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SCHUR-WEYL DUALITY FOR DELIGNE CATEGORIES
II: THE LIMIT CASE

INNA ENTOVA AIZENBUD

This paper is a continuation of a previous paper by the author (Int. Math.
Res. Not. 2015:18 (2015), 8959-9060), which gave an analogue to the classi-
cal Schur-Weyl duality in the setting of Deligne categories.

Given a finite-dimensional unital vector space V (a vector space V with
a chosen nonzero vector 1), we constructed in that paper a complex ten-
sor power of V: an Ind-object of the Deligne category Rep(S,) which is a
Harish-Chandra module for the pair (gl(V), S1_31), where ‘}_3 1 C GL(V)is
the mirabolic subgroup preserving the vector 1.

This construction allowed us to obtain an exact contravariant functor
§\\7V.,,V from the category Rep®(S,) (the abelian envelope of the category
Rep(S,)) to a certain localization of the parabolic category O associated
with the pair (gl(V), 7).

In this paper, we consider the case when V = C*°. We define the appropri-
ate version of the parabolic category O and its localization, and show that
the latter is equivalent to a “restricted” inverse limit of categories 6,‘,” cN
with N tending to infinity. The Schur-Weyl functors SW y,c~ then give an
antiequivalence between this category and the category Rep®(S,).

This duality provides an unexpected tensor structure on the category
0°%...

1. Introduction

1.1. The Karoubian rigid symmetric monoidal categories Rep(S,), v € C, were
defined by P. Deligne [2007] as a polynomial family of categories interpolating the
categories of finite-dimensional representations of the symmetric groups; namely, at
points n = v € Z the category Rep(S,—,) allows an essentially surjective additive
symmetric monoidal functor onto the standard category Rep(S,). The categories
Rep(S,) were subsequently studied by Deligne and others (e.g., J. Comes and
V. Ostrik [2011; 2014]).

In [Entova Aizenbud 2015a], we gave an analogue to the classical Schur—Weyl
duality in the setting of Deligne categories. To do that, we defined the “complex
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tensor power” of a finite-dimensional unital complex vector space (i.e., a vector
space V with a distinguished nonzero vector 1). This complex tensor power of V,
denoted by V&, is an Ind-object in the category Rep(S,), and comes with an action
of gl(V) on it; moreover, this Ind-object is a Harish-Chandra module for the pair
(gl(V), P1), where B1 C GL(V) is the mirabolic subgroup preserving the vector 1.

The “v-th tensor power” of V is defined for any v € C; for n = v € Z,, the functor
Rep(S,=,) — Rep(S,,) takes this Ind-object of Rep(S,—,) to the usual tensor power
V®" in Rep(S,). Moreover, the action of gl(V) on the former object corresponds
to the action of gl(V) on V&,

This let us define an additive contravariant functor, called the Schur—Weyl functor:

SW,.v :Rep™(S,) > O},  SW, v :=Homgeyus,, (-, VE").

Here Rep®(S,) is the abelian envelope of the category Rep(S,) (this envelope was
described in [Comes and Ostrik 2014; Deligne 2007, Chapter 8]). The category 0{'}
is a version of the parabolic category O for gl(V) associated with the pair (V, 1),
which is defined as follows.

We define 05 to be the category of Harish-Chandra modules for the pair
(gl(V), P1) on which the group GL(V/C1) acts by polynomial maps, and which
satisfy some additional finiteness conditions (similar to the ones in the definition of
the usual BGG category O).

We now consider the localization of 0{'} obtained by taking the full subcategory
of O{'} consisting of modules of degree v (i.e., modules on which Idy € End(V)
acts by the scalar v), and localizing by the Serre subcategory of gl(V)-polynomial
modules. This quotient is denoted by 0p . It turns out that for any ur unital finite-
dimensional space (V, 1) and any v € C the contravariant functor SWV y makes
OE’V a Serre quotient of Rep®®(S,)°P.

In this paper, we will consider the categories 53%,\, for N € Z and for N = oo.
Defining appropriate restriction functors

s)/%zin—l,n . 65:1@: - Ofn@f 1
allows us to consider the inverse limit of the system ((OV "cn)n=0s (9‘{25,, Lnn>1)-
Inside this inverse limit we consider a full subcategory which is equ1valent to OP?EOO;
this subcategory is the “restricted inverse limit” of ((OV e )n=0, (%esn 1.n)n>1) and
will be denoted by lim, _, OE”C,, This category has an intrinsic description,
which we give in this paper (intuitively, this is the inverse limit among finite-length
categories).

Similarly to [Entova Aizenbud 2015a], we define the complex tensor power of the
unital vector space (C*°, 1:=e;), and the corresponding Schur—Weyl contravariant
functor SW), c~. As in the finite-dimensional case, this functor induces an exact
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contravariant functor SW, ¢, and we have the following commutative diagram:

R_eEab(Sv)OP ——  1lim

<—n>1, restr

SW,, 1im
m T

A Poo
Ov,C”

A Pn
01),@"

The contravariant functors S/\\V,,,@oo and §\\Vv,nm turn out to be antiequivalences
induced by the Schur—Weyl functors SW,, ¢c». The antiequivalences SW, ¢~ and
SW, 1im induce an unexpected rigid symmetric monoidal category structure on

APoo  ~ : ~N
Oyee= lm O,
n>1, restr
We obtain an interesting corollary: the duality in this category given by the tensor
structure will coincide with the one arising from the usual notion of duality in BGG
category O.

1.2. Notation. The base field throughout the paper will be C. The notation and

definitions used in this paper can be found in [Entova Aizenbud 2015a, Section 2].

In particular, lowercase Greek letters will denote Young diagrams, and £(X) will

denote the number of rows in A, while |A| will denote the number of boxes in A.
We will use the definition of a finite-length abelian category given below.

Definition 1.2.1. Let C be an abelian category, and C be an object of C. A Jordan—
Holder filtration for C is a finite sequence of subobjects of C

0=CycCic---CcC,=C

such that each subquotient C;4;/C; is simple.

The Jordan—Holder filtration might not be unique, but the simple factors C;+/C;
are unique (up to reordering and isomorphisms). Consider the multiset of the simple
factors: each simple factor is considered as an isomorphism class of simple objects,
and its multiplicity is the multiplicity of its isomorphism class in the Jordan—Holder
filtration of C. This multiset is denoted by JH(C), and its elements are called the
Jordan—Holder components of C. The length of the object C, denoted by £¢(C), is
defined to be the size of the finite multiset JH(C).

Definition 1.2.2. An abelian category C is called a finite-length category if every
object admits a Jordan—Holder filtration.

1.3. Structure of the paper. Sections 2 and 3 contain preliminaries on the Deligne
category Rep(S,), the categories of polynomial representations of gly (where
N € Z4 U {o0o}) and the parabolic category O for gl . These sections are based on
[Entova Aizenbud 2015a; 2015b; Sam and Snowden 2015].
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In Section 4, we define the version of the parabolic category O for gl which
we will consider (including the case when N = 00; see Section 4.2), and recall the
necessary information about this category.

In Section 5, we give a description of the parabolic category O for gl as a
restricted inverse limit of the parabolic categories O for gl, as n tends to infinity.

In Sections 6 and 7, we recall the definition of the complex tensor power (CV)®”,
and define the functors SW,, y :R_ep_"lb(SU)Op — OS,V’ S/W,,,v :R_e];f‘b(S,))Op — éﬁyv
for a unital vector space (V, 1) (finite- or infinite-dimensional). In Section 7.2, we
recall the finite-dimensional case (studied in [Entova Aizenbud 2015a]).

Section 8 discusses the restricted inverse limit construction in the case of the
classical Schur—Weyl duality, which motivates our construction for the Deligne
categories. Sections 9 and 10 prove the main results of the paper. Section 11
discusses the relation between the rigidity (duality) in Rep®(S,) and the duality in
the parabolic category O for gl,.

2. Deligne category Rep(S,)

A detailed description of the Deligne category Rep(S,) and its abelian envelope
can be found in [Comes and Ostrik 2011; 2014; Deligne 2007; Etingof 2014;
Entova Aizenbud 2015a].

2.1. General description. For any v € C, the category Rep(S,) is generated, as a
C-linear Karoubian tensor category, by one object, denoted h. This object is the
analogue of the permutation representation of S,, and any object in Rep(S,) is a
direct summand in a direct sum of tensor powers of b.

For v ¢ Z, Rep(S,) is a semisimple abelian category.

For v € Z, the category Rep(S,) has a tensor ideal J,, called the ideal of
negligible morphisms (this is the ideal of morphisms f: X — Y such that tr( fu) =0
for any morphism u : Y — X). In that case, the classical category Rep(S),) of finite-
dimensional representations of the symmetric group for n := v is equivalent to
Rep(S,-=,)/J, (equivalent as Karoubian rigid symmetric monoidal categories). The
full, essentially surjective functor Rep(S,—,) — Rep(S,) defining this equivalence
will be denoted by S,. Note that S, sends h to the permutation representation
of §,.

The indecomposable objects of Rep(S,), regardless of the value of v, are
parametrized (up to isomorphism) by all Young diagrams (of arbitrary size). We
will denote the indecomposable object in Rep(S,) corresponding to the Young
diagram 7 by X;.

For v =: n € Z, the partitions A for which X, has a nonzero image in the
quotient Rep(S,—,)/Jv=n = Rep(S,) are exactly the A for which A; 4 [A| <n. If
A1+ |A] < n, then the image of A in Rep(S,) is the irreducible representation of S,
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corresponding to the Young diagram A(n): the Young diagram obtained by adding
a row of length n — |A| on top of A.

For each v, we define an equivalence relation ~ on the set of all Young diagrams:
we say that A ~ )\ if the sequence (v—|A|, A;—1, Ao—2,...) can be obtained from
the sequence (v—|A'|, A|—1,A,—2,...) by permuting a finite number of entries.
The equivalence classes thus obtained are in one-to-one correspondence with the
blocks of the category Rep(S)) (see [Comes and Ostrik 2011]).

We say that a block is trivial if the corresponding equivalence class is trivial, i.e.,
has only one element (in that case, the block is a semisimple category).

The nontrivial equivalence classes (respectively, blocks) are parametrized by all
Young diagrams of size v; in particular, this happens only if v € Z,. These classes
are always of the form {1A"};, with

2O C A0 C 2@ cC---

(each A can be explicitly described based on the Young diagram of size v corre-
sponding to this class).

