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We define the Iwahori—-Hecke algebra ‘# for an almost split Kac-Moody
group G over a local nonarchimedean field. We use the hovel $ associated
to this situation, which is the analogue of the Bruhat-Tits building for a
reductive group. The fixer K; of some chamber in the standard apartment
plays the role of the Iwahori subgroup. We can define /A as the algebra
of some K;-bi-invariant functions on G with support consisting of a finite
union of double classes. As two chambers in the hovel are not always in
a same apartment, this support has to be in some large subsemigroup G*
of G. In the split case, we prove that the structure constants of ' are
polynomials in the cardinality of the residue field, with integer coefficients
depending on the geometry of the standard apartment. We give a presen-
tation of this algebra , similar to the Bernstein—Lusztig presentation in the
reductive case, and embed it in a greater algebra L%, algebraically defined
by the Bernstein—Lusztig presentation. In the affine case, this algebra BL
contains the Cherednik’s double affine Hecke algebra. Actually, our results
apply to abstract “locally finite’” hovels, so that we can define the Iwahori—
Hecke algebra with unequal parameters.

Introduction 2
1. General framework 5
2. Iwahori-Hecke Algebras 16
3. Structure constants 20
4. Relations 26
5. New basis 31
6. Bernstein—Lusztig—Hecke Algebras 43
7. Extended affine cases and DAHAs 51
References 59

Stéphane Gaussent acknowledges support of the ANR grants ANR-2010-BLAN-110-02 and ANR-13-
BS01-0001-01.

MSC2010: primary 17B67, 20C08, 20G44; secondary 22E65, 33D80, 51E24, 20E42, 22E50.
Keywords: hovels, Hecke algebras, Bernstein—Lusztig relations, Kac-Moody groups, local fields.


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2016.285-1
http://dx.doi.org/10.2140/pjm.2016.285.1

2 NICOLE BARDY-PANSE, STEPHANE GAUSSENT AND GUY ROUSSEAU

Introduction

A bit of history. Iwahori—Hecke algebras were first introduced in number theory
by Erich Hecke [1937]. He defined an algebra, now called the Hecke algebra,
generated by some operators on modular forms. Then, based on an idea of André
Weil, Goro Shimura [1959] defined an algebra attached to a group containing a
subgroup (under some hypotheses) as the algebra spanned by some double cosets
and recovered Hecke’s algebra. Nagayoshi Iwahori [1964] showed that, in the case
of a Chevalley group over a finite field containing a Borel subgroup, Shimura’s
algebra can be defined in terms of bi-invariant functions on the group. He further
gave a presentation by generators and relations of this algebra. Examples of such
groups containing a suitable subgroup are given by BN-pairs and the theory of
buildings. Nagayoshi Iwahori and Hideya Matsumoto [1965] found a famous
instance in a Chevalley group over a p-adic field corresponding to the Bruhat-Tits
building associated to the situation. In fact, it is possible to define these algebras
only in terms of building theory; see, e.g., [Parkinson 2006] for a contemporary
treatment.

In a previous article, Gaussent and Rousseau [2008] introduced the analogue
of the Bruhat-Tits building in Kac—Moody theory, and called it, a hovel. Guy
Rousseau [2011] developed the notion further and gave an axiomatic definition,
applicable in a broader context.

In this paper, we first define, in terms of the hovel, the Iwahori—Hecke algebra
associated to a Kac—Moody group over a local field containing the equivalent of the
Iwahori subgroup. Then, we study the properties of this algebra, like the structure
constants of the product, some presentations by generators and relations, and an
interesting example where we recover the double affine Hecke algebras.

For the rest of the introduction, we give a more detailed account of our work.

The case of simple algebraic groups. To begin, we recall the situation in the finite
dimensional case. Let K be a local nonarchimedean field, with residue field [F,.
Suppose G is a split, simple and simply connected algebraic group over K and K
an open compact subgroup. The space Hg of complex functions on G, bi-invariant
by K and with compact support, is an algebra for the natural convolution product.
Ichiro Satake [1963] studied such algebras to define the spherical functions and
proved, in particular, that Hg is commutative for a good choice K of K, maximal
compact. The corresponding convolution algebra Hg, = *H(G) is now called the
spherical Hecke algebra. From [Iwahori and Matsumoto 1965], we know that there
exists an interesting open subgroup Kj, so called the Iwahori subgroup, of K; with
a Bruhat decomposition G = K;.W.Kj;, where W is an infinite Coxeter group.
The corresponding convolution algebra Hg, = '#(G), called the Iwahori—-Hecke
algebra, may be described as the abstract Hecke algebra associated to this Coxeter
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group and the parameter g. There is another presentation of this Hecke algebra,
stated by Joseph Bernstein and proved in the most general case by George Lusztig
[1989]. This presentation emphasizes the role of the translations in W and uses
new relations, now often called the Bernstein—Lusztig relations. In the building-like
definition of these algebras, the group K; (resp., Kj) is the fixer of a special vertex
(resp., a chamber) for the action of G on the Bruhat-Tits building $ [Bruhat and
Tits 1972].

The Kac—Moody setting. Kac—Moody groups are interesting generalizations of
semisimple groups, hence it is natural to define the Iwahori—-Hecke algebras also in
the Kac—Moody setting.

So, from now on, let G be a Kac—-Moody group over K, assumed minimal or
“algebraic”, 1.e., as studied by Jacques Tits [1987] in the split case and by Bertrand
Rémy [2002] in the almost split case. Unfortunately there is, up to now, no good
topology on G and no good compact subgroup, so the “convolution product” has
to be defined by other means. Alexander Braverman and David Kazhdan [2011]
succeeded in defining geometrically such a spherical Hecke algebra, when G is
split and untwisted affine; see also the survey [Braverman and Kazhdan 2013]. We
were able, in [Gaussent and Rousseau 2014], to generalize their construction to any
Kac-Moody group over K. Using results of [Garland 1995; Braverman et al. 2014],
Braverman, Kazhdan and Manish Patnaik [Braverman et al. 2016] constructed the
spherical Hecke algebra and the Iwahori—-Hecke algebra by algebraic computations
in the Kac—-Moody group, still assumed split and untwisted affine (and even simply
laced for some statements). Those algebras are convolution algebras of functions
on G bi-invariant under some analogue group K, or K; (contained in Kj), but
there are two new features: the support has to be in a subsemigroup G* of G and
the description of the Iwahori—Hecke algebra has to use Bernstein—Lusztig type
relations since W is no longer a Coxeter group.

Iwahori-Hecke algebras in the Kac-Moody setting. Similar to [Gaussent and
Rousseau 2014], our idea is to define the Iwahori-Hecke algebra using the hovel
associated to the almost split Kac—Moody group G that we built in [Gaussent and
Rousseau 2008; Rousseau 2011; 2010]. This hovel $ is a set with an action of G
and a covering by subsets called apartments. They are in one-to-one correspondence
with the maximal split subtori, hence permuted transitively by G. Each apartment
A is a finite dimensional real affine space. Its stabilizer N in G acts on A via a
generalized affine Weyl group W = W x Y, where Y C A is a discrete subgroup of
translations. The group W stabilizes a set M of affine hyperplanes called walls. So,
9 looks much like the Bruhat-Tits building of a reductive group. But as the root
system @ is infinite, the set of walls M is not locally finite. Further, two points in
9 are not always in a same apartment. This is why $ is called a hovel. However,
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there exists on $ a G-invariant preorder < which induces on each apartment A the
preorder given by the Tits cone 7 C A

Now, we consider the fixer K; in G of some (local) chamber CJ in a chosen
standard apartment A; it is our Iwahori subgroup. Fix a ring R. The Iwahori—-Hecke
algebra 174x will be defined as the space of some K;-bi-invariant functions on G
with values in R. In other words, it will be the space IHI% of some G-invariant
functions on C(J{ X Car, where C(J{ = G/K; is the orbit of C§ in the set C of chambers
of $. The convolution product is easy to guess from this point of view:

(@*Y)(Cr, Cy) = Y 9(Cy, CHY(C:, Cy)

C.ecf

(if this sum means something). As for points, two chambers in .$ are not always in
a same apartment, i.e., the Bruhat—Iwahori decomposition fails: G # K;.N.K;. So,
we have to consider pairs of chambers (C,, C,) € Car X< C(;“ ,1.e., Cy, € Car has x
for vertex, Cy € C(}L has y for vertex, and x < y. This implies that Cy, C, are in
a same apartment. For 'Hg, this means that the support of ¢ € Hg has to be in
K/\G"/K; where Gt = {g € G | 0 < g.0} is a semigroup. We suppose moreover
this support to be finite. In addition, K;\G /K] is in bijective correspondence with
the subsemigroup W+ = WV x Y of W, where Y* =Y NT.

With this definition we are able to prove that 'H is really an algebra, which gen-
eralizes the known Iwahori—-Hecke algebras in the semisimple case; see Section 2.

The structure constants. The structure constants of ' are the nonnegative inte-

gersay ,,forw, v, u e W, such that

Ty * Ty = Z a , Tu,
ueW+

where Ty, is the characteristic function of K; . w . K; and the sum is finite. Each cham-
ber in $ has only a finite number of adjacent chambers along a given panel. These
numbers are called the parameters of .$ and form a finite set Q. In the split case, there
is only one parameter ¢g: the number of elements of the residue field of K. We con-
jecture that each ay, , is a polynomial in these parameters with integral coefficients
depending only on the geometry of the model apartment A and on W. We prove this
only partially: this is true if G is split or if we replace “polynomial” by “Laurent
polynomial” (see Section 6.7); this is also true for w, v “generic” (see Section 3.8).
Actually in the generic case, we give, in Section 3, an explicit formula for ay, ,,

Generators and relations. If the parameters in Q are invertible in the ring R, we
are able, in Section 4, to deduce from the geometry of $ a set of generators and
some relations in "Hg. The family (7} * Ty)aey+ wewr 1s an R-basis of 194%. And
the subalgebra ), _,v R.T,, is the abstract Hecke algebra 7z (W") associated
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to the Coxeter group WV, generated by the T; = T,,, where the r; are the funda-
mental reflections in WY. So, 1%y is a free right Hr(WV)-module. We get also
some commuting relations between the 7, and the T,,, including some relations of
Bernstein—Lusztig type (see Theorem 4.8).

From all these relations, we deduce algebraically in Section 5 that there exists a
new basis (X % Tw)rey+ wewv of 124x, associated to some new elements X* € '#.
These elements satisfy X* =T; for A € YT+ = Yﬂ(T}J, where C ;Z is the fundamental
Weyl chamber, and X* % X* = X* = X" s« X* for A, u € YT. As, for any
L e YT thereis u € Y** with A 4 € Y7 these X* are some quotients of some
elements 7),. The Bernstein—Lusztig type relations may be translated to this new
basis. When R contains sufficiently high roots of the parameters in Q (e.g., if
R D R), we may replace the T,, and X* by some R*-multiples H,, and Z*. We get
a new basis (Z* x Hy)sey+1, wewr of 94r, satisfying a set of relations very close to
the Bernstein—Lusztig presentation in the semisimple case; see Section 5.7.

In Section 6, we define the Bernstein-Lusztig-Hecke algebra BL7{g, algebraically:
it is the free module with basis written (Z* H,,) rey+ wewv over the algebra R| =
Z[(aiil, al./ jEl),-E 1], where o, crl./ are indeterminates (with some identifications). The
product * is given by the same relations as above for the Z* % H,,; one just extends
L €Y' toAeY and replaces \/qj , \/qj’ by o, , o/. We prove then that, up to a change
of scalars, 'z may be identified to a subalgebra of B-%g,. This Bernstein—Lusztig
algebra may be considered as a ring of quotients of the Iwahori-Hecke algebra.

Ordered affine hovel. Actually, this article is written in a more general framework,
explained in Section 1: we work with $ an abstract ordered affine hovel (as defined
in [Rousseau 2011]), and we take G to be a strongly transitive group of (positive,
“vectorially Weyl”) automorphisms. In Section 7, we drop the assumption that G
is vectorially Weyl to define extended versions 17 and B-% of '% and BL%. In
the affine case, we prove that they are graded algebras and that the summand of
degree O of BLYY is very close to Cherednik’s double affine Hecke algebra.

1. General framework

1.1. Vectorial data. We consider a quadruple (V, W¥, (a;)ier, (&));c;) Where V is
a finite dimensional real vector space, W a subgroup of GL(V') (the vectorial Weyl
group), I a finite set, («;’);.; a family in V, and («;);<s a family in the dual V* We
suppose this family free, i.e., the set {«; | i € I} linearly independent and ask these
data to satisfy the conditions of [Rousseau 2011, 1.1]. In particular, the formula
ri(v) = v —o;(v)a;” defines a linear involution in V which is an element in WV
and (W?, {r; | i € I}) is a Coxeter system.

To be more concrete, we consider the Kac—Moody case of [op. cit., 1.2]: the
matrix M = (¢; (e )i jer 1s a generalized Cartan matrix. Then W" is the Weyl
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group of the corresponding Kac—Moody Lie algebra gy and the associated real root
system is
®={we)|weW’,iel)c Q=FZ.a;.
iel

We set ®F = & N QF, where OF = :I:(EBZ.E,(ZZ()).OQ). Also,

0V = (@z.@), and QY = i(@(zzo).ay).
iel iel
We have ® = &t U ®~ and, for o = w(;) € P,
re=w.ri.w' and re(v) =v—a@)a,
where the coroot ¥ = w(e;’) depends only on «.

The set @ is an (abstract, reduced) real root system in the sense of [Moody
and Pianzola 1989; 1995; Bardy 1996]. We shall sometimes also use the set
A=dU A;rrn UA._ of all roots (with —A. = A;:n C Q%, W'-stable) defined in
[Kac 1990]. It is an (abstract, reduced) root system in the sense of [Bardy 1996].

The fundamental positive chamber is Cf ={v € V | ;(v) > 0, forall i € I}. Its
closure CT}’ is the disjoint union of the vectorial faces

F'(J)={veV]a;(v)=0foralli € J, and o;(v) > Oforalli € I\ J}

for J C I. We set Vo = F'(I). The positive and negative vectorial faces are the
sets w. FU(J) and —w. F"(J), respectively, for w € W' and J C I. The support
of such a face is the vector space it generates. The set J or the face w. FV(J) or an
element of this face is called spherical if the group W' (J) generated by {r; | i € J}
is finite. An element of a vectorial chamber +w . C} is called regular.

The Tits cone T is the (disjoint) union of the positive vectorial faces. Its interior
T° consists of those faces that are also spherical. It is a W'-stable convex cone in V.

We say that A” = (V, W?) is a vectorial apartment. A positive automorphism
of AV is a linear bijection ¢ : A¥ — AV stabilizing 7 and permuting the roots
and corresponding coroots; so it normalizes W' and permutes the vectorial walls
M? () = Ker(a). As WV acts simply transitively on the positive (resp., negative)
vectorial chambers, any subgroup WY of the group Autt(A?) (of positive auto-
morphisms of A?) containing W? may be written W? =  x W, where € is the
stabilizer in WY of C + (resp., —Cy). This group €2 induces a group of permutations
of I (by w(w;) = aw(iy and w(a;’) = ) ;)); but it may be greater than the whole
group of permutations in general, even infinite if () Ker«; # {0}.

1.2. The model apartment. As in [Rousseau 2011, 1.4] the model apartment A
is V considered as an affine space and endowed with a family M of walls. These
walls are affine hyperplanes directed by Ker(«) for o € .
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We ask this apartment to be semidiscrete and the origin O to be special. This
means that these walls are the hyperplanes defined as

Mo, k)={veV ]|a@)+k=0} foraxedandk e A,,

with Ay, =k, .Z a nontrivial discrete subgroup of R. Using [Gaussent and Rousseau
2014, Lemma 1.3] (i.e., by replacing ® by another system &) we may (and shall)
assume that A, = Z for all o € ®.

Fora=w(a;) € D, k€Z, and M = M (e, k), the reflection r, x = rps with respect
to M is the affine involution of A with fixed points the wall M and associated linear
involution r,. The affine Weyl group W¢ is the group generated by the reflections
ry for M € M; we assume that W* stabilizes M. We know that W? = W? x QY
and we write Wiz = WV x V; here Q" and V have to be understood as groups of
translations.

An automorphism of A is an affine bijection ¢ : A — A stabilizing the set of pairs
(M, a) of a wall M and the coroot associated with & € ® such that M = M («, k),
k € Z. We write ¢ : V — V the linear application associated to ¢. The group
Aut(A) of these automorphisms contains W* and normalizes it. We consider also
the group Autﬂv{ (A) ={p € Aut(A) | ? € W'} = Aut(A) N Wg.

Fora e ®and k e R, D(a, k) ={v € V | ¢(v) + k > 0} is an half-space; it is
called an half-apartment if k € Z. We write D(a, 00) = A.

The Tits cone 7 and its interior 7 are convex and WV-stable cones; therefore,
we can define two W'-invariant preorder relations on A:

x<y<& y—xeT and x<y & y—xeTo

If W? has no fixed point in V \ {0} and no finite factor, then they are orders; but, in
general, they are not.

1.3. Faces, sectors, and chimneys. The faces in A are associated to the above
systems of walls and half-apartments. As in [Bruhat and Tits 1972], they are no
longer subsets of A, but filters of subsets of A. For the definition of that notion and
its properties, see [loc. cit.] or [Gaussent and Rousseau 2008].

If F is a subset of A containing an element x in its closure, the germ of F' in
x is the filter germ (F) consisting of all subsets of A which contain intersections
of F and neighborhoods of x. In particular, if x # y € A, we denote the germ in x
of the segment [x, y] by [x, y) and the germ in x of the segment ]x, y] by ]x, y).

Given F a filter of subsets of A, its enclosure clp(F) is the filter made of
the subsets of A containing an element of F of the shape (), D(«, ko), Where
ky € Z U {oo}. Tts closure F is the filter made of the subsets of A containing the
closure S of some S € F.
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A local face F in the apartment A is associated to its vertex, a point x € A, and
its direction, a vectorial face F" in V. It is defined as F' = germ, (x + F") and we
denote it by F = F%(x, FV). Its closure is F¢(x, F¥) = germ (x + F?)

There is an order on the local faces: in fact, the three assertions F is a face of F”,
F’ covers F, and F < F' are by definition equivalent to F C F'. The dimension
of a local face F is the smallest dimension of an affine space generated by some
S € F. The (unique) such affine space E of minimal dimension is the support of F’;
if F = F(x, FV), then supp(F) = x + supp(F?).

A local face F = F%(x, FV) is spherical if the direction of its support meets the
open Tits cone (i.e., when F" is spherical), then its pointwise stabilizer Wg in W¢
is finite. We shall actually speak only of local faces here, and sometimes forget the
word local.

Any point x € A is contained in a unique face F(x, Vp) C cla({x}) which is
minimal of positive and negative direction (but seldom spherical). For any local
face F' = F(x, F?), there is a unique face F (as defined in [Rousseau 2011])
containing F ¢ Then F¢ C F = cla(F% = cla(F) is also the enclosure of any
interval-germ ]x, y) = germ,(]x, y]) included in F ¢

A local chamber is a maximal local face, i.e., a local face F* (x,fw.C JP ) for
x € A and w € W". The fundamental local chamber is C(J{ = germ(C }’ ).

A (local) panel is a spherical local face maximal among local faces which are not
chambers, or, equivalently, a spherical face of dimension n — 1; its support is a wall.

A sector in A is a V-translate s = x + C" of a vectorial chamber C" = +w.Cy,
with w € W', The point x is its base point and C" its direction. Two sectors have
the same direction if and only if they are conjugate by V-translation, and if and
only if their intersection contains another sector.

The sector-germ of a sector s = x + C" in A is the filter & of subsets of A con-
sisting of the sets containing a V-translate of s; it is well determined by the direction
C". So, the set of translation classes of sectors in A, the set of vectorial chambers
in V, and the set of sector-germs in A are in canonical bijection. We denote the
sector-germ associated to the negative fundamental vectorial chamber —Cj by &_.

A sector-face in A is a V-translate f =x+ F'V of a vectorial face F' =dw. F"(J).
The sector-face-germ of f is the filter § of subsets containing a translate f of § by an
element of FV (i.e., f C f). If F" is spherical, then f and § are also called spherical.
The sign of f and § is the sign of F".

A chimney in A is associated to a face F = F(x, F(}’ ), called its basis, and to a
vectorial face F, its direction; it is the filter

o(F, F*) =cla(F + FY).

A chimney v =t(F, F") is splayed if F" is spherical; it is solid if its support (as a
filter, i.e., the smallest affine subspace containing t) has a finite pointwise stabilizer
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in W*'. A splayed chimney is therefore solid. The enclosure of a sector-face
f=x+ FV is a chimney.

A ray § with origin in x and containing y # x (or the interval ]x, y], the segment
[x, y]) is called preordered if x <y or y < x and generic if x < y or y < x. With
these new notions, a chimney can be defined as the enclosure of a preordered ray
and a preordered segment-germ sharing the same origin. The chimney is splayed if
and only if the ray is generic.

1.4. The hovel. In this section, we recall the definition and some properties of an
ordered affine hovel given by Rousseau [2011].

1.4.1. An apartment of type A is a set A endowed with a set Isom"(A, A) of
bijections (called Weyl-isomorphisms) such that, if fy € Isom"(A, A), then f €
Isom"(A, A) if and only if there exists w € W satisfying f = fyow. An iso-
morphism (resp., a Weyl-isomorphism, a vectorially Weyl isomorphism) between
two apartments ¢ : A — A’ is a bijection such that, for any f € Isom"(A, A),
f elsom™(A, A), f'logo f is contained in Aut(A) (resp., in W¢ in Autﬂ‘gl(A));
the group of these isomorphisms is written Isom(A, A") (resp., Isom"(A, A"),
Isom[}g (A, A")). As the filters in A defined in Section 1.3 above (e.g., local faces,
sectors, walls, etc.) are permuted by Aut(A), they are well defined in any apartment
of type A and exchanged by any isomorphism.

Definition. An ordered affine hovel of type A (or, for short, a masure of type A) is
a set $ endowed with a covering .4 of subsets called apartments such that:

(MAT) any A € A admits a structure of an apartment of type A;

(MA2) if F is a point, a germ of a preordered interval, a generic ray, or a solid
chimney in an apartment A, and if A" is another apartment containing F,
then A N A’ contains the enclosure cl4(F) of F and there exists a Weyl-
isomorphism from A onto A’ fixing cls(F);

(MA3) if fR is the germ of a splayed chimney and if F is a face or a germ of a
solid chimney, then there exists an apartment that contains R and F;

(MA4) if two apartments A, A" contain R and F as in (MA3), then their intersection
contains cl4 (PR U F) and there exists a Weyl-isomorphism from A onto A’
fixing cl4 (R U F);

(MAS) if x, y are two points contained in two apartments A and A’, and if x <4 y
then the two segments [x, y]4 and [x, y]a are equal.

We ask here that $ be thick of finite thickness: the number of local chambers
containing a given (local) panel has to be finite and at least 3. This number is the
same for any panel in a given wall M [Rousseau 2011, 2.9]; we denote it by 14+ q.
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An automorphism (resp., a Weyl-automorphism, a vectorially Weyl automor-
phism) of ¢ is a bijection ¢ : $ — $ such that A € A <= ¢(A) € A and then
@la: A— @(A) is an isomorphism (resp., a Weyl-isomorphism, a vectorially Weyl
isomorphism).

1.4.2. For x € 9, the set 7.9 (resp. 7, $) of segment-germs [x, y) for y > x
(resp., y < x) may be considered as a building, the positive (resp., negative) tangent
building. The corresponding faces are the local faces of positive (resp., negative)
direction and of vertex x. The associated Weyl group is W". If the W-distance
(calculated in 7,£9) of two local chambers is d"(C,, C,) =w € W, to any reduced
decomposition w = r;, - - - r;, corresponds a unique minimal gallery from C; to C;
of type (i1, ..., i,). We shall say, by abuse of notation, that this gallery is of type w.

The buildings 7;+§ and 7. 9 are actually twinned. The codistance d “W(C,, Dy)
of two opposite sign chambers C, and D, is the W-distance d c,, op D,), where
op D, denotes the opposite chamber to D, in an apartment containing C, and D,.
Similarly two segment-germs n € 7,7 and ¢ € 7,9 are said opposite if they are
in a same apartment A and opposite in this apartment (i.e., in the same line, with
opposite directions).

Lemma [Rousseau 2011, 2.9]. Let D be a half-apartment in $ and M = 9D its
wall (i.e., its boundary). One considers a panel F in M and a local chamber C in
9 covering F. Then there is an apartment containing D and C.

1.4.3. We assume that $ has a strongly transitive group of automorphisms G, i.e.,
all isomorphisms involved in the above axioms are induced by elements of G;
see [Rousseau 2012, 4.10; Ciobotaru and Rousseau 2015]. We choose in $ a
fundamental apartment which we identify with A. As G is strongly transitive, the
apartments of $ are the sets g.A for g € G. The stabilizer N of A in G induces
a group W = v(N) C Aut(A) of affine automorphisms of A which permutes the
walls, local faces, sectors, sector-faces, etc., and contains the affine Weyl group
W =W x QY [Rousseau 2012, 4.13.1].

We denote the stabilizer of 0 € A in G by K and the pointwise stabilizer (or
fixer) of C§” by Kj; this group K; is called the Iwahori subgroup.

1.4.4. We ask W = v(N) to be positive and vectorially Weyl for its action on the
vectorial faces. This means that the associated linear map w of any w € v(N) is
in W' As v(N) contains W¢ and stabilizes M, we have W = v(N) = WV x Y,
where WV fixes the origin 0 of A and Y is a group of translations such that:
OVvcYycP'={veV|al) €Z VYa € ). Anelement w € W will often be
written w = A.w, with A € Y and w € WV

We ask Y to be discrete in V. This is clearly satisfied if & generates V* i.e.,
(at;);eq 18 a basis of V*,
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1.4.5. Note that there is only a finite number of constants gy, as in the definition
of thickness. Indeed, we must have gy = qu, Yw € v(N) and w.M(a, k) =
M(w(a), k), Yw € W. So now, fix i € I, as «;(e;") = 2 the translation by «;”
permutes the walls M = M («;, k) (for k € Z) with two orbits. So, Q¥ C W has at
most two orbits in the set of the constants gy, k): one containing the g; = gy (q;,0)
and the other containing the qi’ =qM(,;.+1)- Hence, the number of (possibly) different
gwm is at most 2.|7|. We denote this set of parameters by Q = {g;, g/ | i € I}.

If o (oz}/) is odd for some j € I, the translation by ozjv exchanges the two walls
M (a;, 0) and M (@i, —i(e;’)); s0 g; = g;. More generally, we see that ¢; = g; when
a;(Y)=12,i.e., a;(Y) contains an odd integer. If o; (ozjv) =a;(o;’) =—1, one knows
that the element r;r;r; of W'({i, j}) exchanges o; and —a;, s0 ¢; = g/ =¢q; =¢}.

Actually many of the following results (in sections 2, 3) are true without assuming
the existence of G: we have only to assume that the parameters g, satisfy the
above conditions.

1.4.6. The main examples of all the above situation are provided by the hovels of
almost split Kac—Moody groups over fields complete for a discrete valuation and
with a finite residue field, see Section 7.2 below.

1.4.7. Remarks. (a) In the following, we sometimes use results of [Gaussent and
Rousseau 2008] even though, in this paper we deal with split Kac-Moody groups
and residue fields containing C. But the cited results are easily generalizable to our
present framework, using the above references.

(b) All isomorphisms in [Rousseau 2011] are Weyl-isomorphisms, and, when G is
strongly transitive, all isomorphisms constructed in that reference are induced by
an element of G.

1.5. Type 0 vertices. The elements of Y, through the identification Y = N.0, are
called vertices of type 0 in A; they are special vertices. We note Y™ =Y N7 and
YT+ =Y NC}. The type 0 vertices in $ are the points on the orbit $¢ of 0 by G.
This set $¢ is often called the affine Grassmannian as it is equal to G/K, where
K = Stabs ({0}). But in general, G is not equal to KY K = K N K [Gaussent and
Rousseau 2008, 6.10], i.e., $9 = K .Y.

We know that $ is endowed with a G-invariant preorder < which induces the
known one on A. Moreover, if x <y, then x and y are in a same apartment [Rousseau
2011,5.9]. Weset $T={x € $|0<x}, $§ =FNI*, and GT={geG|0<g.0};
s0 9§ =GT.0=G"/K. As < is a G-invariant preorder, G is a semigroup.

Ifx e 98“ there is an apartment A containing 0 and x (by definition of <) and
all apartments containing 0 are conjugated to A by K (see (MA2));sox € K.Y ™
as $f NA=YT. But v(NNK) =W and Y = W?.Y ™™, with uniqueness of the
element in Y. So $§ = K.Y, more precisely §§ = GT/K is the union of the
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KyK /K for y € Y**. This union is disjoint, for the above construction does not
depend on the choice of A; see Section 1.9(a).
Hence, we have proved that the map Y™+ — K\G'/K is one-to-one and onto.

1.6. Vectorial distance and Q" -order. For x in the Tits cone T, we denote by x*+
the unique element in CT}’ conjugated by W? to x.

Let $ x<9={(x,y) € $xF|x <y} be the set of increasing pairs in $. Such a
pair (x, y) is always in a same apartment g.A; so (g™H.y—(g™H.x e T and we
define the vectorial distance d*(x, y) € CT}) byd’(x,y) =g H.y—(g™H.x)t .
It does not depend on the choices we made (by Section 1.9.a below).

For (x,y) € $9 x< $o = {(x,y) € $0 x $o | x < y}, the vectorial distance
d¥(x, y) takes values in Y. Actually, as $9 = G .0, K is the stabilizer of 0 and
$¢§ = K.Y (with uniqueness of the element in Y), the map dV induces a
bijection between the set $9 x < $9/ G of G-orbits in $¢ x < Fo and Y.

Further, dV gives the inverse of the map Y™+ — K\G*/K, as any g € G is in
K.d'(0, g.0).K.

For x, y € A, we say that x <gv y when y —x € QY, and x <oy y when

y—x€Qp, = ZREQ.O{;/.
iel
We get thus a preorder which is an order at least when («;"),; is free or R -free,
ie., Y a;a; =0, a; >0 implies a; = 0, for all i.

1.7. Paths. We consider piecewise linear continuous paths 7 : [0, 1] — A such
that each (existing) tangent vector 7’(¢) belongs to an orbit WV. A for some A € CT}’
Such a path is called a A-path; it is increasing with respect to the preorder relation <
on A.

For any ¢ # O (resp., t # 1), we let r’_(¢) (resp., /. (¢)) denote the derivative
of 7 at ¢t from the left (resp., from the right). Further, we define wi.(¢) € W? to be
the smallest element in its (W"),-class such that 7/ (r) = w4 (¢) . A, where (W"),
is the stabilizer in WV of A.

Hecke paths of shape A (with respect to the sector germ &_oo = germ,,(—Cy))
are A-paths satisfying some further precise conditions, see [Kapovich and Millson
2008, 3.27] or [Gaussent and Rousseau 2014, 1.8]. For us their interest will appear
just below in Section 1.8.

But to give a formula for the structure constants of the forthcoming Iwahori—
Hecke algebra, we will need slightly different Hecke paths whose definition is
detailed in Section 3.3.

1.8. Retractions onto Y*. For all x € 7 there is an apartment containing x and
Cy = germy(—Cy) [Rousseau 2011, 5.1] and this apartment is conjugated to A by
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an element of K fixing C ; see (MA2). So, by the usual arguments, as well as
[op. cit., 5.5] (see below Proposition 1.10(a)), we can define the retraction Pcy of
9T into A with center Cy; its image is pc- ($7) =T =9 NA and p- IH=Y"

Using axioms (MA3) and (MA4) [Gaussent and Rousseau 2008, 4.4], we may
also define the retraction p_, of $ onto A with center the sector-germ & _ .

More generally, we may define the retraction p of $ (resp., of the subset $-, =
{y€e$|y >z}, fora fixed z) onto an apartment A with center any sector germ (resp.,
any local chamber of negative direction with vertex z). For any such retraction p,
the image of any segment [x, y] with (x,y) € $ x< ¥ and d’(x,y) = X € (/T}’
(resp., and moreover x, y € $>) is a A-path [Gaussent and Rousseau 2008, 4.4]. In
particular, p(x) < p(y).

Actually, the image by p_o, of any segment [x, y] with (x,y) € $ x< $ and
d'(x,y) = A € Y™ is a Hecke path of shape A with respect to &_o, [Gaussent
and Rousseau 2008, th. 6.2], and we have the following lemma.

Lemma. (a) For x € Y™t and w € W, we have w.» € A — QY i.e., w. A <gvA.
(b) Let  be a Hecke path of shape ). € YT with respect to &_, from yp € Y to
yi €Y. Then, for0 <t <t <1,
A=m, )t =al ()"
(1) <gvrl (t") <ovml (t") <ovrl (1);
7\ (0) <gv X;
7, (0) <gy (y1 = y0) <gy (1) <gv A;
Yi— Yo <gQvA.
Moreover y| — yq is in the convex hull conv(W".A) of all w.\ for w € WY,
more precisely in the convex hull conv(W". 1, > 7, (0)) of all w'. \ for w" € W?,
w’ < w, where w is the element with minimal length such that njr 0)=w.A\
(c) If, moreover, (&), is free, we may replace above <oy by <o~
(d) If x <z <yin9%o, thend’(x,y) <gvd'(x,z)+d"(z, y).

N.B. In the following, we always assume («;”);; free.

iel
Proof. Everything is proved in [Gaussent and Rousseau 2014, 2.4], except the
second paragraph of (b). Actually we see in [loc. cit.] that y; — yg is the integral
of the locally constant vector-valued function 7/ (t) = w, (¢)., where w.(¢) is

decreasing for the Bruhat order [op. cit., 5.4], hence the result. O

1.9. Chambers of type 0. Let 63 be the set of all local chambers with vertices of
type O and positive or negative direction. A local chamber of vertex x € $g will
often be written Cy and its direction C!. We consider €§ x < €¢{ = {(Cy, C,) €
@ x 6 | x < y}. We sometimes write Cy < C), when x < y.
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Proposition [Rousseau 2011, 5.4 and 5.1]. Let x, y € $ with x < y. We consider
two local faces F, Fy with respective vertices x, y.

() {x, y} is included in an apartment and two such apartments A, A" are isomor-
phic by a Weyl-isomorphism in G, fixing cla({x, y}) =cla({x, y}) D [x, y].

(b) There is an apartment containing F, and Fy, unless F, and F, are respectively
of positive and negative direction. In this case we have to assume moreover
x £ yorx =y to get the same result.

Consequences. (1) We define Wt = WV x YT which is a subsemigroup of W.

If C, € 67, we know by (b) above, that there is an apartment A containing
Cg and C,. But all apartments containing Cy are conjugated to A by K; (MA2),
so there is k € K; with k~!.C, c A. Now the vertex k~!.x of k~'.C, satisfies
k='.x >0, so there is w € W+ such that k~!.C, = w.C{.

When g € GT, we have g.Cy € 6§ and there are k € K;, w € W satisfying
g.Cy =k.w.C{,ie., g € K;.WT.K;. We have proved the Bruhat decomposition
Gt=K;. W K.

(2) Let x € $¢ and Cy € 6 with x < y, x # y. We consider an apartment A
containing x and C, (by (b) above) and write Cy = F(y, Cy” )in A. For y' € y + Cy”
sufficiently close to y, a(y" — x) # 0 for any root «. So ]x, y’) is in a unique local
chamber pr, (Cy) of vertex x; this chamber satisfies [x, y) C pr,(Cy) C cla({x, y'})
and does not depend on the choice of y’. Moreover, if A" is another apartment
containing x and Cy, we may suppose y' € ANA" and ]x, '), cla({x, y'}), pr, (Cy)
are the same in A’. The local chamber pr, (C,) is well determined by x and C,; it
is the projection of Cy in 7,7 9.

The same things may be done changing accordingly 4+ to — and < to >. But,
in the above situation, if C, € €{, we have to assume x £ y to define the analogous
pr, (Cy) € €.

Proposition 1.10. In the setting of Section 1.9,

(a) If x < yor F, and Fy are, respectively, of negative and positive direction,
any two apartments A and A’ containing F, and F are isomorphic by a Weyl-
isomorphism in G fixing the convex hull of F, and F, (in A or A”).

(b) If x =y and the directions of F, and F, have the same sign, any two apartments
A and A’ containing Fy and F, are isomorphic by a Weyl-isomorphism in G,
¢: A— A fixing F, and F,. If moreover F, is a local chamber, any minimal
gallery from F to F, is fixed by ¢ (and in AN A").

(¢c) If F and F), are of positive directions and F, is spherical, any two apartments
A and A’ containing F, and F, are isomorphic by a Weyl-isomorphism in G
fixing Fy and F,.
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Remark. The conclusion in (c) above is less precise than in (a) or in Section 1.9(a).
We may actually improve it when the hovel is associated to a very good family
of parahorics, as defined in [Rousseau 2012] and already used in [Gaussent and
Rousseau 2008]. Then, using the notion of half-good fixers, we may assume that the
isomorphism in (c) above fixes some kind of enclosure of Fy and F, (containing the
convex hull). This particular case includes the case of an almost split Kac—Moody
group over a local field.

Proof. The assertions (a) and (b) are Propositions 5.5 and 5.2 of [Rousseau 2011],
respectively. To prove (c) we improve a little the proof of 5.5 in that reference and
use the classical trick that says that it is enough to assume that either F or F, is a
local chamber. We assume now that F, = C, is a local chamber; the other case is
analogous.

We consider an element 2, (resp., £2,) of the filter Cy (resp., Fy) contained in
ANA. Wehave x € Q,, y € Q_y, and one may suppose €2, is open and €2, is open
in the support of F,. There is an isomorphism ¢ : A — A’ fixing Q. Let y’' € Q,;
we want to prove that ¢(y') = y’. As F, is spherical, x <y < y’; hence, x < y’. So
x' <y’ for any x" € Q, (2, sufficiently small). Moreover [x’, y']N 2, is an open
neighborhood of x” in [x’, y']. By the following lemma, we get p(y’) = y'. O

Lemma. Let us consider two apartments A, A’ in $, a subset Q C AN A’, a point
z € AN A’ and an isomorphism ¢ : A — A’ fixing (pointwise) Q. We assume that
thereis 7 € Qwith7 <zorz >zand[Z,z]NQ open in 7, z]. Then ¢(z) = z.

N.B. This lemma asserts, in particular, that any isomorphism ¢ : A — A’ fixing a
local facet F C AN A’ fixes F.

Proof. Note that ¢|[,/ ;] is an affine bijection of [/, z] onto its image in A’, which is
the identity in a neighborhood of z. But Section 1.9(a) shows that [z, z] C AN A’
and the identity of [/, z] is an affine bijection (for the affine structures induced by A
and A”). Hence ¢|[, ;] coincides with this affine bijection; in particular ¢(z) =z. O

1.11. W-distance. Let (Cy, Cy) € 6§ x < €; there is an apartment A containing
Cy and Cy. We identify (A, Cg) with (A, C,), i.e., we consider the unique f €
Isomﬂ‘g’(A, A) such that f(C¢) = C,. Then f~!(y) > 0 and there is w € W+ such
that f *I(Cy) = w.C{. By Proposition 1.10(c), w does not depend on the choice
of A.

We define the W-distance between the two local chambers C, and C, to be this
unique element: d"(C,, Cy) =w e WT =Y+ x WV Ifw=2A.w, with A € Y and
w € WY, we write also dW(C,, y) = A. As < is G-invariant, the W-distance is also
G-invariant. When x = y, this definition coincides with the one in Section 1.4.2.

IfCy,Cy,C; € g, with x <y < z, are in a same apartment, we have the Chasles
relation: d"(Cy, C;) = d"(C,, Cy).d™(Cy, C,).
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When C, = Cy and Cy = g.Cy (with g € G1), d"(Cy, C)) is the only w €
W™ such that g € K;.w. K;. We have thus proved the uniqueness in the Bruhat
decomposition: Gt =], .+ Ki.w.K;.

The W-distance classifies the orbits of K; on {Cy € 6] | y > 0}, hence also the
orbits of G on 6 x < €.

2. Iwahori-Hecke Algebras

Throughout this section, we assume that («;");., is free and we consider any
commutative ring with unity R. To each w € W™, we associate a function T, from
@ x < to R defined by

1 ifd"C,C)=w,

T,(C,CH =
w ) {O otherwise.

Now we consider the following free R-module

9y = {gp = Z awTy ‘ aw € R, ay = 0 except for a finite number of w},

weWw+

We endow this R-module with the convolution product:

(@*¥)(Cx, Cy) =Y @(Cx, CHY(C:, Cy).
CZ

where C, € ‘6:{ is such that x <z <y. Itis clear that this product is associative and
R-bilinear. We prove below that this product is well defined.

As in [Gaussent and Rousseau 2014, 2.1], we see easily that I”Hﬁ can be identified
with the natural convolution algebra of functions G* — R, bi-invariant under K;
and with finite support.

Lemma 2.1. Let G~ C A be a sector-germ with negative direction in an apart-
ment A, let p_:$ — A be the corresponding retraction, and let w € W™. Then the set

P={d"(p_(Cy), p-(C))) e W | forall (Cx, Cy) €65 x <65, d¥(Cx, C)) = w)

is finite and included in a finite subset P’ of W depending only on w and on the
position of C, with respect to G~ (i.e., on the codistance wy € W' from Cy to the
local chamber C in x of direction &7).

Let us write w = A.w for A € Y+ and w € WY If we assume Cy and &~ are
opposite (i.e., wy = 1), then any v = p.v € P’ satisfies . <gv u <gv AT and p
is in conv(WV.ATT). More precisely  is in the convex hull conv(WV. A1, > 1)
of all w . At for w' € WY, w' < w;, where w;_ is the element with minimal length
such that . = w; A1



IWAHORI-HECKE ALGEBRAS FOR KAC-MOODY GROUPS OVER LOCAL FIELDS 17

Y++

If moreover A € , then i = A and v < w. In particular, forw =1 € Y1,

P ={w}={A}

Proof. We consider an apartment A containing C, and C,. We set Cy, = Cy+(y—x)
in A;. By identifying (A, Cg) with (A, Cy), we have y = x + A, and by identifying
(A, Cg) with (A, Cy), we have Cy = wC;,.

We have to prove that the possibilities for p_(C,) vary in a finite set determined
by p_(Cy), w, and w,. We shall prove this by successively showing the same kind
of result for p_([x, y)), p—(y), and ,0_(C§). Up to isomorphism, one may suppose
that C, C A.

(a) Fixing a reduced decomposition for w, gives a minimal gallery between Cj,
and [x, y). By retraction, we get a gallery with the same type from p_(Cy) to
o—([x, y)). The possible foldings of this gallery determine the possibilities for
p—([x, y)). More precisely, p_([x, y)) =x 4+ w'(3}7)[0, 1) for w’ < w; and A"
the image in A of At by the identification of (A, CJ") with (A, Cy).

(b) Now fix p_([x, y)). By Section 1.8(b), p_([x, y]) is a Hecke path 7 of shape
ATT (with respect to &7). Its derivative njr (0) is well determined by p_([x, y)). We
identify A with A in such a way that &~ has direction —C}. Then M =w, ()
and 7/ (0) = w'w, (X*), with w’ as above. By Section 1.8(b),

7\ (0) <gv p—(y) — p—(x) <gv AT

So there are a finite number of possibilities for p_(y).

(c) Now fix p_([x, ¥)) and p_(y), and investigate the possibilities for p_ (C ;). We
shall use a segment [x’, y'] in A parallel to [x, y] and prove successively that there
are a finite number of possibilities for p_(x'), p_([x", ), p—(¥"), and p_(C3).
So we choose £ € Y1 and in the interior of the fundamental chamber Cf. In the
apartment A, with (A, Cy) identified with (A, CJ ), we consider x’ = x + & and
y' =y +& (hence, y) = x’ + A).

As in (a) and (b) above, we get that there are a finite number of possibilities for
o—(x"). So we fix p_(x').

(c1) On one side, we may also enlarge in A; the segment [x, x'] by considering the
segment [x/, x”"], where x”" = x" 4+ ¢& = x + (1 + ¢)&, with ¢ > 0 small.
On the other side, [x, x’] can be described as a path 7y : [0, 1] — A, defined
by m1(t) = x 4+ t&. The retracted path w = p_(7;) satisfies
p—(x") — p_(x) <gv (1) <gv At
again by Section 1.8. So there are a finite number of possibilities for 7/, (1), i.e.,
for p_([x’, x”)). But there exists (in A;) a minimal gallery of the type of a reduced
decomposition of w; from the unique local chamber (C, + &) containing [x’, x”)
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to [x’, y). Hence, there exists a gallery of the same type between (a local chamber
containing) po_([x’, x”)) and p_([x/, ¥)). Therefore, there is a finite number of
possibilities for p_([x’, y")).

As in (b), we deduce that there are a finite number of possibilities for p_(y’).

(c2) The path p_([y, y']) is a Hecke path of shape & from p_(y) to p_(y’). By
[Gaussent and Rousseau 2008, Corollary 5.9], there exist a finite number of such
paths. In particular, there are a finite number of possibilities for the segment-germ
p—([y,y") and for p_(Cy).

(d) Next, we fix ,o,(C}/,). Fixing a reduced decomposition for w gives a minimal
gallery between Cy, and C,, hence a gallery of the same type between p_(Cy) and
p—(Cy). So, the number of possible p_(Cy) is finite and dW(,o_(C§), p—(Cy)) <w.

(e) Finally, let us consider the case w, = 1; hence, )ﬁ;“ = ATt So, in (b),
we get 7/ (0) = w'(X*") with w’ < wy; hence, 7} (0) >pv wy(ATT) = 4 and
L <ov 7 (0) <gv p—(y) — p—(x) = u <gv AT, If, moreover, A is in Y7, then
A= AtT and u = A. The Hecke path p_([x, y]) is of shape A and equal to the
segment [p_(x), p—(x)+ A). Its dual dimension is O [op. cit., 5.7]. By [op. cit., 6.3],
there is one and only one segment in $ with end y that retracts onto this Hecke path:
any apartment containing y and G~ contains [x, y]. But C, is in the enclosure
of x and Cy = C, (computation in Ay). So, any apartment containing &~ and Cj
contains Cy. Therefore, we have 1 = d"(C,, C}) =d"(p_(Cy), p_(C})).

The end of the proof of the lemma follows then from (d) above. (]

Proposition 2.2. Let Cy, Cy, C, € € be such that x <z <y and
dV(C,, C)=weW" and dV(C, Cy)=ve W™

Then dV(Cy, Cy) varies in a finite subset Py, , of W, depending only on w and v.
Let us write w =A.w and v = .v for ., u € Y and w, v € WY If we assume
=Xt and w =1, then any w' =v.u € Py, , satisfies .+ 1 <gv v <gv A+p*t
and v — A € conv(WV. u ™, > ) C conv(W'. utt).
If, moreover, u = u*tt € Y, then v = A+ p and u < v. In particular, for
w=>Xxand w = pin Yt we have Py, = {A + u}.

Proof. Consider any apartment A containing Cy, the sector-germ G~ opposite Cy
and the retraction p_ as in Lemma 2.1. Then p_(C,) = C, and avc,, p—(C,))
varies in a finite subset P, of W+ depending on w, by Lemma 2.1. If

d"(Cy, p_(C) =N W,

then the relative position w, € W? of C, and &~ is equal to w’. Applying once
more Lemma 2.1 to C; and Cy, we get that dV(p_(C,), p—(Cy)) varies in a finite
subset P, of W+ depending only on v and w’. Finally, d"(Cy, p_ (Cy)) varies in
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the finite subset
Pyy={w.veW" |w=1.weP, and v € Py}

Taking now A containing C, and Cy, we get d"(Cy, Cy) =d"(Cy, p—(Cy)) € Py .

To finish, suppose A =AT" and w = 1. By Lemma 2.1, P; = {A}; so, w' = w, = 1.
By Lemma 2.1 again, every v' = u'.v" € P,y satisfies u <gv u’ <gv ut*. Therefore,
any w” =v.u in Py, is equal to (A + ) .v" for u’.v" € P,y = P;; hence

At <grv=r4p <gvAt+ptt

If moreover u € Y+, then v = A + u and u < v. The last particular case is now
clear. Il

Proposition 2.3. Let us fix two local chambers Cy and Cy in ‘€§ with x <y and

d"(Cy, Cy) = u € WT. We consider w and v in W. Then the number ay , of

C, € Cf withx <z <y, d¥(Cy, C;) =w and d"(C,, Cy) = v is finite, i.e., in N.
If we assume w = A, v = y and u = v, then a,‘;,v = a:{,u > 1 (resp., a/‘\’,u =1)

when b€ YT, ue Y™ (resp., h,pu € Y ) and v =1+ p.

N.B. From the above conditions, we get d’(x,z) = A™" and d¥(z,y) = utt.
By [Gaussent and Rousseau 2014, 2.5], the number of points z satisfying these
conditions is finite.

Proof. According to the above note, we may fix z and count now the possible C.

Let C] be the local chamber in z containing [z, y) and [z, y’) for y’ in a sufficiently
small element of the filter C,. By convexity, C; is well determined by z and C,.
But in an apartment containing Cy and C; (hence also C?), we see that d YL, c,)
is well determined by v. So there is a gallery (of a fixed type) from C; to C,, thus
the number of possible C, is finite.

Assume now that w =A€Yt v=pu e Y™, and u = A+ . Taking an apartment
Aj containing C, and Cy, it is clear that the local chamber C, in A; such that
dV(C,, C,) = A satisfies also dW(C,, Cy) = (as av(c,, Cy)=A+p). So aijﬂ >1.
We consider now any C; satisfying the conditions, with moreover u € Y.

As in Proposition 2.2, we choose A containing Cy and &~ opposite C,. We
saw in Lemma 2.1(e) that any apartment containing C, and &~ contains C, and
d"(Cy, p—(C;)) = 1. With the same lemma applied to C, and Cy, we see that any
apartment containing C; and &~ contains Cy. In particular, there is an apartment
Aj containing Cy, C;, Cy; so d"(Cy, C;) = A, d"(C,, Cy) = p, and dV(Cy, Cy) =
A+ p. But i, u € YTT, so C; is in the enclosure of Cy and Cy. Therefore, C,
is unique: any other apartment A, containing C, and Cy also contains x, y (with
x<y)and x'=x+§, Yy =y+& (withx' <y'), for§ € C! = C, small; by
Section 1.9(a), A, contains z € cla, ({x, y}) and 2’ =z + & e cla, ({x', y'}), hence
also C; C cly, (1z, 2)). O



20 NICOLE BARDY-PANSE, STEPHANE GAUSSENT AND GUY ROUSSEAU

Theorem 2.4. For any ring R, lHﬁ is an algebra with identity 1d = T\ such that

Tp* Ty = Z at , T

UcPy y
and T, % T,y = Ty, for A, p € YT,

Proof. It follows from Propositions 2.2 and 2.3, as the map Ty, * T, : 65 x <6 — R
is clearly G-invariant. (]

Definition 2.5. The algebra IH‘,? is the Iwahori—-Hecke algebra associated to $ with
coefficients in R.

The structure constants a,, , are nonnegative integers. We conjecture that they
are polynomials in the parameters ¢;, ¢; with coefficients in Z and that these
polynomials depend only on A and W. We prove this in the following section for
w, v generic, see the precise hypothesis just below. We get also this conjecture for
some A, W when all g, g are equal; in the general case we get only that they are
Laurent polynomials, see Section 6.7.

Geometrically, it is possible to get more information about 75 * 7, when A € Y+
and p € Y™, but we shall obtain them algebraically; see Corollary 5.3.

3. Structure constants

In this section, we compute the structure constants a,, ,, of the Iwahori-Hecke alge-
bra I’H,%, assuming that v = . v is regular and w = A. w is spherical, i.e., u is regular
and A is spherical; see Section 1.1 for the definitions. We will adapt some results
obtained in the spherical case in [Gaussent and Rousseau 2014] to our situation.

These structure constants depend on the shape of the standard apartment A and
on the numbers g, of Section 1.4. Recall that the number of (possibly) different
parameters is at most 2|/|. We denote by Q =1{q,, ..., q;. 91 =q; > ---»q =4y}
this set of parameters.

3.1. Centrifugally folded galleries of chambers. Let 7 be a point in the standard
apartment A. We have twinned buildings 7;"$ (resp., 7,” ). We consider their
unrestricted structure, so the associated Weyl group is W and the chambers (resp.,
closed chambers) are the local chambers C = germ_(z + C") (resp., local closed
chambers C = germ,(z + CV)), where C? is a vectorial chamber; see [Gaussent
and Rousseau 2008, 4.5] or [Rousseau 2011, §5]. The distances (resp., codistances)
between these chambers are written d" (resp., d*V). To A is associated a twin
system of apartments A, = (A7, Al).

Choose in A a negative (local) chamber C;~ and denote by C; its opposite in A,
Consider the system of positive roots @ associated to C;. Actually, ®* = w. cijr
if <I>jir is the system ®* defined in Section 1.1 and C" = germ,(z +w.C}). Denote
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by (;);es the corresponding basis of ® and by (7;);<; the corresponding generators
of W?. Note that this change of notation is limited to Section 3.
Fix a reduced decomposition of an element w € WY, w = r;, ...r;., and let
i =(i,..., i) be the type of the decomposition. Now consider galleries of (local)
chambers ¢ = (C;, Cy, ..., C;) in the apartment A} starting at C;- and of type i.
The set of all these galleries is in bijection with ') = {1, r;;} < --- x {1, r;,}
via the map

(cly s )= (Co,c1C .. cr1...¢.C).

Let Bj = —c1---¢j(a;;); then B; is the root corresponding to the common limit
hyperplane M; = M(B;, —B;(z)) of type i; of

Cj,1261~~-6j,1CZ_ and Cj261~-'CjCZ_
and satisfying B;(C;) > B;(z).

Definition. Let Q be a chamber in AT, A gallery ¢ = (C;,Cy,...,C,) € T(i) is
said to be centrifugally folded with respect to Q if C; = C;_; implies that M; is a
wall and separates 9 from C; = C;_;. We denote this set of centrifugally folded
galleries by Fg(i ).

3.2. Liftings of galleries. Next, let ps : 7,9 — A; be the retraction centered at Q.
To a gallery of chambers ¢ = (C;, Cy, ..., C,) in I'(i), one can associate the set
of all galleries of type i starting at C, in 7,~ $ that retract onto ¢; we denote this
set by Ca(c). We denote the set of minimal galleries (i.e., C;_1 # C;) in Cq(c) by
Cg (¢). Recall from [Gaussent and Rousseau 2014, Proposition 4.4], that the set
C{(¢) is nonempty if and only if the gallery c is centrifugally folded with respect
to 2. Recall also from [op. cit., Corollary 4.5], that if ¢ € Fg (i), then the number
of elements in Cg (c) is

seae) =@ -x[]q

jeh Jj€h
where g = qu; € Q,
Ji={jell,....r}|c;=1}
and

Jr={jel{l,....r}|cj=r; and M; is a wall separating 9 from C;}.

3.3. Liftings of Hecke paths. The Hecke paths we consider here are slight modifi-
cations of those used in [Gaussent and Rousseau 2014]. Let us fix a local positive
chamber C, € € NA. Actually, a Hecke path of shape u** with respect to Cy
in A is a ut*-path in A that we denote by = = [z’ = 20, 21, - - ., Z¢, , ¥] and that
satisfies the following assumptions.
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For all z =n(t), 7 # z0 = 7 (0), we ask that x < z. Then we choose the local
negative chamber C; as C;” = pr,(Cy). This means that C: contains [z, x) and
[z, x") for x" in a sufficiently small element of the filter C,. Then we assume
moreover that for all k € {1, ..., £,}, there exists a (WZ”k, C, )-chain from 7/ () to
m'y (tx), where z; = (#;). More precisely, this means that, for all k € {1, ..., £},
there exist finite sequences (§g =7/ (¢), &1, ..., & = 71/+ (t)) of vectors in V and
(B1, - .., Bs) of real roots such that, forall j =1,...,s:

) rg;(§j-1) =§j,
(i) Bj(§;-1) <0,
(iil) rg; € Wy, ). 1-e., Bj(m (1)) € Z,
(iv) each B; is positive with respect to Cy, i.e., Bj(zx — Cy) > 0.

The centrifugally folded galleries are related to the lifting of Hecke paths by the
following lemma that we proved in [Gaussent and Rousseau 2014, Lemma 4.6].

Suppose that z € A with x £ z. Let £ and 5 be two segment-germs in At
Let —n and —£ be opposite, respectively, of n and & in A_. Let i be the type of a
minimal gallery between C; and C_¢, where C_¢ is the negative (local) chamber
containing —& such that d"(C;", C_¢) is of minimal length. Let Q be a chamber
of A} containing 1. Suppose that & and 7 are conjugated by W_".

Lemma. The following conditions are equivalent:

(i) There exists an opposite ¢ to n in T, $ such that p, cr (&) =-¢.
(i1) There exists a gallery ¢ € 1";5 (i) ending in —n.
(iii) There exists a (W}, C;)-chain from & to n.

Moreover the possible { are in one-to-one correspondence with the disjoint union
of the sets C3(c) for ¢ in the set Fg (i, —n) of galleries in Fg (i) ending in —n.

For a Hecke path as above and for k € {1, ..., £}, we define the segment-germs
ik =14 () =m () +7/ (1) .[0, 1) and =& =7_ (1) =7 (1) — /(%) .[0, 1). As
above, iy is the type of a minimal gallery between C;, and C_¢,, where C_g, is the
negative (local) chamber such that —&; C CTE,( and dW(C;k , C_g,) is of minimal
length. Let 9 be a fixed chamber in A, containing n, and I‘gk (ix, —nx) be the
set of all the galleries (C;,, Cy, ..., C,) of type iy in A7, centrifugally folded with
respect to £ and with —n; € C,.

Let us denote the retraction py o :$>x — A simply by p and recall that y =7 (1).
Let Sc,(r, y) be the set of all segments [z, y] such that p([z, y]) =, in particular,
p(z) = 7. The following two theorems are proved in the same way as Theorems 4.8
and 4.12 of [Gaussent and Rousseau 2014]; in particular, we lift the path 7 step by
step starting from the end of 7.
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Theorem 3.4. The set Sc (7, y) is nonempty if and only if w is a Hecke path with
respect to Cy. Then, we have a bijection

lr
Semn~[] LI c&.©.

k=1 cel (ix,—m)

In particular, the number of elements in this set is a polynomial in the numbers g € Q
with coefficients in Z depending only on A.

Theorem 3.5. Let A, pu, v € YT with A spherical. Then, the number m_,, (v) of
points z in $ with d*(0, z) = A and d*(z, v) = u is equal to

Lr
(1) ma= 2 2 ]I 2 g
weWv/ (WY, w k:lcEFSk(ik,*Uk)

where w runs over the set of Hecke paths of shape u with respect to Cy from w.A
tovand ng(ib —nk), and Cgk (c) are defined as above for each such .

Remark. In Theorems 3.4 and 3.5 above and in [Gaussent and Rousseau 2014], it
is interesting to note that if z,, =1, i.e., 7y, =y, then, in the above formulas, —n,,
and 9, are not well defined: 7 (1) does not exist. We have to understand that

I cs©

+ .
cely @n(tzn s = Mer)

is the set of all minimal galleries of type i, starting from C, whose cardinality is
[Tz g i ie, = Gu, .o sir).

3.6. The formula. Let us fix two local chambers C, and Cy in € with x <y
and d"(C,, Cy) =u € WT. We consider w and v in W™. Then we know that the
number al , of C; € 6§ withx <z <y, d"(Cy, C;) =w, and d¥(C,, Cy) = v is
finite; see Proposition 2.3. In order to obtain a formula for that number, we first
use equivalent conditions on the W-distance between the chambers.

Lemma. (1) Assume A is spherical. Let C; = pr,(Cy) and let w}:|r be the longest
element such that w;f.)u € CTP . Then

d"(Cy,2) =,

dVc,,CH=rvw {
e VT, C) = wiw.

(2) Assume  is regular. Let C;7 = pr,(Cy) and let w, be the unique element such
that ptt =w,.u € (T}’ Then

dW(CZ9 CZ+) == w/;lv

aVc.,cp)=p.v =
(G C=u {dW(Cj,Cy):,u**w,Lv.
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As we assume [ regular, C; = pr,(C;) is the unique local chamber in y
containing [y, z), and C;- =pr_(Cy) is the unique local chamber in z containing
[z, ). Also,

aict, cy)=pttuw = dzy)=ptt and a*V(C), Cy) = wyv.

Proof. (1) By convexity, C, is in any apartment containing C, and C,. Let us
fix such an apartment A and identify (A, C,) with (A, germO(C]”f)). By definition,
we have d"(C,, z) = d"(Cy, z + C,). Then, of course, d"(Cy, z) = A. Next
as A is supposed spherical, the stabilizer (W?), is finite, so w;L is well defined
and x < z, so C; is well defined. Moreover, d"(op A4Co 2+ Cy) = wf and
d"(z + Cy, C;) = w. Therefore, by Chasles, we get d"(op, C;, C;) = w, w, but,
by definition, a*V (C, C,) = d"(op, C7, 2+ C,).

(2) The first assertion is the Chasles’ relation, as C,, Cy, C;!, (and C;) are in a
same apartment A’. The second comes from the fact that, if p is regular, then
d(CF,CH) =d"(z,y) € YT, where CJ, is opposite C/, at y in A”. Moreover,
d*V(C,, cy) =d"(C],

Zy» Cy) € WY by definition, so we conclude by Chasles. [

Theorem 3.7. Assume p is regular and ) is spherical. We choose the standard
apartment A containing Cy and Cy. Then

dyy= ) (eﬁ >, ttCSk(C)>< Zucz’yw))( D el <e>>

ity \ k=1 cergk(ik,—nk) deFC*y(il,C_‘.) eel"+ (z cl)

il pee)

Tty o \k=1 c€l§ (ix.— k) (z o4 )

where the m in the first sum runs over the set of all Hecke paths in A with respect
to Cy of shape u*+ from x + X = zo to x + v = y such that t,, = 1; whereas, in
the second sum, the paths have to satisfy t,, <1 and d*W(Cy_ , Cy) =wyv, where
Cy =pr,(Cy) is the local chamber in 'y containing [y, x) and [y, x") for x' ina
sufficiently small element of the filter Cy.

Moreover, i is a reduced a’ecomposition of wy, C, is the local chamber at z in A
defined by d*W(CZO, C,)= u)A w, i, is the type of a mzmmal gallery from Cy to the
local chamber C7 *aty in A containing the segment-germ w_(y) =y — 717(1) [0, 1),
and C‘y is the unique local chamber at y in A such that d*W(C'y, Cy) =wyv. The
rest of the notation is as defined above.

Proof. Recall that in order to compute the structure constants, we use the retraction
P =Pac, :$ — A, where C, and C) are fixed and in A. We have y = p(y) =x+v,
and the condition d"(C,, z) = A is equivalent to p(z) = x + A = z9. We want to
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prove a formula of the form

Ay, = Z(number of liftings of 7‘[) X (number of CZ),

e

where 7 runs over some set of Hecke paths with respect to Cy of shape 1" from
x + A to x +v. Itis possible to calculate like that for, in the case of a regular ™,
p(C) is well determined by 7. Hence, the number of C, only depends on 7 and
not on the lifting of 7.

The local chambers C, satistying d*(C;, C,) = wfw and d"(C,, CH) = w;l
are at the end of a minimal gallery starting at C. of type i and retraoting by
Pa'.c; onto the local chamber C/ at z defined by a’*W(CZ ,C! )= wA w in a fixed
apartment A’ containing C, and C;. So their number is given by the number of
minimal galleries starting at C;" of type i and retracting on a centrifugally folded
gallery e of type i ending in C,. In other words, their number is given by the
cardinality of the set CC (e), for each e € l"+ (i, C}). Using an isomorphism fixing
C, and sending A’ to A, we may replace in this formula z, C;-, C, and C;* by
20, C;,, C7,, and the unique local chamber C ;g in A containing the segment-germ
74 (0) =20+ (0).[0, 1). Hence,

number of C, = Z HC”? (e).
eeI‘ (z C/) “a

Now, we compute the number of hftlngs of a Hecke path 7 starting from the
formula in Theorem 3.5 and according to the two conditions d"(C,, z) = A and
d"(ct, Cy) = utrw,v. The first one fixes one element in the set WY/ (W?);,
namely the coset of wf, i.e., m(0) = x + A. The second one is equivalent to the fact
that the segment [z, y] is of type u ™ and d*W(C/, Cy) = w,v, as we have seen in
the lemma above.

Further, we have that t,, < 1 if and only if 7_(y) € C Afr_(y) € Cy_ then

p(C ) = C’ = C , whence, d*W(C Cy) =w,v. Since we hft the Hecke path into
a segment backwards starting Wlth its behavior at y = (1), there is nothing more
to count.

If t, = 1,then m_(y) € C* = ,o(C ) # C We want to lift the path but with the
condition that d*W(C}, Cy) = w,v, which may be translated in p "(Cy) = C), for
o = Pa.c, Since u*T is regular, to find [y, z) it is enough to find C/, i.e., to lift
C with respect to p”. The liftings of C are then given by the liftings of all the
centrifugally folded galleries in A with respect to Cy, of type i, from Cy to C to
minimal galleries. Therefore, their number is given by the cardinality of the set
Cm (d), foreach d € F+ (ig, C ). The rest of the lifting procedure is the same as in
the proof of Theorem 4 12 in [Gaussent and Rousseau 2014]. O
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3.8. Consequence. The above explicit formula, together with the formula for
ﬁcg (¢) in Section 3.2, tell us that the structure constant af“,’v is a polynomial in the
parameters ¢;, g/ € Q with coefficients in Z and that this polynomial depends only
on A, W, w, v, and u. So we have proved the conjecture following Definition 2.5
in this generic case: when A is spherical and u regular.

4. Relations

Here we study the Iwahori—-Hecke algebra IH,‘? as a module over Hr(W?") and
we prove the first instance of the Bernstein—Lusztig relation. For short, we write
g ="Hy and T; = T,, (when i € I).

Proposition 4.1. Let A€ Y, w e WY andi € I. Then:

(1) Ty w *T; = Ty wy, if and only if either (w(e;))(A) < 0 or (w(e;))(A) =0 and
L(wr;) > L(w). Otherwise Ty % T; = (qi — )15 v +qi Th wr

(2) TixT;. o =T5,0).r;w if and only if either a;(A) > 0 or o;(A) =0 and £(r;w) > £(w).
Otherwise T; x Ty, = (qi — DT.w + qi Ty, ) .riw-

Proof. We consider local chambers Cy, C;, Cy withx <z <y andd"(Cy, C;)=X.w,
av(c., C,) =r;. So there is an apartment A containing C, C; (but perhaps not
C,) and, if we identify (A, Cy) to (A, Car), we have C, = (L. w)(C,) = w(Cy) +A.

Moreover, y =z, C, # C,, and C,, C, share a panel F; of type i. We write D
for the half-apartment of A containing C, and with wall d D containing F;.

Actually the equation of 9D in A is (w(;))(x") = (w(w;))(z). As @; > 0 on
Cy, we have (w(;))(C;) > (w(e;))(z). And so (w(a;))(z) = (w(a;))(A) <0 =
(w(e;))(x) (resp., > 0 = (w(e;))(x)) if and only if C, is strictly on the same side
(resp., the opposite side) of dD as x, hence as Cy; i.e., C; C D (resp., C; ¢ D). If
now (w(a;))(A) = 0, we may argue as if L =0, i.e., C, = w(C,), then it is well
known that C, C D if and only if £(wr;) > £(w). So,

C.CD < ((w(@)*) <0)or ((w(e))(X) =0and £(wr;) > £(w)).

Then, by Section 1.4.2, there exists an apartment A’ containing C, and D, hence
also Cy, C;, Cy. So d"(Cy, Cy) = A.wr;. The panel F; = F'(z, F') C Ais a
spherical local face, so, for any p € z+ F C A, we have z < p,hence x < p. By
Proposition 1.10(a), any apartment A” containing C, and F; contains C,; moreover
C, is well determined by F; and C,. The number a%_’fﬁ”;’i of Proposition 2.3 is equal
to 1 and we have proved that T}, o, % T; = Ty ;.

If C; is not in D, we denote by C/ the local chamber in D with panel F;. By the
above argument, C/ is well determined by F; and Cy; moreover d ,, C D =r.wr;.
There are two cases: either C, =C; ornot. If C, = C., then avc,, Cy)=A.wr;, and
if C,, Cy are given, there are g; possibilities for C, (all local chambers covering F;
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and different from C)): aﬁ:;‘)’f;i =g;. If Cy # C/, then d¥(Cy, Cy) = . w and, if
Cy, C, are given, there are g; — 1 possibilities for C, (all local chambers covering F;
and different from C7, Cy): a)):..g)),r,- =q; — 1.

We have proved (1) and we leave to the reader the similar proof of (2). O

4.2. The subalgebra Hg(W?). We consider the R-submodule Hg(W?) of g
with basis (Ty)wewr. As dV(Cy, C,) € WV if and only if x =y, it is clearly a
subalgebra of 'Hz. Actually Hz(W?) is the Iwahori—Hecke algebra of the tangent
building 7,7 for any x € $.

By Proposition 4.1,

Ty*Ti =Ty, if £(wr;) > £(w),
{Tw x*T; = (qi — DTy +qi Ty, otherwise,
and
T;xTy=Tw if £(r;w) > £(w),
{Ti *Ty = (qi — 1Ty +4qiT,,, otherwise.

In particular, Ti2 =(¢ — DT; +qld, and T, = T;, - - - T;, for any reduced
decomposition w =r;, - - ;.

Therefore, the algebra Hg(W?") is the well known Hecke algebra associated to
the Coxeter system (W?, {r; | i € I}) with (in general unequal) parameters (g;);c;
and coefficients in the ring R. It is generated, as an R-algebra, by the 7;, fori € I.

Suppose each g; is invertible in R. Then, as is well known,

Tiil —g!

l

(T, — (¢; — D 1d) € Hr(W")

1

is the inverse of T;. In particular any T, is invertible: 7, ! = Tl.n_l- . Tl.l_l for any
reduced decomposition w =r;, - - - ;..

n

Remark. Assuming that g; is invertible, it is easy to see from Proposition 4.1 that
either Ty .y, = T w* T; O T) yr, = Ty % Ti_l, and either T, 5y ;o = T; % T o OF
Tri(k).r,-w = T'il * Ty w-

1

Corollary 4.3. Suppose each q; invertible in R and consider ). € Y. We may write
A=w. At withw € WY Then T, = T« Ty x T, .

Proof. Consider a reduced decomposition w = r;, - - - r;; and argue by induction

/] . /] / “++ . —1

onn. So, forw' =ry,_,---r;yand A =w' . A", we have T,, =T, T, T, .
Now consider | |
T, Ty xT, =T, T, T, .

