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FOR A NONLINEAR LICHNEROWICZ EQUATION
UNDER GENERAL GEOMETRIC FLOW
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We study gradient estimates for positive solutions to the nonlinear parabolic

equation

du

—=Au+cu™™

at
under general geometric flow on complete noncompact manifolds, where
o, ¢ are two real constants and « > 0. As an application, we give the corre-

sponding Harnack inequality.

1. Introduction

Recently, there has been active interest in the study of gradient estimates for partial
differential equations on noncompact manifolds. Wu [2010] gave a local Li—Yau
type gradient estimate for positive solutions to a general nonlinear parabolic equation

uy = Au—VoVu—aulogu —qu

in M x [0, 7], where a € R, ¢ is a C?-smooth function and ¢ = g(x,¢) is a
function, which generalizes many previous well-known gradient estimates. Zhu
[2011] investigated the fast diffusion equation

(1-1) ur=Au® O<a<l).

Theorem 1.1 [Zhu 2011]. Let M be a Riemannian manifold of dimension n > 2
with Ric M > —k for some k > 0. Suppose that v = —(a/(a — 1))u®"" is any
positive solution to (1-1) in Qp,7 = B(xg, R) x [to — T, )] C M x (—00, 00).
Suppose also that v < M in OR,1- Then there exists a constant C = C(a, M) such

that Vol { {
v ~
<MV~ — k
oz = (R+ _T-i-\/_)
in Q%%.
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Later, Huang and Li [2014] studied the generalized equation
ur=Apu® (o >0)

on Riemannian manifolds and got some interesting gradient estimates, where f is
a smooth function and Ay is defined by

Ap=A-Vf-.V.
For the elliptic case, Zhang and Ma [2011] considered the equation
(1-2) Aru+cu ™ =0 (x>0)

on complete noncompact manifolds when the constant N is finite and the N-
Bakry—Emery Ricci tensor is bounded from below, obtaining the following gradient
estimate.

Theorem 1.2 [Zhang and Ma 2011]. Suppose (M, g) is a complete noncompact
n-dimensional Riemannian manifold with N-Bakry—Emery Ricci tensor bounded
from below by the constant —K =: —K(2R), where R > 0 and K(2R) > 0 in the
metric ball B, g(p) around p € M. Let u be a positive solution of (1-2). Then

(1) if ¢ > 0, we have
Vil | ey (VAN 40+ (N +m)((N +n—Der + o)
5 tcu = 3 + 2
u R R

n (N +n)/(N +n)Kc;
R

+2(N +n)K,

(2) if ¢ <0, we have

|V”| —(@+1) . —a=1 (N +n)((N +n—1)c;+¢3)
2 4oy @t] <(A+«/_)|c|( pl{lsz)u) + P
(N—i—n)cl2 n+ N
+T(H+N+2+m)
(N +n),/(N +n)Kcy (2+—)(n—|—N)K
VA

where A = (N +n)(a + 1)(a + 2) and c¢1, ¢y are absolute positive constants.

For interesting gradient estimates on manifolds with fixed metric, see [Chen and
Chen 2009; 2010; Li 2005; Ma 2006; 2010; Zhao 2013; 2014].

However, in the above works, the authors considered gradient estimates for
positive solutions to nonlinear equations on complete noncompact manifolds with
fixed metric, so it is natural to ask how gradient estimates vary if the metric on
a manifold evolves with time. In Perelman’s breakthrough work [2002] on the
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Poincaré conjecture, the author showed the gradient estimate for the fundamental
solution of the conjugate heat equation

Au—Ru—+0d;,u=0

under Ricci flow on a closed Riemannian manifold M, where R is the scalar
curvature. Since then, a large amount work has been done to study gradient
estimates along geometric flow for the solution of the nonlinear equation. Kuang
and Zhang [2008] established the corresponding pointwise gradient estimate. For
the heat equation under Ricci flow, Liu [2009] got first-order gradient estimates for
its positive solutions and derived Harnack inequalities and second-order gradient
estimates. Later, Sun [2011] extended it to general geometric flow.