2.2. Abelian envelope. As was mentioned before, the category Rep(S,) is defined
as a Karoubian category. For v ¢ Z., it is semisimple and thus abelian, but for
v € Z4, it is not abelian. Fortunately, it has been shown that Rep(S,) possesses an
“abelian envelope”, that is, it can be embedded (as a full monoidal subcategory)
into an abelian rigid symmetric monoidal category, and this abelian envelope has a
universal mapping property (see [Comes and Ostrik 2014, Theorem 1.2; Deligne
2007, Conjecture 8.21.2]). We will denote the abelian envelope of the Deligne
category Rep(S,) by Rep™(S,) (with Rep™(S,) := Rep(S,) for v ¢ Z,.).

An explicit construction of the category Rep®(S,—,) is given in [Comes and
Ostrik 2014], and a detailed description of its structure can be found in [En-
tova Aizenbud 2015a]. It turns out that the category Rep®(S,) is a highest weight
category (with infinitely many weights) corresponding to the partially ordered set
({Young diagrams}, >), where

A> U = )»’Uvu, ACHK

(namely, in a nontrivial 'vv—class, A0 > 200 4fj < ).

Thus the isomorphism classes of simple objects in Rep?(S,) are parametrized
by the set of Young diagrams of arbitrary sizes. We will denote the simple object
corresponding to A by L(A).

We will also use the fact that blocks of the category Rep®(S,), just like the blocks
of Rep(S,), are parametrized by ~-equivalence classes. For each ~-equivalence
class, the corresponding block of Rep(S,) is the full subcategory of tilting objects in
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the corresponding block of Rep®(S,) (see [Comes and Ostrik 2014, Proposition 2.9,
Section 4]).

3. gl and the restricted inverse limit of representations of gl,

In this section, we discuss the category of polynomial representations of the Lie
algebra gl and its relation to the categories of polynomial representations of gl,, for
n > 0. The representations of the Lie algebra gl are discussed in detail in [Penkov
and Styrkas 2011; Dan-Cohen et al. 2016; Sam and Snowden 2015, Section 3].
Most of the constructions and the proofs of the statements appearing in this section
can be found in [Entova Aizenbud 2015b, Section 7].

3.1. The Lie algebra gl,. Let C* be a complex vector space with a countable
basis ey, e, e3, .. .. Consider the Lie algebra gl of infinite matrices A = (a;;);, j>1
with finitely many nonzero entries. We have a natural action of gl , on C* and
on the restricted dual C3° = spang (e, €3, €3, . ..) (here e is the linear functional
dual to ¢;: e;."(ej) = 5,’j).

Let N € Z, U{oo}, and let m > 1. We will consider the Lie subalgebra gl,, C gly
which consists of matrices A = (a;;)1<;, j<n for which a;; = 0 whenever i > m or
Jj > m. We will also denote by g[i the Lie subalgebra of gl, consisting of matrices
A = (a;j)1<i,j<n for which a;; =0 whenever i <m or j <m.

Remark 3.1.1. Note that gl.- = gl,,_,, for any m < N.

m

3.2. Categories of polynomial representations of gl,. In this subsection, we take
N € Z, U{oc}. The notation CY will stand for (CV)* whenever N € Z., and for
C2° when N = oo.

Consider the category Rep(gly)pory of polynomial representations of gl : this is
the category of the representations of gl which can be obtained as summands of a
direct sum of tensor powers of the tautological representation C" of gl .

It is easy to see that this is a semisimple abelian category, whose simple objects
are parametrized (up to isomorphism) by all Young diagrams of arbitrary sizes
whose length does not exceed N: the simple object corresponding to A is S*CV.

Remark 3.2.1. Note that Rep(gl.,)poly is the free abelian symmetric monoidal
category generated by one object (see [Sam and Snowden 2015, Section 2.2.11]).
It has an equivalent definition as the category of polynomial functors of bounded
degree, which can be found in [Hong and Yacobi 2013; Sam and Snowden 2015].

Next, we define a natural Z -grading on objects in Ind-Rep(gly)poly (cf. [Sam
and Snowden 2015, Section 2.2.2]):

Definition 3.2.2. The objects in Ind-Rep(gly )poly have a natural Z, -grading. Given
M € Ind-Rep(gly)poly, we consider the decomposition M = D, S*CN @mult, (here



SCHUR-WEYL DUALITY FOR DELIGNE CATEGORIES, II 191

mult,, is the multiplicity space of S*C" in M), and we define

gr, (M) := @ S*CN @ mult;.
Al =k

Of course, the morphisms in Ind-Rep(gly)pory respect this grading.

3.3. Specialization and restriction functors. We now define specialization func-
tors from the category of representations of gl , to the categories of representations
of gl, (cf. [Sam and Snowden 2015, Section 3]):

Definition 3.3.1. We have
1
l_‘n : Rep(g[oo)poly - Rep(g[n)polyv 1_‘n = ( )g[,,.

One can easily check (cf. [Entova Aizenbud 2015b, Section 7]) that the functor [,
is well defined.

Lemma 3.3.2 [Penkov and Styrkas 2011; Sam and Snowden 2015, Section 3].
The functors Ty, are additive symmetric monoidal functors between semisimple
symmetric monoidal categories. Their effect on the simple objects is described as
follows: for any Young diagram X, we have T, (§*C>®) = S*C".

Definition 3.3.3. Let n > 1. We define the functors
an
Res,—1.0 : Rep(gl,)poly — Rep(gh,_potys  Resy—1, i= ()1,
Again, one can easily show that these functors are well defined.

Remark 3.3.4. There is an alternative definition of the functors $ies,_; ,,. One can
think of the functor fes,_; , acting on a gl,-module M as taking the restriction
of M to gl,,_; and then considering only the vectors corresponding to “appropriate”
central characters.

More specifically, we say that a gl,-module M is of degree d if Idc- € gl,, acts
by d1dy on M. Also, given any gl,-module M, we may consider the maximal
submodule of M of degree d, and denote it by deg,;(M). This defines an endofunctor
deg, of Rep(gl,)poly. Note that a simple module S*C" is of degree |A|.

The notion of degree gives a decomposition

Rep(g[n)poly = @ Rep(g[n)poly,d»
deZ

where Rep(gl,,)poly,« is the full subcategory of Rep(gl,)poly consisting of all poly-
nomial gl,-modules of degree d. Then

fRe5n—1,n = @ fﬁeEd,n—l,n : Rep(g[n)poly - Rep(g[n—l)poly,
deZ
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with
. . gl
Resq n—1,n - Rep(gl,)poly,a = Rep(gl,_1)poly,as  Resgn—1,, :=deg, o Resglzil,

gl, . o s .
where Res s the usual restriction functor for the pair gl,_; C gl,,.

Once again, the functors Res,_; , are additive functors between semisimple
categories.

Lemma 3.3.5. fes,_1,(S*C") = S*C"! for any Young diagram X (recall that
SPC* L =0if (L) >n—1).

Moreover, these functors are compatible with the functors I';, defined before.

Lemma 3.3.6. For any n > 1, we have a commutative diagram:

Iy
Rep (g [oo ) poly — Rep (g [n )poly

E“eﬁn—l.n
| .

Rep (g [n -1 )poly
That is, there is a natural isomorphism I';,_; = Res,_1 , 0.

Corollary 3.3.7. The functors Res,_1 , : Rep(gl,)poly — Rep(gl,_1)poly are sym-
metric monoidal functors.

3.4. Restricted inverse limit of categories Rep(gl,)poly. This subsection gives a
description of the category Rep(gl,,)poly as a “restricted” inverse limit of categories
Rep(gl,,)poty (see the Appendix and [Entova Aizenbud 2015b] for definitions and
details).

We will use the framework developed in [Entova Aizenbud 2015b] for the inverse
limits of categories with Z_ -filtrations on objects, and the restricted inverse limits
of finite-length categories (abelian categories in which every object admits a Jordan—
Holder filtration). The necessary definitions (such as Z, -filtered functors and
shortening functors) can be found in the Appendix.

We define a Z -filtration on the objects of Rep(gl,,)poy for eachn € 7, :

Notation 3.4.1. For each k € Z, let Fil; (Rep(gl,)poly) be the full additive subcat-
egory of Rep(gl,,)poly generated by S*C" such that £(A) <k.

Clearly the subcategories Fil (Rep(gl,,)poly) give us a Z -filtration on the objects
of the category Rep(gl,)pory. Furthermore, by Lemma 3.3.5, the functors Res,, 1 ,
are Z -filtered functors, i.e., they induce functors

Resy_, , : Fily (Rep(gl,)poty) — Filk (Rep(gl,_)poly)-
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This allows us to consider the inverse limit

Liﬂl Rep(g[n)poly = h_r>n Lﬂl Fily (Rep(g[n)poly)-
neZ 7 -iltr ke neZ
This is an abelian category (with a natural Z -filtration on objects).

By Lemma 3.3.5, the functors Res,_; , are shortening functors; furthermore,
the system ((Rep(gl,)poly)nez, . (Res,_1,,)n>1) satisfies the conditions listed in
Proposition A.5.1, and therefore the category lim, €z, Z.,-filr Rep(gl,,)poty is also
equivalent to the restricted inverse limit of this system, lim, Z, restr Rep(gl,,)poty-

Remark 3.4.2. The functors fes,_; , are symmetric monoidal functors, so the
category lim, cZ, restr Rep(gl,,)pory is a symmetric monoidal category.

The following proposition is relatively straightforward. Its detailed proof can be
found in [Entova Aizenbud 2015b].

Proposition 3.4.3. We have an equivalence of symmetric monoidal Karoubian
categories

[y - Rep(glog)poty = 1(&1 Rep(gl,)poly

nez, restr

induced by the symmetric monoidal functors
1
Fn = ( )g[,, : Rep(g[oo)poly - Rep(g[n)poly'

4. Parabolic category O

In this section, we describe a version of the parabolic category O for gl which we
are going to work with. We give a definition which describes the relevant category
for both gl,, and gl,.

4.1. For the benefit of the reader, we will start by giving a definition for gly
when N is a positive integer; this definition is analogous to the usual definition of
the category O. The generic definition will then be just a slight modification of the
first to accommodate the case N = oco. This version of the parabolic category O is
attached to a pair: a vector space V and a fixed nonzero vector 1 in it. Such a pair
is called a unital vector space. In our case, we will just consider V = CV, with the
standard basis eq, e, ..., and the chosen vector 1 :=¢;. Fix N € Z with N > 1.

Notation 4.1.1. The following notation will be used throughout the paper:

» We denote by py C gl the parabolic Lie subalgebra which consists of all the
endomorphisms ¢ : C¥ — C¥ for which ¢ (1) € C1. In terms of matrices this
isspan{Ey 1, E; ;| j > 1}

. u;’N C py denotes the algebra of endomorphisms ¢ : CV — CV for which
Im¢ C C1 C Ker ¢. In terms of matrices, u"fN =span{Ey ;| j > 1}.
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Denote Uy := span{ey, e3, ..., ex}. We have a splitting gl = py D Uy s where
Uy = Uy = span{E; | i > 1}). This gives us an analogue of the triangular
decomposition:

gly = Cldey ®u,, ®u), @ gl(Un).

