diagram

T

q4
A —— AT
Ve
@D pan|
v AY
Al’l
commute. Moreover, A" is a natural transformation from t to normalization.

Proof. The first statement follows immediately from the definitions. To verify that
AT is a natural transformation, we must show that the homomorphisms A’

(1) are morphisms of coactions, and

(2) are natural.
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(1) In the commuting triangle (4-1), we must show that A, is a B(G)-module map,
but this follows since A 4m and g7 are module maps and ¢7 is surjective.

(2) For the naturality, let ¢ : (4,8) — (B, &) be a morphism in the category of

coactions. Consider the diagram

%‘ \q%‘
&7

A ym /| S S — - 11
Agm
%z l /rB
A" —— B"
n

We need to know that the lower quadrilateral, with horizontal and southwest arrows,
commutes, and this follows from surjectivity of ¢} and commutativity of the other
two quadrilaterals and the two triangles. O

Corollary 4.4. If T is a coaction functor, then in (4-1) we have

(1) g% : A™ — A" is a maximalization of §%, and

(2) AT : AY — A" is a normalization of §7.

Proof. Taking crossed products in (4-1), we get a commutative diagram

q*xG
A™M Xgm G —_— AT Hgt G
AXG | = =
ATxG
A" A gn G

where the horizontal arrow is surjective because ¢° is, and is injective because of
the vertical isomorphism, and then the diagonal arrow is an isomorphism because
the other two arrows are. Thus ¢ and AT satisfy the defining properties of maxi-
malization and normalization, respectively. O

Remark 4.5. Caution: it might seem that t should factor through the maximaliza-
tion functor, at least up to natural isomorphism. This would entail, in particular, that

(A™*,5™%) = (A%, 8%) for every coaction (4, §).

But this is violated with T = id.
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Notation 4.6. With the above notation, we define an ideal of A™ by
AT :==kerqy.

Note that for the maximalization functor m we have A" = {0}, while for the
normalization functor n the associated ideal A} is the kernel of the normalization
map Agm : A™ — A™" = A",

Partial ordering of coaction functors. Baum, Guentner and Willett [Baum et al.
2016, p. 8] define one crossed-product functor o to be smaller than another one t if
the natural surjection A Xy, G — A Xq , G factors through the o-crossed product.

We adapt this definition of partial order to coaction functors, but “from the top
rather than toward the bottom”.

Definition 4.7. If o and t are coaction functors, then o is smaller than t, written
o <, if for every coaction (A4, §) we have

AT C A7,
Lemma 4.8. For coaction functors o, T, the following are equivalent:
(1) o <.
(2) For every coaction (A, §) there is a homomorphism I'>° making the diagram

Aam L,y

|
\ | pro
q° 4
AO’
commute.

(3) For every coaction (A, 8) there is a homomorphism I'™° making the diagram

AT

V |
| re.o
34

A" — A°
AO’

commute.

Moreover, if these equivalent conditions hold then T'V° is unique, is surjective, and
is a natural transformation from t to o.

Proof. (1) is equivalent to (2) since A7 =kerg® and A}’ = kerq’. Moreover, (1)
implies that I'>? is unique and is surjective, since the maps ¢° are surjective.
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Assume (3). Consider the combined diagram

A’”—>Ar

\ AT
(4-2)

Aam \ )
n o
-
A A

The upper left and lower left triangles commute by definition of coaction functor,
and the lower right triangle commutes by assumption. Thus the upper right triangle
commutes after postcomposing with A?. Since the latter map is a normalizer, by
[Bédos et al. 2011, Corollary 6.1.20] it is a monomorphism in the category of
coactions. Thus the upper right triangle commutes.

Similarly (but more easily), assuming (2), the lower right triangle in the diagram
(4-2) commutes because it commutes after precomposing with the surjection ¢°~.

Naturality of "¢ is proved by virtually the same argument as in Lemma 4.3. [

The following is a coaction-functor analogue of [Baum et al. 2016, Lemma 3.7],
and we adapt their argument:

Theorem 4.9. Every nonempty collection T of coaction functors has a greatest
lower bound o with respect to the above partial ordering, characterized by

A =span A7
T€T
for every coaction (A, §).
Proof. Let (A, §) be a coaction, Then the ideal
Ay :=3span A7
Te€T
of A™ is contained in the kernel of the normalization map A 4m. Put
A% = A"/ AT
and let
G A" — A°

be the quotient map.
A" is a weakly §™-invariant ideal of A™ for all t € T, so for all / € B(G)
we have
[AT C AT C AT,

and it follows that /- A7 C A7, i.e., A} is a weakly 8™ -invariant ideal. Thus ¢°
is equivariant for 6 and a unique coaction §° on A4°.
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We now have assignments
(4,8) > (A4°,6°)

on objects, and we need to handle morphisms. Thus, let ¢ : (4,8) — (B, &) be a
morphism of coactions; i.e., ¢ : A — B is a § — e equivariant homomorphism. Since

A" C(p™) N B™) C (¢™)"Y(B™) forallteT,

we have

kerqz = A? = Spe_a%r_l AZ’I C (¢m)—1(Bgn) — kerqg o¢m‘
T

Thus there is a unique homomorphism ¢° making the diagram

(4-3) am 27, pm
QZI lQ%
A° — — > B°
¢(T

commute. Moreover, ¢ is §° —&° equivariant because the other three maps are
and ¢ is surjective.

We need to verify that the assignments ¢ — ¢® of morphisms are functorial.
Obviously identity morphisms are preserved. For compositions, let

(4,8) —2— (B.¢)

SN

(C,y)

be a commuting diagram of coactions. Consider the diagram

Am i B
» {/jj
q9 cm q%
.|
ar 2 BT
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The three vertical quadrilaterals and the top triangle commute, and ¢¢ is surjective.
It follows that the bottom triangle commutes, and we have shown that composition
is preserved.

Thus we have a functor ¢ on the category of coactions. Moreover, o is a coaction
functor, since the surjections ¢° have small kernels and the commuting diagram
(4-3) shows that g% gives a natural transformation from maximalization to o. By
construction, o is a greatest lower bound for 7. O

Exact coaction functors. As a special case of our general Definition 3.17, we
explicitly record:
Definition 4.10. A coaction functor 7 is exact if for every short exact sequence
0— (I.y)-2>(4.8) %> (B.e) — 0
of coactions the associated sequence
0— (I",y") 25 (47,67 5 (B, 6") — 0
is exact.
Theorem 4.11. The maximalization functor is exact.
Proof. Let
0— (I,y) 2> (4,8) L (B.e) — 0
be an exact sequence of coactions. Taking crossed products twice, we get an exact
sequence

PdXGXG YUXGXG
0—>I>4yG>417G—>A><15G>43G—>B><18G><13G—>0.

Since the identity functor on coactions is a coaction functor, we get an isomorphic
sequence

0— I x,m G X~ G@—G—)Amx Gxg G
y yn &m §m

YMxGXG m
———> B " Xemn G x5 G —> 0,

which is therefore also exact. Since the canonical surjection @ is a natural transfor-
mation from the double crossed-product functor to the stabilization functor, and
since the coactions are now maximal, we get an isomorphic sequence

m®~d l’l‘l®‘d
0—Imek 22 g L2 pmg ik — o,
which is therefore also exact. Since K is an exact C *-algebra,

(ker ¢™) ® K = ker(¢™ ® id) = {0},
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so ker ¢ = {0}, and similarly
(kery™) @ K =ker(¢v™ ®id) = (¢" 1) (I" @ K) =" (I™)Q K,

so, because ¢™ (1) C ker /™" by functoriality, we must have ¢ (™) = ker ™.
Therefore the sequence

0— ML ym ¥ gm
1s exact. O

Theorem 4.12. A coaction functor t is exact if and only if for any short exact
sequence

0—> (I1,87) -2 (4,8) L (B,§7) — 0

of coactions, both
"7 =" (") N AT
and
¢mA™) + AT = (¥ TH(BY)
hold.

Proof. We have a commutative diagram

0 0 0
™| U
0 i Am B™ 0
Ly L4q LB
(4-4) 0 m 2 gm Y gm 0
qr d4 B
0 AR LR AN 0
0 0 0

in which the columns are exact by definition, and the middle row is exact by
Theorem 4.11. Thus the result follows immediately from Lemma 2.1. O

Morita compatible coaction functors. If we have coactions (4, §) and (B, €), and
a § — & compatible coaction ¢ on an A — B imprimitivity bimodule X, we’ll say
that (X, ¢) is an (4, §) — (B, &) imprimitivity bimodule.



170 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

Example 4.13. The double dual bimodule coaction

(Y.n) = (X x: G ><IEG,§)
is an R
(Axs G ><1§G,§) —(Bx; Gx;G,2)
imprimitivity bimodule. Since the identity functor on coactions is a coaction functor,
(Y, n) becomes an

(A" x15m G X5, G, 8™ ) — (B™ 3igm G %13, G, €™ )

imprimitivity bimodule. Since maximalizations satisfy full-crossed-product duality,
(Y, n) becomes, after replacing the double dual coactions by exterior equivalent
coactions, an

(A" Q K, 8" Rxid) — (B Q@ K, ™ ®4id)
imprimitivity bimodule (see [Echterhoff et al. 2004, Lemma 3.6]).

We need the following basic lemma, which is probably folklore, although we
could not find it in the literature. Our formulation is partially inspired by Fischer’s
treatment of relative commutants of /C [Fischer 2004, Section 3].

Lemma 4.14. Let A and B be C*-algebras, and let Y be an (A ® K) — (B ® K)
imprimitivity bimodule. Define

X={meMY):(14®k)-m=m-(1pQk) €Y forallk € }.
Then:
(1) Xisan (A® 1) — (B ® 1) submodule of M(Y).
(2) span(X, X)am(Bok) = B ® lk.
(3) span prai)(X. X) = A® Ik.
Thus X becomes an A — B imprimitivity bimodule in an obvious way, and moreover
there is a unique (A ® K) — (B ® K) imprimitivity bimodule isomorphism
0:X®K—Y

such that
Omk)=m-(1pRk) formeX, kek.

Lemma 4.15. Given coactions (A, §) and (B, €), and a § — & compatible coaction ¢
on an A — B imprimitivity bimodule X, let (Y, n) be the

(A" Q® K, 8" ®xid) — (B Q K, £ ®4 id)
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imprimitivity bimodule from Example 4.13, and let X" denote the associated
A™ — B™ imprimitivity bimodule as in Lemma 4.14, with an (A" @ K) — (B™ ® K)
imprimitivity bimodule isomorphism 0 : X™ @ K — Y. Then there is a unique
8" — ™ compatible coaction {™ on X™ such that 0 transports {™ Q4 id to 1.

Proof. The diagram

XM - - - — s MXM"QRKQC*(G))
ol: :J@@id
Y - MY ® C*(G))

certainly has a unique commuting completion, and « is a (6" ® id) — (¢ ®4 id)
compatible coaction on X ® K. In order to recognize that « is of the form (™ ®xid,
we need to know that, letting ¥ : KQ C*(G) — C*(G) ® K be the flip isomorphism,
for every £ € X', the element

m:= (idyn @ £)o (A ®id) L onoh(E ® Ix)

of the multiplier bimodule M (X" ®C*(G)®K) is contained in the subset M (X ®
C*(G)) ® I, and for this we need only check that for all k € K we have

(Lugc+@G) ®k) -m=m-(1pgc+G) ®k) € X" ® C*(G) K,

which follows from the properties of the maps involved. Then it is routine to check
that the resulting map ¢ is a §” — & compatible coaction on X™. O

Definition 4.16. A coaction functor t is Morita compatible if whenever (X, ¢) is
an (4, §) — (B, &) imprimitivity bimodule, with associated A™ — B™ imprimitivity
bimodule X as above, the Rieffel correspondence of ideals satisfies

(4-5) X"-Ind B = A7

We will use without comment the simple observation that if (4, §) (and hence
also (B, ¢)) is maximal, then we can replace X by X and regard the natural
surjection ¢ as going from A to A" (and similarly for B), since the maximalizing
maps ¢’f and g% can be combined to give an isomorphism of the A™ — B™
imprimitivity bimodule X onto X.

Remark 4.17. Caution: Definition 4.16 is not a direct analogue of the definition of
Morita compatibility in [Baum et al. 2016, Definition 3.2], but it suits our purposes
in working with coaction functors, as we will see in Proposition 4.24.

Remark 4.18. Lemma 4.15 says in particular that maximalization preserves Morita
equivalence of coactions. This is almost new: it also follows from first applying



172 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

the cross-product functor, noting that the dual actions are “weakly proper G x G-
algebras” in the sense of [Buss and Echterhoff 2014], then applying [Buss and
Echterhoff 2015, Corollary 4.6] with the universal crossed-product norm (denoted
by u in [Buss and Echterhoff 2014]).

Lemma 4.19. A coaction functor t is Morita compatible if and only if whenever
(X,¢)isan (A, 8)— (B, &) imprimitivity bimodule, there are an A — B* imprimitiv-
ity bimodule X* and a q7 — q compatible imprimitivity-bimodule homomorphism
gy - X™ — X

Proof. Given X* and g5 with the indicated properties, by [Echterhoff et al. 2006,
Lemma 1.20] we have

X™-Ind B} = X"™-Indkerqp = kerqy = A7,

It follows that t is Morita compatible.

Conversely, suppose t is Morita compatible, and let (X™, ') be as above. Then,
by the Rieffel correspondence, X* := X™/X™ . B is an A™ /A" — B™ /B
imprimitivity bimodule, and the quotient map g3 : X" — X'* is compatible with
the quotient maps A +— A™ /A" and B™ +— B}. Via the unique isomorphisms
making the diagrams

A™ B™
quotient a% quotient a5
map map
m m T m m T
AMAT 5 4 B™/BY - _+ B
commute, ¢ becomes ¢} —qp compatible. O

Example 4.20. It follows trivially that the maximalization functor is Morita com-
patible.

Lemma 4.21. The identity functor on coactions is Morita compatible.

Proof. Let (X, ¢) be an (A4, §) — (B, &) imprimitivity bimodule, and let (X", ')
be the associated (A™, §") — (B™, &™) imprimitivity bimodule from Lemma 4.15.
By Lemma 4.19 it suffices to find a ¢{ — ¢ compatible imprimitivity-bimodule
homomorphism ¢¥ : X™ — X. Now, X™ is the upper right corner of the 2 x 2
matrix representation of the linking algebra L™, and the maximalization map g7’
of the linking algebra L of X preserves the upper right corners. Thus g7’ takes X™
onto X', and simple algebraic manipulations show that it has the right properties. [

Theorem 4.22. The greatest lower bound of the collection of all exact and Morita
compatible coaction functors is itself exact and Morita compatible.
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Proof. Let T be the collection of all exact and Morita compatible coaction functors,
and let 7 be the greatest lower bound of 7. As in the proof of Theorem 4.9, for
every coaction (4, §) we have

m _ ——— m
A7 =span Ay .
o€T

For exactness, we apply Definition 4.10. Let

0——(1.y)—2 (4, 8)— (B, e)——0

be a short exact sequence of coactions. Then
" (I7") = o™ (span 1)
oET

= span ¢ (1)
o€ET

=span(¢”'(I™)N AY) (since o is exact)
o€T

=¢™(I™)N'span A

o€T

(since all spaces involved are ideals in C *-algebras)
=¢"(I")N AT,
and
" (I"™) + AT = ™ (I™) + Span AL
o€T
= span(¢™ (I") + Ag')
oET

= span(y™)"1(B™) (since o is exact)
oET

= (y™)~" (span By')
oeT
= (y"™)~ (B,
SO T is exact.

For Morita compatibility, let (X, ¢) be an (4, §) — (B, &) imprimitivity bimodule,
with associated A — B™ imprimitivity bimodule X™. Then

X"™-Ind B = X™-Ind span B)'

o€T
=span X-Ind B]! (by continuity of Rieffel induction)
oET
=3span A} (since o is Morita compatible)
o€T
=A™,

so t is Morita compatible. O
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Definition 4.23. We call the above greatest lower bound of the collection of all exact
and Morita compatible coaction functors the minimal exact and Morita compatible
coaction functor.

Comparison with [Baum et al. 2016]. As we mentioned previously, [Baum et al.
2016, p. 8] defines one crossed-product functor o; to be smaller than another one o>,
written o1 < 03, if the natural surjection A Xy 5, G — A Xq,, G factors through
the oq-crossed product.

Let 7 be a coaction functor, and let 0 = t o CP be the associated crossed-product
functor, i.e.,

(A,0)° = AXg,o G := (A xq G)T.
For a morphism ¢ : (4, a) — (B, B) of actions, we write
PxoG=(pxG) :AXy6G— Bxg,G
for the associated morphism of o-crossed products.

Proposition 4.24. With the above notation, if the coaction functor t is exact or
Morita compatible, then the associated crossed-product functor o has the same
property. Moreover, if 11 < 1, then o1 < 0.

Proof. The last statement follows immediately from the definitions. For the other
statement, first assume that  is exact, and let

0—— (1Y) —2 (A4.a) —2 (B.p) —— 0

be a short exact sequence of actions. Then the sequence

. OxG . ¥xG ~
0 —— Ux,G,7)—— (A% G,&) —— (BxgG,B) —— 0

of coactions is exact, since the full-crossed-product functor is exact. Then by
exactness of t we see that the sequence

dX G UXe G
0 T390 G 2% 4300 G By, G ——0

is also exact.

On the other hand, assume that the coaction functor 7 is Morita compatible.
As in [Baum et al. 2016, Section 3], the unwinding isomorphism ®, which is the
integrated form of the covariant pair

Ta®k)=iq(a) Rk,
us =ig(s) ® Ag,
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fits into a diagram

(A®K) Xg@aai G ———— (434 G)®K
(4-6) qu@zc)xnaQ;Ad,xGl lqﬁmaG@»id
(A®K) Magadro G~ =L~ + (A%40 G) ®K
i.e.,
kerq(’A®K)Xa®AdAG = ker(qlflxaG ®id) o ®.
The diagram (4-6) fits into a more elaborate diagram
(A®K) ¥aad G ——— (434 G)® K
q{A@K)x(X@Ad)LGl q(rAx(i,ch)@c
(A® ) Xagraro G = o+ (A% G) &K

- ~ 0
- ~
~

= ~ g
T “‘-__>(A><lot,aG)®lC
which we proceed to analyze. There is a unique

(@ ®AdL)T — (@ @+ id)"

equivariant homomorphism ®* making the upper left rectangle commute, since t
is functorial. Moreover, ®7 is an isomorphism since ® is, again by functoriality.
Applying Morita compatibility of t to the equivariant ((4A Xq¢ G) @ K) — (4 Xy G)
imprimitivity bimodule (4 x4 G) ® L?(G) shows that there is a unique

(@ ®4id)" — (A" ®«id)

equivariant isomorphism 6 that makes the upper right triangle commute. Thus there
is a unique isomorphism Y making the lower left triangle commute, and then the
outer quadrilateral commutes, as desired. O

Question 4.25. (1) Is the minimal exact and Morita compatible crossed product
of [Baum et al. 2016, Section 4] naturally isomorphic to the composition
of the minimal exact and Morita compatible coaction functor and the full
crossed product?

(2) More generally, given a crossed-product functor on actions, when does it de-
compose as a full crossed product followed by a coaction functor? Does it make
any difference if the crossed-product functor is exact or Morita compatible?
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5. Decreasing coaction functors

In this section we introduce a particular type of coaction functor with the convenient
property that we do not need to check things by going through the maximalization
functor, as we’ll see in Propositions 5.4 and 5.5. Suppose that for each coaction
(A4, 8) we have a coaction (A%, 8%) and a 6 —6° equivariant surjection Q% : 4 — A7,
and further suppose that for each morphism ¢ : (4, §) — (B, &) we have

ker 0% Cker Qp 04,

so that there is a unique morphism ¢* making the diagram

(4,8) —— (B, ¢)

ol |

(AT, 67) —jﬁ (B7,87)

commute. The uniqueness and surjectivity assumptions imply that t constitutes
a functor on the category of coactions, and moreover Q7 : id — 7 is a natural
transformation.

Definition 5.1. We call a functor 7 as above decreasing if for each coaction (A4, §)
we have
ker Q% Cker A y.

Lemma 5.2. Every decreasing functor t on coactions is a coaction functor, and
moreover T < id.

Proof. For each coaction (4, §), define a homomorphism g% by the commutative
diagram

Am
I’VIJ q;l
94
A — AT

A

where ¢’} is the maximalization map. The map ¢°® is natural and surjective since
both ¢ and QF are. We have

kerqy ={a e A™ :q'{(a) eker 0%}
ClaeA™ :q{(a) eker A4}
=kerAg0qYy
=ker A gm.

Thus 7 is a coaction functor, and then v <id by Lemma 4.8. O
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Notation 5.3. For a decreasing coaction functor t and any coaction (A4, §) put
A =ker QY.

Proposition 5.4. A decreasing coaction functor t is exact if and only if for any
short exact sequence

¢

(5-1) 0 (I.87) (4.8~ (B.81) —— 0

of coactions, both
¢(I) =¢p(I) N Ag
and
$(I)+ A Dy~ (B)
hold.

Proof. The proof is very similar to, and slightly easier than, that of Theorem 4.12,
using the commutative diagram

0 0 0
0 I id A id B; 0
Ly lg LB
0 1 ¢ A id B 0
o7 oy 0%
0 It ¢ AT id BT 0
0 0 0 O

Proposition 5.5. A decreasing coaction functor t is Morita compatible if and only if
whenever (X, ¢) is an (A, §) — (B, &) imprimitivity bimodule, there are an A* — B
imprimitivity bimodule X* and a Q% — Qp compatible imprimitivity-bimodule
homomorphism Q% : X — X*.