Since gradient estimates often lead to Liouville type theorems and Harnack
inequalities, which played an important role in the proof of the Poincaré conjecture,
for nonlinear heat equations on manifolds, to get good control of suitable Harnack
quantities (depending on nonlinear terms), one may need the key lower bound
assumption about Ricci curvature. The results of Theorem 1.2 are about gradient
estimates for the elliptic equation (1-2). In this paper, we will extend these results
to the parabolic variant of the problem. Thus, we consider the equation

(1-3) E;—L; =Au+cu™®

on complete noncompact manifolds M with evolving metric, where «, ¢ are two
real constants and & > 0. The motivation for this paper is that (1-3) can be viewed as
a simple parabolic Lichnerowicz equation. It is well known that the Lichnerowicz
equation arises from the Hamiltonian constraint equation for the Einstein-scalar
field. Since (1-3) contains a negative power nonlinearity, it is interesting to discuss
gradient estimates for it.

We state our main results about (1-3) as follows.

Theorem 1.3. Ler (M, g(t)) be a smooth one-parameter family of complete Rie-
mannian manifolds evolving by
ad
1-4 —g=2h
(1-4) 5
for t in some time interval [0, T]. Let M be complete under the initial metric g(0).
Given xg € M and R > 0, let u be a positive solution to the nonlinear equation
—=Au+cu“
ot
in the cube Qg1 :={(x,t) | d(x,x0,t) <2R, 0 <t < T}. Suppose that there
exist constants K1, K>, K3, K4 > 0 such that

RiCZ—Klg, —K2g§h§K3g, |Vh|§K4
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on Qar.1- Then for (x,t) € Q g, T and positive constants cy, ¢z,
(1) if ¢ <0 and for a positive constant M,u~@th < Mfor all (x,t)e M x[0,T],

we have
|Vu|2 —(a+1) nl
Pt o SH G
where
n ((n=1)(1+vKiR)ci+er+2ct ~ net
Hy =~ + /3 Ky—cla+1)M+—21 ),
! ﬂ( R VesKamclet DM 25 g e

n? Y
H,= (m(zﬂm +2(1—/3)K3—C(/3+<¥)(05+1)21‘4+%K4)2

+%((K2+K3)2+%K4))2,

1

(2) if ¢ > 0, we have

Vu|? nl
ﬂu_,_c —(a+1) _ <H1+H2+——

u? u Bt
where
~  n((n=1)(1+ VK R)c]+cr+2¢] c?
h _E( R? +VE K+ 2 ﬂ)RZ)’

2 2

(2BK1+2(1-B)K3 + %K4)2 + %((Kz +K3)2 + %K4))2-

~ n
H=——

2 (4ﬂ2(1 —p)>
Here 0 < B < 1, ¢y, ca, c3 are positive constants.

Remark. In fact, our result is the parabolic version of Theorem 1.2 under the
evolving metric.

Letting R — oo, we can get the following global gradient estimate for the
nonlinear parabolic equation (1-3).

Corollary 1.4. Let (M, g(0)) be a complete noncompact Riemannian manifold
without boundary, and suppose g(t) evolves by (1-4) for t € [0, T| and satisfies

Ric>—-K;g, —K,g<h<Ksg, |Vh|<Ks.
If u is a positive solution to (1-3), then for (x,t) € M x [0, T],
(1) if ¢ <0and u=@+D < Mfor all (x,t) € M x [0, T], we have

|VM|2 _(a+1) nl
Y e B H 4+ Do
B 2 » 1+ + 8 .

where " B
= V&sKz = ge(+ DI,
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(2) if ¢ > 0, we have

Vu|? ~ 1
IB# 4oy @t _ d <H +H+ E_’
u u Bt
where ﬁl = ./c3 K, and H;, ﬁz are the same as in Theorem 1.3.

As an application, we get the following Harnack inequality.

Theorem 1.5. Let (M, g(0)) be a complete noncompact Riemannian manifold
without boundary, and suppose g(t) evolves by (1-4) for t € [0, T| and satisfies

Ric> —-K;g, —Kyg=<h=<Ksg, |Vhl <K,

Let u be a positive solution to (1-3) with u=@+1 < Mfor all (x,t) e M x(0,T].
Then for any points (x1,t) and (x3,13) on M x (0, T]with 0 < t| < t, we have
the following Harnack inequality:

(1) if ¢ <0, we have

t, VB _
u(xy, t1) < u(xs, [2)(72) ew(Xl,Xz,tl,t2)+(H1+H2)(t2—t1)’
1

(2) if ¢ > 0, we have

n/B
] 4,4 Bt
u(xl,tl)fu(xz,fz)(l—z) P (x1:X2,11,02) +(c M+ Hy + H>) (12 tl)’
1

where ¢(x1,x2,11,1;) = inf, ttlz

(x1.12) and (x3, t).