We can now give a precise definition of the parabolic category O we will use:

Definition 4.1.2. We define the category OE”,(, to be the full subcategory of Mody(q1,)
whose objects M satisfy the following conditions:

o Viewed as a U(gl(Upy))-module, M is a direct sum of polynomial U (gl(Uy))-
modules (that is, M belongs to Ind-Rep(gl(Uy))poly)-

+
PN*

e M is a finitely generated U (gl )-module.

e M is locally finite over 1

Remark 4.1.3. One can replace the requirement that u;,"N act locally finitely on M
by the requirement that I/ (ugN) act locally nilpotently on M.

Remark 4.1.4. One can, in fact, give an equivalent definition of the category 05
corresponding to a finite-dimensional unital vector (V, 1) without choosing a split-
ting (cf. [Entova Aizenbud 2015a, Section 5] and the Introduction).

Definition 4.1.5. A module M over the Lie algebra gl will be said to be of degree
K € Cif Idgwy € gly acts by K Idy, on M.

We will denote by OS’E v the full subcategory of OE% whose objects are modules
of degree v. To say a module M of OE% is of degree v is the same as to require
that £ acts on each subspace S*Uy of M by the scalar v — |A|.

Definition 4.1.6. Let v € C. Define the functor deg, : Mody(q1,) — Mody(qg1,) by
letting deg,, (E) be the maximal submodule of E of degree v (see Definition 4.1.5).
For a morphism f : E — E’ of gly-modules, we put deg,,(f) := flaeg, (E)-

Let E € Mody(g1,). The maximal submodule of E of degree v is well defined: it
is the subspace of E consisting of all vectors on which Idc~ acts by the scalar v,
and it is a gl -submodule since Idcw lies in the center of gl .

One can show that the functor deg, : Mody g,y — Mody g, 1s left-exact.
Moreover, it is easy to show that the category OE,ZX:N is a direct summand of OE”A’,,
and the functor deg,, : O(E’,VV — OE,A(]I:N is exact.

4.2. Parabolic category O for gly. We now give a definition of the parabolic
category O which for gly. Again, we let N € Z>; U {oo}.
Consider a unital vector space (CV, 1), where 1 := e;. Put

Uy :=spang(ez, e3,...) C ch,
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so that we have a splitting C¥ =Ce; ®Uy. We also denote Un .« :=span(e3, €3, ...)
(so Uy« = Uy, whenever N € Z). We have a decomposition

gly = glUn) @ gl Bu,, Suy, .

Of course, for any N, we have Uy
the isomorphisms gl(Uy) = g[ll =gly_;-

= Uy ; moreover, u;fN = Uy .. We will also use

Definition 4.2.1.

* Define the category Modgi, gi(y)-poly to be the category of gly-modules whose
restriction to gl(Uy) lies in Ind-Rep(gly, )poly; that is, gly-modules whose re-
striction to gl(Uy) is a (perhaps infinite) direct sum of Schur functors applied
to Uy. The morphisms would be gl -equivariant maps.

e We say that an object M € Modg,, gi(vy)-poly 1 Of degree v (v € C) if on every
summand S*Uy C M, the element E; | € gly acts by (v — |A]) Idgiy, -

o Let M € Mody,, gi(y)-poly- We have a commutative algebra Sym(Uy) =U (up_ V)
(the enveloping algebra of u, ~C gly). The action of gly on M gives M a
Sym(Uy)-module structure. We say that M is finitely generated over Sym(U y)
if M is a quotient of a “free finitely generated Sym(Uy)-module”; that is, as a
Sym(Uy)-module, M is a quotient (in Ind-Rep(gly)poly) of Sym(Uy) ® E for
some E € Rep(gl(Un))poly-

o Let M e Modg,, gi(vy)-poly- We have a commutative algebra Sym(Uy ) =U (u;fN)
(the enveloping algebra of u;’N C gly). The action of gly on M gives M a
Sym(Uy «)-module structure. We say that M is locally nilpotent over the algebra
Z/l(u;’N) if for any v € M, there exists m > 0 such that for any A € Sym™ (Uy )
we have A.v =0.

Recall the natural Z,-grading on the object of Ind-Rep(gly)poy. For each
M € Modg, gi(Uy)-poly» the above definition implies that gl(Uy) acts by operators
of degree zero, and that Uy . acts by operators of degree 1. We now define the
parabolic category O for gly which we will use throughout the paper:

Definition 4.2.2. We define the category OE’EN to be the full subcategory of
Modyg;,, gi(wy)-poly Whose objects M satisfy the following requirements:

e M is of degree v.
e M is finitely generated over Sym(Uy).

o M is locally nilpotent over the algebra I/ (ugr V)

Of course, for a positive integer N, this is just the category Of”fc,\, we defined in
the beginning of this section.
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We will also consider the localization of the category OSIYC,V by its Serre subcat-
egory of polynomial gly-modules of degree v; such modules exist if and only if
v € Z,. This localization will be denoted by

~ . PN APN
TN : OV,CN — OV’C,\,

and will play an important role when we consider the Schur—Weyl duality in complex
rank.

4.3. Duality in category O. Let n € Z. Recall that in the category O for gl, we
have the notion of a duality (cf. [Humphreys 2008, Section 3.2]): namely, given a
gl,-module M with finite-dimensional weight spaces, we can consider the twisted
action of gl, on the dual space M*, given by A.f := f o AT, where AT means the
transpose of A € gl,,. This makes M* a gl,-module. We then take M" to be the
maximal submodule of M* lying in category O.

More explicitly, considering M as a direct sum of its finite-dimensional weight

spaces
M = @ M;,
A

we can consider the restricted twisted dual
M = m;
A

(that is, we take the dual to each weight space separately). The action of gl,, is
given by A.f := f o AT for any A € gl,. The module M" is called the dual of M,
and we get an exact functor (-)" : O°? — O.

n

Proposition 4.3.1. The category OE,, is closed under taking duals, and the duality
Sfunctor (-)Y : (OE';)OP — OE',’, is an equivalence of categories.

In fact, a similar construction can be made for OE"’Q‘}M. All modules M in 05}‘300
are weight modules with respect to the subalgebra of diagonal matrices in gl,,, and
the weight spaces are finite-dimensional (due to the polynomiality condition in the
definition of OSjEw). This allows one to construct the restricted twisted dual M" in
the same way as before, and obtain an exact functor

()Y (0} = 072

Remark 4.3.2. It is obvious that for n € Z, the functor (-)" : (OE’;)"P — Oé’;
takes finite-dimensional (polynomial) modules to finite-dimensional (polynomial)
modules. In fact, one can easily check that the functor (-)" : (OETZM)OP — OEf’&oo
takes polynomial modules to polynomial modules as well.
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4.4. Structure of the category OP”C,, In this subsection, we present some facts
about the category 0 " . which will be used later on. The material of this section
is discussed in more detall in [Entova Aizenbud 2015a, Section 5] and is mostly
based on [Humphreys 2008, Chapter 9].

Fix v € C, and fix n € Z,. We denote by ey, e, ..., e, the standard basis of C”,
and put 1:=e¢; and U, :=span{e;, e3, ..., e,}. We W111 consider the category OC,,
for the unital vector space (C", 1) and the splitting C" = C1 & U,,.

Proposition 4.4.1. The categories OE’; and Ind- OE’}, are closed under taking duals,
direct sums, submodules, quotients and extensions in Oy , as well as tensoring with
finite-dimensional gl,-modules.

The category 05’"@ decomposes into blocks (each of the blocks is an abelian
Category in its own right). To each ~-class of Young diagrams corresponds a block
of OF ».cn- If all Young diagrams A in this ~-class have length at least n, then the
correspondmg block is zero. To each nonzero block of OF ».cn corresponds a unique

~class.

Moreover, the blocks corresponding to trivial ~-classes are either semisimple
(i.e., equivalent to the category Vectc) or zero.

We now discuss standard objects in OE'Z,.

Definition 4.4.2. Let . be a Young diagram. The generalized Verma module
M, (v —|A[, A) is defined to be the gl,-module

Ugl,) Qup, s*U,,

where gl(U,) acts naturally on S*U,,, Idc» € p,, acts on S*U,, by scalar v, and ug;
acts on S*U, by zero. Thus M, (v — [A|, 1) is the parabolic Verma module for
(gl,,, pn) with highest weight (v — |A|, 1) if and only if n — 1 > £(}), and zero
otherwise.

Definition 4.4.3. L(v — |A|, 1) is defined to be zero if n > (1), or the simple
module for gl,, of highest weight (v — |A|, 1) otherwise.

The following basic lemma will be very helpful.

Lemma 4.4.4. Let ) be a Young diagram such that £()) < n. We then have an
isomorphism of gl(U,)-modules:

Mp,, (V - |)"|a )") = Sym(Un) ® S)LUn-
We will also use the following lemma.

Lemma 4.4.5. Let {\)}; be a nontrivial ~-class, and i > 0 be such that L(ADY <n.
Then there is a short exact sequence

0— L— ATy 5 pm, (v — 2D AD) - L — 20, 4D) — 0.
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Corollary 4.4.6. The isomorphism classes of the generalized Verma modules and
the simple polynomial modules in O®" »cn Jorm a basis for the Grothendieck group
of 05"01

5. Stable inverse limit of parabolic categories O

5.1. Restriction functors.

Definition 5.1.1. Let n > 1. Define the functor

. Pn Pn—1 . [+
Resy—_10: 0o > O Resy_1,, 1= ()1

C” 1

Again the subalgebras gl,,_;, g[n_l C gl,, commute, and therefore the subspace
of g[ _-invariants of a gl,-module automatically carries an action of gl,_;

We need to check that this functor is well defined. In order to do so, consider the
functor Res,,_1 , 05”@7 — Modygi, ,). This functor is well defined, and we will
show that the objects in the image lie in the full subcategory 0p _y of Modyg1, -

The functor SRes,_1 , can alternatively be defined as follows for a module M in
Ov cn» We restrict the action of gl,, to gl,_;, and then only take the vectors in M
attached to specific central characters. More specifically, we have:

Lemma 5. 1 2. The functor Res,_y , is naturally isomorphic to the composition
deg, o Res [” (the functor deg, was defined in Definition 4.1.6).