Proof. First suppose t is Morita compatible. Let (X, {) be an (4, §)— (B, &) imprim-
itivity bimodule,and let g5 : X™ — X* be a ¢'] — g%y compatible imprimitivity-
bimodule homomorphism onto an A* — BT imprimitivity bimodule X7, as in
Lemma 4.19. By Lemmas 4.21 and 4.19 there is also a ¢’} — ¢ compatible
imprimitivity bimodule homomorphism ¢y of X — X. By definition, we have

gy =0Q40qy A" — A"
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Thus

kergy = (kerg’y) - X™
C (ker Q% oqy) - X™
= (kergy)- X™
=kerqy,

and hence ¢?% factors through a commutative diagram
dx g g

Xm
ax
a% X
7
',
7
v 0%
X‘E

for a unique imprimitivity bimodule homomorphism Q% . Moreover, Q% is com-
patible on the left with Q% by construction, and similar reasoning, using the Rieffel
correspondence of ideals, shows that it is also Q% compatible on the right.
Conversely, suppose we have (X, {), X* and QF% as indicated, and let (X™, {™)
be the associated (A™, §") — (B™, &™) imprimitivity bimodule from Lemma 4.15.
By Lemma 4.19 it suffices to find a ¢’} — ¢ compatible imprimitivity-bimodule
homomorphism g3 : X™ — XT*. Since ¢* = Q% o¢™ on both A™ and B™, by
Lemma 4.21 and our assumptions we can take gy = Q% oqy . O

6. Coaction functors from large ideals

The most important source of examples of the decreasing coaction functors of the
preceding section is large ideals. We recall some basic concepts from [KLQ 2013;
2016]. Let E be an ideal of B(G) that is large, meaning it is nonzero, G-invariant,
and weak*-closed. Then the preannihilator E of E in C*(G) is an ideal contained
in the kernel of the regular representation A. Write C(G) = C*(G)/ LE for the
quotient group C*-algebra and ¢ : C*(G) — Cf(G) for the quotient map. The
ideal LE =kergg of C*(G) is weakly §g-invariant, i.e., §g descends to a coaction,
which we denote by §£, on the quotient C 5 (G).
For any coaction (4, §) and any large ideal E of B(G),

Agp:={a€A:E-a={0}} =ker(id®qgEg)oéd

is a small ideal of A (that is, an ideal contained in ker j4 = ker A 4) and we write
AE = A/AFE for the quotient C*-algebra and Qf : A — AE for the quotient
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map. Ag is weakly 8-invariant [KLQ 2016, Lemma 3.5], and we write §£ for the
quotient coaction on AZ.

Remark 6.1. The properties of the B(G)-module structure (see the Appendix)
allow for a shorter proof of invariance than in [KLQ 2016]: ifa € Ag, f € B(G),
and g € E then

g-(f-a)=(gf)-a=0,
because FE is an ideal, and it follows that B(G)-Ag C AE.

Proposition 6.2. The functor (A, 8) — (AE,8F) is a decreasing coaction functor,
which we denote by TE.

Proof. By the above discussion and Lemma 5.2, it suffices to observe that for any
morphism ¢ : (4,6) — (B, ) of coactions and for all a € ker Qf and f € E,

J¢a)=¢(f-a)=0,
which implies that ker Qf C ker Ql]g o¢. O

Remark 6.3. Proposition 6.2 should be compared with [Buss and Echterhoff 2014,
Corollary 6.5 and Lemma 7.1], [Buss and Echterhoff 2015, Lemma 2.3], and [Baum
et al. 2016, Lemma A.3].

Example 6.4. The functor tp(¢) is the identity functor.

Example 6.5. The functor p, (i) is naturally isomorphic to the normalization
functor.

Example 6.6. The maximalization functor is not of the form (4, §) — (A€, §E)
for any large ideal E of B(G), because the maximalization functor is not decreasing
in the sense of Definition 5.1.

Proposition 6.7. For a large ideal E of B(G), the coaction functor tg is exact if
and only if , for every coaction (A, §) and every strongly invariant ideal I of A,

(6-1) I+AgD{acA:E-aCl}.
Proof. Let
(6-2) 0——(I,0)—2 (4, )~ (B, £)——0

be a short exact sequence of coactions. Exactness of the associated sequence

E E
(6-3) 0 1E 2 4E Y, BE 0

will not be affected if we replace the short exact sequence (6-2) by an isomorphic
one, so without loss of generality ¢ is the inclusion of an ideal / of 4 and ¥ is the
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quotient map onto B = A/I. By Proposition 5.4, the sequence (6-3) is exact if and
only if

(6-4) Ig=INAg
and

(6-5) I+Ag Dy ' (Bg).
Since

Ig={aecl:E-a=1{0}}

(6-4) automatically holds in this context. On the other hand, (6-5) is equivalent to
(6-1) because

Bp={a+1e€B=A/1:E-(a+1)={0}}

={a+1:E-acClj}. O
Remark 6.8. Techniques similar to those used in the above proof, showing that
(6-4) holds automatically, can also be used to show that the functor 7g preserves
injectivity of morphisms: if ¢ : A — B is an injective equivariant homomorphism
and a € ker ¢, then we can write ¢ = fo (a’) for some a’ € A. We have

0=9¢%(a)=¢" 0 04(d) = QF 0p(d),
o)
¢(a) € ker Qg = Bg.

Thus for all /€ E we have
0=f-¢@@)=9¢(fd).

so f-a’ = 0 since ¢ is injective. But then ' € Ag = ker Q% so a = 0. This
remark should be compared with [Buss and Echterhoff 2014, Proposition 6.2].

Corollary 6.9. Let E and F be large ideals of B(G), and let (EF) denote the
weak*-closed linear span of the set EF of products. If tg or TF is exact then
(EFy=ENF.

Proof. Without loss of generality assume that g is exact. Note that, since E is an
ideal of B(G),

LE={aeC*(G): E-a={0}},
and similarly for 1F. We claim that

LE ++1F =YEF).
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To see this, note that, since E is exact, by Proposition 6.7 with (4, §) = (C*(G), §g)
and I = 1F we have

LF+L*E>{aeC*(G): E-aC*F)}.
Now, for a € C*(G) we have
E-aCtF < F-(E-a)={0}
& (EF)-a={0}
& (EF)-a = {0}
— aecEF),

where the equivalence at * holds since for every a« € C*(G) the map from B(G) to
C*(G) defined by f + f-a is weak*-weak continuous. Thus +F +1E > H(EF).
For the reverse containment, note that EF C E because FE is an ideal, so
(EF) C E because E is weak*-closed, and hence “E C L(EF). Similarly,
LF c YEF), and so *E 4+ 1F c H(EF), proving the claim.
Now, since LE and - F are closed ideals of C*(G), it follows from the elementary
duality theory for Banach spaces that

LE+LtF=1ENF),
and the corollary follows upon taking annihilators. O
The following result should be compared with [Baum et al. 2016, Lemma A.5]:
Proposition 6.10. The coaction functor tg is Morita compatible.

Proof. Let (X, {)bean (A4, §)— (B, ¢) imprimitivity bimodule. Since t is decreasing,
by Proposition 5.5, it suffices to show that X-Ind Bg = A g. The external tensor
product X ® C7(G) is an (4 ® Cf(G)) — (B ® Cf(G)) imprimitivity bimodule,
and we have an (idy ® ¢g) — (idp ® ¢g) compatible imprimitivity bimodule
homomorphism

dy ® g : X ® C*(G) > X  Cx(G).
The composition
(idy ®gEg) ol : X —> M(X ® Cp(G))

isan (idy ®qg) 08 — (idp ® ¢ g) o &€ compatible imprimitivity bimodule homomor-
phism. We have
ker(idy ® gg)od = AE,

ker(idp ® ¢g)oe = BEg.
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Thus, by [Echterhoff et al. 2006, Lemma 1.20], A g is the ideal of A associated to

the ideal B of B via the Rieffel correspondence. O

Remark 6.11. Proposition 6.10 subsumes [KLQ 2016, Lemma 4.8], which is the
special case of exterior equivalent coactions. It is tempting to try to use this to

simplify the proof of [loc. cit., Theorem 4.6], which says that (A, §) satisfies E-

crossed-product duality if and only if it is isomorphic to (AME §mE) since we

have Morita equivalences
(A™ 6™) ~pr (A™ @ K. 8 ®x id) ~pr (A x5 G 315 G, ).

However, it turns out that appealing to Proposition 6.10 would not shorten the proof
much. Nevertheless, it is interesting to note that, by Proposition 6.10, we have

(4,8) = (A"E §"E) = (A®K,§®4id) = (A" ®K)E, (8" ®,id)E),
or, equivalently,

ker ® = (A Xs G XS‘G)E,
which by definition is equivalent to E-crossed-product duality for (4, §).

For some purposes, albeit not for the purposes of this paper, a more appropriate
coaction functor associated to E is the following (see also [Buss and Echterhoff
2014, Theorem 5.1]):

Definition 6.12. The E-ization of a coaction (A4, §) is
(AE—ize 8E—ize) = ((Am)E ((Sm)E)

E-ization is a functor on the category of coactions, being the composition
of the functors maximalization and tg. The E-ization of a § — ¢ equivariant
homomorphism ¢ : A — B is

¢E—ize — (¢WZ)E : AmE N BmE
Proposition 6.13. E-ization is a coaction functor.

Proof. We must produce a suitable natural transformation g£-7¢ : (4™, §™) —
(AE-ze §E-ze) and we take
qf—lze — Qfm L _)AmE :AE—IZC‘

E-ize

The map ¢ is natural since tg is a decreasing coaction functor. O

Theorem 6.14. For any large ideal E of B(G), the E-ization coaction functor is
Morita compatible.
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Proof. Let (X, ) be an (A4, §) — (B, ¢) imprimitivity bimodule, with associated
(4™, 8™) — (B™, &™) imprimitivity bimodule (X", ™). We must show that

X™-Ind ker g g 2 — kerg f ize,
But this follows immediately by applying Proposition 6.10 to (X™, ™), since
qf—ize — ng and qg—ize — ij . ]

Remark 6.15. For any large ideal E, the two coaction functors tg and E-ization
have similar properties; e.g., they are both Morita compatible (Proposition 6.10 and
Theorem 6.14). However, in general they are not naturally isomorphic functors. For
example, if £ = B(G) then tg is the identity functor and E-ization is maximaliza-
tion. That being said, for £ = B,(G) we do have tg =~ 7 o maximalization.

Note that, given a coaction (4, §), we have two homomorphisms of the maxi-
malization (4™, §™):

4am,5m)
qE-ize
lqm\
(A, 8) (AE-ize’ 8E-ize)

In [KLQ 2013, Definition 3.7] we said (A4, d) is E-determined from its maxi-
malization if ker g™ = ker g £-7¢
(A 8) ~ (AE-ize (SE-ize).

Given an action (B, «), in [KLQ 2013, Definition 6.1] we defined the E-crossed
product as

, in which case there is a natural isomorphism

BxygG=(BxgG)/(BxgG)E = (BxqG)E,

where in the last expression we have composed the full-crossed-product functor
with 7.

As in [Buss and Echterhoff 2014, Definition 4.5], we say a coaction (A4, §) satisfies
E-duality (called “E-crossed product duality” in [KLQ 2016, Definition 4.3]), or
is an E-coaction, if there is an isomorphism 6 making the diagram

Ax5G G —2 A®K
Ps
QEJ( B _ /0
A Xs G ><13 E G
commute, or, equivalently,
ker ® = (A Xs G XgG)E,

where @ is the canonical surjection.
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In [KLQ 2016, Theorem 4.6] we proved that (A4, §) is an E-coaction if and
only if it is E-determined from its maximalization. (Theorem 5.1 of [Buss and
Echterhoff 2014] proves the converse direction.)

Lemma 6.16. For a coaction (A, 8), the following are equivalent:
(1) (A4,9) is an E-coaction.
(2) (A,¥) is E-determined from its maximalization.
(3) There exists a maximal coaction (B, &) such that (A, 8) = (BE, ¢F).

Proof. The equivalence of (1) and (2) is [KLQ 2016, Theorem 4.6], and (2) trivially
implies (3). Assume (3), i.e., that (B, ¢) is maximal and we have an isomorphism
6:(BE, ¢F)— (A,6). The surjection Qg :(B,g)— (BE, ¢F) is a maximalization,
since ¢ is maximal and ker Qg Ckerqp. Thus 6o Qg is a maximalization of (A4, §).
Since any two maximalizations of (A4, §) are isomorphic, there is an isomorphism v
making the diagram

A™, ™M) « —f— - (B.,¢)

qﬂl lQE

(4,5) % (BE, ¢E)

commute. Thus ¢/ o is also a maximalization of (4, §). Therefore
kerqly = Y (ker Q) = Y(Bg) = A,
giving (2). O

Theorem 6.17. The functor Tg restricts to give an equivalence of the category of
maximal coactions to the category of E-coactions.

In this statement, we mean the full subcategories of the category of coactions.

Proof. By abstract nonsense, it suffices to show that the functor is essentially
surjective and fully faithful, i.e.,

(1) every E-coaction (A4, §) is isomorphic to (BE , ¢E) for some maximal coaction
(B, ¢), and

(2) for any two maximal coactions (4, §) and (B, ¢),
9"

maps the set of equivariant homomorphisms ¢ : A — B bijectively onto the
set of equivariant homomorphisms v : AE — BE |
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Statement (1) is immediate from Lemma 6.16. For (2), given maximal co-
actions (4, 6) and (B, ¢) and distinct nondegenerate equivariant homomorphisms
¢,V : A — B, we have an equivariant commutative diagram

¢

A B
&f—; Y‘E
E
A AE 7 L pE

A" ——— B"
o"

where Qf is a maximalization of (AE,SE), A4 is a normalization of (4, 4),
and A f is a normalization of (A%, §E), and similarly for the right-hand triangle
involving the Bs. There is a similar commutative diagram for {. Since the nor-
malizations ¢” and " are distinct, by [Bédos et al. 2011, Corollary 6.1.19], we
must have ¢£ # £ by commutativity of the diagram. This proves injectivity.
For the surjectivity, let o : AZ — BE be an equivariant homomorphism. Then the
maximalization 6" : A — B of ¢ is the unique equivariant homomorphism making
the diagram

m

A—— B

oi| e

AE BE
o

commute. Applying the functor tg, we see that the diagram

A—"" . B

(O,m)E

also commutes, so we must have 6™ = ((6"*)£)” by the universal property of
maximalization, and hence o = (¢"*)¥ by [loc. cit.]. O

Remark 6.18. Much of the development in this paper regarding “classical” cate-
gories carries over to the “nondegenerate” categories (involving multiplier algebras).
The nondegenerate version of the above result resembles the “maximal-normal
equivalence” of [Kaliszewski and Quigg 2009, Theorem 3.3], which says that
normalization restricts to an equivalence between maximal and normal coactions.
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However, there are some properties missing: for example, the functor tg is not a
reflector in the categorical sense, because

Qp :(A”.6%) — (4FF §5F)

is not an isomorphism in general. Indeed, [KLQ 2016, Proposition 8.4] shows
that if (4, §) is a maximal coaction then the composition (id ® ¢g) o §€ in the
commutative diagram

E
A—2F L 4E 8 M4E @ C*(G))
lid@qE
(id®q g)osE
M(AE ® CL(G))

need not be faithful. Thus we cannot characterize the E-coactions as the coactions
that are “ E-normal” in the sense that the map Q g is faithful. Furthermore, unlike
with normalization, Remark 6.15 shows that tg is not isomorphic to its composition
with maximalization.

Question 6.19. Let F be a collection of large ideals of B(G), and let

F=()E

EeF

Then F is a large ideal of B(G). Is tF a greatest lower bound for the coaction
functors {tg : E € F}? (It is easy to see that r is a lower bound.) What if we
take F to be the set of all large ideals £ of B(G) for which tg is exact?

Question 6.20. Given a coaction functor t, is there a large ideal E of B(G) such
that, after restricting to maximal coactions, t is naturally isomorphic to g ? Note
that at the level of objects the statement is false: [Buss and Echterhoff 2014,
Example 5.4] gives a source of examples of a maximal coaction (A4, §) and a weakly
invariant ideal I C ker ¢’y such that the quotient coaction (A/1,§ T is not of the
form (A%, §F) for any large ideal E. (Theorem 6.10 of [KLQ 2016] gives related
examples, albeit not involving maximal coactions.)

Here is a related question: do there exist coaction functors that include the Buss—

Echterhoff examples? Such a functor could not be exact, since the Buss—Echterhoff
examples are explicitly based upon short exact sequences whose image under the
quotient maps are not exact. We could ask the same question for the functor 7g,
which, again, is exact for £ = B(G) but not for £ = B, (G).
Question 6.21. For which large ideals E is the coaction functor E-ization exact?
Exactness trivially holds for £ = B(G), since B(G)-ization coincides with max-
imalization. On the other hand, exactness does not always hold for £ = B, (G),
because Gromov has shown the existence of nonexact groups.
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Question 6.22. Let t be the minimal exact and Morita compatible coaction functor.
Applying 7 to the canonical coaction (C*(G), ), we get a coaction (C*(G)*, 85,),
with a canonical quotient map

q" : C*(G) — C*(G)".
Then
E;:= (kerg®)~*

is a large ideal of B(G), by [KLQ 2013, Corollary 3.13].
Does the functor t coincide with E;-ization? This is related to the following
question: is

E;. = ﬂ{E : E is a large ideal such that E-ization is exact}?

Again we could ask the analogous questions for 7g. See also the discussion in
[Baum et al. 2016, Section 8.1].

Remark 6.23. Related to Question 6.19 above, what if we consider only finitely
many large ideals? Let E and F be two large ideals, and let D = E N F, which is
also a large ideal. Suppose that the coaction functors tg and tf are both exact.

Is 7p exact? We proved in Corollary 6.9 that exactness of E implies that D is
the weak*-closed span of the set of products EF, and then we can deduce from
this that if

0——(I,y)—2= 4,6 -~ (B.e) 0

is a short exact sequence of coactions, and if we assume that § is w-proper in the
sense that (w ® id) 0 §(A) C C*(G) for all w € A*, then the sequence

D D
0 P p Y gD 0

is exact. We see a way to parlay this into a proof that tp is indeed exact, but this
requires a somewhat more elaborate version of Morita compatibility, involving not
only imprimitivity bimodules but more general C*-correspondences. This will
perhaps resemble the property that Buss, Echterhoff and Willett call correspondence
Jfunctoriality (see [Buss et al. 2015, Theorem 4.9]). We plan to address this in a
forthcoming publication.

Appendix: B(G)-module lemmas

Every coaction § : A — M (A ® C*(G)) gives rise to a B(G)-module structure
on A via

f-a=30d® f)od(a) for f € B(G), acA.
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We feel that this module structure is under-appreciated, and will point out here
several situations in which it makes things easier, since it allows us to avoid
computations with tensor products.

Proposition A.1. Let (A, §) and (B, €) be coactions of G, and let ¢ : A — B be a
homomorphism. Then ¢ is § — € equivariant if and only if it is a module map, i.e.,

o(f-a)=f-¢p(a) forall f € B(G),acA.
Proof. First assume that ¢ is § — ¢ equivariant, and let /' € B(G) and @ € A. Then
(f-a) =¢((id® f)o(a))
= (d® f)((¢ ®id) 0 é(a))

=({d® f)(eo¢(a))
= f-¢(a).

Conversely, assume that ¢ is a module map, and let a € A. Then for every
f € B(G) the above computation shows that

(id® (¢ ®id)0d(a)) = (Id® f)(e0p(a)),

and it follows that (¢ ® id) o §(a) = € o ¢(a) since slicing by B(G) = C*(G)*
separates points of M (B ® C*(G)). O

Proposition A.2. Let (A, d) be a coaction, and let I be an ideal of A. Then I is
weakly 8-invariant if and only if it is invariant for the module structure, i.e.,

B(G)-IC.

Proof. First assume that [ is §-invariant, and let /' € B(G) and a € I. We must
show that f-a e l.Letg: A— A/I be the quotient map. We have

q(f-a)=q((d® [)((a)))
= (d® f)((g ®id) o 5(a))
=0 (since I C ker(¢q ®id) o §).

Conversely, assume that [ is B(G)-invariant, and let @ € 1. We need to show
that a € ker(q ® id) o 6. For every f € B(G) we have f-a €I, so

0=¢q(f-a)=>1{d® [)((g ®id) 0 5(a)).

It then follows that (¢ ® id) o §(a) = 0 since slicing by B(G) separates points in
M(A® C*(G)). O
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Remark A.3. It has been noticed elsewhere in the literature that the B(G)-module
structure can be useful in other ways. For example, § is slice-proper [KLQ 2016,
Definition 5.1] if and only if the maps

ff-a:B(G)— A

are weak*-weak continuous (for a € A) [KLQ 2016, Lemma 5.3]. Also, for any
full coaction (4, §),
Ao :=span{A(G)- A}

is a C*-subalgebra and a nondegenerate 4(G)-submodule of A, where A(G) is the
Fourier algebra of A, and § is nondegenerate if and only if 49 = A [Quigg 1994,
Lemma 1.2, Corollary 1.5] (see also [Katayama 1984, Lemma 2]). In the same vein,
[Quigg 1994, Corollary 1.7] says that if B is a nondegenerate A(G)-submodule of
M (A), then §| g is a nondegenerate coaction of G on B.
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COHOMOLOGY AND EXTENSIONS OF BRACES

VICTORIA LEBED AND LEANDRO VENDRAMIN

Braces and linear cycle sets are algebraic structures playing a major role
in the classification of involutive set-theoretic solutions to the Yang-Baxter
equation. This paper introduces two versions of their (co)homology theories.
These theories mix the Harrison (co)homology for the abelian group struc-
ture and the (co)homology theory for general cycle sets, developed earlier by
the authors. Different classes of brace extensions are completely classified
in terms of second cohomology groups.

1. Introduction

A (left) brace is an abelian group (A, +) with an additional group operation o such
that for all a, b, ¢ € A, the following compatibility condition holds:

(1-1) ao(b+c)+a=aob+aoc.

The two group structures necessarily share the same neutral element, denoted by 0.
Braces, in a slightly different but equivalent form, were introduced by Rump [2007];
the definition above goes back to Cedd, Jespers, and Okninski [Ced6 et al. 2014].
To get a feeling of what braces look like, and to convince oneself that they are not as
rare in practice as one might think, the reader is referred to Bachiller’s classification
of braces of order p> [2015a]. The growing interest into these structures is due to a
number of reasons. First, braces generalize radical rings. Second, Catino and Rizzo
[2009] and Catino, Colazzo, and Stefanelli [Catino et al. 2015; 2016] unveiled the
role of an F-linear version of this notion into the classification problem for regular
subgroups of affine groups over a field F. Third, braces are enriched cycle sets, and
are therefore important in the study of set-theoretic solutions to the Yang—Baxter
equation (YBE), as we now recall.
A cycle set, as defined by Rump [2005], is a set X with a binary operation -

having bijective left translations X — X, a — b - a, and satisfying the relation

(1-2) (a-b)y-(a-c)y=0b-a)-(b-c).

MSC2010: 20E22,20N02, 55N35, 16T25.
Keywords: brace, cycle set, Yang—Baxter equation, extension, cohomology.
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Rump showed that nondegenerate cycle sets (i.e., with invertible squaring map
a — a - a) are in bijection with nondegenerate involutive set-theoretic solutions
to the Yang—Baxter equation. Such solutions form a combinatorially rich class of
structures, connected with many other domains of algebra: semigroups of I-type,
Bieberbach groups, Hopf algebras, Garside groups, etc. The cycle set approach
turned out to be extremely fruitful for elucidating the structure of such solutions
and obtaining classification results (see, for instance, [Cedé et al. 2010a; 2014;
Chouraqui 2010; Dehornoy 2015; Gateva-Ivanova 2015; Gateva-Ivanova and Majid
2008; Gateva-Ivanova and Van den Bergh 1998; Jespers and Okniniski 2005; Rump
2007; 2008; 2014; Smoktunowicz 2015a; 2015b; Vendramin 2016] and references
therein). In spite of the intensive ongoing research on cycle sets, their structure is
still far from being completely understood. This can be illustrated by numerous
conjectures and open questions in the area, many of which were formulated by
Gateva-Ivanova and Cameron [Gateva-Ivanova 2004; Gateva-Ivanova and Cameron
2012] and by Cedd, Jespers, and del Rio [Ced¢ et al. 2010b].

