A GENERALIZATION OF THE GREENE-KRANTZ THEOREM
FOR THE SEMICONTINUITY PROPERTY
OF AUTOMORPHISM GROUPS

JAE-CHEON JOO

Volume 285 No. 1 November 2016






PACIFIC JOURNAL OF MATHEMATICS
Vol. 285, No. 1, 2016

dx.doi.org/10.2140/pjm.2016.285.225

A GENERALIZATION OF THE GREENE-KRANTZ THEOREM
FOR THE SEMICONTINUITY PROPERTY
OF AUTOMORPHISM GROUPS

JAE-CHEON JOO

We give a CR version of the Greene—Krantz theorem (Math. Ann. 261:4 (1982),
425-446) for the semicontinuity of complex automorphism groups. This is
not only a generalization but also an intrinsic interpretation of the Greene-
Krantz theorem.

1. Introduction

By upper semicontinuity, or simply semicontinuity, in geometry, we mean the
property that the set of symmetries of a geometric structure should not decrease
at a limit of a sequence of the structures. For instance, a sequence of ellipses in
the Euclidean plane can converge to a circle, while a sequence of circles cannot
converge to a noncircular ellipse. This property seems as natural as the second law
of thermodynamics in physics, but we still need to make it clear in mathematical
terminology. A symmetry for a geometric structure is described as a transformation
on a space with the geometric structure. The set of transformations becomes a
group with respect to the composition operator. Therefore, semicontinuity can
be understood as a nondecreasing property of the transformation group at the
limit of a sequence of geometric structures. One of the strongest descriptions of
semicontinuity was obtained by Ebin for the Riemannian structures on compact
manifolds in terms of conjugations by diffeomorphisms.

Theorem 1.1 [Ebin 1970]. Let M be a C*°-smooth compact manifold and let
{gj : ] =1,2,...}) be a sequence of C*°-smooth Riemannian structures which
converges to a Riemannian metric gg in the C* sense. Then for each sufficiently
large j, there exists a diffeomorphism ¢; : M — M such that ¢;o I; o ¢j_1 is a
Lie subgroup of 1y, where I; and Iy represent the isometry groups for g; and go,
respectively.

The group of holomorphic automorphisms on a complex manifold plays the role
of the group of symmetries with respect to the complex structure. By Cartan’s
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theorem (cf. [Greene et al. 2011]), the automorphism group of a bounded domain
in the complex Euclidean space turns out to be a Lie group with the compact-open
topology on the domain. Greene and Krantz proved the following theorem for the
semicontinuity property of automorphism groups of bounded strongly pseudoconvex
domains.

Theorem 1.2 [Greene and Krantz 1982]. Let Q; (j =1, 2, ...) and Qq be bounded
strongly pseudoconvex domains in C" with C*°-smooth boundary. Suppose that 2;
converges to Qq in the C* sense, that is, there exists a diffeomorphism v; defined
on a neighborhood of Qo into C" such that ¥ (Q0) = Q; and ; — Id in the C*
sense on Q. Then for every sufficiently large j, there exists a diffeomorphism
@j : 2j — Qo such that ¢; o Aut(£2;) o ¢j_1 is a Lie subgroup of Aut(£2).

Unlike the isometry group of a compact Riemannian manifold, the holomorphic
automorphism group on a bounded strongly pseudoconvex domain can be non-
compact, so the proof of Theorem 1.2 is divided into two cases: either Aut(€2g) is
compact or it is not. It turns out that the latter case is relatively simple, which is
the case of deformations of the unit ball by the Wong—Rosay theorem [Rosay 1979;
Wong 1977]. The main part of the proof of Theorem 1.2 is thus devoted to the case
when Aut(£2g) is compact. Greene and Krantz proved this case by constructing a
compact Riemannian manifold (M, g;) which includes €2; as a relatively compact
subset and whose isometry group contains the automorphism group of €2;. Then
Ebin’s theorem yields the conclusion. The Riemannian manifold (M, g;) is called
a metric double of ;.

The idea of this proof is applicable to more general cases. One reasonable gener-
alization is to prove the semicontinuity property for a more general class of domains.
In a recent paper [Greene et al. 2013], the authors generalized Theorem 1.2 to finitely
differentiable cases. Greene and Kim [2014] proved that a partial generalization
is also possible even for some classes of nonstrongly pseudoconvex domains. See
also [Krantz 2010] for this line of generalization.