Proof. Let M € 057”@,. For any vector m € M, we know that
Ider.m=(E11+Eo+-- -+ Epp).m=vm.
Then the requirement that
Idep-im=(Eig+Exo+- -+ Ep—1p—1).m=vm

. . . an
is equivalent to the requirement that E, ,.m = 0, namely that m € M ob1, O
We will now use this information to prove the following result:

Lemma 5.1.3. The functor Res,_1 5, : Op o~ OP"@; , is well defined.

Proof. Let M € OP” ., and consider the gl,_;-module Res,_; ,(M). By definition,
this is a module of degree v. We will show that it lies in OP” .

First of all, consider the inclusion gl(U,_1)*®gl(Un_1) C g[(U ). This inclusion
gives us the restriction functor (see Definition 3.3.3)

Resy, ., : Rep(@(Un))poly = Rep(@l(Un_1))poly.  Resy, v, = ()91,

The latter is an additive functor between semisimple categories, and takes polyno-
mial representations of gl(U,) to polynomial representations of gl(U,_).

Now, the restriction to gl(U,,—;) of the gl,_;-module Pes,_; , (M) is isomorphic
to Resy, v, (M|giw,)), and thus is a polynomial representation of gl(U,_1).
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Secondly, PRes,_; ,(M) is locally nilpotent over U (u;; B 1), since M is locally
nilpotent over U(u, ) and U(uy ) CUT).

It remains to Check that given M € 05”0,, the module Res,,_1 , (M) is finitely
generated over Sym(U,,_1). Indeed, we know that there exists a polynomial gl(U,,)-
module E and a surjective gl(U,)-equivariant morphism of Sym(U,)-modules
Sym(U,)® E —» M. Taking the gl(U,_)*-invariants and using Corollary 3.3.7, we
conclude that there is a surjective gl(U,_;)-equivariant morphism of Sym(U,,_1)-
modules

Sym(Uy—1) ® ESUr0" , Res,_y ,(M).

Thus Res, 1 ,(M) is finitely generated over Sym(U,_1). O
Lemma 5.1.4. The functor Res,_1 5, : Op o~ OP"@; , 1s exact.

Proof. We use Lemma 5.1.2. The functor deg,, : Op” = OS"G,i , is exact, so the

functor Res,_1 , is obviously exact as well. O

Lemma 5.1.5. The functor Res,_; , takes parabolic Verma modules either to
parabolic Verma modules or to zero:

Resp_1,0(Mp, (v — A, 1)) = M, (v —[A], ).

(Recall that the latter is a parabolic Verma module for gl,,_; if and only if £()) <
n — 2, and zero otherwise).

Proof. Consider the parabolic Verma module M, (v — |A|, 1), where the Young
diagram A has length at most n — 1. By definition, we have

M, (v — 1], 1) =U(gL,) Qup,) S™Un.

The branching rule for gl(U,—1) C gl(U,) tells us that
(S)LUn)|g[(Un_]) = @ S)”/Un_l,
A/

where the sum is taken over the set of all Young diagrams obtained from A by
removing several boxes, no two in the same column. So

"
ResS' (My, (v — |2, 1) = (@Mpn (v —[Al, A ))@Ll( uy /uy )
N CA
Here:
e My, (v —|A|, 1) is either a parabolic Verma module for gl,_; of highest
weight (v — |A], /) (note that it is of degree v — |A| + |A'|) or zero.

e gl(U,—1) acts trivially on the space U (u /Uy, 1) This space is isomorphic,
as a Z4-graded vector space, to C[¢] (v standing for E, | € gl,)) and E; acts
on it by derivations —t%.
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Thus Idgs-1 € gl, acts on the subspace M, (v —[A], 1) ® tk c M,, (v —[A], 1) by
the scalar v — |A| + |A/| —

We now apply the functor deg, to the module Res [” (My, (v — [A], 1)). To
see which subspaces M, (v —[V[, ) ® t* of M, (v — |A| A) will survive after
applying deg,, we require that |[A| — |A'| + k = 0. But we are only considering
Young diagrams A’ such that 1" C A, and k € Z, which means that the only relevant
case is A’ = A, k = 0. We conclude that

Resp—1,n(Myy (v — A, 1)) = My, (v —[A], ). U
Lemma 5.1.6. Given a simple gl,-module L,(v — |A|, A),
Resp—1.0(Ln(v — A, A)) = Lp—1(v — |A], 1).

(Recall that the latter is a simple gl,,_|-module if and only if £(X) <n —2, and zero
otherwise).

Proof. The statement follows immediately from Lemma 5.1.5 when A lies in a
trivial ~-class; for a nontrivial ~-class {A()};, we have short exact sequences (see
Lemma 4.4.5):

0— L,(v— ATV (v — 2D 2D) = L, (v — D], 29) — 0.

Using the exactness of PRes,_i ,, we can prove the required statement for
L,(v — A9, 1)) by induction on i, provided the statement is true for i = 0.
So it remains to check that

SRegnflﬂ(lln(v - |)\|7 )‘)) = Lnfl(v - |)‘|, )V)

for the minimal Young diagram A in any nontrivial ~-class. Recall that in that case,
L,(v—|A], A) = S*WC" is a finite-dimensional simple representation of gl,. The
branching rule for gl,,, gl,_; implies that

Resl ($*Cm =@ ste,

where the sum is taken over the set of all Young diagrams obtained from A(v)
by removing several boxes, no two in the same column. Considering only the
summands of degree v, we see that

Resy_ 1.0 (Ln(v — A, 1) = SOC = L, (v — A, 1) O

The functor PRes, 1, : Offcn Op” o1 clearly takes polynomial modules to
polynomial modules; together with Lemma 5.1.4, this means that Res,_; , factors
through an exact functor

-0 APn—1
9{65”—1,}1 . 5’@)1 — Oann 19
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i.e., we have a commutative diagram

9{255171 n
b i Pn-1
OFey ——— 0%y
ﬁn l ﬁnfl J/
A~ 97{\25,1_1 n A~
p ) Pn—1
Ovjl@n Ov;Cnfl

(see Section 4.2 for the definition of the localizations 7).

5.2. Specialization functors.
Definition 5.2.1. Let n > 1. Define the functor
Lw:O0)%e = OVy, Tyi= (),

As before, the subalgebras gl,,, g[,f C gl,, commute, and therefore the subspace
of g[j—invariants of a gl,-module automatically carries an action of gl,,.
Lemma 5.2.2. The functor T, : O} — O}, is well defined.
Proof. The proof is essentially the same as that in Lemma 5.1.3. (]
Lemma 5.2.3. The functor Ty, : 05,?500 — OE’”U is exact.

Proof. The definition of I', immediately implies that this functor is left-exact.
Consider the inclusion gl(U,) & g[(Un)L C gl(Ux). We then have an isomorphism
of gl(U,)-modules
(Ut ~ (b
(Mg )™ = M) g0,

The exactness of I';, then follows from the additivity of the functor

1
()# 7 Rep(gl(Uoo)poly — Rep(@l(Un))polys
which is an additive functor between semisimple categories. U

The functor 'y, : OS?EOO — 05”@1 clearly takes polynomial gl ,-modules to
polynomial gl,-modules; together with Lemma 5.2.3, this means that I';, factors
through an exact functor
Ty : 00 — OV,

i.e., we have a commutative diagram

Opoo Tn OPn
v,C® v,Cn

N

~ T, A~
Ol —— O,
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5.3. Stable inverse limit of categories OE"C,, and the category O‘f‘jéoo. The restric-
tion functors

1
Resy_1.0: O, — OM) Res, 1, = ()9

v,Cn— 1

described in Section 5.1 allow us to consider the inverse limit of the system
((05’"01)1121, (me5nfl,n)n22)e and Simﬂaﬂy for ((05:1@,,)”21, (mesnfl,n)nEZ)- Let
n>1.

Notation 5.3.1. For each k € Z, let Fllk(Ov C") (resp., Fllk(Ov "cn)) be the Serre
subcategory of Op"@n (resp., OS"CH) generated by simple modules L, (v — 1|, A)
(respectively, 7, (L, (v — 1], 1))), with £(A) < k.

This defines Z -filtrations on the objects of OE”U and 65" s 1.6,

Pn ~ 1: . Pn Apn ~ q- . A
OI),C’I = h_r)n F‘llk(()v7 n)’ OV,(I:" = h_n)l Fllk(ov’ n)-
keZ keZ,

Lemma 5.3.2. The functors
%e5n—l,n . Os’nan OPnO: 1
and

. Abn APn—1
9%eﬁn—l,n . OU’@n — 0 p,Crn—1

are both shortening and Z 1 -filtered functors between finite-length categories with
Z . -filtrations on objects (see the Appendix for the relevant definitions). Moreover,
the systems (05:‘ 2 Res,_1 ) and (OE” . 9@”_1,”) satisfy the conditions appear-
ing in Section A.5, and thus for each of ’these, their restricted inverse limit coincides
with their inverse limit as 7 -graded categories.

Proof. These statements follow directly from Lemma 5.1.6, which tells us that
Resy_1.2(Lyp(v =1, 1)) = L,—1(v —|A|, A), and the fact that L, (v — |A|,A) =0
whenever £(A) > n — 1. O

We can now consider the inverse limits of the Z -filtered systems

(0P =1, QResu_tnz2)s (OF)uz1, (Resu_ 1 )nz2)-

By Proposition A.5.1, these limits are equivalent to the respective restricted inverse
limits

lim OS"U’ lim 05"@
n>1, restr n>1, restr
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and
T . AP : A Pn
Piim Oy e = Llrll 0,cr
n>

Proposition 5.3.3. The functors T';, induce an equivalence

Ciim 05,?300 —  lim Offc,l.
n>1, restr
Proof. First of all, we need to check that this functor is well defined. Namely, we
need to show that for any M € 05’“ ~» the sequence {€y(g1,, ) (Fnt1(M))}, stabilizes.
In fact, it is enough to show that this sequence is bounded (since it is obviously
increasing).

Recall that we have a surjective map of Sym(u,, )-modules Sym(u, )® E — M
for some E € Rep(gl(Ux))poly- Since ',y 1 is exact, it gives us a surjective map
Sym(ugﬂﬂ)@f‘nﬁ (E)—» Ty (M) for any n > 0, with I',,11 (E) being a polynomial
gl(U,+1)-module.

Now,

Lut,, ) Tnr1(M)) < ZW”EH.)(F”“ (M) < Ly, Tny1(E)).

The sequence {£ygi(v,. 1)) (T'n+1(E))}n>0 is bounded by Proposition 3.4.3, and thus
the sequence {€y(gi, ) (T'nt1(M))}, is bounded as well.