#|)'/|2 dt and y is any spacetime path joining

2. Proof of Theorem 1.3
Let u be a positive solution to (1-3). Set w = log u; then w satisfies
(2-1) w; = Aw + [Vw|? + ce @D,
Lemma 2.1 [Sun 2011]. Suppose the metric evolves by (1-4). Then, for any smooth
Jfunction w, we have
d 2
E'le = =2h(Vw, Vw) + 2VwVuwy;

and

d d
o Aw=Asw —2hV2w —2Vw(divh — 3 V(trg h)),

where div h is the divergence of h.
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Lemma 2.2. Assume (M, g(t)) satisfies the hypotheses of Theorem 1.3. We have

( —ai)F> 2VwVF+t(§(|Vw|2+c(a+l)e_w(a+1)_wt)2

+((B+a)c(a+D)e @D L2(B—1) K3 —28K —3 K4) Vo

—”(%(K2+K3)2+%K4))

+e(@+e e p L

where F = t(,8|Vw|2 + cewletl) _ w;) and 0 < B < 1.

Proof. Define F = t(,8|Vw|2 + cemwltl) _ wt). It is well known that for the
Ricci tensor, we have the Bochner formula:

AlVw|? > 2|Vw|? + 2VwV(Aw) — 2K, |Vw|>.
Noting that
Aw; = (Aw)+2hVZw+2Vw(div h—1 V(trg h))
= —(|Vu)|2)t+c((x+1)e_w(“+1)w,+wt,+2hV2w+2Vw(dth—%V(trg h))
=2h(Vw, Vw)—2Vw Vw; +c(a+1)e @Dy,
+ w420V w+2Vw (div h—lV(trg h)),

w=—|Vw|>—ce @Dy, = (I_E)( ce W@t ), )_,BI

we have
AF = t(,BA|Vw|2 +cAeTw@HD _ Awy)
= t(BAIVW|?) + te((@+1)2e @D |V |2 — (@+1)e @ DAw) — 1 Aw,

> 1(2,B|V2w|2 +28VwV(Aw) — 2K, B|Vw|? + c(a + 1)2e @D vy 2

—c(a+ l)e_w(“+1)(( ’3)( ce @D gy — ,3_> + (|Vw|?),

—c(a+ 1)e @ Dy, —w,, —2hVw — 2Vw(divh — 1 V(trg h)))
- t(2,3|V2w|2 - %VwVF +28VwVw, — 2h(Vw, Vw)

+ (2B +a—De(a+ e @D 2K, g)|Vw|?

1

+c2(oz+l)%e_2w(“+l)+C(B—2)(a+1)e_"’(°‘+l)wt—wn

—2hV*w —2Vw(divh — I V(trg h)) + (o + 1)e—w<“+1>%),
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and by Lemma 2.1, we get

F; = (,8|Vw|2 4 e Wt wt) + t(,3(|Vw|2)t —c(a+ 1)e_w(a+1)wt — wtt)

= L 2BV, —28h(Tw, Vi) — el + e @ Dy ).

Therefore, it follows that

9
( ‘E)F
> —2VwVF+t(2ﬂ|V2w|2+((2IB +a—1e(a+ l)e—w(a+1))|vw|2
—2hV2w+2(B—1)K;3|Vw|?
—2K1 B|Vw|* —2Vw(div h— 1 V(tr, h)))

—w(a-i—l)E_E
+c(a+1)e 571

:—ZVwVF+t(2,B|V2w|2

—w(a+1)
+((B=Dela+ l)e_w(“+1))(|Vw|2 n % _ %wt)

+(B+a)c(a+ e @D Vw|2 +2(8—1) K3 Vw|?
—2K, B|Vw|* —2hV?w —2Vw(divh — § V(trg h)))

—w(a-i—l)E_E
+c(a+1)e 571

:—2VwVF+t(2ﬁ|V2w|2 +(B+a)e(a+1)e @D |vy|?
+(B-De(e+ 1>e-w(“+”ﬁ—i +2(B— D) K3|Vu?
—2K B|Vw|* —2hV*w —2Vw(divh — I V(trg h)))

+ela+ 1)e—w(“+1)§—§

=—2VwVF+t(2ﬂ|V2w|2 +(B+a)c(a+1)e @D |vy|?
+2(B—1)K3|Vw|* 2K, B|Vuw|?
—2hV2w—2Vw(divh— 1 V(trg h)))
F

+c(a+ e wetDp_ -
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By our assumption, we have
—(Ky+ K3)g <h = (Ky + K3)g,
which implies that
[h? < (K2 + K3)*|g|* = n(K2 + K3)*.
Applying those bounds and Young’s inequality yields