But £(r;,w') > ¢(w') and AT T e YT C CT}’, soa;, (w'.ATT)>0,ie., a; (1) >0. We
get Ty, x T,y =T, ().r,, by Proposition 4.1(2), and then Tin * T, % Tgl =T, on = T,
by Proposition 4.1(1) (and the above remark). U
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Corollary 4.4. Let . € YT and w, w' € WY. Then we may write

A. w/w//
ThowxTy = a ', TA ww” s
w”fw
/ 4 . . . . . .
i et “{v is a polynomial in the q; with coeﬁ‘iczents in Z, and, when
w =1, a Y > 0 is a primitive monomial. This polynomial aA ww” » depends only

on A and on W

where each a

Proof. Write w =1r;, ---r; and argue by induction on n. The result is then clear
from Proposition 4. 1(1) Actually, ak » 1s the product of certain g;;, 1 < j <n. [J

4.5. The Iwahori-Hecke algebra as a right Hg(W?')-module. We assume here
that each g; is invertible in R.

Given A € YT, we can conclude from Corollary 4.4 that {T; * T, | w € W'} and
{T)..w | w e WV} are two bases of the same R-module. The base-change matrix is
triangular with respect to the Bruhat order on W" and the coefficients are Laurent
polynomials in the g;, with coefficients in Z (primitive Laurent monomials on the
diagonal). These polynomials depend only on A and W.

As {To » | A € YT, w e WV} is an R-basis of "Hg and {T,, | w € W'} is an
R-basis of Hz(W?), in particular, "Hg is a free right #z(WV)-module with basis
(T | xeYT).

The R-algebra '7{ is generated by the 7; (for i € I) and the Ty, (for A € Y1) and
even by the T; (fori € I) and the 75, (for A € Y1), as we see from Corollary 4.3.

Lemma4.6. Let Cy, Cy € Cg with vertices x1, xp be such that d"(Cy, Cy) =re YT,
We consideriel, F 1’ (resp., in) the panel of type i of C| (resp., C3). In an apartment
Ay (resp., Az) containing C (resp., C2), we consider the sector panel §| (resp., f;’)
with base point x| (resp., xp) and direction opposite the direction of F 1’ (resp., equal
to the direction of in).

Then there is an apartment A containing f, f;’, C1, Cy and, in this apartment A,
the directions of f| and f;, F; I and f| (resp., F| I and f;’) are opposite (resp., equal).

Proof. Choose A; € F'({i})) NY C Y', and write 3i for the germ of f and
F; £V for its direction in Aj. In Ay (resp., Ax) we c0n51der the splayed chlmney
tl =v(Cy, F[?) (resp., t2 =t(C,, FZJ“’)) containing f;  (resp., f2 ) and, forn e N,
the chamber of type 0: Ci(—n) = C; —nA; Ct| (resp., C2(+n) = C2+ni; C t;r),
actually we identify (A, CJ) with (A1, Cy) (resp., (A, Cp)) to consider A; in Xl
(resp., Xz).

Then d%(Ci(—n), C1) = dY(C,, C2(+n)) = ni; and d"(Cy, C>) = A, both
in Y**. By (MA3) there is an apartment A containing the germs R of t; and
ER;’ of t;—; hence, C;(—n) and C,(+n) for n great. By Proposition 2.2 and the last
paragraph of the proof of Proposition 2.3, dW(C{(—n), Ca(4+n)) =A+2ni; e Y+
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and A contains Ci, C>. By (MA4) A contains also f; C t; Ccly, (Cy, R) and
f; C t; C cly, (Ca, 9%;). So all assertions of the lemma are satisfied. O

Proposition 4.7. Let Cy, Cy, C3, C4 € Cf be such that d¥(Cy, C2) = 1 € YT,
dW(Cy, C3) =r;, and dV(C3, C4) = ju € Y. Then there is a direction of wall (i.e.,
a parallel class of walls) M® (see [Rousseau 2011, §4] or [Gaussent and Rousseau
2014, 5.5]), chosen according to C, C, (but independently from Cs, Cy), such that
C1, C2, C3, Cy4 are in the extended tree $(M?°).

Proof. We denote by x1, xp = x3, x4 the three vertices of Ci, C,, C3, C4 and by
Fli, in = F3i, Fj their panels of type i. We choose f; associated to Cy and Fli
in an apartment A; (resp., ff{ associated to C4 and F i in an apartment Ay4), as in
Lemma 4.6. By this lemma, using C; and C, the direction of f;” opposites that of
in = F3i in some apartment A, and, using C3 and Cy, the direction of fj is the same
as that of in = F3i in some apartment A3. In A3 (resp., Ay) we consider the sector
face f1 (resp., f,) with base point x, = x3 and same direction as fi or Fi = Fi
(resp., same direction as f; and opposite F, = F3).

We may use the lemma for Cy, Cs, f, f; ; so the directions of f; (or f,) and
f;’ (or fi) are opposite and Cy, C; are in a same apartment As of $(M°), if we
consider the direction of wall M associated to the directions of f; and f;. Using
now the lemma for C3, Cq, f5, f{, we see that these filters are in a same apartment

Ag of 9(Mioo). O
Theorem 4.8. Let A, u € Y™ andi € I, write N =inf(ao; (1), o; (1)) € N, and, for
neN,q™ =q,q/q,q; -, with n terms in this product.

(@ If N =a;(n) <aj(A), then T, xT; x T), = T, 4, * T; for N =0 and, for N > 0,

ToxTi* T =q N Togp-nay *Ti + (@ — ¢ DTty v—nay

+- (47 = gD Tru—ay + @ = DTspe
(b) If N =0o; () <a;(n), then T, + T; * T,y = T; x Ty, for N =0 and, for N > 0,

Tox T+ T, =gV T, Tt p—Nay + (g — lekN_l)THu—(N—l)a,v

+ o+ @ = g) Torp—ay + (g — DTogp
Remarks. (1) The case (b) is less interesting for us, as we try to express any
element in the basis of Section 4.5 for % considered as a right 7{z (W?)-module.
(2) In the case (a) we have u — No’ = r;(u) and A + 4 — Ne € Y7, as
ai(A+pu—Noy')=a;(A) =N and oj(A+p — Na') > o (L) + () for j #i. So
all v such that 7, appears on the right of the formula are in the «;’-chain between
A+ and A +7;(); in particular they are all in Y+,

(3) We call relation (a) or relation (b) the Bernstein—Lusztig relation for the 7;,
(BLT) for short. We shall use it essentially when A = .
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(4) When «; (1) or o (1) is odd, we know that ¢/ = g,; see Section 1.4.5.

Proof. We consider Cy, C2, C3, C4, and M/ as in Proposition 4.7. When N =0
the results come from Proposition 4.1. We concentrate on the case 0 < N =
a; (i) < a;()L); the other case is left to the reader. We have to evaluate d"(C;, C4)
and, given Ci, C4 satisfying d W(C,, C4) = u, to count the number of possible
C>, C53. By Proposition 4.7 everything is in the extended tree $(M;°), which is
semihomogeneous with thicknesses 1 + ¢;, 1 4 ¢/. By Proposition 4.1(2), C3 is
well determined by C;, C4 and lies in any apartment containing C,, C4; more-
over dV(C», Cy) =ri(n).r;.

We consider an apartment A (resp., Az) of $(M?°) containing C; and C; (resp.,
C, and Cy4, hence also C3), as illustrated in the figure:

Ay
Cy

c;c syt
Ay
0 Cy C,C Sy

We identify (A{, C1) and (A;, Cp) with (A, C@L ); we consider the retraction p;
(resp., p2) of $(M?°) onto A; (resp., Az) with center Cy (resp., C2). The closed
chambers in an apartment of $(M?°) are stripes limited by walls of direction
M. In Ay = A, these walls are M(o;,n), n € Z and we write Si‘ the stripe
SF={x |k <@;(x) <k+1}, in particular C; € $? and C; € $¥™. In Ay = A, we
get also stripes S’z< ={x |k <a;j(x) <k+1} such that C; C Sg = Six,-(k)’ C3 C S2_1
and C4 C SZ_N_I.

We have C» = C1+ X in A; and p2(Cy) = C3 +r; (1) in As. To find dW(Cy, C4)
we have to determine the image of C4 under p;. It depends actually on the high-
est number j such that S;J (hence also SY, ..., S;Hl) is in Ay. A classical
result for affine buildings (clear for extended trees and generalized to hovels in
[Rousseau 2011, 2.9.2]) tells, then, that there is an apartment containing the stripes
SZ_J_I, e SZ_N_1 and the half-apartment nga,-(x)—j—l S{‘.

If j =0, then S2_1 or C3 is not in Ay, so p1(C3) = C, and, more generally,
P1 (Sz_k) =Sy (’er_l, for k > 1. This is the case illustrated in the figure above. We
get p1(Cq4) =Cr+ p and dY(C;, C4) = A+ . When C; and Cj are fixed with this
W-distance, we have to count the number of possible C,. But C3 C S, !'is in the
enclosure of C; C S? and C4 C S, N=1. it is well determined by C; and C4. Now
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C3 has to share its panel of type i with C3 and to be neither in S2 nor in Sy W=,

so there are ¢; — 1 possibilities.

Ifl<j<N-1 thenAlcontamsSO_S""(“ Syl=sp T sy = s,
but not §, i 1, Sy N-1. ; this is the case illustrated below:
A

Ay
0 C c,cs' c,cs)=sn"

So p1(S; k= S‘f" =2j +k, for k > j. As in the proof of Proposition 4.7, we write
X1, Xp = x3, x4 for the vertices of the local chambers Cy, C;, C3, C4. The image of
the line segment [x7, x4] = [xz, X2 + ] under p1 is

N
p1([x2, x4]) = [xz, X2+ —rl (u)} U |:X2 + —rl (), x2 + N (n) + Tju]

As N =w;(w) and r; (t) = p— Na;, this means that p; (Cs) = C2+p— ja;”. When
C and Cy4 are fixed with this W-distance, we have to count the number of possible
C,. As S?, e S?i(k)_j_l S_j_l, , S5 N=1"are well determined by Ci, Cy4, we
have to count the possibilities for (Sa’ ()7 I, ST (A)) As above, there are ¢; — 1
possibilities for S A= (or g/ — 1 if j is odd) and then ¢/ (or ¢;) p0551b111t1es
for 77 ete. Flnally the total number of possibilities is (¢; — 1)g/q;q -
or (‘L —1)q,4}q; - - - (according to j being even or odd) with j + 1 terms in the
product. The last factor is necessarily g;, so this total number is (g; */+ q;k J ).
It is convenient to look at the cases j = N or j = N + 1 simultaneously. This
means that S, N = St M=Nis in Ay; in particular the panel F, i of type i of Cy4 is in
Ay, in the wall {x | o; (x) = a; (L) — N}. More precisely F, 4{ is the panel of type i of
C;l =Cy+ A +ri(n) C Ay. This means that (T)Hrr,-(u) *T;)(Cq, Cq) > 1.
Conversely if Cy, C4 are fixed satisfying this condition, we can find C», C3
with the required W-distances. We have now to count the number of possibilities
for C,, C3, i.e., for C; or for (S} @=N ST *)). The number of possibilities
for Sa' M=N s exactly (Th4r,u) * T;)(C1, C4). Then the number of possibilities
for Sa’ W-N+l ST ) is alternatively g; or g;. Finally the total number of
p0s51b1htles for C; is ql.*N(TH,i(M) * T;)(C1, Cy) (as, when N is odd, ¢; = qi’). O

5. New basis

In this section, we prove that left multiplication by 7},, for u € Y*7, is injective.
That allows us to introduce a new basis of the Iwahori—Hecke algebra '7{ in terms
of (Ty)wewr and (X*);cy+. From now on the main arguments are algebraic.
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We suppose Z C R and each ¢;, ¢/ in R*, the set of invertible elements in R. As
we saw in Section 4.5, 1y is a free right Hz(WV)-module with basis {73 | A € Y ).

For A € Y*T and H € Hgr(W?), we say that Ty * H is of degree .

For i € I and Q2 a subset of the model apartment A, we write ¢(i)(£2) the convex
hull of QU r;(R). For (i1, ia, ..., i) € I" and (ho, A, ..., Ap) € (Y THFL we
define: D(ip)(Ap—1, An) = Ap—1+c(ip)(Ap) and, by induction for k from & —1 to 1,
D(ig, .o i) (A1, Ao oo oy Ap) =M1+ @) (DGrgts -5 in) Mgy Ak 1s -5 Ap))s
and of course, c(iy)(Ay) = c(ip)({Arn}).

Lemma 5.1. With notation as above:

(@) If )_y € D(i)(hi—t1. An). then

D(iky -y in—2y in—1) k15 Aks « s Ah—2y Ajp_y)
C D@y esin—t1,0n) k=1, My« oy An—1, Ap)-
(b) If riri, - - - i, is a reduced word in WY and A € D(iy, ..., ip) (Ao, A1, ..., An),
then o +riy (A1) +riyriy(A2) + - - 11y -+ 13, (M) Sy A
Remark. If the expression r;,r;, - - - 1, is reduced, we get
D@y, ...,i1)(0,0,...,0, 1) =conv({w(Ap) | w <, ririy - - - 13, })
where <, denotes the Bruhat order.

Proof. The proof of (a) is easy.
(b) We have

D@y, ..., i5)(Ag, A1y .vvy Ap)
Cho+c@i)A) +c(ir, i2)(A2) + - +c(ir, iz, .- in) (An),
with
c(it, i, .o, i) ) = (@) (c@) (- (el ) -+ +))
= COHV({LU()\.k) | w SB rilriz 0 'rik}),
where 0 <k < h and <, denotes the Bruhat order. For w <g r; ry, - - -y, there
is a sequence w = wq, Wi, ..., W, = F;7, -+ - F;, such that, foreach 1 <i <,

there is a reduced decomposition wj1 = rj7j, = Fj, 1j,1j,. = T, With w; =

”j1”jz .. rjp—lrijrl s I"jq. Then
Vv
w; (M) = wit+1 (M) + o, (Vj,,ﬂ T, M)yt - Tjpr (@)

and Q7 contains the term (rjq Tjpe (@, )) ) rjrjy -1, (osz) by minimality of
the expressions rj,rj, - - - rj, 1, and rj - --rj . rj . So by induction,

'LU()\,k) ZQV ri1ri2"'rik()\'k) and w(“) ZQ% ri1ri2"'rik()\'k)

for any u € c(iy, . .., ix)(At). The expected result is now clear. U
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Proposition 5.2. For any expression Hy =Ty T;, * Ty, xTj,x- - -+ Ty, *T; *Ty xH
with A; € Yt H € Hz(W?), and any u € Y sufficiently great, the product
T, * Hy may be written as an R-linear combination of elements T, x H, with
veu+ D@y, ..., 0) (Ao, A1y o v vy Ak) and H, € HR(WU).

Moreover, if ry 1, - - - 1y, is a reduced word and

vO=/-’L+)"O+ri1()\'1)+ri1ri2()\'2)+'"+ri|ri2"'rik()"k)7

then H,, € R*T;, = T;, % - - - % T;, x H and, more precisely, the constant in R is
primitive monomial in the q;, q.. Further, H,, is the only H, in

N.B. So one may write T, * H; = Zv’w ay w1, *x Ty, with a, ,, € R, v running
in w+ DGy, ...,i)(Ao, A1, ..., Ar), and w in W'. Moreover we get from the
following proof, that each a, ,, is a Laurent polynomial in the parameters ¢;, g,
with coefficients in Z; these polynomials depend only on the expression Hy, on A,
and on W.

Proof. The proof is easy in the following special case (I).

(I) We say that the expression of Hy is normalizable of length k when it satisfies
the following properties:

(1) Ag—1 — A €Y,
(ii) For all h from k to 2, Ap—2 — D(ip, ..., i) Ap—1, Ay - . .. Ax) C CF.

For such an expression, we write D(Hy) = D(iy, ..., ix) (Ao, A1, - -+ Ap).

We will then prove that T x T;, * Ty, * T, - - x Ty, *T;, *x Ty, * H is a
Z[gq;, g;]-linear combination of normalizable elements H; ;| of length k — 1 such
that D(H;_,) C D(Hy).

Using the fact Ax—; — Ax € Y1 and Theorem 4.8, or (BLT), for T3, , x T;, * T3,

g

(E) H = T0>I<Tl'1 *TM *le 1 *Y;L(aik(xk))*(Tik*H)
k—1

al[\()\l\) 1
h+1 h
+ Z (@ — N Ty Ty Ty - % Ty T % H,

with A(h)l = Ay + A, — ha;’, and in particular, )\(a"(kk)) —1+ri,(A). Let

us consider A} = A; for i < k 2and ), = =", for each 0 <h < a,(M).
Then (A, ..., )J_l) satisfies A} _, — A;_, € Y™, by (ii) above for 1 = k and
Ai_y € D(ix)(Ak—1, M), and, for all & from k — 1 to 2,

My = Dy .oy ig—) Mgy oo M_y) C CR.
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This last result comes from (i) )»;l_2—D(ih, ce s ) A=, Ay ooy, M) C CT}’ and the
inclusion D(iy, ..., ik—l)()“;zfl’ )»;l, cey )\4;(71) C DGy, ... i) An—1, Ay ooy AR),
coming from Lemma 5.1(a). Since T;, * H € Hr(W"), every term of the right hand
side of (E) is a normalizable element H, , of length k — 1 with D(H,_,) C D(Hy).
By induction on each term, after k steps, we obtain H; as a Z[q;, qi’]—linear
combination of T, x H,, with v € D(H;) and H, € Hr(W?).
Moreover, if the decomposition r;,r;, - - - r;, is reduced, we take

Vo = Ao +ri (A1) +ririy(Ro) 4+ -+ riy -1 (k)

and look more carefully at the decomposition (E). For 0 </ < «;, (Ax), we have
vo ¢ D(Tyy xT; Ty %+« T,m H) C D(H;) by Lemma 5.1(b). Indeed, if
k—1

AeD(TAO*]}I*TM*-~-*TA§(/,)1*H),

then, by minimality of r; r;, - - - r;,, we have vy <gv v(()h) <ov A with

U(()h) =)\'0+ri1()\'1)+ri1ri2()\'2)+‘ . '+ri1ri2 o 'rl'kfl()\'('h) ) ;é Vo.

lk—1
So the unique term of degree vy of the final decomposition comes from the term of
first kind (i.e., obtained like the first term of the right hand side of (E)) in every step
of the reduction and is also the only term containing all the 7;,. And so, we prove
that, in front of the term 7, T;, * T}, * - - - T;, * H obtained for vo, the constant is
equal to the primitive monomial

C = q*(aik(xk)) (i (=17 i) k(e (M Friy(Ra) et rip 1y (M)

i lk—1 151
Let us consider now the general case but first prove the following result:
(D) If Hy =Ty« T;y % Ty, % Ty % ---x Ty, % Ty, % Ty, x H, with ; € YT and
H € Hr(W?), we can choose jo € Y+ such that 7),, % Hy can be written as an
R-linear combination of normalizable expressions Hj of length at most k and with
D(Hlé) Cuo+D@r, ..., i)Aoy Ay evvy M)
We prove this result for Hy_ =T, * T},
decreasing inductionon 0 <h <k—1. Forh=k—1, wehave H, =T),_ *T; xT;,*H.
Choose px—1 = A; then, T, , * Hy is normalizable of length 1 and

* Ty %% Ty, T, x Ty, + H by

D(T,,_, * Hy) C pg—1+ D(ix) (Ak—1, k).

Let 0 < h < k — 2 and suppose that we can choose ;.1 € YT such that
Tiir * He—hyty = Ty * Ty * Ty % -~ x Ty, % T, x H can be written as
an R-linear combination of normalizable expressions H,é_(h +1y of length at most
k— (h+1) and with D(Hlé—(h-i-l)) C upt1+DGpso, oo i) Aptts - o5 Ar). Write
these normalizable expressions Hléf(thl) =Ty« Ty Ty Ty oo Ty, 5k Ty, H

where k' <k —(h+1) and (A, ..., A},) satisfies (i) and (ii). Consider "™ € Y+
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such that ,um‘“ D@y, ... i) (Ag, Ay, oo A) C CT}) for all these expressions. We
take pp = WM+ 240541 + Tinsr (Mht1)- Then
Ty * Hi—p = Ty, * Ty, % Ty % He— 1)

= Tupn ity * Tyt G * Tiny ¥ Hi— 1)

'I+I

By (BLT), we have:

(E/) q*(ai,,+|(//-h+l)) T

Iht1 oy * Hie—n
= Ty 20,y * Tiny * Ty * He— )
iy (p1)—1 .
- Z (qii(jl—i_l) q:,(jl)) A2, — oy * gy * Hi—(nt1)-

Th+1

The choice of ,um‘“ and the hypothesis on 7}, ,, * Hy_(;41) allow us to say that we

have written 7,,, * Hx_;, as an R-linear combination of normalizable expressions
H;_, of length at most k — i with

D(H|_,) C p™ + 2y 1+ DGnyrs oo i) s Apet + Rpgts -5 k)

for the first term and

D(Hlé—h) C Iu’;lnln +2/"l’h+1 .] [,+1 + D(lh-‘rlv L) lk)()"h9 )"h+1 + l‘l/h-‘rlv ceey )"k)

for the others. We need to be more precise to prove

D(H;_;) C pn 4 D(ingty ooy i) s -5 M),

By part (I) of this proof and the hypothesis on 7)., * Hi_(+1), we know
that this element can be written ), caATp * H A with A = ppgr + A/, where
A € D(ipga, ... it) Mgty -, Ax)ca € R and H® € Hg(WV). The first term of
the right hand side of (E") becomes

_ A) A
TwlthJrzM/Hl*TihH*( E caTyxH ) _Tkh+2uh+1*( E W T mm*T” KTy xH )
A A

By the condition on ,umm and (BLT), we write it

*(ai/H»](A)) A
T)\.h+2ﬂh+l * (Z CA <qih+1 T mm+rlh+l(A) * ’Tthrl *H

A
iy (A)—1

*(+D _x()) A
i (T X @ =D a5
A j=0
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The first term of this sum will be

*(@,,, (M)

. A
CAd;,,, T)\h+2uh+1+/l2""+rih+](A) * Tiyy ¥ H
A
and Ay, +2u, ; + 1, ”‘+th I(A) =y +214 —I—,u;lmn—l—rlh I(uh+1) —|—rlh+|(A’) =
Aty 7. I(A ) is an element of Ay, +riy,  (D(ipg2, ooy i) Apg1s - -5 Ak))
which is included, as expected, in uy + D(ip+1, inyo, - - lk)(kh, Midls v vs Ak).

The second term is

Aippy (A)-1

*(J+D) _ #()) A
E CA( E (qih+1 lh+l) 2y A= * H™ ).
A j=0

And we see that in fact (E’) becomes (E”):

1 *(aiy (Un+1))
(ED ih+1 T“h * Hye—p
*(aj,,(A)) A
- CAqi/l+1 At +rig, (A) * ]-‘ih“’l * H
A
ai/x+l(A)_l

*(j+1) *(j) A
+Z A Z (qthrl q1h+1) Ay 20 A= o) *H

Th+1

&y (ng1)—1

*(J+1D) *(]) A
Z A Z (qih+1 Dipsy )T, R 24, — e *TyxH
A =

Lh+1

*(0tiy (D)) A
A, Doyruntri o an * Tiy 2 H

A

*(j+1) *(J) A

+ Z CAlA Z(qih+1 i )T, M2 i A — ]0‘,,+I *H7,
where o, (upt1) < j <« (A)—1and g, = +1if o, (Upt1) < o (A)
(i.e., o, (A") > 0), and where «;,,,(A) < j < o, (tn+1) — 1 and g, = —1
if a;,,, (Ung1) = o, (D) (e, a,w (A) < 0) For these values of j, by using

A — jozivthl =7y, (Kn+1) +ja ins l—l—A’ with j' = «;,,, (Wpt1) — J, we have
A+ 20y U A = ja =g+, e A

th+1 th+1

If ;. (Whs1) < oy, (A), then oy, (ps1) — @, (A) + 1 < j° < 0; that is,
—aj,, (A)+1 < j/ < 0. On the other hand, if «;,, (urt1) > otihH(A) then
i (Un1) =ty (A) > j > 1; thatis —a;,, (A") > j > 1. Inall cases, j'« ins l—l—A/
is between A’ and r;,,,(A’) and so, as expected,

Ay + 20, + A — Jo € Wi+ Dty ingas -5 i) oty Ah1s + o+ k).
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So we have proved that 7;,) x Hy can be written as an R-linear combination of
normalizable expressions H, of length at most k and with

D(H)) Cpo+ DG, .-y i) Aoy Ay ooy hi).

By (I) of the proof, we can write it as an R-linear combination of elements T, x H,
withv € uo+ D(iy, ..., ir) (Ao, A1, ..., Ag) and H, € Hr(W?).
As in (I), if the decomposition r;, 7y, - - - r;,, moreover, is reduced, then only the

term
*#(a,,, (A))

. ‘ A
Ay, M2 T ) * Tlh+1 * H

A

(which contains T;,, ) in (E”) can give us a term of lowest degree
P+ An iy 1) + - iy i (M),

More precisely, the term of lowest degree comes from the term with

Ao = pny1 +Appt + iy, Apg2) +- -+ 1y Fig (M)

for which we have «;,,(Ao) > o, ,(1n41). So, it’s easy to see by induction that
the coefficient of that term is a primitive monomial in the ¢,, ¢/. [l

Corollary 5.3. (a) For » € Y1 and n € Y sufficiently great, we have T, x T, =
ZA.vaUSQv)»++ TM“FV k HV Wlth HV € HR(WD)

(b) More precisely, if H' # 0 then u +v € Y™V and v is in the convex hull
conv(WU. A1) of WY.ATT or, better, in the convex hull conv(WV. AT, > X)
of all w'. AT for w' <, w;, with wy, the smallest element of W such that
A= w), .)»_H_.

(c) For v = A, H" is a strictly positive integer a) which may be written as a
primitive monomial in q,, q/, i € I (depending only on A).

(d) In (a) above, we may write H” = 3" . a,’5 T,y and, then each a)} is a

Laurent polynomial in the parameters q;, q; with coefficients in Z, depending
only on A and W.

Proof. Only the result (c) is new (see Propositions 2.2 and 2.3), and we already
saw that the constant term in H* is in Z.(. We have to prove that H* € Hz(W?) is
actually a constant (for u sufficiently great). Write A = w; (AT™) (with w; minimal
in WY for this property), choose a minimal decomposition wy = r;,rj, - - - 1, by
Corollary 4.3 we have

_ -1 -1
TA—EI*EZ*'“*E;(*TAH*E;{ >x<--->x<Til .

Then, by Proposition 5.2, for u great, 7, * T, may be written as an R-linear combina-

tion of elements 7, , % (HY T, 's- - -*T; ') withv € D(iy, ..., it)(0, ..., 0, A1)
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and H} € Hp(W") with term of lowest degree vy = A. Moreover,
HY=Hl T, "% T,
is a primitive monomial in the g;, ¢;.
To prove (d), notice that 7, ' % - - - % T;"! may be written Y, _yv @y T,y With
a, € Z[(qiil)iel], and apply Proposition 5.2 with H = Ty,. U
Corollary 5.4. In"Hg, for i € YT the left multiplication by T, is injective.

Proof. AS Ty, 4y, = Ty, # Ty, for wi, o € Y11, we may assume p sufficiently
great. Let H € "Hg \ {0}. We may write H = ), Ty, * H/ with ; € Y* and
0# H/ € Hr(WV). We choose Aj, minimal among the ; for <gv . Then

T,xH=Y_ Y  T,«xH" «H.
J&J ptij=ovy;
Hence vj, = u + A}, is minimal for <gv and H Yo-Jo is a monomial in q; ql./ ; SO
HVioJo % HJ0 £ 0 and T, x H # 0. O
Theorem 5.5. (1) For any A € Y, there is a unique X* € "My such that for all
pwe YT withi+pue YT, we have T, x X* = Ty 4.
(2) More precisely,
X* = b, T + Z T, H",
%

where H"V € Hr(WY), v € conv(WV. AT, > X))\ {A} and b, is a primitive
r—1
=L

(3) For » € Y+, we have X* =Ty, and for A, ) € YT,

monomial in qi_l, q

X s X = XY = XV w X
Remarks. (a) We have two bases for the free right Hz (W?)-module "7z,
(T, |»eY™} and {X*|reYT)

The change of basis matrix is triangular (for the order >gv) with diagonal coef-
ficients primitive monomials in qi_l, q; ~1. From Corollary 5.3(d), we get that all
coefficients of this matrix are Laurent polynomials in the parameters ¢, g/, with
coefficients in Z, depending only on A and on W.

(b) By (1) above and Corollary 5.4, it is clear that the left multiplication by X* is
injective, for any A € Y.

Proof. By Corollary 5.4, the uniqueness is clear and (3) follows from the relation
T, T, = T4, of the Theorem 2.4. We have just to prove (1) and (2) forap e Y+
(chosen sufficiently great).
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We argue by induction on the height ht(A™* — 1) of ATT — A with respect to
the free family () in QY. When the height is 0, A = AT and X* = T;. By
Corollary 5.3, we write

ToxTo=a T+ Y TupoxH
A<guu<ovatTt
AFV
with H” € Hgr(WV) and v € conv(WV.ATT); hence, v e conv(WY.ATT) (in
particular, vt <ov ATT); see Section 1.8(a).
So ht(vt* —v) < ht(A** — A). By induction and for u sufficiently great, we
can consider the element X" such that 7,,, = 7,, * X"; we can write it

X' = Z Ty % H""

v=gv V/SQ\/ vt

and we may take

X*=a T, — X"« HY
A TA
)\Svifgv)x'H'

AFV

~'n-( X ( Z wmew)er) o
)»vaVSQv)»JrJr \)SQ\/V’SviJrJr
AFV
Proposition 5.6. For . € Y and i € I we have the following relations:

(@) Ifa;(A) = 0, then
a;(M)—1
Ty 5 XP = g @O xn ) 7 4 Z (gD — gr ™y xr—her
h=0
d) Ifai(X) <0, then

1

gr it

Tix X' = XM Ty

-1

1 (=i () +h+1) (e (W) yh—ha)

T k(e (0) Z (a; —q; ) XA
4 h=a; ()

N.B. These are the Bernstein-Lusztig relations for the X*, (BLX) for short.

Proof. If A € Y+, by Theorem 4.8(a), we know that X* % Tj x X* = X*** % T; when
o; (L) =0 and, when «o; (1) > 0,

X % T % Xt = qi*ai(k) XA Ty 4 ( q;k(af(k)) _ qi*(ai(k)—l)) YA (@)=’

+”.+(qi>k2_qi)X)u+)\—Ol;v+(qi_1)X)»+)L,
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so we have the result.
In the general case, A € Y™, we write A = y — v with u, v chosen in Y 1. By
Theorem 5.5, X" % X* = X*. From (BLX) for X* and X",

ai(A+v)—1
T, % XM = q;k(a,-(AJrv))Xri(Hu) * T, + Z (q;k(h+1) N ql_*(h))Xv+)thaiV
h=0
which can also be written
T X" = (T « XV) %« X*
;i (v)—1
_ <q;k<a,-<v>) X0 aTi b 3 (g2 — g7 ) tha,.v) . X
h=0
o (v)—1
— qi*(ai(‘)))xri(v) % T % xX* + Z (q;k(hﬂ) N qi*(h))Xuﬂ—hai )
h=0
If a; (X)) > 0, then
o (A+v)—1
qi*(ai(v))Xri(U) « T; * XA — qi*(oli (A+v))Xri () « T+ Z (q;k(h+l) . ql?k(h))xv+k_hai ]
h=a;(v)

We take i’/ = h — «; (v), then

Xu—l—)»—hoziv — Xv—ai(v)otiv—t-)»—h’aiv — Xri(v)-i-)\—h’oziv

and q;“(a"(UHh/) =q" (U)q;kh/ (by g; = ¢/ if @; (v) is odd, and by an easy calculation

if ; (v) is even). So,

qi*(ai(v))xri(l)) * 711 * X)\,
a; (A)—1
= g @O xn0) (q?(a,»u))xn(x) fTi Y (D — ) X a,.).
h'=0

And we are done, thanks to the injectivity of left multiplication by X"("),
If o; (A) < 0, we obtain

gF @O X0 g g X (v)—1
ai(v)—

_ qf(ai(Hv))Xri(Hv) * T, — Z (q*(h+1) _ q;(h))Xv—H»—haiv.

i i
h=a; (A+v)
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*(oti (v)) *(—a;(A) _*(a; (A+v)) s

Wehaveqg, ™" =q, ""g; by an easy calculation if ¢; (v) and «; (1)
are even and because ¢; = ¢/ whenever «; (v) or «; (1) is odd. So,

XV % T % X

1 1 a;(v)—1

— i) o w(h+1) _ *(h) +Ai—hay
) XA T *(w (n) Z (q,. 4q; )X” “
9 4q; h=a; (A+v)

and we have (because of the injectivity of the left multiplication by X’i("))

T % X*
1 T,
_ = yri) .
= e X *T
q;
1 & ey e
o * _ 2t (o () =)y
(@ () Y (4 ;)X
q; h=a; (A 4v)
1 T,
_ i (A) .
= oo X *Ti
q; |
1 O (K@) O] k(@ () ()R yhha
T TR () = () Z(q,- —4 )X
4 4; h=a; (\)
—;X”(}‘)*T‘
= Ca)) i
q; .
1 O (e O (e () yA—ha
e Z(qi —d; ) XA O
q; h=a; ()

5.7. The classical Bernstein—-Lusztig relation. The module § : Q¥ — R is defined

by
8 <Z al.ozl-v> = H(%’qz{)ai

iel iel
[Gaussent and Rousseau 2014, 5.3.2]. After replacing eventually R by a bigger ring
R’ containing some square roots \/g;, \/q/ of q;, g/ (with \/q; = \/q}, if gi = ¢}),
we assume moreover that there exists a homomorphism §'/2 : ¥ — R*, such that
8(A) = (8'/2(1))? for any A € QY and §'*(a)') = \/g;.,/q/. In particular /g, *!
and \/q7 +1 are well defined in R*. In the common example where R=Ror R =C,
these expressions are chosen to be the classical ones: §!/2(Y) C R%.

We define H; = (ﬁ)_l T; and Z* =5"12(\)X* forre Y. Whenw=r;, ---1;,
is a reduced decomposition, we set H,, = H;, *- - - * H; ; this does not depend on
the chosen decomposition of w.

We may translate the relations (BLX) for these elements.
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Proposition. For . € Y, we have the relation
[(e; (M)—1)/2]

H *Z)L _ Zr,(k)*H + Z \/_ \/_ )Z)\ (2]{)0{

lei (2)/2]—1

T Z \/> \/> ) Z)L (2k+1)a

Remarks. (1) This is the Bernstein—Lusztig relation for the Z*, (BLZ) for short.

(2) In the following section, we shall consider an algebra containing 'z and,
for any i € I, an element Z~% " satisfying Z* "% = Z* x (Z=*" )" for h € N,
Ad—ha € Y. In such an algebra the relation (BLZ) may be rewritten (using
that \/qj = \/q7 if a; (A) is odd) as the classical Bernstein—Lusztig relation (BL):

ZA Z7i A)

— 720
Zk o _ Zr,()L) oz

e Y

le., Hix Z* — Z"W « H; = b(\/q;, \Jql; Z~%")(Z* — Z"'™), where

HixZ"=Z"Y« H + (V@i — Vai )

t—t' 4 u—uNz
1—z2 ’
This is the same relation as in [Macdonald 2003, 4.2], up to the order; see (3).

(3) Actually this relation (BLZ) is still true when A € Y™ and o; (1) > 0 (same
proof as below). If «; (1) < 0, we leave to the reader the proof of the relation

b(t,u;z) =

T % Z*
) _V4i-4
:Zrz()\)*Ti_ ( Z (ql 1)Zk+hal + Z ( /ql , i I)Z}\,+ha)
2<h<—a;(}) 1<h<—a; (V)
h even h odd

In the situation of (2) above, it may be rewritten

H 7" —7"® x|,
Z _ 7T A) ZA o) _ 7T ) —a;

(\/_ «/_ )W (f \/> ) — 72y
=b(\Jai, 1l 274 )(Z2F = 2P,

It is the same relation (BLZ) as above. Moreover, it’s easy to see in the first
equality that H; * Z M — 77w H, =7 « H; — H; x Z" ™), Actually we shall see in
Section 6 that this same relation is true for any A € Y in a greater algebra containing
elements Z* for L € Y.
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Proof. From Z* = §~12(\) X* and §'/%() = \/q; .4/, we get
gh—ha _ S_I/Z(A _ haiv)XA—ha,.v
_ 871/2@)(51/2(aiv))hxxfhay
_ 3—1/2(A)(m)hxx—ha,¥‘
By «;(») > 0 and (BLX),

T; z*
o (M)—1

= ar ) 7O T Y 6 g ara) 7

h=0

Moreover, ¢;" = ¢;q/q; - - - with h terms in the product, so ¢} = (\/q;.q/)" if h is
even and ¢*" = ¢ (1 /q; .qi’)(h_l) if i is odd. So, if «; (1) is even, then

T; z*
@)=/ @)=/
=Z"DxTi+ Y (g = DZ% 4 3" (quq) — ) (Varg]) T 2D
k=0 k=0

If «; () is odd, then g; = g/ and

ai(d)—1
Ti *Z)\. — Zi’i()») * Tl + Z (ql _ I)Z)L_haiv.
h=0

In both cases, by H; = (\/g;) "' T},

L (M) —1)/2]

HixZ'=72"YxHi+ Y (Jai— i )20

k=0
i (0)/2] -1

+ Z (\/qi/_\/q»l_/—l)z)\—(Zk-i-l)a[V' H
k=0

6. Bernstein—Lusztig—Hecke Algebras

The aim of this section is to define, in a formal way, an associative algebra BL2ye,
called the Bernstein—Lusztig—Hecke algebra. This construction by generators and
relations is motivated by the results obtained in the previous section (in particular
Proposition 5.6) and we will be able next to identify "% and a subalgebra of BL#
(up to some hypotheses on R).

We use the same notation as before, even if the objects are somewhat different.
This choice will be justified by the identification obtained at the end of this section.
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We consider A as in Section 1.2 and Aut(A) D W = W' x Y D W% with Y a
discrete group of translations.

6.1. The module BL?—LRI. We consider now the ring R = Z[(U,-il, oi/il )ier] where
the indeterminates o;, o/ satisfy the following relations (as ¢; and ¢/ in Section 1.4.5
because in the further identification, o;, o/ will play the role of \/qT and \/q7 ).

If ;(Y) =Z, then 0; = 0].

If r; and r; are conjugated (i.e., if o; (ozjv) =a, (o;y=—1), theno; = o; = o/ = oj/.

We denote by BL7{g, the free Rj-module with basis (Z* H,,);.cy, wewv. For short,
we write H; = H,,, H,, = Z%H,, and Z* = Z*H,, where e is the unit element in
WY (and H, = Z° will be the multiplicative unit element in B-#g ).

Theorem 6.2. There exists a unique multiplication * on B“Hg, which makes it an
associative unitary Ry-algebra with unity H, and satisfies the following conditions:

(1) Z*«H,=Z"H, forallleY, we WY
Hriw ifg(riw) > K(w)’
(0; — 07 VHy + Hypy if £(riw) < £(w),

(3) Z*xZH =7 forallieY, pey,
(4) HixZ»—Z""PxH; =b(o;, 0/; Z~4)(Z*—Z2"P)  forall A€, i €1, where

(2) H;*H, :: foralliel, weW?,

t—tH+w—ubHz

b(t,u; 2) = 3

-z
Remarks 6.3. (1) Itis already known (see, e.g., [Humphreys 1990, Theorem 7.1] or
[Bourbaki 1968, IV §2, exercise 23]) that the free submodule with basis (H,,)yewr
can be equipped, in a unique way, with a multiplication * that satisfies (2) and
gives it a structure of an associative unitary algebra called the “Hecke algebra of
the group WY over R,” and denoted by Hg,(W").

(2) The submodule Hg,(¥) with basis (Z*);.cy will be a commutative subalgebra.

(3) When all 0;, 0/ are equal, the existence of this algebra BL1/ is stated in [Garland
and Grojnowski 1995] and justified by an action on some Grothendieck group.

(4) This R;-algebra depends only on A and Y (i.e., A and W). We call it the
Bernstein—Lusztig-Hecke algebra over R; (associated to A and W).

6.4. Proof of Theorem 6.2.

6.4.1. The uniqueness of the multiplication * is clear: by associativity and dis-
tributivity, we have only to identify H,, * Z*. If w = r;;ri, ---r;, is a reduced
decomposition, then, by (2), (4), and Remark 6.3(1),

Hw*ZHZHil*(Hiz*("'*(Hin*ZM)"'))
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has to be a well-defined linear combination of terms Z" H,;: H,xZ" =), axZ"*H,,
with a; € Ry, vy € Y, and u; € WV

6.4.2. Construction of *. We define H,, * Z" as above and we have to prove that it
does not depend on the reduced decomposition w = r; rj, - - - i, .

(a) We define L; € Endg,(BLHg,) by
Li(Z"Hy) = H;(Z"Hy) = Z" "W (H; % H,)+b(0,, 0/; Z~% )(Z" = Z"""W)x H,,,

where
Hyy if £(riw) > £(w),
(0; —0i " DHy + Hyyy  if £(riw) < £(w).
By Matsumoto’s theorem [Bourbaki 1968, IV §1.5, Proposition 5], the expected
independence will be a consequence of the braid relations, i.e.,

Hi*Hw={

0 LiL(Li( (ZMHy) ) = Li(Li(Li (- (Z Hy) )

(with m; ; factors L on each side), whenever the order m; ; of r;r; is finite.

As Hg,(W?) is known to be an algebra, it is enough to prove (x) for w =1. We
may also suppose «;(;) # 0 as otherwise L; and L; commute clearly.

We choose 7, j € I with m; ; finite; then £o;, -«; generate a finite root system
®; j of rank 2 (or 1 if i = j). Moreover, Y" = ker(«;) Nker(e;j) NY is cotorsion free
in Y. Let Y” be a supplementary module containing ¢, and o5 Y” is a lattice (of
rank 2 or 1) between the lattices QZ j of coroots and Pin of coweights, associated
to ¢;, j

Any A € Y may be written A = A" + A" with ’ € Y and " € Y". By (4),
Li(Z¥) = Z¥H; and L;j(Z*) = Z*H;. So we have to prove (x) for A = A" € Y".
We shall do it by comparing with some Macdonald’s results.

(b) Macdonald [2003] builds affine Hecke algebras H(W (R, L")) over R, associated
to any finite irreducible root system R and any lattice L’ between the lattices of
coroots and coweights; more precisely this algebra is associated to the extended
affine Weyl group W(R, L") = W(R) x L' Tt is defined by generators and relations,
but it is proven that it is endowed with a basis (Y}”T(w))xeL/,wew(R) [op. cit., 4.2.7]
and satisfies relations analogous to (1)—(4) as above. There are parameters (7;);es
and tp which are reals (but may be algebraically independent over (0, so may be
considered as indeterminates) and satisfy 7; = 7; if o (ozjv) =0 () = —1. The
relation (4) is satisfied with 0; = 7; and o/ = t; when o; (L") = Z, 0/ = 7, when
a; (L) =27.

(c) In the case R = ®; j, irreducible, L' = Y”, we may choose t;, 7j, and 79 such
that the relations (4) are the same, for us and Macdonald: either «; (ajv) =—lor
o; (o)) = —1, s0 1y = o/ or 7, = o/. In particular Ry may be identified with a
subring of R. The operators L; and L; of both theories coincide on the elements
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Z*H, (identified with Y*T (v) in Macdonald’s work) for A€ L’ =Y” and v € (ry, r;).
So () is satisfied as H(W (R, L')) is an associative algebra.

(d) So, if Hy, * Z* =), axZ"H,,, with ax € Ry, vy € Y, ux € W?, we define the
product of Z*H,, and Z* H, by

(Z*Hy) * (Z"H,) = Zakz“w s (H,, % H,).
k

We get a distributive multiplication on BX%{g, with unit H,.

6.4.3. Associativity. (a) Using the associativity in Hg,(Y) and Hg,(W") and the
formula in 6.4.2(d) above, it is clear that, forany A€ Y, w e W*, E, E; € BLHRI,
(R1) Z* % (E| % Ey) = (Z* % E1) % E»,

R2) E1*(Eyx Hy) = (E1 % Ep) * Hy,.

We need also to prove (for A, A, € Y, w, wy, wp € WY, E € BLHRI),

(A) Hy % (ZM % Z*) = (Hy % ZM) % 272,
(B) Hy, * (Hy, *x E) = (Hy, * Hy,) * E.
Then the general associativity will follow: using (R1), (R2), (A), (B), and the
formula in 6.4.2(d) for the product, it is not too difficult (and left to the reader) to
prove that
(ZM Hyy) % ((Z*2 Hyy) % (Z Hyy)) = ZM % (Hyy * (272 Hy,) % Z7)) % Hy,
= 7ZM % ((Hw1 * Zkz) * (Hy, * Z“)) * Hy,
= Z" % ((Hy, * (Z" Hy,)) * Z'3) * H,,
= ((Z"Hy,) * (Z Hy,)) * (Z¥ Hy,).
(b) Proof of (B). This condition is equivalent to the fact that left multiplication by
Hg,(W") on BLy Rr, 1s an action. But the associative algebra Hg,(W?") is generated
by the H; with relations consisting of the braid relations and H? = (0; —0; ') H;+ H,.

As L; is left multiplication by H;, we have (B) if and only if these L; satisfy the
relation (%) and

(k) Li(Li(Z"H)) = (0; —o; )Li(Z"H,)+ Z"H,.

As in 6.4.2(b), we reduce the verification of (xx) tothe casev=1and A € Y”
(associated to i = j), i.e., A € Y = Qo N'Y. Then we look at Macdonald’s
construction of H(W ({£a;}, Y”)) with 7; = 0;, 7, = o/. We conclude, as in 6.4.2(c)
that (xx) is satisfied.
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(¢) The proof of (A) is by induction on £(w). If w =r;,
(H,' * ZM) * Z}»z — (Zri()hl)Hi) * th + (b(Ui, o,i/; Z*“iv)(z}‘l . er(Al))) % Z}LZ
=70 (Zri()LZ)Hl‘ +b(0i, o'l./; Z—aiv)(Z)\z _ Zri()»z)))
+b(o,, ol; 2794 ) (ZM e Gt
i*Yio
= 7 g (o, oy 270 ) (2100 R _ zriGa+i02)y
i i»Yi»
+b(o;, 0/; Zﬂxl’v)(z)”lJr}‘2 — Zri()nl)Jr)nz)
i»Yi»
= Zri(A1+A2)Hi +b(0’l~, o.i/; Z—ai\/)(z)\.l"r}\.z _ Zri()hl-i-}»z))
= H; * (Z}”‘ % ZM)

If the result is known when £(w) = n, let us consider w = w'r; with £(w) =n+1
and £(w’) = n. Then

Hy, * (Z* % Z2*?)
= H,y x (H; % ZM171%2)

= Hyy  ((H; x Z*) % Z7?)
= Hy  (Z7OVH) % 2% 4 (b(0;, 0f; 279 ) (27 — Z7100)) 5 272),

where the first equality is because left multiplication by Hg,(W") is an action, and
the second equality is the case £(w) = 1. On the other hand,

(Hy % ZM) % 77
= (Hw/ %k (Hl ES Z)Ll)) k Z}L2

= (Huw % (Z"*VH; +-b(o,, 0f; 279 ) (2" — 27100)) 5 272
= (Hy % (Z"1OV Hp)) 5 2 + (Hy % (b(o;, 0f3 27 ) (2 — 27100))) 5 272,
The second term of the right hand side is an R;-linear combination of
(Hy % ZM17Hey 5 772
and we see by induction that it is the same as
Hy % ((b(oy, 0/ Z74 ) (2 — 2700y 5 Z72)

in Hy % (Z" % Z*2).
In the first term, (Hyy s (Z"*V H;)) % Z*2 = ((Hy % Z""%Y) % H;)) % Z2, we can
write
H, * 7z — Z CkZ}LkHwka
k
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and we will use later in the same way

H; %7 =" ayZ" H,,
h

with ¢, ap € Ry, A, up € Y, and wy, vy, € WV So, we have
((Z ckZ’\kHwk> * Hi> x Zh
k

= (Z e (ZM % (Hy, * H»)) A (by (R2))

k
= Z ck ZM s ((Hy, * Hy) % Z7?) (by 6.4.2(d))
k
=Y ckZM % (Hy, x (H;  Z7)) (by (B))
k
=Y cx(Z"  Hy,) % (H; % Z7) (by (R1))
k

= (2™ * Hy,) * (Z anZM Hv,l>
k h

=Y ckan(Z™ x Hy,) % (Z" % Hy,)
k.h

= can((Z% % Hy) % Z") % H,,)  (by (R2))
k,h

= an((Hy % Z"%V) % ZM)  H,,)
h

= Z an((Hy % (Z77*) s ZF0)) s H, ) (by induction)

h

=Y anHy % (2190 % Z10) % H,,) (by (R2))
h

= Hy % (Z"M % (H; % ZM)). (by (R1))

This corresponds to the term H,, x ((Z"i*V H;) x Z*?) in H,, % (Z*' % Z*?) so we
obtain the equality when £(w) =n+ 1.

6.5. Change of scalars.

6.5.1. Suppose that we are given a morphism ¢ from R; to a ring R. Then we are
able to consider, by extension of scalars, Bl =R® R BLHRI as an R-associative
algebra. The family (Z* Hy);.cy, wew is still a basis of the R-module B-7g.
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6.5.2. In order to consider elements similar to the X* of Section 4, we are going
to define a ring R3 containing R; such that there exists a group homomorphism
812.Y — R} with §(A) = §'/2(1)* for any A € Q" and §'/*(or) = 0;.0].

Since QV is a submodule of the free Z-module Y, by the elementary divisor
theorem, if we denote by m the biggest elementary divisor, then mu € Q" for any
uweYN(QYRzR). Let us consider the ring R3 = Z[(rl.il, ri’il)iel] (with 7;, 7/
satisfying conditions similar to those of Section 6.1) and the identification of R;
as a subring of R3 given by /" = o, and 7/ = o/. Then, for A € ¥ we have
mi =7y, a;e; + Ao with the ¢; € Z and 1o ¢ Q" ®z R, and we can define

81/2()\.) — 1_[(771' _L,i/)(/li

iel

and obtain a group homomorphism from Y to R3, with the wanted properties.

In BL4g,, let us consider X* = §!/2(\)Z* for L € Y and T; = 0; H; = (v;)" H;.
It’s easy to see that 7o, = T;, * T, *- - - % T; is independent of the choice of a reduced
decomposition r;,7;, - - - r;, of w. Itis clear that the family (X* % Tyw)rey, wewr 18 @
new basis of the R3-module BLHR3.

6.5.3. We can give new formulas to define * in terms of these generators. The
relation (4) of the definition of BL#, can be written as previously:
If o; (A) > 0, then

(BLZ+) Hix 7" =Z"" «H; + Z (0, — oz kel

0<k<o;(1)—1
k even v
+ Z (O_l/ _ O_llfl)Z)\.ka[l .
0<k<o;(1)—1
k odd

If a; (L) < 0, then
(BLZ—) H; * ZA — Zri()») * Hy — Z (O_i _ O_i—l)Z)»+koziV

2<k<—a;(2)
— Z (o] — Gl/ﬂ) gitkey

k even
1<k<—a; ()
k odd

With the same arguments as in Section 5.7, these relations (after changing vari-
ables and writing (aiz)*" = aizoi/ zal.zalf 2... with n terms in this product) become:

If a; (A) > 0, then

o (A)—1
(BLX+) 711 % X}\, — (O_iZ)*(ai()\.))Xri(A) * ’Tl 4 Z ((0[2)*(h+1) _ (O'iz)*(h))x)"_haiv.
h=0
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If a; (L) < 0, then
1

) o
@yam s

(BLX—) T;*X*=

-1

1 2\ % v
- E (—a;(M)+h+1) o 2\#(—ai(M)+h)) yA—ho,

(0:2)*(—ai(1) () (/) )X
i h=0; (%)

The other formulas easily give:

T if L(riw) > £(w),

) 5 , foralliel, weW?,
(o7 = DTy, +o; Triw if L(riw) < £(w),

(2) Ti*T ={

(3) X'« Xt =X forallre?, pev.

In all these relations, we can see that the coefficients are in the subring R, =
Z[(0;%2, 0/%2),.,1 of Ry. So, if we consider B1X74g, the R,-submodule with basis
(X* % Ty) ey, wewr, the multiplication * gives it a structure of associative unitary
algebra over R,.

6.6. The positive Bernstein—Lusztig—-Hecke algebra. If we consider in B-X7{g ,
the submodule with basis (X* x T},) reY+ wewv, it is stable by multiplication * (in
(BLX+) and (BLX—) if A € Y all the A + he;” written are also in ¥ ). We denote
by BLHXZ this Rp-subalgebra of BLX#p . Actually, we can define such positive
Hecke subalgebras inside all algebras in Section 6.5.

Like before, if we are given a morphism 6 from R; to a ring R, we are able
to consider, by extension of scalars, B1%}, = R ®, BLH;;. Let us consider the
ring R of the Section 4 (such that Z C R and all ¢;, g/ are invertible in R); we
can construct a morphism 6 from R, to R by Q(Cfiz) =g, and 9(6{2) =gq/. So, we
obtain an algebra BLH; with basis (X* % T},) rey+ wewr and the same relations as
in "Hg. So:

Proposition. Over R, the Iwahori-Hecke algebra "Hy and the positive Bernstein—
Lusztig—Hecke algebra BLH; are isomorphic.

Remark. BLX%#p is a ring of quotients of BLH}, ~ 1%z, as we added in it inverses
of the X* = T; for A € Y**. Actually, from Proposition 5.2, Corollary 5.4, and
similar results, one may prove that S = {7, | A € Y} satisfies the right and left
Ore condition and that the map from BLH; to the corresponding quotient ring is
injective; see, e.g., [McConnell and Robson 2001, 2.1.6 and 2.1.12].

6.7. Structure constants. Using Section 6.6, the structure constants of the convo-
lution product * of 194z, in the basis (X* % T,,) aey+ wewv, are Laurent polynomials
in the parameters ¢;, ¢/, with coefficients in Z, depending only on A and W. By
Theorem 5.5(a), we get the same result for the structure constants in the basis
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(15, % Tw)yey+ wewv and then still the same result for the structure constants a,’j,v in
the basis (Ty)wew+ (by Section 4.5).

This last result is not as precise as the one expected in the conjecture of Section 2.
But there is at least one case where we can prove it:

Remark. Suppose ¢ is the hovel associated to a split Kac—-Moody group G over a
local field K; see [Gaussent and Rousseau 2014, §3]. Then all parameters g;, g;
are equal to the cardinality ¢ of the residue field; moreover, we know that each
@y, , 18 an integer and a Laurent polynomial in g, with coefficients in Z, depending
only on A and W. But, as G is split, the same thing is true (without changing A
and W) for all unramified extensions of the field I, hence for infinitely many q.
So the Laurent polynomial ay, , is an integer for infinitely many integral values of
the variable ¢; hence, it has to be a true polynomial. This result was also obtained
independently by D. Muthiah [2015], when G is untwisted affine.

7. Extended affine cases and DAHAs

In this section, we define the extended Iwahori—Hecke algebras and explore their
relationship with the double affine Hecke algebras introduced by Cherednik.

7.1. Extended groups of automorphisms. We may consider a group G containing
the group G of Section 1.4 and an extension to G of the action of G on $. We
assume that G permutes the apartments and induces isomorphisms between them,
hence G is equal to G.N, where N D N is the stabilizer of A in G. This group N
has almost the same properties as the group N described in Section 1.4.4. But we
assume now that W = v(N) C Aut(A) is only positive for its action on the vectorial
faces; this means that the associated linear map w of fany w e W is in Aut™ (AY).
We assume moreover that W may be written W = WV x Y, where W" fixes the
origin 0 of A and Y is the same group of translations as for G; see Section 1.4.4.
In particular, WY is isomorphic to the group (W | we W) and may be written
WP =Qx W (see Section 1.1); moreover W=QKx W, where 2 is the stabilizer
of C7 in W. Finally, we assume that G contains the fixer Ker v of A in G so that
G« G is the subgroup of all vectorially Weyl automorphlsms inG and G /G >~ Q.

As W is positive, G preserves the preorder < on $. So Gt = {ge G|0< g.0}
is a semigroup with Gt NG =G+ And Wt =Qx Wt =W x YT C W is also
a semigroup, with WHNw = w.

7.2. Examples: Kac—-Moody and loop groups.

7.2.1. One considers a field K, complete for a normalized, discrete valuation
with a finite residue field (of cardinality g). If & is an almost split Kac—-Moody
group scheme over K, then the Kac—Moody group G = &(K) acts on an affine
ordered hovel $, with the properties described in Section 1.4. See [Rousseau 2010;
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Gaussent and Rousseau 2014, §3] in the split case (where all ¢;, ¢/ are equal to g)
and [Charignon 2009; 2010; Rousseau 2012] in general.

7.2.2. Let &\ be a simply connected, almost simple, split, semisimple algebraic
group of rank r over K. Its fundamental maximal torus Tg is O ®z Mult, where
Qg and Py are the coroot lattice and coweight lattice, respectively, of the root
system ®o C V,;* with Weyl group W'

Some central extension of (a subgroup of) the loop group & (K[t, '] x K>
by £* (where x € K* acts on & (K[t,t7']) via t — x1) is G = &(K) for the
most popular example & of an untwisted, affine, split, Kac-Moody group scheme
over K. Its fundamental, maximal torus T is 9Mult x Ty x Mult =Y Q7 Mult, with
cocharacter group ¥ = Zc¢@® Qy @ Zd, where ¢ is the canonical central element
and d is the scaling element.

The set ® of real roots is {ag +nd | g € Py, n € Z} in the dual V* of

V=YQzR=Rcd VoD Rd,

where 6 (ac+ vy +bd) = b and ag(ac+ vg+bd) = ag(vg). The corresponding Weyl
group W? is actually the affine Weyl group Wi = W x Q acting linearly on V;
its action on the hyperplane d + Vj of V//Rc is affine: Wj acts linearly on V and
Qy acts by translations. The group G is generated by 7 = T(K) and root groups
Uy = K =2A00(K) for @ € ®; if a = g +né, then Uy, = Uy, (t".K).

The fundamental apartment A of the associated hovel is as described in Section 1.2
with W = WV x Y containing the affine Weyl group W¢ = W? x QV, where

V=2c® Qy.

This is the situation considered in [Braverman et al. 2016]. We saw in [Gaussent
and Rousseau 2014, Remark 3.4] that our group K is the same as the K of [Braver-
man et al. 2016]. It is clear that the Iwahori group I of [op. cit.] is included in
our group K;. But from Section 1.4.2 and [op. cit., 3.1.2], we get two Bruhat
decompositions K =| |, .y K7.w.K; =[], cpv I -w.I. So K; =1 and, in this
case, our results are the same as those of [op. cit.].

7.2.3. Let us consider a central schematic quotient &gy of &g. It is determined
by the cocharacter group Yo of its fundamental torus T,;: Qg C ¥, C P,” and
Too = Yoo ®z Mult. The root system @y C V" and the Weyl group W C GL(Vp)
are the same.

We get a more general untwisted, affine, split Kac-Moody scheme & by “amal-
gamating” & and the KC-split torus T = Y] ®z MMult (with Y| = Zc @ Yoo & Zd)
along ‘T. A little more precisely, the Kac—Moody group G; = & (K) is a quotient of
the free product of G and Ty = Too(K) = Yoo @z KL by some relations; essentially,
Tyo normalizes T and each U, (hence also G) and one identifies both copies of Ty;
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see [Rousseau 2010, 1.8]. The new fundamental torus is ¥;. We keep the same V,
o, WY A, and $, butnow W, =W'x Y D W D W4

7.2.4. We may consider a central extension by £* of (a subgroup of) the loop
group Boo (K[, 17 1]) x K. We get thus an extended Kac—Moody group G (not
among the Kac—Moody groups of [Tits 1987] or [Rousseau 2010]) which may
also be described by amalgamation: Gisa quotient of the free product of G and
Yoo ®z K[t, 11" by relations similar to those above; in particular the conjugation
by A @ xt" sends Uy ps t0 Ugyt(ptna(n))s- The group G, contains G as a normal
subgroup; its fundamental torus is 71 = Y] ®z K>, with normalizer ﬁz =N GZ(TI)
containing Yoo ®z K[t, 71 D Yoo @7 17 =: 1Y,

The group 52 is generated by Y0 and G, (which contains N; = N,NG; D 19 );in
particular G2/ Gy~ Yoo/ Q. We keep the same V and @, but now the corresponding
vectorial Weyl group is W) = N»/T; = W X Y. As in Section 1.1, we may also
write Wzv = Q, x WY, where €2, is the stabilizer in 17['/21) of C]'f. It is well known
that © is a finite group isomorphic to Yoo/ Qy; it is isomorphic to its image in the
permutation group of the affine Dynkin diagram of &g or & (indexed by /) and
acts simply transitively on the special vertices of this diagram.

It is not too difficult to extend to G the action of G on the hovel $. The group
ﬁg is the stabilizer of A; it acts through Wg = Wé’ X Y1 D W D W% We are exactly
in the situation of Section 7.1 with (52, Gy).

7.2.5. We may get new couples (éj, G;) satisfying Section 7.1 for the same hovel $:
We may enlarge G, and G| by amalgamating them with 73 = Y3 ®7 K along
Ty (or with Tooo = Yooo ®z K> along Too), where Yoo C Yoo C POv and

Y3=Z.%.C@YOOO@Zd,

with m € Z-o. Then WY = W}, Q3 = Qy, Wy = W} x Y3, and G is still a
Kac-Moody group with maximal torus 73.

We may keep G, (or G3) and take a semidirect product of G, (or G3) by a group
I of automorphisms of the Dynkin diagram of &, stabilizing Yy (or Yoo and Yyoo).
Then WX=FD< WZ”, Q4=Fb<§22,andW4=W: XY, (orW4=Wf|><Y3).

7.2.6. We may also add a split torus as direct factor to any of the preceding groups
G; or G, enlarge $ by a trivial euclidean factor of the same dimension as the torus
and add to W and 2, as a direct factor, any automorphism group (possibly infinite)
of this torus.

7.3. Marked chambers. We come back to the general situation of Section 7.1. We
want a set of “geometric objects” in $ on which G acts with the Iwahori subgroup
K; as one of the isotropy groups.
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7.3.1. A marked chamber in the hovel $ is the equivalence class of an isomorphism
¢ : A — A € A sending the fundamental chamber CJ to some local chamber C,,
modulo the equivalence

@1 = ¢y <= 3§ € C{ such that ¢ |5 = ¢2]s.

It is simply written ¢ : Cj — Cx; this does not depend on A.

The group G permutes the marked chambers; for g € G and @ as above, g.¢o =@
if and only if g fixes (pointwise) C,. In particular, the isotropy group in G of
Ci=Wd:Cf - Cf cACIis K CG.

A local chamber of type 0, C, € 6} determines a unique marked chamber
53 : Cf — Cy (called normalized) which is the restriction of some ¢ € Isomg (A, A);
see Section 1.11. These normalized marked chambers are permuted transitively
by G.

7.3.2. A marked chamber is said of type 0O if it is in the orbit under G of any of
those 53. So the set %a“ of marked chambers of type 0 is G /K.

By hypothesis G may be written G.Q, where Q@ = v=1(Q) C N stabilizes Cq
(considered as in $) and induces €2 on it. So G = {5x = 5)(3060_1 |C, € C@E{, w € R},

7.4. W-distance.

7.4.1. Let Cy : Cq — Cy, Ey :Cy — Cy, bein %(J{ with x <y. There is an apartment
A containing Cy and C, so 5x, Ey may be extended to ¢, ¥ € Isom(A, A). We
“identify” (A, C§) with (A, Cy) via ¢. Then ¢~'(y) > 0 and, as C,, C, are in a
same orbit of G, there is @ € W such that ¥ = ¢ o . This W does not depend on
the choice of A by Proposition 1.10(c).
We define the W-distance between the marked chambers C, and 5y as this
unique element: d W(éx, Gy) =we W Sowe geta G-invariant map
a¥ :EéaL xsgég:{(@,ﬁy) egé(“; xgéaL|x <y}— wT.

7.4.2. For (C,, Cy) € €3 x< €3, we have d"(C?, 58) = d"(C,, Cy) and, more
generally, for w,, w, € 2, we have (5)? o a);l, 58 o a);l) € (6:{ X< CG(J)F and
d"(Clow;!, CVow;") = w,.d"(C,, Cy) .00y € WT.
For ((1, 5},) € %g X< CAéaL and w,, w, € 2, we have also
dW(Gx oa)x_l, Gy owy_l) = Wy .dW(ax, 6"y).a)y_1 ewt.
We deduce from this some interesting consequences:

7.43. If C s C Vs C -, With x <y <z, are in the same apartment, we have a Chasles
relation:
d"(C,, C;) =d"(Cy, Cy).d"(Cy, Co).
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7.4.4. For (C,, C V) e<€>+ ><<<60, if C, is normalized then d (Cx, C V) € W if and
only if C is normahzed The same is true with the roles of C and C reversed.
7.4.5. For (C,, C,) € €} x< ],

d"(C,,C)=weQ < C,=Cion.
In particular, ’c“y is uniquely determined by C, and w; moreover, C, =C.

7.4.6. If (Cy, Cy) € 6§ x< 6§ and d"(Cy, Cy) =r; € WV (resp., > € YT) and
w € 2, then dW(CfC)oa)_l, Cgoa)_l) =w.ri.0 = Tw() (Tesp., w(A) € Y ™), where
we consider the action of Q on I (resp., Y).

7.4.7. When C, = C and C, = g.C (with g € G*), then d¥(C,, C,) is the only
w € W7 such that g € K;.w. K;. There is a Bruhat decomposition

=| | x.%.K
WeW+
The W-distance classifies the orbits of K; on {fy € Eéar | y > 0}, hence also the
orbits of G on C@g X< %(J{.
7.5. The extended Iwahori-Hecke algebra.

7.5.1. We define this extended algebra for G as we did in Section 2 for G:
To each W € W, we associate a function T : 6 x <6y — R, defined by
~ ~ 1 ifd™C,C)=w,
@, )= e O=w
0 otherwise.
And we consider the following free R-module of functions Féa“ X < %(J{ — R:

Iﬂlg — {g) = Z ap Ty

WeWw+

ay € R, ay = 0 except for a finite number},

We endow this R-module with the convolution product given by

(@*Y)(Cy, Cy) =Y @(Cy, CY(C:, Cy).
C
where EZ € %(T is such that x < z < y. This product is associative and R-bilinear.
We prove below that it is well defined.

As in Section 2, we see easily that I’lflﬁ is the natural convolution algebra of the
functions G+ — R, bi-invariant under K; and with finite support.

7.5.2. Forw € Q, w € W+, the products T, x Ty and Ty * T, are well defined:
actually T, « Ty = T, i and Ty x T, = Tg . »; see Sections 7.4.3 and 7.4.5.
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7.5.3. As the formula for ¢ % is clearly G-invariant, we may fix C, normalized to
calculate ¢ * ¥. From Section 7.4.4, we deduce that, when w, v € W, the product
Ty * T, may be computed using only normalized marked chambers. So it is well
defined and the same as in I’H,%.

From Section 7.5.2 we deduce now that the convolution product is well defined
in 1771%:

Proposition. For any ring R, ! ’ﬁg is an algebra; it contains I’Hﬁ as a subalgebra.

Definition. The algebra / ﬁg is the extended Iwahori—Hecke algebra associated
to $ and G with coefficients in R.

7.6. Relations.

7.6.1. From Section 7.5 we see that I’Tiﬁ contains the algebra

mm:ﬁ}&%

weN

of the group Q2. Moreover, as an R-module, Iﬂﬁ = R[] ®r I?—[',%: we identify
Tyw=T,*Tpyand T, @ T, forwe Qand w e WT.
The multiplication in this tensor product is semidirect:

(Tw ® Tw) . (Tw’ ® Tv) =To*Tw*TyxTy =Ty w.o xTy
=Toww*Ty =Ty *TwxTy =Ty.oo  (Tw *Tp),
where w' =o' ' w.0' =1 ' "N (w) e WT.
In particular, we get the following relations among some elements:

7.6.2. Foroe Qand we WT,

Ty % Ty Ty ' =Ty
If, moreover, w =r; € WY, then w(r;) =r, ;) and

Ta, k T, k Tw_l = Lo(i)-
If now w =X € Y, then

Ty, % Ty % Twil =Lw);
with w(A) e Y.

7.6.3. From Theorem 5.5(1) and (2) above, it is clear that T, % X* % T,; ! = X®®
if e Qandie Y™ (as Q stabilizes Y™ =¥ N CY).
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7.6.4. As the action of 2 on A is induced by automorphisms of $, we have g; = g, )
and ¢/ = qc/u(i) for w € Q and i € I. We may also choose the homomorphism
812 Y — R* of Section 5.7 invariant by Q (for R great enough). So, for w € 2,
w,r; € WY  and A €7,

T,xHy*T, ' = Hyw), T,*xH *T," ' =H,i, T,xZ"xT,' =2z,

7.7. The extended Bernstein—Lusztig—Hecke algebra. Notation from Section 7.1
is still in use. But we no longer assume the existence of a group G or G. The group
W =W"xY < W satisfies W = Q x W and the conditions of Section 6.

We consider the ring R = Z1(6E, (6])*1);¢;1, where the indeterminates &;, 67
satisfy the same relations as o;, o/ in Section 6.1 and the additional relation (see
Section 7.6.4 above)

o, =

1§

and 6,-/:6/ if (i) = j for some w € Q.

~.

We denote by BL?—ZI; the free R-module with basis (TwZ*Hy) weg. rey. wewr and
write

H,=T,72"H,, H =T7,Z°H;, 7Z'=T1T,7"H,, and T,=T,Z"H,.

Proposition. There exists a unique multiplication * on BLﬂR which makes it an
associative, unitary R-algebra with unity H, = Ty = Z° and satisfies the condi-
tions (1)—(4) of Theorem 6.2 plus

5) To*Ty =Ty.u, ToxTixT, ' =Ty, and TyxTox T, ' =T, for o, o' €,
iel,and L €Y.

Proof. As R-modules, BLﬂR = R[] ® BL%z, where the homomorphism R; — R
is given by 0; — 6;, o/ > 6/. Now the multiplication is classical on R[], given
by Theorem 6.2 on X743, and semidirect for general elements. U

Definition. This R-algebra BL71% depends only on A, ¥ and € (i.e., on A and W).
We call it the extended Bernstein—Lusztig—Hecke algebra associated to A and w
with coefficients in R.

As in Section 6.6, we may identify, up to an extension of scalars, a subalgebra
BLY% of BLH with the extended Iwahori-Hecke algebra '#3.

7.8. The affine case.

7.8.1. We suppose now that (AY, W?) is affine. So there is a smallest positive
imaginary root § = Y_a;a; € Af, C O satisfying §(«;’) =0 forall i € I, and a
canonical central element ¢ = ) a;"c;’ € QY satisfying ;(¢) =0 foralli € I. In
particular, § and ¢ are fixed by WV and W?.
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As § € QT it takes integral values on Y. For n € Z, we define
Y'={AeY|s(A)=n},

which is stable under W* and W*. Wehave Y =| |,_, ¥" and Y+ = (Llpso Y)uY?,
with YC(.) =Y'NY+t =Y NQc. We write A, = %c a generator of YC(,) (with m € Z~).
As §(QY) =0, we have §(A) = 8(u) whenever u<gvA or r<gyrinY.