Etingof, Schedler, and Soloviev [Etingof et al. 1999] initiated the study of the
structure group of a solution to the YBE —and in particular of a cycle set. These
ideas were further explored in [Lu et al. 2000; Soloviev 2000] for noninvolutive
solutions. Concretely, the structure group G (x, .y of a cycle set (X, -) is the free
group on the set X, modulo the relations

(a-b)a=b-a)b

for all @, b € X.! In [Etingof et al. 1999], the structure group of a nondegenerate
cycle set (X, -) was shown to be isomorphic, as a set, to the free abelian group ASY
on X; see also [Lebed and Vendramin 2015] for an explicit graphical form of this
isomorphism. The group Gy, .) thus carries a second, abelian, group structure —
the one pulled back from Z*) — and becomes a brace. Moreover, G x. .) inherits a
cycle set structure from X, and yields a key example of the following notion. A
linear cycle set is a cycle set (A, -) with an abelian group operation + satisfying,
for all a, b, c € A, the compatibility conditions

(1-3) a-b+c)y=a-b+a-c,
(1-4) (a+b)-c=(@a-b)-(a-c).

This structure also goes back to Rump [2007], who showed it to be equivalent to
the brace structure, via the relation

a-b:a_lo(a—i-b).

ISome authors prefer an alternative relation a(a - b) = b(b - a), which defines an isomorphic group.
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Understanding structure groups and certain classes of their quotients is often
regarded as a reasonable first step towards understanding cycle sets. Even better:
Bachiller, Cedo, and Jespers [Bachiller et al. 2015a] recently reduced the classifica-
tion problem for cycle sets to that for braces. This explains the growing interest
in braces and linear cycle sets. As pointed out by Bachiller, Cedd, Jespers, and
Okninski [Bachiller et al. 2015b], an extension theory for braces would be crucial
for classification purposes, as well as for elaborating new examples. This served as
motivation for our paper.

Lebed and Vendramin [2015] developed a cohomology theory for general cycle
sets, in which second cohomology groups were given particular attention: they
were shown to encode central cycle set extensions. Here we propose homology and
cohomology theories for linear cycle sets, and thus for braces. As usual, central
linear cycle set extensions turn out to be classified by the second cohomology groups.

For pedagogical reasons, we first study extensions that are trivial on the level of
abelian groups, together with a corresponding (co)homology theory (Sections 2-3).
Such extensions are still of interest, since it is often the cycle set operation that
is the most significant part of the linear cycle set structure (as in the example of
structure groups). On the other hand, they are technically much easier to handle
than the general extensions (Sections 4-5). We therefore found it instructive to
present this “reduced” case before the general one.

When finishing this paper, we learned that an analogous extension theory was
independently developed by Bachiller [2015b], using the language of braces. Some
fragments of it in the F-linear setting also appeared in the work of Catino, Colazzo,
and Stefanelli [2015]. An alternative approach to extensions was suggested earlier
by Ben David and Ginosar [2016]. Concretely, they studied the lifting problem
for bijective 1-cocycles — which is yet another avatar of braces. Their work was
translated into the language of braces by Bachiller [2015a]. Our choice of the
linear cycle set language leads to more transparent constructions. Moreover, it
made possible the development of a full cohomology theory extending the degree 2
constructions motivated by the extension analysis. Such a theory was missing in all
the previous approaches.

2. Reduced linear cycle set cohomology

From now on we work with linear cycle sets (LCS). As explained in the introduction,
all constructions and results can be directly translated into the language of braces.
We will perform this translation for major results only.

Take an LCS (A, -, +) and an abelian group I'. For n > 0, let RC,,(A; I') denote
the abelian group I' ®7 ZA*" ~ '™ modulo the linearity relation

2-1) vy(ay,...,a, ,a,+a)=y@,...,a, 1,a,)+y@,...,a, {,a,)
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for the last copy of A. Denote by RCP(A; T') the abelian subgroup of RC,(A; T')
generated by the degenerate n-tuples, i.e., y(ai, ..., a,) with a; = 0 for some
1 <i < n. Consider also the quotient RC,IZ‘I(A; ') = RC,(A; F)/RC,]?(A; ).
Further, define the maps 3, : TA*" — T'A*®=D 5 > 1, as the linearizations of

(2-2) on(ai,...,ap) =(ar-az,...,ai-ap)
n—2
+) (D@, .. aitai, . an)
i=1

+ (D" an g, a).
Complete this family of maps by 9; = 0. Dually, for n > 0, let RC"(A; I') denote

the set of maps f : A" — T linear in the last coordinate:

(2-3) flay,...,a,_i,a,+a,)=f(a,...,a,_i,a,)+ fa,,...,a,_;,a,),

and let RC{(A; ") C RC"(A; T') comprise the maps vanishing on all degenerate
n-tuples. Define the maps 3" : Fun(A*", I') — Fun(A*®*+D T, n > 1, by

(2_4) (8nf)(a19 ceey an-i—l) = f(al caz,...,d] 'an+1)
n—1

+) (=Dflar, ... ai +aig1s ... an1)
i=1

+ (_l)nf(a]’ L ] an—l» an—i—l)-

These formulas resemble the group (co)homology construction for (A, +). We will
now show that they indeed define a (co)homology theory.

Proposition 2.1. Let (A, -, +) be a linear cycle set and T be an abelian group.

(1) The maps 9, above

— square to zero: 9,10, =0 foralln > 1,

— induce maps RC,(A; ") — RC,_1(A; T);

— and further restrict to maps RC,?(A; r— RC,RI(A; ).
(2) The maps 0* above

— square to zero: 3"T13" =0 foralln > 1;

— restrict to maps RC"(A;T") — RC”+1(A; I);

— and further restrict to maps RC{(A; ") — RC{\IIH(A; r).

The induced or restricted maps from the proposition will be abusively denoted
by the same symbols d,, d°. In the proof we shall need the special properties of the
zero element of an LCS.

Lemma 2.2. In any LCS A, the relations a -0 =0 and 0-a = a hold for all a € A.
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Proof. By the LCS axioms, one hasa-0=a-(04+0)=a-0+a-0 and hence a-0=0.
Similarly, 0-a =(0+4+0)-a=(0-0)-(0-a) =0-(0-a), and the relationa =0-a
follows by canceling out O (recall that the left translation O - — is bijective). (]

Proof of Proposition 2.1. We treat only the homological statements here; they imply
the cohomological ones by duality.
The maps d,, can be presented as signed sums 9, = Z?:_o] (=1 On.i, where

(2_5) 8’1;0((’11’ ceey al’l) = (al caz,...,d] 'an)a
(2-6) Onsiar, ...,ay) =(ay,...,a; +ajy1,...,an), I1<i<n—-2,
(2-7) an;nfl(al, coap)=(ai, ..., ap-2,ay).

The relation 9,19, = 0 then classically reduces to the “almost commutativity”
On—1;j0n;i = On—1;iOp; j+1 for all i < j. In the case i > O this latter relation is either
tautological, or follows from the associativity of 4. For i =0 < j, it follows from
the left distributivity (1-3) for A. Fori =0 = j, it is a consequence of the second
LCS relation (1-4) for A.

Further, using the linearity (1-3) of the left translations a, + a; - a,, one sees
that when applied to expressions of type

(costy_qya,+a)—(ooovay_q,a,)—(ooya,_y,ay),

all the maps 9,.; yield expressions of the same type. Hence their signed sums 0,
induce a differential on RC.,. The possibility to further restrict to RCP is guaranteed
by Lemma 2.2. U

Proposition 2.1 legitimizes the following definition:

Definition 2.3. The reduced (resp., normalized) cycles, boundaries, and homology
groups of a linear cycle set (A, -, +) with coefficients in an abelian group I are
those of the chain complex (RC,(A; '), 8,) (resp., (RCN(A; T'), .)) above. Dually,
the reduced (resp., normalized) cocycles, coboundaries, and cohomology groups
of (A, -, +) are those of the complex (RC*(A;T"), 0*) (resp., (RC{(A;T), d%)).
We use the usual notation for these groups: RQ, (A; I'), RQE(A; I'), RO"(A; IN),
RQON(A; T), where Q is one of the letters Z, B, or H.

Remark 2.4. We actually showed that our (co)homology constructions can be
refined into (co)simplicial ones in the proof of Proposition 2.1.

Example 2.5. Recall from the introduction that for a nondegenerate cycle set (X, -),
the free abelian group (ZX), +) can be seen as a linear cycle set, with the cycle set
operation induced from - . In this case RC;(ZX); I') is simply the abelian group
I ®zZ%) =T and for a;, ay € ZX) one calculates 9;(a;, a2) = a; - az — a.
Standard arguments from LCS theory then yield

RH, (2%, 1) = 1O,
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where Orb(X) is the set of orbits of X, i.e., classes for the equivalence relation
generated by a; - a, ~ ap for all a, ay € X. Similarly, one calculates the first
reduced cohomology group:

RH'(Z: T') = Fun(Orb(X), I').

We finish with a comparison between the (co)homology of an LCS (A, -, +)
and the (co)homology of its underlying cycle set (A, - ), as defined in [Lebed and
Vendramin 2015]. Recall that the homology HnCS(A; ') of (A, ) is computed by
the complex (I'4™), §€5) where

n—1

CS i—1
an (a]9"'aan)=2(_1)l ((ai'ala"'5ai'ai—1’ai'ai+1’"'7ai'an)

i=l _(ala~~~’ai—laai+la~'~aan))~

Dually, the cohomology H((A; I') of (A, -) is computed from the complex

(Fun(A™",T), dg), with 9sf = fods3).

Denoting by (—1)? the sign of the permutation o, define S, : TA™) — RC,(A;T)
as the composition of the antisymmetrization map

ya, ..., ap) — Z (=D%y (@), - Ao (n-1), an)

oeSym,_,;
and the obvious projection I'4™) — RC, (A; ).

Proposition 2.6. Let (A, -, +) be a linear cycle set and I" be an abelian group.
The map S defined above yields a map of chain complexes

Sy (DA™ 5SSy & (RC,(A;T), 8,).

Proof. One has to compare the evaluations of the maps 9,5, and S, — 18,?5 on
y(ai, ..., ay). For this, it is convenient to use the decomposition

n—1
=Y (=1)dy
i=0

from (2-5)—(2-7). For 0 < i <n — 1, the map 9,.; S,, is zero: in its evaluation, the
terms £y (...,a; +ag,...) and Fy(...,ar +aj,...), with the sum at the i-th
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position, cancel. A careful sign inspection yields

an;OSn(V(ah .oy ap))
n—1

=Y (=D S (v(@i-ar. ... aiaimy.a; - Giga, - G ap)),

i=1

an;n—ISn(V(alv CI) an))

n—1
=Y (DS var L ais aign . an),

i=1
hence the maps 9,5, and S, _ BnCS coincide. O

As a consequence, one obtains the dual map
S":(RC"(A;T),98") — (Fun(A™",T), 9¢s)

of cochain complexes, and the induced maps in (co)homology.

3. Cycle-type extensions vs. reduced 2-cocycles

We now turn to a study of the reduced 2-cocycles of a linear cycle set (A, -, +),
i.e., maps f : A x A — I" (where I" is an abelian group) satisfying

(3-D fla,b+c)= f(a,b)+ f(a,c),

(3-2) fla+b,c)=f(a-b,a-c)+ f(a,c),

for all a, b, c € A. The last relation, together with the commutativity of +, yields
(3-3) fla-ba o)+ fac)=f(b-ab-c)+ f(b,o),

implying Bés( f) =0, soour f is necessarily a cocycle of the cycle set (A, -).
Among the reduced 2-cocycles we distinguish the reduced 2-coboundaries

3'(0)(a, b) =6(a-b) —6(b),
where the map 6 : A — I’ is linear.

Example 3.1. Let A and I” be abelian groups. Consider the trivial linear cycle set
structure a -« b =b over A. Amap f: A x A— T is areduced 2-cocycle of this
LCS if and only if f is a bicharacter, in the sense of the bilinearity relations

fla+b,c)=fa,c)+ f(b,c) and f(a,b+c)= f(a,b)+ f(a,c).

The reduced 2-coboundaries are all trivial in this case. Thus RH?(A; ') is the
abelian group of bicharacters of A with values in I". Observe that for the cycle set
(A, -¢), all the differentials 9/ vanish. The second cohomology group Hés (A; )
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of this cycle set thus comprises all the maps f: A x A — I, and is strictly larger
than RH?(A; I).

Example 3.2. Let A ={0, 1,2, 3} = Z/4 be the cyclic group of 4 elements written
additively. Then A is a brace with

aob=a+b+2ab and a'= (2a — Da.
The corresponding linear cycle set structure on A is given by the operation
a-b=a"'o(a+b)=(1+2a)b,

which is b when one of a, b is even, and b + 2 otherwise. Take I' = {0, 1} =Z7/2.
For amap f : Z/4 x Z/4 — Z/2, relation (3-1) means that f is of the form
f(a, b) = by (a) (where the product is taken in Z/2, and b is reduced modulo 2),
for some Y : Z/4 — Z/2. Relation (3-2) then translates as

Y(a+b) =y (b+2ab)+y(a).

The substitution b = 0 yields ¥ (0) = 0. Analyzing other values of a and b, one sees
that v (1) and ¥ (3) can be chosen arbitrarily, and v (2) has to equal ¥ (1) + ¥ (3).
The reduced 2-coboundaries are again trivial: a linear map 6 : Z/4 — Z/2 is
necessarily of the form 6(a) = at for some constant ¢ € Z/2, yielding

O(a-b)=(a-b)t =(142a)bt =bt =06(b)
(since 2a =0 in Z/2). Summarizing, one gets
RH*(Z)4;7)2) ~7)2x Z)2.

Let us now turn to the underlying cycle set (Z/4, - ). Playing with (3-3), one verifies
that its 2-cocycles are maps f : Z/4 x Z/4 — Z/2 verifying 3 linear relations:

fO, 1+ f(0,3)=0,
f@2. D+ f(@2,3)=0,
fA, D+ f£A,3)+ f3, 1)+ f(3,3)=0.
Its only nontrivial 2-coboundary is f(a, b) =ab mod 2. This implies
Zes(Z )4 2/2) = 2/ = (2/2)",
HEs(2/4:2/2) = 2/
We will now construct extensions of our LCS A by I' out of 2-cocycles, show

that any central cycle-type extension is isomorphic to one of this type, and that
reduced 2-cocycles, modulo reduced 2-coboundaries, classify such extensions.
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Lemma 3.3. Let (A, -, +) be a linear cycle set, let I" be an abelian group, and let
f:1AXx A — T beamap. Then the abelian group I" ® A with the operation

v,a)-(v,a) ="+ f(a,d),a-da), y,y el a,deA
is a linear cycle set if and only if f is a reduced 2-cocycle, i.e., f € RZ*(A; T).
Notation 3.4. The LCS from the lemma is denoted by I' ®¢ A.

Proof. The left translation invertibility for I' ®7 A follows from to the same prop-
erty for A. Properties (1-3) and (1-4) are equivalent for I' @ A to, respectively,
properties (3-1) and (3-2) from the definition of a 2-cocycle for f. The cycle set
property (1-2) follows from (1-4) and the commutativity of + . U

Lemma 3.3 and the correspondence between linear cycle sets and braces yield
the following result.

Lemma 3.5. Let (A, o, +) be a brace, let I' be an abelian group, and let f :
A X A — T be a map. Then the abelian group I & A with the product

(y.a)o(y',a)=(+y'+ fa,d),a0d), y,v' €l a,a €A,

is a brace if and only if for the corresponding linear cycle set (A, -, +), the map
f(a,b) = f(a,a-Db) is a reduced 2-cocycle.

Before introducing the notion of LCS extensions, we need some preliminary
definitions.

Definition 3.6. A morphism between linear cycle sets A and Bisamap¢:A — B
preserving the structure, i.e., for all a, a’ € A one has ¢(a +a') = ¢(a) + ¢(a’) and
¢(a-a’)=g(a)-p(a’). The kernel of ¢ is defined by Ker ¢ = ¢~'(0). The notions
of the image Im ¢ = ¢(A), of a short exact sequence of linear cycle sets, and of
linear cycle subsets, are defined in the obvious way. A linear cycle subset A’ of A
is called central if foralla € A,a’ € A’,onehasa-a’' =a’ anda’ -a = a.

For a LSC morphism ¢ : A — B, Ker ¢ and Im ¢ are clearly linear cycle subsets
of A and B respectively. Lemma 2.2 can be rephrased by stating that {0} is a central
linear cycle subset of A.

Definition 3.7. A central cycle-type extension of a linear cycle set (A, -, +) by an
abelian group I is the datum of a short exact sequence of linear cycle sets

(3-4) 0>TS>ES A0,

where I' is endowed with the trivial cycle set structure y -y’ = v/, its image ((I") is
central in E (in the sense of Definition 3.6), and the short exact sequence of abelian
groups underlying (3-4) splits.
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The adjective cycle-type refers here to the fact that our extensions are interesting
on the level of the cycle set operation - only, and trivial on the level of the additive
operation +, since we require the short exact sequences to linearly split. More
general extensions — those taking into account the additive operation as well — are
postponed until the next section. Cycle-type extensions are important, for example,
for comparing the LCS structures on the structure group of a cycle set before and
after a cycle set extension; see the introduction for more detail on structure groups,
and [Lebed and Vendramin 2015] for the cycle set extension theory.

The LCS T" @A from Lemma 3.3 is an extension of A by I" in the obvious way.
We now show that this example is essentially exhaustive.

Definition 3.8. Two central cycle-type LCS extensions
L T 4 7’
N—E-—»A and T—E - A

are called equivalent if there exists an LCS isomorphism ¢ : E — E’ making the
following diagram commute:

(3-5) r /

The set of equivalence classes of central cycle-type extensions of A by I' is denoted
by CTExt(A, I').

Lemma 3.9. Let I~ E - A be a central cycle-type LCS extension,and s : A — E
be a linear section of w. Then the map

f:AxA—E, (a,a)— s(a)-s@)—s(a-a)

takes values in ((I') and defines a reduced cocycle f € RZ*(A; T). Extensions E
and T @y A are equivalent. Furthermore, a cocycle f' obtained from another
section s’ of 7 is cohomologous to f.

Proof. The computation
n(f(a,a)) =ns(a) ns@)—ns@-a)=a-a —a-a' =0

yields Im f € Ker 7 = Im (by the definition of a short exact sequence). Hence the
map f : A x A — T can be defined by the formula f =:~! f. It remains to check
relations (3-1)-(3-2) for this map. The linearity of s and of the left translations
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tp:ar> b-a gives

fla,b+c)=s()-s(b+c)—sa-(b+c))
=s(a) - (s(b)+s(c))—s(a-b+a-c)
=s(a)-s(b)+s(a)-s(c)—s(a-b)—s(a-c)= f(a, b) + f(a, o).
hence f(a,b+c) = f(a,b)+ f(a,c), by the linearity of ¢. Similarly, one has

f(a+b,c)=s(a+b)-s(c)—s((a+b)-c)

= (s(@) +s())-s(c) —s((a-b)-(a-c))

= (s(@)-5(b)) - (s(a) -s(c))+ fla-b,a-c)—s(a-b)-s(a-c)

= f(a-b,a-c)+(f(a,b)+s(a-b))-(s(a) -s(c)) —s(a-b)-s(a-c)
(1:)f(a-b,a-c)—i—s(a'b)-(s(a)-s(c))—s(a.b)-s(a-c)
= fa-b,a-c)+s(a-b)-(s(a)-s(c)—s(a-c))
:f(a-b,a-c)—i—s(a-b)-f(a,c)

@f(a-b,a-c)—i-f(a,c).

In (1) we got rid of f (a, b) € (') since the centrality of ¢(I") yields
(fla,b)y+x)-y=(fla,b)-x)-(fa,b)-y)=x-y

for all x, y € E. This centrality was also used in (2). The relation f(a + b, c) =

f(a-b,a-c)+ f(a, c) is now obtained from the corresponding relation for f by
1

applying (.

We will next show that the linear map ¢ : I' ®rA — E, y ®a > 1(y) +s(a)
yields an equivalence of extensions. It is bijective, the inverse given by the map
x> 17 (x —s7 (x)) @7 (x) (this map is well defined since x —s7 (x) € Ker 7 =Im ().

Let us check that ¢ intertwines the cycle set operations. One has
p((y®a)- (v ®a) =y + fla,a)) ®a-a)=u(y'+ f(a,a) +s(a-a’)
=1y + fla.a) +(s(a) - s(@) — f(a,a")
=1y +s(@) -s@) =s() u(y) +s(a)-s(a)
=s(a)- ((y)+s@)) =) +s@)-y)+s@)
=p(y®a)-p(y' @®a).
We use the centrality of ¢(y’) and ¢(y). The commutativity of the diagram (3-5)
is obvious, and completes the proof.

Suppose now that the reduced cocycles f and f’ are obtained from the sections s
and s’ respectively. Put 6 =s —s’: A — E. This is a linear map with its image
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contained in Ker 7w = Im . Hence it defines a linear map 6 : A — I". To show that f
and f’ are cohomologous, we establish the property f' — f = 3'6 by computing
(f = MNa.a) = fa.a)~ f'a a)
=s(a)-s(d)—s(a-a)—s'(a)-s'(@)+s'(a-a)
=s(a)-s(@)—s(a)-s'(a@)—0(a-a)
=s(a)- (s(a") = s'(a")) ~b(a-a)
=s(a)-0(a") —b6(a-a) L) —b(a-d),
and applying (~!, where we use the centrality of (a’) in (1). U
We now compare extensions constructed out of different 2-cocycles.

Lemma 3.10. Let (A, -, +) be a linear cycle set, let I" be an abelian group, and
let f, f' € RZ*(A; T') be two reduced 2-cocycles. The linear cycle set extensions
I @©rAand " @y A are equivalent if and only if f and f" are cohomologous.

Proof. Suppose that a linear map ¢ : I' ®rA — I @7 A provides an equivalence
of extensions. The commutativity of the diagram (3-5) forces it to be of the form
o(y ®a) =(y +6(a)) ® a for some linear map 6 : A — I. Further, one computes

e((y®a)-(y' ®a) =o((y'+ fla,a)) ®a-a)
=+ fla,a)+0(a-a))®a-d,
ply@a)-p(y' ®a) = ((y +0(@) ®a)- (y' +6(a) ®d)
= +0@) + f'(a,d) ®a-a.
Thus the map ¢ entwines the cycle set operations if and only if f' — f is the
coboundary 9'6.
In the opposite direction, take cohomologous cocycles f and f’. This means that
the relation f'— f = 3'6 holds for a linear map 6 : A — T'. Repeating the arguments

above, one verifies that the map ¢(y @ a) = (y +6(a)) ® a is an equivalence of
extensions ' @A — I' @/ A. [l

Put together, the preceding lemmas yield:

Theorem 3.11. Let (A, -, +) be a linear cycle set and I" be an abelian group. The
construction from Lemma 3.9 yields a bijective correspondence

CTExt(A,T) <% RH2(A: T).