We now show that I'; | is an equivalence. A construction similar to the one
appearing in [Entova Aizenbud 2015b, Section 7.5] gives a left adjoint to the functor
['},,; that is, we will define a functor

| lim OE:’U — 05?&&.
n>1, restr

Let (My)n>1, (¢u—1.n)n>2) be an object of l(iglpl’ restr O]’ff@n. The isomorphisms
Gn—1.n: Res,_1 ,(M,) = M,_; define g[n_l—equfvariant inclusions M, _{ <— M,,.
Consider the vector space

M= M,

n>1

which has a natural action of gl on it. It is easy to see that the obtained gl ,-module
M is a direct sum of polynomial gl(Us,)-modules, and is locally nilpotent over the
algebra
U ) = Sym(Usox) = | Sym(U;).
n>1
Sublemma 5.3.4. Let (My)n>1, ($n—1.n)n>2) be an object of lim
Then M := Unzl M, is a finitely generated module over

Pn
0} cn-

n>1, restr

Sym(Us) = L{(up_oo).
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Proof. In Proposition A.2.2, we show that all the objects in the abelian category
Im e OS,na:n have finite length, and that the simple objects in this category
are exactly those of the form ((L,(v — |A|, X))n>1, (@n—1.1)n>2) for a fixed Young
diagram A. So we only need to check that applying the above construction to these
simple objects gives rise to finitely generated modules over Sym(Us) = U (u,_ ).

Using Corollary 4.4.6 we now reduce the proof of the sublemma to proving the

following two statements:

» Let A be a fixed Young diagram and ((L,,(v—|A|, A))u>1, ($n—1.n)n>2) be asimple
object in lim, _; . 05:1@,1 in which L, (v — |A|, A) is polynomial for every n
(ie., Ais minimal in its nontrivial 'vv—class). Then L :=J,~; L,(v — |A], 1)
is a polynomial gl ,-module (in particular, a finitely genera?ed module over
Sym(Uso) =U(uy, ).

o Let A be a fixed Young diagram and let ((My,, (v —|A], A))n>1, (@n—1,1)n>2) be an
object of lim 05’”01 (this is a sequence of “compatible” parabolic Verma

~—n>1, restr

modules). Then
M= U My, (v — A, 1)
n

is a finitely generated module over Sym(Uy) = U (ugoc).

The first statement follows immediately from Proposition 3.4.3. To prove the
second statement, recall from Lemma 4.4.4 that

M, (v —|A], &) = Sym(U,) ® S*U,,.
So
M= M, (v =121, 2) Z | Sym(U) ® $*Uy = Sym(Use) ® §*Use,
n n

which is clearly a finitely generated module over Sym(Uy) = U (up_oo). O
This allows us to define the functor I'}; by setting
Fﬁm((Mn)nzl’ (¢n—],n)n22) = U Mn
n>1
and requiring that it act on morphisms accordingly. The definition of I'}}  gives us

a natural transformation
k ~
Flim [0 Flim —> IdOPoo .

v,Co®

Restricting the action of gl , to gl(Ux) and using Proposition 3.4.3, we conclude
that this natural transformation is an isomorphism.
Notice that the definition of I'}; | implies that this functor is faithful. Thus we

conclude that the functor I'};  is an equivalence of categories, and sois I',, . [J
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Proposition 5.3.5. The functors T, induce an equivalence

Flim : Op > lim 55,"@"-
n>1, restr
Proof. Let M € OU Coo- First of all, we need to check that the functor f
well defined; that is, we need to show that the sequence {¢ o, (7T, (Cp(M )))},,>1 is
bounded from above.
Indeed,
Copn, Gin(Tu(M))) < e (Tu(M)).

But the sequence {£¢ o, (I',(M))},>1 is bounded from above by Proposition 5.3.3,
so the original sequence is bound from above as well.
Thus we obtain a commutative diagram

Rep(loo)poly,y —————— OF % O}~

1—‘]imJ/ l—‘Iiml I—‘\limJ/

r[hm_hm T

lim Rep(gl,)poty,y — lim 05”@1 — " 4 1lim

Opn
<—n>1,restr <—n>1,restr <—=n>1,restr ~v,C"
where Rep(gly)poly,v is the Serre subcategory of 55’?’0,\, consisting of all polynomial
modules of degree v. The rows of this commutative diagram are “exact” (in the sense
that 052‘500 is the Serre quotient of the category 05’3&0 by the Serre subcategory
Rep(gly)poly,v» and similarly for the bottom row).

The functors

Ulim * Rep(gloe)poly.,y — LLH Rep(gl,)poly.v

n>1, restr
and
. Poo 1 pn
l_‘lim : OU,COO - LLH Ov,C"
n>1, restr
are equivalences of categories (by Propositions 3.4.3 and 5.3.3), and thus the functor
', 1s an equivalence as well. ]

6. Complex tensor powers of a unital vector space

In this section we describe the construction of a complex tensor power of the
unital vector space CV with the chosen vector 1 := e (again, N € Z, U{o0}). A
general construction of the complex tensor power of a unital vector space is given
in [Entova Aizenbud 2015a, Section 6].

Again, we denote Uy := span{ey, e3, ...}, and Uy, :=span{e;, e3, ...} C C*N.
As before, we have a decomposition:

gly = Cldey ®u,, ®uf ®gl(Uy)
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such that Uy = Up s Uy = u;rN, and if N is finite, we have Uy = Ups.

Fix v € C. Recall from [Entova Aizenbud 2015a, Section 4] that for any v € C,
in the Deligne category Rep(S,) we have the objects Ay (k € Z,). These objects
interpolate the representations CInj({1, ..., k}, {1,...,n}) = Indngksx" Six SkC of
the symmetric groups S, ; in fact, for any n € Z we have

Sp(Ap) =CInj({1, ..., &k}, {1,...,n}),
where S, : Rep(S,=,) — Rep(S,) is the monoidal functor discussed in Section 2.1.

Definition 6.0.1 (complex tensor power). Define the object (CV)2V of the category
Ind'(&’l?_ab(sv) X OE%N) by setting

€= PUF © Ap™
k>0

The action of gl on (CY)®" is given as follows:

Uy Uy Uy Uy
1 Uy ® Aq (UN ® A»j) (UN ® A3)
Uvs  guuyy UM alUy) Uns alUy) Un

e E; 1 € gly acts by scalar v — k on each summand (Uff,’k ® A

« Aegl(Uy) Cgly acts on (US* ® Ag)% by

Y AV e @lda,  (URF @ AD% - (URF @ Ap™.
1<i<k

* u € Uy =uy, acts by morphisms of degree 1, which are given explicitly in
[Entova Aizenbud 2015a, Section 6.2].

o feUn= u;LN acts by morphisms of degree —1, which are given explicitly

in [Entova Aizenbud 2015a, Section 6.2].

Remark 6.0.2. The actions of the elements of u;N and u,, , though not written here
explicitly, are in fact uniquely determined by the actions of E; ; and gl(Uy).

To see this, note that the ideal in the Lie algebra gl generated by the Lie
subalgebra CE; | @ gl(Uy) is the entire gl,. Given two gly-modules M;, M, and
an isomorphism M| — M, which is equivariant with respect to the Lie subalgebra
CE1.199l(Uy), the above fact implies that this isomorphism is also gl -equivariant.

In other words, if there exists a way to define an action of gl whose restriction
to the Lie subalgebra CE; | @ gl(Uy) is given by the formulas above, then such an

action of gl is unique.
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Remark 6.0.3. The proof that the object (CV)®" lies in Ind-(Rep(S,) X O%N)
is an easy check, and can be found in [Entova Aizenbud 2015a]. In particular, it
means that the action of the mirabolic subalgebra Lie 31 on the complex tensor
power (CV)®" integrates to an action of the mirabolic subgroup 1, thus making
(CM)®Y a Harish-Chandra module in Ind—&epab(Sv) for the pair (gly, ‘1_31).

The definition of the complex tensor power is compatible with the usual notion
of a tensor power of a unital vector space (see [Entova Aizenbud 2015a, Section 6]):

Proposition 6.0.4. Let d € 7. Consider the functor

84+ Ind-(Rep(Sy—a) X OFY.,

) — Ind-(Rep(Sy) X 0¥,
induced by the functor

Sd :R_ep(Sv:d) - Rep(Sn)
described in Section 2.1. Then S;((CN)®4) = (CN)®d,

The construction of the complex tensor power is also compatible with the functors
Res, ,+1 and ', defined in Definitions 5.1.1 and 5.2.1. These properties can be
seen as special cases of the following statement (when N =n + 1 and N = oo,
respectively):

Proposition 6.0.5. Letn > 1, and let N > n, N € Z> U {o0}. Recall that we have
an inclusion gl,, ® g[,f C gly, and consider the functor

()% : Ind-(Rep™(S,) K O ) — Ind-(Rep™(S,) K 0%, )

induced by the functor (-)g[nL : OSA{CN — Oﬁf@l. The functor (-)glnl then takes
(CM)®Y 1o (C)2.

Proof. The functor ( - )g[nl : OEIYCN — OE’”U induces an endofunctor of Ind—R_epab(Sv).
We would like to say that we have an isomorphism of Ind-Rep? (S, )-objects

(@€enet = enyer

and that the action of gl,, C gly on ((CY)2") corresponds to the action of gl, on
(C")®V. In order to do this, we first consider (C")®" as an object in Ind-Rep®(S,)
with an action of gl(Uy):

€2 =P UFH™:
k>0
If we consider only the actions of gl(Uy), gl(U,,), the functor I',, is induced by the
additive monoidal functor ( - )g[(U")L :Ind-Rep(gl(Un))poty — Ind-Rep(gl(Un))poly-
This shows that we have an isomorphism of Ind-Rep®® (S, )-objects

(€M) = P (A @ U = ()’
k>0
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and the actions of gl(U,) on both sides are compatible. From the definition of the
complex tensor power (Definition 6.0.1) one immediately sees that the actions of
E1,1 on both sides are compatible as well. Remark 6.0.2 now completes the proof. [

7. Schur—Weyl duality in complex rank:
the Schur—Weyl functor and the finite-dimensional case

We fix v e C and N € Z, U {oo}. Again, we consider the unital vector space C"
with the chosen vector 1 := e; and the complement Uy := span{ey, e3, ... }.

7.1. Schur—Weyl functor.
Definition 7.1.1. Define the Schur—Weyl contravariant functor
SW, : Rep™(S,) — Modyi,)
by
SW,, := Homgepan(s, (-, (CV)E).

Remark 7.1.2. The functor SW, : Rep®(S,) — Mody(g1,) is a contravariant
C-linear additive left-exact functor.

It turns out that the image of the functor SW,, : R_epab(S,,) — Mody (g1, lies in
OE%N (cf. Remark 6.0.3).