7.8.2. Considering Proposition 2.2 and Theorem 5.5(2), the algebra is graded (for

a suitable R) by
IH% — @ IHﬁn’
n>0
where 'Hz" has for R-basis {T; T, | A € Y", w € W} if n > 0 and {T * T, |
A E YCO, w € W'} if n = 0. For some rings R, we may replace each T, *x T,, by
X* T, or by Z* x H,, to find new bases. Also,

1779 1779n
He = D "HR".
n>0

where '"H3" has for R-basis {T, * T, * T, |w € Q, A € Y", w e W'} if n > 0 and
(T, *X**T, |lweQ, re YCO, w € W'} if n = 0. For some rings R, we may
replace each T,  T; x T, by T, * X* % T,, or by T, x Z* x H,, to find new bases.

Furthermore,
BL _ BL,n
HR 1 @ HR 1’

nez

where BL”HI’;] has for R;-basis the Z* H,, for A € Y" and w € W?, and

BLY, _ @BL,},"_‘[@
R — ’

neZ

where BL”;‘—VL;% has for R-basis the T,,Z* H,, for o € Q, » € Y”, and w € W".
These gradations are compatible with the identifications explained in Section 6.6
or Section 7.7.

7.8.3. For any 5} € %:{ and any A € YCO = 7., there is a unique (~7y € Eég with
avc,, C y) = A: the translation by A in A stabilizes all enclosed sets and extends
to $ as a translation in any apartment. From this we see that

T)L*T,u = TA-HL = TM>I<T)L fOI'M € Y+,
Tk XH =X M= XFsT, foru ey,
L%xTy =Ty w=Typ)=Ty*T, for w € W,

Such a 7} is central and invertible in "#z, "Hz, P, , or B7L;.
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Actually 1ng0 is the tensor product R [YC(.)] ®rHr(W?) with a direct multiplication
(factor by factor) and "H;" = R[Y?] ®g (R[] ®& Hr(W?P)) with a semidirect
multiplication.

7.9. The double affine Hecke algebra. The subalgebra BL’;[,% is well known as
Cherednik’s double affine Hecke algebra (DAHA). More precisely, Cherednik [1992;
1995] considers an untwisted affine root system, as in [Kac 1990, Chapter 7]; but, as
he works with roots instead of coroots, we write ®" for this system. He considers
the case where W is the full extended Weyl group (WP = W x P,” with the notation
of Section 7.2), i.e., @ ~ Py’/Qy acts on the extended Dynkin diagram, simply
transitively on its “special” vertices. His choice for Y% is Y0 =7 %.c ®P/ CPY
(and, e.g., Y = Y @ Zd), where m € Z> is suitably chosen. He then defines
the DAHA as an algebra over a field of rational functions C(8, (gy)yev,) With
generators (7;);er, (Xg)ge Py and some relations. It is easy to see that this DAHA
is, up to scalar changes, a ring of quotients of our BL”;‘—VL;% (for A, W as described
above): actually § stands for our Z*. Here is a partial dictionary to translate from
[Cherednik 1992; Cherednik 1995] to our article: roots <> coroots, Xg > ZB,
I'—H;, g—o, 1»Q n,—T1T, §— T, and A =§"— T,.

In [Cherednik 1992] there is another presentation of the same DAHA using the
Bernstein presentation of Hg(W?). This is also the point of view of [Macdonald
2003], where the framework is more general.
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A CLASSIFICATION OF SPHERICAL CONJUGACY CLASSES

MAURO COSTANTINI

Let G be a simple algebraic group over an algebraically closed field k. We
complete the classification of the spherical conjugacy classes of G begun by
Carnovale (Pacific J. Math. 245 (2010), 25-45) and the author (Trans. Amer.
Math. Soc. 364 (2012), 1997-2019).

1. Introduction

Let G be a simple algebraic group over an algebraically closed field k. In this paper
we complete the classification of the spherical conjugacy classes of G (recalling
that a conjugacy class O in G is called spherical if a Borel subgroup of G has a
dense orbit on O). There has been a lot of work related to this field, beginning
with the work of D. Panyushev [1994; 1999], who classified spherical nilpotent
orbits in the Lie algebra of G, when the base field is C. R. Fowler and G. Rohrle
[2008] classified spherical nilpotent orbits over an algebraically closed field of
good characteristic. Then G. Carnovale [2010], exploiting the characterizations of
spherical conjugacy classes in terms of the Weyl group given in [Cantarini et al.
2005; Carnovale 2008; 2009], classified the spherical conjugacy classes of G in
zero or good, odd characteristic. In [Costantini 2012], we obtained the classification
of spherical unipotent conjugacy classes when the characteristic of k is bad, and
for characteristic 2 in case A,. In the present paper we complete the classification,
dealing with nonunipotent conjugacy classes when the characteristic of & is bad,
and when G is of type A, and the characteristic is 2.

The second goal of this paper is the characterization of spherical conjugacy classes
in terms of the dimension formula: we prove in Theorem 4.1 that a conjugacy class
O of G is spherical if and only if dim O = €(wp) + k(1 — we), where we is a
certain element of the Weyl group attached to O, as defined in the next section.
This characterization was obtained over C in [Cantarini et al. 2005] and in good,
odd characteristic in [Carnovale 2008]. An elegant proof was obtained in [Lu 2011]
in zero characteristic.

We finally deduce further consequences of the classification.

MSC2010: primary 20E45, 20F55, 20G15; secondary 14M15.
Keywords: spherical conjugacy classes, bad characteristic.
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2. Preliminaries

We denote by C the complex numbers, by R the reals, and by Z the integers.

Let G be a simple algebraic group of rank n over k, where k is an algebraically
closed field. We fix a maximal torus 7" of G, a Borel subgroup B containing 7, the
unipotent radical U of B and the Borel subgroup B~ opposite to B with unipotent
radical U~. Then & is the set of roots relative to T, and B determines the set
of positive roots ®* and the simple roots A = {«y, ..., a,}. We write s, for the
simple reflection associated to o € ®. We use the numbering and the description
of the simple roots in terms of the canonical basis (e, ..., ;) of an appropriate
R* as in [Bourbaki 1981, Planches I-IX]. For the exceptional groups, we write
B =(@my,...,my,) for B =ma; + -+ muo,. We identify the Weyl group W
with N/ T, where N is the normalizer of 7. We denote by wy the longest element
of W. The real space E = R® is a Euclidean space, endowed with the W-invariant
scalar product (o;, «j) = d;a;;. Here {dy, ..., d,} are relatively prime positive
integers such that if D is the diagonal matrix with entries dy, ..., d,, then DA is
symmetric for A = (a;;) the Cartan matrix.

We put [T ={1, ..., n}, and let ¥ be the symmetry of IT induced by —wy. We
denote by ¢ the usual length function on W, and by rk(1 — w) the rank of 1 — w in
the geometric representation of W.

We use the notation x,(§) and 4, (z) as in [Steinberg 1968; Carter 1989], for
aed, Eeck,and z € k™ Fora € ® we put X, = {x4(&) | £ € k}, the root-subgroup
corresponding to «, and H, = {h,(z) | z € k*}. Given an element w € W we
denote a representative of w in N by w. We choose the x,, so that, for all « € ®,
ng = Xo(1)x_q(—1)x4(1) lies in N and has image the reflection s, in W. Then

21) X (E)Xa(—E Vx0(E) =haEng, 12 =ho(=1)
neXa(ny' =x_o(=x),  ha(E)xp(0)he(§)~ = x5 x)

for every & € k*, x € k and «, B € ®, where (B8, o) = 2(8, «)/(«, o) [Springer
1998a, Proposition 11.2.1]. The family (x4)qeco is called a realization of ® in G.

Weset TV ={teT |wtw ' =t}and T ={t € T | t* = 1}. In particular T* = T
ifw=wy=—1. Wealsoput S* ={treT |wrw™ ! =¢"1}.

For algebraic groups we use the notation in [Humphreys 1975; Carter 1985].
In particular, for J C I, we have A; = {«; | j € J}, ®; is the corresponding
root system, W; the Weyl group, P; the standard parabolic subgroup of G, and
Ly =T(Xy | @ € ®&;) the standard Levi subgroup of P;. For z € W we put
U.=UNz 'U"z. Then the unipotent radical R, P; of P; is Uwyu,» where w;
is the longest element of W;. Moreover U N L; = ij is a maximal unipotent
subgroup of L; (of dimension £(w,)), and Ty = T N L/, is a maximal torus of L’,.
For unipotent classes in exceptional groups we use the notation in [Carter 1985;
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Spaltenstein 1982]. We use the description of centralizers of involutions as in
[Iwahori 1970].

If X is a G-variety and x € X, we denote by G.x the G-orbit of x and by G,
the isotropy subgroup of x in G. We say that X is spherical if a Borel subgroup
of G has a dense orbit on X. It is well known (see [Brion 1986; Vinberg 1986]
in characteristic 0, [Grosshans 1992; Knop 1995] in positive characteristic) that
X is spherical if and only if the set V of B-orbits in X is finite. If H is a closed
subgroup of G and the homogeneous space G/H is spherical, we say that H is a
spherical subgroup of G.

Let g be an element of G with Jordan decomposition g = su, for s semisimple
and u unipotent. Using a terminology slightly different from the usual, we say that
g is mixed if s ¢ Z(G) and u # 1. For each conjugacy class O in G, w = wp is
the unique element of W such that Bw B N O is open dense in O.

If x is an element of a group K and H < K, we denote by C(x) the centralizer
of x in K, and by Cy(x) the centralizer of x in H. If x, y € K, then x ~ y means
that x and y are conjugate in K.

If H is an algebraic group, we denote by B(H) a Borel subgroup of H. We
denote the identity matrix of order r by /.. Finally, in the remainder of the paper
we denote by p the characteristic of k (hence p may be 0).

3. The classification

We recall that the bad primes for the individual types of simple groups are as
follows:

« none when G has type A,;

e p =2 when G has type B,,, C, or D,;

e p=2or 3 when G has type Gy, F4, E¢ or E7;
e p=2,3o0or 5 when G has type Es.

For convenience we assume G simply connected, so that centralizers of semisimple
elements are connected [Carter 1985, Theorem 3.5.6]. However the classification
of spherical conjugacy classes in G is independent of the isogeny class. More
precisely, let D < Z(G) and G = G/D. For the canonical projection 7 : G — G
and g € G, put § = (g). Then it is clear that the conjugacy class of g in G is
spherical if and only if the conjugacy class of g in G is spherical; see also the
discussion at the beginning of [Costantlm 2010, §6].

We put M=nu {0} and A=AU {ao}, where og = —p for the highest root
B of ®*. Thus I labels the vertices of the extended Dynkin diagram of the root
system ®. For J C ﬁ, let &; =Z{a; |i € J}N P and

Ly=(T, Xy |aedy).
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This is called a pseudo-Levi subgroup of G (in the sense of [Sommers 1998]). Then
the following holds:

Proposition 3.1 [McNinch and Sommers 2003, Propositions 30 and 32]. Lett in

G be semisimple. Then C(t) is conjugate to a subgroup Ly for some J C m.
Suppose that the characteristic of k is good for G. Let J C T. Then there is

t € G such that Ly = C(t). O

We recall some basic facts which have been proved for zero or good, odd
characteristic.

Theorem 3.2. Let p # 2, and let O be a spherical conjugacy class of a connected
reductive algebraic group. If O N Bw B is nonempty, then w? = 1.

Proof. If p is zero or good and odd then this is [Carnovale 2008, Theorem 2.7].
The same proof holds as long as p # 2; see also [Carnovale and Costantini 2013,
Theorem 2.1]. O

Remark 3.3. Let M (W) denote the Richardson—-Springer monoid, i.e., the monoid
generated by the symbols r, for o € A, subject to the braid relations and the relation
rg =r, for @ € A. Given a spherical G-variety, there is an M (W)-action on the
set V of its B-orbits. Under additional conditions, one can also define an action of
W on V. These actions have been introduced in [Richardson and Springer 1990]
and [Knop 1995], respectively, and they have been further analyzed and applied in
[Brion 2001; Mars and Springer 1998, §4.1; Springer 1998b]. The actions of M (W)
and W have been used to prove [Carnovale 2008, Theorem 2.7]. By [Knop 1995,
Theorem 4.2(b)], a case in which the action of W is defined is when p # 2. This
allows one to extend the proof of [Carnovale 2008, Theorem 2.7] to the case p # 2,
as done in [Carnovale and Costantini 2013, Theorem 2.1]. We shall come back to
this point after the achievement of the classification of spherical conjugacy classes
in characteristic 2.

Let O be a conjugacy class of G and let V be the set of B-orbits in O. There is a
natural map ¢ : V — W associating to v € V the element w in the Weyl group of G
for which v € BwB (equivalently, for which v N BwB # ).

Theorem 3.4. Let p # 2, and let O be a conjugacy class in a connected reductive
algebraic group. If Im(¢) contains only involutions in W, then O is spherical.

Proof. If p is zero, or good and odd this is [Carnovale 2009, Theorem 5.7]. The
same proof holds as long as p # 2, once it is noticed again that the action of W on
YV is defined. O

Theorem 3.5 [Cantarini et al. 2005, Theorem 25; Carnovale 2008, Theorem 4.4].
A class O in a connected reductive algebraic group G over an algebraically closed
field of zero or good odd characteristic is spherical if and only if there exists v in'V
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such that £(¢ (v)) +1k(1 — ¢ (v)) =dim O. If this is the case, v is the dense B-orbit
in O and ¢ (v) = we (and v=O N Bwe B). O

For any conjugacy class O, the element wy of the Weyl group is an involution,
ie., wé =1, is the unique maximal element in its conjugacy class and is of the
form w, = wyw,, for a certain ¥-invariant subset J of IT such that w,(a) = w; (@)
for every o € A; [Carnovale 2008, Lemma 3.5; Chan et al. 2010, Corollary 2.11;
Perkins and Rowley 2002].

We indicate the strategy we followed to determine the classification. Let G¢
be the corresponding group over C. We have shown in [Cantarini et al. 2005] that
for every spherical conjugacy class C of G¢ there exists an involution w = w(C)
in W such that dimC = ¢(w) + rk(1 — w), with C N BwB # & (in fact even
CNBwBN B~ # @). For each group G we introduce a certain set O(G) of
semisimple or mixed conjugacy classes; this set is suggested by the classification
in characteristic zero. For each O € O(G) there is a certain spherical conjugacy
class C in G¢ such that dim O = dimC. Let w = we. Our aim is to show that
ONBwB # &, so that O is in fact spherical by the following proposition. Finally
we show that any conjugacy class not in O(G) is not spherical.

For convenience of the reader we shall give tables for the nonunipotent spherical
conjugacy classes. In the tables we give a representative g of the spherical conjugacy
class O, the subset J of IT for which w, = w,w,, the decomposition of w,, into
the product of orthogonal reflections, the type of C(g) when g is semisimple and
the dimension of O.

We recall the following result, proved in [Cantarini et al. 2005, Theorem 5]
over C, but which is valid with the same proof over any algebraically closed field.

Proposition 3.6. Suppose that O contains an element x € BwB. Then
dim B.x > £(w) +rk(1 — w).

In particular, dim O > £(w) 4+ k(1 — w). If in addition dim O < £(w) + k(1 — w),
then O is spherical, w = wo and B.x is the dense B-orbit in O.

If gisin Z(G), then g € T, O, = {g} and wp = 1. In the remainder of the paper
we consider only noncentral conjugacy classes.
We shall use the following result.

Lemma 3.7. Assume the positive roots B, ..., Be are such that [X 1, , Xipl= 1
forevery 1l <i < j <{. Then, for g =ng,---ng,xg (1)---xp,(1) and h € T such
that B;(h) # 1 fori =1,...,¢, we have

ghg*1 € BwBNB~

where w = sg, - - - 5g,.
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Proof. By [Carter 1989, p. 106], for every positive root « and every ¢ € k* we have
X_o(t) = X (t " Dngxe (t~ 1A' for a certain &' € T, so that x_,(t) € Bsy BN B~.
Hence, forevery i =1, ..., £, by (2-1) we have

ngxg(Dh(ngxg (1)~ = ngxp (Dhxg (=1~ hng!
= ngxp(1 = Bi(W)ng'nghny'
= x_p,(Bi(h) — Dh;
€ Bsg, BNB~,

where h; = n,g,.hnlgil eT. Letty,...,t, €k* Then

(g, (7 - xp, (17 ) T (1) - g (1) (e, (1) -+ - xp, (7))
liesin ng Xg,---ng, Xg, T =ng, ---npg,Xg,--- Xg, T € wB. Therefore
ghg_l :x_ﬂl(ﬂl(h) —1)-- -x_ﬂ@(ﬂz(h) —Dhy---hy e BwBNB™. U

The hypothesis of the lemma is satisfied for instance if 8y, ..., B, are pairwise
orthogonal and long, as in [Costantini 2010, Lemma 4.1]. In characteristic 2, we
have [X,, X5] =1 for every pair (y, §) of orthogonal roots.

Let O be the conjugacy class of x € G. In general the orbitmap 7 : G/C(x) - O
is a bijective morphism, which may not be separable (i.e., an isomorphism). Never-
theless, we have the following result:

Lemma 3.8 [Fowler and Rohrle 2008, Remark 2.14]. Let O be a G-orbit with
isotropy subgroup H. Then O is spherical if and only if G/ H is spherical. U

Proposition 3.9. Let g € G with Jordan decomposition g = su for s semisimple
and u unipotent. If Oy is spherical then Oy and O, are spherical.

Proof. By Lemma 3.8, C(g) = C(s) N C(u) is a spherical subgroup of G. Hence
both C(s) and C (u) are spherical subgroups of G and, by Lemma 3.8, O, and O,
are spherical. O

For J € IT we put Ty = T'N L), a maximal torus of the derived subgroup L/, of
the standard Levi subgroup L, so that B; = T;U,, is a Borel subgroup of L.

Lemma 3.10. Let O be a conjugacy class of G and F € O. Assume there exists
J C I such that F C Lj and (By.x)xer is a family of pairwise distinct Bj-orbits.
Then the family (B.x)ycr consists of pairwise distinct B-orbits.

Proof. Let x and y be elements of F, and assume B.x = B.y. Then there exists
b € B such that bxb~! = v, 1.e., bx = yb. Since B = TUwJ Uwowj, where Uwow/ is
the unipotent radical of the standard parabolic subgroup P;, we can write b = tuus
witht € T, u; € ij and u; € Uwow,, so that tuurx = ytujuy. Since Uwow,
is normal in Py, from uniqueness of expression we get tux = ytu;. We may
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decompose T = Ty S where S = (();c, kere;)°, and t = 111, with t; € Ty, 1, € S.
Then S < C(Ly), so that tju;x = ytju;. But tju; lies in By, and we conclude that
Bj.x = Bj.y. Therefore x = y and we are done. (I

Lemma 3.11. Let x be a semisimple element of G with C(x) = Ly, a pseudo-Levi
subgroup of G, and assume O, is spherical. Let X be a semisimple element in G¢
such that C(x) = Ly (in G¢). Then Oy is spherical.

Proof. First we note that such an X exists, by Proposition 3.1. By Lemma 3.8
and [Brundan 1998, Theorem 2.2(i)], it follows that O; is a spherical semisimple
conjugacy class in Gg. ([l

Type A, n>1. Foreveryi=1,..., [%(n + 1)], we denote the root ¢; — e,42—;
by Bi.

Proposition 3.12. Let G = SL(2), any characteristic. Let O be a conjugacy class
of G. Then ON BwpB N B~ is nonempty, dim O = L(we) + rk(1 — we) and O is
spherical.

Proof. We may work (and usually do) up to a central element, hence we may assume
O = O,, x either unipotent or semisimple. If x is unipotent then the result follows
from [Cantarini et al. 2005, Proposition 11], whose proof is characteristic-free. If x
is semisimple, then either x is central, or x is regular. In the first case C(x) = G,
and in the second case we may assume C(x) = 7. Now

x=<£ 1(/)f>
e=(10)(01)

Then gxg~! € O©N BwB N B~ by Lemma 3.7, where w = wy, with dim O =2 =
£(wo) + k(1 — wp). We conclude by Proposition 3.6. O

for a certain f # %1. Let

Lemma 3.13. Let H be connected and reductive, any characteristic. Then H has
a regular spherical conjugacy class if and only if the semisimple part of H is of
type A'|. In this case every conjugacy class is spherical.

Proof. Without loss of generality we may assume H = Z x G| X - -- X G,, where
Z = Z(H)° and G; is simple foreachi =1, ...,r. Let n; =tk G; and N; the
number of positive roots of G; fori =1,...,r. Let x = (z, x,...,x,) be an
element of H and O = O,. Then O is spherical if and only if each G;.x; is
spherical in G;, and x is regular if and only if each x; is regular in G;. Moreover, a
spherical G;-conjugacy class in G; has dimension at most n; + N;, while G;.x; is
regular in G; if and only if its dimension is 2N;.
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If the semisimple part of H is of type A”, then every conjugacy class of H is
spherical by Proposition 3.12.

Suppose there exists a regular spherical conjugacy class. Then 2N; < n; + N;
for every i, which is possible if and only if N; = n; = 1 for every i. Hence the
semisimple part of H is of type A'. ([

Lemma 3.14. Let H = G L(3), any characteristic, g a regular element of H. Then
there exists a subset F = {x,, | m € k*} of O, such that (B(H).X,;)mek+ consists of
pairwise distinct B(H)-orbits.

Proof. For m, a, b, ¢ € k*, let

0 0 abe
nm
Xm = Xm(a,b,c)=1| o _,, _latm)(btm)(ct+m)
m
1 1 at+b+c+m

1 0 0 1 1 at+b+c+m

1
ollom o ||o 1 @tmbtmictm | . p
0

2
abc m

0
—1
0 abc
00 00 1

From the uniqueness of Bruhat decomposition, we have B.x,, N woB = T.x,,;
moreover, Cr(x,,) consists of scalar matrices, and

a 00
S={10B0||a Bek*
001
acts as
0 0 aﬂ
a 00 m
080 |xu=|¢o _n _ﬂ(a+m)(b+m)(c+m)
001 m
ol gl at+b+c+m
Hence

T.xp, NF = {x,}.

The characteristic polynomial of x,,(a, b, c) is (X —a)(X — b)(X — c¢). Moreover,
dim B.x,(a, b, ¢c) =5, so that dim Oy, (4,b,c) = 6. We have shown that x,,(a, b, c¢)
is regular for every choice of a, b, ¢ € k*. Now let g be a regular element of GL(3).
Since O, is determined by the characteristic polynomial of g, there exist a, b, ¢ € k*
such that x,,(a, b, ¢) € Oy for every m € k*. We take x,, = x,(a, b, ¢) form € k*.
The set F = {x,,, | m € k*} is the required set. O
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Proposition 3.15. Let s be a semisimple element of SL(n + 1) with at most 2
eigenvalues, any characteristic, and QO its conjugacy class. Then O N BwpB N B~
is nonempty, and O is spherical.

Proof. We may assume s = diag(aly, bl,+1—) witha #b, | <k <[3(n+1)]. Let

g=ng,---ngxpg(1)---xg(1). Then, by Lemma 3.7, gsg~! € ONBwBN B~ with
w=wg, - - - wg,. As dim O = £(w) +rk(1 —w), we conclude by Proposition 3.6. []

Theorem 3.16. Let g be an element of SL(n + 1), any characteristic, g = su its
Jordan decomposition and O its conjugacy class. Then O is spherical if and only if
one of the following holds:

(a) u =1 and s has at most 2 eigenvalues.

() u #1,s € Z(G) and u has Jordan blocks of sizes at most 2.
Proof. Assume that O is spherical. Suppose that neither (a) nor (b) hold. Since by

[Knop 1995, Theorem 2.2] every conjugacy class contained in the closure of O is
spherical, without loss of generality we may assume

g =diag(R, S) for R € GL(3), S € GL(n —2), S diagonal

with
aloO aloO a 00
R=|10al]or|0aO]or]|0boO],
00a 00b 00c

a, b and ¢ pairwise distinct. Hence R is regular in GL(3). Consider the elements
gm = diag(x,,, S)

for m € k*, where x,, is as defined in Lemma 3.14. We apply Lemma 3.10 with
J={1,2} and F = {g,, | m € k*} C L;. The g,, are all G-conjugate to g, and
pairwise not B;-conjugate. By Lemma 3.10 the family (B. g,,)mex+ 1S an infinite
family of (distinct) B-orbits, a contradiction. Hence either (a) or (b) holds.

The remaining assertions follow by Proposition 3.15, and from the classification
of unipotent classes in zero or odd characteristic ([Carnovale 2010, Theorem 3.2]
and in characteristic 2, [Costantini 2012, Table 1]). O

@ J wo C(g) dim O

diag(alk, bIn+1—k)
k=1,....[3+D] | &k sg-sp TiA1Anx  2k(n+1—k)
a#b

Table 1. Spherical semisimple classes in A,, where w,, = w,w, and
Je={k+1,...,n—k}fork=1,...,[f(n+D] -1, Ty = 2-
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Type C, (and B,), p =2, n > 2. We put ; = 2¢; foreachi = 1,...,n and
ye=ey—_1+eyfort=1,..., [%n]

We describe G as the subgroup of GL(2n) of matrices preserving the bilinear
form associated with the matrix (—01,1 16’) with respect to the canonical basis of k%"
We observe that in characteristic 2 the groups of type B, and C, are isomorphic as

abstract groups, hence we deal only with type C,,.

Proposition 3.17. Let x be an element of Sp(2n), any characteristic, n > 2, and O
its conjugacy class. If either

(@) x = a; = diag(Al,, A7'1,) for x £ =1, or
(b) x =c, =diag(h, L1, A~ I,_1)  for x # %1,
then ONBwo BN B~ is nonempty, dim O = £(we) +1k(1 —we) and O is spherical.

Proof. The proof uses the same method as the proof of Proposition 3.15, so we
omit it. _

Proposition 3.18. Let G = Sp(2n), p =2, n > 2. The spherical semisimple classes
are represented by

(@) a; =diag(AI,, A7'1,) for A # 1,
(b) ¢, =diag(h, I,_1, A", I,_1)  for i #1.

Proof. Let x be a semisimple element of G, and assume O = O, is spherical.
Without loss of generality C(x) = L, a pseudo-Levi subgroup of G. There exists
a semisimple element X in G¢ such that C(x) is Ly in G¢. By Lemma 3.11, it
follows that Oj is a spherical semisimple conjugacy class in G¢, and therefore,
from the classification of semisimple spherical conjugacy classes in zero (or odd)
characteristic [Cantarini et al. 2005, Table 1; Carnovale 2010, Theorem 3.3], it
follows that Lj is of type C,C,_ for £ =1, ..., [%n], T:C,_; or TIZn_l. But
Z(CyC,_¢) = 1, so that we are left with

a5, = diag(A L, A1) «<— Ty A,_y,
¢, =diag(h, L—1, 27", I=y) <— T\Cy_y,
for A # 1. We conclude by Proposition 3.17. (]
We now deal with mixed conjugacy classes.

Lemma 3.19. Let H = Sp(4), any characteristic, and

a 000
o1
§=1o0o0

1
O b
0001

Oe—= O
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a mixed regular element of H (so a # +1). Then there is a subset F = {x,, | m € k*}
of O, such that (B(H).Xy)mek+ consists of pairwise distinct B(H )-orbits.

Proof. For m € k*, we put
1

0o 0 —— 0
m
0 0 —1 1
Xy = al4+m+1 m(=2a+m+1)
m m
a a
o -1 -1 -
a a
0 0 0 1 1az—i—m—i—l —2a+m-+1
00-1 0 o -1 0 o0 am a
00 0 —1 - 1 m
= 1 01 2 € wyB.
10 0 oflo o = o a a
01 0 0 m 00 1 0
0 00 -1/ po - 1

The characteristic polynomial of x,, is (X — 1)>(X — a)(X — 1/a), and the 1-
eigenspace has dimension 1. Hence x,, is H-conjugate to g. Suppose X, X, are
B-conjugate. Then x,,, x,, are T-conjugate and, from a direct calculation, it follows
that 7. x,, N F = {x,,}, hence m = m’. O

Proposition 3.20. Let O be the conjugacy class of a mixed element g of Sp(2n),
p = 2. Then O is not spherical.

Proof. Let g = su, the Jordan decomposition. Assume, for a contradiction, that O
is spherical. Then both Oy and O, are spherical. By Proposition 3.18, H = C(s) is
of type T1C,—1 or T} Zn_l. However dim Tlgn_l = n?, and therefore CTlgH(u)
is not spherical in G. We are left with H of type 71C,_1, and we may assume
s =cq = hg, (a) for a certain a # 1.

Since every conjugacy class contained in the closure of O is spherical, it is
enough to deal with the minimal nontrivial spherical unipotent classes in 77C,_;.
From the classification of spherical unipotent classes in characteristic 2 [Costantini

2012, Tables 1 and 2], we may assume
g =hg(a)xy, (1) ifn=2,
g=hg, (a)xy,(1) or g=hg(a)xy,(l) ifn >3,
since hg, (a) =diag(l,—2,a, 1, I,_2, a1 1)is conjugate to hg,(a).
Suppose g = hg, ,(a)xq,(1), n > 2. We apply Lemma 3.10 with J = {n — 1, n}.

By considering the corresponding embedding of C; into C,, we may assume that
the family F = {x,, | m € k*}, introduced in Lemma 3.19, is a subset of L;. The
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xm are all G-conjugate to g, and pairwise not Bj;-conjugate. By Lemma 3.10,
the family (B.x,;)mer+ 1s an infinite family of (distinct) B-orbits, a contradiction.
Hence the class of g = hg, ,(a)x,,(1) is not spherical.

Suppose g = hg, (a)xq,(1), n > 3. Then

A O 0 0
lons o o

£ 10 o !t o |
0 0 0 I3

=

Il
S O Q
S = O
—_— O

Let (x;;)mek+ be the family introduced in Lemma 3.14, such that x,, is GL(3)-
conjugate to A for every m € k*. We put

0 O 0 I,-3

The g, are all Sp(2n)-conjugate to g. By Lemma 3.10 with J = {1, 2}, the family
(B.gm)mex+ 1s an infinite family of (distinct) B-orbits, a contradiction. Hence the
class of g = hg,(a)xq,(1) is not spherical. O

Theorem 3.21. Let G = Sp(2n), p = 2, n > 2. The spherical classes are either
semisimple or unipotent. The semisimple classes are represented in Table 2 and the

unipotent classes are represented in Table 2 of [Costantini 2012]. U
O J wo C(g) dim O
C)L - dlag()\'a Il’l—] ’ )"_19 In—l)
J Sg, S T,C, - dn —2
)\’ # 1 2 /31 /32 1 1
— di -1 -

= dla}%(:gli“ A ) @ wo=sp 858, T1An—1 n?+n

Table 2. Spherical semisimple classes in C,, n > 2, p = 2. Here

Wy =wyw;, h=ifn=2and J,={3,...,n}ifn>3.

Type D, p=2,n>4. Letr= [%n] We put By = ep¢—1+exe and 8y = epp—1 — ey
ford=1,...,r. Also,weset J1 ={3,...,n}, K, ={1,3,...,2r —1} and, if n is
even, K] ={1,3,...,n—3,n}.

In this section we deal with groups G of type D,,. We recall that we are assuming
G simply connected. Since p = 2, the covering map = : G — SO(2n) is an
isomorphism of abstract groups. We describe SO(2n) as the connected component
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of the subgroup of Sp(2n) of matrices preserving the quadratic form associated
with (,01 ) with respect to the canonical basis of k> [Carter 1989, §1.6].

Proposition 3.22. Let x be an element of G = D,,, any characteristic, n > 4, and
O its conjugacy class. If one of
(@) x =c) =hg (AM)hs (L) for & £ =+1,
(b) x =a; =hg,(X)---hg (1) for A £ %1, or
() x=a, =hg(X)---hg_ (Mhg, ,(X)  for A # %1, n even,
holds, then O N\ Bwo B N B~ is nonempty, dim O = £(wp) + k(1 — we) and O is
spherical.
Proof. Assume x = ¢; with A # £1. Let g = ng ns, xg,(1)x5,(1). Then we have
gxg~le ONBwBN B, with w = s, 85, and dim O = £(w) + k(1 — w).
Similarly, assume x = a; with A # +1. Let g =ng, ---ng xp,(1) - - - xg.(1). Then
gxg~le ONBwBN B, with w = sg, -8, and dim O = £(w) + k(1 — w).
The case (c) follows from (b) by using the graph automorphism of G exchanging

n — 1 and n. We conclude by Proposition 3.6. ]
Proposition 3.23. Let G = D,,, p =2, n > 4. The spherical semisimple classes are
represented by

(@) x =cp =hg (Mhs (1) for x #1,

(b) x =a; =hg,(A)---hg,(A) for A #£ 1,

(c) x=a;, =hg(A)---hg, (MNhg, ,(X) forx#1, neven.
Proof. The proof uses the same method as the proof of Proposition 3.18, so we
omit it. (Il
We now deal with mixed conjugacy classes.
Proposition 3.24. Let O be the conjugacy class of a mixed element g in D,, p = 2.
Then O is not spherical.

Proof. We work with SO(2n) via . Let g = su, the Jordan decomposition. Assume
that O is spherical. Then both O, and O, are spherical, and we may assume, up to
conjugation and graph automorphism, that for a certain a # 1,

s =diag(al,_1,a ', a ' I,_1,a) or s=diag(l,_3,a, b, l,_3,a" ', ).

Assume s = diag(al,—1, a,a'I,_;, a) for a certain a # 1. Without loss of

generality we may assume u = x,, ,(a~'), so that

al,.3 0 0 0 Lo
| o4 o o i-loa o
§=1 0 0all,; 0 | DO

00a

0 O 0 A1
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Let (x;;)mek+ be the family introduced in Lemma 3.14, such that x,, is GL(3)-
conjugate to A for every m € k* and (B(GL(3)).X;)mek+ consists of pairwise
distinct B(GL(3))-orbits.
We put
al, 3 0 0 0

The g, are all SO(2n)-conjugate to g. By Lemma 3.10 with J = {n — 1, n — 2},
the family (B. gu)mer+ 1s an infinite family of (distinct) B-orbits, a contradiction.
This settles the cases when n is odd and C(s) is of type T1A,_1, and when 7 is
even and C(s) is of type (T1A,—1)". Upon application of the graph automorphism
exchanging n and n — 1, this also settles the case when 7 is even and C(s) is of
type T1A;—1.

Assume s = diag(a, I,,—1, a~', I,_,) for a certain a # 1. Without loss of gener-
ality we may assume u = xq,(1), so that

A0 0 0
01,3 0 0 @ 00

g= o o Aa=lo11
0 0 ‘A! 0 001
0 0 0 I3

Let (x;;)mek+ be the family introduced in Lemma 3.14, such that x,, is GL(3)-
conjugate to A for every m € k* and (B(GL(3)).X;)mek+ consists of pairwise
distinct B(GL(3))-orbits.

O J wo C(g) dim O
¢ = hg,(Mhs, ()
A 75 1 .]1 SB158 Tan,1 4(1’[ - 1)

ay =hg(A)---hg ()
AFE K, Sg - SB, T\A,_4 n>—n

diag(A1,, A7'1,)
ai = hﬂl()\‘) Tt hﬂr—l()\')han—l()\')
A # 1 K] sg--5p 1Sa,, (TiAn—1) n*—n
diag(Al—1, AL, A7 L1, )

Table 3. Spherical semisimple classes in D,,, p=2,n >4, n ="2r,
where wy, = wyw;.
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@ J wo C(g) dim O
Ch = hﬁ]()\')htsl()\')
A#£E1 Ji 58,55, T\D,_1 4n—1)

diag(A%, I,—1, 272, I—1)

ay =hg(A)---hg, (L)
)\.751 Kr Sﬂl"'sﬂr T]An_l I’lz—l’l
diag(A1,, A7'1,)

Table 4. Spherical semisimple classes in D,, p =2, n > 5,
n=2r+1, where w, = wyw,.

Xm 00 0
lons 0o o
=10 0o w' o

0 0 0 I,

The g, are all SO(2n)-conjugate to g. By Lemma 3.10 with J = {1, 2}, the family
(B.gm)mek+ 1s an infinite family of (distinct) B-orbits, a contradiction. This settles
the case when C(s) is of type T1 D, —1, and we are done. O

Theorem 3.25. Let G = D,, p = 2, n > 4. The spherical classes are either
semisimple or unipotent. The semisimple classes are represented in Tables 3 and 4,
and the unipotent classes in Tables 3 and 4 of [Costantini 2012]. (I

Type Eg. We put
B1=(1,2,2,3,2,1), B=(,0,1,1,1,1),
B3=1(0,0,1,1,1,0), B4+=1(0,0,0,1,0,0).

Proposition 3.26. Let x be an element of E¢, any characteristic, and O its conju-
gacy class. If one of

(@) x = he (= Dha,(—Dheo(—=1),
(b) X =1(2) = hey (@) oy (23 ey (22) iy (20 has(2Dhae(2P)  for 2 #1,

holds, then O N Bwo B N B~ is nonempty, dim O = £(we) +1k(1 — we), and O is
spherical.

Proof. (a) If p =2, then x = 1, and there is nothing to prove. So assume p # 2.
In G there are two classes of involutions: one has centralizer of type AjAs and
dimension 40, the other has centralizer of type Ds7; and has dimension 32. Let
y=ng ---ng, € woB, w=sp, - -sp = wo. Then y> = hg (=1)---hg,(—1) =1,
and dim O, > 40 by Proposition 3.6. Since C(x) is of type A As, we conclude
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that x ~ y, so that O N BwgB is nonempty, dim O = £(wy) + rk(1 — wp) and O
is spherical. It is a general fact that if ¢ is semisimple and O, N BwB # @, then
O; N BwB N B~ # @ [Cantarini et al. 2005, Lemma 14].

(b) In this case C(x) is of type DsT| (note that C(x) = C(h(—1)) if p # 2). Let
g =ngng,xpg (1)xp,(1). Then gxg='e€ O N Bsg,sp, BN B, with w = 54,54, and
dim O = £(w) +rk(1 — w). We conclude by Proposition 3.6. O

Proposition 3.27. Let G = Eg. The spherical semisimple classes are represented
by
h(2) = hay (2D a2V hay @ ha (@ has(ZhaD), 2 # 1, for p=2,

By (= Dhgy(— 1D hg(—1),
1(2) = oy (29 a2y (20 Yy (20 has (2 hag(2D), 2 # 1,

Proof. Let x be a semisimple element of G, and assume O = O, is spherical.
Without loss of generality C(x) = Ly, a pseudo-Levi subgroup of G. There exists
a semisimple element X in G¢ such that C(x) is Ly in G¢. By Lemma 3.11, it
follows that O3 is a spherical semisimple conjugacy class in G¢, and therefore,

} for p =3.

from the classification of semisimple spherical conjugacy classes in zero (or good
odd) characteristic [Cantarini et al. 2005, Table 2; Carnovale 2010, Theorem 3.6],
it follows that L is of type A;As or DsTj.

Let p =2. Then Z(A|As) = Z(G) (of order 3), so that we are left with A(z),
for 73 # 1.

Let p = 3. Then Z(G) = 1, and we conclude by Proposition 3.26. ([

We have established the information in Tables 5 and 6, where wy,, = wyw;.

Proposition 3.28. Let O be the conjugacy class of a mixed element g in E¢, p =2
or 3. Then O is not spherical.

Proof. Let g =su, the Jordan decomposition. Assume that O is spherical. Then both
Oy and O,, are spherical, and therefore C (s) is of type A;As or DsT;. A dimensional
argument rules out all the possibilities except the case that C(s) is of type A1 As
and u is a nonidentical unipotent element in the component A; of C(s) (hence
p = 3). Therefore, without loss of generality we may assume g = hq,(—1)x4,(1),
which is a regular element of the standard Levi subgroup Ly, for J = {1, 2}. By
Lemma 3.14, there is an infinite family F = {g,, | m € k*} C L such that the g,

O J wo C(g) dimO
h(2) = hay(2) hay(28) has(z*) hge(2?)
2 #1

Table 5. Spherical semisimple classes in Eg, p = 2.

{3.4,5} sgsp, DsT, 32
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@) J wo C(g) dimO

h(z) = hay (29 hay (@) hay(2)
: ha4(z6)ha5(z4)ha6(zz) {37 4a 5} sﬂ] Sﬂz D5 Tl 32

7#1
ha (= Dhe(=Dhay(—1) ~ he,(—1) 2z wo  A1As 40

Table 6. Spherical semisimple classes in Eg, p = 3.

are all L;-conjugate (hence G-conjugate) to g, and pairwise not B;-conjugate. By
Lemma 3.10 the family (B.g,;)mer+ is an infinite family of (distinct) B-orbits, a
contradiction. Hence O is not spherical. ]

Theorem 3.29. Let G = Eg, p =2 or 3. The spherical classes are either semisimple
or unipotent, up to a central element if p =2. The semisimple classes are represented
in Tables 5 and 6, and the unipotent classes are represented in Tables 6 and 7 of
[Costantini 2012]. O

Type E;. Here Z(G) = (1), where T = hg,(—1)hgs(—1)he,(—1). We put
B1=02,2,3,4,3,2,1), B=(,1,1,2,2,2,1), B3=(0,1,1,2,1,0,0),
Ba= o, Bs = as, B = a3, B = .
Proposition 3.30. Let x be an element of E7, any characteristic, and O its conju-

gacy class. If one of

(@) ¥ = hay (= has(Oheg(—Dha, (=) forg? =—1, p#2,

() x =he,(=1) forp#2,

(©) x =h(z) = hay (2D hay(2 ) hay (2D hay (2 has(2) e (2D e, (2%)  for z # £1,
holds, then O N Bwo B N B~ is nonempty, dim O = £(we) + k(1 — we), and O is
spherical.

Proof. (a) Let Y be the set of elements y of order 4 of T such that y> = 7. Then Y
is the disjoint union of 2 W-classes Y| and Y,: C(y) is of type A7 if y € Y1, and
of type E¢T; if y € Y. A representative for Y is hy,(—8)has(8)has(—1)he, (=)
where ¢ is a square root of —1.

Lety=ng,---ng,€woB, w=sp,---sp,=wo. Then y>?=hg (=1)---hg(—1)=t,
and dim O, > dim B by Proposition 3.6. Since C(x) is of type A7, we conclude
that x ~ y, so that O N BwyB is nonempty, dim O = £(wy) + rk(1 — wg) and O is
spherical. As above, ON BwBNB™ # &.

(b) The group G has 2 classes of noncentral involutions: Op gy (=) and Oy, g (—Dr-
In fact there are 127 involutions in 7, and t is central. The remaining 126 fall in 2
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classes: {hy(—1) | € @1} and {he(—1)T |a € DT}, Let y =ng,ng,npg,ne, € whB,
where w = 54,548,585, Then y2 = hg,(=Dhg,(=1)hg,(=1)hy(—=1) =1, so that
y is a (noncentral) involution. We conclude that x ~ y or x ~ yt, so that (in either
case) O N BwB is nonempty, dim O = £(w) 4+ rk(1 — w) and O is spherical. As
above, ON BwB N B~ # &. (In fact we have ny,~ hy(¢) already in (X, X_,) for
every root o, hence ng ng,ng,ne, ~ hg (§)hg,(§)hp,($)he,(¢) = hy, (—1), where
y = B1 — «1. Therefore x ~ y.)

(c) (any characteristic) We have C(x) of type E¢T;. Let

8 = Npnpgla;Xp, (l)xﬂz(l)xa7(1)-

Then gxg_1 € ONBwBNB~, with w = sg,58,54,, and dim O = £(w) +rk(1 — w).
We conclude by Proposition 3.6. U

Proposition 3.31. Let G = E;. The spherical semisimple classes are represented
by

h(2) = he, (2D hay(Z) ey (D ey (2 has(2) a2 e (D), 2 £ 1, for p=2,

Ry (= hag(O hag(— Dha(—C), % = —1,
hay(—=1), he (=17, for p =3.
1(2) = oy (22 ey (@) s (2 ey (20 had(22) hag(2H hen(20), 7 # £1,

Proof. Let x be a semisimple element of G, and assume O = O, is spherical.
Without loss of generality C(x) = L, a pseudo-Levi subgroup of G. There exists
a semisimple element X in G¢ such that C(x) is L; in G¢. By Lemma 3.11, it
follows that Oj is a spherical semisimple conjugacy class in G¢, and therefore,
from the classification of semisimple spherical conjugacy classes in zero (or good
odd) characteristic [Cantarini et al. 2005, Table 2; Carnovale 2010, Theorem 3.7],
it follows that L; is of type E¢T}, DgA| or A7.

Let p =2. Then Z(G) = Z(D¢A1) = Z(A7) = 1, so that we are left with h(z),
forz # 1.

For p =3, we conclude by Proposition 3.30. (]

We have established the information in Tables 7 and 8, where w,, = wyw;.

O J wo C(g) dimO

h(z) = ha (25 hey (23 ) hay(zY)
(@) has(2) ha(zDhe () | 12,3,4,5) sp,5p,5¢, Ee¢Ti 54

z#1

Table 7. Spherical semisimple classes in E7, p = 2.
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o J wo  C(g) dimO

h(z2) = ha,(2%) hay(27) hay(2*)
oy (20 hag(@ ) hag(z e (27) | (2,3,4,5) spspyse;  EsTi 54

7 #+1

he(—=1), he (=Dt {2,5,7} sp,56,58;,50; DeA1 64

haz(_g)has(g)haé(_1)ha7(_§) %] wo A7 70
(2=—1

Table 8. Spherical semisimple classes in E7, p = 3.

Proposition 3.32. Let O be the conjugacy class of a mixed element g in E7, p =2
or 3. Then O is not spherical.

Proof. Let g = su, the Jordan decomposition. Assume that O is spherical. Then
both O; and O, are spherical, and therefore C(s) is of type E¢T1, DcA; or A7.
A dimensional argument rules out all the possibilities except the case that C(s)
is of type DgA| and u is a nonidentical unipotent element in the component A
of C(s) (hence p = 3). Therefore, without loss of generality we may assume
g = ho,(—1)x4,(1), which is a regular element of the standard Levi subgroup L,
for J = {6, 7}. By Lemma 3.14, there is an infinite family 7 = {g,, |m € k*} C L,
such that the g, are all L;-conjugate (hence G-conjugate) to g, and pairwise not
Bj-conjugate. By Lemma 3.10 the family (B.gm)mer= is an infinite family of
(distinct) B-orbits, a contradiction. Hence O is not spherical. Ol

Theorem 3.33. Let G = E7, p=2 or 3. The spherical classes are either semisimple
or unipotent, up to a central element if p =3. The semisimple classes are represented

in Tables 7 and 8, and the unipotent classes are represented in Tables 8 and 9 of
[Costantini 2012]. O

Type Eg. We put
Br1=1(2,3,4,6,5,4,3,2), B=1(2,2,3,4,3,2,1,0),
B3=1(0,1,1,2,2,2,1,0), B+=1(0,1,1,2,1,0,0,0),
Ps = ar, Ps = s, B1 = a3, Bs = as.

Proposition 3.34. Let x be an element of Eg, p # 2, and O its conjugacy class. If
one of

(@) X = hay(=Dheay(=1),
(0) x = hay(=Dhas(=Dha,(=1) ~ ha(=1),

holds, then O N Bwo B N B~ is nonempty, dim O = £(we) + k(1 — wp) and O is
spherical.
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Proof. The group Eg, for p # 2, has 2 classes of involutions.

(a) Lety =ng, ---ng, € woB, w =sg,- - - sg, = wp. Then
Y =hp(=1) - hg (=) =1,

and dim O, > dim B by Proposition 3.6. Since C(x) is of type Dg, we conclude
that x ~ y, so that O N BwyB is nonempty, dim O = £(wyp) + rk(1 — wg) and O is
spherical. As above, ONBwB N B~ # &.

(b) Let x = hoy(—1), so that C(x) is of type E7A;. Let

8 = Np NpNpgla; Xp, (l)xﬁz(l)xﬂ3(1)xa7(1)-

Then gxg~' € ONBwBNB~, with w = sg,54,58, 54, and dim O = £(w) +rk(1 —w).
We conclude by Proposition 3.6. (]

Proposition 3.35. Let G = Eg. The spherical (nontrivial) semisimple classes are
represented by
none, forp=2,

hoy(=1Dhgy(—1),
hag(_ 1),

Proof. Let x be a semisimple element of G, and assume O = O, is spherical.
Without loss of generality C(x) = L, a pseudo-Levi subgroup of G. There exists
a semisimple element X in G¢ such that C(x) is L; in G¢. By Lemma 3.11, it
follows that Oj is a spherical semisimple conjugacy class in G¢, and therefore,
from the classification of semisimple spherical conjugacy classes in zero (or good
odd) characteristic [Cantarini et al. 2005, Table 2; Carnovale 2010, Theorem 3.8],
it follows that L is of type E7A| or Dg.

Let p =2. Then Z(E7A ) = Z(Dg) = 1, so there are no nontrivial spherical
semisimple classes.

For p =3 or 5, we conclude by Proposition 3.34. (]

} for p=3orS5.

We have established the information in Table 9, where w,, = wyw;.

Proposition 3.36. Let O be the conjugacy class of a mixed element g in Eg, p =2,
3 or 5. Then O is not spherical.

@ J wo C(g) dimO
hay(—1) {2,3,4,5} sp,5p,58:50, E7A1 112
hay(=Dhgy(—1) %) wo Dg 128

Table 9. Spherical semisimple classes in Eg, p =3 or 5.
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Proof. Let g =su, the Jordan decomposition. Assume that O is spherical. Then both
Oy and O, are spherical, and therefore C(s) is of type E7A; or A7. A dimensional
argument rules out all the possibilities except the case that C(s) is of type E7A| and
u is a nonidentical unipotent element in the component A; of C(s) (hence p =3
or 5). Therefore, without loss of generality we may assume g = hg,(—1)xq,(1),
which is a regular element of the standard Levi subgroup L, for J = {7, 8}. By
Lemma 3.14, there is an infinite family F = {g,, | m € k*} C L such that the g,
are all L -conjugate (hence G-conjugate) to g, and pairwise not B;-conjugate. By
Lemma 3.10 the family (B. g, )mek* is an infinite family of (distinct) B-orbits, a
contradiction. Hence O is not spherical. (I

Theorem 3.37. Let G = Es, p = 2, 3 or 5. The spherical classes are either
semisimple or unipotent. The semisimple classes are represented in Table 9, and the
unipotent classes are represented in [Costantini 2012, Tables 10 and 11]. (I

Type F4. We put
B1=@2,3,4,2), p=(0,1,2,2), B3=(0,1,2,0), B4=(0,1,0,0).
Also, y is the highest short root (1, 2, 3, 2).

Proposition 3.38. Let x be an element of Fy, p # 2, and O its conjugacy class. If
one of

(@) X = hoy(=Dhg,(—=1) ~ he,(=1),
(b) X = ha4(_1)a

holds, then O N\ Bwo B N B~ is nonempty, dim O = £(wp) + k(1 — we) and O is
spherical.

Proof. The group Fy, for p # 2, has 2 classes of involutions.

(a) Let y =ng, ---ng, € woB, w=sg, - -5, = wo. Then

Y =hg(=1)---hg (1) =1,
and dim O, > dim B by Proposition 3.6. Since C(x) is of type A|C3, we conclude
that x ~ y, so that O N BwyB is nonempty, dim O = £(wy) + rk(1 — wg) and O is
spherical. As above, ON BwBN B~ # &.
(b) We have C(x) of type Bs. Let g =ny,x,,(1). Then gxg~'e ONBwBNB~,
with w =5, and dim O = £(w) +1k(1 — w). We conclude by Proposition 3.6. []

Proposition 3.39. Let G = Fy. The spherical (nontrivial) semisimple classes are
represented by

none, for p=2,
hy (—1),

(=D } for p =3.
he,(—1),
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@) J wo C(g) dimO
ha4(_1) {1’ 25 3} syl B4 16
hal(_l) %) wy C3A4 28

Table 10. Spherical semisimple classes in Fy, p = 3.

Proof. Let x be a semisimple element of G, and assume O = O, is spherical.
Without loss of generality C(x) = Ly, a pseudo-Levi subgroup of G. There exists
a semisimple element X in G¢ such that C(x) is L; in G¢. By Lemma 3.11, it
follows that O3 is a spherical semisimple conjugacy class in G¢, and therefore,
from the classification of semisimple spherical conjugacy classes in zero (or good
odd) characteristic [Cantarini et al. 2005, Table 2; Carnovale 2010, Theorem 3.9],
it follows that L is of type C3A; or By.

Let p = 2. Then Z(C3A) = Z(B4) = 1, so there are no nontrivial spherical
semisimple classes.

For p = 3, we conclude by Proposition 3.38. ([

We have established the information in Table 10, where wy, = wyw;,.

We finally deal with mixed classes in Fy. We recall that over the complex
numbers the principal model orbit is a mixed conjugacy class; see [Luna 2007,
3.3(6) and p. 300], and also [Costantini 2010, Table 24].

Proposition 3.40. Let x = ho,(—1)xy,(1) in Fa, p # 2, and O its conjugacy class.
Then ONBwo BN B~ is nonempty, dim O = £(wp)+1k(1 —we) and O is spherical.

Proof. This is the mixed class in F4 which is spherical in zero or good, odd
characteristic. We can deal with this class with the same method used in the proof
of [Cantarini et al. 2005, Theorem 23], and corrected in the proof of [Carnovale
2010, Theorem 3.9], to show that BwyB N O # &, so that wp = wy, dim O =
£(wo) + rk(1 — wp) and O is spherical. The (correct) argument at the end of the
proof of [Cantarini et al. 2005, Theorem 23] shows that O N BwgBN B~ # @. [

Proposition 3.41. Let G = Fy. The spherical mixed classes are represented by
none, for p=2,
ha4(_1)x(x|(1), f0rp=3.

Proof. Let g = su, the Jordan decomposition of a mixed element g. Assume that
O = Oy is spherical. Then both Oy and O, are spherical, and therefore C(s) is of
type C3A; or Bs. A dimensional argument rules out all the possibilities except the
case that C(s) is of type B4 and u is in the minimal unipotent class of C(s) (hence
p = 3). Therefore, without loss of generality we may assume g = hy,(—1)xq,(1).
We conclude by Proposition 3.40. U
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(@) J weo dimO
he(—=Dxo, (1) | @ wo 28

Table 11. Spherical mixed classes in Fy, p = 3.

Theorem 3.42. Let G = F4, p = 2 or 3. If p = 2, the spherical classes are
unipotent and are represented in Table 13 of [Costantini 2012]. If p = 3, the
spherical semisimple classes are represented in Table 10, the spherical unipotent
classes are represented in Table 12 of [Costantini 2012] and the spherical mixed
classes are represented in Table 11. (I

Type G,. We put f; = (3,2) and B, = 1. Also, y; is the highest short root (2, 1).

Proposition 3.43. Let x be an element of G, any characteristic, and O its conju-
gacy class. If one of

(@ x =he (=1, p#2,
(b) x = hy,(¢), ¢ a primitive 3rd root of 1, p # 3,
holds, then O N\ Bwo B N B~ is nonempty, dim O = £(wp) + k(1 — we) and O is

spherical.

Proof. (a) For p # 2, the group G, has 1 class of involutions. Let
y=nghng €woB, w=sgS5s = wp.

Then y?> = hg,(—1)hg,(—1) = 1, and dim O, > dim B by Proposition 3.6. We
conclude that x ~ y, so that O N BwyB is nonempty, dim O = £(wq) + rk(1 — wy)
and O is spherical. As above, ONBwBN B~ # .

(b) For p #3, let g =n,,x,,(1). Then gxg~'€ ONBwB N B~, with w =5,, and
dim O = £(w) + k(1 — w). We conclude by Proposition 3.6. O

Proposition 3.44. Let G = G,. The spherical semisimple classes are represented

by
he, (1), for p =3,
ho, (), ¢ a primitive 3rd root of 1, for p=2.

Proof. Let x be a semisimple element of G, and assume O = O, is spherical.
Without loss of generality C(x) = L, a pseudo-Levi subgroup of G. There exists
a semisimple element X in G¢ such that C(x) is Ly in G¢. By Lemma 3.11, it
follows that O3 is a spherical semisimple conjugacy class in G¢, and therefore,
from the classification of semisimple spherical conjugacy classes in zero (or good
odd) characteristic [Cantarini et al. 2005, Table 2; Carnovale 2010, Theorem 3.1],
it follows that L, is of type AjA; or Ay. If p =2, then Z(A A)) = 1. If p =3,
then Z(A;) = 1 and we conclude by Proposition 3.43. U
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(@) J wo C(g) dimO
() 2 s, A 6
¢ a primitive 3rd root of 1

Table 12. Spherical semisimple classes in G2, p = 2.

O J wo C(g) dimO
ho(=1) | @ wy AjA; 8

Table 13. Spherical semisimple classes in G5, p = 3.

Theorem 3.45. Let G = G,, p =2, 3. The spherical classes are either semisimple
or unipotent. The semisimple classes are represented in Tables 12 and 13, and the
unipotent classes are represented in Tables 14 and 15 of [Costantini 2012].

Proof. By the above discussion, we are left to show that no mixed class is spherical.
Let g = su, the Jordan decomposition. Assume that Oy is spherical. Then both O;
and O, are spherical, and therefore C(s) is of type A 1K 1 or Ay. A dimensional
argument rules out all the possibilities. U

4. Final remarks

Once we have achieved the classification of spherical conjugacy classes and proved
that for every spherical conjugacy class O we have dim O = £(wp) + k(1 — wp),
we can extend to all characteristics the results obtained in [Carnovale 2008; 2009;
Cantarini et al. 2005; Lu 2011] for the zero and good odd characteristic cases. In
[Cantarini et al. 2005, Theorem 25] we established the characterization of spherical
conjugacy classes in terms of the dimension formula: a conjugacy class O in G is
spherical if and only if dim O = £(wp) + k(1 — we). This was obtained over the
complex numbers, and the same proof works over any algebraically closed field
of characteristic zero. Then the same characterization was given in zero, or good
odd characteristic in [Carnovale 2008, Theorem 4.4], without the classification of
spherical conjugacy classes. Lu gave a very neat proof of the dimension formula
(even for twisted conjugacy classes) in [Lu 2011, Theorem 1.1] in characteristic
zero. From the results obtained in the previous section, we may state:

Theorem 4.1. Let O be a conjugacy class of a simple algebraic group, any charac-
teristic. The following are equivalent:

(a) O is spherical,
(b) There exists w € W such that O N BwB # @ and dim O < ¢(w) + k(1 — w);
() dim O =L(wp) +1k(1 —we). U
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Corollary 4.2. Let O be a spherical class of G. Then dim O < £(wg) +rk(1 — wy).
Proof. We have dim O = ¢(wp) +1k(1 — wp), and

L(w) +1k(1 —w) < £(wp) +1k(1 — wp)
for every w € W (cf. [Carnovale 2008, Remark 4.14]). O

Proposition 4.3. Let O be a spherical conjugacy class and w = w,, = wyw,;. Then
(T™)° < Cr(x) < T% Cy(x) = Uy, and (T")°Uy, < Cp(x) < T"Uy, for every
xeONwB.

Proof. We choose a representative w of w in N such that x = wu for u € U.
Let b =tujur € Cg(x), wheret € T, u; € Uy, and u, € ij. From the Bruhat
decomposition, we get u; = 1 and ¢t € T", so that Cp(x) < Twa./' But the
dimension formula dim O = ¢(w) +rk(1 — w) implies

dim Cp(x) =n —rk(l —w) + £(w;) =dim T"Uy,.

Hence (Cp(x))° = (T”')°Uw_, and Cy(x) = U,

Now assume b =tu; € Cry, (x), where t € T and u; € U,,. Again from the Bruhat
decomposition, we get u; = 1 and t € T", so that Cry,(x) = Cr(x) < T". We
have B.x = TUwaJ.x =TU,.x, hence dim Cry,(x) =n —1k(l —w) =dim T™.
It follows that (T*)° < Cr(x) <T". [l

Theorem 4.4. Let O be a spherical conjugacy class of a simple algebraic group
and v =0 N BwpB the dense B-orbit. Then Cy (x) is connected and Cp(x) is a
split extension of (Cp(x))° by an elementary abelian 2-group for every x € v. If
p =2, then Cy(x), Cr(x) and Cg(x) are connected for every x € O N BwpB.

Proof. Let w =wp. We may assume x € wB. From the discussion after [Costantini
2010, Corollary 3.22], we have T = (T")°(S")°, where S ={re T | t¥ = =1
Then T% = (T%)°(T*NT>), where T» ={t € T |t* =1}, and C7(x) = (T*)°Cry(x)
by Proposition 4.3. There exists a subgroup R of 73 such that 7% = (T")° x R,
whence Cr(x) = (T")° x Cr(x). In particular,

Cp(x) = ((T")° x Cr(x)Un, = (Cp(x))° Cr(x).
If p=2,then T, = {1}, T¥ = (T")° = Cr(x) and Cp(x) = (Cp(x))°. O

We recall, from Remark 3.3, that there is an action of W on the set V of B-orbits
in O when O is a spherical conjugacy class and p # 2. We are now in the position
to prove that this action is also defined for p = 2.

Corollary 4.5. Let O be a spherical conjugacy class of a simple algebraic group,
any characteristic. Then there is an action of the Weyl group W on the set of
B-orbits in O (as defined in [Knop 1995]).
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Proof. We have only to deal with p =2. By [Knop 1995, Theorem 4.2(c)], the action
of W is defined on the set of B-orbits in O as long as Cy (x) is connected for every
x € O. By Theorem 4.4, Cy(x) is connected for every x in the dense B-orbit; this
ensures that Cy (x) is connected for every x € O by [Knop 1995, Corollary 3.4]. [J

Once the W-action has been defined when p = 2, we can extend to this case the
results obtained by G. Carnovale in zero or good odd characteristic.

Theorem 4.6. Let O be a spherical conjugacy class of a simple algebraic group. If
O N BwB is nonempty, then w* = 1.

Corollary 4.7. Let O be a spherical conjugacy class, and assume O N BwB # &
for some w € W. Then O N BzB # & for every conjugate z of w in W.

Theorem 4.8. Let O be a conjugacy class in a simple algebraic group. If
(weW|ONBwB#2}C{weW|w?=1},
then O is spherical.

Assume O is a spherical conjugacy class of a simple algebraic group (any
characteristic), and v the dense B-orbitin O. Set P ={g € G | g.v =v}. Then P
is a parabolic subgroup of G containing B, and therefore P = P, the standard
parabolic subgroup relative to a certain subset K of IT.

Theorem 4.9. Let O be a spherical conjugacy class of a simple algebraic group,
any characteristic, w = wyw; be the unique element in W such that O N BwB is
dense in O, v =0 N BwB the dense B-orbitin O and Px = {g € G | g.v = v}.
Then K = J. If x € ONwB, then L', and (T")° are contained in C(x) and
Cu(x)° = (T")°Uy,.

Proof. We have already showed that Cg(x)° = (Tw)°Uw] for every x e ONwB.
Let S = {i, ¥ (i)} be a ¥-orbit in IT \ J consisting of 2 elements. We define
Hg = {hy, (z)ha,,(,.)(z_l) | z € k*}. Let Sy be the set of ©¥-orbits in IT\ J consisting
of 2 elements. Then, by [Costantini 2010, Remark 3.10], Ay U {o; —ap(i)}s, is a
basis of ker(1 — w) and

(4-1) (T™)° = ]_[ Hy, x ]_[ Hs.
jeJ SeS

We put V; = {f € ® | w(B) = —B}. Then Y, is a root system in Im(1 — w)
[Springer 1982, Proposition 2], and w|Im(1_w) is —1. If K = C((T%)°), then K
is semisimple with root system W; and maximal torus 7 N K = (S*)°. Assume
x=wu € v, withu € U. Then (T")° < C(x) implies x € C((T")°), and moreover,
weC(T"),sothatu € K. Letu = Hae<1>+m\y, Xq (ky) be the expression of u for
any fixed total ordering on ®. If k, # 0, then w(a) = —a, so that in particular
u € Uy,. Moreover, if § € ®y, then («, B) = (wa, wh) = (—«, B), so that ¢ L B.
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Finally, we have da = —a, since wa = —a is equivalent to w;a = —wpa, and
w;a = a, since w; € Wy and (a, ;) =0 for every j € J.

From the fact that Uy, = C(x), it follows that Up, =C (w), and therefore
Uw, < C(u). From the Chevalley commutator formula, we deduce further that
w; Uy, wJ_1 < C(u), so that L', < C(x). Then we may argue as in the proof of
[Carnovale 2008, Proposition 4.15] to conclude that K = J. O
Remark 4.10. Assume G is a connected reductive algebraic group over k. From

the classification of spherical conjugacy classes obtained in simple algebraic groups
(which is independent of the isogeny class), one gets the classification of spherical

conjugacy classes in G. In fact, if G = ZG; --- G,, where Z is the connected
component of the center of G, and Gy, ..., G, are the simple components of G,
then the conjugacy class O in G of x = zx;---x,, with z € Z and x; € G; for
i=1,...,r,isspherical if and only if the conjugacy class O; of x; in G; is spherical
foreveryi=1,...,r.

Remark 4.11. In order to show that a conjugacy class O is spherical, we showed
that dim O = £(wp) + rk(1 — wp). However, in each case we even showed that
ON BwpB N B~ # @. The motivation for this was the proof of the De Concini—
Kac—Procesi conjecture for quantum groups at roots of one over spherical conjugacy
classes; see [Cantarini et al. 2005]. The fact that O N Bwp B N B~ # & for every
spherical conjugacy class has been proved in characteristic zero in [Cantarini et al.
2005]. It is a general fact that if O is semisimple, then O N BwB # & implies
ONBwBNB™ # & for any w € W [Cantarini et al. 2005, Lemma 14]. For unipotent
classes, we showed in [Costantini 2012] for p =2 that ON BwpB N B~ # & by
exhibiting explicitly an element in O N Bwp B N B~. The argument in [Cantarini
et al. 2005, Lemma 10] allows one to prove that O N Bwo B N B~ # & for every
spherical unipotent class in good characteristic. However, it is possible to adapt the
same proof to the remaining unipotent classes in bad characteristic, due to the fact
that we do have the classification, and so we just make a case by case consideration.
Assume O is a spherical mixed class. In all cases, apart from F4, we have an explicit
element in O N BwpoB N B~. We observed in Proposition 3.40 that the argument
used in [Cantarini et al. 2005] holds for every odd characteristic. We conclude that
in all characteristics, if O is a spherical conjugacy class, then ON BwoBN B~ # O.
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AFFINE WEAKLY REGULAR
TENSOR TRIANGULATED CATEGORIES

Ivo DELL’ AMBROGIO AND DONALD STANLEY

We prove that the Balmer spectrum of a tensor triangulated category is
homeomorphic to the Zariski spectrum of its graded central ring, provided
the triangulated category is generated by its tensor unit and the graded
central ring is noetherian and regular in a weak sense. There follows a clas-
sification of all thick subcategories, and the result extends to the compactly
generated setting to yield a classification of all localizing subcategories as
well as the analog of the telescope conjecture. This generalizes results of
Shamir for commutative ring spectra.

1. Introduction and results

Let K be an essentially small tensor triangulated category, with symmetric exact
tensor product ® and tensor unit object 1. Balmer [2005] defined a topological
space, the spectrum Spc IC, that allows for the development of a geometric theory
of K, similarly to how the Zariski spectrum captures the intrinsic geometry of
commutative rings; see the survey [Balmer 2010b]. Among other uses, Balmer’s
spectrum encodes the classification of the thick tensor ideals of K in terms of certain
subsets. It is therefore of interest to find an explicit description of the spectrum
in the examples, but this is usually a difficult problem requiring some in-depth
knowledge of each example at hand.

The goal of this note is to show that in some cases a concrete description of the
spectrum can be obtained easily and completely formally. Let us denote by

R :=Endj.(1) = @) Hom (1, 1)
ieZ
the graded endomorphism ring of the unit, where X :  — K is the suspension

functor. In the terminology of [Balmer 2010a], this is the graded central ring
of K. It is a graded commutative ring and therefore we can consider its spectrum
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of homogeneous prime ideals, Spec R, equipped with the Zariski topology. As
established in that paper, there is always a canonical continuous map

0 :Spc K — Spec R

comparing the two spectra. Under some mild hypotheses, e.g., when R is noetherian,
o can be shown to be surjective, but it is less frequently injective and, when it is,
the proof of injectivity is typically much harder.

Here is our main result:

Theorem 1.1. Assume that KC satisfies the two following conditions:

(a) K is classically generated by 1, i.e., as a thick subcategory: Thick(1) = K.

(b) R is a (graded) noetherian ring concentrated in even degrees and, for every
homogeneous prime ideal p of R, the maximal ideal of the local ring Ry, is
generated by a (finite) regular sequence of homogeneous non-zero-divisors.

Then the comparison map p : Spc K => Spec R is a homeomorphism.

As in the title, we may refer to a tensor triangulated category K satisfying
hypotheses (a) and (b) as being affine and weakly regular, respectively. Note that
R being noetherian implies that R® = Endx (1) is a noetherian ring and that R is a
finitely generated RC-algebra, by [Goto and Yamagishi 1983].

The next result is an easy consequence of the theorem. Here Supp, H*X denotes
the (big) Zariski support of the cohomology graded R-module H*X :=Homj-(1, X).

Corollary 1.2. If K and R are as in the theorem, then there exists a canonical
inclusion-preserving bijection

{thick subcategories C of K} == {specialization closed subsets V of Spec R}

mapping a thick subcategory C to V = |y Suppgr H*X and a specialization
closed subset V to C ={X € K | Suppy H*X C V}.

In many natural examples, KC occurs as the subcategory 7° of compact objects
in a compactly generated tensor triangulated category 7. By the latter we mean a
compactly generated triangulated category 7 equipped with a symmetric monoidal
structure ® which preserves coproducts and exact triangles in both variables, and
such that the compact objects form a tensor subcategory 7°¢ (that is, 1 is compact
and the tensor product of two compact objects is again compact).

In this case, the same hypotheses allow us to classify also the localizing subcate-
gories of T, thanks to the stratification theory of compactly generated categories due
to Benson, Iyengar and Krause [Benson et al. 2011]. The support suppp X < Spec R
of an object X € T is defined in [Benson et al. 2008], and can be described as the set

suppr X = {p € Spec R | X ® K (p) # 0},
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where the residue field object K (p) of a prime ideal p is an object whose cohomology
is the graded residue field of R at p; see Section 3.

Theorem 1.3. Let T be a compactly generated tensor triangulated category with
compact objects K := T and graded central ring R satisfying conditions (a) and (b).
Then we have the following canonical inclusion-preserving bijection:

{localizing subcategories L C T} <;>_ {subsets S C Spec R}.

The correspondence sends a localizing subcategory L to S =y, suppg X, and an
arbitrary subset S to L ={X € T | suppr X C S}. Moreover, the bijection restricts
to localizing subcategories L =Loc(LNK) which are generated by compact objects
on the left and to specialization closed subsets S = Up cs V(p) on the right.

Note that here the affine condition (a) is equivalent to requiring that 7 is generated
by 1 as a localizing subcategory. As Suppp H*X = suppy X for all compact objects
X € K, one sees easily that in the compactly generated case Theorem 1.1 and
Corollary 1.2 are also a consequence of Theorem 1.3.

The next corollary is another byproduct of stratification. Recall that a localizing
subcategory £ C T is smashing if the inclusion functor £ < 7 admits a coproduct-
preserving right adjoint.