We finish this section by observing that in degree 2, the normalization brings
nothing new to the reduced LCS cohomology theory:
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Proposition 3.12. In a linear cycle set (A, -, +), every reduced 2-cocycle is nor-
malized. Moreover, one has an isomorphism in cohomology:

RH*(A;T) = RHZ(A; T).

Proof. Putting a = b = 0 in the defining relation (3-2) for a reduced 2-cocycle f,
and using the properties of the element 0 from Lemma 2.2, (0, ¢) =0 for all c € A.
Moreover, f(c,0) =0 by linearity. So f is normalized, hence the identification

RZ*(A;T) = RZ%(A; ).
In degree 1 the normalized and usual complexes coincide, yielding the desired
cohomology group isomorphism in degree 2. ([

4. Full linear cycle set cohomology

The previous section treated linear cycle set extensions of the form I' @7 A. They
can be thought of as the direct product I' @ A of LCS with the cycle set operation -
deformed by f. From now on we will handle a more general situation: the additive
operation + on I' & A will be deformed as well. Most proofs in this general case
are analogous to but more technical than those from the previous sections.

Take a linear cycle set (A, -, +) and an abelian group I'. Fori >0, j > 1, let
ShC; ;(A; I') be the abelian subgroup of @) generated by the partial shuffles

4-1) > DY@ G g1y i)
GEShr,_/'_r
taken forall 1 <r < j—1,ar € A, y € I'. Here Sh, ;_, is the subset of all the
permutations o of j elements satisfyingo (1) <---<o(r),o(r+1) < - <o ().
The term shuffle is used when i = 0. Put
Cij(A;T) =TW"" /ShC; (A T).

Recall the notation

(4_2) an;O(alv e 7an) = (al ca, ..., d] 'an)7
4-3) Opi(ay,...,ay)=(ay,...,ai+aix1,...,ay), 1<i<n—1,

from the proof of Proposition 2.1, and consider the coordinate omitting maps

@4 an . a) =@ Gt digy, ), 1<i<n.
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Combine (the linearizations of) these maps into what we will show to be horizontal
and vertical differentials of a bicomplex:

i—1

@5) o =0, 0+ Y (=D O+ (D', i>1,j>1
k=1
j—1

@-6) =3, =0 i+ DD ik (DI 020,722,
k=1

Here the empty sums are zero by convention. As before, CD (A; ') denotes the
abelian subgroup of I'4” ) generated by the degenerate (l + j)-tuples, and
C}?Ij (A; T) is the quotient F(AX('+'1>)/(C,!,)j (A;T)+ShC; j(A; T)).

Dually, for f € Fun(A*@+/) T), put

ol f=fodl,, and 8f=fod ..

where i >0, j > 1, and f is extended to Z(4” ) by linearity. Let C/(A; T") be
the abelian group of maps A*(+/) — T whose linearization vanishes on all partial
shuffles (4-1) (with y omitted), and let Cy’ (A; I') € C*/(A; I') comprise the maps
which are moreover zero on all the degenerate (i + j)-tuples.

We now assemble these data into both chain and cochain bicomplex structures
with normalization.

Theorem 4.1. Let (A, -, +) be a linear cycle set and I" be an abelian group.

(1) The abelian groups rA N >, Jj = 1, together with the linear maps 8
and 9} j above, form a chain bicomplex. In other words, the following relanons
are satisfied:

(4-7) ;o =0, i>2,j>1;
(4-8) 3, 0¢ =0, i>0,j>3;
(4-9) of ;0 =07 08, i=1,j>2.

Moreover, these maps restrict to the subgroups ShC; ;(A; ") and C,; D (A ),
and thus induce chain bicomplex structures on C; ;j(A; T") and Cy ; (A, ).

(2) The linear maps 8;., " and 3” yield a cochain bicomplex structure for the
abelian groups Fun(AX(‘+f) ), i 20,j > 1. This structure restricts to
C'J(A; T) and further to C T (A; F)

We abusively denote the induced or restricted maps from the theorem by the
same symbols 9, 9?, etc.

The proof of the theorem relies on the following interpretation of our bicomplex.
Its j-th row is almost the complex from Proposition 2.1, with a slight modification:
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the last entry in an n-tuple, to which the d,,.; with i > 0 did nothing and on which 9,.¢
acted by a left translation a, — a; - a,, is replaced with the j-tuple of last elements
behaving in the same way. In the i-th column, the first i entries of A*(+*) are never
affected; on the remaining entries the vertical differentials 9;, act as the differentials
from Proposition 2.1 computed for the trivial cycle set operation a - b = b. Alterna-
tively, the i-th column can be seen as the Hochschild complex for (A, +) with coef-
ficients in A*/, on which A acts trivially on both sides. Modding out ShC; ;(A; T")
means passing from the Hochschild to the Harrison complex in each column.

Proof. As usual, it suffices to treat only the homological statements.

Due to the observation preceding the proof, the horizontal relation (4-7) and the
vertical relation (4-8) follow from Proposition 2.1. For the mixed relation (4-9), note
that the horizontal and vertical differentials involved affect, respectively, the first i
and the last j entries of an (i + j)-tuple, with the exception of the 9,.9 component
of 3". However, this component also commutes with 3V because of the linearity
(with respect to + ) of the left translation a; - — involved.

Applying a left translation a - — to each entry of a partial shuffle (4-1), one
still gets a partial shuffle. Consequently, the horizontal differentials 3" restrict
to ShC; ;(A; T'). In order to show that the 9" restrict to ShC; ;(A; I') as well, it
suffices to check that the expression

Z (—1)0 (ag—l(z), e, aa—l(j))

(e eSh,_j,,

j—1
k
+ Z(—l) Z (—l)a ((la—l(l), ey Clo-—l(k) +ao"l(k+l)’ ceey aa—l(j))
k=1 rreSh,,j_r

+ (=1 Z(—l)a(aaflu)’ N )Y,

UEShr,jfr

is a linear combination of shuffles forall j > 1,1 <r < j—1,a; € A. Let §1, S,
and S3 denote the three sums above, and consider the classical notation

Wrjor(@r, .. ap) = > (=1 (@g-1(1ys - - dg-1(jy)

UESthj,r

for shuffles, and the convention Ll ; = LLI ; o =Id. Recall also notation (4-3)—(4-4).
The sums S; then rewrite as

S = ‘—I—’r—l,j—rajl;l + (_l)r |—I—'r,j—r—l 8;;r+1a

S3 = (—1)r Ll o1, j—r aj,;r + (_1)j Ly j—r—1 aj/;f’

r—1 ]—1
S= > (=DF Wy_q o dpu+ Y (=D Ly Bk
k=1 k=r+1
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with empty sums declared to be zero. The decomposition for S; follows from the
analysis of the two possibilities for o~ '(1) witho € Sh,. j_,, namely, o '(1)=1and
o '(1)=r+1. The decomposition for S3 corresponds to the dichotomy o '(jH=r
or 67'(j) = j. In 83, the summands with 0 '(k) =u <r <v=0"1(k+1)
and o0~ (k) = v,0 "' (k + 1) = u appear with opposite signs and can therefore
be discarded. The remaining ones can be divided into two classes: those with
o k) <o~ '(k +1) < r and those with r < 0! (k) < o~ (k + 1), giving the
decomposition above. Our S; are thus signed sums of shuffles, with the exception
of the cases r € {1, j — 1}. For r = 1, the nonshuffle terms 8};1 and —8};1 appear
in §7 and S5 respectively; they annihilate each other in the total sum. The case
r = j — 1 is treated similarly.

The possibility to restrict all the 3" and 8" to CP;(A; T) is taken care of, as
usual, by Lemma 2.2. As a consequence, one obtains a chain bicomplex structure
on C};(A; T). O

We are now in a position to define the full (co)homology of a linear cycle set:

Definition 4.2. The cycles, boundaries, homology groups of a linear cycle set
(A, -, +) with coefficients in an abelian group I" are those of the total chain complex

(cn(A; D)= Cij(A:D), dilc,, =2l + (—D"@”,,-)

i+j=n
of the bicomplex above. Dually, the cocycles, coboundaries, cohomology groups of
(A, -, +) are those of the complex

<C"(A; NH=cA:n, 9" = a;+1).

i+j=n

In the normalized case, one uses the complexes

(C,I:I(A; N =P N, an) and (C{\’,(A; N =Py, a”).

i+j=n i+j=n
We use the usual notations Q, (A; I'), etc., where Q is one of the letters Z, B, or H.

Remark 4.3. In fact our (co)chain bicomplex constructions can be refined into
bisimplicial ones.

Remark 4.4. Instead of considering the total complex of our bicomplex, one
could start by, say, computing the homology H;’, of each column. The horizontal
differentials then induce a chain complex structure on each row H;. Observe that
the first row is precisely the complex from Proposition 2.1. Its homology is then
the reduced homology of our linear cycle set.
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5. General linear cycle set extensions

Our next step is to describe what a 2-cocycle looks like for the full version of
linear cycle set cohomology theory. Such a 2-cocycle consists of two components
f,g:AxA— T, seenaselements of C''(A; ') =Fun(Ax A, ') and C%2(A; ) =
Sym(A x A, T'), respectively. Here Sym denotes the abelian group of symmetric
maps, i.e., satisfying

(5-D g(a,b)=g(b,a).
These maps should satisfy three identities, one for each component of
CA;T) =C>' AT e C (AT C™ (A T).

Explicitly, these identities read

(5-2) fla+b,c)= f(a-b,a-c)+ f(a,c),
(5-3) fla,b+c)— f(a,b)— f(a,c)=g(a-b,a-c)—g(b,c),
(5-4) gla,b)+gla+b,c)y=gb,c)+g(a,b+c).

In particular, f is a 2-cocycle of the cycle set (A, - ), and g is a symmetric 2-cocycle
of the group (A, +). The reduced cocycles are precisely those with g = 0. Further,
the 2-coboundaries are couples of maps

(5-5) fla,b)=6(a-b)—0(b),
(5-6) g(a,b) =6(a+b)—6(a)—6(b)

for some 0 : A — I.
We next give some elementary properties of 2-cocycles and 2-coboundaries.

Lemma 5.1. Let (f, g) be a 2-cocycle of a linear cycle set (A, -, +) with coeffi-
cients in an abelian group T.

(1) Forall x € A,
f0,x)=f(x,0)=0,

8(0,x) =g(x,0) =¢£(0,0).
(2) The 2-cocycle (f, g) is normalized if and only if g(0, 0) = 0.

Proof. Let us prove the first claim. The relation (0, x) = 0 follows from (5-2) by
choosing a = 0. Similarly, the relation f(x, 0) =0 is (5-3) specialized at b = c =0.
Substitutions b = 0 and either a = 0 or ¢ = 0 in (5-4) yield the last relation. Now
the second claim directly follows from the previous point. (]
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Lemma 5.2. Let (A, -, +) be a linear cycle set, let " be an abelian group, and let
f, 8: Ax A — T betwo maps. Then the set I' x A with the operations

(v.a)+ ' d)=(y+vy +gla,a), a+a),
v.a)-(y'.a) ="+ fa.a), a-a)
fory,y’ €T, a,a’ € A, is a linear cycle set if and only if (f, g) is a 2-cocycle, i.e.,
(f.g) € Z*(A;T).
Notation 5.3. The LCS from the lemma is denoted by I' ®,, A.

Proof. The left translation invertibility for I' ®,, A follows from the same property
for A. Properties (1-3) and (1-4) for I' ®, A are equivalent to, respectively,
properties (5-3) and (5-2) for (f, g). The associativity and the commutativity
of + onI"®/,A are encoded by property (5-4) for I' @, A and the symmetry
of g respectively. Finally, if (f, g) is a 2-cocycle, then Lemma 5.1 implies that
(—g(0,0), 0) is the zero element for (I' ®/ ¢ A, +), and the opposite of (y, a) is
(—y —£(0,0) —g(a, —a), —a). O

As we did in Lemma 3.5, we now translate Lemma 5.2 into the language of
braces.

Lemma 5.4. Let (A, o, +) be a brace, I be an abelian group,and f,g: Ax A —T
be two maps. Then the set I' x A with the operations
y,a)+ ', d)y=y+y +ga,d), a+ad),
(v,a)o(y,d)=(y+y' + f(a,d'), aca)

fory,y' €T, a,d’ € A, is a brace if and only if for the corresponding linear cycle
set (A, -, +), the maps

(5-7) fla,b)=—f(a,a-b)+g(a,b)
and g form a 2-cocycle (f, g) € Z*(A; T).

Proof. Recall the correspondence a - b =a~! o (a + b) between the corresponding
brace and LCS operations. It can also be rewritten as a o b = a + a * b, where the
map a — a * b is the inverse of the left translation a > a - b.

Now, given any (f, g) € Z%>(A; T'), the formulas from Lemma 5.2 describe an
LCS structure on I' x A. Its operation * reads

(y,a)x(y',a)= (' — fa,axd), axa).
The operations

y,a)+ ', d)=(@y+y +ga,ad), a+ad),
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and
(y.a)o(y',a)=(y,a)+ (y,a)x(y', a)

=(y+y — fla,axd)+ga,axd’), aod)

then yield a brace structure on I' x A. These formulas have the desired form, with
fla,a'y=—f(a,axd)+g(a axa),

which, through the substitution b = a % a’, is equivalent to (5-7).

Conversely, starting from a brace structure on I' x A of the desired form, one
sees that its associated LCS structure is as described in Lemma 5.2 with some
( f ,8)EZ 2(A; D). Repeating the argument above, one obtains the relation (5-7)
connecting f, f, and g. ([

Definition 5.5. A central extension of a linear cycle set (A, -, +) by an abelian
group I is the datum of a short exact sequence of linear cycle sets

(5-8) 0>TSES A0,

where I" is endowed with the trivial cycle set structure, and its image ¢(I") is central
in E (in the sense of Definition 3.6). The notion of equivalence for central cycle-type
LCS extensions (Definition 3.8) transports verbatim to these general extensions. The
set of equivalence classes of central extensions of A by I is denoted by Ext(A, I').

The LCS I" ®/, A from Lemma 5.2 is an extension of A by I" in the obvious
way. We now show that this example is essentially exhaustive.

Lemma 5.6. Let FL»EE»A be a central LCS extension, and let s : A — E be a
set-theoretic section of 7.

(1) The maps f,§ : A x A — E defined by
fi(a,a) s@a)-s@)—s(a-d),
g:(a,a) > s(a)+s@)—sa+a)
both take values in 1(I") and determine a cocycle (f, g) € Z*(A; I).
(2) The cocycle above is normalized if and only if s is such, in the sense of s(0) = 0.

(3) Extensions E and T" @y, A are equivalent.

(4) A cocycle (f', g') obtained from another section s’ of w is cohomologous to
(f, g). If both cocycles are normalized, then they are cohomologous in the
normalized sense.

Lemma 5.7. Let (A, -, +) be a linear cycle set, let " be an abelian group, and let
(f. 8), (f. &) € Z>(A; ') be 2-cocycles. The linear cycle set extensions T DrgA
and T @ o A are equivalent if and only if the cocycle (f, g) — (f', &) is a
normalized 2-coboundary.
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Recall that a normalized 2-coboundary is a couple of maps of the form 9'6,
where the map 6 : A — I' is normalized, in the sense of 6(0) = 0.

The proof of these lemmas is technical but conceptually analogous to the proofs
of Lemmas 3.9 and 3.10, and will therefore be omitted.

Put together, the preceding lemmas prove:

Theorem 5.8. Let (A, -, +) be a linear cycle set and " be an abelian group. The
construction from Lemma 5.6 yields a bijective correspondence

Ext(A, ') <> H3(A; T).

In other words, the central extensions of LCS (and thus of braces) are completely
determined by their second normalized cohomology groups.
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NONCOMMUTATIVE DIFFERENTIALS ON POISSON-LIE
GROUPS AND PRE-LIE ALGEBRAS

SHAHN MAJID AND WEN-QING TAO

We show that the quantisation of a connected simply connected Poisson-Lie
group admits a left-covariant noncommutative differential structure at low-
est deformation order if and only if the dual of its Lie algebra admits a pre-
Lie algebra structure. As an example, we find a pre-Lie algebra structure
underlying the standard 3-dimensional differential structure on C,[SU,].
At the noncommutative geometry level we show that the enveloping algebra
U (m) of a Lie algebra m, viewed as quantisation of m*, admits a connected
differential exterior algebra of classical dimension if and only if m admits
a pre-Lie algebra structure. We give an example where m is solvable and
we extend the construction to tangent and cotangent spaces of Poisson—Lie
groups by using bicross-sum and bosonisation of Lie bialgebras. As an ex-
ample, we obtain a 6-dimensional left-covariant differential structure on the
bicrossproduct quantum group C[SU;]»<U, (su3).

1. Introduction

It is well-known following [Drinfeld 1987] that the semiclassical objects underlying
quantum groups are Poisson—Lie groups. This means a Lie group together with a
Poisson bracket such that the group product is a Poisson map. The infinitesimal
notion of a Poisson-Lie group is a Lie bialgebra, meaning a Lie algebra g equipped
with a “Lie cobracket” § : g — g ® g forming a Lie 1-cocycle and such that its
adjoint is a Lie bracket on g*. Of the many ways of thinking about quantum groups,
this is a “deformation” point of view in which the coordinate algebra on a group is
made noncommutative, with commutator controlled at lowest order by the Poisson
bracket.

In recent years, the examples initially provided by quantum groups have led to a
significant “quantum groups approach” to noncommutative differential geometry in
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which the next layers of geometry beyond the coordinate algebra are considered,
and often classified with the aid of quantum group symmetry. The most important
of these is the differential structure (also known as the differential calculus) on
the coordinate algebra, expressed normally as the construction of a bimodule Q'
of “1-forms” over the (possibly noncommutative) coordinate algebra A and a map
d: A — Q! (called the exterior derivation) satisfying the Leibniz rule. Usually, Q'
is required to be spanned by elements of the form a db, where a, b € A. This is
then typically extended to a differential graded algebra (DGA) (2, d) of all degrees
where € is formulated as a graded algebra @ =P, Q' generated by Q* = A, Q!,
and d is a degree-one map such that d*> = 0 and the “super-Leibniz rule” holds,
namely d(én) = (d€)n+(—1)"& dn for all £ € Q", n € Q. The semiclassical version
of what this data means at the Poisson level is known to be a Poisson-compatible
preconnection (or “Lie—Rinehart connection”; see Remark 2.2). The systematic
analysis in [Beggs and Majid 2006] found, in particular, a no-go theorem proving
the nonexistence of a left and right translation-covariant differential structure of
classical dimension on standard quantum group coordinate algebras C,[G] when
G is the connected and simply connected Lie group of a complex semisimple Lie
algebra g. Beggs and Majid [2010] had a similar result for the nonexistence of
ad-covariant differential structures of classical dimension on enveloping algebras
of semisimple Lie algebras. Such results tied in with experience at the algebraic
level, where one often has to go to higher-dimensional Q', and [Beggs and Majid
2006; 2010] also provided an alternative, namely to consider nonassociative exterior
algebras corresponding to preconnections with curvature. This has been taken up
further in [Beggs and Majid 2014b].

The present paper revisits the analysis focussing more clearly on the Lie algebraic
structure. For left-covariant differentials on a connected and simply connected
Poisson-Lie group, we find (Corollary 4.2) that the semiclassical data exists if
and only if the dual Lie algebra g* of the Lie algebra g admits a so-called pre-Lie
structure E : g* ® g* — g*. Here a pre-Lie structure is a product obeying certain
axioms such that the commutator is a Lie algebra, such objects also being called left-
symmetric or Vinberg algebras; see [Cartier 2009] and [Burde 2006] for two reviews.
Our result has no contradiction to g being semisimple and includes quantum groups
such as C,[SU>], where we exhibit the pre-Lie structure that corresponds to its
known 3-dimensional calculus in [Woronowicz 1989].

Even better, the duals g* for all the quantum groups C,[G] are known to be
solvable [Majid 1990a] and it may be that all solvable Lie algebras admit pre-Lie
algebra structures, a question posed by Milnor; see [Burde 2006]. This suggests
for the first time a systematic route to the construction of left-covariant differential
calculi for all C,[G], currently an unsolved problem. We build on the initial analysis
of this example in [Beggs and Majid 2006]. Next, for the calculus to be both left
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and right covariant (i.e., bicovariant), we find an additional condition (4-6) on E
which we relate to infinitesimal or Lie-crossed modules with the coadjoint action;
see Theorems 3.1 and 4.1.

The paper also covers in detail the important case of the enveloping algebra
U(m) of a Lie algebra m, viewed as a quantisation of m*. This is a Hopf algebra
so, trivially, a quantum group, and our theory applies with g = m* an abelian
Poisson—Lie group with its Kirillov—Kostant Poisson bracket. In fact our result in
this example turns out to extend canonically to all orders in deformation theory, not
just the lowest semiclassical order. We show (Proposition 4.4) that U (m) admits
a connected bicovariant differential exterior algebra of classical dimension if and
only if m admits a pre-Lie structure. The proof builds on results in [Majid and
Tao 2015b]. We do not require ad-invariance but the result excludes the case that
m is semisimple since semisimple Lie algebras do not admit pre-Lie structures
[Burde 1994]. The m that are allowed do, however, include solvable Lie algebras
of the form [x;, f] = x;, which have been extensively discussed for the structure of
“quantum spacetime” (here x; and ¢ are now viewed as space and time coordinates,
respectively), most recently in [Beggs and Majid 2014a]. In the 2-dimensional
case we use the known classification of 2-dimensional pre-Lie structures over C in
[Burde 1998] to classify all possible left-covariant differential structures of classical
dimension. This includes the standard calculus previously used in [Beggs and Majid
2014a] as well as some other differential calculi in the physics literature [Meljanac
et al. 2012]. The 4-dimensional case and its consequences for quantum gravity are
explored in our related paper [Majid and Tao 2015a].