We can now define another Schur—Weyl functor which we will consider: the
contravariant functor SW y.CN Rep®(S,) — 551:N. Recall from Section 4.2 that

~ . PN APN . PN
TN - OU,CN — Ov,CN = OV,CN/ReP(Q[N)poly,v

is the Serre quotient of OEf(VD v by the Serre subcategory of polynomial gl -modules
of degree v. We then define

S/V\VV’@N =N 0oSW, cn.
7.2. The finite-dimensional case. Letn € Z . We then have the following theorem,
which can be found in [Entova Aizenbud 2015a, Section 7]:

Theorem 7.2.1. The contravariant functor SW, c» : R_epab(Sv) — OE"CH is exact
and essentially surjective. Moreover, the induced contravariant functor

Rep™(S,)/ Ker(SW,, cr) — O,

is an antiequivalence of abelian categories, thus making 05" . a Serre quotient of
Rep™(S,).

We will show that a similar result holds in the infinite-dimensional case, when
the contravariant functor SW,, ¢ is in fact an antiequivalence of categories.
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In the proof of Theorem 7.2.1 we established the following fact (see [En-
tova Aizenbud 2015a, Theorem 7.2.3]):

Lemma 7.2.2. The functor S/WU’@ takes a simple object to either a simple object,
or zero. More specifically:

o Let ) be a Young diagram lying in a trivial ~-class. Then
SWy.o (L(W) = & (Lp, (v — 3], 1).
o Consider a nontrivial ~-class {A(i)}izo. Then
SWi,en (L)) = 7 (Lp, (v = 20D, 207D
whenever i > 0.

Remark 7.2.3. Recall that Ly, (v — |A[, A) is zero if £(1) > n.

8. Classical Schur—Weyl duality and the restricted inverse limit

8.1. A short overview of the classical Schur-Weyl duality. Let V be a vector
space over C, and let d € Z, . The symmetric group S, acts on V® by permuting
the factors of the tensor product (the action is semisimple, by Maschke’s theorem):

U.(Ul R 1%) R K 'Ud) = UJ—I(I) (4 UG’I(Z) K- & UU’I(d)'

The actions of gl(V) and S; on V®? commute, which allows us to consider a
contravariant functor

SWav : Rep(Ss) — Rep(gl(V))potys  SWa,v := Homg, (-, V).

The contravariant functor SW, vy is C-linear and additive, and sends a simple repre-
sentation A of S, to the gl(V)-module S*V.
Next, consider the contravariant functor

sWy : @ Rep(Sa) — Rep(gl(V))poly:  SWy 1= EP) SWa.y.
dez, d

This functor SWy is clearly essentially surjective and full (this is easy to see,
since Rep(gl(V))poly is a semisimple category with simple objects S*V = SW(L)).
The kernel of the functor SWy is the full additive subcategory (direct factor) of
&b aez, Rep(Sq) generated by simple objects A such that £(2) > dim V.

8.2. Classical Schur—Weyl duality: inverse limit. In this subsection, we prove that
the classical Schur—Weyl functors SWer make the category P dez, Rep(Sq) dual
(antiequivalent) to the category

~

Rep (g [oo)poly 1(&[1 Rep (g [n ) poly-

neZ, restr
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The contravariant functor SWe~ sends the Young diagram A to the gl -module S*CV.
Let n € Z. We start by noticing that the functors Res,, ,,+; and the functors I',
(defined in Section 3) are compatible with the classical Schur—Weyl functors SWex:

Lemma 8.2.1. We have natural isomorphisms
9%5,1,"4_1 o SWC)Hrl = SWCH
and
Fn [e] SwCoo = San
foranyn > 0.

Proof. 1t is enough to check this on simple objects in P dez,Rep(Sq), in which
case the statement follows directly from the definitions of fies, ,+; and I',, together
with the fact that SWey (A) = S*CV for any N € Z U {o0}. O

The above lemma implies that we have a commutative diagram

Rep (g [n ) poly

chll
Pr,

@ Rep(Sd)Op T 1<iLnnzl, restr Rep(g[n)[’()ly Ty

deZ
I
SWeoo lim

Rep (g [oo)poly

with the functor I'}; | being an equivalence of categories (by Proposition 3.4.3), and
Pr, being the canonical projection functor.

Proposition 8.2.2. The contravariant functors

SWoo : €D Rep(Sa) — Rep(glo)poly
dEZ+
and

SWiim : D Rep(Sq) > 1lim  Rep(gl,)poly

deZ, nez., restr

are antiequivalences of semisimple categories.

Proof. As was said in Section 8.1, the functor SWy is full and essentially surjective
for any N. In this case, the functor SW, is also faithful, since the simple object A in
P aez, Rep(Sq) is taken by the functor SWy to the simple object S*C> = 0. This
proves that the contravariant functor SW, is an antiequivalence of categories. The
commutative diagram above then implies that the contravariant functor SWy;y, is an
antiequivalence as well. (]
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9. Rep?(S,) and the inverse limit of categories 51’ f’C .

9.1. In this section we prove that the Schur—Weyl functors defined in Section 7.1
give us an equivalence of categories between Rep®®(S,) and the restricted inverse
O . We fix v e C.

limit LlnNeL_, restr ~ p,CN*

Proposition 9.1.1. The functor Res, 1 , satisfies Res, 1., 0 SWy, cn = SW,, cn-15
i.e., there exists a natural isomorphism 1, : Res,_1 , 0 SWy, cn — SW,, cn-1.

Proof. This follows directly from Proposition 6.0.5. (]

Corollary 9.1.2. Q{es,, 1n O SW,, o = SWU cn-1; Le., there exists a natural isomor-
phism 1, : 9{25,, 1.n oSW o — SW ol

Proof. By the definitions of Dﬁiesn_l,n and SWU,@n, together with Proposition 9.1.1,
we have a commutative diagram

SW\,’UL—I

R_ep_ab (SV)OP 05:1@n O Pn—1

v, Ccn—1
Wl,ch Eﬁesn,],n

SW, cn

Ot ———— Ol
9%eﬁn 1,n
Since 7,1 0 SW,, o1 =: SW,, cu-1, we get Res,_1 , 0 SW, on = SW,, g1 O

Notation 9.1.3. For each k € Z, Fil; (R_ep"‘b(SU)) is defined to be the Serre sub-
category of Rep®(S,) generated by the simple objects L(A) such that the Young
diagram A satisfies either of the following conditions:

» A belongs to a trivial ~-class, and £()) < k.
« ) belongs to a nontrivial ~-class {A)};=0, 2 = A, and £(A¢*V) <.

This defines a Z_ -filtration on the objects of the category Rep®(S,). That is,

Rep™(S,) = lim Fil(Rep™(S,)).
keZ 4

Lemma 9.1.4. The functors ﬁv,@n are 7 . -filtered shortening functors (see the
Appendix for the relevant definitions).

Proof. This result follows from the fact that the S/Wv’@n are exact, together with
Lemma 7.2.2. O
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This lemma, together with Corollary 9.1.2, implies that there is a canonical
contravariant (Z, -filtered shortening) functor
SWyiim : Rep™(S,) — lim O,
n>1, restr

X > (1SWo.00 (X1, (An(X))s2),
(f: X =¥ (SWoo () : SWaon (V) = SWo00 (01

This functor is given by the universal property of the restricted inverse limit described
in Proposition A.2.7' and makes the diagram below commutative:

Ov cr

SW,.on
Pr,

Rep®(S,)? ———— lim

Opn
([:n
SWI) lim v

<——n>1, restr

(here Pr,, is the canonical projection functor).

We show there is an equivalence of categories Rep®(S,)° and lim, e OE”U.
Theorem 9.1.5. The Schur—Weyl contravariant functors SWV’@ induce an anti-
equivalence of abelian categories, given by the (exact) contravariant functor

S/\X]v,lim : R_epab(sv) - 1(&1’1 65"@1
n>1, restr ’
Proof. The functors ﬁv’Cn are exact for each n > 1, which means that the functor
SW,, 1im is exact as well.

To see that it is an antiequivalence, we will use Proposition A.4.2. All we need to
check is that the functors SW,, ¢ satisfy the stabilization condition (Condition A.4.1):
that is, for each k € Z, there exists ny € Z, such that

SW, ¢ : Fil, (Rep™ (S, ))—>F11k(0p o)

is an antiequivalence of categories for any n > ny.

Indeed, let k € Z, and let n > k 4 1. The category Fily (Repab(S )) decomposes
into blocks (corresponding to the blocks of Repab(S )), and the category Fil; (Op” 0)
decomposes into blocks corresponding to the blocks of OP" 0

The requirement n > k + 1 together with Lemma 7. 2 2 means that for any
semisimple block of Fil; (Rep™(S,)), the simple object L()) corresponding to
this block is not sent to zero under SW v.cr. This, in turn, implies that SW V.Cr

1Alternatively, one can use Proposition A.3.3, since we already stated that in our setting the two
notions of inverse limit coincide.
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induces an antiequivalence between each semisimple block of Fily (R_epab(Sv)) and
the corresponding semisimple block of Filk(a‘f’"@ ).

Fix a nonsemisimple block B, of &ep_ab(SU), and denote by Fil; (B, ) the corre-
sponding nonsemisimple block of Fily (&pab(S,,)). We denote by ‘B, , the cor-
responding block in 05;’(3,,. The corresponding block of Filk(aff@) will then be
7 (Fili(B3.0))-

We now check that the contravariant functor

SWo.c Iy, s, © Filk(Br) — 7 (Filg (B3,0))

is an antiequivalence of categories when n > k 4 1.

Since n > k + 1, the Serre subcategories Fil (5, ) and Ker(S/\\Vv,@n) of &epab(S,,)
have trivial intersection (see Lemma 7.2.2), which means that the restriction of
§V\VU,@1 to the Serre subcategory Filg (58,) is both faithful and full (the latter follows
from Theorem 7.2.1).

It remains to establish that the functor S/WU,U |Fil, ;) 1S essentially surjective
when n > k 4 1. This can be done by checking that this functor induces a bijection
between the sets of isomorphism classes of indecomposable projective objects
in Filg(B,), 7 (Fily (%B,.,)) respectively (see [Entova Aizenbud 2015a, proof of
Theorem 7.2.7], where we use a similar technique). The latter fact follows from the
proof of [Entova Aizenbud 2015a, Theorem 7.2.7].