Corollary 1.4 (the telescope conjecture in the affine weakly regular case). In the
situation of Theorem 1.3, every smashing subcategory of T is generated by a set of
compact objects of T.

A few special cases of our formal results had already been observed, such as
when R is even periodic and of global dimension at most one; see [Dell’ Ambrogio
and Tabuada 2012]. We now consider some more concrete examples.

% 3k 3k

Example 1.5. Let A be a commutative dg algebra and D(A) its derived category
of dg modules. Then D(A) is an affine compactly generated tensor triangulated
category with respect to the standard tensor product ® = ®IA, and R = H*A is
the cohomology algebra of A; thus if the latter satisfies (b) all our results apply
to D(A). Actually, in this example we can improve our results a little by eliminating
the hypothesis that R is even and that the elements of the regular sequences are
non-zero-divisors:

Theorem 1.6. Let A be a commutative dg algebra such that its graded cohomology
ring R = H*A is noetherian and such that every local prime p Ry, is generated by a
finite regular sequence. Then all the conclusions of Theorems 1.1 and 1.3 and of
Corollaries 1.2 and 1.4 hold for T = D(A) and K = D(A)“.

We can apply this, for instance, to a graded polynomial algebra with any choice
of grading for the variables, seen as a strictly commutative formal dg algebra.
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Example 1.7. Let A be a commutative S-algebra (a.k.a. commutative highly struc-
tured ring spectrum), and let D (A) be its derived category. (This covers Example 1.5,
as commutative dga’s can be seen as commutative S-algebras.) Then D(A) is an
affine compactly generated tensor triangulated category, and R = m, A is the stable
homotopy algebra of Aj; thus if the latter satisfies (b) all our results apply to D(A).
Shamir [2012] already treated this example under the additional hypothesis that
1, A has finite Krull dimension. Working with oo-categories and E.-rings, Mathew
[2015, Theorem 1.4] established the classification of thick subcategories as in
Corollary 1.2 for the case when m, A is even periodic and myA regular noetherian.
Remarkably, in the special case of S-algebras defined over (2, Mathew was also able
to prove the classification of thick subcategories only assuming 77, A noetherian, i.e.,
without any regularity hypothesis; see [Mathew 2016, Theorem 1.4]. (Note however
that, thanks to [Mandell 2012], in order to apply our own results we really only need
an E4-structure on a ring spectrum rather than a fully commutative E-structure.)

The next two well-known examples show that neither hypothesis (a) nor (b) can
be weakened with impunity.

Example 1.8. The derived category 7 = D([P’,i) of the projective line over a field &
is an example where R = End*(1) = k certainly satisfies (b) but (a) does not hold.
Indeed p can be identified with the structure map [P’,]{ — Spec k and is therefore far
from injective in this case; see [Balmer 2010a, Remark 8.2].

Example 1.9. If 7 = D(A) is the derived category of a commutative (ungraded)
ring A, Theorem 1.1 and the classification of thick subcategories always hold by a
result of Thomason [1997] (see [Balmer 2010a, Proposition 8.1]); the classification
of localizing subcategories and the telescope conjecture hold if A is noetherian by
[Neeman 1992a]. On the other hand, Keller [1994] found examples of nonnoetherian
rings A for which the two latter results fail.

In view of these examples, it would be interesting to know how far our weak
regularity hypothesis (b) can be weakened in general. Would noetherian suffice?

2. Preliminaries

Let IC be an essentially small tensor triangulated category.

For any two objects X, Y € K, consider the Z-graded group Homg (X, Y) =
P, ., Home (X, Y). Recall that the symmetric tensor product of X canonically
induces on R := Homj (1, 1) the structure of a graded commutative' ring, and

ITo be precise, graded commutativity means here that fg = el fllgl gf for any two homogeneous
elements f € Homy (1, =!/11) and g € Homi (1, ©1811), where € € RY is a constant with €2 = 1
induced by the symmetry isomorphism X1® X1 => ¥1® X1. In most cases we have e = —1, e.g., if
K admits a symmetric monoidal model, but usually no extra difficulty arises by allowing the general
case. Of course, this is immaterial for R even.
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on each Homj (X, Y) the structure of a (left and right) graded R-module. The
composition of maps in X and the tensor functor —® — are (graded) bilinear for
this action. See [Balmer 2010a, §3] for details.

Since we are using cohomological gradings, we write H*X for the R-module
Homj: (1, X) and call it the cohomology of X.

Supports for graded modules. We denote by Spec R the Zariski spectrum of all
homogeneous prime ideals in R. If M is an R-module (always understood to be
graded) and p € Spec R, the graded localization of M at p is the R-module M,
obtained by inverting the action of all the homogeneous elements in R \ p. The big
support of M is the following subset of the spectrum:

Suppr M = {p € Spec R | M;, # 0}.

Since our graded ring R is noetherian we also dispose of the small support, defined
in terms of the indecomposable injective R-modules E(R/p):

suppr M = {p | E(R/p) occurs in the minimal injective resolution of M}.

We recall from [Benson et al. 2008, §2] some well-known properties of supports.
In general we have suppr M C Suppp M. If M is finitely generated, these two
sets are equal and also coincide with the Zariski closed set V(Anng M). For a
general M, Suppp M is always specialization closed: if it contains any point p
then it must contain its closure V(p) = {q | p € q}. In fact Suppy M is equal to the
specialization closure of suppr M: Suppry M = Up esuppg M V(p). The small support
plays a fundamental role in the Benson-Iyengar—Krause stratification theory, but in
this note it will only appear implicitly.
The next lemma follows by a standard induction on the length of the objects.

Lemma 2.1. If K = Thick(1) is affine and R is noetherian, the graded R-module
Homj (X, Y) is finitely generated for all X,Y € K. O

The comparison map of spectra. Recall from [Balmer 2005] that, as a set, the
spectrum Spc K is defined to be the collection of all proper thick subcategories P C K
which are prime tensor ideals: X®Y € P <= X ePorY e€P. Forevery P € Spc K,
let pxc(P) denote the ideal of Spec R generated by the set of homogeneous elements
{f:1— /11| cone(f) ¢ P}. By [Balmer 2010a, Theorem 5.3], the assignment
P+ pxc(P) defines a continuous map oy : Spc K — Spec R, natural in K. Moreover,
the two spaces Spc K and Spec R are spectral in the sense of Hochster [1969], and
pxc 18 a spectral map in that the preimage of a compact open set is again compact.

Lemma 2.2. If pi is bijective then it is a homeomorphism.
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Proof. This is an immediate consequence of [Hochster 1969, Proposition 15],
which says that for a spectral map of spectral topological spaces to be a homeo-
morphism it suffices that it is an order isomorphism for the specialization order of
the two spaces. Recall that the specialization order is defined for the points of any
topological space by x > y <= x € {y}. Indeed p := p is inclusion reversing,
Q C P < p(Q) 2 p(P), hence it maps the closure {P} ={Q | Q € P} in Spc K
of any point P to the Zariski closure V(o (P)) ={q | q 2 p(P)} in Spec R of the
corresponding point. U

Central localization. For every prime ideal p of the graded central ring R of IC,
there exists by [Balmer 2010a, Theorem 3.6] a tensor triangulated category K,
having the same objects as K and such that its graded Hom modules are the
localizations

Hom*,%p(X, Y) =Homp (X, Y),.

In particular the graded central ring of K, is the local ring Ry,. There is a canonical
exact functor gy, : L — K, which is in fact the Verdier quotient by the thick tensor
ideal generated by {cone(f) € K| f € R~ p homogeneous}. For emphasis, we will
sometimes write X, for X = g, X when considered as an object of ;.

Clearly if C is generated by 1 then K, is generated by 1. Later we will use the
fact that if a tensor triangulated category is generated by its unit then every thick
subcategory is automatically a tensor ideal.

Let £, : R — Ry denote the localization map between the graded central rings of
the two categories. By [Balmer 2010a, Theorem 5.4], we have a pullback square of
spaces

Spe(ky) —2B)_, gpe(K)

(2.3) p,cpl lp,c

Spec(Ry) . Speelly) Spec(R)
where the horizontal maps are injective.

Koszul objects. We adapt some convenient notation from [Benson et al. 2008]. For
any object X € K and homogeneous element f € R, let X/ f :=cone(f - X) be any
choice of mapping cone for the map f - X : ¥~I/1X — X given by the R-action.
If fi,..., fs is a finite sequence of homogeneous elements, define recursively
Xo:=Xand X; .= X/(f1,-..,[i) = XJ(f1,.... fi—))fi fori €{l,..., n}

Thus by construction we have exact triangles

(2.4) s Milx, | LXel x| — X — i X,
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and moreover, since the tensor product is exact, we have isomorphisms

X/(fryooo D=X®1)/fi®---®1)fi

foralli € {1, ..., n}. In the following, we will perform this construction inside the
p-local category ICy.
We need the following triangular version of the Nakayama lemma, for C affine.

Lemma 2.5. If X € K, is any object and fi, ..., f, is a set of homogeneous
generators for pRy, then in Ky we have X =0 if and only if X /(f1, ..., fa) =0.

Proof. Since K and thus K, are generated by their tensor unit, it suffices to show that
H*X,=0if and only if H*(X/(f1, ..., fu))p =0, and the latter can be proved as in
[Benson et al. 2008, Lemma 5.11 (3)]. We give the easy argument for completeness.

With the above notation, by taking cohomology H* = Hom,*cp(lp, —) of the
triangle (2.4) of Ky we obtain the long exact sequence of R,-modules

c— HVX S X — HE X — H M X s

where each module is finitely generated by Lemma 2.1. Since f; € p, if H*X;_; #0
the first map in the sequence is not invertible by the Nakayama lemma, hence
H*X; # 0. The evident recursion shows that H*X # 0 implies H*X,, # 0. The
very same exact sequences also show that if H*X =0 then H*X,, = 0. (I

3. Thick subcategories

Assume from now on that K satisfies conditions (a) and (b) of Theorem 1.1.

Residue field objects. By hypothesis, for every prime ideal p € Spec R there exists
a regular sequence fi,..., f, of homogeneous non-zero-divisors of R, which
generate the ideal pRy,. Choose one such sequence once and for all, and construct
the associated Koszul object

K@) =L/(fi,. .. D)=L/ /i®--- @1/ fa
in the p-local tensor triangulated category /Cy.

Lemma 3.1. Forevery object X € Ky and everyi € {1, ..., n}, each element f of the
ideal (f1,...,fi) CRyactsaszeroon X(f1,..., fi),ie, f-X)(fi,...,[i)=0.

Proof. Recall that, as an immediate consequence of the Rp-bilinearity of the
composition in Ky, the elements of R, acting as zero on an object ¥ form an
ideal (coinciding with the annihilator of the Ry-module Hom,*cp(Y , Y)). Thanks to
the isomorphism X /(f1, ..., fi)) = X®1,/f1®---®1,/ f; and the Ry-linearity of



100 IVO DELL’AMBROGIO AND DONALD STANLEY

the tensor product, it will therefore suffice to prove that f; acts as zero on 1,/ f;.
Consider the commutative diagram

nMil, —f 1, — 11 » My,

Elfi\lp — Z'fi‘lp//fi

where the top row is the exact triangle defining 1,/ f;. Being the composite of two
consecutive maps in a triangle, gf; is zero. Up to a suspension, this is also the
diagonal map in the square. Hence f; -1,/ f; factors through a map / as pictured.
Since R is even by hypothesis, we have that R is even, and we claim that also

(3.2) H"(1,/fi) =0 for all odd n.

This implies & = 0 and therefore f; -1,/ f; =0, as required. To prove the claim,
note that the defining triangle of 1,/ f; induces the exact sequence

where the first and last maps are injective by the hypothe31s that f,- is a non-zero-
divisor in Ry. Thus (3.2), and even H*(1,/f;) > Ry/(f;), follows immediately. []

Corollary 3.3. H*(X ® K (p)) is a graded k(p)-vector space for every X € K,,.

Proof. By Lemma 3.1 together with the R-linearity of the tensor product, each
f € pRy acts as zero on XQ@ K (p) =~ X®1,/(fi, ..., fu). Therefore all such f

also act as zero on H*(X ® K (p)) by the R-linearity of composition. U
Lemma 3.4. There is an isomorphism H*(1, J(f1, ..., fi)) = Ry/(f1. ..., fi) of
R-modules for alli € {1, ..., n}. In particular H*K (p) is isomorphic to the residue

field k(p) := Ry /pRy.
Proof. Write Co =1, and C; :=1,/(f1, ..., f;) for short. Then K (p) = C,, and
forall i € {1, ..., n} we have exact triangles

E_'f"'Ci _fiCizr g Ci_1—Ci — E_‘f[H_]Cifl

The claim follows by recursion on i. Indeed H*Co = Ry, and assume that H*C;_; >~
Ry/(f1,..., f,-_l). Then the above triangle induces an exact sequence

g \ilc, L g, | — H*C; — H* Vit e, | Jfiy gtie |

where the first and last maps are injective because by hypothesis f; is a non-
zero-divisor in the ring R, /(f1, ..., fi—1). We thus obtain a short exact sequence
0— fiRp/(f1,-.-. fic1)) = Ry/(f1...., fi-1) = H*C; — 0, proving the claim
for i. -
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Remark 3.5. Of the weak regularity hypothesis (b), the proof of Lemma 3.4 only
uses that f1, ..., f, is a regular sequence, while the proof of Lemma 3.1 only uses
that the f; are non-zero-divisors in R, and that the ring R is even. These are the
only places where we make use of these assumptions (the noetherian hypothesis,
on the other hand, will be needed on several occasions). Note that, although we
already know by Corollary 3.3 that H*K (p) is a k(p)-vector space, for the next
proposition we also need it to be one-dimensional as per Lemma 3.4.

Proposition 3.6. For all p € Spec R and X € Ky, the tensor product X ® K (p)
decomposes into a coproduct of shifted copies of the residue field object:

[[="“K®) = X @K ®).
o
Proof. By Corollary 3.3 we know that H*(X ® K (p)) is a graded k(p)-vector space.
Choose a graded basis {xq}q, corresponding to a morphism [ [, £"*1, — X ® K (p).
We will show that this map extends nontrivially to the Koszul object

(]_[ e lp)//(fl, ) =E™ 1AL ).
o o
For this, it will suffice to extend each individual map x, : "1, — X ® K(p). As
before, we proceed recursively along the regular sequence f1, ..., f,,. Consider the
commutative diagram

Enailfl‘lp L} Enalp e Enalp//fl E—

Zflan \ lxu xl
K

X ® K (p) = XRK(p
=

where the top row is a rotation of the defining triangle for 1,/ f1. The left-bottom
composite vanishes because f acts trivially on X ® K (p) by Lemma 3.1. Hence
we obtain the map x! on the right. Note that x! # 0 because x, # 0. Now we
repeat the procedure for i =2, ..., n, using the triangle

ST s fim) L ) (s fim) — L) (i s i) —

to extend xé‘l to a nonzero map x(’;[ Xy [ (f1, ..., fi) > X ® K(p) hitting the
same element in cohomology. In particular we obtain the announced extension
x, X" K(p) — X ® K(p). As a nonzero map on a one-dimensional k(p)-vector
space (Lemma 3.4), the induced map H*(x) must be injective. Hence, collectively,
the maps {x/} yield an isomorphism as required. (I

Proposition 3.7. For every p, the thick subcategory Thick(K (p)) of Ky is minimal,
meaning that it contains no proper nonzero thick subcategories.
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Proof. Note that for every nonzero object X of K, we have X ® K (p) # 0. Indeed
it X®K(@p)=X/(f1,...,fs) =0then X, =0 by Lemma 2.5.

Let C be a thick subcategory of Thick(K (p)). Because C is a tensor ideal, if it
contains a nonzero object X then it also contains X ® K (), which is again nonzero
by the above observation. Therefore C must contain a shifted copy of K (p) by
Proposition 3.6, hence C = Thick(K (p)). O

Proof of Theorem 1.1. Now we show how to deduce our main result from the
minimality of the thick subcategories Thick(K (p)). By Lemma 2.2 it will suffice to
show that the map px : Spc £ — Spec R is bijective. Since R is graded noetherian,
prc is surjective by [Balmer 2010a, Theorem 7.3]. It remains to prove it is injective.

Let p € Spec R be any homogeneous prime. We must show that the fiber of the
comparison map px : Spc K — Spec R over p consists of a single prime tensor
ideal. By the pullback square (2.3), every point of Spc K lying over p must belong
to Spc K. Hence it will suffice to show that the fiber of p := pi, over the maximal
ideal m := pR;, of Ry, consists of a single point. In fact a stronger statement is true:
if P € Spc K, is such that p(P) = m, then P = {0}. Let us prove this.

By definition of the comparison map we have

p(P)=({f € Ry | f is homogeneous and 1,/ f ¢ P}),

and as p(P) € m always holds by the maximality of m, the hypothesis p(P) =m
precisely means that 1,/ f ¢ P for all homogeneous elements f € m. In particular
1,/ fi & P for the elements f; in the chosen regular sequence for m. As P is a tensor
prime, we deduce further that

(3.8) K@) =1,// Q- @1, /fu g P.
Now let X € P and assume that X # 0. Then X ® K (p) # 0 by Lemma 2.5, hence
3.9 Thick(X ® K (p)) = Thick(K (p))

by the minimality of Thick(K (p)), Proposition 3.7. As P is a thick tensor ideal we
also have X ® K (p) € P and therefore K (p) € P by (3.9), but this contradicts (3.8).
Therefore X = 0 and we conclude that P = {0}, proving the claim. This concludes
the proof of Theorem 1.1.

Proof of Corollary 1.2. To deduce Corollary 1.2 from the theorem, we must verify
that the homeomorphism px identifies Suppr H*X C Spec R, the ring-theoretic
support of an object X € I, with supp X := {P € Spc K | X ¢ P}, the universal
support datum of X:

Lemma 3.10. We have Suppy H*X = py.(supp X) for all X € K.
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Proof. Let p = pic(P). It follows from (2.3) that X € P if and only if X, € P,,
where P, denotes P seen as an element of Spc K,. We have just proved that
pi, : Spc Ky => Ry is a bijection sending {0} to pRy, so we must have P, = {0}.
Therefore

peSuppr H'X <= H'X, #0 = X, #0 <= X, ¢ P, < PesuppX. J

Now it suffices to appeal to the abstract classification theorem [Balmer 2005,
Theorem 4.10]. Indeed, since R is noetherian, the space Spec R is noetherian and
therefore its specialization closed subsets and its Thomason subsets coincide (cf.
[Balmer 2005, Remark 4.11]). Moreover, since K is generated by its tensor unit,
all its objects are dualizable (because dualizable objects form a thick subcategory
and 1 is dualizable) and therefore all its thick tensor ideals are radical (see [Balmer
2007, Proposition 2.4]). Hence by Theorem 1.1 and Lemma 3.10 the classification
of [Balmer 2005, Theorem 4.10] immediately translates into the classification
described in Corollary 1.2, as wished.

4. Localizing subcategories

Assume from now on that 7 is a compactly generated tensor triangulated category
such that its subcategory K := 7 of compact objects satisfies hypotheses (a) and (b)
of Theorem 1.1. Thus in particular 7 is generated as a localizing subcategory by
the tensor unit: Loc(1) = 7. It follows that every localizing subcategory of T is
automatically a tensor ideal.

Since T is compactly generated, the (Verdier) p-localization functor g, : K — K
we used so far can be extended to a finite (Bousfield) localization functor

(—)p:T—T.

We briefly recall its properties, referring for all proofs to [Benson et al. 2011, §2]
or [Dell’ Ambrogio 2010, §2]. Let

L =Loc({cone(f) | f € R~ p homogeneous}).

Then the Verdier quotient Q : 7 — T /L =: 7T, has a fully faithful right adjoint,
I : 7T, = T, and the functor (—), can be defined to be the composite (—), := 10 Q.
As L is generated by a tensor ideal of dualizable objects, we have X, = X ® 1,
for all X € 7. Moreover, the unit X — X, of the (Q, /)-adjunction induces a
natural map Hom*-(Y, X), — Hom’-(Y, X;,) which is an isomorphism whenever
Y € K (see [Benson et al. 2011, Proposition 2.3] or [Dell’ Ambrogio 2010, Theorem
2.33 (h)]). In particular we have the identification

(H*X), = H*(Xy)



104 IVO DELL’AMBROGIO AND DONALD STANLEY

for all X € 7. It follows also that the restriction of Q to compact objects X, Y € K
agrees with gy, so that we may identify K, with the full subcategory I (Kp) of T
(and thereby eliminate the slight ambiguity of the notation “X,,”).

Recall the residue field objects K (p) defined in Section 3:

K@) =L/(fi,- . D)=L/ /iQ - QL /[fn €T

(as before, fi, ..., f, denotes the chosen regular sequence of non-zero-divisors
generating the prime p).

The main point of this section is that the crucial minimality result of Proposition 3.7
can be extended to localizing subcategories of 7, as we verify next.

Lemma 4.1. For every object X € T and everyi € {1, ..., n}, each element f of

(ft,...,fi) CRacts as zero on Xy | (f1, ..., fi),i.e., f-Xpf(f1,....fi))=0.1In
particular, the R-module H*(X ® K (p)) is a graded k(p)-vector space.

Proof. Exactly the same as for Lemma 3.1 and Corollary 3.3. (Use that X ® K (p) =
Xp ® K (p) to work inside the big p-local category 7,.) (]

Proposition 4.2. For all p € Spec R and X € T, the tensor product X @ K (p)
decomposes into a coproduct of shifted copies of the residue field object:

[[=™K®m = X@K®).

Proof. Exactly the same as for Proposition 3.6, using Lemma 4.1. U

Proposition 4.3. For every p, the localizing subcategory Loc(K (p)) of T is mini-
mal, meaning that it contains no proper nonzero localizing subcategories.

Proof. This follows from Proposition 4.2 precisely as in the proof of Proposition 3.7,
except that we cannot use Lemma 2.5 to show that X ® K (p) % 0 for every nonzero
object X € Loc(K (p)). Instead, we may use the following argument.

First note that X ® K (q) =0 for all g € Spec R ~ {p}. Indeed, this property holds
for X = K (p) by Lemma 4.1 (because if p # q then some homogeneous element
of R must act on K (p) ® K(q) both as zero and invertibly) and is stable under
taking coproducts and mapping cones (as the latter are preserved by — ® K (p));
hence it must hold for all objects of Loc(K (p)), as wished. Now combine this with
Proposition 4.5 below. O

Lemma 4.4. Let M be any nonzero module, possibly infinitely generated, over a
noetherian Z-graded commutative ring S. Then there exists a minimal prime in
Suppg M := {p € Spec S | M, # 0}, the big Zariski support of M.

Proof. It M # 0 then M, # O for some prime p, so the support is not empty.
Moreover, it suffices to prove the claim for the nonzero module M, over S, because
a minimal prime of Supp S, M, yields a minimal prime in Supps M; hence we may
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assume that S is local. By Zorn’s lemma it suffices to show that in Suppg M every
chain of primes admits a minimum. Indeed, each such chain must stabilize, because
a local commutative noetherian ring has finite Krull dimension. In the ungraded
case, the latter is a well-known corollary of Krull’s principal ideal theorem. A proof
of the analogous result for graded rings can be found in [Bruns and Herzog 1993,
Theorem 1.5.8] or [Park and Park 2011, Theorem 3.5]. O

Proposition 4.5. If an object X € T is such that X @ K (p) =0 for all p € Spec R
then X = 0.

Proof. We prove the contrapositive. Assume that X # 0. Then H*X £ 0, hence for
some p € Spec R we must have H*(X,) = (H*X), # 0 and therefore X, # 0. By
Lemma 4.4, we may choose a prime p which is minimal among the primes with
this property. Thus the big support of the R-module H*X,, consists precisely of
the prime p. We are going to recursively show that X; := X, /(fi1, ..., fi) satisfies
Supppr H*X; = {p} foralli € {1, ..., n}. Thus in particular X ® K (p) = X,, #0,
which proves the proposition. We already know Suppr H*Xo = {p} for Xy := X,
and suppose we have shown that Suppr H*X;_; = {p}. The exact triangle

E"f"'Xl-_l i) Xi—l —> Xi —_—> E"m“X,-_l

implies that Suppr H*X; C {p}. Hence X; # 0 is equivalent to Supp, H*X; = {p}.
By the triangle again, if X; = 0 were the case f; would act invertibly on X;_;
and thus on H*X;_;. This implies H*X;_| = (H*X,-_l)[ffl], and since f; € p
we would conclude that p ¢ Suppr H*X,_1, in contradiction with the induction
hypothesis. Therefore X; # 0, as claimed. (Il

Proof of Theorem 1.3. The result now follows easily from the machinery developed
by Benson, Iyengar and Krause [Benson et al. 2008; 2011]. Indeed, by [Benson et al.
2011, Theorem 4.2], to obtain the claimed classification of localizing subcategories
it suffices to verify that the action of R stratifies T. By definition, this means that
the following two axioms are satisfied:

e The local-global principle: For every object X € T we have the equality
Loc(X) =Loc({I'y X | p € Spec R})

of localizing subcategories of 7.

e Minimality: For every p € Spec R the localizing subcategory I'y7 of 7T is
minimal or zero.

The functors I'y : 7 — 7T are introduced in [Benson et al. 2008], but we don’t need
to know how they are defined. In our context, i.e., where 7 is a tensor category and
the action of R is the canonical one of the central ring, the local-global principle
always holds by [Benson et al. 2011, Theorem 7.2] (see also [Stevenson 2013,
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Theorem 6.8]). Moreover I'yX = X ® I'p1 for all X € 7, which implies that
Iy 7 = Loc(I'y1) since T is generated by 1. Therefore the remaining minimality
condition follows from Proposition 4.3, because Loc(K (p)) =Loc(I'y1) by [Benson
et al. 2011, Lemma 3.8 (2)] (indeed, by construction K (p) is a particular instance
of the objects collectively denoted by 1(p) in [loc. cit.]). This establishes the first
bijection in Theorem 1.3.

The claimed identification of the Benson-Iyengar—Krause support, suppp X =
{p € Spec R | X ® I'y1 # 0}, with the set {p € Spec R | X @ K (p) # 0} is an easy
consequence of the equality Loc(K (p)) = Loc(I'y1) mentioned above.

It remains to verify the moreover part of Theorem 1.3. Let us begin by noting
that, if X € K is a compact object, we have

(4.6) suppg X = suppr H*X = Suppp H*X

by [Benson et al. 2008, Theorem 5.5 (1)] and Lemma 2.1. Now let £ C T be such
that £ = Loc(£LNK). Then

UsuppRX: U suppr X = U Suppi H*X
XeLl XelNK XelNK

by (4.6), and the latter is a specialization closed subset of the spectrum. Conversely,
if S C Spec R is specialization closed the corresponding localizing subcategory
{X € T | suppr X C S} is generated by compact objects by [Benson et al. 2008,
Theorem 6.4], hence £ = Loc(£ N K). This concludes the proof of the theorem.

It is well known that the assignments C — Loc(C) and £ +— £ N are mutually
inverse bijections between thick subcategories C C K and localizing subcategories
L €T which are generated by compact objects of 7 (see [Neeman 1992b]). Together
with (4.6), this shows how to deduce the classification of thick subcategories of
Corollary 1.2 from Theorem 1.3.

Finally, there are several ways to derive the telescope conjecture of Corollary 1.4
from the previous results. For instance, we may proceed as in [Benson et al. 2011,
§6.2].

Remark 4.7. Using the theory of coherent functors, Benson, Iyengar and Krause
have recently developed in [Benson et al. 2015] an analogue of their stratification
theory of compactly generated categories that can be applied to general essentially
small triangulated categories. Their theory, and more specifically [Benson et al.
2015, Theorem 7.4], provides an alternative way to derive Theorem 1.1 from
Proposition 3.7.

The case of commutative dg algebras. We still owe readers a proof of Theorem 1.6.
Let A be a commutative dg algebra and let D(A) be the derived category of (left,
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say) dg-A-modules. The following elementary fact was pointed out to us by the
referee.

Lemma 4.8. Every f € H*A acts as zero on its own mapping cone C(f).

Proof. A (homogeneous) element f € H*A of degree | f| = —n is (represented by) a
morphism f : X" A — A of left dg-A-modules. Let us write sa (a € A) for a generic
element of degree |a| — 1 in the suspension sA := X A; here we use the Koszul
sign convention and treat s as a symbol of degree —1. The cone C( f) has elements
(a, s"t'b) (for a, b € A). Then f acts on C(f) by a morphism s"C(f) — C(f)
which, under the isomorphism s"C(f) = C(s"f), is written as follows:

g:CE"f) = C(f), gG"a, s by = (f(s"a), s"Tf (s"b))

(recall that the suspension sk : sB — sC of a morphism & : B — C is given by
(sh)(sb) =s(h(b))). With these notations, the map H : C(s"f) — C(f) defined by
H(s"a, s"*1b) := (0, s"*'a) is easily seen to satisfy H(tx) = (—1)I'ltH (x) (for
teA,xeC($"f)) and dH + Hd = —g; in other words, H is a homotopy g ~ 0
defined over A. O

As noted in Remark 3.5, Lemma 3.1 was the only place in all of our arguments
where we made use of the hypothesis that R is concentrated in even degrees and
that in the regular sequences we may choose the elements to be non-zero-divisors.
But if we consider the example K := D(A), T := D(A) and R := H*A, we see
immediately that the conclusion of the lemma also follows from the above result
(Lemma 4.8). Hence in this case we can get rid of the extra hypotheses, while the
rest of our arguments go through unchanged. This proves Theorem 1.6.

Indeed, in general in condition (b) of Theorem 1.1 we could similarly renounce
the evenness of R if we substitute the requirement that all elements f; of the regular
sequences be non-zero-divisors with the requirement that f; -1/ f; = 0.
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INVOLUTIVE AUTOMORPHISMS OF
NZ-GROUPS OF FINITE MORLEY RANK

ADRIEN DELORO AND ERIC JALIGOT

Ma Virgilio n’avea lasciati scemi
di sé, Virgilio dolcissimo patre,
Virgilio a cui per mia salute die’ mi.

We classify a large class of small groups of finite Morley rank: N_?-groups
which are the infinite analogues of Thompson’s N-groups. More precisely,
we constrain the 2-structure of groups of finite Morley rank containing a
definable, normal, nonsoluble, N -subgroup.
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2. Prerequisites and facts 119
3. Requisites (general lemmas) 128
4. The proof — before the maximality proposition 142
5. The proof — the maximality proposition 155
6. The proof — after the maximality proposition 167
References 180

1. Introduction

This is the final item in the series [*DJ 2012; 2010; 2013], a collaboration interrupted
by the demise of Jaligot. The present article has a sad story but at least it has the
merit to exist: it was started in 2007 with hope and then never completed, started
again in 2013 as a brave last sally and then lost, and then started over again by the
first endorser alone.

So for the last time let us deal with NZJ-groups of finite Morley rank. And
although we have just used some phrases that our prospective reader may not know
we hope our work to be of interest to the experts in finite group theory as many
ideas and methods will seem familiar to them. Efforts were made in that direction
and that of self-containedness.

1.1. The context.

Groups of finite Morley rank. Let us first say a few words about groups of finite
Morley rank. We shall remain deliberately vague as we only hope to catch the

MSC2010: 20F11.
Keywords: groups of finite Morley rank, Cherlin—Zilber conjecture, N-groups.
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reader’s attention (possibly through provocation). Should we succeed we can
suggest three books. The first monograph dealing with groups of finite Morley rank,
among other groups, was [Poi 1987]. An excellent and thorough reference textbook
is [BN 1994b] which has no pictures but many exercises instead. The more recent
[ABC 2008] quickly focuses on the specific topic of the classification of the infinite
simple groups of finite Morley rank of so-called even or mixed type, a technical
assumption. For the moment let us be quite unspecific.

Morley rank is a notion invented by model theorists for the purposes of pure
mathematical logic, and turned out to be an abstract form of the Zariski dimension
in algebraic geometry. It was then natural to investigate the relations between
groups of finite Morley rank and algebraic groups.

More precisely (we shall keep this facultative paragraph short and direct the
brave to [Poi 1987]), the rank introduced by Morley for his categoricity theorem
was quickly understood to be a central notion in mathematical logic, enabling a
more algebraic treatment of model-theoretic phenomena, and hopefully allowing
closer interactions with classical mathematics. This was confirmed when Zilber’s
“ladder” analysis of uncountably categorical theories revealed towers of atomic
pieces bound to each other by some definable groups, similar to differential Galois
groups in (Kolchin—)Picard—Vessiot theory, and therefore of utmost relevance even
as abstract groups. It is expected that understanding the structure of such groups
would shed further light on the nature of uncountably categorical theories, which
would please model theorists, and other mathematicians as well.

But because of their very nature, groups of finite Morley rank cannot be studied
with the techniques of algebraic geometry, and only elementary (in both the naive
and model-theoretic senses of the term) methods apply, which results in massive
technological smuggling from finite group theory to model theory.

To make a long story short: some abstract groups arose in one part of mathematics;
it would be good to classify the simple ones; logicians need finite group theorists.

Groups with a dimension. And now for the sake of the introduction we shall suggest
a completely different, anachronistic, and self-contained motivation.

The classification of the simple Lie groups, the classification of the simple
algebraic groups, and the classification of the finite simple groups are facets of a
single truth: in certain categories, simple groups are matrix groups in the classical
sense. The case of the finite simple groups reminds us that we are at the level of an
erroneous truth, but still there must be something common to Lie groups, algebraic
groups, and finite groups beyond the mere group structure that forces them to fall
into the same class.

In a sense, groups of finite Morley rank describe this phenomenon; Morley rank
is a form of common structural layer, or methodological least common denominator
to the Lie-theoretic, algebraic geometric, and finite group-theoretic worlds. Our
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groups are equipped with a dimension function on subsets enabling the most basic
computations; the expert in finite group theory will be delighted to read that matching
involutions against cosets, for instance, is possible. On the other hand, no analysis,
no geometry, and no number theory are available. But the existence of a rudimentary
dimension function is a common though thin structural layer extending the pure
group structure.

It remains to say which sets are subject to having a dimension. These sets
are called the definable sets; the definable class is the model-theoretic analogue
of the constructible class in algebraic geometry. In a group G with no extra
structure, one would consider the collection of subsets of the various G" obtained
by allowing group equations, (finite) boolean combinations, projections, and then
by also allowing quotients by equivalence relations of the same form. This setting
is a little too tight in general and model theorists enlarge the basic case of group
equations by allowing other primary relations, that is, by working in an abstract
structure extending the group structure. In particular, the natural structure on an
affine algebraic group is richer than its pure group structure.

A group of finite Morley rank is such an extended group structure with an
integer-valued dimension function on its definable sets. As for the properties of the
dimension function itself, they are so natural they do not need to be described.

Although we have given no definition we hope to have motivated the Cherlin—
Zilber conjecture, which surmises that infinite simple groups of finite Morley rank
are groups of points of algebraic groups. The conjecture goes back to the seventies.

Relations with finite group theory. A consequence of the classification of the simple,
periodic, linear groups [Thomas 1983] (also [Bender 1984; Hartley and Shute 1984])
is the locally finite version of the Cherlin—Zilber conjecture: infinite simple locally
finite groups of finite Morley rank are algebraic. The fact that [Thomas 1983] heavily
relies on the classification of the finite simple groups means that conventional group
theory can help elucidate problems in model theory.

A proof of the classification of the simple, periodic, linear groups in odd char-
acteristic without using the classification of the finite simple groups but some of
its methods, such as component analysis and signaliser functors, is in [Borovik
1984]. Similar techniques carried to the model-theoretic context provide the locally
finite version of the Cherlin—Zilber conjecture under an assumption standing for
characteristic oddness [Bor 1995], still without using the classification of the finite
simple groups. Let us now forget about local finiteness. All this suggests to ask
whether conversely to the above, model theory may shed light on conventional
group theory, and whether finite group theorists can learn something from logicians.

Altinel, Borovik, and Cherlin [ABC 2008] give a positive answer by proving
the Cherlin—Zilber conjecture in even or mixed type, viz., when there is an infinite
subgroup of exponent 2, thus obtaining an ideal sketch of a decent fragment of
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the classification of the finite simple groups. Apart from this case one should not
expect the conjecture to be proved in full generality. There is no evidence for
a model-theoretic analogue of the Feit-Thompson “odd order” theorem. Simple
groups of finite Morley rank with no involutions cause major technical difficulties
since most methods in the area heavily rely on 2-local analysis. Actually the experts
do not regard the existence of the most dramatic (potential) counterexamples to
the conjecture called bad groups as entirely unlikely. But after all, not all finite
simple groups are groups of Lie type, so refuting the Cherlin—Zilber conjecture
would certainly not show that it is not interesting.

The present work deals with a certain class of small groups of finite Morley rank:
N¢-groups, defined in Section 2 by a condition borrowed from the classification of
the finite simple groups. The former were called x-locallyy soluble groups in [*DJ
2012; 2010; 2013]; we now change terminology to conform more closely to the
standards of finite group theory.

Two notions of smallness. So let us push the analogy with finite group theory
further. The classical N- property was introduced in [Thompson 1968] where the
full classification of the finite, nonsoluble N-groups was given, and then proved
in a series of subsequent papers: an N-group is a group G all of whose so-called
local subgroups are soluble, which in the finite case amounts to requiring that
NG (A) be soluble for every abelian subgroup 1 # A < G. The decorations in N
indicate that we shall focus on connected components, making our condition less
restrictive than proper N-ness. According to the Cherlin—Zilber conjecture, every
connected, nonsoluble N?-group should be isomorphic to PSL; (K) or SL, (K) with
[K an algebraically closed field. We cannot prove this, and our results will look
partial when compared to [Thompson 1968].

Another, more restrictive notion of smallness in [Thompson 1968] was minimal
simplicity: a minimal simple group is a simple group all of whose proper subgroups
are soluble. The full classification of the finite, minimal simple groups is given in
[Thompson 1968] as a corollary to that of the finite N-groups. The finite Morley rank
analogue is named minimal connected simplicity and defined naturally in Section 2.
According again to the Cherlin—Zilber conjecture, every minimal connected simple
group should be isomorphic to PSL, () with [K an algebraically closed field; even
under the assumption that the group contains involutions, this is an open question.

Minimal connected simple groups of finite Morley rank have already been studied
at length as recalled in Sections 1.2 and 1.3. These groups obviously are NZ-groups
but it is not clear whether one should hope for a converse statement. So transferring
the partial, current knowledge from the minimal connected simple to the N? setting
was a nontrivial task, undertaken in [*DJ 2012; 2010; 2013].

This extension will hopefully fit into a revised strategy for the classification of
simple groups of finite Morley rank with involutions. The last written account of a



INVOLUTIVE AUTOMORPHISMS OF N2-GROUPS OF FINITE MORLEY RANK 115

master plan was in Burdges’ thesis [Bur 2004b, Appendix A] and would need to
be updated because of major advances in the general structural theory of groups
of finite Morley rank, notably through results on torsion briefly touched upon in
Section 2.2. But interestingly enough the theory of NZ-groups has already been
used and will be used again in another topic: permutation groups of finite Morley
rank [Del 2009a; BD 2015].

The present work completes the transition from the minimal connected simple
to the N; setting, and does more. We cannot provide a full classification of N;-
groups, but we delineate major cases and give strong restrictions on their groups of
automorphisms.

1.2. The result and its proof. The ideal goal would have been to show that the
only nonsoluble NJ-groups of finite Morley rank are PSL, () and SL (). Under
the assumption that there is an infinite elementary abelian 2-subgroup, this is a
straightforward corollary or subcase of [ABC 2008]; see [*DJ 2010, Theorem 4]. In
general the question is delicate and one should only hope to identify PSL, ([€) and
SL, (k) among such groups. This we do, and more, by giving restrictive information
on the structure of potential counterexamples. In particular we show that such
counterexamples would admit no infinite dihedral groups of automorphisms, which
is likely to be of use in a prospective inductive setting.

As a matter of fact, the focus on outer involutive automorphisms, as opposed
to inner involutions, became so prominent over the years (see Section 1.3) that
we could take involutions out of the configurations, viz., our extra assumptions
are not on the structure of the “inner” Sylow 2-subgroup of the N2-group under
consideration but on the structure of that of an acting group; incidentally, the inner
2-structure is fairly well understood. Taking involutions out is a pleasant advance,
but makes results slightly more complex to state.

Our theorem below thus reads as follows: if a connected, nonsoluble NZJ-group
G is a definable subgroup of some larger group of finite Morley rank (possibly
equal to G) with a few assumptions on the action of outer involutions on G, then G
is either algebraic or one of four mutually exclusive configurations with common
features; in any case the structure of the outer Sylow 2-subgroup is well understood
too. The existence of the four said configurations is a presumably difficult open
question. But we do not need involutions inside G to run the argument, and we are
confident this will allow some form of induction.

The notation used below is all explained in Section 2. The reader will find some
informal remarks on methods at the end of the current subsection, and a discussion
of the general structure of the proof at the beginning of Section 4.

Theorem. Let G be a connected, UZJ‘ group of finite Morley rank and G < G bea
definable, connected, nonsoluble N2-subgroup. Then the Sylow 2-subgroup of G
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has one of the following structures: isomorphic to that of PSL,(C), isomorphic to
that of SL,(C), or a 2-torus of Priifer 2-rank at most 2.

Suppose in addition that for all involutions 1 € 1 (G), the group C (1) is soluble.
Then mz(G) < 2, one of G or G /G is 2+, and involutions are conjugate in G.
Moreover, one of the following cases occurs:

e PSL,: G ~ PSL»(K) in characteristic not 2; G/G is 2+,

e CiBoy: Gis2t; mz(é) <1; forie I(G), Cc () =Cg () is a self-normalising
Borel subgroup of G.

e CiBo;: my(G)=my(G)=1;G/G is2*; fori e 1(G)=1(G), Ci(i) = C (i)
is a self-normalising Borel subgroup of G.

e CiBoy: Pry(G)=1and m»(G) =m»(G)=2; G/ G is2+; fori e 1(G)=1(G),
C (i) is an abelian Borel subgroup of G inverted by any involution in Cg (i)\{i }
and satisfies tk G = 31k C¢, (i).

e CiBos: Pry(G) = ma(G) = ma(G) = 2; G/G is 2% fori € 1(G) = 1(G),
Cg (i) = C;(i) is a self-normalising Borel subgroup of G if i # j are two
involutions of G then Cg (i) # Cg(j).

There is at present no hope to kill any of the nonalgebraic configurations of
type CiBo (“Centralisers of involutions are Borel subgroups”; unlike the cardinal
of the same name, these configurations are far from innocent). Three of these
configurations were first and very precisely described in [*CJ 2004] under much
stronger assumptions of both a group-theoretic and a model-theoretic nature, and
the goal of [*BCJ 2007; *Del 2007a; 2007b; 2008] merely was to carry the same
analysis with no model-theoretic restrictions. Despite progress in technology,
nothing new could be added on the CiBo configurations since their appearance in
[*CJ 2004]. So it is likely these potential monstrosities will linger for a while; in
any case their consistency is not desirable.

Beyond porting the description of nonalgebraic configurations from the minimal
connected simple setting [*Del 2007a] to the broader NJ context, our theorem
gives strong limitations on how these potential counterexamples would embed into
bigger groups. This line of thought goes back to Delahan and Nesin’s proof that
so-called simple bad groups have no involutive automorphisms [DN 1993; BN
1994b, Proposition 13.4]. The question of involutive automorphisms of minimal
connected simple groups has already been addressed in [*BCD 2009; Fré 2010]; we
insist that a significant part of our results was not previously known in the minimal
connected setting. This is the reason why we believe that our theorem, however
partial and technical it may look, will prove relevant to the classification project.

The present result therefore replaces a number of earlier (pre)publications: [*BCJ
2007; *Del 2007a; 2007b; 2008; *DJ 2008; *BCD 2009], the contents of which are
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described in Section 1.3. (We cannot dismiss Frécon’s analysis [Fré 2010, Theorem
3.1] as it heavily uses the solubility of centralisers of p-elements, a property which
might fail in the N7 case.)

And now we wish to say a few words about the proof. One cannot adapt
[Thompson 1968] and subsequent papers. The expert in finite group theory will
appreciate here how little structure there is on a group of finite Morley rank. A
finite analogue of CiBo, for instance, has a cyclic Sylow 2-subgroup; for a variety
of classical reasons it has a normal 2-complement; if an N-group, it is soluble. We
would be delighted to see quick arguments removing finite analogues of CiBo,
and CiBos. In any case, however elementary they may seem, such methods are
not available in our context. Character theory, remarkably absent from [Thompson
1968], cannot be used either. Even Sylow theory (see Sections 2.1 and 2.2) is
rudimentary. From finite group theory there remains of course 2-local analysis, but
we are dealing with small cases where one cannot apply the standard machinery,
otherwise well acclimatised to the finite Morley rank setting.

The main group-theoretic method is then matching involutions against cosets,
in the spirit of Bender as quoted in the beginning of Section 4.2. At times our
arguments in this line are rather classical and Proposition 3, for instance, may have a
known counterpart in finite group theory, while at other times they are unorthodoxly
convoluted as in Proposition 6. But this is our main method mostly because we lack
a better option. We also use a variant of local analysis [Bender 1970] developed
by Burdges for groups of finite Morley rank (Sections 2.3 and 2.4). This will not
surprise the expert.

As for model-theoretic methods, we see two main lines. First, we tend to focus on
generic elements of groups, with the effect of smoothing phenomena. The general
theory of genericity in model-theoretic contexts owes much to Cherlin and Poizat
so one could refer the reader to [Poi 1987], but thanks to the rank function it is
a rather obvious notion here. In the same vein we often resort to connectedness
arguments which from the point of view of algebraic group theory will always be
straightforward. Typical of connectedness methods is Zilber’s indecomposability
theorem [BN 1994b, Theorem 5.26]. The use of fields is the second essential feature;
although Zilber’s field theorem [BN 1994b, Theorem 9.1] nominally appears only
in the proofs of Propositions 3 and 5, it underlies our knowledge of soluble groups,
in particular the unipotence theory of Section 2.3 which is fundamental for the
whole analysis.

The structure of the proof itself is described in Section 4.

1.3. Version history. The current subsection will be of little interest to a reader
not familiar with the community of groups of finite Morley rank; we include it
mostly because the present article marks the voyage’s end.
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The project of classifying N?-groups with involutions started as early as 2007
under the suggestion of Borovik and yet is only the last chapter of an older story:
the identification of PSL; () among small groups of odd type.

e We could go back to Cherlin’s seminal article on groups of small Morley rank
[Che 1979] which identified PSL, (), considered bad groups, and formulated the
algebraicity conjecture. Other important results on PSL; () in the finite Morley
rank context were found by Hrushovski [Hru 1989] and by Nesin et Ali(i) [Nes
1990a; BDN 1994; DN 1995]. But we shall not go this far.

e Jaligot was the first to do something specifically in so-called odd type [*Jal
2000], adapting computations from [BDN 1994] (we say a bit more in Sections 4.2
and 4.3).

e Another preprint by Jaligot [*Jal 2002], then at Rutgers University, deals with
tame minimal connected simple groups of Priifer rank 1. (Tameness is a model-
theoretic assumption on fields arising in a group, already used for instance in [DN
1995].) In this context, either the group is isomorphic to PSL;(KK), or centralisers®
of involutions are Borel subgroups.

Quite interestingly the tameness assumption, viz., “no bad fields”, appears there
in small capitals and bold font each time it is used; it seems clear that Jaligot already
thought about removing it.

e Jaligot’s time at Rutgers resulted in a monumental article with Cherlin [*CJ
2004] where tame minimal connected simple groups were thoroughly studied and
potential nonalgebraic configurations carefully described. The very structure of our
theorem reflects the result of [*CJ 2004].

e A collaboration between Burdges, Cherlin, and Jaligot [*BCJ 2007] was signifi-
cant progress towards removing tameness: minimal connected simple groups have
Priifer rank at most 2.

e Using major advances by Burdges (described in Sections 2.3 and 2.4), the author
was able to entirely remove the tameness assumption from [*CJ 2004] and reach
essentially the same conclusions. This was the subject of his dissertation [*Del
2007a] under the supervision of Jaligot, published as [*Del 2007b; 2008].

e A few months before the completion of the author’s Ph.D., the present project
of classifying NZ2-groups of finite Morley rank was suggested by Borovik, a task
the author and Jaligot undertook with great enthusiasm and which over the years
resulted in the series [*DJ 2012; 2010; 2013].

A 2008 preprint [*DJ 2008] was close to fully porting [*Del 2007a] to the
N context. Involutions remained confined inside the group. (This amounts to
supposing G = G in the theorem.)
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e While a postdoc at Rutgers University, the author, in an unpublished joint work
with Burdges and Cherlin [*BCD 2009], went back to the minimal connected
simple case but with outer involutory automorphisms. (This amounts to supposing
G minimal connected simple and 2 in the theorem.)

e Delays and shifts in interests postponed both [*DJ 2008] and [*BCD 2009]. In
the spring of 2013 the author tried to convince Jaligot that time had come to redo
[*DJ 2008] in full generality, that is, with outer involutions. The present theorem
was an ideal statement we vaguely dreamt of but we never discussed nor even
mentioned to each other anything beyond as it looked distant enough. In March
and April of that year we were trying to fix earlier proofs with all possible repair
patches, and mixed success.

The author recalls how Jaligot would transcribe those meetings in a small red
“Rutgers” notebook when visiting Paris. He did not recover these notes after Jaligot’s
untimely death.

And this is how a project started with great enthusiasm was completed in grief
and sorrow, yet completed. The author feels he is now repaying his debt for the
care he received as a student, for an auspicious dissertation topic, and for all the
friendly confidence his adviser trusted him with.

In short I hope that the present work is the kind of monument Eric’s shadow
begs for. I dare print that the article is much better than last envisioned in the spring
of 2013. Offended reader, understand that there precisely lies my tribute to him.

Such a reconstruction would never have been even imaginable without the
hospitality of the Mathematics Institute of NYU Shanghai during the fall of 2013.
The good climate and supportive staff made it happen. At various later stages the
comments of Gregory Cherlin proved invaluable, as always. Last but not least, and
despite the author’s lack of taste for mixing genres, Lola’s immense patience is
most thankfully acknowledged.

2. Prerequisites and facts

We have tried to make the article as self-contained as possible, an uneasy task since
the theory of groups of finite Morley rank combines a variety of methods. Reading
the prior articles in the series [*DJ 2012; 2010; 2013] is not necessary to understand
this one. In the introduction we already mentioned three general references [Poi
1987; BN 1994b; ABC 2008]. Yet we highly recommend the preliminaries of a
recent research article, [ABF 2013, §2]; the reader may wish to first look there
before picking a book from the shelves.

We denote by d(X) the definable hull of X, i.e., the smallest definable group
containing X. If H is a definable group, we denote by H° its connected component.
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If H fails to be definable we then set H° = H Nd°(H). These constructions behave
as expected.
One more word on general terminology: the author supports linguistic minorities.

Definition [*DJ 2012, Definition 3.1(4)]. A group G of finite Morley rank is an
N-group if N (A) is soluble for every nontrivial, definable, abelian, connected
subgroup A < G.

Remarks. e The property was named x-local? solubility in [*DJ 2012; 2010;
2013]; the *- prefix was a mere warning to the eye in order to distinguish from
local conditions in the usual sense, the lower , was supposed to stand for the
connectedness assumption on A, and the upper ° symbolised the conclusion only
being on the connected component N (A).

We preferred to adapt Thompson’s N- terminology from [Thompson 1968] by
simply adding connectedness symbols.

e We do require full N2-ness in our proofs and apparently cannot restrict to a
certain class of local subgroups. For instance, Thompson’s classification of the
nonsoluble, finite N-groups was extended by [Gorenstein and Lyons 1976] to the
nonsoluble, finite groups where only 2-local subgroups are supposed to be soluble
(i.e., when A above must in addition be a 2-group).

Such a generalisation looks impossible in our setting as will become obvious
during the proof, simply because we must take too many normalisers.

e Many results in the present work will be stated for NJ-groups of finite Morley
rank. With our definition this is redundant but as other contexts, model-theoretic in
particular, give rise to a notion of a connected component, this also is safer.

Remark (and Definition). An extreme case of an NJ-group G is that in which
all definable, connected, proper subgroups of G are soluble; G is then said to be
minimal connected simple. As opposed to past work (see Sections 1.2 and 1.3) the
present article does not rely on minimal connected simplicity.

As we said in the introduction, there is no hope to prove that N2-groups are close
to being minimal connected simple. One could expect many more configurations
[*DJ 2012, §3.3].

As one imagines, involutions will play a major role. We denote by I (G) the set
of involutions in G; i, j, k, £ will stand for some of them. We also use ¢, «, A for
involutions of the bigger, ambient group G. When a group has no involutions, we
call it a 2+ group. We shall refer to the following as “commutation principles”.

Fact 1. Suppose that there exists some involutive automorphism t of a semidirect
product H x K, where K is 2-divisible, and that | centralises or inverts H, and
inverts K. Then [H, K] = 1.
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2.1. Semisimplicity. In what follows, p stands for a prime number.

Fact 2 (torsion lifting [BN 1994b, Exercise 11 p. 98]). Let G be a group of finite
Morley rank, H < G be a normal, definable subgroup and x € G be such that x H
is a p-element in G/H. Then d(x) Nx H contains a p-element of G.

Apart from the above principle, most of our knowledge of torsion relies either on
the assumption that p = 2, on some solubility assumption, or on a U pL assumption
explained below.

e To emphasise the case where p =2, recall that in groups of finite Morley rank the
maximal 2-subgroups, also known as Sylow 2-subgroups, are conjugate ((BN 1994b,
Theorem 10.11], originating in [Bor 1984]). As a matter of fact, their structure is
known [BN 1994b, Corollary 6.22]. If S is a Sylow 2-subgroup then S° =T * U,
where T is a 2-torus and U, a 2-unipotent group. Let us explain the terminology:

— T is a sum of finitely many copies of the Priifer 2-group, T =~ Zgoo, and d is
called the Priifer 2-rank of 7', which we denote by Pr,(7T) = d. By conjugacy,
Pry(G) = Pry(T) is well-defined. Interestingly enough, N (T) = C(T) [BN
1994b, Theorem 6.16, “rigidity of tori”’]; the latter actually holds for any prime.

— U, in turn has bounded exponent. We shall mostly deal with groups having no
infinite such subgroups, and we call them U2L groups.

The 2-rank m,(G) is the maximal rank (in the finite group-theoretic sense) of an
elementary abelian 2-subgroup of G; again this is well-defined by conjugacy. A
U2L assumption implies finiteness of m,(G); one always has Pry(G) < m,(G); see
[Del 2012] for a reverse inequality.

e Actually the same holds for any prime p provided that the ambient group of finite
Morley rank is soluble ([BN 1994b, Theorem 6.19 and Corollary 6.20], originating
in [BP 1990]). In case the ambient group is also connected, then the Sylow p-
subgroups are connected [BN 1994b, Theorem 9.29]. We call this fact the structure
of torsion in definable, connected, soluble groups.

e Consistently generalising the case p =2, a group of finite Morley rank is said to
be U pL (also, of pL-type) if it contains no infinite, elementary abelian p-group. A
word on Sylow p-subgroups of U pL groups is said in Section 2.2.

We often rely either on some specific assumption on involutions, or on solubility,
as in the following.

Fact 3 (bigeneration, [BC 2008, specml case of Theorem 2.1]). Let G be a U, L eroup
of finite Morley rank. Suppose that G contains a nontrivial, deﬁnable connected
normal subgroup G < G and an elementary abelian p-group V<G of p-rank 2. If
G is soluble, or if p =2 and G has no involutions, then G = (Cg(v) : v € 1% \ {1}).

We finish with a property of repeated use.
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Fact 4 (Steinberg’s torsion theorem, [Del 2009b]). Let G be a connected, U pL
group of finite Morley rank, and ¢ € G be a p-element such that ¢ 7" € Z(G). Then
C(¢)/Cg(2) has exponent dividing p".

As the argument essentially relies on the connectedness of centralisers of inner
tori obtained by Altinel and Burdges [AB 2008, Theorem 1], one should not expect
anything similar for outer automorphisms of order p, not even for outer toral
automorphisms.

2.2. Sylow theory. By definition, a Sylow p-subgroup of a group of finite Morley
rank is a maximal, soluble p-subgroup. It turns out that for a p-subgroup of a group
of finite Morley rank, solubility is equivalent to local solubility (in the usual sense
of finitely generated subgroups being soluble) [BN 1994b, Theorem 6.19], so every
soluble p-subgroup is contained in some Sylow p-subgroup. But the solubility
requirement is not for free: even if a group of finite Morley rank G is assumed to
be U pL, it is not known whether every p-subgroup of G is soluble; actually it is
still not known whether bad groups of exponent p exist or not. In short, a Sylow
p-subgroup is not necessarily a maximal p-subgroup, even in the U pL case. We
now focus on Sylow p-subgroups.

As suggested above, Sylow p-subgroups of a U pl group of finite Morley rank
are toral-by-finite [BN 1994b, Corollary 6.20]. There is more.

Fact 5 [BC 2009, Theorem 4]. Let G be a U pL group of finite Morley rank. Then
Sylow p-subgroups of G are conjugate.

Remarks. Let G be a U pL group of finite Morley rank and G < G be a definable,
normal subgroup.

e The Sylow p-subgroups of G are exactly the traces of the Sylow p-subgroups
of G. A Sylow p-subgroup of G is obviously the trace of some Sylow p-subgroup
of G. The converse is immediate by conjugacy of the Sylow p-subgroups in the
U, group G.

e The Sylow p-subgroups of G / G are exactly the images of the Sylow p-subgroups
of G. The following argument was suggested by Gregory Cherlin.

Let [% be the projection modulo G. Suppose that S is a Sylow p-subgroup of G
but go(S ) is not a Sylow p-subgroup of G /G. Then by the normaliser condition [BN
1994b, Corollary 6.20] there is a p-element @ € N /G(qo(S)) \go(S) which we lift to
a p-elementa € G. Note o € NG/G(ga(S )), so ¢([a, S°G)) =« (p(S")] < go(SOG)
and a € Ng (5°G).

Now N Ng (S° G) is definable since it is the inverse image of NG/G(cp(S‘O)),
which is deﬁnable as the normaliser of a p-torus by the rigidity of tori. In
partlcular N con]ugates its Sylow p-subgroups, and a Frattini argument yields
N<S°G Ng (S)<GN (S) Write a = gn with g € G and n € Ng (S) n is
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a p-element modulo G, so lifting torsion there is a p-element m € d(n) N nG.
Then m € NG(AS) and therefore m € S. Hence a = gn € nG =mG C SG and
o =¢(a) € ¢(S), a contradiction.

As a consequence the image of any Sylow p-subgroup of G is a Sylow p-
subgroup of G /G. The converse is now immediate, conjugating in G /G.

e Without the U pL assumption this remains quite obscure. The reader will find in
[PW 1993; 2000] a model-theoretic discussion.

We shall refer to the many consequences of the following fact as “torality
principles”.

Fact 6 [BC 2009, Corollary 3.1]. Let p be a set of primes. Let G be a connected
group of finite Morley rank with a p-element x such that C(x) is U 2‘. Then x
belongs to any maximal p-torus of C (x).

And now for some unrelated remarks involving notions from [Che 2005]. A
decent torus is a definable, divisible, abelian subgroup which equals the definable
hull of its torsion subgroup. Goodness is the hereditary version of decency: a good
torus is a definable, connected subgroup all definable, connected subgroups of
which are decent tori.

Remarks. o Let G be a connected, U pL group of finite Morley rank and S? a6
be a definable, connected subgroup. If T < G is a maximal p-torus of G, then
T =T NG is a maximal p-torus of G.

Let S>T bea Sylow p-subgroup of G. Then S=S8SNG isa Sylow p-subgroup
of G. SoT =GNT <GNS° <Cs(5°) =8° by torality principles. Hence
T<5°<8NG=TNG=T.

e This is not true for an arbitrary p-torus T < G: take two copies 11, T» of Zy~
with respective involutions i and j; now let G= (T xT) /{ij) and G be the image
of T1. Then the intersection of (the image of) T, with G is (i).

e This is not true if G is not U pL. Take for instance two Priifer p-groups T >~ T’ ~
Z p, an infinite elementary abelian p-group A, and a central product K =T x A
with T/NA=(a) #{1}. Set G=T x Aand G =T x K. One will find T =T x T',
but 7NG =T x (a) is not connected.

e Similarly, if Oisa good torus of G then (®NG)° is one of G, but connectedness
of ® = ® N G is not granted even when ® is maximal; of course connectedness
holds if G is U pl for every prime number p.

e As for maximal decent tori, their connected intersections with subgroups need
not be decent tori; in the language of the next subsection, (0, 0)-groups need not be
homogeneous.

All this begs for a notion of reductivity, which however is not our present goal.
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2.3. Unipotence. Developing a suitable theory of unipotence in the context of
abstract groups of finite Morley rank took some time. One needs to describe
a geometric phenomenon in group-theoretic terms. The positive characteristic
notion may look straightforward to the hasty reader: when p is a prime number,
a p-unipotent subgroup is a definable, connected, nilpotent p-group of bounded
exponent. Yet the definition is naive only in appearance. First, nilpotence is perhaps
not for free, as indicated in Section 2.2. Second, Baudisch has constructed a
nonabelian p-unipotent group not interpreting a field [Bau 1996]: as a consequence,
the Baudisch group does not belong to algebraic geometry (for more on field
interpretation, see [GH 1993]). Despite these technical complications, the notion of
unipotence in positive characteristic remains rather intuitive.

Matters are considerably worse in characteristic zero as there is no intrinsic way
to distinguish, say, some torsion-free subgroup of C* from the additive group of
some other field. Unpublished work by Altseimer and Berkman dated 1998 on
so-called “pseudounipotent” and “quasiunipotent” subgroups, two notions which
we shall not define, therefore required tameness assumptions on fields arising in
the structure (see Section 1.3).

Burdges found a satisfactory unipotence theory; the point (and also the difficulty)
is that one has a multiplicity of notions in characteristic zero. We do not wish
to describe his construction. For a complete exposition of Burdges’ unipotence
theory, see Burdges’ dissertation [Bur 2004b, Chapter 2], its first formally published
expositions [Bur 2004a; 2006], or the first article in the present series [*DJ 2012].

A unipotence parameter is a pair of the form (p, co) where p is a prime, or
(0, d) where d is a nonnegative integer. The case (0, 0) describes decent tori. We
shall denote unipotence parameters by p, o, t. For every parameter p, there is a
notion of a p-group, and of the p-generated subgroup U,(G) of a group G. Bear
in mind that by definition, a p-group is always definable, connected, and nilpotent;
the latter need not hold of the p-generated subgroup even if the ambient group is
soluble.

Notation. We order unipotence parameters as follows:
2,00) = 3,00) > -+ > (p,00) > --->(0,1k(G)) > --- > (0,0)

Notation. e For any group of finite Morley rank H, py will denote the greatest
unipotence parameter it admits, i.e., with U,,(H) # 1; we simply call it the
parameter of H. (Any infinite group of finite Morley rank admits a parameter,
possibly (0, 0); see [Bur 2004b, Theorem 2.19], [Bur 2004a, Theorem 2.15], or
[*DJ 2012, Lemma 2.6].)

Be careful to note that the parameter of a group equal to its p-generated subgroup
can be greater than p: take a decent torus which is not good and p = (0, 0). (More
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generally, a definable, connected, soluble group H has parameter (0, 0) if and only if
itis a good torus, but H = U g,0)(H) if and only if H is generated by its decent tori.)

e For ¢ a definable involutive automorphism of some group of finite Morley rank,
let p, = pce()-

With this notation at hand let us review a few classical properties. The reader
should be familiar with the following before venturing further.

Fact 7. (i) If N is a connected, nilpotent group of finite Morley rank, then N =
p Up(N) (central product) where p ranges over all unipotent parameters (Burdges’
decomposition of nilpotent groups [Bur 2004b, Theorem 2.31; 2006, Corollary 3.6;
*DJ 2012, Fact 2.3]).

(i1) If H is a connected, soluble group of finite Morley rank, one has U,, (H) <
F°(H) ([Bur 2004b, Theorem 2.21; 2004a, Theorem 2.16; *DJ 2012, Fact 2.8];
incidentally, the connected component of the Fitting subgroup F°(H) is defined
and studied in [BN 1994b, §7.2]; one has H' < F°(H) [BN 1994b, Corollary 9.9]).

(i) If H is as above then U, (Z(F°(H))) # 1 [Bur 2004b, Lemma 2.26; 2006,
Lemma 2.3].

(iv) A o-group Vs normalises a p-group V, with p < o then V,Vy is nilpotent [Bur
2004b, Lemma 4.10; 2006, Proposition 4.1; *DJ 2012, Fact 2.7].

(v) The image and preimage of a p-group under a definable homomorphism
are p-groups (push-forward and pull-back: [Bur 2004b, Lemma 2.12; 2004a,
Lemma 2.11]).

(vi) If G is a soluble group of finite Morley rank, S C G is any subset, and H < G is
a p-subgroup, then [H, S] is a p-group [Bur 2004b, Lemma 2.32; 2006, Corollary
3.7].

(vii) Generalising the latter, Frécon obtained a remarkable homogeneity result we
shall not use:

if G is a connected group of finite Morley rank acting definably on a
p-group, then |G, H] is a homogeneous p-group, i.e., all its definable,
connected subgroups are p-groups [Fré 2006, Theorem 4.11; *DJ 2012,
Fact 2.1].

(The last phenomenon was deemed essential in all earlier versions of the present
work, but to our great surprise one actually does not need it. Frécon has developed
in [Fré 2006] even subtler notions of unipotence with respect to isomorphism types
instead of unipotence parameters.)

By definition, a Sylow p-subgroup is a maximal p-subgroup. Recall from
Burdges’ decidedly inspiring thesis ([Bur 2004b, §4.3], oddly published only in
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[FJ 2008, §3.2]) that if 7 denotes a set of unipotence parameters, then a Carter -
subgroup of some ambient group G is a definable, connected, nilpotent subgroup L
which is Uy -self-normalising, i.e., with U (N (L)) = L (the -generated subgroup
is defined naturally and always definable and connected). Carter subgroups, i.e.,
definable, connected, nilpotent, almost-self-normalising subgroups are examples
of the latter where 7 is the set of all unipotence parameters. All this is very
well-understood in a soluble context [Wag 1994; Fré 2000a].

2.4. Borel subgroups and intersections.

Definition. A Borel subgroup of a group of finite Morley rank is a definable,
connected, soluble subgroup which is maximal as such.

We shall refer to the following as “uniqueness principles”.

Fact 8 [*DJ 2012, from Corollary 4.3]. Let G be an NZ-group of finite Morley
rank and B be a Borel subgroup of G. Let U < B be a pg-subgroup of B with
pcewy < pp. Then Uy, (B) is the only Sylow pp-subgroup of G containing U.
Furthermore, B is the only Borel subgroup of G with parameter pp containing U.

Remarks. e Because of our ordering on unipotence parameters and our definition
of pp, the result does hold when pp = (0, 0), i.e., for B a good torus (cf. [¥*DJ 2012,
Remark (3) after Theorem 4.1]). It would actually suffice to preorder parameters
by (0, k+1) > (0, k), and (p, o0) > (0, 0) for any prime number p.

e In particular, if G < G where G is another (not necessarily N2-) group of finite
Morley rank, then Ng(U) < Ng(B).

e If 1 < U < B is a nontrivial, normal pg-subgroup of B the result applies. We
shall often use this with U = U, ,(Z(F°(B))); see Fact 7(iii).

For reference we list below the facts from Burdges’ monumental rewriting [Bur
2004b, §9; 2007] of Bender’s method [Bender 1970] that we shall use. The method
was devised to study intersections of Borel subgroups; it is quite technical. It will
play an important role throughout the proof of our main maximality proposition
(Proposition 6). As a matter of fact it does not appear elsewhere in the present
article apart from Step 1 of Proposition 3.

It must be noted that the Bender method does nof finish any job; it merely helps
treat nonabelian cases on the same footing as the abelian case. This will be clear
during Step 4 of Proposition 6. So the reader who feels lost here must keep in mind
the following:

e nonabelian intersections of Borel subgroups complicate the details but do not
alter in the least the skeleton of the proof of Proposition 6;

e the utter technicality is, in Burdges’ own words [Bur 2004b], “motivated by
desperation”;
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e such nonabelian intersections are not supposed to exist in the first place.

Since Burdges’ original work was in the context of minimal connected simple
groups we need to quote [*DJ 2012], which merely reproduced Burdges’ work in
the N; case.

Fact 9 [*DJ 2012, 4.46(2)]. Let G be an NZ2-group of finite Morley rank. Then
any nilpotent, definable, connected subgroup of G contained in two distinct Borel
subgroups is abelian.

Yet past the nilpotent case it is not always possible to prove abelianity of inter-
sections of Borel subgroups. The purpose of the Bender method is then to extract
as much information as possible from nonabelian intersections. Unfortunately
“as much as possible” means much more than reasonable. This is the analysis of
so-called maximal pairs [*DJ 2012, Definition 4.12], a terminology we shall avoid.

Fact 10 (from [*DJ 2012, 4.50]). Let G be an NZ2-group of finite Morley rank.
Let B # C be two distinct Borel subgroups of G. Suppose that H = (BN C)° is
nonabelian. Then the following are equivalent:

[*DJ 2012, 4.50(1)]: B and C are the only Borel subgroups of G containing H.

[*DJ 2012, 4.50(2)]: H is maximal among connected components of intersections
of distinct Borel subgroups.

[*DJ 2012, 4.50(3)]: H is maximal among intersections of the form (B N D)°,
where D # B is another Borel subgroup.

[*DJ 2012, 4.50(6)]: pB # pc.
In the following, subscripts £ and 4 stand for light and heavy, respectively.

Fact 11 (from [*DJ 2012, 4.52]). Let G, By, By, H be as in the assumptions and
conclusions of Fact 10. For brevity let p' = pn', p¢ = PB,> Ph = PB,; SUppose
¢ < pn. Then the following hold:

[*DJ 2012, 4.52(2)]: Any Carter subgroup of H is a Carter subgroup of By,

[*DJ 2012, 4.38, 4.51(3) and 4.52(3)]: Uy (F(By)) = (F(By) N F(By))° is p'-
homogeneous; p' is the least unipotence parameter in F (By,).

[*DJ 2012, 4.52(6)]: Uy (H) < F°(By) and N, (Uy(H)) < By.
[*DJ 2012, 4.52(7)]: U, (F(By)) < Z(H) foro # p'.
[*DJ 2012, 4.52(8)]: Any Sylow p'-subgroup of G containing U, (H) is contained

in Bg.

We finish with an addendum.
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Lemma A. Let G be a connected group of finite Morley rank and G < G be a
definable, connected, nonsoluble, NJ-subgroup. Let B| # By be two distinct Borel
subgroups of G such that H = (B1 N By)° is maximal among connected components
of intersections of distinct Borel subgroups and nonabelian. Let Q < H be a Carter
subgroup of H. Then:

o Ng(H) = Ng(B1) NN (Br);
® Niz(Q) < Ng(B1)U Ng (Ba).