We then apply our theory to the quantisation of the tangent bundle and cotangent
bundle of a Poisson-Lie group. In Section 5, we recall the use of the Lie bialgebra
g of a Poisson-Lie group G to construct the tangent bundle as a bicrossproduct
of Poisson-Lie groups and its associated “bicross-sum” of Lie bialgebras [Majid
1995]. Our results (see Theorem 5.6) then suggest a full differential structure,
not only at semiclassical level, on the associated bicrossproduct quantum groups
CIG]w< U, (g*) in [Majid 1990a; 1990b; 1995]. We prove this in Proposition 5.7
and give C[SU,]»< U, (su3) in detail. Indeed, these bicrossproduct quantum groups
were exactly conceived in the 1980s as quantum tangent spaces of Lie groups. In
Section 6, we use a pre-Lie structure on g* to make g into a braided-Lie biaglebra
[Majid 2000] (see Lemma 6.1). The Lie bialgebra of the cotangent bundle becomes
a “bosonisation” in the sense of [Majid 2000] and we construct in some cases a
natural preconnection for the semiclassical differential calculus. As before, we
cover abelian Lie groups with the Kirillov—Kostant Poisson bracket and a restricted
class of quasitriangular Poisson-Lie groups as examples.

Most of the work in the paper is at the semiclassical level but occasionally we
have results about differentials at the Hopf algebra level as in [Woronowicz 1989],
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building on [Majid and Tao 2015b]. We recall that a Hopf algebra A is an algebra
equipped with a compatible coalgebra and an “antipode” § in the role of inverse.
We denote the coproduct A : A — A® A by the Sweedler notation Aa = a() @ a).
A differential calculus (2!, d) on a Hopf algebra is called left-covariant if Q!
is a left A-comodule with coaction A; : Q! — A ® Q! satisfying Ay (a db) =
ambay ® ap)ydb) for all a, b € A. Similarly for a right-covariant calculus with
structure map Ag : Q! — Q! ® A satisfying Ag(adb) = aydb) ® ap)ba). A
calculus is bicovariant if it is both left- and right-covariant. A left-covariant calculus
can always be put in the form Q' = A ® A! as a left A-module, where A! is the
space of invariants under the left coaction, and in the bicovariant case extends
canonically to a differential graded algebra 2 [Woronowicz 1989].

2. Preliminaries

2A. Deformation of noncommutative differentials. We follow the setting given in
[Beggs and Majid 2006]. Let M be a smooth manifold and consider the deformation
of the coordinate algebra C*° (M) by replacing the usual commutative point-wise
multiplication (usually omitted) with a new multiplication e of the form a eb =
ab+ O() for all a, b € C*(M). The noncommutativity of the new product
can be expressed in a bracket {,} : C*(M) @ C*(M) — C*°(M) defined by
[a,bl. =aeb—Dbea = A{a, b} + O(1%). We assume that we are working in a
deformation setting where we can equate order by order in A. Then it is well-known
that the new product » is associative up to order O (A2) if and only if the bracket { , }
is a Poisson bracket. We denote the associated bivector by 7, so {a, b} = 7w (da, db).

In the same spirit, however, one can likewise consider the deformation of differ-
ential forms. The n-forms Q" (M) and exterior algebra Q2 (M) are identified with
their classical counterparts as vector spaces. But now Q!(M) is equipped with
new left/right actions aet =at 4+ O(X) and T ea = ta + O(X). The deformed
derivation d, : Q*(M) — Q"t1(M) is of the form d,a = da + O (1). Define a linear
map y : C®(M) ®@ QY (M) — Q1(M) by

aet—T1ea=|a,t].=\y(a, t)—i—O()»z).

It was shown in [Hawkins 2004; Beggs and Majid 2006] that for Q' (M) with
new left/right actions to be a (C°°(M), » )-bimodule up to order o(\?) requires the
associated map y to satisfy

2-1) y(ab,t)=y(a,t)b+ay(, 1),
(2-2) y(a,bt) =by(a, )+ {a, b}t.

If d, is a derivation up to order O (A?), then y should also satisfy

(2-3) d{a, b} =y (a,db) —y (b, da),
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where d : C®°(M) — Q!(M) is the usual exterior derivation.

Definition 2.1. Any map y : C®°(M)® Q' (M) — Q!(M) satisfying (2-1) and (2-2)
is called a preconnection on M. A preconnection y is said to be Poisson-compatible
if (2-3) also holds.

Such preconnections can arise by pullback along the map that associates a Hamil-
tonian vector fields a = {a, —} to a function a € C*®° (M), i.e., y (a, —) = V; for a co-
variant derivative defined at least along Hamiltonian vector fields, in which case the
remaining (2-3) appears as a constraint on its torsion. From the analysis above, we
see that a Poisson-compatible preconnection controls the noncommutativity of func-
tions and 1-forms, and thus plays a vital role in deforming a differential graded alge-
bra Q2 (M) at lowest order, parallel to the Poisson bracket for C°° (M) at lowest order.

Remark 2.2. As pointed out by the referee, a Poisson-compatible preconnection
in Definition 2.1 can be seen as an example of a Lie—Rinehart connection; cf.
[Huebschmann 1990]. If M is a Poisson manifold then the pair (C®(M), Q1 (M))
forms a Lie-Rinehart algebra with Q' (M) a Lie algebra by [da, db] = d{a, b} for all
a,beC® (M), where (2'(M), [, ]) acts on C*®*(M) by (da)>b=m(da, db) ={a, b}
for all a, b € C°°(M). In this context we can consider a Poisson-compatible
preconnection as a covariant derivative V,, along 1-forms n € Q'by Ve, =y(a, —)
extended C°°(M)-linearly, i.e., a Lie—Rinehart connection in this context. Here
(2-2) appears as the connection property V,(at) = 7 (n, da)t +aV,t while (2-3)
appears as the further property [n, 7] =V,7 — V pforall n, 7 € Ql(M).

2B. Poisson-Lie groups and Lie bialgebras. Throughout the paper, we mainly
work over a Poisson—Lie group G and its Lie bialgebra g. By definition, the Poisson
bracket {, } : C*°(G) ® C*(G) — C*°(G) is determined uniquely by a so-called
Poisson bivector 1 =7V @ 7@, ie., {a, b} = 7V (da)7® (db). Then g is a Lie
bialgebra with Lie cobracket § : g — g ® g given by

50 = Sxg e r (7| .
where g = exptx € G for any x € g. The map § is a Lie 1-cocycle with respect
to the adjoint action, and extends to group 1-cocycles D(g) = (R,-1).7(g) with
respect to the left adjoint action and DY (g) = (L ¢-1)x7(g) with respect to the right
adjoint action, respectively. Here DY and D are related by DY (g) = Ad,-1 D(g)
and thus are equivalent. We recall that a left group cocycle means

Duv) =Du)+ Ad,(D(v)) forall u,ve G, D(e)=0.

When G is connected and simply connected, one can recover D for a given § by
solving
dD(x)(g) = Adg(8x), D(e) =0,
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where X is the left-invariant vector field corresponding to x € g. We then recover
the Poisson bracket by 7 (g) = Ry« (D(g)) for all g € G. These notions are due to
Drinfeld and an introduction can be found in [Majid 1995].

For convenience, we recall that a left g-module over a Lie algebra g is a vec-
tor space V together with a linear map > : g ® V — V such that [x, y]>v =
x> (yev)—ye(x>v) forall x, y € g and v € V. Dually, a left g-comodule over a
Lie coalgebra (g, §) is a vector space V together with a linear map o : V — g® V
such that (6 ®id) oo = ((id —7) ®id) 0 (1d®J) ocx. Over a Lie bialgebra (g, [, ], §), a
left g-crossed module (V, >, ) is both a left g-module (V, ) and a left g-comodule
(V, a) such that

a(xeov)=(x, |Qid+id® x>)a(v) +5(x)>v

for any x € g, v € V. When g is finite-dimensional, the notion of a left g-crossed
module is equivalent to a left g-module (V, ) that admits a left g*°P-action >’
satisfying

(2-4) by V(D). X) +x(1) > v(P, x2)) = x> (' V) — P (x> )

for any x € g, ¢ € g* and v € V, where the left g*°P-action " corresponds to the
left g-coaction o above via ¢’ v = (¢, vD)v® with a(v) = vV @ v®. Therefore,
a left g-crossed module is precisely a left D(g)-module, where D(g) is the Drinfeld
double of g; see [Majid 1995]. For brevity, we call a left g-module V with linear
map > : g* ® V — V (not necessarily an action) such that (2-4) holds a left almost
g-crossed module.

2C. Left-covariant preconnections. The algebra of functions on a Poisson-Lie
group G typically deforms to a noncommutative Hopf algebra A and a semiclassical
analysis of the covariance of a differential structure was initiated in [Beggs and Majid
2006] in terms of preconnection y. By definition, a preconnection y is said to be
left-covariant (right-covariant, or bicovariant) if the associated differential calculus
on (C*(G), ») is left-covariant (right-covariant, or bicovariant) over (C*°(G), »)
up to O(A?). [Beggs and Majid 2006, Lemma 4.3] gives a precise characterisation
of this in terms of a map E as follows.

We first explain the notations used in [Beggs and Majid 2006]. We recall that there
is a one-to-one correspondence between 1-forms '(G) and C*®(G, g*), the set of
smooth sections of the trivial g* bundle. For any 1-form 7, define 7 € C*°(G, g*) by
letting T, = L} (7). Conversely, any s € C*°(G, g*) defines an 1-form (denoted by 5)
by setting §, = L*—l (s(g)). In partlcular we know da € Q!(G) and da e C>®(G, g%
for any a € C°°(G) Denote da by Ly, then

(La(g). v) = (da(g), v) = (L}((da)y), v) = ((da),. (Lg),v) = (L), (v)a,
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which is the directional derivation of a with respect to v € g at g.

Using the above notations, a preconnection y can now be rewritten on g*-valued
functions as 7 : C®°(G) x C®(G, g*) — C®(G, g*) by letting 7 (a, T) = y (a, 7).
Note that for any ¢, v € g* and g € G, there exist a € C°°(G) s € C*(G, g%
such that L, (g) = ¢ and s(g) = . One can define amap E: G x g* x g* — g* by

7(a,$)(g) = {a, s}(g) + B(g, La(g), 5(2)).

For brevity, the notation for the Poisson bracket is extended to include g*-valued
functions on one side.

Beggs and Majid [2006, Proposition 4.5] show that a preconnection y is left-
covariant if and only if E(gh, ¢, ¥) = E(h, ¢, ) forany g, h € G and ¢, ¥ € g*.
Hence for a left-covariant preconnection the map Z defines a map E:g*®g* — g*
by E(¢, ) = Z(e, ¢, ¥) and conversely, given B : g* ® g* — g*,

(2-5) 7(a,$)(g) =1la,s}(g) + E(La(g), s(g))

defines the corresponding left-covariant preconnection y. In addition, Beggs and
Majid [2006, Proposition 4.6] show that a left-covariant preconnection is Poisson-
compatible if and only if the corresponding E obeys

(2-6) E(9.¥) —EW. 9) =[0. Vg

for all ¢, ¢ € g*.

Based on these results, we can write down a formula for the preconnection y in
coordinates. Let {e;} be a basis of g and { f’} be the dual basis of g*. Let {w'} be
the basis of left-invariant 1-forms that is dual to {0;} the left-invariant vector fields
(generated by {e;}) of G. Then the Maurer—Cartan form is

szwiei € QI(G, 9).
i

For any n = Y, nio' € Q'(G) with n; € C*(G), we know 7 corresponds to
=Y ;nif €C>®(G,g"). On the other hand, any s = Y, 5; f' € C®(G, g*) with
si € C*°(G) corresponds to § =) ; siw' € QY(G). In particular, da = Zi(aia)fi.
Foranya € C*(G)andt =) ; o' € QY (G), we know {a, T} = > ia, 7} fl
and
E(da(g). 7(g)) = E(Z(a,-axg)f", > r,-(g)ff)
i j
=Y @)@ (E(f, f7)
i,J
=Y @a) QT (E, f7), ex) £,

i,j.k
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SO

V(a, D)= Z({a, w}+ ) @@ (B, 1), ek))fk-
i,j

k

If we write & = (E(f*, f1), ex) (or E(f*, f)) =Y, EY f*) for any i, j, k, then
we have

(2-7) y(a, )= Z({a, wh+ ) EZj(aia)fj)wk-
k i,j

In particular, we have a more handy formula,

28)  y@w)=) Ga)E(f ) e =) E@a)o’ forall ).
i,k ik
3. Bicovariant preconnections

Beggs and Majid [2006, Theorem 4.14] show that y is bicovariant at the Poisson—Lie
group level if and only if

B-1)  E(p,¥)—Adl | E(A; ¢, Ady ) =¢ (g 'n V(@) ad} o, ¥

for all g € G and ¢, ¥ € g*. We now give a new characterisation in terms of Lie
bialgebra-level data.

Theorem 3.1. Let G be a connected and simply connected Poisson—Lie group. A
left-covariant preconnection on G determined by & : g* ® g* — g* is bicovariant if
and only if (ad*, — E) makes g* into a left almost g-crossed module, or explicitly,

(3-2) adi B(¢, ¥) — E(ady ¢, ¥) — E(d, ady ¥) = ¢ (x1)) ady , (V)

forall x e gand ¢, € g*, where 6(x) = x1) ® x2). This is equivalent to
(3-3) 8pE(P, V) — E(d), ¥) @ P2y — E(P, Y1) ®Y2) = V(1) ® [P, ¥2)lg

forall ¢, € g*.

Proof. We first show the “only if”” part. To obtain the corresponding formula at the
Lie algebra level for (3-1), we substitute g with exp rx and differentiate at r = 0.
Notice that d Ad*(exptx)/dt|,_, = ad} and Ad*(exptx)|,_, = idg:. This gives
(3-2) as stated, where §(x) =x1) Q@ x(2) = dg_1 P(g)/dt],_, when g = exptx. Now
denote ad} by x> and let —E(¢, ) = ¢, the left g*°P-action; then the left-hand
side of (3-2) becomes

—x> (P> V) +éa) > Vb)), x) +o> (x> ),
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while the right-hand side is

P (xay ady, (V) = —¢(xp) ady | (V) = —xq) > ¥ ($, x2)).

Hence (3-2) is the content of

by > V(P X) +xy> ¥ (P, x0) = x> () —d> (x> V)

in our case, i.e., that g* is a left almost g-crossed module under (ad*, — E).
Conversely, we can exponentiate x near zero, and solve the ordinary differential
equation (3-2) near g = e. It has a unique solution (3-1) near the identity. Since the
Lie group G is connected and simply connected, one can show that (3-1) is valid
on the whole group.
Notice that ad} ¢ = ¢(1)(¢(2), x) for any x € g and ¢ € g*, so the left-hand side
of (3-2) becomes

—Z2(¢, v)1)(E(@, ¥)(2), x) — E(P1), V) (D), x) — E(d, Y1) (¥, X),
while the right-hand side of (3-2) is

SCxaNY (V). x@) =¥ ld, Yol x),
thus (3-2) is equivalent to (3-3) by using the duality pairing between g and g*. [J

4. Flat preconnections

As in [Beggs and Majid 2006], the curvature of a preconnection y is defined on
Hamiltonian vector fields x = {x, —} by

R, VT =y, vy, 1) =y, v, 1) —y(x,y},7) forall e Q(G),

which agrees with the covariant derivative curvature along Hamiltonian vector
fields X, y when this applies, on noting that [X, y] = {;,\y}. The curvature of a
preconnection reflects the obstruction to the Jacobi identity on any functions x, y
and 1-form t up to third order, namely

[x, [y, TL). + [y, [T, xL.1 4+ [T, [x, yL.l. = A*R (&, $) () + O(17).

This is the deformation-theoretic meaning of curvature in this context. We say a
preconnection is flat if its curvature is zero. This takes a similar form in terms of 7,
namely

(4'1) )7(xv )7()’,3))_)7()%?(X»S))_);({x,y}as)zo
forall x, y € C*°(G) and s € C*(G, g*).

Theorem 4.1. Let G be a connected and simply connected Poisson—Lie group with
Lie algebra g and y a Poisson-compatible left-covariant preconnection.
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(1) v is flat if and only if the corresponding map — E is a right g*-action (or left
g*°P-action) on g*,

4-2) B¢, ¥lg. O) =E(P, EW, 0 —EW, E(@,{) forall .4, ¢ g

(ii) y is bicovariant and flat if and only if (ad*, —EB) makes g* a left g-crossed
module.

Proof. Let y be a Poisson-compatible left-covariant preconnection on a Poisson-Lie
group G. Firstly, we can rewrite formula (4-1) in terms of E : g* ® g* — g*. By
definition, the three terms in (4-1) become

7, 7, ) (9) =[x,y s1g) + x, B(Ly(g), 5(9)))
+E(L:(9), {1, 8)(9) + E(Lx(8), E(Ly(g), 5(2))),

7, 7@, 9))(©) = {y, {x,51}(8) + {y, E(L.(2). 5(2)))

+E(Ly(g), {x,s}(9) + E(Ly(g), E(L:(g), 5(8))),
and
yUx, ¥} 5)(@) = {{x, v}, s}(g) + E(Lx,y)(8), s(8)).

Cancelling terms involving the Jacobi identity of a Poisson bracket, formula (4-1)
becomes

{x, B(Ly(g), (g} + E(L:(9), {y,5)(8) + E(Lx(g), E(Ly(g), 5(g)))
—{y, E(Lx(8), s(&)} — E(Ly(), {x, s}(g) — E(Ly(g), E(Lx(g), 5(2)))
= E(L.(2), 5(8)).

Note that since y is Poisson-compatible, this implies
Loy (@ =70, L)) —7 (. Lo)(g)
={x, L,}(g) + B(L(2), Ly(g)) — ¥, L:}(&) — E(Ly(g), L, (2)).

and {x, (L, (g), s(9)} = E({x, Ly}(g). 5(8) +E(Ly(g). {x. 5}(g)) by the deriva-
tion property of {x, —}. In this case (4-1) is equivalent to

4-3) E(Lx(g), E(Ly(g),5(2)) — E(Ly(g), E(Lx(g), 5(2)))
= E(E(Lx(9). Ly(8) — E(Ly(9). Ly (2)). 5(2))

forall x, y € C*(G) and s € C*(G, g*).

Now if y is flat, we can evaluate this equation at the identity e of G, and for any
¢, ¥, gt setp=L,(e), ¥ =Ly(e) and ¢ = s(e) for some x, y € C*(G) and
s € C*(G, g*). Then (4-3) becomes

E(E(@. V) - E(Y.¢),0)=E(¢, E(Y.{)) - B, (@, 7).
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Using compatibility again, we get (4-2) as displayed. This also shows E is a left
g*-action on itself, or g* is a left g*°P-module via — 2.

Conversely, if g* is a left g*°P-module via > : g* ® g* — g* and such that
— oY+ =[¢, Ylg, i.e., (4-2) holds. This implies (4-3) for any x, y € C*(G),
s € C*(G, g*), which is equivalent to (4-1).

The second part of the theorem combines the first part with Theorem 3.1. [J

4A. Preconnections and pre-Lie algebras. Now we recall the notion of a left pre-
Lie algebra (also known as a Vinberg algebra or left symmetric algebra). An algebra
(A, o), not necessarily associative, with product o: A® A — A is called a (left)
pre-Lie algebra if the identity

4-4) (xoy)oz—(yox)oz=xo0(yoz)—yo(xo02)

holds for all x, y, z € A. From the definition, every associative algebra is a pre-Lie
algebra and meanwhile every pre-Lie algebra (A, o) admits a Lie algebra structure
(denoted by g4) with Lie bracket given by

(4-5) [x,ylg, :=x0y—yox

for all x, y € A. The Jacobi identity of [, ]g, holds automatically due to (4-4). With
this in mind, we can rephrase Theorems 3.1 and 4.1 as follows.

Corollary 4.2. A connected and simply connected Poisson—Lie group G with Lie
algebra g admits a Poisson-compatible left-covariant flat preconnection if and

only if (g%, [, lg) admits a pre-Lie structure E. Moreover, this left-covariant
preconnection is bicovariant if and only if E in addition obeys

(4-6) 8g:E(d, V) — E(P, Y1) @Y — Y1) ® E(@, ¥(2))

= 8(¢0), V) ®b2) — V1) ® E(Y(2), P)
forall ¢,y € g*.

Proof. The first part is shown by (2-6) and (4-2). For the bicovariant case, the
additional condition on E is (3-3). Using compatibility and rearranging terms, we
know that (3-3) is equivalent to (4-6) as displayed. U

Example 4.3. Let m be a finite-dimensional Lie algebra and G = m* be an abelian
Poisson-Lie group with its Kirillov—Kostant Poisson-Lie group structure {x, y} =
[x, y] forall x, y e m C C*°(m*) or S(m) in an algebraic context. By Corollary 4.2,
this admits a Poisson-compatible left-covariant flat preconnection if and only if m
admits a pre-Lie algebra structure o. This preconnection is always bicovariant as
(4-6) vanishes when Lie algebra m* is abelian (8, = 0). Then (2-7) with E = o
implies
y(x,dy)=d(xoy) forall x,yem.
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(Note that (i} is a constant-valued function in C*°(G, m), so {x, ci}} = 0 and
y(x,dy) = E(x, y).)

In fact the algebra and its calculus in this example work to all orders. Thus the
quantisation of C*°(m*) is U, (m), defined as a version of the enveloping algebra
with relations xy — yx = A[x, y] for all x, y € m, where we introduce a deformation
parameter. If m has an underlying pre-Lie structure then the above results lead to
relations

[x,dy]=Ad(xoy) forall x,yem,

and one can check that this works exactly and not only to order A precisely as a
consequence of the pre-Lie algebra axiom. The full result here is:

Proposition 4.4. Let m be a finite-dimensional Lie algebra over a field k of char-
acteristic zero. Then connected bicovariant calculi Q! of classical dimension (i.e.,
dim A' =dim m) on the enveloping algebra U (m) are in one-to-one correspondence
with pre-Lie structures on m.

Proof. A differential calculus is said to be connected if ker d =k1 (as for a connected
manifold classically). It is clear from [Majid and Tao 2015b, Propositions 2.11
and 4.7] that a bicovariant differential graded algebra on U (m) with left-invariant
1-forms m as a vector space corresponds to a 1-cocycle Z!(m, m) that extends to a
surjective right m-module map w : U(m)* — m. Here the derivation

d:Um) > QUmM))=Um)@m

is given by da = a1y ® w((a())) for any a € U(m). Suppose that @ is such a
map; we take { = |y, € Z1(m, m). For any x € m such that ¢(x) = 0, we have
dx =1 Q®w(x) =0, then kerd = k1 implies x = 0, so ¢ is an injection, hence a
bijection as m is finite-dimensional. Now we can define a producto: m®m — m
by x oy = —¢~'(£(y) <x). The 1-cocycle property ¢ ([x, y]) = £(x) <y — ¢ (y) <x
implies [x, y] =¢ 7' (¢(x) <y —¢(y) <x) = —yox+xoy forall x, y € m. Hence
this makes m into a left pre-Lie algebra as

[x,yloz=—¢"' () <lx, y])
=N (¢ () ay) ax) — ¢ (L (2) ax) ay)

=xo(yoz)—yo(xo02).