The aim of the present paper is to obtain another generalization of Theorem 1.2.
According to Hamilton’s theorem [1977; 1979], deformations of a bounded strongly
pseudoconvex domain with C°°-smooth boundary coincide with deformations of a
complex structure on a given domain and they give rise to deformations of the CR
structure of the boundary. Fefferman’s extension theorem [1974] shows that every
holomorphic automorphism on a bounded strongly pseudoconvex domain with C*°-
smooth boundary extends to a diffeomorphism up to the boundary and hence gives
rise to a CR automorphism on the boundary. Conversely, a CR automorphism on the
boundary extends to a holomorphic automorphism on the domain by the Bochner—
Hartogs extension theorem. It is also known that the compact-open topology of
the automorphism group of the domain coincides with the C°°-topology of the
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CR automorphism group of the boundary (cf. [Bell 1987]) if the holomorphic
automorphism group of the domain is compact. In this observation, it is natural
to think of the semicontinuity property for abstract strongly pseudoconvex CR
manifolds under deformations of CR structures as a generalization of Theorem 1.2.
We prove the following theorem for CR automorphism groups when the limit
structure has a compact CR automorphism group.

Theorem 1.3. Let {J; :k=1,2,...} be a sequence of C*°-smooth strongly pseu-
doconvex CR structures on a compact differentiable manifold M of dimension 2n+ 1
which converges to a C°°-smooth strongly pseudoconvex CR structure Jo on M in
the C®° sense. Suppose that the CR automorphism group Autcr (M, Jy) is compact.
Then there exists N > 0 and a diffeomorphism ¢y : M — M for each k > N such
that ¢ o Autcr(M, Ji) o qbk_] is a Lie subgroup of Autcr(M, Jy).

According to Schoen’s theorem [1995], Autcr (M, Jo) is compact if and only if
(M, Jo) is not CR equivalent to the sphere S?"*! with the standard CR structure.
One should notice that this condition is not necessary if 2n 4+ 1 > 5. Boutet de
Monvel [1975] showed that a CR structure on M which is sufficiently close to the
standard structure on S2**! is also embeddable in C" ' if 2n+1 > 3, in contrast with
the 3-dimensional case (see [Burns and Epstein 1990; Lempert 1992; Nirenberg
1974; Rosay 1979]). Therefore, if Autcr(M, Jy) is noncompact and 2n + 1 > 5,
then the situation is reduced to the case of deformations of the unit ball and follows
immediately from Theorem 1.2.

The rest of this paper will be devoted to proving Theorem 1.3. Since we are
thinking about abstract CR manifolds, we need to develop an intrinsic way of proving
this. Therefore, the main interest of Theorem 1.3 is not only in the generalization
but also in the intrinsic verification of the Greene—Krantz theorem. The main tool
of the proof is the solution for the CR Yamabe problem about the construction
of pseudohermitian structures with constant Webster scalar curvature, which is
intensively studied in, for instance, [Cheng et al. 2014; Gamara 2001; Gamara
and Yacoub 2001; Jerison and Lee 1987; 1989]. The subellipticity of the CR
Yamabe equation turned out quite useful in obtaining estimates of derivatives of
CR automorphisms in [Schoen 1995]. We make use of various solutions for the
CR Yamabe problem — minimal solutions, local scalar flattening solutions and the
blowing-up solutions given by the Green functions — developed in [Fischer-Colbrie
and Schoen 1980; Jerison and Lee 1987; 1989; Schoen 1995].

2. Strongly pseudoconvex CR manifolds

In this section, we summarize fundamental facts on strongly pseudoconvex CR
manifolds and pseudohermitian structures. The summation convention is always
assumed.
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CR and pseudohermitian structures. Let M be a smooth manifold of dimension
2n + 1 for some positive integer n. A CR structure on M is a smooth complex
structure J on a subbundle H of the rank 27 of the tangent bundle 7M which satisfies
the integrability condition. More precisely, the restriction of J on a fiber H, for a
point p € M is an endomorphism J), : H, — H), which satisfies J, o J, = —Idy,,
varying smoothly as p varies, and the bundle of i-eigenspace H'? of J in the
complexification C ® H satisfies the Frobenius integrability condition

[CCH"), T(H")Y)cTH"Y).

The subbundle H is called the CR distribution of J. A CR automorphism on M is a
smooth diffeomorphism F from M onto itself such that F, H'-® = H'-%. We denote
by Autcr(M) the group of all CR automorphisms on M. A CR structure is said to
be strongly pseudoconvex if its CR distribution H is a contact distribution and for a
contact form 6, the Levi form Ly defined by

Lo(Z, W) :=—idb6(Z, W)

for Z, W € H"? is positive definite. It is known that the C°-topology of Autcg (M)
coincides with the C°°-topology for a compact strongly pseudoconvex CR man-
ifold M if Autcgr(M) is compact with respect to the C°-topology. See [Schoen
1995] for the proof.

We call a fixed contact form for the CR distribution of a strongly pseudoconvex
CR structure a pseudohermitian structure. Let {Wy :ac =1, ..., n} be a local frame;
that is, the W, are sections of H':? which form a pointwise basis for H; . We call
a collection of 1-forms {#“} the admissible coframe of {W,} if they are sections of
(H"9* and satisfy

0%(Wp) =35, 60%(T)=0,

where T is the vector field uniquely determined by
0(T)y=1, T.db=0,
which is called the characteristic vector field for 6. Let g, = Lo(W,y, W/g). Then
40 =2ig,; 0167,
where {0“} is the admissible coframe for {W,}.