Proof. By [*DJ 2012, 4.50(1), (2) and (6)], B; and B, are the only Borel subgroups
of G containing H, and they have distinct unipotence parameters. This proves
the first item. Let p’ be the parameter of H' and Q, = U, (Q). Then Ng(Q) <
Ng(Qp) < Ni(Ng(Qp)) and three cases can occur, following [*DJ 2012, 4.51]:

e In case (4a), N3 (Q) < Ng(H) = Ng(B1) N Ng(Bz); we are done.

o In case (4b), B, is the only Borel subgroup of G containing N (Q,), so that
Ng(Q) < Ng(By).

e Case (4c) is similar to case (4b) and yields N;(Q) < N (B2). [l

3. Requisites (general lemmas)

Our theorem requires extending some well-known facts, so let us revisit a few
classics. All lemmas below go beyond the N7 setting.

3.1. Normalisation principles. The results in the present subsection are folklore;
it turns out that none was formally published. They originate either in [*Del 2007a,
Chapitre 2] or in [Bur 2009]. We shall use them with no reference, merely invoking
“normalisation principles”.

Lemma B (cf. [*Del 2007a, Lemmes 2.1.1 and 2.1.2; 2007b, §3.4]). Let G be a
group of finite Morley rank, G < G be a definable subgroup, P < G be a Sylow
p-subgroup ofG and § < Ng(G) be a soluble p- subgroup normalising G. If p # 2,
suppose that G is U, L Then some G-conjugate of S normalises P.

Proof Since G is definable, d(S) < Ng(G), so we may assume G=G- d(S) and
G<G. We may assume that Sisa Sylow p-subgroup of G. Recall that S =SNG
is then a Sylow p-subgroup of G (see for instance Section 2.2). Since G is definable
and U, Lif p#£2, it conjugates its Sylow p-subgroups; there is g € G with P = S8.
Hence S¢ normalises S$N G = S8 = P. (]

Remarks. The argument is slightly subtler than it looks.

e The original version [*Del 2007a, Lemmes 2.1.1 and 2.1.2] made the unnecessary
assumption that S, there denoted K, be definable. Its proof used only conjugacy
in G; but when K8 < Ng (P) for some g € G, why should K? be a G-conjugate
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of K? Then [*Del 2007a] used definability of K to continue: we may assume
G=G-K<G- Ng(K), so K38 is actually a G-conjugate of K. Alas it is false
in general that d (S) < Ng (S) (consider the Sylow 2-subgroup of PSL,(C)). So
without definability of S one is forced to use conjugacy inside G as we do here.

e In particular, if G is not supposed to be definable (and one then needs to assume
G <G to save the beginning of the proof), the statement is not clear at all since
an arbitrary subgroup of a U, L oroup of finite Morley rank need not conjugate
its Sylow p-subgroups; take PSLz(Z[\/_ 3]) < PSL,(C) for instance. But for a
normal subgroup, we do not know. This could even depend on the Cherlin—Zilber
conjecture.

Recall in the following that if 7 consists of a single parameter p, then a Carter
m-subgroup is exactly a Sylow p-subgroup.

Lemma C [*Del 2007a, Corollaires 2.1.5 and 2.1.6]. Let G be a group of finite
Morley rank, H < G be a soluble, definable subgroup, w be a set of unipotence
parameters, L < H be a Carter w-subgroup of H, and S < N¢ (H) be a soluble
p-subgroup normalising H. Suppose that H is U f; Then some H -conjugate of S
normalises L.

Proof. We first deal with the case where L = Q is a Carter subgroup of H; the last
paragraph will handle the general case. We may suppose that H is connected; we
may suppose that G = H-d(S) is soluble and that H < G; we may suppose that S
isa Sylow p-subgroup of G. Since H is soluble it conjugates its Carter subgroups,
s0G=H- Ng(Q).

First assume that H is p*. Let R< Ng(Q) be a Sylow p- subgroup of Nz (Q)
and R, <G a Sylow p-subgroup of G contalnlng R. Now RH / H and RzH /H
are both Sylow p- subgroups of Ne(Q)H/H = G/H therefore RH = R, H. But
H is p*, hence R=R;isa Sylow p- subgroup of G, and it normalises Q.

If we no longer assume that H is p=, then since H is U pl the structure of torsion
in definable, connected, soluble groups implies that Sylow p-subgroups of H are
tori. By Lemma B, S normalises a Sylow p-subgroup P of H, so it normalises
d(P) as well. Up to conjugacy in H, Q contains P and therefore centralises P and
d(P) as well. So we may work in Ng(d(P)) and factor out d(P), which reduces
to the first case. Then § normahses some Carter subgroup C of H/d(P), and
normalises its preimage ¢ —1(C) < H which is of the form C = Cd(P)/d(P) for
some Carter subgroup C of H [Fré 2000a, Corollaire 5.20]. Hence S normalises C
modulo d(P) < C, that is, S normalises C.

The reader has observed that for the moment, § normalises some Carter subgroup
of H. But by conjugacy of such groups in H, there is an H-conjugate of S
normalising Q.
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We now go back to the general case of a Carter w-subgroup L of H (see
Section 2.3 for the definition). By [FJ 2008, Corollary 5.9] there is a Carter
subgroup Q of H with U, (Q) < L <U,(Q)-U,(H’); by what we just proved and
up to conjugating over H we may suppose that Q is S-invariant. So we consider the
generalised centraliser £ = Ey (U, (Q)) [Fré 2000a, Définition 5.15], a definable,
connected, and S-invariant subgroup of H satisfying U, (Q) < F°(E) [Fré 2000a,
Corollaire 5.17]; by construction of E and nilpotence, (L, Q) < E. If E < H then
noting that L is a Carter -subgroup of E we apply induction. So we may suppose
E = H. Butin this case U, (Q) < F°(H), so actually L < U, (F°(H)) and equality
holds as the former is a Carter -subgroup of H. It is therefore S-invariant. O

The following lemma is entirely due to Burdges who cleverly adapted the Frécon—
Jaligot construction of Carter subgroups [FJ 2005]. We reproduce it here with
Burdges’ kind permission. The lemma is not used anywhere in the present article
but included for possible future reference.

Lemma D [Bur 2009]. Let G be a U2L group of finite Morley rank, G < G bea
definable subgroup, and S < N (G) be a 2-subgroup. Then G has an S-invariant
Carter subgroup.

Proof. We may assume that every definable, S-invariant subquotient of G of smaller
rank has an S-invariant Carter subgroup; we may assume that C3(G) = 1; we may
assume that G is connected.

We first find an infinite, definable, abelian, S-invariant subgroup. Lett € Z (3‘ )
be a central involution; then C/; (1) < G. If CZ (1) =1 then G is abelian and there is
nothing to prove. So we may suppose that C¢; (¢) is infinite and find some S-invariant
Carter subgroup of C¢ (1) by induction; it contains an infinite, definable, abelian,
S-invariant subgroup.

Let p be the minimal unipotence parameter such that there exists a nontrivial
S-invariant p-subgroup of G (possibly p = (0, 0)); this makes sense since there
exists an infinite, definable, abelian, S-invariant subgroup. Let P < G be a maximal
S-invariant p-subgroup; hence P # 1. Let N = N (P).

If N < G then induction applies: N has an S-invariant Carter subgroup Q. So far
PQ is soluble; moreover, for any parameter o, U, (Q) is S-invariant as well. So by
definition of p and [*DJ 2012, Fact 2.7], PQ is actually nilpotent; hence PQ = Q,
P < Qand P <U,(Q). By maximality of P, P = U,(Q) is characteristic in Q so
NG (Q) < Ny (Q) = Q and Q is a Carter subgroup of G.

Now _suppose that N = G, that is, P is normal in G. By induction, G = G/P
has an S-invariant Carter subgroup C. Let H be the preimage of C in G; note H
is soluble. By Lemma C, H has an S-invariant Carter subgroup Q. Here again
PQ is soluble and even nilpotent, so P < Q. Since H is soluble, Q/P = PQ/P
is a Carter subgroup of H/P = C [Fré 2000a, Corollaire 5.20], so Q/P = C and
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Q = H. Finally Ng(Q)/P < N(C) =C = Q/P,s0 N&(Q) = Q and Q is a
Carter subgroup of G. (I

Remarks. e Burdges left the highly necessary assumption that G be U2l implicit
from the title of his prepublication, and the original statement must therefore be
taken with care: the Sylow 2-subgroup of (FZ)Jr x (F)* certainly does not normalise
any Carter subgroup.

e The assumption that p = 2 is used only to find an infinite, definable, abelian
S-invariant subgroup. It is not known whether all connected groups of finite Morley
rank having a definable automorphism of order p # 2 with finitely may fixed points
are soluble, although this is a classical property of algebraic groups.

3.2. Involutive automorphisms. The need for the present subsection is the follow-
ing. In order to provide a decomposition for a connected, soluble group of odd type
under an inner involutive automorphism, [*DJ 2010, Section 5] collected various
well-known facts. But in the present article we shall consider the case of outer auto-
morphisms, more precisely the action of abstract 2-tori on our groups. So the basic
discussion of [*DJ 2010] must take place in a broader setting; this is what we do here.

Notation. If « is an involutive automorphism of some group G, we let
G'=Cgl@)={geG:g" =g},
G ={geG:g"=g""}.

We also let {G, o} = {[g, @] : g € G} (in context there is no risk of confusion with
the usual notation for unordered pairs).

If G and « are definable, so are G*, G, and {G, a}; in general only the first
need be a group. However, {G, «} is stable under inversion, since [g%, o] =g, al L.
Observe that {G, o} € G~ but equality may fail to hold: for instance if o centralises
G and G contains an involution i, theni € Gt NG~ buti ¢ {G, a} = {1}. Notice
further that G = G*- G~ if and only if {G, @} € (G)"?,and G = G- (G, a} if
and only if {G, a} C {G, «}?, where X"? denotes the set of squares of X. Finally,
we remark that deg{G, a} = dega®a = dega® < degG.

Lemma E (cf. [*DJ 2010, Theorem 19]). Let G be a group of finite Morley
rank with Sylow 2-subgroup a (possibly trivial) central 2-torus S, and o be a
definable involutive automorphism of G. Then G = G- {G, a} where the fibres
of the associated product map are in bijection with I {G, a}) U {1} = Q([S, «]).
Furthermore one has G = (G1)° - {G, o} whenever G is connected.

Proof. The proof follows that of [*DJ 2010, Theorem 19] closely and for some
parts a minor adjustment would suffice, but we prefer to give a complete proof
instead. Bear in mind that if ¢’ = a~! for two elements of our present group G,
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then a has order at most 2 (this is [¥*DJ 2010, Lemma 20], an easy consequence of
torsion lifting). Also remember from [*DJ 2010, Lemma 18] that G is 2-divisible,
essentially because 2-torsion is divisible and central.

Step 1. SN{G, o} =[S, a].

Proof of Step 1. This is the argument from [*DJ 2010, Theorem 19, Step 1] with
one more remark. One inclusion is trivial. Now let { € S N {G, «}, and write
¢ =[g, a]. Since G is 2-divisible we let i € H satisfy h?> = g. Let n = 2* be the
order of ¢. Then [h2, &) =[h, «)"[h, a]=¢ € Z(G) so [h, ] and [k, «]" commute.
Hence 1 = ¢" = [h, a]"[h, «]™. It follows that & inverts [A, «]"* which must have
order at most 2; so & = [h, a]~ ! is a 2-element inverted by «, and since it is central
it commutes with 4. Finally [£, o] = E2=[h,a)?=[h* al=¢. O

It follows that 1 ({G, o}) U {1} = Q,([S, «]), the group generated by involutions
of [S, a].

Step 2. {G, a} is 2-divisible and G = G* - {G, a}.

Proof of Step 2. Here again this is the argument from [*DJ 2010, Theorem 19,
Step 2]; 2-divisibility of {G, o} was announced but not explicitly proved.

Let x = [g, o] € {G, «}. Like in [*DJ 2010, Theorem 19, Step 2], write the
definable hull of x as d(x) =& @ (y), where § is connected and y has finite order;
rewrite ¥ = €, where ¢ has odd order and ¢ is a 2-element; let A =& @ (¢), so that
d(x) = A& (), where A is 2-divisible and inverted by «. Now let y € A satisfy
y*=x¢7. Then [gy? o] = [g, @l Y% al =xy™* = ¢ € SN{G,a} =[S, a]
by Step 1, so there is £ € S with [E2, o] = ¢. Now [y_lg, o] = [y_l, af[E, o] =
yz[é, o] squares to y4[$, o] = x;‘l[éz, o] = x. The set {G, a} is therefore 2-
divisible; as observed this implies G = G*- {G, a}. U

Step 3. Fibres in Step 2 are in bijection with Q,([S, «]).

Proof of Step 3. Let k = [s, o] have order at most 2, where s € S. Fix any
decomposition ¥ = a - [g, a] with a € GT and g € G. Since « inverts (hence
centralises) k, one has ka € G. Moreover,

[sg,al =[s, a)®[g, a]l =k®[g, ]l = k[g, @] € {G, a}.

So alg, o] = (ka) - (k[g, «]) is yet another decomposition for y.

Conversely, work as in [*DJ 2010, Theorem 19, Step 3]: suppose that ax = by
are two decompositions, with a, b € G and x = [g, a], y = [h, «] € {G, a}. Then
@by =(xy YW=y Ix=(x Y =0"la)=b"la= (@ '), soa" b
has order at most 2, say k = a~'b. More precisely, k = xy_1 =g, a]lh, o]t =
[g,x]h™%h is central, so k = h[g,a]h™® = [gh_l, o] € {G, a}; it follows from
Step 1 that k € Q,([S, «]). U
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Step 4. Left G -translates of the set (GT)° - {G, a} are disjoint or equal.

Proof of Step 4. As in [*DJ 2010, Theorem 19, Step 4], suppose that for a, b € G,
the sets a(G)° - {G, a} and b(G1)° - {G, a} meet, in say ag[g, ] = bh[h, «]
with natural notations. By the proof of Step 3, k = (ag+)_1(bh+) is in 2,([S, o)),
therefore central in G and inverted (hence centralised) by «. So k= (bh)(a g =
(ag+)(bhy)~'. Hence for any by, [y, al € b(G1)°-{G, a}, one finds

byily, al = KPbyly, al = a(grh v [y, alk).

Since k € Q,([S, «]), there is s € § with k = [s, «]. So [ys, a] = [y, «]’[s,a] =
[y, alk € {G, a}; hence by [y, a] € a(GT)°-{G, a}. This shows b(GT)°{G, o} C
a(G™)°{G, a} and the converse inclusion holds too. U

Step 5. At most deg G left G™-translates of (G)° - {G, a} cover G. In particular,
if G is connected, then G = (G1)° - {G, a}.

Proof of Step 5. Consider such left translates. They all have rank rk G by Step 3.
As they are disjoint or equal by Step 4, at most deg G of them suffice to cover G. [

This completes the proof of Lemma E. U

Remarks. e Notice the flaw in [*DJ 2010, Theorem 19, Step 5], where “at most”
is erroneously replaced by “exactly”. The reason is that the degree of «® need not
be 1 in general; all one knows is dega® < deg G. For instance, let « invert Z/3Z.
Then deg G =3 but (G1)°- G~ =G.

e If G is a connected group of finite Morley rank of odd type whose Sylow 2-
subgroup S is central, then § is a 2-torus as S = Cs(S5°) = S° by torality principles.

e The lemma fails if S is not 2-divisible, even at the abelian level: let « invert
7/47.

As a consequence we deduce another useful decomposition which will be used
repeatedly.

Lemma F (cf. [*DJ 2010, Lemma 24]). Let H be a U L connected, soluble group
of finite Morley rank, and o be a definable involutive automorphism of H. Suppose
that {H,a} C F°(H). Then H = (H")° - {H, o} with finite fibres.

Proof. By normalisation principles, H admits an «-invariant Carter subgroup Q;
by the theory of Carter subgroups of soluble groups, H = Q - F°(H) [Fré 2000a,
Corollaire 5.20]. Now both Q and F°(H) are definable, connected, nilpotent, and
Us-, so Lemma E applies to them. Hence Q = (Q7)°-{Q, a} C (H")°- F°(H),
and

H=Q- -F°(H)C (H")° F°(H)

C(H) - (FC(H))*-{F°(H),a} S (H")°-{H, a}.
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The fibres are finite: this works as in [*DJ 2010, Lemma 24] since if ¢1b1 = c2b>
with ¢; € H*, b; € {H,a}, then ¢, 'c; = byb;' € H* so byb;' = b, 'by and
b% = b%, but by assumption b; € {H, a} C F°(H) so b; and b; differ by an element
of Q2,(F°(H)) (in case of hyperbolic doubt read the next remark). Unlike in
Lemma E we cannot be too precise about the cardinality of the fibre. ([

Remarks. ¢ We can show {H, o} C Q,(F°(H)) - {F°(H), «}. Indeed, letting
h € H, we then have [h, o] € {H, o} C F°(H). Applying Lemma E in F°(H), we
write [h, o] = fi[f, ] with f, € F°(H)" and f € F°(H). Taking the commutator
with « we find [, «]* = Lf, «]?. Butin F°(H), the equation x2= y2 results in

-1

X -x—ly-xzy_1

x=0""y™!
and by the first observation in the proof of Lemma E, x 'y has order at most 2.
Hence, [h, o] = k[ f, «] for some k € Q0 (F°(H)).

e Without the crucial assumption that {H, «} C F°(H), one still has
H={H,a}-(H")"-{H, a},

and therefore H = H~ - H" - H™, but one can hardly say more.

Consider two copies A; = {a; : a € C}, Ay = {ap : a € C} of Cy and let
Q={r:1eC*}~C*acton A by a] = (t?a); and on A, by ah = (t2a),. Form
the group H = (A @ As) x Q. Let o be the definable, involutive automorphism of
H given by

(a1bat)® = brast ™,

that is, “a swaps the £2 weight spaces while inverting the torus”. The reader may
check that « is an automorphism of H, and perform the following computations:

o [aibat, a] = (1?b —t?a)1(t2a — t72b)2t ™% (so {H, o} € F°(H));

e H" ={aja; -+1:a € Cy} (incidentally (H")° < F°(H));

e H ={a;(—t%a)st :a € Cy,t € C*} (incidentally H~ = {H, a});

e HtH™ ={(a +b)((a —t?b), -+t :a,b € C,,t € C*} does not contain

O1ay -i for a # 0 (here i is a complex root of —1).
e Rewriting [*DJ 2010, Theorem 19] is necessary for the argument; one cannot
simply use the idea of Lemma F together with the original decomposition.

Let Q =C* acton A=C, by a’ = (t>-a) and form H = A x Q. Consider « the
involutive automorphism doing (at)* = (—a)t (o inverts the Fitting subgroup while
centralising the Carter subgroup). The reader will check that H™ = Q, H™ = A- =1,
{H,a}=A,and of course H=H"-H™.

Running the argument in Lemma F using the (naive) G = G*- G~ decomposition
of [*DJ 2010, Theorem 19], one finds Q = (Q1)°- Q~, but Q~ ~ Z/27 is not in
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F°(H). One could then wish to apply the decomposition to F(H) instead, but the
Sylow 2-subgroup of the latter is not a 2-torus.

Extending [*DJ 2010, Theorem 19] into Lemma E was therefore needed for
Lemma F.

33. U ;' actions and centralisers. The need for the present subsection is Lemma J
below but we shall digress a bit for completeness and future reference. Let p denote
a set of prime numbers. The class of U EL groups is defined naturally. We slightly
refine the analysis of [ABC 2008, §1.9.5], which deals with two dual settings:

« soluble, p* groups acting on definable, connected, soluble, U p groups;

o p-groups acting on definable, connected, soluble, p* groups.

Notation. If A and B are two subgroups of some ambient abelian group, we write
A ) B to denote the quasidirect sum, i.e., in order to mean that A N B is finite.

Lemma G. In a universe of finite Morley rank, let A be a definable, abelian group
and R be a group acting on A by definable automorphisms. Let Ay < A be a
definable, R-invariant subgroup. Suppose one of the following:

(i) Aisa p* group and R is a finite, soluble p-group;

(i) A is a connected, p* group, Ag is connected, and R is a soluble p-group:;
(iii) A is a connected, U EL group, Ag is connected, and R is a soluble p-group;
(iv) Ais a U,-group and R is a definable, soluble, pt group;

(v) A is a connected U,-group and R < S where § is a definable, soluble, pt
group acting on A.

Then Cr(A) = Cr(Aog, A/Ap). In cases (i), (ii), (iv), and (v): A=[A, R]® Ca(R),
[A, RN Ag =[Ao, R], and C4(R) covers Cy;a,(R). In case (iii), the properties
hold provided that connected components are added (where not redundant), and &
is replaced by (. In case (ii), Co(R) and C44,(R) are connected.

Proof. (i) This is an extension of [ABC 2008, Corollary 1.9.14] taking Ay into
account.

We prove that A =[A, R]+ C4(R) by induction on the order of R. By solubility,
there exist a proper subgroup S < R and an element r € R with R = (S, r). By
induction, A = [A, S]+ CA(S). But r normalises C = C4(S) which is a definable
p*-group. Consider the definable homomorphisms ad, : C — C and Tr, : C — C,
respectively given by

ad, (@) =[a,r] and Tt (a)= Za”[

rie(r)
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Since ad, o Tr, = Tr, o ad, =0, one has im ad, < ker Tr, and im Tr, < kerad,. But
since ker Tr, Nkerad, consists of elements of order dividing |r|, it is trivial by
assumption. In particular, im ad, Nkerad, = 0 so

C =imad, +kerad, =[C,r]+ Cc(r) <[A, R]4+ Ca(R).

Let us show that [A, R]NC 4 (R) is trivial. Consider the definable homomorphism
Trg : A — A given by
Trg(a) = Z a'.

reR

Since Trg vanishes on any subgroup of the form [A, r], it vanishes on [A, R]; notice
that it coincides with multiplication by |R| on C 4 (R). It follows that [A, R]NC4(R)
consists of elements of order dividing |R|, so by assumption it is trivial.

We can say a bit more: ker Trg = [A, R] and imTrg = C4(R). Indeed, A =
[A, R]+ C4(R) and [A, R] < kerTrg, so kerTrg < [A, R] 4 Ciertrx (R). But
CxerTrg (R) consists of elements of order dividing |R]|, therefore it is trivial. It
follows that ker Trg = [A, R]. Again im Trg Nker Trg < Ciertrr (R) = 0, so as
above A =im Trg + ker Trg, proving C4(R) <imTrg +Cyer1rp (R) = im Trg.

We turn our attention to the definable, R-invariant subgroup Ag < A. One sees
that

[A, RIN Ap =kerTrr NAg = ker(Trg) 4, = [Ao, R]
and, letting ¢ stand for projection modulo Ay,
@(Ca(R)) =@ oTrr(A) =Trgop(A) =Trg(A/Ag) = Caya,(R).

Finally, let S = Cr(Ag, A/Ap). We apply our results to the action of S on A and
find A <[A, ST+ C4(S) = C4(S), 50 § = Cr(A).

(i) We reduce to case (i) with the following claim.

In a universe of finite Morley rank, if G is a definable, connected group and R
is a locally finite group acting on G, then there is a finite subgroup Ry < R with
Cs(Ro) = Cg(R) and [G, Ro] =[G, R].

The first equality is by the descending chain condition on centralisers: there is
a finite subset X € R with Cz(X) = Cg(R). Now by connectedness of G and
Zilber’s indecomposability theorem, [G, r] is definable and connected for any » € R.
By the ascending chain condition on definable, connected subgroups, there is a
finite subset ¥ € R such that [G, Y] =[G, R]. Take Ry = (X UY), a finite subgroup
of R.

So taking both actions on A and on Ay into account we may suppose R to be
finite; apply case (i) and see that A = [A, R] @ C4(R) implies connectedness of
the latter.
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(iii) Here again we may suppose R to be finite. Now read the proof of case (i) again,
replacing “trivial” by “finite” and adding connected components where necessary.

(iv) This is essentially [CD 2012, Facts 1.15 and 1.16]; also see [ABC 2008,
Corollary 1.9.11].

Let H = A x R, a definable, soluble group with A < F(H). Then for q ¢ p,
Uy(R) < F(H) < Cp(A), and likewise, U x)(R) < Cy(A) for k > 0. So R° acts
as a good torus which we may replace with a finite, normal subgroup of R; then
we may suppose that R itself is finite.

Considering the complement of p in the set of primes, we may apply case (i).

(v) We reduce to case (iv) with the following claim.

In a universe of finite Morley rank, if G is a definable, connected group and S is a
definable group acting on G, then any subgroup R < § satisfies Cg(R) = Cg(d(R))
and [G, R] =[G, d(R)].

The first equality is by definability of centralisers. The second is as in [CD 2012,
Lemma 1.14]: let X = {s € d(R) : [G, 5] < [G, R]}. Since [G, R] is definable by
connectedness of G and Zilber’s indecomposability theorem, so is its normaliser
in d(R). Hence d(R) normalises [G, R]; the definable set X is actually a subgroup
of d(R). So d(R) <d(X) and [G,d(R)] =[G, R]. U

Remark. The lemma fails for U pf, nonconnected A since it fails at the finite level:
let R =7Z/27Z act by inversion on A = Z/4Z; one has C4(R) =2A =[A, R].

After obtaining the following lemma the author realised it was already proved
by Burdges and Cherlin using a different argument.

Lemma H (cf. [ABC 2008, Proposition 1.9.12]; also [BC 2008, Lemma 2.5]). In a
universe of finite Morley rank, let G be a definable group, R be a soluble p-group
acting on G by definable automorphisms, and H < G be a definable, connected,
soluble, UBL, R-invariant subgroup. Then Cg/H(R) =Cg(R)H/H.

Proof. As in Lemma G, using chain conditions and local finiteness, we may assume
that R is finite. Let L = (p_l(Cg / 1y (R)), where ¢ denotes projection modulo H.
Since ¢ is surjective, ¢(L) = Cg / z (R), which is connected and a finite extension
of (L°); so ¢(L) =¢(L°) and L = L°H = L° by connectedness of H. Hence L
itself is connected. We now proceed by induction on the solubility class of H.

First suppose that H is abelian; we proceed by induction on the solubility class
of R.

e First suppose that R = (r). Be careful to note that the definable map Tr, : G — G

given by -1

Tr(e)=]] ¢"
i=0

is not a group homomorphism, but (Tr, )y is one.
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Since [L,r]<H ﬂTrr_1 (0) =ker(Tr,)|z, one has by connectedness and Zilber’s
indecomposability theorem [L, r] <ker®(Tr, )|z =[H, r] by the proof of Lemma G.
Bear in mind that H is abelian; it follows that L < HCg(r), so by connectedness
L < HC(r), as desired.

e Now suppose R = (S, r) with § < R. By induction, L < HCg(S) and since
H < L,onehas L < HC;(S). Let Gg = C(S) and Hg = C,(S); also let g be
the projection Gy — Ggs/Hg, and Lg = goS_l(CgS/Hs(r)).

By the cyclic case, Lg < HSC(°;S (r) <HCZ(R). But[C}(S), r] < HNC;(S) so
by connectedness [C (S), r] < Cy,(S) = Hs. Itfollows that C; (S) <Ls < HC(R)
and L < HC;(S) < HC;(R).

We now let K = H', which is a definable, connected, R-invariant subgroup normal
inG. Letgpg : G — G/K and ¢ : G/K — G/H be the standard projections, so
that ¢ = Y¢g. By induction, ¢ (CZ(R)) = C;K(G)(R). But px (H) < o (G)
and ¢g (H) is abelian, so by the abelian case we just covered, W(C;K(G)(R)) =

Cxoﬂw G) (R). Therefore,

9(CE(R)) = Y (pk (CEL(R))) = ¥(CS, (6)(R) = 5y () (R) = €2y (R). T
The following inductive consequence will not be used in the present work.

Lemma I (cf. [ABC 2008, Proposition 1.9.13]). In a universe of finite Morley rank,
let H be a definable, connected, soluble, U é‘ group and R be a soluble p-group
acting on H by definable automorphisms. Then H = [H, R]C; (R).

Now let p denote a unipotence parameter. We wish to generalise [Bur 2004a,
Lemma 3.6], relaxing the p* assumption to U 111_ This will considerably simplify
some arguments; in particular we shall no longer care whether Burdges’ unipotent
radicals of Borel subgroups contain involutions or not when taking centralisers. This
will spare us the contortions of [¥*Del 2007a, Lemmes 5.2.33, 5.2.39, 5.3.20, 5.3.23].

Lemma J (cf. [Bur 2004a, Lemma 3.6]). In a universe of finite Morley rank, let U
be a definable, U, p-group and R be a soluble p-group acting on U by definable
automorphisms. Then Cp,(R) is a p-group.

Proof. The proof is by induction on the nilpotence class of U. First suppose that
U is abelian. Then by Lemma G one has U = [U, R] ) C},(R). Let K stand for
the finite intersection. Then C;,(R)/K ~ U/[U, R], which by push-forward [Bur
2004a, Lemma 2.11] is a p-group. It follows that Cp, (R) itself is a p-group. (Since
we could not locate a proof of this trivial fact in the literature, here it goes: Let
V =Cp(R)and ¢ : V — V/K be the standard projection. By pull-back [Bur 2004a,
Lemma 2.11], ¢(U,(V)) =V /K =¢(V), and since ker ¢ is finite, Tk U, (V) =1k V.
By connectedness, V = U,(V).)
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Now let 1 < A < U be an abelian, definable, connected, characteristic subgroup.
By induction, C§ (R) and C/a(R) are p-groups. Now by Lemma H,

C/a(R) = C5(R)A/A

>~ C(R)/(ANC(R))

~ (CH(R)/C(R)/((ANCH(R)/C(R))

= (CH(R)/CL(R)/L,
where L = (AN C(R))/C3(R) is finite. Since C,"J/A(R) is a p-group, So is
Cy(R)/C5(R). But C3(R) is a p-group, so by pull-back, so is Cj,(R). O

One could of course do the same with a set of unipotence parameters instead of
a single parameter p.

Remark. As opposed to the usual setting of p groups [Bur 2004a, Lemma 3.6,
connectedness of Cy(R) is not granted in the U EL case: think of an involutive
automorphism inverting a p-group which contains a nontrivial 2-torus.

As a consequence, if inside a group of odd type some involution i acts on a
o-group H with pcy < o, then i inverts H. We shall use this fact with no reference.

3.4. Carter r-subgroups. Section 2.3 recalled the maybe not-so-familiar notion
of a Carter mr-subgroup. Bear in mind that by definition, 7 -groups are nilpotent.

Lemma K. Let H be a connected, soluble group of finite Morley rank, t be a set
of parameters such that U, (H') = 1, and L < H be a maximal 7 -subgroup. Then
there is a Carter subgroup Q < H of H with L = U, (Q).

Proof. 1t suffices to show that for any 7 -subgroup L < H there is a Carter subgroup
Q of Hwith L < Q.

If || = 1 then we are actually dealing with a single unipotence parameter p, and
the result follows from the theory of Sylow p-subgroups [Bur 2004b, Lemma 4.19;
2006, Theorem 5.7]. If || > 1, write Burdges’ decomposition of L = L, x M,
where p is any unipotence parameter occurring in L, L, = U,(L), and M is a
(7w \ {p})-group. By induction there is a Carter subgroup Q of H with L, < Q.

Now consider the generalised centraliser (a tool we already used in the proof of
Lemma C) E = Ey(L,) > (Q, M). If E < H, then by induction on the Morley
rank, L is contained in some Carter subgroup of E. Since Q < E, the former also
is a Carter subgroup of H.

So we may assume E = H, and therefore L, < F°(H) [Fré 2000a, Corol-
laire 5.17]. Actually we may assume this for any parameter p, meaning L < F°(H).
Now Q acts on U, (F°(H)) so

[Q, Ux(F(H)] < Uz (H)=1 and L <U;(F°(H))<Npy(Q)=0Q. O
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3.5. Wlf' groups. Weyl groups of minimal connected simple groups have been
abundantly discussed [AB 2008; BC 2009; BD 2010; Fré 2010]. We do not feel
utterly interested now; as a consequence we shall not even define Weyl groups.
Instead we shall develop a more limited view which will suffice for our purposes.
This line is very much in the spirit of [BP 1990], the influence of which on later
work should not be concealed.

Notation. Let G be a U pL group of finite Morley rank. Let W,(G) = §/§° for
any Sylow p-subgroup S of G (these are conjugate by [BC 2009, Theorem 4], our
Fact 5, so this is well-defined).

Lemma L. Let G be a U pL group of finite Morley rank.

(1) If H < G is a definable, connected subgroup, then W,(H) — W,(G).
(i1) If H 4 G is a definable, normal subgroup, then W,(G) — W,(G/H).
(i) If H 4 G is a definable, connected, normal subgroup, then

Wy(G/H) =~ W,(G)/W,(H).
(iv) If G is connected and H < Z(G) is a central subgroup, then
W,(G/H) = W,(G).

Proof. (i) Let Sy be a Sylow p-subgroup of H and extend it to a Sylow p-subgroup
Sg of G. To w € W,(H) associate hS;, € W,(G), where h € Sy is such that
hSy, = w. This is a well-defined group homomorphism as Sy, < S¢,. It is injective
since if h € SyNSg;, then h € Cy,, (S3,) = S}, by torality principles and connectedness
of H.

(ii) Let Sy < Sg be as above and denote projection modulo H by ; we know
that ¥ = S ~ S /Sy is a Sylow p-subgroup of G/H. To w € W,(G) associate
gx° e W,(G/H), where g € Sg is such that g S¢; = w. This is a well-defined group
homomorphism as S_g = X°. It is clearly surjective.

(ii1)) Suppose in addition that H is connected. With notation as in the argument
for claim (ii), if w is in the kernel then g € S H, and we may suppose g € H
(the converse is obvious). Hence the kernel coincides with the image of W), (H) in
W, (G) given by claim (i).

(iv) By claim (ii) the map W,(G) — W,(G/H) is a surjective group homomor-
phism; now if gS¢, € W,(G) lies in the kernel, since H is central in G one finds
g € S N(HSE) < Cs;(Sg) =S¢ by torality principles and connectedness of G.
So the map is injective and W,(G) ~ W,(G/H). [l

Remarks. e In claims (i) and (iii), connectedness of H is necessary: consider
Z/27 inside Z»~, then inside SL;(C).
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e As a consequence, if G is connected and H < G is a definable, normal subgroup,
then W,(G/H) =~ W,((G/H®)/(H/H®)) 2 W,(G/H®) =~ W,(G)/W,(H°).
e Lemma L could be used as a qualifying test for tentative notions of the Weyl
group.

We wish to suggest a bit of terminology.

Definition. A U pi group of finite Morley rank is WpL if its Sylow p-subgroups are
connected.

As a consequence of Lemma L, when H < G, where both are definable and
connected, if H and G/H are WpL then so is G. We aim at saying a bit more about
extending tori. The following result is not used anywhere in the present article.

Lemma M. Let G be a connected, U, L eroup of finite Morley rank and G < G be
a definable, connected subgroup Suppose that G /G is Wl Let S<G bea Sylow
p-subgroup and S = SN G. Then there exist

e a p-torus T < GwithS=8SxT (semidirect product);
e a p-torus O < GwithS=S x) 6} (central product over a finite intersection).

Proof. We know that S is a Sylow p-subgroup of G and that S /S =~ S G/G is
a Sylow p-subgroup of G /G as the latter is WL it is a p-torus. In particular,
S = §°S. Note that SN 8° < Cg(8°) = §° by torahty principles and connectedness
of G.

Bear in mind that p-tori are injective as Z-modules. Inside S°, take a direct
complement T of S° sothat $° = S°@®T. Then S = §§° = ST, but SNT <
SﬂS"ﬂffS"ﬁf:l. Hence S= S x T.

We now consider the action of $ on 8°; observe that S as a pure group has finite
Morley rank, so Lemma G applies and yields S° = [S° S] ) C 2 (S) Since § /S
is a p-torus, it is abelian, so [S° S < s < S, and by Zilber’s 1ndecomposab1hty
theorem [S° S] < §°. Inside C° (S) take a direct complement ®of C OO(S) so that
C° (S) Cgo(S)Ga@ Then § = §8° = SC° (S) =50,and © < C° (S) commutes
w1th S. Moreover (SN @)O < (CS(S) N ®)° < Cgo(S) NG =1 by constructlon SO
S=5x6. O

Remark. One may not demand that S=SxT (direct product). Indeed, consider
the two groups SL,(C) with involution i and C* with involution j. Let G =
(SLo(C) x C*)/(ij) and let ¢ : SL(C) x C* — G be the standard projection. Let
G = ¢(SL,(C)) ~ SL,(C) and 0= @(C*) =~ C*. Fix any Sylow 2-subgroup S
of G. Then with S =SNG one has SO =S O =S, and SN O = (p(i)).

If one asks for a semidirect complement T, the latter must contain its own involu-
tion, which will be ¢(ab) (or possibly p(iab), a similar case), where a € p~1(S) <
SL,(C) satisfies > =i and b*> = j in C*. Remember that inside a fixed Sylow
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2-subgroup of SL,(C), every element of order four (be it toral inside the fixed Sylow
2-subgroup or not) is inverted by another element of order four. So let ¢ € ¢~ 1(S)
invert a. Then

PPy =t = p(i0) # 9(0),

so the action of T on S is always nontrivial.
One may not demand S = § x 7', and in any case nothing can apparently prevent
d(T) from intersecting G nontrivially, so the question is rather pointless.

3.6. A counting lemma. The following quite elementary lemma was devised in
Cappadocia in 2007 as an explanation of [*Del 2007a, Corollaire 5.1.7] (or [*Del
2008, Corollaire 4.7]). It will be used only once.

Lemma N (Goreme). Let G be a connected, Us-, W2L group of finite Morley rank.
Then the number of conjugacy classes of involutions is odd (or zero).

Proof. By torality principles, every class is represented in a fixed Sylow 2-subgroup
S = S°. We group involutions of S° by classes y;, and assume we find an even
number of these: [ (S°) = |_|,%Z | Yk- Since the number of involutions in $° is however
odd, some class, say y, has an even number of involutions. Now N = Ng(S) acts
on y; by definition of a conjugacy class and by a classical fusion control argument
[BN 1994b, Lemma 10.22], N acts transitively on y. Hence [N : Cy(y)] = |y] is
even. Lifting torsion, there is a nontrivial 2-element ¢ in N \ Cn(y). Since S < N,
one has ¢ € S = S° < Cy(y), a contradiction. O

The author hoped to be able to use this lemma without any form of bound on
the Priifer 2-rank. He failed as one shall see in Step 6 of the theorem. The general
statement remains as a relic of happier times past.

4. The proof — before the maximality proposition

Theorem. Let G be a connected, UZJ‘ group of finite Morley rank and G < G bea
definable, connected, nonsoluble N3 -subgroup. Then the Sylow 2-subgroup of G
has one of the following structures: isomorphic to that of PSL,(C), isomorphic to
that of SL,(C), or a 2-torus of Priifer 2-rank at most 2.

Suppose in addition that for all involutions 1 € 1 (G), the group C (1) is soluble.
Then m»(G) < 2, one of G or G/G is 2+, and involutions are conjugate in G.
Moreover, one of the following cases occurs:

e PSL,: G >~ PSL,(K) in characteristic not 2; G /G is 2+

e CiBoy: G is2+; mz(é) <l1;forite I(é), Cc (1) =Cg () is a self-normalising
Borel subgroup of G.

e CiBo;: my(G)=my(G)=1;G/G is 2 ; fori e 1(G)=1(G), C(i) = C& (i)
is a self-normalising Borel subgroup of G.
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e CiBoy: Pry(G) = 1 and m»(G) = ma(G) =2; G/G is 2+; fori € 1(G) =
1(G), C; (i) is an abelian Borel subgroup of G inverted by any involution in
Cg (i) \ {i} and satisfies Tk G = 31k C{, (i).

e CiBos: Pry(G) = m2(G) = my(G) = 2; G/G is 2+; for i € 1(G) = I1(G),
Cg (i) = C; (i) is a self-normalising Borel subgroup of G; if i # j are two
involutions of G then Cg (i) # Cg(Jj).

The proof requires eight propositions all strongly relying on the N7 assumption,
the deepest of which will be Proposition 6. Let us briefly describe the global outline.
More detailed information will be found before each proposition.

In Proposition 1 (Section 4.1) we determine the 2-structure of NZ-groups by
elementary methods. Proposition 2 (Section 4.2) is a classical rank computation
required both by Proposition 3 (Section 4.3) which identifies PSL;(IK) through
reconstruction of its BN-pair, and by Proposition 6 which shows that in nonalgebraic
configurations centralisers® of involutions are Borel subgroups. The proof may
be of interest to experts in finite group theory; perhaps they will find something
unexpected there. Proposition 6 will take all of Section 5 but actually requires
two more technical preliminaries: Propositions 4 (Section 4.4) and 5 (Section 4.5),
which deal with actions of involutions and torsion, respectively. After Proposition 6
things go faster. We study the action of an infinite dihedral group in Proposition 7
(Section 6.1) and a strong embedding configuration in Proposition 8 (Section 6.2).
Both are rather classical, methodologically speaking; Proposition 7 is more involved
than Proposition 8; they can be read in any order but both rely on maximality. The
final assembling takes place in Section 6.3 where all preliminary Propositions 1, 2,
4 and 5 reappear as independent themes.

The resulting architecture surprised the author. In the original minimal connected
simple setting one proceeded by first bounding the Priifer 2-rank [*BCJ 2007]
and then studying the remaining cases [*Del 2007b; 2008]. There maximality
propositions had to be proved three times in order to complete the analysis. The
reason for such a clumsy treatment, with one part of the proof being repeated over
and over again, was that torsion arguments were systematically based on some
control on involutions.

Here we do the opposite. By providing careful torsion control in Proposition 5
and relaxing our expectations on conjugacy classes of involutions we shall be able
to run maximality without prior knowledge of the Priifer 2-rank. This seems to be
the right level both of elegance and generality. Bounding the Priifer 2-rank then
follows by adapting a small part of [*BCJ 2007].

Before the curtain opens one should note that bounding the Priifer 2-rank of G
a priori is possible if one assumes G to be 2+, as Burdges noted for [*BCD 2009].
We do not follow this line.
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4.1. The 2-structure proposition. Proposition 1 hereafter comes directly from
[*Del 2007a, Chapitre 4 and Addendum], published as [*Del 2008, §2]. It is
the most elementary of our propositions, and, together with Proposition 8, one of
the two not requiring almost-solubility of centralisers of involutions.

Proposition 1 (2-Structure). Let G be a connected, Us;-, N2-group of finite Morley
rank. Then the Sylow 2-subgroup of G has the following form:

e connected, i.e., a possibly trivial 2-torus;
e isomorphic to that of PSL;(C);

e isomorphic to that of SL,(C), in which case C{ (i) is nonsoluble for any
involution i of G.

Proof. If the Priifer rank is O this is a consequence of the analysis of degenerate
type groups [BBC 2007]. If it is 1, this is well-known; see for reference [*DJ 2010,
Proposition 27]. Notice that if the Sylow 2-subgroup is as in SL,(C) and i is any
involution, then by torality principles (our Fact 6) all Sylow 2-subgroups of Cg (i)
are in Cg (i), but none is connected: this, and the structure of torsion in connected,
soluble groups of finite Morley rank, prevents C¢; (i) from being soluble.

So we suppose that the Priifer 2-rank is at least 2 and show that a Sylow
2-subgroup § of G is connected. Let G be a minimal counterexample to this
statement. Then G is nonsoluble. Since G is an N?-group, Z(G) is finite, but we
actually may suppose that G is centreless. For if the result holds of G/Z(G), then
SZ(G)/Z(G) is a Sylow 2-subgroup of G/Z(G), and therefore connected, so that
S <S8°Z(G)NS < Cs(S5°) = S° by torality principles. Since G/Z(G) is centreless
we may therefore assume Z(G) = 1.

Still assuming that the Priifer 2-rank is at least 2 we let £ € S\ S° have minimal
order, so that ¢ € §°. Let ®; = C2,(¢). If ® # 1 then (5°,¢) < Cg(®)),
which is connected by [AB 2008, Theorem 1] and soluble since G is an Ng-
group. The structure of torsion in such groups yields ¢ € S°, a contradiction.
So ®; = Cg.(¢) = 1 and ¢ therefore inverts S°. In particular ¢ centralises the
group Q2 = 2,(8°) generated by involutions of §°, and €2 normalises C,(¢). By
normalisation principles €2 normalises a maximal 2-torus T of C¢(¢); by torality
principles, ¢ € T and hence T has the same Priifer 2-rank as S. Now |Q2| > 4 so
there is i € @ such that ®, = C7 (i) is nontrivial. Then (T, i) < C5(®>), which is
soluble and connected as above, implying i € T. This is not a contradiction yet,
but now ¢ € T < C(i) and of course $° < C¢,(i). Hence C (i) < G is a smaller
counterexample, a contradiction. Connectedness is proved. (]

Remark. One can show that if @ € G is a 2-element with «? # 1, then Cg (@) is
connected.
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Let o € G have order 2¢ with k > 1. By Steinberg’s torsion theorem (our Fact 4),
Cg(a)/Cg () has exponent dividing 2k, Using torality principles, fix a maximal
2-torus T of G containing «. If the Sylow 2-subgroup of G is connected, then
T is a Sylow 2-subgroup of G included in Cg;(); hence Cg(a) = Cg (). If the
Sylow 2-subgroup of G is isomorphic to that of PSL,(C) or to that of SL,(C), then
any 2-element ¢ € Cg (o) normalising T centralises o of order at least 4, so it also
centralises T. It follows from torality principles that { € T < Cg(«), and Cg () is
connected again.

We shall not use this remark.

4.2. The genericity proposition.

Considerations concerning the distribution of involutions in the cosets of
a given subgroup are often useful in the study of groups of even order.

So wrote Bender in the beginning of [Bender 1974a]. The first instance of this
method in the finite Morley rank context seems to be [BDN 1994, after Lemma 7]
which with [BN 1994a] aimed at identifying SL, () in characteristic 2. Jaligot
brought it to the odd type setting [*Jal 2000]. The present subsection is the cor-
nerstone of Propositions 3 and 6 and is used again when conjugating involutions
in Step 5 of the final argument. We introduce subsets of a group H describing the
distribution of involutions in the translates of H.

Notation. For « an involutive automorphism and H a subgroup of some ambient
group, we let Ty (k) = {h € H : h* = h~'}. (This set is definable as soon as « and
H are.)

The following is completely classical; the proof will not surprise the experts and
is included for the sake of self-containedness. It will be applied only when H is a
Borel subgroup of G.

Proposition 2 (genericity). Let G be a connected, U2L group of finite Morley rank
and G < G be a definable, connected, nonsoluble N2-subgroup. Suppose that
G=G -d(§°)f0r some maximal 2-torus S° of G. Leti e I(é) and H < G be a
definable, infinite, soluble subgroup of G. Then

K ={x €9\ Ng(H) : tk Ty (k) > tk H —1k C5 (1))

is generic in 1.

Proof. This is vacuous for central ¢. Now the statement is invariant under conjugating
S° 50 by torality principles we may assume ¢ € S°:in particular (¢ =%, We shall
first show that (© \ Ng(H) is generic in 1%, Lemmas 2.16 and 3.33 of [*DJ 2012]
were supposed to do this, but they only apply when ¢ € G. Minor work must be
added.
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_Suppose that 6 \ Ng(H) is not generic in (G, Then by a degree argument,
°n Ng (H) is generic in 1% Inside G apply [*DJ 2012, Lemma 2.16] with X = (©
and M = Ng(H): X N M contains a definable, é—invafiant subset X which is
generic in X. Note that X is infinite as otherwise ¢ inverts G, so X is infinite as well;
since X has degree 1 by connectedness of G, so does X . We cannot directly apply
[*DJ 2012, Lemma 3.33] as G itself need not be NZ. Solet Xo ={kX:k, A€ X},
which is an infinite, G-invariant subset of N¢(H). Since

X, c¢=%ciG=0Gy,

X, is actually a subset of G. Hence X, € Ng(H). The latter need not be soluble
but is a finite extension of N (H), which is. Since X, is infinite and has degree
1 like X1, there is a generic subset X3 of X, which is contained in some translate
nNg(H) of N;(H), where n € Ng(H). Then X3 C NZ(H) - (n) which is a
definable, soluble group we denote by M»; X3 itself may fail to be G-invariant. But
X is a G-invariant subset such that X3 € X, N M, is generic in X;. By [*DJ 2012,
Lemma 3.33] applied in G = G° to X, and M», G is soluble: a contradiction.

The end of the proof is rather worn-out. We consider the definable function
@16 \ Ng(H) — G - (1)/H which maps « to « H. The domain has rank k¢ =
tk1¢ =k G — rk C5(1). The image set has rank at most tk G — rk H. So the
generic fibre has rank at least tk H —rk C (¢). But if «, A lie in the same fibre, then
kH = AH and «A € Ty (k). Hence, for generic «,

tk Ty (k) >tk ' (@(k)) >tk H — 1tk C (0). O

As it turns out, the algebraic properties of Ty (k) are not always as good as one
may wish, and one then focuses on the following sets instead.

Notation. For « an involutive automorphism and H a subgroup of some ambient
group, we let Ty (k) = {h* € H :h* =h~'} C Ty (k). (This set is definable as soon
as k and H are.)

There is no a priori estimate on rk T g (x), and Proposition 5 will remedy this.
The T sets were denoted 7 in [*Del 2007a]; interestingly enough, they were already
used in [*BCJ 2007, Notation 7.4].

4.3. The algebraicity proposition. We now return to the historical core of the
subject.

Identifying SL,(IK) is a classical topic in finite group theory. Proposition 3
may be seen as a very weak form of the Brauer—Suzuki—Wall theorem [Brauer
et al. 1958] in odd characteristic. However [Brauer et al. 1958] heavily relied on
character theory, a tool not available in and perhaps not compatible in spirit with
the context of groups of finite Morley rank. (One may even interpret the expected
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failure of the Feit-Thompson theorem in our context as evidence for this thesis.) A
character-free proof of outstanding elegance was found by Goldschmidt. Yet his
article [Goldschmidt 1974] dealt only with the characteristic 2 case, and ended on
the conclusive remark:

Finally, some analogues of Theorem 2 [Goldschmidt’s version of BSW]
may hold for odd primes but | ...] this problem seems to be very difficult.

Bender’s investigations in odd characteristic [Bender 1974b; 1981] both require
some character theory. We do not know of a general yet elementary identification
theorem for PSL(2, ¢) with odd ¢, and hope that the present paper will help ask
the question.

In the finite Morley rank context various results identifying PSL,(IK) exist,
starting with Cherlin’s very first article in the field [Che 1979] and Hrushovski’s
generalisation [Hru 1989]. For groups of even type, [BDN 1994; BN 1994a] provide
identification using heavy rank computations. In a different spirit, the reworking of
Zassenhaus’ classic [Zassenhaus 1935] by Nesin [Nes 1990a] and its extension [DN
1995] identify PSL, () among 3-transitive groups; the latter gives a very handy
statement.

Most of the ideas in the proof below are in [*Del 2007b] and in many other
articles before. Only two points need be commented on.

e First, we shift from the tradition as in [*CJ 2004; *Del 2007b] of invoking the
results on permutation groups Nesin had ported to the finite Morley rank context
([DN 1995], see above).

We decided to use final identification arguments based on the theory of Moufang
sets instead. At that point of the analysis the difference may seem essentially
cosmetic but the Moufang setting is in our opinion more appropriate as it focuses
on the BN-pair. We now rely on recent work by Wiscons [Wis 2011].

(Incidentally, Nesin had started thinking about BN-pairs in prison [Nes 1990b]
but was released before reaching an identification theorem for PSL;(KK) in this
context; not returning to gaol he apparently never returned to the topic.)

e Second, we refrained from using Frécon homogeneity. This makes the proof only
marginally longer in Step 3. The reasons for doing so were consistency with not
using it in Proposition 6, and the mere challenge as it was thought a few years ago
to be unavoidable.

Proposition 3 (algebraicity). Let G be a connected, U2L group of finite Morley
rank and G < G be a definable, connected, nonsoluble N:-subgroup. Suppose
that C¢, (1) is soluble for all 1 € I(é). Suppose that there exists | € I(G) such that
C¢ (1) is contained in two distinct Borel subgroups. Then G has the same Sylow
2-subgroup as PSL,(K). If in addition 1 € G, then G ~ PSL,(IK), where [K is an
algebraically closed field of characteristic not 2.
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Proof. Since G is connected, every involution ¢ is toral: say ¢ € S§° a 2-torus. We
may therefore assume that G = G - d(S°), so that the standard rank computations
of Proposition 2 apply. Moreover, G/G is connected and abelian, hence WZL.

Notation. e Let B > C(; (1) be a Borel subgroup of G maximising pp; let p = pp.

o Let Kg = {/{ € LC \ Ng(B) : 1k Tp (k) = 1k B —1k C{;(1)}; by Proposition 2, Kp

is generic in (©.

o Letk € Kp.
Note that it is not clear at this point whether ¢ normalises B.

Step 1. U,(Ci (1) = 1. If U < B is a nontrivial p-group, H < G is a defin-
able, connected subgroup of G containing U, and € 1° normalises H, then A
normalises B.

Proof of Step 1. Throughout this proof, letting Yp = U,(Z(F°(B))) will spare a
few parentheses; by Fact 7(iii), Y5 # 1.

Suppose U,(Cg (1)) # 1. Let D # B be a Borel subgroup of G containing
C¢ (1) and maximising H = (B N D)°; such a Borel subgroup exists by assumption
on Cg(1). By construction pp = p, = pp *= pp, 0 all are equal. If H is not abelian
then by [*DJ 2012, 4.50(3) and (6) (our Fact 10)] pp # pp, a contradiction. Hence
H is abelian, and in particular Cg (1) < H < C;(U,(H)) which is a soluble group;
by definition of B, the parameter of C¢,(U,(H)) is p. It follows from uniqueness
principles (Fact 8) that U,(H) is contained in a unique Sylow p-subgroup of G.
This must be U,(B) = U,(D), so B = D: a contradiction.

We just proved p, < p. It follows from Lemma J that for any o > p, any ¢-
invariant o-group is inverted by «. Now let U, H, and A be as in the statement.
There is a Sylow p-subgroup V of H containing U. By normalisation principles A
has an H-conjugate p normalising V, so u inverts V > U.

Let C = Cg(U), a definable, connected, soluble group. Since U < U, (B), one
has Yp < C. So there is a Sylow p-subgroup W of C containing Yp. As u inverts
U it normalises C; by normalisation principles p has a C-conjugate v normalising
W, so v inverts W > Yg. Now v also inverts U,.(C), and commutation principles
(our Fact 1) yield [U,.(C), Yg] = 1, whence U,.(C) < C;(Yp) < B. At this point
it is clear that pc = p and U, (B) is the only Sylow p-subgroup of G containing U
by uniqueness principles.

On the other hand u inverts U,,(H) and U, so by commutation principles
[Up,(H),U] =1 and U,,(H) < C, meaning that py = p as well. Hence A
inverts Uy, (H) = U,(H) > U. Since U,(B) is the only Sylow p-subgroup of G
containing U, it follows that A normalises B. U

Notation. Let L, = BN B“ and ©, ={¢ € L, : £ € L} }.



INVOLUTIVE AUTOMORPHISMS OF N2-GROUPS OF FINITE MORLEY RANK 149

Step 2. L, and O, are infinite, definable, k-invariant, abelian-by-finite groups.
Moreover, ®; C Tp(k) € O,.

Proof of Step 2. L, is finite since we otherwise let H = CZ(L,.) > U,(Z(F°(B))),
which is definable, connected, and soluble since G is an N?-group; Step 1 shows
that ¥ normalises B, contradicting its choice in the notation preceding Step 1. It
follows that L is abelian and L, is abelian-by-finite. ®, is clearly a definable,
k-invariant subgroup of L,, so it is abelian-by-finite as well. By construction
Tg(k) C O, and O, is therefore infinite.

We now consider the action of ¥ on ®; and find according to Lemma G a decom-
position ®F = Cg. (k) B [Of, k]. Now the definable function ¢ : Cg. (k) — L,
which maps ¢ to 1t° =12 is a group homomorphism, so by connectedness and
since L/, is finite, C%z (k) has exponent 2: it is trivial. So « inverts ®;, meaning
Op C Tg(k). O

Notation. Let U < [U,(Z(F°(B))), O] be a nontrivial, ®¢-invariant p-subgroup
minimal with these properties.

Step 3. U exists and Cp;(1) = 1; Cee (U) is finite and there exists an algebraically
closed field structure K with U >~ Iy and Oy / Ce: (U) == IK*. Moreover, G has
the same Sylow 2-subgroup as PSL, ().

Proof of Step 3. Here again we let Yp = U,(Z(F°(B))) # 1.

If ®; centralises Yp then the k-invariant, definable, connected, soluble group
Cs(®y) contains Yp and Step 1 forces « to normalise B, against its choice in the
notation preceding Step 1. Hence [Yp, ©;] # 1; it is a p-group (Fact 7(vi); no need
for Frécon homogeneity here).

We show that Cp, (1) = 1; be careful to note that ¢ need not normalise U nor
even B. Yet if Cy; (1) is infinite then Step 1 applied to C¢,(Cp, (1)) > Y forces ¢ to
normalise B, and then ¢ inverts U,(B) > U > C;(1): a contradiction.

Suppose that Ceo (U) is infinite; Step 1 applied to C¢;(Cee(U)) > U forces k to
normalise B: a contradiction. We now wish to apply Zilber’s field theorem. It may
look like we fall short of ®F-minimality but fear not. Follow for instance the proof
in [BN 1994b, Theorem 9.1]. It suffices to check that any nonzero r in the subring
of End(U) generated by ©; is actually an automorphism. But by push-forward
[Bur 2004a, Lemma 2.11], imr = U / ker r is a nontrivial, ®-invariant p-subgroup.
By minimality of U as such, r is surjective. In particular ker r is finite. Suppose it is
nontrivial and form, like in [BN 1994b, Theorem 9.1], the chain (ker r"*). Each term
is ©7-central by connectedness, so Cy;(©y) contains an infinite torsion subgroup A.
If there is some torsion unipotence then A = U by minimality as a p-group, and ©;
centralises U: a contradiction. So A contains a nontrivial g-torus for some prime
number ¢. This means that there is a g-torus in [Yp, ®2] < B" which contradicts,
for instance, [Fré 2000b, Proposition 3.26]. Hence every r € (®})gndv) is actually
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an automorphism of U field interpretation applies (it also follows, a posteriori, that
U is ©F-minimal all right).

A priori ©7 /Cee(U) simply embeds into [K*. But one has, by Step 2 and the
definition of «,

1k ©7/Cee (U) =1k ®F =1k Tp(K) > 1k B —1k C(; (1) =1k B —1k C3(1) =rk/8
>rkY =1tkU —1kCy (1) =1k U =1k K.

It follows that ®p /Cee (U) > K*. At this point ®; contains a nontrivial 2-torus.
By the 2-structure Proposition 1 and in view of the assumption on centralisers of
involutions, the Sylow 2-subgroup of G is either connected or isomorphic to that of
PSL, (). Suppose it is connected. Then G is Wj-; since G /G is as well, so is G
by Lemma L. This contradicts the fact that « inverts the 2-torus of ©p. U

For the rest of the proof we now suppose that ¢ lies in G. So we may assume
G = G. Bear in mind that since the Priifer 2-rank is 1 by Step 3, all involutions are
conjugate.

Notation. e For consistency of notation, leti =t € G and k = k € G. (By torality
principles, i € Cg (i) < B.)

e Let ji be the involution in ©}.
Since i, ji are in B they are B-conjugate. In particular CZ(jx) < B.

Step 4. ©p = C;(ji). Moreover, (kU =1k C( (i) =1k Oy, Tk B < 21k U, and
kG <rkB+r1kU.

Proof of Step 4. One inclusion is clear by abelianity of ®; obtained in Step 2.
Now let N = N (C¢(k, ji)). Since L7 is abelian by Step 2, so are Cg (jx) < L}
and its conjugate C¢ (k). Hence ®p < CZ(jx) < N and by torality k € C (k) < N.
So N contains a nontrivial 2-torus and an involution inverting it; by the structure
of torsion in definable, connected, soluble groups, N is not soluble. Since G is an
Ng-group, one has Cg (k, ji) = 1, so k inverts C¢,(ji). Hence Cg (ji) < ©3.

We now compute ranks. By Steps 3 and 4, tk C (i) =1k ©) =1tk K* =1k K} =
tk U. By definition of k € K and Step 2, tk ©p =1k Tp(k) > rk B —1k C(i), so
rk B <2rkU.

Now remember that k varies in a set Kp generic in iG. Let f:Kp— i be the
definable function mapping k to ji. If ji = j; then £ € C;(ji), and the latter has
the same rank as Cg (i) so we control fibres. Hence,

kG —1tkCg(i) =1ki® =1k Kp <tki® +1kCg(i) =1ki® + 1k Cp(i) =tk B,
that is, tk G <rk B +1k C; (7). O

For the end of the proof k will stay fixed; conjugating again in B we may therefore
suppose that jiy =1.
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Notation. Let N =Cg(i) and H = BN N.
Step 5. (B, N, U) forms a split BN-pair of rank 1 (see [Wis 2011] if necessary).
Proof of Step 5. 'We must check the following:

e G=(B,N);

e [N:H]=2;

o foranywe N\ H,onehas H=BNB?”, G=BUBwB, and B® # B;

e B=UXxH.

First, H = BNN = Cp(i) = Cy(i) by Steinberg’s torsion theorem and the structure
of torsion in B. By the structure of the Sylow 2-subgroup obtained in Step 3,
H < N, so using Steinberg’s torsion theorem again [N : H] = 2. Hence for any
we N\ H = Hk one has B® = B* > H* = H and H < BN B*. Now by the
structure of torsion in B, the intersection B N B* centralises the 2-torus in the
abelian group (B N Bky° = Ly so BN B <Cp(i)=H.

Recall that the action of H = C,(i) = ©} on U induces a field structure; in
particular HNU < Cy(®y) =1. SoU -H = U x H has rank 2rk U > rk B by
Step 4, and therefore B =U x H.

It remains to obtain the Bruhat decomposition. But first note that if Cy,p)(i) >
Cp(i) then Cy,(p)(i) = N contains k, which contradicts k ¢ Ng(B) from the
notation preceding Step 1. So Cy,(p)(i) = Cp(i) and since B conjugates its
involutions, a Frattini argument yields Ng(B) € B - Cn,(B)(i) = B.

Finally let g € G \ B; g does not normalise B. Let X = (U N B%)° and suppose
X # 1. In characteristic p this contradicts uniqueness principles. In characteristic 0,
U >~ K; is minimal [Poi 1987, Corollaire 3.3], so X = U; at this point U =
U,(B%) = U¢¥, a contradiction again. In any case X = 1. In particular UgB has
rank rk U +rk B =1k G by Step 4 and UgB is generic in G. This also holds of
UkB soge BkB and G=BUBkB = BUBwB forany w € N\ H. This certainly
implies G = (B, N). Il

We finish the proof with [Wis 2011, Theorem 1.2] or [DMT 2008, Theorem 2.1],
depending on the characteristic. If U has exponent p, then U,(H) =1 as H >~ K*,
so [Wis 2011, Theorem 1.2] applies. If not, then U is torsion-free; we use [DMT
2008, Theorem 2.1] instead. In any case, G/ ﬂgec B8 ~ PSL,(K) for some field
structure K which a priori need not be the same as in Step 3, but could easily be
proved to be. Since [ ¢ B¢ is a normal, soluble subgroup, it is finite as G is an
NZ-group, and therefore central by connectedness. But central extensions of finite
Morley rank of quasisimple algebraic groups are known [AC 1999, Corollary 1],
so G =~ SLy(K) or PSL,(KK), and the first is impossible by assumption on the
centralisers of involutions. ]
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Remark. In order to prove nonconnectedness of the Sylow 2-subgroup of G, one
only needs solubility of C¢,(¢) regardless of how centralisers of involutions in other
classes may behave. But in order to continue one needs much more.

e One cannot work with j, as all our rank computations rely on the equality
tk C (ji) =tk C (1), for which there is no better reason than conjugacy with ¢.
This certainly implies ¢ € G to start with.

e One cannot entirely drop ¢ and focus on ji, since there is no reason why C¢; (ji)
should be soluble.

4.4. The Devil’s Ladder. Proposition 4 comes from [*Del 2007a, Proposition 5.4.9]
and was realised (somewhere in Turkey, in 2007) to be more general; the name was
given after a Ligeti study. The first lucid uses were in [*DJ 2008; *BCD 2009].
Both the statement and the proof have undergone considerable change since: in
2013 the argument still took three pages.

We shall climb the Ladder three times: in order to control torsion, which is
the very purpose of Proposition 5; at a rather convoluted moment in Step 5 of
Proposition 6; and in order to conjugate involutions in the very end of the proof
of our theorem, Step 5. It may be viewed as an extreme form of Proposition 3,
Step 1; the effective contents of the argument are not perfectly intuitive but for a
contradiction proof it suffices to stand firm longer than the group.

Proposition 4 (The Devil’s Ladder). Let G be a connected, Ug-, W+ group of
finite Morley rank and G < G bea definable, connected, nonsoluble NZ-subgroup.
Suppose C (1) is soluble for all t € I(G).

Let k, A € 1(G) be two involutions. Suppose that C¢, () is a Borel subgroup of
G forall n € I(G) such that p,, > py.

Let B > C (k) be a Borel subgroup of G and 1 # X < F°(B) be a definable,
connected subgroup which is centralised by k and inverted by A.

Then C(X) < B and B is the only Borel subgroup of G of parameter pp
containing C;,(X); in particular k and A normalise B.

Proof. First observe that k € C(X) which is A-invariant, so by normalisation
principles A has a C (X)-conjugate A" which normalises some Sylow 2-subgroup
of C(X) containing «. By the W2L assumption the Sylow 2-subgroup of G is
abelian, so [«, A'] = 1; also observe that A" inverts X. Let C = Cg,(X), a definable,
connected, and soluble group since G is an NJ-group.

First suppose pc > p,. Then « inverts U, (c), which is therefore abelian. Since
the four-group («, A’) normalises U,,.(C), one of the two involutions A" or KA/, call
it u, satisfies Y = C;’/pc ©) (n) # 1. Note that Y is a pc-group by Lemma J. Let
D =Cy(Y) = U,.(C); it is a definable, connected, soluble, «-invariant subgroup.
Since pp = pc > pr, it follows that « inverts U, (D). On the other hand, ¥ < C¢; (1)
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$0 pu > p and by assumption, C () is a Borel subgroup of G, say B,. Since
k and pu commute, ¥ normalises B and since p,, > p, k inverts Uy, (B,) < By,.
It also inverts ¥ < B, so by commutation principles, [U,,(B,), Y] = 1 and
Uy, (By) < C(Y) =

We are still assuming pc > p,. The involution « inverts both U,,(D) < D
and Uy, (B,) < D; so by commutation principles, [U,, (B,), Uy,(D)] = 1 and
Upp(D) <Ng(Up, (B,)) = B,,. Atthis stage it is clear that pp = p, and U, (B),) =
Upp (D). In particular D < N (U, (B,)) = B,,. As a conclusion,

X =CGWUp(€) =C5(Y) =D = By = Cg (),

against the fact that p inverts X.

This contradiction shows that pc < pc. Now X < F°(B), so U, (Z(F°(B))) <
C(X) = C; hence pp < pc < pe < pp and equality holds. Since by uniqueness
principles U, (B) is the only Sylow pp-subgroup of G containing U,,(Z(F°(B))),
it also is unique as such containing U, (C). Hence N (C) < Ny (U (C)) < Ng(B).
Therefore k¥ and A normalise B. U

4.5. Inductive torsion control. It will be necessary to control torsion in the Tg(x)-
sets. In [*Del 2007a] this was redone for each conjugacy class of involutions by ad
hoc arguments which could, in high Priifer rank, get involved (the “birthday lemmas”
[*Del 2007a, Lemmes 5.3.9 and 5.3.10] published as [*Del 2008, Lemmes 6.9 and
6.10]). We proceed more uniformly, although some juggling is required. Like in
[*Del 2008] the argument will be applied twice: to start the proof of Proposition 6,
and later to conjugate involutions in Step 5 of the final argument. This accounts for
the disjunction in the statement.

There was nothing equally technical in [*BCD 2009], as controlling involutions
there was trivial. An inner version of the argument was found in Yanartas in the
spring of 2007 and added to [*DJ 2008]. Externalising involutions is no major
issue.

Proposition 5 (inductive torsion control). Let G be a connected, Uy-, W2L group of
finite Morley rank and G < G bea definable, connected, nonsoluble N -subgroup.
Suppose that Cg,(1) is soluble for all 1 € I(G).

Leti e I(G) and B > C¢ (1) be a Borel subgroup. Suppose that C¢, (1) is a Borel
subgroup of G forall u € I(é) such that p, > p,. Let k € I(G) \ Ng(B) be such
that Tg(x) is infinite.

Suppose either that B = C(,(1) or that v and « are G- -conjugate. Then Tpg (k) has
the same rank as Tg(«), and contains no torsion elements.

Proof. First remember that since G is Wi , if some involution w € 1 (G) inverts a
toral element 7 € G, then 12 = 1. One may indeed take a maximal decent torus T of
G containing ¢; then w normalises Céi;(t) which contains 7 and its 2-torus 75, so by



154 ADRIEN DELORO AND ERIC JALIGOT

normalisation principles w has a C° (1)-conjugate o’ normahslng . By the WL
assumption, the latter already is a Sylow 2-subgroup of G, whence o’ € T < C2 (t).
It follows that e centralises ; it also inverts it by assumption, so t> = 1.

The proof starts here.

We first show that B has no torsion unipotence. The argument is a refinement
of Step 2 of Proposition 3. Suppose that there is a prime number p with U,(B) #
1. Let L, = B N B* (be careful to note that we do not consider the connected
component). Since CZ (L)) contains both U,(Z(F°(B))) and U,(Z(F°(B"))),
uniqueness principles imply that L/ is finite. Unfortunately L, need not be abelian,
so let us introduce

={leL,: el },

which is a definable, «-invariant subgroup of B containing 7 (x); in particular it is
infinite. Also note that ®;, is abelian. Now let A < U, (B) be a ®; -minimal subgroup.
®; cannot centralise A since otherwise C(®7) > (A, A*), against uniqueness
principles. So by Zilber’s field theorem the action induces an algebraically closed
field of characteristic p structure. By Wagner’s theorem on fields [Wag 2001,
consequence of Corollary 9], ®; contains a g-torus T, for some g # p. Up to
taking the maximal g-torus of ®; we may assume that ¥ normalises 7,,. Write if
necessary T, as the sum of a x-centralised and a k-inverted subgroup; by the first
paragraph of the proof, « centralises T,. So for any ¢ € T, one has 1t = t? e L
therefore T, < L, against finiteness of the latter.

We have disposed of torsion unipotence inside B, and every element of prime
order in B is toral by the structure of torsion in definable, connected, soluble groups.
By the first paragraph of the proof, no element of finite order # 2 of B is inverted
by any involution (this will be used in the next paragraph with an involution distinct
from «). In particular d (¢?%) is torsion-free for any t € Tp(k); hence the definable
hull of any element of T g (k) is torsion-free.