Conversely, if m admits a left pre-Lie structure o, then y <x = —x o y makes
m into a right m-module and ¢ = idy,, the identity map, becomes a bijective 1-
cocycle in Zi (m, m). The extended map w : U(m)™ — m and the derivation
d:U(m) — U(m)®m are given by o(x1x2---x,) = ((x1 <x3) <- - - <x,,) for any
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X1x2 - x, € U(m)T and

d(xixz -+ xp) = Z Z Xo(1)** Xo(p) @O Xa(pt1) - Xo(n))
p=0 oeSh(p,n—p)

for any x1x, - - - x, € U(m), respectively. We need to show that kerd = k1. On
the one hand, k1 C kerd, as d(1) = 0. On the other hand, denote by U, (m) the
subspace of U (m) generated by the products x;x; - - - x,,, where xy, ..., x, € m and
p < n. Clearly, Uy =kl, Uy(m) =kl ®&m, U,(m)U,;(m) € Up,1,(m) and thus
(U, (m)),>0 is a filtration of U (m). In order to show kerd C k1, it suffices to show
that the intersection

(kerd)NU,(m) =k1 for any integer n > 0.

We prove this by induction on n > 0. It is obvious for n = 0, and true for n = 1
as,foranyv=7y ;x; € (kerd)Nm, 0=dv=), 1 Qw(x;) =), ] ®x; implies
v = Zi x; = 0. Suppose that (kerd) N U,—;(m) = k1 for n > 2. For any v €
(kerd) N U,(m), without loss of generality we can write v =) x; X, - - - x;, + V',
where X, €m and v’ is an element in U,_;(m). We have

n
dv= E 1®w(xi -+ xi,) + E E :xil s X xl/xl(/+1) " Xy ®xi./
i i j

n—2
/
+ : : Z : : : xia(l) o 'xia(r) ®a)(xio(rJrI) e xio(n)) +dv N

i r=1o0eSh(r,n—r)

We denote the elements

u;.

j =Xy 'Xi(j xl] xl(JJr]) s Xy, € Un—l(m)

b
for any i, 1 < j <n. Except the term »_; > " =1 Ui; ® x;;, all the summands in dv
lie in U,_>(m) @ m, thus ), Zr;:l ui; ® x;; also lies in U, —2(m) ® m as dv = 0.
This implies ) Z?:l ui; x;; = v” for some element v € U, (m). Rearrange this
and add n — 1 copies of ) ; u;,x;, = D _; X;, X, - - - x;, on both sides; we get

.
nE Xiy e Xi, = E Ex,1~ “Xig oy Xy Xipyy X, 1V
i

therefore,
1 " /
E E Xiy e Xig_y, xlj,x,/+,---x,-,l]+,;v +v e Uy,—1(m).

Thus, we see that v actually lies in (kerd) N U, —;(m), hence v € k1 by assumption.
Hence (kerd) N U, (m) = k1 for any n > 0, which completes the proof. O
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We apply this to U, (m). Because the Hopf algebra here is cocommutative, the
canonical extension to a DGA is by the classical exterior or Grassmann algebra on
A! = m with dA! = 0. To make contact with real classical geometry in the rest of
the paper, the standard approach in noncommutative geometry is to work over C
with complexified differential forms and functions and to remember the “real form”
by means of a *-involution. We recall that a differential graded algebra over C is
called a %-DGA if it is equipped with a conjugate-linear map * : 2 — €2 such that

x> =1id, (EAn = (=DEMpAg*  dE") = (dE)*

for any &, n € Q2. Let m be a real pre-Lie algebra, i.e., there is a basis {¢;} of m
with real structure coefficients. Then this is also a real form for m as a Lie algebra.
In this case, e = e; extends complex-linearly to an involution * : m — m, which
then makes Q (U, (m)) a x-DGA if .* = —A, i.e., if A is imaginary. If we want A
real then we should take e] = —e;.

Example 4.5. Let b be the 2-dimensional complex nonabelian Lie algebra defined
by [x, ] = x. It admits five families of mutually nonisomorphic pre-Lie algebra
structures over C [Burde 1998], which are

b1y tox=—x, tot=uwt,

bzﬁ#oi xot=8x, tox=(B—1x, tot=P}pt,
b3 : tox=—x, tot=x—t,

by : Xox =t, tox =—x, tot =-2t,
bs : xXot=ux, tot=x++t,

where o, B € C. (Here bj g = by 0, so we let 8 # 0.) Thus there are five families of
bicovariant differential calculi over U, (b):

QUU(b14):  [t.dx]=—idx, [f,dr]=rads;

QU (b2p20) : [x,dt]=2Bdx, [t,dx]=A(8—1)dx, [t,dr]=2Bdt;
QLU (b3)) [t,dx]=—Adx, [f,df]=Ardx—Ards;

QLU (by)) [x,dx]=xdr,  [t,dx]=—Ardx, [t,dr] = —2xdr;
QLU (b)) : [x,df]=Adx, [r,df]=Ardx+Adr.

All these examples are *-DGAs with x* = x and t* = ¢t when A* = —A as {x, t}
is a real form of the relevant pre-Lie algebra. We also need for this that « and 8
are real. The further noncommutative geometry of by , and b; g in 4-dimensional
cases is studied in [Majid and Tao 2015a].
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Example 4.6. For g € C, g # 0, we recall that the Hopf algebra C,[SL;] is, as an
algebra, a quotient of a free algebra C(a, b, ¢, d) modulo relations

ba =qab, ca=gqac, db=gqgbd, dc=qcd, bc=cbh,
ad —da= (g ' —q)bc, ad—q 'bc=1.

Writing the generators a, b, ¢, d as a single matrix, the coproduct, counit and
antipode of C,[SL,] are given by

s(a)=(e0)e(cn) (=07 s(a)-(L5% %)

where we understand A(a) =a®a+b®c, €(a) =1, S(a) =d, etc. By definition,
the quantum group C,[SU>] is Hopf algebra C,[SL,] with g real and *-structure

a* b*\ d —q7'c

c* d*)  \—qb a )’
We use the conventions of [Majid 1995] and refer there for the history, which is
related both to [Woronowicz 1989] and the Drinfeld theory [1987].

On C,[SUy], there is a connected left-covariant calculus Q! (C4[SU]) in [Woro-
nowicz 1989] with basis, in our conventions,

o’ =dda—gbde, wt=ddb—qgbdd, o =gadc—cda

of left-invariant 1-forms which is dual to the basis {9y, +} of left-invariant vector
fields generated by the Chevalley basis {H, X1} of sup (so that [H, X1] = 42X
and [ X4, X_] = H). The first-order calculus is generated by {0, ot} as a left
module while the right module structure is given by the bimodule relations

a)of — q2|f|fa)0, a)if — qlflfwi
for homogeneous f of degree | f|, where |a| = |c| =1, |b| = |d| = —1, and with
exterior derivatives
da = a0’ + ¢ 'bw*, db=—q¢"%ho’ +aw™,
de = ca’® +q¢ 'dot, dd= —q_zdwo +co™.
These extend to a differential graded algebra €2 (C,[SU,]) that has same dimension
as classically. Moreover, it is a x-DGA with

o =—0, o=—¢ o7, o F=—go’.

Since C,[SU;] and 2(C,[SU»]) are g-deformations, from Corollary 4.2 these
must be quantised from some pre-Lie algebra structure of su3, which we now
compute. Let

g=e"? =1+ %H 0(\?)



228 SHAHN MAIJID AND WEN-QING TAO

for imaginary A. The Poisson bracket from the algebra relations is

{a,b}=—’§ab, {a,c}=—’§ac, {a,d}y=—1bc, {b,c}=0,

__1t - _!
{b,d} = 2ba’, {c.d} 2cd.

The reader should not be alarmed by the : as this is a “complexified” Poisson

bracket on C*°(SU,, C) and is a real Poisson bracket on C*°(SU,, R) when we

choose real-valued functions instead of complex-valued functions a, b, c, d here.
As dx =), (9;x)w', we know, in the classical limit,

n(a)=(020) »(C0)=00) =(0)-62)

From aw® — 0% = (1 — q2)aa)0 = —1raw’ 4+ O(A?), we know that y (a, ®°) =
—1aw®. Likewise, we can get

ab AN a —b ; ) B B
V((C d>,a))—2t,(c _d)a) forall i € {0, £}, to = —21, t+ = —1.

—

Now we can compute the pre-Lie structure E : suj ® su; — su; by comparing
with (2-8), namely

a b ; i a b
(())= 2 =(a(ca)!
i,ke{0,+)

tells us that the only nonzero coefficients are

=00 __ =0+ l l
(=) = -1, S, = z, _ 5

Then
E@.0)=—14. E@ V) =—5Vs. E@ Y)=—5V-,

and E is zero on other terms, where {¢, 1/} is the dual basis of su3 to {H, X4 }.
Thus the corresponding pre-Lie structure of suj is

E(@,9)=—1¢, E(P, V)= _%1//:|: and zero otherwise.

Letting t = —21¢, x1 =1 (Y +¥_), xo =¥ —1¥_, we have a real pre-Lie structure
for suj = span{t, x1, x2}:

tot=-2t, tox;j=—x; foralli=1,2.
This is a 3-dimensional version of b; _;.
Example 4.7. Let g be a quasitriangular Lie bialgebra with r-matrix

r=rYer®eg®g.
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Then g acts on its dual g* by coadjoint action ad* and by [Majid 2000, Lemma 3.8],
g* becomes a left g-crossed module with — &, where E is the left g*-action

E(¢, ¥) = —(¢,r®)adfy, v
To satisfy the Poisson-compatibility (2-6), (g, 7) is required to obey
4-7) rDe [r(z), x|+ r?® [r(l), x]=0, ie,ryex=0, forall xeg,

where . = %(r +r»1) is the symmetric part of r and the second factor of r acts
on x via adjoint action of g. In this case g* has a pre-Lie algebra structure with
E(p, V) = —(¢p, r?P) ad:‘(l) Y by Corollary 4.2. We see in particular that every
finite-dimensional cotriangular Lie bialgebra g* is canonically a pre-Lie algebra.
More generally, if the centre Z(g) is nontrivial then any nonzero r; € Z(g)®?
combined with a triangular structure r_ gives a strictly quasitriangular r =r_ +r4
obeying (4-7). This is the full content of (4-7) since this requires that the image
of r, regarded as a map g* — g lies in Z(g) and ry is symmetric. On the other
hand, § and E are the same as computed from r_, so we may as well take ry =0
as far as our present applications are concerned.

5. Quantisation of the tangent bundle 7G = Gr<g

We will be interested in quantisation of the tangent bundle 7G of a Poisson—Lie
group G, with natural noncommutative coordinate algebra in this case provided by
a bicrossproduct [Majid 1990b; 1995].

5A. Review of bicrossproduct Hopf algebras. We start with the notions of double
cross-sum and bicross-sum of Lie bialgebras [Majid 1995, Chapter 8]. We say
(g, m, <, >) forms a right-left matched pair of Lie algebras if g and m are both Lie
algebras and g right acts on m via <, m left acts on g via > with

9. V]<E =[¢p <. ¥+, ¥ <€l+ oY) -y <(@r$),
¢, n]=[PpeE, nl+[5, oeonl+ (@<d)en—(pan)e§,

for any &, n € g, ¢, ¥ € m. Given such a matched pair, one can define the “double
cross-sum Lie algebra” ge<m as the vector space g @ m with the Lie bracket

[(S’(ﬁ)’ (n, W)]Z([faﬂ]+¢>ﬂ—‘ﬁ>§,[¢» W]+¢<”7—W<'5)

In addition, if both g and m are now Lie bialgebras with > and < making g a left
m-module Lie coalgebra and m a right g-module Lie coalgebra, such that

<& ®Ea) + b)) ®pe)>E =0

for all £ € g, ¢ € m, then the direct sum Lie coalgebra structure makes g>m into
a Lie bialgebra, the double cross-sum Lie bialgebra.
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Next, if g is finite-dimensional, the matched pair of Lie bialgebras (g, m, <, )
equivalently defines a right-left bicross-sum Lie bialgebra m >« g* built on m & g*
with

(5-1) (&, ) W, D] =, ¥]m, [f, hlg= + [ ¥ —h<¢),
(5-2) 5 =0mp+ (d—1)B(¢), Of =6,

for any ¢, ¥ € m and f, h € g*, where the right action of m on g* and the left
coaction of g* on m are induced from < and > by

(f<¢. &) =(f.6=&), BB =) f@¢<e,

forallp em, f eg*, £ egand {¢;} is a basis of g with dual basis { f'}. We refer
to [Majid 1995, Section 8.3] for the proof.

Now let (g, m, <, >) be a matched pair of Lie algebras and M be the connected
and simply connected Lie group associated to m. The Poisson-Lie group M ~« g*
associated to the bicross-sum m >« g* is the semidirect product M < g* (where g*
is regarded as an abelian group) equipped with Poisson bracket

{fsg}z()’ {5,77}=[5»77]g, {$7f}=a*$(f),

for all functions f, g on M and linear functions &, n on g*, where o, is the vector
field for the action of g on M. See [Majid 1995, Proposition 8.4.7] for the proof.
Note that here g, m are both viewed as Lie bialgebras with zero cobracket, so the
Lie bracket and Lie cobracket of the bicross-sum Lie bialgebra m >« g* is now
given by (5-1) and (5-2) but with [, Jg« =0, 8 = 0.

More precisely, let (g, m, <, >) be a matched pair of Lie algebras, with the
associated connected and simply connected Lie groups G acting on m and M acting
on g. The action < can be viewed as Lie algebra cocycle < € Zi*®7id (m, g*®m)
and under some assumptions can then be exponentiated to a group cocycle

ae Zi@AdR(M, g @m),

which defines an infinitesimal action of g on M. Hence, by evaluation of the
corresponding vector fields, a defines a left action of the Lie algebra g on C*°(M)
[Majid 1990a]:

z ~ d
(5-3) Ef)s)=as(f)(s)= Ef(s exp(tag (s))) |t_0 forall feC™(M), §€g.

We also note that m acts on M by a left-invariant vector field:

@) =S Fsexp o]
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for any ¢ e m, f € C°°(M), and these two actions fit together to an action of gs<am
on C*®°(M).

Finally, we can explain the bicrossproduct C[M] »< U, (g) based on a matched
pair of Lie algebras (g, m, <, >), where C[M] is an algebraic model of functions
on M. The algebra of C[M ]»<U, (g) is the cross product defined by the action (5-3).
Its coalgebra, on the other hand, is the cross coproduct given in reasonable cases
by a right coaction (defined by the left action of M on g)

B:g—>gQC[M], BE)(s)=sx£& forall £eg, seM.

The map B is extended to products of the generators of U, (g) to form a bicross-
product C[M]w»< U, (g) as in [Majid 1995, Theorem 6.2.2].

The Poisson—Lie group M >«g* quantises to C[M]»<U, (g) as a noncommutative
deformation of the commutative algebra of functions C[M >« g*]. See [Majid 1995,
Section 8.3] for more details. The half-dualisation process we have described at
the Lie bialgebra level also works at the Hopf algebra level, at least in the finite-
dimensional case. So morally speaking, U, (g) >< U (m) half-dualises in a similar
way to the bicrossproduct Hopf algebra C[M]»< U, (g). If one is only interested in
the algebra and its calculus, we can extend to the cross product C*°(M) > U, (g).

5B. Poisson-Lie group structures on the tangent bundle Gr< g. Let G be a Lie
group with Lie algebra g. As a Lie group, the tangent bundle TG of a Lie group
G can be identified with the semidirect product of Lie groups G < g (by the right
adjoint action of G on g) with product B

(g1, x)(g2,y) = (8182, Ad(gz_l)(X) +y) forall g;,82€ G, x,yeg,

where g is g but viewed as an abelian Poisson-Lie group under addition. Naturally,
the Lie algebra of G p< g is the semidirect sum Lie algebra g>< g with Lie bracket

[Ean]:[évn]g’ [Xay]z(), [X,s]:[X,é]g for all 597’)69’ x,yeg.

Keeping in mind the observations in Section 5A, we propose the following
construction of a Poisson—-Lie structure on the tangent bundle G < g via a bicross-
sum. In what follows we assume that G is a finite-dimensional connected and simply
connected Poisson-Lie group, and g is its Lie algebra with the corresponding Lie
bialgebra structure. We let

g* = (g% [, lg¢, zero Lie cobracket) and g:=(g, [, Iy, zero Lie cobracket),

where g* is the dual of Lie bialgebra g = (g, zero bracket, §5). One can check that
g* and g together form a matched pair of Lie bialgebras with coadjoint actions, i.e.,

Eap=—adjt=(d,61))kn), Erd=ad;d=0a)id0),§)
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for any ¢ € g*, £ € g.

5B1. Lie bialgebra level. The double cross-sum Lie bialgebra g* m<ig is then built
on g* @ g as a vector space with Lie bracket

[, Y] =1, Vg, [E. 0] =&, nlg,
.9l =E<p+éEpd = (h,E01))é0) +90) (D), &)

for all ¢, ¥ € g*, £, n € g, and zero Lie cobracket. This is nothing but the Lie
algebra of the Drinfeld double D(g) = g* < g of g with zero Lie-cobracket.

Correspondingly, the right—left bicross-sum Lie bialgebra defined by the matched
pair (g*, g, <, >) above is g« g, whose Lie algebra is a semidirect sum ge< g and
the Lie coalgebra is semidirect cobracket g >« g, namely -

(5-4) [§.n1=1& nlg, [x,y1=0, [x,§]=1[x,&]g,
88 = (id —1)8q(5) =£1) ®E) — €@ ® &y, 8x = 8y,

forany §,n € g, x, y € g. Here the coaction on g is the Lie cobracket 5 viewed as
amap from g to g® g.

5B2. Poisson—Lie level. Associated to the right—left bicross-sum Lie bialgebra
g >« g, the Lie group G < g is a Poisson-Lie group (denoted by G >« g) with the
Poisson bracket

(5-5) (LR =0, (o, ¥} =Ib Vg, (b, f)=0f

for any ¢, ¥ € g* C C>(g)and f, he C*(G), where 5 denotes the left Lie algebra
action of g* on C*®°(G) (viewed as a vector field on G) and is defined by the right
action of g* on g.

The vector field 5 for any ¢ € g* in this case can be interpreted more precisely.
We can view the actions between g* and g as Lie algebra 1-cocycles, namely the
right coadjoint action <« = —ad* : g ® g* — g (of g* on g) is viewed as a map
§— ()" ®F=(@"®F=g®F. Itmaps £ to

doe®Eaf =) e ®(fEnE =) ® ).

1

which is nothing but the Lie cobracket 64 of g. Likewise, the left coadjoint action
of g on g* is viewed as the Lie cobracket 8q+ of g*. We already know that the Lie
1-cocycle §4 € z! 4(9, 9 ® g) exponentiates to a group cocycle

DY € Z,4, (G, g®09),
thus

(5-6) $e = (L) (¢ ®id)D" (g)) € T,G, forall g€ G,
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defines the vector field on G in (5-5).
According to [Majid 1995, Proposition 8.4.7], the Poisson bivector on the tangent
bundle 7G = G >« g is

(5-7) r=Y Gef —Fen+y d ffaed,

i ik
where {9;} is the basis of left-invariant vector fields generated by the basis {e;} of g
and { f'} is the dual basis of g*. Here

Pxx =Y d f*8;®9;
i,j.k

is the known Kirillov—Kostant bracket on g with

dger = Zd,ijei ®e;j.
ij
We arrive at the following special case of [Majid 1995, Proposition 8.4.7]:
Lemma 5.1. Let G be a finite-dimensional connected and simply connected Poisson—
Lie group and g be its Lie algebra. The tangent bundle TG = G v< g of G admits a
Poisson—Lie structure given by (5-5) or (5-7), denoted by G >« g. The corresponding
Lie bialgebra is g~ g, given by (5-4).

5B3. Bicrossproduct Hopf algebra. Finally, when the actions and coactions are
suitably algebraic, we have a bicrossproduct Hopf algebra C[G] »< U, (g*) as a
quantisation of the commutative algebra of functions C[G >« g] on the tangent bundle
= g of a Poisson-Lie group G. The commutation relations of CIG]»<U; (g%
are

[f,h]1=0, (¢, ¥1=2rlp, Vg, [o, fl=1rdf

for any ¢, ¥ € g* € C*®(g) and f, h € C[G]. This construction is still quite general
but includes a canonical e;(ample for all compact real forms g of complex simple Lie
algebras based in the Iwasawa decomposition to provide the double cross product or
“Manin triple” in this case [Majid 1990a]. We start with an even simpler example.

Example 5.2. Let m be a finite-dimensional real Lie algebra, viewed as a Lie
bialgebra with zero Lie-cobracket. Take G = m*, the abelian Poisson—Lie group
with Kirillov—Kostant Poisson bracket given by the Lie bracket of m. Then g = m*
and g* = m and g = m* = R", where n = dimm. Since the Lie bracket of m* is
zero, m* acts trivially on m, while m acts on m* by right coadjoint action — ad*,
namely

fat=—ad; f, or (f<&n)=(f[§nn)

for any f € m*, £, nem. So (m, m*, « = — ad*, > = 0) forms a matched pair.
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The double cross-sum of the matched pair (m, m*) is m < m*, the semidirect
sum Lie algebra with coadjoint action of m on m*:

E.n]l=1[5nlm, [f,R]1=0, [f.§]l=Ff<E=( fo)fo.
§6=0, 8f=0 forall £&,nem, f,hem*

Meanwhile, the right—left bicross-sum of the matched pair (m, m*) is m* >qm*,
the semidirect sum Lie coalgebra

Lfih]=0, [¢.¥]=0, [¢,fl=0<f=0,
§f =Gd—=1)B(f), 8¢ =bn0,

for any f,h € m*, ¢, ¥ € m*, where the left coaction of m* on m* is given by

prmF > mrem, A=) f®fae,

and {e;} is a basis of m with dual basis { '} of m*.

The tangent bundle of m* is the associated Poisson-Lie group of m* >4 m*,
which is M* >qm* = R" >qm*, an abelian Lie group, where we identify the abelian
Lie group M* with its abelian Lie algebra m*. Let {x} be the coordinate functions
on R” identified with {¢;} C m € C®(m*) = C®°(R"), as ¢; (Z Ajf7) =2x;. The
right action of m on m* transfers to 8+ € Z!(m*, m* ® m*). As a Lie group M
is abelian and M* = m* = R", so the associated group cocycle is identical to 8y,
thus from (5-6) we have

- . of
Ecf = (v Edxeef = ) _(xay )y e) i = Y (€ eilm, x) 55 (0),
i i
where we use the Lie cobracket in an explicit notation. This shows that

£ igy k kO
S—Z(f,é)cijx T for all & € m,

where c ;j are the structure coefficients of Lie algebra m, i.e., [e;, ¢j]m = Zk Cjiek.
Therefore the Poisson bracket on R* >4 m™* is given by

(fih) =0, (& =[&nln, (5 /1=E5f=) (f.€ f‘,"af,

i,j,k

where f,h € C*°(R") and &, n € m.
The bicrossproduct Hopf algebra CIG]»< U, (g*) = C[R"] > U, (m), as the
quantisation of C*°(R" >4 m™*), has commutation relations

o L
[x', x'1=0, [e,e;] )»Zcuek, [e;, x’ =A2cijx
k
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where {x'} are coordinate functions of R” =m*, identified via the basis {e;} of m. As
an algebra we can equally well take C*°(R") > U, (m), i.e., not limiting ourselves
to polynomials. Then [e;, f1=1) ik cf.‘jxk df/dx’ more generally for the cross
relations.