Theorem 2.1 [Webster 1978]. There exist a local 1-form @ = (wg*) and local
functions A%g uniquely determined by

6% = 0P A wg® + A% 6167,
dgaﬁ; = Wop + W5, Aup = Apa.



SEMICONTINUITY PROPERTY OF AUTOMORPHISM GROUPS 229

Here and in the sequel, we lower or raise an index by (g, 5) and (g“B )= (g, 5)_1.
A connection V defined by

VW, =’ @ W, VT =0

is called the pseudohermitian connection or the Webster connection for 6. The
functions A% are called the coefficients of the torsion tensor T. Let

dwe” —we" Aw,? =Ry’ ,; 0 A0° mod 6, 0V A7, 07 A6°.

We call Raﬂy;, the coefficients of the Webster curvature tensor R. Contracting
indices, we obtain the coefficients R,z of the Webster Ricci curvature Ric and the
Webster scalar curvature S:

RalB_zR)’yaﬁ’ S:Raﬁgaﬁ.
The norm of the Webster curvature |R|y is defined by

IRF= Y IR 51
o, B,y,0

where the frame is chosen so that g, = 8, 5. We similarly define the norm of the
torsion tensor |T |g.

A pseudohermitian structure defines a sub-Riemannian structure. The distance
function induced by a sub-Riemannian metric is called the Carnot—Carathéodory
distance (cf. [Strichartz 1986]). We denote by By (x, r) the Carnot—Carathéodory
ball with respect to the pseudohermitian structure 6 of radius r > O centered at
xeM.

The Heisenberg group H" is a strongly pseudoconvex CR manifold C" x R with
the CR structure whose H ' bundle is spanned by

0 =0
-1 Za:@+lz°‘§, a=1,...,n,
where (z,1) = (z!, ...,z t) is the standard coordinate system of C" x R. It is well

known that H" is CR equivalent to the sphere in C"*! minus a single point. If we put
(2-2) B0 =dt —iz% dz® + iz* dz%,

then it turns out the curvature and torsion tensors vanish identically. The converse
also follows from the solution of the Cartan equivalence problem.

Proposition 2.2. [f the curvature and the torsion tensors of a pseudohermitian man-
ifold (M, 0) vanish identically, then the pseudohermitian structure of M is locally
equivalent to that of (H", ¥¢). If we further assume that M is simply connected and
complete in the sense that every Carnot—Carathéodory ball is relatively compact
in M, then (M, 0) is globally equivalent to (H", ¥y),
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For a given pseudohermitian manifold (M, 8), we can extend the CR structure J
to a smooth section of endomorphism J on TM by putting J(T) = 0, where T

is the characteristic vector field of 6. Let Ji, k = 1,2,..., and Jy be strongly
pseudoconvex CR structures on M with CR distributions H; and Hy, respectively.
We say that J; converges to Jp in the Clsense 1 =0,1,2,...,00),if there exist

pseudohermitian structures 6y and 6y for (M, Ji) and (M, Jy) such that 6y — 6y
and J; — Jy in the C! sense as tensors on M.

Pseudoconformal change of structures and the CR Yamabe equation. Let (M, 0)
be a (2n+1)-dimensional pseudohermitian manifold and let 8 = ¢2/6 be a pseu-
doconformal change, where f is a smooth real-valued function. Let {#“} be an
admissible coframe for 6 satisfying d6 = 2ig,z 6N 6P. Then it turns out

6% = el (0 +if%0), a=1,...,n,
form an admissible coframe for § which satisfies
0 =2ig,; 61 0P,

Let R, ﬂy(—, and Ry ’33,5 be coefficients of the Webster curvatures for  and 6 evaluated
in the coframes {#“} and {6“}, respectively. Then they are related as

2-3) Refys =R ,5 —8." (fys + foy) — 28us [*, — 2fusdly
—(fPy + fuP)8ye — 48aP 8y5 + 805 8%) £ 1},

where f, 3, fo? and f B, are components of the second covariant derivatives of f of
the pseudohermitian manifold (M, 0) (cf. Proposition 4.14 in [Joo and Lee 2015] for
the more general case). Contracting indices, we obtain the following transformation
formula for the Webster scalar curvatures:

(2-4) S=eY{S+20+DAgf —dn(n+ 1) f* ],

where Ag f = —(fou% + f5%). The operator Ay is called the sublaplacian for 6.
Let u be a positive smooth function on M defined by u?~? = %/, where p =
2+2/n. Then (2-4) changes into the following nonlinear equation for u:

(2-5) Lou = (byAg + S)u = Su?~!,

where b, =2+ 2/n (see [Jerison and Lee 1987; 1989; Lee 1986]). Equation (2-5)
is called the CR Yamabe equation and the subelliptic linear operator Lg is called the
CR Laplacian for 6. The CR Yamabe problem is to find a positive smooth function u
which makes S constant.
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Let A"‘B and AY 7 be the coefficients of the torsion tensors for # and 6 in the
coframes {#“} and {é“}, respectively. Then in turns out that

(2-6) Avg = e (A% — i[5 +2if"f3).
See [Lee 1986] for details.