Bioz.a, Lo Bz 2, 7 2
hV2w| < 5|V +—h* <=V + — (K + K3)2
| w|_2| w| 25| | _2| w| 2ﬁ( 2 3)

On the other hand,
|divh — 3 V(trg )| = 18" Vihj1 — 38" Vihij| < 51g|[Vh| < 5v/nKs.
2 g Jl ™2 Jjl=72 2
Finally, with the help of the inequality
V2|2 > %(trvzw)z - %(Aw)z - %(lez e+ De @D _y )2

we get

9
A——|F
( at)
z—2VwVF+t(E|Aw|2+(,3—i—oz)c(a—i—l)e_w(“+1)|Vw|2+2(ﬁ—1)K3|Vw|2
n

n
~2K BVl - (K +K3>2—3ﬁ1<4|w|)
F
+c(a+ 1)e_w(°‘+1)F— g
Since
3VnK4|Vw| <3K4(3n+ 1[Vw|?),

we have

(237

> —2VwVF+t(

Tx

- |Vw|2—i-c(oz—i-1)6,7_"’("‘+1)—u),)2
+((B+a)c(a+1)e @V 42(B—1)K3—26K 1 —3 K4) | Vw|?
—H(B(K2+K3)2+%K4))
—i—c(oc—l—l)e_w(“H)F—g.
This completes the proof of Lemma 2.2. O
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Remark. If the general geometric flow is Ricci flow, that is, if # = const-Ric g,
the term div /1 — %V(trg h) in the above proof will vanish.

We take a C? cutoff function ¢ defined on [0, o) such that ¢(r) = 1 for r €[0, 1],
@(r)=0forr €[2,00),and 0 < @(r) < 1. Furthermore ¢ satisfies

and

for two constants ¢y, ¢, > 0. Set

w(x,t)=¢(r();’t)),

where r(x,t) = d(x, xg, t). Using an argument of Calabi [1958], we can assume
@(x,t) € C?(M) with support in O, r,T- Direct calculation shows that on Qg 1

Vol? _ i
¢ ~ R¥
By the Laplacian comparison theorem in [Aubin 1982],
n—1)(1+ VKiR)c? +¢
(2-3) pp > -2 1R)ei ez
R2
Forany 0 <77 < T, let (xo, fp) be a point in the cube Qg 7, at which ¢ F attains

its maximum value. We can assume that this value is positive (otherwise the proof
is trivial). At the point (xg, #y), we have

(2-2)

V(pF) =0, A(pF)=0, (¢F):=0.
It follows that

0 0
0> (A—E)(wF) = (Ago)F—gotF+g0(A—§)F+2V<pVF.

By [Sun 2011, p. 494], we know there exists a positive constant c¢3 such that

—pr F > —/c3K, F.
So we obtain

3
(p(A—E)F—i- FAp—@,F —2F¢ 1 |Vg|? <0.

This inequality, together with the inequalities (2-2) and (2-3), yields

0
A——|F<AF
g0( az) -
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where
n—1)(1+ K R))c? + ¢y +2¢?
Az(( )( 1122))1 2 1+ﬁK2‘
At (xg,29), by Lemma 2.2, we have
ad
o= o(a)rar

Bto

F
Z—AF—l—(p(———i—c(a—l—l)e wleth) py T2 (|Vw| Fe(at1)e W@ty )?

—2VwVF
+((BHa)e(@+)e @ D 12(B—1)K3—28K1—3 K4)| V|t

—n(%(K2+K3)2+%K4)t0).
(1) If ¢ <0 and u~@*D < M for all (x,7) € M x [0, T], we have

F
0>—AF — ot wﬂ O (1Vw|? + c(a + e @D _y, Y — 26V VF
+cM(a+1)¢F+((ﬂ+a)c(a+1)A’2+2(ﬁ—1)1<3—2ﬁ1<1—%K4)|Vw|2<pz0
1
— (E(Kz Yy STt %K4)n(pzo.
Set
Ci=—(B+a)la+ )M +2(1-B)K3 +2BK; + 3K,
and
~ _ 1 2.3
G = B(Kz + K3)" + 5K4.
Multiplying by ¢t on both sides of the above inequality, we get
0> —ApigF —oF + 2tg FoVwVg + ¢ M (o + 1) Fig