Example 5.3. We take SU, with the standard Drinfeld—Sklyanin Lie bialgebra
structure on sup, where the matched pair comes from the Iwasawa decomposition
of SLy(C) [Majid 1990a]. The bicrossproduct Hopf algebra C[SU>] »< U, (su3),
as an algebra, is the cross product C[SU;] > U, (su3) with a, b, ¢, d commuting,
ad —bc=1, [x',x*]=xx' (i=1,2) and

(x|, t]=rtle;, t ‘et —es], i =1,2,3,

that is,
1 A . A
[x*, t] = —Abctey + Et diag(ac, —bd) + 5 diag(b, —c),
(5-8) [x2, f] = Abcte; — %t diag(ac, bd) + % diag(b, ¢),
[x3, t] = —Aadt + A diag(a, d),

where ¢ = (¢ %) and {e;} and {x'} are bases of su, and suj as the half-real forms
of sl (C) and s15(C) respectively. The coalgebra of C[SU,] »< Uy (su}) is the cross
coproduct C[SU; ] »< U;.(su}) associated with

A(x")z1®xf—2zxk®Tr(te,~t—lek), e(x'y=0 forall i e({l,2,3).
k

The *-structure is the known one on C[SU,] with x'* = —x! for each i.

Proof. We recall that the coordinate algebra C[SU;] is the commutative algebra
Cla, b, ¢, d] modulo the relation ad — bc = 1 with x-structure

a* b*\ _ d —c
ctd*)  \=b al’

As a Hopf x-algebra, the coproduct, counit and antipode of C[SU,] are given by

O Y A e G I O B (S R G

Let {H, X1} and {¢, {1} be the dual bases of sl,(C) and sl3(C) respectively,

where
1 0 01 00
H=(O_1), x+=<00) and x_=(1 0).
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As the half-real forms of sl>(C) and sl5(C), the Lie algebras su, and su} have bases
er=—31(X4+X), e=-1(X;—-X), es=-—11H,
=ity =i —yo), X =2¢,

respectively. Note that x’ = —1f’, where { f'} is the dual basis of {e;}.
The Lie brackets and Lie cobrackets of su, and suj are given by

le;,ejl=¢€ijxex and Se; =1e; Ne3 forall i, j,k,
[xl,xz] =0, [xi,x?’] =x',i=1,2, Sx! = z(xz(X)x3 —x3 ®x2),
ox% = l()c3 Rx' —x! ®x3), ox = l()c1 R x?2 —x2®xl),
where €;j; is totally antisymmetric and €13 = 1. Writing § = £'e; € sup and
¢ = ¢;x' € suj for 3-vectors & = (§'), ¢ = (¢;), we know that (su}, sup) forms a
the matched pair of Lie bialgebras with interacting actions
Eap=(Ex&)xp, Evp=Ex0.

To obtain the action of su’ on C[SU>], we need to solve [Majid 1995, Proposition

8.3.14]

d

T a¢(e’5u) = Ad,1(E<ur>¢)), ap(lr)=0.

Note that SU> acts on suj by u l>¢—§ = Rotu¢_5, where we view ¢ as an element in su,
via p(¢) = ¢;e;. One can check that

az(u) = ¢ x (Rot,-1(é3) — €3)

is the unique solution to the differential equation. Now we can compute by (5-3)

(o> t;)(u) = %t} (ueta¢(u))

t=0
N ik atag ) ‘
_Xk: 3 et

=Y uj(agw)
k

=Y uilp(@). u"esu—e3lt,
k

where p(¢) =Y, ¢ie;. This shows that

[xi, t|= Axict = Mle;, t_legt —e3],
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as displayed. For each i, we can work out the terms on the right explicitly (using
ad —bc=1) as

x! t]——& abd —a*c —2b, b*d —a*d +a
T 2\ ad*—ac*—d, bd*—acd+2c)’

[x2 = 2 a’c +abd —2b, a*d+b*d —a
T 2 \act+ad*—d, bd*+acd—-2c)’

2
3 4 o (ad—a, abd
[, 11 = A( acd, adz—d)'

These can be rewritten as the formulae (5-8) we stated.
For convenience, we use Pauli matrices o1 = (1), oo = (? ), a3 =(, V).

Clearly, e = —%lo‘i and o; obey 0i0; = (S,'jlz +l€,'jk0'k and [O’l’, O‘j] = 2lEijk0k-

The coaction of C[SU;] on suj is defined by B(¢)(u) =uv>¢ = Rotuqz for any
u € SU,, ¢ € su3. Again, we view ¢ as an element in sup, so p(u>¢) =up (Pu~t,
namely Y, (u>)io; = Y, ¢iuo;u~". In particular, we have

(ul>xi)1(71 +(u>xi)2c72+(u >xi)303 =uo*,'u_1, i=1,2,3.

Multiplying by o} on the right and then taking the trace of both sides, and using
Tr(o;0;) = 26;; we have 2(u >x))x = Tr(uo;u"'oy). Therefore

usxt = % ZTr(ua,'u_lok)xk =-2 ZTr(ueiu_lek)xk,
k k

and thus B(x') = 3 3 x* @ Tr(to;t 'oy) = =23, x* ® Tr(te;t ~'ey). This gives
rise to the coproduct of x’ as stated. This example is dual to a bicrossproduct from
this matched pair computed in [Majid 1995]. (]

5C. Preconnections on the tangent bundle G >« g. We use the following lemma
to construct left pre-Lie structures on (g4 g)* = ()" »<(g)* = g* »<g*, where the
Lie bracket is the semidirect sum g* >< g* and the Lie cobracket is the semidirect
cobracket g* p< g*, namely
[¢7¢]:05 [fv¢]:f>¢:[fv¢]g*v [fyg]:[fvg]g*v
8 =b3pd =01 @b 8f = fuy® fo — for ® fu.

forany ¢, € g, f, g€ g*. For convenience, we denote f € g* by f if viewed in
g* or f if viewed in g*.

Lemma 5.4. Let (A, o) be a left pre-Lie algebra and (B, %) a left pre-Lie algebra
in the category g, M of left ga-modules, i.e., there is a left g s-action > on B such that

(5-9) av(x*xy)=(avx)*xy+x*x(acy)
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foranya,be A, x,y € B. Then there is a left pre-Lie algebra structure on B ® A
(x,a)o(y,b)=(x*xy+a>y,aob).

We denote this pre-Lie algebra by B > A, and have ggxa = gp >< ga for the
associated Lie algebras.

Proof. This is a matter of directly verifying according to the axioms of a left pre-Lie
algebra. U

Corollary 5.5. Let (m, o) be a left pre-Lie algebra. Suppose it admits a (not
necessarily unital) commutative associative product - such that

[gvx')’]m=[f,x]m')“i‘x‘[g,ﬂ]m forall 5»x»y€m,

where [, Iy is the Lie bracket defined by o. Denote the underlying pre-Lie algebra
bym= (m, ). Then m ><,q m is a left pre-Lie algebra with product

(5-10) x, 8oy, M= y+I[& ylm. Eon)
foranyx,yem, & nem.

Proof. Take (A,0) = (m, o) and (B, %) = (m, - ) in Lemma 5.4. Here (m, o) left
acts on (m, - ) by the adjoint action and (5-9) is exactly the condition displayed. [J

The assumption made in Corollary 5.5 is that (m, -, [, ]) is a (not necessarily
unital) Poisson algebra with respect to the Lie bracket, and that the latter admits a
left pre-Lie structure o.

Theorem 5.6. Let G be a finite-dimensional connected and simply connected
Poisson—Lie group with Lie bialgebra g. Assume that (g*, [, |g+) admits a pre-
Lie structure o and also that g* admits a (not necessarily unital) Poisson algebra
structure (g*, *, [, 1g+)

(5-11) Lfsdx ¥l =1f. @lgs x ¥ + [ f, Y]y

forany ¢, € g*, f € g*. Then the semidirect sum g* > g* admits a pre-Lie
algebra product o given by

(5-12) (@, oW h)= (@ +[f, ¥lg, foh),

and the tangent bundle G < g in Lemma 5.1 admits a Poisson-compatible left-
covariant flat preconnection.

Proof. We take m = g* in Corollary 5.5. We know g* > g* is the Lie algebra
of g* < g*, dual to Lie algebra g« g of the tangent bundle. Then we apply
Corollary 4.2. (]
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The corresponding preconnection can be computed explicitly from (2-8). For a
Poisson-Lie group G, let {¢;} be a basis of g and { f'} the dual basis of g*. Denote
by {'} the basis of left-invariant 1-forms that is dual to {9;} the left-invariant vector
fields of G generated by {e;} as before. For the abelian Poisson—Lie group g with
Kirillov—Kostant Poisson bracket, let {E;} be a basis of g and {x'} the dual basis
of g*. Then {dx'} is the basis of left-invariant 1-forms that is dual to {3/dx'}, the
basis of the left-invariant vector fields on g generated by {E;}. Now we can choose
{ei, Ei} to be the basis of g« g, and so {f%, x'} is the dual basis for g P g*.
Denote by {81, D;} the left-invariant vector fields on G >« g generated by {e;, E;},
and denote by {@', dx '} the corresponding dual basis of left-invariant 1-forms. By
construction, when viewing any f € C*°(G) and ¢ € g* C C*(g) as functions on
the tangent bundle, we know

Gf=0f Gg=adip, Dif=0, Dip=:1g.
This implies
5 =0, +Z(ad* W D= F=e, dd=d =) d] x)e
k

Let 6 be the pre-Lie structure of g* >< g* constructed by (5-12) in terms of *
and o in the setting of Theorem 5.6. The Poisson-compatible left-covariant flat
preconnection on the tangent bundle is then, for any function a,

y(a, o)=Y Galf'* 1, e+ Diallx’, Iy, ex)ot,
ik i,k

y(a,dx)) =Y Dialx' ox/, Ep)dik.
ik

f’*fJ:Za,’cj ko xioxi= Zb” k
k

[, flg =D (X', flge e f£ = Zd,if (x', e) f*,
s,k

If we write

k

where [, f/]g = d,ij £k, then the left-covariant preconnection on the tangent
bundle G >4 g is

y(f.oh) =3 al @ ek, y(£dx)=0, ¥, dx’)—zb ( ¢)dxk
ik

y(p, w)) = Z(a,ij ad:i ¢+ Zd,ij (x!, eQ(%)) oF

ik

forany f € C*(G), ¢ € g" C C>(g).
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This result applies, for example, to tell us that we have a left-covariant differential
structure on quantum groups such as C[G] »< U, (g*) at least to lowest order in
deformation. In the special case when the product x is zero, there is a natural
differential calculus not only at lowest order. Under the notations above, we have:

Proposition 5.7. Let G be a finite-dimensional connected and simply connected
Poisson—Lie group with Lie algebra g. If the dual Lie algebra g* admits a pre-
Lie structure o : g* ® g* — g* with respect to its Lie bracket ([, |« determined
by 8g), then the bicrossproduct CI[G]»< U, (g*) (if it exists) admits a left-covariant
differential calculus

Q' = (CIGI»aUs(gh) o< A'

with left-invariant 1-forms A! spanned by basis {o', dx'}, where the commutation
relations and the derivatives are given by

[f01=0, [f,dx]1=0, [, o/l=) M, [l ek,
k
¥, de/]=rd(xioxl), df =) 3; /e, di=dxi+) (ad} x)e’
J J

forany f € C[G].

Proof. Tt is easy to see that we have a bimodule Q'. As the notation indicates
[Majid and Tao 2015b], the left action on Q! is the product of the bicrossproduct
quantum group on itself while the right action is the tensor product of the right

action of the bicrossproduct on itself and a right action on A!. The right action of
C[G] here is trivial, namely

W af = flew, ddaf=fle)dd;

the right actions of x’ are clear from the commutation relations and given (summa-
tion understood) by

o ax’ = —A(x', flg, en)of = —ad) (1, eg)o,
dxJ axi = —Ad(xiox/) = —kbij&)\c%.

One can check that these fit together to a right action of the bicrossproduct quantum
group by using the Jacobi identity of g*, the pre-Lie identity on o, and the fact that
(x'f)(e) = x, f =0 by (5-6).

We check that the Leibniz rule holds. The conditions

dif,h]=0 and d[x', x/]=Ad[x’, x/]y
are easy to check, so we omit these. It remains to check that

(5-13) dx', f1=Ad(x'f) forall feC[G].
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The right-hand side of (5-13) is
LA f) = 20;(x )
while the left-hand side of (5-13) is
dix’, fl=d@' f —x'f) =[dx’, f1+[x', df]

= [dx' + (ad} x| f1+[x', 3; o]
=0+ [ad} x', flo/ +1x', 9; flo’ + @ ¥, o]
=[ad} x', flo/ +[x', 9; flo’ + 1@ )X, ¥, e))e’
= (lad} x', f1+[x, 9, F14 2(x', X, e)) (0 f)) o

— 3(ad X f @) 1)+ (I Foges e) @)

It suffices to show that 9 (;f) = adjjxif+;(8jf)+([x", fk]g*, e;j) (0 f), namely

(8 '] = ad! x +(Ix', f¥lgr. ).
Recall that in the double cross-sum g* g, for any e; € g, x' € g*,
le;j, xi] =e; ax! +e; bxl = ([xi, fk]g*, ejleg —i—ad:jxi.

Therefore the condition left to check is nothing but the Lie bracket of elements e;
and x’ viewed as the infinitesimal action of g* < g on C[G], as explained in the
general theory of double cross-sums in Section SA. U

Now we compute the left-covariant first-order differential calculus on the bi-
crossproduct quantum group C[SU,] »< U, (su3) constructed in Example 5.3.

Example 5.8. As in Example 4.6, the classical connected left-covariant calculus
on C[SU;] has basis of left-invariant 1-forms

a)ozdda—bdc:cdb—add, wT=ddb—bdd, @ =adc—cda
(corresponding to the Chevalley basis { H, X1} of suy) with exterior derivative
da = aw’ + b=, db=aw™ — ba)o, de = ca® + do™, dd=cot - do®.

Let o : suj ® su; — suj be a left pre-Lie algebra structure of su3 with respect to
the Lie bracket [x!, x2] = 0 and [x?, x3] = x’ fori = 1, 2. Let

{dxl, dx?, dx?)

complete the basis of left-invariant 1-forms on the tangent bundle as explained above.
According to Proposition 5.7, this defines a 6-dimensional connected left-covariant
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differential calculus on the bicrossproduct C[SU;] »< U, (su;) with commutation
relations and exterior derivative given by

[t,0']=0 forall [ €{0,+}, [t dxi]=0,

[x, dx/] = Ad(xi o x/) forall i, j e (1,2, 3],
X', 1= +0), [ o'1=0, ' o 1=0,

2, 0] = %zk(aﬁ —w), [ eoT1=0, X, o ]=0,

[*,01=0, [, 0'=-2r0", [ ol=-lo",
af® b\ (ab o ot
cd)] \cd)\o =)’
dx! = d,;c/1 +2x%0 + ot —x3a)7, dx? = df;z —uxle?+ixd0T +lx3af,

dx3 = &;% —(x! —i—lxz)a)+ + (' = zxz)af.

Proof. The commutation relations and derivative are computed from the formulae
provided in Proposition 5.7. It is useful to also provide an independent, more
algebraic proof of the example from [Majid and Tao 2015b, Theorem 2.5], where
left-covariant first-order differential calculi 2! over a Hopf algebra A are constructed
from pairs (A, w) where A! is a right A-module and @ : At — Al is a surjective
right A-module map. Given such a pair, the commutation relation and derivative
are given by [a, v] = av —aqyv <ap) and da = a() @ wne(ap)) forany a € A
and v € A!, where 7. =id — 1€ and € is the counit.

Firstly, the classical calculus on A := C[SU;] corresponds to a pair (AIA, w4)
with AIA = span{w’, ©*}, where the right C[SU,]-action on AIA and the right
C[SU;]-module surjective map w, : C[SUs]" — AlA are given by

o at=e()w’, je{0, 4},
a—1 b o ot
t— L) = = .
wa(t — 1) wA( c d—l) <w _wo)
Meanwhile, the calculus over H := U, (su}) corresponds to a pair (AIH, wpy) with
AIH = span{(fc/l, d;é, cfc%},

in which the right U; (su})-action on AIH and the right U, (su3)-module surjective
map oy : U, (su3)t — Al, are given by

Al <axt = —xd(xiox/) and wg(x') —dxi forall i,jefl,2, 3}).

Next we construct a pair (A!, w) over A = Aw<H with direct sum A! = AlA EBAIH.
First, it is clear that AlH is a right A-module with trivial A-action dx/<t = €(t) dx/,
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One can see this more generally as
v<a((hay>a)hp) =€e(@)v<h=@w<h)<a=v<(ha).

Next, we define a right U, (su3)-action on AlA by the Lie bracket of suj viewing
{0°, T} as {¢, Y} (the dual basis to {H, X+}), where

=y +yo, X =1 — Yo, X =2¢)

is the basis for the half-real form suj of sl3, namely

a)oqxlz—%k(w“L—i—a)_), a)+<1x1=0, a)_<1x1=0,
(5-14) o’ <ax? = —%lk(w+ —w’), o’ ax?= 0, o <ax’= 0,
o’ <x3 =0, ot ax? =0T, w0 <ax =0,

This H-action commutes with the original trivial A-action on Al,, hence AlA also
becomes a right A-module, as does A, & AL,
We then define the map w: AT — Al, @ AL, on generators by

o ot

a)(t—Iz):a)A(t—Iz):(w_ _w()), o) =y =dxi forie(l,?2,3).

This extends to the whole of A' as a right A-module map. To see that w is
well-defined, it suffices to check

o't —tx'y =w(x',t]) forall i €({l,2,3)},
where [x!, t] are cross relations (5-8) computed in Example 5.3. On the one hand,

w(xit — txi) =wix't— (t— 1% —xilz)
= a)H(xi) at —wa(t — Ip) axi — wH(xi)Ig

= —wa(t — b) ax’,

that is,

. . 0 + .
(5-15) a)(xlt—txl):—<;0 _ZO><1x’.
Since

[x\£] = —Abeter+ %t diag(ac, —bd)+ % diag(b, —¢)

— _Abcter+ %(t D) diag(ac, —bd) + % diag(ca, —bd) + % diag(h, —c),
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we know

a)([xl, t)) = —lw)e(ctey) + %a)((t — Ip))e(diag(ac, —bd))

A
2

= % diag(w™ + 0™, —0T —w7),

+ = diag(w(c) <a, —w(b) <d) + % diag(w (b), —w(c))

using €(¢) = I,. Likewise, we have

| _ k(oo 0
CU([XJ])—Z( 0 ),

2 1k [0 T 0
a)([x,t])_z( 0 >,

—ot 4o~

w([x3,t])=k( 0 ““+).
—w 0

Comparing with (5-15), we see that w(x’t — tx') = w([x, t]) holds for each
i =1,2,3 if and only if the right H-action on AIA is the one defined by (5-14).
From the coproduct of x’ given in Example 5.3, we know

dot = dxi + %xka)(n6 (Tr(tait_lok))).
This gives rise to the formulae for derivatives on x' as displayed. (]

We now analyse when a Poisson-compatible left-covariant flat preconnection is
bicovariant.

Lemma 5.9. Let g be in the setting of Theorem 5.6. The pre-Lie structure & given
by (5-12) of g* »< g* gives a bicovariant preconnection in Corollary 4.2 if and only

if

(5-16) Sp:(fo8) =0, fuy®[f),gly =0,
(5-17) Jyog® foy=—fog1)®8w):
(5-18) Sg:(@xy) =0, é*f1)® fy =0,

forall, ¥ € g*, f.g€g*

Proof. Since the bicovariance condition (4-6) is bilinear on entries, it suffices to

show that c obeys (4-6) on any pair of elements (¢, V), (¢, f), (f, ¢) and (f, g)

if and only if all the displayed identities hold for any ¢, ¥ € g%, f, g € g*.
Firstly, for any f € g* and ¢ € g", (4-6) on o reduces to

Sl f, dlgs = LS dn] ® ) — b1y ®Lf, d)] = fy ¥ 9 ® fioy + [f1): ¢1® Sy
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The only term in the above identity not lying in g* ® g* is f(1) * ¢ ® ]Tz), which
hence equals zero. Noting that §4+ is a l—cocycle,_the rgmairﬁg terms imply that
f®lf), ¢lg- =0. Changing the role of f and ¢ in (4-6) implies ¢* f(1) ®sz) =0,
as required. o

Next, for any f, g € g*, the condition (4-6) on & requires

(fe®n®(foay+(fodny®(fo®n —Lf gnly ®8w)
—fe8m®8e) —8m® fge) —8&m ®Lf. gy
= [f), 8le ® foy + fyog® fy —gy ® 2@ o f-

The terms in the above identity lying in g* ® g* are exactly the condition (4-6)
on the pre-Lie structure o for g*. Cancelling this, the remaining terms in g ®g*
reduce to gy o f ® g2) + 8o fi) ® fro) =0, which is equivalent to

fyog® foy+fogny®ge =0 forall f,geg"

Combining the above with f(1) ® [ f(2), ¢1g+ = 0, the condition (4-6) on o reduces
to 8g+(f 0 g) =0.

Finally, for any ¢, ¢ € g*, the condition (4-6) on & reduces to (4-6) on * for g*.
Since * is commutative, this eventually becomes N

(@*xY)1) R @ *¥)2) =d*x Y1) @ V) +d1) * ¥ ® P2).
Since ¢ * f(1) ® f(2) =0, this reduces to 54 (¢p * ) = 0. O

The conditions in Lemma 5.9 all hold when the Lie bracket of g (or the Lie
cobracket of g*) vanishes. Putting these results together we have:

Proposition 5.10. Ler G be a finite-dimensional connected and simply connected
Poisson—Lie group with Lie bialgebra g. Assume that (g*, [, 14+) obeys the condi-
tions in Theorem 5.6 and Lemma 5.9. Then the tangent bundle G > g in Lemma 5.1
admits a Poisson-compatible bicovariant flat preconnection. -

Example 5.11. In the setting of Example 5.2, we already know from Corollary 4.2
that the abelian Poisson—Lie group R"” >4q m* admits a Poisson-compatible left-
covariant (bicovariant) flat preconnection if and only if (m* >qm*)* =m >,gm
admits a pre-Lie structure.