Folland-Stein spaces and subelliptic estimates. Roughly speaking, a normal coor-
dinate system of a pseudohermitian manifold (M, 8) of dimension 2n+1 is a local
approximation by the standard pseudohermitian structure on the Heisenberg group
(H", 6p). For pe M, let Wy, ..., W, be alocal frame defined on a neighborhood V
of p such that the coefficients of the Levi form for 6 are given by g, 5 = J,5. Such
a frame is called a unitary frame. We denote by T the characteristic vector field
for 0. Let (z, t) be the standard coordinates of 4" and let |(z, t)| = (|z|* +%)!/4
be the Heisenberg group norm. We define Z, and 6y on ‘H" as (2-1) and (2-2).

Theorem 2.3 [Folland and Stein 1974]. There is a neighborhood of the diagonal
Q C V xV and a C*®-smooth mapping ® : Q — H" satisfying:

(a) We have O (&, 7)) = —0O (1, &) =0O(n, &)L (In particular, ®(£,£) =0.)

(b) Let ©®:(n) = O(&, n). Then O is a diffeomorphism of a neighborhood Q¢ of
& onto a neighborhood of the origin in H". Denote by y = (z,t) = O(&,n)
the coordinates of H". Denote by O (k =1,2,...) a C* function f of &
and y such that for each compact set K C V, there is a constant Cg with
f(&,y) < Ckly|* (Heisenberg norm) for & € K. Then we have the following
approximation formula:

©; )6 =60+0"dr + i(ozdz“ +0%dz%),
a=1
©7)* (O Ado™) = (140" 6y A6},
O Wo = Zo + 0'E(3;) + O%E(3,),
O T =0/0t + 0'£(3;, 3)),
O g = Mgy +E(3,) + O'E(By, 32) + 02E(3,8,) + O E(D}).
Here O*E indicates an operator involving linear combinations of the indicated

derivatives with smooth coefficients in O, and we have used 9. to denote any of the
derivatives 9/9z%, 9/9z%

The smooth map O is called the Folland—Stein normal coordinates centered at §
with respect to the frame {W,}. (This coordinate system depends on the choice of
local unitary frame. Another construction of pseudohermitian normal coordinates
which does not depend on local frames is given in [Jerison and Lee 1989].) Here
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and in the sequel, we use the term frame constants to mean bounds on finitely many
derivatives of the coefficients in the O*£ terms in Theorem 2.3.
Let V be an open neighborhood of a point p € M with a fixed local unitary

frame Wy, ..., W, and let U be a relatively compact open neighborhood of p
in V such that Q¢ in Theorem 2.3 contains U for every £ € U. Let X, =Re W,
and Xy, =ImW, fora =1,...,n. For a multi-index A = («q, ..., o), with

I <aj <2n,j=1,...,k, we denote k by £(A) and write XAf=X0(l X f
for a smooth function f on U. The S,f (U)-norm of a smooth function f on U is

A
Ifllspwy = sup IX"fliLrw).
e(A)<k

where ||gllzr @) = (fU |g|? 9/\d9”)1/p is the LP-norm of g on U with respect to the
volume element induced by 6. The completion of C;°(U) with respect to || - || S/ (U)
is denoted by S,f(U).

Holder type spaces suited to Ay are defined as follows. For x,y € U, let
p(x,y) =|0O(x, y)| (Heisenberg norm). For a positive real number 0 < s < 1,

C,U)={f € Co(l_/) S f () — fF()] < Cp(x, y)® for some constant C > 0}.

If s is a positive nonintegral real number such that k < s < k + 1 for some integer
k > 1, then

Ty(U)={f eC(U): X" f € Ts_4(U), £(A) <k}.
Then the 'y (U)-norm for f € ['((U) is defined by

A _ YA
{'X fp(zz y)’f_kf(y)' xyeU, x £y, e(A)sk}.

I flIr, @) = sup | f (x)| +sup
xeU

The function spaces S,f (U) and I'; (U) are called the Folland—-Stein spaces on U. We
denote by A (U) the Euclidean Holder space when we regard U as a subset of R?*,

Theorem 2.4 [Folland and Stein 1974]. For each positive real number s which is
not an integer, each 1 < r < oo and each integer k > 1, there exists a constant
C > 0 such that for every f € Cg°(U),

@ 1 flir,w) < Clfllspw), where 1/r = (k—s)/(2n +2),
®) 1flagpwy = Clflirw)s
©) 1 fllsswy = CUIA fllLrw) + 1L f e w))s
@ 1 flirymw) < CUIA flir,wy + L f Ity @))-
Moreover the constant C depends only on frame constants.