We now show that T (k) can contain but finitely many involutions (possibly
none). Suppose that it contains infinitely many. Since B has only finitely many
conjugacy classes of involutions, there are i, j € Tp(x) which are B-conjugate.
Now i € B so {B,i} C F°(B); by Lemma F (although [*DJ 2010, Lemma 24]
would do here) B = B'i - {B, i}, so there is x € {B,i} C (F°(B))~ with j =i*.
Since i inverts x, d(x?) is torsion-free. Also, 1 #ij=1ii"= x% € F°(B). Let
X = d(xz), which is an abelian, definable, connected, infinite subgroup; like ij it
is centralised by « and inverted by i. There are two cases.

o If B =Cg (1) then  centralises X whereas «i inverts it (yes, k and i do commute).
Since X < F°(B) with C; (1) < B, The Devil’s Ladder, Proposition 4, applied to
the pair (¢, i), leads to ki € Ny (B) and k € N (B): a contradiction.
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o Ifkis é—conjugate to ¢, say k = (¥ for some y € G, we work in B? > Cg k).
Since « centralises X, we have X < BY. Since i € C5(k) N B < Cg(k), and by
connectedness of the Sylow 2-subgroup of G,onehasieC (k) < BY. Since i
inverts X, we have X < F°(BY). Finally, by conjugacy p, = p,, so climbing The
Devil’s Ladder for the pair («, i) we find C/,(X) < B” = B"*. Since X < F°(B)
this implies U,,(Z(F°(B))) < C;(X) < B”. Uniqueness principles now yield
B = B”. Hence k € Ng(B): a contradiction.

We conclude to rank equality. Let iy, ..., i, be the finitely many involutions in
Ts (k) (possibly n =0) and set ip = 1. If ¢ € T (x) then the torsion subgroup of d(t)
is some (i), s0 d (ipt) is 2-divisible, and i), € T (k). Hence Tg(x) S |Jim T (k),
which proves rk T (k) =1k T (x). O

Remarks. e One needs Tg(k) to be infinite only to show U,(B) = 1; if one were
to assume the latter, the rest of the argument would still work with finite Tp(x),
and yield Tp(x) = {1}.

e The fact that U,(B) = 1 is a strong indication of the moral inconsistency of the
configuration.

5. The proof — the maximality proposition

Proposition 6 is the technical core of the present article; we would be delighted
to learn of a finite group-theoretic analogue. It was first devised in the context
of minimal connected simple groups of odd type [*Del 2007a], then ported to
N2-groups of odd type [*DJ 2008], and to actions on minimal connected simple
groups of degenerate type [*BCD 2009]. The main idea and the final contradiction
have not changed but every generalisation has required new technical arguments.
So neither of the above mentioned adaptations was routine; nor was combining
them. We can finally state a general form.

Proposition 6 (maximality). Let G be a connected, UZJ‘ group of finite Morley rank
and G <4 G be a definable, connected, W;-, nonsoluble N°-subgroup. Suppose
Cs (1) is soluble for all « € I1(G). Then Cg(1) is a Borel subgroup of G for all
Le 1(G).

Proof. The proof is longer and more demanding than others in the article, but one
should be careful to distinguish two levels.

e At a superficial level, all arguments resorting to local analysis in G and to the
Bender method (Steps 3 and 4) would be much shorter and more intuitive if one
knew that Borel subgroups of G have abelian intersections. There is no hope to
prove such a thing but it may be a good idea to have a quick look at the structure of
the proof in this ideally behaved case.
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e Atadeeper level, assuming abelianity of intersections does not make the statement
of the proposition obvious and the reader is invited to think about it. Even with
abelian intersections of Borel subgroups there would still be something to prove;
this certainly uses the T (k) sets and rank computations of Section 4.2 as nothing
else is available. As a matter of fact, even under abelian assumptions, we cannot
think of a better strategy than the following.

The long-run goal (Step 6) is to collapse the configuration by showing that
G-conjugates of some subgroup of G generically lie inside B. This form of contra-
diction was suggested by Jaligot to the author, then his Ph.D. student, for [*Del
2007b]. It is typical of Jaligot’s early work in odd type [*Jal 2000, Lemme 2.13].
(The author’s original argument based on the distribution of involutions was both
doubtful and less elegant; even recently he could feel the collapse in terms of
involutions, but failed to write it down properly.)

Controlling generic G-conjugates of an arbitrary subgroup is not an easy task.
The surprise (Step 5) is that the T (k) sets, or more precisely the Tg(k) sets,
form the desired family. Seeing this requires a thorough analysis of Tg(x), and
embedding it into some abelian subgroup of B with pathological rigidity properties
(Step 4). The crux of the argument involves some intersection of Borel subgroups.
Interestingly enough, abelian intersections could be removed from [*Del 2007a;
2007b; 2008; *DJ 2008] by a somehow artificial observation on torsion; abelian
intersections started playing a nontrivial role in [*BCD 2009] but as a result the
global proof then divided into two parallel lines. We could find a more uniform
treatment, although the proof of Step 4 still divides into two along the line of
abelianity.

The beginning of the argument (Steps 3, 2, 1) simply prepares for the analysis,
showing that T g () behaves like a semisimple group. Of course controlling torsion
with Proposition 5 is essential in the first place; studying torsion separately, thus
allowing inductive treatment, was the main success of [*DJ 2008]. The proof starts
here.

5.1. The reactor. Since G is connected, by torality principles every involution has
a conjugate in some fixed 2-torus S°. We may therefore assume that G=G-d(5°),
so that the standard rank computations of Proposition 2 apply. Moreover, G /G is
connected and abelian, hence Wzl. Since G is W2L as well, so is G by Lemma L.

We then proceed by descending induction on p, and fix some involution ¢y € 1 (G)
such that for any u € I(é) with p, > p,, Cg () is a Borel subgroup. Notice that
induction will not be used as such in the current proof but merely in order to apply
Propositions 4 and 5.

Be warned that there will be some running ambiguity on ¢y starting from
Section 5.2 onwards, the resolution being in the proof of Step 5.
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Notation. e Let B > C¢ (10) be a Borel subgroup of G and suppose B > C¢(10);
let p = pp.

o LetKp={ke L((;; \ Ng(B) : 1k Tp(x) = 1k B —1k C{;(20)}; by Proposition 2, Kg
is generic in Lg .

e Letk € Kp.

e For the moment we simply write T = T g(x).

By inductive torsion control (Proposition 5), one has tk T > rk B —rk C¢; (1),
and T contains no torsion elements.

Step 1 (uniqueness). (i) B is the only Borel subgroup of G containing Cg(io).
(ii) Ng(B) contains a Sylow 2-subgroup SO of G.

(i) If A € 1(G) N N¢(B), then [B,A] < F°(B) and B = B - (F°(B))™* with
finite fibres.

(iv) (Ng(B))™ S B.

Proof of Step 1. Since G is W. L , by Proposition 3 there is a unique Borel subgroup
of G containing C¢(tp); in partlcular Ce (Lo) normalises B. By torality pr1n01ples
N¢ (B) contains a full Sylow 2- subgroup So of G, which is a 2-torus as G is WL.
Now let A € I(G) N Ng(B). Conjugating in N (B) we may suppose NS So Then
B=8B- d(S()) is a deﬁnable connected, soluble group, so B’ <F °(B) Using
Zilber’s indecomposability theorem, [B, A] < [B, SO] < (BN F°(B))° < F°(B).
So Lemma F yields B = (B1)°-{B, A}. Of course {B, A} C (F°(B)) *.

It remains to prove (iv). The 2-torus 5‘0 also acts on Ng(B), so it centralises
the finite set Ng(B)/B. It follows that if n € (NG(B)) ™, then nB =n’B = n~'B,
that is, n> € B. If G has no involutions then neither does Ng(B)/B by torsion
lifting. But if G does have involutions, then by torality principles B > C¢ (to)
already contains a maximal 2-torus of G, which is a Sylow 2-subgroup of G; hence
in that case again, Ng(B)/B has no involutions. In any case n € B, which proves
(Ng(B))™ S B. U

The most important claims for the moment are (i) and (iii). Claim (iv) will play
its role in the sole final step but was more conveniently proved here.

5.2. The fuel. Controlling tg N Ng (B) was claimed to be essential in [*Del 2008,
after Corollaire 5.37]. We can actually do without but this will result in some
counterpoint of involutions with a final chord at the very end of the proof of Step 5.

Notation. Let Iz ={t € LO Cs() < B}

Remarks. Iz = Lév B and any maximal 2-torus S < Ng(B) intersects I, two

facts we shall use with no reference. A proof and an observation follow.
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o If 1 € Ip then there is x € G=G- d(S‘o) with « = 15, where 50 is a 2-torus
containing tp; one may clearly assume x € G. Now by uniqueness (Step 1(i)) and
definition of 7, B is the only Borel subgroup of G containing C¢ (1) < B, whence
x € Ng(B) and Ig C L(I)VG(B). The converse inclusion is obvious.

A By Step 1(ii), N (B) contains a Sylow 2-subgroup of G, so any maximal 2-torus
§ < Ng(B) is in fact a SAylow 2-subgroup of Ng(B), and contains an N (B)-
conjugate ¢ of tp; thent € SN Ip.

e On the other hand it is not clear at all whether equality holds in /g C Lg NNg(B).

As a matter of fact we cannot show that B is self-normalising in Gj; this is easy

when G is 2 but not in general. At this point, using Cs (1) < B, there is a lovely

little argument showing that C (1) is connected (which is not obvious if G < G as

Steinberg’s torsion theorem no longer applies), but one cannot go further. Moreover,

self-normalisation techniques a la [ABF 2013] do not work in the NJ context.
The first claim below will remedy this.

Step 2 (action). (1) If L € Lg N Ng(B) but A ¢ Ip, then A inverts U,(Z(F°(B))).
(i) [Up(Z(F°(B))), T]1 # 1.

Proof of Step 2. Throughout this proof, letting Yp = U,(Z(F°(B))) will spare a
few parentheses.

Let A be as in the statement and suppose that X = Cy _(4) is nontrivial. Then
X is a p-group by Lemma J. By Step 1(iii), B = B™ - (F°(B))*; obviously both
terms normalise X so X < B. It follows from uniqueness principles that U, (B) is
the only Sylow p-subgroup of G containing X. Since X < Cg(4) is contained in
some conjugate B* of B, we have U,(B*) = U,(B) so C;(A) < Band A € Ip: a
contradiction.

We move to the second claim. Suppose that T centralises Yp. Let C = C(T), a
definable, connected, soluble, k-invariant subgroup; let U be a Sylow p-subgroup of
C containing Y. By normalisation principles « has a C-conjugate A normalising U
and inverting T. Since U, (B) is the only Sylow p-subgroup of G containing Yg, A
normalises B. Hence A € Lg NNg(B) = Lg N Ng(B). We see two cases.

First suppose A ¢ Ig. Then by claim (i), A inverts Yp. If pc = p, then apply
uniqueness principles: U,(B) is the only Sylow p-subgroup of G containing Y3,
so it also is the only Sylow p-subgroup of G containing U,(C). As the latter
is k-invariant, so is B: a contradiction. Therefore pc > p. It follows that A
inverts U,.(C), whence [U,.(C), Yp] =1 by commutation principles. This forces
Up (C) < C(Yp) < B, against pc > p.

So A € Ip, i.e., Ci(A) < B. But by Step 1(iii), T € (F°(B))™*, and therefore
T C F°(B)N F°(B)“. Since all elements in T are torsion-free by Proposition 5,
one even has T C (F°(B) N F°(B)“)°. The latter is abelian by [*DJ 2012, 4.46(2)
(our Fact 10)], and T is therefore a definable, connected, abelian subgroup. Now
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always by the torsion control and genericity propositions (Propositions 5 and 2),
and by the decomposition of B obtained in Step 1(iii), one has

tk T =1k Tp(k) >tk B —1k Cg(10) =1k B —1k C; (M)
=1k B —rk C3(1) =rk(F°(B)) "

A definable set contains at most one definable, connected, generic subgroup, so
T is the only definable, connected, generic group included in (F°(B))~*; hence
NG((F"(B))"\) < Ng(T) and B** normalises T. Moreover T N B** = 1 since
A inverts T and T contains no torsion elements. So T-B™ =T x BY is a
definable subgroup of rank > rk(F°(B;))* +rk B** =rk B by Step 1(iii). Hence
B =T x B™ normalises T, and B = N (T) since G is an N¢-group. In particular
k normalises B: a contradiction. U

Claim (i) will be used only once more, in the next step.

5.3. The fuel, refined.
Step 3 (abelianity). (i) Ift € Igthen TNCg() = 1.

(ii) There is no definable, connected, soluble, k-invariant group containing both
U,(Z(F°(B))) and T.

(i) T is a definable, abelian, torsion-free group.

Proof of Step 3. The first claim is easy. Lett € Ip and t € T\ {1} be such that ' =1¢.
Then ¢ € C(2), which is k-invariant; by normalisation principles and abelianity of
the Sylow 2-subgroup, « has a C(¢)-conjugate A commuting with . By Step 1(i)
(uniqueness), B is the only Borel subgroup of G containing C¢,(¢), so A normalises
B. Recall from inductive torsion control (Proposition 5) that d(¢) is torsion-free.
By Step 1(iii), t* = =t~ forces 1> = [t~', A\] € F°(B) and t € F°(B). We then
apply The Devil’s Ladder (Proposition 4) to the action of (¢, x) on d(¢) and find
that x normalises B: a contradiction.

As the proof of the second claim is a little involved let us first see how it entails the
third one. Suppose that X = (F°(B) N F°(B)")° is nontrivial and let H = N (X);
then G being an NJ-group and the second claim yield a contradiction. Hence X =1
which proves abelianity of (B N B*)°. Then, since elements of T € B N B contain
no torsion in their definable hulls by Proposition 5, one has T € (B N B)° and
T is therefore an abelian group, obviously definable and torsion-free. So we now
proceed to proving the second claim. Here again we let Yp = U,(Z(F°(B))).

Let L be a definable, connected, soluble, x-invariant group containing Yz and
T. We shall show that Yz and T commute, which will contradict Step 2(ii). To
do this we proceed piecewise in the following sense. Bear in mind that for € T,
d(t) is torsion-free by Proposition 5, so one may take Burdges’ decomposition of
the definable, connected, abelian group d(¢). As a result, the set T is a union of
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products of various abelian t-groups for various parameters t. We shall show that
each of them centralises Y, which will be the contradiction.
So we let T be a parameter and ® be an abelian 7-group included in the set T. If
T = p then we are done as ©® < U,(B). So suppose T < p and prepare to use the
Bender method (Section 2.4). Since L > (Yp, T), L is not abelian by Step 2(ii).
Let C < G be a Borel subgroup of G containing N3 (L') > L and maximising
pc. Notice that

Upe (Z(F°(C))) < CG(F°(C)) < C5(C) < CG(L)) < N (LY,

so by uniqueness principles and definition of C, we find that C is actually the only
Borel subgroup of G containing N2 (L'). As the latter is x-invariant, so is C; in
particular C # B. Moreover, Yp < C, so uniqueness principles force pc > p, and
H=(BNC)° > (Yp, T) is nonabelian. So we are under the assumptions of Fact 11
with By = B and B, = C.

We determine the linking parameter p’, i.e., the only parameter of the homo-
geneous group H' [*DJ 2012, 4.51(3) (our Fact 11)]. By Fact 7(vi) (no need for
Frécon homogeneity here), the commutator subgroup [Yg, T] is a p-subgroup of H'.
But by Step 2(ii), it is nontrivial. Hence p’ = p.

We now construct a most remarkable involution. Let V, < C be a Sylow p-
subgroup of C containing Yp. Since « normalises C, it has by normalisation
principles a C-conjugate A normalising V,. By uniqueness principles, U,(B) is
the only Sylow p-subgroup of G containing Yp, so A normalises B. If A ¢ Ip
then by Step 2(i), A inverts Yp; since pc > p it certainly inverts U,.(C) as well,
whence by commutation principles [V, U,.(C)] =1 and U,.(C) < C;(Yp) < B,
contradicting pc > p. Hence A € Ip; it normalises B and C (hence H).

We return to our abelian 7-group ® included in the set T, with 7 < p. Let V; < H
be a Sylow 7-subgroup of H containing ®. By normalisation principles A has an
H-conjugate 1 normalising V;. We shall prove that y actually centralises V;; little
work will remain after that. Observe that V; is a definable, connected, nilpotent
group contained in two different Borel subgroups of G, so by [*DJ 2012, 4.46(2)
(our Fact 9)] it is abelian. By the commutator argument of Fact 7(vi) or the simpler
push-forward argument of Fact 7(v) (no need for Frécon homogeneity here), [V;, ]
is a T-group inverted by u.

Now note that u, like A, is in Ip, and normalises B and C. Moreover, by
Step 1(iii), [V, u] < F°(B). We shall prove that [V, u] < F°(C) as well by making
it commute with all of F°(C), checking it on each term of Burdges’ decomposition
of F°(C). Keep Fact 11 in mind.

First, by [*DJ 2012, 4.38], p’ = p is the least parameter in F°(C); we handle
it as follows. Recall that [V, u] < F°(B) is a T-group, so [V;, u] < U (F°(B)).
By [*DJ 2012, 4.52(7)] and since p’ = p # t, the latter is in Z(H). But by [*DJ
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2012, 4.52(3)], Upy(F°(C)) = Uy (F°(C)) = (F°(B)NF°(C))° < H,s0 [V, u]
does commute with U, (F°(C)). Now let o > p be another parameter. Remember
that « normalises C; since u € Lg , 0 > p, and u inverts U, (F°(C)). It inverts
[V:, n] as well so commutation principles force [V;, u] to centralise U, (F°(C)).

As a consequence [V, u] < C centralises F'°(C). Unfortunately this is not quite
enough to apply the Fitting subgroup theorem as literally stated in [BN 1994b,
Proposition 7.4] due to connectedness issues. The first option is to note that with
exactly the same proof as in [BN 1994b, Proposition 7.4]: in any connected, soluble
group K of finite Morley rank one has Cy (F°(K)) < F°(K). Another option
is to observe that by [*DJ 2012, 4.52(1)], F°(C) has no torsion unipotence: in
particular, the torsion in F(C) is central in C [*DJ 2012, 2.14]. Altogether [V;, ]
commutes with F(C) and we then use the Fitting subgroup theorem stated in
[BN 1994b, Proposition 7.4] to conclude [V;, u] < F(C). Either way we find
[V, u] < F°(C), and we already knew [V;, u] < F°(B). By connectedness
[Ve, u] < (F°(B)N F°(C))°. But the latter as we know [*DJ 2012, 4.51(3)] is
p' = p-homogeneous; since p > t, this shows [V;, u] = 1.

In particular u € Ip centralises ® < V;. By claim (i), ® = 1 which certainly
commutes with Yp. This contradiction finishes the proof of claim (ii). [l

Remark. It is possible to avoid using the devil’s ladder in the proof of claim (i).
Postpone and finish the proof of claim (ii) as follows:

In particular i € I centralises ©, so u € C5(®) which is «-invariant. By
normalisation principles and abelianity of the Sylow 2-subgroup, « has
a Cy(®)-conjugate v commuting with w. Since u € Ip, by uniqueness
(Step 1(1)), v normalises B. By Step 1(iii), ® =[®, v] < F°(B) commutes
with Y. Hence all of T commutes with Yp, against Step 2(ii).

Then prove claim (i):

Now lett € T\ {1} be centralised by ¢ € Ip. Like in the previous paragraph,
t € F°(B); t has infinite order and is inverted by «. But we proved in the
third claim that (F°(B) N F°(B)*“)° =1, a contradiction.

Both claims (i) and (iii) are crucial. Claim (ii) is a gadget used in the proof of
claim (iii) and in the next step.
5.4. The core.
Notation. e Let 7 be the set of parameters occurring in T.
o Let Jo = Uz (C3(T)) (one has T < J, by Step 3(iii)).

We feel extremely uncomfortable with the next step. The question of why to
maximise over Cp(T) is a mystery and always was. Nine years before writing
these lines, the author, then a Ph.D. student, produced an incorrect study of some
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similar maximal intersection configuration, and after noticing a well-hidden flaw
had to reassemble his proof by trying all possible maximisations. Exactly the same
happened to him again. We feel like one piece of the puzzle is still missing, or
more confusingly that we are playing with incomplete sets of pieces from distinct
puzzles. There are many ways to get it wrong and the step works by miracle.

Step 4 (rlgldlty) J is an abelian Carter mw-subgroup of B. There is a maximal
2-torus S ofG contained in Ng(B) N Ny (Jy), and for any v € Ig N S one has

Co, e @ = Ca (D).

Proof of Step 4. First of all, observe that by torality principles there is a maximal
2-torus Sy of G containing ¢p; by uniqueness (Step 1(i)) So normalises B. Bear in
mind that any maximal 2-torus in N (B) contains an involution in /p.

We need more structure now, so let C # B be a Borel subgroup of G containing
C3%(T) and maximising H = (BN C)°. There is such a Borel subgroup indeed since
C¢(T) is k-invariant whereas B is not. As one expects there are two cases and we
first deal with the abelian one. The other will be more involved technically, but
there will be no more complications of this kind when we are done.

Suppose that H is abelian. Since H > Cy(T) > T by abelianity of the latter,
Step 3(iii), and since H is supposed to be abelian as well, H = C3(T) < N (J,).
We now consider NG (J,). It is not clear at all whether B contains N¢(J,) but one
may ask.

If (H is abelian and) B happens to be the only Borel subgroup of G containing
N¢g(Ji), then

Un (Nes 1 (1)) < Uz (N&s (1) (J0)) = Ux (CH(T) = Jy

and J, < Cg(T) is a Carter r-subgroup of C,(T). As the latter is k-invariant, by
normalisation principles « has a C¢; (T)-conjugate A normalising J,.. But our current
assumption that B is the only Borel subgroup of G containing N (J,) forces A to
normalise B as well. By Step 1(iii) and since A, like «, inverts the 2-divisible group
T, we find T = [T, ] < F°(B), which contradicts Step 2(ii).

So (provided H is abelian) B is not the only Borel subgroup of G containing
N¢ (Je): let D # B be one such. Then C3(T) = H < Ny(J,) < (BN D)° so by
maximality of H, H = (BN D)° = Ng(J,) and J, = U, (Cx(T)) = Uz (H) is a
Carter s -subgroup of B. By normalisation principles there is a B-conjugate S of
So normalising J,.. For ¢ € SN Ip one has Cs() < B and

CZH(NE(JK))(L) < Np(Je) =H <C;(T).

It is not easy to say more as N (J,) need not be nilpotent, but we are done with
the proof in the abelian case.
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We now suppose that H is not abelian. However H > C3(T) soif D # B is a
Borel subgroup of G containing H, one has by definition of the latter H = (BN D)°.
By [*DJ 2012, 4.50(3) and (6) (our Fact 10)], we are under the assumptions of
Fact 11. Keep it at hand. Let Q < H be a Carter subgroup of H. Let p’ denote
the parameter of the homogeneous group H’. Studying J, certainly means asking
about p’ and 7.

Here is a useful principle: if o is a ser of parameters not containing p’, V, < H
is a o-subgroup of H, and S < Ng(B) N Ng (Vo) N Ng(C) is a 2-torus, then S
centralises V,;. It is easily proved: First, V,, being nilpotent by definition of a
o-group and contained in two distinct Borel subgroups, is abelian by Fact 9. Now
let B = B -d(S), a definable, connected, soluble subgroup of G. Then by Zilber’s
indecomposability theorem, [B, S‘] < (F°(l§) N B)° < F°(B) and likewise in C.
Hence [V, S‘] < (F°(B)NF°(C))°, which is p’-homogeneous [*DJ 2012, 4.52(3)].
As o' ¢ o, we have [V,, 3‘] =1 by (Fact 7(v) or (vi)), and S centralises V.

The argument really starts here. First, p’ € 7. Otherwise, by Lemma K, T is
included in a Carter subgroup of H; we may assume [ < Q, and in particular, by
abelianity of Q (Fact9), O < C¢(T). By Lemma A, Nj;(Q) < Ng(B) U N (C).
So there are two cases (yes, this does work for groups).

e First suppose that (o’ ¢ 7 and) Ng(Q) < Ng(C). In particular Nz (Q) =
Ny (Q) = Q and Q is a Carter subgroup of B. By normalisation principles, So
has a B-conjugate Sin Ng(B)NNg(Q) < Ng(B)NNg(Uz (Q)) N Ng(C). As we
noted S must centralise U Q) > T But there 1s an 1nvolut10n Les ﬂ I, and this
contradicts Step 3(i).

e Hence (still assuming o’ ¢ ) one has Ny (Q) < Ny (B). Then
N (Q) = Néo (1) (Q) < Np(Q) = 0,

and Q < Cg(T) is a Carter subgroup of C¢(T). As the latter is «-invariant, by
normalisation principles « has a Cg(T)-conjugate A normalising Q. Now since
Ng(Q) < Ng(B), A normalises B. Then T is inverted by A and 2-divisible, whence
T=[T,A] <[B, ] < F°(B) by Step 1(iii), contradicting Step 2(ii).

So we have proved p’ € . On the other hand pp = p ¢ 7, as otherwise C¢, (U, (T))
would contradict Step 3(ii). Suppose for a second that pc > pg; then since p # p/,
one has U,(Z(F°(B))) < Z(H) < Cg(T) [*DJ 2012, 4.52(7)], against Step 2(ii).
Since parameters differ [*DJ 2012, 4.50(6)] one has pg > pc. In particular [*DJ
2012, 4.52(2)], Q is a Carter subgroup of B.

We now show that T is p’-homogeneous, i.e., 7 ={p’}. Leto = \{p'}. Since H’
is p’-homogeneous, by Lemma K we may assume that U, (T) < Q. Now Uy (H) =
Uy (F°(H)) is a Sylow p’-subgroup of B [*DJ 2012, implicit but clear in 4.52(6)].
By normalisation principles Sy has a B-conjugate S in Ng(B) N Ng(Uy (H)) <
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Ng(B) N Ng(C) [*DJ 2012, 4.52(6)]. Hence S normalises H. But Q is a Carter
subgroup of H so by normalisation principles over H, S has an H- -conjugate Sy in
NG(B)Aﬂ Ng(C) N Ng(Q). By our initial principle, S| centralises Uy(Q) = U, (T).
Since S contains an involution in Iz, we find U, (T) = 1 by Step 3(i), as desired.
Hence T is p’-homogeneous.

As a conclusion m = {p'} and J, = Uy (C3(T)) < Uy(H). The latter is an
abelian Sylow p’-subgroup of B [*DJ 2012, implicit but clear in 4.52(6) and noted
above]. Also, T < Uy (H) < Cy(T) and J, = Uy (H). We constructed a maximal
2-torus § < Ng (B) N Ng (J) a minute ago.

Finally fix : € SN /5. We aim to show that Cf] W = Cg ¢ (). Recall that
S normalises C. By normalisation principles S normahses some Sylow p’-subgroup
Vy of C. Then with Lemma E under the action of ¢, V,y = (VJ“)O {V,,t}. Now
(V+)° isa p’ -subgroup of (BN C)° = H, so (V+)° <J < F°(C) [*DJ 2012,
4, 52(6) Letting C=cC- d(S) one easily sees as we often did that {Vy, (} C F°(C).
So V,y < F°(C) and V,; < Uy (F°(C)). Conjugating Sylow p’-subgroups in C,
this means that U, (F°(C)) is actually the only Sylow p’-subgroup of C. But by
[*DJ 2012, 4.52(8)] any Sylow p’-subgroup of G containing U,/ (H) is contained
in C. This means that U, (F°(C)) is the only Sylow p’-subgroup of G containing
Uy(H) = Jy

As a conclusion, any Sylow p’-subgroup of N¢ (Je) lies in Uy (F°(C)). Hence,
paying attention to the fact that « normalises the nilpotent p’-group U, (F°(C)),

C?]ﬂ(Ng;(JK)) (l) S C;]p/(FO(C))(L) S Up’(H) = JK S Cé(—l]—). ‘:‘
We shall use the Bender method no more.

5.5. The reaction.

Notation. ¢ We now write T, for Tpg(x), as the involution x will vary in Kpg.

e Let Y = {B, 1).

Step 5 (conjugacy). (i) Y is a normal subgroup of B.

(1) tk B=rk Cg (o) +1kY.

(iii) Any element of Y \ {1} lies in finitely many G-conjugates of Y.

(iv) Ty and Y are G-conjugate.

Proof of Step 5. As a matter of fact, we let Y, = {B,} for any ¢ € Ig. Since
Ig =y, No(B) , such sets are N (B)-conjugate to ¥,, =Y.

Let . € SN I; do not forget that there is such an involution. Under the action of
¢ we may write Jo = J D [Ji, t]. By Step 3(i), T, N J = 1. So using the very
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definition of k¥ € Kp this yields the rank estimate

rk[J,, (] =1k J, — 1k J,:“ >r1k T >1k B—1k C (1)
=1k B -1k Cy(1) =rk(8 >tk = k[ J,, (.

Equality follows. In particular, [J,, t] C Y, is generic in Y,. Since a definable set
of degree 1 contains at most one definable, generic subgroup, one has Cp (1) <
Ng(Y) < Ng([J«, t]). On the other hand, since Gis WzL, [J«, t] has no involutions;
itis disjoint from Cp(¢). Hence [J, t]-Cp (1) =[J, t] @ Cp (1) is a generic subgroup
of B. It follows B = [J,, t] X Cp(t). At this stage it is clear that Y, = [J,, (] is a
normal subgroup of B contained in F°(B), and the same holds of Y by Ng(B)-
conjugacy. Moreover rk Y, =tk T, ; we are not done.

Consider the definable function f : T, — Y, which maps ¢ to [z, (]; as Ji is
abelian, it is a group homomorphism. Bearing in mind that T, N C; (1) = 1 by
Step 3(i) and in view of the equality of ranks, f is actually a group isomorphism;
we are not done.

Let us show that any nontrivial element of Y = Y, lies in finitely many G-
conjugates. Indeed, if a € Y \ {1} then by the isomorphism T, >~ Y and inductive tor-
sion control (Proposition 5), a has infinite order; C = C¢ (a) > (U,(Z(F°(B))), Y)
is therefore soluble and to-invariant. If pc > pp then o inverts both U, .(C) and Y,
and commutation principles yield [U,.(C), Y] =1, whence U,.(C) < N;(Y) = B,
a contradiction. Hence pc < pp and equality follows. Now uniqueness principles
show that U, (B) is the only Sylow p-subgroup of G containing U,(C). If a € Y¢
with g € G then U,(B?) is the only Sylow p-subgroup of G containing U, (C)
likewise, so g € Ng(B). Since B < Ng(Y) < Ng(B), this can happen only for a
finite number of conjugates of Y; we are not done.

It remains to conjugate T, to Y. We claim that J, < C;(T,) is a Carter 7-
subgroup of C¢ (T, ), where 7 is as in the notation of Section 5.4. Indeed, let
N =Uy(Ng(Je)) and Ny = U, (N NCg(T,)). We wish to decompose, under the
action of ¢, the involution we fixed at the beginning of the proof. Be very careful
to note, however, that ¢ need not normalise N;. But since S normalises J, it also
normalises N. Then N = N -d(S8) is yet another definable, connected, soluble group,
so {N,t} C (IQ’HN)O < F°(N), and Lemma F applies to N. Now take n; € N| and
write its decomposition n; = pn inside N, with p € (N1)° and n € {N, (}. Then
pE Clo/ﬂ(Ng(JK))(‘) < Cg(T,) by Step 4. So n € C;;(T,). On the other hand, for
any t € T, one has, using a famous identity,

1

(e, n =, 21" - [, ¢ 710, 00 112, 1], n]"
[n=2, 1" - [[t, 1], n]"

= [[t, ], n]".
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Hence n commutes with [T, (] =Y, and n € Ng(N;(Y,)) = Ng(B). Because
p € C; (1) < B, one has ny = pn € Ng(B), meaning N; < N;(B) = B. Now
N1 < Ur(Ng(J)) and since J; is a Carter m-subgroup of B, Ny < J,. Therefore
Jic is a Carter -subgroup of C¢,(T,).

Stretto. This extra rigidity has devastating consequences. By normalisation
principles, « has a C (T, )-conjugate A normalising J,.. If A normalises B then
T, < [Je, Al < F°(B) by Step 1(iii), which contradicts [U,(Z(F°(B))), T, ] # 1
from Step 2(ii). So A does not normalise B. On the other hand 7} (B) contains T,
so A € K. In particular, everything we said so far of x holds of X; by rank equality,
T, =T,.

By conjugacy of Sylow 2-subgroups, A has an N (Ji)-conjugate i in S. Re-
member that we took G = G -d(.§°), s0 Ng(Ji) = Ng(Ji) -d(S) and pu = A" for
some n € Ng(J,). Moreover i € S commutes with the involution ¢ we fixed earlier
in the proof. Let X = C;’,L (n) < F°(B).

e Suppose X = 1. Then p inverts Y, so
Y, < [J«, I'L] = [Jk, )\n] = [Ji, K]n =< —ﬂ—ﬁ =—|]—/’:

and equality follows from the equality of ranks.

e Suppose X # 1. We apply The Devil’s Ladder (Proposition 4) to the action of (i, t)
on X inside By, the only Borel subgroup of G containing C¢ () by uniqueness
(Step 1(1)). We find B, > C;(X) > U,(Z(F°(B))). Uniqueness principles force
U,(B,) = U,(B), which means © € Ig N S. In particular, everything we said in
this proof of ¢ holds of u, so

Yy =1, ul =, V1= [Jie, A" < T5 =T
and equality follows from the equality of ranks.
In any case, T, is G-conjugate to Y; we are done. U

Notations and steps from Sections 5.2 to 5.4 may be forgotten.

5.6. Critical mass.
Step 6 (the collapse).

We first estimate rk{T, : ¥ € Kg}. The set under consideration is definable as a
subset of {Y¢: g€ G} =G/Ng(Y) by Step 5(iv). If T, =T, then thereis g € G
with T, = Y#. In particular, « and A lie in Ny (NG (Y#)) = Ng(B#) by Step 5(1).
Since k and A are G-conjugate, kA € Ng(B¥). Now « inverts kA so by Step 1(iv),
kX € B8, and A € kTps(x). The latter has the same rank as Y by Proposition 5 and
Step 5(iv). It follows that rk{T, : k € Kp} >1tk Kp —1tkY =1tk G -1tk Cs(t) —rk Y.
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We move to something else. Let F be a definable family of conjugates of Y.
Since an element in Y lies in only finitely many conjugates by Step 5(iii), tk | F =
rk F+r1k Y. We first apply this to F; = {T, : « € Kp}, finding

rkUF =1k U Te =1k G — 1k Cg (o) —tk ¥ +1k ¥ =1k G — 1k C (10).

KEKB
We now apply itto 7, = {Y¥:g € G/Ng(Y)}, finding
k| JF, =1k YC =1k G —rk Ng(B) +1k Y =1k G — 1k B +1k Y.

Both agree by Step 5(ii), so | F is generic in | F». However, | J 71 < (I 72N B),
which contradicts [*DJ 2012, Lemma 3.33].
This concludes the proof of Proposition 6. (I

6. The proof — after the maximality proposition

6.1. The dihedral case. The following is a combination of two different lines
of thought: the study of a pathological “W = 2” configuration in [*Del 2007a,
Chapitre 4] (published as [*Del 2008, §3]) and the final argument in [*BCD 2009].
Since we can quickly focus on the 2+ case only a few details need be adapted in
order to move from minimal connected simple groups to N?-groups, so we feel that
the resulting proposition owes much to Burdges and Cherlin. The final contradiction
is by constructing two disjoint generic subsets of some definable subset of G.

Proposition 7 (dihedral case). Let G be a connected, U2L group of finite Morley
rank and G < G be a definable, connected, nonsoluble N -subgroup. Suppose that
Ce.(t) is soluble for all « € 1(G).

Suppose that the Sylow 2-subgroup of G is isomorphic to that of PSL,(C).
Suppose in addition that for 1 € 1 (G), the group C¢, (1) is contained in a unique
Borel subgroup of G.

Then G /G is 2t and B, = C ¢ (V) is a Borel subgroup of G inverted by any
involution w € Cg (1) \ {t}.

Proof. First observe that by torality principles, all involutions in G are conjugate.
If one is in G \ G then all are, and G is 2. If one is in G then Pr2(G) = 1
and Pry(G/G) =0; G/G is 2+ by the degenerate type analysis [BBC 2007] and
connectedness.

Notation. e Let V ={1,:, w, 1w} < G be a four-group.

e Let 7, be a 2-torus containing ¢ and inverted by w, and T,, likewise.

e Let B, be the only Borel subgroup of G containing Cg(¢), and B, likewise
(observe that by uniqueness of B, over C;(¢), V normalises B, and B,,).

e Let p=pp,.
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Here is a small unipotence principle we shall use with no reference: if L < G is
a definable, connected, soluble, V-invariant subgroup, then p; < p. This is obvious
as otherwise all involutions in V invert U, (L). Bigeneration (Fact 3) will also play
a growing role in the subsequent pages.

Step 1. B, # B,

Proof of Step 1. Suppose not. If G is 2+, then it is WL' by Proposition 6, B, is a
Borel subgroup of G. Hence C¢ (1) = B, = B, = C;(w), and therefore B, = C¢ (t1w)
as well. Yet bigeneration, Fact 3, applies to the action of V on the 2+ group G: a
contradiction.

If G is not 2 then bigeneration might fail. But now all involutions are in G; by
torality principles ¢ € Cg, (1) < B, = B,, so B,, contains fw x (t), which contradicts
the structure of torsion in connected, soluble groups. ([

Notation. Let H = (B, N B,)°.
Since w normalises B, and vice-versa, H is V-invariant.

Step 2. H is abelian and 2. Moreover, « centralises U,(B,) and w inverts it; V
centralises H and N (H) = Cg,(H).

Proof of Step 2. If H =1 then Cy (w) = 1 and w inverts B,; since w inverts T,
which normalises B,, commutation pr1n01ples yield [TL, B]=1and B, < C;(1). So
B, = C¢ (1) is an abelian Borel subgroup inverted by @ and by . Hence all our
claims hold if H = 1. We now suppose H # 1.

Suppose that H is not abelian and let L = Ng(H’), a definable, connected,
soluble, V-invariant group. Then p; < p but since L contains U,(Z(F°(B,))) and
U,(Z(F°(B,))), equality holds. Hence U,(Z(F°(B,))) < U,(L); by uniqueness
principles U, (B,) is the only Sylow p-subgroup of G containing U,(L). The same
holds of U,(B,,), proving equality and B, = B,,, against Step 1. So H is abelian.

Now suppose that U,(H) # 1 and let L = N;(U,(H)). The same causes having
the same effects, we reach a contradiction again. Hence U,(H) = 1, and it follows
that w inverts U, (B,). The same argument works for (w, so ¢ centralises U, (B,).

We now claim that V centralises H. Let K = [H, (]; since H is abelian, using
Zilber’s indecomposability theorem we see that K is a definable, connected, abelian
group inverted by ¢; in particular it is 2-divisible. Since ¢ centralises U, (B,) and
inverts U, (B,,), commutation principles yield (U,(B,), U,(B,)) < C;(K) and the
latter is V-invariant. Uniqueness principles and Step 1 forbid solub1hty of C&(K);
this means K = 1, and ¢ centralises H. The same holds of w.

Suppose that H has involutions. Since it is V-invariant, so is its Sylow 2-
subgroup T (no need for normalisation principles here). If t € T, thent € H < B,
and w € B, by conjugacy; hence B, contains T, x (1), against the structure of
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torsion in connected, soluble groups. So ¢ ¢ T, and by assumption on the structure of
the Sylow 2-subgroup of G, tinverts T'; the same holds of w and (o, a contradiction.

It remains to show that N (H) = C¢(H). Let N = N (H). First assume that
G is 2+. Then using Lemma E under the action of ¢ we write N = (N1)° - {N, ¢},
where {N, (¢} is 2-divisible. Since ¢ centralises H, commutation principles applied
pointwise force {N, 1} € Cg(H). We turn to the action of w on N; = (N*+)°; with
Lemma E again Ny = (Nlm)O -{N1, }, and here again {N{, v} C Cs(H). Finally,
(N;”J)O < Cg(,w) < H < Cg(H) by abelianity, so N < Cs(H) and we conclude
by connectedness of N.

Now suppose that G /G is 2*; as a consequence, V < G. It is not quite clear
whether N has involutions and whether {N, ¢} is 2-divisible, so we argue as follows.
By normalisation principles, there is a V-invariant Carter subgroup Q of N. The
previous argument applies to Q, so Q < Cg(H); it also applies to F°(N), so
F°(N)<Cg(H),and N =F°(N)-Q < C¢ (N) (I

Step 3. We may suppose that G is 2.

Proof of Step 3. Suppose that G contains involutions, i.e., V < G. We shall prove
that H = 1. So suppose in addition that H ;é 1. For the consistency of notations,
leti=teG,w=weGG,and T; _T,,Tw_T

We claim that w does not invert F°(B;). If it does, then w inverts 7; < B; and
F°(B;), so by commutation principles [T;, F°(B;)] = 1. Let Q < B; be a Carter
subgroup of B; containing 7;; then B; = F°(B;)- Q centralises T;, and Ty, < Z(By,)
by conjugacy. Hence,

T; x (w) < (T;, Tw) < C;(H),

against the structure of torsion in connected, soluble groups and G being N;.

Hence Y; = C;O(Bi)(w) # 1. Since U, (B;) is abelian by Step 2, U, (B;) < C;,(Y;);
since Y; is V-invariant, our small unipotence principle and general uniqueness
principles force Cg(Y;) < B;. Hence, by Step 2,

Ng, (H)=Cj, (H) < C5 (Y}) < H,

which proves that H is a Carter subgroup of B,,. It therefore contains involutions,
against Step 2.

This contradiction shows that if G has involutions then H = 1. Hence, as in
the beginning of Step 2, w inverts B; = C¢, (i) and so does any other involution in
Cc (i) \ {i}; if G has involutions, Proposition 7 is proved. (I

From now on, we suppose that G is 2; we are after a contradiction. Since G
is WZL, Proposition 6 applies and C¢, (1) = B, is a Borel subgroup of G. Moreover,
since G is 2%, it admits a decomposition G = Gt - G~ by Lemma E, and the
fibres are trivial. From the connectedness of G we deduce that Cg(t) = G™ is
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connected. Finally, since the 2-torus f] normalises B,, it centralises the finite
quotient Ng(B,)/B,, and so does . Now N = Ng(B,) admits a decomposition
N =N7T-{N, ) as well; we just proved N* < B and {N, t} € B. Hence B, = C; (1)
is a self-normalising Borel subgroup of G, which will be used with no reference.

Step 4. For any involution A € C;(1) \ {t}, B[ * = F°(B,).

Proof of Step 4. The claim is actually obvious if H =1, an extreme case in which the
below argument remains however valid. Let X, = Cj, ( Bl)(a)) and X, =C%, ( Bm)(‘)‘
Suppose that X, # 1 and X, # 1. By abelianity of U,(B,) from Step 2,
Uy(B) < C;(X,). As the latter is V-invariant, it has parameter exactly p, so
Cs(X,) <NG(U,(B,)) = B;; by uniqueness principles, B, is the only Borel subgroup
of G with parameter p containing C(X,), and likewise for B,, over C;(X,,). It
follows that C (H) < (B.N B,)° = H and H is a Carter subgroup of B,,. The
latter is 7}, % (¢ ) invariant, so by normalisation principles Nz (H) contains a Sylow
2-subgroup Sof G. Since V < Cp ¢ (H) by Step 2, we may assume V < S.

Still assumlng that X, # 1 and X # 1, we denote by w the involution of V which
lies in §° = T andfixveV \( ). Then by assumption on the structure of the Sylow
2- subgroup of G, v inverts T,; it also centralises H, so by commutation principles
Tu X (V)= S centralises H > (X,, X»)- Since B, is the only Borel subgroup of G with
parameter p containing C¢(X,) (and likewise for w), S normalises both B, and B,,.
Remember that V = (1, w) = (u, v); so up to taking vu instead of v, we may suppose
that S normalises B,. Now v inverts T and centralises B,,, so by commutation
principles [Tw B,]=1and B, < C;(u) = By,: a contradiction to Step 1.

All this shows that X, =1 or X, = 1; we suppose the first. Then w inverts F°(B,).
Using Lemma E we write B, = B;"-{B,, w}. Notice that since B, is 24 B ={B, w}
(the sign — refers to the action of w throughout the present paragraph). Since w
inverts the 2-divisible subgroup F°(B,), one has F°(B,) C B,. Since the set B,”
is 2-divisible, commutation principles applied pointwise show F°(B,) € B C
Cp (F°(B,)). Hence B, turns out to be a union of translates of F°(B,). Now
Cp (F°(B,)) is normal in B, and nilpotent, so by definition of the Fitting subgroup,
Cp (F°(B,)) < F(B,). As aconsequence B C F(B,) is a union of finitely many
translates of F°(B,). But deg B, = deg{B,, w} = deg wB =1,s0 F°(B) = B

The previous paragraph shows that if X, = 1, then our desired conclusion holds
of A = w; it then also holds of A = tw. Now any involution A € C5(1) \ {t} is a
C (1)-conjugate of w or tw, say A =" withn € C5(1) < Ng(B) < Ni(F°(B,)), so

B =B~ = (B )" = (F°(B))" = F°(B,).

Similarly, if X, =1, then B* = F°(B,,) for any A € C(w) \ {w}. We conjugate
w to ¢ and see that in this case we are done as well. O

Step 5. tkG™ <21k F°(B,).
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Proof of Step 5. Let k = 1w and G = G x V. Observe that in G the involutions
l, w, kK are not conjugate; one has exactly three conjugacy classes, which also are
G-classes. So for (wg, k1) € 0% x k€, the definable closure d(w;k;) contains a
unique involution which must be a conjugate ¢; of ¢.

Now consider the definable function from 0% x «¢ to (¢ which maps (o, K1)
to ¢1; we shall compute its fibres. If (w;, x2) also maps to ¢; then wjwr € Cg (1) =B,,.
Hence wjw, € B;w' = F°(B,,) by Step 4, and fibres have rank at most 21k F'°(B,).
As the map is obviously onto, one has 21k F°(B,) > rk G—1kB=r1kG. ]

Step 6. (F°(B,))" ) and (F°(B,,))F B are generic subsets of G™.

Proof of Step 6. Recall from Step 4 that ¢ inverts F°(B,,) and centralises B,. In
particular since G is 2+ one has F°(B,)N B, = 1; moreover (F°(B,)) B) c G,
We now compute the rank. Consider the definable function from F°(B,) x F°(B,)
to G which maps (a, x) to x“. Let us prove that it has finite fibres.

Suppose x = y” with b € F°(B,) and y € F°(B,); then xob7! = v, and applying
w one finds

—1 -1 -1 -2
y:yw:xab 0 _ wa b:xa bzyha b'

Since F°(B,) is abelian and G is 2, this results in a~'b € C(y) and x = y. We
now estimate the size of Cro(p,)(x). Suppose ¥ = Cy. ( B[)(x) is infinite. Since Y is
V-invariant, so is C¢;(Y), a definable, connected, soluble group containing F°(B,).
As we know, C¢(Y) has unipotence parameter at most p, so Cg(Y) normalises
Uy(B,) and C;(Y) < B,; as a matter of fact, by uniqueness principles B, is the
only Borel subgroup of G with parameter p containing CZ(Y). It follows that
x € Ng(B,). Hence x € Ng(B,) N F°(By,) =Cc(t) N F°(By,) = 1.

Thus, fibres are finite; it follows that rk(F°(B,))" ) =21k F°(B,) >tk G~
by Step 5; inclusion forces equality. The same holds of (F°(B,,)) (). O

We now finish the proof of Proposition 7. By Step 6, both the sets (F°(B,))"" 8V
and (F°(B,,))F"B) are generic in G™. So there is t € F°(B,) N F°(B,,)’ \ {1}
for some f € F°(B,). Then the involution (tw)! = f~hiwf = fPwf = wf?
centralises ¢, whereas (w inverts it. So 2 € G inverts ¢. This creates an involution
in G, against Step 3. (I

6.2. Strong embedding. Strong embedding is a classical topic in finite group theory
[Bender 1971]. Recall that a proper subgroup M of a group G is said to be
strongly embedded if M contains an involution but M N M$ does not for any
g ¢ M. The reader should also keep in mind a few basic facts about strongly
embedded configurations [BN 1994b, Theorem 10.19] (checking the apparently
missing assumptions would be almost immediate here):

e involutions in M are M-conjugate;
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e a Sylow 2-subgroup of M is a Sylow 2-subgroup of G;

e M contains the centraliser of any of its involutions.

We need no more. The study of a minimal connected simple group with a strongly
embedded subgroup was carried out in [*BCJ 2007, Theorem 1].

Proposition 8 (strong embedding). Let G be a connected, Us-, nonsoluble N?-
group of finite Morley rank. If G has a definable, soluble, strongly embedded
subgroup, then Pry(G) < 1.

Our proof will be considerably shorter than [*BCJ 2007]; thanks to Proposition 6
we need only handle the case of central involutions [*BCJ 2007, §4]. Apart from
this, our argument is a subset of the one in [*BCJ 2007, §4]: we construct two
disjoint generic sets. We only hope to have helped clarify matters in Step 4 below.

(Incidentally, an alternate proof of the noncentral case of [*BCJ 2007, Theorem 1]
was suggested using state-of-the-art genericity arguments in minimal connected
simple groups [ABF 2013, Theorem 6.1]. Yet this new proof reproduces the central
case [*BCJ 2007, §4] and affects only the configuration we need not consider by
maximality.)

Proof. We let G be a minimal counterexample, i.e., G satisfies the assumptions but
Pry(G) > 2. By Proposition 1, the Sylow 2-subgroups of G are connected.

Notation. Let M < G be a definable, soluble, strongly embedded subgroup. Let
S < M be a Sylow 2-subgroup of G and A = 2,(5°) be the group generated by
the involutions of S°.

Step 1. C( (i) is soluble for all i € I(G).

Proof of Step 1. First observe that Z(G) has no involutions by strong embedding,
as they would lie in § < M and in any conjugate.

Suppose that there is i € A\ {1} with nonsoluble C¢ (i). Fix some 2-torus 7; < §
of Priifer rank 1 containing i; since Cg(t;) is soluble because G is an NJ-group,
there exists by the descending chain condition some « € 7; with C¢ () soluble. We
take o with minimal order; then Cg, (ar?) is not soluble, and «® # 1 since o # i.

Let H=Cg (@?)and N = M N H. Since o? # 1 and Z(G) has no 2-elements,
H <G.Observehowa €7, <S<N.Let H= H/(a?) and]\_/=N/(o¢2). Then N
is definable, soluble, and strongly embedded in H, which still has Priifer rank > 2,
against minimality of G as a counterexample. (]

Notation. Let B = M°.

Step 2. B is a Borel subgroup of G and A < Z(B); the group M /B is nontrivial
and has odd order. Moreover, the following hold.

(1) Strongly real elements of G which lie in B actually lie in A.
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(ii) Ifi € I(B) invertsn € Ng(B) thenn € B.
(iii)) BgI(G) is generic in G for any g € G.
(iv) (BN B&)° =1 forg¢ Ng(B).

Proof of Step 2. By Step 1, connectedness of the Sylow 2-subgroup, and the
maximality proposition (Proposition 6), C¢ (i) is a Borel subgroup of G for any
i € I(G). Butfori € A\ {1}, Cg(i) < M by strong embedding of the latter, so
C¢ (i) < B and equality follows. In particular, A < Z(B).

By structure of the Sylow 2-subgroup, N¢(B)/B has odd order, and so has its
subgroup M/B. But M, being strongly embedded, conjugates its (more than one)
involutions, which are central in B. This shows B < M.

If b € B is inverted by some k € I(G) then k normalises Cg(b) > A; by
normalisation principles and structure of the Sylow 2-subgroup, one has k € C (D),
so b has order at most 2; this is claim (i). If i € I(B) inverts n € Ng(B) then
computing modulo B, we get n~ !B =n' B =nB and n? € B. Since Ng(B)/B has
odd order, n € B, proving (ii).

We move to (iii). Consider the definable function B x I (G) which maps (b, k)
to bk. If bk = bk, with the obvious notation, then b, ', is a strongly real
element of G lying in B, and hence has order at most 2 by claim (i). This happens
only finitely many times, so fibres are finite and rk(B - 1 (G)) =tk B+1k [ (G) =
rk B+1k G —rk B =1k G. Then for any g € G,

tk(BgI(G)) =1k(gB*1(G)®) =rk(g(BI(G))®) =1k(BI(G)) =1k G.

It remains to control intersections of conjugates of B, claim (iv). Suppose that
H = (BNB?&)°isinfinite. Let O < H be a Carter subgroup of H; since A% centralises
B# > H > Q, it normalises the definable, connected, soluble group N;(Q). By
bigeneration (Fact 3), N;(Q) <(C;(a®):a€ A\{1}) =B%,s0 Np(Q) <N (Q)=
Q and Q is actually a Carter subgroup of B. Hence, Q contains a Sylow 2-subgroup
of B. Thus A < Q < B$, and strong embedding guarantees g € Ng(B). [l

Notation. Let w € M \ B (denoted o in [*BCJ 2007, Notation 4.1(2)]).

Step 3. We may assume that w is strongly real, in which case the following hold.
(1) Cg(w) has no involutions.

(i) If some involution k € I1(G) inverts w, then k inverts Cg(w).

(iii) Cy(w) =1.

Proof of Step 3. By Step 2(iii), both BI(G) and BwI (G) are generic in G, so they
intersect. Hence up to translating by an element of B, we may suppose that w is a
strongly real element.
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Suppose that there is an involution £ € Cg(w). Then w € Cg(£) = Cg(¢) by
Steinberg’s torsion theorem and connectedness of the Sylow 2-subgroup; C¢; (£) is
a conjugate of B (Sylow theory suffices here; no need to invoke strong embedding).
But w is strongly real, so by Step 2(i) it is an involution, against the fact that M /B
has odd order.

We prove (ii): Let k be an involution inverting w. Then Cg (k) is a conjugate By
of B, and k € By. Observe how w ¢ Ng (By) by Step 2(ii). So C¢; (k, w) < (ByNB)°
is trivial by Step 2(iv), and k inverts Cg(w).

Finally, let H = C(w) and suppose H # 1. Bear in mind that A centralises H,
so it normalises the definable, soluble group Ng(H). By bigeneration (Fact 3),
NG (H) < B. But k inverts H, so it normalises N (H) as well. Hence N (H) <
B N B*, and Step 2(iv) forces k € Ng(B). Now k € B inverts w € Ng(B) \ B, a
contradiction to Step 2(ii). This shows that C3(w) = 1. O

Notation. Let C = C2(w) \ Ng(B).
C is obviously generic in Cg(w), as C;,G(B)(w) < Cp(w) =1 by Step 3(iii).
Step 4. BCB is genericin G.

Proof of Step 4. This is the only part where we slightly rewrite the argument given
in [*BCJ 2007]. Let F = {(m, £) € Bw x [(G) : m* =m™'}.

Let m € Bw. If m is inverted by some involution in G, then by Step 3(iii),
Cz(m) =1 and m® C Bm is generic in Bm. So is w®, and m is therefore B-
conjugate with w. So let us count involutions inverting w. First, there is such an
involution k by Step 3. If £ is another such, then k£ € Cg(w) and £ € kCg(w).
Conversely, since k inverts Cg(w) by Step 3(ii), any element in kCg,(w) is an
involution inverting w. This together shows

rk F = rk w® 4+ 1k Cg(w) = rk B + 1k CZ (w).

On the other hand, since BwI (G) and BI(G) are generic in G by Step 2(iii), a
generic £ € I (G) inverts some element in Bw. Hence tk 7 > 1k I (G) =1k G —rk B.

Finally consider the definable function which maps (b1, c, b2) € B x C x B
to bichb,. We claim that all fibres are finite. Since the fibre over bjcob, has the
same rank as the fibre over cp, we compute the latter. Suppose bjcby = ¢y with the
obvious notation. Then, applying w,

co=cy =b{chy =[w, bl_l]blcbz[bz, w] = [w, bl_l]co[bz, w].

In particular, [w, bl_l]c0 = [by, w]~' € BN B, which is finite by Step 2(iv). Since
C%(w) =1 by Step 3(iii), there are finitely many possibilities for by and b,, and ¢
is then determined. So the function has finite fibres, and therefore,

tk(BCB) =21k B 41k C&(w) =1k F+1k B > 1k G. O
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We now finish the proof of Proposition 8. By Steps 2(iii) and 4, both B/ (G) and
BCB are generic in G. So they intersect; there is an involution k = bycb, € BCB.
Conjugating by b1, there is an involution £ = cb € CB. Now, applying w, one finds

¥ =cb" = cb[b, w] =L[b, w],

which means that [b, w] € B is a strongly real element. There are two possibilities.
If [b, w] # 1 then by Step 2(i), [b, w] € A\ {1} and £ € Cs([b, w]), so £ and ¢
lie in B: a contradiction. If [», w] = 1 then w centralises b and c¢b = ¢, against
Step 3(i). O

6.3. November.

Theorem. Let G be a connected, U2L group of finite Morley rank and G < G bea
definable, connected, nonsoluble NJ-subgroup. Then the Sylow 2-subgroup of G
has one of the following structures: isomorphic to that of PSL,(C), isomorphic to
that of SL,(C), or a 2-torus of Priifer 2-rank at most 2.

Suppose in addition that for all involutions 1 € I(G) the group C; (1) is soluble.
Then mz(G) <2, one of G or G /G is 2+, and involutions are conjugate in G.
Moreover, one of the following cases occurs:

o PSL,: G ~ PSL,(K) in characteristic not 2; G /G is 2+

e CiBoy: G is2*; mz(é) <1; forite I(é), Cc (1) =Cg () is a self-normalising
Borel subgroup of G.

e CiBo: my(G)=my(G)=1;G/G is2%; fori e (G) =1 (G), Cs(i) = CS (i)
is a self-normalising Borel subgroup of G.

e CiBos: Pry(G)=1and my(G)=m»(G)=2;G/G is2*; fori e (G)=1(G),
CZ (i) is an abelian Borel subgroup of G inverted by any involution in Cg (i)\{i}
and satisfies Tk G = 31k C(; (i).

e CiBos: Pry(G) = ma(G) = ma(G) = 2; G/G is 2% fori € I(G) = 1(G),
Cg (i) = C; (i) is a self-normalising Borel subgroup of G, if i # j are two
involutions of G then Cg (i) # Cg(j).

Proof.
Step 1. We may suppose that C( (1) is soluble for all 1 € 1(G).

Proof of Step 1. By Proposition 1, the Sylow 2-subgroup of G is isomorphic to
that of PSL;(C) or to that of SL,(C), or is connected. Our dividing line is based
on the Priifer 2-rank.

If Pro(G) < 2 then we are done with the first part of the theorem; since the
second and longer part is precisely under the assumption that C; (¢) is soluble for
allt e I(G), we may proceed if Pry (G) < 2.
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So, suppose not; we shall prove a contradiction in Step 3 below. We may assume
that G is minimal with Pr,(G) > 3, and that G = G. First note that G /Z(G) has
Priifer rank at least 3 but is centreless. So we may suppose Z(G) = 1. In this setting
we actually prove that C¢, (1) is soluble for all ¢ € 1 (G).

Suppose that there is some involution i € G = G with C ¢ (i) nonsoluble. Then
as in Step 1 of Proposition 8, we take a 2-torus of rank 1, 7; containing i, and
a € t; of minimal order with Cg () soluble; note a?#1. Let H= C‘é(az). By
torality principles, it has the same Priifer 2-rank as G; hence, by minimality of G
as a counterexample, H = G and «? € Z(G): a contradiction.

So, if G is minimal with Pry(G) > 3, then C¢ (¢) is soluble for all c € 1 (é) =1(G).
We proceed under the assumption. U

Step 2. We may suppose that G is WZJ‘.

Proof of Step 2. Suppose G is not. By Proposition 1 and since centralisers® in
G of involutions are soluble, the Sylow 2-subgroup of G is isomorphic to that of
PSL,(C), that is, Pro(G) = 1 and my(G) = 2. Fix i € I1(G).

If C¢ (i) is contained in at least two Borel subgroups of G, then by Proposition 3,
G >~ PSL,(IK) for some algebraically closed field of characteristic not 2. The latter
has no outer automorphisms [BN 1994b, Theorem 8.4]; by the assumption on
centralisers of involutions, G /G is 2+ and we are in case PSLo.

So we may assume that C (i) is contained in a unique Borel subgroup of G.
We then apply Proposition 7 inside G = G to find that C ¢ (i) is an abelian Borel
subgroup of G inverted by any involution in Cg (i) \ {i}. By torality principles
in G there exist Sylow 2-subgroups of G, say S; = S7 x (w) with i € §7, and
Sw =S, x (i) likewise. In order to reach case CiBo,, one first shows that G /G
is 2+; only the rank estimate will remain to prove.

If G/G is not 21 then S; is no Sylow 2-subgroup of G.Let S<Gbea Sylow
2-subgroup containing S; properly; it is folklore that Pry(S) > 2. Since 8° is
2-divisible and invariant under w € S, we may apply Maschke’s theorem (see
for instance [Del 2012, Fact 2]) to find a quasicomplement, i.e., a w-invariant
2-torus T with $° = S? T. Then using Zilber’s indecomposability theorem,
[T, w] < (f" N G)° =1, that is, w centralises 7. It follows that 7 normalises both
C¢g (i) and Cg (w); by the rigidity of tori, it therefore centralises both S7 and S7,.
Hence, §7 > (w) < (57, Sy,) < Cg(f), so by the structure of torsion in connected,
soluble groups, C g(f) may not be soluble. As T % G this does not contradict G
being N7, but this is against the fact that T # 1 contains an involution of G, which
has soluble centraliser® by assumption.

Hence G /G is 2*; we finally show tk G =31k C ¢ (@). This exactly follows [*Del
2007a, Proposition 4.1.30 and Corollaire 4.1.31] or [*Del 2008, Proposition 3.26
and Corollaire 3.27]: since Cg (i) is not connected for i € I (G), using the map
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from [BBC 2007, §5] (some day we shall return to this) one sees that generic,
independent j, k € I(G) are such that d(jk) is not 2-divisible, and we let £ be the
only involution in d(jk). Then (j, k) + £ is a (generically) well-defined, definable
function; obvious rank computations yield rk G =31k C¢ (i). (I

Notation. For ¢ € 1(G), let B, = C&(1).
By Steps 1 and 2 and Proposition 6, B, is a Borel subgroup of G.
Step 3. Pry(G) < 2.

Proof of Step 3. Suppose Pry(G) > 3. We may assume that G = G -d(8) for some
maximal 2-torus S of G. In particular G /G is WL But so is G by Step 2; by
LemmaL, sois G, i.e., S is actually a Sylow 2- subgroup of G. Let A = Q(8) be
the group generated by the involutions of S;then A < G is an elementary abelian
2-group with 2-rank Prz(é) > 3. Let p =max{pp, :t € A\{l}} andt € A\ {1} be
such that pp = p.

We show that B, = B, for any involution A € A\ {1}. Letx € A\ () b
such that X = Cf/ (Z(Fo( B)))(K) # 1; this exists as A has rank at least 3. Then
X < Cg(k) = By, s0 pe = p and X < U,(B,). Let as always B =B, - d(S)
one has {B,k} C (B[ N B)° < F°(B,) so we may apply Lemma F and write
B, = B -{B,,k} C B;Y - F°(B,). Now both B;" and F°(B,) normalise X, hence
X is normal in B,. Uniqueness principles imply that U,(B,) is the only Sylow
p-subgroup of G containing X. In particular U,(B,) = U,(B,). Hence C; (1) =
B, = B, = Cj(x) = Ci (k). Turning to an arbitrary A € A\ {1}, we apply
bigeneration (Fact 3) to the action of V = (¢, k) on the soluble group B;, and find

<(Cg (W) :pueV\{l}) <B. So B, = B, forany » € A\ {1}.

We claim that Pro(G) = 1. First, if G is 2+ then bigeneration applies and we find
G = (C5(w) : uw € V\ {1}) = B,, a contradiction. Therefore G has involutions. In
order to bound its Priifer 2-rank we use Proposition 8. We argue that M = Ng(B,)
is strongly embedded in G. Let j be an involution in § = SN G, which is a Sylow
2-subgroup of G; then j € Ng(B,). But G is W2L and B, contains a maximal
2-torus of G, so j € B,. Let V = (¢, k); recall that V centralises B,. In particular
V centralises j, and normalises B;. As the latter is soluble we apply bigeneration
(Fact 3) and find B; = (C}}j()») e V\({l}) < B,. Now if j € M* with x € G,
then we argue likewise: j € B;", so V* centralises j, hence V" normalises B;, and
B; = B;". Therefore x € Ng(B,), and M = Ng(B,) is strongly embedded in G. By
Proposition 8, Pry(G) = 1, as desired.

Observe that any two commuting involutions of G centralise the same Borel
subgroup of G: if (u, v) is a four-subgroup of G then up to conjugacy, (i, v) <A, so
B, = B,. Now any two nonconjugate involutions of G commute to a third involution,
so they centralise the same Borel subgroup of G. But there are at least two conjugacy
classes of involutions in G, since Pry(G) = 1 and Prz(f}) > 3. So actually any two
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involutions of G centralise the same Borel subgroup of G. This means that B = B,
for any g € G; B, is normal in G, which contradicts G being N;. ([

Step 4. Lett € 1(G). Ifi€ G or G is 2+, then B, is self-normalising in G.

Proof of Step 4. First suppose i =t € I(G). We claim that i is the only involution
in Z(B;). If Prp(G) =1 this is clear by the structure of torsion in connected, soluble
groups. If Pry(G) > 2 (and one has equality by Step 3), then let k € 1(B;) \ {i}; if
k € Z(B;) then By = B; = Bji is clearly strongly embedded, against Proposition 8.
In particular, Ng(B;) < B; - Cg(i) < Cg(i) = C; (i) = B; by Steinberg’s torsion
theorem and connectedness of the Sylow 2-subgroup of G (Step 2).

Now suppose that G is 2+ (this case was already covered in Proposition 7,
between Steps 3 and 4). Since N = Ng(B,) <G is 2L, it admits a decomposition
N = Nt . N7 under the action of «. But on the one hand so does G; hence
G = Cg (1) - G+ with trivial fibres, and by a degree argument Cg(¢) is connected,
so N* < B,. And on the other hand, by torality principles there exists a 2-torus 8°
of G containing ¢; S° normalises B, and Ng(B,). By connectedness, S° centralises
the finite group N (B,)/B,, and so does t. So N~ C B, and therefore N = B,. [J

Notation. For «, 1 € 1(G), let T (1) = T, (1).

Before reading the following be very careful to note that Proposition 5 requires
G to be Wzl; for the moment only G need be by Step 2.

Step 5 (Antalya) IfG is WL and ) ¢ N (B ) then T, ()\) is finite. If in addition
G=G- d(SO)for some maximal 2-torus S° < G then rk C° (k) =1k CO (A) and
the generic left translate gC %(X) contains a conjugate of k.

Proof of Step 5. Suppose that G is W2L and 7, (A) is infinite. Then by inductive
torsion control (Proposition 5), T, (1) is infinite and contains no torsion elements.
Then A inverts T, (1) pointwise, and normalises C (T, (4)); the latter contains «.
By the structure of the Sylow 2-subgroup of G and normalisation principles, A
has a C (T, (A))-conjugate u commuting with k. Now w inverts T (A) and nor-
malises B Since Ng (B, ) already contains a Sylow 2-subgroup of G which is a
2-torus, u is toral in N (By) by torality principles. Hence T, (1) C{B, u} < F°(B).
We now take any ¢ € TT (M) \ {1} and X =d(¢), and we climb The Devil’s Ladder
(Proposition 4): B, is the only Borel subgroup of G containing C¢,(X). In particular,
A normalises B,, a contradiction.

For the rest of the argument we assume in addition that G = G -d(8°) for some
maximal 2-torus $° < G; in particular G is W2l by Step 2 and Lemma L, but also
G /G 1is abelian.
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Let us introduce the definable maps

st KO\ Ng(B) — G/C(),
K1 = K]Cé()»).

We shall compute fibres.

Suppose that 7, ; (k1) = 7.2 (k2). Then by the assumption that G=G -d(S“’),
G controls é—conjugaoy of involutions. Hence kx; € Cg AMNNG <Cg(L). Be
very careful to note that we do not a priori have connectedness of the latter, insofar
as there is no outer version of Steinberg’s torsion theorem; as a matter of fact,
connectedness is immediate only when G is 2 or A € G, not in general.

But if ¢ € Cg () is inverted by «, then « normalises Cg(c), which contains A;
since G is W2L and by normalisation principles, « has a Cg(c)-conjugate u com-
muting with A. Now u € Nz (Cg (1)), which contains a maximal 2-torus by torality
principles; torality principles again provide some maximal 2-torus 7, < Nz (Cg (1))
containing . Then by Zilber’s indecomposability theorem, [c, u] € [c, T),] < CZ (1),
that is, ¢ € Ci). It Gis 21 the conclusion comes easily; if G contains involutions,
then by torahty principles C¢;(A) contains a maximal 2-torus of G which is a Sylow
2-subgroup of G by Step 2, so ¢ € C¢(A).

Turning back to our fibre computation, we have k1k3 € C;(A), and k1k2 € T, (k).
The latter is finite as first proved. Hence 7, ; has finite fibres; it follows, keeping
Proposition 2 in mind, that

rk 1@ <1k G —rk Cg(k);

that is, rk C% (A) <1k C% (x), and vice-versa. So equality holds. By a degree
argument, 7, ) iS now generically onto. O

Step 6. We may suppose that Pr,(G) = 1.

Proof of Step 6. Suppose that Pr,(G) > 2; equality follows from Step 3 and we
aim at finding case CiBo3. There seem to be three cases depending on the values
of Pry(G) and Pl'z(é /G) =2 —Pry(G). We give a common argument. Notice,
however, that we rely on Step 3, to the author’s great aesthetic discontentment.

Let §° < G be a maximal 2-torus of G and G = G - d(S"’). Bear in mind that G
is W2L by Step 2 and Lemma L. In particular, S°isa Sylow 2-subgroup of G. Let
Kk, A, u be the three involutions in S,

If k, X, and p are not pairwise G-conjugate, then they are not é—conjugate
either. So G has at least (hence exactly) three conjugacy classes of involutions by
Lemma N: «, A, and u are pairwise not G-conjugate. We apply Step 5 in G. The
generic left-translate gC % (1) contains both a conjugate x; of k and a conjugate
1 of . Now k1 and p; are not G- -conjugate so d(x141) contains an involution v.
By the structure of the Sylow 2-subgroup of G, v must be a conjugate A; of A.
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Of course Ay € d(kijuy) < C° (A). By the structure of the Sylow 2-subgroup of
G again, A is the only conJugate of A in its centraliser. Hence A; = A. It follows
that 1, u1 € Ci(A), and g < Ci(2): a contradiction to genericity of gC %A
in G /C% (A)

So 1nvolut10ns in G are G-conjugate. This certainly rules out the case where
Pry(G)=1= Prz(é /G). Actually this also eliminates the case where Pry(G) =
and Prz(G /G) = 2. Indeed, in that case «, A,  remain distinct in the quotlent
G /G, so G cannot conjugate them in G.