From Corollary 5.5, we know that such a pre-Lie structure o exists and is given
by (x,&)o(y,n) = (x -y +[&, ¥ylm, £ on) if we assume (m, -, [, ]y) to be a finite-
dimensional (not necessarily unital) Poisson algebra such that (m, [, ];) admits a
pre-Lie structure o : m ® m — m. Then the corresponding preconnection is

y((x,8),d(y,m) =d(x -y +I[&, ylm. §on)

forany x,yem, §,nem.
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In fact this extends to all orders. Under the assumptions above, according to
Proposition 4.4, the noncommutative algebra U, (m ><,q m) = S(m) > U, (m), or
the cross product of algebras C[R"] > U (m) (as quantisation of C*°(R" >4 m™*)),
admits a connected bicovariant differential graded algebra

QU.(m >y m)) = (S(M) >aUp(m)) >< A(M >pq M)

as quantisation. Note thatd(x,£) =1® (x,£) € 1® A'. The commutation relations
on generators are

[S? U]Z)\[é’ n]ﬁh [xv )’]:O’ [gvx]:)"[‘i:vx]mv
[x,dY]=)¥d(XY), [E,dXJ =)\'d[§7x]ma [éf,dﬂ]=)»d(§°77),

forany x,yem, §,nem.

6. Semiclassical data on the cotangent bundle 7*G = g* >« G

In this section, we focus on the semiclassical data for quantisation of the cotangent
bundle T*G of a Poisson-Lie group G. We aim to construct preconnections on 7*G.

As a Lie group, the cotangent bundle 7*G can be identified with the semidirect
product of Lie groups g* >1 G with product given by

(9, )W, h) = (¢ +Ad*(2)(¥), gh)

forany g, h € G, ¢, ¥ € g*. As before, g* is g* but viewed as an abelian Lie group
under addition. In particular,

0,9 '=(—Ad"(g H(@).g") and (0,9 (4, e)0,8) " = (Ad*(g)¢, e).

Here Ad* is the coadjoint action of G on the dual of its Lie algebra. The Lie algebra
of T*G is then identified with the semidirect sum of Lie algebras g* > g, where
the Lie bracket of g* >« g is given by

(6-1) [(¢,x), (¥, )] = (ady ¥ —ad} &, [x, ylg)

for any ¢, ¥ € g*, x, y € g. Here g* is g* viewed as abelian Lie algebra and ad*
denotes the usual left coadjoint action of g on g* (or g*).

Our strategy to build Poisson-Lie structures on the ¢ cotangent bundle here is to
construct Lie bialgebra structures on g* > g via bosonisation of Lie bialgebras.
Then we can exponentiate the obtained Lie cobracket of g* > g to a Poisson-Lie
structure on g* > G. We can always do this, as we work in the nice case where the
Lie group is connected and simply connected.
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6A. Lie bialgebra structures on g* >« g via bosonisation. Let SJ(/L denote the
monoidal category of left Lie g—cro&ed modules. A braided-Lie bialgebra b € gﬂ/t
is (b, [, s, &s, >, B) given by a g-crossed module (b, >, 8) that is both a Lie algebra
(b, [, ]e) and a Lie coalgebra (b, §p) living in gﬁ/t, with the infinitesimal braiding
V:b®b— b®bobeying W(x, y)=ad, dpy—ad, dpx —38p([x, ylp) forany x, y € b.
If b is a braided-Lie bialgebra in gﬂ/t, then the bisum b >« g with semidirect Lie
bracket/cobracket is a Lie bialgebra [Majid 2000].
For our purposes, a straightforward solution is to ask for

g_* = (9*7 [s] :O, 69*, ad*, a)
to be a braided-Lie algebra in g for some left g-coaction o on g*.

Lemma 6.1. Let g be a finite-dimensional Lie bialgebra and suppose there is a
linear map E : g* ® g* — g* such that (2-6) holds. Then

g_*z(g*? [a]=0, 89*, ad*, Ol)

is a braided-Lie bialgebra in ng/L if and only if E is a pre-Lie structure on g* such
that B is covariant under the Lie cobracket 8y, in the sense that

(6-2) E(@, V)1 ® E(D, V)2 = E(P, Y1) @Y + ¥ ® E(P, ¥2)

and

(6-3) E(P1), ¥) ® b2 = V1) ® E(W @), ¢)

for any ¢, W € g*. Here the left g-coaction a and the left pre-Lie product E of g*
are mutually determined via

(6-4) (a(@), ¥y ®x) =—-E(, $)(x)

forany ¢,y € g%, x € g. In this case, the bisum g* > g is a Lie bialgebra with Lie
bracket given by (6-1) and Lie cobracket given by

(6-5) (¢, X) =04 X + g + (id —7)x(¢p)

forany ¢ € g*, X € g.

Proof. Since the Lie bracket is zero, by definition, the question amounts to finding a
left g-coaction o on g* such that (1) (ad*, o) makes g* into a left g-crossed module;
(2) 84+ is a left g-comodule map under «; and (3) the infinitesimal braiding ¥ on
g* is trivial, i.e.,

(6-6) W(g, ¥)=ad},, p@Y P —adjy, Y @9P —y P ®ady, ) p+¢P ®@ad), ¥

is zero for any ¢, ¥ € g_*, where we write a(¢) = ¢V @ ¢p@.
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Clearly, « is a left g-coaction on g* if and only if E defines a left g* action on
itself, since @ and E are adjoint to each other by (6-4), thus if and only if = is
left pre-Lie structure, due to (2-6). Next, the condition that the Lie cobracket d-
is a left g-comodule map under o means 4+ is a right g*-module map under —E.
This is exactly the assumption (6-2) on E. In this case, the cross condition (3-2) or
(4-6) (using compatibility) for making g* a left g-crossed module under (ad*, «)
becomes (6-3).

It suffices to show that the infinitesimal braiding W on g* is trivial on g*. By
construction, -

((9), ¢ @ x) = —E(p, $)(x),
o)
adj ) ¢ ® v® =90 ® E(pa), V),
where
a(@) =9V ®¢? and Sy =¢n) @0
Thus, using (6-3),

V(@ ¥) =adyq ¢ @ yY? —ady, v ©9? —y P @ad), ¢+ @adj, ¥
=EWa1),P) @V — Yo ® EWq, ¢)
—E(b1), ¥) @00 + ¢2) @ E(day, ¥)

EWay, ®) @Yo +va) ® EW (), @)
—E(d1), V) ® P2y — d1) @ E(P2), ¥)
=0. O

Example 6.2. Let m be a pre-Lie algebra with product o : m®m — m and g = m*
with zero Lie bracket as in Example 4.3. This meets the conditions in Lemma 6.1
and we have a Lie bialgebra g* >4 g = m >4 m* with zero Lie bracket and with
Lie cobracket N

8¢p =8¢ and Sx = (id—7)a(x) forall p em”, x em,

where « is given by the pre-Lie algebra structure o on m, i.e., (x ® ¢, ax(y)) =
—({¢, x oy). The Lie bialgebra here is the dual of the semidirect sum Lie algebra
m=m* >am (viewed as a Lie bialgebra with zero Lie cobracket), where m acts on
m* by the adjoint to the action of m on m given by o, i.e., (x>¢, y) = —p(x 0 y),

[x,y]=[x, y]m, [x,¢]=x>¢ and [¢,¥]=0 forall x,yem, ¢,y em®.

The Poisson bracket on m* = m >4qm™* is then the Kirillov—Kostant one for m, i.e.,
given by this Lie bracket.
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Example 6.3. Let g be a quasitriangular Lie bialgebra with »-matrix
r=rVer® €gRg

such that r > X = 0 for all X € g. As in Example 4.7, g* is a pre-Lie algebra
with product E (¢, ¥) = — (¢, r®) ad;k(,) Y. Direct computation shows E satisfies
(6-2)—(6-3) without any further requirement. So g* = (g*, [, 1 =0, 8, ad”, @) is
a braided-Lie bialgebra in g/l/t with a(¢) =r® ® adj(l) ¢. Hence, from Lemma 6.1,
g* ><g is a Lie bialgebra with Lie bracket given by (6-1) and Lie cobracket given
by (6-5), i.e.,

(6-7) 8(¢, X) = 85X + 8y + (id —7) (r'® @ ad’, ¢).

Note that if g is a quasitriangular Lie bialgebra, Majid [2000, Corollary 3.2,
Lemma 3.4] shows that (g*, 84+) is a braided-Lie bialgebra with Lie bracket given
by

6, 1 =2(¢, ") ad’, ¥ =0
+
in our case, so in this example g* in Lemma 6.1 agrees with a canonical construction.

On the other hand, this class of examples is more useful in the case where g is
triangular.

6B. Poisson—Lie structures on g* > G induced from g* ><g. Next we exponen-
tiate our Lie bialgebra structure g_* >« constructed by Lemma 6.1 to a Poisson—Lie
structure on the cotangent bundle. As usual this is done by exponentiating 6 to a
group 1-cocycle D.

Proposition 6.4. Let G be a connected and simply connected Poisson—Lie group.
If its Lie algebra g with a given coaction o meets the conditions of Lemma 6.1 then
g* > G is a Poisson—Lie group with

D($, ) = Adg D(g) + 53¢ + (id—1) (9" @ 9@ — Jad} 1, p © ),

where a(¢) = ¢V @ ¢p@.

Proof. Because of the cocycle condition, it suffices to find D(¢) := D(¢, e) and
D(g) := D(e, g); then

D(¢, g) = D(¢)+Ady D(g) forall (¢, g) € g*>G,

where
Adyp(X)=X —ady ¢ forall X egCg*>g, ¢ €g™.

We require
d
3 Pd) = Adip(89),
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which we solve writing
D(¢) =bg-¢ + Z(9),
so that
£ 26) = Ady(id —0) 0@ (9) = (id —1) 0 () — 1(id —1) ad}, § @ 9,
Z(0)=0.
Integrating this to

Z(t¢) = 1(id —1) o () — 31*(id —7) (ad’ 1, p @ ),
we obtain

D($) =856+ (d—1) (¢ ®¢® — ad}, ¢ @),

where a(¢) =V @¢®. The general case dD(¢+1v)/dt |;—o = Adg(8v) amounts
to the vanishing of the expression (6-6), which we saw holds under our assumptions
in the proof of Lemma 6.1. ]

Example 6.5. In the setting of Example 6.3 with (g, ) quasitriangular such that
ry>X =0 for all X € g, we know that g* > G is a Poisson—Lie group with

D(¢,g) =0y +Adg)(r) —r+2ryv¢—ri>(9Q9),

where > denotes the coadjoint action ad*. As a(¢) = 1 > ¢, direct computation
shows that D(¢) = g4+ (¢p) + (id —7)r21 > ¢ +r_> (¢ ® ¢). Since the differential
equation for D(g) is the usual one on G for g quasitriangular, D(g) = Adg(r) —r
and we obtain the stated result. Note that
Ady(r) = (r(l) —rp )R (r(z) —r@p d)
=r4+ro@®¢)—rVoper® —rVerPee.

The differential equation dD (¢ + 1) /dt|,_, = Adg(8v) amounts to
ry(Ad—1)(@d @ ¥) =0,

which is guaranteed by .. > X =0 for all X € g.

Note that we can view r € (g* > g)®?, where it will obey the the classical
Yang—Baxter equation and, in our case, adg(ry) =0 as r>¢ = 0 on g* under
our assumptions. In this case g* >« g is quasitriangular with the same r, with Lie
cobracket -

S (@) =ady(r)=—1Vo00r® —rVerPs¢=(d-t)r>9¢

at the Lie algebra level (differentiating the above Ad,) and with § X as before. In
our case the cobracket has an additional §4:¢ term reflected also in D.
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6C. Preconnections on the cotangent bundle g*><G. Let gbe a finite-dimensional
Lie bialgebra and suppose that its dual g* admits a pre-Lie structure

E:g"®g" =g

such that (6-2) and (6-3) hold as in the setting of Lemma 6.1. Then the dual of the
Lie bialgebra g* > g is g > g*, with Lie bracket the semidirect sum g > g* and
Lie cobracket the semidirect cobracket g >« g*, that is,

[xv}’]=[x»)’]g» [¢,X]=¢I>X, [¢v Tﬁ]=[¢,1//]g*,
dx =(@Ad—-1)B(x), &P =550,

forany x,y € g, ¢, ¥ € g*. Here the left action and coaction of g* on g are given
by

(6-8) (pox,¥)=—8(¢,¥)(x) and (B(x),y®¢)= (o, [x,y]),

respectively.
Here again, we use Lemma 5.4 to construct pre-Lie algebra structures on the
semidirect sum g > g*.

Theorem 6.6. Let G be a connected and simply connected Poisson—Lie group with
Lie bialgebra g. Let g* admit two pre-Lie structures & and o, with & obeying (6-2)
and (6-3) as in the setting of Lemma 6.1. Let g also admit a pre-Lie structure * such
that

(6-9) ¢ (xxy)=(prx)*xy+x*(d>y),

forall x,y € g, ¢ € g*, where > is defined by (6-8). Then the Lie algebra g > g*
admits a pre-Lie structure o:

(6-10) (x,@)o(y,¥)=K*xy+ory, ¢poy),

and the cotangent bundle g* > G admits a Poisson-compatible left-covariant flat
preconnection.

Proof. Since (g, E) is in the setting of Lemma 6.1, the left g*-action in the semidirect
sum g > g* is the one defined in (6-8). The rest is immediate from Lemma 5.4 and
Corollary 4.2. ([

To construct a bicovariant preconnection, the pre-Lie structure constructed in
Theorem 6.6 must satisfy the bicovariance condition (4-6).

Proposition 6.7. In the setting of Theorem 6.6, the pre-Lie structure 6 of g > g*
defined by (6-10) obeys the bicovariance condition if and only if o obeys (4-6), * is
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associative and

(6-11) [x, yJsz=[y, z]*x,

(6-12) ((ady ¥) o) () + E(ady ¢, ¥)(x) =0,

(6-13) E(@, ¥)(Ix, ylg) = E(@, ady ) (x) — (¢ oady Y1) (¥),
foranyx,y,z € gand ¢,V € g*. The associated preconnection is then bicovariant.

Proof. Since (4-6) is bilinear, it suffices to show that (4-6) holds on any pair of
elements (x, y), (x, ¢), (¢, x) and (¢, ) if and only if all the conditions and
displayed identities hold. Here we write 8(x) = x! ® x, € g* ® g, so we know

Ly =[x, ]y, x'(x, @) = —ad’ ¢.

Firstly, for any ¢, ¥ € g*, the condition (4-6) for & reduces to (4-6) on the pre-Lie
structure o for g*.
Secondly, for any x, y € g, the condition (4-6) requires
xxy)' @rxyn—(r*yn®@@x*y) —x'oy@xn+nry®@x' +x%y @)y
=y'®[x, g+ @y >x.
The terms lying in g®g on both sides should be equal, i.e., —x'>y®@x; =y @y !> x,
which is equivalent to —E (ad} ¥, ¢)(y) = E(adj ¢, ¥)(x). This is true from our
assumption (6-3) on E. The terms in g ® g* give [x x y, z] =[x, z] * y +x * [y, z],
i.e., * is associative. The terms in g* ® g give (x * y)1 R (X *xy)y = y1 ® [x, y21q
and, applying the first factor to z € g, we obtain [x *x y, z] = [x, [y, z]], which is

equivalent to [x, z] *y = [z, y] * x.
Now, for any x € g, ¢ € g*, the condition (4-6) reduces to

0=x' 0P Rx2— Py P> x.

Applying y ® ¥, this becomes —E (adj ¢, ¥)(x) = ((ady ¥) 0 ) ().
Finally, for any ¢ € g*, x € g, the condition (4-6) requires

(@>x)' @ (@Brx)— (P> x)n® (@rx) —¢pox' ®x
+or0Qx' —x'@prr+0Q@pox! =g rxR@Po) +12®x' 0.

The terms lying in g* ® g give
(¢>x)' @ @rx)2—dox! ®x—x' @Pprx=0.
Applying y ® i, this is equivalent to
—E(¢, adj ¥)(x) + (p oady ¥)(») + E(¢, ¥)([x, ylg) =0.
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Applying ¢ ® y to the terms lying in g ® g*, after cancelling the identity just
obtained, we have ((ad} ¥) o ¢)(y) + E(ad; ¢, ¥)(x) =0. O

For simplicity, one can choose E = o in Theorem 6.6 and Proposition 6.7:

Corollary 6.8. Let g be a finite-dimensional Lie bialgebra. Assume that g* admits
a pre-Lie structure & such that (6-2) and (6-3) hold. Also assume that g admits a
pre-Lie structure x such that (6-9) holds, where the action is defined by (6-8) from E.
Then

(@) oy, ¥)=x*xy+ory, (@, V)

defines a pre-Lie structure for the Lie algebra § > g*, and thus provides a Poisson-
compatible left-covariant flat preconnection on the cotangent bundle g* > G.
Moreover, if * is associative and obeys (6-11), then the pre-Lie structure & obeys
(4-6) and the corresponding preconnection is bicovariant.

Proof. Clearly, there is no further condition on o in the case o = E in Theorem 6.6.
In the bicovariant case, the further conditions on o in Proposition 6.7 are (4-6),
(6-12) and (6-13). These all can be proven from the assumptions (6-2) and (6-3) we
already made on E. In particular, (6-3) shows that (6-12) is true, and (6-2) is simply
a variation of (6-13) when o = E. The only conditions left in Proposition 6.7 are
that * is associative and (6-11). O

Example 6.9. In the easier case of Example 6.2, we already know the answer: a
Poisson-compatible bicovariant flat preconnection on m* = m >4 m* corresponds
to a pre-Lie algebra structure on m = m* >m.

Assume 6 is such a pre-Lie structure, and also assume 6 is such that 6(m®m) Cm,
o(m* @ m*) C m*, o(m ® m*) € m* and that the restriction of 6 on the other
subspace is zero. Directly from the definition of pre-Lie structure, one can show
0 := o|mgm also provides a pre-Lie structure for (m, [, ]n), while * := S|p+gm*
provides a pre-Lie structure for (m*, [, ]+ = 0), thus * is associative and (6-11)
holds automatically. Meanwhile, > := 6|hgm+* can be shown to be a left m-action
on m*, which is exactly the adjoint to the left m-action on m given by the pre-Lie
structure o on m. Applying 6 to any x € m, ¢, ¥ € m*, one has x> (¢ x ) =
(x>@)x Y +o*x(x>y), i.e., (6-9). The analysis above shows that o, %, > corresponds
to the data in Corollary 6.8. So this example agrees with our construction of Poisson-
compatible bicovariant flat preconnections on g* >tg = m >4 m* in the case of
g = (m* [, ]mx = 0) in Corollary 6.8. -

We already know how to quantise the algebra C°*°(m*) or S(m) and its differential
graded algebra as in Example 4.3. More precisely, the quantisation of S(m) is the
noncommutative algebra U, (m) with relations xy — yx = A[x, y] forall x, y e m,
o)

U, (M) = U, (m* >m) = S(m*) > U, (m)
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with cross relations x¢ — ¢x = Ax > ¢ for all x € m, ¢ € m*. Meanwhile, as in
Example 4.3 and Proposition 4.4, the preconnection on m* = m >4 m* is given by

y((¢,x),d(¥, y)) =d((¢, x) o (¥, y)) =d(¢p* ¥ +x>¢,x0y).
Thus, the quantised differential calculus is

QU,(M)) = Up(m) < A(m) = (S(m*) > U;.(m)) < A(m* & m)
with bimodule relations

[(¢,x), d(¥, ] =21d(@p* ¥ + x>, x0Y)

for all (¢, x), (¥, y) € m C U, (m), where A(m* @ m) denotes the usual exterior
algebra on the vector space m*@mand d(¢¥, y) =1 (¥ +y) € I ® A.

For a concrete example, we take m the 2-dimensional complex nonabelian Lie
algebra defined by [x, y] = x and for m* the 2-dimensional abelian Lie algebra with
its five families of pre-Lie structures [Burde 1998]. Among many choices of pairs
of pre-Lie structures for m and m*, there are two pairs which meet our condition
(6-9) and provide a pre-Lie structure for m = m* >am, namely

() yox=-—x, Y=—3y,  YxY=X,
x> X =0, x>Y =0, ye>X =X, yDY:%Y;
) yox =—xX, X*xY =X, Y*X =X, Y*Y =Y,
x> X =0, yeY =0, yo X =X, y>Y =0,

where {X, Y} is chosen to be the basis of m* dual to {x, y}. By Theorem 6.6 and
the general analysis earlier, we know that Q (U, (m)) = Uy (M) < A(m* @ m) is a
bicovariant differential graded algebra. In particular,

Q! (U (1) = U (i) dx @ U;. () dy @ Us () dX @ Uy () dY.
The bimodule relations for case (1) are
[y,dx]=—Adx, [y,dyl=—3rdy, [¥,dY]=AidX,
[y,dX]=21dX, [y,dY]=1rdY.
For case (2), we have

[y,dx]=—Adx, [X,dY]=AdX, [Y,dX]=AdX, [Y,dY]=AdY,
[y, dX]= A dX.

Example 6.10. Suppose that g is quasitriangular with r >x =0 for all x € g as in
Example 6.3. According to Corollary 6.8, if g admits a pre-Lie product * such that

(6-14) PV x5yl @r@ =D x]1xy@rP +xxrV, y1@r?,
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from (6-9), then g >« g* in Example 6.3 admits a pre-Lie structure &

xdy=x%y, ¢dx=¢ox=—(p,rOrV, x], ¢3¢ =—(¢,r?) ad’, ¥,

and thus determines a Poisson-compatible left-covariant flat preconnection on the
cotangent bundle g* >« G. Such a preconnection is bicovariant if * is associative
and (6-11) holds, and in this case condition (6-9) vanishes. Recall that we cannot
take g semisimple here since it will not then admit a pre-Lie structure.

For a concrete example, we take g to again be the 2-dimensional Lie algebra
[x, ] = x as in Example 4.5 but with §x =0 and §t =x ® t — ¢ ® x as a triangular
Lie bialgebra withr =t @ x —x ®t. If {X, T} is the dual basis to {x, ¢} then the
pre-Lie algebra structure o of g* determined by r is

ToX=-T, XoX=-X,

and otherwise zero, which is isomorphic to by 1 listed in Example 4.5. On the other
hand, computation shows that among all the possible pre-Lie algebra structures
for g listed in Example 4.5, precisely b; _; and b, ; satisfy condition (6-14), giving
us two pre-Lie algebra structures on g >« g* by our construction, namely

(D) tkx =—x, txt=—t, ToX=-T, XoX=-X,
X>x=x, T>t=x;

2) Xxt =X, txt=t, Tox=-T, XoX=-X,
X>x=ux, Tet=x.

These determine two Poisson-compatible left-covariant flat preconnections on the
cotangent bundle g_* >aG. In case (1) this is also bicovariant as % is associative and
satisfies (6-11), which can be checked directly.
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