One should notice that the constants C in the theorem above depend on frame
constants rather than the pseudohermitian structure itself. Therefore, if ¢/ is a small
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neighborhood (Jy, 6p) in the C*°-topology, then we can choose constants C in
Theorem 2.4 which are independent of the choice of (J, 8) € U.

If M is compact, we can choose a finite open covering Uy, ..., U,, each of
which is contained in a normal coordinate. Let ¢, ..., ¢, be a partition of unity
subordinate to this covering. Then the spaces of S,f (M) and I'g (M) are defined as
spaces of a function u such that ¢;u € S,f (Uj) or ¢ju € T's(Uj), respectively, for
every j=1,...,m.

3. Proof of Theorem 1.3

The proof of Theorem 1.3 is based on the following fundamental fact about the
semicontinuity property of compact group actions proved by Ebin [1970] for
Theorem 1.1. We denote by Diff(M) the group of C*°-smooth diffeomorphisms.
Recall that the C°°-topology on Diff(M) is metrizable. We denote a metric inducing
the C°°-topology by d.

Theorem 3.1 ([Ebin 1970]; cf. [Greene et al. 2011; 2013; Grove and Karcher 1973;
Kim 1987]). Let M be a compact C*°-smooth manifold and let G, (k=1,2,...)
and G be compact subgroups of Diff(M). Suppose G; — Gy in the C*°-topology
as j — oo; that is, for every € > 0, there exists an integer N such that d(f, Go) :=
infyeg, d(f, g) < € for every f € G;, whenever j > N. Then G; is isomorphic to a
subgroup of Gy for every sufficiently large j. Moreover, the isomorphism can be
obtained by the conjugation by a diffeomorphism ¢; of M which converges to the
identity map in the C* sense.

Therefore, it suffices to prove the following proposition for the conclusion of
Theorem 1.3.

Proposition 3.2. Let {J, : k = 1,2, ...} be a sequence of strongly pseudoconvex
CR structures on a compact manifold M which tends to a strongly pseudoconvex
CR structure Jy as in Theorem 1.3. Suppose that Autcr (M, Jy) is compact. Then
Autcr(M, Jy) is also compact for every sufficiently large k. Furthermore, every
sequence {Fy € AutcR(M, Ji) : k= 1,2, ...} admits a subsequence converging to
an element F € Autcr(M, Jy) in the C* sense.

We will make use of the solutions of the CR Yamabe problem for the proof
of Proposition 3.2. According to the variational approach introduced by Jerison
and Lee [1987; 1989], it is very natural to consider the sign of the CR Yamabe
invariant defined as follows: Let (M, 6) be a compact pseudohermitian manifold.
For a C°°-smooth real-valued function u, let

A(@;u):z/uLgue/\dé?”zf (bpldul} + Ru?) 0 A dO"
M M
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and
BO; u) ::/ lul? 0 AdO".
M

Then the CR Yamabe invariant Y (M) is defined by
Y(M) :=inf{AQ; u) :u € C*(M), BO;u) =1}

It is well known that Y (M) does not depend on the choice of contact form 6. Let J;
be a sequence of strongly pseudoconvex CR structures on M tending to a strongly
pseudoconvex CR structure Jy as k — co. We denote by Y; the CR Yamabe invariant
of (M, Ji). For the proof, we may assume either that Y; < 0 for every k or that
Y > 0 for every k.

Case Y < 0. In this case, we use the minimal solution of the Yamabe problem.

Theorem 3.3 [Jerison and Lee 1987]. Let M be a compact strongly pseudoconvex
CR manifold of dimension 2n + 1.

1) Y (S>> 0, where Y (S*'*1) is the CR Yamabe invariant for the sphere
S2 1 ith the standard structure.

(i) Y(M) <Y(S¥th.
(iii) If Y(M) < Y (S?"*1), then there exists a positive C*®-smooth function u which

satisfies B(0; u) =1 and A(@; u) =Y (M) for a given pseudohermitian struc-
ture 6. This function u satisfies

Lou=Y(M)uP™".

That is, the pseudohermitian structure 6 = u”=20 has a constant Webster scalar
curvature R =Y (M).

It is known from [Jerison and Lee 1989] that Y (M) < Y (S*"*!) if M is not
locally spherical and 2n 4+ 1 > 5. The cases that 2n + 1 = 3 or that M is spherical
are dealt with in [Gamara 2001; Gamara and Yacoub 2001].

Proposition 3.4 [Jerison and Lee 1987, Theorem 7.1]. If Y (M) <0, then a pseudo-
hermitian structure with constant Webster scalar curvature is unique up to constant
multiples. As a consequence, there is a unique pseudohermitian structure with
constant Webster scalar curvature under the unit volume condition, if Y (M) < O.