Thus S/\\Van : Filg (B,) — Filg (7 (2B,.,)) is an antiequivalence of categories for
n>k+1, and

SW,,cr : Fil(Rep™(S,)) — Fily(0%,)

is an antiequivalence of categories for n > k + 1. U

10. Schur-Weyl duality for Rep®’(S,) and gl

10.1. Let C* be a complex vector space with a countable basis e1, e;, e3, . ... Fix
1:=e; and Uy, :=spang(ez, €3, ...).

Lemma 10.1.1. We have a commutative diagram

ab op : AP
-
R_CQ (Sy) W 1<lnnzl,restr OU,C"

Wv,lim
_ T,
m T lim
APoo
OV,COO
Namely, there is a natural isomorphism 1 : Lm0 SWy 0 = SWy, jim.

Proof. To prove this statement, we will show that for any n > 1, the following
diagram is commutative:
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§\\VIJ,C"
SW,, cn N
ab v,C Pr P

Rep®(5,) Oy — 5 Ol
SWILCOO —~

\ /‘\Fn TFn

Poo APoo

) 0%3

SW, o

The commutativity of this diagram follows from the existence of a natural isomor-
phism I',oSW, ¢ = SW,, ¢» (due to Proposition 6.0.5) and a natural isomorphism
[y 07oo = 71, 0 Iy (see proof of Proposition 5.3.5). O

Thus we obtain a commutative diagram

6pn

v,Cr
SW,, cn
Pr,

ab op : )Pn T
-
R_CH (Sy) — Llnnzl, restr OU,C” T

SW,, tim
_ T,

APoo
OV,COO

Theorem 10.1.2. The contravariant functor SW,, c : R_ep_ab(Sv) — OS?EOO is an
antiequivalence of abelian categories.

Proof. The functor Flim is an equivalence of categories (see Proposition 5.3.5), and
the functor SW v.lim 1S an antiequivalence of categories (see Theorem 9.1.5). The
commutative diagram above implies that the contravariant functor S/V\Vv,@oc is an
antiequivalence of categories as well. ([

11. Schur-Weyl functors and duality structures

11.1. Letn € Z,. Recall the contravariant duality functor (), : (OE,"U)OP — 05” "

discussed in Section 4.3. This functor takes polynomial modules to polynomial

modules, and therefore descends to a duality functor (/\): : (55701)01) — 65:’@,,.
Next, the definition of duality functor in 03" . implies that the duality functors

commute with the restriction functors 9Res,_ ,, namely, that for any n > 2,

\Y op ~ op \Y
(' )n—l og{eﬁn—l,n = 9%esn—l,n © ( ’ )n‘
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This allows us to define duality functors

op
A2 : Pn s Pn
(-)lim.< lim O n> — lim O],
n>1, restr n>1, restr
and

op
O (1im 0%) > 1im 0%,
n>1, restr n>1, restr

Under the equivalence 05%00 = leirvnp]’ restr 05,'1@" established in Section 5.3,
the functor (-)lvim corresponds to the dua_lity functor (-)Y% : (OE%OO)OP — 055’&0
discussed in Section 4.3. Again, this functor descends to a contravariant duality
functor (/\)Zo : (65}’3&)(’1’ — 657000.

As a corollary of Theorem 7.2.1, a connection was established between the no-
tions of duality in the Deligne category Rep®®(S,) and duality in the category 55%,\,
for N € Z, (see [Entova Aizenbud 2015a, Section 7.3]). The above construction
allows us to extend this connection to the case when N = co. Namely, Theorems
9.1.5 and 10.1.2, together with [Entova Aizenbud 2015a, Section 7.3], imply the
next result.

Proposition 11.1.1. Let N € Z, U {oco} and v € C. There is an isomorphism of
(covariant) functors

SW, cv o (-)* = (-)y oSW, en.

Appendix: Restricted inverse limit of categories

We describe the main elements of the framework for the notion of a restricted
inverse limit of categories. A detailed description of this framework has been given
in the note [Entova Aizenbud 2015b]; this appendix contains the results which are
necessary for understanding the Schur—Weyl duality in complex rank. In particular,
[Entova Aizenbud 2015b] provides some motivation behind the definitions given
below.

Given a system of categories C; (with i running through the set Z, ) and functors
Fi—1,i : C; = C;j_ for each i > 1, we define the inverse limit category l(iLnl.eLC,- to
be the following category:

 The objects are pairs ({C;}icz,, {¢i—1,i}i>1) Where C; € C; for each i € Z
and ¢;_1,; : Fi—1,i(C;) = C;_; forany i > 1.

o Amorphism f between objects ({C;}icz,, {pi—1,i}i=1), {Di}icz,, {¥i-1,i}i=1)
is a set of arrows {f; : C; — D;};cz, satisfying some obvious compatibility
conditions.

This category is an inverse limit of the system ((C;)iez,, (Fi-1,i)i>1) in the
(2, 1)-category of categories with functors and natural isomorphisms. We will
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denote by Pr; the projection functors l(iLnieLC[ — C; (and similarly the projection
functors from other inverse limits defined below).

A.1. Restricted inverse limit of finite-length categories. To define the restricted
inverse limit, we work with categories C; which are finite-length categories, namely,
abelian categories where each object has a (finite) Jordan—Holder filtration. We
require that the functors F;_ ; be shortening in the following sense:

Definition A.1.1. A functor F : C — D between two finite-length categories is
shortening if it is exact and given an object C € C, we have

€p(F(C)) = £c(O).
Since F is exact, this is equivalent to requiring that for any simple object L € A,
the object F (L) is either simple or zero.

Example A.1.2. The functors

Res,_1.n :Rep(gl,)poly = Rep(gl,_1)poty and 'y :Rep(glso)poly = Rep(gl,)poty
(see Section 3.1 for definitions) are examples of shortening functors.

Given a system ((C);ez, , (Fi—1,i)i=1) of finite-length categories and shortening
functors, it makes sense to consider the full subcategory of lim; €Z+C,~ whose objects
are of the form ({C;}iez, , {¢i—1,i}i=1), with {£€¢, (Cy) },>0 being a bounded sequence
(the condition on the functors implies that this sequence is weakly increasing).

This subcategory will be called the restricted inverse limit of categories C; and
will be denoted by l(iLnieL’ reste Ci- It 18 the inverse limit of the categories C; in the
(2, 1)-category of finite-length categories and shortening functors.

Example A.1.3. Consider the restricted inverse limit of the system

((Rep(g[n)poly)n >0, (Resy—1.n)n> 1) .

We obtain a functor
l_‘lim : Rep(g[oo)poly - Lin Rep(g[n)poly-
n>0, restr

It is easy to see that I';  is an equivalence.

A.2. Properties of the restricted inverse limit. The category C := lim, . Ci
<——ieZy,restr
is an abelian category. In fact, it is a finite-length category, and one can describe its

simple objects. We start by introducing some notation.

Notation A.2.1. Denote by Irr(C;) the set of isomorphism classes of irreducible
objects in C;, and define the pointed set

Irr, (C;) :=Irr(C;) L {O}.
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The shortening functors F;_; ; then define maps of pointed sets
Jim1i 1T (Ci) — T (Cip).

rest Ci ) to be the set of isomorphism classes of
irreducible objects in C, and deﬁne the pointed set

Similarly, we define IH(LiLni cz,

Irr, (C) := Irr(C) L {0}.

Denote by lim, iez, Irr, (C;) the inverse limit of the system ({Irr.(C;}i>o, { fi—1.i}i>1)-
We will also denote by pr; : lim, 7, Irr, (C;) — Irr, (C;) the projection maps.

The elements of the set lim; eLIrr* (C;) are just sequences (L;);>o such that
L; € Irry(C), and fi—1;(L;) = Li—1.

Proposition A.2.2. Let ((Ci)icz,, (Fi—1,i)i=1) be a system of finite-length cate-
gories and shortening functors. The category C := lim, eZ, . restr C; is a Serre subcate-
gory of lim, ez, Ci, and its objects have finite length. The set of isomorphism classes

C; is in bijection with the set (hm Irr, (Ci)) \ {0}.

of simple ob]ects in lim, <z, lim,

, restr
That is, we have a natuml bl]ection

Irr, (C) = lim Irry (C;).
€7,

Proof. Let

C:=(Cj}jez. . {dj-1,j}j=1),

C':=(Cl}jez  ADj_1 j}j=1)s

C":=(C}jez, (D1 j}jz1)
be objects in lim, _, C;, together with morphisms f : C'—>Cand g:C — C”, such
that the sequence

0—c-Lctcr—o
is exact.

If C lies in the subcategory C, then the sequence {£¢, (C;)}i>o is bounded from
above, and stabilizes. Denote its maximum by N. For each i, the sequence

O—>C’ C;2scl—0

is exact. Therefore, £¢, (C}), £¢,(C]') < N for each i, and so C’, C” lie in C as well.
Vice versa, assuming C’, C” lie in C, denote by N’, N” the maximums of the
sequences {{¢, (C))}i, {£c,(C])}i, respectively. Then £, (C;) < N+ N” for any
i >0, and so C lies in the subcategory C as well.
Thus C is a Serre subcategory of lim; eLCi'
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Sublemma A.2.3. Given an object C := ({C;}icz, , {¢i—1,i}i=1) in C, we have
£e(C) < max{lc (Cy) | i = 0}.

Proof. Let C lie in C. We would like to say that C has finite length. Denote by N
the maximum of the sequence {{¢, (C;)};>o. It is easy to see that C has length at
most N; indeed, if {C’, C”, ..., C"™} is a subset of JH¢(C), then for some i >> 0,
we have Pr; (C%) £ 0 for any k =1, 2,...,n. The objects Pr; (C®) are distinct
Jordan—Holder components of C;, so n < £¢,(C;) < N. In particular, we see that

£e(C) < N =max{te, (C;) | i = 0}. O

Now, let C := ({C|} ez, ., {¢j—1,j};>1) be an object in C. We denote by JH(C})
the multiset of the Jordan—Holder components of C;, and let

JH.(Cj) :=JH(C;) u{0}.
The corresponding set lies in Irr,(C;), and we have maps of (pointed) multisets
Ji-1j : TH«(Cj) = JH(Cj-1).

Sublemma A.24. Let C = ({Cj}jel_,,, {¢j_1,j}j21) be in C = leiLnieZ+,restrCi‘
Then

C el (C) < Prj(C)=Cj el (C;)Vj.

In other words, C is a simple object (that is, C has exactly two distinct subobjects:
zero and itself) if and only if C # 0, and for any j > 0, the component C; is either
a simple object in C;, or zero.

Proof. The direction < is obvious, so we will only prove the direction =.

Let ng be a position in which the maximum of the weakly increasing integer
sequence {£¢, (C;)}i>o is obtained. By definition of ng, for j > ng, the functors
Fj—1,j do not kill any Jordan-Hdolder components of C;.