Hence Pr,(G) =2 and by Step 3, G /G is 2. We have proved that G conjugates
its involutions; by Step 4 their centralisers® in G are self-normalising Borel sub-
groups. Notice that if i # j are two involutions of G with B; = B; then i € C;(j),
so i and j commute; now B; = B; = B;; is strongly embedded in G, against
Proposition 8. We recognise case CiBos. (]

This is the end. If G has involutions then by Steps 2 and 6,
ma(G) =Pr(G) =1,
my(G/G) =Pr(G/G) =

with a look at Step 4 this is case CiBo;. So we may suppose that G is 2+,
Since Pry(G) = 1, Proposition 7 yields m,(G) = 1. With a look at Step 4 this is
case CiBog. IN MEMORIAM
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SCHUR-WEYL DUALITY FOR DELIGNE CATEGORIES
II: THE LIMIT CASE

INNA ENTOVA AIZENBUD

This paper is a continuation of a previous paper by the author (Int. Math.
Res. Not. 2015:18 (2015), 8959-9060), which gave an analogue to the classi-
cal Schur-Weyl duality in the setting of Deligne categories.

Given a finite-dimensional unital vector space V (a vector space V with
a chosen nonzero vector 1), we constructed in that paper a complex ten-
sor power of V: an Ind-object of the Deligne category Rep(S,) which is a
Harish-Chandra module for the pair (gl(V), &]_31), where ‘1_3 1 CGL(V)is
the mirabolic subgroup preserving the vector 1.

This construction allowed us to obtain an exact contravariant functor
§\\7V.,,V from the category Rep®”(S,) (the abelian envelope of the category
Rep(S,)) to a certain localization of the parabolic category O associated
with the pair (gl(V), B1).

In this paper, we consider the case when V = C*. We define the appropri-
ate version of the parabolic category O and its localization, and show that
the latter is equivalent to a “restricted” inverse limit of categories 6.’,’ cN
with N tending to infinity. The Schur—-Weyl functors S/V\V‘,,CN then give an
antiequivalence between this category and the category Rep®”(S,).

This duality provides an unexpected tensor structure on the category
0=

p,Co0*

1. Introduction

1.1. The Karoubian rigid symmetric monoidal categories Rep(S,), v € C, were
defined by P. Deligne [2007] as a polynomial family of categories interpolating the
categories of finite-dimensional representations of the symmetric groups; namely, at
points n = v € Z the category Rep(S,=,) allows an essentially surjective additive
symmetric monoidal functor onto the standard category Rep(S,). The categories
Rep(S,) were subsequently studied by Deligne and others (e.g., J. Comes and
V. Ostrik [2011; 2014]).

In [Entova Aizenbud 2015a], we gave an analogue to the classical Schur—Weyl
duality in the setting of Deligne categories. To do that, we defined the “complex

MSC2010: 17B10, 18D10.
Keywords: Deligne categories, Schur—Weyl duality, limits of categories, parabolic category O.
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tensor power” of a finite-dimensional unital complex vector space (i.e., a vector
space V with a distinguished nonzero vector 1). This complex tensor power of V/,
denoted by V€V, is an Ind-object in the category Rep(S,), and comes with an action
of gl(V) on it; moreover, this Ind-object is a Harish-Chandra module for the pair
(gl(V), if?l), where ‘31 C GL(V) is the mirabolic subgroup preserving the vector 1.

The “v-th tensor power” of V is defined for any v € C; forn =v € Z_, the functor
Rep(Sy=n) — Rep(S,,) takes this Ind-object of Rep(S,—,) to the usual tensor power
V@ in Rep(S,). Moreover, the action of gl(V) on the former object corresponds
to the action of gl(V) on V&,

This let us define an additive contravariant functor, called the Schur—Weyl functor:

SW,.v : Rep™(S,) > OV,  SW, y := Homgepas,) (-, VE).

Here Rep’(S,) is the abelian envelope of the category Rep(S,) (this envelope was
described in [Comes and Ostrik 2014; Deligne 2007, Chapter 8]). The category 05
is a version of the parabolic category O for gl(V) associated with the pair (V, 1),
which is defined as follows.

We define 05 to be the category of Harish-Chandra modules for the pair
(gl(V), P1) on which the group GL(V/C1) acts by polynomial maps, and which
satisfy some additional finiteness conditions (similar to the ones in the definition of
the usual BGG category O).

We now consider the localization of 05 obtained by taking the full subcategory
of 05 consisting of modules of degree v (i.e., modules on which Idy € End(V)
acts by the scalar v), and localizing by the Serre subcategory of gl(V)-polynomial
modules. This quotient is denoted by O\E’V. It turns out that for any unital finite-
dimensional space (V, 1) and any v € C, the contravariant functor SW v,v makes
Op .y a Serre quotient of Rep®(S,)°P.

In this paper, we will consider the categories 53’& for N € Z; and for N = oo.
Defining appropriate restriction functors

E)/C{e\sn—l,n : 65’,’@1 Op”@]z 1
allows us to consider the inverse limit of the system ((OE”C,,)WO, (9%5,, La)n>1)-
Inside this inverse limit we consider a full subcategory which is equlvalent to O’JC’C o)
this subcategory is the “restricted inverse limit” of ((OU "c)n=0s (?Resn 1 n)n>1) and
will be denoted by l(lnnﬂ’ restr OU”U This category has an intrinsic description,
which we give in this paper (intuitively, this is the inverse limit among finite-length
categories).

Similarly to [Entova Aizenbud 2015a], we define the complex tensor power of the
unital vector space (C*, 1 :=¢), and the corresponding Schur—Weyl contravariant
functor SW), c~. As in the finite-dimensional case, this functor induces an exact
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contravariant functor SW, c~, and we have the following commutative diagram:

ab 0 s 1
R_ep_ (SV) P — 1<£nnzl,restr

SWI),lim

APoc
OU,C°°

Ap)l
OU,C"

The contravariant functors SW v.coo and SW v.lim turn out to be antiequivalences
induced by the Schur—Weyl functors SW, ¢-. The antiequivalences SW,, c~ and
SW, 1im induce an unexpected rigid symmetric monoidal category structure on

Apoo ~ 1 Apn
Ov,@"c = 1(&1’1 Ov,C”‘
n>1, restr
We obtain an interesting corollary: the duality in this category given by the tensor
structure will coincide with the one arising from the usual notion of duality in BGG
category O.

1.2. Notation. The base field throughout the paper will be C. The notation and

definitions used in this paper can be found in [Entova Aizenbud 2015a, Section 2].

In particular, lowercase Greek letters will denote Young diagrams, and £(A) will

denote the number of rows in A, while |A| will denote the number of boxes in A.
We will use the definition of a finite-length abelian category given below.

Definition 1.2.1. Let C be an abelian category, and C be an object of C. A Jordan—
Holder filtration for C is a finite sequence of subobjects of C

0=CycCic---cC,=C

such that each subquotient C;;/C; is simple.

The Jordan—Holder filtration might not be unique, but the simple factors C;4/C;
are unique (up to reordering and isomorphisms). Consider the multiset of the simple
factors: each simple factor is considered as an isomorphism class of simple objects,
and its multiplicity is the multiplicity of its isomorphism class in the Jordan—Hdolder
filtration of C. This multiset is denoted by JH(C), and its elements are called the
Jordan—Holder components of C. The length of the object C, denoted by £-(C), is
defined to be the size of the finite multiset JH(C).

Definition 1.2.2. An abelian category C is called a finite-length category if every
object admits a Jordan—Holder filtration.

1.3. Structure of the paper. Sections 2 and 3 contain preliminaries on the Deligne
category Rep(S,), the categories of polynomial representations of gly (where
N € Z1 U {o0o}) and the parabolic category O for gl . These sections are based on
[Entova Aizenbud 2015a; 2015b; Sam and Snowden 2015].
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In Section 4, we define the version of the parabolic category O for gl which
we will consider (including the case when N = oo; see Section 4.2), and recall the
necessary information about this category.

In Section 5, we give a description of the parabolic category O for gl as a
restricted inverse limit of the parabolic categories O for gl, as n tends to infinity.

In Sections 6 and 7, we recall the definition of the complex tensor power (CV)%",
and define the functors SW,, y : Rep®(S,)°P — OE’V, WVU,V :Rep™(S,)%P — 55",
for a unital vector space (V, 1) (finite- or infinite-dimensional). In Section 7.2, we
recall the finite-dimensional case (studied in [Entova Aizenbud 2015a]).

Section 8 discusses the restricted inverse limit construction in the case of the
classical Schur—Weyl duality, which motivates our construction for the Deligne
categories. Sections 9 and 10 prove the main results of the paper. Section 11
discusses the relation between the rigidity (duality) in Rep®(S,) and the duality in
the parabolic category O for gl.

2. Deligne category Rep(S,)

A detailed description of the Deligne category Rep(S,) and its abelian envelope
can be found in [Comes and Ostrik 2011; 2014; Deligne 2007; Etingof 2014;
Entova Aizenbud 2015a].

2.1. General description. For any v € C, the category Rep(S,) is generated, as a
C-linear Karoubian tensor category, by one object, denoted . This object is the
analogue of the permutation representation of S,,, and any object in Rep(S,) is a
direct summand in a direct sum of tensor powers of b.

Forv ¢ 7, Rep(S,) is a semisimple abelian category.

For v € Z,, the category Rep(S,) has a tensor ideal J,, called the ideal of
negligible morphisms (this is the ideal of morphisms f : X — Y such that tr(fu)=0
for any morphism u : ¥ — X). In that case, the classical category Rep(S,,) of finite-
dimensional representations of the symmetric group for n := v is equivalent to
Rep(S,=,)/J, (equivalent as Karoubian rigid symmetric monoidal categories). The
full, essentially surjective functor Rep(S,—=,) — Rep(S,) defining this equivalence
will be denoted by S,. Note that S, sends f to the permutation representation
of S,.

The indecomposable objects of Rep(S,), regardless of the value of v, are
parametrized (up to isomorphism) by all Young diagrams (of arbitrary size). We
will denote the indecomposable object in Rep(S,) corresponding to the Young
diagram 7 by X;.

For v =: n € Z, the partitions A for which X, has a nonzero image in the
quotient Rep(S,—,)/Jv=n = Rep(S,) are exactly the A for which 1| + [A| < n. If
A1+ |A] < n, then the image of A in Rep(S,) is the irreducible representation of S,
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corresponding to the Young diagram A(n): the Young diagram obtained by adding
a row of length n — |A| on top of A.

For each v, we define an equivalence relation ~ on the set of all Young diagrams:
we say that A ~ ) if the sequence (v—|A|, A;—1, Ap—2,...) can be obtained from
the sequence (v—|1'|, 2|—1,1,—2,...) by permuting a finite number of entries.
The equivalence classes thus obtained are in one-to-one correspondence with the
blocks of the category Rep(S,) (see [Comes and Ostrik 2011]).

We say that a block is trivial if the corresponding equivalence class is trivial, i.e.,
has only one element (in that case, the block is a semisimple category).

The nontrivial equivalence classes (respectively, blocks) are parametrized by all
Young diagrams of size v; in particular, this happens only if v € Z. These classes
are always of the form {(A®};, with

2O C 2D C 2@ cC...

(each A can be explicitly described based on the Young diagram of size v corre-
sponding to this class).

2.2. Abelian envelope. As was mentioned before, the category Rep(S,) is defined
as a Karoubian category. For v ¢ Z, it is semisimple and thus abelian, but for
v € Z, it is not abelian. Fortunately, it has been shown that Rep(S,) possesses an
“abelian envelope”, that is, it can be embedded (as a full monoidal subcategory)
into an abelian rigid symmetric monoidal category, and this abelian envelope has a
universal mapping property (see [Comes and Ostrik 2014, Theorem 1.2; Deligne
2007, Conjecture 8.21.2]). We will denote the abelian envelope of the Deligne
category Rep(S,) by Rep™(S,) (with Rep™(S,) := Rep(S,) for v ¢ Z).

An explicit construction of the category Rep?®(S,—,) is given in [Comes and
Ostrik 2014], and a detailed description of its structure can be found in [En-
tova Aizenbud 2015a]. It turns out that the category Rep®(S,) is a highest weight
category (with infinitely many weights) corresponding to the partially ordered set
({Young diagrams}, >), where

A>p = A~u, ACp

(namely, in a nontrivial ~-class, A) > A(U) if i < ).

Thus the isomorphism classes of simple objects in Rep?(S,) are parametrized
by the set of Young diagrams of arbitrary sizes. We will denote the simple object
corresponding to A by L(A).

We will also use the fact that blocks of the category Rep(S,,), just like the blocks
of Rep(S,), are parametrized by ~-equivalence classes. For each ~-equivalence
class, the corresponding block of Rep(S,) is the full subcategory of tilting objects in
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the corresponding block of R_epab(S,,) (see [Comes and Ostrik 2014, Proposition 2.9,
Section 4]).

3. gl and the restricted inverse limit of representations of gl,,

In this section, we discuss the category of polynomial representations of the Lie
algebra gl and its relation to the categories of polynomial representations of gl,, for
n > 0. The representations of the Lie algebra gl are discussed in detail in [Penkov
and Styrkas 2011; Dan-Cohen et al. 2016; Sam and Snowden 2015, Section 3].
Most of the constructions and the proofs of the statements appearing in this section
can be found in [Entova Aizenbud 2015b, Section 7].

3.1. The Lie algebra gl,. Let C* be a complex vector space with a countable
basis ey, e, e3, . ... Consider the Lie algebra gl of infinite matrices A = (a;;);, j>1
with finitely many nonzero entries. We have a natural action of gl , on C* and
on the restricted dual C3° = spang (e, €3, €3, ...) (here e is the linear functional
dual to e;: e (e;) = 8;;).

Let N € Z1 U{o0o}, and let m > 1. We will consider the Lie subalgebra gl,, C gl
which consists of matrices A = (a;;)1<;, j<n for which a;; =0 whenever i > m or
j > m. We will also denote by g[f,; the Lie subalgebra of gl consisting of matrices
A = (a;j)1<i,j<n for which a;; = 0 wheneveri <m or j <m.

Remark 3.1.1. Note that g[i =gly_,, forany m < N.

3.2. Categories of polynomial representations of gly. In this subsection, we take
N € 7, U{occo}. The notation Ci\’ will stand for (CV)* whenever N € Z., and for
C2° when N = oo.

Consider the category Rep(gly)poly of polynomial representations of gl : this is
the category of the representations of gl which can be obtained as summands of a
direct sum of tensor powers of the tautological representation C" of gl .

It is easy to see that this is a semisimple abelian category, whose simple objects
are parametrized (up to isomorphism) by all Young diagrams of arbitrary sizes
whose length does not exceed N: the simple object corresponding to A is S*CV.

Remark 3.2.1. Note that Rep(gly,)poly is the free abelian symmetric monoidal
category generated by one object (see [Sam and Snowden 2015, Section 2.2.11]).
It has an equivalent definition as the category of polynomial functors of bounded
degree, which can be found in [Hong and Yacobi 2013; Sam and Snowden 2015].

Next, we define a natural Z -grading on objects in Ind-Rep(gly)poly (cf. [Sam
and Snowden 2015, Section 2.2.2]):

Definition 3.2.2. The objects in Ind-Rep(gly )poly have a natural Z  -grading. Given
M € Ind-Rep(gly)poly, We consider the decomposition M = P, S*CY @mult; (here
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mult,, is the multiplicity space of S*C" in M), and we define

gr, (M) := @ S*CN @ mult;.
AzlA|=k

Of course, the morphisms in Ind-Rep(gly)poly respect this grading.

3.3. Specialization and restriction functors. We now define specialization func-
tors from the category of representations of gl to the categories of representations
of gl, (cf. [Sam and Snowden 2015, Section 3]):

Definition 3.3.1. We have

L
Ly Rep(g[oo)poly - Rep(g[n)polya Cy=( )g["-

One can easily check (cf. [Entova Aizenbud 2015b, Section 7]) that the functor ',
is well defined.

Lemma 3.3.2 [Penkov and Styrkas 2011; Sam and Snowden 2015, Section 3].
The functors T, are additive symmetric monoidal functors between semisimple
symmetric monoidal categories. Their effect on the simple objects is described as
follows: for any Young diagram A, we have T, (S*C>) = S*C".

Definition 3.3.3. Let n > 1. We define the functors
an
Resy—1.0 - Rep(@l,)poly = Rep(gl,_ Dpoty,  Resp_1 = (-)I1.
Again, one can easily show that these functors are well defined.

Remark 3.3.4. There is an alternative definition of the functors fRes,_; ,,. One can
think of the functor fRes,_ , acting on a gl,-module M as taking the restriction
of M to gl,,_; and then considering only the vectors corresponding to “appropriate”
central characters.

More specifically, we say that a gl,-module M is of degree d if Idc» € gl,, acts
by d1dy on M. Also, given any gl,-module M, we may consider the maximal
submodule of M of degree d, and denote it by deg,(M). This defines an endofunctor
deg, of Rep(gl,)poty. Note that a simple module S*C" is of degree |A|.

The notion of degree gives a decomposition

Rep(gl,)poy = €D Rep(gl,)poly.a-
deZ

where Rep(gl,,)poly,« 1s the full subcategory of Rep(gl,)poly consisting of all poly-
nomial gl,-modules of degree d. Then

Res,_1,n = @ Resg 1.0 : Rep(g[n)poly - Rep(g[n—l)poly,
d€Z+
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with

[
SReﬁd,n—l,n : Rep(g[n)poly,d - Rep(g[n—l)poly,(h %esd,n—l,n = degd © Resg[:z,l’

where Resgtiil is the usual restriction functor for the pair gl,,_; C gl,.

Once again, the functors Res,_; , are additive functors between semisimple
categories.

Lemma 3.3.5. %esn_l,n(S’\(C”) = S*C"! for any Young diagram X (recall that
SMC 1 =0if L(A) >n—1).

Moreover, these functors are compatible with the functors I';, defined before.

Lemma 3.3.6. For any n > 1, we have a commutative diagram:

Ty
Rep (g [oo)poly I Rep(g [n)poly

9:{eﬁnflﬁ
| P

Rep(gl,—1)poty
That is, there is a natural isomorphism I',_| = Res,_1 0.

Corollary 3.3.7. The functors Res, 1, : Rep(gl,)poly — Rep(gl,_1)poty are sym-
metric monoidal functors.

3.4. Restricted inverse limit of categories Rep(gl,)poly- This subsection gives a
description of the category Rep(gl.,)poly as a “restricted” inverse limit of categories
Rep(gl,)poly (see the Appendix and [Entova Aizenbud 2015b] for definitions and
details).

We will use the framework developed in [Entova Aizenbud 2015b] for the inverse
limits of categories with Z_ -filtrations on objects, and the restricted inverse limits
of finite-length categories (abelian categories in which every object admits a Jordan—
Holder filtration). The necessary definitions (such as Z, -filtered functors and
shortening functors) can be found in the Appendix.

We define a Z -filtration on the objects of Rep(gl,,)poy for eachn € 7, :

Notation 3.4.1. For each k € Z, let Fil(Rep(gl,)poly) be the full additive subcat-
egory of Rep(gl,,)poly generated by S*C" such that £(1) <k.

Clearly the subcategories Fil; (Rep(gl,,)poly) give us a Z -filtration on the objects
of the category Rep(gl,)poly. Furthermore, by Lemma 3.3.5, the functors Res, 1 ,
are 7 -filtered functors, i.e., they induce functors

Resy_, , : Filk(Rep(gl,)poty) — Filk (Rep(gl,_1)poly)-
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This allows us to consider the inverse limit

Liﬂl Rep(g[n)poly = hjg Llll Filk(Rep(g[n)poly)-
neZ 7 filtr keZ, neZ.,
This is an abelian category (with a natural Z, -filtration on objects).

By Lemma 3.3.5, the functors Res,_; , are shortening functors; furthermore,
the system ((Rep(gl,)poly)nez. , (Res,_1,,)n>1) satisfies the conditions listed in
Proposition A.5.1, and therefore the category lim, 7, 7 -filtr Rep(gl,)poty 18 also
equivalent to the restricted inverse limit of this system, hmn ez, restr Rep(gl,)poly-

Remark 3.4.2. The functors fes,_; , are symmetric monoidal functors, so the
category lim 7., restr Rep(gl,,)poly is a symmetric monoidal category.

The following proposition is relatively straightforward. Its detailed proof can be
found in [Entova Aizenbud 2015b].

Proposition 3.4.3. We have an equivalence of symmetric monoidal Karoubian
categories
1ﬁlim : Rep(g[oo)POIY - Llﬂl Rep(g[n)poly

nez., restr

induced by the symmetric monoidal functors
1
Ty = ()% : Rep(gloo)poly — Rep(gly)poly-
4. Parabolic category O

In this section, we describe a version of the parabolic category O for gl which we
are going to work with. We give a definition which describes the relevant category
for both gl,, and gl

4.1. For the benefit of the reader, we will start by giving a definition for gl
when N is a positive integer; this definition is analogous to the usual definition of
the category O. The generic definition will then be just a slight modification of the
first to accommodate the case N = oo. This version of the parabolic category O is
attached to a pair: a vector space V and a fixed nonzero vector 1 in it. Such a pair
is called a unital vector space. In our case, we will just consider V = CV, with the
standard basis e, e, ..., and the chosen vector 1 :=e¢;. Fix N € Z with N > 1.

Notation 4.1.1. The following notation will be used throughout the paper:

» We denote by py C gly the parabolic Lie subalgebra which consists of all the
endomorphisms ¢ : C¥ — CV for which ¢ (1) € C1. In terms of matrices this
is span{El,l, Ei,j | ] > 1}

. u+ C pn denotes the algebra of endomorphisms ¢ : CN — CV for which
Imd) C C1 C Ker ¢. In terms of matrices, u =span{k; ; | j > 1}.
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Denote Uy :=span{ey, e3, ..., ex}. We have a splitting gly = py @ u, , where
u, = Uy =span{E;; | i > 1}). This gives us an analogue of the triangular
decomposition:

gly = Cldey ®u,, @1y @ gl(Un).

We can now give a precise definition of the parabolic category O we will use:

Definition 4.1.2. We define the category OE% to be the full subcategory of Modyy(q1,)
whose objects M satisfy the following conditions:

o Viewed as a U(gl(Uy))-module, M is a direct sum of polynomial ¢ (gl(Uy))-
modules (that is, M belongs to Ind-Rep(gl(Uy))poly)-

. . . +
M is locally finite over uy, .

* M is a finitely generated U/ (gl )-module.

Remark 4.1.3. One can replace the requirement that u;N act locally finitely on M
by the requirement that ¢/ (u;N) act locally nilpotently on M.

Remark 4.1.4. One can, in fact, give an equivalent definition of the category 05
corresponding to a finite-dimensional unital vector (V, 1) without choosing a split-
ting (cf. [Entova Aizenbud 2015a, Section 5] and the Introduction).

Definition 4.1.5. A module M over the Lie algebra gl will be said to be of degree
K € Cif Idcy € gly acts by K Idy, on M.

We will denote by OE’EN the full subcategory of OE”](, whose objects are modules
of degree v. To say a module M of OE’,VV is of degree v is the same as to require
that E1 1 acts on each subspace S*Uy of M by the scalar v — |A|.

Definition 4.1.6. Let v € C. Define the functor deg, : Mody(g1,) — Mody(qr,) by
letting deg,, (E) be the maximal submodule of E of degree v (see Definition 4.1.5).
For a morphism f : E — E’ of gly-modules, we put deg,(f) := flaeg, (E)-

Let E € Mody(q1,). The maximal submodule of E of degree v is well defined: it
is the subspace of E consisting of all vectors on which Id¢cw acts by the scalar v,
and it is a gly-submodule since Idgw lies in the center of gly .

One can show that the functor deg, : Mody g,y — Mody (g, 1s left-exact.
Moreover, it is easy to show that the category 05,]:,[:]\] is a direct summand of OE%,
and the functor deg, : OE’,‘(, — OffVC,V is exact.

4.2. Parabolic category O for gly. We now give a definition of the parabolic
category O which for gly. Again, we let N € Z>; U {oc}.
Consider a unital vector space (CV, 1), where 1 := e;. Put

Uy :=spang(ez, e3,...) C cV,
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so that we have a splitting C¥ =Ce ®Uy. We also denote U N« :=span(e;, €3, ...)
(s0 Un,« = Uy, whenever N € Z). We have a decomposition

gly =glUy) @ gl DUy Duy .

Of course, for any N, we have Uy
the isomorphisms gl(Uy) = g[lL Zgly_;.

T = Uy We will also use

= Uy ; moreover, ug =

Definition 4.2.1.

o Define the category Modygi, gi(uy)-poly t0 be the category of gly-modules whose
restriction to gl(Uy) lies in Ind-Rep(gly, )poly; that is, gly-modules whose re-
striction to gl(Uy) is a (perhaps infinite) direct sum of Schur functors applied
to Uy. The morphisms would be gl -equivariant maps.

» We say that an object M € Modg,, gi(vy)-poly 1 Of degree v (v € C) if on every
summand S*Uy C M, the element E; | € gly acts by (v — |A]) Idg.y,, -

e Let M € Mody,, gi(y)-poly- We have a commutative algebra Sym(Uy) =U (up_N)
(the enveloping algebra of u, ~C gly). The action of gly on M gives M a
Sym(Uy)-module structure. We say that M is finitely generated over Sym(Uy)
if M is a quotient of a “free finitely generated Sym(Uy)-module”; that is, as a
Sym(Uy)-module, M is a quotient (in Ind-Rep(gly)poly) of Sym(Uy) ® E for
some E € Rep(gl(Un))poly-

o Let M e Modg,, gi(Uy)-poly- We have a commutative algebra Sym(Uy ) =U (u;fN)
(the enveloping algebra of u;rN C gly). The action of gly on M gives M a
Sym(Uy :)-module structure. We say that M is locally nilpotent over the algebra
Z/I(u;LN) if for any v € M, there exists m > 0 such that for any A € Sym” (Uy )
we have A.v =0.

Recall the natural Z,-grading on the object of Ind-Rep(gly)poly. For each
M € Mody,, gi(uy)-poly, the above definition implies that gl(Uy) acts by operators
of degree zero, and that Uy ., acts by operators of degree 1. We now define the
parabolic category O for gly which we will use throughout the paper:

Definition 4.2.2. We define the category OE’EN to be the full subcategory of
Modg;,, g1(Uy)-poly Whose objects M satisfy the following requirements:

e M is of degree v.
e M is finitely generated over Sym(Uy).

* M is locally nilpotent over the algebra U/ (u;rN).

Of course, for a positive integer NV, this is just the category OE’Zj v we defined in
the beginning of this section.
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We will also consider the localization of the category Of’:jN by its Serre subcat-
egory of polynomial gly-modules of degree v; such modules exist if and only if
v € Z,. This localization will be denoted by

iy :OMy — OFLy
and will play an important role when we consider the Schur—Weyl duality in complex
rank.

4.3. Duality in category O. Letn € Z, . Recall that in the category O for gl,, we
have the notion of a duality (cf. [Humphreys 2008, Section 3.2]): namely, given a
gl,-module M with finite-dimensional weight spaces, we can consider the twisted
action of gl, on the dual space M*, given by A.f := f o AT, where AT means the
transpose of A € gl,,. This makes M* a gl,-module. We then take M" to be the
maximal submodule of M* lying in category O.

More explicitly, considering M as a direct sum of its finite-dimensional weight

spaces
M= @ M,
A

we can consider the restricted twisted dual
M = m;
A

(that is, we take the dual to each weight space separately). The action of gl, is
given by A.f := f o AT for any A € gl,,. The module M" is called the dual of M,
and we get an exact functor (-)Y : O°? — O.

Proposition 4.3.1. The category OE’; is closed under taking duals, and the duality
Sfunctor (-) : (OE’;)OP — O(E’,‘l is an equivalence of categories.

In fact, a similar construction can be made for ngq‘éw. All modules M in 051‘500
are weight modules with respect to the subalgebra of diagonal matrices in gl,,, and
the weight spaces are finite-dimensional (due to the polynomiality condition in the
definition of OETDOO). This allows one to construct the restricted twisted dual MV in
the same way as before, and obtain an exact functor

()7 1(0)2)™ = 0%

Remark 4.3.2. It is obvious that for n € Z, the functor (-)" : (O(E’;)Op — O(E’,Z
takes finite-dimensional (polynomial) modules to finite-dimensional (polynomial)
modules. In fact, one can easily check that the functor (-)" : (OE%M)OI’ — OE?EOO
takes polynomial modules to polynomial modules as well.
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4.4. Structure of the category Of’"@,,. In this subsection, we present some facts
about the category 05:’@,1 which will be used later on. The material of this section
is discussed in more detail in [Entova Aizenbud 2015a, Section 5] and is mostly
based on [Humphreys 2008, Chapter 9].

Fix v € C, and fix n € Z,. We denote by ey, e, ..., e, the standard basis of C”,
and put 1 :=¢; and U, := span{ey, e3, ..., e,}. We will consider the category 0};’;

for the unital vector space (C", 1) and the splitting C" = C1 6@ U,.

Proposition 4.4.1. The categories O(E’,i and Ind- 0};’; are closed under taking duals,
direct sums, submodules, quotients and extensions in Oy , as well as tensoring with
finite-dimensional gl -modules.

The category 03’"@ decomposes into blocks (each of the blocks is an abelian
category in its own right). To each ~-class of Young diagrams corresponds a block
of OE,C,,. If all Young diagrams A in this ~-class have length at least n, then the
corresponding block is zero. To each nonzero block of 057@, corresponds a unique
~-class.

Moreover, the blocks corresponding to trivial ~-classes are either semisimple
(i.e., equivalent to the category Vectc) or zero.

We now discuss standard objects in OE’;.

Definition 4.4.2. Let 1 be a Young diagram. The generalized Verma module
My, (v —|A[, A) is defined to be the gl,-module

Ugl,) @u,) S*Un,

where gl(U,) acts naturally on S*U,, Idc» € p, acts on S*U, by scalar v, and u;;
acts on S*U, by zero. Thus My, (v — |A], 1) is the parabolic Verma module for
(gl,, pn) with highest weight (v — |A|, A) if and only if n — 1 > £(}), and zero
otherwise.

Definition 4.4.3. L(v — |A|, A) is defined to be zero if n > £(X), or the simple
module for gl, of highest weight (v — |A|, 1) otherwise.

The following basic lemma will be very helpful.

Lemma 4.4.4. Let ) be a Young diagram such that £()) < n. We then have an
isomorphism of gl(U,)-modules:

Mp,, (V - |)\'|a )L) = Sym(Un) X S)LUn-
We will also use the following lemma.

Lemma 4.4.5. Let {\)}; be a nontrivial ~-class, and i > 0 be such that LDy <n.
Then there is a short exact sequence

0— L — DAy om0 — 2D A0 - Lw—2P], 27) — 0.
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Corollary 4.4.6. The isomorphism classes of the generalized Verma modules and
the simple polynomial modules in 05:’0, form a basis for the Grothendieck group
of O,

5. Stable inverse limit of parabolic categories O

5.1. Restriction functors.

Definition 5.1.1. Let n > 1. Define the functor

. Pn—1 . -
Resu—t: Offpn = Oty Resyo = ()8,

Again, the subalgebras gl,_, g[nL_l C gl, commute, and therefore the subspace
of g[,f_l—invariants of a gl,,-module automatically carries an action of gl,,_;.

We need to check that this functor is well defined. In order to do so, consider the
functor Res,_1.p : 057@1 — Mody (g1, ,)- This functor is well defined, and we will
show that the objects in the image lie in the full subcategory OE”EL] of Mody(g1, ,)-

The functor fRes,_; , can alternatively be defined as follows: for a module M in
OE;}[:,,, we restrict the action of gl, to gl,_;, and then only take the vectors in M
attached to specific central characters. More specifically, we have:

Lemma 5.1.2. The functor Res,_1 , is naturally isomorphic to the composition
deg, o Resﬁi”_l (the functor deg,, was defined in Definition 4.1.6).

Proof. Let M € OE:’ .. For any vector m € M, we know that
Ider.m=(E1 1+ Exo+---+ Epp).m=vm.
Then the requirement that
Idepi-1.m=(E1 1+ Exp+---+Ej_1y—1)m=vm
is equivalent to the requirement that E,, ,.m = 0, namely that m € M o, (]
We will now use this information to prove the following result:

Lemma 5.1.3. The functor Res,_1 5, : OS:’U — OS’E,:_I is well defined.

Proof. Let M € OSan, and consider the gl,_;-module fRes,_; ,(M). By definition,
this is a module of degree v. We will show that it lies in 05;’&,1.

First of all, consider the inclusion gl(U,_1)*®gl(U,_1) C gl(U,). This inclusion
gives us the restriction functor (see Definition 3.3.3)

1
Resy, v, - Rep(gl(Un))poly = Rep(@l(Un—1)poty,  Resy, v, i= ()8 -0,

The latter is an additive functor between semisimple categories, and takes polyno-
mial representations of gl(U,) to polynomial representations of gl(U,,_1).

Now, the restriction to gl(U,_) of the gl,_;-module Res,_; ,, (M) is isomorphic
to Resy,_,, v, (M|giw,)), and thus is a polynomial representation of gl(U,_1).
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Secondly, Res,_; ,(M) is locally nilpotent over U (u;f ), since M is locally
nilpotent over U (u} ) and U (w} ) CUT).

It remains to check that given M € 05” .. the module Res,_; , (M) is finitely
generated over Sym(U,,_1). Indeed, we know that there exists a polynomial gl(U,)-
module E and a surjective gl(U,)-equivariant morphism of Sym(U,)-modules
Sym(U,)® E — M. Taking the g[(U,,_l)L—invariants and using Corollary 3.3.7, we
conclude that there is a surjective gl(U,_;)-equivariant morphism of Sym(U,,_)-
modules

Sym(Unfl) X Eg[(Un_l)L - 9%eﬁnflm(M)'

Thus Res,,_; ,(M) is finitely generated over Sym(U,,_1). O
Lemma 5.1.4. The functor Res,_1 p : OE”U — 05”&_1 is exact.

Proof. We use Lemma 5.1.2. The functor deg, : 08,111 — 05"&_1 is exact, so the
functor Res,_1 , is obviously exact as well. O

Lemma 5.1.5. The functor Res,_ , takes parabolic Verma modules either to
parabolic Verma modules or to zero:

Resp—1,n(Myp, (v —[A], 1)) = My, (v —[A], 2).
(Recall that the latter is a parabolic Verma module for gl,,_; if and only if £()) <
n — 2, and zero otherwise).

Proof. Consider the parabolic Verma module M), (v — |A], 1), where the Young
diagram A has length at most n — 1. By definition, we have

My, (v —|Al, &) =U(gL,) ®up,) S*Un.

The branching rule for gl(U,—1) C gl(U,) tells us that

($"Unlgw, 1y = D ¥ Un-r.
A‘/

where the sum is taken over the set of all Young diagrams obtained from A by
removing several boxes, no two in the same column. So

[n ~s — —
Resp’ (M, (v — 2], ) = (6]9 My, (v =l x’)) ®U(uy /uy ).
NCA
Here:

e M,, (v —]A|, L") is either a parabolic Verma module for gl,_; of highest
weight (v — |A|, A) (note that it is of degree v — |A| + |1/|) or zero.

e gl(U,—1) acts trivially on the space U (up_’ Uy 1). This space is isomorphic,
as a Z4-graded vector space, to C[¢] (v standing for E,, | € gl,)) and E ; acts
on it by derivations —t%.
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Thus Idca-1 € gl, acts on the subspace M, , (v —[A], ) Rtk c M,, (v —|A], 1) by
the scalar v — |A| + |A/| — k.

We now apply the functor deg, to the module Res gE:,l(MPn (v —|A], A)). To
see which subspaces My, (v —|A/[, ) ® t* of My, (v — ||, 1) will survive after
applying deg,, we require that |A| — |A'| +k = 0. But we are only considering
Young diagrams A’ such that A" C A, and k € Z, which means that the only relevant
case is M = A, k = 0. We conclude that

Resp—1,n(My, (v — A, 1)) =My, (v —A[, 2). O
Lemma 5.1.6. Given a simple gl,,-module L,(v — |A|, 1),
mesn—l,n(lfn(v - |)“|a )‘4)) = Ln—l(U - |)“|v )‘)

(Recall that the latter is a simple gl,,_,-module if and only if £(A) <n —2, and zero
otherwise).

Proof. The statement follows immediately from Lemma 5.1.5 when A lies in a
trivial ~-class; for a nontrivial ~-class {x®};, we have short exact sequences (see
Lemma 4.4.5):

0— L,(v— ATV (v — 2D, 20) = L, (v — D], 2D) — 0.

Using the exactness of $Res,_;,, we can prove the required statement for
L,(v — 7A@, 1®) by induction on i, provided the statement is true for i = 0.
So it remains to check that

Resp_1,n(Ln(v — A, 1)) = Ly—1 (v =[], 1)

for the minimal Young diagram A in any nontrivial ~-class. Recall that in that case,
L,(v—|A], ) = S*™C" is a finite-dimensional simple representation of gl,. The
branching rule for gl,,, gl,,_; implies that

Resl ($*Cm = P ste,
"
where the sum is taken over the set of all Young diagrams obtained from A(v)
by removing several boxes, no two in the same column. Considering only the
summands of degree v, we see that

Resy— 10 (Ln(v— A, 1) = SMVC =L, (v — Al A). O

The functor Res, 1, : OE”U — 05"&_1 clearly takes polynomial modules to

polynomial modules; together with Lemma 5.1.4, this means that SRes,_; , factors
through an exact functor

. AP APn—1
Res,_1,n 0,,7@1 - Ov’nq:nfl’
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i.e., we have a commutative diagram

Resy—1,n

Pn Pn—1
_
OV,C” Ov’Cnfl

. Resy—1.n ~
Opn ' Pn—1
v,C" v,Cr—1

(see Section 4.2 for the definition of the localizations 7).

5.2. Specialization functors.
Definition 5.2.1. Let n > 1. Define the functor
0% — 0P, Tyi= ()00,

As before, the subalgebras gl,,, g[,f C gl,, commute, and therefore the subspace
of g[,f—invariants of a gl ,-module automatically carries an action of gl,,.
Lemma 5.2.2. The functor I, : OS?EOO — 05’"@ is well defined.
Proof. The proof is essentially the same as that in Lemma 5.1.3. ]
Lemma 5.2.3. The functor T',, : OS?EOO — OE,nC" is exact.

Proof. The definition of I', immediately implies that this functor is left-exact.
Consider the inclusion gl(U,)) ® g[(Un)L C gl(Us). We then have an isomorphism
of gl(U,)-modules

L 1

The exactness of I';, then follows from the additivity of the functor
€L
()87 Rep(gl(Uso))poly — Rep(al(Un))poly-
which is an additive functor between semisimple categories. (I

The functor 'y, : OEEOO — 05:’@,1 clearly takes polynomial gl ,-modules to
polynomial gl,-modules; together with Lemma 5.2.3, this means that I, factors
through an exact functor

Fn : 65}‘500 — 55:@,

i.e., we have a commutative diagram

OPDO T Opn
v,C® v,Cn

w| s

époo Tn apn
v,C>® v,C"
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pn

5.3. Stable inverse limit of categories O . and the category Op°°°o The restric-

tion functors

. Pn Pr—1 . [+
Resp—1n: 0)co = Oy Respp = ()00

described in Section 5.1 allow us to consider the inverse limit of the system
((Op’?cn)n>1 (me5n 1n)n>2) and Slmllaﬂy for ((OV C”)”>1 (%esn 1n)n>2) Let
n>1.

Notation 5.3.1. For each k € Z, let Fllk(Ov "on) (resp., Fllk(Ov "cn)) be the Serre
subcategory of OP"C,, (resp., 0’5”@,,) generated by simple modules L,(v — |A[, &)
(respectively, 7, (L, (v — |A], 1)), with £(1) < k.

This defines Z -filtrations on the objects of 05”@7 and 55”@, i.e.,

e o Abn o~ v e AP
0;'cn = lim Fily (0'¢.), O}, = lim Filg (0.
k€Z+ k€Z+

Lemma 5.3.2. The functors
Res, 1.5 O")’f@n — OSEH',I
and

Res,_1.p: OL’”@ — OP"U’ X

are both shortening and Z . -filtered functors between finite-length categories with
Z . -filtrations on objects (see the Appendix for the relevant definitions). Moreover,
the systems (057 vy ReS,_1 ) and (05’" s ReS,_1 ) satisfy the conditions appear-
ing in Section A.5, and thus for each of these, their restricted inverse limit coincides
with their inverse limit as 7 -graded categories.

Proof. These statements follow directly from Lemma 5.1.6, which tells us that
Res,_1.n(Ly(v— X, X)) = L,—1 (v —|A|, A), and the fact that L,,(v — |A|,A) =0
whenever £(A) > n — 1. O

We can now consider the inverse limits of the Z_ -filtered systems

(O )n=t, Resu_1nz2). (O n=1, (Resu_1)nz2).

By Proposition A.5.1, these limits are equivalent to the respective restricted inverse
limits

lim 05,"01’ lim 05,”@1-
n>1, restr n>1, restr

The functors I',, described above induce exact functors

. Poo 1 pn
Clim : 0, = 1im O,

n>1
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and
- . Apoo s Apn
Diim : Oy e = lﬁll O,cr
n>

Proposition 5.3.3. The functors I'), induce an equivalence

| P 0p oo ™ lim 05 Cne
n>l restr
Proof. First of all, we need to check that this functor is well defined. Namely, we
need to show that for any M € 057&0, the sequence {€y(qt,, ) (Tnt1(M))}y stabilizes.
In fact, it is enough to show that this sequence is bounded (since it is obviously
increasing).

Recall that we have a surjective map of Sym(u,, )-modules Sym(u, )® E — M
for some E € Rep(gl(Usxo))poly. Since 'y is exact it gives us a surjectlve map
Sym(up +1)®Fn+1 (E)—>»T'y41(M) for any n > 0, with I';, 1 (E) being a polynomial
gl(Uy+1)-module.

Now,

Lut,, ) Cnr1(M)) < EW“EM)(F"H(M)) < LugiU,1)) Tng1(E)).

The sequence {£y/g1(v,. 1)) (Tns1(E))}n=0 is bounded by Proposition 3.4.3, and thus
the sequence {€y(q1,, ) (Tn+1(M))}, is bounded as well.

We now show that I',  is an equivalence. A construction similar to the one
appearing in [Entova Aizenbud 2015b, Section 7.5] gives a left adjoint to the functor

['};,; that is, we will define a functor

* o, o Pn Po
Plim: 1m0, = 0,
n>1, restr
Let (My)n>1, (9n—1.n)n>2) be an object of hmn>1 restr 05,’1@"' The isomorphisms
On—1.n 1 Res,_1 (M) = M,_ define gl,_;-equivariant inclusions M,_; — M,.
Consider the vector space
M= M,

n>1

which has a natural action of gl on it. It is easy to see that the obtained gl,,-module
M is a direct sum of polynomial gl(Us)-modules, and is locally nilpotent over the
algebra

Ul ) = Sym(Use,s) = | Sym(U)).

n>1

Sublemma 5.3.4. Let (M;)n>1, (@n—1.n)n>2) be an object of lim
Then M :=

Pn
OV ,Ccre

<—n>1, restr

n>1 Mp is a finitely generated module over

Sym(Us) = L{(up_oo).
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Proof. In Proposition A.2.2, we show that all the objects in the abelian category
lm oy e OS:’U have finite length, and that the simple objects in this category
are exactly those of the form ((L,(v — |A], A))u>1, (@n—1.n)n>2) for a fixed Young
diagram A. So we only need to check that applying the above construction to these
simple objects gives rise to finitely generated modules over Sym(Uy,) = U (up_oo).

Using Corollary 4.4.6 we now reduce the proof of the sublemma to proving the

following two statements:

» Let X be a fixed Young diagram and ((L, (V—|A], X))n>1, ($n—1.)n>2) be asimple

object in lim, _; .o 05:’(]:,7 in which L, (v — |A|, 1) is polynomial for every n
(i.e., A is minimal in its nontrivial ~-class). Then L := Ups1 La(w —[A], 2)
is a polynomial gl ,-module (in particular, a finitely generated module over
Sym(Uso) = U(u;, ).

o Let A be a fixed Young diagram and let (M}, (v —[A], 2))n>1, (@n—1,1)n>2) be an
object of lim, _, .« 05,"@ (this is a sequence of “compatible” parabolic Verma
modules). Then

M =) My, (v = 2], )

n
is a finitely generated module over Sym(Uso) = U (u,,_ ).

The first statement follows immediately from Proposition 3.4.3. To prove the
second statement, recall from Lemma 4.4.4 that

My, (v — [A], &) = Sym(U,) ® S*U,,.
So
M = My, 0= 2. 0) Z | Sym(U,) ® MU, = Sym(Uso) ® $* Vs,
n n

which is clearly a finitely generated module over Sym(Uso) = U(u,, ). U

This allows us to define the functor I'}; by setting

Flﬁm((Mn)nZIv (Dn—1.n)n>2) = U M,

n>1

and requiring that it act on morphisms accordingly. The definition of I'}}  gives us
a natural transformation
[jim © Djim = Idgpes .

v,C®

Restricting the action of gl to gl(Ux) and using Proposition 3.4.3, we conclude
that this natural transformation is an isomorphism.
Notice that the definition of I'};  implies that this functor is faithful. Thus we

conclude that the functor I'f;  is an equivalence of categories, and sois ', . [



SCHUR-WEYL DUALITY FOR DELIGNE CATEGORIES, II 205

Proposition 5.3.5. The functors T, induce an equivalence

Flim : 555'éoc — lim 65,"@"-
n>1, restr
Proof. Let M € 05?(":00 First of all, we need to check that the functor Fhm
well defined; that is, we need to show that the sequence {£ o, (T (T (M) }y>1 i
bounded from above.
Indeed,
Com, Gn(Ca(M)) < Lom (Cu(M)).

But the sequence {Kopn (I'y(M))},>1 1s bounded from above by Proposition 5.3.3,
so the original sequence is bound from above as well.
Thus we obtain a commutative diagram

Rep(glas)poly, s —————— 0P

l_‘lim J/ l—‘lim l Flim J

m,m_llm T

Pn
—_— —>
1<Lnn>l restr Rep(g[n)POI)’sV Linrpl restr 0, v,C 1<lnn>1 restr Ov cr

where Rep(gly)poly,v is the Serre subcategory of 65,]\(]]:1\] consisting of all polynomial
modules of degree v. The rows of this commutative diagram are “exact” (in the sense
that 55;’&00 is the Serre quotient of the category 05?%0 by the Serre subcategory
Rep(gly)poly,v» and similarly for the bottom row).

The functors

1—‘lim : Rep(g[oo)poly,v - Lﬂl Rep(g[n)poly,v

n>1, restr
and
Poo : Pn
[t O)F bEx lim Ov,C"
n>1, restr
are equivalences of categories (by Propositions 3.4.3 and 5.3.3), and thus the functor
T,

lim 18 @n equivalence as well. ]

6. Complex tensor powers of a unital vector space

In this section we describe the construction of a complex tensor power of the
unital vector space CV with the chosen vector 1 := ¢ (again, N € Z U{00}). A
general construction of the complex tensor power of a unital vector space is given
in [Entova Aizenbud 2015a, Section 6].

Again, we denote Uy := span{ey, e3, ...}, and Uy, := spanfe;, e3, ...} C kav.
As before, we have a decomposition:

gly =Cldey ®u, ®ul @ gl(Uy)
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such that Uy = Uy s Unse = u,’fN, and if N is finite, we have Uy = U

Fix v € C. Recall from [Entova Aizenbud 2015a, Section 4] that for any v € C,
in the Deligne category Rep(S,) we have the objects Ay (k € Z,). These objects
interpolate the representations CInj({1, ..., k}, {1,...,n}) = Indgz_xksxk Six Sk([: of
the symmetric groups S; in fact, for any n € Z; we have

Sp(Ap) =CInj({1, ...k}, {1,...,n}),
where S, : Rep(S,—,) — Rep(S,) is the monoidal functor discussed in Section 2.1.

Definition 6.0.1 (complex tensor power). Define the object (CV)&V of the category
Ind-(Rep™(S,) X OSIX:N) by setting

€2 :=PUF @ Ap™.
k>0

The action of gl on (CM)® is given as follows:

Uy Uy Uy Uy
T T~ T~ N
1 Uy ® A (U@ Ay)S U ® A3)S
~ J Y~ U — U ~
Uve  qoyy U al(Ux) Un al(Ux) Uns

e E; 1 € gly acts by scalar v — k on each summand (Uf\z,’k ® Ag)Sk

e Aegl(Uy) C gly acts on (Uf\?k ® Ag)S by

Y AV e ®lda,  (URF @ AD% - (URF @ Ap™.

1<i<k

* u € Uy =u acts by morphisms of degree 1, which are given explicitly in
[Entova Aizenbud 2015a, Section 6.2].

e feUNE u;rN acts by morphisms of degree —1, which are given explicitly
in [Entova Aizenbud 2015a, Section 6.2].

Remark 6.0.2. The actions of the elements of u;rN and u,, , though not written here
explicitly, are in fact uniquely determined by the actions of £} ; and gl(Uy).

To see this, note that the ideal in the Lie algebra gl generated by the Lie
subalgebra CE| | @ gl(Uy) is the entire gly. Given two gly-modules M, M, and
an isomorphism M; — M, which is equivariant with respect to the Lie subalgebra
CE1.19gl(Uy), the above fact implies that this isomorphism is also gl -equivariant.

In other words, if there exists a way to define an action of gl whose restriction
to the Lie subalgebra CE| | @ gl(Uy) is given by the formulas above, then such an
action of gl is unique.
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Remark 6.0.3. The proof that the object (CV)®" lies in Ind-(Rep(S,) X OE,}::N)
is an easy check, and can be found in [Entova Aizenbud 2015a]. In particular, it
means that the action of the mirabolic subalgebra Lie 31 on the complex tensor
power (CV)®" integrates to an action of the mirabolic subgroup 901, thus making

(CM)®¥ a Harish-Chandra module in Ind-Rep®(S,) for the pair (gly, B1).

The definition of the complex tensor power is compatible with the usual notion
of a tensor power of a unital vector space (see [Entova Aizenbud 2015a, Section 6]):

Proposition 6.0.4. Let d € 7. Consider the functor

Sa + Ind-(Rep(Sy—q) X O}y ) — Ind-(Rep(Ss) B O}'.v)

d,cN
induced by the functor
Sd 3R_CP_(Sv=d) g Rep(Sn)

described in Section 2.1. Then S’d((CN)@d) = (CN)y®A,

The construction of the complex tensor power is also compatible with the functors
Res, n+1 and I';, defined in Definitions 5.1.1 and 5.2.1. These properties can be
seen as special cases of the following statement (when N =n + 1 and N = oo,
respectively):

Proposition 6.0.5. Letn > 1, and let N > n, N € Z>1 U {oo}. Recall that we have
an inclusion gl,, ® g[,f C gly, and consider the functor

an
()% : Ind-(Rep™($,) K O ) — Ind-(Rep™(S,) K O}, )

induced by the functor (-)g[nL : Of}\a/:N — OSan. The functor (-)g[i then takes
(CN)® 10 (C")®".

Proof. The functor ( - )glnL : OSAfC N> 05’”@ induces an endofunctor of Ind—R_ep_ab(SV).
We would like to say that we have an isomorphism of Ind-Rep® (S, )-objects

(@2 = @2

and that the action of gl, C gl on ((CN)&v) corresponds to the action of gl, on
(C")®V. In order to do this, we first consider (C")®" as an object in Ind-Rep?(S,)
with an action of gl(Uy):
(([:N)@V o~ @(Ak ® Uf?k)sk.
k>0

If we consider only the actions of gl(Uy), gl(U,), the functor I',, is induced by the
additive monoidal functor ( - )9'@)" : Ind-Rep(gl(U N))poly — Ind-Rep(gl(Un)) poly-
This shows that we have an isomorphism of Ind-Rep® (S, )-objects

(€2 = Par @ USHS = (€’
k>0
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and the actions of gl(U,) on both sides are compatible. From the definition of the
complex tensor power (Definition 6.0.1) one immediately sees that the actions of
E .1 on both sides are compatible as well. Remark 6.0.2 now completes the proof. [

7. Schur-—Weyl duality in complex rank:
the Schur—Weyl functor and the finite-dimensional case

We fix v e C and N € Z, U {oo}. Again, we consider the unital vector space CY
with the chosen vector 1 := e and the complement Uy := span{es, e3, ... }.

7.1. Schur—Weyl functor-.
Definition 7.1.1. Define the Schur—Weyl contravariant functor
SWV :&p_ab(sv) —> MOdu(g[N)

by
SW,, := Homg,pu(s, (-, (CV)E).

Remark 7.1.2. The functor SW,, : &pab(S,,) — Mody(g1,) is a contravariant
C-linear additive left-exact functor.

It turns out that the image of the functor SW,, : Rep®(S,) — Mody(gt,) lies in
OE”Z:N (cf. Remark 6.0.3).

We can now define another Schur—Weyl functor which we will consider: the
contravariant functor S/WV,@N :Rep™(S,) — 6%. Recall from Section 4.2 that

AN OS%N — OSZ:N = OS%N/RGP(B[N)poly,v

is the Serre quotient of OEf(VDN by the Serre subcategory of polynomial gl -modules
of degree v. We then define

S/\\VU,@N = 7%1\/ o SWV’@N.
7.2. The finite-dimensional case. Letn € Z . We then have the following theorem,
which can be found in [Entova Aizenbud 2015a, Section 7]:

Theorem 7.2.1. The contravariant functor SW,, c» : Rep®(S,) — 65’"@" is exact
and essentially surjective. Moreover, the induced contravariant functor

R_epab(SU)/ Ker(s/\xlqu:n) — 65:1 ,

is an antiequivalence of abelian categories, thus making OE"CH a Serre quotient of
Rep™®(S,)°".

We will show that a similar result holds in the infinite-dimensional case, when
the contravariant functor SW,, ¢~ is in fact an antiequivalence of categories.
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In the proof of Theorem 7.2.1 we established the following fact (see [En-
tova Aizenbud 2015a, Theorem 7.2.3]):

Lemma 7.2.2. The functor WU’CA takes a simple object to either a simple object,
or zero. More specifically:

o Let A be a Young diagram lying in a trivial ~-class. Then
SWi,en (L(A) = 7 (Lp, (v — 1], 1))
e Consider a nontrivial ~-class {)»(i)}izo. Then
SWoon (L)) Z 7 (Ly, (v — 20HD], 20Dy
wheneveri > 0.

Remark 7.2.3. Recall that Ly, (v — [A[, A) is zero if £(1) > n.

8. Classical Schur—Weyl duality and the restricted inverse limit

8.1. A short overview of the classical Schur-Weyl duality. L.et V be a vector
space over C, and let d € Z... The symmetric group Sy acts on V®? by permuting
the factors of the tensor product (the action is semisimple, by Maschke’s theorem):

G.(U] X 1%) R R Ud) = vo”l(l) () Ua—l(z) R R Ua—l(d).

The actions of gl(V) and S; on V®4 commute, which allows us to consider a
contravariant functor

SWa,v : Rep(Sy) — Rep(gl(V))poly,  SWg,y := Homg, (-, VE?).

The contravariant functor SW, v is C-linear and additive, and sends a simple repre-
sentation A of S, to the gl(V)-module S*V.
Next, consider the contravariant functor

Sy : P Rep(Sa) — Rep(@l(V))poly. Sy == (P SWa.v-
de7., d

This functor SWy is clearly essentially surjective and full (this is easy to see,
since Rep(gl(V))poly is a semisimple category with simple objects S*V = SW(A)).
The kernel of the functor SWy is the full additive subcategory (direct factor) of
D, cz,Rep(Sq) generated by simple objects A such that £(1) > dim V.

8.2. Classical Schur—Weyl duality: inverse limit. In this subsection, we prove that
the classical Schur-Weyl functors SWe» make the category €9 aez, Rep(Sq) dual
(antiequivalent) to the category

~

Rep (g [oo)poly 1(£Il Rep (g [n)poly .

neZ., restr
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The contravariant functor SWex sends the Young diagram A to the gl -module S*CV.
Let n € Z. We start by noticing that the functors Res, ,,+; and the functors I',,
(defined in Section 3) are compatible with the classical Schur—Weyl functors SWcn:

Lemma 8.2.1. We have natural isomorphisms
9%25”’,,_;_1 o SW@nH = SWen
and
Fn o SWCOO = SW@n
foranyn > 0.

Proof. 1t is enough to check this on simple objects in P aez, Rep(Sa), in which
case the statement follows directly from the definitions of fies, ,+; and I',, together
with the fact that SWey (A) = S*CN for any N € Z U {o0}. O

The above lemma implies that we have a commutative diagram

Rep(gl, )poly
SWen
Pr,
D Rep(S)™® ——g——lim, .| o Rep(@l)poty )T
deZy
l—‘lim
SWeoo
Rep (g [oo )poly

with the functor I';, | being an equivalence of categories (by Proposition 3.4.3), and
Pr, being the canonical projection functor.

Proposition 8.2.2. The contravariant functors

SWeo : @ Rep(Ss) — Rep(gla)poly
deZy
and

SWiim : ) Rep(Sq) > lim  Rep(gl,)poly

dez, nesZ., restr

are antiequivalences of semisimple categories.

Proof. As was said in Section 8.1, the functor SWy is full and essentially surjective
for any N. In this case, the functor SW, is also faithful, since the simple object A in
é aez, Rep(Sq) is taken by the functor SWe, to the simple object S*C> # 0. This
proves that the contravariant functor SW, is an antiequivalence of categories. The
commutative diagram above then implies that the contravariant functor SWy;y, is an
antiequivalence as well. U
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9. Rep’(S,) and the inverse limit of categories 6:’ o

9.1. In this section we prove that the Schur—Weyl functors defined in Section 7.1
give us an equivalence of categories between Rep®(S,) and the restricted inverse
. . . APN

limit I(LnNeL’restr O cn- We fix veC.

Proposition 9.1.1. The functor Res, 1 , satisfies Res, 1., 0 SWy, cn = SW,, cn13
i.e., there exists a natural isomorphism n,, : Res,_1 , 0 SW,, cn — SW,, cn-1.

Proof. This follows directly from Proposition 6.0.5. (I

Corollary 9.1.2. Res, 1, 0SW, ct =SW,, cn1; Le., there exists a natural isomor-
phism 1), : Res,_1 , 0 SW, cn = SW,, cu-1.

Proof. By the definitions of 97{?5,1_1, » and S/WU,@?, together with Proposition 9.1.1,
we have a commutative diagram

SW]J,C"_I

//\

R_ep_ab(SU)Op - 05’"@” I ¢ OPVL—I

-1
SWV,C" 9%eﬁrtfl,n v,Cr
- 7%;1 ﬁn—l
SW\).C”’
AP APn—1
Ov:1Cn — Ov n@n .,
Resy—1,n ’
Since 7,1 0 SW,, o1 =: SW,, cn-1, we get Res, 1, 0 SW, on = SW,, 1. O

Notation 9.1.3. For each k € Z., Fil; (Rep*(S,)) is defined to be the Serre sub-
category of Rep®(S,) generated by the simple objects L () such that the Young
diagram A satisfies either of the following conditions:

e A belongs to a trivial L—class, and £(L) <k.
« ) belongs to a nontrivial ~-class {A)};=0, 1 =A@, and £(A¢*D) <k.

This defines a Z_ -filtration on the objects of the category Rep*®(S,). That is,

Rep™(S,) = lim Filg(Rep™(S,)).
kEZ+

Lemma 9.1.4. The functors S/V\Vv’@n are 7 -filtered shortening functors (see the
Appendix for the relevant definitions).

Proof. This result follows from the fact that the SW y,cr are exact, together with
Lemma 7.2.2. O
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This lemma, together with Corollary 9.1.2, implies that there is a canonical
contravariant (Z-filtered shortening) functor
S/\\Vv,lim :&Qab(sv) — lim 6 nCna

-
n>1, restr

X > ({SWy.0r (X hn=1. {in(X)}hn=2),
(f: X = Y) > {SWyoi(f) : SWy e (Y) = SWy 00 (X) 1.

This functor is given by the universal property of the restricted inverse limit described
in Proposition A.2.7! and makes the diagram below commutative:

A Pn
Ov cr

SW, cn
Pr,

Rep®(S,)? ———— lim

Opn .
SWV lim v€

<—n>1, restr

(here Pr, is the canonical projection functor).

We show there is an equivalence of categories Rep™(S,)°P and Im, e 05:1@".
Theorem 9.1.5. The Schur—Weyl contravariant functors SWV’Cn induce an anti-

equivalence of abelian categories, given by the (exact) contravariant functor

SWoim : Rep™®(S)) = lim O},
n>1, restr
Proof. The functors S/V\va are exact for each n > 1, which means that the functor
S/V\Vv,lim is exact as well.
To see that it is an antiequivalence, we will use Proposition A.4.2. All we need to
check is that the functors SW v.c» satisfy the stabilization condition (Condition A.4.1):
that is, for each k € Z, there exists ny € Z such that

SW,c: : Fili (Rep™(S,)) — Fily(0%,)

is an antiequivalence of categories for any n > n.

Indeed, let k € Z, and let n > k + 1. The category Fil; (Rep®(S,)) decomposes
into blocks (corresponding to the blocks of Rep(S,,)), and the category Fil ( OP” )
decomposes into blocks corresponding to the blocks of 0”” -

The requirement n > k + 1 together with Lemma 7.2.2 means that for any
semisimple block of Fily(Rep?(S,)), the simple object L(%) corresponding to
this block is not sent to zero under S/VT/U,@. This, in turn, implies that S/VT’V,@

lAlternatively, one can use Proposition A.3.3, since we already stated that in our setting the two
notions of inverse limit coincide.
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induces an antiequivalence between each semisimple block of Fily (R_epab(Sv)) and
the corresponding semisimple block of Filk(asj’q:,,).

Fix a nonsemisimple block B, of R_ep"‘b(SU), and denote by Fil; (53;) the corre-
sponding nonsemisimple block of Fily(Rep*®(S,)). We denote by B, the cor-
responding block in OS:’U. The corresponding block of Filk(éﬁf’cn) will then be
7 (Fil(By.0))-

We now check that the contravariant functor

SWo.c Iy, s, © Filk (By) — 7 (Filg (B5,0))

is an antiequivalence of categories when n > k + 1.

Since n > k4 1, the Serre subcategories Filg (53;) and Ker(S/\\Vv,@n) of R_epab(SU)
have trivial intersection (see Lemma 7.2.2), which means that the restriction of
§V\VU’@« to the Serre subcategory Filg (B,) is both faithful and full (the latter follows
from Theorem 7.2.1).

It remains to establish that the functor SW v.cr|Fil(B,) 18 essentially surjective
when n > k + 1. This can be done by checking that this functor induces a bijection
between the sets of isomorphism classes of indecomposable projective objects
in Filg(B;), 7 (Fil (*B;.,)) respectively (see [Entova Aizenbud 2015a, proof of
Theorem 7.2.7], where we use a similar technique). The latter fact follows from the
proof of [Entova Aizenbud 2015a, Theorem 7.2.7].

Thus SW v.cn - Filg(By) — Filg (7 (B, ,)) is an antiequivalence of categories for
n>k+1,and

SW,.c» : File(Rep™(S,)) — Filg(0%,)

is an antiequivalence of categories for n > k + 1. (Il

10. Schur-Weyl duality for Rep?"(S,) and gl

10.1. Let C* be a complex vector space with a countable basis e1, e, e3, . ... Fix
1l:=e¢; and Uy :=spang(ez, €3, ...).

Lemma 10.1.1. We have a commutative diagram

ab op : APn
R
R_ep_ (SV) — 1<&nnzl,restr OV,C"

Swv,lim
_ T,

APoc
OU,COO

Namely, there is a natural isomorphism 1 T, o SW,,.co = SW, 1im.

lim
Proof. To prove this statement, we will show that for any n > 1, the following
diagram is commutative:
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W, cn

SWv’q:n

R_Cpab ( Sv ) op

The commutativity of this diagram follows from the existence of a natural isomor-
phism I',oSW,, co = SW,, ¢» (due to Proposition 6.0.5) and a natural isomorphism
[ 0 oo = 71, o Ty, (see proof of Proposition 5.3.5). O

Thus we obtain a commutative diagram

Ov cr

SW, on
Pr,

Repab(S )op e — 11Inn>1 restr 0 n T,

Swv lim
— T,

Ov C>®

Theorem 10.1.2. The contravariant functor SWV oot Repab(S ) —> Op T is an
antiequivalence of abelian categories.

Proof. The functor flim is an equivalence of categories (see Proposition 5.3.5), and
the functor SW,, 1im is an antiequivalence of categories (see Theorem 9.1.5). The
commutative diagram above implies that the contravariant functor SW, ¢ is an

antiequivalence of categories as well. (]

11. Schur-Weyl functors and duality structures

11.1. Letn € Z,. Recall the contravariant duality functor (), : (OE:’Cn)Op — 05:’ "
discussed in Section 4.3. This functor takes polynomial modules to polynomial
modules, and therefore descends to a duality functor (/\)v (OP" )P — 0 one
Next, the definition of duality functor in Op" » implies that the duality functors
commute with the restriction functors %esn,lyn, namely, that for any n > 2,

()y_joRes,’ | =Res” | o(-),).
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This allows us to define duality functors

op
O (1im 02 ) > i ol
n>1, restr n>1, restr
and
. 1 n 1 n
O (1m 0%) > 1m0,

n>1, restr n>1, restr

Under the equivalence 05}’3& = l(iLnnZ 1. restr 05;‘01 established in Section 5.3,

the functor (-),/ corresponds to the duality functor (-)Y : (052‘5&)01’ — OE’“’OO
discussed in Section 4.3. Again, this functor descends to a contravariant duality
functor (’\)Zo : (5&(‘5&)"? — 65}'}00.

As a corollary of Theorem 7.2.1, a connection was established between the no-
tions of duality in the Deligne category Rep®®(S,) and duality in the category éfycN
for N € Z, (see [Entova Aizenbud 2015a, Section 7.3]). The above construction
allows us to extend this connection to the case when N = oo. Namely, Theorems
9.1.5 and 10.1.2, together with [Entova Aizenbud 2015a, Section 7.3], imply the
next result.

Proposition 11.1.1. Let N € Z, U {oc} and v € C. There is an isomorphism of
(covariant) functors

SW, cv o () = (-)y o SW, cn.

Appendix: Restricted inverse limit of categories

We describe the main elements of the framework for the notion of a restricted
inverse limit of categories. A detailed description of this framework has been given
in the note [Entova Aizenbud 2015b]; this appendix contains the results which are
necessary for understanding the Schur—Weyl duality in complex rank. In particular,
[Entova Aizenbud 2015b] provides some motivation behind the definitions given
below.

Given a system of categories C; (with i running through the set Z. ) and functors
Fi—1,i : C; = C;j_ for each i > 1, we define the inverse limit category LiLnieZJrC" to
be the following category:

 The objects are pairs ({C;}icz., {¢i—1,i}i=1) Where C; € C; for each i € 7
and ¢;—y; : Fi—1,i(C;) = Ci—; forany i > 1.

¢ A morphism f between objects ({C;}iez. , {¢i—1,i}i=1), UDi}icz., {¥i-1.i}i=1)
is a set of arrows {f; : C; — D;};cz, satisfying some obvious compatibility
conditions.

This category is an inverse limit of the system ((C;)iez,, (Fi—1,i)i>1) in the
(2, 1)-category of categories with functors and natural isomorphisms. We will
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denote by Pr; the projection functors lim, eLCi — C; (and similarly the projection
functors from other inverse limits defined below).

A.l. Restricted inverse limit of finite-length categories. To define the restricted
inverse limit, we work with categories C; which are finite-length categories, namely,
abelian categories where each object has a (finite) Jordan—Holder filtration. We
require that the functors F;_ ; be shortening in the following sense:

Definition A.1.1. A functor F : C — D between two finite-length categories is
shortening if it is exact and given an object C € C, we have

£p(F(C)) = £e(C).

Since F is exact, this is equivalent to requiring that for any simple object L € A,
the object F (L) is either simple or zero.

Example A.1.2. The functors

Resn—1.n:Rep(gl,)poty = Rep(gl,—)poty and Ty :Rep(glos)poty = Rep(gl,)poly
(see Section 3.1 for definitions) are examples of shortening functors.

Given a system ((C;);ez, , (Fi—1,i)i=1) of finite-length categories and shortening
functors, it makes sense to consider the full subcategory of lim, €Z+C,- whose objects
are of the form ({C;}icz, , {¢i—1,i}i>1), with {£¢, (C,) },>0 being a bounded sequence
(the condition on the functors implies that this sequence is weakly increasing).

This subcategory will be called the restricted inverse limit of categories C; and
will be denoted by lim, €7, restr C;. It is the inverse limit of the categories C; in the
(2, 1)-category of finite-length categories and shortening functors.

Example A.1.3. Consider the restricted inverse limit of the system

((Rep(g[n)poly)nZO’ (g{eﬁn—l,n)nzl)-

We obtain a functor
l—‘lim : Rep(g[oo)pOI}’ - m Rep(g[n)poly-
n>0, restr

It is easy to see that I';. is an equivalence.

lim

A.2. Properties of the restricted inverse limit. The category C := lim, €Z,, restr Ci
is an abelian category. In fact, it is a finite-length category, and one can describe its

simple objects. We start by introducing some notation.

Notation A.2.1. Denote by Irr(C;) the set of isomorphism classes of irreducible
objects in C;, and define the pointed set

Irr,. (C;) := Irr(C;) L {0}.
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The shortening functors F;_; ; then define maps of pointed sets
Sic1i I (Cy) — Ty (Ci— ).

Similarly, we define Irr(lim;_; ., Ci) to be the set of isomorphism classes of

irreducible objects in C, and define the pointed set
It (C) :=Irr(C) L {0}.

Denote by lim, eLIH* (C;) the inverse limit of the system ({Irr,(C;}i>0, { fi—1.i }i>1)-
We will also denote by pr; : lim; <z, Irr, (C;) — Irr (C;) the projection maps.

The elements of the set lim; ELIrr* (C;) are just sequences (L;);>o such that
Ll' (S II‘I‘*(C,'), and fi—l,i(Li) = Li—l-

Proposition A.2.2. Let ((Ci)icz,, (Fi—1,i)i=1) be a system of finite-length cate-
gories and shortening functors. The category C := lim, €7, restr C; is a Serre subcate-
gory of lim, eLCi’ and its objects have finite length. The set of isomorphism classes
of simple objects in LiLnieL, resty Ci 18 in bijection with the set (I«imieL Irr, (Ci)) \ {0}.
That is, we have a natural bijection

Irr, (C) = lim Irr (Cy).
ie7,

Proof. Let

C:={Cj}jez, {Pj-1,}j=1),

C = ({C}}jez+, {¢;'—1,j}j21)’

C":=(CYjez A1 j}i=1)
be objects in lim, _, C;, together with morphisms f : €' — C and g : C — C”, such
that the sequence

0o—cLctc—o
is exact.

If C lies in the subcategory C, then the sequence {£¢, (C;)}i>o is bounded from
above, and stabilizes. Denote its maximum by N. For each i, the sequence

0—C s 2/ —o0

is exact. Therefore, £c,(C}), £¢,(C/') < N for each i, and so C’, C” lie in C as well.
Vice versa, assuming C’, C” lie in C, denote by N’, N” the maximums of the
sequences {£¢,(C))}i, {£c,(C)}i, respectively. Then £¢,(C;) < N+ N” for any
i >0, and so C lies in the subcategory C as well.
Thus C is a Serre subcategory of lim; EZ+C,-.
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Sublemma A.2.3. Given an object C := ({Ci}iez,, {¢i—1,i}i=1) in C, we have
£c(C) < max{lc, (C;) | i = 0}.