Proposition 3.5 [Jerison and Lee 1987, Theorem 5.15]. Let M be a compact
strongly pseudoconvex CR manifold of dimension 2n + 1 and let 6 be a pseu-
dohermitian structure. Suppose that f,g € C*°(M), u > 0, u € L" for some
r>p=2+2/nand

Agu+gu= fuid™!
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in the distribution sense for some 2 <q < p. Thenu € C*°(M), u > 0. Furthermore,
llu|lcx depends only on ||ullLr, | flct, l|gllck and frame constants, but not on q.

Indeed, a local version of the above lemma is stated in [Jerison and Lee 1987].
But it is obvious it holds globally by taking a partition of unity subordinate to a
chart of normal coordinates.

Proposition 3.6 [Jerison and Lee 1987, Proposition 5.5, case k = 1, r =2 and
s = p]. For a compact pseudohermitian manifold (M, 0) of dimension 2n + 1, there
exists a constant C > O such that

/ |v|p9/\d0”§C/ (|dv|3 4 v|*) 6 A dO"
M M

for every C*°-smooth function v on M.

Since we are considering CR structures converging to the target structure Jo,
we can choose also a sequence {6} of contact forms which tends to a target
pseudohermitian structure 6y in the C*> sense. Without loss of generality, we
always assume that |, v Ok~ dO} =1 for every k.

Lemma 3.7. Suppose that Y <0 for every k. Let uy > 0 be the (unique) solution
as in Theorem 3.3(iii) with respect to (Ji, 0). Then for each nonnegative integer [,
there exists a constant C such that ||uy|ct < C for every k.

Proof. Since u; satisfies
(3-1) buAgux + Reug = Yiul ™,

where Ry is the Webster scalar curvature for 6;, we have
) ;
fM 2(p = D buul " |dule, O A dO} < fM | Ryul | O A dO}

by integrating after multiplying by u,f ~! on both sides of (3-1), since Y, < 0.

Therefore, the function wy := u}’" satisfies

/|dwk|§k9kAde,j§c/ w,%@kAde,f:Cf uf O AdO} = C,
M M M

since Ry is bounded uniformly for k. Moreover since (Ji, 6;) — (Jo, 6p) in the C™
sense, Proposition 3.6 implies that there exists a constant C > 0 independent of k
such that
/ w! O AdO} < C/ (Idwlg, +wp) 6k A d6},
M M

which is uniformly bounded for every k. This implies that ||ug|| - is uniformly
bounded as (Ji, 6;r) — (Jy, 6p), where r = % p2 > p. Then the conclusion follows
from Proposition 3.5, since frame constants for (Ji, 6¢) are also uniformly bounded
as (Jy, 6r) = (Jo, 6p) in the C* sense. O
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If Y; <0 for every k > 1, then by taking a subsequence, we may assume the
sequence {uy } of solutions of the Yamabe problem with respect to (Jx, 6x) converges
to ug, the solution of the Yamabe problem with respect to (Jy, 8y) in the C* sense
by Lemma 3.7. Replacing 6; by u,f _29k, then we may assume the Webster scalar cur-
vature of 0, is a nonpositive constant for every k. In this case, it is known that the CR
automorphism group of (M, Ji) coincides with the pseudohermitian automorphism
group for (M, Ji, ;). Let g be the Riemannian metric on M defined by

k=0 RO, +dOk (-, Ji+)

for each k. Then we see that gz — go =6y ® 6p + dOy(-, Jo-) in the C* sense,
and the CR automorphism groups Autcr (M, Ji) and Autcr (M, Jo) are subgroups
of the isometry groups of g, and g, respectively. Then the conclusion follows from
the proof of Theorem 1.1.

Case Y > 0. We will show that if a sequence { F; € Autcr (M, Ji)} is divergent, then
it generates a single “bubble” which is CR equivalent to (M, Jy). This case should
be excluded by proving the CR structure of the bubble is the same as that of the
standard sphere, which contradicts the hypothesis that Autcr (M, Jy) is compact. An
essential ingredient for analyzing the bubbling phenomenon is the reparametrization
of the pseudohermitian structure by the Green function of the CR Laplacian. The
existence of the Green function is guaranteed by the hypothesis Y; > 0 (see, for
instance, [Cheng et al. 2014; Gamara 2001]). We discuss the bubbling after the
following fundamental lemma on the convergence of CR automorphisms.

Lemma 3.8. Suppose for a sequence { Fy, € Autcr(M, Ji)}, F — F and Fk_1 -G
in the C° sense for some continuous mappings F and G. Then F € Autcg(M, Jy),
G = F~ ' and F, — F in the C™ sense.