—C |Vw|?¢?eg — Cong? 13+ (pztgﬁno (|Vu)|2 + el + e @D _ wt)2

~ 2
> gF(—Atg— 1 + ¢ M (a + Dtg) — %toF<p3/2|Vw|
ﬁtg 2 2 —w(e+1) 2 nhx= 5 2 ~ o2
+7 © (|Vw| +c(a+ 1)e —w,) —EClgo [Vw|® ) = Canty,
where the last inequality used

—2¢pVwVF =2FVwVgp > =2 F|Vw||Vg| > — 3 1/2F|Vw|
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Assume that y = ¢|Vw|? and z = p(—ce @+ 4 y,). We have

0> @F(—Atg—1+cM (e + 1)to)

N - -
°((y 2)? —%Cly—Z%y”z(y—%))—Czntoz-
Using the inequality ax? —bx > —b?/(4a), valid for a, b > 0, one obtains
2
Po ((y Z)Z_Ecly —2=L yl/z(y—%))
B (g2 (2 ) oG (i) (1))
n B B R P

B3]l -)
=5 PV g) “apaspr = U

B nélzté nce to

_ " 2
R AT oy A
Hence,
B 2 ~ neito
”Clzt(% 2
— 4[8(1 _IB)Z —Cz}’llo 0

From the inequality Ax? —2Bx < C, we have x <2B/A + \/C/A. We can get
< (At F1—cM (@+1)to+ neito )+("( ncy +é ))éz
@ 0 —C o 0T =575 oo 2\ 7o oo 2n 0

B 2R*(B—B?) B\4p(1—p)>
If d(x, x¢9, T1) < R, we have ¢(x, T1) = 1. Then

F(x,Ty)
= T1(B|Vw|? +ce @D _yy,)
< @F(xo,1)

2 ~2 1
< E(Ato—l—l—c]\Z(oz—H)tO%—&) +(£(L+52n)) fo
B 2R?(B—PB2?) B\4B(1-p)?

As T7 is arbitrary, we can get case (1) of Theorem 1.3.
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(2) If ¢ > 0, we have

F
0>—AF+¢ (——+ﬁ O (Vw2 +e(at1)e @Dy, )2V VF

+(2(ﬂ—1)K3—2ﬂK1—%K4)|Vw|2z0—n(l(K2+K3)2+%K4)z0).

B

Therefore,

F
02 —AF—¢— +<p@(|vu)|2+c(a+1)e—w(“+1)—w,)2—2<prVF

1
(2(,3 —1)K3—2BK1—3 K4)|Vw|*p1o— (B(Kz +K;3)*+ %K4>n<ﬁf0-
Similarly, we can get case (2) of Theorem 1.3. This completes the proof of
Theorem 1.3. O

Proof of Theorem 1.5. For any points (x1,%;) and (x3,%) on M x (0, T] with
0 <t <t,, we take a curve y(¢) parametrized with y(¢;) = x; and y(t;) = x».
One gets from Corollary 1.4:

(1) If ¢ < 0, we have
logu(xy, 1) —logu(xy, )

1%}
- / ((log ), + (Viogu. 7)) dr
t

1

15}
/ (,8|Vlogu|2—E cu~@t+D —H - H2—|V10gu||y|)
t

1

%)
> — 2y —+H +H)dt
/tl (4,B|y| ,Bt 1 2

153 n/B
:_(/t ,3|y| dt+log( ) +(H1+H2)(12—11))’

which means that

n/B
o) [ aeron(2f -

Therefore,
t n/B _
u(x1, 1) < u(x,, lz)(t_) e(P(xlax2,tlJZ)+(H1+H2)(’2_’1)’
1

where ¢(x1,x2,1,1;) =inf), [, t2 1|y|2dt
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(2) If ¢ > 0, we have
log u(xz, 12) —log u(xy, 1)

1%}
= /t ((logu); + (Vlogu,y))dt

153 n _
[ (mwoguP—E (et _ H2—|V1ogu||y|)
t

1

123 1 ) d
— + = +cM+H + H. t
/t (4,3|)/| B 1 2)

1

12 n/p - ~ -
z—(/ 4'B|y| dt—l—log( ) +(cM—|—H1+H2)(lz—ll)),
15}

v

v

which means that

u(x1,11)< f
u(xz,t2) ~ Jy, 4B

Therefore,

n/B
|y|2 dt —|—log( ) +(cM + Hy + Hy)(t, — 7).

t, /P o -
u(xi,t1) < u(xz, tr) (t_z) e(/’(xl:x2:tlat2)+(CM+H1+H2)(t2_tl),
1

where @(x1, X2, 11, 1,) = inf,, [, t2 1|y|2dt O
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