Now, consider the socles of the objects C; for j > ng. For any j > 0, we have

Fji—1,j(socle(C})) Picti, socle(Cj_1),

and thus for j > ng, we have
Le;(socle(Cj)) =L, (Fj-1,j(socle(C)))) < Le,;_, (socle(Cj—1)).

Thus the sequence {£¢;(socle(C;))}j>n, is a weakly decreasing sequence and stabi-
lizes. Denote its stable value by N. We conclude that there exists n; > ng such that

Fj_1,j(socle(C;)) izliy socle(Cj_1)

is an isomorphism for every j > nj.
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NOW, set
. { J-n (SOCIG(Cnl)) if .] <ni,
=

socle(C) if j >mny

(here F ,, : Cy; — C; are our shortening functors, with ny fixed and j varying). We
put D :=((D;) >0, (¢;—1,j) j>1) (this is a subobject of C in the category @ie@cl’)'
Of course, {¢;(D;) < N for any j, so D is an object in the full subcategory C of
lim, eLCi- Furthermore, since C # 0, we have that for j > 0, socle(C;) # 0,
and thus 0 # D C C. Thus D is a semisimple object C, with simple summands
corresponding to the elements of the inverse limit of the multisets L@j ez, JH«(D;).

We conclude that D = C, and that socle(C;) = C; has length at most one for

any j > 0. (]

Remark A.2.5. The latter multiset is equivalent to the inverse limit of multisets
JH (socle(C;)), so D is, in fact, the socle of C.

This completes the proof of Proposition A.2.2. O

In particular, given an object C := ({C;}jez,, {¢j—1,;}j>1) in @ieL, resty Ci» WE
have JH,(C) = lim, eLJH* (C)) (an inverse limit of the system of multisets JH,(C)
and maps f;_1 ;).

It is now obvious that the projection functors Pr; : C — C; are shortening as well,

and induce the maps pr; : Irr,.(C) — It (C;).
Corollary A.2.6. Given an object C := ({C;}iez,, {¢i—1,i}i=1) in C, we have
£c(C) = max{{c,(C;) | i = 0}.

It is now easy to see that the restricted inverse limit has the following universal
property:
Proposition A.2.7. Let A be a finite-length category, together with a set of shorten-

ing functors G; : A — C; with the property that for any i > 1, there exists a natural
isomorphism

Ni—1,i:Fi-1,i0G = Gi_1.

Then lim, eZ,, restr Ci is universal among such categories; that is, we have a shorten-
ing functor
G:A— l(in Ci,
i€/, restr
A ({Gi(A}icz, . ni-1,i}i=1),
fiAr—> A= {fi i=Gi(Hliez,

and G; =Pr; oG foreveryi € Z,.
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Proof. Consider the functor G : A — l(iLnl. €Z+C,- induced by the functors G;. We
would like to say that for any A € A, the object G(A) lies in the subcategory
lim, 7., restr Ci, i.e., that the sequence {{¢, (G;(A))}; is bounded from above.

Indeed, since G; are shortening functors, we have £¢, (G;(A)) < £4(A). Thus the
sequence {£¢, (G;(A))}; is bounded from above by £ 4(A).

Now, using Corollary A.2.6, we obtain
Le(G(A)) = mjlgi{ﬁc,« (Gi(A)} < La(A)
1=
and we conclude that G is a shortening functor. O

A.3. Inverse limit of categories with filtration. We now define the inverse limit
of categories in a different setting, a priori not related to the restricted inverse limit
defined above. The new inverse limit is defined in the setting of categories with
filtrations, and is sometimes more convenient to use. We will later give a sufficient
condition for the two notions of inverse limit to coincide.

Fix a directed partially ordered set (K, <), where “directed” means that for any
ki, ky € K, there exists k € K such that k;, kp <k.

Definition A.3.1 (categories with K-filtrations). We say that a category A has
a K-filtration if for each k € K we have a full subcategory A* of A, and these
subcategories satisfy the following conditions:

(1) A* ¢ A! whenever k <.

(2) A is the union of AX, k € K: that is, for any A € A, there exists k € K such
that A € AX.

A functor F : A — A between categories with K-filtrations Ay, A; is called a
K-filtered functor if for any k € K, F (All‘) is a subcategory of Ag.

Note that if we consider abelian categories and exact functors, we should require
that the subcategories be Serre subcategories in order for the constructions to work
nicely.

Consider a system ((C;)iez, , (Fi—1,i)i=1) of categories with K-filtrations and
K-filtered functors between them. We can define a full subcategory lim, Z, K-filtr Ci
of lggliez+ci whose objects are of the form ({C;};ez, , {¢i—1,i}i>1) such that there
exists k € K for which C; € Filg(C;) for any i > 0. The category lim, Z, K-filtr C;is
automatically a category with a K-filtration on objects. It is the inverse limit of the
categories C; in the (2, 1)-category of categories with K-filtrations on objects, and

functors respecting these filtrations:

Example A.3.2. Consider the Z -filtration on the objects of Rep(gly)poly where
S*CN lies in the component || of the filtration. The functors $Res,_; , respect this
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filtration, and we obtain a functor

1—‘lim : Rep(g[oo)poly - LILH Rep(g [n)poly-
n>0,Z-filtr

One can show that this is an equivalence.
We have the following universal property, whose proof is straightforward:

Proposition A.3.3. Let ((C;)icz,, (Fi-1,))i=1) be a system with a K-filtration as
above, and let A be a category with a K-filtration, together with a set of K-filtered
functors G; : A — C; such that for any i > 1 there exists a natural isomorphism

Ni—1.i:Fi-1,i0G = Gi_1.

Then lim, Z, K-filtr C; is universal among such categories; that is, we have a functor

G:A— lim (,
ieZ K-filtr

A ({Gi(AYicz,, ni-1iti=1),
fiAr— A= {fi =Gi(Hlicz,

which is obviously K-filtered and satisfies G; = Pr; o G for everyi € 7 4.

A.4. Stabilizing inverse limit. Working in the setting of categories with K-filtrations
and K-filtered functors, we consider the case when A, {G;};cz, satisty the following
stabilization condition (this is the case in Theorem 9.1.5):

Condition A.4.1. For every k € K, there exists iy € Z such that G; : Af — Cﬁ? is
an equivalence of categories for any j > i.

In this setting, the following proposition holds:

Proposition A.4.2. The functor G : A — lim, ieZ, K- aie Ci I an equivalence of
categories with K-filtrations.

Proof. To prove that G is an equivalence of categories with K-filtrations, we need
to show that

G : A* — Fily (hmz ez, k-l Ci )
is an equivalence of categories for any k € K. Recall that

Fil, (hmleLr - ﬁltrC-) = lim Ck

<—ieZy
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By Condition A.4.1, for any i > iy we have a commutative diagram where all arrows
are equivalences:

i

Ab —— ¢k

" l /
Fi-1i

k
Ci—l

Since for any fixed k, Fi_j; : Cf — C{il is an equivalence for i > iy, it is
obvious that Pr; : lim,_, C*¥ — C¥ is an equivalence of categories for any i > iy.
—ielZ"i i

Thus G : A¥ — Fil; (Lln, 7. K-filtr C,-) is an equivalence of categories. (|

A.5. Equivalence of inverse limits. Finally, we provide a sufficient condition for
the two notions of “special” inverse limit to coincide. This is the case in the setting
of Theorem 9.1.5.

Let ((C)iez,, (Fi—1,i)i=1) be asystem of finite-length categories with K-filtrations
and shortening K-filtered functors, whose filtration components are Serre subcate-
gories. We would like to give a sufficient condition on the K-filtration for the inverse
limit of a system of categories with K-filtrations to coincide with the restricted
inverse limit of these categories.

Recall that since the functors F;_; ; are shortening, we have maps

fi—ri I (G) — Trre(Gi—1)

and we can consider the inverse limit lim, z, Irr, (C;) of the sequence of sets Irr, (C;)
and maps f;_1 ;; we will denote by pr Ix lim, ez, Irr, (C;) — Irry(C;) the projection
maps.

Notice that the sets Irr, (C;) have natural K-filtrations, and the maps f;_1 ; respect
these filtrations.

Proposition A.5.1. Assume the following conditions hold:

(1) There exists a K-filtration on the set l(iLnieer Irr, (C;). That is, we require that
Jor each L in lim, €Z+Irr* (Ci), there exists k € K so that pr; (L) € Fil (Irr (C;))
for any i > 0. We would then say that such an object L belongs in the k-th
Jfiltration component of lim; eLIrr* ).

(2) Stabilization condition: For any k € K, there exists Ny > 0 such that the map
fi—1.i : Filg(Irry (C;)) — Filp(Irr (Ci—1)) is an injection for any i > Ny. That
is, for any k € K there exists Ny € Z such that the (exact) functor Fi_1 ; is
faithful for any i > Nj.

Then the two full subcategories lim, _, . Ci and lim, ;¢ g, C; of lim,_; Ci

coincide.
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Proof. Let C := ({Cj}jez, ., {¢j—1,j}j>1) be an object in lim, Ci. As before,

——i€eZ,restr

we denote by JH(C,) the multiset of Jordan-Holder components of C;, and let
JH,(C;) :=JH(C;) U{0}.

The first condition is natural: giving a K-filtration on the objects of lim, 7, restr Ci
is equivalent to giving a K-filtration on the simple objects of lim, €Z, restr Ci,i.e.,

on the set lim, cz, Irr, (C;).

Assume C € lelrvniel_,_,restr

J = ng. Recall that we have

Ci. Let ng > 0 be such that £¢;(C;) is constant for

JH,(C) = lim JH,(C}).
ieZ

Choose k such that all the elements of JH, (C) lie in the k-th filtration component
of l(iLnieLIrr* (C;). This is possible due to the first condition.

Then for any L; € JH(C}), we have that L; = pr; (L) for some L € JH,(C), and
thus L ; € Fil;(Irr«(C;)). We conclude that C € Filg (lim, Z, . K-filtr ).

Thus the first condition of the theorem holds if and only if lim, €z, restr
full subcategory of lim, 7, K-filtr Ci.

Now, let C € lim, 7. K-filtr Ci,and letk € K be such that C € Fily (lim, _ 7. K-filtr ).
We would like to show that £¢, (C;) is constant starting from some i. Indeed, the
second condition of the theorem tells us that there exists Ny > 0 such that the map

Ciisa

fi—1,i t Filg(Irry. (C;)) — Filg (Irry (Ci 1))

is an injection for any i > Nj. We claim that for i > Ny, £¢, (C;) is constant. Indeed,
if it weren’t, then there would be some i > N; + 1 and some L; € JH(C;) such that
fi—1.i(L;) = 0. But this is impossible, due to the requirement above. [l
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