Proof. This lemma is a sequential version of Proposition 1.1" in [Schoen 1995]. Let
6 and 6y be pseudohermitian structures for J; and Jy, respectively, and suppose
O, — 6 in the C* sense. For a given point p € M, let gy = Fi(p) and g = F(p).
Letg € UeVeW be relatively compact neighborhoods of g. Since g — ¢, we
can assume that g; € U for every k. The fact that Y; > 0 implies that the principal
eigenvalue of Lg, on M, and hence the Dirichlet principal eigenvalue of Lg, on W,
is also positive for every k. Then by the local scalar flattening argument of Fischer-
Colbrie and Schoen [1980; 1995], we have a positive C°°-smooth function u; on
W such that Lo,uy =0 on W for every k. Multiplying by a positive constant, we
may assume that uy(q) = 1 for every k. Then the subelliptic theory in Theorem 2.3
for the sublaplacian and the Harnack principle (cf. Proposition 5.12 in [Jerison
and Lee 1987]) imply that {u;} has a convergent subsequence which tends to a
positive function uq on the closure of Vin the C® sense. We denote the convergent
subsequence by {u;} again. Then O = uk Gk and 6y = ”0 490 have the trivial
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Webster scalar curvatures on V. From the equicontinuity of the sequence {Fy}, we
can choose a neighborhood W of p such that Fk(W) € U for every k. Let v be a
positive smooth function on V defined by F; *Qk = vk Qk Then for every k, we have

(3-2) Lgvg=0 onW.

We denote by Vol (U ) the volume of U with  respect to the volume form 6 A d 9”.
Since Gk converges to By in the C*™ sense in V, there exists a uniform bound C of
Volek (U ). Therefore, it turns out that

/ vl O A dB}! =/ F{ (6 A d) = Vol (F(W)) < Vol (U) < C
w w

for every k. Fix a neighborhood V € W of p. Then the subelliptic mean-value
inequality for (3-2) implies that there exists a constant C such that vi(x) < C for
every x € V. We can also choose this C independently on k by the convergence
of structures. Then for a given neighborhood U € V of p and for each positive
integer [, there exists a constant C; which is independent of k such that

lvkllcry < G

for every k, by Theorem 2.3. Since each F} is pseudoconformal, the C'-norm of
Fi on U is completely determined by that of v and is uniformly bounded on U.
This yields that every subsequence of { F;} contains a subsequence converging in
the C! sense, for every positive integer I. Since Fj converges to F in the C° sense
on M and since M is compact, we conclude that Fj converges to F in the C*
sense. By the same reasoning, Fk_1 — G in the C* sense. It follows immediately
that F € Autcr (M, Jo) and G = F~\. O

For a CR diffeomorphism F : (M, ) — (]\71 5) between two pseudohermitian
manifolds, we denote by | F’ lp.5 the pseudoconformal factor of F, that is, F*0 =
|F’ |9’ 6. We abbreviate it to |F l|g in case (M, 0) = (M 9)

Lemma 3.9. Let (M, 0) and (1\71 ,0) be pseudohermitian manifolds of the same
dimension. Let K be a relatively compact subset of M and suppose that the Webster
scalar curvature for 6 vanishes on M. Then there exist constants ro > 0 and C > 0
such that for every CR diffeomorphism F on a Carnot—Carathéodory ball By (x, r)
intoM,

B;(F(x), C~'ar) C F(By(x,r)) C B;(F(x), CAr)

whenever x € K and r < %ro, where ). = | F’| 9,§(x). The constant C depends only
on ro, K and uniform bounds of finite-order derivatives of the CR and pseudohermi-
tian structures of (M, 0).

This lemma is a restatement of Proposition 2.1’(i) in [Schoen 1995], which is a
consequence of the subelliptic Harnack principle.
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To prove Proposition 3.2, assume the contrary. Then there exists a sequence
{Fi € Autcr(M, Ji)} such that sup, .y, |Flg (x) — o0 as k — oo, thanks to
Lemma 3.8. Let x; € M be a point of M with |F[|g, (x) = sup ¢y [F{lg, (x).
Extracting a subsequence, we assume that x; — xo € M and Fj(xx) — zo as
k — oo. Choose r > 0 small enough that the Carnot—Carathéodory balls sat-
isfy Bg, (xi,r) € Bg, (xx, 2r) € U for each k, where U is a relatively compact
neighborhood of xg in M, and 2r < rq for r¢ given in Lemma 3.9.

Lemma 3.10. There exists a subsequence {Fy;: j=1,2,...}of {Fr:k=1,2,...}
which admits a point yo € M such that for every compact subset K in M \ {yo},
there exists N > 0 such that K C Fy; (ngj (xkj, 2r)) if kj > N. Moreover, for the
subsequence, one can choose the point yy independently of r > 0 asr — 0.