Proof. Let C lie in C. We would like to say that C has finite length. Denote by N
the maximum of the sequence {{¢, (C;)};>o. It is easy to see that C has length at
most N; indeed, if {C’, C”, ..., C"™} is a subset of JH¢(C), then for some i >> 0,
we have Pr;(C®)) £ 0 for any k = 1, 2, ..., n. The objects Pr;(C®) are distinct
Jordan—Holder components of C;, so n < £¢,(C;) < N. In particular, we see that

£e(C) = N =max{lc, (C;) | i = 0}. O

Now, let C := ({Cj}jez, . {¢#j—1,j}j>1) be an object in C. We denote by JH(C )
the multiset of the Jordan—Holder components of C;, and let

JH,(C;) :=JH(C;) u{0}.
The corresponding set lies in Irr,(C;), and we have maps of (pointed) multisets
fi-1,j 1 JH(C;j) — JH.(C;_1).
Sublemma A.24. Let C := ({C}}jez. . {¢j-1,j}j=1) be in C := lim, Ci.

i€/, restr
Then
Celry(C) < Pr;(C)=C;elmr(Cj) V).

In other words, C is a simple object (that is, C has exactly two distinct subobjects:
zero and itself) if and only if C # 0, and for any j > 0, the component C; is either
a simple object in Cj, or zero.

Proof. The direction < is obvious, so we will only prove the direction =.

Let ng be a position in which the maximum of the weakly increasing integer
sequence {£¢, (C;)}i>o is obtained. By definition of ng, for j > ng, the functors
Fj_1,j do not kill any Jordan-Hélder components of C;.

Now, consider the socles of the objects C; for j > ng. For any j > 0, we have

Fj—1,j(socle(C))) Piti, socle(Cj_1),
and thus for j > ng, we have
Ecj (socle(C))) = le; (Fj-1,j(socle(C)))) < le; (socle(Cj—1)).

Thus the sequence {£¢;(socle(C;))}j=n, is a weakly decreasing sequence and stabi-
lizes. Denote its stable value by N. We conclude that there exists n; > ng such that

Fji—1,j(socle(C})) ity socle(Cj_1)

is an isomorphism for every j > ny.
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Now, set

{fj,nl (socle(Cy))) if j <ny,
j =

socle(C) if j >n

(here F; ,, : C,; — C; are our shortening functors, with n; fixed and j varying). We
put D :=((D;) >0, (¢;—1,j) j>1) (this is a subobject of C in the category @iehc,-).
Of course, £c;(D;) < N for any j, so D is an object in the full subcategory C of
LiLnieLCi- Furthermore, since C # 0, we have that for j > 0, socle(C;) # 0,
and thus 0 D C C. Thus D is a semisimple object C, with simple summands
corresponding to the elements of the inverse limit of the multisets lim jezd H.(D;).

We conclude that D = C, and that socle(C;) = C; has length at most one for

any j > 0. 0

Remark A.2.5. The latter multiset is equivalent to the inverse limit of multisets
JH, (socle(C;)), so D is, in fact, the socle of C.

This completes the proof of Proposition A.2.2. U

In particular, given an object C:= ({C)j}jez, . {¢j—1,j}j=1) inlim, , . Ci, we

have JH,(C) = lim, €Z+JH* (C)) (an inverse limit of the system of multisets JH,(C)
and maps fj_i ;).
It is now obvious that the projection functors Pr; : C — C; are shortening as well,

and induce the maps pr; : Irr,. (C) — Irr. (C;).
Corollary A.2.6. Given an object C := ({Ci}icz,, {¢i—1,i}i>1) in C, we have
£e(C) = max{lc, (C;) | i = 0}.
It is now easy to see that the restricted inverse limit has the following universal
property:

Proposition A.2.7. Let A be a finite-length category, together with a set of shorten-
ing functors G; : A — C; with the property that for any i > 1, there exists a natural
isomorphism

Ni—1,i:Fi-1,i0G — Gi_1.

Then lim, €7, restr Ci is universal among such categories; that is, we have a shorten-
ing functor
G:A— lim (,
i€z, restr

A ((Gi(A}icz,, ni-1iti=1),
fA1— A {fi =Gz,

and G; = Pr; oG for everyi € 7.
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Proof. Consider the functor G : A — lim, €Z+C,~ induced by the functors G;. We
would like to say that for any A € A, the object G(A) lies in the subcategory
lim, €Z, . restr Ci, i.e., that the sequence {{¢, (G;(A))}; is bounded from above.

Indeed, since G; are shortening functors, we have ¢, (G;(A)) < £ 4(A). Thus the
sequence {£¢, (G; (A))}; is bounded from above by £ 4(A).

Now, using Corollary A.2.6, we obtain
le(G(A)) = rll_lggi{ﬁc,- (Gi(A))} = La(A)
and we conclude that G is a shortening functor. U

A.3. Inverse limit of categories with filtration. We now define the inverse limit
of categories in a different setting, a priori not related to the restricted inverse limit
defined above. The new inverse limit is defined in the setting of categories with
filtrations, and is sometimes more convenient to use. We will later give a sufficient
condition for the two notions of inverse limit to coincide.

Fix a directed partially ordered set (K, <), where “directed” means that for any
ki, kr € K, there exists k € K such that k;, k, <k.

Definition A.3.1 (categories with K-filtrations). We say that a category A has
a K-filtration if for each k € K we have a full subcategory A* of A, and these
subcategories satisfy the following conditions:

(1) A* ¢ A' whenever k <1.

(2) A is the union of A*, k € K: that is, for any A € A, there exists k € K such
that A € A~

A functor F : A — A; between categories with K-filtrations .4;, A, is called a
K-filtered functor if for any k € K, F (A’f ) is a subcategory of A’;.

Note that if we consider abelian categories and exact functors, we should require
that the subcategories be Serre subcategories in order for the constructions to work
nicely.

Consider a system ((C;)jez, , (Fi—1,i)i>1) of categories with K-filtrations and
K-filtered functors between them. We can define a full subcategory lim, Z, K-filtr Ci
of LiLniez+Ci whose objects are of the form ({Ci}iez, , {¢i—1,i}i>1) such that there
exists k € K for which C; € Fily(C;) for any i > 0. The category lim, Z, . K-filtr C;is
automatically a category with a K-filtration on objects. It is the inverse limit of the
categories C; in the (2, 1)-category of categories with K-filtrations on objects, and
functors respecting these filtrations:

Example A.3.2. Consider the Z -filtration on the objects of Rep(gly)pory Where
S*CN lies in the component |A| of the filtration. The functors Res,_1 , respect this
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filtration, and we obtain a functor

[jim : Rep(glag)poly — Lln Rep(gl,)poly-
n>0,7 -filtr

One can show that this is an equivalence.
We have the following universal property, whose proof is straightforward:

Proposition A.3.3. Let ((C;)icz,, (Fi-1,i)i>1) be a system with a K-filtration as
above, and let A be a category with a K-filtration, together with a set of K-filtered
functors G; : A — C; such that for any i > 1 there exists a natural isomorphism

Ni—1i:Fi—1i0Gi = Gi—1.
Then lim, Z. K-filt C; is universal among such categories; that is, we have a functor

G:A—> lim G,
iez, K-filtr
A ({Gi(A))iez s ni-1,iti=1),

iA1= A= {fi i =Gi(iez,
which is obviously K-filtered and satisfies G; = Pr; o G for everyi € Z+.

A.4. Stabilizing inverse limit. Working in the setting of categories with K-filtrations
and K-filtered functors, we consider the case when A, {G;};cz, satisty the following
stabilization condition (this is the case in Theorem 9.1.5):

Condition A.4.1. For every k € K, there exists iy € Z such that G; : Af — Cif is
an equivalence of categories for any j > iy.

In this setting, the following proposition holds:

Proposition A.4.2. The functor G : A — lim

im, 7. ki Ci is an equivalence of
categories with K-filtrations.

Proof. To prove that G is an equivalence of categories with K-filtrations, we need
to show that

G : A* — Filg(lim, Ci)

A 7, K-filtr

is an equivalence of categories for any k € K. Recall that

Fily (lim, C) =lim,_, C¥

~—ieZ, K-filtr el i
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By Condition A.4.1, for any i > i} we have a commutative diagram where all arrows
are equivalences:

Gi
AT

gik l /
Fi-1i

k
Ci—l

Since for any fixed k, F;_1; : C{‘ — Cf‘_l is an equivalence for i > iy, it is
obvious that Pr; : lim,_, C*¥ — C¥ is an equivalence of categories for any i > iy.
—ieZ i i

Thus G : A¥ — Fil; (l(gll 7. K-filtr C,~) is an equivalence of categories. U

A.5. Equivalence of inverse limits. Finally, we provide a sufficient condition for
the two notions of “special” inverse limit to coincide. This is the case in the setting
of Theorem 9.1.5.

Let ((Ci)iez,, (Fi—1,i)i=1) be asystem of finite-length categories with K-filtrations
and shortening K-filtered functors, whose filtration components are Serre subcate-
gories. We would like to give a sufficient condition on the K-filtration for the inverse
limit of a system of categories with K-filtrations to coincide with the restricted
inverse limit of these categories.

Recall that since the functors F;_; ; are shortening, we have maps

fic1,i Iy (Cp) — Ty (Ci—1)

and we can consider the inverse limit lim, ez, Irr, (C;) of the sequence of sets Irr, (C;)
and maps f;_; ;; we will denote by pr; : lim, €Z+Irr* (Ci) — Irry(C;) the projection
maps.

Notice that the sets Irr, (C;) have natural K-filtrations, and the maps f;_ ; respect
these filtrations.

Proposition A.5.1. Assume the following conditions hold:

(1) There exists a K-filtration on the set lim, ez, Irr, (C;). That is, we require that
foreach L in lggliez+ln* (Ci), there exists k € K so that pr; (L) € Filg (Irr (C;))
for any i > 0. We would then say that such an object L belongs in the k-th
Jfiltration component of lim; €Z+Irr* C).

(2) Stabilization condition: For any k € K, there exists Ny > 0 such that the map
fi—1.i + Filg(Irry (C;)) — Filp(Irr (Ci—1)) is an injection for any i > Ny. That
is, for any k € K there exists Ny € Z, such that the (exact) functor Fi_1 ; is
faithful for any i > Nj.

Then the two full subcategories I(Lnl.Eer’restr C;i and Llniez+,1(-ﬁltr Ci of LglieLCi

coincide.
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Proof. Let C := ({C}} ez, . {¢j—1,j}j>1) be an object in 1<i£li62+,restr C;. As before,
we denote by JH(C;) the multiset of Jordan—-Holder components of C;, and let
JH.(Cj) :=JH(C;) u{0}.

The first condition is natural: giving a K-filtration on the objects of lim, 7, testr Ci
is equivalent to giving a K-filtration on the simple objects of l(iLnl.€Z+ restr Cii» 1.€45

on the set lim, GZJr.II“r* (C).
Assume C € Llniez+,restr
Jj = ng. Recall that we have

Ci. Let ng > 0 be such that £¢; (C;) is constant for

JH,(C) = lim JH.(C}).
ieZy

Choose k such that all the elements of JH, (C) lie in the k-th filtration component
of lim, ELIrr* (Ci). This is possible due to the first condition.

Then for any L; € JH(C}), we have that L ; = pr; (L) for some L € JH,(C), and
thus L ; € Filg(Irr,(C;)). We conclude that C € Filg (lim, 7, K-filtr C).

Thus the first condition of the theorem holds if and only if lim, 7,
full subcategory of lim, 7. K-filtr Ci.

Now, let C € leirvnl.ez%[(_ﬁltr C;,and let k € K be such that C € Fil (laniez+,K—ﬁltr C).

We would like to show that £¢, (C;) is constant starting from some i. Indeed, the
second condition of the theorem tells us that there exists Ny > 0 such that the map

, restr Ci 1S a

fi-1,i  Filg (It (Ci)) — Filg (Irr, (Ci—1))

is an injection for any i > Ny. We claim that for i > Ny, £¢,(C;) is constant. Indeed,
if it weren’t, then there would be some i > N + 1 and some L; € JH(C;) such that
fi—1.i(L;) = 0. But this is impossible, due to the requirement above. O
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A GENERALIZATION OF THE GREENE-KRANTZ THEOREM
FOR THE SEMICONTINUITY PROPERTY
OF AUTOMORPHISM GROUPS

JAE-CHEON JOoO

We give a CR version of the Greene—Krantz theorem (Math. Ann. 261:4 (1982),
425-446) for the semicontinuity of complex automorphism groups. This is
not only a generalization but also an intrinsic interpretation of the Greene-
Krantz theorem.

1. Introduction

By upper semicontinuity, or simply semicontinuity, in geometry, we mean the
property that the set of symmetries of a geometric structure should not decrease
at a limit of a sequence of the structures. For instance, a sequence of ellipses in
the Euclidean plane can converge to a circle, while a sequence of circles cannot
converge to a noncircular ellipse. This property seems as natural as the second law
of thermodynamics in physics, but we still need to make it clear in mathematical
terminology. A symmetry for a geometric structure is described as a transformation
on a space with the geometric structure. The set of transformations becomes a
group with respect to the composition operator. Therefore, semicontinuity can
be understood as a nondecreasing property of the transformation group at the
limit of a sequence of geometric structures. One of the strongest descriptions of
semicontinuity was obtained by Ebin for the Riemannian structures on compact
manifolds in terms of conjugations by diffeomorphisms.

Theorem 1.1 [Ebin 1970]. Let M be a C*°-smooth compact manifold and let
{gj : ] =1,2,...} be a sequence of C*°-smooth Riemannian structures which
converges to a Riemannian metric gg in the C* sense. Then for each sufficiently
large j, there exists a diffeomorphism ¢; : M — M such that ¢;o I; o ¢j_1 is a
Lie subgroup of Iy, where I; and Iy represent the isometry groups for g; and go,
respectively.

The group of holomorphic automorphisms on a complex manifold plays the role
of the group of symmetries with respect to the complex structure. By Cartan’s
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Keywords: semicontinuity property, CR structures, CR Yamabe equation, automorphism groups.
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theorem (cf. [Greene et al. 2011]), the automorphism group of a bounded domain
in the complex Euclidean space turns out to be a Lie group with the compact-open
topology on the domain. Greene and Krantz proved the following theorem for the
semicontinuity property of automorphism groups of bounded strongly pseudoconvex
domains.

Theorem 1.2 [Greene and Krantz 1982]. Let Q; (j =1, 2, ...) and Q be bounded
strongly pseudoconvex domains in C" with C*°-smooth boundary. Suppose that Q;
converges to Qq in the C* sense, that is, there exists a diffeomorphism v; defined
on a neighborhood of Qo into C" such that V() = Qj and Y; — 1d in the C*
sense on Q. Then for every sufficiently large j, there exists a diffeomorphism
@; : Qj — Qo such that ¢; o Aut(£2;) o ¢j_l is a Lie subgroup of Aut(£2).

Unlike the isometry group of a compact Riemannian manifold, the holomorphic
automorphism group on a bounded strongly pseudoconvex domain can be non-
compact, so the proof of Theorem 1.2 is divided into two cases: either Aut(€2g) is
compact or it is not. It turns out that the latter case is relatively simple, which is
the case of deformations of the unit ball by the Wong—Rosay theorem [Rosay 1979;
Wong 1977]. The main part of the proof of Theorem 1.2 is thus devoted to the case
when Aut(£2p) is compact. Greene and Krantz proved this case by constructing a
compact Riemannian manifold (M, g;) which includes €2; as a relatively compact
subset and whose isometry group contains the automorphism group of €2;. Then
Ebin’s theorem yields the conclusion. The Riemannian manifold (M, g;) is called
a metric double of ;.

The idea of this proof is applicable to more general cases. One reasonable gener-
alization is to prove the semicontinuity property for a more general class of domains.
In a recent paper [Greene et al. 2013], the authors generalized Theorem 1.2 to finitely
differentiable cases. Greene and Kim [2014] proved that a partial generalization
is also possible even for some classes of nonstrongly pseudoconvex domains. See
also [Krantz 2010] for this line of generalization.

The aim of the present paper is to obtain another generalization of Theorem 1.2.
According to Hamilton’s theorem [1977; 1979], deformations of a bounded strongly
pseudoconvex domain with C°°-smooth boundary coincide with deformations of a
complex structure on a given domain and they give rise to deformations of the CR
structure of the boundary. Fefferman’s extension theorem [1974] shows that every
holomorphic automorphism on a bounded strongly pseudoconvex domain with C°-
smooth boundary extends to a diffeomorphism up to the boundary and hence gives
rise to a CR automorphism on the boundary. Conversely, a CR automorphism on the
boundary extends to a holomorphic automorphism on the domain by the Bochner—
Hartogs extension theorem. It is also known that the compact-open topology of
the automorphism group of the domain coincides with the C°°-topology of the
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CR automorphism group of the boundary (cf. [Bell 1987]) if the holomorphic
automorphism group of the domain is compact. In this observation, it is natural
to think of the semicontinuity property for abstract strongly pseudoconvex CR
manifolds under deformations of CR structures as a generalization of Theorem 1.2.
We prove the following theorem for CR automorphism groups when the limit
structure has a compact CR automorphism group.

Theorem 1.3. Let {J; :k=1,2,...} be a sequence of C*°-smooth strongly pseu-
doconvex CR structures on a compact differentiable manifold M of dimension 2n+ 1
which converges to a C°°-smooth strongly pseudoconvex CR structure Jy on M in
the C®° sense. Suppose that the CR automorphism group Autcr (M, Jy) is compact.
Then there exists N > 0 and a diffeomorphism ¢y : M — M for each k > N such
that ¢ o Autcr(M, Ji) o qbk_l is a Lie subgroup of Autcr(M, Jy).

According to Schoen’s theorem [1995], Autcr (M, Joy) is compact if and only if
(M, Jo) is not CR equivalent to the sphere S?"*! with the standard CR structure.
One should notice that this condition is not necessary if 2n 4+ 1 > 5. Boutet de
Monvel [1975] showed that a CR structure on M which is sufficiently close to the
standard structure on S2**! is also embeddable in C"*1if 2n+1> 5, in contrast with
the 3-dimensional case (see [Burns and Epstein 1990; Lempert 1992; Nirenberg
1974; Rosay 1979]). Therefore, if Autcr(M, Jy) is noncompact and 2n + 1 > 5,
then the situation is reduced to the case of deformations of the unit ball and follows
immediately from Theorem 1.2.

The rest of this paper will be devoted to proving Theorem 1.3. Since we are
thinking about abstract CR manifolds, we need to develop an intrinsic way of proving
this. Therefore, the main interest of Theorem 1.3 is not only in the generalization
but also in the intrinsic verification of the Greene—Krantz theorem. The main tool
of the proof is the solution for the CR Yamabe problem about the construction
of pseudohermitian structures with constant Webster scalar curvature, which is
intensively studied in, for instance, [Cheng et al. 2014; Gamara 2001; Gamara
and Yacoub 2001; Jerison and Lee 1987; 1989]. The subellipticity of the CR
Yamabe equation turned out quite useful in obtaining estimates of derivatives of
CR automorphisms in [Schoen 1995]. We make use of various solutions for the
CR Yamabe problem — minimal solutions, local scalar flattening solutions and the
blowing-up solutions given by the Green functions — developed in [Fischer-Colbrie
and Schoen 1980; Jerison and Lee 1987; 1989; Schoen 1995].

2. Strongly pseudoconvex CR manifolds

In this section, we summarize fundamental facts on strongly pseudoconvex CR
manifolds and pseudohermitian structures. The summation convention is always
assumed.
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CR and pseudohermitian structures. Let M be a smooth manifold of dimension
2n + 1 for some positive integer n. A CR structure on M is a smooth complex
structure J on a subbundle H of the rank 27 of the tangent bundle M which satisfies
the integrability condition. More precisely, the restriction of J on a fiber H, for a
point p € M is an endomorphism J), : H, — H), which satisfies J, o J, = —Idy,,
varying smoothly as p varies, and the bundle of i-eigenspace H'? of J in the
complexification C ® H satisfies the Frobenius integrability condition

[CCH"), T(H")Y)cTH").

The subbundle H is called the CR distribution of J. A CR automorphism on M is a
smooth diffeomorphism F from M onto itself such that F, H'-® = H'-%. We denote
by Autcr (M) the group of all CR automorphisms on M. A CR structure is said to
be strongly pseudoconvex if its CR distribution H is a contact distribution and for a
contact form 6, the Levi form Ly defined by

Lo(Z, W) :=—idb6(Z, W)

for Z, W € H"? is positive definite. It is known that the C°-topology of Autcg (M)
coincides with the C°°-topology for a compact strongly pseudoconvex CR man-
ifold M if Autcgr(M) is compact with respect to the C°-topology. See [Schoen
1995] for the proof.

We call a fixed contact form for the CR distribution of a strongly pseudoconvex
CR structure a pseudohermitian structure. Let {Wy i =1, ..., n} be a local frame;
that is, the W, are sections of H'° which form a pointwise basis for H; g. We call
a collection of 1-forms {6} the admissible coframe of {W,} if they are sections of
(H"9* and satisfy

0% (Wp) =35, 60%(T)=0,

where T is the vector field uniquely determined by
0(T)y=1, T.do=0,
which is called the characteristic vector field for 6. Let g, = Lo(W,, ng). Then
do = 2ig,; 0°N 67,
where {0“} is the admissible coframe for {W,}.

Theorem 2.1 [Webster 1978]. There exist a local 1-form @ = (wg®) and local
functions A%g uniquely determined by

6% = 6P A wp + A% O N 6P,
dga/g = Wop + Wi, Aup = Apa.
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Here and in the sequel, we lower or raise an index by (g, B) and ( g“B )= (g, 5)_1'
A connection V defined by

VW, =0, @ W, VT =0

is called the pseudohermitian connection or the Webster connection for 6. The
functions A% are called the coefficients of the torsion tensor T. Let

doe” —wa" Nw,? =R’ ,; 0V A0° mod 6, 0V A6°, 07 A6°.

We call Raﬁy;, the coefficients of the Webster curvature tensor R. Contracting
indices, we obtain the coefficients R,z of the Webster Ricci curvature Ric and the
Webster scalar curvature S:

Raﬁ_:R)’y(xﬁ’ S=Ra/§gaﬁ.
The norm of the Webster curvature |R|y is defined by

RF= Y R s
o, B,y,0

where the frame is chosen so that g, =, 5. We similarly define the norm of the
torsion tensor |T |g.

A pseudohermitian structure defines a sub-Riemannian structure. The distance
function induced by a sub-Riemannian metric is called the Carnot—Carathéodory
distance (cf. [Strichartz 1986]). We denote by By (x, r) the Carnot—Carathéodory
ball with respect to the pseudohermitian structure 6 of radius r > O centered at
xeM.

The Heisenberg group H" is a strongly pseudoconvex CR manifold C" x R with
the CR structure whose A '° bundle is spanned by

0 =0
(2-1) Za:@+lz"’a, a=1,...,n,
where (z,1) = (z!, ...,z t) is the standard coordinate system of C" x R. It is well

known that 4" is CR equivalent to the sphere in C"*! minus a single point. If we put
(2-2) B0 =dt —iz% dz® + iz* dz%,

then it turns out the curvature and torsion tensors vanish identically. The converse
also follows from the solution of the Cartan equivalence problem.

Proposition 2.2. If the curvature and the torsion tensors of a pseudohermitian man-
ifold (M, 0) vanish identically, then the pseudohermitian structure of M is locally
equivalent to that of (H", ¥¢). If we further assume that M is simply connected and
complete in the sense that every Carnot—Carathéodory ball is relatively compact
in M, then (M, 0) is globally equivalent to (H", ¥y),
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For a given pseudohermitian manifold (M, 8), we can extend the CR structure J
to a smooth section of endomorphism J on TM by putting J(T) = 0, where T

is the characteristic vector field of 6. Let Ji, k = 1,2, ..., and Jy be strongly
pseudoconvex CR structures on M with CR distributions H; and Hj, respectively.
We say that J; converges to Jy in the C! sense (1=0,1,2,...,00), if there exist

pseudohermitian structures 6y and 6y for (M, Ji) and (M, Jy) such that 6y — 6g
and J, — Jy in the C! sense as tensors on M.

Pseudoconformal change of structures and the CR Yamabe equation. Let (M, 0)
be a (2n+1)-dimensional pseudohermitian manifold and let 8 = ¢2/6 be a pseu-
doconformal change, where f is a smooth real-valued function. Let {#“} be an
admissible coframe for 6 satistying d6 = 2ig,z 6N 6P. Then it turns out

6% = el (6 +if%0), a=1,...,n,
form an admissible coframe for § which satisfies
40 =2ig,; 61 0P,

Let R, ‘3],5 and R, ’37,5 be coefficients of the Webster curvatures for 6 and 6 evaluated
in the coframes {6“} and {6“}, respectively. Then they are related as

2-3) Refys =R 5 — 8" (fys + foy) — 28us [F, — 2fusdly
—(fPy+ P 8ye — 48a 815 + 805 8%) £ 1},

where f, 3, fo? and f B, are components of the second covariant derivatives of f of
the pseudohermitian manifold (M, 0) (cf. Proposition 4.14 in [Joo and Lee 2015] for
the more general case). Contracting indices, we obtain the following transformation
formula for the Webster scalar curvatures:

(2-4) S=eY{S+20+DAgf —dn(n+ 1) f* £},

where Ag f = —(fou* + f5%). The operator Ay is called the sublaplacian for 6.
Let u be a positive smooth function on M defined by u?~? = ¢/, where p =
2+2/n. Then (2-4) changes into the following nonlinear equation for u:

(2-5) Lou = (byAg + S)u = SuP ™,

where b, =2+ 2/n (see [Jerison and Lee 1987; 1989; Lee 1986]). Equation (2-5)
is called the CR Yamabe equation and the subelliptic linear operator Lg is called the
CR Laplacian for 6. The CR Yamabe problem is to find a positive smooth function u
which makes S constant.
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Let A"‘B and ;\\5‘5 be the coefficients of the torsion tensors for @ and 6 in the
coframes {6} and {5“}, respectively. Then in turns out that

(2-6) Avg = e (A% — i[5 +2if° ).
See [Lee 1986] for details.

Folland-Stein spaces and subelliptic estimates. Roughly speaking, a normal coor-
dinate system of a pseudohermitian manifold (M, 8) of dimension 2n+1 is a local
approximation by the standard pseudohermitian structure on the Heisenberg group
(H", 6p). For pe M, let Wy, ..., W, be alocal frame defined on a neighborhood V
of p such that the coefficients of the Levi form for 6 are given by g, 5 = J,5. Such
a frame is called a unitary frame. We denote by T the characteristic vector field
for 6. Let (z, 1) be the standard coordinates of H” and let |(z, )| = (|z|* +*)'/*
be the Heisenberg group norm. We define Z, and 6y on ‘H" as (2-1) and (2-2).

Theorem 2.3 [Folland and Stein 1974]. There is a neighborhood of the diagonal
Q C V xV and a C*®-smooth mapping ® : Q — H" satisfying:

(a) We have ® (&, 1) = —O(n, &) = O(n, &)™\ (In particular, O (£, &) =0.)

(b) Let ©®z(n) = O(&, n). Then O is a diffeomorphism of a neighborhood Q¢ of
& onto a neighborhood of the origin in H". Denote by y = (z,t) = O(&,n)
the coordinates of H". Denote by O (k =1,2,...) a C* function f of &
and y such that for each compact set K C V, there is a constant Cg with
f(£,y) < Ckly|* (Heisenberg norm) for & € K. Then we have the following
approximation formula:

n
©7)" 0 =6+ 0'dr + Y (0%dz* + 0%dz%),
a=1
O; ) (O Ado"™) = (1+ 00 Adb],
O Wy = Zy + 0'E(3,) + 0*E(8)),
OcT = 3/0t + 0'E(D:, ),
O g = Agy +E(D) + 0'E(D;, 7) + 07E(0;0,) + O ().

Here OXE indicates an operator involving linear combinations of the indicated
derivatives with smooth coefficients in O, and we have used 9. to denote any of the
derivatives 0/9z%, 9/9z%

The smooth map O is called the Folland—Stein normal coordinates centered at §
with respect to the frame {W,}. (This coordinate system depends on the choice of
local unitary frame. Another construction of pseudohermitian normal coordinates
which does not depend on local frames is given in [Jerison and Lee 1989].) Here
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and in the sequel, we use the term frame constants to mean bounds on finitely many
derivatives of the coefficients in the O*£ terms in Theorem 2.3.
Let V be an open neighborhood of a point p € M with a fixed local unitary

frame Wy, ..., W, and let U be a relatively compact open neighborhood of p
in V such that ¢ in Theorem 2.3 contains U for every & € U. Let X, =Re W,
and Xy4,, = Im W, fora =1, ..., n. For a multi-index A = (¢, ..., o), with

I <aj <2n,j=1,...,k, we denote k by £(A) and write XAf=XO[l X f
for a smooth function f on U. The S,f (U)-norm of a smooth function f on U is

1fIspy = sup IX*Flleew),
L(A)<k

where ||gllLr @) = (fU lg|?P 9/\d9")1/p is the LP-norm of g on U with respect to the
volume element induced by 6. The completion of C;°(U) with respect to || - || SP(U)
is denoted by S,f(U).

Holder type spaces suited to Ay are defined as follows. For x,y € U, let
p(x,y) =|0(x, y)| (Heisenberg norm). For a positive real number 0 < s < 1,

Ly U)={f¢e CO(U) S f () — fF()] < Cp(x, y)® for some constant C > 0}.

If s is a positive nonintegral real number such that k < s < k + 1 for some integer
k > 1, then

TU)={f €C%U): X*f e Ty (U), £(A) <k}.
Then the 'y (U)-norm for f € ['((U) is defined by

A _ YA
{|X fp(zc): y;f_kf(y)l oyl x £y, 6 Sk}.

Ifllrs@) = sup [f (x)| +sup

xeU

The function spaces S,f (U) and I'; (U) are called the Folland—-Stein spaces on U. We
denote by A (U) the Euclidean Holder space when we regard U as a subset of R?"*,

Theorem 2.4 [Folland and Stein 1974]. For each positive real number s which is
not an integer, each 1 < r < oo and each integer k > 1, there exists a constant
C > 0 such that for every f € Cg°(U),

@ 1 flir,w) < Clfllspw), where 1/r = (k —s)/(2n +2),
®) 1 fllagw) = Clfliryw)s

©) 1 fllsswy = CUIAg fllrw) + 11 lerw))s

@ 1 fllrym@) < CUIA flir,wy + L f Ity @))-
Moreover the constant C depends only on frame constants.

One should notice that the constants C in the theorem above depend on frame
constants rather than the pseudohermitian structure itself. Therefore, if ¢/ is a small
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neighborhood (Jy, 6p) in the C*°-topology, then we can choose constants C in
Theorem 2.4 which are independent of the choice of (J, 8) € U.

If M is compact, we can choose a finite open covering Uy, ..., U,, each of
which is contained in a normal coordinate. Let ¢, ..., ¢, be a partition of unity
subordinate to this covering. Then the spaces of S,f (M) and I'g (M) are defined as
spaces of a function u such that ¢;u € Skp(Uj) or ¢pju € I'y(U;), respectively, for
every j=1,...,m.

3. Proof of Theorem 1.3

The proof of Theorem 1.3 is based on the following fundamental fact about the
semicontinuity property of compact group actions proved by Ebin [1970] for
Theorem 1.1. We denote by Diff(M) the group of C*°-smooth diffeomorphisms.
Recall that the C*°-topology on Diff(M) is metrizable. We denote a metric inducing
the C°°-topology by d.

Theorem 3.1 ([Ebin 1970]; cf. [Greene et al. 2011; 2013; Grove and Karcher 1973;
Kim 1987]). Let M be a compact C*°-smooth manifold and let G (k=1,2,...)
and G be compact subgroups of Diff(M). Suppose G; — G in the C*-topology
as j — o0; that is, for every € > 0, there exists an integer N such that d(f, Go) :=
infyeg, d(f, g) < € for every f € G;, whenever j > N. Then G; is isomorphic to a
subgroup of Gy for every sufficiently large j. Moreover, the isomorphism can be
obtained by the conjugation by a diffeomorphism ¢; of M which converges to the
identity map in the C* sense.

Therefore, it suffices to prove the following proposition for the conclusion of
Theorem 1.3.

Proposition 3.2. Let {J; : k= 1,2, ...} be a sequence of strongly pseudoconvex
CR structures on a compact manifold M which tends to a strongly pseudoconvex
CR structure Jy as in Theorem 1.3. Suppose that Autcr (M, Jy) is compact. Then
Autcr(M, Jy) is also compact for every sufficiently large k. Furthermore, every
sequence {Fy € Autcr (M, Ji) : k=1,2, ...} admits a subsequence converging to
an element F € Autcr(M, Jy) in the C™ sense.

We will make use of the solutions of the CR Yamabe problem for the proof
of Proposition 3.2. According to the variational approach introduced by Jerison
and Lee [1987; 1989], it is very natural to consider the sign of the CR Yamabe
invariant defined as follows: Let (M, 6) be a compact pseudohermitian manifold.
For a C*°-smooth real-valued function u, let

A@B; u) :=/uL9u0/\d9”=/ (buldul3 + Ru*) 6 A do"
M M
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and
B@®; u) ::/ lul? 0 AdO".
M

Then the CR Yamabe invariant Y (M) is defined by
Y(M) :=inf{A; u) :u € C*(M), BO;u) =1}

It is well known that Y (M) does not depend on the choice of contact form 6. Let J;
be a sequence of strongly pseudoconvex CR structures on M tending to a strongly
pseudoconvex CR structure Jy as k — co. We denote by Y; the CR Yamabe invariant
of (M, Ji). For the proof, we may assume either that Y; < 0 for every k or that
Y, > 0 for every k.

Case Y < 0. In this case, we use the minimal solution of the Yamabe problem.

Theorem 3.3 [Jerison and Lee 1987]. Let M be a compact strongly pseudoconvex
CR manifold of dimension 2n + 1.

i) Y (S>> 0, where Y (S¥'*1) is the CR Yamabe invariant for the sphere
S2 1 ith the standard structure.

(i) Y (M) <Y (™).
(iii) If Y(M) < Y (S?"*1), then there exists a positive C*®-smooth function u which

satisfies B(0; u) =1 and A(@; u) =Y (M) for a given pseudohermitian struc-
ture 0. This function u satisfies

Lou=Y(M)u?P".

That is, the pseudohermitian structure 6 = u”=20 has a constant Webster scalar
curvature R =Y (M).

It is known from [Jerison and Lee 1989] that Y (M) < Y (S?*t1) if M is not
locally spherical and 2n 4 1 > 5. The cases that 2n + 1 = 3 or that M is spherical
are dealt with in [Gamara 2001; Gamara and Yacoub 2001].

Proposition 3.4 [Jerison and Lee 1987, Theorem 7.1]. If Y (M) <0, then a pseudo-
hermitian structure with constant Webster scalar curvature is unique up to constant
multiples. As a consequence, there is a unique pseudohermitian structure with
constant Webster scalar curvature under the unit volume condition, if Y (M) < O.

Proposition 3.5 [Jerison and Lee 1987, Theorem 5.15]. Let M be a compact
strongly pseudoconvex CR manifold of dimension 2n + 1 and let 6 be a pseu-
dohermitian structure. Suppose that f,g € C*°(M), u > 0, u € L" for some
r>p=2+2/nand

Agu+gu = fuld™!
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in the distribution sense for some 2 <q < p. Thenu € C*°(M), u > 0. Furthermore,
llu|| cx depends only on ||ullLr, | fllck, llgllck and frame constants, but not on q.

Indeed, a local version of the above lemma is stated in [Jerison and Lee 1987].
But it is obvious it holds globally by taking a partition of unity subordinate to a
chart of normal coordinates.

Proposition 3.6 [Jerison and Lee 1987, Proposition 5.5, case k = 1, r =2 and
s = p]. For a compact pseudohermitian manifold (M, 0) of dimension 2n + 1, there
exists a constant C > 0 such that

/ |v|p9/\d9"§C/ (|dv|3 4 v|*) 6 A do"
M M

for every C*°-smooth function v on M.

Since we are considering CR structures converging to the target structure Jy,
we can choose also a sequence {6;} of contact forms which tends to a target
pseudohermitian structure 6y in the C*> sense. Without loss of generality, we
always assume that |, v Ok N dO} =1 for every k.

Lemma 3.7. Suppose that Y <0 for every k. Let uy > 0 be the (unique) solution
as in Theorem 3.3(iii) with respect to (Jy, 6x). Then for each nonnegative integer I,
there exists a constant C such that ||uy||c: < C for every k.

Proof. Since uy, satisfies
(3-1) by Ag,ux + Riuy = Yiul ™,

where Ry, is the Webster scalar curvature for 6;, we have
-2
fM 2p = Dbuul " |dukle, O A dO} < fM |Ryul | O A dO}

by integrating after multiplying by u,f ~! on both sides of (3-1), since Y, < 0.

Therefore, the function wy := u}’” satisfies

/|dwk|§k9kAd9,;’gc/ w,fekAde,f:C/ uf O AdO} = C,
M M M

since Ry is bounded uniformly for k. Moreover since (Ji, 6;) — (Jo, 6p) in the C™
sense, Proposition 3.6 implies that there exists a constant C > 0 independent of k
such that
/ w? O AdO} < C/ (Idwlg, + wp) 6k A d6},
M M

which is uniformly bounded for every k. This implies that ||ug|| .- is uniformly
bounded as (Ji, 6r) — (Jy, 6y), where r = % p2 > p. Then the conclusion follows
from Proposition 3.5, since frame constants for (Ji, 6¢) are also uniformly bounded
as (Ji, 6r) = (Jo, 6p) in the C* sense. O
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If Yi <0 for every k > 1, then by taking a subsequence, we may assume the
sequence {uy } of solutions of the Yamabe problem with respect to (Jx, 6x) converges
to ug, the solution of the Yamabe problem with respect to (Jy, 8y) in the C* sense
by Lemma 3.7. Replacing 6; by u,f _29k, then we may assume the Webster scalar cur-
vature of 0, is a nonpositive constant for every k. In this case, it is known that the CR
automorphism group of (M, Ji) coincides with the pseudohermitian automorphism
group for (M, Ji, k). Let g be the Riemannian metric on M defined by

=0k QO +do (-, Ji+)

for each k. Then we see that gz — go =6y ® 6p + dOy(-, Jo-) in the C* sense,
and the CR automorphism groups Autcgr (M, Ji) and Autcr (M, Jy) are subgroups
of the isometry groups of g, and g, respectively. Then the conclusion follows from
the proof of Theorem 1.1.

Case Y > 0. We will show that if a sequence { F; € Autcr (M, Ji)} is divergent, then
it generates a single “bubble” which is CR equivalent to (M, Jy). This case should
be excluded by proving the CR structure of the bubble is the same as that of the
standard sphere, which contradicts the hypothesis that Autcr (M, Jy) is compact. An
essential ingredient for analyzing the bubbling phenomenon is the reparametrization
of the pseudohermitian structure by the Green function of the CR Laplacian. The
existence of the Green function is guaranteed by the hypothesis Y; > 0 (see, for
instance, [Cheng et al. 2014; Gamara 2001]). We discuss the bubbling after the
following fundamental lemma on the convergence of CR automorphisms.

Lemma 3.8. Suppose for a sequence { Fy, € Autcr(M, Ji)}, F, — F and Fk_1 -G
in the C° sense for some continuous mappings F and G. Then F € Autcg(M, Jy),
G = F~ ' and F, — F in the C™ sense.

Proof. This lemma is a sequential version of Proposition 1.1" in [Schoen 1995]. Let
6 and 6y be pseudohermitian structures for J; and Jy, respectively, and suppose
Or — 6 in the C*° sense. For a given point p € M, let gy = Fi(p) and g = F(p).
Letg € UeVeW be relatively compact neighborhoods of g. Since g — ¢, we
can assume that gy € U for every k. The fact that Y; > 0 implies that the principal
eigenvalue of Lg, on M, and hence the Dirichlet principal eigenvalue of Lg, on W,
is also positive for every k. Then by the local scalar flattening argument of Fischer-
Colbrie and Schoen [1980; 1995], we have a positive C°°-smooth function u; on
W such that Lo,uy =0 on W for every k. Multiplying by a positive constant, we
may assume that ux(q) = 1 for every k. Then the subelliptic theory in Theorem 2.3
for the sublaplacian and the Harnack principle (cf. Proposition 5.12 in [Jerison
and Lee 1987]) imply that {u;} has a convergent subsequence which tends to a
positive function uq on the closure of Vin the C* sense. We denote the convergent
subsequence by {u;} again. Then O = u? X t9k and 0y = ”0 90 have the trivial
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Webster scalar curvatures on V. From the equicontinuity of the sequence {Fy}, we
can choose a neighborhood W of p such that Fk(W) € U for every k. Let v be a
positive smooth function on V defined by F; *Qk = vk Qk Then for every k, we have

(3-2) Lgvg=0 onW.

We denote by Vol (U ) the volume of U with  respect to the volume form 6 A d@”.
Since Gk converges to By in the C*™ sense in V, there exists a uniform bound C of
Volek (U ). Therefore, it turns out that

/ vl O AdO] = / F{¥ (6 A d) = Vol (F(W)) < Vol (U) < C
w w

for every k. Fix a neighborhood V € W of p. Then the subelliptic mean-value
inequality for (3-2) implies that there exists a constant C such that vi(x) < C for
every x € V. We can also choose this C independently on k by the convergence
of structures. Then for a given neighborhood U € V of p and for each positive
integer [, there exists a constant C; which is independent of k such that

lvkllcry < G

for every k, by Theorem 2.3. Since each F} is pseudoconformal, the C'-norm of
Fi on U is completely determined by that of v and is uniformly bounded on U.
This yields that every subsequence of { F;} contains a subsequence converging in
the C! sense, for every positive integer I. Since Fj converges to F in the C° sense
on M and since M is compact, we conclude that Fj converges to F in the C*
sense. By the same reasoning, Fk_] — G in the C* sense. It follows immediately
that F € Autcr(M, Jo) and G = F~ 1. O

For a CR diffeomorphism F : (M, ) — (1\7 5) between two pseudohermitian
manifolds, we denote by |F’ lg.5 the pseudoconformal factor of F, that is, F*0 =
|F’ |9,9 0. We abbreviate it to | F'|g in case (M, 0) = (M 6).

Lemma 3.9. Let (M, 0) and (M ,0) be pseudohermitian manifolds of the same
dimension. Let K be a relatively compact subset of M and suppose that the Webster
scalar curvature for 6 vanishes on M. Then there exist constants ro > 0 and C > 0
such that for every CR diffeomorphism F on a Carnot—Carathéodory ball Bg(x, r)
into M,

B;(F(x), C™'Ar) C F(By(x, 1)) C B5(F(x), CAr)

whenever x € K and r < %ro, where ). = | F’| 6. 5(x). The constant C depends only
on ro, K and uniform bounds of finite-order derivatives of the CR and pseudohermi-
tian structures of (M, 9).

This lemma is a restatement of Proposition 2.1’(i) in [Schoen 1995], which is a
consequence of the subelliptic Harnack principle.
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To prove Proposition 3.2, assume the contrary. Then there exists a sequence
{Fr € Autcr(M, Ji)} such that sup, ., |Filg, (x) — oo as k — oo, thanks to
Lemma 3.8. Let x; € M be a point of M with |F/|g, (xx) = sup, s [Flg, (x).
Extracting a subsequence, we assume that x; — xo € M and Fj(xx) — zo as
k — oo. Choose r > 0 small enough that the Carnot—Carathéodory balls sat-
isfy Bg, (xk,r) @ Bg, (xx, 2r) € U for each k, where U is a relatively compact
neighborhood of xg in M, and 2r < rq for r¢ given in Lemma 3.9.

Lemma 3.10. There exists a subsequence {Fy;: j=1,2,...} of {Fx:k=1,2,...}
which admits a point yo € M such that for every compact subset K in M \ {yo},
there exists N > 0 such that K C Fy; (ngj (xkj, 2r)) if kj > N. Moreover, for the
subsequence, one can choose the point yy independently of r > 0 as r — 0.

Proof. Suppose for every r > 0, there exists no sequence {yx € M \ Fy(Bg, (xx, 2r))}
such that d(yx, Fi(xy)) > € for any given € > 0, where d is the sub-Riemannian dis-
tance induced from 6. Then it turns out every sequence {yx € M \ Fi (By, (xk, 2r))}
converges to zo. In this case, we just need to put yy = zg.

Now suppose for some r > 0, there exists a sequence {yx € M \ Fx(Bg, (xi, 2r))}
such that d(yg, Fr(xr)) > € for infinitely many k for some ¢ > 0. Extracting
a subsequence, we may assume that y, — yo € M and d(yx, Fx(xx)) > € for
every k so that the sequence {Fy(xy)} is relatively compact in M \ {yo}. Let G
be the Green function for Ly, with pole at y;. We normalize G, by the condition
minyy\(y,} Gx = 1. Since each G > 0 and Ly, Gy =0 on M \ {y,}, we may assume
{Gr:k=1,2,...} converges to a positive function Gy on M \ {yp} in the local
C™ sense, by extracting a subsequence if necessary. Let 6 = G,f _29k. Then 6 is
a pseudohermitian structure on M \ {y;} which is Webster scalar flat. Therefore, if
we denote Ay = |F| 0.6 (xx), then Lemma 3.9 implies that there exists a constant C
independent of k£ such that

By (Fi(xp), C~ ') C Fe(Bg, (xx, 1)) C By, (Fie(x), Cher).

Since Gy > 1 and | F{|g, (xx) — 00, Ak also tends to infinity as k — oo. Therefore,
a relatively compact subset K in M \ {yo} should be included in Fy(Bg, (xk, r)) for
every sufficiently large k, since Fi(xx) lies on a fixed relatively compact subset of
M\ {yp} and ék — 50 = 65_290 in the local C*°-smooth sense on M \ {yp}. Note
that the choice of the sequence {y;} and yy still works for every r’ < r. This yields
the independence of yg on r as r — 0. (]

As a consequence of Lemma 3.10, it turns out that M \ {yp} is simply connected
and complete with respect to the sub-Riemannian distance induced by 6. In fact,
any loop in M\ {yo} is contained in Fy (Bg, (xx, 2r)) for some large k by Lemma 3.10.
Since By, (x, 2r) is simply connected if » > 0 is small enough and since Fy is a
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diffeomorphism, Fy(Bg, (xi, 2r)) is simply connected as well. Therefore, the given
loop should be contractible. This shows that M \ {yp} is simply connected.

Extracting a subsequence, we assume that Lemma 3.10 holds for the entire
sequence {Fy}. Choose yx € M \ Fi(Bg, (xk, 2r)) which tends to yo. Let vy and f;
be real-valued functions on By, (xk, 2r) defined by

o = 1Flg g =€,

where Gy is the normalized Green function for Lg, with pole at y; which converges
to a positive function G in the local C°°-smooth sense on M \ {yp} as k — oo, and
ék = Gf _29k. Since Lg,vr = 0, we see that there exists a constant C independent
of k such that | F; ,é| 0.0 = CAi on By, (xk, r) by the Harnack principle, where Ay =
|F,§|0k’€~k (xx). Let {Z; € F(Hkl’o)} be a sequence of vector fields on U which tends
to Zy € F(HOI’O) as k — oo, where Hkl’0 represents the (1, 0)-bundle with respect
to Ji. Since fy = (1/n)log vy, we have

nvg

for every k. Since Lg, vx =0 on By, (xk, 2r), the subelliptic estimates in Theorem 2.4
imply that Z; fi is uniformly bounded on By, (xk, r) for every k. So is Zi fr, and if
Wy is another sequence of vector fields, then Z; Wy, fx and Z; Wi fx are all uniformly
bounded on By, (x, r) as k — oo. Therefore, if we denote by Ry and Ek the Webster
curvature tensors for 6; and ék, respectively, then (2-3) implies that

|Rel? (Fi(0)) < Co (IR, (0) + Akl Rilo, (x) + Bi)

for every x € By, (x, r), where Ay and By are some functions of the first and second
covariant derivatives of f; with respect to the pseudohermitian structure 6, which
are uniformly bounded on By, (xi,7) as k — oo. Since Ay — oo and |Ry|g, is
uniformly bounded on By, (x, r) for every £, it turns out that |§k | 6 0 uniformly
on every compact subset of M \ {yp} by Lemma 3.10. Therefore, we see that the
pseudohermitian manifold (M \ {yo}, 6p) has trivial Webster curvature. A similar
argument using (2-6) implies that the torsion tensor of 6 is also trivial. Therefore,
we can conclude that (M \ {yo}, 50) is equivalent to the standard pseudohermitian
structure of the Heisenberg group and therefore, (M, Jy) is CR equivalent to the
sphere by the removable singularity theorem. This contradicts the hypothesis that
Autcr (M, Jo) is compact and hence yields the conclusion of Proposition 3.2.
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GRADIENT ESTIMATES
FOR A NONLINEAR LICHNEROWICZ EQUATION
UNDER GENERAL GEOMETRIC FLOW
ON COMPLETE NONCOMPACT MANIFOLDS

LIANG ZHAO AND SHOUWEN FANG

We study gradient estimates for positive solutions to the nonlinear parabolic

equation

9
u_ Au+cu™
at

under general geometric flow on complete noncompact manifolds, where
o, ¢ are two real constants and « > 0. As an application, we give the corre-
sponding Harnack inequality.

1. Introduction

Recently, there has been active interest in the study of gradient estimates for partial
differential equations on noncompact manifolds. Wu [2010] gave a local Li—Yau
type gradient estimate for positive solutions to a general nonlinear parabolic equation

ur =Au—VoVu—aulogu —qu

in M x [0, 7], where a € R, ¢ is a C*-smooth function and ¢ = q(x,?) is a
function, which generalizes many previous well-known gradient estimates. Zhu
[2011] investigated the fast diffusion equation

(1-1) ur=Au®* O<a<l).

Theorem 1.1 [Zhu 2011]. Let M be a Riemannian manifold of dimension n > 2
with Ric M > —k for some k > 0. Suppose that v = —(a/ (o — 1))u®"! is any
positive solution to (1-1) in Qr.7 = B(xo, R) x [to — T, 19) C M x (—00, 00).
Suppose also that v < M in OR,T. Then there exists a constant C = C(a, M) such

that Vol ; !
v ~
ol gLy Ly vk
oz = (R+ T+
ian’%.

MSC2010: primary 58J05; secondary 58J35.
Keywords: gradient estimates, geometric flow, Harnack inequality.
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Later, Huang and Li [2014] studied the generalized equation
=Apu® (@>0)
on Riemannian manifolds and got some interesting gradient estimates, where f is
a smooth function and Ay is defined by
Af=A-Vf.V.
For the elliptic case, Zhang and Ma [2011] considered the equation
(1-2) Aru+cu =0 (a>0)

on complete noncompact manifolds when the constant N is finite and the N-
Bakry—Emery Ricci tensor is bounded from below, obtaining the following gradient
estimate.

Theorem 1.2 [Zhang and Ma 2011]. Suppose (M, g) is a complete noncompact
n-dimensional Riemannian manifold with N-Bakry—Emery Ricci tensor bounded
from below by the constant —K =: —K(2R), where R > 0 and K(2R) > 0 in the
metric ball Byg(p) around p € M. Let u be a positive solution of (1-2). Then

(1) if ¢ > 0, we have
V|2 o) (N +n)(N +n+2)ct N (N +n)((N +n—1)c1 +¢2)
u? - R? R2
N +n)/(N +n)Kc
4! ) ; Ker v 4 mk,

(2) if ¢ <0, we have

Vul? —a—1 (N +n)((N +n—1)cy+c
—l u +cu_(“+1)§(A+\/Z)|c|( inf u) —i-( )(( )1 2)
u? B,(2R) R2
(N +n)6’12( n+N)
+—— g N2+
R2 244

(N +n),/(N +n)Kcy (2+ —)(n LMK,
7

where A = (N +n)(a + 1)(a + 2) and ¢y, ¢y are absolute positive constants.

For interesting gradient estimates on manifolds with fixed metric, see [Chen and
Chen 2009; 2010; Li 2005; Ma 2006; 2010; Zhao 2013; 2014].

However, in the above works, the authors considered gradient estimates for
positive solutions to nonlinear equations on complete noncompact manifolds with
fixed metric, so it is natural to ask how gradient estimates vary if the metric on
a manifold evolves with time. In Perelman’s breakthrough work [2002] on the
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Poincaré conjecture, the author showed the gradient estimate for the fundamental
solution of the conjugate heat equation

Au—Ru+0d;u=0

under Ricci flow on a closed Riemannian manifold A, where R is the scalar
curvature. Since then, a large amount work has been done to study gradient
estimates along geometric flow for the solution of the nonlinear equation. Kuang
and Zhang [2008] established the corresponding pointwise gradient estimate. For
the heat equation under Ricci flow, Liu [2009] got first-order gradient estimates for
its positive solutions and derived Harnack inequalities and second-order gradient
estimates. Later, Sun [2011] extended it to general geometric flow.

Since gradient estimates often lead to Liouville type theorems and Harnack
inequalities, which played an important role in the proof of the Poincaré conjecture,
for nonlinear heat equations on manifolds, to get good control of suitable Harnack
quantities (depending on nonlinear terms), one may need the key lower bound
assumption about Ricci curvature. The results of Theorem 1.2 are about gradient
estimates for the elliptic equation (1-2). In this paper, we will extend these results
to the parabolic variant of the problem. Thus, we consider the equation

(1-3) = Au+cu™

on complete noncompact manifolds M with evolving metric, where «, ¢ are two
real constants and o > 0. The motivation for this paper is that (1-3) can be viewed as
a simple parabolic Lichnerowicz equation. It is well known that the Lichnerowicz
equation arises from the Hamiltonian constraint equation for the Einstein-scalar
field. Since (1-3) contains a negative power nonlinearity, it is interesting to discuss
gradient estimates for it.

We state our main results about (1-3) as follows.

Theorem 1.3. Ler (M, g(t)) be a smooth one-parameter family of complete Rie-
mannian manifolds evolving by

0
1-4 —g=2h
(1-4) 5
for t in some time interval [0, T]. Let M be complete under the initial metric g(0).

Given xg € M and R > 0, let u be a positive solution to the nonlinear equation

d
Y Auteu™
ot
in the cube Qg 1 :={(x,t) | d(x,x0,1) <2R, 0 =t < T}. Suppose that there

exist constants K, K,, K3, K4 > 0 such that

RiCZ—Klg, —K2g§h§K3g, |Vh|fK4



246 LIANG ZHAO AND SHOUWEN FANG

on Qar,1. Then for (x,t) € Qg T and positive constants ¢y, ¢3,
(1) if ¢ <0 and for a positive constant M, u~@tD) < Mfor all (x,t)e M x]0, T,

we have
\Y nl
,3| ul +Cu—(ot+1) <H1+H2+——
u Bt
where
n ((n=1)(1+KiR)ci+cr+2ct ~ net
H =— +JVe3Ky—clao+1)M+——-7F-— ),
! ﬂ( R? VesKy—clatl) 2ﬁ(1—ﬂ)R2)

n? VI
= (g7 8K FI-pIKs el a0 DT 1K)

+%((K2+K3)2+%K4)),

ST

(2) if ¢ > 0, we have

|V“|2 @t _ nl

wer < H 4+ H, +-

B 2 » 1+ 2+,Bt

where
~ n—1)(14+ K1 R)c? +cy+2¢2 2
Hl = 2 ( )( ! ) 1 2 1 _|_\/_ ;
B R? 2ﬂ(1 BR?)
2 2 4

(2BK1+2(1—-B) K3 + 2 K) + = (Ko + K3)2 + %K4)).

= (4/320 B ;

Here 0 < B < 1, ¢, ¢a, c3 are positive constants.

Remark. In fact, our result is the parabolic version of Theorem 1.2 under the
evolving metric.

Letting R — oo, we can get the following global gradient estimate for the
nonlinear parabolic equation (1-3).

Corollary 1.4. Let (M, g(0)) be a complete noncompact Riemannian manifold
without boundary, and suppose g(t) evolves by (1-4) for t € [0, T| and satisfies
Ric>—-K;g, —K,g<h=<Ksg, |Vh <K,
If u is a positive solution to (1-3), then for (x,t) € M x [0, T],
(1) if ¢ <0and u= @tV < M forall (x,t) € M x[0, T], we have
Vu|? nl
ﬂ%” et T Hy
u u Bt

where

— n ~
Hy = /&5 Ky = gele+ DI,
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(2) if ¢ >0, we have

Vu|? u ~ ~ nl
,3| 2| touw @D < [+ Hy -
u u Bt

where Ifll = /3K, and H,, ﬁz are the same as in Theorem 1.3.
As an application, we get the following Harnack inequality.

Theorem 1.5. Let (M, g(0)) be a complete noncompact Riemannian manifold
without boundary, and suppose g(t) evolves by (1-4) for t € [0, T] and satisfies

Ric > —K g, —K,g<h=<Ksg, |Vh ZK,.

Let u be a positive solution to (1-3) with u—@th < A}for all (x,t) e M x (0, T]
Then for any points (x1,t1) and (x5,1y) on M x (0, T]with 0 < t1 < t, we have
the following Harnack inequality:

(1) if ¢ <0, we have

£, VB _ B
u(xy,ty) < u(xs, 12)(1:_2) P x1:x2,01,02)+(Hi+ Hp) (12 tl)’
1

(2) if ¢ >0, we have

t n/pB - A o~ .
u(xy, 1) < u(xz, ) ([_2) (X 1:x2,01,02) +(c M+ Hy+ Hy) (12 11)’
1

1

where ¢(x1,x2,1,12) = inf), t m|)}|2 dt and y is any spacetime path joining

(x1,22) and (x2, 12).
2. Proof of Theorem 1.3

Let u be a positive solution to (1-3). Set w = logu; then w satisfies
(2-1) w; = Aw + [Vw|? + ce” @D,
Lemma 2.1 [Sun 2011]. Suppose the metric evolves by (1-4). Then, for any smooth
function w, we have

d 2

5|Vw| = -2h(Vw, Vw) + 2VwVw,

and

d d
o Aw=Azw —2hV?w —2Vw(divh — I V(trg 1)),

where div h is the divergence of h.
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Lemma 2.2. Assume (M, g(t)) satisfies the hypotheses of Theorem 1.3. We have

( —%)F > —2VwVF+t(g(|Vw|2+c(a+1)e_w(a+1)_wt)2

+((B+a)c(a+)e @D 4 o(B—1)K3—2BK; —3 K4)| V|

_n(%(K2+K3)2+%K4))

+c(oz+1)e_w(°‘+1)F—7F,

where F = t(B|Vw|? + ce™@TD —w, ) and 0 < B < 1.

Proof. Define F = t(,3|Vw|2 + cemwltl) _ w;). It is well known that for the
Ricci tensor, we have the Bochner formula:

AlVw|? > 2|Vw|? + 2VwV(Aw) — 2K |Vw|>.
Noting that
Aw; = (Aw);+2hV?w+2Vw (diV h—%V(trg h))
= —(|Vw|2),+c(oe+l)e_w(‘”'Dw;+w,t+2hV2w+2Vw(divh—%V(trg h))
=2h(Vw, Vw)—2VwVw,+c(a+l)e_w(““)wt
+wi+ 20V w+2Vw (div h—3 V(trg h)),

Aw = —|Vw|>—ce V@D 1y, = (1—%) (—ce_w(“+1)+w,)—£

pt’
we have
AF =t (BA|VW|? + cAe™ @D _ Ay,)
= 1(BA|Vw|?) + L‘c((cx—i—1)26_“’("‘+1)|Vw|2 - (a+1)e_w(“+1)Aw) —tAwy
> z(2ﬁ|V2w|2 + 2BVwV(Aw) — 2K, B|Vw|? + c(a + 1)2e @D |yy)?
—c(a+ l)e_w(“+1)((1 - %) (—ce @D 4y, — %) + (|Vw|?),
—c(a+ e @Dy, —wyy —2hV2w —2Vw (divh— %V(trg h)))
_ z(2ﬁ|v2w|2— %VwVF—i-zﬂVwth —2h(Vw, Vu)
+ (2B +a—De(a+ e @) 2k, B)[Vwl|?
+cz(a+1)%e_2w(“+l) +c(% —2)(a+1)e_w(°‘+l)w,—w,¢

—2hV2w —2Vw(div h — 1 V(trg h)) + c(a + 1)e—ww+1>ﬂ—ﬁ;),
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and by Lemma 2.1, we get

F; = (,B|Vw|2 + ce~ Wt _ w,) + t(,B(|Vw|2)t —c(a+ l)e_w(“"'l)wt — wn)

= ? +1(2BVwVw; —2Bh(Vw, Vw) — c(a + e~ W@+ Dy, — Wir).

Therefore, it follows that

d
(5-30)F
> —2VwVF+t(2ﬁ|V2w|2 + (2B +a—1c(a+1)e @) vy|?

+c2(a+1)%8_21‘)(‘“—1)—%C(a+l)e_w(a+1)wt

—2hV2w+42(8—1) K3 |Vw|?
—2K 1 B|Vw|* —2Vw (div /i — 5 V(trg h)))

—w(a—i—l)E_E
Bt

:—2VwVF—|—t(2,B|V2w|2

+c(a+1)e

+ ((/3— De(a+ l)e_“’("”rl))(WwI2 + %ﬁaﬂ) — %wt)

+(B+a)c(a+1)e @D vy 4+ 2(8—1)K;|Vuw|?
—2K; B|Vw|* —2hV*w —2Vw(div 1 — 1 V(tr, h)))

E_F

Bt

:—2VwVF—|—t(2,B|V2w|2 +(B+a)c(a+1)e @D |vy|?

+ (a4 1)e Wt

+<ﬁ—1)c(a+1)e—w(“+“§ +2(8—1)K3|Vu)?
—2K1 B|Vw|* —2hV?w —2Vw (div h — 5 V(trg h)))

—w(ot-i—l)E_E
Bt

:—2VwVF+t(2ﬂ|V2w|2 +(B+a)c(a+1)e @D yy|?
+2(B—1) K| Vw|> —2K, | Vuw|?
—2hV?w—2Vw (diV h— %V(trg h)))

+c(a+1)e

+e(a4 e et p_ ?
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By our assumption, we have

—(Kz+ K3)g =h = (K, + K3)g,
which implies that

|h|*> < (K2 + K3)*|g|* = n(K, + K3)2

Applying those bounds and Young’s inequality yields

1 n
B ivoup 4 i < Eiv2u 4 2k + K3)2

hViw| < = s
AV w] = 3 B 2 28

On the other hand,
\divh— LV(trg h)| = 18" Vih; — 1" Vihij| < 3|g||Vh| < 3 VnK,.
Finally, with the help of the inequality

V2w > %(trVZw)z - %(Aw)z - %(lelz e+ e @D _y )2
we get

(-3

= —2VwVF+t('B

—|Aw P+ (B+e)clet e DV +2(B—1) K3 Vol

n
~2KiBIVLP - (K +K3)2—3ﬁ1<4|w|)

F
+e(a+ e W@t p_ -

Since
3VnKy|Vw| <3K4(3n+ 1Vw]?),

we have

d
A——|F
(+-3)
> _2VwVF+1 é(|Vw|2+c((x+l)e_w(“+1)—wt)2
n

+((BHa)c(@+)e @ D 1L 2(B—1)K3—2BK;—3 K4)[Vw|?

—n (%(K2+K3)2+%K4))
F
+c(oe-|—1)e_w(°‘+1)F—?.

This completes the proof of Lemma 2.2. |
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Remark. If the general geometric flow is Ricci flow, that is, if # = const-Ric g,
the term div s — %V(trg h) in the above proof will vanish.

We take a C2 cutoff function ¢ defined on [0, o) such that ¢(r) = 1 for r €[0, 1],
¢(r)=0forr €[2,00),and 0 < @(r) < 1. Furthermore ¢ satisfies
=~/
e
¢1/2(r)

and
¢"(r) = —c3
for two constants ¢y, ¢, > 0. Set

o(x.1) =¢(”(’; ’)),

where 7 (x,t) = d(x, X, ). Using an argument of Calabi [1958], we can assume
@(x,t) € C*>(M) with support in Q5 R,T- Direct calculation shows that on Qs g, T

2

Vol? ¢
22) Voll o
% R?

By the Laplacian comparison theorem in [Aubin 1982],

(n—1)(1+ VK1 R)cT + ¢
_ = )
Forany 0 <77 < T, let (xo, ) be a point in the cube Qg 1, at which ¢ F' attains
its maximum value. We can assume that this value is positive (otherwise the proof
is trivial). At the point (xg, #y), we have

(2-3) Ap >

V(pF) =0, A(pF)=0, (¢F);=0.
It follows that
0 0
0= (A — 5)((/)}7) =(Ap)F — ¢ F —i—(p(A — E)F + 2V@VF.
By [Sun 2011, p. 494], we know there exists a positive constant ¢3 such that

—pr F' > —/c3K, F.
So we obtain

0
(p(A—E)F—l—FAga—(ptF—2Fg0_1|Vg0|2 <0.

This inequality, together with the inequalities (2-2) and (2-3), yields

d
A——|F<AF
q)( 8:) -
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where
(n—1)(1 + /K R))c? 4+ ¢y +2¢2
1 1

A= 2

+ V3 K>,

At (x¢, %), by Lemma 2.2, we have

0
0> A—— |F—AF
—“”( at)

F 11
>—AF+¢ (—t——kc(a—i-l)e_w(““)F—l-% (|VwIZ—H’(OH—1)6_”’("‘+1)—11),)2
0

_2VwVF
+H((Bra)c(@+1)e @D 12(B—1)K3—28K1—3 K4) [Vw|*t

—n (%(K2+K3)2+%K4)lo).

(1) If ¢ <0 and u=@+D < 7 for all (x,t) e M x[0, T], we have

F 1
0= —AF—¢p—+ wﬁ(wwﬁ +e(a+1)e @Dy )2 29V VF
0 n

+eM (@+1D)pF+((B+a)c(a+1)M+2(B—1)K3—2BK—3 K4)|[Vu |*pto

1
— (B(Kz + K3)2 + %K4)I’l§0l().

Set
Ci=—(B+a)c(a+ )M +2(1—B)K3 + 28K + 1K,

and
1
B

Multiplying by @7y on both sides of the above inequality, we get

Cy = (K + K3)? + 3K,

0> —AgtoF —oF + 2tg FoVwVe + ¢ M (a + 1) Ftg

~ ~ 1 —
— Cy|Vw?@?t3 — Cong?t3 + (pztg%(wwz +c(a + e w@D _ w,)2

~ 2
zgoF(—Ato—l+cM(a+1)zo)—%toF<p3/2|Vw|
,Btg 2 2 —w(a+1) 2 hx - 2 ~ 2
+7 e*(IVw|* + c(a + 1)e —w;) —EClw |[Vw|® )| = Canty,
where the last inequality used

—2¢VwVF =2FVwVg > =2F|Vw||Vg| > R4 F|Vuw]|.
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= 0lV 2 o (—w(a+1)
Assume that y = ¢|Vw|* and z = ¢(—ce + w;). We have

02> @F(—Ato— 1+ cM(a + i)

2
B ((y—z)2 -5 2%y1/2(y— %)) _&onid.

Using the inequality ax? —bx > —b?/(4a), valid for a, b > 0, one obtains

oo g ()
_ ﬁ%( Z(y—%) +<1—ﬂ)2y2—§51y+(ﬂﬂ—ﬁz)y‘z%y 1/2)(y _E))

e )
on B) 4B>(1-B)> 2R*(B—p?) p

B néftg nc to

— 2_
BT oy L
Hence,
é( F)2+(—At —1+cMa+ 1), —i)( F)
0¥ 0 "Tarp—pn )"
nCh2 - 2.
Tap-pr M=t

From the inequality Ax? —2Bx < C, we have x <2B/A + /C/A. We can get
Pt (et ot S Y (3G
@ otl—cM(x 0ot S5372 a3 2\ a7 e TC2n ) fo-

B 2R*(B—B?) B\4p(1—-p)?
If d(x, x9,T1) < R, we have ¢(x,T;) = 1. Then
F(X, Tl)

= T1 (ﬂ|VU)|2+C€_w(a+l)—wt)
< @F(xo, 1)

—

<n 4 \—cif i nclzto n nélz & 2
—E( ot 1—eM{x+ )’°+2R2</5—ﬂ2))+(E(4ﬁ(1—ﬁ)2+ 2”)) 0

As Tj is arbitrary, we can get case (1) of Theorem 1.3.
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(2) If ¢ > 0, we have
F
0> AF+(p(——+'B (|Vw|2+c(oz+1)e wle+1) w,) —2VwVF

+(2(,8—1)K3—2,BK1——K4)|VUJ| lo—l’l( 1 (K2+K3)2+%K4)Z()).

B

Therefore,

0=—AF—¢— +go’8 (IVw]? +c(a+ e @D _y, )2 — 29V VF

(2(/3— DK ~26K) 1K) Voo~ (5 (Ko + K3)*+ 3Ka g,

Similarly, we can get case (2) of Theorem 1.3. This completes the proof of
Theorem 1.3. u

Proof of Theorem 1.5. For any points (x1,#;) and (x3,%) on M x (0, T] with
0 < t; < t,, we take a curve y(¢) parametrized with y(¢;) = x; and y(t;) = x».
One gets from Corollary 1.4:

(1) If ¢ < 0, we have

log u(xz, 12) —logu(xy, 1)

15}
= / ((logu); +(Viogu,y)) dt

151

12 o
z[ (ﬂ|Vlogu|2—%—cu_(°‘+l)—H1 — H, —|Vlogu| |)'/|) dt
151

z—ftz(—ﬂ|y|2+ﬂ +H1+H2) dt

31
15} n/B _
:—(/t _,BM dt—l—log( ) +(H1+H2)(12—11)),

which means that

/B
u(xy, t) /2 n .
V= dt +1 Hy + Hy)(tr—11).
u(xz,2) ~ Jg 4ﬂ|y| £+ og( ) + (Hy + Hy) (12 —11)

Therefore,
t n/pB _
u(xy, 1) < u(xa,t2) (t_) P X1:x2,11,02) +(H) +H2)(t2—t1)’
1

where ¢(x1, x3,11, ;) = inf, ft 4/3|)'/|2a7t.
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(2) If ¢ > 0, we have
logu(xy, 1) —logu(xy, 1)

I
= / ((log u);+(Vlogu, )'/)) dt
t

1

12 ~ -
2/ (ﬁ|Vlogu|2—%—cu_(“+l)—Hl —H2—|Vlogu||)'/|) dt
t

1

201 ., n ~ A~
> — —|y|*+ —+cM+H + H, | dt
t

. \4p Bt
2] .12 15) "/ \ I 7
= —(/ — |y dt—l—log(—) +(cM + H; +H2)(l‘2—ll)),
131 413 tl

which means that

y o t, VB ~ A o~
gu(X1 1) S/ L dt+10g(—2) +(cM + Hy + Hy) (12 —11).
u(xz,i2) ~ Jy 4P h

Therefore,

t, VP PN
u(xy,t1) < u(xz, ) (t_z) P (x1:x2,11,02) +(c M+ Hi+ Hz) (22 tl)’
1

where ¢(x1,x2,11, 1) = inf,, ttlz ﬁ|)}|2 dt. O
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