Proof. Suppose for every r > 0, there exists no sequence {yx € M \ Fy(Bg, (xx, 2r))}
such that d(yx, Fr(xx)) > € for any given € > 0, where d is the sub-Riemannian dis-
tance induced from 6y. Then it turns out every sequence {yx € M \ Fi (By, (xk, 2r))}
converges to zo. In this case, we just need to put yp = 2.

Now suppose for some r > 0, there exists a sequence {yx € M \ Fx(Bg, (xx, 2r))}
such that d(yg, Fx(xr)) > € for infinitely many k for some ¢ > 0. Extracting
a subsequence, we may assume that y, — yo € M and d(yx, Fx(xx)) > € for
every k so that the sequence {Fy(xy)} is relatively compact in M \ {yp}. Let Gy
be the Green function for Ly, with pole at y;. We normalize G by the condition
minyy\(y,} Gr = 1. Since each G; > 0 and Ly, Gy =0 on M \ {y;}, we may assume
{Gr:k=1,2,...} converges to a positive function Gg on M \ {yo} in the local
C™ sense, by extracting a subsequence if necessary. Let 6 = Gf _29k. Then 6 is
a pseudohermitian structure on M \ {yx} which is Webster scalar flat. Therefore, if
we denote Ay = | F} |9k’ b (xx), then Lemma 3.9 implies that there exists a constant C
independent of k£ such that

Bj (Fi(xp), C~'r) C Fie(Bg, (xi, 1)) C By, (Fie(x), Chr).

Since Gy > 1 and | F{|g, (xx) — 00, At also tends to infinity as k — oo. Therefore,
a relatively compact subset K in M \ {yo} should be included in Fj(Bg, (xk, r)) for
every sufficiently large k, since Fi(xx) lies on a fixed relatively compact subset of
M\ {yp} and ék — éo = 65‘290 in the local C*°-smooth sense on M \ {yg}. Note
that the choice of the sequence {y;} and yy still works for every r’ < r. This yields
the independence of yg on r as r — 0. U

As a consequence of Lemma 3.10, it turns out that M \ {yp} is simply connected
and complete with respect to the sub-Riemannian distance induced by 6. In fact,
any loop in M\ {yo} is contained in Fy (Bg, (xx, 2r)) for some large k by Lemma 3.10.
Since By, (x, 2r) is simply connected if » > 0 is small enough and since Fy is a
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diffeomorphism, Fy(Bg, (x, 2r)) is simply connected as well. Therefore, the given
loop should be contractible. This shows that M \ {yp} is simply connected.

Extracting a subsequence, we assume that Lemma 3.10 holds for the entire
sequence {Fy}. Choose yr € M \ Fy(Bg, (xk, 2r)) which tends to yo. Let vx and fi
be real-valued functions on By, (xk, 2r) defined by

p—

2 2
L% = |Flé|9k,§k =e fk,

where Gy is the normalized Green function for Ly, with pole at y; which converges
to a positive function G in the local C°°-smooth sense on M \ {yp} as k — oo, and
ék = G,f _29k. Since Lg, vx = 0, we see that there exists a constant C independent
of k such that |F]é|(9kgék > CAk on By (xi, r) by the Harnack principle, where Ay =
|F,§|0k’9~k (xx). Let {Z; € F(Hkl’o)} be a sequence of vector fields on U which tends
to Zg € F(HOI’O) as k — 0o, where Hkl’0 represents the (1, 0)-bundle with respect
to Ji. Since f; = (1/n)log vy, we have

nvy

for every k. Since Lg, vy =0 on By, (xx, 2r), the subelliptic estimates in Theorem 2.4
imply that Z; fi is uniformly bounded on By, (xk, r) for every k. So is Zi fr, and if
Wy is another sequence of vector fields, then Z; Wy, fx and Z; Wi fx are all uniformly
bounded on By, (x, r) as k — oo. Therefore, if we denote by Ry and Ek the Webster
curvature tensors for 6, and ék, respectively, then (2-3) implies that

| Rel? (Fe(0)) < Co (IR, (0) + Akl Rilo, (x) + Bi)

for every x € By, (x, r), where A and By are some functions of the first and second
covariant derivatives of f; with respect to the pseudohermitian structure 6, which
are uniformly bounded on By, (xi,7) as k — oo. Since Ay — oo and |Ry|g, is
uniformly bounded on By, (x, r) for every £, it turns out that |§k | 6 0 uniformly
on every compact subset of M \ {yp} by Lemma 3.10. Therefore, we see that the
pseudohermitian manifold (M \ {yo}, 6p) has trivial Webster curvature. A similar
argument using (2-6) implies that the torsion tensor of 6 is also trivial. Therefore,
we can conclude that (M \ {yg}, 50) is equivalent to the standard pseudohermitian
structure of the Heisenberg group and therefore, (M, Jy) is CR equivalent to the
sphere by the removable singularity theorem. This contradicts the hypothesis that
Autcr (M, Jo) is compact and hence yields the conclusion of Proposition 3.2.
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